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ON TEE TEEORY OF THE ATMOSPHERIC ELECTRIC CURRENT FLOW, IV

Heinz W. Kasemir

DA Task 1AO0-11001=-3-021-03

Abstract

Starting from the differential equation of the continuity of the current
flow, a general solution is gilven for problems in which the conductivity is
glven as a function of space and time. A physical interpretation for the
complete Maxwell current is obtained, and it is shown how the Maxwell current
can be composed of two f£ield vectors, namely, that of the electrostatic field
and of the stationary current flow. Each vector is weighted by a different

time funetion, which can be calculated from the time function of the current
source.,

A method 1is developed for the calculation of the stationary current flow
f£ield; and the eigen functions for cartesian, cylindrical, and polar coordi-
nates are given. The mirror law for the current flow is determined in a
medium where the conductivity increases with altitude according to an
e-function. The mathematical formalism is explained, using the example of the
fleld of a decaying point source.

U. S. ARMY ELECTRONICS RESEARCH AND IEVELOPMENT LABORATORIES
FORT MONMOUTH, NEW JERSEY
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ON THE THECRY OF THE ATMOSPHERIC ELECTRIC CURRENT FLOW, IV

INTRODUCTION

Problems in atmospheric electricity are usually treated according to the’
electrostatic theory in spite of the fact that a three-dimensional current
flow is being dealt with here. The reason for this unsatisfactory state is
that the electrostatic theory is Yorked out in great detail in numerous text
books of mathematics and physiecs,~»2s3 but problems of the three-dimensional
current-flow theory--especially with a varlable conductivity or a convection
currente~are only briefly discussed, if at all. Therefore, the author
started to publish some of his notes on the current-flow theory under the
general title, "Zur Stroemumgs-theorie des luftelektrischen Feldes I, II,
III." 455,60 Also, two pepers ,7= which deal with the calculation of the
three-dimensional current flow under certaln boundary conditions.

Preceding the a.u.‘l;hor,8 Holzer and Sa.xon9 published their famous paper,
"Distribution of Electrical Conduction Currents in the Vicinity of Thunder=
storins," end in 1955 Tamura presented at the First International Conference
on Atmospheric Electriclty his excellent "Analysis of Electric Field after
Lightning Discharges." 30 In both papers the celculation was cerried out
according to the current-flow theory. But in the majority of publications in
the field of atmospheric electricity, the electrostatic theory is still used
for caleulations, and this quite often leeds o erroneous conclusions.

It soon became obvious that the sclution of a few single problems was
not enough to introduce the application of the theory of current flow to
atmospheric electric problems in general. A more systematic discussion of
the methods of solution, with a strong accent on the physical meaning of the
mathematicel manipulations and the consequences of the introduced assumptions,
is necessary. This discussion is given in this report.

DISCUSSION

The Differential Equation of the Three-Dimensional Current Flow

Table I glves a list of the symbols used, with their meaenings and
dimensions,

In the electrostatic theory, only the quantities on the left side of the
list are present; while in the current-flow theory there are, in additionm,
the four quantities of the right side. It is seen that the dimensions of the
quantities of a corresponding psir differ only by the addition of the time
unit, 8, to the dimension of the electrostatic quantity. This will prove
very fortunate in the conversion of solutions of the electrostatic theory
into these of the corresponding solution of the current-flow theory, as will
be shown later. However, this "fortunate' relationship has a deeper physical
meaning, which becomes much clearer if the dimension of the charge cb

(coulomb) instead of the current A (ampere) is introduced into the dimension
of the quantitiles.




Table I. Symbols Used, with Their Meanings and Dimensions

Q [As] = charge I [A] = strength of current source

q[ ..,] = gpace czarge density w [—A;-] = space current source density
o |

Hle

] = diclectric displacement

o}
| pamamant
Bi®

T[-—‘@-‘J = current density
ml

[ [.A_B. = Gielectriec constant ‘A
Vo A [ﬁ] = conductivity
E[Y] = £ield strength

—
<
—

4

= potential functlion

With the relation As = ¢b, the following are obtained:

[ ¢cb
Q [eb] I _?]
cb’ "e
S w Smaam——
s [ m"J [ Sma]
D [9-‘-’] T e
i | sm®
ob [ ¢b
¢ [ﬁ] A 'm]

In this way the time has been removed from the electrostatic quantities,
where it does not belong, and introduced into the current-flow theory, where
one would expect it to be. If the time is now extended, e.g., one second to
infinity, then the movement of all particles would freeze and everything
would be statie. The four speeific quantities of the current-flow theory,

-t .

