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ABSTRACT | LT

This report presents the analysis of a system which includes ‘a -
maneuvering ship towing an underwater vehicle at the end of a long
flexible cable, The equations of motion for both the cable and the
underwater vehicle are also presented.

The cable is imagined to consist of many interconnected short rigid
segments., The equations of motion for the systrm are formulated twice
on the basis of two hypotheses: first for a simple hypothesis regarding
the inertia of an accelerated body in a fluid, and secondly, for a more
complete and & more accurate hydrodynamic hypothesis,
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1. In building towed underwater vehicles, design information, such

.a8 the stresses on fin axes, is needed, For this purpose, and alsc

to evaluate the performance of potential on existing vehl'cles, a
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LIST OF SYMBOLS

the dot over a quantity denotes differentiation
with respect to t, i.e., d/dt.

two notations are used to denote vectors: either the
vector bar over the letter, or a subscriot to denote
the component. For example x = (%Y%) = X,

these Greek letters have specific meanings assigned
further on in this section. They alsc are dummy
variables, The quantity p is also the mass denaity
in Appendix E,

the sine of the angle betwee ' the vectors of v; and vy .
W

a computational abbreviation for %(—%?L

x = 1'2' LIRS ) v .

+ ek), where

a computational abbreviation for

Yyrl durl = o2
g (G ¥ 4y Oy RN U

A computaitional abbreviation for
due
vl

“vtl , @,

: +4,97 12)

* ey

component of moment on the A th element in the { th
direction due to the acceleration of the fluid,

the buoyant force per unit length of the )\ th segment
due to the displaced water,

component of buoyant force on the \ th segment of cable,

component of moment about the c.g. of tha vehicle due
to the buoyant force acting on it,

a computational abbreviation for €548 A
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1,v+1

2,vtl

cvb.’ c‘g"
c.m,

the coefficients of the linear orthogonal coordinate
transformation connecting fixed inertial coordinates
with coordinates fixed in the towed vehicle with their
origin at its c.g.

the proportionality constant between the square of the
velocity of a cable segment and the tangential force
per unit distance due to the velocity of the water,

for the vehicle is the same quantity as C1 is for a
cable segment,

the proportionality constant between the square of
the velocity of a cable segment and the normal force
per unit distance on the segment due to the velocity
of the water,

for the vehicle is the same quantity as 02 is for
a cable segment,

the proportionality constant between the 1lift on
the vehicle due to the fins in the vertical plane,

i.e., the horizontal deflecting force, and the square
of the velocity through the water times the function

FLVF(OI e, ) .

the corresponding constant for the drag on the fins
in the vertical plane,

the proportionality constant between the 1lift due

to the horizontal fins and the square of the velocity
through the water times FLHF(B - B).

the corresponding constant for the drag of the fins
in the horizontal plane,

added masses 911, i £° j s 3 (Reference 3),
added masses Bi43 j+3° i+3>3,3§+3>3,
H

added masses Wy J+3° 1<3,3J+3>3; or
’

“1+3,j'i+3>3'353'

are centers of buoyancy, gravity, mass,
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is the length of the A\ th cegment, for » = 1,2,..., v .

distances measured on the vehicle as indicated in
Figure A3, where 1 = 1, 2, ..., 6.

the skew symmetric three index symbol,

the proportionality constant (Reference 1) between the
normal component of acceleration of a cable segment and

the force on it due to the accelerated motion of the
fluid,

equals e divided by the mass of the cable element,
the total force applied to the A th element.

the total force applied to the )\ th element exclusive
of the mechanical forces at either end.

the sum of all noninertial forces on the A\ th element
which depend on the acceleration of the element.

the sum of all forces on the )\ th element exclusive of
those on the fins which depend on the velocity of the
element but not on its acceleration,

the sum of all forces on all the A th element which
depend on neither the element's .cceleration nor velocity,
the force exerted by the fluid on the vehicle through

the vehicle fius,

moment exerted by the fluid cn the vehicle through
the vehicle fins,

that approximation to the force on tho ith element due
to the velocity of the fluid obtained by neglecting the
votatior of the )\ th elerent,

the force on the A th element due to the velocity of the
fluid when the rotetion of the element is taken into
account,

an empirical function giving the lift of the horizontal
fins when the vehicle is parallel to the stream whose
velocity is unity.
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an empirical function giving the 1lift on the vertical
fins when the vehicle is parallel to a stream whose
velocity is unity,
gravitational acceleration,
a computational abbreviation for
e, s.(-d,82/2) + (w,-b YOk + 4R S
AT A AT A X
+ cldl(sl x ux)ql + FIN , where FIN 1is the
zero vector unless A = v + 1,

is the angular momentum of th: ) th element about its
C.8., where X = 1,2, ..., v+ 1,

equals E(Ambxixj, where (Am) hLas an i th coordinate
distance Xy from the c,g. of the element, and sucmation
is carried out for all Am into which the )\ th element
is decomposed,

are the products of inertia of the vehicle about its
c.g. referred to a frame of reference fixed in the
vehicle.

in Appendix E, a wnit vector along the fixed x;, axis.
in Appendix E, a unit vector along the fixed x, axis,
in Appendix E, a unit vector along the fixed x; axis.

in Appendix D, a proportionality constant which
cancels out,

unit vectors along §,, &, §; axes respectively.
the mass of the \ th element,

the sum of all the moments acting on the A\ th element,
about the i th axis.

the sum of all the moments on the A\ th element about
the i th axis which depend on neither the element's
velocity nor its acceleration,
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the sum of all the moments on the A th element about
the i th axis which depend on the element's velocity
but not on its acceleration,

the sum of all of the moments on the )\ th element which
depend In any way on the acceleration of the element,

a unit vector along the 8§, axis fixed in the vehicle,

a unit vector along the intersection of the plane n.rmal
to the ) th element and the plane containing two lines,
one along the axis of the element and the other in the
direction of the velocity of the fluid past the element;
where \ = 1,2,,..,v+1,

unit vectors related to the direction of flow of fluid
past the vehicle fins, where A = v - 2, v+ 3, v + 4,
v+ 5,

a general digplacemant wocter used in Appendin B to

relate the Kirchhoff force to an inertial frame,

a unit vector along the )\ th element, \ = 1,2,...,
v+1,

for the towing vehicle, a unit vector corresponding to
8 L]
A

the mechanical force exerted on the A th element by
the A\ - 1 element.

the negative of the thrust, such as from a propeller,
that the vehicle exerts on the water,

the velocity of the c.g, of the A th element.
components of linear and angular velocity of the
vehicle referred to axes fixed in the vehicle, where

1 = 1,2’000' 60

the velocity through the fluid of the vertical fims.
the projection of ;vf on the & € plane,

the velocity thrcugh the fluid of the horizontal fins,
the projection of C£f on the & &, plane,

weight per unit length of the )\ th element in a vacuum,
a radius vectnr from a arbitrary inertial crigin to
that terminal end of the X\ th element nearest the

towing vehicle.
-8-
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the radius vector from an arbitrary inertial origin
to the c.g. of the vehicle,

the vector from the towing vehicle to the towed
vehicle.

in Appendix A, the ractor from the c.g. of the vehicle
to the fin axis,

the angular deflection of the vertical fin relative
to the vehicle,

the angle between the vertical fin and the projection
on the & & plane of its velocity through the water,

the angular deflection of the horizontal fin relative
to the vehicle,

the angle between tie horizontal fin and the projection
on the & & plane of its velocity through the water,

the Kronecker delta, It is zero unless i = j in which
case it is one,

coordinates fixed in the vehicle with their origin
at its c.g.

the index denoting the cable segment. \ = v + 1

denctes the wvehicle,

also the index denoting the cable segment.

the surface integral p j ¢1(6¢h/6n)ds, ¢, is the
velocity potential due to motion with unit velocity
in the i th direction,

the number of segments into which the cable is divided.

the mass density of the fluid.

the angle between -:., and uo .

