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ABSTRACT

A mathematical model of a small solid propellant rocket has
been programmed for use with a Univac Solid State 90 Digital Computer
by means of Fortran I and Fortran II, In addition to calculating
the pressure~-time and thrust-time transients, the program ccmputes
time-averaged pressure, thrust coefficient, thrust, flow rate, and
burning rate, as well as total impulse and specific impulse.

The report includes the derivation of equations, the method of
solution, the program in Fortran I and Fortran II, an example solu-
tion compared with experiment, and a recommended procedure for use
of the computer program in the design and development of a small
solid propellant rocket motor.

it
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INTRODUCTION

Basic rocket equations and empirically derived propellant con-
stants and motor dimensions may be used to predict the performance of
small solid propellant rocket motors. Programming these equations on
a digital computer reduces the solution time for such performance es-
timates to a matter of minutes. This report is concerned with the
preparation of a suitable digital computer program for this purpose.

Specifically, this analysis is intended to predict the pressure
and thrust vs time transients in rocket motors that are large enough
to assume equilibrium between the gas generation rate and the gas
discharge rate, and small enough so that temperature gradients
in the propellant grains may be considered negligible.

The objective of this report is to present a digital computer
program which will serve as a satisfactory tool in the design and
development of certain small solid propellant rocket motors.

ASSUMPTIONS

The following assumptions have been made in the construction
of the mathematical model of the solid propellant rocket motor.

1. Initially (time = 0), the igniter system has pressurized
the chamber to a pressure, P,.

2. All propellant. surfaces are ignited isochronically, and
burning is directed normal to all exposed propellant surfaces.

3. Propellant geometry can be described by a form function,l™
and propellant is completely burned upon disappearance of the web.

4, The space-averaged temperature of the combustion products
remains constant at the isobaric (i.e., constant volume, adiabatic)
flame temperature, T,

5. The gas generation rate and the gas discharge rate are
equal,

6. Temperature gradients in the propellant grain are negli-
gible .

*See REFERENCES,




EQUATIONS

The equations predicting the pressure* vs time relationship are
combined in Appendix A into the following:
w fdz
B Pav
* o

822 + z(1 9)] Cq Ae ¥ G QP
12.04|- Oz + z(1 + Cp = — —— dz ) pF
P B P, Pk
o
P=P,+ (1)
pVo + [—6::2 + z(1 + 6)] cp
The thrust value corresponding to a given pressure value is de-
fined by:
F=¢6CsA. P (Ref 2) (2):
in which’
o -1 /2
2w /2 \ ».)"” T
£ = 1 -{— =< =]° € (3)
Y=-1\ly+1 P P P
(Ref 3)
and
Y+l
1/2 2(y-1)
(z - 1) ( 2 ) L
2 Y+ 1 ; '
€ = : (Ref 3) (4)
1y 2=1T1/2
)" |67
P L F
Equations 1 to 4 are used to predict the pressure and thrust vs
time curves., In addition to predicting these relationships, it is
desirable to compute additional parameters that characterize a spe-
cific solid propellant rocket motor., Additional parameters computed
in this program are: .
A, Time-Averaged Pressure
c
f P dt
T — ()

*Unlesas otherwise stated, the word "pressure" will refer to head

‘pressure.
2




B. Time-Averaged Thrust Coefficient

CV
= f
Cf=C‘f:-'-§—' (6)
C. Time-Averaged Thrust
F =0 8Cg P A, )

D. Time-Averaged Gas Flow Rate Through the Nozzle

Cees = Cd At P (8)

E. Specific Impulse

Isp T F/ééi (9)

F. Total Impulse
Teor = F te (10)
G. Time-Averaged Burning Rate
r =B PY (11)

These additional parameters are computed after the computation
of the pressure and thrust vs time relationships.

METHOD OF SOLUTION

Equation 1 is an implicit expression of Pressure, P, as a func-
tion of the fraction of web burned, z. All other values in this e-
quation are considered constants, Since z ranges from 0 to 1, it is
conveniently used as the independent variable. For a given value of
z and an assumed value of P, the right hand side of Equation 1 may be
calculated. If the result of this calculation is in close agreement
with the assumcd value of P, then the assumed value is adequate. If
there is poor agreement, then another estimate for P is made and the
calculation is repeated. This process continues until good agreement
between the assumed value and the calculated value is obtained. 1If
systematic estimates are made, the number of iterations are reduced.
The specific details of this iteration as used in the computer pro-
gram are found in Appendix B,




For each value of P computed in this fashion, a corresponding
value of T is calculated by means of Equation 2. Before Equation 2
- 1s solved, the parametric Bquations 3 and 4 must be solved for Cg.
Details of the Cf calculation by use of the NewtoneRapthson Method
are found in Appendix C.

