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ABSTRACT
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A BRIEF SURVEY OF SATELLITE ORBIT COMPUTATION
METHODS AND MAJOR PERTURBATIVE EFFECTS

SECTION I

INTRODUCTION

Many systems engineers who have very limited knowledge of celestial
mecchanics, but who are, nevertheless, occasionally concerned with designing
space systems, may find a brief introduction to the practical problems of com-
puting satellite orbits useful for their work. The following exposition makes no
attempt at compleieness, but merely discusses some of the more common and
useful computation methods. The mathematics involved is kept to a bare mini-
mum, since it would be almost impossible to give even a fairly complete listing
of the various formulae used in these orbit computation methods without filling
several books. However, references and bibliography compiled at the end of
this paper will serve to guide those more interested in details to some of the

most important sources.



TM-3641

SECTION II

REFERENCE SYSTEMS 2

e

Fig. 1 Geocentric Reference System

The most commonly used reference system for earth satellites is the
geocentric equatorial system which is fixed in inertial space (see Fig. 1). The
x-axis points toward the vernal equinox y which is that point in inertial space
where the apparent orbit of the sun crosses the equator from south to north,
the z-axis points toward the North Pole, and the y-axis forms a right-hand

system. The x-y plane, which is the equatorial plane, is the fundamental plane

of the system.

The orbit of a satellite is an ellipse with one focus at the center of the
earth (see Fig. 2), and is completely described by six independent parameters.
Three of these parameters 2, w, and i fix the orientation of the orbit in
space, and the other three parameters a, e, and T fix the size and shape
of the ellipse and the time of the point of closest approach of the satellite.

Using Figs. 1 and 2 for illustration, we have:
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a = the semi-major axis of the satellite orbit.
e = the eccentricity of the ellipse.
i = the inclination of the orbit plane.

2 = the longitude of the node.
w = the argument of perigec.

= the time of perigee passage.

| q
|
|
|<_2a

Fig. 2 Reference System

center of earth B
perigee height q

(o]
A

apogee height
perigee distance

]
]

Normally, the element M, the mean anomaly, is used in place of the time of
perigee passage.

M = kea‘3/2(t -T)

where kg is the Gaussian constant.
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SECTION III

THE DETERMINATION OF SATELLITE ORBITS

The determination of a satellite orbit may be outlined as follows:

(a)

(b)

(c)

The first determination of "intermediate elements" Ei from
observations. '"Intermediate elements' will be regarded as
geocentric position and velocity, or the standard elements a,
c, i, €, w, M or some other set of parameters which are
normally obtained in first approximation methods using incom-

pletc observations.

The "representation' or calculation of what the observations would
be if the basic intermecdiate elements were correct. This process,
which ends in the determination of residuals, may involve additional
observations as well as those upon which the intermediate elements

are based.

The differential correction. The differential correction utilizes
residuals in differential formulac that relate them to corrections
of the adopted elements A Ei' Finally, we transform the set of
intermecdiate elements into an adopted set of "tecrminal elements"
ETi = Ei < AEi . Terminal clements may be initial position and
velocity, but morc often they will be elliptical paramcters such
as a, e, i, 2, w, M or some other parameters especially

suited in a particular problem to ephemeris computation and

analytical corrcction programs.

It is in the first determination of the intermediate elements that one finds

the greatest number of alternative procedures or methods. This variety is a
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result of mathematieal eomplexities and of differing observational patterns.
With observations seattered in time, kind, and quality, it is not possible to

select a single orbit-determination method that will be satisfaetory in all

cireumstances.

An orbit may be dctermined from a six-dimensional fix, i.e., topocentrie
position and veloeity. 7The simple coordinate transformation performed in this
method makes it possible to determine the orbit without approximations, and
hence, no eorreetions are needed until additional observational data are

available.