A A

a computational abbreviation for Bli + ani + FLXi
+ (FIN)i, where (FIN)i is zero unless ) = v + 1,
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the factor relating the velocity through the fluid
of the )\ th element to the normal force caused by
this velocity.

the factor relating the ovientation of the )\ th
element and the normal force on it due to its velocity
through the water,

the angular velocity of the )\ th element.
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STATEMENT OF THE PROBLEM

An underwater vehicle is towed with a flexible cable by a
maneuvering ship. A command is given which actuates the bow planes
of the vehicle through a prescribed angle. The vehicle then changes its
orientation and position. It {s required to determine the positic. of
the towed vehicle, and the cable tensions as time varies,

The only kinematic boundary condition imposed on the system con-
sisting of the cable and underwater vehicle is tnat the end of cable
attached to the towing platform follows a known curvilinear path along
which the components of velocity and acceleration are given., It is
assumed that the end of cable attached to the vehicle if extended, would
intersect the longitudinal axis of the vehicle. This occurs, for example,
when the bail is an arc of a circle whose center is on the longitudinal
axis,

Other items which are taken to be known are the length, mass and
diameter of the circular cable, and the mass and dimensions of the
vehicle,

APPROXIMATE PHYSICAL SYSTEM

The cable is assumed to be inextensible (does not stretch) but its
shape 1s flexible in form,

The length of the cable 1s divided into v integral number of seg-
ments as shown in Figure 1. The sections are imagined to be short rigid
cylinders with universal joints at the junctions, The segments are
numbered according to the subscript A\. ) = 1 for the segment next to the
towing platform and A = v + 1 is the underwater vehicle. The assumption
of discrete divisions is a rcasonable one, and its validity improves
as v increases. The difference bectween the performance of the actual
and assumed cable is expected to be small as v becomes large, A precedent
for this assumption appears in Reference 1,

11~
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In the problem considered the cable and vehicle do not roll, This
will ocvur if either

(1) the vehicle is roll stabilized, or

(2) the shape of the bail on the vehicle is an arc of a circle the
center of which is on the longitudinal axis of the vehicle, and the
cable attachment is allowed to swivel so there is no torque transmitted
from the laid cable to the vehicle,

If either of these conditions is satisfied then roll equal zero is
a solution of the equationms,

The vectors in the following problem have one of two distinct
notations: (1) the customary vector bar, or (2) a subscript indicating
its components, The first method will be used when poesible,

The validity of a vector equation is ind~pendent of the particular
coordinates in which it is expressed, so that coordinates are generally
left unspecified, If the vehicle moves through an undisturbed fluid
medium, the fixed frame may be taken relative to the earth., However,
if the fluid medium moves with a velocity, it is convenient to fix the
reference frame to an undisturbed particle moving with the medium.

let ;k be the radius vector from the origin of such a fixed frame

to the forward terminal point of the \ th element, To describe the
motion of the system, it will be necessary to specify the motion of
each cahle element and also the motion of the underwater vehicle, The
velocity and acceieration of each of the te.minal points relative to

the inertial frame are ;A(t) and ;;(t). The position of the bow of the

underwater vehicle relative to the ship is denoted by ;v/s’ where
x =X - % . It is not easy to define a useful quantity "diversion"

while the towing ship is maneuvering. However if the towing ship is not
maneuvering, the lateral diversion or distance can be shown to be:

‘so s © (k. xvls)k}‘
where ;o is a unit vector pointing from the bow of the towing ship

toward the stern, and k is a unit vector along the x; axis in the
inertial frame, as shown in Figure 1, The rate of diversion of vehicle
relative to ship is then

- - = = 7
d | s, X {xv/s - (k. xv/s)kf‘ /dt
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Further, the quantity k , X4 represents the position of bow of the

vehicle relative to the sca bottom, providing the inertial frame is

Placed on the sea bottom, Likewise the quantity k . §;+1 would repre-

sent the .ate of vertical displacement of bow of vehicle relative to
the above-mentioned frame. The tengsions in the cable at the towing
ship and at the towing velicle are Tl(t) and Tv+l(t) respectively, and

ar th> forward end of A th element, the tension is TX (t). In a similar

manner other quantities can be formulated. These quantities are ob-
tained from a solution of differential equations of motion of the
cable-vehicle system. The formulation of the equations of motion is
given on Page 23, The effect of the accelerated surrounding fluid on
both cable and vehicle 1s represented more accurately in the con-
siderations originally due to Kirchhoff (Reference 3), and more simply
by a three-dimensional generalization of the expression used by Walton
and Polachek (Reference 1). The latter method is eanployed for cable
elements, whereas for the vehicle two ap-roaches are considered. The
two approaches, designated as Approach A and Approach B, are described
briefly as follows:

1. The force on the vehicle is calculated on the basis of the
same assumptions as made for a force on a cable eclement. That is,
the magnitude is proportional to the volume of fluid displaced, and if
a_1is the normal component of the linear acceleration, the magnitude
o} the force is proportional to la |, and its direction is -an. The

proportionality constant for the vehicle may have to be determined ex-
perimentally., This approach has the undesirable feature that trans-
lation and rotation are not coupled through the reaction of the ac-
celerated fluid. )

2., The force on the vehicle is given by hydrodynamical con-
slderations originally due to Kirchhoff. Physicaily the force is due
to the accelerated motion generating fluld pressure variations over
the surface, hence translation and rotation are coupled by the
motion of the fluid. This approach has the undesirable feature that
it complicates a formulation already lengthy.

The equations of motion of the vehicle using either Approach A or
Approach B are developed ceparately. The resulting systems of equations
differ from each other considerably in form, The testing of the two
hypotheses implies a large experimental program, However, both are
within the framework of a reasonably accurate formulation of physical
facts,

To determine the time varying quantities such as diversion,
instantaneous cable tensions and path of vehicle, we begin with a dis-
cussion of the dynamical equations of motion of a rigid body. The
first of the following two equaticns describes the translation of mass

-14-
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center and its relationship to the resultant external force, The second
equation describes the rotation of the body, and specifically it relates
the resultant external moment to the change in angular momenctum. F and
M with suitable subscripts are the forces and moments respectively acting
on a body, i is the angular momentum of a body and u is the velocity of
the mass center of a rigid body. The two equations are:

m)‘(duu/dt) = Fu’ O=1,2,..., v+ 1; 1 =1,2,3)
duu/dt = "M’ O =1,2,..., v+ 1; 1 = 1,2,3)

The subscript )\ refers to the A th segment of the cable-body system, and
the index i refers to the component in the direction of the axes of the
fixed frame of reference, For example, in is the i th component of all

forces exerted on this element., The reader unaccustomcd to the use of
subscripts to denote the component of a vectr should refer to Appendix B,
While both equations are defined relative to a space fixed frame x; x9Xg,
the second equation can also be written with respect to axes fixzed to the
center of mass of any body, providing all quantities entering into it are

referred to this point. The force FXi may be expressed a: follows:

F  + (FIN)

M " Yo o
where FAAL is the sum of the hydrodynamic forces which depeud in any way

on thé accelerations of the coordinates of the end points of the elements,
Fin is, with the exception of (FIN)i, the sum of all hydrodynamic forces

which depend on the first time derivatives but not on the second time
derivatives, FGxi is the eum of the forces which depend only on the

properties of the element and on its orientation, and (FIN)i is the force

exerted on the vehicle due to the deflection of the fins and velocity
of the water,

THE FORCE FAki

An accelerated vehicle produces accelerations of the surrounding
fluid and so changes its momentum. The rate of change of linear (or
angular) momentum is proportional to the force (or moment) prcducing
this change which in turn is proportional to the linear (or angular)
acceleration of the vehicle. Thus the vehicle behaves as it its mass
were increased., This phenomenon is termed "mass accession" or added
masses and added mass moments of inertia.

