
^1 ':V^! r1* ■ ‘/’W "■ : '': ' ■" ';' " 

UNCLASSIFIED 

*dI 4 2 11 » 1 

DEFENSE DOCUMENTATION CENTER 
FOR 

SCIENTIFIC AND TECHNICAL INFORMATION 

CAMERON STATION. ALEXANDRIA. VIRGINIA 

UNCLASSIFIED 



HOTICIi When government or other drawings, speci¬ 
fications or other data are used for any purpose 
other than in connection with a definitely related 
government procurement operation, the U. S. 
Government thereby incurs no responsibility, nor any 
obligation whatsoever j and. the fact that the Govern- 
ment may have formulated, furnished, or in any way 
supplied the said drawings, specifications, or other 
data is not to be regarded by implication or other¬ 
wise as in any manner licensing the holder or any 
other person or corporation, or conveying any rights 
or permission to manufacture, use or sell any 
patented invention that may in any way be related 
thereto. 



CA
TA

LO
GE

D 
BY

 D
DC
Í 

*
2

1
1

8
1

 
as
 

AD
 N

o. 

“—- 

'Si;. >3» 
k 

.¾ • \ i 

TECHNICAL NOTE R-5Z 

A FORTRAN PROGRAM FOR COMPUTING RE] 
TRANSMISSION; AND ABSORPTION COEFFId 

FOR AN INHOMOGENEOUS PLASMA LAY 

•• /« > ^7: j.- 

8' .... m 
• j ■ 

; ' ■ ' 

&, f <7 
■■■■)• ■ ;:;V' : -' - ' 

Â'-.î': .,: - :-¾. 

^V- .:: 

@8/ 

'VÄ- 

Prepared By 

B. H. Kavanaugh, Jr. 

J, M. Scarborough 

... V'>. 

. '-’^r ,v 

I m. 

fe::: ...-- --:.:.-:-1 
1¾¾. if.:: .’ 

''fíÚr'í'' 

r ■ 

June, 1963 

-, 

ír ,*- V . 

----) :-¾ 

«SsiVwitó &1- 

Ir'W.’S V;. • 'Xt'- 
ÏÏK^fX. sA 

m. 

BROW 
E G COMBA f INC 

HUNTSVILLKf ALABAMA 

DDC 

lULb^Cbo , 
TISIA 8 

6-v-": :f:: T;. 
wKS^ÉÊÊÊÊÊjim 

'vC^.'v.^ 



TECHNICAL NOTE R-52 

A FORTRAN PROGRAM FOR COMPUTING REFLECTION, 
TRANSMISSION, AND ABSORPTION COEFFICIENTS 

FOR AN INHOMOGENEOUS PLASMA LAYER 

June, 1963 

Prepared For 

RE-ENTRY PHYSICS SECTION 
RESEARCH AND DEVELOPMENT DIRECTORATE 

ARMY MISSILE COMMAND 

By 

SCIENTIFIC RESEARCH LABORATORIES 
BROWN ENGINEERING COMPANY, INC. 

Contract No. DA-01-009-ORD-lui9 

Prepared By: 

B. H. Kavanaugh, Jr. 

J. M. Scarborough 



ABSTRACT 

This report describes a FORTRAN computer program for 

computing the transmission, reflection and absorption coefficients 

of an inhomogeneous plasma layer. A modified Runge-Kutta integra¬ 

tion scheme is used to solve Maxwell's equations for the electric 

and magnetic fields at the boundary of the plasma layer. 
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LIST OF SYMBOLS 

A absorption coefficient 

B time dependent magnetic induction vector 

c speed of light in vacuum = 2. 9979576 x 108 

D time dependent electric displacement vector 

f time dependent electric intensity vector 

E(z) complex magnitude of electric field inten.ity within plasma 

Ei imaginary part of E(o) 

E1 complex magnitude of ¿SSff&Sed electric field intensity 

Er real part of E(o) 

E^ complex magnitude of transmitted electric field intensity 

e base of Napierian logarithms 

Eq1 complex amplitude of incident electric field intensity 

H time dependent magnetic field intensity vector 

H(z) complex magnitude of incident magnetic field intensity 

Hi imaginary part of H(o) 

H1 complex magnitude of incident magnetic field intensity 

Hr real part of H(o) 

Ht complex magnitude of transmitted magnetic field intensity 

i nCT 

Ho1 complex amplitude of transmitted magnetic field intensity 

7 time dependent true current density 

Kr relative permittivity of plasma 



LIST OF SYMBOLS (Continued) 

K* dimensionless conductivity of plasma 

k propagation constant for dielectric window 

kQ free space propagation constant 

R reflection coefficient 

S parameter defined by Equation (21) 

T transmission coefficient 

t time 

z Cartesian co-ordinate normal to surface of plasma layer 

j5 value of z at "outer" surface of plasma layer 

Greek Symbols 

o propagation constant of plasma 

(3 attenuation constant of plasma 

6 parameter defined by Equation (22) 

em permittivity of dielectric adjoining plasma layer 

e0 permittivity of free space (8.854 x lO'12 farad/meter) 

t effective permittivity of plasma 

\ wavelength in plasma 

\0 free space wavelength 

permeability of free space (4tt x 10-7 henry/meter) 

or effective conductivity of plasma 

w angular frequency of incident wave 
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error limits in the integration 

