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ON T11I SE~TRUCTUTRE, OF LAMINAR D)IFFUTSION FLAMES

BY

E, 1, IN AN

A nIS It A C'T

'Ihle St ruil'tilre if laminalout dIiffusion flamles is anallyzed inl the limitinug ease of large, although finite, reaction
rate's.

It is showna that til,(heleihal reaction takes pllace onld in a very thin reg'ion or -chemical houndary laver-
w here eonicvetioni Irffcts may Ita' neglected. Th'len the temnperature and mas., fraction d istrihut ions within; the

Th'i, lam po111 sitionl, rates (if filet consumiption, and tern Ileratllrt and con~cen~trationl distributions olutside of
ti lat, re nim Zone IIII na heobltainedl by usinig the( assumptllionl of infinite reaelioni rates.

For la rge lil'nolds nutmb ters miin and ll vol 'illllst 1111 take placep inl houndtary lave'rs tnul free mnixing lavers.
A lilt agaii anl.% ilivial solth lulls are1 ob ta ined for the temperlleatutre andu mass fraction disiributioiis ollnsidel of thle
real-chl Z.11C l'..

N (1M E'N 1, A 'I' I R

Thle follovviiugý is :i list of lu theitlist importniitii symblols uised ill this patiot.

A.. I ilditvit giv'en 1e1 [441, that mea~tsurets thie Ileviatliolls fr-on the Ihieke-Seltunimiln

e, jic ll'itettl ;t ittlitp'isir

1) 1 tiffttsiuiii i'mnffhit'ivt.

K, Matss frat';iont of spvivh' i.

INI Niva~i itll ili'i'ithi r muass.

P'r I 'imldti ttimber.

If .1 rvll v llti t'il- jili*tut matss orii lell
It tilt' I'ela grts cntanlttfit.

'F 'iililit'rl'tl [llt'.
if .lflialtathil flame 14,11 ptmlle't tii' -i~vi' liv 1241.



ChaI11racetristic overall velocitv.
iv Velocity eot p nents inl Itotidary layel' coordinates.

1' Velocity vector,

D~1iffuisioni velocity of Species i.
n'i 'Aa-ss' produtid ol: ratLe, pe~r li flit VoiII ille, of Specie i
X, Y Mixing b oundar(IIy layer corin3i ates.

P 1osition V(etolr.

X, y C h emical bounda11111ry layer co03ord inlates.

I I

T, I inlie'sionlehS disfij ivo' normal to the mixing layer.
I) Non-3liIimi~sionla templeir3tlre. I '''~/'' ,)

S-loiciti vioiiie ratio'111 spvvivs 2 to 1.

Itvs te'llsor.

1,.2, :1 1lllitatte fiel. o3xid1izer and13 poiwi3113ts resplectiv'ely.

F ind~icteuts cond1titions 11 l lthe Mel' vNil.
lIIidirllte condl~itions olS31 Ilii oxidizer ide'SOl of the flihle, far fromn 1iiv flamle.

f lilicIoales cond3 itions1 al the HIliiie surfaci~e forl ininiteiit rea~ctionI r11tv'.ý

I. IN IIO 1) U CTi ON

113311 and13 llixin ,g Ia lit's 1311133 siIll)ll 13 113'3315y-
Ill iljst' flallills13' ile ra1t~i311 Zon11e separa'ltes the twol reac~ting Specie's wt'hiol ditffuse, thro ugh

01Cr!- gaI$3' and13 4t'33ibutsti331l prodic31t'I5 fro3m va'lidei$03 towards3 thle flanii3.
Thet 3h~'i Sj4'3'1' bil~lill %cryl' rali1y als the3' I'v reach tile 1'val-l'titll Zone33; tll3lereb the

vo3l111stli$3I v3'131itv is £t-'ivrltllv vo33ldhili33113' 133 1113' actcsibIliit3' of thle spec3ies tot the realctioni
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zolie; o1' ill otlier wordts, to their facility to diffuse across thle inert gases and combustion

piroduicts.

It seemis that we van arrive at a description of some of the most imp~ortant features of

a i iviclvv fast react ion rates. Then athe actual Zones of combuist ion becomne infinitely thinl, and
tile In ixilog PrOCOeZs a loneIv bcollocs iresponmsibl te for the rate of burning and for flaime IocalIionl
and size.

Bil-heandS(.llliltlllhav sucesfuly lsedtherlssum ption for thle calculation of thle
shapea iand Iviglo till- famiiarl ditt'sol 1.1i f jrle when a1 fuiel jet d ischiarges wit hiii a
tot Ic. Il l ths Ili! e alli a ir stream in moves withI lt'e sailie vel~ocit y as thel fuiel jet. Thle sa inc as-
s ili ip t it [illI as hete) i it~i izvd I Ivt lb ttel aind I a wt borne (2), Wobll I.(azley andl Ka pp (31), Y,-gi
an iiI aj i (4). ainl( I I arii (5), ha-*ll' t pledIicit tion of thle lemi gI Ii of openi fln ines, bot fliandiliar anid
lii't to lent. '1'!: i tug i roildilineii tariy appr ioximinationis theiy obtainl a11 e xpre'ssion for- the flamei

l;7g 1i y'uanig a n o: Iiito :1 sI1vdtrine empirically froml tilie results of
clel xpeinvls 6 tea vle it aed. lby usi uk Schuman assumption, h shapet

liot! chlar'actleristit's ofile liii'l~iiiiam tliftimsiiii: flailie utaltlied whnvvi a flucl jet discharges iinto

Thii inini tie rt'actittn vate assuimiption hals also Itenm uitilizedl (7), (8) for the study or tliffti-
siti tolaliit's il ltti illdarv 1l1 iverms.

Ill adiiolttti l no xteilsivv ljt''itiii'cr exists oil till' appthlicaltion of thle assinaptl)ioii to fiuel

The it'lbii'kSei'liiiniaii ossiiimijlit il eh1imiliimntes t'livilit'al kinetics fromtn' 1 luv pr't'ss, sililitli.
tying" the gttvt'ni'iiin vilunlltions andii theirl sotlutioni. I lowt'vci' lIhs solutiont doies nlot provide thle
cri I ('riol 'iiilii thei iextiinitiotn otr t11v flanie. tir foiti'lte validtliy oflttle assumpltioni and stihtlitijil.

/eldovji'i (0t) hans laltivil intit t'tiisiienli'r lti thie Iiiiilv thickneiiss oft the r'eactiion zine toi
iexpii:lain i lthe tiwiiig--nf plivoltiittni'itii Simiilari slitudios have lieei pier'for'mied liv Spaldhing (itt),

Forii a gt'iit'al detsc'miptioni itt lthe diff'usbionriflaiiis svet, foi-i (examplel, tile review piaperis by
Barrm t 1:3) anit With! and Shipiinuii (14), where dhata and lbhliograpilly oil thle siilbjett call Ito

Wi' a iuim ill t I:is wotrk it) slitx% thwe~n effects itt finlite ch emiclaI reaction rates onl tilie sI mcliire
itt lauiuiiar. idiffuisiiin flauies. Ill ord'er' to idi Sot, we will studyl et'e'aiul limiiting cases5, ill which
simiple ammo ltituil Siolultions call lit obtutainet. We will limlit oiur'selves ti thle stutdy of otilt step
v'nivilivtaI r'tatctioins inl whlichl the forward rt'uittittn is dotminiant.

We shall slitiw that ttir lai'gc reac'titon rates the chiemital reat'tieon takes plaie onily iii a
vi'rv Illili: rýi't'lt ori' cliemmuical littmmitary Tah' llis lias alreadly lieen shotwn (15) inl the simiple
east' (if th lit'inixog aii nd : combustion olf'tNt i iarma lvie st rcalins iotf Fue andt oxid izer' iiii vinig with:
Ilit' saint' vi'lottit , . There c'onmvecttio i'ffet'ts mlay lie n eglec'tetd conm!pared w~ith thelit' l] n m hnoi'e
imijiti'rmil li difusiitn v'ituitllui'tit antI chemilical r'eactionl e'ffec'ts. Tile governing eqjluationis
i't'ilet' ill thlis case tot ttu'uliiiar differ'entIial eqiuation s. Thle kineic:is of the reaction 'appe~ars

itilt'I~ sitltitiiii: hutl tilt' tenmper'ature'ts are't close tit 'the atlialmalit' flamiui' tt'iilt'iaitiii'. anit ill this
ranllge itt lt'ipot'iatiii'ts the v'ttlit''t (itt ilti oivt'ial kinetic st'ni(' ilt'as licee: foiundt by Levy and

The a soiltutio with W the uissumin~tltifii itt hiifin itt' r'eatittn rates (wh iichi we shal (-inall the-L Bur:ke-



Schumann solution) represonts the true solution outside of the reaction zone. It may also be

used to calculate the flame position and fuel consumption per unit flame area.