In Reference 1, Walton and Polachek assume that a hydrodynamic

force is proportional to that component of acceleration of the center
of gravity of the cable segment which is normal to this segment, This

«]l5-




may be generalized to three dimensions, and has an obvious application
to a long thin cylinder, i.e., a cable segment. However when we come
v~ the angulur momentum equation, there is no allowance made for the
accompanying added mass moment of inertia. Approach A applies this
analysis to the towed vehicle and the cable segments.

Ay formulated by Kirchhoff the forces are linear combinations of
the accelerations. The coefficients of this linear form are surface
integrals of the velocity potential which describe the fluid flow. How-
ever, some of the coefficients or "aaded masses' may be obtained experi-
mentally. Approach B applies these considerations to the towed vehicle.

THE FORCE FVXi

There are two hydrodynamic forces due to the veloéity of a cable
segment through the water. They are the <orces normal and tangential
tn the cahle, Fnr aach of there we generalize the expressions used by

Pode (Reference 2) to three dimensions. The assumptions made here are
as follows:

1. The tangential force has the direction of‘;l, where ;% is

discussed in Appendix A,

2. The magnitude of the tangential force 18 independent of the
orientation of the cable segment,

3. The magnitude of tangential force is (1/2)pG?.(constant)
A= ;; where ;& is the velocity of the segment through the water,
and A 1s the wetted area of the segment.

4., The normal force is in the plane of the concurrent vectors

axand ul, and {s normal to '1'

5. +the magnitude of the normal force is the product of two factors
x(ﬁ;) #(¢i), where ?) is the angle between -?i and EX' Further

'(:pl) = gin? qal, and x(Tgi) = (1/2) ¢ _ui A (constant) = (‘g'ﬁi. (Refer tco
Appéndix D for a more detailed discussion.)

THEZ FORCE PGxi

There are two effects that contribute to FGli‘ The first is the
weight of the cable in water, The second is composed of the tensions

-16-
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Tx, - T*+l’ at each end transmitted by adjacent segments., This we

suppose to be propagated instantaneously. Since action is equal to
reaction and since segments of finite length will have finite angles
of intersection, this force will not be along the axis of the segment.
A diagram of these forces with an explanatory notation is contained in
Appendix C. The possibi:ity of the vehicle exerting thrust, such as

from a propeller, may be included by setting -Tv+2 = .Tpsv+1’ wherxe Tp

is the magnitude of the propeller thrust.

THE FORCE (FIN)i

The 1ift and "drag" components of the resultant hydrodynamic force
on the fins are assumed to follow quasi-steady and real-flow formula-
tions. Forces which are zero when the rate or rotation of tha fins is
zero are neglected, The fins on the vehicle are in both the vertical
and horizontal planes,

Let ;;f denote the velocity of the vertical fins through the water,
and ;;fp denote the projection of ;vf on the § & plane, (Refer to
Appendix F). The following assumptions are made:

1. The force is called 1ift if it is normal to the plane con-
taining both vvfp and n; and a force is called drag if it i{s in the

direction =v . . Lift is positive when it tends to increase the X1 9
vip h

coordinate from its initial steady state value,

2. Both of the forces are proportional to lzvfp

.

3. Each force is a function cf the angle of attack; where the
1ift is an odd function and the drag an even function of the angle of
attack,

4, The factors of proportionality in these forces are 03 and C,
for 1lift and drag, respectively. Then C; and C, include variations
due to fin area and variations in CL and Cp: which are coefficisnts of
1ift and drag respectively,

The forces on the vehicle due to horizontal fine are considered in

exactly the same way., The lift due to these fins 1is normal to th

(the velocity through the water of the horizontal fins), and is i the
vertical plane, The horizontal and vertical fins are tawnen to be at the
same distance from the bow, although this assumption is not necessary
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and may be dropped for different vehicle designs. However this
assumption implies Vhf ='va . For this pair of fins we obtain two

other constants, C; and G, for the lift and drag, respectively, Also
the 1ift is considered to be positive when it tends to increase the
X413 coordinate from its initial steady state value, A detailed

?

treatment is found in Appendix F,

Now consider the second set of equations of motion which relate
the changes of angular moments of the vehicle or of the cable elements
to the external applied moments. These equations are:

i‘)‘i-M)\i

In all cases the angular momentum and moment of the fcrces are taken
about the center of gravity of the segment involved. As shown in
Appendix B,

EEE U \
51 755 15 T gt T C1ee® et

where ® 4 is the angular velocity of the cable element and I}J = Empipj.

The quantity Py is the i th component of the vector from the c.g. to a
tynical emall mass w &aind the summation 1s cairried out over the A th
:lement, The above equation is referred to a frame whose origin is

vttached to the center of gravity and whose axes are parallel to the
.axes of the inertial frame, )

To apply the above equation to the vehicle, it is more convenient
to refer the rate of change of moment of momentum to a set of axes
imbedded in the vehicle, Let the superscript prime denote the quantities
in this frame, then the above relation becomes:
* * v+l * w1 v+l
] 1 1 - w' ! - (l)' ,w' I'
Bopr,i = Ov,1ty3 v, 551 T C1st®w, 10+, 8 e

!

To ohtain w', I' and the H' relative to the body fixed frame, let the
rotation of the vehicle relative to the fixed inertial frame be
describad by a transformation of coordinates as follows:

X, = cijgj or gk =Xy

The cij are obtained in terms of previously defined quantities as
shown in Appendix G. Since




G TN T Thot et

T

. - : '

Hort,1 ™ Cinv+l,n
and

. L ' L] ' - .

or1,4 " Cin®1,n® Y v, T O, 2%

|} ' -

Oor1,j T Ov1,2%50  “wi,e T v,k ks

the preceding expression for Hv+1 ‘ relative to the body fixed frame now
]
takes the following form:
. . \’+1 . \H'l
- ' - 1
Bort,1 ™ %1, 185 7 O1,2%1n%23 40
. pivil

" Snat™vhl, 15, K 1" 8 5 ks it

The products and moments of inertia relative to the body fixed frame
are treated in Appendix B,

The value of Hki for A = 1,2,.,.,v (i.e., for cable segments) is
more readily obtained, since the Iji depend on s, , by a known functional

A
relation. In fact they finally simplify to:

; - 2 Iv\\:.
XX)‘i \u‘ku)\l Lu,w)‘i

The right side of the angular momentum equations contains the
applied external moments with respect to the c.g. of the bedy. For
convenience we express these in a manner similar to that in which the
forces were decomposed,

MX = ot + MVAi + MAhi + (FINM)i

whcre:

M is the moment of those forces which depend on neither
Gl
the velocities nor accelerations,

MV i is the hydrodynamic moment of those forces other than
A those due to the fins depending on the velocities but
not on the acceleration,

MAxi is the hydrodynamic moment of all forces dependent on
acceleration,

(FINMDi occurs only for the vehicle and is the moment due to the fins,
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THE MOMENT M

G)\ i

For a cable element this moment is due only to forces exerted by
adjacent elements. For the vehicle we recall that in some designs
there mey be a propuller thrust whose line of action does not pass
through the c.g. of the vehicle., Should this be the case, the ad-
ditional moment of the propeller thrust about the c.g. must be included,
Furthermore there occurs an external moment on the vehicle whenever the
center of gravity and center of buoyancy do not coincide, Appendix C
may be consulted for details.

