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Preface 

This report is  the  result of our comparison of a high-gain- 

linear design and a self-adaptive  design which were applied  to a 

flight-control system of a winged re-entry vehicle.    The investi- 

gation entailed a linear  analysis of the  systems when subjected to 

command and disturliance inputs  to   the pitch-rate-control loop. 

Our purpose was to select a system based on  the comparison of 

the design  techniques,   the  resulting designs,  and' the performance 

of the  two systems in the   presence  of vehicle-parameter variations. 

We wish to express our gratitude  to Lt.  Edwin  B.  Stear of the 

Flight Control Laboratory,   Aeronautical Systems Division,   and to 

I.  M.  Horowitz of Hughes  Pesearch  Laboratory,  Hughes Aircraft 

Company,   for  their  assistance during the study.     vV'e would  further 

like   to  acknowledge   the  support  and  help given  us  by Lt.   Col. 

John H.   Blakelock,   our Faculty Thesis Advisor. 

Frazier J.  Hellings 

Robert E.   Beale 
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Abstract 

The primary advantages of feedback control systems have been 

sacrificed to some extent in the design of self-adaptive flight 

control systems. To establish the differences between self- 

adaptive and normal linear designs, both systems are applied to 

the problem of controlling the short-period dynamics of the X-15 

research vehicle in the altitude range of sea level to 1^0,000 

feet at speeds from Mach 0.2 to Mach 6. The self-adaptive system 

studied is an early design of the MH-96 Autopilot built by the 

Minneapolis Honeywell Regulator Company, Aeronautical Division, 

and the system components, other than compensation, are also used 

in the high-gain-linear system.  The significant features of the 

self-adaptive system are:  (i) the gain changer which varies the 

forward-branch gain to maintain neutral stability and senses the 

change in the amplitude of the oscillations as the response of the 

system changes to control the gain, (2) a prefilter used to estab- 

lish the response of the system, (3) the rate-gyro and servo 

characteristics provide necessary compensation, and (4) a piece- 

wise linear analysis of the system is valid.  The high-gain-linear 

system is designed on the basis of selecting the forward-branch 

compensation so that the system is insensitive to vehicle-parameter 

variations over the bandwidth of the desired response and a pre- 

filter or feedback-branch compensation is used to obtain the 

desired command response.  The root-locus method is used in the 

initial design of the system; but, although the design appeared to 

viii 
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be satisfactory, the .system could not be siwulated on the analog 

computer. The frequency-response method was used for the design of 

a second system. The technique was to use fixed compensation to 

obtain a 10 decibel gain margin for all flight conditions and, with 

the system simulated on an analog computer, the gain of the system 

was established so that the response matched the output of the 

model prefilter very closely.  The gain adjustments necessitated 

changes in the fixed compensation so that, with a fixed gain of 

20 decibels, the lowest gain margin is 15 decibels.  Computer 

response data shows that both systems will meet the criteria for 

command and disturbance inputs.  From this linear analysis of 

design procedures and response data, it is concluded that the high- 

gain-linear system is preferred to a self-adaptive system; however, 

an analysis of the effects of system non-linearities and component 

noise must be made before a fixed-gain system can be applied to the 

physical problem of widely varying vehicle parameters. 

ix 
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COMPAHISDN OF HIGH-GAIN-LINi^R AND SELF-ADAPTIVE 

FLIGHT CONTROL SYSTEMS FOR A TYPICAL WINGED RE-ENTRY VEHICLE 

I.  Introduction 

Self-adaptive systems have exerted a major influence on the 

thinking of the flipht-control industry since the Flight Control 

Laboratory at .','right-Patterson Air Force Base initiated an applied 

research program in 1955»  The evaluation of flight-control systems 

prior to 1955 points out how control engineers frogressed from 

simple fixed-gain-linear designs to the more complex self-adaptive 

technirues adopted from the research study.  Advocates of fixed- 

gain-linear design are now challenging the change in design 

philosoT^hy by asserting that no justification was given for 

adopting the more complex techniques.  The motivation behind each 

argument can best be understood after a brief look at flight- 

control development. 

In the late 19^0's and early 1950's aircraft were Developed 

with increased ranges of speed and altitude.  The range of dynamic 

pressures which these aircraft encountered during normal operation 

caused the aircraft dynamics to change considerably.  Control 

engineers found that the inherent damping of the aircraft's short- 

period characteristics was insufficient.  Stability-augmentation 

systems were introduced to artificially provide increased damping 

of the short-period mode.  Because of their concern for stable 
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systems, control eru-inoers designed for niaximum puxn  mrrfin 

consistent with the desired short-reriod damping.  The large p;ain 

margin was rrovideu to maintain system stability and reasonable 

damring regardless of Lhe variations of the vehicle parameters 

over ihf fli/cht profile.  '.Vith the advent of surersonic aircraft, 

the range of rararaetor variations increased tremendously.  Designers 

claimed t.-'.at if i',iv   jrevious f^ain margins were to be obtained, the 

fixed-rain level of the system would have to be set so low that any 

further unpredicted decrease by the vehicle dynamics would seriously 

degrade tae system resronse.  This is assuming that a limit on the 

allowable closed-loop bandwidth was to be sustained,  bngineers also 

believed that if system stability was maintained with a high-gain- 

linear design, the gain of the system would be so high that noise 

or disturbance would cause saturation. 

This was the turning point in design philosophy.  The state 

of the art was such that fixed-,p;Bin systems could no longer absorb 

the vehicle-parameter variations and maintain a satisfactory ^ain- 

stability margin and system response».  One obvious solution would 

be to offset the vehicle train with an inversely varying system 

gain.  This concept led to the air-data f,rain-scheduled system. 

This system varied the yain at several points in the system as 

a function of Mach number, altitude, or dynamic pressure to main- 

tain a desired damping of the short-period mode and an adequate 

gain margin.  it'.'ith some semblance of control over Lhe vehicle- 

y;ain variations, designers began to investigate the advantages of 

high-gain feedback systems (rejection of disturbance signals and 
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insensitivity to parameter changes) enjoyed by designers in the 

telecommunications industry.  If maximum gain consistent with 

stability was to be used in gain-scheduled systems, it would 

reduce the required number of scheduled-gain changes,  otill, the 

rrimary considerations were to improve the short-period damping 

and to preserve a suitable gain margin. 

The merits of the pain-scheduled system were soon overcome by 

its inherent disadvantages.  The gain adjustment in this system is 

an open-loop adjustment.  This means that the only change the 

system senses is the measured air-data supplied by the sensors. 

Once a gain change is made there is no way for the system to detect 

whether the closed-loop response was actually improved or not.  The 

system is therefore vulnerable to errors in senjed data, flight 

data, or those caused by changes in system components.  Since the 

system is only Fiware of measured air-data and the corresronding 

programed-train adjustment, the above errors could seriously affect 

the flight characteristics of the vehicle.  The second major disad- 

vantage of the gain-scheduled system was the requirement for an 

accurate gain-adjustment program.  To obtain an accurate program 

required:  (1) complete and accurate knowledge of the aircraft's 

dynamics at all flight conditions, (2) reliable sensors for 

measuring the air-data for all conditions, (3) calculation of the 

proper gain settings for sensed air-data, and (k)   extensive flight 

testing to verify the program.  As a result the flight-control 

systems for advanced aircraft were not ready for operation until 

well after the aircraft was first flown.  As the flight domain of 
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aircraft increased and aerosnace planning began, it was apparent 

that flight-control systems would have to be ready for operation 

during the first flights and that some vehicles would be operating 

in environments where air-data measurements are unreliable or in 

some instances unobtainable.  Engineers realized that the disad- 

vantages of gain-scheduled systems were becoming insurmountable. 

To avoid the problems of open-loop adjustment and measured 

air-data, the research program of 1955 initiated the search for a 

closed-loop method of gain adjustment to provide a more reliable 

and adaptable flight-control system.  As methods of mechanization 

were recognized, they were called self-adaptive flight-control 

systems and were classified by definition as systems which change 

parameters through an internal nrocess to maintain system perform- 

ance in a changing environment both internal and external to the 

vehicle under control.  In other words, a closed-loop adaptive 

technique keeps adjusting it's parameters until the desired 

response is reached.  At the same time that self-adaptive systems 

were being investigated, the model pre-filter system came into 

favor.  These two principles were complementary and were soon 

mated to provide a flight-control system whose dynamics were 

primarily those of the model while the self-adaptive mechanism 

maintained a high feedback-loop gain to decrease the sensitivity 

of the system to changes in vehicle dynamics.  One such system 

which has been successful is described in Reference 11 and will 

be used for the comparison in this paper.  A more complete history 

of self-adaptive flight-control systems can also be found in this 

reference. 
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Horowitz, an advocate of linear design with high fixed gain, 

challenged the emphasis being placed on self-adaptive control systems 

(Kef ?).  He claimed that the complex mechanization required for 

self-adaptive systems could not be justified until high-gain-linear 

design was proved to be incapable of providing the desired flight 

characteristics.  Horowitz points out that the limitations of the 

fixed-gain system, that was replaced by the gain-scheduled system, 

applied only to the classical single-degree-of-freedom configuration» 

nith proper design techniques and a thorough understanding of the 

principles of feedback, he claims that a classical two-degree-of- 

freedom structure will cope with the problems of sensitivity to 

parameter variations and disturbances and still have design 

freedom to meet the response criteria. 

The purpose of this thesis is to show by comparison whether 

the self-adaptive or the high-gain-linear approach is more 

promising for (.he design of future flight-control systems.  The 

initial design of the pitch-rate loop (stability-augmentation 

system) of the MH-96 self-adaptive flight-control system will be 

compared to a high-gain-linear design to be based on Horowitz' 

principles.  Each system will have the same basic components: 

vehicle dynamics, servo, actuator, and rate gyro.  The compensation 

and gains to be used will be chosen to suit the particular design. 

