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SUMMARY 

The problem of predicting theoretically the force distribution 

induced on a submarine hull by flow separation at high angle of 

attack is considered. The hull is taken to be a body of revolution 

with a pointed tail. The flow is assumed to be incompressible and 

inviscid. The assumptions of slender-body theory are used, and the 

steady, three-dimensional vortex configuration on the leeward side 

of the inclined body is represented by an unsteady, two-dimensional 

vortex motion in a normal plane. The resulting force distribution 

is determined in terms of an assumed variation of the location of 

the separation line on the body with axial length. 

The theory is applied to the case of a high-speed submarine 

at angle of attack. The total forces and moments on the submarine 

are determined as the sum of the forces predicted by slender-body 

theory in the absence of separation and the forces predicted by the 

separation theory. Experimental data on the location of separation 

on an inclined cylindrical body are used with the theory to predict 

the normal force and pitching moment for angles of attack up to 20° 

for a typical submarine configuration. Nonlinear effects attrib¬ 

utable to separation are found to start at an angle of attack of 

approximately 8U. These effects are found to reach the same magni¬ 

tude as the non-separated forces and moments at an angle of attack 

of 20J. Comparisons with experimental data for a specific submarine 

configuration (Part II of this report) indicate that the theory 

predicts well the onset and the qualitative nature of the nonlinear 

effects. The quantatative agreement is fair. The dependence of 

these results on the assumed hull separation characteristics and the 

complete lack of experimental separation data applicable to the sub¬ 

marine case is discussed. 

The method of Truckenbrodt for axisymmetric, incompressible 

turbulent boundary layers is used to predict the boundary-layer 

blanketing effect on the stern control surfaces for a typical sub¬ 

marine. It is concluded that this is not a significant effect for 

the case considered. 

ii 
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THE EFFECT OF FLOW SEPARATION FROM THE HULL 
ON THE STABILITY OF A HIGH-SPEED SUBMARINE 

PART I - THEORY 

1• INTRODUCTION 

This is the first Technical Report under Contract Nonr 3934(00). 

This report describes the work done to date under the subject contract 

to predict analytically the effects of flow separation from the hull 

on the static stability characteristics of a modern, high-speed sub¬ 

marine at angle of attack. This work was sponsored jointly by the 

Office of Naval Research and the Bureau of Ships under the latter's 

Fundamental Hydromechanics Research Program administered by the 

David Taylor Model Basin. 

In the last decade, the philosophy of design of the submarine 

has changed radically. The advent of the nuclear power plant has 

made it feasible to design a submarine primarily for submerged oper¬ 

ation with a capability of sustained, high-speed operation. As a 

result there has been an increasing interest in the submerged dynamic 

behavior and the stability characteristics of the submarine. In 

particular, it has become highly desirable to predict analytically 

its stability characteristics under various conditions of motion and 

attitude. The study described in this report has the purpose of 

developing a method of predicting the normal force and pitching moment 

on a high-speed submarine configuration at angle of attack, with 

specific interest in that range of angle of attack in which flow sepa¬ 

ration occurs on the hull. The general approach to the problem'has 

been to characterize the separated flow region over the leeward side 

of the hull in terms of a steady vortex system which induces a viscous 

force distribution on the hull and stern control surfaces. 

The analysis of the high angle-of-attack case is described in 

the following work. In addition, certain boundary-layer effects are 

investigated, and calculations are made for the zero angle-of-attack 

case. The methods are applied to a typical high-speed submarine con¬ 

figuration in order to determine the importance of the various effects. 



A classified portion of this report, Part II, shows comparisons 

between theory and experiment for a specific submarine configuration. 

Finally, the theory is evaluated in terms of the assumptions made 

and the comparisons with experimental data. 

2. GENERAL STATEMENT OF THE PROBLEM 

The section contains a discussion of the geometric character¬ 

istics of the submarine as they pertain to this study and a description 

of the two regions of flow over the submarine as distinguished by 

whether or not flow separation occurs on the leeward side of the hull 

at angles of attack. 

A sketch of a modern, high-speed submarine is shown in Figure 1. 

In general, if the submarine is at an angle of attack in the vertical 

plane or at an attitude of yaw and roll in the horizontal plane, the 

bridge fairwater and fairwater planes will induce forces on the hull 

and stern control surfaces, which would not exist in the absence of 

these appendages. In addition, if the flow over the hull is separated 

due to angle of attack or drift, forces arising from separation will 

be induced on the hull and stern control surfaces. These "interference" 

forces will affect the total forces and moments on the submarine and 

therefore its stability characteristics. The first step in analyzing 

this problem is to investigate the interference forces arising from 

flow separation on the hull at high angle of attack. This is the 

problem to which the following study is directed. For this purpose, 

the submarine configuration which will be assumed is that of a hull, 

consisting of a long, slender body of revolution, having a cruciform 

control surface arrangement at the stern. The effect of the bridge 

fairwater, fairwater planes, bow planes and deck on the flow over the 

submarine at angle of attack wi?1 not be considered in the present 

study. 

At zero and the small angles of attack, the flow over the assumed 

configuration is everywhere attached except at the stern where a wake 

is shed. Because the Reynolds number is high (a typical length 

Reynolds number is the order of 5x10e), the boundary layer is turbulent 



over almost the entire length of the hull. At the stern the thick 

boundary layer blankets a considerable portion of the stern planes 

in a low-velocity fluid. This blanketing tends to reduce the effec¬ 

tiveness of the stern planes both as a stabilizing device and as a 

method of control. In addition, at small angles of attack, the boun¬ 

dary layer thins on the windward side and thickens on the leeward 

side. The resulting change in the pressure distribution over the aft 

portion of the hull produces a normal force, since, for Jnviscid flow 

there is no normal force at angle of attack. Thus, the turbulent 

boundary-layer could have an appreciable effect on the forces on the 

hull and stern planes at zero and small angles of attack. 

At large angles of attack, flow separation occurs on the lee¬ 

ward side of the hull and a vortex sheet configuration occurs over 

the leeward side of the hull, much as shown in the following sketch: 

This flow configuration was first studied in detail in connection 

with missiles, in which some unexpected stability characteristics 

were traced to interference effects induced by the shed vortex 

system. Several experimental studies have been made of the vortex 

system above the leeward side of bodies at high angle of attack 

(Refs. 1 to 8). In these studies, it has been found for both low 

speed and supersonic flow that at some angle of attack separation 

first appears at the rear of the body and as the angle of attack 

is increased, the axial location of the origin of separation moves 

forward. A vortex sheet is attached to the body along the line of 



séparation and rolls up over the body. Over a wide range of flow 

conditions, the configuration is symmetrical with respect to a 

vertical plane passing through the body longitudinal axis and steady 

with respect to the body. 

This type of flow configuration has been investigated experi¬ 

mentally by means of flow field measurements and smoke or vapor- 

screen photographs. An example of the former is the work of Hello, 

Reference 6. Typical measurements by Hello are shown in Figure 2 

for Hach 2 at a - 20°. The left-hand side of Figure 2 shows con¬ 

tours of constant ratio of local to free-stream total pressure. 

The right-hand side shows velocity direction and magnitude deduced 

from total and static pressure measurements made throughout the 

flow field. Both measurements indicate the presence of a steady 

vortex pair above the body. Hello was also able to obtain good 

correlation between measured vortex strength and a predicted vortex 

strength based on measured vortex position and vortex induced forces. 

The theory used was based on slender-body theory, as is the present 

analysis. 

Smoke- and vapor-screen methods are used to follow visually 

the development of the separation vortices along the length of the 

body. A typical smoke-screen photograph, reproduced from Reference 7, 

is shown in Figure 3 for a - 25° and a velocity of 50 ft/sec on a 

pointed body of revolution. A plane of light across the tunnel 

illuminates the flow over the model and shows the centers of strong 

vorticity as spots in the smoke-filled region over the body. By 

moving the plane of light along the tunnel the axial development of 

the vortex core may be followed. Water-vapor condensation may be 

used in a similar fashion in a supersonic tunnel to indicate the 

centers of strong vorticity, as described in Reference 4. Reference 2 

has a number of good vapor-screen photographs of vortex development 

on inclined bodies. 

In addition to these basic studies on separation and vortex 

shedding from inclined bodies, methods have been developed which 

predict quite well the influence of shed vortices on the stability 



characteristics of complete aircraft and missile configurations 

(Refs. 9, 10, and 20). 

The general approach to the analysis of the static stability 

characteristics in the vertical plane of a hull with stern planes 

will be to consider two extremes of attitude. The first, to which 

most of the work has been devoted, is the case of high angle of 

attack with flow separation. Much of the theoretical work done to 

date on vortex shedding from inclined bodies has used experimental 

data on vortex position or cross-flow drag coefficients. Since no 

such data are available for flow conditions and configurations re¬ 

sembling the submarine case, a method will be developed for predict¬ 

ing the position and strength of the shed vortex system and the 

induced hull forces. The method will be based on a known or assumed 

location of the separation line on the body. The second case is 

that of zero angle of attack in which boundary-layer characteristics 

will be determined and their influence on the forces and moments 

estimated. 

3. HIGH ANGLE-OF-ATTACK STUDY 

The analysis of vortex shedding from an inclined submarine hull 

consists of selecting a suitable flow model and then analyzing the 

model to obtain the expressions describing the vortex motion and 

induced forces. These subjects are discussed in the first two 

sections. The remaining three sections contain discussions on the 

use and characteristics of the method, its application to the sub¬ 

marine, and the stability of the vortex motion. 

3.1 Flow Model 

The flow model should represent the actual flow to the greatest 

excent possible and yet be tractable analytically. In the following 

discussion, the actual flow characteristics are described, and a 

model is selected as a first compromise between these two require¬ 

ments . 



Flow separation from a body of revolution at angle of attack 

is a three-dimensional problem. The essential features are illus¬ 

trated in Figure 4. These features are not precisely known, but are 

probably very close to those shown. The discussion below follows 

that of Reference 11, on the basic characteristics of three-dimensional 

separation. Separation occurs along two lines symmetrically dis¬ 

posed with regard to the vertical plane of symmetry and located 

generally on the leeward part of the body. These lines probably 

meet on the body surface in the vertical plane of symmetry. At 

this point the separated region is prob.oly limited to a small 

bubble with the flow reattaching and moving over the body surface 

between the free vortex layers. The surface streamlines approach 

the separation line from either direction and enter the separation 

line tangentially where they join. A streamline in the separation 

surface, or vortex sheet, then leaves the body surface and is in¬ 

clined downstream in the sheet, following the sheet as it rolls up. 

The vorticity characteristics of the sheet may be visualized by 

considering the sheet to be made up of a large number of vortex 

filaments, lying side by side to form a surface. Each of these 

filaments originates at the separation line and has a strength 

given by the rate of vorticity input per unit length at the point 

on the separation line. These filaments do not have any force on 

them and follow the local streamlines (see, for instance, Ref. 12, 

Para. 13.10). Consequently, the line indicated as a separation 

streamline could also be considered one of the vortex filaments 

making up the vortex sheet. The filaments become more closely 

spaced in the rolled-up portion of the sheet and produce a region 

of concentrated vorticity there. 

To perform an analysis of this problem, the following general 

approach would have to be used. Separation is caused by a viscous 

flow mechanism within the boundary layer. However, once separation 

has occured, the flow field is assummed to be inviscid and its 

vorticity characteristics are given by vortex filaments whose 

viscous cores are vanishingly small and which behave like ideal 



line vortices in their effect on the velocity in the flow field. 

Each element of length of each vortex filament contributes to the 

velocity in the flow field according to the filament strength and 

the distance from the filament element to the point in the flow 

field. Therefore, to get the velocity (magnitude and direction) 

at any point in the flow field, the contribution of all of the 

vortex filament length elements must be summed and added to the 

velocity at that point due to the free-etream flow around the 

body. If the point of interest is on the surface of the body, the 

resultant velocity will not, in general, be tangential to the body 

surface. In order to cause the body surface to be a stream surface, 

there must be some form of image vortex filament system inside the 

body whose velocity contribution will just cancel the normal veloc¬ 

ity component of the external vortex filament system on the body 

surface. Since the induced velocities are dependent on the strengths 

of the vortex filaments, these must be specified, probably by 

recourse to experimental data. In principle, the problem may then 

be described by a number of simultaneous equations relating the 

velocities in the flow field to the location and strength of the 

vortex filaments and their images such that the vortex filaments 

lie everywhere tangent to the streamlines and the body surface is 

caused to be a stream surface. From a practical standpoint, a 

solution to this problem might involve making such simplifications 

as approximating the curved vortex filaments by a series of straight 

lines, imposing the boundary condition of no flow through the body 

surface only at discrete points rather than over the entire surface, 

and imposing the condition of tangency of the vortex filaments to 

the streamlines only at discrete points rather than along their 

entire length. 