Two or more eomplete three-dimensional topoeentric position fixes may
be available with present radar equipment. Geoeentrie fixes may be obtained

immediately from the relation

and used as intermediate elements. The quantities p and £ are the vectors
directed to the satellite from the observer and the dynamieal eenter, respeetively,
and R_is the veetor from the observer to the eenter of the earth. If three or
morce fixes are available, it may be preferable to dctermine the position and
velocity at some eentral date by the use of the Herrick-Gibbs formula[ 1) and

use these as intermediate elements. If more than three observations are used,

a least-squares reduction of the veloeity at the central date is obtained. Sinec

the veloeity is obtained from series expressions negleeting higher terms,

representation is nccessary to determine if diffecrential eorreetion is necessary.

A limitation of the Herriek-Gibbs program is its requirement for three
radar fixes separated by not more than one radian of arc as secn from the
eenter of the earth. Observations spaeed over any are ean be processed by the

"Two-Position Program'' developed by Acronutronie; the data may be separated
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by several revolutions of the satellite in its orbit. Observations spaced at
geocentric angles 0 and 180 degrees apart produce singularities in the method,
as two-position vectors with either of these particular singularities make it

impossible to ascertain the orbit plane.

Aeronutronic has conducted much experimentation with the Herrick-Gibbs
initial orbit programs to demonstrate the usefuiness of range rate measurements
in accurate determination of the orbital elements, particularly in the determi-
nation of the period. The observations were those made by the Millstone radar
over a period of about one week. The elements were differentially corrected
with all the observations so as to obtain a standard against which elements out
of the initial orbit program could be comparcd. The results are good, con-
sidering the short radar track of one and twe minutes. The use of range rate
significantly improved the period determination in all but one test case. The
effect on the rest of the elements is not conclusive and, in any event, the ervor
in the period is oruers of magnitude more significant than the errors in any

of the other elements.

A great deal of literature is available on orbit detecrmination from sets of
angles and angular rates. The basic methods are frequently associated with
the names of LaPlace, LaGrangc, Gauss, and Gibbs, though there have been
many modifications by subsequent writers. The relatively poor observations

of earth satellites limit the usefulness of some of the classical methods.

In the LaPlacian method, one dctcrmines position and vclocity at a central
date, to bc used as "intermediate elements' for correction purposes prior to
the determination of the "terminal elements." The first approximation is based
upon Taylor's scrics cxpansions of the observed angular coordinates or dircction
cosines; the large angular rates further limit its uscfulness for satcllites. This

approach fails for close earth satcllites because the rapid topocentric angular
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motion gives rise to prohibitive truncation errors. In order to use the method
successfully for such satellites, one either processes a large number of angles

in a lecast-squares reduction or employs additional data, e.g., range rate

observations.

The methods of LaGrange, Gauss, and Gibbs, in their simplest and most
effective forms, all make use of the same first approximation. This approxi-
mation is also based on Taylor's series expansions, but in the dynamical
coordinates (e.g., geocentric coordinates for geocentric orbits) rather than in
the observational ones. Thus, for geocentric orbits, not only is the angular
motion greatly reduced, but also it is possible to include some of the higher
derivatives in the series with the aid of the dynamical properties of motion. The
resulting first approximation, which yields three geocentric position vectors,
may be more successful in one of the methods than in the others because of the
way in which the position vectors are used in the determination of the terminal

elements.

The first approximations of LaPlace and LaGrange-Gauss-Gibbs share an
indeterminacy that occurs when the basic observations lie on a great circle arec.
The indeterminacy may be overcome with three observations if the plane of the
great circle docs not pass through the dynamical center. If it does, one must

seek a fourth observation from which the indeterminacy is eliminated.

It would be impossible to go into the details of these orbit computations
in this short report. Reference 1 provides equations and procedures for use of

the Herrick-Gibbs method and for those of LaPlace, LaGrange and Gauss.

(2]

Moulton provides a thorough discussion of the methods of LaPlace and Gauss.

