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ABSTRACT

In this report it is demonstrated how simple existing theories can pre-
dict whether a shell will fail by buckling or form a collapse hinge and
then fail by this collapse mechanism. It is also shown how work-energy
analysis can predict the post failure plastic deflections of the shell
once the mode of failure is known. Some comparisons with experimental
results are given.
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LIST OF SYMBOLS

stress resultants
longitudinal coordinate
peripheral coordinate

arbitrary functions of qﬁ which are determined from the
boundary conditions

mear. radius of the shell

pressure distribution

thickness of shell

longitudinal, tangential and radial displacements respectively
parameters used to define the peripheral pressure amplitude
Poisson's ratio

modulus of elasticity

length of shell

“arber of circamferential waves in buckling pattern
yield stress in pure tension

pressure which initiates collapse

pressure which initiates buckling

mass density of shell material

spatial distribution of the impulse

work done by shell in deforming

maximum deflection amplitude

spatial distribution of the deflection

yield strain in pure tension

x/L

width of plastic hinge

defined by Eq. [20]

total impulse (theoretical)

defined by Eq. [22]

experimental impulse per unit area

reflected experimental impulse per unit area
incident experimental impulse per unit area

parameter defining periphery die out of spatial deflection dis-
tribution in buckling
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. Introduction

. IR . . . .
A previous report presented the plastic work expressions for cylindri-

cal shells and discussed the types of failure that could ogcur in cylin-
drical shells under blast loading. Experiments have shown that cylin-
drical shells subjected to side-on blast can go into two main types of
failure. These are buckling and collapse. The buckling type of fail-
ure 1s described by a deformation pattern which consists of a number

of lobes around the periphery of the shell and one half wave length
along the length as shown in Figure la. The collapse failure is de-
scribed by a straight failure hinge at the center of the shell as

shown in Figure 1b. oth of these figures are taken from Schuman's
experimental results. The type of failure will depend upun the geo-
metry of the shell and can be predicted from an elastic stress and
buckling analysis of the shell as will be seen later in this report.

Elastic stress analysis

Assume that the shell is thin and that membrante theory is adequate

to describe the stress patterns in the shell. Assume also that the
shell is of length and is supported at each end. Take the origin of
coordinates at the center of the shell as shown in Figure 2. The mem-
brane forces are shown on the differertial element in Figure 3.

If (z, ) 1s the static load per unit area applied la%eially to the
shell then it follows from the basic membrane equations™' "~ that

Ng = a.f(ch/)
N,
Neg =~ [ 2 g+ £ 9)

fV&, = —J/;f é%;;?fc/x_+,f; /gf)

where f' (¢) and J€_/¢) are functions of gﬂ which are to be determined
from the boundary conditions on ﬁJxU A[xqb N . If some of the
boundary conditions are given in terms of displacements then the follow-
ing membrane equations in terms of displacements must be utilized

*Superscripts refer to references given at the back of the report.




Ehu = SN oMy e + ()
ERr = 2(01#9) [Nygetic - E-é—{i'/_g?‘;&/z + () (2]
ERwr = o (Np-INy ) + EX _315;‘

where A is the shell thickness, &£ is the modulus of elasticity,
U, .- are the displacements (see Fig. 3) and fgfc/)J f;ﬁﬂ)
are arbitrary functions to be determined from the boundary conditions.

Now assume that the pressure (.z_,qﬂ) can be represented as
Pled)=£ € cmo(gf 0<Pe T
(2re-gp) (3]
=% € 76 T et (o #) Teg<amr

where ’,ao is the maximum amplitude of the pressure and ﬂ) o¢ are
parameters determining the peripheral pressure distribution. If the
shell length is small compared to the distance from the explosion and
if the blast is a side-on load then it seems reasonable that the spatial
load distribution given by [3] should resemble the spatial distribution
produced by the blast.

The solution will be obtained for the boundary conditions

U=0 «F x= Iaé/z_
) (4]
(/\/y_qp =0 a?‘ £ ZO 'y S/vmme'*";)
By straight forward integration of equations [l1] and [2] subject to
boundary conditions [4] it is found that

= ape Fd) , FP)= Z"BS’ Cenolef [5]
£ - /", E
_pax (C/)—g-:‘ )f{(/):?_f?-

Neg

Ny = 70 x ,0//4)) o pF)- L ﬁ’ Frw)

The stress resultants at =) (/ = O are

Nqo :afo

Nz‘/ = O (6]

) 2

Ny =Jap - T2 £ z_ 2
Yielding will occur at %z - d =0 when the Von Mises Yield
Conditon is satisfied at this point, i.e.

