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Abstract

A version of statistical theory is applied to the hydrogen
molecule-ion, with good results for the electronic energles of
the lowest attractive and repulsive states. For the former, a
binding energy of 0.085 a.u. is obtained with an internuclear
distance of 2.10 a.u., to be compared with 0.103 a.u. and 2.00
a.u. obtained from the exact solution of Schroedinger's equation.
The method employed involves the use of hydrogen atomic orbitals,
although when the latter refer to unbound states they are approxi-

mated by plane waves.



l. Introduction

(1,2)

The first application of the Thomas-Fermi theory to molecular systems

(3)

occurred soon after its introduction, when Hund used it to approximate the
electron~-density and the electric field in the nitrogen and fluorine molecules.
Since then, the original statistical theory of Thomas and Fermi has been em-
ployed to estimate the binding energy of molecular systems(h). The numerical
results which have been obtained from the use of the original Thomas-Fermi
theory have been, at best, only in fair agreement with experimental values of
bond energies and bond distances; at worst, an absence of binding has been in-
dicated. Recently, the limitations of the Thomas-Fermi theory in this connec-
tion have been established by Teller(S). He has shown that this theory is
incapable, in terms of its original formulation, of yielding energetically
stable molecular systems. A similar conclusion is obtained for the version

of gtatistical theory known as Thomas-Fermi-Dirac theory, in which the effect

(6)

of electron exchange has been incorporated into the original theory.

In the years following its introduction, the theory of Thomas and Fermi
has been subjected to a variety of other modifications(7). Of all of these,
(8)

the one due to von Weizsacker has produced what seems to provide the most
radical and most effective connection of the original theory with quantum
mechanics(9). With this modification, Gombés(lo) has obtained approximate
values for the binding energy and the bond length of the nitrogen molecule
which are in good agreement with the experimental values of these quantities.
From this result, a sufficiently quantum-mechanical version of statistical
theory appears to be essential for a realistic application to molecular sys-
tems.

An alternative to the von Weizsacker theory is one which is the formal

analogue of the Thomas-Fermi theory, but employs a basis of eigenfunctions of



some suitable approximate Hamiltonian which is more closely related to the

physical system of interesgt rather than the basis of eigenfunctions of momentum
implicit in the original theory. Such a version has been shown to yield rela-
tively good results for the energy values and electron densities of helium-like

atoms(ll).

The present paper is concerned with an application of this version
of statistical theory to approximate the binding energy of the simplest mole-
cular system -- the hydrogen molecule-ion. Because of the simplicity of this
system, the usual complications attending the determination of a self-consistent

field can be avoided. As a consequence, the inherent limitations of the theory

can be best assessed under the most stringent circumstances.

2. Formalism

In the interest of brevity, we shall simply sketch the formalism to be
employed here(lz). The properties of i single-particle (i.e., an electron,
since we tacitly suppose nuclei of infinite mass) can be determined from the

density matrices (representatives) of the system determined by
o0
> -> *, > >
Sy B = 20 Pran oy -0 Yo, (2.1)
n=1

where X stands for the configurational and spin coordinates of the particle,
E is the Hamiltonian of the system, X*Pn(§ﬁl is any complete, orthonormal set
of functions with the correct boundary conditions. Here, frky) is the

Heaviside unit function defined by

V) =1, y>»o,

(2.2)
=0, y<0;
a convenient representation of the 4}:operator -~ the spectral operator of H --
o~

is



¥ +100 N
1 dz ZAM  -zH .
19‘()M-§)=.2.ﬁ 5’ 2 o 28, ¥ > 0; (2.3)
f e
the parameter XM’ which plays the role of a "chemical potential per state"(la),
is chosen so that
TI‘(SJM) = gdi fM(;c, X) = M, a positive integer. (2.4)
~ land

(13)

With this normalization, M refers to the M lowest eigenstates of H.

~

In terms of the eigenfunctions of H, {95“(55)}, the density matrices assume

the form originally introduced by Dira.c(é)

o0
Fy@ D= 20 VO -5) 875G 4@

n=1
<7 %, -+
= 20 8@ 83, (2.5)
so that for any arbitrary observable A, the quantity

M
wry = mipyn - 20 KB 1al8 Y

n=1

yields the sum of the expectation values ofﬁ for the M lowest eigenstates of

He In particular, we see that
~

M
<E>M = Tr(Py E) = ZJ; E» (246)
~ .
where Elé E2< E3 -~=- are the eigenvalues of the Hamiltonian. It can be

verified(14) that Eq. (2.6) is obtainable i‘rom('z)

&)y - f \(M) aM = fMA{Trfm}d{TrSM} (2.7)



which emphasizes the role played by >\ s noted earliere.