Fijo CODE - 0 on all cases but last 

Fiji A for conductivity 

r 152 B for cw«dv.ct’yity 

F U} C for conductivity 

Fi54 D for conductivity 

Fus E for conductivity 

F155 A for permittivity 

F157 B for permittivity 

F155 C for permittivity 

F159 D for permittivity 

F150 E for permittivity 

F151 Mi^ 

F152 M2 

F153 Mj 

Fl54 Mi 

F155 Ms y Dielectric Constants 
of the Antenna Window 

F155 M6 

F157 M7 

F155 Mg 

F169 M9 

F170 Mio 
J vi 



Fm 

F ns 

H 

OMA 

PHIE 

PHIH 

RM 

TE 

TM 

TT 

Y1 

Y2 

Y3 

MB conductivity equation numbers 

J permittivity equation numbers 

magnetic field 

omega 

<!>£ phase of the electric field at z « 

<|>fj phase of the magnetic field at z 

reflection coefficient 

end of range 

transmission coefficient 

beginning of range 

real component of electric field 

imaginary component of electric field 

real component of magnetic field 

imaginary component of magnetic field Y4 



INTRODUCTION 

The program described herein uses a method for computing reflec- 

tion and transmission coefficients for a plane-parallel inhomogeneous iso¬ 

tropic layer of plasma in which the plasma properties are functions only of 

distance along a normal to the surface of the layer with normal incidence 

assumed, as presented in a paper by Scarborough.1 

This report presents a direct and expedient method for computing 

these coefficients for a wide variety of distributions of both permittivity 

and conductivity which takes full advantage of available digital computers. 

The method involves the direct numerical integration of Maxwell's equations 

within the plasma by a modified Runge-Kutta integration process that allows 

accuracy control in the solution of differential equations. 
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ANALYSIS OF INHOMOGENEOUS PLASMA LAYER 

^ 

Maxwell's equations for a stationary medium containing no free 

charges are 

V* D = 0 , 

V* B = 0 , 

VxE 3B 
J7 ’ 

(1) 

(2) 

(3) 

„ - 3D 
Vx H = J + 

As is shown in Reference 1, Maxwell's equation can be reduced 

to the following form for an inhomogeneous plasma layer in which the 

plasma properties are functions of a single Cartesian co-ordinate z 

normal to the surface of the layer: 

(4) 

dEr 
dz = -w^oHi 

dEi 
—— = wp0Hr 
dz 

(5) 

(6) 

dH 
-5r = -w'o<KiEr + KrEi) , 

dH 

(7) 

dz 
Í=Wc0(KrEr-KiEi) (8) 
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and 

Ki = eoW 

(10) 

with e and a functions of the co-ordinate z. 

A transmitted Wav. ET of unit amplitude and phase (k0* - M0) - 

assumed in the free-.pac. region immediately "outside" (i. e.. * > ^o) 

plasma layer a. shown in Figure 1. With ET(s0) - Er|a0)+iEi(s0) = 

1+i0 and hT,s0) - Hr,s„) + iHi(a0, = ^o + ‘0 « initial values, 

the system of equations (5). (6), (7). and (8, is integrated numerically over 

,h. rangée < a < s0 using the modified Runge-KutU method described 

in Appendix A. The integration proceeds hach.ard along the a axis to the 

origin which is taken at the interface between «he plasma layer and the 

dielectric window of the transmitting antenna. Across the boundary a = 0, 

« i. required that the electric and magnetic field, be continuous, and the 

following equations are derived for reflection and transmission coeff.c.ents 

to term, of the terminal values Er(o>, Ei(o), Hr(o), Hi(o) of the fields-. 

R = 
tJT^Er(o) --JTo + Ei(0) ' ^ H — 

[^Er(o) +^0Hr(0))1 + Ei(°> + ^°Hi,0l)! 

(ID 
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T 
4^cme0 

. (12) 

Er(o) + Vji0 Hr(o)]2 + [n/c^Í Ei(o) + *f\ï~0 Hi(o)]2 

The absorption coefficient. A, is then given by 

A = 1 - (R + T) . (13) 

The expressions for Kr(z) and K¿(z) are chosen independently 

from the following list and these choices are specified in the input to 

the program. 

K(z) = Az4 + Bz3 + Cz*4 Dz + E , (14) 

K(z) = Az“4 + Bz“3 + Cz“2 + Dz“1 + E , (15) 

K(z) = AeBz + Ce"Dz + E , (I6) 

. (* ^ B)2 
K(z) = Ae C #D + E . (1^) 

The constants A, B, C, D, and E are chosen to give the best 

fit to the true distributions over a given range of z. Several expres¬ 

sions may be used to obtain a piecewise fit over the entire range 

0 < z < z0 as explained in Appendix B. 

The choice of location of the boundaries separating the various 

ranges is largely arbitrary, but the following conditions should be observed: 

all boundaries should be located at z values which are integral multiples of 

5 



ag/100. If this is not possible, an effort should be made to locate the 

boundaries at points just less than an integral multiple of z0/100 as the 

program will in effect shift the boundary to the next integral multiple of 

xo/100 greater than the boundary specified. In most cases this poses no 

serious limitation upon the accuracy or the usefulness of the program. 

6 
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TESTS 

In order to determine the accuracy of the program and to investigate 

the effects of variations in certain parameters on accuracy, a number of 

test cases were computed and the results compared with those found by 

other methods. The tests performed were divided into three groups: 

(1) homogeneous non-conducting layers, (2) homogeneous conducting layers, 

and (3) inhomogeneous conducting layers. Results of the first two groups 

of tests were compared with values computed using analytic solutions for 

these simple cases; results of the third group were compared with those 

obtained by Albini and Jahn2 for trapezoidal distributions of electron 

densities. 