<" =Nz Ng + Np*+ 3 Nxg = GH " (7]
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IV,

where Uo is the yield stress in pure tension. Substituting the
values of the stress resultants into the yield condition it is found
that yielding will occur at the center of the shell ( x =0, = O
when the pressure '7% has a value

_ O A /
L= "% - = (8]
. \/(/—JHL)+(ﬁ1'°(2')[—~—a‘-//_“)’“/2 ’-)-1-//5:.»/;.)]

Ml

Elastic bucklina analysis

The classical theory of buckling of cylirdrical shells is presented
by Timoshenko.~ 1t is found that the lateral pressure at which buck-
ling under uniform loading will occur is given by the fcllowing re-
lation6

/ *+ /
Tig*
where 7. is the number of full waves ground the periphery of the
shell. Tt has been found by Reynolds that in lobar buckling such

as this the circumferential parameter 7t approximately satisfies the

relatio~
/ /-
A" ~ /23 —:’i—é [10]
7 g
and that bockling will always cccur with only cne half wave along
the length. In other words, if 2m denotes the number of axial half
waves along the length, then m. =/ and #. is determined
from equation [10]. The factor 1.23 has to be adjusted so that v
tirns out as a whole number. Once 7t is determired ther equation
[9] will give the value of the bucklirg load for uniform loading.
For norsniform loading correction factors can be appiied in accor-
dance with a recent paper.

_EL vt 4> )
/%Cr)b 'a(,,ux)Z/hp:_l)(N_ %%'/!‘-1.)1_ 7“/5:1 (’VL y ~ Zkz-;_iig )] 19]

Buckling or yield

It is clear from Schuman's experiment52 that both buckling and yield
collapse can occur, The main problem is to be able to predict which
type will take place. Once buckling or collapse has commerniced the
plastic deformation will take place in that particular pattern into
which tre failure has started. It will now be shown how equation [8]
and [9] can be employed to determine whether a collapse or buckling
will take place. Although there were some gross assumptions involved
in the derivation of equation (8] the main item to be recognized is
that the pressure for this type of yield is proportional to #/c. and
dependent on Y *2/2& . On the other hand the buckling pressure is

P
critically dependent on 7 A/a and 4 */g* as well as "), f/a\

It should be made clear at this point that equation (8] and [9] are
not to be used to approximate any of the dynamical parameters of the
shell: they are to be used only to determine which type of failure

-3-




will start. Once this is known then the plastic analysis as given in
a previous referencel will be employed to determine the plastic deflec-
tions and impulse values. Assuming that

Ex/o00; , 5= 2, =
it was found that shell buckling or yield could be predicted by the

equations in the previous section by employing the following criterion:

If the buckling load is less than the yield load the shell
should buckle; if the yield load is less than the buckling
then the shell should collapse.

Due to lack of experimental evidence on the load distribution the
parameters /3 and o¢ are questionable. Perhaps when more information
is available about the load distribution more accurate computations
can be performed. However our present calculations do indicate that
the simplified equations presented above describe the physical phenom-
enon and enable prediction of the type of failure that will occur in

a given cylindrical shell.

To illustrate the procedure for determining whether collapse or buck-
ling failure will occur, consider several cylindrical shells that were
tested.

1. Consider a steel shell with radius of 1.5",length 11.62", thick-
ness .019" subjected to a lateral blast which is 8' away. The
experiment showed that this shell formed a collapse hinge.

Using an E = 10000, , 8= 2, X =%, V= .3 the collapse load
according to [8] is

,), = .00/3 05

If the shell would buckle [10] predicts that <, = 3, Then equation
[9] shows that the uniform buckling load for this 72 is

(f'cr);a x.002/ 0q
and using the nonuniform pressure correction it is seen that this
value of .0021 05 will be somewhat higher, possible as much as
50% greater. Thus for this shell (790 Je </?c,_)e so that

the shell can be expected to fail by co&lagse.