An explanation of the ¢ 6 quantity is in Appendix D.

COMPUTER PROGRAM

The method of solution described above and in Appendices B and
C is the basis for the computer program which was written in Fortran
I and Fortran II for use with a Univac Solid State 90 Computer. These
programs appear in Appendix E of this report.

" #  To test this computer model, parameters describing the XM15
Catapult, an experimental solid propellant rocket motor designed to
eject the nose capsule of a fighter aircraft, were used as input data
with the program. These parameters, together with the computer re-
sults compared to experimental results, are shown in Appendix F.

CONCLUSIONS

1. The method presented is useful in predicting the performance
of small solid propellant rocket motors as used in Propellant Actuated
Devices (PAD).

2., Fortran has proved effective in accomplishing a digital com-
puter simulation of small solid propellant rocket motors.

RECOMMENDED PROCEDURE

It is recommended that the computer program presented here be
incorporated in the performance estimation and early design and de-
velopment phases of small propellant rocket motors as used in PAD,
The procedure is as follows:

1. Select initial design parameters consistent with envelope
requirements,




2. Perform exploratory computer run to evaluate initial design
parameters, — - —

3. Adjust parameters and make computer tests until agreement
between the computer output and the design requirements is obtained.

4, Build and test and experimental model based on the parameters
selected in 3 above.

5. Adjust propellant parameters to match the experimental per-
formance. This is the calibrated analytical model.

6. Use calibrated analytical model to establish optimum design
parameters.

FUTURE WORK

Future work will be directed toward the preparation of programs
‘for the automated design of more complex PAD systems.




APPENDIX A

DERIVATION OF EQUATION 1

‘ Each time the propellant web regresses by an increment dz = QE,
the weight of charge burnt (cp), in pounds, is given by v

cp = z(1 + 6f) cp (A-1)

where z is the total fraction of web burnt (dimensionless);

f is the total fraction of web remaining, i.e., 1 - z
(dimensionless);

0 is the form factor (dimensionless)
cp is the total charge weight at the start (1b).

The free volume (V), in cu in., is the sum of the initial free
volume (Vo), in cu in., and the volume left by the burned propellant.

V=V, 42 (A-2)

vhere P is the gravimetric density of the propellant (1b/in.3).

The rate of web regression (r) in inches per second is given by
r = BPO, (A-3)

where B is the regression rate coefficient (in./sec)(in.z/lb)n;
n is the regression rate exponent (dimensionless);

Pay 18 the pressure (1b/in.2) averaged between the presgures core-
responding te 2 and z + dz, i.e., Pay = P?z) : Piz+dz)

The time (dt), in seconds, required for the web to burn a
fraction dz is given by

ae = L9 (A-4)




where w is the total web (in.).

The weight of gas (cex), in pounds, that has been expelled up

to time t is given by
L
Cex=cd At/ P dt
(s

where Cq is the discharge coefficient (sec‘l);
Ay is the throat area of the nozzle (in.2);
P is the pressure at time t (lb/in.z).

The pressure at time t is given by

where (cp - cex) 1s the weight of gas in the chamber (1b);

Fp is the impetus of the propellant (ft-1b/1b);

Tk is the ratio of the isobaric flame temperature (°K) of

ol

(A-5)

(A-6)

the propellant to the isochoric flame temperature (°K)

of the propellant.

Combining Equations A-1 through A-6,

ot
12.0 [z(l + 6f) cp = Cyq Ae /o‘ P dt] Fka

Vo + z(1 + 0£) cp
0

P‘Po"’

Since £ = 1 - 2z,

t
12.0 {[—922 + z(1 + 9)] cp - G4 A, fo P dt} FoTy

P=pP
o Vo + [-622 + z(1 + 6) ] cp

P
Combining Equations A-3 and A-4,

w dz

dt = BPT
av

(A-7)

(A-8)

(4-9)




Integrating,
z(t)

t
/ at = / 2R (A710)
av .
o z(o)

Since z(o) = 0 and z(t) = z, and since w and B are constants,

Z
t = %/ %fr- (A-11)
o av

Substituting Equations A-9 and A-11 into the integral expression
in the numerator of Equation A-8, and multiplying the numerator and

denominator by p,

¥ dz_
B Pay
[ p Cd At W ° P
12,04 -6z + z(1 + 9)]_cp - -——;;——- ] ;§; dzp PFpTk

P=pP +
° PV + [-622 + z(1 + 6)] cp
(A-12)

Equation A~12 is Equation 1 in the text.