Group I. Homogeneous Non-conducting Layers 

In these tests reflection coefficients were computed using 

the following values for the various parameters: 

KA = 0 Kr = 1, 2, 4 

Layer Thickness = Zq = 1 no, 0. 1 m, 0.01 m 

= 0.125, 0.250, 0.375, 0.500, 0.675, 0.750, 0.875, 

1.000, 1. 500, 2.000, 4.000 

■m 1, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5 

7 



Values computed using the formula 

|[(V«m/«o “ */K"r)(N/K¡. + 1) + (^em/eo + N/Kr)(N/Ki “ 1)P 

-4(^- - Kr ) (Kr - 1) sin* 

^[(Vím/íQ ^Kr)(^Kr +1)+ (^fm/eo “ ^Kr)(- 1)] 

-4(£m . Kr) (Kr - 1) sin* | 

were used for comparison. 

Group II. Homogeneous Conducting Layers 

Reflection and transmission coefficients were computed 

for the following conditions: 

+ 1 
1 - Kr 

0.5, 1.0, 4.0 

— = 0.5, 3.0 
K 

Zo = 0.1, 0.01 

8 



These resulte were compared with those obtained from a second 

computer program which computes R and T from the formulas:3 

and 

R = sin2 az0 + sinh8 ßz^ 
sin (az0 +6)+ sinh2 (|3z0 + S) (19) 

where 

T = 
sin2 6 + sinh2 S 

sin2(az0 +6)+ sinh2 (pz0 + S) (20) 

S = ln\^±^L±t) 
L(k0 - a)2 + ß2 J (21) 

6 = tan -i 2k0ß 

a2 + ß2 - k2 (22) 

a = ~-(vKra + Ki2 + Kr)a (23) 

P = ^ ( + - Kr)2 (24) 

9 



Group in. Inhomogeneous Conducting Layer» 

In Reference 2, Albini and Jahn present in graphical form 

the results of computations of reflection and transmission coefficients for 

plasma layers having electron density distributions of trapezoidal form 

(i. e., distributions which are constant over the central region of the layer 

and decrease linearly to zero electron density at the surfaces). A constant 

collision frequency is assumed. These computations were based on analytical 

expressions obtained by matching plane wave solutions in the uniform central 

region with appropriate Airy function solutions in the inhomogeneous regioas. 

The following values of parameters were used to reproduce 

a particular set of results as presented in Reference 2: 

Kr * -30. 4 z + 1 o < z < 0.025 
Ri = 4.0 z - “ 

Kr = 0.24 0.025 < z < z0 - 0.025 
Kj = 0.10 -- 

Kr = 30.4 z + (1 - 30.4 z0) (Zn - 0.025) < z < z0 
Kj = -4.0 (z - z0) ° “ " 

z0 = 0.06, 0.08, 0.10, 0.12, 0. 14, 0.16, 0. 18, 0. 20 

w = 1. 8836723 X 1012 ~ = i 

10 
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RESULTS 

In order to conserve space, only a few results typical of their 

particular groups are presented. 

Group I. 

Reflection coefficients for the case Kr = 2, Kj = 0, and 

tm/t0 = 3 are listed below for eleven values of z0f\ and two values of 

iQ, For convenience in comparison, the corresponding values of R as 

computed from equation (18) are listed in the adjacent column. 

z0 = 1 m 

*oAx 

0. 125 

0.250 

0.375 

0.500 

0.625 

0.750 

0.875 

1.000 

1.500 

2.000 

4.000 

3.9630627 x 10 

5. 1548061 x 10 

3.9630426 x 10 

7. 1796888 x 10‘ 

3.9630644 x 10 

5.1548134 x 10 

3.9635804 x 10‘2 

7. 1796971 x 10-2 

-3 

-2 

-2 

-2 

,-3 

7. 1796929 x 10" 

7.1796910 x 10 ,-2 

7. 1796868 x 10 ,-2 

equation 18) 

3. 96305 x 10'2 

5. 15478 x IO“3 

3.96305 x 10-2 

7. 17968 x lO'2 

3.96305 x 10“2 

5. 15478 x 10"3 

3.96305 x 10”2 

7. 17968 x 10"2 

7. 17968 x 10"2 

7. 17968 x 10"2 

7. 17968 x 10“2 

11 



0.125 

0.250 

0.375 

0. 500 

0.625 

0.750 

0.875 

1.000 

1.500 

2.000 

4.000 

Zq = 0.01 m 

R 
(program) 

3.9891224 x 10’2 

5. 1592200 x 10'3 

3. 9632806 x 10-2 

7.1796898 x 10‘2 

3.9626767 x 10“2 

5. 1548193 x 10‘3 

3.9635924 x 10‘2 

7. 1796883 x 10"2 

7. 1796945 x 10"2 

7. 1796888 x 10'2 

7. 1796868 x 10"2 

(equation 18) 

3.96305 x 10'2 

5. 15479 x 10”3 

3.96305 x 10'2 

7. 17968 x 10’2 

3.96305 x 10’2 

5. 15478 x 10'3 

3.96305 x 10“2 

7. 17968 x 10'2 

7. 17968 x 10‘2 

7. 17968 x 10'2 

7. 17968 x 10'2 

Group II. 

The following results apply to the case Kj/(1 - Kr) = 0. 1, 

z0/X = 0. 5, z0 = 0. 1 m, £m/e0 = 1. ^r three values of (Ki2 + 1)/(1 - Kr): 

(Values of R and T as computed from equations (19) and (20) respectively 

are listed for comparison.) 