I, w, i, and ), would vanish because the time is in the denominator of the
dimensions, and the electrostatic conditions are obtained. So, one could say
that electrostatic is & special case of the current-flow theory.

In the current-flow theory, all the quantities listed above can be funce
tions of space and time. The problems encountered are mostly of the follow-
ing type: Given are the spatial distribution and the time function of the
current source w snd the electrical properties of space € and ) as functions
of space and time. This includes also the boundary coadition such as a per-
fect conducting earth surface, or sometimes an ionosphere of infinite con-
ductivity. The problem is to calculate the potential funetion and the fileld
and current distribution.




The dielectric constant ¢ is slways a true constant In space and time,
since the difference of ¢ in air and in a vacuum is negligible. - The manner
in which the conductivity A\ is given determines the grade of difficulty of
the problem, and to some extent also the method of solution. Therefore, the
problems may be subdivided into the following six classes:

1. The conductivity is constant in space and time.
2. The conductivity is constent in space, but s function of time.
3. The conductivity is constant in time, but a function of space.

4, The conductivity is a function of space and time.

5. The conductivity is a tensor (intluence of the earth's magnetic
field in the ionosphere).

6. The assumption for the definition of the conductivity is no longer
valid.

This 4is the case in outer space, where the mean free path of the moving
particle is greater than either the antenna of the measuring instrument or
the space under consideration.

Classes 1, 2, and 3 are special cases of class 4. Class 4, again, could
be considered ss g special case of 5. However, the solutlon of 5 as well as
of. 6 class problems requires a much larger mathematical effort. Therefore,
this report is limited to a general solution of 1 to 4 class problems.

The solution to class 1 problems can be obtained easily if the corres-
ponding electrostatic solution is known. It is necessary only to substitute

for the electrostatic quantities, Q, g, .I'J', and ¢, the corresponding currente
flow quantities I, w, T, and ) of table I in the formulas of the potential

function @ or of the electric field distribution E. For instence, the
potential mnction [ uﬂ. of & point charge leads to the potential func-
tion ¢ = 1-‘_-.. 1 ot & point current source.

The applicability of class 1 problems in atmospheric electricity seems
t0 be very limited es, for instance, to the calculation of the effective
altitude or area of field or current antennas, where the conductivity in the
space considered may be assumed to be constant. But it is shown later that
the electrostatic solution is needed in addition to that of the stationary
current flow for the general solution of class 3 and 4 prodblems. Also, the
Jmportant matching conditionldt for air-earth-current measurements can be

obtained with the assumption that the conductivity is constant in space and
time,

If the conductivity changes with time but is constant in space, this
would result in mismatching, which is a problem belonging to class 2. An
analysis of these conditions for air-earth-current measurement at the ground

3




is given by Ruhnk.e.la Ab & larger scale the same problem is encountered by

the air-earth-current radiosonde,l3 where the conductivity increases during
the flight time from the low ground value by a factor 100 or more to that in
the higher altitudes. BHere the assumption is made that the conauctivity can
be considered as constant in the space occcupied by the antennas of the rsdio-
sonde, but will increase in time with the ascent of the btalloon.

The calculations given by the author5s7s13 belong to ¢lass 3,

There is no example of c¢lass 4 problems in the literature. This type
¢f problem will be encountered by the caleulation of the austausch generator,
vwhere the air turbulence will change the conductivity in space and time and
also cause g convection current which is a function of space and time.