3
Herget's privately published book[ ) provides detailed numerical procedures

and many numerical examples for computing orbits using the methods of LaPlace

and Gauss. Watson's book,[ 4] though published in 1885, is still a useful guide.
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Many new methods for computing earth satellite orbits using canonical and other
element sets have been proposed. The most significant recent works are papers

by Brouwer, Kozai, Garfinkel, and Vinti.[ 5,6,7,8]

Once the intermediate orbital elements are determined from the initial
orbit routines, the approximate position can be easily computed and compared to

the observed position of the satellite. One thus gets a residual between the observed

and computed position

where o may be range, altitude, or azimuth (or right ascension and declination).

Since « is a function of the six orbital elements e_., e e . Wecan

1 g " ©g
expand o into a Taylor series of the parameters el, e6. Thus,
Aa—a—a—a—aAe+ oer+ + =2 Ae_ + higher
0 ¢ Bel 1 8e2 2P 8e6 6 ghe

order terms.

Neglecting the higher order terms, we have the equations for the differential
correction. Since thc partial derivatives 28« /0 ei are functions of the orbital
elements and can easily be computed (actually, the formulas are somewhat long
and complicatcd), we have an expression for thc error in the observations due
to the errors in the orbital elements. What we wish to find, however, are the
errors in e_, e_, ... e, due to the differences in the observed and computed

i =2 6

positions. Therefore, if we have six observed differences Aal, Aozz, ,Aoz6,
we can invert the matrix of coefficients of the Aei's:
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8(111 80{1 8a1
= — = _— )
Aal Sa Ael Do A¢32+...+ae Ac6
1 2 6
da o)
Ao =-——2Ae +—az-Ae+ +a—agAe
, Mg 1 ge 2 “'" 7 pe RA-®
1 2 2
aaG i Ne} aaG
W — + — — 5
Aa6 8e1 Ael 802 Aez+...+8e6 AeG

and solve for the corrections to the elements, the Aei J

If we have more than six observational residuals and hence, more than

six equations of condition, then we can perform a ieasi-squares fit. In matrix

form, we have

AX =R,
where
a
o aal 8a1
ael 8e2 8en
802 8a2 8a2
e ael 8e2 9 en ,
oo o Xe o
oe 0 9
1 02 en

10
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Ae
n

Ao

and m > n.

Usually n=6 (the number of orbital elements), but sometimes a seventh

"element'" or drag parameter is used in the differential correction.

It is appropriate to point out that each equation of condition

11
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may be weighted by multiplying it by 1/0 where ¢ is the root-mean-square
(r.m.s.) of the error of the observation. The values of ¢ are different for
different radars and various types of optical observations and are determined
independently of the differential correction process. Quite often, however,
since the weighting of these equations does not contribute substantially to the
accuracy of the final results, and since the values of ¢ are often difficult to
determire, a common practice is to omit the weighting altogether and assign

each equation a unit weight of one (e.g., SPADATS).

Since littie is known about the values of ¢ for the various tracking
installations, a study of this problem is being conducted at Aeronutronie. NASA,
on the other hand, does make use of a weighted least-squares technique in the

Project Mercury Program.

In matrix form, we may get the normal equations (usually six) by multi-

plying by the transpose of A.

ATAX=ATR.

BX=C

We will then have six equations in six unknowns which can be solved by standard
elimination methods such as the Gauss-Jordan reduction. The solution of these
equations will give us the correction to the elements Ael, Aez, s /_\.e6 4
At Space Track, after forming a set of residuals corresponding to a set
of observations, the magnitudes of the angle and range residuals are compared
with an absolute maximum value of 1000 km, and the range rate residual is
compared with an absolute maximum value of 0.5 km/sec. All residuals

exceeding these limits are rejected from the current iteration. Upon eompletion

of the first residual rejection test, a second similar residual rejeetion test is

12
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performed with a new maximum value equal to (1.5) (r.m.s. value of the
previously accepted residuals). The remaining number of residuals is then

used in the differential correction equations. Upon completion of the calculation
of the new set of corrected elements, however, the absolute maximum value of
the first rejection test is subject to change from 1000 to 75 km if the new r. m. s.
value of the residuals is less than 50 km. With the existing system of not too
accurate radars, it is necessary to have many observations to get a good satellite
orbit. It is necessary to use a large number of observations (usually 20 or more
per satellite) in a "'least-squares differential correction' every one or two weeks
to update a satellite orbit; however, satellite orbits not appreciably affected by
drag can often be accurately predicted without running the differential corrections
for periods of from 30 to 60 days.