Kj2 + 1 

1 - Kr 

0.5 

1.0 

4.0 

Reflection Coefficients 

R 
(program) 

3. 2831956 x 10“2 

4. 9112033 x IO-1 

8. 9099815 x lO"1 

R 
(equation 19) 

3. 2820612 x 10"2 

4.9111955 x lO“1 

8.9100520 x IO-1 

12 



Transmission Coefficients 

□ 
a 
□ 

K*+ 1 

0.5 

1.0 

4.0 

• 

T 
(program) 

2. 5536399^1.0-1 . 

2. 0 5489,0# ^ Ï0 -1 % 1 % 

5.3000023 X 10-5 

T 
(equation 20) 

2. 5.531482 x 10-1 

2^05^8^82: x '10"1 

5.2958208 x 10-5 

G 
□ 
□ 

Group HI. 

Results of the inhomogeneous conducting layer tests are 

tabulated below for comparison with values read from the curve of 

Reference 2. Due to the limitations inherent in reading values from 

such curves, the last digit in each of these numbers is doubtful. 

D 
G 
G 
G 
D 
□ 
ü 
D 
D 
D 

Zq/^O 

0.6 

0.8 

1.0 

1.4 

1.6 

1.8 

2.0 

R 
(program) 

176026404x IO"1 

1. 5735421 x IO-1 

8.7658395 x IO"2 

4. 1034775 x IO"2 

5.9441907 x IO-2 

9. 3593028 x IO-2 

9.7007352 x IO-2 

7.7091658 x IO-2 

R 
(Reference 2) 

1.61 x IO-1 

1. 57 x 10“1 

8.76 x IO“2 

4.04 x IO"2 

5.90 x IO“2 

9. 36 x IO"2 

9.67 x 10"2 

7.73 x 10"2 

13 



CONCLUSIONS 

From the results of the Group I tests» it is seen that the 

program yields values in good agreement with the theor^tiç^lv^alues 

of ^Â^o^co^ihtó ;^raçf ^s-t^' g0ôèraíl^^^íl 

for combinations of small z0 and (relatively) large X. For other 

combinations» the program yields results consistently accurate to 

five significant figures with occasional seven-place accuracy. In no 

case tested was the accuracy less than 1%. 

Results of the Group II tests indicate that the introduction of 

conductivity into the homogeneous layer does not degrade the accuracy 

of the program, and transmission coefficients are computed with 

comparable accuracy. 

Results of the third group of tests indicate that inhomogeneities 

in Kr and K¿ requiring piecewise fitting over several ranges of z may 

be successfully treated. No conclusions concerning the accuracy of the 

program in this case may be drawn from these results, since in this 

case, the program is probably more accurate than the values used for 

comparison. 

It should be pointed out that in applications of the relation 

u = 
2ir c 

to determine the frequency required to produce a »ave of given length 

in free space, the speed of light c was taken as 2. 9979576 a 10* 

meters /second in order to be consistent with the relation c = (*0^0) 

14 
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maximum relative error 

error estimate for each of the 4 dependent variables 

□ 
□ 
□ 
□ 
□ 
□ 
□ 

h 

i 

i+ 1 

I 

n 

®n, i + 1 

yn 

Yn 

Yn,i 

Yn, i + i 

z. 
i 

z0 

(I) 

(II) 

a function 

step size 

refers to the old value of the independent variable 

refers to the solution at the new value of the independent 

variable 

order of integration (2, 3, or 4) 

values 1-4 inclusive - referring to the 4 equations 

relative error 

dependent variables 

first time derivative of the dependent variables 

old values of dependent variables 

new values of dependent variables 

specific value of the independent variable 

point on z axis in free space region 

one-step approximation 

two-step approximation 

□ 
□ 
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The method ueed by SUBROUTINE RUNGKT is briefly described 

as follows: 

1. Use initial conditions for the 4 dependent variables as 

solutions at z = z0 and adopt the maximum step size 

permissible. 

2. Perform a Runge-Kutta integration to find the single 

step solution for the new value of the independent 

variable» z. 

3. Halve the integration step size. 

4. Resolve the problem from the last convergent point using 

two applications of the reduced step size. 

5. Compute an extrapolated solution making use of both 

solutions. 

6. Compare the two-step solution with the extrapolated 

solution. 

7. If the two solutions are sufficiently close, the procedure 

is continued using the extrapolated solution as initial 

values at the updated point z. 

8. If the two solutions are not sufficiently close, the reduced 

step size is again halved and the procedure restarted from 

step 4 using the conditions at the last convergent point. 

18 



9. If the two solution« agree too closely, then the basic 

step is doubled and the procedure restarted at step 1 using 

the extrapolated solution at the new value of the independent 

variable« 

The above briefly describes the method; however, additional 

details are given below. 

The one-step approximation is found by a Runge-Kutta numerical 

integration. 

The two-step approximation is found by halving the step »ise 

and computing a one-,tep approximation at point (a; + |). Thi, 

approximation U then u,ed a« the etarting point for another one-etep 

approximation again u.ing the halved value of step aire. Thi. two-.tep 

approximation then can be thought of as two one-step approximations. 

The procedure used for automatic error control is as 

follows: ® 

1. An error estimate for each of the four dependent variables 

using extrapolation to zero step size is expressed 

En, i + i = 

(ID _V(D. 
Yn, i+i yn, i+i 

21 - 1 

where I is the order of integration. 

19 
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2. These values of En, i +1 are added to the two-step results 

to obtain an extrapolated solution. 