There is a possibility of simplifying the flow model consider¬ 

ably by making use of slender-body theory. This is the approach that 

has been taken in most of the interference problems arising in the 

missile field. In fact, it is quite reasonable to use the theory and 

methods developed in missile technology for the case of the submarine 
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for two reasons. First, the geometry of the submarine is much like 

that of the missile. Both vehicles are basically long slender bodies 

of revolution having relatively small control surfaces located at the 

aft end of the body. Second, the slender-body methods which have 

been developed for predicting wing-body-tail interference effects 

for missiles use incompressible-flow techniques which are appli¬ 

cable equally to the supersonic mit;sile and the submarine. 

Slender-body theory is applicable for cases in which the body 

transverse or radial dimensions aro small compared to the length 

dimensions. Under these circumstances, the first term of the linear¬ 

ized, steady, potential flow equation, Equation (3-1), 

is small compared with the other two terms and may be neglected.1 

Equation (3-1) is written in its compressible form and differs from 

the incompressible form in that the term (1 - M^) is not present 

in the latter case. It can be seen that since the effect of compress¬ 

ibility enters only in the first term, the compressible problem 

becomes an incompressible problem in two dimensions when the first 

term is dropped. This is the basis for the statement that missile 

slender-body methods may be applied directly to the submarine and 

also the basis for the applicability of experimental results on 

supersonic flow over inclined bodies with vortex shedding to the 

case of the submarine at angle of attack. With the assumption of a 

slender body, Equation (3-1) becomes 

âîi + df¿ 
dy‘ dz2 

(3-2) 

which is the Laplace equation of two-dimensional, incompressible, 

hydrodynamics in the cross-flow plane (x ■ constant or plane normal 

to the free stream velocity). For motion of the body through a fluid 

at small angles of attack, the flow pattern in the cross-flow plane 

i A complete list of symbols is given in the List of Symbols at the 
beginning of this report. 



can be considered identical to the flow pattern in a normal plane, 

or plane normal to the axis of the body. For purposes of analysis 

of the vortex-shedding characteristics, an x, y, z axis system 

oriented with respect to the body will be used, as defined in Fig¬ 

ure 5. The subject of slender-body theory as it pertains to analysis 

of flow over bodies of revolution and vortex shedding at angle of 

attack is discussed in more detail in Reference 13, Chapters 3 and 4, 

respectively. 

The major assumption involved in slender-body theory is that 

the flow in any normal plane is independent of the flow in any other 

normal plane. Figure 6 shows a body of revolution moving through a 

fluid with velocity U at an angle of attack o such that sepa¬ 

ration and vortex shedding occur. If the normal plane shown in 

Figure 6 is considered to be fixed to and move with the body, then • 

the two-dimensional steady flow pattern in this plane, as repre¬ 

sented in the sketch below, is determined only by the flow and 

boundary conditions in this plane. Essentially, the three-dimensional 

curved vortex filaments making up the vortex sheets have been re¬ 

placed by infinitely long, straight vortex filaments normal to the 

plane whose contributions to the flow in this plane are given only 

by their strength and position as they pass through this plane. 

To determine the manner in which the vortex system changes 

between adjacent normal planas on the body, an analogy can be con¬ 

structed between a three-dimensional, steady flow and a two-dimen¬ 

sional, unsteady flow. Again in Figure 6, consider the normal plane 

to be fixed in the fluid and allow the body to move through the plane 

with velocity U. The circle representing the body cross-section 
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then moves downward in this plane with a velocity U sin a. As the 

axial station on the body where separation first appear? moves through 

the plane, small vortex sheets appear at the separation points. As 

the body continues to move through the plane, these vortex sheets 

grow in length and begin to curl over the body. Thus, the steady 

vortex system can be considered a two-dimensional, unsteady growth 

of vortex sheets in a normal plane. Time in the unsteady problem 

may be related to distance along the body axis from the point of in¬ 

ception of separation by the velocity U cos a. 

The selection of a flow model was governed primarily by the 

greater simplicity of analysis of the two-dimensional case. All of 

the techniques which have been developed for two-dimensional, incom¬ 

pressible potential flow-analysis can be used in the slender-body 

model. The image vortex system is more straightforward for a circle 

in two dimensions, and the method could be extended, if necessary, 

to non-circular cross sections by use of mapping techniques. It was 

felt that fewer empirical inputs would be required with the two- 

dimensional model, and that these would be perhaps more straight¬ 

forward to obtain, particularly since there are no experimental vortex- 

shedding data available on bodies whose radius varies along the axis. 

On the other hand, the slender-body model does not consider the 

three-dimensional aspects of the vortex filaments, which could pos¬ 

sibly have a appreciable effect on the results. In view of these 

considerations, it was decided that the initial analysis would be 

made with the slender-body model, and at a later time the limitations 

of the simplified model could be assessed and perhaps removed. 

3.2 Analysis of the Flow Model 

In the two-dimensional flow model just described, vortex sheets 

leave the body at separation points symmetrically located with respect 

to the vertical axis of symmetry, and roll up over the body. It is 

known (Ref. 6, for instance) that most of the vorticity in the sheet 

is concentrated in the rolled-up portion of the sheet. Therefore, 

without appreciable less in accuracy, the vorticity in the sheet 
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may be approximated by a single, concentrated vortex located at the 

"center of gravity" of the rolled-up sheet. 

The flow model now has the characterisitcs indicated in Figure 7. 

The body is represented by a circle of radius a„ which in the gen¬ 

eral case may vary with axial distance, x, along the body or time, 

t, in the unsteady analysis. Distance along the body from the point 

of initial separation is related to time as follows : 

x ' xs "(Uoo cos «> t (3-3) 

when zero time is defined by this relation. In this section, time 

will be considered the independent variable and the analog with dis¬ 

tance will be understood. The coordinate system has the y, or real, 

axis horizontal and the z, or imaginary, axis vertical, positive z 

upwards. Complex notation will be used for position. The problem is 

assumed to have symmetry about the z axis. The body is taken to be 

stationary in a uniform flow of velocity whose component in the 

normal plane is Uw sin a in the positive z direction. At any 

given time there will be a vortex pair in the flow field, the right 

hand vortex having a strength r and position Ç . To cause the 

body surface to be a stream surface, there must be an image vortex 

within the body of equal strength and opposite sign, located at the 

inverse point. Separation is assumed to occur at the point Ç on 

the body, where, in general, Ç may change its angle, 6 , as well 
o o 

as its radius coordinate with time. A sheet of vanishingly small 

vorticity connects the separation point on the body with the vortex. 

This model and the analysis below follow the approach described by 

Bryson in Reference 14. 

The complex potential for the flow of Figure 7 consists of the 

following terms: 

(1) a uniform flow of velocity U sin a 

(2) a doublet representing the body 

(3) a vortex term for each of the two external and two image 

vortices 

(4) a source representing the change in tody radius with time. 
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The complex potential is then 

W 

+ a a In Ç 
(3-4) 

Appendix A contains more detail on the methods and conventions used 

to obtain Equation (3-4). The general expression for the complex 

velocity is given by the following expression: 

(3-5) 

The complex conjugate velocity at the right hand, external vortex 

Vx is obtained by letting Ç equal ^ in Equation (3-5) and 

dropping the singular term, since a vortex does not induce a 

velocity at its own center. 

A differential equation for the motion of the vortex pair may 

be obtained by considering the forces on the vortex and the sheet 
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connecting the vortex to the separation point on the body. Theo¬ 

retically, there should be zero force on the vortex and each element 

of length of the sheet. However, because all of the vorticity in 

the flow field has been lumped into the concentrated vortex and the 

strength of this vortex changes with time, a force is induced on the 

sheet. This force is given by 

Fs " 1 P T (Ci - Ço) (3-7) 

The theoretical requirement of zero force on each element of vorticity 

in the flow field may be approximated by requiring zero net force on 

the entire vortex configuration in the flow field. With this require¬ 

ment, there appears a force on the vortex which must be equal and 

opposite to the force on the sheet. The vortex force is given by 

FV - i P r (V1 - (3.8) 

The derivation of Equations (3-7) and (3-8) is given in Appendix B. 

The condition of zero net force then requires F "F , or 
S V 

i p f (t1 - î0) - i P r (Vi - o.,) 

or rearranging this equation, 

+ (C1 • Ç0) f " Vx (3-10) 

Equation (3-10) is then a relation between the motion of the vortex, 

its position and strength, and the velocity induced at its center 

by the other vortices and the flow over the body. 

An additional relation is needed between the strength of the 

vortex and its position in the flow field. This relation is obtained 

from the condition that there is no flow in the normal plane along 

tne surface of the body through the sheet at the separation point. 

Essentially, the separation point is a two-dimensional stagnation 

point. Mathematically, this condition is represented by letting 



Ç equal in Equation (3-5) and setting the complex velocity 

equal to the velocity of the surface of the body; that is 

or 

Equation (3-10), together with Equations (3-6) and (3-11) 

represents a nonlinear, first-order, ordinary differential equation 

for the variation of the complex vortex coordinate, (^, as a 

function of time. These equations can be solved for ^(t) and 

F(t), when the variations of a and with time are prescribed. 

A force occurs on the body because of the motion of the vortices 

in the flow field downstream of the body. This force may be obtained 

in the following way. The impulse of a pair of vortices of equal but 

opposite strength is given by (Ref. 15, Para. 157). 

I ■ i p F (distance between the pair) (3-12) 

Considering a vortex pair to consist of the external vortex at C 
2 - 

and its image at a /^ > and the other pair at -Ç , and -a2/C 
Equation (3-12) becomes 

! - 1 p r ^ ♦ Çi - 0 (3-13) 

The force on the entire flow configuration is given by the time rate 

of change of impulse of the two vortex pairs as given in Equation (3-13). 

Since the force on the flow field external to the body is set equal 
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to zero by Equation (3-9), the force on the entire flow configuration 

is the force on the body, rhis force which can be considered the 

viscous normal force per unit length on the body, dN^dx, is given 

by 

dN 
_y 
dx 

<L ! 

dt I i p r (3-14) 

Since the impulse, Equation (3-13), is a pure imaginary number, the 

normal force unit length, Equation (3-14), is directed along the 

imaginary, or z, axis. Consequently, when the values f, r, 

and are known as a function of time, the distribution of normal 

force per unit length may be obtained as a function of time or, in 

the analogy, distance along the body from the origin of separation. 

These relations, Equations (3-6), (3-10), (3-11), and (3-14), 

have been reduced in form and divided into real and imaginary parts 

to form two simultaneous differential equations with auxiliary 

relations. The equations were programmed for the Vidya IBM 1620 

computer and integrated numerically using a Runge-Kutta method. 

These operations are discussed in detail in Appendix C. 

3.3 General Characteristics of the Analysis 

There are a number of additional factors that should be dis¬ 

cussed in the application of the theory of Section 3.2 to a partic¬ 

ular problem. It is the purpose of this section to discuss thssa 

factors and finally to describe the theory to a case in which some 

experimental data exist for purposes of comparison. 

3.3.1 Input and output of the computer program 

The inpu* information which is required to make a calculation 

on a typical case consists of the following items: 

(1) the adius and rate of change of radius with length of 

the body as a function of axial distance from the nose 

(2) the variation of the angular location of separation 

(6^, as defined in Fig. 7) with axial distance along the body 
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(3) the body length, maximum radius, a point about which 

moments may be taken, and the axial location on the body at which 

separation first appears 

(4) the angle of attack, the density of the fluid, and 

free-stream velocity 

(5) the time increment for the finite difference inte¬ 

gration procedure 

(6) the co".Jinates of the starting position of the vortex 

as it leaves the body surface. (See Section 3.3.2.) 

The program computes stepwise the motion and strength of the vortex 

pair and the viscous normal force per unit length induced on the 

body. The output of the program consists of the values, at the 

axial distances from the point ot origin of separation corre¬ 

sponding to the successive time increments of the computation, of 

vortex position, vortex strength, the viscous normal force per 

unit length, and the viscous cross-flow drag coefficient. The 

pitching moment about the assumed center and the pitching-moment 

coefficient are presented at the end of the computation. 

3.3.2 Starting the computation 

The separation point on the body is a singular point in the 

differential equation for the motion of the vortex, Equation (3-10). 