The literature contains three excellent and most complete references on

the differential correction methods.[ 4,9,10]

References 4 and 10 contain
excellent sections on the least-squares technique and on the weighting of residuals,

though the notation is somewhat clumsy since matrix notation is not used.

One should point out that the particular set of orbital parameters
s €y oo e one chooses and the particular method of orbit computation
depend on the kind of orbit. Since the perigee w is not well-determined in a
nearly circular orbit, it is necessary to use other orbital element set3 which
can be better determined. For orbits of low eccentricity, the elements a,
e cos w, e sinw, f, i, M are useful. Since the node  is not well-
determined in a nearly equatorial orbit, it is also necessary to use a different
orbital element set in this case. For orbits of low inclination, the elements
a, e, w, sinisinf, sinicos £, M are sometimes used. For orbits of low
inclination and low eccentricity, Herrick has found orbita! elements that depend

on vector quantities such as H-o' Yo most useful, where _Qo is a unit vector

13
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in the direction of the satellite at time ',0 and }_’0 is perpendicular to go
and in the orbital plane of motion of the satellite. A differential correction

[ 11]

developed Eckert and Brouwcer makes use of infinitesimal rotations and
corrects on A¢1, Azpz, and Az_l).3 where these are the resultants of rotations
of the orbit about the x, vy, and z axes, respectively. Actually the Eckert-
Brouwer method uses combinations of these and other elements to yield several
sets of elements, each suited to a particular type of orbit (for example AMO +
A¢3, A¢1, Azpz, eA zp3, Aa/a, and Ae are used for low eccentricity orbits).

All in all, there arc many different sets of orbital elements and computation

methods, each with its own advantages and disadvantages.

14
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SECTION IV

PERTURBATIONS OF THE SATELLITE ORBIT

The significant perturbative forces are oblateness of the earth, drag, and

solar radiation pressure. Less significant perturbative forces are those due

to magnetic effects, lunar and solar gravitational attraction.

Oblateness

The potential function for the earth can be written as

a

_p J2 nZ _J3 o 8 2 A
U—r 1——2-(3sm¢5—1) (5 sin" 6 - 3 sind)

21 2r3
J
4
= (35 sin 6 - 30 sin2¢5 +3)
4

8r

J
- -—55 (63 sin5¢5 - 70 sin3¢5 + 15 sinéd)

8r

J
- —Gé (231 sin6¢5 - 315 sin46 + 105 sin2¢5 - 5):\ ’
16r

where

6 is the instantanecus latitude of the satellite,
u is the gravitational constant for the earth 1.407639,

r is the radial distance of the satellite from the center of the

earth in earth equatorial radii,

I, = 1.08228x10™> (+.00003x1073),
-6

Jg = -2.3x10 (. 2x1075),

3, - ~2.12x10"% (¢ . 05x1075),

15
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_.2x10"% & .1x1076), ana

oy
[}

1.0x10"% (2.8x1076).

<y
It

For most practieal estimates of the oblateness effeet, the J2 term is
the only one that need be eonsidered. These oblateness effeets are quite eon-
siderable on close earth satellites and ean affeet the perigee and nodal points
by as much as several degrees per day. One ean see by looking at the potential

funetion that as r increases, the effect of the oblateness is diminished.

The oblateness of the earth primarily afiects three orbital elements 2,
w, and M; however, the small effeet on the remaining elements ean be
aecurately determined analytieally.[ 5,6,7,8,12] The equatorial bulge eauses

the node € to preeess in a manner similar to that of a spinning top.

The formula for this preeession is given by

J! S i
S:Z:— 2 n eos 1
2 2 '
ap(l -'e )2
where
31 = 1.62345x10°°,
a = the semi-major axis,
e = the eecentricity,
i = the inclination of the orbit to the equator, and
n = the mean motion (angular velocity) of the satellite

in its orbit.