(II) 
Yn.i+i “Yn.i + i + En,i + i • 

3. A relative error term is next defined and computed for 

each variable. 

K-n, i +1 
En, i +1 

Yn, i + > 

4. The maximum relative error (Rn( i + i)max i» designated E 

and is tested against two bounds El and E2. El is to keep 

the integration step size from remaining too small and E2 is 

used to keep the interval from becoming too large. The 

program then halves the interval and repeats the step» con¬ 

tinues at the same interval, or continues at twice the interval. 

5. The subscript n of the maximum relative error is recorded 

in INDEX. The value of index and the value of the nonconvergent 

term is printed when no convergence occurs. The program 

will try to restart the solution five times. 

Given the initial conditions of the dependent variables at point z^ 

this routine^will calculate a one-step approximation for each of the 

dependent variables at point zi + h where h is the step size. 

20 



Given the function, 

yn = *n (Z| yi ’ yz ' y3 ’ ' * ’ ’ yn^ 
(A-l) 

and the initial values 

*i¡ yi, i ; yz, i J y3f i • • • •: yn, i (A-2) 

then a second order Runge-Kutta solution gives a one-step approxi¬ 

mation of 

yn,i+i = yn,i+1 (Kl'n+K2'n) 
(A-3) 

where 

Ki, n = h fn (zi, yi, ii yz, il* ■ • ! yn, i) ’ 

Ki,n = h fn <zi+i; y»*i + Ko*!1 + Ko,2¡--*; yn, i + Ko»n) 1 

The third order Runge-Kutta solution gives an approximation of 

yn , i + 1 = yn, i + 1 <K»* n + 4 KZ| n + K3| n) 

(A-4) 

(A-5) 

where 

Ki, n = h ^zi: yi>i: yz*i: ' ’ ‘ 1 yn* ^ 
(A-6) 

K2, n = h ín (®i + I i yi. i; + I Ko* »1 yz- ! + 2 K°'2 : ; Yn* ! + 2 K°' n) ’ 

Kj n = h fn (zi + h; yi,i + 2 Ki, i - K0| i ; yz, i + 2 Ki, 2 " Ko, 2- 

• i yn, i + 2 Kl, n - Ko, n) • • 



<7 
and the fourth order Runge-Kutta solution gives a one-step approxi¬ 

mation of 

Yn, i +1 B Yn, i + ^ ^K>* n + 2 Kj, n + 2 Kj, n + K*, n) > (A-7) 

where 

K|, n = h fn (zi; yj, í; y2, i; . , . ; yn> i) , (A-8) 

Kz, n = h fn (*i + 2 » Yl* i ^ Y 1 ’ ^2* ^ ^ 2 ’ • • • » Yn, i ^ n) » 

Kj, n B ^ ^n (zi + * Y»» i + 7 i • Y* * i+ % 2 * • • •: Yn, i + ^ »n) • 

K4, n 8 h fn (zi + h; yi, i + K2, » ; y2, i + K2j 2 ;. .. ; y2, i + K2j n) . 

The program proceeds one step at a time until the end of run (TE) 

is reached at which time it returns control to the calling program for the 

calculation of Rn> Tn» An • 
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SUBROUTINE DERIV 

Thi« routine íb used to obtain a numeñcal evaluation o£ the 

differential equations at the last valid point calculated. It also allows 

the choice of equations for permittivity (Kr) and/or conductivity (Kj) 

for the plasma layer. 

These equations for Kr and Kj are 

K = Az4 + Bz3 + Cz2 + Dz + E (A-9) 

(A-10) 

K = Az 4 + Bz * + Cz 2 + Dz + E (A-11) 

The derivatives that this subroutine evaluates are 

dEr = - w Hj 
dz 

(A-13) 

(A-14) 

dHr 
dz 

= -WE (K¡ Er + Kr E¡) (A-15) 
o 

ïïi = u E0 (Kr Er - Ki E¡) (A-16) 
dz 

Subroutine DERIV is under the control of subroutine 

RUNGKT. 
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Thi« i« a dummy routine neceseary for Subroutine runuâí to 

function properly. If it is ever desired to print the values of the field» 

during the integration process, the print statements should be placed in 

this routine. The routine will be called 100 times for every complete 

data case. 
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INPUTS TO THE PROGRAM 

The initial condition» are read into the computer from 10 input 

card* containing the following information in the MKS »y*tem of unit»: 

Card #1--- OMEGA, »o» Mi 

OMEGA - frequency in radians /sec of signal under study 

z0 - thickness of plasma layer in meters 

Mi - relative permeability 

Card #2--- Mj, Mj, M4 

Mi - relative permeability 

Mj - relative permeability 

M4 - relative permeability 

Card #3--- M5, M*, M7 

M5 - relative permeability 

Mt - relative permeability 

M7 - relative permeability 

Card #4--- Ma» M9, Mio 

Ma - relative permeability 

M9 - relative permeability 

M10 - relative permeability 



□ 

□ 
D 
□ 
□ 
O 
□ 
□ 
□ 
G 
□ 

Card #5--- CODE 

CODE - if CODE = 0< a complete new data case is read; 

if CODE it 0, the program will print end of job. 

Card #6--- Equation No. A, B 

Equation No. 