At this point, equals £0 and F is zero. The second term 

of Equation (3-10) is then of the form zero/zero and cannot be 

handled by the computing machine. This problem has been resolved 

by starting the computation on the machine with the vortex a small 

distance away from the separation point in the flow field. 

In Reference 14, an analysis was made of the behavior of the 

vortex very close to the separation point. The approach used was 

to let - C0 - p a e10, where p « 1, and determine the 

characteristics of 0 as p approached zero. It was found that 

the vortex leaves the separation point along a line that is oriented 

30° from the downstream tangent to the cylinder at the separation 

point, as shown in the sketch 
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The sensitivity of the results of a computation to the 

location of the starting point was investigated by running the same 

case with different starting points. For the case of separation 

from a cylinder of unit radius at a given angle of attack and free- 

stream velocity, the following starting points were used: 

(1) a point on the 30° line at a radius of 1.05 

(2) a point on the 30° line at a radius of 1.025 

(3) a point on the radius, 0q - constant, at a radius 

of 1.05 

The vortex path and strength variation for cases 1 and 2 were 

found to be identical beyond a radius of 1.05, because the path of 

the vortex with starting condition 2 essentially passed through the 

starting position of condition 1. The vortex path of condition 3 

very rapidly approached the vortex paths of conditions 1 and 2, and 

beyond a radius of approximately 1.07, the vortex motion in the three 

paths were identical. Since the vortex velocity and strength are a 

function only of its position, the induced force distribution on the 

body is also identical. The only basic difference between the compu¬ 

tations is the time required for the vortex to reach the point where 

the paths in the flow field become identical. Conditions 1 and 3 had 

essentially the same time and condition 2 had a somewhat longer time. 

The vortices tend to move away from the separation point more slowly 

as they are started closer to the separation point, because the forces 

and velocities tending to move the vortex go to zero at the separation 
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point. These time differences have the effect of shifting the force 

distribution axially along the body a distance equivalent, in the 

analog, to the difference in time. 

In the actual flow field, there is no vortex filament 

motion. The flow is steady, and the flow velocities and induced 

forces are given by the contributions of all of the vortex fila¬ 

ments. Consequently, the difficulty associated with starting the 

vortex in the two-dimensional case is the result of representing a 

steady phenomenon by an unsteady flow model. From a practical 

standpoint, so little is known of the region on the body where 

separation originates that it would seem reasonable to select a 

starting condition such that the uncertainty in the origin of the 

force distribution is minimized. This has been done in the calcu¬ 

lations made by using a radius of 1.05 on the 30° line in all 

cases. No further investigation of this problem was made during 

this study. The representation of this phenomenon needs to be 

studied, however, in connection with an improved flow model to 

attempt to obtain a precise definition of the origin of sepa¬ 

ration induced forces. 

3.3.3 Empirical inputs to the computation 

It was indicated in Section 3.3.1 that the required input 

data for a computation include the angular location of separation, 

90> as a function of distance along the body and the axial loca¬ 

tion, xg, where separation first occurs on the body. The deter¬ 

mination of these two values is controlled primarily by the boundary- 

layer characteristics on the inclined body which, in turn, are 

affected by the body shape, the Reynolds number, the angle of attack, 

the presence of appendages on the body, and less importantly by 

free-stream turbulence and surface roughness. At the present time, 

there is no satisfactory analytical method of predicting separation 

of a turbulent boundary layer on an inclined body of revolution. 

Work is in progress along these lines, but the problem is exceedingly 

difficult because of the lack of fundamental knowledge of turbulent 
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boundary layers. Consequently, for purposes of this work, experi¬ 

mental data have been used as a guide in selecting values of 9 

and x8 to be used. The major sources of data are References 1 
to 6. 

The axial location at which separation first appears has been 

generally determined by circumferential static pressure distributions 

taken at different axial stations on a test configuration. A typical 

set of measurements is shown in Figure 8, taken from Reference 6. 

The curve for the axial station 3.32 diameters downstream of the 

nose is typical of a nonseparated case in that the pressure falls 

to a minimum close to the maximum thickness point and rises steadily 

beyond the minimum. The curve for the station 4.06 diameters down¬ 

stream shows a second minimum at an angle of about 50°, which is 

typical of a separated pressure profile. In this case, separation 

is assumed to originate somewhere between these two axial stations. 

Generally, the data for xs are shown as a band rather than a line, 

because of this uncertainty between two measuring stations. 

A collection of data on the origin of separation, based on 

the above method of estimation, is shown in Figure 9. These data 

all show the characteristics of no perceptable separation at low 

angles of attack and the axial location of separation moving forward 

with increasing angle of attack. The test configurations in these 

cases were cylinders with either a cone or ogive nose. It would be 

expected with a pointed nose that at some angle of attack separation 

would begin to occur at the nose. Jorgensen (Ref. 17) and Moore 

(Ref. 18) have shown this to be the case for a cone, and Moore indi¬ 

cates separation occurring at the nose for an angle of attack equal 

approximately to the cone semivertex angle. For the case of the 

Mello data (Ref. 6) in Figure 9, this would occur at an angle of 

attack of about 15 . if the same sort of results were applicable 

to the ogive, separation would begin to occur at the nose of the 

ogives of References 1 and 5 at an angle of attack of approximately 



-20- 

These results indícete thet the inçortent cherecterlstlc. 

determining the axial location at which separation first appears 

on the leeward side of an inclined body include angle of attack 

the shape of the nose, and probably Reynolds number, although 

there are not sufficient experimentai data to determine any con- 

sistent variations with Reynolds number. 

The angular location of the separation line at a given axial 

station is also determined experimentally by the characteristics of 

the circumferential pressure distribution. In the normal plane, 

the flow along the body surface approaches the separation point' 

from both the upstream and downstream directions and decelerates 

as it nears the separation point. Thus, the static pressure would 

expected to rise as the separation point is approached from either 

side. This characteristic is shown in Figure 8 for the 4.06 axial 

station, and the value of 0o is generally taken as the angular 

location of the maximum in the pressure curve downstream of the 

first minimum. In the curve of Figure 8, this maximum occurs at 

a 0o of 25°, approximately. Data obtained using this criterion 

are shown in Figures 10(a) and 10(b) as a function of distance along 

the body from the point of origin of separation. In each case the 

center of the band for xs was used as the point of origin of sepa¬ 

ration. The data are from References 1, 3, 5, and 6, and were all 

taken on the cylindrical portion of the test body. There is a large 

variation in the observed values of however, the following 

observations may be made. The value of 0q for the case of an 

infinite cylinder normal to an incompressible flow with turbulent 

separation is approximately 50°. The data which fall closest to 

this value are the data of Reference 5 for a Mach number of 0.3, 

Figure 10(b). The other data were taken at supersonic Mach numbers 

and tend to give lower values of 0^ particularly at high angle of 

attack. It is possible for the cases involving supersonic flow that 

the disturbances, in the form of compression and expansion waves, 

induced by separation at one axial station may induce instability 



-21- 

in the boundary layer at lower values of 6 downstream so as to 

give the decrease in 9q with axial distance indicated by the data. 

A comparison of the two sets of data from Reference 5 at different 

Reynolds numbers indicates a small decrease in 0o with increasing 

Reynolds number at a given distance aft of the origin of separation. 

It would also appear that 9q tends to decrease somewhat with in- 

cieasing angle of attack. It is evident, however, that insufficient 

data exists on Which to base any empirical relationships regarding 

the variation of 9q with angle of attack or Reynolds number. The 

data of Figure 10 were used as a guide in the calculations made. 

3.3.4 Characteristics of the solution 

A number of computations were made on a pointed cylinder 

inclined to the flow, where separation was first assumed to occur 

on the cylinder rather than on the forebody. These computations 

served two purposes. First, the basic characteristics of the flow 

and vortex motion are more clearly indicated, because the effect of 

a varying body radius does not enter. Second, the experimental 

work on vortex shedding has been done primarily with inclined cyl¬ 

inders with cone or ogive forebodies,and the experimental results 

may be compared with theoretical predictions for vortex position and 

strength and viscous normal force distribution. 

A computation was made on a cylinder of unit radius inclined 

at an angle of 20° to free-stream flow assuming the angular location 

of separation, 0q, to be constant with length. The results of this 

computation are indicated in Figures 11, 12, and 13. Figure 11(a) 

shows the position of the vortex in the flow field as a function of 

distance along the body from the origin of separation (or time, in 

the analogy). Equal distance increments are noted on the vortex 

path. The value of 0 is 40°, and the vortex was started on the 

30° line as described in Section 3.3.2. Since the vortex follows 

essentially a vertical trajectory after it leaves the surface, the 

¿orce on the sheet, and therefore the force on the vortex (Appendix B), 

is horizontal. Under these conditions, the vortex tends to move 
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horizontally with the local velocity and vertically with a velocity 

relative to the local velocity given by the force conditions. This 

can also be seen from Equation (3-10), Section 3.2, where the real 

part of the quantity (Cl - Cq) is very small, and the real part of 

Cx is essentially equal to the real part of With increasing 

distance (or time), the vortex approaches the &>ppl curve, which is 

a locus of points at which a symmetric vortex pair may exist at rest 

downstream of a cylinder immersed in uniform flow (see, for instance, 

Ref. 12 or 13 for a detailed discussion of the Foppl curve). The 

distance increments noted on the curve show the vortex accelerating 

as it leaves the body and then decelerating as it approaches the 

Foppl curve. 

The asymptotic behavior of the vortex is indicated in Fig¬ 

ure 11 (b) which shows an enlargement of a portion of the Foppl curve. 

Noted on the Foppl curve are three values of vortex strength, 

r/2ira a. Noted also is a point on the Foppl curve marked 0 ■ 40° 
o 

which is determined by the simultaneous solution of the Foppl equations 

(Equations (4-82) and (4-83), Ref. 13) and the boundary conditions 

represented by Equation (3-11). This point is the location of one 

vortex of a symmetric pair whose strength is such as to cause zero 

induced velocity at the point and zero velocity along the body at 

the separation point. Values of (x - x )/a are noted on the vortex 
S 

trajectory and at the last value noted (60), the strength is given. 

The vortex appears to be spiraling in toward the point, 0 ■ 40°. 

Ultimately, the vortex will reach this point, at which time its 

motion and change in strength ceases. For (x - xg)/a > 30, the 

strength begins to decrease slightly. As a result, the viscous 

normal force becomes negative. 

One limitation with the two-dimensional, unsteady-flow model 

i£' iipparent in the asymptotic behavior of the vortex pair. For a 

vortex pair downstream of an infinite cylinder in two-dimensional 

flow, the Foppl curve is the locus of points at which there is a 

zero induced velocity at the vortex center, that is, the velocity 
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contributions of the other external vortex, the two image vortices 

and the flow around the cylinder exactly cancel. In the real case, 

no such condition would be expected to exist because of the three- 

dimensional nature of the vortex filaments. The body should continue 

to sustain a viscous normal force, feed vorticity into the flow field, 

and cause the vortex sheets to grow continuously in strength. The 

behavior predicted by the theory for the vortex close to the Foppl 

curve corresponds to either a very long body (a separated length of 

12 diameters or more) or very high angle of attack, since the param¬ 

eter of interest is (x-xs)a/a. In the latter case, as a increases, 

th» flow must ultimately approach the two-dimensional case (neglecting 

end effects) in which the Foppl phenomenon does exist. In the former 

cane, practical bodies of interest generally have fineness ratios 

less than about 12. Consequently, there are no experimental data 

to indicate what the asymptotic behavior of the vortices or vortex 

induced forces should be, although the data of Figure 17, which are 

discussed later, show a decreasing trend in viscous cross-flow drag 

near the end of the body. It is possible that on bodies having very 

long separated regions, the approach of the vortex to the ¿¿ppl curve 

in the theory is associated with a tearing of the sheet and for¬ 

mation of a new sheet. This is a subject that needs additional in¬ 

vestigation. 

Figure 12 shows the variation of vortex strength with dis¬ 

tance along the body. The strength increases gradually as the 

vortex moves away from the body in order to maintain the zero tan¬ 

gential velocity at the separation point on the body (Equation (3-11) , 

Section 3.2). As the vortex approaches the Foppl curve and decele¬ 

rates, the strength increases less rapidly and approaches a constant 

value at a large distance along the body given by the Foppl condition. 