If the Reynolds number, based on some overall characteristic length. is large, mixing and I
combustion will take place only in a very thin region or mixing layer, mwhere boundary layer

approximalions may Ihe used (17), (18), (19).
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The mixing layer location and general flow characteristics outside of the mixing layer
may be (letermined by using the inviscid flow equations. However, we miust allow for the
existence of dijscontinuities in the velocity, (density, temperature, and mass fraction distribu-
tioiis within hIt' flow field.

In leigurio I die foinperature and masts fraction distributions, as obtained by different
Ilimit ing assun inpti( ns, are seheminal ical ty represeniited.

11. (hNEIRAL. EQIATIONS

Wet shala II Ilein biIy writing tilie general e'quations goivernuing the steady laminar flow of a
reactinig gais mixture (20), (21), (22). We will tv~e the assumption that the flui'd may be consider-
oil isnea voitin iiiiis mnedi amn formed I y a nmixt ure of perifect gases.

On ly I1 ro-e species will lie considered: Fuel, oxidizer, an plruoducts. For the sake of
si mlipIi eitY in * yn iinert species Ipresent will be coinsidered as lirotl ets.

I iesh los tI ui' isun I'Ia ' dependent vaii abIles of ordi nary fluid ineehan ics. i. e. Velocity 2, pres-
suiire 1), iden sity p , aind I I tin Itratur Tin I, Ilirtev mnew variables, the mnass fractions oif the reactant
sp eciets. tenteor. 'lThereftire, 1Iliv ne' i w equations. stilting tilie, mass con servat ion lavw for each of
I In' slievies, imulst lie added to tile funidainoentall equations of fluitd macelianics. In addition, the
relIat ionis I ttweeli ~the trianspor1ilt 1 ianela i'Irs an lnia ss fract ions1. tempierat ure't antI Ipressure of
the' miixtureo will lie required.

We shall use subhstcript I for futel, 2 for' oxiidizter. antI :4 foir the lproduiet.s. 'lThe mass friae-

Kr,

K, K (=1 1

11.1. K'q(fhmlial of Slat,'.

If thIe fluiid is conisidetredI as a1 iiixixlir' ( if i'ft''t galses Iithe equaltionl tif State isa 11. fol lows

ji~ptl!M~l'[2]

wherei- It is thite uniiver'sal coiinstanit of lthe gasis. antI

isaltlll til Wlill nioevellt inmcl tass.~itvjiii irN.''Ii n

p-iaio . jsi~f.il ~ii 1he nnhvlu.nse of the sei ne!oVrydt-n or

Illiill\ east til' rtesiilts mill nit th' (sseiitially% t'Iiall god Iby cotn sideraing M as varialellit.



11.2. Eqiuation of Continuity for the Mixture.

This simply states the law of mass conservation

11.3. Equations of MeAhn. (ouserration for the Species.

These st ate that the In ass qu anti ty of eachl ('005111 ent enterinlg unlit Volume per unlit time,
either duie to coulvevtioni or diffusion, equals tile mass quantity of the constituent disappearing
as5 a coIIseque)live of the chenicaln reacttion.

Thiese eq1uations are as foillow",

win're '1,ý is tin' di ffushion ve hovily of s tories i, and1( )?-I is tile 1niiss produclttionl rate' per lii lit

W' i'oiisiilcr it oila step chemllica;l reactioni fi whiiu'i tilt' forward le-ltionl is dominant, fihe,

bavkwarl reai'tioll biiciii ilio'ihtib'. lor' all Air-itemuis typie reartliol \%ith] secomdol oder eite-
mn'ial kcinetivs, we Imay wrile

wheire F Is t il aeti vntiot1(1l n1-Y ll' f~ ut tile rene iot m11 lid b is hill' frec pui'livy factor. Alsoi if v is thu(

stoiviio'llI'olt'ii r'atio oxiuiizvrl-tuelv

We' sihall l1.IP reliationl It6:1I ti1-llogit tulost ot this stiudy. Thein ('xteisioll to mo1(re generial

is el'lsl iv iiiaiue.

gi'auhicilt'. I'Snaliv liii ho'l'Ossl~tl' adul effiect onl diffusion velociitie's is small vonliparied to
thoeIiu ict uhto l llmls fniti 111( -rtafivnllts. This is SleiatilllV tri'l( w'dt('t Itlixilig uakics place inl thin

vo'tovilie's dule to vilrd'ivits od ti'ii;il'1'I rtl1 1. rt' generaill a smalli fratontu oif tile ve'loclities fueit

toi ('uul'lcotl11 nli1 oi aulit'ttts.

If 1, - tolvvoil ll- ll1115s' of ftile spvvivC(' are*( approximai~telt~y equa11 %%v may use F'ick's lawv

Ki r K,181

If tile l'oli'l'llll'llliull of om't of till'. spe'cies is small. I-i1k s, law is valid for tin'( otheIr twoV(

spo'ivs. T[his :1\%Ivas impplulus ill diffusion flamles whieret oxidizer' voa(''Ilttiatioil. foir example,



is very -,mail inl the reaetion zone, or in the fluid side of the flame. Then we may use Fick's
liiw for. fuel and oxidizver with the, diffusion coefficients determined by thle binary mixtures:
ftuel-products and oxidlizer-produets respectively. hin this study we will use a single average
di ffusbion co effieie ut I).

I llisering [8] into [51 we obtain

11.4. Afoineatuunt cqoofir,.

W~here 0 is the stress tenlsor

We ii eglo eell e di flusioni stre(.ssc tilsor. G ravityv forees wilil 18 al o lie nglceted for simtpldicity,
"a "Ilaail t I ev va ii olil% lie -eleeted foi hi rge IProuile numbi ers anad this is not al -a w s the

(!ji:Ist ail tdiffuion tiel S.OI

Ifthvii svieeivlie hals r,, ofi the( sleicis :irv ;ssitrtuiledi lto he equal aind c(onstantl thet eiiergy

wherev -3 TI is tlit' Rayheigli dissipaitiont fiunctioin andt q is the elieiiilicl ener.1gy thaut ia 40m)ibis-
til)4 li'ttx t tre vcitaiiainitg a on lt mlass of focI- anud " uin its of oxidi ize lais available for coniversionl
intlo Iuertuial en er-v q- I" i- vMi - -(I P ,. r is the I ra nil tinumiber whluichi will be assnined
conlstanit. 'I'lierii11,1 radliationt is unit takenl inito acctount.

Equialians [21,. [41, [10)], [111] and [9l (for i 1,2), together with relations [0i] aiid the
fttci.iinl;ttl~t 1-11ions hietw.eii the traiispiort piaraiiltt'trs andit j). TI, andt K i, constituite thile
Ssvst'll oi f di fferenutial I ci pint ioiis governiting, tile, structure of di ffutsian flaniles.

In nditlitiii Nve itilist iticlltiit tile appropr1 iiate boundalury eoniitiollas.
W~ithlaii losingr iiiitclt gietue'litv we call state as hiaiutudnryl~ iiiiiilitoiis foi. the Wtt'1iiiti'iirii

aindI iui: fravtiol;iu- thadt they Ie iisait at soiiiii surfatcs w1 ZoneC of thet flow field.
For Xanlihile, tin solme sourface iii' levgionl at the I' oel side of Ilit flaitt)( -- thet ftttl exit

andi - 1121
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11.6. Dimensionless Form of the Equations.

