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0. Summary

The reliability at time t of a system in sustained operation is

often taken to be the probability that it functions continuously during

the time interval [0,t]. The standard computation of system reliability
finds the probability that the system functions ab time ¢t din terms of
the probubililics that its econponcnis function atb time L. Tnis procedure
15 relovant only 4L the syatem, ond 115 couponenis, have lives (roughly
cpeuking, @ duvice has a lile if 1t functlons continuously until come time

nf f:dlure, end rezaing foilad thercallcr).

Ve ghov bhut Lf cach compoment of = ceherent gyctan b a e, then the

sysbea hos a 1ile (nprdi poug .7y & egsbom i3 cohorons 12 its performance is nob

fmpaired by an laprovement in the periorawce ol Itoe mponenls)s  Our

principl result is that, vad-r reacorst’ nditions, the converse is true:
if the eystum b3 a ife, thea the sy i m Lo cciverent nnd cnch component has
a life. This meuns L il the staalard computt ¢ osystem rellability
is to be uced, thr syolem in quostinn sheuld Lo coioront.

1. Introdvectior, Dufinitiong, Conventions
) )

Ye congider systems whose performancc s determined by the performance
of their components. In estnblishing a binory model of such a system we
suppose that each of the n comporents in the system may be in one of two
conditions, functioning or failed. The Joint performance of the components
L or O 1if the

is indicated by a veetor X = (xl,xz,,..,xn), where X,

ith component is functioning or failed. We suppose that for each possible

combination of component performances the system is either functioning or

failed, The pexformance ol the system ds Indicated by its structure function




&, where &x - 1 or accoraing as the system functions or fuils for

the joint component performance indicuted by X

A component it inessential to the system if its performance has no

. . . . . th .
c¢ffect on the performance of the system, 1.e. tne 1 component 1s

inessential if  #(1,x) - #(0.,x) for a1l vectors (- ,x), where

(v x) = (%, ey X S e
l'~ 1 ‘1 1 -—l, ] 1+11 1 n
(1. %) = (% ey, oy 1 %y eea %)
AL" l‘ L’ ¥ l-_i_‘ ' Lf’l‘ ] !4
(0.,x) (2. %, v.ox. ., 0, x. X )

i~ 1 LS IR Y ntt

A component is essential lo the system LI 48 is nob inessential. A

component which is inessential can be deleted fron the syeten.

A system 1o coherent 45 its strueture “umction catisfies the conditions

(1.2) =1, wiue 1= (1,1,000,1),
(1,2) =0, where 0= (0,0,..0,0),
(1.2)  Bx> %y whenever x>y in the cense that % 27,4 1 = 1,2y000y0

There are only two systems which satisfy (1.7) end are not coherent,
the system vhich never functiens, &x = 0, end the syster which adways
functions, &t =1, Nelther system has any essentlal components. Ye will

consider only esystems that have at least one essential component, and have

no inessential components, Such systems are coherent if, and only if, (1.2)

Lo

4]

satisfied.

The preceding definitions and notation are presented more fully, end

41lustrated, in [1] and [2],




. . . .
oot stuiies ol o Larenb ovstems Lave eoncenieated on thelr bebavior
e b e n ) T, . 8N 3 <Y \ v . > . H

at some fimed times wy comafder Lore hely belavior during o perled of

Lent bo rejresent the performunce of

bime, For thiyg purjoce, 3% Ir ¢anvenle i
o (et k) Moo sbachn Bia ey : Yot .
a devicos (sysbem er ecopunent) by o clothntlis yroce {x{t),t> '}, where

XL, 1 cr 0 accerding oo ihe Cuvica Lo Dunctionins or fdled ab time

avedid cordadn patholestes, wo eluwnys wike the natural

3. . Y ol s o .
theb cooplo functions X(§)  of perfctirnce jrocesses are

Almost cueedy eentiivovs en tha ripsli. Whon dieenceing a gystea dn relatlien

to its compAneabd we will dndrsduce porfornince procisoes {xi(t),c;;o],

L = 3,200y fcr the cmpon~mbs cad the cerrecpe alnp performmnce precess
{2x0k),5% 7, for the eysbome RIhb conbinuity in the cuuple fuactlons of

the conporent procecaes 13 coisistent with right cout tiauity in the gnmple

functione of tl. rysiea preocess.

2. Syshenm and Corvanent Lifs

Intuitivelr, a duvice Lugs a 1ife il it funcbiocns cenlinuously in time
watil filure cccurs, alter which 1% remalnc follely thus we have
L) ]

Definition 2.1, A drvice with orfermance rrocoss {A(t),4%0) is said

I o

to have a 1ifc if
(2.1)  P{x(s) =1 for 4l s in [0,8)]X(E) =1} =1
for 211 t such that P{A(t) =1} > 0.

Yhen a device has a 1life, that life is the duration T of the time

dnterval preceding failure, so that T=> & if and only if X(s) =1 for

sl s in [0,tJ)s It follows, using (2.1) thas



1 for all s in [0,t), X(t) - 1}

-1 for all s in [O,t)]X(t) = 1} P{x(t) = 1]}

Thus when a device has o 1ife, the probability of its functiondng {hroughout
the Lime finterval LO,5] 2o Just tho probability of ils funclioning ot t.

The conversa is 0luo truc.