THE MOMENT va1

The physical assumptions relating the forces due to the velocity
have already been listed, Since translation and rotation of a cable
element occur simultaneously, one end travels through the water faster
than the other, This motion creates an opposing hydrodynamic moment,
The computation of this moment is carried out in Appendix D, The
moment of forces due to velocity on the vehicle is treated in an en-
tirely similar manner,

THE MOMENT MAxi

The hydrodynamic moment is zero according to the hypothesis stated
in Reference 1, This holds for all elements designated by A = L,4,...,V,
and also for the vehicle designated by A = v + 1 in Approach A, However
for the formulation discussed in Approach B, there is a moment on the
vehicle due to the acceleration of the medium, In this instance th-
moment is calculated in exactly the same manner as the previously dis-
cussed hydrodynamic force, The detai - are found in Appendix E,

THE MOMENT (FINM)i

The moment acts only on the vehicle. The fins are symmetric airfoils,
(FINM.)i is the moment about the c.g. due to the lift and drag on the two

pairs of fins. The exact expression is contained in Appendix F,

We now consider the mathematical approach to the problem,
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THE MATHEMATICAL PROBLEM

The equations to be solved are:

m\(duu/dt) = FM, (=1,2,...,v+1; i=1,2,3)
dH\i/dt = M)\i' (O =1,2,...,v+ 1; i = 1,2,3)

where duki/dt is the linear acceleration of c.m. of the )\ th element,
and dﬁx1/dt is an expression linear in the angular accelerations of the
A th element., In connection with these equations there ere two funda-
mental considerations.

i 1, ™

o
e et

icht side of any equation of the first set contains

8
- *
TXi Tx+1,i FXi’ and the right side of any equation of the second

= - %
set, except for X\ = v + 1, may be written keijksij[Txk + Tx+1,k] + Mli’
where Fr and Mf are expressions which do not contain the terms Txi' By
summing the first set of equations from A = v + 1 to \ = i, an expression

for Tui is obtained. Thus Tpi + Tp+1,i (or Tki + Tx+1,i) may be obtained,

When this is substituted in the equation for angular momentum all T, , are

AL
eliminated, and a set of equations in % and % is obtained. This set can
ho intagrated using numerical processes.

2, The second fundamental consideration is that there are constraints
among the elements. Suppose we make the natural choice and take as
coordinates the position of the ends of the elements, We automatically
have a connected chain of elements. The constraints are that zach element
has a given constant length.

The position of a rigid body is completely determined by the location
of any three of its points, provided that these points are noncolinear,
The distances between these points do not change. Hence there are three
constraints among the nine coordinates and six degrees of freedom,

In the problem under consideration suppose for the moment that the
ends of the rigld element are not connected to the adjacent elements,
Suppose the coordinates of the two end points of the element are specified.
Because there is one constraint among the six coordinates, five degrees
of freedom remain. When the location of either vehicle or cable element
is specified by giving the positions of its end points, the degree of
E freedom of rotation about a line joining the two points is lost_because

roll is assumed to be zero. The condition of zero roll, w = 0,

NN
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ylelds a relation among the three angular velocities referred to the
inicial system, Further, there will be a relation among the three com-
ponents of angular acceleration, Then for any element any component of
the angular velocity may be found in terms of the other two, This is
also true for the angular acceleration, and therefore also true :or

the angular momentum and its time derivative.

When, as in the preceding, the roll about the longitudinal axis
is zero, the angular velocity may be readily determined in terms of the
positions of the end points of the element and their derivatives, The

expression obtained for wu is dependent upon the fact that the element

has a constant length (c.f. Appendix A); i.e., d(length of element)/dt = 0,

Similarly the relationship of mxi to the coordinates of the end points and

their derivatives is dependent upon the constant lengtli of the element.
Therefore there is a dependency relation amc.;g the three equations of
angular momentum and the condition that the length of the element is
constant,

The preceding discussion was under the hypothetizal condition that
the ends of the element were free, which implied five degrees of freedom.
In our problem the ends of the element are not free. The forward end
of the A + 1 st element must coincide with the after end of the )\ th
element, This eliminates three degrees of freedom for the )\ + 1 st
element, so that each element has two degrees of freedom.

Fcr example the element next to the towing vehicle has a given
lanath and the nosition of irs forward wnd is spacified. Clearlv the
position of its after end lies on a sphere centered about the forward
end, and may be specified, for instance, by giving its latitude and
longitude, When these two values are specified for the first element,
two more must be given to determine the position of the sscond element,
and so forth,

Thus there are two degrees of freedom for each element and three
angular momentum equations, of which only two are independent when account
is taken of the constancy of length of an element,

We may use these two angular momentum equations for the two inde-
pendent angular velocities and obtain the third angular velocity from
the constraint, On the other hand, any nonindependent equation may be
dropped from a dependent system, To drop the constraint it is sufficient
to know that the three remaining equations are not independent of the
constraint., As mentioned previously and as shown in Appendix A, the ex-

pressions obtained for wki and in are dependent on the constraint, so

that instead of using two angular momentum equations and the comstraint,
we may use the three angular momentum equations,
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DISCUSSION OF METHOD OF SOLUTION OF EQUATION
OF MOTION

Having taken as coordinates the end points of the elements, the
w's and u's which occur in the equations of motion are obtainable in
terms of derivatives of these coordinates. The 3(w+1) linear momentum
equations determine the 3(v+1l) forces Tki’ and the 3(v+l) angular momen-
tum equations then determine the 3(w+1)" "coordinates of the end points
of the v + 1 elements,

The final 3(v+1l) equations turn out to be linear in the linear
accelerations. At this point we anticipate using a subroutine for
solving differential equations such as SHARE program GL AIDE 1 (Ref-
erence 4), This necessitates a sequence of uveilability of information
which 1s obtained by using previous values of positions or velocities to
obtain the present value ot acceleration, Thus we use known values of
positions and velocities to compute the coefficients of the linear
equations for the accelerations and the constants on the right sides of
these equations, The linear system may then be solved numerically to
obtain values for the acceleration. This satisfies the requirements of
the numerical program,

EQUATIONS OF MOTION FOR APPROACH A AND APPROACH B

In this part the expressions for forces and moments which act on
the vehicle are substituted into the equations of motion. The final
differential equations of motion for Approach A are denoted
Equations {1) and (2), and those for Approach B are denoted by
Equations (3) and (4). A solution of either set of equations would
yield the components of velocity of the displacement coordinates at each
of the cable joints and also at the bow of vehicle,

Both formulations are now presented. The first formulation con-

siders the assumptions of Approach A, and the second formulation
considers the assumptions of Approach B,
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CONCLUSIONS

The equations of motion for a towed underwater vehicle have been
derived, The cable was imagined to consist of a finite number of rigid
cylinders, Two hypotheses were made relating the hydrodynamic force

and moment on the vehicle and its acceleration, and the equations were
developed separately,

The equations of motion are involved, the most desirable of the
two hypotheses above being the most intricate. In these equations

there occurs a sevenfold sum, Complexity of the equations is the
factor which will limit the computability.

The principal restriction in the equations of motion is that the
vehicle does not roll, nor does the cable, On the other hand, the

equations are general in that both the towing and toweda vehicle may
move in & highly arbitrary fashion,
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APPENDIX A
GEOMETRY
This appendix contains, with the exception of the coordinate

transformation in Appendix G, all of the diverse kinematical considera-
tions relevant to the probiem.