Let us introduce the following non-iiinionsioiial varialbles

xL; ,i-l' IT ,, p pop 4 I)Pp. I
T=.±q IT 1, [~, i~=P l1311

lIto is the niol-dilimensional Rieynoldls num11ber, and Se is the Schmlidt num11ber that will be
assumed to lie constanut anud equainl to lie 1 1 'tiiidtl nu maber.

Subscripts , aiid , wvill indlicato boundary condlitionis far from the flame., onl tile oxidizer
and fuel shide of the flame respeeti vely.

Thel ehi araictei-istic length L anud velo(cily IT are soine overall elm raeteristic miagniitudles.
In termis of' these lino i-(i civilsionial Variables the governing equations take the formi.

V* /)* Ijli

I her

Pi Re p 14

I K.,, 172,

flame~ Iemlira i'C
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11. D)ISCU'SSION OF TIIE EOUATIONS ANI) LIMITIN(' CASES

111.1. (eneerul Disciession.

1% ihoa)sing apl)lrol)iriately the characteristic niagnitudes, the non-di(iensional factors and
terms ini equationl [141 should be (of order unity exee!)t, at most, at regions such as boundary

lavers, shock waves, free mixing layers. In these regions the funetions v', Kj, T or their

dierivatives may eihantige very rapidly. If such layers do not exist, or in any other region, the

relative impiortance of the different tel'iS in equations [14] is measured by the values of the
ni( ll-d iltlelisiOll tal pa rllllietc l'S

I L I'. 112 1

Ho "" q I He ,, Pr 1.

This is not exactly truel for the term (LiT' )(wi/p*) heeanse of the large variations of

(,rde) * With teonl!er ature and mass fractions.

lF'rom equationis [6hl and [91 we deduie,

1'y,.> *.V*(hiK,:)IH r *(,K )'11

Also it '/q` and (llrle) (l' 2 ./q)V.i I the energyl'.X eqnntlion may he written 17I

And if the fliel diffusion e(,lualion is ahd ed to [17] we, obtain

If tihe formn 117] of flive energy i ju(lation is itis ,, i"ll( .ai, g . into account the diffusion

equationst . the fit ntion

':' 'liKIK,,,-K , -,(K,," , K K,, + , .K,,-K, K'-

satisfies the differntlial equati)on

,". V" I l ]Pi. .(* ' )[9

that wihIti solved with 11c t leintutlary eoiiditiots [121 gives

,- '" , K _ -K , 1201

K, K, -"K, K,,



Solution 1201 is independent of tiechemical kinetics. There are eases, however, inl which

the boundary conditions as grivenl inl 1121 are not known ta priorip because they depend on
thecheica kietis. or xamleinthe case of a fe rpe unn na xdzn

medium, the oxidizer mass fraction at the droplet surface (which is zero for infinite or very
large reaction rates) may build upl to some unknown value when thle reaction rate he-
comes low.

111.2. hiurke-8rhiwinan 8olution.

Fuor the studiy of diffusion flames, Buhirke anid Sehiii imann i ntrodu ced the assump t ion'A
thle regioni Where w1 /tp is different from zero is infinitely thi n, and K, =0 onl one side of tile
flameo, and K. 0 onl the oilher.

'1'Iis sholutt he triue wh en 14'Ut, is very hiarge. If bouthi K, and K., were different from
zero inl a rouijohi where thle telulteraiut is n( Siot low Compareti'td Wilit Tfr. then (v.j/p)* would be of
ordt l' uityii anad the I ('Pill [LVI 'l I. w/*would ( bet vt'' lairtre voli li p~lle Willii

thlat art, Il torder liiiity.

A\lso it' ini svsInin 1 141 wie lake Owe limit LI'ivthe we tthtaiii the result (?r.jIp)*=0.-
Sot eitlu livi K,( tIPr K., 0, aiid sytni jI tks h followilng form,. where i= l,3, j=-2
oilill fl Iit side oft the flamle and iý2,3. J= I oil the otxidizer' side of the flameo,

~ Vt - ~ He P

___ IHe I'r I ,t 121)

,: t~1 HeI'' ~fl~tV*7 Ki Re Pr ( *: N Kit

q qt

allow~ for dlisconuitinuiit ies ini the nuass alldt temliilerature. iistrihiutioits athile zvrot thtickniess flanme.
lIn the flaile thei equiattions otf conmservationi of nmass andut energy ind-a'te that. 1) fuel and

o)x ittz diA'tffuse to wardt s thet flanime iii s~t tii iomtnieti pr~opotrtions; 2) thalit thle heat leavinig tile
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fhulne (100e to ((,iitletiohi equals the Iwait releasedl by the reacting species when reaching the
flamne. That is

dK, dK.

8n, 8i.. I[221
q 8K, aT 8'l'
C,, a -11 I d , , I

where a;8n, and 8/8,z, indicate decrivatives normal to the flame surface toward thle fuel and
oxidizer sides respectively. Tlhey mnust, he evaluated at thle flamne.

The temperature, xniss fractions, and therefore the dlensity and vclocity, are continuous
functions at the flame. For this reason, mass and heat transport by convection is not taken
into acciunit when writing the conservation equations through the flamie.

Ily solviog' thle system of equlations [21], with boundary conditions [12] and] [22], we obtain
the Iturke-Meliuxunun111 velocity, miass fractions, and temnperature distributions.

lIn part fel tar., let

K, T~ f,(~jt231

hie thle solutions of equations [1(16] and [181 (valid only for 1'2/q',. I and (I/lw) Ult2 q<- 1).
ThI e eqiji nut of the flamoe suri na c is ol ta i ne( hy writinig

Ki, - Ký.- () /- .)-0

Atlso aevordiiig to [201[ it the( f'lanii

vK,, KN

Bty Writing. K-2 ( oil thle fluel side of the flamne surface and K, ýO onl tile oxidizer side,
wve ob taini the tempe icrature and( mass fract ion distributions.

Ii, (x) u.i j, o-u
K,~t 0ICo. /, 0i K. l -- f,(c) for 1,. 1. [25]

A.(' -f ,' (x)

It is i ilte rest inig to pinti io.0t that thle I hirke-Scluiu a n soloution satisfies the voiiiplete[

System of eqluatioils [141 and also i IA hooi n lacy eon dition s. Thliis so ,lotion is inot thle correct
one.in, l evaicn se. the fi rst derivatives of the teinperat ace alf ii'l i nss tractio distri (ibut ionsi 1

h a ve d isci4in tiluol, il first dcci vat ives withlin the flow field.
Souion iIi ls [2:ti (if equiat(ills [116] andl [18] are modifie m-im vleii finiute valuens of 1 ,11 ' , are con-



sidered. Thle reason for these modifications is that, although reaction rates do not appear
explicitly inl equations [li0] and [18], the variables p, iv and jI that appear inl those equations
wvill depend onl the reactions rates.

H-owever, we may expect that, for sufficiently large values of L/IU t~, thle reactionl Zone (or
region -where Irjj- 40) will he very thin. -Hence thle Burke-Selnimann solution [25], for which
tile reaction zonle hias zero thickness, will he aI very good approximation in thle case of large
bunt finite L/U 1,. This will he especially true outside of thle reaction Zone.

Equ~ationis [I 0] aind I [I], ill particular, should remain practivally imeatem ged. T1his is
~xemtly right whien mixin-g and reaction takes place inl constant pressure regions and boundaary
hiaye rs if rI t is a ssilmci I to he constant. Ill slach en Vses equpmations [161 and [18] as, well as tilt)
lioindar.-ýv oliiiit ions (fo ar Iuie 1,11I' 11), will he indepejicaleit of thle reaction rates. Thme samin
will happen then to their solultionl.

Sluin ning, 11p: If thle react io ii rate is sufficiently large time reaction zone wvill he very thin
eo iai ire I withI anly other fi iii mnant Ic ngt Ii (as for examinpie, thev wuldti of tilie minixing regionl).
11I wlen ill ordier to (dbtaini the velocit ,.V teiiperatuire aindil mass fraction (list riliutions outside (if
the reactionl Zone, i. e., for the stiudy, of time externial stri'viiet vr of the diffusion flamle, we immily
mIsc the assumiiptioii ot infiiiit mm'aeiiniom rates.