The differential equation of the three-dimensional current flow, which
has to be fulfilled by all solutions, 1s derived from the second Maxwell
eguation and is well known as the equation of the continuous current flow.
It is written in the following form:

. (.g!},'{) - o (1)

The intensity of the current production is usually given by a convection
— '
current (. In this case the gpace current source density w is given by

L

div §. If this is introduced into Eq. (1),
-
div (% +1i) = aiv -C'. (2)
From Eg. (2) follows
-g—E +1 = +c. (3)

?, which appears here as & kind of integration constant with the condition

dv ¢ = 0, is known as the complete Maxwell curremt. It is a current flow,
vhich originates at the boundaries of the considered gpace. In thunderstorm

problems, ?would represent the fair-weather current between the ilonosphere
and the earth, which penetrates the thunderstorm areas as well as the fair-
weather areas. However, the fair-weather current density is much smaller
than the current density caused by the thunderstorm, and therefore it is
usually neglected. This cannot be done in the cese of the austausch genera-
tor, which works in the fair-weather »egion. Here, the convection current

-y
density of the austausch generstor { and the current ?produced by the
charged earth are of the same order of msgnitude. (The conduction current

density of ¢ is the well-known eir-earth-current density.) Therefore, in
this case, bcth current sources have to be considered. But as the principle
of superposition also holds in the current-flow theory, the current dis-
tribution of the two sources may be calculated separately, and the solutions

4




superimposed. The dielectiric displa.cement D and the current density i are
connected with the electric field E through the following two equations:

6E= D. (h‘)
AE =1, (5)

(If A is a tensor Aas in class 5 problems, A E e -f, and from here on the
calculation of class 5 problems would branch off.) With Egs. (4) and (5),

£ is substituted for 1 and D in (3), and

E_az_l (7

E T2 (@D (6)
is obtained. The solution of this differential equation is

J- Adt AQt
; *J Te ; 1 - - <

Tae Bea0) +5 [ T+ e © at ), (1)
This is the general solution for ¥ for all class 1 to & problems. The inte-
gration constant 3( £=0) glves the field distribution for t=0. On account of
the integration constaent, the integral can be written without boundsries; an

the letter t, which ordinarily would appear as the upper boundary of the
integral, is used as the integration variable of the integral.

fo7]

According to the sbove-mentioned principle of superposition, the field-
vector f‘rma.y be split up into two purts; namely, E"c, which results from the

convection current 'E, and -ﬁb, vhich results from current emitted at the
boundaries.

- [ At Adt
E;:e ¢ EC(?&Q) +% I-;'e ¢ at]. (8)
S 1 . T
B = e Ep(te0) * 7 JT e a ). (9)

Equation (8) cannot be discussed without further knowledge of the con-
vection current f The a.na.lysis of Bq. (9), especially the physical meaning

of the complete Maxwell current T is given below.

The Solution of Boundary Problems without Convection Currents

Set T = 0, and from Eq. (6) the electric field Ey due to the boundary

conditions may be obtained. With the further omission of the subscript b,
it 1is




.@’ AE:E’.
at+s < (10}

The form and the physical meaning of the complete Maxwell current ?will
now be deduced from the three boundsry values ?b 3 EL , and ?s which ¢ has to
assume, first at the boundary (¢,), second, if X = 0 (Cg), and third, if
L NCAR

At the boundary of the current source, the field By is given by the
field strength Fy, and the time functlon T of the current source. Therefore,

-ﬁ’b = ?’b * T'» (ll)
F‘;(x,y,Z) is hereby a function of the space coordinates x, y, and z
only, and T(t) is a pure time function. This implies that on all parts of

the boundary of the current source the field changes with the same time
function. From Egqs. (10) and (11) follows

—
[

b = 4T | M e

— = gteh (12)

If A = 0, the electrostatic field distribution is obtained, which will be
indicated by a subscript e at thz Maxwell current ?e and the field vector

Fe‘ Furthermore, the finite propagation velocity of the electric field with
the speed of light will be neglected, which means that the electric field

E follows everywhere the time Tunction T of the source momentarily. E=
Fe * T. Hereby excluded are all problems where the propagation velocity of

electric signals becomes impor.ant, for instance, by the electromagnetic
wave of a lightning discharge (sferies). From Eq. (10) follows

-

Ce _ = a7
—_—= ., 2=, 1
- e 5 (13)

If the time function of the current source is a constant, the condition of
the stationary current flow is obtained, which is indicated by the subscript