=3

0 (Origin of Inertial Frame)

FIGURE Al, THE X\ th CABLE SEGMENT

Let 8y be a unit vector tangent to the cable segment of length dl'
Referring to Figure Al, and with the rules of vector addition, we write

K1 T T e or s = Gy - XD/

Since the length of cable is constant, then d(l/dx)/dt = 0, and the

derivative of sx with respect to time gives:

o ol &

T (e T R (4-1)

In 1 similar manner:

8y = (g - X4

-37-
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Since the center of m28s and center of volume of a cable segment
coircide, by the rules of kinematics, we obtain

ok e - -
X =x, + wxx(dx/Z)sx

ES e - -
Xyl = o T O % (-4, /D)8

Subtracting these two equations we get

o whe - -
N P T U Y
where EA is the angular velocity of the cable segment, The vector product

with respect to ;%
x X 5 x(0 x 8 ©. -d, (®.3,)s.
A * ey T %) 748 W x 8) = dye, =4, (0.5,)8,

gives:

Since the cable segment is assumed not to }011, then E&.E& =0,

Solving the previous equation for w ‘A’ and with the aid of Equation A-1,

we get W, =8 x s . Since e x 8, = 0, then it follows that
N A A A

w)\-s)‘xs)‘.

By referring to Figure A2, the location of the center of mass of
vehicle, Xq with respect to the inertial frame may be expressed in the

faltmidmn
ICLCWITE W

= (d /d /d

X

6 ™ Gupy = S ¥/ dugy Tl ld L)%,

Here the velocity and acceleration of the center of mass are the usual
first and second time derivatives of Xg .

The important unit vector ;&, as shown in Figure A3 has the
following properties. (a) 1t is in the plane of ux and s , (b) it is
normal to s1 » (¢) it is i{n the seuse that the direction between

qk and -uk is less than n/2, and (d) it has unit length., The analytical
statement of these conditions is:

1. ;A = &;X + B;i, for some constants o and B .

2. qu.8 %0, (3)q)\u)‘<0 (4)§§=1
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CABLE
c.p. c.b. &>
= duts
-4y
~ o3
P T
dyro -
dypy ==

l.lx

FIGURE A3, UNIT VECTORS E) , ;x’ AND VELOCITY u
OF CABLE SEGMENT

When one takes the dot product of both sides of (1) with ;x, the left
side is zero by (2); then

au)\.s)\+8=0




If this value of B is substituted in (1), the result is

v .s.8]= a[;i x (;X x ;X)]

9 =oly, -y .88

From condition (4) and with this expression for EX’ we cbtain
1= &;k X (;K X ;%)'&;X X (;% x ;%)
= az;x . (;X x ;l) x [;& x (;% X ;&)]
= dz;)\ . [(3x x ;x) . -s-x]

ke

o2
Since sx . sx = 1, and solving for o, where vy is either * 1, we cbtain
o= y/|ux X sxl

To determine whether y = + 1 or y = -1 is applicable, condition (3) may
be used, Applying this condition, the following result is obtained:

q - U =Y ;% . ;X x (;& x ;%)/ ‘;X x ;k\ <0

Since the quantity after the symbol y is positive, it follows that
y = =1, Therefore

q, = -8, x (u x sk)/|uk X sk‘
Vehicle Geometry

is the distance from the cable attachment to the tail,
is the distance from the cable attachment to the c.g.,

41
42
443

)

is the distance from the cable attachment to the

effective axis of the horizontal fins,

dv+4 is the distance from the cable attachment to the
effective axis of the vertical fins,

dv+5 is the distance from the cable attachment to the
nose (dv+5 2 0),

is the distance from the cable attachment to the

vi6
center of buoyancy,

40~
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Let x be the vector from the c.g. to the fin axis,

sv+1 has the sense of a vector from the cable attachment to the

c.g. If the d's are positive measured in the sense of ;;+1, for any

placement of the c.g., fins, and cable attachment, then:

X = (dv+3 - dv+2) 8 +1° (horizontal fins)
X = (dv+4 - dv+2) 8,41° (vertical fins)

Summary of results

1. The linear velocity and accelerati-n of the center of A th
segment of cable with respect to tne inertiai frame are:

(o * %12 5 Gy + )12

2, The linear velocity and acceleration of the vehicle with
respect to the inertial frame are:

ol e
X, * a xv+1 +b x\’+2

wiere a = (dv+1 - dv+2)/dv+1 , b= d\’_’_zld\“+1

3. The vectors ;&, 5&, and x's are relat follows:

8y = (X4 " %)y 8 = (ox)d, 8 = (X - x)d)
- 5 o —-— l;

N W T Wt Wi W B W Wl W

q) = ;;7\ X (;)‘ X ;)\)/lc)\ X ;)‘I

(Reverse Page 42 Blank)
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AVERE

In this appendix, the linear and angular moments and their
derivatives of the ) th element are considered,

FIGURE Bl, CABLE ELEMENT OF MASS mg

Consider a small element of mass m. as shown in Figure Bl. Since

Py originates fror the c.m, of the cable element, it follows from the

definition of center of mass of bodies that
m = 0, and E:m 3, = 0
) Pt~ dget

Let wxi

element; then the velocity and acceleration of a typical small element
of mass m_ are:

be the components of angular velocity of the \ th cable

¢ : .
(xk + x..)
+1.1 AL
= + e, ,.W .
vel of mC 5 eiJK xjogn
(% +x ) .
+1,1 9
= + e, + e, .
acc of m, 5 elJ‘{w)\jpgk eleprgk

In the above expressions, the summation convention uas been used.
Within one term, no small latin index is to be repeated more than once.
When it is repeated once within a term a summation of this index from
1 to 3 is implicitly understood. If a small latin index is not repeated

the equation is to hold for that index having each of the values 1, 2, 3,

“43-




The convention does not apply to Greek indices, and may be suspended
by explicitly stating so. Further, eijk is the conventional three-

index symbol, where i = 1,2, or 3, and j and k have the same range, If
any two indices are equal, then e i3k =0, Ifi, j, k are an even

permutation of 1, 2, 3 the symbol has the value of + 1. If i, j, k are
an odd permutation, its value is -1. For example, the i th component
of axbis eijkajbk'

The rate of change of linear momentum of the )\ th cable element is:

d[(Linear momentum)ki] Jdt = d[ E:ut (velocity)Ci] /dt

o Xl

. ch’_‘uu.ﬂu N

2 ey LT%Po t ey z“‘c"Ck
o] [0}

where the sums are carried out as { ranges over the A th element. The
above expression reduces to the following:

g v Xy
2

d[(Linear momentum)xi] /dt = (massk)

ilet HXi be the anguiar momentum about the c,g., then the rate ot change

of the angular momentum of the )\ th cable element is:

d(ﬂxi)/dt = E:mc eijk pCJ (acc)Ck = H)\i

or

. "“3+1,k + 'ﬁ.g
Bt ™ ®igk ) Zm;

Pes ¥ Cigk Z“‘c"cfkpq‘”xp"cq
*

ek zm;pﬁj ®kpgrp (Sqatrsf(e)

in which qu = ka, and (acc)k derived earlier in this section

e W
gst \s
have been substituted, For further simplification we recall the
following relation (Reference 5):
: - w sl gd o g1
®13k%pq ~ ®ki3kpq " p Og % %




so that the second term in the above expression for l-l)‘1 may be written

as follows:
. i3 i 4 .
o = (6 67 -
®1ik zmcpcfkpq vePea = Cp 0 7 8¢ & z "ePeiPeave
= -
) "ePeiPes T “Ag ) "ePeies
- N A
VI TR VIS TR
x = x =
shere Ty = ) mocyocy e Ty = ) meogiogy
The contribution of the last term in éki may be rearranged into the
by the summation symbol:
®13k%kpq°qst EE MePCiPet s

which reduces to the following form:

i3 _ 1.3
(6p 83 = 8q &) Cqstxp"s z "Peifee

w o owm e Tx - p w TX
Al A8 38t jt 18t A3 A8 jt

R A
where as before Ijt Z, meijCt . Moreover the symmetry of Ijt
in } and t implies that the first term of this sum is zerc, which is
proved as follows:

2e, W, .,® IX e, W IK +e, W W Ix

jest Aias it - Cystaitie T €ystaias ty

= g W Ix

aMoasTit (ejst B ejst)

l
l following form, where [ ranges over the A th element and is indicated
|

}

i =0
|

|

i Finally the expression for HXi for the A th cable element becomes:

S S A
B =905 T %t 7 fied™ et

where Ik is summed over the A th element, This exprestion for Hki

jt
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holds whenever the expression used for (acc)Ci gives the acceleration

of the { th particle element in the inertial frame. Since the latter
is a vector, it is valid both in the inertial and in a frame fixed in
the body. However, HXi enters into the equations of motion in moving

coordinates directly only when the origin of the moving frame is at c.g.
To apply the H expression to the vehicle, it is desirable
to express I:;l as a time independent quantity. With this in mind, we

imagine a frame fixed in the vehicle at ivs c.g., consequently the
expression Hv+ with reference to this frame is

1,n
.| ‘.| 'v+1-.3 'v+1- ] ] |v+1
Borl,n T Oi,n B3y T 0L Ty T Cnee®r, 50w, st
However

.

u)’ L]
Hv+1,n’ Vl,n wv+1,n are vectors, so that

= .' == '
Bot1,1 ™ Ctnfvri,n * Yorl,1 T Sin'vil,n

' = '
Yot1,3 T O1,2%0

= ' =»
V1,1 " Ov,2%250 Y,s T v,k ks

where the c,, are the coefficients found in Appendix G,

1}

Finally a substitution of the above quantities into the expression for

Hv+1,i glves:

. I.v+1 . c I,V+1

Born,1 ™ a1ty 7 4,250 0

W
€ nst®t1, 451, k%1% ks jit

where the H, the w's, and w's are rclative to the inertial frame and the
I's are calculated relative to the vehicle fixed frame of reference.

The expression HXi for a cable element, however, may be expressed

with reference to the inertial frame. The moments of inertia with
respect to the inertial frame are: (where A = mxd?/IZ)

AR




Lot

20N

122 Asysy, 123 Asysz, I Aszs

where 8.9 sy, s, are components of the unit vector tangent to the cable

vector, and these components are known at any instant of time, Here the

cable diameter d is assumed to be made much less than the length of a
cable element,

(Reverse Page 48 Blank)
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APPENDIX C

GEOMETRICAL FORCES

There are two types of geometrical forces on each cable element.
They are the weight of cable in water, and the force exerted by ad-
joining elements. T%he vehicle possesses these forces also, and in
addition has a moment about the c.g. due to the displacement of the
center of buoyancy from the c.g.

Cfg;_,.J:::EEEr_———., Txt

(wx

"I+ 1,1
= b)) d\64;

FIGURE C1, CABLE TENSIONS AND NET WEIGHT

Let :%i be the unit tangent vector, w

cable in air, and b

X the weight per unit length of

N the buoyant force per unit length of cable.

The force on a cable element is shown in Figure Cl:

F =T

o - T Her,t e

y T P83

and the moment of these forces about the c.m, of the element is:

Mg = G2 [oeyyysy Ty + g8y 5 Ty )]

== Fegud i T,
The force and moment on the vehicle are:

T - T + (w

Fowtl, i = TwH,1 T~ 2,1 b

O NP LNEL )

<49«
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d d

vk, 1™ C1gkw, 392 7 o) Toaz, i T dBigitun, 3T,k

" ekt 103k O T de2)Pui1duiy

where b = (buoyant force on vehicle)/d Note that the force

vtl vtl®
applied to the stern of the vehicle is (-T ).
w2,1
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APPENDIX D

VELOCITY FORCES

There are two forces dependent on the velocity; the tangential
and normal forces.

We assume as in Reference 2 that

1. The tangential force has the directions ;%.

2. The magnitude of the tangential force does not depend
on the orientation of element,

3. The magnitude of the tangential force is
(1/2)paiA(constant) - Clﬁ;dx, where EX is the velocity
through the water.

4. The normal force is in the direction ik, that is in the
plane of the concurrent vectors 3X and'ﬁx and normal

to 8).

5. The magnitude of the normal force is the product of two

factors x(ﬁi)t(q&), where wx is the angle between -sk and.;k.

In addition
t((p\) = sin® cp)‘ .
X(Z) = (1/2)p A(constant) = c8d,

The ;% appearing above varies along the element due to its
rotation. We ask what error is committed using the ;X of the midpoint

of the cable element,

Let AFA be the magnitude of some force due to the velocity through
the water of Ap, as shown in Figure D1,




€l

>pl >)nl

FIGURE D1, FORCE DUE TO VELOCLIIY

The incremental force on an element of length Ap is:
AF. = K(u, + w. x 0)%A0n
A A A :
The integral of the incremental forces is as follows:

d, /2
A
w 3 . (@ x o) +@ x o)
Faeddy = ¥ f [“x t2u L@ xp) +(® xp) -_] dp
dx/2

The above integral may be simplified if we observe that:
a ' (@ s = © (w S = (1)
2uk (wk x p) ZUX (wk X skp) f(ul, x)p
@, x p)* = ¥psin(p,u)) = uie®,

since by hypothesis sin (;,BX) =+ |, Here Ek is taken to be a vector

* normal to the vector p .
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Also noting that

d)\/z +d)‘/2
j pdp = 0 , and J pPdp = d;/lz s
-d)\/2 -dX/Z

then if (Fapp)x be the approximate force obtained by neglecting

the angular velocity wx » we have

+d)‘/2
(Fapp)x = K j \.§ dp = 1<u‘;‘\c1k
-d /2
A Y
The relative error is
EBGG.).L._(_FQEL).Z. (1/12) (w,d. / )3
= W,
(' S

80 that 1f the velocity due to rotation of one end of the element with
respect to the other were equal to the velocity of the midpoint through
the water, the omission of rotation causes an error of 8,25 per cent,

If the relative velocity due to rotation were one-half of the translation
velocity, the error would be about 2 per cent, This can always be
achieved by using short cable elements, but apparently this is not a
stringent limitation, Therefore when calculating the velocity forces, the
rotation of the element will be ignored.

By a direct three dimension generalization of the normal and tan-
gential forces discussed in Reference 2, one can obtain a representation
of the tangential force with a magnitude of d u; C, and direction s

x;
and a representation of the normal force with a magnitude of
2
3 2 2 T - 2 - -
= - =d,C
dkczuk sin ? dxcau; ( sk X uk"“k‘) \ 2(sk x uk)
with a direction of ;%i .

The moment above the c¢.m. due to lift is now computed. Let v be
the velocity of Ap through the water, then V = E& + EK X p§x . The

incremented force experi: sced by the element becomes:

-
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AF = GV° sin® (;,-;)\)Ap

where v x (;;%) =y sin (3,-;%) . Then AF takes the form

AF = G ‘3 b4 313 Ap . The element moment about the c.m. of the cable
element takes the form:

-I— a = s _a_ = ’
AM ps)\x(AF)q)‘ pcals)‘xv‘ s)\xq)\Ap

since ;k XV = siva - (;X . ;)3 , then an integration from -dk/Z
to dx/Z yields:
d)\/Z
vt = ~ - R . (s THh3
M Cg(s)‘ x q)‘\ I {p v (s)‘ . V)°Jdp
-dk/z

Noting that (Bk . ;)3 = (sk . :%)2 , and also that iotegration of terms
with odd powers of p will give no net contributions, the atove expression
becomes:
d
)‘/2
M = G5y X 9, ]
-d)‘/z
+d)‘/2
= Coa - - = - 3
Cbsk x qx(u\ . wk x sx) I 2p°dp
-dX/Z

Finally the moment of the lift about the c.m. reduces to the
form

B = (G&76) (o . 0 x8)8 x g
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APPENDIX E

ACCELERATION FORCES

In this appendix there are two mutually exclusive but alternmative
physical assumptions to be made regarding the composition of these
forces, The first, which we label Approach A, is a three-dimensional
formulation of the physical assumption embodied in Reference 1. The
second, which we label Approack B, is a Kirchhoff's general formulation
of the added masses of a submerged body,

The mathematical expression of Approach A is simpler than that of
Approach B, Approach A is always used for the cable, Approach B may be
more desirable for the vehicle., Equations are derived for each approach.