IN'. STinmi'miTE OFi TJIii nmACTnoN ZONE:

I V. 1. Thie ( Iu'om in' Bol~eii idii bql~ojta

Tlhe fact t1i1A ill the hfimiitiiig' ease of iinfinitie reaction rates thle lhiicmiess iof thle remmeiniem
zoneo is Zero. aimd that thme first di'mivnitives. of K, :111d TI inorimal to tImev flaimiie are (IiseI iitiimimonois
filere(. sugg'ests that1 for l:mege,:ltlmoulm flinite. I"T' I,:

;0 'llvIme thmieiss of thev iemitioii mmlii will lie slinmll.
Ib) 'Them dfuslfiojnm temmims

wil hle ti met(, t~e lmemmica I hroil iltioim termis n"!", these fiorims teinig Very lhmrget comnparedl
m~ii ill ttii' (i, tier it~i'ns or(itl~e itmmatioims. (I ivcre da a indiicates ilifferemmtimmtioii iiornmal tio the

Ill iittmir mvonis. fol. largew vahmies of the chmemuical reacetiion rates thme reactionm zitmie will be
aii r vim tI un i'i'gion ii mm A-ieleiiii'l lmoiiiiill ,v l y tivr . Thiere. (Iliii to Ithe rapidily v~aryilmg gradtienmts
of temiporat mirev n Iiilmiiss framctionis m(Iumumall lo thle flamle. nmass dliffusuion anid heat' conmiuction
nuormail tom the tlalmn iiiiistit iiii tilie iiilY trantispormt iimec 'la imsim reqiriiied to bmalancee thle checimicaul
Jiiim-iitiiiii ti'iii. himiiishiii' ti) ditffusioni or iimotimet1ion ill other diriectiiiis iii conviectioni
ioav tie iieui'iti'il withn lifiIe reacitoun Ziuie.

Ill iiniter lo Shiim this, et its aissium(e tihit we know thme ltmmkv-Svlimmmmcaim soliitioi 12,5].
I lvent' wle kiiii thev tlimimn smmrfmme loumitioli for imifimuiti' LUl4. andii therefore the mipiproximalmte
liieaiiinm of flit, ftmilie region for Immu-ge , I,1'.

For siimphiiitV vvw will limiit nmim'SiIves toi the two-dimenesiomnil vaemm. 'l'lle results. hmowever,
are voiiiiiietiil) Iei'ieraih. Wi' shiall \\rite. thl'e quatioins of nmotioni. andl mass mandi enlergy
eoiisirvammionmi eqimiinols ill I iimrviliiii'mi systeml of inordihinats. Ill this system.) see Fig. 1,
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x will he the tlistac mineasurei alonug the flame surface, as determnhed by the lurke-Sh.u-
slnn s•diiion. The distanlce normal to this surface will be indicated by !j, it and v will be

the velocity coimp~ornents in the . and y! dyirections; I/K is the radius of curvature of the flame
at poiint x-. Limiting ourse lves to a region where K!Y is small comipared with I the line
ot i',iiii' ht ,as Comlpl1 on1 eats (1 4- K q) am! i. a nil th. ' eq O tW ions ami, as fol]ows:

'on finti Ifor the mix'htre

I d 8 K r W

d -(dii Ki i p,), d0.
I•.'dimlios o[ motio;e

au1 a I K I r 1 I dI
I K ,y ax a I ( K 1 I kI

a- v¢1 • a v- K#0 = -

I I ax a i KY a

8 U

F~);~ 2 K;q i

I j dya y

I a:3., a OI.Y K O ,, 3-)%.

Kij ax all I K!,

dhat 2K 1

a • a ll r K

dI,',. 1 8!I!t O, d!/ d ' 1l'((f

( a 1, d

"I 1 ( a x\ ail, 1 K y(I

-- i~ KY)

al 1T 1 a' 0 l

I .11 A l. K)l
l': Iy Ox ay.1 ,.(" Ky Pr ax ay 'I "!

I';' 'It/ altl ti,,~~~ ax, ° ' " 1 1' ..



where ti,. ~ ~ -2'3(.I

and

a I.* a1 if K it

I Ky axc ay I Ky

No~w let 1, otii Ilt' h iiei'iirll t'liia('t'ii-stic loniglth nti velovity. L et and I IV l' te

'F'111:t, I l i'nfracionis just at thle 0111(1 ed.ige of tIIe I'evietioti Zone wvihlli Inoh or'tet . lTh

s al" r o f111- iid ilh -1i n ieo h e vil o e



No tlt'ivni vaies withi respeet to I- opa qe;I ill systeml 126] to [20]. Therefore theso equations
Imav I t solvtl I as ordinaev, difervientia I eq ua tions inl whiech x stantds ats a pi-arameter.

As i)n tI rv cotlitit o s we will wrIite that when i- - -4- w the tern te eati re anld mass
fi'at'tjIt tlist vliI Jtntiois ettijwitii with those5 obtianetd by assuming 111v reaction ralte to het
inufinilte.

1 \.2. The 'I' Soluion of Ilhe Chelicn, jet! floundory Ltyei Equolaions.

liv inltrot lvzing (lit, al~ ow a tin h i J (p/,. di #j it we a si . aIe I I a v tt I ~ itina

liotns 1271 antd 128] mnn In written

d y I ), r,

(PT*'j I w,

Frtom ctjtiafittns [:910 if wi' tnlit inlttotttt thaI we~v' e "0'

Simiil:11lv. frotm 1301 mnid 1:11 I vt oltniaj

Re'hlattions [1321 Itt [3-1[ aro ittt'lepntvltl tf 1lttv clivinital reatctiotn rates. hlowever, they are0
unil'v validi w\ithinl tlhe t'vittitn Zttnte. 'I'llt' tttistanIts A,. It muist hte timosenl So thait these
vaiotitinis eoinidtjtt withl the sjinilatr rel;1ijtns tbtaltti't frotu thev HlhiIc-Sehtninnill Solution, at
tt':tsi ftic low valuies tof Y,' 'i'lit'il. rehlataion 1331 andi Ut31 may Ito written.

K Dii

~VI t'tt

.-.,H.,, vle fla.ncv:1rm.T.1 di man rate 'tF Itit' ttttnstlimpiotttt Ipe 1unit flame surface.
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Nowv, by using expression [i1a] for the fulel production rate, equation [311 takes tile
followingi foiiiii:

whelre 0,, e,, 'l,,iq and d,,=l~Ev,,Axq is the nion-diniensional activation energy of the reaction.
BY; solviing equation [361 wvith the lanidoary condlitionis K,=f) for yi--oo aind K, =0) for

it 3c, we ob~ta in t I ic tern I eratutre d istribuitionl withinl the reacltion Zone.
If thle react ion ra te is sufficient ly large, the ternpeiraturne will not deviate appre-eiably,

with lli Ille react ioul Zonte, troim r it linmit ing valute (when 1 -. 0) 0ý I at y, f0.

Then ci a g-oolI appr ilioate soluit ion of [:011 may he obtained by suiilst ituiting I ilie facetor

liv its valuek at !/, ti. IM ,c t t. .' foi- ! ft. 'l'litii we apiproximnate e'qual ionl [36] lby

t,.1 vT ' ii, 1II. )" 1/
___ . '~ i f _._ , I Vit I o 1) 0 - [37]

'lT i i s w e n i a .N v w r i t e i ii k f ol' t I n l1 
: 8

3 Ai: Z-0i for z 00.

to~ ~ p. 0 t. It 0t,0.

? -~iZt. 38-1]

iý rvprsvntcd in 2~ %%itti sii ic. Ilp riua 10 .6 . A l ll-xli
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2.1

/ INTEGRAL METHOD
SOLUTION

1.2
E /XC SLTO

0 .9 1.6 2.4 3.2

dkirlmtii fm timi



Fig. 3 shows tile variation with z of 12 -- z2. whiiel i Wproportionail to tile fuel mass
c'onsumlption rate. per Inlit volume. For -3.2 its value is roughly onie per ('ont of its
fllflxiIIlIIIOI vailue at Z0. 1-elene %ve mayv conehohe that tile, thiekness of the raeation zone or
chemuicalI bondr 01010 aver is of tile o'dc i of o,,,.