Equations (2.4) and (2.7) involve the traces of the density matrices and
are thus invarilant to the choice of basis employed for this evaluation. They
are exact. Moreover, in the approximation dealt with here, they will be used
to provide an estimate of the electronic energy of the system of interest.

Before considering any approximation, however, we examine the effect of
the symmetry of the system upon its density matrices. Since the Hamiltonian
of the system is left invariant as a consequence of the application of certain
symmetry operations, the density matrices, by Eq. (2.1), likewise must remain
invariant to their application. In particular, the inversion symmetry of the
hydrogen molecule-ion will be exploited to simplify the density matrices for
that system. In this case, we have the Hamiltonian, in atomic units, of

electronic motion (see Fig. 1)

. (2.8)

2
H = -4 V. -2 _ 1
~ T2 T2 T3
Clearly, the Hamiltonian remains invariant as a result of the application of

the unitary transformation& ---c9+, where
Y
¢9 : r ——>»-r_ , (2.9)

corresponding to inversion through the mid-point on the intermuclear axis.

Furthermore, since

E?2 = I, (2.10)

the inversion operator also is Hermitian. Hence its eigenfunctions comprise
two distinct symmetry species: +those which are symmetric (gerade) and those
which are antisymmetric (ungerade) with respect to the inversion operation.
Becausecg and Ecommu‘be, their simultaneous eigenfunctions possess the same

symmetry.



In terms of such simultaneous eigenfunctions, we may construct two sorts
of density matrices. Thelr construction is facilitated by the introduction of

the orthogonal projections
= 1 + . .
S =¥ 2

Since Q) and H commute, we may obtain
~

~

19’() -H)-S ’9(A —H)S + 5 19()\ —H)S()

and, ultimately,
gy, » - M, . @, b, (2.12)

where, by Egs. (2.1) and (2.9) and the introduction of the coordinates of

Fig. 1,

SM(:“_)(SE', %) = 1 Z H’ (r 1)+ *P (-2 ')1]77()‘M - H){'Pn(ro) +1’/ (_r )}

n=1
(2.13)

The two classes of density matrices ‘?(+) and f(-) are demonstrably orthogonal
Lol

and refer to the inversion-symmetric and inversion-antisymmetric states, re-
spectively, of the hydrogen molecule~ion. It is noteworthy that the resulting
(15)

basis functions here are of the Pauling type s but do not comprise an
orthonormal basis.

Analogous to Egs. (2.4) and (2.7), we obtain

;_ <’vn(;o)l3(>‘l4(t) _,I:,I) lwn(?o)>

nj

M(:) = Tr( Qn(t)) =

>
§L CAER VSO DVE) w

1+
Wi



(2)

=

Z <¢n(Fo) \NH.&(AM(:)-E) l wn(;o)>

{2y Z.

= Tr(?M(t) 5) =

1+
LM

o0
PIEQACH VO 04 @)D, (2a9)
n=

3+ Quasi-clagsical Approximation -- Discrete States
The approximation to be considered here can be expressed simply as

- -z(H +V) , - -2
ezg;e (~° ) M ezveAI:Io

(3.1)
where
H 1., 1
N I?2 ) ;'; (3-2)
and
= .2
v o= -I‘3 (303)

This warrants taking {’QI n(i-'o)} to be the complete orthonormal basis of
eigenfunctions of the hydrogen atom corresponding to one of the nuclei of the
hydrogen molecule-ion. With this identification, we find it convenient to

refer to nucleus -2 of Fig. 1 as the origin and obtain
- - - _ 0 »
N RCARE S SR XEANEEE R ACAY (3.0)

where Eno is an appropriate eigenvalue of the hydrogen atom. A corresponding

(16)

normalized eigenfunction is

Vo) = Ryl @y, (6 MUV, (3:5)
and

E 0 = --2ié . (306)

n n



(The azimuthal angle ¢2 measures rotation of the electron about the inter-
nuclear axis, but is not included in Fig. 1.) The effect of inversion of

the eigenfunctions can be seen to be

";9 '\pn(i‘.z) = an(rB) ®ﬁm (33) eim(ﬁz*ﬂ)/ﬁﬂ"

n

(D", (ry) Dgaley) o2/ Vor

>
P, (F5) (3.7)
Combining these results with Eq. (2.3), we obtain

Gy -0 P = T+ Rl ACAL (3.8)

The approximations to Egs. (2.1}) and (2.15) can now be effected. With Eq.