The apparent non-zero value at x - xs is caused by the starting 

problem described in Section 3.3.2. 
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Figur. 13 shows th. fore, distribution indued on th. cyllnd.r 

y the vortex motion. The viscous cross-flow dr«g coefficient is the 

viscous normsl force per unit length divided by the cross-flow dynamic 

head and diameter. The viscous normal force per unit length is pro¬ 

portional to the rate of change of vortex strength and position with 

distance (Eg. (c-11), Appendix c) and therefore Increases as the 
vortex accelerates away from the body. As the vortex begins to 

decelerate, CD reaches a maximum and begins to decrease. At 

cv 
¿arge x, C will approach zero since the vortex approaches a 

cv 
constant strength and position, as shown in Figure 13. 

In Section 3.3.3 it was noted that a considerable variation 

in 6q exists in the available experimental data. In order to 

determine the sensitivity of the results of the computation to the 

value of 0o used, calculations were made for the above configu¬ 

ration and flow using values of 25° and 50°. The results for 

viscous cross-flow drag coefficient are shown in Figure 14. The 

three curves are similar in that each rises to a maximum and then 

fan* off with increasing distance. The maximum value and the axial 

location of the maximum are quite different, however. Since the 

viscous normal force per unit length is proportional to the vortex 

velocity, it would be expected that dN/dx, and CD would be 

highest for the case of the separation point closest to the maxi¬ 

mum thickness point, or 0-0, because the flow velocities in the 

normal plane are highest at this point. Furthermore, since the 

vortex must travel a longer distance in the normal plane to reach 

the Foppl curve, the peak of the CD curve should occur at larger 

values of time, or axial distance, with decreasing 0 . Both of 

these trends are evident in Figure 14. These calculations indicate 

the importance of defining reasonably well the location of the 

separation line on the body. 
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3.3.5 Comparison of theory with data 

A calculation was made on an ogive cylinder to compare the 

results of a theoretical computation with experimental results. 

The body geometry and data used were those of Reference 5, since 

this was the only set of complete vortex measurement data for a 

low speed flow. The body is a cylinder with a tangent ogive fore¬ 

body three diameters long. The overall length is 10.74 diameters. 

The data used were those fora Mach number of 0.3, a Reynolds number 

based on free-stream conditions and cylinder diameter of 3x10a, and 

an angle of attack of 20°. A number of circumferential body static 

pressure measurements were made on the forebody as well as the 

cylinder. These measurements indicated separation first occurring 

between 2 and 3 diameters downstream of the nose for a ■ 20°, as 

indicated in Figure 9 of Reference 5. In the following discussion, 

separation is assumed to occur at 2.5 diameters. It should be indi¬ 

cated that at this angle of attack, there is a possibility of sepa¬ 

ration originating at the nose. This is not observable in the 

pressure measurements taken at the 0.5-diameter station, although 

it would probably be difficult to detect with pressure measurements 

alone. 

The data for vortex position, strength, and cross-flow drag 

coefficient were correlated on the basis of a non-dimensional dis¬ 

tance along the body from the point of separation, (x - x )o/a, 

and are shown in Figures 15, 16, and 17. The data on the^ngular 

location in a normal plane of the separation line were taken from 

Figure 6 of Reference 5 and are shown in Figure 10'b). Although it 

is difficult to read from Figure 6 with any great accuracy, 

it appeared that 0q was approximately constant at 40° for 

a ■ 20 . 

Figure 15 shows the y and z coordinates of the vortex 

core as a function of axial distance from the origin of separation. 

Data are available only at two axial stations on the body. The z 

coordinate theory is in general agreement with the data. The y 

coordinate theory, however, does not agree with the data. The data, 
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with 9o - 40°, show an appreciable movement oí the vortices toward 

the vertical plane of symmetry which is not predicted by the theory. 

These data tend to be different in this respect from the supersonic 

flow data of References, 1, 6, and 8, which indicates values of y/a 

of the order of 0.6 to 0.75. Since Reference 5 contains the only 

low-speed data on vortex position, it is not known whether these 

data are typical of the low-speed case or not. 

Figure 16 shows vortex strength as a function of distance 

along the body. The data were deduced by the authors from a normal 

force distribution obtained from static pressure data on the per¬ 

iphery of the body at various stations. Figure 18, taken from Ref¬ 

erence 5, shows the total normal force distribution for a ■ 20°. 

To obtain that portion of the normal force attributable to separation 

and vortex shedding, the forces predicted by slender-body theory 

with no separation (shown in Figure 18 by the dashed line) were sub¬ 

tracted from the total forces and the balance used to calculate the 

vortex strength. The authors used Equations (C-12) and (3-13) and 

the measured vortex positions for this calculation. Since there is 

generally some normal force carryover from the forebody onto the 

cylinder which is not predicted by slender-body theory, the forces 

attributed to vortex separation near the ogive-cylinder junction, 

and consequently the computed vortex strength, are liable to be 

somewhat high using this technique. The theory agrees quite well 

with the data except for the point nearest the origin, which might 

be subject to the above comments. Since the computation of vortex 

strength and normal force is much more sensititive to z position 

than is y position, the lack of agreement on y position shown 

m Figure 15 is not significant. 

Figure 17 shows viscous cross-flow drag coefficient as a 

function of distance along the body. The data were obtained from 

Figure 7 of Reference 5 in the manner described above. The theory 

and data tend to have the same trend in that the drag coefficient 

rises to a maximum and then decreases with distance along the body. 

The maximum value is predicted reasonably well, but the theoretical 
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rate of rise is much more gradual than is indicated by the data. 

As was indicated previously, it is possible that the authors, using 

this technique, would predict too high a CD near the ogive- 

% 
cylinder shoulder. 

The comparisons that have been made indicate that the theory 

correctly describes the general characteristics of vortex motion 

due to separation on the leeward side of an inclined body of revo¬ 

lution. There are, however, considerable discrepancies having to 

do with the area near the origin of separation on the body and the 

lateral, or y, behavior of the vortex center, which may be due in 

Par^ difficulties associated with obtaining and reducing the 

experimental data as well as an inadequacy in the theory. 

3.4 Application of the Analysis to a Submarine 

The previous sections have described a method of obtaining 

the force distribution on an inclined body of revolution induced 

by flow separation on the leeward side of the body. In this section, 

the use of this method in connection with determining the total 

normal forces and pitching moments on a submarine at angle of attack 

is discussed. 

The physical characteristics of a modern, high-speed submarine 

were discussed in Section 2. It was indicated that, for purposes 

of this study, the assumed configuration would consist of a hull 

which is a slender body of revolution and stern control surfaces. 

The discussion on force distribution can be divided into those 

forces which would exist in the absence of separation at relatively 

low angles of attack and the forces induced by separation at high 

angles of attack. At small angles of attack, the normal force dis¬ 

tribution on the hull is determined by the pressure distribution, 

which is a function of the hull shape. Since the hull is relatively 

slender, slender-body theory should be applicable and may be used 

to obtain the normal force distribution. The resulting expression 

for normal force per unit length is 



-28- 

(3-15) 

For no boundary layer, dS/d>: is the variation of the hull cross 

section area with length. The resulting normal force distribution 

is somewhat as follows: 

dN 

dN 
dx 

An upward (shown positive in the sketch) normal force exists aft 

to the station of maximum thickness, and a downward force exists 

aft of the maximum thickness point. It can be seen from Equation 

(3-15) that the net normal force for zero base area is zero; that 

is, the upward force forward just equals the downward force aft. 

Both regions, however, contribute to a nose-up pitching moment. 

The presence of a boundary layer causes an "effective" hull 

shape to exist which is only slightly different from the real hull 

over most of the hull length but is appreciably different near the 

stern. At the stern, separation is likely due to the adverse pres¬ 

sure gradient. The sketch below illustrates the possible flow con¬ 

figurations ; 
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For inviscid flow, the pressure distribution is as indicated. A 

stagnation point exists at the rear with the free-stream stagnation 

pressure. Downstream of the body, the pressure decreases to d 
~on 

as the velocity becomes parallel and uniform. For flow with a boun¬ 

dary layer and no separation, the pressure curve is essentially the 

same up to approximately the 90-percent station. At this point, the 

pressure rises to a stagnation value at the stern which reflects the 

losses in the boundary layer. Downstream, the pressure again falls 

off to p^. If separation occurs on the body, a region of back flow 

exists at the stern. The pressure then falls from the stern forward 

a short distance to cause the forward flow along the surface and 

then rises to turn the flow out and rearward at the separation 

point. The stagnation condition now occurs downstream of the body 

at the reattachment point, beyond which the pressure drops to p^ 

ultimately. It is interesting to note that the trend indicated by 

the separated curve is evident in the towed model and ship data of 

Reference 24. 
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Equation (3-15) may be applied to the hull with boundary layer 

up to perhaps the 90-percent station to get normal-force distribution. 

In this case, however, the net normal force is dominated by the 

boundary-layer effects at the stern. As a first approximation to 

these effects, an effective base area could be assumed for use with 

Equation (3-15). This is done in Section 5.3 to get the hull-alone 

normal force. However, since this method does not try to represent 

the flow phenomenon near the stern, any agreement with data would be 

fortuitous. For pitching moment, the flow phenomenon near the stern 

has a much smaller effect, since the force distributions are additive. 

At angle of attack the stern planes will develop lift. For 

purposes of determining this effect, data on lift coefficient versus 

angle of attack were obtained for a typical submarine plane configu¬ 

ration from Reference 19. The lift on the stern planes in the pres¬ 

ence of the hull and the lift carryover onto the hull were obtained 

as a function of stern plane geometry and stern plane alone lift 

coefficient using the methods of Reference 20 and the K factors2 

given by slender-body theory. 

As the angle of attack increases, a condition will be reached 

in which separation on the leeward side of the hull will occur. 

The pressure distribution and flow around the hull are changed con¬ 

siderably over the non-separated case. Allen, in Reference 4, pro¬ 

posed a method of predicting the force distribution for a slender 

body under such flow conditions which consists of adding the local 

non-separated normal force (Equation (3-15)) to the local viscous 

normal force. This procedure has been widely accepted and will be 

used herein. 

The effect of hull separation and vortex shedding on the forces 

on the stern planes may be obtained by considering the downwash on 

the planes induced by the body vortices as they pass over the stern 

planes. At the stern planes, the flow appears as follows: 

? The K factor is defined as the ratio of the lift of the tail or 
body in the presence of the other to the lift of the tail alone. 
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The downwash is determined by the position and strength of the 

vor^^ces as they pass over the stern planes. These factors are 

known at the leading edge of the planes from the hull separation 

analysis. However, to determine the way in which the vortices 

move in the presence of the stern planes is a different and more 

difficult analysis. Since this interaction is not a large effect, 

it has been assumed that the vortices move in this region as if the 

stern planes were not present, and the vortex interference forces 

on the planes are characterized by the vortex strength and position 

at the 50—percent-chord point as determined from the hull separa¬ 

tion analysis. The effects of this assumption on the end results 

are felt to be negligible, since the vortex interference force it¬ 

self is a small part of the total force on the submarine. The 

method of computing this force follows that given in Reference 20. 

A tail interference factor is obtained as a function of vortex 

position in relation to the span and planform. A ratio of the 

interference force to the lift of the stern planes alone may then 

be obtained using the interference factor and the vortex strength. 

Since the flow is symmetrical about the vertical plane through the 

hull axis, no forces are induced on the rudders. For computing 

moments the stern plane forces are considered to act at the quarter 

chord . 
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The hull separation analysis requires empirical inputs for x 

and Qq. Figures 9 and 10 show such data for a number of conditions. 

These data are deficient for submarine hull purposes in that the 

Reynolds number based on diameter is low by one to two orders of 

magnitude and the effect of varying body radius on 0 is not shown. 
o 

In addition,there may be practical considerations, such as the effect 

of the bridge fairwater or the deck on the location of separation, 

that would override any Reynolds number or hull curvature effects. 

In making the computations described in Section 5, the data of Fig¬ 

ures 9 and 10 were used as a guide and modified in certain cases by 

hull geometry effects. 

Finally, it is noted that the contributions to the normal force 

and pitching moment given by potential theory for no separation are 

linear in a, both for the hull and the stern planes. Thus, the de¬ 

parture from linearity of the theoretical force and moment curves 

is due to flow separation effects, and it is assumed that such is 

also the case for the experimental results. 

3.5 Flow Stability Considerations 

An analogy between steady, three-dimensional flow with vortex 

shedding on an inclined body of revolution and unsteady, two-dimensional 

flow with vortex motion about an infinite cylinder has been described. 

This analogy is further discussed with reference to the stability of 

the vortex motion in this section. 