§. With —= = 0 and Eg = F, T, from Eq. (10) is obtained

AF 7, (14)

e 3]

Equations (12), (13), and (14) indicate the form which the Maxwell cure

rent o in general will assume. It may be inferred that © is composed in the
following manner:
.g = € .i?e

A=

+ A f"s T, (15)




BEquation (15) fulfills all the required conditions. At the boundary,
where Fo = Foy, = Py, Eq. (15) changes to Eq. (12), and therefore meets the
boundary conditlons. Furthermore, div @ = 0, because div Fe = O as well as
div )\ ﬁs = 0. Thevefore the complete Maxwell current T is given in the form
of Eq. (15).

If Eqg. (15) is introduced into Eq. (9), with the omission of the sub-
script b, with Ezt:o) = ?b,

L pME o
= _E € ,w e ar,d e
E=F ] + e e dt

0 Te )&

- [ Adt radt
w YT g oY e,
+Fg e fwTe dt. (16)
; ¢

The physical mcaning of Eg. (16) beconss nuch clearer if the following
shreviations are introduced for the time-function factors of f;, F;, and f;.

i will be i [‘2‘9’3 2dt
Mo =e ¢ [ ¢ g (17)
e T at . 7
- Ak [ Ade
Tg =e € J‘% Te" ¢ dat. (18)
- [ Adt
To"-'e € a (19)
By partial integration of Egq. (17),
L[ aat 2t
'.t'e='1'--e“re r%TeIe

is obtained, and with Eq. (18),

The sum of the time functions of the electrostatic field and the
stationary current-flow field is the time function of the current source.
These time-~-function factours are obtained by the prescribed integration
process on the time function T of the source. They are different at each
point in space, because ) is a function of space; and they are of different
form for the electrostatic field Fe, the stationary current-flow field Fy,

and the decaying initial field F.

If Eqs. (17), (18), and (19) are introduced into (16),

T




P - - .
E = Fo T° + Fe Ta +-FS Tg e (El)

The electric field E is composed of three vectors, esch of them modulated by
a different time function. F, is the field distribution at the time t = O

and decays with the time constant of the observation point. f‘: is the elec-
trostatic field, and the veighting function T, is zero for a constant-
current source, but becomes very large for fast time variations of the

source. F, is the field of the stationary current flow, and the factor Tg
becomes one for a constant current source. It is pointed out that in generel

-y e

Fgs Fg, and 3"3 do not have the same directions, and the rules of vector

addition have to be applied. After the decay of F,, the field-vector E is
~ ->
limjited to the space between F, and Fg.

To illustrate the point, the field lines of a point scurce are drawn in
Fig. 1 for the electrostatic case (broken lines), and for the stationary
current-flov case in which the conductivity increases with eltitude according
to an e-function (solid lines). It is seen that for almost any point in
8pace the fleld direction and amplitude--the amplitude is indicated by the
spacing of the lines--is different in the two cases. If one arbitrary obser-
vation point ie selected, & picture of the composition of the field-vector

E 15 obtained, as given in Fig. 2. The weighting time functions will change

with time, and accordingly the vector E will change 1ts amplitude and shift
its position inside the hatched epace.

For a fast iime variation, f 15 predominantly given by ?e ; end for slovw

time variation, fwiu move back to the position of ?"s. Hence it becones
obvious thst for a complete solution the electyrostatic field has %o be cal-
culated as well as the field of the stationary curremt flow. The slectro-

statie, the current flow, and the initial field ?e R 'f", , end ﬁ, are given by

the gradient operation from their potential functions Pe, #;, and §,,
respectively.

Fo = « grad P, Fy = - grad gy, Fp = - grad §g. (22)

Hence, the electriec field T is also given dy the gradient of a potential
function §. E = - grad @. Therefore, with respect to Eq. (21),

grad § = To grad Po + T grad §, + Ty grad f,. (23)

Equations (21) and (23) ere the general solutions to all class 1 to L
problems in the sbsence of a corvection current.