Chapter II describes the system components and establishes 

the design criteria.  Chapter III contains the design of the self- 

adaptive system and shows the response obtained from computer simu- 

lation.  Chapter IV contains the design procedures used to develop 
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the high-p;ain system and displays the results of the computer 

simulation.  Chanter V discusses the conclusions drawn from the 

comparison of the design techniques and their associated computer 

simulations. 
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II. Vehicle Dynamics and System Hardware 

The vehicle dynamics are from preliminary data obtained for the 

X-15,  The associated hardware is that proposed by the Minneapolis- 

Honeywell Regulator Company, Aeronautical Division, in at^early 

design of the MH-96 self-adaptive flight-control system.  The source 

of this information is Reference ll. 

Vehicle Dynamics 

The dynamics of the vehicle will be represented by the short- 

period-mode transfer function (£q l). 

e s +2f-6o s + 6ü 
'  a  a 

Data will be taken for six different flight conditions which 

represent the extremes of the flight envelope in which only the 

aerodynamic controls of the self-adaptive system operate.  Since 

the objective of the pitch-rate loop is to damp out short-period 

oscillations, the design and response data obtained will represent 

the pitch response characteristics of the vehicle satisfactorily. 

Such a design neglects the possibility of resonance with body- 

bending modes and control-surface oscillations.  These factors 

are always considered sometime after the preliminary design has 

been proven to meet the response criteria. 

2 
Table I shows the range of values of M<, l/T , Zfu) .   and m 

0    a'  ' a      a 

for various flight conditions, ks  can be seen from the table the 
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Table I 

Vehicle Dynamic Data 

Flight    Altitude  Mach No.  M,    l/T^    2fuia to 
Condition    (feet) 

2 
a •'   a a 

1 0 0,2 

2 5,000 0.6 

3 10,000 1.2 

^ 60,000 6.0 

!? 100,000 ^.0 

6 1^+0,000 6.0 

0.22      0.0356      0.302 2.28 

16.29      1.163        2.226        6.51 

52.95 2.070 ^.980 56.10 

20.86 0.325 0.652 18.71 

2.2^+ O.O366 0.0792 3.68 

0.70 0.0079^ 0.0165 O.65 

vehicle characteristics vary considerably over the flight regime. 

The natural frequency (w )   of the vehicle changes in the ratio of 

9.3 •' 1 and the damping ratic varies as ^2.7 : 1, but the largest 

change occurs in the control-surface effectiveness (My) which 

changes in the ratio of 2^0 : 1.  The change in frequency and damp- 

ing ratio can be seen more easily in the role-zero plot of Figure 1. 

Hardware 

The first component required to complete the pitch-rate loop 

is a control-surface actuator.  The actuator must provide the 

necessary power to overcome the high hinge moments to be expected 

in such a system and still have a reasonably fast response.  The 

actuator selected by the aircraft designers to meet these criteria 

has the transfer function of Equation (2), 

6 (s)   c cn e       o«o/ (2) 
X (s) ^  s+6.67 a 
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This shows ihe  relationship between control-valve position and 

commanded elevator angle. 

The next item required is a control servo which will position 

the actuator control valve.  The selection of this servo is based 

upon the requirements of the self-adaptive system.  The servo 

must have a high natural frequency compared to the vehicle dynamics 

and must have reasonably his^h damping.  These characteristics are 

necessary so that the gain controller will operate at maximum 

effectiveness.  This point will be discussed further in Chapter III. 

The second order characteristics selected are a natural frequency 

of 60 radians and a damping ratio of 0.5.  Although these character- 

istics are selected to meet the requirements of the self-adaptive 

system, they should not pose a problem in the design of the high- 

■ain-linoar .system. 

In addition to the second-order poles a rroportional-plus- 

intefrrral function is included in the servo.  This feature makes 

the system a type one system (reef 4:126) and results in zero 

steady-state error in the resnons<- to a -;tfp command input.  The 

other effect is to cause the 

steady-state response to  a 

step disturbance input to be 

zero.   This can be shown by 

analyzing the  simple  block 

diagram in Figure 2 with an 

integrator in  the  forward 

branch.   With U    equal  to 

D 

7\   Cu, 1 
s -*&- ■»► G 

C r 
H 

Fig.   2 

Block Diagram Showing 
Disturbance  Input 

10 
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zero, the closed-loop transfer function for disturbance input (D) is 

1+GH 
s 

Gs 
B+GH (3) 

The   final-value   theorem with D  equal   to  a  unit  step shows   the 

steady-state  response   to   be 

C(t) 
S3 

lim 
s-»o 

1      Gs 
s    s+GH CO 

Thus, if the feedback element is not a differential üevice, the 

steady-state response to a step disturbance input will he zero 

provided the forward branch, excluding the controlled element, has 

nt least one pure integrator. 

The complete transfer function of the servo for commanded 

actuator-control-valve position with respect to the servo input 

voltage is 

X (s)     3600 (s+K.) 
a 1 

es(s)    s(s2+60s+3600) (5) 

where K. is the gain of the integrator of the proportional-plus- 

integral function.  The value of K. will be established to provide 

the desired compensation in both the self-adaptive and high-gain- 

linear systems (Chapters HI and IV). 

The last piece of hardware required to complete the pitch-rate 

loop is a sensor that will sense pitch rate and feed back a pro- 

portional voltage.  for this purpose a rate gyro with the following 

transfer function was selected: 

11 
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er(s) ^900 

g2+98s+^900 
(6) 

The  reason   for   the   high  damping  ratio  and   high  natural   frequency 

is again   dictated   by   (lie  self-adaptive  system,     «s  with   the   servo, 

these  characteristics should  pose  no  problem  to  high-gain-linear 

design. 

Assembled Components 

With the components selected and the vehicle dynamics deter- 

mined, the system can now be assembled.  The job remaining will be 

to design a compensator to be added to the system to yield the 

desired flight characteristics.  Figure 3 is a block diagram of 

c   +A 7y-*\ 
3600 (s + K, ) 

- b.67 
6+6.6? 

-M, (s+l/T ) 
0      a 

s +2rui s + o» * a  a 

e 

r 
s(s2+60s+360ü) 

oervo Ac tuator Vehicle 

c 

'+900 

2 + 98s + i+900 

Hate Gyro 

Fig. 3 

Block Diagram of üncompensated System 

the system without compensation.  The relationship of the various 

components can be seen more readily in the pole-zero plot of 

Figure if.  The vehicle dynamics used for this plot are for 

12 
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condition three and the location of the real zero based on the 

value of K. is still to be chosen. 
i 

Response Criteria 

The response criteria are specified by limitations on the 

resjonse to command find disturbance inputs.  These limit'ftions 

i-re   jased on i-ilot-prefcrence data such as that presented in 

Reference 9'' Appendix hi.  First, the response to a step corimand 

must have less tnan 25 percent overshoot and must damp to one- 

eighth amplitude within one cycle.  Additionally, the response 

must rise to within 90 percent of the commanded value in less than 

three seconds.  Second, gust disturbance response is to be damped 

to less than one-fourth amplitude in one cycle.  From these cri- 

teria the minimum damping ratio of the closed loop system for both 

command -md  disturbance inputs can be determined by making use of 

subsidence ratio data (Ref k •A79) •     The minimum closed-loop- 

damping ratio for command inputs is about 0.32 and for disturbance 

inputs is about 0.2?.  Although these values are based upon a 

dominant second order approximotion for the pitch-rate loop, the 

specifications do not preclude the possibility of first-order 

contributions to the total response.  The three-second-response 

criterion also limits the minimum natural freauency that a dominant 

second-order response may h--ive.  The natural frenuency which meets 

the criterion is dependent on the damping ratio.  For this reason 

the envelope of minimum natural frequencies can be shown most 

clearly in the s plane along with the minimum damping ratio (Fig.5) 

14 



GGC/EE/63-2 

•;fr: -:• '.  ., ^ . .- -.,„. — _.„ 

lill I * * i ;;; * 

— -:-:• • — H f ;
:;.: ;;; I 

-■■■■■■ •■!   : 

O'. ß ■ 

;:-:- ;;:: T": ::- 

''/' i 
:': :^M 

V 

•::'- T::- rifr rfrf 
■■'- 

^ ̂  \J\ V        V ' f\ .A 

V\ 
-— -r: -" -ffr- 

!! /\ 1 ',',.'. 
:::; 

-1:,- T'-'- 
% 

^ 

ÖJ \^' 
■ w   . 

■::. i,:: ; 
:: ■ i:.: 

,■: :■ : 

r~ !r~ 
■ . . . 