APPENDIX B

ITERATIVE PROCEDURE FOR SOLVING EQUATION 1

The procedure for calculating P in Equation 1 is as follows:
1. At t =0, P =P, and z = 0,

2. z =z + dz.

3, Compute cp using Equation A-1,

4, Compute V using Equation A-2.,

5. Estimate a value of P, making sure the estimated value is
less than the actual value.

6. Compute r using Equation A-3.
7. Compute dt using Equation A-4,
8. Compute cgoy using Equation A-5.
9., Compute P using Equation A-6.

10, If the difference between the value of P estimated in step
5 and the value of P calculated in step 9 is large, increment the es-
timated value of P by some AP > 0 and go back to step 6. If this
difference is small, the value of P computed in 9 is adequate as the
pressure, P(z + dz), at the time t + dt, where t is the time correk
sponding to the pressure P(z) and dt is the value last computed in
step 7. Proceed to step 11.

11, 7JTf z <1, go back to step 2; otherwise, set z = 1 and pro-
ceed,

12, Sinde z = 1, the propellant is completely consumed and gas
is no longer being generated. Hence, the gas in the chamber will be
expelled and the pressure will rapidly decrease. The independent
variable is now time, t, So, t = t + dt, where dt is designated.

+ 14, Compute V using Equation A-2,

15. Estimate a value for P, making sure the estimated value is
less than the actual value,




16. Compute cgy using Equation A-5.
17. Compute P using Equation A-6,

18. Compare the pressures, as was done in step 10; increment the
estimated pressure and go back to step 16, When good agreement is
obtained, proceed to step 19.

19, Increment t by dt, and go back to step 15. Continue in this
manner until the pressures become relatively low; then stop.

As indicated above and in the schematic flow chart (Figure B-1),
the procedure i1s to assume the web has regressed by a fraction dz;
estimate what the resulting pressure would be, and compare the cal-
culated pressure with the estimated pressure, This comparison is
made by checking the truth of the following inequality:

|P - pg| <Eps.

If the inequality is false, a new estimated pressure is obtained by ‘
incrementing the present estimated pressure by EPS, This process is
continued until the inequality holds true.

The question that naturally arises is: "What values of dz and
EPS are required to produce a satisfactory simulation?" Apparently,
smaller values of dz and EPS are closer to the limit than larger
values. However, smaller values of dz and EPS mean not only more
iterations in finding the pressure corresponding to a given JZIue of
dz, but also more values of dz to evaluate.

To determine the values of dz and EPS that could be used to
produce a good simulation and yet not require unrealistic computer
time, a hypothetical rocket motor was assumed and pressure vs time
curves were obtained for two cases: Case I, dz = 0.01, EPS = 25 p=si;
Case II, dz = 0.001, EPS = 2,5 psi. Figure B-2.illustiates the sig-
nificance of using these sets af variables for EPS and dz. For Case
I1I, ten equally~gpacéd points, .whose ordinates are correct within .-
+2.5 pst, are_determined on the interval z = 0 to z = 0.01. In
Case I, only one point whose ordinate is correct within * 25 psi
is determined.

Figure B~3 rshows: pressure-time curves produced by the computer
in Case I and Case II. It can be seen that the curves are remarkably
close, 8ince Case II requires a considerable amount of computer time,
the small over-all precision obtained is hardly warranted. Thus, the
values of dz = 0,01 and EPS = 25 psi may be considered sufficient for
good simulation,

The computation of the pressure and thrust vs time curves is
terminated when the values computed for the thrust coefficient, Cg,
become negative,