A 

B 

number 1, 2, 3, or 4 depending upon which equation 

for permittivity is being used 

constant of the equations for permittivity 

constant of the equations for permittivity 

Card #7 --- C. D, E 

C - constant of the equations for permittivity 

D - constant of the equations for permittivity 

E - constant of the equations for permittivity 

Card #8 — Equation No. A, B 

G 
G 
G 
G 
G 

Equation No. - number 1, 2, 3, or 4 depending upon which equation 

for conductivity is being used 

A - constant of the equation for conductivity 

B - constant of the equation for conductivity 
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Card #9 --- C, D, E 

C - constant of the equation for conductivity 

D - conetant of the equation for conductivity 

E - conetant of the equation for conductivity 

Card #10 -- Break Point 

Break Point - If the break point = O.then program proceeds with its 

calculations, but if the break point > 0, program reads 

new data with cards (1) through (5) omitted for a 

change in Kr and/or Ki for the plasma layer. 

NOTE: Format is 3E15. 8. 

If it is desired to change equations during the integration process, 

set break point equal to the point at which it is desired to change to a new 

equation and place the constants on a new group of input cards (Cards six (6) 

through ten (10)). Set the break point of these cards to a new change point 

or to zero. 



OUTPUT OF THE PROGRAM 

The quantities shown on the sample print-out are defined as 

follows: 

OMEGA - 

z - 

EQ. NO. - 

RANGE - 

E - 

+E " 

H - 

4¾ ‘ 

frequency in radians/sec of signal under study 

thickness of plasma layer in meters (s z0) 

number of equations being used 

portion of medium in which above equations are used 

electric field in volts per meter 

phase of E with respect to phase at z0 

magnetic field intensity in ampere-turns per meter 

phase of H with respect to phase at z0 

RM - reflection coefficient for a specific value of M 

TM - transmission coefficient for a specific value of M 

AM - absorption coefficient for a specific value of M 

M - relative permittivity of dielectric window 

This program was written for an IBM 7040 computer which uses 

eight significant figures. Each case ran in approximately one minute and 

forty seconds on this machine. 



LIST OF FORTRAN PROGRAM 

SP - 67 

SJ08 SP 67 

»I8J0B SP67 MAP 

$IBFTC SP67 

DIMENSION YtaSOtOYXZ^a.FínSn 

COMMON Y»DYfFtP*TTtTPfT6»E2»I»NCItNNfT 

2 READ l*OMA ,TT,XF*MAnfMA « UUlYOa.F^l^On 

E2 * •IE-03 

I FORMAT«3El5.8n 

I K A 

TP #-TT/100. 

P « TP 

NN « 4 

NCI #4 

Z M TT 

F*l7lo H •8fl54E”I1 

F<l72o # .1256637^-04 

F*i73n » OMA 

EO # FX1710 

XMU 4 F^172n 

Y*3a A SORT XEO/XMUn 
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Y*4o » 0. 

Y*2n * 0. 

mo « 1. 

WRITE *6,600MA,TT 

6 FORMATS1H1» 23X »86HREFIECTI ON , TRANSMISSION AND ABSORPTION COEFFI 

iCIENTS FOR INHOMOGENEOUS PLASMA LAYER ///24X.7H0MEGA #tEI5.8,i»3X 

2, 5H2 <ÍEI5.8////21X,3HE0. 9X, ÇHRANGE12X, 

31HA»12X»lHB»I2X»lHCtl2XflH0*l2X»lHE// n 

5 READ l»FS17S0f SFXMAOfMA #156, l60rJ,Fi l74at*FXMAatMA * 151,ISSn, TE 

Rl 0 TT 

R2 * TE 

J * F«l75n 

MB# FX1740 

PRINT7fJ»TT»TE»IFXMAa*MA#156»160UfMli ,*FXMAa,MA # 151,155a 

7 F0RMATX1H ,5X,12HPERMITTIVITY15,FIO.4,2HT0F6.4,5X,Eli.4,4613.4// 

16X,12HC0NDUCTIVITYI5,21X,5E13.4///0 

CALL RUNGKT 

TP # P 

IFSTEalOB,108,5 

108 SMU # SORT UXMUn 
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LIST OF FORTRAN PROGRAM 

SP - 67 

EP SORT * Y«ln**2£Y*2o*»2o 

H » SORT % Y*3n»»26Y«4n*»2n 

PHIE # ATAN2*YX2a , YXloa * 180./3.141S)27 

PHIH # ATAN2XYX4D f Y*3ao # 180./3.1415927 

WRITEX6,l07a XYXIXo.IX M 1,4P 

107 FOAMATXIH .///15X,6HEXRa #C15.8»5X,AHE*ia #E15.8,10XtAHH*Ra Ht 

lEl5.8,10<»6HHXla #E15.8 a 

PRINT 109,E,PHIF,H,PHIH 

109 FORMATXIH ,3X,///15X,3HE #615.8, 8X,8HPHl*En #E15.8, 8X,3HH #E15.8 

l,13X,8HPHI*Ha #E15.8/////25X,lHM26X,2HRM,27X,2HTM,26X,2HAM///a 

D04M H 1,10 

M6 # M & 160 

XM H FXM60 

SEM # SORT XXM*EOo 
RM #XXSEM»YXla-SMU*YX3na##2L*SEMtYX2a-SM0*YX4aa»*2a/IXSEM*Y*ia£SMU 

1 »YX3oa**26tSEM*Yt2Q£ SMU*YX4oo*#2a 

TM H 4.0*XM*E0/XXSEM»YXlaCSMU*YX3aa»*2&XSEM»Y|2P£SMU*Y*4ao»»2a 

l/SORT XXMo 

AM H l.-TM - RM 

4 PRINT 8,XM,RM,TM ,AM 
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SP - 67 

8 FORMATXIN » 4E30.8O 

IF*F*l50onlll,2flll 

III PRINT II? 