We should note, however, that at i = 90 degrees, cos i =0 and hence,
Q= 0; also, Q can reach a maximum of slightly more than 10 deg/day for
certain low inelination orbits. Actually, € is referred to as the regression

of the node since its sign is minus. Figures 3 and 4 are most instructive.

16
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NORTH POLE

SATELLITE'S
ORBIT

EQUATOR

SOUTH POLE

Fig. 3 Regression of the Node

17
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N RED = MEAN ALTITUDE (h = a— R)

/

= ECCENTRICITY

h
R = EARTH'S EQUATORIAL RADIUS
L]
a = SEMIMAJOR AXIS

/
/
=

& (1-e2 )2 (RAD/REV x 1073)
w

/1/

/,
L

TN

/;
///

™~

\\\\ RN
————

10 20 30 40 50 60 70 80 90

INCLINATION ANGLE, | (deg)

Fig. 4 Nadal Regression Rate as Functions of Mean Altitude and
Orbital Inclination Angle (fram Reference 13)
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The seeond important effeet of the bulge at the earth's equator is that the
orbital ellipse rotates steadily in its own plane (see Fig. 5). The rotation rate

is given by the formula

J2‘n(5 eoszi—l)

w =
2a2(1 - e2)2
The rotation is forward, in the same direction as thc satellite motion, for
i < 63.4 degrees, zero when i = 63.4 degrees, and backward for i > 63.4
degrees. We should note from Fig. 6 that this preeession of perigee (often

called apsidal precession) can reach 20 degrees in certain near equatorial

orbits.
ORBITAL

!/ PLANE

ELLIPSE
~\\ ROTATES

INITIAL
ORBIT

ORBIT AT A
LATER TIME

Fig. 5 Diogrom Showing Rotation of the Orbital
Ellipse in Its Own Plane. (Initially the
orbit is nearest to the earth at A, and
later, at B.)

19
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INCLINATION ANGLE, i{deg)

(o] 90

Fig. 6 Apsidal Precession Rate as a Function of Mean Altitude
and Orbital {nclination Angle (from Reference 13)
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The mean anomaly M cf the orbit is also severely perturbed by the

earth's oblateness. Thus,

J'2n(3 cos2i—1)
M=

2 2.8
2a (1—e)2

The oblateness has a small effect on the remaining orbital elements, bhut they
are generally not too important for short time periods. Complete investigations
of the effect of oblateness on all the orbital elements may be obtained from the

papers of Brouwer, Kozai, and Garfinkel.[s’ 6,7]

Drag

The perturbative effects of air drag are significant at altitudes below
about 300 miles. It is usual to express the aerodynamic drag D of a satellite
in terms of a drag coefficient CD , based on the maximum frontal area Ac

of the satellite:

where
p is the local air density and

V is the magnitude of the satellite velocity.

In most formulations, however, the drag deceleration is found to be the basic

quantity

21
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Considerablc simplification may be achicved by the usc of the ballistic coeffieicnt
B, since the problem may ke soived paramectrically for a series of values of

B which eliminates the necessity for variables CD’ AC, and m.

For a given vehiciec mass m is obviously known, but for more complicated
shapes each particular case will neccssarily determine its own eoefficient of
drag and rcfercncc area. The drag cocfficicnt for upper atmospheres is a func-
tion of the flow regime and the body shape wherever the reference area is a
function of shape and body dynamics such as oricntation tumbling, cte. It can be
shown that at about 75 statute miles the satellite is out of the slip flow region,
and frce molecular flow conditions apply for any veloeity and any satellite size.
For frce molecular flow, the fraction of diffusely reflected particles is 0. 9;
thus, the curve for diffuse reflection should be used for decsign considcration.