These forces and moments contain the accelerations, The accelera-
tions are the unknowms for which the final linear equations are to be
solved. Approach A and Approach B assign different values to the co-
efficients of these equations, and therefore differ basically.

APPROACH A

In Approach A we are concerned only with the force due to the in-
duced acceleration of the fluid. As in Reference 1 we assume that this
force is proportional to the component of the acceleration normal to the
cable element, and that there is no moment due to the acceleration.

FIGURE E1, UNIT VECTORS 3&, E%, AND ACCELERATION Z%

-

Let ;k be the unit vector normal to sx

and ;%, as shown in Figure El1, The acceleration ;% is

3, = (a . n)n + (3 .58

and in the plane of ;X




Then the component of acceleration normal to the cable element is:
(a8 - mymy =8y - (a2 8)s

Hence the force due to acceleration of the element is
F = (ep! - T = eo'mla - n - -
FAA (=e mx)ak . nx e m(ak ax . Bksl)

= -el(ak 8 .8 sk)

where e'mx = ek is a parameter which depends upon the added mass of
fluid of cable element.

APPROACH B

Consider a body moving in a perfect fluid which is otherwise at
rest., The motion of the fluid is assumed to be irrotational. The hydro-
dynamic forces and moments experienced by this body due to its lincar and
angular accelerations are given by the following (Reference 3):

3 3
Fomeel ) @ug 4 ) ey o] (e12,3)

j-l j-l
3 3
. ,
M=o ) Uy(Okyyg g * Z“’j(“)“1+3,5+3] » (L= 1,23
j-l j-l

uo(t) are the components ol the translational velocity of the origin of
a system of rectangular axes fixed to the body, and wj are the components

of angular velocity of the body about chis origin as shown in Figure E2,
The density of the fluid is given by p, and uij are the "added masses',

The conctants pij are determined cxclusively by the shape and position

of the body surface relative to the moving coordinate axes fixed to the
body, It is also known that “1j = “ji‘ consequently the above equations

for forces and moments involve 21 possible independent constants
(Reference 3), If the surface of the body has one or more planes of
sympetry, the number of independent constants are reduced, For example,
if the &, &, - plane is a plane of symmetry, it can be proven that

21 independent constants reduce to 12, If the §;%, - plane is also a
plane of symmetry, then the 12 independent constants reduce to 8, If
there is also symmetry of body surface about the & &, - plane, the
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8 independent constants reduce to &, so that only the constants
b (1 =1, ...,6) remain, However, in this analysis we chall retain

all the constants or "'added masses."

FIGURR E2, FIXED FRAME x,5p% , AND BODY FIXED FRAME £, &8,

let §;, &, 55 denote the co-poncﬁtn of linsar acceleration
of the moving origin Ob in the direction of the axes fixed to ghc body.

Also let r‘ and “g denote the components of hydrodynamic forces and
i i

momsnts respectively in the direction of the axes fixed to the body.
The above equations for the forces and moments now take the following
form:

IR [011;{1 - C311‘;’{j]

Mmoo - czingj]

where Clij = u“ for 1 £3, J£3; 02“ = u1+3’j+3, for 1 + 3‘> 3,
j+3>3; CB“ = ui 143° for 1 £3, $ + 13 >3, in the equation

B 4
for the force; and 63“ » ”1+3,j’ 1+3>3, ] <3, in the equation

for the moment,
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To refer the forces and moments relative to the directions of the
inertial aves we not: that for any vector V, we can write V. =c . V.,
1 x, 1} §j

'y and V! = Here the prime indicates evalustion

i.e., Vi = cij Vj k ckj Vk.
with respect to the moving frame, as shown in Figure E3.

3

X3

n
-~ ‘E/,,/’
ka v
IK{
|
x ‘M
1 \ 4
1
%2
FIGURE E3. UNIT VECTORS ON FIXED AND MOVING FRAME

Referring V to the basis 1, 7, k and V'tg the basis 1, E, -‘;4 then
dV/dt = gV'/dt + @ x V. In particular du/dt ~ dw'/dt + ¥ x w = 40'/dt,
so that w_. = c, Wy .

X, i3 Ej

Hence

e 4 ng - b ey [c1ijgk - CSjkwng
=Py [Cljkgk - °33k°zkwxz}

where w, = ¢, W , and
;k 2k X,

Hxi = °1j"§j = -9 ciJ [C3jk§k - Cijc‘kwxz‘J

The next step in the analysis is concerned with the expression for
!k in terms of the inertial coordinates X%, X, % . From Figure E3, and
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also from a coordinate transformation we write x = cijgj +d T where

d . dy, d3 are the %, %, x5 coordinates of the origin of the moving
frame, The transformation is also orthogonal so that ¢:“c1k = 6jk’
cijckj = 6ik’ and §j = cij(x1 - di)' We also note that

-

r=xI+yJ+2zk =60 +Tm+(n,

and then by the usual rules of kinematics we obtain:

de ‘— [ J— L o .— ® - p—

r=xi+yj+zk =84+ Tm+{n+wxr,
“ ..

and r=xi+yj+zk

=§-Z+Th-|.1+c;+2;x(éz+.1\;+.§;)+:;x;xax(ax;)

This equation can be rearranged in the following form:

.g-gf+ﬁ;+zﬁ-:-25x;-(5x?)+ax(5x—r.)
= AA + AB

— £ ke -
Where AA = r - » x r, 80 that AA, = x
ere X T 17% 7 %1pq %

X 3
qQ’

— - [ S - -
and AB = =20 x r + w x (w x r), so that ABj - quprxq

equwp eqst W, X, . Thus the k th component of § ia:
K AA, + AB

= cjk(xj " ®ypq px ) ¥ e ilipqtaatp st = 2ypq px )

where the first term on the right hand side contains accelerations, the
second term does not contain accelerations, and xq is the q th component

of T where r is the radius vector from the inertial origin to the origin
of the moving frame, Finally

in = «p cij jk rk( rpq D q) - P cijcsjkclkwxz
-p cij Cljkctk(equeqstwpwsxt - 2erpquxq)

M = ijcsjkcrk(xr- rpa’p e T P 13k zkw z)

- W )
P 5303 5% r(Cpa®astp¥s e T 2erpqp¥q

(Reverse Page 60 Blank)
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APPENDIX F

FIN FORCES AND MOMENTS

The vehicle considered here has a pair of fins in a vertical plane
(one fin above the vehicle and one below), and a palr of fins in the
horizontal plane (one to port and one to starboard). These fins are
subsequently referred to as the vertical fins and the horizontal fins,
respectively.