Solution of the Differential Eguation of the Stationary Current Flow

If the current flow is staticnsry, derivatives with respect to time are

zero, and from Egq. (2) is obtained the differential equation of the station-
ary current flow.
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aiv Iz = O. (2k)
With Tg = A Fg and g = - grad g,

div ) grad Pg = O. (25)
The following self-explanatory operations are carried out on this equation:

div A grad § = O.

A div grad @ + grad ) grad § = O.

Divide by ){5‘ add and subtract § div grad )‘%

xzdivgz'ad¢+23radxagz'ad¢ § aiv grad 32 - ¢ aiv grad
)‘2=Oo

div(xz¢)-¢divg~ad (x’=‘=o.
divgra.d)@ﬁ uvgadh=o_

(26)
¢
Here are defined two new functions:
1 L
M=)¢ and N = )2, (27)
Introducing these new functions into Eq. (2k), the relatively simple
equation is obtained:
div grad M _ div grad N |
7 = 5 (28)

With this equation there are avsilable all the solutions of the electro-
static theory 4iv grad M = 0, 1f it is possible to present )\ by a function
N2, of which div grad N = O.

It is pointed out that different coordinate systems may be used for the
representation of M and N because the operation div grad is invariant
against a change of coordinstes.

As an example, assume that it is desired to calculate the potential
function of a point source inmbedded in a medium where the conductivity can

be represented or approximated in the space under consideration by a suitable
piece of a parahola.

A= (@2 - 8), (29)

The parameters m, a, and )\, cen be used to select the best-fitting plece of
the parabola.

From Eq. (27) follows

N=a =A?® (uz-a), - (30)
o, 11




and

divgradN:.‘f_gso. (31)
dz

Introducing this result in Eq. (28),
div grad M = O. (32)

This equation measns that any known electrostatic potential funeticn or any
sum of them may be chosen in any coordinate system which suits the purpose

best. For a point source, polar cocrdinates would certalnly be chosen,
where the function M is given by

M=é- (33)

r

A is here & constant given by the strength of the source I, and r is the
distance of the observation point from the center of ithe point source., If
the point source is located in the cartesian coordinates at the polnt x,

1
2

Yo, Zos then r is given by r = [(x-x°)2 + (¥-3.)2 + (;-zo)a] . The poten-
tial function is now easily obtained by Eqs. (2’?) , (29), and (33).

gt A » (34)
@ A (m7mea)r

The determination of A remnins g8 the last step. If the point source is
inclosed by a small sphere of the radius ry, whicek is chosen so small that
the conductivity A can be considered as constant with the value at the cen-

ter of the sphere A = A, (m 2, = 3)2, then, according to Eq. (34),

pe= —2t : (35)
A (mzg-a)r

The field in the r direction on the little syhere r = T is given by

A 1
- 2,
Ao (m2zg = 8) T

and the current densility sccording to Ohm's law i = \F,
2 %
Al (mzy - a) AN (mzg - 8)

s 2 2
A2 (mzy, - a) 7y T,

i, =

Integration over the surface O of the little sphere gives the current
strength I of the source.

1
H
Ady (mzy - a) o
I=[1,40= 5 b5,
&) I'O

12




or

A= %I . (36)
1&1'1),0 (m 2z, ~ a)

If this result is introduced in Eq. (34), the final solution for the poten-
tial function §; of the problem is obtained.
1 . 1 .
¢"T+ﬂ3°(mz°-§) mz-a)*r (7

Unfortunately, in atmospheric electric problems, the conductivity is
usually represented by an e-function. For instance, in a cartesian coordi-
nate system x, y, 2, in the manner

The x,y plane vith z = 0 represents hereby the earth's surface, and )\, the

conductivity at the ground. This function (given in Eq. (38)) does not
fulfill Laplace's equatiom, but it is

d4v grad 3. )‘,i x2 K% « x2'N, and

div Nﬂ&d N. 12. ( 39)

Therefore, the function M 1s given as the solution of the differential
equation

div grad M - k€ M = 0. (40)
To solve Eq. (40), the method of the eigen functions will be applied,
but confined to prodlems of rolationsl symmetry. This means that, for

instance, in polar coordinates r, €, #, the function M 1s given by the
product of a function f(r): which depends on r only, and another function