It is noted in Reference 13 that for high molecular speed ratios, CD ~ 2 is
reached for both spherical and cylindrical satellites. This value is a valid

first approximation. The reference arca for stcady flight is the cross-sectional
area pcrpendicular to the air stream, i.e., for a sphere Ac = % D2 ;
tumbling satellites it is assumed that cach orientation is equally probable, and

For

the average refercnce area is given by the total surface area divided by four.
Numcrical results from Reference 13 arc compared in Fig. 7 for two satcllites.
It can be secn that for a cylinder with a diameter-to-length ratio of 0. 078, the
relative drag for random tumbling is 11.9 times higher than for an orientation
with the main axis parallel to the air stream, and 28 percent lower than for an

orientation with the axis perpendicular to thc air stream.

In addition to the satellite drag bascd strictly on the air densitics of an
atmospheric model, such as ARDC 1959, certain spccial effcets exist which

should be considered.

22
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N

1958 82 1058 «
Satellite Sputnik I Explorer IV
Shape Cone Cylinder
T d - 5671t N T disi0152
= d L =11,75 1t = d 1 =8.67
Dicgens ons % S - o048 — e $ - 0.018
Relative* Relutive®
Drag Relative Drsg Relative
Coefficlent Reference Drag Coefficient flefeganas Drag
Flight Area C. A Cot Area C. A
£t%1tude D A' D D A' D
— j} —
"Forward"| — 2,22 1.00 2,22 P 2.94 1,00 2,94
eyl == D 2,04 1. 00 2.94 *—————  Same aa "Forward" —————e————e
Toenaye e é 2.75% 1,32 .60 | == =) 2.75 16.3 44.9
Random a aurface _ 1.09 A_s_lm . 1,19
Tumbling = 2,88 1.21 3.48 4A ¥ 3.13 11,2 35.0

"Normalized on the base area ;-dz »=25.2 ft.

A Approximated by drag coefflcient of cylinder with axia normal to stream.

*Normalized on the baee area i’-dz =0,212 ft,

tables, which is presently missing in all the existing air density models.

Fig.7 Effect of Attitude and Tumbling on Drag of
Representotive Sottellites (from Reference 13).

The earth's oblateness basically adds a latitude effect into the atmospheric

Good

discussions of the oblateness effects on the air drag are given in the Literature,

References 14, 15 and 16.

Rotation of the atmosphere causes the orbital lifetimes of satellites launched

in retrograde orbits to be different from those of satellites in corresponding direct

orbits.

This problem has received some attention.

23
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Diurnal atmospherie bulge exists above 125 statute miles and is believed
to result from thermal and gravitational air expansion cffeets. Also, the
atmosphere is very unstable between 50 and 70 statute miles due to large waves
and tidal motions in the air. At 125 statute miles, the solar flares may cause
ehanges of 40 pereent in air density, beeoming more important above 175
statute miles. There seems to be large variations related to the seven-year
sun spot eyele, whieh would imply that the satellite lifetime is also a funetion

of the year in whieh the orbit is established.

Sinee it is well-known that drag is the major influenee on satellite life-
time, it is appropriate to mention that a fairly aceurate estimate of a satellite's
lifetime ean be obtained at the beginning of its eareer if the initial eecentricity
% is known and is not larger than about 0.2, and if the period of revolution has
been measured for several days. The total lifetime of the satellite, tL’ is

given by

where
To is the initial period of revolution, and

x is the daily deerease in the period of revolution.

If, for example, eo = 0.1, To = 100 minutes and x = 0.05 minutes/day,
we find tL = 150 days, and this estimate of lifetime should not be in error by
more than about 15 days.

The most impertant faets to remember about air drag are that it varies
widely and it is difficult to prediet these short period fluetuations. Figures
8, 9 and 10, dealing with air density and drag, should prove useful and

informative.
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Free Electrons (from Reference 19)
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Fig. 9 The Variation of Air Density with Height (from Reference 19)
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The Figure shows that density departs from its average value by up to
35 percent, and that the maximum values of density occur at intervals
of about 28 days.