STOP 

U2 FORMAT 351HI, 5X///////////////25X , 10HEN0 OF JOB/IHla 

ENO 

ilBFTC 067 

SUBROUTINE DERIV 

DIMENSION Y*2Ça»0Y*25nfF*I75a 

COMMON YfDY»FfP»TT»TPfTE»E2fI»NCI»NN»T 

J * Ft 175b 

MA H F*174n 

OMA » F«173ô 

EO # FÏ171Q 

XMU ë Ftl72o 

GO TO *71t72f73,74BfJ 

71 XR# F«156n#Tt#A £FX157b»T*»3 £ FX158d*T»»2 &FX159B.T £ FX160B 

GO TO 115 

72 XR¥ Ftl56B/T**4 6Ftl57a/T**3 £ Ftl5ftn/T**2 £ FX159B/T £ F«160a 

GO TO 115 

0 
D 
D 

33 



SP - 67 

t3 XR # Ptl56n»ÊXP %F*157a*Ta t F-U53a#EXP XFX159n*|-Taa6 F*l60a 

GO TO 115 

76 XR M F«156a*EXP *-XT-F*l57na/FX158aaSF%lr>9a 

115 GO TO «75,76#77,78nfMA 

75 XI H FX151o*T»*4 £FXl52a*T*»3 £FXL53n#r**2 £F*l54a*T fi FXl55n 

GO TO 119 

76 XI 0FXl51a/T*«4 £FX152o/T»*3 fiFX153o/T*»2 fi FX154a/T fi FX1550 

GO TO 119 

77 XI #F*15lD»EXP XF*152a*TafiF*153o»EXP *'F*154n«Ta fi F*155a 

GO TO 119 

78 XI #F*15lci#EXP *-%T-FS152on/F*153na C F*154a 

119 OYXla # -OMA»XMU*Y«4n 

OYX20 » OMA*XMU*Y«3a 

DYX3P * -OMA**XI»YXlafi XR*Y*2nu »EO 

0Y*4a K OMA *?XR»Y*ia- XI»Y*2on »E0 

RETURN 

END 

tIBFTC P67 

SUBROUTINE PRINT 

RETURN 



SP - 67 
□ 
O 
□ 
□ 
□ 
D 
□ 
□ 
□ 
O 
D 
□ 
O 
□ 
O 
D 
□ 

73 XR # Fti560*EXP *F*.l57n»Ta 6 F*153atEXP XFXlí>9o*t-Tnu£ F*160s 

GO TO 115 

74 XR # F%156a*EXP *-ST-F%l57Pa/FXl58naf;F*159a 

U5 GO TO X75,76,77*78ofMA 

75 XI # FX15la*T»*4 SFXl52a*T*»3 £FX153n*r**2 6F*154a#T 6 FXl55n 

GO TO 119 

76 XI 0F%15io/T*»4 6FXl52o/T»«3 £FX153a/T##2 £ FX1540/T f. FX155o 

GO TO 119 

77 XI #F*15lB»EXP XFX152a*To£FXl53n.EXP *-F*l54o#Ta £ F*155n 

GO TO 119 

78 XI #FX151ci*EXP X-%T-F*152on/F*l53ao £ FX154Q 

119 OYXlQ # -0MA»XMU*YX4n 

ÜYX20 * OMA*XMU*Y*30 

0YX3O n -OHA*XXI»YXlo£ XR»YX2nu »EQ 

DYX4D H OHA tXXRtYXlQ- XI«Y*2on #E0 

RETURN 

CND 

IIBFTC P67 

SUBROUTINE PRINT 

RETURN 
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SP - 6T 
0 
D 
0 
□ 
□ 
□ 
□ 
□ 
□ 
0 
D 
0 
D 
0 
0 
y 
y 
e 

END 

Il8FTC RUNG 

SUBROUTINE RUNGKT 

C 

DIMENSION Y«25atDY*25n,F*l7^n 

COMMON YtDY,F»P»TT»TP»T6»E2*ItNCI#NN»T 

El K 62/100. 

NC II * 0 

N *NN 

l # 4 

DI # TP 

TP H DI £ TT 

800 T # TT 

GO TO *75 1200» 300»400Q»L 

75 IG # IG 

GO TÛ %10l11020*IG 

101 J # 1 

L H 2 

M # 0 

TS M T 
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o 
0 
0 
□ 
D 
□ 
□ 
□ 
□ 
G 
□ 
D 
G 
□ 
□ 
D 