(3.7), we obtain

+ n-1 +& .
T ( f:«“’ - 21 ;,2 Eo,{@n‘%)' “9<>M(')+;j;§ +;13>|\Pn<;2>>

tbaEI PN+ 250 ;1;>|1Pn<5'2>>} : (3:9)

(17)

Making use of the addition theorem for spherical harmonics s one can obtain

MZ; @,2(s,),

and
. = inf, -im(fpm)
(8+3) 5, (-cosa) = im__z@)zm(ez) @gale) &2 &

With these relations it can be established that Eq. (2.1h) is approximated by



oo n-1

e 2 2 @ B VO® « Lo Dm0

n=l =0

2 (-1 Rylry)| Byloos TN 4 25+ 50 3| Ruale R FRRCED

where use has been made of the relation PE(_X) = (=1) % (x)e In equivalent

terms, Eq. (2.15) is approximated by

1 t
By >(*) 1 Z Z ﬁ?_){<Rm(r2)l ‘90‘14( ). ;%2' * %5)\ an.(rz)>

n=l £=0 n

£ (D% a,(x5)| Byfeos DN 2Bl MR,

T
> 5 (#)
1 % 1 1
231 ,‘?:_7; £+ 2){<an(rz)\ X L R ] LWICRY

£ (1) (Roglry) i"—(%s—fz T 25 1) R )} -

2n
(3.11)

Because of Eq. (2.2), the integrands in Egs. (3.10) and (3.11) have non-zero
values in restricted regions of configuration space. In particular, such non-

zero values occur for

s 1 1
>‘M()"“‘“z‘“;;>/0

Hence, defining

20 s AF >0, (3.12)

we must restrict the various integrations to the region

0 $ I’3 S E——(T]Y-_—l_ . (3013)
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L. Approximation for the Continuum

The expressionsof the previous Section are formally incomplete transcrip-
tions of the results of Section 2. They include only the eigenfunctions of
negative energy of the hydrogen atom. To complete the transcription one re-
quires the inclusion of the eigenfunctions of the continuum of positive energy

(18)

values. Although these are well-known y they are extremely difficult to
handle in the present context. As a consequence, an additional approximation
will be made here in which the plane-wave basis of the original Thomas-Fermi
theory will be used for the continuum. Such usage can be justified only in an
agsymptotic (E0 —— + ©0) sense, however. BEven so, the use of the original
Thomas-Fermi density to approximate the continuum is bound to introduce errors
related to the poor values of the binding energy it yields for atoms. For this
(9)

reason, we have adapted a version of statistical theory which has been shown
to yield improved results for atoms. In this theory, the density matrix of the
system is developed in a power series in Planck's constant and terms up to and
including h2 are retained.

In essence, the adaptation consists in representing the unbound states of
the hydrogen atom centered at nucleus ~2 by eigenfunctions of momentum and

their corresponding energy by their (asymptotic) kinetic energy. Compared to

Egs. (3.5) - (3.6), we represent (for the continuum)
e d
Y&, o S (L2)

and

B’ % p/am. (ke2)

(These quantities are not expressed in atomic units.) In addition, we take

(19)

for the continuum
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V-1 P&y & o772 [15‘( Ny * 5 - 0/

{i -'B—VZV‘S'D’"(% +"1';"P2/2IH)

mi
2
+'£E S\(f)’.V)ZV + VV'VV} —-9'"' ( )\M + -1-‘1—3- - p2/2m)

2 1t
’g—é BwnZ D' Oy -}3— - p¥/m) (123)
m

with

With this approximation the continuum contribution to Egs. (2.1h) - (2.15) can
be evaluated. For this purpose, we note that the resulting approximation to
the first series of both Eqs. (2.1)) and (2.15), apart from a factor of 3,
then correspond to the expressions which are obtained for a hydrogen atom
centered about nucleus~-3 in Fig. 1. These have been given in ref. (9) and
will only be summarized here. We obtain (in atomic units)