2. Consider next an aluminum shell of radius 1.5", length 6", thick-
ness .006" subjected to a lateral blast which is 15' away. The
experiment showed that this shell buckled with 6 lobes around the
periphery and a half wave along the length. Using an E = 1000 Gy

B =2 =% ) =.3 the yield load would be
. ). =, 00/4 03
Under buckling [10] predicts 2+ = G, Equation [9] shows that
the uniform buckling pressure will be

(}cr)b =~ .00024 U,

The correction for nonuniform loading could possible raise this
value to .00036 Gy . Thus for this shell (jcf)b < (/pa )e so

that the shell can be expected to buckle.
—4-




V. Post failure collapse and buckling
A. Collapse

1 .
It has been found that the relation between the total impulse applied
to the shell and the work done on the shell can be written as

Z
Vv =L
l/ 4§ dA

[11]

é?(};y)<904

where g—fz,?) is the spatial distribution of the impulse, /f

is the mass density of the shell material, -A is the shell thickness,
and V is the work done on the shell in deforming it plastically.

The integral is taken over the ayea, A , of the shell. By a systematic
simplification it has been showq that can be written as

Ve 2 4“’4 //ffz )by [12]

where Uo  is the yleld stress in pure tension, At 1is the maxi-
mum deflection,-/L is the thickness, )2 is the length and ‘]?k qﬁ)
is the spatial distribution of the deflection, i.e.

= Flxlep)

The assumptionsunder which [12] was derived are

1. The shell is made of a perfectly plastic material

2. The radius of the shell is considerably smaller than the
length ( ¥2 <</)

3. The deflection of the shell is much smaller than the radius
(%/a << /)

4, 'W'a/@' s> @4/, where €, 1is the yield strain

For details see Reference 1

The deflection pattern for collapse is shown in Figure 4 and can be
written analytically as follows:

Mr(z,cp):amc/—\/a&-#[da—%z]" [13]
Letting /= X/¢
w (X)) = aC@&-\/""‘
= Acoag- \/C?"- __e.:'[/ Fan']® For -fcr'¢o

where a@ is the width of the hinge line as shown in Figure 4. Using
these deformation expressions and [12], the work done on the shell in
deforming it plastically can be written as

7%2;7‘ fr o<x'c 4

N

(14)

NN




dix)

K«’Z

-¢6ﬂ)
t ) [15]
4
[QM \/ﬂ [/ 2x'] jdc/c/z
° “Plx)
where
&= Aolr=2x") For O<x'<d
= [16]
D= o™ dofzuzz') for ~{<x<o
a
After some mathematical manipulation and substitution of
~ o ) A ,
?--—-[/#2;'_7 , /y,:i[/—ZL] [17]

it is found that V/ can be wrltten

‘/za
V= 2% jé 4a / V/_-_W ?)‘é“ (18]

or finally
- 20:%&/
R I
where (/'—' e d/ d =200

Now using the impulse equation [1ll] and assuming that

Fle,3) =4 (X, ¢) = €

The relation between the impulse and the deformation can be written

as
= 2}?1&# V7€ ‘/ gﬁzf
V3 [20]
where _ /L [3 Ao Y= _‘ZL _ﬂ/a e
SREVEEPRE & TV
The deflection is actually described by GJG/QV . A plot of VA
as a function of °o/c is given in Fig. 5.

Some calculations were run on several of the tested shells which
failed by collapse and these computations with the experimental re-
sults are given below. A given value of deflection corresponding
to a given deo/d was measured from the tests and the incident and

reflected impulse per unit area corresponding to this 44)/2/ were
also measured. The theory (eq. [20] above) predicts the impulse which
will produce a given o/d . Unfortunately the exact value of the
experimental impulse was not given but the incident impulse*per unit

*The incident impulse is the measured impulse without an obstruction
such as the shell. The reflected impulse is the impulse that reflects
off of a large rigid plane.