\ v. \ <\ X X 

rrr. 
■ 

r-rr 
^ 

'.':'.: 

^ ̂ v i| 
1 ■ 

— -i-rr ••— -"; "-: "-- --- 

:r:-: .:.. „;.; ':'-:• .:.„ - ..:.- ..::     : m ■ i ■ 

i 

.'.. • 1 • • 

Fig.   5 

Region  of   Exclusion   for  a   Dominant   Pair of  Poles 

This data is calculated from second-order step-response character- 

istics in Reference ^:59.  Dominant complex-conjugate poles must 

be outside the shaded portion of the figure to meet the response 

cri teria. 
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III.  The Self-Adaptive oystem 

The nelf-ada ptive pitch-rate control sy.'-tem to be studied is 

an early design for the MH-96 Auto pilot.  The principal reason for 

using the early design is to obtain a rriore realistic comparison 

with the high-gain-linear system.  This places each design at 

approximately the same stage of development in designing a complete 

flight-control system.  No attempt will be made to improve the 

basic design in this thesis because several changes have been 

made by the manufacturer to cope 'Aith problems encountered in the 

X-15 program,  .'.hen the changes in the system seem appropriate to 

the discussion in this thesis, they will be mentioned.  More 

information on these developments can be obtained from inferences 

3 and 12o 

Principles of Design 

If the res: on.se to command in ruts is considered, a perfectly 

designed pitch-rate loop for an autopilot would have the same 

closed-loop transfer function for every flight condition.  This 

is to say that the closed-loop is completely insensitive to vehicle- 

parameter variations.  Although it is very improbable that such a 

system could be designed for a vehicle with such wide parameter 

variations as those of the X-15, the model concept allows a system 

design which will be very close to optimum.  Such a system uses a 

model or pre-filter (Fig. 6) having the transfer function desired 

from the system, and the feedback loop is designed to have a closed- 

loop bandwidth several times greater than the model for all flight 

16 
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Model -H» 

Prefilter 

Forward 
Branch 

Feedback 
Branch 

Feedback Loop 

Fig. 6 

'eedback System with Model Prefilter 

conditions.  Thus the dominant resronse cf the system is that of 

t he model. 

The model initially selected for use in the KH-9b system had 

the following transfer function: 

(7) 
s +its+/+ 

However, when piloted simulator studies were made a faster response 

was desired so the model was changed to 

2 

s + 2 
US) 

This is the model which will be used throughout the work which 

follows. The change in model tends to improve the rosronse of 

the system by decreasing the rise time. 

17 
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Several factors influence the design of the feedback loop 

and since the design analysis of the self-adaptive system will be 

carried out by the root-locus method, the principles of design for 

the feedback loop will be expressed in root-locus terminology. 

First, the vehicle dynamics fall into a region n'-'ar the model pole. 

To obtain the dominance of the model, the residues of the closed- 

loop poles on the loci near the model pole must be negligibly small» 

This result can be achieved if the compensator and aircraft zeros 

are near the open-loop noles and a high-gain design is used for the 

feedback loop.  Second, to maintain the stability of the system 

and to keep the gain as high as possible for all conditions, a gain 

changer will be placed in the system.  The use of the gain changer 

is based on trie premise that tue gain can be changed faster than 

the vehicle parameters change.  (This has worked out in practice 

except under maximum acceleration of the X-l^.  vVhen this condition 

exists, the gain changer lags but the system response is still 

satisfactory.)  The gain changer is a linear attenuator that changes 

gain as a function of the amplitude of the oscillations (limit cycle) 

which occur when the system begins to go unstable.  In 1 he IvlH-96 

system the limit cycle is sensed at the output of the servo and 

fed through a bandpass filter.  The filter attenuates all signals 

outside the band of limit-cycle frequencies.  From the filter the 

limit cycle goes to an absolute value circuit and on to a comparator 

where the voltage is compared to a set-point value.  The error 

generated is either positive or negative depending on whether the 

amplitude of the limit cycle is greater or less than the set point. 

18 
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The error from the comparator drives the gain controller.  For a 

positive error the gain is decreased.  This corresponds to a limit- 

cycle amplitude greater than the set point.  For a negative error 

the gain is increased.  In this manner the gain changer keeps the 

gain of the feedback loop at the point of neutral stability.  If 

the system parameters change so that the feedback loop becomes less 

stable, the amplitude of the limit cycle increases beyond the set 

point and drives the gain down.  Conversely, if the amplitude of 

the limit cycle decreases below the set point, the fcain increases. 

Thus the amplitude of the limit cycle is dependent upon the set- 

point voltage.  The amplitude of the limit cycle is controlled so 

that the aircraft response to the limit cycle is generally below 

the pilot's threshold.  A more detailed analysis of the operation 

of the gain changer can be found in Reference 5»  Since the gain 

changer maintains the gain for neutral stability with only slight 

variations, the design of the self-adaptive feedback loop can be 

approached with linear techniques. 

The use of the gain changer places additional restrictions on 

the loci which cross the imaginary axis.  In order to make the 

pass band of the filter as small as possible, the loci must cross 

the axis at approximately the same frequency for all flight condi- 

tions.  The loci must also cross the axis at a low slope so that as 

the gain changes, the frequency of the limit cycle will not vary 

enough to cause the limit cycle to be amplitude modulated by the 

filter.  If this condition exists the gain changer may hunt 

excessively. 

19 
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With these rrinciplee in mind, the feedback loop of the self- 

adaptive pitch-rate system can be designed to, meet the bandwidth 

requirements.  The principles established so far are based chiefly 

on obtaining the desired response to command inputs.  Disturbance 

criteria will be investigated after the preliminary design is 

analyzed. 

Design Analysis 

To show tne effects of the self-adaptive design the flight 

conditions which represent the extreme excursions of the vehicle 

dynamics will be used.  These are conditions three and six from 

Table I. 

The zeros that shape the loci from the vehicle poles must be 

placed so that the loci move into a region of high damping where 

the time constant will be small compared to that of the model. 

This must be done so that if the residue of the closed-loop poles 

on these loci becomes large enough to contribute to the closed- 

loop response, the effect on the total response will be small. 

The location of these coles is also important when considering 

disturbance response because the location of the closed-loop poles 

is the same for both command ;md disturbance inputs»  It was found 

that the loci could be forced into the real axis to provide maxi- 

mum damping; therefore, a double zero was placed at s = -5 (Eig« 7 

and 8).  One of these zeros comes from the proportional-plus- 

integral portion of the servo.  The integral gain (K.) was selected 

to be five for this system.  This makes the servo transfer function 

(Eq 5) 

20 
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3600 (s+;?) (g) 

s(62+606+3600) 

The second zero comes from a lead compensator with a pole as far 

out as the practical limitation of passive lead networks allows« 

The transfer function of the compensator is 

Ififif do) 

A second lead  network is selected so that the breakaway point for 

the loci which crocs       the imaginary axis will be as far to the left 

as possible.  The zero of this lead network is placed slightly to 

the left of the actuator pole.  Thus the second lead compensator is 

3 ^%|f (11) (s+25) 

The loci of the system ie shown in Figures 7 and 8 for flight 

conditions three and six. 

The reason for selecting a servo and rate gyro with high 

natural frequencies should now be apparent.  The frequencies are 

about 10 times the highest natural frequency of the vehicle.  This 

causes trie poles of the servo and rate gyro to be dominant in 

determining the shape of the root loci that cross the imaginary 

axis.  >is a result the shape of these loci for the two extremes of 

vehicle dynamics is very much the same»  The point of neutral stab- 

ility which determines the limit cycle frequency falls in nearly 

the same location for both conditions.  The values of limit cycle 

frequencies {oj =  yd  and '^h  radians per second) will be considered 

23 



the bounds of the limit cycle frequency variation because the two 

cases shown represent the maximum excursion of the vehicle poles and 

zeros.  The choice of damping ratio Tor the rate gyro and servo is 

based on a trade off between a low slope at neutral stability and 

a high static loop sensitivity.  The static loop sensitivity is the 

constant coefficient (K) when the open-loop transfer function is 

expressed with the coefficients of s enual to unity 

G(s) H(s) 

n 
K I! (s-z ) 

-i    m tn=l 

x ^r 
s' 17 (s-p ) 

c=l   c 12) 

and is [he   product of the sensitivities (S., S , ...S ) of the 

individual components of the system when the transfer functions 

are as follows: 

n 
s.  n (s-z ) 
k  n    m m=l 

n (s-p ) 
c =1 (15) 

This design gives slightly more weight to high static loop 

sensitivity. 

The decision to have the loci which break out from the compen- 

sator poles cross the imaginary axis is based on more than the low 

slope principle.  The limit-cycle frequency has to be kept below 

anticipated structural modes of oscillation.  At the same time the 

limit-cycle frequency must be higher than the natural frequency of 
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the vehicle.  Hardware problems were also an influencing factor. 

The location of the compensator poles can be fixed with more 

certainty than the servo poles, which may vary significantly 

under operating conditions. 

with this compensation, the operation of the system can now 

be determined.  The first thing; to be established is the range of 

gains over which the ^ain changer must vary to maintain neutral 

stability.  The static loop sensitivity (K) is the product of the 

control surface effectiveness (Mx)» the sensitivity of the other 

components of the system (S), and the gain of the gain changer (K„] 

9 
Now S is constant for all conditions and is equal to 3.53 x 10 » 

Hence, 

G  3.53xl09M, (1^) 

10 
The static loop sensitivity for condition three is 3^70 x 10 

and K,, equals 0,198,  For condition six K equals 3»67 x 10  and 

K  equals 1^,85«  From this data it appears that K is inversely 

proportional to Mr because the value of K is nearly constant.  To 

check the validity of this assumption K for condition one was 

calcul-ited to be }.6^  x 10  .  Hence, for the purpose of analysis 

K  is considered to be inversely proportional to M,.  The range of 

gain to be covered by the gain changer can now be calculated from 

conditions one and three, which represent the extreme values of M,. 

As a result K must vary from approximately 0.2 to kj.     The gain 

changer itself can only attenuate; therefore, a fixed gain of 47 

must be placed in the loop.  Then the gain changer will establish 

the value of K„ by attenuation. 
u 
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With the static loop sensitivity deterniinedtUie location of 

the closed-loop poles can now be found. The location of the six 

roots with high natural freouencies is shown in Figures 7 and 8. 