Accordinlug to [13 a]11w tiem e'ilpra tare at the( hideal (Bur11ke-schuilman) filame surface potsitionl,
, -0, is giveln fly thle followinog relation

01.87 
[2

A fir1st app1ro iX 1101on for (t, is ohta inedl h)3 writing- (1, 1 wheni (vvol at ing A. 'I'h mn 0,. is
giehy

0.87
[4:31

I NTEGRAL METHOD SOLUTION

E~ATSOLU TION

0 1. 8 1.2 1,6 2 2 4 2.8 3.2

3. 11I.-niva ma rat disribui~m



u121

A\ st-t'tiit ljljtlo~iltlitliol for' Q, valid for values oIf 0,. >0.8 is

0 .87 fl, 0, 08

A,* 3It'.
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b) Tile conceept of noi overall reaction rate is not inl general valid through a large toni-
poritit iv a a~ge. Then, theli idea of soilving thle complolto exact equations. for obtaining anl
qoxact< exctinctionl criter'ion, loses part of its, interest if tise has to be nmade oif some assumied
overalli rIieact ioni rate exp ression throumngh out tilbe Whole tenmperatur it cc grane.

v) T1he clIen iat bct outindairy laver soilitioh i, alIthloughd it can nlot explainl extinction except
ill a1 (111. itn live w1 ayl enipro v itdea e1riterinai for exti a elionl not to occur if thev overall reaction
rate is known to he valid inl a izriven teinperat'lue 'atige.

WhI ene vet thle parin mete i' A,, is sufficiently*N low its to innke '1', (1.8 f (adthii bis occuris for,
troutghly , A,, 80t), thI e thickness of tilie reaet in ii regiotil Iegilus to he comptlanratble Wvithi the
tI it' iess of the mittixinig region.i IThen tile trat e of full' Consuinp tion 1 eg-i us to (diminishi and
hliev Tir ' will b-I n'it to decrea;se1 eve i fast er with dveei'easit g A..

Thertetfo re., A", - 8 may be ulsed as niall apiroxi mate extil tictie acriteriont as wvell ats a
ttet'ii iii fol.til te valolil N of the Hitrke-Seliumiiaiil soluitionl.

Se1 have j seet tha 2. 1~ 1 )/,;12 . Now. this ;,title piaramieter appeiars in (lie theory of
ii'etit i xc h nittiiini' faInmes. Th'lere it taikes a ValIuie of tile irder oif I 00(, thlit del ietiis Oil tI o

ittitial m1ass fractiions aind enlergy oh' acti valioti o tiflie reaction (24), wheni iii is subistituted lby
I lie fttlv intisitintitini tate It Jiet' ii it area. 'lTheirefore ait appriIoximiiate, r leola l itllaii hei
eshblislivlte (1)), Itt) litd eet(lie 11v altie l (if lit extiinvtititi (titlixinilitill flamei streng-th) aind i

V'. THEi E't't; aL ~t STi'C-1-1 -R'i OF L "tAM'IiNAil DIiFFU SItON FL A MES

V. 1. I, tip' Ibiiet rnos Nio nb Cat'( nse. bin issid h'qnoImiros.

'llte cheiiciiial blaiitiai'Y hive ('I [tillttititis, goveriniitg thle temiperaturte amid ittss fritctiotn
dlistributioniits wit hit the' reaction Zone, ha~ve b een .'olved illill( tIn'tost gretieral ease. Holwev'er,
for (liv eita~iledl evaluat ioit of thei soliitioti we mtiitst kniowi sonic piarameteris appeariniig there.
''The ' iiiclio tile tmass tate );I of tItel coniisiump~iitio per' ititit flaimii surface, aindlthe ideal flaitie
local ott.

Ill inletr to evaluatte these liraillttii't'' its well as the( maiss ft':etiiia aini tomeiiriialtit'
distjliiiltiunis oittsiide (if the( reaictioni zotne. (lie Buirke-Sehiitianmi solution lutist lbe obtainled

I 'tifoit iliai~tel ,V. eve \eit le utsiiig the I htt'lke-Schl1itii.1nni assimipqtioii of infittite reactiiin r'ates,
(lie tesittliig, systemit iif equat~tions 121] aiiil toittilmtr iconditioniis [121 :litl] 1221 is sit eoiniiiiitcteil
I l(lint] on y a fumw approximate soliutionis exist.

Mactile, andi Aidamtsoii t171 haivie lp'itile out1 thlat a iuiiitiln'i iof imtpoirtant vcniiiliistioti
polemsll'i1 mayi~ lit ill vestlintt'iI aunalyiclltY wi ll) the help of IniitidalatyIl huet' appritoximtationis.
MlISt oft ile soluttionus so Faru iitutijimu'i itaki' litsi tI tltvesi aippiroximationiuti. These tItay * h used
wthoienveu'11 i'vteilolits iumbiiitui. lia1sedil i stlitii ovieiall dimjiensioni of thev flow field, is

We~ willI , ui tutu' Ililit. iv uii"iuuir - (, uli di''itiitjtlt tsslitttjliiits.la fair'ly Siimplie soilutiuii of
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If in) system 1211 we Ink(, the limit Hec x, we obitain the following system of differential
cqual; o ii;, thaint We tchal tWritte in) dit he lsicolo form:

1 [47]

r i

Th le1(11Ii I i i iiionl fi 221 canni fot be retaine becaseil l lie i 1w th rtovess of fnihing tho
limit Ill, Z , -wI droppedt the Imighet derivaiitives ill the eq pt llios.

II lwevel' the bolot iitm I eodi~t jiois f121 en ill Ito1 sit isfied if we allhow for flte existeiive of
disvofiintiiii hs ill 0011'veriotmi. illss hractions, densitY, and VveIovity ait somie stivenni surhive.
The jisilhiol if ttis Sf1101' is iietriniiii'r bY 1rv(1 llong ithatil ni the holiitii'Y 'ohllititinsl 1121
lho sotistivi' .

If wi' (ollsillel. only loiw Mmotlmnilliber flows, I lien

itiffvi'i'nt valiiiis. til eneli siite it lI])( disvioifhiitY surlIlrOv. See Fig, 1.
2) F'iiiitiolls 1,171 vitdiii lo tilw syslezit

/ [481

aidt fill[,i'ritiiim diseoutitlilities ot rM ;l w for It:ll ut it miiv surrmiei~. so) as lit smilis the(

AXItuItIIIN C'.

V.2, Miximl fmyr /;(pwimJios.

timi tarIvi .;Ilt tjiilit Neh. 11,itie l i icilimitiiiiitiiity1 sill~iev is slitstitliled by a thlot mlixing
livit Witti Owt :,mlio,' lj ipixilllmli liiimiiolii AIltiiutigh thei dihsviiiitjiinjt it) tho templeraiture,

liviss tialitillls. vIi., Illi lollgeii exist. The 4crivwtie. oi f OwseM %:1i~ltdlic fliolilil tio the mnixinig
tovyel milt Iii Vviii Iig - illipmtred l tfii fleriix.tircsiif) inthe suilavvi diretiiioii;

I" '.l SoutY ithe -. 1,111111 oii Ow li mL iiii r vgviii. wec "itl write t110 systemm f211 li
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Limiting ou1rqvive toS tile t wo-dtimenIsionail or IxiaIlly-symlaetrie low Mlaeh numbler flow
caIses, we will write these equIations in the form given by Lees (25).

whlere k () for two-dimlensional flows and 1- 1 Cor. axially-svilinetrie flows; 11"(xr) is thle

veolc(ity' at tile Cox0idize SC ide, julst onltsidlC of til ICmlixinig laIyer.

B y ill roduon ng tile stream in hnetion 11i sneCI that '

Thie contiiIlitY equ~ation~ is 1111 onnlt ivaIII satisfied. Ixt

T(;, T,) -- 2 f fT,, Th 'ieni uu, f (, 5

dwinre tile prinlles denlote differenliatioll witih respect to T,. We will assumne , 'I'iien
the mnixinig lay .er equlat ions take tile Forinl

Wher ei - - 1, 3: j - 2 oin tile IC fvIe side (If tile flame, and i ý 2, 3; j = I oil tile other sidle.
Thle 1. i. d. S il t Ilhe rigiht Ila ld SiMO of tile equ~ationls indicate terms in~volvin~g derivatives w~ithm

lespi.et t
As bondlIIarY condtitionls we4 maIIy write

\W'iere, f:) Ljt ivt's thle ideal flamoe po(sitionl.