—-6-




area (Jré)‘; ; and the reflected impulse per unit area C?;)r
were the parameters that were measured. The actual impulse applied to the
shell will b~ somewhere between these values of (Ze); and (L)

Assuming that the measured values would correspond to maximum values on
the shell and assuming an erY distribution of the impulse on
the shell it is seen that the total impulse would be

Yy m
(fg-); 2/[/li) e Yudgc/n

T - (Iz‘:)e
. (F), =2

So the theoretical value to compare with the measurements is
= I,

IT=23=2/k| %L [22)
V3

A value of U = < oco /051_' was assumed for the steel
shells that were tested

(21]

~

Example 1
d=3", L= 6") L =.09"
Feor 6%@4¥ z/) YK =,34 F£rem Fio, S
Se L =/23 PSS millisec,
The measured values which gave the shell a deformation in which &445/= /

were (L), =89 psi mithsee. ; (o), =29 poi milhisee.

Example 2
d=3"  0=861", L= o

F‘P‘ dO/d td . J ‘/F 'al 24
I = @2 psi millisee

The measured values were
(I@)" = )5 J—p.u' millhsec v (_Z__e),_ =69 ¢
Example 3 ’
5/:3' )!:5’;62") .&Z—..O/?"
For Pofif o, 25 | VE =. 2]
T - ‘7/..5‘,9;4,' wlli Sec.
The measured values were
(Ze); =48, (L), =/60
Example 4

A=3"  U=162", L= 05"
For da/a/ =, 74" T =,2/ r = 7/-'-‘_,&:‘,' mwillisec

The measured values were -
Ze); =125 (§) =xz.
-7




Example 5 a/=3" , ,[: 1/7.6€2." ) 4 s.olg”
For dofp) 2 74 K =21, T= 7.5

The measured values were

('.Z——c)[ =25 (fg),:gg

Example 6 A = 3”) 2 = /g“J,ﬁ =, 0/9"
For dold =/ I =123

The measured values were

(Fe); =¢ ¢ (T.). =/90

Example 7
P d=6" L= 18" , k=05
For dofof =, 925 | T =205

The measured values were

(—f:);:ZZ /I_er:é7

Example 8 d=6" , £=125" , L = oar”
For dof) =, 75 , I = 143

The measured values were

& ):=6q (L) =200

The different impulse values arose from various explosive charge weights
and distances of explosion from the shell,

The comparisons between the theoretical predictions and experimental re-
sults show that the simplified equations predict the correct order of magni-
tude for the impulse which will result in a given deflection.When more exact
experimental values are available for the applied impulse more accurate
computations using the more accurate general work expression of Reference 1
can be made.

.Buckling

For the post failure buckling region the circumferential parameter = takes
on great importance and the simplification given by equation [12] cannot be
employed. Instead, the plastic work has to be computed from the more gen-
eral integral expressions given in Reference 1. We use equation [40] in
the "Errata and Addendum of Reference 1 and assume a post failure deflec-
tion pattern of the form

f/x:¢)=a&nx’@—£"m%¢ - o<fer

'£(L’r—¢)cg;m(2/r'-c/) £ Tegerm

and an impulse distribution the same as before, i.e.

-8-
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I:(.Z:e) f_/!c/ (ﬁ‘::z..)

The shell used was made of aluminum and was

in diameter, 9" long, and .006" thick. A yield stress of 15,000 psi was
assumed. Numerical integration of equation [40] of Reference 1 was per-
formed assuming a perfectly plastic material and =%, 2 = 5. The
value of . = 5 was obtained from equation {10] and compared well with
the experimental result. The calculated peak impulse per unit area to
produce MWe/a =, is 21 psi milliseconds. The experiments showed
that the blast load which produced an incident impulse of 21.1 psi milli-
seconds and reflected impulse of 46.8 gave 4u/o. =0.5.

.Conclusions

Cne cannot apriori assume the type of deformation into which a shell

will deform under blast load unless some pre-failure computations are made
to determine whether the shell will collapse or buckle. Schuman's experi-
ments? point out that these two types of patterns can exist. The compu-
tations and experimental comparisons given in thi.s report indicate that

1. It can be predicted whether a shell will fail in buckling or
collapse by use of equation (8] and [9] of this report.

2. Once the failure type is known the order of magnitude of the
impulse and energy to produce a given plastic deformation can be
computed for side-on lateral loads by assuming a collapse pattern
of the form of equation [13] for collapse failure and a buckled
pattern of the form (23] for post buckling behavior in the plastic

region.
The equations given in Reference 1 have been programmed for the BRL com-
puter. This will enable future computations with more complicated de-
flection patterns.
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Fig. 4 Collapse Pattern
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