SP - 67 

00 106 K « ItN 

Kl # K 6 N • 3 

K2 * Kl fi N 

K3 tf N fi K 

FKKla I Y*KQ 

F *K3o 4 FXKlo 

106 F«K2a « DY%Kn 

ÜO TO 402 

102 GO TO 60 

99 J # J fi l 

IFXJ-Ia 103,103,104 

103 L # 1 

GO TO 402 

104 M # M fi 1 

105 GO TO *110,120,l30DfH 

110 00 111 K 4 1 »N 

Kl HI K fi N fi N 

111 FXKla 4 Y*Ka 

112 00 113 K 4 l,N 

Kl « K fi 3»N 
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SP - 67 

K2 # Kl fi N 

K3 # N fi K 

YXKa U FXKla 

F*K3ni> F*Kln 

U1 DY*Kn # F*K2a 

T # TS 

lF*Pa 114,116,114 

114 IF YABS ÜH/Pa-.OOOOOOln 115,115,116 

115 M # O 

L H 4 

CO TO 402 

116 OT » •5*H 

M It l 

J # 1 

GO TO 300 

120 00 121 K H 1»N 

Kl # K 6 N 

121 F*Klo # Y*Ka 

M # 2 

J « l 



LIST OF FORTRAN PROGRAM 

SP - 67 

IG A 2 

L H I 

GO TO 402 

130 DO 131 K A i»N 

Kl A K £ ?*N 

FtKta A %Y«Kn-F*Klno/*2.**I-l.n 

Y%Ka A Y*Ko 6 F<Ka 

IFXABS *F%Kaa-.0000lol39»139,140 

139 F*Ka# 0. 

GO TO 131 

140 FSKn A ABS *F*Ka/Y*Kon 

131 CONTINUE 

E A FXlo 

INDEX A 1 

IF *N-lnl33S» 1335, l îl1» 

1315 DO 133 K A 2,N 

IF%E-F«Kaal32,133,133 

132 INDEX A K 

E A FMa 

133 CONTINUE 
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SP - 67 

D 
O 
G 
D 
D 
D 
□ 
G 
G 
G 
G 
ü 
D 
U 
O 

1335 IF*E*Eial34,135,135 

134 H U H £ H 

1345 DT # H 

GO TO 401 

135 1F*E-E2nl345,1345,136 

136 DO 137 K # l,N 

Kl # K 6 N 

K2 « K f. N 6 N 

137 F*K2n t F*Kln 

138 H # .5*H 

GO TO 112 

200 MU « MU 

GO TO X203,204a,MU 

203 H#AMAXl*H,Hl,M2D 

MU # 2 

204 H1 * ABS *Hn 

IFXPn205,206,206 

205 H H -H1 

GO TO 207 

206 H # Ml 



SP - 67 

207 IFXABS %Pn-Hla208»209*209 

208 MAP 

209 T2 A TP - T 

1F* ABS%T2a - «IE-OSb 212(210*210 

210 H2 A ABS <T2a 

211 IFXABS *T2/0la-.0000lo 212*213*213 

212 T A TP 

L A 3 

GO TO 402 

213 M A 0 

J A 1 

IFXH1-H2a 215,215*214 

214 MU A 1 

H A T2 

215 OT A H 

300 IG A 2 

GO TO 102 

400 MU A 2 

H A P 

OT A P 
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LIST OF FORTRAN PROGRAM 

0 
0 
0 
0 

□ 
D 
0 

□ 
□ 
□ 

0 

SP - 67 

N (# NN 

401 IG « 1 

L » 1 

402 TT A T 

GO TO 3! 902f903f904»905 a,L 

903 GO TO 800 

904 CONTINUE 

CALL PRINT 

IF%TP-TFö90l»90l»80l 

801 TP TP c or 

00 TO 800 

905 WRITE*6»909nlNDEX,TT,Y*INDEXa 

909 FORMATSIHOf///5Xt12 »25HÛOES NOT CONVERGE AT T * tFl4.8,25HCURRENT 

IVALUE OF Y*la IS ,El5.8///f 

IFÏNCI-NCI 10901»901»908 

908 NCI I # NCI I C 1 

□ 
0 

□ 
a 
G 
G 

j A I 

IG A 1 

OT 4 H 

MAO 
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»0 TO 800 

60 DO 100 K * l«N 

KUK 

K2#K68*N 

K3#K26N 

K4#K£N 

GOTO ^999,8^,95,960,1 

86 GOTO *86,2,999,999n,J 

86 FXKlP#DY*Kn*DT 

Y*Ko#F*K4o£F*KIn 

GO TO 100 

95 GOTO *l,2,3,4n,J 

1 F*Kln#OY*Kti»DT 

Y*Ko«F*K4a6.5*F'SKlo 

GO TO 100 

2 F*K2n*DY*Ka#DT 

GOTO *999,22,23,240,1 

3 F*K3n#DY*Ka#0T 

GOTO *999,33,33,340,1 

4 YXKa#F*K4a£*FXKlo£2••XFXK2a£F*K3aa&DYXKB*DTa/6 
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LIST OF FORTRAN FRt 

D 
D 
Í1 GOTOIOO 

SP - 67 

D 
0 
D 
D 
D 
0 
D 
D 
0 
0 

22 YXKD#.5*«F*Kia6F*K2an 

GOT025 

23 Y*Ka#2.tF*K2n-F*Kln 

G0T02*> 

24 Y!l!Ka#.5«F*K2n 

25 Y«Ka#Y*KB£F*K4a 

GOTOIOO 

'33 Y%KQ#F*K4n£TF*Kin&4.*F!KK2a6F?K3Da/6. 

GOTOIOO 

34 Y«Ka#F%K4otF!IK3a 

100 CONTINUE 

GO TO *50»61t62*58 a»J 

50 GO TO *999»56»57tr>7n, 1 

frl GO TO *999,58i57,58a.I 

62 GO TO Ï999» 58» 58t*>7af [ 

56 T # DT 6 T 

GO TO 58 

57 T # T £ .5* OT 

58 GO TO 99 

Ü 
0 
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LIST OF FORTRAN PROGRAM 

SP - 67 

0 
0 
□ 
0 
0 

D 
0 

□ 
□ 
□ 
0 

999 CALL DUMP 

GO TO 58 

902 CONTINUE 

CALL DERIV 

GO TO 800 

901 RETURN 

END 

D 
0 

0 
Ü 
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SUBROUTINE PRINT 
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