8(e)> vhich depends only on @,

N =2(r) &)" (41)
This leads with Eq. (l40) to the differential equation

ddv grad f+g - k2 £og = O,

or, in polar coordinates,

e  2ar r a g .2
gl S +28E ) 4 I S s Perao0 42
61.2 v 4dr rESmng a9 g ’ ( )
or
1 [, 2 bgl L o1ng B 1.0, (43)
ke | ar® rar r“ k2 g sin 0 W a0

13




1

E‘E‘i"‘ﬁd@ inod8=-n'(n+1) (4)

where n =0, 1, 2, 3, + .« ., the spherical functions of the first kind P
(Legendre's funciions) are obtained as a solution for -8

g= Pn(cos Q)° (45)
If Eq. (kl4) 1s inserted in (43), the differential equation

8% 248 (= (o8) . ka) f = 0 is obtained for f. (46)

are T ar re

Equation 46 can be solved with the help of cylinder functions Z.p y with a
noninteger parameter p = n + g“ The solution is given by

£x (JET)E 2 (3 k), (47)
Thereby, § is the imaginavy unit j = /=1.
The complete solution for M follows from Egs. (41), 45), and (47).
My = Ay Fo (3 K 2)Z 2, (3 k). (48)

A, 18 an arbitrary constent, which serves to meet the preseribed
boundary condition. M may be presented in a more general way as s super-
position of the My.

M= z MI‘,\" (‘+9)
n=

The cylinder functlons Zp of a noninteger parameter p can be expressed

in given polynomials of the argument end sin and cos functions. For
instance, for n = 0,

A e} 8in 3 k 7.

-

2
5

b |

With P, = 1, and sio J k v = § sin b k ¢ =3§ [exp (kr) - exp (-kr)] R
Mg = A [exzékr) . %R L:k;'lJ (50)

The constent factor (2 1)°F §s hereby combined with Ag.
Each of the e-function terms ip the bracket of Eq. (50) fulfills the

differential equation. Hence, if the boundary condition requests a pole

(Mo » ®) at the origin r = 0, only the second term is used. This will then
lead to the potentisl fumction of a point source.

According to Eq. (27). the potential function is given by

8 =¥ F,
1h




Using only the second term in the bracket of Eq. (50), and letting A,

take care of the sign and the constant factor )\, 2, the potentlial function of
a point source is obtained.

$ = g — E;:,(r 2] (51)

In a manner very similar as before, it is possible to calculate from
Eq. (51) the field strength in the r direction on the surface of a very small
sphere around the current source I, convert the field into the current
density, and integrate over the surface., This gives the strength of the cur-
rent source I, and the constant A, can be determined. It is

Ao ='1;-I-;,k—g , (52)

vhereby )\, denotes the conductivity value at the current source. From
Eas. (51) and (52), the final solution is obtained:

exp [-k(r + l)] .
A R — . - (53)

For k = 0, Eq. (38) 48 A = A, exp (2 kz) = ),, & constant, and
Eq. (53) simplifies to

. SR
YA T

This is the right solution for the point source in a medium of constant
conduetivity.

The equation (53), which follows here as the simplest solution of Egs.
(k8) and (49), 4s the key solution im the ealculation of the electric field
of thundexatorms of Holzer and Saxon ,9 in the ealculation of the recovery

curve of lightning discharges dy Tamura, 10 and 1n the calculation of the
thunderstorm generator by the author.

It is mentioned bhere that a similar procedure to that used for polar
coordinates led to the eigen functions of the differentlal equation,

Glv grad M - k°M = O -in cylindrical coordinates z, R, §. Again assuming
rotational symmetry,
1 .
My = AnZo(n x R) ©*P [.:(l - n2)2 x zJ . (54)

2, is the ¢ylinder function of the order zero. n is here not confined to an
integer, but may assume any value, TFor n =0,

My = Ag exp (tkz).
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eigen function of the order zero in cylindrical coordinates. In cartesian
coordinates the eigen functions are given by

1
It is seen that the root of the conductivity function )é = K°§ ekz is the

My = A, exp (tejx) exp (seny) exp (egz). (55)
¢y, Cp, and ey exe arbitrary functions of mn, restricted only by the equation
cla + c22 + c32 s k2, (56)