10




| READ AWD PRINT | PXTK =PXT . COMPUTE AND PRINT
DATA CF = CPM - (EFN/P) PAVE, PEX, X, CFAV,
< FAVG, WDOT, SPI,
v TIMP, RAVG
COMPUTE : /
DR AND C,
e <
: J . CF 0 @
T = 0.0
! P& = 0.0
" | pxex = 0.0 >0
Z Dz
‘ COMPUTE
- | FO AND T
—p PR = 1.0 -2 |- l .
Y 1
' ' PRINT Z,T,P,FO
| conpurrz B ' Z = 1.0
| A v PG = P -(AID x GUESS)
S |MmepP RATE = 0
! BT = TI
& CB = CP
V = VOL + CB/DEN
4?8 = PG + EPS >U PB = P
COMPUTE :
PAV, RATE, DT, > PG = Pq + EPS
PXT, CEX, GAS ‘
AT P Z=27+DZ A l
. PG = P - GUESS
COMPYTE PAV,PXT,
>0 CEX, GAS, P £

|p - PG| - EPS

Figure B-1, Schematic Flow Chart
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- APPENDIX C

USE OF NEWION-RAPTHSON METHOD IN SOLVING FOR Cf

The values of €, ¥, pg, and #o/P in the pair of parametric equa-
tions (Equations 3 and 4) are considered constant. Hence, the thrust
coefficient, C¢, varies with the pressure, P. To reduce these equa-
tions into a form easier to work with, the following substitutions

are made:?

1/ -
- 2 2(y-1)
Gy = {LLZ_];) (yf_ }) (c-1)
1
G2 - 7 (C-Z)
G3 = Z.;’—l (C"3)
X - e (C-4)
P
Equation 4 then becomes
Gy
€ = (C-5)
G G3yLl/2
X 2 (1 - X 3) !
which may be rearranged into the following form
G.\2
x2G2 i} x2G2-+G3 - 6?%) (C-6)
or
XM - x0 =4 (c-7)
in which
L pas
2 -1
4,.(29 ._1_2(7'1)( 2)7 (C-8)
€ € 2 Yy +1
m= 269 m 2
2=y
A' n-2(;2+03-%+7__;_1.-l_;_1 (C-9)

14




In the physical situation, n is always greater than m, and x
is always less than 1, We are interested in determining the value
of x that makes Equation C-7 hold true, or, we are looking for the
‘roots of f(x) in Equation C-10,

f(x) = xM - xB - ¢ (C-10)

As a typical example, consider the case when ¥ = 1.2 and € = &4,
Using Equations C-8, C-9, and C-10, respectively, it is determined
that

{ = 0.0021905869
m= 1,6666667
n = 1,8333333

Figure C~1 is a plot of y - x® and y = xB, in which m and n
have the above values. Figure C-2 shows a plot of y = x™ - x%, a plot
of y = 4, and, also, a plot of the difference of these graphs, viz,
f(x) = x™ - x® - £, It is evident from this figure that f(x) has
two roots., The smaller root is desired since it is physically mean-

ingful,

To use the Newton-~Rapthson (Ref 4) method, we must have an analyt-
ical expression for the derivative of f£(x).

£'(x) = m x®-1 - p xn-1 (C-11)

Making sure that the initial guess for x is far to the left of
the point where f(x) crosses the abscissa, compute the value for £(x)
at x = x5, determine the value of £(x)/£"(x), add this to x, and re~-
peat the process using this new value for x as dictated by Equation C-12,

f
xn+1 = Xn + }%Exi-; (C"].Z)

The i{teration ceases when £(x) is zero or very small,

Table C-I shows the result of this procedure using the values
of ¥ and € cited above and using an initial guess of 0.001 for x.
Only four iterations were required in determining the desired root.

Having employed the Newton-Rapthson method in solving for x,

and recalling that x is recally p,/P, the value for Cgf may be calcu-
lated directly by mcans of Equation 3.

15
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APPENDIX D

THE QUANTITY ¢ 6

The dimensionless quantity ¢ 8 (ref 2) in Equation 2 is a combined
efficiency factor and nozzle expansion factor. The value ¢ is an em-
pirically derived constant and is usually about 0.96 for good nozzle de-

signs. The value § is express as

6 = 0.5 (1 + cos @) (D-1)

where @ is the half angle of the expansion cone.