As expected, the location of these roots is nearly the same for the 

extremes of vehicle dynamics»  Some idea of the closed-loop band- 

width can be obtained from the closed-loop transfer function formed 

from these six roots by assuming that the residues associated with 

the closed-loop poles near the origin are small.  In reality, how- 

ever, the combination of poles and zeros near the origin causes some 

attenuation before the first corner frequency of the six roots 

considered is reached.  The transfer functions, assuming the compen- 

sation is placed in the forward branch (Fig. 3)» are: 

r     A- +■        7  9 Cs) Condition 3  x-?—V 
-10.4 x 10 (s +98s+70 ) 

(s2+34
2)(62+806+80

2)(s2l49s+83
2) 

(15) 

n      J • 4- •    c 9 (s) Condition O   T—r—r 
c 

 -8.6 x 106 (s2+986+70
2)  

(s2 + 322)(s2
+7zfs + 78.22)(s2

+l46B+822) 
(16) 

Because Equations(15) and (lb) rare nearly the some, the character- 

istics of the bandwidth of the system can be determined from an 

asymtotic log-magnitude diagram of Equation (16).  Figure 9 is the 

diagram with the damping ratio shown at the corner frequencies. 

From the figure it is readily apparent that the dominant response 

of the" feedback loop will occur at the limit-cycle freouency. 

This means that noise entering the system will excite limit-cycle 

oscillations and will cause the gain to decrease until the ampli- 
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tude of the oscillations is below the set point.  If the feedback 

loop is allowed to operate in this manner, the response to command 

inputs could be degraded.  The feedback loop can be modified to 

limit the change in gain resulting from noise or high frequency 

components of the command input appearing at the output of the 

model by modifying the feedback branch.  However, this will not 

reduce the effect of noise introduced in the feedback branch 

because all components of the system appear in the forward branch 

of the feedback loop presented to these inputs.  The system is 

sufficiently modified when the second lead compensator (iiq 11) is 

placed in the feedback loop.  By making this change, the closed- 

loop pole on the loci between -6.67 and -8.33 becomes more dominant 

27 
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in the response.  Limit-cycle oscillations can still be excited, 

but as the gain decreases the damping of the neutrally stable poles 

increases and their contribution to the total response becomes less 

dominant because the corner at the limit-cycle frequency occurs 

with 11 decibels of attenuation.  With the change in design the 

closed-loop transfer function of Equation (16) becomes 

e (s) -2.88 x 106 (s+25) (s2+98s+70
2)  

(S+7.2)(S
;?
+52

2
)(S

2
+7^S + 78.2

2
)(S

2
+146E + 82

2
) 

(17) 

and the asyratotic closed-loop frequency response is shown in 

Figure 10.  The block diagram of tV cysten ar, it will be analyzed 
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ram of  the  Closed Loop with  Feedback Con ipensation 

can now be drawn (Fig. 11), 

The question arises as to whether the model is dominant with 

the bandwidth of the feedback loop from this design.  Since the 
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question of dominance is essentially baaed on first order responses, 

one of which is 3«6 times as fast as the other, the total response 

will be very nearly that of the model. 

The validity of the assumption that the residues of the closed- 

loop poles near the origin are small must also be checked.  By root- 

locus analysis it is known that the residues associated with a pole 

will be small if the distances to the closed-loop zeroes are small 

compared to the distance to the other closed-loop poles.  Since 

the vehicle zero and the compensator zeros at s = -5 are also 

closed-loop zeros, to have small residues associated with the 

closed-loop roles they must be near these zeros.  The complex 

conjugate closed-loop poles that will appear on the loci between 

the vehicle poles and the compensator zeros are not a cause of 

great concern because (1) one half of the loci lies in a region 

where the damping ratio is greater than  0,7 for all cases and (2) 

the natural frequency of the closed-loop poles in this region is 

from 2,5 to k  times that of the model.  The greatest problem, 

considering the response of the feedback loop to a step input, is 

the closed-loop pole which lies on the real axis between the servo 

pole at the origin and the vehicle 7.ero which moves out from the 

origin as far as s = -2.07.  The residue associated with this pole 

has a negative value which means that the term in the time response 

equation is subtracted from the commanded value.  The form of the 

-t/T 
equation for the time response contributed by this pole is -Ae 

where T will be very large when the pole lies near the origin and 

larger than the time constant of the model for every condition. 
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If the residue of this pole is significant it will cause the output 

of the system to be delayed in reaching the commanded value and may 

even be large enough to keep the system from meeting the response 

criteria for step command inputs,  üince the static loop sensitivity 

of tue system is nearly the same for all flight conditions, the 

vehicle dynamics which may cause poor performance of the system can 

be predicted.  The residue of the closed-loop pole which moves 

toward the vehicle zero will be determined largely by the ratio of 

the distances to the vehicle zero and the pole at the origin (step 

input) and the ratio of the distance to the compensator zeros at 

B = -5 and the poles on the loci which come into these zeros.  The 

relative locations of the closed-loop poles is dependent upon the 

location of the vehicle poles and zeros in a way that causes the 

residue of the pole on the locus to the vehicle zero to be large 

when the time constants of the vehicle poles (lA-a> ) and zero are 

large.  On the basis of tnese considerations Table I indicates that 

the effect of this pole may be significant at flight conditions one, 

four, five, and six. 

The disturbance response to be expected from the system must 

now be determined.  The response to a step control-surface-angle 

disturbance is dependent upon the feedback loop alone because the 

model does not appear in the signal path.  In general the transfer 

function for a disturbance input to the vehicle is 

D  1+GVH (18) 
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where V is the vehicle and GVH is the oppr.-loop transfer function. 

Since the vehicle transfer function appears alone in the numerator, 

the magnitude of the response to the disturbance will be greatest 

when M/ is large.  Thus, for the purpose of analysis flight condi- 

tion three will be investigated even though no magnitude limitations 

are placed on disturbance response in Chapter II.  (The largest 

response to disturbance inputs is generally the most undesirable 

condition.)  The closed-loop poles are the same as those for command 

inputs; therefore, with information from Figures 7« H» and 12  the 

closed-loop transfer function for disturbance inputs (a step 6 

command) is 

6 (s)   -52.955 (s+2.07) (8+6.67) (5+25) (s+50) 
6  (s) 
e (s+O.85) (s+6.9) (82+3k2)   (s2+12.85sf7.i2) 

(82+60s+602) (62+98s+702) 

(19) 

(s2+ö0s+&02) (s2+lif9s+832) 

The location of the poles and zeros in the s plane is shown in 

Figure 13-  The damping of all but the neutrally stable poles is 

sufficient to meet the disturbance criteria of Chapter II.  The 

relative magnitude of the residue of these poles will determine 

the way in which the system meets the criteria.  The poles at 

s = -6.3 i j3'6 have the largest residue (0.032) when the response 

to a unit step input is considered.  However, the neutrally stable 

poles also have a significant residue (0.011).  As a result the 

small oscillations at the limit-cycle frequency may cause the gain 

changer to decrease.  This in turn c:iuses the poles to shift in 
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auch a way that the difference betwe-n the residues (;f tin ■•.- ■ " 

pairs of conjuicaLe poles remains nearly constant as the damijnö; of 

the neutrally stable roles increases.  In this manner the effect of 

the neutrally stable poles on the time res] or.se is decreased so 

that the system meets the criteria.  The gain cham/er influences 

the disturbance response to a lesser or greater degree depending on 

the difference between the residues of these two pairs of conjugate 

poles for e:ich flight condition.  The conclusion to be drawn from 

this analyris is that the disturbance response of the system is 

partially dependent on the rate at which the gain is decreased» 

The gain changer for the Mll-9f' system is designed to decrease system 

gain faster than it increases rain.  This is not only to maintain 

satisfactory disturbance response but also to insure a conservative 

search for the neutral-stability gain.  The gain cornruter also 

includes a limiter to prevent the syntem pain from going so lew 

that the response to commands is degraded. 

Computer Simula tion 

The self-adaptive ritch-rate control loop was simulated on an 

analog computer to obtain time response data.  The circuit diagrams 

for the simulation are shown in !ie arpendices.  appendix B contains 

the diagr-ims used to simulate the vehicle at the selected flight 

conditions and Appendix C contains 'lie diagram for the entire pitch- 

rate loop.  For each flight condition the time response ot the system 

is shown above the time response of the model for a step pitch-rate 

command to the system.  Since the model response rises to (;0 percent 
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of the coi/imanded value in 1.15 seconds, the system meets the command 

response criteria if the output is the same as   the model response. 

The disturbance response is shown ;ibove the step disturbance of the 

control-surface angle (6). 

The response of the system for flight-condition one is shown 

in Figure Ik,     Comparison of the model and the system responses 

indicates that the response of the system takes a long time to rise 

to final value.  However, the initial rise meets the command response 

criteria of 90 percent of the commanded value within three seconds. 

The long delay in reaching the commanded value is caused by the 

closed-loop pole which lies on the real axis between the origin and 

s = -0,0356.  This response from the system is not surprising since 

the possibility of an error of this nature was predicted in the 

analysis.  The long delay in reaching the commanded value caused an 

error signal to persist for such a long time that the command input 

had to be kept small to prevent the integrator of the proportional- 

plus-integral section of the servo simulation circuit from saturat- 

ing.  The saturation of the system is very rapid for command inputs 

greater than one degree per second because the gain of the gain 

changer (K ) is highest for this flight condition.  This amplifies 

the error signal greatly before it is lassed to the servo and since 

the time constant of the error is large, saturation occurs.  For a 

larger command input, the error becomes larger ■■nd the integrator 

reaches the saturation point faster. 