5/2 1
(1) 3/2 1 1 -3/2
O Sdr R EERL P RAEr T ST VAL ATt

which can be evaluated in closed form, and

¢ >§1) -, Mgy, - ﬂéM § r 26y 7)) - 7 (2by ), ()
where r, s r, are both determined by the condition that
r(1-fy ) =5 - (L+6)

The approximation for the continuum contribution to the second series of

R
1D
Eqs. (2.1l) - (2.15) entails the multiplication of Eq. (Le3) .by e P r3/‘ﬁ ,
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by Eq. (3.7), and an integration of the product over available momenta. This

has been carried out but, in the interest of brevity, the details will be

omitted. We have obtained

(Lo7)

[- -3
K+l Zk+2 - J2$ |R
Mc(2) - kZ 2 o] > (#Mk e M ),

(2+2) 1 P 3rcr1) a2

-Fdl FIIOIH

where R is the internuclear distance (in atomic units). With the aid of

Eq. (2.7), we can obtain

éy
(2) (2) (2)
ey, =Pk s j aku '?(&). (Le8)
od
The continuum approximations to the normalization and energy are to be

halved and added to the discrete contribution according to Eqs. (2.1l) and
(2.15)« That is, we take

NON Md(&) . %{M (1) . Mc(z)} (La9)

c

and

{&?, ( ) (E . 2{(E > + <Ec7(2)} (1+10)

5. Computation

The evaluation of Egs. (L.9) and (4.10) were carried out numerically as

follows. For the integrals in Eqs. (3.10) and (3.11), the integrand could be
(20)

expressed in terms of Bessel functions, following Coulson » and reduced to

radiﬂal integrations on rye These integrals were evaluated analytically and
A

expressed in terms of the upper limit given by Eq. (3.13)(21)

« Different in-
tegrals arising from the use of different wave functions are related by a

common value of &H' Hence the upper limits of their respective ranges of
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integration are simply determined and depend, for a given value of‘% M only
upon the principal quantum number of the wave function. The procedure followed
congisted in choosing a value of é;M’ evaluating the appropriate upper bounds
and subsbituting into the analytical expressions for the integrals. Actually,
the discrete contribution was limited to states for which n £ 3. (Estimates of
the contribution to the normalization were made for n = L which led us to be-
lieve that their contribution was less than 0.02.)

For a fixed value of 4&M’ the quantities in Egs. (L.k) - (L.8) were
evaluated and combined according to Egs. (L4.9) - (4.10).

These computations were carried out for a fixed value of the internuclear
distance, R, until successive trial values of %;M gave a value of unity (+0.005)
for the normalization integral.

The procedure was repeated for different values of the internuclear dis-

tance.

6. Results

The results which have been obtained are exhibited compactly in Figs.
(2) - (5)« The approximations inherent in the truncation of the discrete
contribution and the plane-wave representation of the continuum contribution
warrant no more elaborate presentation. Nevertheless, from Figs. (2) and (3)

the computed values for the potential energy of the H * molecule, in both the

2
ground gerade and ungerade states, are in good agreement with those obtained
from the solution of the relevant Schroedinger's equation(zz). For the bound

state, a binding energy of 0.085 a.u. and an equilibrium distance of 2.10 a.u.
have been obtained; these compare favorably with the quantum values of 0.103

a.u. and 2.00 a.u., respectively.



1

In Figs. (4) and (5) are presented the contributions to the normalization
(of unity) made by the various states. The indications are that an important
continuum contribution is always present for the range of internuclear dis-
tances used in these computations. Moreover, its importance increases for
large internuclear distances, becoming equal in value to the discrete con-
tribution when the internuclear disbance becomes indefinitely large.

Although the results which have been obtained suggest that a sufficiently
quantum-mechanical version of statistical theory can yield resulis for mole-
cular binding energies and bond distances which are in good agreement with
thoge obtained from precise calculations, the method described in this paper
holds little promise of extension to polyelectronic molecules. In the absence
of any self-congistent field approximations, the resulting integrals will be
even more complicated than those of the present paper. The latter involve
integrations over finite regions of configuration space of one electron; in
polyelectronic molecules the corresponding regions for each electron will be
correlated with those of the others, rendering an analytical evaluation of

the pertinent integrals impractical, if not impossible.
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