I .. K.=, K . 'I%=1, for- TI [53b]

10' VIle SoIlutionl 4)f 11'ai Ille hv ixing piroblCem a thiirdt h~olndary eonditioii for f is

li-qlrtlij . Ti~s Sill 'II~ I.d tie 4111 ie fromo tile clompatibility cond~itionl of tile hlighler ordter
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aIpproximation (26). However, for our purposes we may write as third boundary condition
f(O, )=,becaulse tile only effect of hian~gingr the value of f(O, ý) is a displacement of the
Mixing Inve ciin the Y directionl.

V.3. Local siaiilarilq Approxihmation.

As the boun1 idairy coindlitions1 are inidependen' lt of ý_ the fu nctions f, Ki and T1 would be
fliact ions. oli l v of y, and s1iniiiIai-i t would ( exist, 11111v c jIsuirv gradient paramneter (2 /'ua0 ) d u,,d

weeCllSt ant.

Ti s oeiniciIs at tile sta gnat ion po int wI CCI the parameter has tile. valunes 1/2, for tile
axia IIy-sy in tact vc ase, anll 1 for thle two-dimeincisional one.

SI imi hi ny alIso exists in thle conlistanit preCssure yen ca Co rrespond11ini g to theI mixing of two
pa ra~llel st rCviills. lIn t his case the IC ressu5 ire gpradi hel teirm is ob1 viously zero. Tlhe local

5simiiIa nit appronix timation i inny he tisvi whe I ii2t uý) il a4 is a Slowt). Varying function of ~
*lhei W, we .ii,i Ntileglect thev I. i.di.t's inl te, rilght huand side iif equiatiioi 1521. TIhe resulting
systeni o~f iii flene iiat I CIIIat ioils iii:1V i liebe intiegra teid as a1 ;ystean of ordinary di ffereiitial
v -Illiations.

it i., iii teestiin tg Il oidut, oit tli a the, faitor [T/1'. - - (/")` in tilie precssurne gradient ternil
aprat lli cles ivreni at I lith1 edges of the mi xinig layer. Thle neglcet of I lie pressure gradhient
ternil is simiiilar lio thev neglect (if free ciinvccioti ill (litfuionl flameis.

Thle pI tssiin gradhient Wenin is nlglocteil, wittloiti mit1ch justifivatioit, by Spaliding whoin
sitiolvitu the oppolisedI jet idiffuision flamte (12).

It ouii nliin llii'IiosI is assessing tile ~foects of chemlical kinetics inl diffuisiiin filtities. onily

1111 ipproiii)iIIat miu~llvtival solutlioii of tliii eulhiatlls is reijuiireil.
This1 iii'iv he ohltaitlei easily if we lieglelt thev prosi'ari' gradient ternii ill tle liIloiiientitlin

Cihiai:tioli 1;)21. Thieii it reiltices to tie Itlassills elliatiili

I"' ff---II[54]

wtOwhillii oiilotiaI is ililn

T*- [571 '
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'Tking into aemmnt the h mImr e (i ion. [5PQ] we ohtain, if tr I,

-,l•�K, )-( 2

T K, I It !~~( ), i)T; , Y2 4 '

And the boundavy (onlitions at Y, ive satisfied idenlienily.

T1h fname surfaee is hitaeld at the ptint j,-r where

112, K.,v

a p .... I (K,,. K -,,,,) • , /v]aY 12 ~ 1 V 2: 21-,

So

The iltI'allteivh A. Ineastring the deviations frtm the ilht'ke-SehItIlniu) solution, (alt I(tw
he evahlattd. A.lso the toilt', tatre and massi t 'ailiol tlist rihibtitons outside of the reaelcion
zone may be ohbtainetd fronm 157] anO 1581] Itv lto!!ing K,--= for ij and K. -- 0 for f- -tt

II tlhe ipltiehitt " ease 1. I, we get I' I, a"nd the equatlions may he solved even for
Pr I. We thtain

t1 1 e If
2 2

K, I•, I,. K' '. 1 "l- T'" I•,

tit D. If, 1-4. o , I K:,,,I ,T,. Pr

cI- 11 At ,,- Q .,,.

i 2 K" - K,,,,
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In piarticulari kle Is conisideri'
aI) AXxialil'-syninicitrije stagnation poini i

[631

AXndl according it) 1441

b) Mitxing ofi Iwo pairallel stras'u'

I' j~ ~ K1. K.., v)II I 2 ~
pl 7 X 4 1651I

ie, ") 4 'Yt [66]

A.. 1 1671

III rief'vicuoel ( 5) aIiiviiiivjal iiiegralioii oif tile equal tionls foii' tile inixiiig andi silinnltiaelous
chemical~i react itll ofi Iwvo parallel str.'a;iiis of focIvan iolixjidizer, Iiioviilg with tile samie veloeity,
was cariediou t till orde u Iost' to illlipare withtil te vl'iiiiiail hiniliilai-Y filver stilitioil. Ti'le results
are shoiwni inl Flgs. 4. 5 and 6.

Experiiments (2t aiit the stiiivessN of the ('Nistilig thoiesi~'i' oil huiiiiiiii diiffuioniii filames ihave
(' (nl v SlY t show that. ill thoi se vaises where a stabtle ýIn mi nar di ffuisiion fain iii has been obta ilied,
tilie I torto' *8cIfliiiia fill assumaptioni 0I iiifil n.tl fast i'eaetiiiii rate) apiplies. I lowever, t-he BII.ii-
h-luoi1i11i11:111 solutioni is iindependteiit of vilveileal kiinetics, and does niot give ally' criterion
eithl. ielli flinile eXtinlit oil or for tile validity oif tile soliutioin.

'I'lic favie th1:1 ill this solution tile flamie thvlicos.s is'1Zerol silggests tliat ill practlical cases
thei i'cetljtiil Zon (ls h011le of necgligibile 11iviivkiss. mlaking~ it, possible tol obtainl ai Solutioni tif

the botiidai'v hivvi'i type iliiclidiiitg thle effects of chemical kiiietics.
.\t t'a iii stilte (f li'the etre i'enl * thiii i reactiont Zone tlt. ch em icii react ion effects arei' iiegleeteti

as compllare i''i iithi((i convect il., coniuiiiittuii. andl dliffiisioi vffi'cls. Tlei reac'tioin /ilie i'tliices
lto: laliitne frontt of jigl~igibld thiickneiiss. Aliic.ii n'ts is a siiik for. file reactanlts 'ind( as a soulrce
for. thev iiet aind itrutliiuls e'volvedill inliie vi'lii'iiiai reaction. Th'le location of file flamle front,
i.;Iti (if 11.loirni ue. atnd tvinll o'r1;It 11 I andu i'oiiciu-aititoii (llistltibitjiots ili tile' exterior oif the

I-v l-l'li z II :111dvi ![Il lt-,1 ,,N listitO !-lit,' ltui-ke'Svii ifIuna ill assumtiiiijon.
lIn tidl leoit iiiia cto' fil Ircltnit ot lIii burniil"i Zonoe we mlay neglect in) it con veilction
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governini g this chemicial1 boun da ry layer are ord i nar~v different jul equat ions wvith boundary
Cond1i tions d etermninedl byI the 1 IIn rke-Sellimlia fil solunlion. Temnperau) res there are elose to
th e all iabaiiitj flanime ternperatu0re, a 0(] thlen an overal kinetic stheme applies.

The -.riteria for extincetion oif the flameic and for the validity of Burke-Sehumano as-
5(111111(111io app roxim ately vcoinicide. and mlay he ((a hed by solvig. once the I lnre-Seliiman ii
milulkii io i kmnowi, Ile ehleminial houn 0lary layer equIati ons. TIh is sol ution also prov'ides the
teiillperat are anid voliveeiiiriIion distriilulioiis in the' reaction zonle.