The disturbance response is an oscillation at the limit-cycle 

frequency riding on a decaying signal.  The oscillation, which is 
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Fig. 14 

Response of the Self-Adnptive System for Flipht-Condition One 
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much greater in magnitude than the nominal limit cycle, is damped 

to meet the disturbance criteria within one cycle.  A reduction in 

the system gain was noted for this flight condition because the 

magnitude of the resronse oscillations are greater than the nominal 

oscillations.  At this flight condition the gain changer aids the 

system to meet the disturbance criteria. 

Figure 15 shows the response of the system at flight-condition 

two.  The amplitude of the limit-cycle oscillation has increased 

and the modulation effect is more pronounced when compared to data 

for flight-condition one.  These two effects will be dealt with in 

more detail after all of the response data is presented.  The 

system output follows the model without any detectable error to 

meet the command response criteria.  The disturbance response decays 

ithin one second without any oscillation other than the normal 

limit cycle.  For this flight condition the gain changer has little 

to do with meeting the disturbance resronse criteria because the 

oscillations do not exceed the limit cycle amplitude.  The system, 

therefore, meets the response criteria for flight-condition two. 

The response of the system at flight-condition three as shown 

in Figure 16 meets the criteria.  The results are nearly the same 

as for flight-condition two except that the limit-cycle amplitude 

and the disturbance amplitude are larger. 

The response of the system at flight-condition four is shown 

in Figure 17.  The command response is affected by the closed-loop 

pole near the origin.  The time constant associated with this pole 

is not very large so that the delay in reaching the commanded value 
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Fig.  15 

Response  of   the  Self-Adaptive  System   for  Flight-Condition  Two 
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Response of the Self-Adaptive System for Flight-Condition Three 
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Response  of  the  Self-Adaptive  System  for  Flight-Condition  Four 
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is not as great as for flight-condition one (Fig, Ik),    However, 

the residue is large enough to keep the system from meeting the 

response criteria for this flight condition.  The output has reached 

only 85 percent of the commanded value after three seconds.  The 

disturbance response meets the criteria in the same manner as for 

flight-conditions two and three. 

Figure 18 shows the response of the system at flight-condition 

five.  Once again the effect of the pole near the origin is apparent, 

but the system meets the resronse criteria.  The disturbance re- 

sponse shows the limit-cycle oscillation on a decaying signal.  At 

this flight condition the gain did not change any more than required 

to control the nominal limit-cycle oscillation. 

The response at flight-condition six appears in Figure 19i 

The command response at this flight condition follows the model 

with no noticeable error.  The disturbance response is an oscil- 

lation at the limit-cycle frequency on a decaying signal.  Since 

the oscillation is slightly larger than the nominal limit-cycle 

amplitude, the gain of r.he system is decreased a little lower than 

for control of the limit cycle.  The amplitude is decreased within 

one cycle to the nominal limit-cycle amplitude.  As a result, the 

system meets the response criteria for condition six. 

Some general conclusions can now be drawn from the composite 

results.  The range of limit-cycle frequencies from the computer 

data is 29,5 to 31«5 radians per second.  The values are somewhat 

less than predicted from the root locus (32 to 'j>k  radians per sec- 

ond).  The discrepancy results largely from the inaccuracies in 
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Response  of   the  Self-Adaptive  System   for  Flight-Condition  Five 
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the capacitors required to simulate the complex poles of the servo 

and rate gyro.  The values of the components used in the simulation 

reduced the natural freouency and damping ratio of the servo and 

rate gyro poles slightly.  The gain (K^,) of the system was also 

somewhat less than the predicted values for all flight conditions. 

For flight-condition one K  was k^.k  and for flight-condition three 

K,-, was 0.192 compared to the predicted values of ^7 and 0.19S. 

The reduction in K^, also indicates that the servo and rate-gyro 

roles arc not loc-ited accurately.  However, these ; arameters are 

close enough to the calculated values that the response data 

obtained represents the system adequately. 

In all of the resvonse data the pitch-rate output of the system 

shows the limit-cycle oscillation to be amplitude modulated.  The 

nature of this modulation is dependent upon the range of attenuation 

over which the gain changer is operating because trie attenuation 

is changed in a non-linear manner.  This effect is even more pro- 

nounced in a linear analysis because the system operation passes 

from convergent oscillation to divergent oscillation with only a 

slight change in gain.  The limit-cycle amplitude also changes for 

each flight condition.  By comparing the amplitude of .he limit 

cycle in Figures 15 c";nd lb, the limit-cycle amplitude for condition 

three is about 3*2 times that for condition two.  This ratio 

corresponds very closely to the increase in M« for these flight 

conditions (Table I).  This is to be expected from this self- 

adaptive design because of the construction.  In Figure 11 the 

limit-cycle-sensing point is shown to be at the output of the servo. 
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The gain controller attempts to maintain a constant limit-cycle 

amplitude at this point.  Since this point lies between the pain 

changer and the vehicle and K  varies inversely as the value of 

Mr, the increase in the amplitude of the limit cycle at the output 

of the system must be proportional to the increase in M,.  The 
o 

limit-cycle amplitude at the output must be controlled by the 

reference set point of the gain changer to preclude objectionable 

oscillations.  This simulation does not attempt to minimize these 

oscillations in the output because the main interest is to obtain 

response data. 

The amplitude of the disturbance response is nlso dependent 

upon the value of H, for each flight condition.  For flight- 

condition two Lhe magnitude of the peak is 'l.'t>  degrees per second 

and for condition three the magnitude is nine degrees per second. 

The ratio of the peak nslue for these two conditions is 3*9 and the 

ratio of Mr is 3.25»  Thus, the increase in the amplitude of the 

disturbance res-onse is somewhat greater than the increase in Mr, 

The difference is caused by the increase in amplitude of the limit 

cycle.  The settling time of the disturbance response indicates that 

the response is dependent upon the pair of complex poles on the loci 

that go into the compensator poles at s = -5«  This verifies the 

analysis of the system made in the previous section. 

It was noted during the computer simulation that the magnitude 

of variation in K  was much greater at Lhe flight conditions where 
u 

M^ is low.  This in turn caused the output of the system to vary as 

Kr fluctuated.  Figures 1^, 18, and 19 show this effect.  For 
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flight-condition five (Fig. l8) this output variation can almost 

be described by a sine wave with an amplitude of 0.0k  degrees per 

second and a frequency of 0.3 cycles Fer second.  This corresponds 

to the amplitude modulation of the limit-cycle oscillations. 

The computer response data shows'that the system meets the 

response criteria except at flight-condition four.  The response 

to command inputs is also less than desirable for flight-conditions 

one and five.  The response at these flight conditions can be 

improved if the static loop sensitivity of the system can be raised. 

In the more advanced design (fief 12:4) the servo and rate gyro 

cnaracteristics have been improved to yield a higher static loop 

sensitivity with a resultant improvement in the response of the 

system. 
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IV.  The High Fixed-Gain Linnor System 

In this chapter a high-p;ain-linear design will be applied to 

the X-15 flight-control problem.  A fitch-rate control system will 

be designed for the vehicle and control components described in 

Chapter II. 

The theory of the high-gain-line;jr design originates from the 

fundamental properties of feedback derived by Black (Kef 1).  Bode 

established these properties in theorems which show the effects of 

feedback on electronic amplifier circuits.  The theorems are devel- 

oped in terms of control-system terminology in Appendix A.  The 

properties are reviewed  so   that the intent of each design principle 

can easily be understood.  Both the root-locus method and the 

frequency-response method (log-magnitude and phase diagrams) were 

used to resolve the problem.  The reason for the change in method 

is described later in" the chapter.  The design techniaues used were 

devised by Horowitz in recent publications (Refs 6, 7, and 8); 

however in the frequency-response method, the approach was changed 

somewhat due to the difficulties encountered in translating the 

time-domain specifications into frequency-response criteria for a 

non-dominant system.  Before proceeding to the design, the principles 

to be used will be related to the control problem. 

Design Principles 

The control problem is this:  to make the system insensitive 

to the variation of vehicle parameters so that the response to 

command and disturbance inputs can be controlled. 
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The design principle applied to the problem of vehicle- 

parameter variations is shown in Theorem 2 of Appendix A.  The 

thporem shows Llint variations in the output, caused by variations 

of the controlled element, are reduced by feedback in the ratio 

(l+GH) : 1.  .From the block diagram of Figure 20, the closed-loop 

-i^— +& 
G = controlling element 

V = vehicle dynamics 
(controlled element) 

H = feedback element 

Fig. 20 

Feedback Control Loop 

transfer function to a command input (K) is 

C    GV 
R  1+GVH 

(20) 

Differentiating  Iviuation   (20),   keering G   and   H   constant   gives 

d   (C/H)   = 
1 GdV 

1+GVH       1+GVH (21) 

,    ,      . 1 ,        C/R 'epl-cing    1+GV11     by    —    gives 

(C/lt 
C/ii       GdV 
GV       1+GVH or 

d(C/R: 
C/lv 

1 dV 
1+GVH     V (22) 
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This   enuation  ahcivo   thrit   the   feedback  nhct'ld  be  l-:rf.e   to  reduce   the 

effects  of   the  relative  variations  of V  on   'he   clo.sed-loor  lesponse. 