A final vemark is made ebout the representation of A in polar coordi-
nates. Xt 1s seen from Eq., (48) and from Eq. (50) that a pure e-function is
not an eigen function in the polar coordinate system. Therefore it is not
possible to obtain a simple solution of the potential function § for

A=Ay exp (2 kr). The b:st that can de done is to choose the following
function for A:

r°2 exp [21{ (r = ro)]

A=, = . (57)

In this case,

1 L ekr
N:.-Az;AOZexp(-kro)'ro'—l-_—’

which i5 an eigen function according to Eq. (50). Ao is given by

Ay = X% T, eXp (=k ro). If r, denotes the earth's radtus, and this discus-
sion is confined to the space detween the earth's surface and about 100-kn
altitude, tbenm tke r< in the denominator changes very little, but the
e-function in the rominator increases in the requested way. Hence, the
representation of A by Eq. (57) is absolutely feasidle. This will, then,
bring agein the full benefit of the simple solutions as outlined above.

The Mirror law in the Current-Flow Theory

To imtroduce the earth®s surface as an equipotential layer, the mirror
lav is applied in the electrostatic theory. As this is s powerful method
which leads o sinple sclutions of boundary probdlems, its application in
the eurrent-fiaw theory will he discuyssed driefly.

Take a point source I and place it in a cylindrical coordinaste system
2, R, § on the positive z axis at the point z = h. With regard to the
coordinate system used tor formula (53), the zero point has been shifted
down the z axis by the Aistance h. As can be easily verified, this means
that the potential funcvion § is now expressed in the following form:

) exp [ﬂb(" + 7 - h)J
¢n 2o ,E,.TT;I....); F——— = . (58)

My = Ao exp (2 kh) 1s bere the conductivity at the altitude h, and r is
" L
given by r = [R;i + (7 - n)=t ®)
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To now introduce the plane z = O (earth surface) as an equipotential
layer, place, analog to the electrostatic theory, a point source of the

strength I* at the mirror point of I, i.e., at z = «h, The potential
function @* of this source will be

e P [-k(r* +z + h)]

with r#* = [(z +h)2 + Raﬂ% and A* = Ay exp (-2k h), the conductivity value
at the point z = -h.

The superposition of @, and g* results in & potential function @, which
will be zero for z = 0.

exyp Ek(t + 2 - h)]

[ 3 = I
B=furpr Lomay T
f It exyp [-k(r*+z‘+h)] ' (60)
b owoam ¥
Forz=018r=r*,0=-§;exp(kh)+§;exp(-kh),or
I*=')‘* exp (?lihl)l. (61)

An

If Eq. (61l) is inserted in Eq. (60), the final formula for the
potentisl function @ is obtained:

? = Eﬂlkh [exP z('ﬂ_r)_..g%"—k—r:);lexp -k(z-h) . (62)

For k = 0, Eq. (62) will change to the potential function P, of the
electrostatic theory.

o = rix [% - %—:.] : (63)
With A\* exp (2 kh) = Ay, from Eq. (61),
I* = - .;‘1_’1 . (64)

In the electrostatic theory, the mirror source is placed at the mirroxr
point -h and its strength is of the same amount but of opposite sign of the
original source. It is seen here that in the current-flow theory the loca-
tion and the sign reversal are retained, but that the amount of the mirror
source is smsller than the original scurce in tiue same proportion as the

17




conductivity at the ground A, is smaller compared to the conductivity Ah
at the height of the original source.

Appllied to the current flow of a thunderstorm, this result has far-
reaching consequences, as pointed out by the author. It means that only a
part of the conduction current produced by the thunderstorm--namely, that
given by I%*-~flows to the earth's surface in the immediate neighborhood of
the storm, while the other part is drained off to the ionosphere snd con-
tributes to the aire-earth current of the fair-weather areas. The difference
between the lines of current flow of a point source in s medium of constant
conductivity, A = ),o (equivalent to the field lines of the electrostatic
case), and those of a point source in & medium of increasing cond ctivity,
A= A, exp (2 kz), can be easily recognized from Figs. 3a and 3b.° This dif-
ference also affects very drastically the amount of charges of the thunder-
storm, es calculated from field measurements at thc ground,*®, 15 the field
reversal at the ground from a bipolar thundersioym, the recovery curve of
the lightning stroke,™> and many other phenomena. But, as the object of this
report 1s to outline the methods of calculation more than to discuss specific
epplication, the mathematical aspects will be continued.