For the case of an infinite cylinder normal to a steady, uni¬ 

form, incompressible flow, various flow configurations are possible, 

depending on the Reynolds number (see, for instance, Ref. 21). The 

resulting experimental drag coefficient per unit length is shown in 

Figure 19 (taken from Ref. 21) as a function of Reynolds number 

based on diameter. At Reynolds numbers below approximately 20, com¬ 

pletely viscous flow exists with no separation. The drag coefficient 

in this range of Reynolds numbers is in excess of 2.5. In the 

Reynolds number range of approximately 20 to 100, separation exists, 

and a steady symmetric vortex pair is observed to exist downstream 
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of the cylinder. The drag coefficient in this region ranges from 

about 2.5 down to 1.4. At a Reynolds number of approximately 100, 

instability occurs in the flow, and vortices are shed alternately 

from either side of the cylinder. The frequency of shedding (Strouhal 

number) increases as the Reynolds number is increased. The drag 

coefficient ranges from 1.0 to 1.4, approximately, in the range of 

Reynolds number up to 5xl05. At this point, boundary-layer tran¬ 

sition from laminar to turbulent flow occurs before separation. 

Since a turbulent boundary layer is able to support a greater ad¬ 

verse pressure gradient without separation than a laminar boundary 

layer, the separation point moves rearward, and an abrupt decrease 

in drag coefficient occurs. At higher Reynolds numbers, the flow 

is essentially completely turbulent in the wake, no well-defined 

vortices exist, and the drag coefficient is approximately constant 

in the range 0.3 to 0.4. 

In the three-dimensional case of the inclined body, a steady, 

symmetric vortex pair has been observed experimentally to exist at 

cross-flow Reynolds numbers (defined with the normal component of 

free stream velocity and diameter) in the range 105 to 10a. Since 

this configuration corresponds to the two-dimensional case of 

Reynolds numbers of the order of 50 to 100, the difference between 

the flows is apparently caused by the stabilizing influence of the 

axial flow component in the three-dimensional case. One might 

expect, however, that in the three-dimensional case, as the angle 

of attack is increased, the flow would change from a steady to an 

unsteady configuration as ultimately the two-dimensional case is 

reached. One might also expect that as the Reynolds number is in¬ 

creased in the three-dimensional case, instability might begin to 

occur, in which case the vortex sheets might begin to "tear" and 

cause alternate shedding and reformation of the vortices. 

The angle-of-attack effect has been observed experimentally 

in References 2, 4, and 7. By means of smoke-and vapor-screen 

techniques, it has been observed that the flow progresses through 

three stages as the angle of attack is increased. In the first 



-34- 

stage, a steady symmetric vortex pair exists over the leeward side 

of the body. At somewhat higher angles of attack, a steady asym¬ 

metric vortex configuration results as shown conceptually in the 

sketch below: 

A vortex sheet on one side "Lears" and forms a free vortex which 

then moves downstream as a second vortex forms at the separation 

line. On the opposite side the first sheet "tears" further aft 

along the body to form a free vortex and a new bound vortex so that, 

at any cross section, asymmetry exists. Because the flow remains 

steady, the force distribution is steady. However, the lack of sym¬ 

metry causes local side forces to exist, as observed, for instance, 

in the investigation of Reference 22. At still higher angles of 

attack, the flow becomes unsteady, as in the two-dimensional case, 

and vortices are shed alternately from either side at a given 

station. The angles of attack at which the asymmetric steady- and 

unsteady-flow configurations occurred were found to be affected by 

the shape or bluntness of the forebody and also by forcing or con¬ 

trolling separation on the sides of the body using separation strips. 

The Reynolds number effect on the transition between these 

three flow regions is essentially unknown. Reference 2 indicates 

a decrease in the angle of attack at which flow unsteadiness occurs 

with an increase in Reynolds number for one set of tests. In gen¬ 

eral, however, a large variation in Reynolds number has not been 

available in the experimental facilities in which the tests have 
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been made, and no systematic set of tests has been made to investi¬ 

gate the effect of this parameter. 

A knowledge of the characteristics of three-dimensional boundary 

layers is essential to an understanding of the effect of Reynolds 

number, angle of attack, body shape, and perhaps other factors on 

stability of the separated flow on the leeward side of an inclined 

body. Because this area is largely unknown, particularly for turbu¬ 

lent boundary-layers, it is not possible to draw any conclusions 

from the existing experimental results on the stability of the flow 

over a submarine at high angles of at Lack. Consequently, it has been 

assumed in this study that the flow can be characterized by a steady 

symmetric-vortex system on the leeward side. 

4. ZERO ANGLE-OF-ATTACK STUDY 

A submarine, because of its size, develops a boundary layer of 

considerable thickness on the aft portion of its hull. This thick 

boundary layer may have several effects on the forces and moments 

on the submarine. Although the primary emphasis in this study has 

been on the effects induced by separation at high angle of attack, 

it was considered desirable to investigate to some extent these 

boundary-layer effects on the forces and moments. 

4.1 Boundary-Layer Characteristics 

A submarine operates at a very high Reynolds number, because 

of the low kinematic viscosity of water. A typical value of 

Reynolds number is the order of 5x10e, based on length. Since 

transition occurs at a Reynolds number of the order of 10®, a tur¬ 

bulent boundary layer exists over more than 95 percent of the length 

of the submarine. 

The hull of a high-speed submarine is usually basically a body 

of revolution having a rounded nose, a relatively small curvature 

in the axial direction over most of its length, and a pointed tail. 

Near the nose, the axial curvature induces a negative pressure 
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gradient which thins the boundary layer. Near the stern, the posi¬ 

tive pressure gradient tends to thicken and destabilize the boundary 

layer. In addition, in this region, the boundary-layer thickness 

becomes appreciable compared to the radius of the hull, which fur¬ 

ther tends to thicken the layer. At the stern, separation is likely 
and a wake is shed. 

The boundary-layer characteristics near the stern are affected 

considerably by the propeller. The propeller operates to a large 

extent submerged in the wake and tends to accelerate the low-velocity 

fluid which, in turn, reduces the effective thickness of the boundary- 

layer wake. This flow field is quite difficult to analyze theoreti¬ 

cally, although the problem is being studied (Refs.23 and 24). 

The effect of anyle of attack on the boundary layer is to create 

a cross flow over the hull from the windward to the leeward side. 

As a result,the boundary layer is thinned on the windward side and 

thickened on the leeward side. Reference 25 shows some experimental 

data taken in the Langley full-scale wind tunnel on an early high¬ 

speed submarine hull model without propeller over an angle-of-attack 

range of + 6 . The data indicate a factor of 3 change in thickness 

on the top centerline near the stern in going from +5.7° to -6.3° 

angle of attack. 

These boundary-layer characteristics have several effects on 

the forces and moments on the submarine. In the case of the hull, 

the boundary layer "displaces" the inviscid flow somewhat and causes 

a change in the pressure distribution over that which would exist in 

the absence of a boundary layer. This effect, which is appreciable 

only near the stern, creates a profile drag which would otherwise 

not exist. At small angles of attack, the thick boundary layer 

and wake become asymmetric with respect to the hull axis and cause 

a normal force to exist on the hull (this subject is further dis¬ 

cussed in Section 5.3). in the case of the control and stabilizing 

surfaces at the stern, the boundary layer tends to partially blanket 
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these surfaces in a low velocity fluid. Since the forces induced 

on these surfaces are proportional to the local dynamic pressure, 

these forces tend to be reduced due to the presence of the boundary 

layer. Furthermore, at angle of attack, the leeward surface is 

affected to a greater extent than the windward surface so that the 

action of the rudders at angle of attack, for instance, would induce 

a rolling moment as well as a yawing moment. The significance of 

these effects may be estimated by determining the boundary-layer 

thickness and velocity-profile characteristics on the hull. 

4.2 Boundary-Layer Calculation Methods 

Several methods have been developed for determining the charac¬ 

teristics of an incompressible, turbulent boundary layer on a body 

of revolution in axisymmetric flow. The problem of the three- 

dimensional, turbulent boundary layer, however, is extremely diffi¬ 

cult to solve, and no methods are available at the present time. 

Consequently, the analytical work under this study has been limited 

to the zero angle-of-attack case. 

The various methods for predicting the characteristics of an 

axisymmetric, turbulent boundary-layer utilize one or more forms 

derived from the general integral form of the boundary-layer equa¬ 

tion, which can be written, for 5 « a, following Reference 29, 

[ uCyb dy + T u uCyb dy » 
0 '0 

1 

p 

c b 
u y dT 

ay cyb dy (4-1) 

o o 

This equation, together with the continuity equation and the defi¬ 

nitions of momentum and displacement thickness, yields a relation 

between the variation of the boundary-layer thicknesses, the axial 
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pressure gradient, and the shear stress. It has been shown (Ref. 26, 

for instance) that experimental velocity profiles can be represented 

by a one-parameter family of curves, where one form of this param¬ 

eter is the ratio of displacement to momentum thickness, H. If 

this parameter is used and values of c and b in Equation (4-1) 

are assumed to be zero, for instance, the von Karmin momentum inte¬ 

gral equation results, 

4^1. (Ht2)^g 
(4-2) 

To completely define the problem, additional relations are required 

for the variation of H and shear stress with x and pressure 

gradient. Because of the difficulty in describing the turbulent 

boundary layer theoretically, empirical relations for H and t 

have been used by the various investigators. 

The methods that were considered were those of von Doenhoff 

and Tetervin (Ref. 26), Garner (Ref. 27), Truckenbrodt (Ref. 28), 

and Granville (Ref. 29). A good discussion of these methods (except 

that of Truckenbrodt) and the earlier work leading to these methods 

is given in Reference 29. Both von Doenhoff and Garner used the 

von Karman form of the integral equation, Equation (4-2) , and flat 

plate, empirical relationships for the variation of the wall shear 

stress with Reynolds number based on momentum thickness. Both used 

substantially the same experimental data, primarily, boundary-layer 

surveys on airfoils at momentum thickness Reynolds numbers up to 

the order of 5xl04, to obtain a relationship of the form 

dH 
dx 

f (0.H, 
d£ 
dx 

T 
W 

) 

These three relations (integral equation, wall shear stress, and 

dH/dx relation) are then solved simultaneously to obtain the vari¬ 

ation of momentum thickness and shape factor with length. 
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Truckenbrodt used the form of Equation (4-1) obtained with 

c - 1, b - 0. This relation, together with the continuity equa¬ 

tion and the definition of the energy thickness, yields an "energy1 

equation of the form 

A5 
(U^iH 9)-/ —5— 4- i-') dy 7 !spu' ^ vo7 ay (4-3) 

where H is the ratio of energy thickness to momentum thickness. 

This equation was solved in closed form for 9 by using some theo¬ 

retical and experimental work of Rotta (Ref. 30) to obtain the fol¬ 

lowing relations: 

T 

- fi (Reg, H) (4-4) 

/- 5 

5Î (u) dy ■ W H) (4-5) 
o ^ 

H - f3(H) (4-6) 

where the functions, f, include empirically determined relations. 

The experimental work of Rotta was done with pressure gradients 

and momentum thickness Reynolds numbers up to approximately 10^. 

The shape factor is obtained from combining Equations (4-2) and (4-3) 

into a single equation and integrating using the relationships (4-4) 

through (4-6), so that an expression in closed form results. Ref¬ 

erence 28 shows a comparison of the methods of von Doenhoff, Garner, 

and Truckenbrodt with data taken by von Doenhoff on an NACA 65(216)- 

222 airfoil at a Reynolds number based on chord length of 2.64x10a 

and a 10 angle of attack. The three methods predict very similar 

trends for both 9 and H and agree reasonably well with the data, 
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particularly for fl, except very near separation, where the momentum 

thickness is underestimated by approximately 25 percent. 

Granville used the form of Equation (4-1) obtained with c « 0 

and b - 1. This relation, together with the continuity equation, 

the definitions of displacement and momentum thickness, and the 

assumption of the single parameter velocity profile using H, leads 

to a "moment of momentum" equation of the form, for 6 « r 

HIH + i) (H? - 1) 

2 
6 
U 

dU 
dx + h(h‘ 

-(H + 1) (H‘? 
(4-7) 

The second equation used was Equation (4-2). These two equations 

solved simultaneously, together with several auxiliary relations, 

yield the variations of 6 and H with x. The auxiliary relations 

consist of : 

(1) an expression for the flat-plate shear stress at the wall, 

derived from the Schoenherr resistance formula, 

(2) a relationship between the wall shear stress in the pres¬ 

ence of a pressure gradient and the flat-plate wall shear stress 

based on the law of the wall and a power-law velocity profile, 

(3) an empirical relationship for the variation for a flat- 

plate, of shape factor, H, with momentum thickness Reynolds number, 

Re0, developed by Tetervin and Lin from data having a Reynolds 

number range of 1.5xl03 < Re0 < 105, and 

(4) an expression for the integral of the shear stress through 

the boundary layer derived from Equations (4-7) and (4-2) on the 

basis of zero pressure gradient and checked on the basis of agree¬ 

ment with pressure-gradient data of Schubauer and Kelebanoff. 