To  make   the   feedback  Inrpe,   the  open-loop  t'viin   (GVH)   must  be  larpe. 

oince  R is  independent  of   the   variation  of V,   the  output C  is  almost 

independent  of vehicle-parameter changes  when üVH»l.     Equation   (22) 

leads   to   the   conventional  definition  of  sensitivity  of C/R  to  V 

(Ref 8:94-96)  which is 

d(C/R) 
. C/R C/R 

dV/V 1+GVH 
1 

1 + L (23) 

where L is the open-loop transmission (GVH).  The sensitivity 

function is a measure of the amount of feedback necessary to sup- 

press the effect on the output of variations in the forward branch, 

A serious limitation of nquation (23) is that it can only be applied 

for infinitesimally small variations of V.  To consider finite 

changes in V, let (C/R)  be the value of the closed-loop transfer 
o 

function when V is some nominal value V .  Let finite changes in 
o t- 

C/R and V be represented by 

AV = V-V 

A(C/R) = C/R-(C/R) (24) 

With the above equations, the definition of the sensitivity function 

for finite changes of V can be written as 

A(C/R) 
C/R A  C/R 

'       ~  Av/v l+L 
(25) 
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'..here L is the nominal open-loop transmission GV H.  Equation o r      i 0     i 

(25) points out that any desired degree of insensitivity can be 

obtained for any amount of AV provided L can be made large enough, 

In Figure 20  the closed-loop transfer function of the disturb- 

ance input D is 

1+GVH 
V 

1+L 
26) 

As discussed in Theorem 3 of Appendix A, the effect of disturbance 

on tv!e output is reduced by feedback in the ratio (l+GVH): 1. 

Equation (26) again shows that the feedback should be large. 

Comparing Equations (23) and (26) shows that the sensitivity 

function is also a measure of the amount of feedback necessary to 

minimize the effects of disturbances.  Considering finite changes 

in V, let (C/D)  be the value of the closed-loop disturbance 
0 r 

transfer function when V is some nominal value V ,  Let finite 
0 

changes in C/D and V be represented by 

AV = V-V 
0 

A(C/D) = C/D - (C/D) (2?) 

With the above equations, Equation (2b) can be rewritten as 

A(C/D) 
C/D 

1   AV 
l+GV H  V 

0 
1+L 

AV 
V (28) 

This form shows that unless the magnitudes of G and H are large, 

relative changes in V can affect relative changes in the closed-loop 

disturbance transfer function and, therefore, the disturbance response, 
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The de^ipin principle used to meet the response criteria to a 

command input can be seen from Equation (20).  n'ith large feedback, 

GVH»1, Equation (20) can be approximated by 

£ ~ i 
R  H (29) 

This implies that within the open-loop bandwidth the feedback, 

element H provides the design freedom to establish the response 

and bandwidth of the closed loop. 

Horowitz discussed the concept of design freedom by comparing 

the single- and two-degree-ot-freedom configurations (Kef 7:49-50)• 

A single-degree-of-freedom structure, as shown in Figure (21), has 

the following closed loop transfer functions: 

c GV 
1+GV 

C 
D    : 

V 
'     1+GV 

S t t® +& 

(30) 

(31) 

Fig. 21 

Single-Degree-of-Freedom Configuration 
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Üquntions (50) und (51) show that once G la selected to handle 

the dinturbance and parameter variation problems, there is no free- 

dom left to design the system response to a command input.  The 

configuration of Figure 20 is a two-depree-of-freedom structure 

since G and H can both be varied to satisfy the independent response 

criteria of the disturbance input and the command input. 

It should be understood that in the preceding discussions, 

the following qualifications were assumed:  (1) there is no leak- 

oge transmission between the input and output of the system; (2) 

there xs no interaction or coupling between blocks, except as shown 

by the connecting lines; (5) the feedback structure is confined to 

a single loop; and ('() the term "feedback" is expressly meant as 

the quantity 1 + L. 

In summary, the design principles are:  (1) L is designed to 

obtain the desired system insensitivity to vehicle-parameter 

variations and to minimize the effects of disturbances; und (2) 

a two-det>Tee-of-freedom configuration must be used to satisfy the 

independent response criteria of the disturbance and command inputs 

so that, with L determined, the compensation can be divided between 

G (to control disturbance response) and H (to control command 

resronse).  The design principles were first applied to the problem 

employing the root-locus method. 

Root-Locus Method 

It has been shown that the sensitivity function is a measure 

of the ability of the system to cope with the problems of parameter 
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variations and disturbances.  In terras of a root-locus plot, the 

sensitivity of the system transfer function is directly related to 

the maximum permissible drift of Lhe dominant closed-loop poles and 

zeros (.Kef 8:2^9-250) •  If this movement is very small, the system 

is highly insensitive to forward-branch-paramoter variations and 

the variation uf the system response in the time domain will be 

small.  In terms of a dominant system design, the above implies 

that the dominant closed-loop poles should be near open-loop zeros. 

To have closed-loop poles near open-loop zeros reauires a high 

static loop sensitivity, which implies a large DC gain level and 

low sensitivity to parameter variations.  As in any dominant design, 

all additional closed-loop poles must have small time constants 

and residues so that they do not interfere with the dominant system 

response.  This is especially important if the dominant closed- 

loop poles have small residues.  To rake   the residues associated 

with the non-dominant closed-loop poles small, the open-loop zeros 

can be placed in the feedback branch so that they are not zeros of 

the closed-loop transfer function»  This also keeps the residues of 

the dominant closed-loop polos very near the zeros from becoming 

too small,  oince a detailed description of the design technique is 

given by Horowitz in References S:2.k^-2b7  and 6:9-11, only the impor- 

tant aspects of tiie technique will be related to the design of the 

flight-control system. 

The first step in the design was to cancel the servo and rate 

gyro poles with complex compensators.  This allows freedom of move- 
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ment of the poles of the compensators to meet the design requirements, 

The integral gain (K. from Chapter II) of the proportional-plus- 

integral circuit was assigned the value of 6,67 to cancel the effect 

of the actuator pole which is load dependent.  Even though the act- 

uator i^ole is given at s = -6.6?, the pole position will shift due 

to changes in load on the control surface.  However, with high gain 

in the system, any closed-loop pole associated with this loci should 

be close to the proportional-plus-integral zero, thereby cancelling 

its effect.  The reason for this cancellation is to simplify place- 

ment of the compensator poles.  After cancellation, the open-loop 

transfer function of the system hardware and vehicle dynamics is 

(see Fig. 3) 

,- rn       -Mc (s + 1/T ) 
^ -^ J (32) S    2 _ _       2 

s +2 rto s+ u) 1  a   a 

The compensators used to cancel the servo and rate gyro poles yield 

a minimum of four poles.  A compensator to supply the necessary two 

open-loop zeros to control the loci from the vehicle poles will have 

a minimum of two poles.  Including the poles and zeros of Equation 

(32), this gives a total of nine poles and three zeros or an excess 

of six poles.  This combination of poles and zeros gives the follow- 

ing angle conditions for the root loci asymptotes: 

,0 

r= Üim^CL. = „0«, ±90«, ±150o   03) 

Since the desired location of the dominant closed-loop poles 

dictates the location of the open-loop zeros, the choice of the 
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closed-loop pole location was considered first.  As shown in Figure 

5, the location of the poles must be outside the given region to 

meet the system performance specifications for all flight conditions. 

Since the natural frequency 6ü of the poles dictates the system 

bandwidth, the value of a» should be kept reasonably low.  This is 

important since, as will be shown later, the lower the value of UJ   , 

the lower the gain-bandwidth product required to maintain the desired 

insensitivity of a dominant system.  The selection of W    and damp- 

ing ratio (f ) for the poles was further based on pilot preference 

data (Kef 9: Appendix E). 

The next consideration was to select the flight condition on 

which the design for the dominant response is to be based.  The 

vehicle parameter that contributes the largest variation is M,, 

which varies by a factor of 240 : 1.  It was found that, in the 

region of interest, the movement of the dominant closed-loop poles 

about their corresponding open-loop zeros is primarily influenced 

by the value of Mr for each condition*  In other words, if the 

closed-loop poles are originally located using the low Mr condition, 

the pole locations for all other conditions will be closer to the 

open-loop zeros.  The above statement is verified in Appendix D. 

The pole location of the low M^ condition (flight-condition one) 

dictates the amount of system insensitivity since it establishes the 

boundaryof the region of pole movement about the open-loop seros. 

The final consideration was to investigate the effect of the 

maximum value of M* on the loci of the compensator poles.  As 

mentioned previously, the minimum number of excess poles is six. 
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These six poles are the compensator poles and, as shown in Equa- 

tion (33)» they determine the angle conditions for the asymptotes. 

Enuation (33) shows that one pair  of loci from these poles will 

cross the imaginary axis.  For dornih^nce, the compensator poles 

must be located far enough away from the imaginary axis so that for 

maximum M,, which corresponds to the maximum static loop sensitivity, 

the roots on the crossing loci do not interfere with the dominant 

roots.  To ensure that the above condition is met, a constant cr 

line is chosen so that if these roots lie on or to the left of the 

O" line, the time constant will be small enough to make the contri- 

bution to the time response negligible (assuming reasonably small 

residues). 

because of the variation of Mr, the maximum static loop 

sensitivity (flight-condition three) will be 2k0   times the value 

of the static loop sensitivity at the dominant closed-loop pole 

location for flight-condition one.  The location of the compensator 

poles is an important factor in obtaining the maximum value of 

static loop sensitivity (K ) at the closed-loop poles on the cross- 
m 

ing loci (i. e. those which cross the C line boundary).  In Figure 

22.   five of the compensator poles are located far out and one close 

to the origin.  R, is the closed-loop pole on the crossing loci for 

flight-condition three (maximum Mr).  Kp is the dominant pole for 

flight-condition one (minimum M*).  If the contribution of the 

open-loop poles and zeros near the origin is neglected, the static 

loop sensitivity at R-.   is 

K  =  ca5 (3'+) 
el 
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and at H, is 

K   =  db 
e2 

5 
(35) 

Since K  must be 2^0 times K  , then from Equation (55) 
p e el 2 

K    = 240 db- 
el 

(36) 

For a rough api roxima tion, Figure 22 shows as: b.  Using this approx- 

imation in conjunction with Lquations (3Z+) and (3^), 

c » 240 d (37) 

iiouation (37) shows how the range of static loop sensitivity can be 

obtained by moving one comrensator pole toward the origin; otherwise, 

with all six fOles far out the difference would have to be made up 

by the two distances a and b, which is impractical as can he seen 

geometrical!}'.  This development also shows that to minimize the 

static loop sensitivity (and, therefore, the system gain) the 

distance d should be small.  This implies that the dominant closed- 

luop poles should be close to the compensator pole.  If the contri- 

bution of the open-loop roles and zeros near the origin is considered 

at R_,  K would be increased; therefore, that contribution should 
2   in 

also be held to a minimum. 

numerous trials were made to determine the best combination of 

closed-loop pole and compensator-pole locations for flight-condition 

one.  The final result is shown in Figure 23-  The closed-loop 

roles are located at s = -3«4 t   j 0.Ö and the compensator pole at 

59 



GGC/Kti/lj / ) 

11!'      ■'■ i 

, 

—---- 

|     i   ■       : 

1  

T       1 

...... 