Fig. 10 The Variation of Air Density during 1958, at Heights
between 100 and 150 Miles, as Given by Sputnik 3
Rocket (from Reference 19)
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Aerodynamie drag primarily affects the elements M, a, and e. Ina
circular orbit, the air drag slows down the speed of a satellite slightly, but as
its spced drops below the orbital speed proper to its height, it begins to descend
at a small angle. As soon as this happens, gravity aceelerates it on its down-
hill path. So the satellite begins to go faster, and the spced increases beyond
its original valuc until it reaches the slightly higher speed, which is the proper
orbital s eed at this new and slightly lower height. Then drag begins to slow
it, and the whole cycle begins again. The net result is that the satellite slowly
descends at a steadily increasing specd in a nearly cireular spiral. In this case,

the semi-major axis a is continually decreasing and sinee the period
VD 3/2
- <—k > s
e

If the initial orbit, instead of being cireular, is appreeiably elliptic, the

the period also deereases.

effect of aerodynamie drag is quite different at first. Sinece air density falls off
rapidly as height increases, a satellite in an elliptic orbit will get a much greater
wallop from drag at or near perigee than at or near apogee. In faet, the drag
can be largely ignored exeept in the region near perigee. Over this short seetion
of the orbit, drag eauses a small loss in speed of the satellite. The minimum
height of the satellite is reduced only to a very negligible degree, but the maxi-
mum height at apogee is reduced to a much greater cxtent. The effect of
aerodynamie drag on an elliptic orbit, thercfore, is to make the orbit more
nearly eireular by steadily redueing the maximum height and seareely reduecing
the minimum height. As in the eircular case, the semi-major axis a and the
period P are also decreasing. In eccentric orbits, however, the eecentricity

is also deereased since the orbit continually grows more nearly eircular.
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Very gross errors in satellite position and the orbital elements would
devclop in a few orbits if the major perturbations sueh as oblateness and drag
were ignored. Onc ean fairly easily account for the major changes in earth
satellite orbits eaused by oblatencss by using the formulas for the seeular vari-
ations in ©, w, and M as given in the seetion on oblateness. The effeet on
the mean anomaly M by drag is a very considerable one. If one writes the

mecan anomaly as a function of time

M= Mo <P c, (t-T) + e2 (t- T)2 o Cq (t- T)3 + periodic terms ,

then the el constant is just the Kepler two-body change in the orbit plus the
secular perturbations due to oblateness. The e2 and c3 eonstants which are
the drag terms are usually determined empirically by a least-squares fit, i.e.,
the diffcrential correetions eorrects on thc seven elements a, e, i, , w,
M, and c, and e, are only used in the ease of very high drag satcllites;
Smithsonian and SPASUR have found that thc use of the c3 term with low drag
satellites often decreases rather than increases the aecuracy of prediction.

Drag corrcetions based on this empirieal c¢_ can also be made to the elements

&)
a and e in a straightforward manner:

4
a-= a -3 aoc2(t—T) ;

and

et ao(l—eo)
a

All existing operational systems in NASA, Space Track, NAVSPASUR,
JPL, Smithsonian, ete., make use of these simple eorrections for drag and

oblateness; however, the inelusion of more terms (i. e., short and long periodie
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perturbations

above tracking and computational centers.
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and more sophistlicated techniques is quite prevalent in the

Figures 11 through 17 serve to

illustrate and clarify this discussion.

MINIMUM HEIGHT IS REDUCED
ONLY VERY SLOWLY

EARTH'S
SURFACE

INITIAL
ORBIT

ST e ORBIT WHEN
N ABOUT 50%/ OF
ABOYT o OF SATELLITE'S LIFE
SATELLITE'S LIFE \_4___, i
IS PAST
Fig. 11 Shrinking of Satellite Orbit Under the Action of Air

Drag — Not Exactly to Scale (from Reference 19)

Solar Radiation Pressure

Solar radiation pressure produces significant perturbations only on large

light satellites such as Echo.

: 2 1
for satellites with area-to-mass ratios of approximately 25 em” /gm or greater,[ -

More specifically, this perturbation is signifieant

although solar radiation pressure also produces measurable effeets on small,

dense satellites at high altitudes.

to the air drag at a 500-statute mile altitude.

placing the geoeentric eenter of the orbit.