Of these four methods, it was felt that the method of Granville 

offered the most basic and rational approach to the prediction of 

the effects present in the turbulent boundary layer with pressure 
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gradient. It could be said of all the methods that the empirical 

results used are based on a range of Reynolds number below that for 

application to a submarine. It is also a characteristic of each of 

the methods that the basic equations are valid only for the case of 

6 « R, which assumption tends to be violated near the stern of the 

submarine. The method of Truckenbrodt is particularly simple in 

that no evaluation of the axial pressure (or velocity) gradient is 

necessary and expressions involving only the evaluation of an inte¬ 

gral are available for computing directly both momentum thickness 

and shape parameter. 

The most satisfactory manner of selecting a calculation method 

would be the application of each of the four methods to one or more 

cases for which experimental data exists at high Reynolds number 

and the subsequent evaluation of the results. However, this proce¬ 

dure was not considered justified because of the relatively minor 

role of this portion of the overall study. Since the region of 

greatest interest was the aft end of the hull where the application 

of all of the methods would be questionable, the simplest method, 

that of Truckenbrodt, was selected. 

4.3 Boundary-Layer Calculations 

The equations of Reference 28 which determine the boundary- 

layer characteristics are the following. The momentum thickness 

is given by: 

a/? 

(4-9) 
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transition length 

0.427 Uogio Re^ - 0.407)”8’74 

1.328 (Rei)“l/2 

distance along body surface 

The shape factor is given by 

L + In 
e 

Uiii +1 

ut * 
ute) 

ut j 
de 

(4-10) 

(4-11) 

(4-12) 

(4-13) 

where i 

b 

H - f(L) from Figure 9 of Reference 28 (4-17) 

These equations were programmed for the Vidya IBM 1620 computer. 

The input to the program consists of specifying the variation 

of the local velocity and body radius as a function of distance 

along the axis of the body, the location of transition, the value 

of H just downstream of transition, and the length Reynolds number. 

The program was written in such a way that the running length vari¬ 

able for the input was transformed from distance along the axis to 

distance along the surface. For high Reynolds numbers where tran¬ 

sition occurs very close to the upstream end of the body, the results 
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of the computation were found to be quite insensitive to variations 

in the assumed values of the transition point and H at transition. 

Generally, the value of H at transition was taken to be 1.4 and 

the location of transition, if it were not known experimentally, 

would be taken as 10e/Re^. 

The program was checked for the case of a flat plate at 
0 

Rel - 10 . Transition was assumed to occur at X/l - 0.01 with a 

resulting H of 1.4. The results for momentum thickness variation 

were compared with the von Karman momentum equation, which for a 

flat plate reduced to: 

ûî m fi 
dx 2 

For the local skin-friction coefficient the Prandtl-Schlichting 

relation was used, 

CL - (2 log Re - 0.65)"2*3 
r io X 

The results are shown in Figure 20. The Truckenbrodt method is 

seen to predict results very similar to the above method. The shape 

factor was compared with experimental data by assuming a power-law 

velocity profile and computing the exponent, 1/n, from the computed 

shape factor. These results for H and n were then compared with 

correlations of the data of Dhawan, Schultz-Grunow and Kempf, which 

cover the range 108< Re^ 5xl08, obtained from Reference 31. The 

comparison is shown in Figure 21. The agreement for H is reason- 

ably good, for n, it is not as satisfactory. In general, the agree¬ 

ment tended to be poorer at high Reynolds numbers, which was to be 

expected, since the empirical correlations used in the Truckenbrodt 

method are based on data for Reg under 105. 

The program was then used to compute the boundary-layer charac¬ 

teristics on the USS Akron rigid airship for which data on boundary- 

layer velocity profiles exist at Rel - 1.2xl07. The hull dimensions 

and profile were obtained from Reference 32. The boundary-layer 
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velocity profiles were obtained from Reference 33 and reduced to 

obtain 0 and H. The comparison between the Truckenbrodt method 

and data is shown in Figure 22. The agreement is reasonably good 

on 6, but the theory tends to predict too low a shape factor over 

the length of the body. These results are typical of other compari¬ 

sons made with high Reynolds number data taken on bodies of revolution 

(see Part II of this report), although the agreement on shape factor 

seemed to improve at higher Reynolds numbers. The effect of pre¬ 

dicting too low a shape factor is to predict a slightly fuller ve¬ 

locity profile and a somewhat larger total thickness than should 

actually exist. These effects are quite small for the differences 

indicated in Figure 22, hov/ever, and are considered to have a negli¬ 

gible effect on the boundary-layer calculations. 

As a result of the comparisons between the Truckenbrodt method 

and experimental data, it was felt that this method would be satis¬ 

factory for computing the boundary-layer effects of interest to this 

study. 

5. APPLICATION OF METHODS TO A TYPICAL SUBMARINE CONFIGURATION 

It was considered desirable to apply the methods discussed in 

Sections 3 and 4 to a specific, representative configuration in order 

to determine the size of the effects on the total forces and moments. 

Such a computation is discussed in this section. 

5.1 Characteristics of the Assumed Configuration 

The hull characteristics of modern, high-speed submarines are 

based in part on some early work done at the David Taylor Model 

Basin on systematizing bodies of revolution (Refs. 34 and 35). The 

resulting family of hull shapes was denoted Series 58. The offsets 

for the Series 58 hulls are determined by fitting a sixth-order 

polynomial to the curve of cross-section area versus length. The 

six coefficients are determined by specification of four non- 

dimensional parameters: the axial position of the maximum thickness 
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section, m, the nose and tail radii of curvature, r and r , 

respectively, and the prismatic coefficient, C . A number of 1 

Series 58 models have been built and tested, as indicated in Ref¬ 

erence 36. For purposes of this study, one of these hulls was 

selected, Model 4165, and its characteristics were used with the 

exception of the tail radius, r , where a value of zero was felt 

to be more representative of existing submarines. The resulting 

values of the parameters are: 

m »0.4 

r - 0.50 
o 

r - 0 
i 

Cp - 0.60 

The non-dimensional hull offsets for this shape are given in the 

table of Figure 23. To complete the specification of the hull geo¬ 

metry, a fineness ratio of 7.33 was selected. For purposes of de¬ 

termining pitching moments, the center of gravity was assumed to be 

at the 44-percent axial station. 

The characteristics of the stern planes that were assumed are 

taper ratio, aspect ratio, axial location on the hull, and span. 

The span was assumed to be such that when the quarter-chord line 

was located at the 90-percent length station on the hull, the tip 

of the stern plane had the same radius as the maximum hull radius. 

The quarter-chord line was taken to have no sweep. A taper ratio 

of 2/3 and an aspect ratio of 1.85, based on the span with hull and 

the projected area, were assumed. Sir*ce consideration of submarine 

motion was limited to the vertical plane, no assumptions were neces¬ 

sary concerning the rudder geometry. In addition, no bow plane effects 

were considered. 

Some consideration was given to the effect of the bridge fair- 

water in initiating flow separation on the hull at angle of attack. 
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For this purpose, the leading edge of the bridge fairwater was 

assumed to be at the 30-percent length station on the hull and the 

axial length of the fairwater was assumed to be 0.1 that of the hull. 

5.2 Boundary-Layer Analysis 

A thick turbulent boundary layer exists on the aft portion of 

the submarine, as was indicated in Section 4. The degree to which 

the reduced velocity and dynamic head in the boundary-layer affect 

the forces on the stern planes was estimated using the velocity dis¬ 

tribution computed according to the methods of Section 4.3. 

The computer program utilizing the Truckenbrodt equations was 

applied to the hull geometry of Section 5.1. The velocity distri¬ 

bution used was that obtained from potential-flow theory with no 

allowance on the hull radius for boundary-layer displacement effects. 

The resulting distribution, indicated in terms of pressure coeffi- 

cent, is shown in Figure 24. The assumption of no boundary-layer 

displacement effects should be quite good up to approximately the 

90-percent length station. Beyond this station this assumption 

becomes increasingly poor. However, the boundary-layer theory also 

becomes inadequate because of its assumption of 5 « r, so the 

results of the computations are not reliable much beyond the 90-per¬ 

cent station of the hull. Transition was assumed to occur at the 

4-percent axial-length station. A length Reynolds number of 6.5x10® 

was used. This would correspond, for instance, to a 200-foot-long 

submarine traveling at 25 knots. 

The results of the computation are shown in Figures 25 and 26, 

which indicate the momentum thickness and shape factor as a func¬ 

tion of distance along the hull, respectively. The displacement 

thickness was obtained from the shape factor and momentum thickness 

directly, and the velocity profiles in the boundary layer were ob¬ 

tained in the form u/U versus y/6 from the shape factor and Fig¬ 

ure 10 of Reference 26. 
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The boundary-layer effects on the stern plane forces were esti¬ 

mated in the following way. At any given distance from the hull 

surface, the lift or normal force induced on an element of surface, 

of the stern plane due to a small angle of attack is proportional 

to the dynamic head at that distance. Thus, if the dynamic head is 

reduced because that point on the plane is within the boundary layer, 

the factor by which it is reduced is (u/U)2, or the square of the 

ratio of the local to the boundary-layer-edge velocity. For purposes 

of computing this effect, the stern plane was divided into strips 

parallel to the hull of width normal to the hull surface Ay and 

length along the hull surface equal to the distance between the 

leading and trailing edges of the stern plane. The latter length 

is somewhat different from the local chord of the stern plane because 

of the varying hull radius along the chord length. It was assumed 

that the velocity ratio on the strip was uniform along the length of 

the strip and was given by the value of the ratio at the 50-percent- 

chord point. The following finite-difference expression was then 

evaluated : 

s 

AS (5-1) 

o 

where R is the ratio of lift force with boundary layer to lift 

force without boundary layer, S is the projected area of the plane, 

and As is the area of the strip Ay wide whose center is a dis¬ 

tance y from the hull surface. 

With the quarter-chord location at the 90-percent station, 

the 50-percent-chord location is at approximately the 92-percent 

station, where Figures 25 and 26 indicate 6/1 - 2.4x10"° and 

H ■ 1.33. Figure 10 of Reference 26 indicates, for H ■ 1.33, a 

value of y/6 » 9 at the point where u/U ■ 1. As a result, 

approximately 45 percent of the semispan of the stern plane is im¬ 

mersed in the boundary layer. The summation of Equation (5.1) was 
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performed ueln, the velocity profile for H - 1.33 end the geometry 

of the stern plane. A value of R - o.06 was obtained. Essenti¬ 

ally 14 percent of the normal force is lost because of the reduced 

velocity in the boundary layer. 

A number of simplifying assumptions were made in this calcu¬ 

lation. The end result therefore needs to be evaluated in terms of 

these assumptions. First, the boundary-layer velocity profile used 

was obtained with a theory whose results tend to become questionable 

near the aft end of the hull. Because the boundary-layer thickness 

becomes appreciable compared to the hull radius (6 ■ r), the theory 

should predict too low a boundary-layer thickness, and thus, too 

large a value of R. Secondly, a one-dimensional treatment of the 

velocity variation over the stern plane was used wherein the velocity 

at a given distance from the hull was assumed constant over the 

chord length. This assumption would tend to yield a somewhat high 

value of R, also, although the effect probably would not be large. 

Thirdly, the theory is unable to predict the influence of the pro¬ 

peller on the flow near the stern. The propeller tends to acceler¬ 

ate the fluid near the stern which causes a fuller velocity profile 

to exist than is predicted analytically. The velocities may even 

exceed the boundary-layer-edge velocity locally, as was observed 

experimentally in the model tests reported in Reference 24. This 

effect would tend to raise the value of R. 

The last of these three effects is felt to be the dominant one 

in determining the flow velocities over the stern. Consequently, 

the value of 0.86 is considered to be somewhat low in a practical 

sense for the assumed configuration at zero or small angles of attack. 