If oiur uiiainl purpose is til'evxaluationi of thet, lieinlieal kinevtic effects in diffuision flamles
ani q1mm( m lrsxiilie litol oif 1he Iluirk-Svhuinaujo iixing prohlema will he sufficient. Tlhiis we
iniiv tphptajin easily 1'(I' large Reynolds nuimibers hy iusing wvell known1 hounidary layer. apl-

II) l~nu~:.S.I V;.. Sil iUi'A.NS, 'I'. E. W. 1)i//eseim Floeinis. iipistirial and(1 Eiliginviceilig
Chemiistry-, Vol. 201. No. lii, pp. 998-10014, 00I. 19.28.

(2) 1hvr~..I.1.. (i-an I Imw'I'uil(INE:, W. Rt.: lWffes-ion it) l,o1imhw, Phoino JOcS, -'l'hiiid Sylin-
jposii(I oil CP(iihistjoii. l'luiu andip E'xphosion 1'leii((uiella , pp 2,51-t6l6.Williaims aind
WVilkins, I ialtlinac., 1949.

(31) W~oill iK N., C xl~~.,t and l.ii N. M.: /)4/exeoim PfilleieS Thiridi Symlposililoil( Coln

4) Ytoi. S.'ano SA..i, K.: Prob1lems of l'To-birh'ol bll//Thiol l (lt hp(, lle dets. Foiirt11 i Mv (ljlo-

silllin tllii('i-ImioiPll) oil Combisionii.I pp. 771 -81. Williamis andt Wilkins. Imialtiiioic,

I5 11.nl. J.;. kll!oqt of ( Cyhl~inrcof brlllo)e. 1)i~yieNoil PI ymm's. l'el . fala. 19541, pp.51-.
F) ' y, .1. A:7'lNie )sfibillholo of 0'PC('0 teullop I' ([lilt 'leniperbire illm (Ia Imu i mo) dIel M ,1)i/f /ll

1'leoe. Joiurnal of, lin' .\ronnuith';i Svicun'cs , ()ci. 1954. pp. 6181-89.

(7) 'o I i:,\. C'. B., BimlinilIml. It..an Iill -iims, I. IP.: 1;o(lPmlor-i Loyeips Willi heiliroit lh'eutiolls
110m to Mloss Additdion, .11 IPriopul~sion , Vol. 28. 'No. 10i. ()(-t. 1958. lip. 5-IX

(8) MoonE. .1. A.. andl ZuLO'NI~i. M. ('Coibmutdsioi ;;I oi h Stmpop. ,AltS Jouirnal , Vol. 311.
No. 10. ()(-! 1961. l1t88-97.
gIl-1.1 tll . Y1. I".: Olt Ill 7~~'l'hnoi- of 0'0( coelisl/il 0/ fmii/ Io/ttqI'mvin Led ( o sf's. #N AtA

Tc. Meini. . No. 12961. hliiii 19611.
(ll "I. .(1 () immN(i 1. KI i: 1 Throt!ij ol /the l'x,mll'o('t(Pl h/lilfe(sion I'ton(('. Fl~ne , Mar'. 1)

I PIAILDINI; 1). B., It;I 1n A (N. V, K. N. .~Tlc P.Picpuw Shi in/ of te flt'e of ( je'm~v bff01 Au'
flit I Oil r-dilo,'osimoo I Mi//esiomp l'htol~e. I 0llII(1Islo~ll and l"I'lnme . Vol. (;, No. 41,
lee. I1962. pp. 265-73t.

(12) SI'\ DINI.N. 1). IB.: 77o' II, ol-ji of .1lixiog mill o (71'/eira Ro eI- uiou ill flt, (pposed-.h't IPif'

(1131 ltxai. J1.: ()il/osioll Vi'tlmlC ill flint' Iknilpi'IloJ'.I. \ A(AlID Memii .. No. A\I I1 M\7. 1954.
If ) \VoIl.. Kx.. :111d Sii(1- \' NN. c'. WV.: lihql'sboo l'hmllP('.N I 'pplilostion~ 'IProcesses . Vot. 2.

High Sl'edt .\vrm'o (Imillics aol .h'l l''otntsim . pp. 3615-4101. Princeton U~niv. P'ress,

1um i5



:14 -

(17) MARBI.E. F. E. and AI)A.%N5ON, 'i. C.. -Ir.: )Inition uld ('omblustioni in a Llmiiir Mixing
Zone, ,hevl Pr'opulsion, pU. F .85-*94, Mareli-Apr. 1954.

(18) PAI, 8'. L.: Laminlr !Jet Mivinil n/ 'l' f 'o Compressible Fluids with Heat ReleaIse, -Joournal
of tlhe Aeronut ieal ,ieienes , pp. 1I012-18, Nov. 1956.

(19) I)oo u.EY 1). A.: ('Cmbustion in Laiminam Mixrinig liegions atnd IRondury Layers, I'll. I).
Thelnsis. ('aliforn'ia Institute of Technolohgy 1956.

(20) VoN KIAUiNwk. Tii.: Sorhonne Lbctures on Aerothermorhemistri! 1951-1952, See alslo Aero-
lhermnochemi'shtr. A rejporl biased l in ililw eonrse eonducled by P'rof. Th. you K-irmun
at the I'i'iv. of P'aris. bi Millhn. (I., INTA ARDl(" ('onlract No. AF 61 (514), 441, 19,58.

(21) liJ'l.FE 1., EU. .. (C.. 'ir.riss,. . F., and (i1). IP. IB.: Aoleculr Theory of (1Gses s nd.
Liquids, .John VWiley and Sons, Ine., New York, 1954.

(22) P'ENNE:Ri S. S.: Int'oduhtion to the Stuhdy of ('hemicatl hemictions in Flowi" ilstems, l•nt.-
ierwortIhs.li, iLondo, 1955.

(231) I'o-r-.n t. A. E- N SEl., 8., and Il l. .1. N.: Apporent Plo me Strength: A Ateosare of
iox.ciin ,leaction Mile in l)i/fasion Plhones, Eighlh Sympiosiun on ( Combustion,
lPasadina, ('alifornia. 1HI6.

(2)1 MII,L.AN, I.-EXliD\;olrr.\. .1. M. i.:, and D). ii\.\, I.: ('Comlori.xn of A1tlitlital Methods
for the ('Catedoli t of LImilro Flame 1 ehiityl, INTA AlDC I o'ntiract No. AF" 61
1514), 9197, Madrid. Ao-. 1957.

(25) l.E I.:s, IL.: ('iorectire ihei "l',o sfor irith Mass A.hddition ad (o'lihemicol hReactions, Third
.\ ;,\ It 'omluslion and llPropullsion l'niiel 'illhluion,. le•ilenlo. Siiily, l'rgnllnoll
Press, 19.58, i. .451-918.

(26) 'l'T i, IN." tl, ti.: OH ti.c'iqo / i ef l 'tw i-artlleh Yih'ei s. I'IAI, I e iorl. No. 141. July, 19,58.
(27) M•I':K.SYN. D).: .New ihMethods in IBtoundiry ILciyer Thicoi-ql, I'viauoio lPress, 19161 .
(28) PI,:NNEI, N S .8.S.: 'ihmis,'!i M'i'htim,,s in Jet P'roplm.,sion i t,1 'i-gaIln P'ress, 19¶,57.



AlPPENIIX A

In this appendix an1 inte-gral method for the approximate solution of equation [31] is

piresented. Wo will use the sanile appjr()xiniations as those used inl ob~taining [.37] from [361.
WXo will coinsider the more geOneral mnass prot I etion rate expression given by [7]. Then'i, if
relations i135] are ta ken hlit o aveitt iit, I i takjing [7] inlto [,III, we o~tajiii

1l -0 1- '--- 0 IA. 1]

afli] 
IA2

lHere, however. wev will not chioose 'I tm) as the I nlipvratiire ait y,ý 1, bilt, as tile tempera-
tiiiv lat a1 poin Ii tat we,( will du'termiiine laterl on,ý

BY~ iiitrodiuving" 11hc Variabiles

D., I

2I 1A.4I

eq~uaionii [.. I i transfoirmis to)

dI t'i :t. [A.51

Thuat muitst Ill solved lii itit'lh tliiiiidalimvtoiuthitioli5

In ordlei to sidve vijuuatioui jA. inl ;in autiloximuati. wmv. we wvin list. te( following
nicuttal Inu hodl.