Figure D-1 is a ploE of the combined factor ¢ 6 as a function of
o for values of ¢ equal to 0.94, 0.96, and 1.0
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APPENDIX E

THE FORTRAN PROGRAMS

Rocket Motor Performance Studies =~

TRACE

4 ROCKET MOTOR PERFORMANCE

c STUDIES
REAUs P
READ CP¢WEBFORM
READs FPIDENeBIBNeGI TK
REAUe VOLeATeEDELY
REAUs COoPA
READC EPS GUESSIX0eDZeTI1AIOD
PRINTP
PRINT¢CPIWEB ¢ FORM
PRINTIFPsDENIBIBNIGITK
PRINTVOL ¢ ATeE 9 DELT
PRINTICDePA
.PRINY'EP:.EUESSOXOlDloTIOAlD
DRaUZ*eEd
aiNte=1)/72:0
EXPR(G41)/(G=})
G2M(2e07(G*1) ) esEXP
ALN(@18G2)/LE*E)
AMN2.0/G
ANN(1%G)/0
CGUMI2,00G0G/ (u=1V) ) 062
CGINIGelI/a

XNXO
1 FXB(ASSAM)=( Xe8AN)=AL
IF ((ABSF(FX)) =) eOE=7)2¢213
3 FPANIAMR(X®® (Al=1)))
1 w{ANS (RS (AN=1)))
HREX/FPR
KnR=rt
GO 70 3
4 DELBCGI®L GNF(X)
IFIVEL)ISOe311¢5)
Sy DELPUV=VEL
2183 0/784PF (UEL!
G0 TO 52
81 21NEXPFIUEL!
54 21MCudsl]0-21)
228SURTF (21}
23NEnX
CFMNL2+2)
CENRL®PA
TNOL
PGROO
PXTRN0.0
enol
64 FRALIU=Z
CONZS (.00 (FORMOER) }uCP
vaVOL*(CB/0EN)
(] 14
od POAPUSLPY
PAVN(PE+PG) /200
RATENUS (PAVSSEN)
DYRUR/KRATE
PATRPRIRS (PAVSDT)
CLXNCOSATOPRTY
QASSE (Cu=CLA)
Tv PR ILAUSIADSEPSTR/V ) 4PA
IF (AUSE (P=PO)=aPS)03163102
&5 PRTRAPAT
CFECPM=(CPN/P)
IF(CFIoT167v08
(1) FORCFOPOATIOLLT

21
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(1]

T

67

Fortran 1

TaTeOT7
TGASSTK*GAS

PRINT LT eFO
1F(2=1.0)8500061066
ZRZHUZ

PGAP=GUESS

GO YO o1

28140

-PGRP=(AlUSLUESS)

RATERO.O

pTaTl

casce

VEVOL* (Cd/UEN)

PuNP

PGNPG®EMS

PAVN(PB+PG) /7240
PXTRPATKe (PAVSUT)
CEXNCOSATePXT
GASNCB~CEX

PR L12eUSGASSFPRTK/V)¢PA
IF (ASSF (P=PG)=tPS)03+03:7)
PAVUNPXTK/T

PEXBPAVGSEX
PRINT¢PAVGIPEX e X
CFAVHCFM=(CFnN/PAVG)
PRINT+CFAV
FAVGNCFAVePAVGSATSUELT
PRINT+FAVG
wOOTHNCORAT#PAVG

PRI. T14DOT
SPIRFAVG/WLOT

PRINT 'SP

TIMPRFAVaaT

PRINT«TINP

RAVGNBE (PAVOREEN)
PRINT +RAVG

END
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APPENDIX F

EXAMPLE - COMPARISON OF COMPUTER AND EXPERIMENTAL RESULTS

The parameters used to simulate the operation of the XM15 Rocket
Catapult are presented in Table F-I.

TABLE F-1. Parameters Describing the XM15 Rocket Motor

250 1b/in.2

o
o
n

82 1b

£
n

0.88 in..

9 = .18

F :m 297,700 £t 1b/1b

p = 0.0576 1b/in.>

B = 0.086 (in./sec)(in.2/1b)"
‘n = 42

y =1.23

Ty = .815

V = 2120 in.3

A
€

© b

AID

il

19.24 in.2

4.662

.95

.00691

25 1b/in.2

100 1b/in.?2
.001

.01

.005

8.5

Figure F-1 shows a comparison between the calculated pressure vs
time curve and a pressure vs time curve obtained from a test fir ng

of the XM15 rocket catapult,

ponding calculated thrust vs time curve,

Figure F~2 is a plot of the corres-

Table F-II 18 a‘listing of additional parAmeters computed at the

end of the program.

TABLE F-11., Additional Computed Parameters

Pex/P = .0330)

Pex ™ 38.38 1b/in.2

1]

1101.4 1b/in.2

1.561

a
iy
]

|
'}

3,142 1b

.
w

Iep

= 146.4 1b/sec

= 214 .6 scc

Ieor = 17,590 1b-sec

r

23

= 1,629 in./sec
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