Mort comngnly Lhe reldability r(t) of a doevice at time t is
defined oo the prebabilit; that it functions continuously during [o,t].
The sbandard computation of system rcllavility R(t) from component

rCliﬂbilitie ri(t), i = 1'2’ooo’n, ioeo

R(t) = P{sx(t) =1} = B P{X(t) = z}
R

P DR mxde D Nz e r()
- b =x) = r - (L
fleg=1) 12+ Y fzlgea}aalt L

requires the assumptions that component performance processes are indepsndent

and that the system and the components all have lives,

Since the performance process is right centinwous, it caa be readily

ghown that (2.1) is equivalent to

(2.3) P{X(s) = 1{ ¥(t) =1} =1

whepever P{X(t) =1}>0 and 0 < s <€ b This, of course, 45 equivalent to
(2.4 P{X(s) 0, X(t} =1} = 0

whenever 0 < s < to

1-::i




Except where noted wa 3 nob essime cerponetil jeriormance processes
to be independent, The following theorea glves a wselwd condition equiva-

lent Lo Lhe exlsbonce ol cemponent lives,

£

Thcorem 2.%. E.ch componcat in a systea hes a Yile il and ouly if

(2.5) Plaz) =5, X&) =3} =0

“

vhenover %7y and 0< 35 <t,

Proof,
Smpose firsh that ench component has a 1life, Lob X Zy( x>y unless

X, = 0 and Yy T 1 for some 1), and choose 1 for which X, = 0, Jg - 1.

Then

plx(s) = x, K(t) = g} < Plx(8) = 0, ¥ (1) =1} =0
go that (2.5) is satisfied,
Next suppose that the ith component does not have a life, Then for

some 8 < t,

0<p{x(s)=0,%(t) =1} = & Z P{Xs) = (0,,8), Xt = (1 ,p)
: . (0,51, ) t S

Thug for abt lcast one choice of (Oi ,x) and (li,g),
P(x(s) = (0,,%), (8) = (1, )] >0,
a coatradiction of (2.5). ||
Tt is easily seen that (2.5) is equivalent to

(2.6) plx(s) > yla(t) =y = 1

for every y and % such that 'P{g(t) s z} # 0, and all O S s 4%,



Relationships between Colerence and the hxistence of System and

Component Lives

~

Theorem 5,1, I cach componuit of s eohurent systen hag a 1ife, then the
—na TP 4 v )

eysten has a “ife

Frool,

From (2.3) 1t 45 suflficient to shou that F{&x(s) =1, ¥¥it) = 1}
I-'[@_fii(t) =3} wvhoacver O <8 <t, Cucervo thut
Plaxls) = 1, 33(¢) = 1} = £ p{x(s) = 5, X(t) = ;]
A
B{x(t) = 1) = T R{}(s) = x, X(t) =y}
B
where A= {(55,;;)“_'5 =1, iy = 1}, 5= {03y = 1}, TFrom (2.5) tis

the sij rensions cleve i3 zere outside C = {(z,p)]xz 2 ul.

Since the sysbem 13 colerent ANC = BNC, ||

We prove two cowverse ferins of Theorenm 3,1, both of which rejuire some
rocbrictions (terding dn the dlrection of the usnal reliabllily assumptions)
on tha joint performince rrocess of the coaporents, The condition (+) of
the next theorea 43 wosker thaa esscerbing that conponeats may fall in any

order (in time) with positive probability,

Theorem 3,2, I the joint componant performance process {L(t), 1 0}
catisfies the condition that
{*) for cvery (.+,x) 4there exists some o and ¢, 0358 <t, such
that

P{x(s) = (1,00, X(t) = {4, 08 >0,

and if the system has a life, then the system is coherent,




Proof,

Suppose that the systea i3 nok colerent, so that there is a (-i,x)

satisfying ¢(li,§) = Q0 and %(01,5) =1, By (»), there exists s and

x)} < pl¥x(s) = 0,

b, 0<s <t ouch that 0« P(x(s) = (1,,5), ¥(4) s {0

ix(t) = 1), contradicting ine coadition (2,4) that the system nave a life, ||

A somewhat stronger converse of Theorea 3.1 is obtainable when ()

is replaced by the stronger condition (ee) bolow,

Theorem 3.5, 1f the conditlons

(i) the component perforianse proccsses aroe independent, and
(o0)
(i1) forall 04 s <%t and X2y, P{Xi(s) = x,Xi(t) =y} > 0,
1= 11‘41---|n’

are setisfied, and the systeam hugs a 1ife, then the systen 1s colicrent end

each ~omponent has a 1life,

Proof,

From (+.), it follows that for every (-i,z) and 0<a<t,

P{x(s) = (1, %), x(t) = (0, ;:)} = P{¥;(e) =1, X, (¥) =O}'l. pij(s) =>:J.,Xj(t) =xj} >0,

hES
which is (+). Thus (++) is indeecd a sbtrengthing of (*), so Theorem 3,2

shows the system to be coherent,

Suppose that the ith component (assumed essential in Section 2} does
not have a life., Then there exists a (-i,z) sich that Qfli,gj =1,

@(Oi,ic) = 0, and there exist & eand &; 0<€ s <t such that P{Xi(s) = 0,

Xi(t) - 1} > 0. Hence



P{¥A(s) = 0, $x(t) = 1} > P{X(s)

P[Xi(s) 0, X, (1) 1}jn

b

a contradiction of (2,4), ||

(0,8, ¥(1) = (1;,x))

PIX.(5) = x_, X (t) = x,}] >0,
. ( j j J( ) J]
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