1  

LI. . 
?) : 

 ;__. 

..   ..    1....'.._ 

   ? ~ 

i 1— 

i 

1 

1      . 
1 

j 1 

 ;— —„.. 

r 
i 

1   ■■;    ■ 

. ; 

i 
....:.... 

r—•— 

—4— 

c 

l 

 ••■"■ 

1 

: 

 ;.... 

■ .!-: 

i;;!:.   1 

_ :   _ 

: . 

. ..:   ;  

■ 

■■y, 

...:..... 

i. 

i ■:: 

rr-r— 

  

... 

•■:-- 

—•  
1 

■■•p: 

■ .... 
• 

j J   ,■ 

jji: .;..j.x. 
:(2.: 

...i.. 
■ ■: 

l] 1::: 
p 

— ; 

i 

i : 

' V 

1 
■: 

■'—r-- 

:   { . i 

....j.,.. 

...te 
.   [ 

.:.J.... 

1' 

■ ;• • 
rrrr 

: 

' ■  I.  : 1 

i 

iii; ^       ■ 

• '-■ 

io 

-;-4  

..p... 
I 

.1 

!!:'; 

y 1 
'   ^V ■■:>B (1) 

1 
 i -_„ 

1 ■:: 

 f ;: 
WAMT ;       i 

- .   .;.: , f.-.\ ... 

pfc 

i 

00P. £ 
r fli 

i 

+ ■ :' 

"i 
'f.'.'Ti 

LOCB 

ne! On 
. I 

:ion!j 

i 
i 

Nonr tha Oi 
Threi 

.. i.,. 

V ■ej- 

i 
—f 

:i:: 
.:,.! ;, 1   1   : * 

■•}   i   : 

lei und iieri 
i 

J 1 

i 
| 

.   i  

1 
t 

~:: rr-- 
I . ........ 

i 

;htj-Cc 
■ r ■ ■ 

nd^ti. e,   Tw< ,   wnd 

. 
DÜ 



GGCAE/63-2 

s = ~5.k.     To bound the pole movement, a unit circle was drawn 

about the closed-loop poles.  By apr.lying the 1Ö0 root-locus 

angle condition at the closed-loop pole, trial points were taken 

-ilong the periphery of the circle to locate the pair of open-loop 

compensation zeros to be added.  The open-loop zeros were both 

located at s = -2.9.  This technique assumes that the angle contri- 

butions of the far-out poles are negligible. 

As discussed in Chapter III (page 30)1 the effect of the root 

between the pole at the origin and the aircraft zero at -2.07 

(flight-condition three) must be investigated.  In Figure 23, the 

contribution of the poles and zeros to the static loop sensitivity 

at point A (one-tenth from the aircraft zero) is 1595.  In Figure 

23, the contribution at the dominant closed-loop poles for flight- 

condition one is 10.^.  Assuming the far-out pole contributions are 

approximately the same at point A and at the dominant closed-loop 

poles, the static loop sensitivity at the dominant closed-loop 

pole is 

K(1) = 10.^ b5 (38) 

and at point A 

KA = 1593 b5 (39) 

where b is the distance shown in Figure 22. 'Since the static loop 

sensitivity for flight-condition three (K,,v) is 2^0 times K, ^ 

K, , = 2^0 (10.A b5) = 2500 b5 (kO) 
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Comparing Equations (39) and (^fO) shows that the root vail lie 

inside of point A.  Since the root is so near the aircraft zero, 

the magnitude of the transient terra due to the root should be very 

small (Kef Z
+:2D5).  The only other flight condition where the air- 

craft zero is far from the pole at the origin is flight-condition 

two.  In Figure 23 the contribution of the poles and zeros to the 

static loop sensitivity at point B (one-tenth from the aircraft 

zero for flight-condition two) is ^0.  By making the same assump- 

tion for the contribution from the far-out compensator poles, the 

static loop sensitivity at B  (KR) is 

KD = ^+0 b5 (kl) 

The   static  loop sensitivity   for   flight-condition   two   (K^p»)   is 

M6 
K(2)   = M7    K(l)   = iHl    10^  ^  =  ^0  ^ ^ 

62 

Comparing Equations (^+1) and (^2) shows that the root for flight- 

condition twowill definitely be inside of point B and close to the 

aircraft zero. 

A constant a" line was located at -20 so that the time constant 

of the dominant roots for flight-condition three would be a least 

five times the value of the time constant for the non-dominant 

roots.  This is done to insure dominance and also to obtain some 

gain margin.  To establish the remaining compensator pole locations 

for the minimum value of static loop sensitivity (which will give 
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the minimum compensator gain-bandwidth rroduct) for flight-condition 

three, the roots on the crossing loci were assumed to be on the 

constant cr line.  Trial points for the root were made along the 

constant «r line to find the far-out-compensator-pole locations that 

would yield a static loop sensitivity at the trial point 2^0 times 

the value at the dominant closed-loop pole position for flight- 

condition one.  The location of the compensator poles were found by 

applying the l80o angle condition at the trial point.  To simplify 

the computation, all five compensator poles were assumed to be at 

the same point.  The root on the constant cr line (root at cr)   was 

found at s = -20 - J2025 with the five compensator poles located at 

19 s = -0400.  K/TX ^nd K,-^ were calculated to be 11.2 x 10  and 

.22 
2.684 x 10  respectively.  To see if the value of static loo P 

sensitivity could be further reduced for the initial compensator 

role locations, the static loop sensitivity was calculated for the 

root at cr with the complex-compensator-pole-positions shown in 

Figure 24.  The segment of the circle in Figure 24 represents the 

locus of pole positions which contribute the same angle to the root 

at a (Ref 6:10-11).  At the a -crossing point, the contribution 

from the poles and zeros near the origin for all flight conditions 

appears as a .single pole located at the origin.  The far-out- 

compensator-pole positions are changed to a pole at s = -6400 and 

two pair of complex Doles on the segment of the circle.  oince the 

pairs of complex poles lie on the circle^ the 100° angle condition 

1,, M.JPI, met at the root on the or  line.  The static loop sensitiv- 

63 



ilGC /EE/6 5-«- 

: 

i             :      1 

1 1   ! 1 i 

3-   i—-* 

--;-- 

i      !              I 

—r ■ i   
.. :      i      . 

... :     i.    : 

i 

■'■   i      1 i 
i 

i :::. :...;. ....; .. 

1 ^> 

i 
t 

r 
p~ 

1 

■    i 
"'S 

p* 
HN 

... 

30^9- 
1 ::: ■: Lr- 

i  '" ~ 'P. 0   | 

: 

::;■ 

1:: ■>' 

^P t \ tx ■■':■[■ ■■ 

:::.! 
■    J ■ ....i / 

S\    ■ ;::p;: ......... 
rbot OT\    I in«  B \inr\r, 

ii:| ::: ■    i /  i«? -O-J 

~-l ■:'■■ 
:  V 

■:i' 
i • ■ 1 .... r ^vv. 

: 
)'    '    ' 

2 :KR ::.  i:  ■ ■  ;    .: i. ..   i i 

;:; ;i/;; :' : :P', i i i i nnn 
::.■!■ 

j    ■ 
1   .   . 

....i.... 
i . 

i i 
■ | !  :'■ 

i 
1 

'']'■ 
..:.;.. 

■ ;    ;[;■; 

..;.,...: i 

i   i. ■AL': 
< 

■;!,■:}■■■■ 

QO : ■So w: i'+DOÖ  i  : .    bOv )0 . \m )0:i      lioc )0 : 
1     ''    w 

:  ' ■■; ■:..!::;: M   .. i i 
...     . - 

rr 
]  |;.. i i 

■ 

!.. i 

1 
„J,:.. -|P ■ 

;:.\r/ —, 
:.: ! ■ 

I 
,   . 

^i;- 
\ !.    : ;r:p: :::::■: 

j,.. 
■;::|:::- ......... 

i  ■ 

::   i . 

I 
■ i 

1 :     . :,  , 1- ': 

:;:: 
LÜ; M •! ■.■i:^ ■-!::■: ■■ '\ ' ' 

■ ■I 
■ 

■ j: .;:;|; :: . 'A ':., 
■\ 

: ■: ■ ■::| '■■'.: 

:::.!.:: ,:: l ■:: '. r: 
....j.... :;::p: ■ ;       | 1 

-    i—Ä 
■ \ T::: i "' i, ihno 

|:|;J 
:i:: 

k^ \ ■   : l:':; 
;::|:-  , j i :. 