Iftz is ilu1, point whitue I- i'viehies its iuilixiiiiuiin va.:u lv thrighlt hiandl side ot eqivitiol [A.51

I., ' , I'"

Whteroi



Neglecting higher order terms in the expansion of h (.) in powers of (z-- :,). equation [A.5]

may lie written in the approximate formi

" .I-, " 11 ;,,! e, " k', I . ,.l'.t

The co nstanuts l, Z, and A- will he determined as follow-s:
a) 'T'he solution 11(z) of [A.(] should satisfy the following boundary conditions for i(z);

inIInely' ii' 1- f i lor z cc 4- .
Then

I:

and integrating IA.6] between -, and x , we get Y', 0 (*).
Ii) If by in ea ns of the relation

2kO-- Z)" 0- f- z)" I•- •".. A.8

we (, efije then,(). tlhe we vi!l ehoose the parameters ji, z, and k so that the following rela-
tions hold:

'(z-,) = () and 13" (:,) C _z 1)" (1 + zy'. IA.9]

Fqronm relation jA .81 we deduie

.(p -- 1) b(() -j- I)

b2%" 1 ()2 • -)2

1, -z Iz Z z lZ)2

IIn particular for %I(. w obtain

b...( [A.101

-, 2, k2 2aIb[ .1
Z, )2 Z )2

* IiI adwdition use u im wi made (If;te lt o udary condition z =0 for . . thon

and

V , :e, : I e, k ex ( k2:-.)

\; 1w h i•. alsoI :1 fkirlyl .,_,- ,.d :I1'|,l"-xilliall.'• ,,til ,'f v' llalill A.51.•
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From [A.10] We delievi((

b-a 21 2a
,, ý_ l J- + b , + b [A.1.2]

Then from [A.91. JA.1 1 Iland [A.121 we get tihe re(';tioni

( 2, 1 " ( 2b 1 )' b (a 1 b)'3 I - 2( a ' 2b ) '2, [A.13b
I I [A.131J

(1! a ,4b 2 (1a it 1)-

that has Ilvh solution, if l/(tt I b r ) s,

"2 :ait"" 1-f -2 atb 1[,.

w." • a idAhl ~ leenjit I te'ii of •, h -/ mean ob erIn lio' [AI•

"6I I 2a 'b ( 26

( 1 9 -0 2 Ca b) 11)'
__ [A. 141

Now zl and kl'()im~llla, d.;v)hl in(I i[ell termso f 3A]w, iYmenyuse ofill1v relat, lnio~ns

•(z) ), I: :,)te f/(: :) ( )- eCX t A-(z .z,) 2), [A.It[

o()lhillt(I b)V illitegiatilg 'll.ali)ll IA.6,Il. the Illl le appjiroximlate. 1)11 also Ilmor'e (liffieult to
(vahiath,, fiojelioln 3(z) ;(olllionl (of ihe algenraiv (equalio)n 1A .f81. iI ho)lh eases the Iparameehrs
31, z, and k are as Igi'ell by IA.141 andI t.\.1-].

Ill oirdhl to eoll~prc lh' 11(v aoe ap)p)roximIael soolutions of e(,hlmtiol A.] with lheo eoxa.1t
nIulmlericalI sohlution. %\v o)llsidhr lhe parti illar vIse ( 1 1. 6- I. Th',ell

-3,0- 0,87. -, I(0. k 0.67 [A.171

and ,i(z 1- .87 :erltt .Ii7z 0.84 11 eXl) ( 0t. 67: •- l .\.1

S(: )1 - 0 .7 6;v x l) (0).6;7 :1211/-. I, .I 1]

Thc1' allprIoxinImh sMluli'tio )( has leii lhlhpted \\i;li a hashwl line, ill lig. 2 to comnpare
with lit' vX:'t Solutiion (u'a\Vll with a s)lilf Hlnl..

I oiin. back to Oe I'teuriuil e'as, III whiol.h, (I a ) 1are not IlIes-'arily one, let Uts (eboos(
Ihe toh l ,rallro :itIl l Ih Ze t , ;Is the i('lhnll ,ralltrv, iseI ill apl 0oxilialtil)g e(llatlioln pIll.

"Th~il" !€, l r a.i l )1 b) 1- z • i,\.'v

H (1 4I .to

°Il'hi is all al',.-hlail, o.',l11:i64m I'mr ft
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Again a first approximation to the solution is obtained by making 0,- 1 when evaluating
Z(x,O,). Then relation [A.201 transforns to

0,
[A.211A•

whore
A, 4,,'•"x z"( I))Tt* I - ( ., ] 1." '- b-u I

a nd
"7. (', 1)• 1 i" p -. ji 0 .

A second approximation, similar to 4V, may be obtained for 0, without major difficulties.

AIPPENIDIX It

III ortlor to apptoroximately solve'' the Bliassins equation

1"(•) 1 . I"(- •) -. I'(o)=o,

Following Meksy a (27) let iis write ,(e oatint i lt.11 ill tit' twrii

[ .... (1. (11 !(1.2[,. ~ ~ ~ T .- /- 1,r ,1•- 4 " '"[•
9 4

whI Itv I,--a f'(o) I ilt (IJ f ["(o) art' aI sts med I tto he known.
'Then by intt'gralinzg 111.21 twire t.' gt't

As the shear stress dvecrases very rapidly with increasring values of [-,f, we may expect
toal most of the v'ontriltution to the integral [11.3] 'oines from those low values of tl]i, for
whicih [ can be well at qioxiimated iusinllg tilly" tie first terms ill ttie power series expan-
sion 111.21.

If ,e write
(Ut (I"2 ( .
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then

-a,> 1 )[B.4]

St' " 1 -- " " -t .... for

Then tile integral [B.3] may be evaluated and we obtain

a, !, I+ erf - 2a, >0[

'I-"erf -C -I(1 - > - - ... < 0'

If wo now make x- -- wo obtain

2 -. 3 2 7'l :=<,,-t 1'7, '),,+ i ..

"T'hie sor.'ies ill [11.6] iliay Iu' eXlcted to I oll\'l'te v \'er ry rapil.i ly. Kvvel illg only the first two
ternis of tile series ,exi.!.Sloi. oppIealingr within lbirahkvt in [B1.01, we get

and lll

a 118 1 )2117

St , : " 2 2 I : 1 I i . .

thai miay beapproxI)im;iilateridnaih i hless l ialn 4" errolr by

I I.I" ::I ;YI iy
fl, = 12- 32- 1

,Now h1Y Illif'1iS ret"l'hatiolns iCk.8 thein sollitin I o oll. V iy , wiittvil li to tile second illa -
1)-)lll'x lnl I loll, A% first appro,.ximlationl is

It~ . #. ~ II7
2]

2 p. 2 , I -i-I, .•,.i 2
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APP'EN[DIX C'

Low so'uii t)1 lC iFl 1w.

'thel 111111111111 diffusioni fhailt' pr1ohhiieed whu'ti ai polint NolIlreet of' fielh is iilJiiŽ1s ciill all
oxid iize'' Irc ti-vil has I icc I qaii a tivll N di('lis )Y Pniir (28).

%t hIt( 4.', 1~ .1.2. i.. x`' and( t110 x~:; a xis is ill the iciev, oxidizer ix ti'caiii di rect ion4. TIilt' soil let'
is Itioaci-Ald ate fii rigirol auth 1*, is tiie Free., Nti'cvai %,i'or'ilv.

iiteii donii vlsewiitre. hi In I'I it'll Ia i., it' ilt, ra ius of1 i'virViliI tu i t thet staglýal jail pon is

e'xtiiicition is praci'ii'ii'ih iilii'14t'ildih'llo III 144 tr'ainsporti poprl1'4t'ies. Tihicy. (iltel' only throuI4Igh
thit valivs tof ort :111d Si.



UNCLASSIFIED

UNCLASSIFIED