Submarines having a larger length-to-diameter ratio, as do some of 

the newer ones, would have a larger boundary-layer thickness rela¬ 

tive to the maximum hull diameter and would tend to have greater 

boundary-layer effects on the control surfaces. However, the pro¬ 

peller will still exert a large influence, and it is felt that the 

blanketing effect would not be a significant factor. 
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5.3 Forces and Moments at Angle of Attack 

The theory for predicting normal force and pitching moment at 

angle of attack discussed in Section 3 was applied to the configu¬ 

ration described in Section 5.1. As was indicated in Section 3, the 

forces and moments can be considered the sum of two contributions. 

The first, a contribution linear with a, is given by potential flow 

theory assuming no separation (with the effect of viscosity manifest 

primarily in the wake shed at the stern). The second, a nonlinear 

contribution, is the result of separation and vortex formation at 

high angles of attack. The results are presented for the hull alone, 

which would correspond to forces and moments on a towed bare hull, 

and the hull with stern planes, which would correspond to a powered 

full configuration (with the exception of a pitching-moment contri¬ 

bution due to the bridge fairwater). 

The potential flow, non-separated, normal-force distribution 

on the hull was obtained using Equation (3-15). The effect of vis¬ 

cosity was approximated by assuming the hull to have an effective 

base area given by the wake radius as discussed in Section 3.4 This 

radius was arbitrarily assumed to be given by the sum of the hull 

radius and the displacement thickness of the boundary layer, as de¬ 

termined by the zero angle-of-attack computations of Section 5.2, 

at the 95-percent axial station. The resulting wake radius was 

28 percent of the maximum hull radius. The normal force is then 

N - 20^ (ttRw2) (5-2) 

Equation (3-15) can be multiplied on both sides by (x - x ) and 
00 

integrated to give pitching moment about the center of gravity. 

The effect of the stern planes was computed using Reference 20. 

The lift (or normal force) on the stern planes in the presence of 

the hull and the lift carryover onto the hull were determined in 

the form 
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C 
L 

K a (5-3) 

where the two K factors were obtained, using slender-body theory, 

from Figure 2 and Equation (21) of Reference 20, respectively. The 

quantity ÍC } is the lift-curve slope of the stern planes alone. 
\ a / T / 

A value of 2.05 was selected for ( C. ) based on the data of Ref- 

VLa/T 
erence 19 for an aspect ratio for the tail alone of 1.37. This value 

compares favorably with a value of 2.15 predicted by slender-body. 

theory. The is based on the planform area of the stern 

planes. For dete?miSing the pitching-moment contribution of the 

stern planes, their center of pressure was taken to be at the quarter- 

chord point. No stern plane blanketing effects due to boundary 

layer were included. 

The effects of separation and vortex shedding were computed for 

angles of attack of 10 , 15°, and 20°. For the hull viscous normal 

force and pitching moment, the computer program described in Sec¬ 

tion 3 was employed. The two inputs of greatest significance are 

the axial location where separation begins, x > and the angular 

location of the separation line in a normal plane. 0 . As has 
o 

been indicated, there is no theoretical method of determining these 

values, and the experimental data available is deficient both in 

high Reynolds number effects and the effect of axially varying radius. 

Consequently, the data of Figures 9 and 10 were used as a guide. 

For the case of the hull alone, values of x /d were selected 
s 

in the center of the range of data of Figure 9, 

values obtain: 

The following 

10° 

15° 

20° 

x /d 
s 

6 

4 

3 
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Figure 10(b) indicates the incompressible data for 0o falling in the 

range of 40° to 50°. This one set of data also indicates a smaller 

0o at the higher Reynolds number. On this basis, a constant value 

of 40° was assumed over the length which was separated on the hull. 

The hull viscous normal force and pitching moment, as determined 

from the vortex shedding program, were then added to the unseparated 

forces and moments. The hull-alone results are presented in Fig¬ 

ures 27 and 28. 

For the case of the hull with stern planes, the effect of the 

bridge fairwater located at x/d - 2.2 was considered in determin¬ 

ing the values of x to be used. The following values were 

assumed: 

10° 4.5 

15° 3 

20° 2.2 

Again, a value of 0q » 40° constant with length was selected for 

the hull with stern planes. The computed viscous separation effects 

were added to the non-separated forces and moments and are shown in 

Figures 29 and 30. The notation and sign convention of Figures 27 

through 30 are those of Reference 37. 

The results in Figure 27 show a normal-force slope at a ■ 0 

for the hull alone of 4x10 5 per degree, using the "effective" wake 

method. For comparison purposes, the comparable value was obtained 

for several bodies with pointed tails on which experimental data 

exist. Reference 25 shows a value of 4xl0-4 for an early, proposed 

high-speed submarine hull. Reference 38 indicates values of 2.5xl0“4 

and 4xl0-4 for fineness rations of 10 and 5.9, respectively, for 

bodies similar to a submarine hull. Reference 39 shows 2xl0”4 for 

a Goodyear-Zeppe1in model with L/D - 7.2. The Reynolds numbers for 

these tests were in the range of 106 - 4xl07, based on model length. 
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It is apparent that the theory predicts too low a Z' by a factor 

of at least 5. As was indicated in Section 3.4, this might have 

been expected since the method does not consider the fundamental 

nature of the flow at the stern. 

Figure 27 shows that the viscous normal force due to separation 

becomes apparent at approximately 8° angle of attack. This force is 

upward and adds to the nonseparated normal force. The separation in¬ 

duced forces increase rapidly with angle of attack. 

The pitching-moment slope at zero a is also affected by the 

base flow, although to a much smaller degree. The nonseparated 

pitching-moment slope was computed both for the actual hull and the 

hull with boundary layer (using the axisymmetric boundary-layer cal¬ 

culations) . The effect of the boundary layer was to reduce the slope 

approximately 3 percent. The moment with boundary-layer effects is 

shown in Figure 28. A slope of 3xl0’4 per degree is indicated. The 

various references for normal force of the previous paragraph indi¬ 

cate typical values for pitching-moment slope of 4.3xl0"4, 2.6xl0"4, 

7x10 , which are in the same range as the computed value. The 

effect of separation on pitching moment is to cause an upward normal 

force aft of the center of gravity which decreases the overall pitch¬ 

ing moment. Again the separation effects become apparent at about 

8J angle of attack and increase with angle of attack. 

For the hull with stern planes, the nonseparated normal-force 

contribution of the stern planes is an order of magnitude larger 

than the hull contribution. In Figure 29, it was assumed that the 

configuration was self-powered and that the effect of the propeller 

on the flow over the stern would decrease the hull contribution to 

a negligible quantity. Consequently, the nonseparated normal-force 

coefficient indicated in Figure 29 is based only on the contribution 

of the stern planes. The additional forces due to separation are 

those on the hull and on the stern planes, due to vortex inter¬ 

ference. As indicated previously, the hull force due to separation 

is an upward force adding to the stern plane force. The separation 
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vortices passing over the stern planes induce a downwash on the 

planes which tends to reduce their lift. Of these two viscous effects, 

the hull force predominates, as shown in the following table of 

normal coefficients for a ■ 20°: 

_Item_ 

Stern planes in presence of hull - no separation 

Lift carryover onto hull - no separation 

Hull - separation induced 

Stern planes - vortex interference 

The pitching moment for the hull with stern planes is shown in 

Figure 30. With no separation, the planes contribute a stabilizing 

pitching moment which partially compensates for the destabilizing 

moment of the hull. Separation on the hull induces a stabilizing 

moment, since the viscous normal force acts aft of the center of 

gravity. The vortex interference acts to reduce the lift force on 

the stern planes and thus provides a destabilizing moment. The sum 

of these effects is shown in Figure 30. The relative magnitudes 

are shown in the following table, for a ■ 20°: 

Item 

Hull - no separation +0.00608 

Stern planes total - no separation -0.00440 

Hull - separation-induced -0.00173 

Stern planes - vortex interference +0.00091 

It should be noted in connection with Figures 27 through 30 

that the results for the separation-vortex-induced effects are 

based on somewhat arbitrary assumptions concerning 0 and x . 

Values were selected based on the best available data. These data, 

however, do not reflect a varying body radius or high Reynolds numbers 

Z1 

-0.00705 

-0.00251 

-0.00775 

+0.00197 
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characteristic of the submarine. Nor do they reflect such possible 

effects, for the real case, as the bridge fairwater and deck initi¬ 

ating separation. In general, the vortex interference effects 

would tend to decrease for a given a with increasing 0 and 

increasing xg. 

6. CONCLUSIONS 

A theoretical analysis of the prediction of the force distri¬ 

bution induced on an inclined body of revolution by flow separation 

has been made. The analysis follows that of Reference 14 and, with 

the assumption of slender-body theory, transforms the steady, three- 

dimensional separation-vortex flow into an unsteady, two-dimensional 

vortex motion in the normal plane. The theoretically predicted 

viscous normal-force distribution due to the vortex motion is com¬ 

pared with experimental data for an inclined ogive cylinder. The 

theory is applied to a typical submarine configuration to determine 

the magnitude of separation effects over a range of angles of attack, 

and comparisons with experimental results are made (Part II of this 

report). 

6.1 Theoretical Methods 

The following conclusions can be made concerning the develop¬ 

ment and use of the theoretical methods: 

(1) An unsteady, two-dimensional vortex model with the vor- 

ticity in the flow field lumped into a single pair of vortices was 

assumed to represent the steady, three-dimensional vortex flow over 

the body. The simplification in the flow model yields two difficul¬ 

ties with respect to interpretation of the results. First, a mathe¬ 

matical singularity exists at the separation line on the body (start¬ 

ing point) which causes an uncertainty to exist in the axial location 

of the predicted viscous normal-force distribution. Secondly, the 

asymptotic behavior of the vortex pair in the unsteady analysis is 

governed by the Foppl condition, which should have no significance 

in the steady, three-dimensional case. 
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(2) The method requires as an input the location on the body 

of the separation line. There is at present no theoretical method 

of obtaining this information on an inclined body of revolution. 

Few experimental data exist on measurements of the location of sepa¬ 

ration and essentially no data exist on the area of the body where 

separation originates. The data that exist do not indicate the 

effect of a varying body radius with length. These data are also 

an order of magnitude low in Reynolds number compared to a typical 

submarine Reynolds number. 

(3) A comparison of the method with the data of Reference 5 

for an ogive-cylinder indicated reasonably good agreement on vortex 

strength and vertical position above the body but only a qualita¬ 

tive agreement on viscous cross-flow drag coefficient. The lateral 

vortex motion was not predicted by the theory. More data for incom¬ 

pressible flow with careful measurements on the location of separa¬ 

tion are necessary to check the theory adequately. 

(4) The method of Truckenbrodt for the calculation of incom¬ 

pressible, turbulent, axisymmetric boundary layers was found to 

predict momentum thickness well but tends to predict too low a value 

of shape factor, except for very high Reynolds numbers. The method 

appeared to be adequate up to the 90-percent-length station. 

6.2 Application of the Methods to a Submarine 

The application of the methods of analysis of flow separation 

and boundary-layer effects to a submarine configuration have indi¬ 

cated the following conclusions: 

(1) For a body with a pointed tail, the use of slender-body 

theory together with an axisymmetric, effective wake radius for 

determining normal force at angle of attack is inadequate. Such a 

prediction must consider base separation, the nonsymmetrical effects, 

and the nature of viscous flow where the body radius is small com¬ 

pared to the viscous layer thickness. The pitching moment, however, 

is much less sensitive to the base flow and should be predicted 

reasonably well by this method. 
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(2) The blanketing of the stern control surfaces by the turbu¬ 

lent boundary layer on the hull for the self-powered case is a small 

effect at zero and small angles of attack. 

(3) Experimental data on both hull model and full-scale sub¬ 

marines indicate that nonlinear normal-force and pitching-moment 

effects become apparent in the range of 6° to 10° angle of attack. 

The separation theory predicts the onset and direction of these 

effects. The quantitative agreement on the nonlinear portion based 

on arbitrary assumptions regarding the location of separation is 

fair; it could probably be made quite good by small, reasonable 

changes in the assumed values of 0 and x . 
o s 

(4) For the assumed typical submarine configuration at 20° 

angle of attack, the separation-induced normal force on the hull 

was found to be approximately the same in direction and magnitude as 

the force determined in the absence of separation. The vortex 

interference force on the stern planes acted to reduce the nonsepa- 

rated lift by approximately 2C percent. The pitching-moment contri¬ 

bution of the hull separation force was found to be a stabilizing 

moment approximately one-fifth the moment of the unseparated hull. 