Solar radiation pressure is estimated to be equal
Its most important effect is dis-

For eertain resonanee conditions, the
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TIME FROM PERIGEE = MINUTES
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The average drag during the 20 minutes when drag is
appreciable is just under 50 percent of the maximum
drag, the area af the rectangle shown being ecual to
the area under the curve. The graph applies to a
satellite with arbital eccentricity near 0.1.

Fig. 12 The Variation in the Drag Acting on a Satellite Near
Perigee (fram Reference 19)
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Fig. 15 Lifetimes for Circular Orbits (from Reference 13)
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orbital lifetime is changed by significant amounts. For the Beacon satellite
(area-to-mass ratio of 23. 2 cmz/gm) at a mean altitude of 950 miles, the lifc-

time can vary by a factor of 10, depending on the hour of launch.

In general, during a complete orbital period, solar radiation pressure
causes a first-order perturbation of all six orbital parameters. However, the
most conspicuous effect for a nearly eircular orbit is a displacement of its
geomnietric center. This displacement is perpendicular to the earth-sun line in
the orbit planc and in a direction such as to decrease the altitude of that part
of the orbit in which the satellite moves away from the sun. Calculations show
that at a mean altitude of 1000 miles, radiation pressure can displace the orbit
of the 100-foot Echo balloon at rates up to 3.7 miles/day, the orbit of the 12~
foot Beacon satellite at 0.7 miles/day, and even the orbit of Vanguard I at a much

slower rate of about one mile/year.

For certain resonance conditions, these pcrturbations due to solar radi-
ation pressure accumulate and drastically affect the satcllite's lifetime. For
the Beacon satellite at a mean altitude of 950 miles, an initial eccentricity of
0.106 and an inclination of 40 degrees, the lifetimc can vary by a factor of 10,
depending on the hour of launch. For an inclination of 48 degrecs of the Beacon
satellite, these conditions are no longer resonant, and the variation in lifetime

is reduced to a factor of 2.

For the Eeho bailcon placed in a 1000-mile altitude circular orbit and an
inclination of 35 degrecs, we find that the lifetime is 240 days. For an initially
circular cquatorial orbit, the resonance altitude of 4000 miles lcads to a 1. 3-
year lifctime, while the same orbit at 1000 miles altitude has an extremely
long lifetime.

For an excellent report on the effects of solar radiation pressure on

satellite orbits, one is urged to read papers of I.1. Shapiro.[ 20, 21] They are
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For the present, we offer

Figures 18 through 23, which depiet the radiation effects on eceentricity,

perigee height, and the argument of perigee, w.
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Fig. 18 Time Variation of Perigee Height ond Meon Altitude

for Echo | (from Reference 21)
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Magnetic Effeets

If the outer shell of the satellite becomes eleetrieally charged, its move-
ment in a plasma creates three kinds of electromagnetic drag effeets: eouloumb
drag, induction drag, and wave drag. It has been estimated[ 13] that for a
negative potential of 10 volts and a partiele density of 106 eleetrons/cms, the
ratio of eleetrieal-to-aerodynamie drag may be about 0.4 for eertain eases,
while induetive and wave drag appear to be negligible. At aititudes above about
750 statute miles, the magnetie drag may exeeed neutral drag for large balloon

satellites. Generally, this souree of drag, however, has a negligible effeet.

Lunar and Solar Perturbations

Lunar and solar attraetions are the major sourees of perturbations above
the 24-hour orbit altitude of about 22, 300 statute miles, but their effects are
almost negligible for close earth satellites. The princinal effect is a regreasion
of the satellite orbit plane about the normal to the orbit plane of the perturbing

body. This regression is given by

9 ’
“ Brd3 # (1-ed2)% Vi-¢°

where the subseript d indicates a parameter of the disturbing body. This
effect is plotted in Figs. 24 and 25 for the sun and the moon. There is also a

radial or tidal perturbation, the maximum value being about

4
r
P
max m l_3
d

for eircular orbits of radius r. This value is plotted in Fig. 26. A summary

graph of the major perturbations is given in Fig. 27.

¥ . (s
R.H. Greene
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