Consider first the vertical fins. Figure Fl illustrates the forward
half of one of the vertical fins, The velocity through the fluid of the
vertical fins (see Appendix A) is:
ok
X

-— whe o’
Vor = ¥up (G0 /d00) (xpyy - x )

Undeflected Fin

v £ Velocity of Fins

Deflected Fin Through the Water

<

Projection of ;vf on
on §1 §2 plane

vip

3

FIGURE F1, VERTICAL FIN AND ITS VELOCITY

The lift (or sidewise force in the case_of vertical fins) will be
' determined by the general relation L =T x U, where L is the lift,
T is the circulation, and Ul 18 the velocity of the fins, The vector
' will be assumed to be equal to:
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(constant) (velocity) (sine of the angle of attack)(unit 'vector). The
effect of spanwise flow of the fluid will be ignored in this formu~
lation. This assumption implies: (1) that the circulation vector is
parallel to the axis of the fir, t.e. % n; (2) that the angle of
attack is measured in the £ &, plane, as shown in Figure F2; and

(3) that the velocity with which we are concerned is va - (va . mn,

i.e, the projection of ;vf on the § &, plane.

£
FIGURE F2, FIN AND VELOCITY IN € & PLANE

The angle of attack is o + (-0q ), where o 1s the kpown deflection

of the fin relative to the vehicle, where o = arctan (m . vvpr . vvfp
arctan (; . 'JVf/Z . ;vf)' Hence the circulation vector becomes I =

(constant) vvfpn sin (¢ - o) and the s’dewise force takes the form:

(const:ant:)vvfp sin{f - ¢ )n x p(vvf - (vvf . n)n)

where v is the magnitude of ;v Let sz vc @ unit vector in the

vip fp
direction Vg and 943 be another unit vector defined by n x e
Since n x n = 0, the vector factor in the above equation n x P ;vf =

pvquw3sin(n,vvf) = p V9,43 Then the lift = (constant)

- i o _
pvj/fp 943 sin{fo = ). Since the fin is of low aspect ratio and is

in the neighborhood of a large body, the lift may be written in the
following form:
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G Frop(@ = o) Vo a4

wheze C; 18 an empirical constant greater than zero, and FLVl'(a -o)

is an empirical odd functioa of its argument, the angle of attack,
Both G and FLVF may be obtained experimentally,

If o is positive when the forward edge of the fin is displaced

to starboard, and FLVF is positive when its argument is positiwe, then

positive 1ift (sidewise force) tends to force the vehicle to starboard
and to increase the X412 coordinate, The drag on the vehicle .s
?

gimilarly
"G Py (@ - o) gty

where, however, FDVF is an even function of its argument., The moment
about the center of gravity of the vehicle due to the vertical fins is:

I ) - -
(Vg™ Fryp@ - a)G(d,,, = 4,008, X 9y,
- Gvfp)a G B4 X Qpyg Fpyp (@ = @) (B = Gy
which reduces to the following form:
v 3 - 5 - - -
(ygp)® (dyg = du)0ry * (6 a4 Fryp(e - o)

G Gy Fpyp(@ - )]

By proceeding in an analogous manner, similar results are obtained
for the horizontal fins. In this cas® the velocity of the horizontal
fins is:

- o e
.

Vg = Tprp * Gpgldyyd By - X
Vogh Qops T 7 B X Gy
hfp be the projection of vhf on the § & -plane; B, =

Let q W be a unit vector 1n the direction of v

arctan (n . vhfll . hf)’ and let B be positive when the leading edge
of the fin is deflected down,

The 1ift due to the horizontal fins is then

- 2 - .
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where Cy and FLHF(B - B8,) are analogous to C; and FVHF’ respectively,
Therefore B > 0 tends to increase X41.3° The drag on the horizontal
- - 3
2 - .
fins is CG(Vhfp) N FDHF(B % ); and the moment about the center
of gravity of these forces is:

g™ (g = Qo) oy * (G dyys Fryp(® - B -

G g Fppp(® - B1)]

The total force ﬁ?i, and moment FINM acting on the vehicle are the
sums of the above forces and the sums of the above moments, They ave:

— = s - i ) - )
FIN (vvfp) [c, 443 FLVF (@ - o) - C 942 FDVF(Q )]

+ (v V3T

A F__ (R a.QYor a B (@ .a)
“hep’ - Fvbs TLHF M T 0 T = Sybg TDHFY T Y

L

3 H

and

FINM = (v )% (4, = dopo)s g % (G g, Frgp(e - o)

< C4 q\)+2 FDVF<(¥ - al)]

+

g™ (G = Q)51 * [0 ayys Frye B - B

Cs ypy Fopp B = B1)]
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APPENDIX G

COORDINATE TRANSFORMATION BEIWEEN INERTIAL
COORDINATES AND COORDINATES FIXED
IN THE VEHICLE WITH ORIGIN AT
THE CENIER OF GRAVITY

The coordinates fixed in the vehicle with their origin at c.g. of
vehicle are denoted by §, T, {. The coordinates x,y,z denoted the
coordinates in a frame which is parallel to the inertial frame. The
origin of both frames is at 0, and the {, T plane contains the hori-
zontal fins, as shown in Figure Gl, This appendix prc-des the co-
efficients cij to transform vector components between the two frames.

FIGURE Gl, INERTIAL AND BODY-FIXED COORDINATES

For a linear orthogonal transformation x, = ¢ Ej, (see Appendix B)

i i}
the coefficients cij must satisfy the following orthonormal relations:

8

€13%k ™ Ok * S51%i = Oy
The transformation in terms of matrices is:
x °11 2 ‘13 s
Yy 1Tl ‘a1 22 €23 1
* €31 €32 €33 ¢
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If€=1, =0, { =0, are the components of -5, then the substitution
of these coordinates in the preceding matrix transformation gives

x= ¢y (1.0) = -s,
y= €y - (1.0) = -8
z= cq; . (1.0) = -8,

If next we let § =0, 1 =1, { = 0, a substitution in the transformation
with condition of zero roll gives z = c32.(1.0) =0,

With the abovc mentioned quantities for x,y, and z, the coefficient
transformation takes the following form:

Sy %w %13
"8y €22 C23
-sz 0 c33

The crthonormal relations are apnlied to find the relation between

' ' = = )% 2
the cijs and the sijs. For example, c3ic31 1 s, + c33 . Solving 10r
v 2 = - 2 = 2 2 = + 3 -+ 2
Cqq Ve get 33 1 sz s, + sy , so that Cqy = NS ¢ sy . when

8, = 0, 2z= c33c, so that we take the positive square root, hence

~ = 2 2 =
Ca3 Ve + g 1/

-

where » is defined for convenience to be 1/ si + s? .

For the second and third rows the orthonormal relations give

sysz +c = 0, thus ¢ = -3 8

23 33 23 = "8y8,/¢33 y8zh -

For the first and third row the orthonormal relations give

8,8, * C13C35 = 0, hence €13 = -sxsz/c33 = -8 .8\ .

Also ciz + czz =1, and -sxc - syc22 = (0, are consequences of

2 2
y €22

12
the orthonormal relations, The last condition yields Si Ciz= 8
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Using this relation and the other conditicn gives:

z _ 2.2 2 2 _ 2 .2 2 2
Se T 5:f12 Y 8y S92 T8, o T 8L Sy

= uXSX, where y denotes + 1 or

22 22

- 1, In addition

from which ¢%, = s2/(s® + s%), hence ¢
x “x y

Cpp = (=8,/8)cy; = -urs,

The determinant of the transformation is

-8 -uXSy -sxsz)
-sy uXSx -syszk
-5, 0 (/%)

which equals -usi -u(si + si). Since the determinant must be equal to

+1, then it follows that p = -1,

In summary, X, = cijgj, §J = cijx1 , where

- 3 3 . 3 2
5, ay/ 8, + 5 sxsy/ g, + g,
- - 2 3 _ 3 2
(cij)= sy sx/ o + sy syuz/ 8, + 5,
- 3
sz 0 sx + 8
-hT-
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