The moment due to the vortex interference force on the stern planes 

was found to be a destabilizing effect reducing the stabilizing 

plane moment by approximately 20 percent. 

(5) Some experimental evidence indicating the onset of un¬ 

steady vortex motion in the separated region over the body was 

found at angles of attack in excess of 20° in model tests on a sub¬ 

marine hull shape and typical missile shapes. 

7. RECOMMENDATIONS 

On the basis of the investigations described in this report 

and the conclusions indicated in Section 6, the following recom¬ 

mendations are made for further work in the area of prediction of 

submarine stability characteristics: 
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(1) The limitations on the accuracy and completeness of the 

two-dimensional vortex separation model described in Section 3 

should be studied in detail to determine if improvements can and 

should be made. In particular, the starting problem, the lumped 

vorticity assumption, the force-balance assumption, the asymptotic 

behavior, and three-dimensional effects should be considered. 

(2) Additional work is needed in determining theoretically 

the characteristics of the turbulent, incompressible boundary layer 

on an inclined body of revolution. This work would hopefully include 

an analysis of the conditions under which such a boundary layer 

separates. 

(3) An urgent need exists for experimental data on separation 

characteristics and vortex shedding on inclined bodies of revolution 

indicating the effects of varying body radius with length and high 

Reynolds number. These data should include the location of the 

separation line (as determined not only by pressure measurements, 

but flow visualization techniques as well), pressure measurements 

on the body at a number of axial stations, pressure measurements 

in the flow field to determine vortex location and strength, and 

flow-visualization measurements of the vortex motion. 

(4) The theoretical methods should be extended to include 

interference effects of the bridge fairwater, the fairwater planes, 

and bow planes for motion of the submarine in the vertical plane. 

(5) The interference methods should be extended to motion of 

the complete submarine in the horizontal plane, including the effects 

of yaw and roll. 

(6) Methods should be developed for predicting the force dis¬ 

tribution on a submarine configuration for small angles of attack 

where the flow is attached (except at the stern), for motion in 

both the vertical and horizontal planes. The work in this area 

reported herein was done only for comparative purposes and does not 

necessarily represent the best approach to this problem. Item 7 is 

basically a part of the same problem. 
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(7) Work should be done in the area of base separation for 

bodies with pointed tails in order to predict the surface pressures 

and the velocity distribution in the region of the tail. This could 

be the first step in the more complex problem of predicting the flow 

characteristics near the stern with propeller. 

(8) Additional theoretical and experimental work are needed 

on the effects of Reynolds number, body shape, and angle of attack 

on the onset of instability in the vortex flow on the leeward side 

of inclined bodies of revolution. 
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APPENDIX A 

THE COMPLEX POTENTIAL 

The complex potential is given by 

w ■ 0 + iÿ (A-l) 

where the velocities are defined in terms of the potential by 

V - + - + ¿Í 
oy oz 

w - + M . . 
oz oy 

and 

(A-2) 

(A-3) 

dW , , -i0 
dC. V - iw - (vr - iv0)e 10 (A-4) 

Thus, the complex potential for uniform flow in the positive 

z direction is 

w “ -i^oo sin a)t (A-5) 

From Equation (A.4) 

dw V - iw = - sin a) 

and separating into real and imaginary parts 

V = 0 

w = + u sin a 
00 

ihe source term in Equation (3-4) , which is the last term, is 

obtained as follows. The general expression for the complex 

potential of a source is 

W - m In Ç (A-6) 



where m is the source strength. Using Equation (A-4) 

dW 

dC iv 
m 
c 

m 

Therefore, comparing real and imaginary parts, 

V 
r 0 (A-7) 

If the radius of the body is growing at a rate k and has a radius 

at a given time of a, then on the surface of the body, r - a and 

vr « a and from Equation (A-7) 

a 
m 
a 

or 

m ■ aà 

Therefore, the expression for the complex potential, Equation (A-6), 

can be written for the source representing the time rate of change 

of body radius as 

W ■ aa In Ç 

which is the form appearing in Equation (3-4) of the text. 



APPENDIX B 

THE FORCE CONDITIONS ON THE VORTEX AND SHEET 

In the flow configuration illustrated in Figure 7, a force 

exists on the sheet because of the rate of change of strength of 

the concentrated vortex. This situation occurs as follows. Con. 

sider a vortex of strength Ht) at the origin of a coordinate 

system as shown in the sketch 

iz 

The complex potential for this vortex is 

w - -i ml ln _ liti 
2ir 27T 

In (re^®) 

•Tit) r 
-1 r + e (B-l) 

Therefore, the velocity potential is given by the real part of the 

complex potential, or 



B-2 

In order for the velocity potential to be single-valued, a mathe¬ 

matical branch cut must exist which in this case is indicated along 

the positive y-axis from y - 0 to y - +». Thus, the value of 6 

is limited to the range of zero to 2tt. There is a discontinuity in 

$ across the branch cut of value F(t). 

The unsteady equation of motion for an incompressible fluid in 

the absence of body forces may be written 

^ + 3 (v? + w2) + - A( t) (B-3) 

where A(t) is an arbitrary function of time. If this equation 

is applied between points (1) and (2), as indicated on the sketch, 

where the radii are the same and arbitrary but the angle 6 has 

the value 0 and 2ir, respectively, there results 

since A(t) is the same for both points. The velocity components 

are given, in general, by 

v 
r 

á(j) 

òr ve 
_1 
r Ò6 

and at the points of interest, using Equation (B-2), 

and 

- 0 

v 0 
2 



B-3 

Therefore, in Equation (B-4) , the velocity terms at (1) and (2) 

are identical and drop out. There results 

r 

Now, from Equation (B-2), 

(Bt5) 

and Equation (B-5) becomes 

r nti 
27T 

27r-f 
2tt pHt) 

In the case of a vortex pair, as exists in Figure 7, the 

branch cut may be a line joining the external vortex to the image 

vortex. This cut is assumed to pass through the separation point 

Cq on the body so that the portion of this cut external to the 

body coincides with the sheet. The force on the sheet is then 

determined by the pressure difference across the sheet and its 

end points, or 

Fs ’ ipr«, - C0) (B"6) 

since the force is at right angles to the line Ç - Ç . 

Since a force exists on the sheet and a zero net force is 

wanted on the flow external to the body, a force must exist on 

the concentrated vortex. Such a force requires a motion of the 

vortex in relation to the local velocity at its center, as shown 

in the sketch. 



B-4 

The local velocity at the vortex center is given by Equation (3-6) 

of the text. The vortex is moving with a velocity Ç . The 

vortex behaves as if it were stationary in a flow having a velocity 

vx “ A force is induced on the vortex much as lift is induced 

on a wing with circulation in a flow. According to the Kutta- 

Joukowski theorem (Ref. 12, Section 7.45), the force induced on 

the vortex is given by the product of p, r, and the relative 

velocity and has a direction obtained by rotating the relative 

velocity vector 90° in a sense opposite to that of the circulation. 

Therefore, the force on the vortex is given by 

Fv “ - V (B-7) 

which is Equation (3-8) of the text. 



APPENDIX C 

REDUCTION OF FORM OF THE EQUATIONS OF VORTEX MOTION 

The relations describing the motion of the shed symmetric 

vortex pair and the induced forces on the body are given in Equa¬ 

tions (3-6), (3-10), (3-11), and (3-14) of the text. 

Equation (3-10) is the basic differential equation of motion 

of the vortices. It is: 

(3-10) 

The complex coordinate is equal to y^ + iz . The circulation 

F is a real, positive number, as will be seen later. The velocity 

V may be divided into real and imaginary parts V__ and V. 
1 RE IM * 

i Then Equation (3-10) becomes 

(C-l) 

(C-2) 

The expression for Vi is given in Equation (3-6) of the text, 

where V ■ V 
RE 

V iU sin a 
00 1 2ir 

r i i i 

r 

aa 
+ (3-6) 





C-3 

In this manner, the real and imaginary parts of Equation (3-6) may 

be obtained as follows: 

i 

where ri “ yx + Z! • 

An expression for f may be obtained from Equation (3-11) of 

the text. From Equation (3-11), 

2ttU sin a 
+ 

(C-5) 



J 

C-4 

Again after considerable algebra, Equation (C-5) may be reduced to 

the form 

r._lci ~ ■> c„n;i ♦ 

(î^ - asHCi + (C-6) 
2ttU sin a 

00 

Equation (c-6) nay be differentiated with respect to time and divided 

by r/Ert)^ sin a to obtain the following relation 

£ 
r 

Ç. 

^ - Co 

<0 . <1 - 

C. - c0 Ci + c0 Ci + C0 
c,c^ c,c, - ^ 
CÃ - ^ 

ii-ll 

Cl 
(C-7) 

When the real and imaginary parts of t and C are put into 

Equation (C-7) and the expression reduced in form, the imaginary 

terms cancel and the following final expression is obtained: 

£ . 2 (yr - yp11*'; - y,1 + - *„> 

(y, - y0)s + (Zi - zo)= 

• • • • 

+ 'y, 4 yo)(y, * y-J * <*, - -1„) 
ty, + yn)? + (z - z )? 
10 1 0 

+ 2 
aa 

y,? + z.? - a? 
(C- 8) 

Equations (C-l) and (C-2) may now be written, with the aid of 

Equations (C-3) , (C-4), and (C-8) , in the form 

n 
11 

n 

li 



C-5 ‘ 

• • • 

yi + f(yl’yo, yo’ Zx’ Zo' z0) " 0 <c"9) 

4i+ ÿ0- S' V io)m 0 (c-l0) 

These equations were solved with a finite difference method on a 

digital computer and known inputs of y^, zq, yQ, and z as a 

function of time. The latter four quantities are a function of the 

body radius variation with axial distance and an assumed variation 

of the angular location on the body of the separation point. 

The expression for the viscous normal force per unit length 

was obtained from Equation (3-14) in the text by separating that 

equation into real and imaginary parts. Thus, 

ipr ( y + iz + y 
i i 1 

iz 
i 

or performing the separation 

Performing the differentiation and dropping the i, since the 

orientation of the force will be assumed along the vertical, or 

imaginary, axis, there results 



C-6 

th, « Lb K e ln the CO"PUUti0" ^ «1« 0£ each of 

nd ILL rÍ9ht"’and Slde 0f Et,U“i0" ^ Known, 

a fun I T n0mal ,0rCe Per UnU le^th ^ determined as 
local i x- !t IS possible also to take'the product of a 

local viscous normal force per unit length and the axial distance 

he! "T °f 9raVUy °f the ^ and Integrate this product ove, 
the separated length of the body to obtain the viscous pitching 

r::Lr r1 viscous normai f°rca - * °b— follows. From Equations (3-14) and (3-3), 

l 
dl 

dt 

'1 
dI rt 
-f£ u cos a dt U cos 

00 d/‘ / 
dl 

“ Uoo cos a (Dx.l 
(C-12) 

Thus, the value of the impulse at the rear of 

the total viscous normal force induced on the 

vortex system. 

the body determines 

body by the shed 
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FLOW PATTERN ON ROUND BODY

Velocity - 50 ft/sec 
Angle of attack - 25°
Reference - RAE TN AERO 2482

Figure 3.- Smoke-screen photograph of vortex separation.
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Figure 5.- Coordinate systems. 
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Figure 7.- Normal plane flow model. 
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Figure 8. - Typical effects of incipient vortex 
formation on the circumferential variation of 
the static pressure coefficient. 



» 
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Figure 9.- Axial location of the origin of separation on 
inclined bodies of revolution. 
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(a) Initial behavior. 

Figure 11.-Theoretical vortex path in the normal plane. 
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(b) Asymptotic behavior. 

Figure 11.-Concluded. 
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Figure 14. - Theoretical effect of separation angle on viscous 
cross-flow drag coefficient for pointed cylinder. 
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Figure 16. Comparison of theoretical vortex strength 
with data for ogive cylinder. 
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Figure 17. - Comparison of theoretical viscous cross-flow 
drag coefficient with data for ogive cylinder. 
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Figure 23.- Hull offsets of representative submarine configuration 
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Figure 25. - Boundary-layer momentum thickness 
for representative configuration. 
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Figure 27. - Theoretical normal-force coefficient 
on representative submarine hull alone. 
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Figure 28. - Theoretical pitching-moment coefficient on 
representative submarine hull alone. 
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Figure 29. - Theoretical normal-force coefficient on 
representative submarine hull with stern planes. 
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Figure 30. - Theoretical pitching-moment coefficient on 
representative submarine hull with stern planes. 
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