The Potential Function of a Decaying Current Source

This problem finds 1ts application in the ecaleulation of the recovery
curve after a lightning discharge. Field records of a thunderstorm taken at
the ground show that each lightning flash increases (or decreases) the so-
called stationary field of the thunderstorm very suddenly, and that after the
flash is completed the field returns to its preflash value in an e-function
fashion, whereby the time constant of the decay is approximately ten seconds.
The return is called the recovery curve.

This phenomenon is rather puzzling because the time constant of the air
at the ground is about 600 secconds, and charges separated or produced by the
lightning flash should theref.re decay mich slower. Tamural® showed in an
excellent analysis that a much faster decrease of the field at the ground
will result if, besides the decay of the lightning charges with the time
constant in the cloud and the regenerating effect of the thunderstorm's
charging mechanism, the screening effeet of the space charge is taken inte
account, which builds up under the influence of the conductivity which
increases with altitude. In other words, his calculations are based on the
theory of current flow. The calculation glven here may be considered as s
part of Tamurs's analysis, but presented from a different point of view,

namely, to show a classical example of the full application of the current-
flow theory.

The key problem 1s that of the decaying point charge. Assume that the
charge +Qo is deposited by the lightning flash at a point at the altitude h.
(If it is a cloud flash, in addition a negative charge -Q, would have to be
placed at a higher altitude H and the resulting fields superimposed.) The
charge decays with the time constant ©' at this altitude. g1 _ €  qpe
charge Q left at the time t is then given by A,

ANt

Q=0 e . (65)
18



F1G. 3. FIELD AND CURRENT LINES CF A POINT SCURCE ABOVE A COKDUCTING PLANE IK A MEDIUM WITH
[4) CONSTANT CONDUCTIVITY
(b) CONDUCTIVITY INCREASING WITH ALTITUDE
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The current output I is given by

- At
€

= = = A
I = % Ao . (66)

Therefore, the time function T of the current source is given by the
exponential function of Eq. (66).
- Mt
€

T=e . (67)

The conductivity A depends here only on the space coordinstes, but is con-
stant with time. The weighting time functions T,, T4, and T, given by
Egs. (17), (18), and (19) simplify to

- &
¢ ar ¢
Te = e Iart' e dat. (68)
- At AL
€ €
Tg = © IT e dt. (69)
At

. g
Ty =€

. (10)
With T given by Eq. (67), the integrals can be solved, and it becomes

S\

Te A=~ A T. (71)
- A

TS - X = Al T. (72)

The equation To + Tg = T is fulfilled by Egs. (71) and (72). The next step
1s to determine F, from the initial condition. For t = 0, it is found that

the field E shall be the electrostatic field -F'e , since the lightning flash
occurs in such a short time that the space charges of the stationary current-
flow field due to the conductivity variation have not accumilated. From
Egs. (21), (67), (70), (71), and (72) follows for © = O,

- - 7\ —

L A
Fe =Fo - xw Fe * 7T T
or

A - A ;
'i'?o'—‘}\_')‘,Fe-{'}\_h]?so (73)

If Bq. (73) is introduced into Eq. (21), obtained with regard to Egs. (71)
and (72) is




o A M . A b
B ® e (T, TT) E:’e +

A (7 - 1) F. (74)

Bquatioci (74) is the final form of the field equation of the decaying
point source. It is valid for every point in space. But it must be remem-
bered that vector addition is required, because F, and Fg do not bave the

same direction. Only at the ground is the direction of i‘,’, Fe , and Fs the
same, namely, vertical to the ground surface. In this case the vector
equation (7Th) cimplifies to a scalar equstion. Notice that the sum of the

weighting time functions of ¥, and ¥, again is T, the time function of the
current source.
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