^;;|^; 

., ... 

; ■ J   : 

■■   1   ■■ 

...j... 

/ 

rspwv 
I" 

::;:!:':; 
'.■■■_:..:. 

— 1 — — t — .......  . 
\: :::: :::: :;::!:::: 

. :A:y.: 
:::;(::;: 

p 
::::| ::: 

~ 

rn\::;: 
x 

:i-:i:::: ■ 

_  i li ■ ;. i ■'  . 

.    j   ... 
:'l  :: 

::;• 

i   , '   :| .: 
1 , 

_. . t -i 

::: 

! ,. :PSv 
>v 

:::: ;: :, :.: ^ ̂  
-.j 

rrr 
^ 

2* 
: ....   . " Wj, 1 ::;:::; 

i::: 
p l-pi 

,: 

..      ..; 
:& 1 

tpt" 
—- -:      :. 

:  .  j   ■■■ 
.: ■ ■ 

11 ■'■ p .:: 
; ■ 

... 1:;.. 

'I   ■ 
- 1 \& 2J 

^ ' f rx. 

- - - .... 

;-- 
::' I,ü( us :or Ca m p. TTXTW ll.pi. HKI Lu tit, :-Pc ii^pxui ra ::: .... ..■.:. 

■-!■■■ 
........ rrr- 

__ | _. | :::.| jü 
bh 



GGC/EE/63-2 

ity from the new pole positions are calculated at the root at cr 

(K ).  In order that K,.... remains 2^0 times K, * , the new values 

:it the root on the a line must be 

K  = 2^0 (lOjf KD) = 2500 KD (43) 
a R R 

where K  is the new contribution to the static loop sensitivity 
n 

(duft   to   the  new  compensator   pole  positions)   at   the  dominant   closed- 

loop  r^ole  location   for  flipht-condition  one.     Equation  ikj]   shows 

that  with  the  new  far-out-compensator-pole   positions   the  ratio  of 

K /K     must  be   equal   to  or  greater  than  25CO   for   the  new  values  of 

K,,v   to   be  2^0   times K/n>.     Figure  2k  shows   that no  improvement  in 
. ?. '(I) 

e 

0 

e 

the value of static loop sensitivity could be made since the ratio 

of K /K  is less than 2500; therefore, the compensator poles were 

left at s = -6400. 

The block diagram of the system is shown in Figure 25.  If th 

pen-loop zeros at s = -2.9 are placed in the forward branch they 

will appear as zeros of the closed-loop transfer function.  There- 

fore, to preserve the closed-loop bandwidth established by the 

dominant closed-loop poles, the zeros were combined with two of th 

far-out compensator poles and placed in the feedback branch.  After 

cancellation, the open-loop transfer function is 

-2.89 x 1019  K^, (6+l/Ta)(s+2.9)
2 

L = *  (H) 

s (8+6400)^(S+3./0(E +2 f a»s+w ) J  a   a 

where K_ is the amount of fixed gain inserted in the forward 

branch as shown in Figure 25-  Considering the vehicle dynamics 
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for flight-condition one, Kf can be determined by 

K =  K^  - —n'2 * 1Q19 = 17.6    (45) 
1   (2.89xlOiy) M,     (2.89xlOX;)(0.22) 

6(1) 

Figure 26 shows the compensation loci«  These will be the 

same for all flight conditions since the contribution of the poles 

and zeros near the origin appears as a single pole located at the 

origin for all flight conditions.  The loci of the dominant poles 

for flight-conditions one, three, and six are shown in Figure 27. 

The dominant pole locations for each condition is shown on the plot. 

Neglecting the contributions of the far-out non-dominant roots, 

Figure 28 shows the range of variation of the approximate closed- 

loop response to command inputs for all flight conditions.  The 

range of variation (shown by the shaded, region) indicates that 

the sensitivity of the closed-loop response to the vehicle-parameter 

variations is extremely small over a wide range of frequencies. 

The analog computer circuitry for the system simulation is 

shown in Appendix E.  Unfortunately, no response data could be 

obtained because of severe noise problems.  The circuits for the 

,   ,    »   .         2210(s+2.9)  /„.   - ,*      . iU compensator transfer functions  —j TTKn^ '     ^ig. E-l) caused the 

greatest difficulty.  When the circuits were completely isolated 

from the computer loop, noise was picked up by the external compon- 

ents causing the circuit to oscillate with peak amplitudes as high 

s kO  volts.  With the circuits connected in the computer loop, the 

high forward-branch gain would amplify these oscillations causing 

saturation throughout the system.  Because of extremely low pot 
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Fig. 28 

Variation in the   Anymtotic Closed-Loop Bandwidth 

settings in the aircraft dynainics circuit, time scaling was limited 

to a factor of 10.  The saturation problem still existed with the 

circuit time scaled by 10.  The comrensator circuits were redesigned 

to give a series, rather than a parallel, input impedance.  Within 

the limited practical range of component values available to simu- 

late the transfer function, no significant improvement could be 

made in reducing the noise. 

The design was re-evaluated to determine if the system gain 

could be diminished and the large compensator bandwidths reduced. 

The system insensitivity was decreased by allowing greater move- 

ment of the dominant closed-loop poles.  The results showed that no 

significant improvement could be made in reducing the values of 

static loop sensitivity or the far-out compensator pole locations. 
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The problem was discussed with Horowitz during a visit to the 

Flight Control Laboratory.  He indicated the gain-bandwidth problems 

were resulting from the requirements of a dominant system.  He had 

a copy of his recently published text book in which is discussed 

the costly gain-bandwidth demands on L of a dominant root-locus 

design (Kef 8:266-267).  He states in the text, "...one pays a 

price in gain-bandwidth for the simpler analytical root locus 

s-plane design procedure."  (Ref 8:363)  He recommended that a non- 

dominant design be attempted using the frequency-response method, 

Frequency-Response Method 

In the frequency-response approach, the requirement for system 

sensitivity to vehicle-parameter varif.'tions is consiaered in terms 

of the system's bandwidth.  If the desired system bandwidth is 

some value u;, , the system sensitivity can be specified to be ex- 

tremely low for O^rüj^cj    and {orcoxv^   the requirements can be 
b b 

relaxed in order to economize the gain-bandwidth demands of L. 

Multiple compensation can be used in conjunction with frequency- 

response analysis to reduce, by any desired degree, the system 

insensitivity outsj.de the system bandwidth.  In contrast, a dominant 

root-locus design requires the designer to maintain the system 

insensitivity far beyond the bandwidth of the system (as was shown 

in Fig, 28). 

To ease some of the feedback-compensation problems experienced 

in the root-locus design, it was decided to use a rnodel-prefilter 

system as described in Chapter III and shown in Figure 6,  If the 
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closed-loop bandwidth of the feedback loop is several times the 

model bandwidth, the system bandwidth is determined by the model. 

This implies that the syetem sensitivity requirement can be con- 

strained to a frequency range slightly larger than the model 

bandwidth. 

The transfer function of the model was selected to be the same 

2 
as the one used in Chapter III (—r).  The rate gyro and servo poles 

B + c. 

were again canceled by complex compensation to allow free movement 

of the four compensator poles.  The prooortional-plus-integral zero 

was used to cancel the effect of the actuator pole.  Therefore, 

with the same cancellations, the open-loop transfer function of the 

system hardware and vehicle dynamics is the same as Equation (32). 

Figures 29 and 50 show the log-magnitude and phase angle of Equation 

(32) for all six flight conditions. 

The design technique employs log-magnitude and phase dia- 

grams to shape, with compensation networks, the open-loop transfer 

function of the feedback loop.  The requirement for insensitivity 

over the model bandwidth implies high open-loop gain over this 

frequency range.  »Vith high open-loop gain, the closed-loop transfer 

function of the feedback loop can be approximated by -• (Eq 29). 
n 

This means that the value of H should be unity over a frequency range 

slightly larger than the model bandwidth so that the feedback loop 

will transfer the model response directly to the output of the 

system.  Figure 29 shows that the fixed-gain level of the feedback 

loop must be increased so that flight-condition one can meet the 

above requirements.  It will be shown that the amount the fixed- 
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gain level can be increased is dependent on the amount of gain 

margin that is available for flight-condition ^hree  after compensation. 

Figure 30 shows that the compensation must provide a sufficient amount 

of positive phace angle (lead) to offset the rapid phase angle de- 

scents caused by the lightly damped vehicle poles.  The positive.., 

phase angle must be provided over a frequency range of 0.8 to 10 

radians so that adequate phase margin can be obtained for each flight 

condition. 

The compensator pole and zero locations are shown in Table II, 

Table II 

Compensator Parameters 

Poles Zeros 

Weal 

1/T 

Complex Real 

1/T 

Complex 

r ^n r u'n 

1 

2.5 

150 

0.7 

0.3 

0.5 

6.4 

2500 

4400 

15 0.7 

0.7 

0.8 

4.0 

The log-magnitude and phase angle provided by the compensator are 

shown in Figures 29 and 30.  The complex zeros at OJ  = 0.8 were 

located to offset the phase angle descent of condition six.  To 

limit the log-magnitude and positive phase-angle contributions of 

the compensator, two real poles were located at 1 and 2.5.  The 

complex zeros at   u>     =4 were located to serve two purposes: 
n 

(1) to increase the bandwidth of condition one so that it will be 
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at least twice the model bandwidth and (2) to maintain the positive 

phase angle of the compensator out to 10 radians.  The complex poles 

at   Co     =  6.^ were located to reduce the log-magnitude of the compen- 
n 

sator and thereby decrease the open-loop b^ndwidths of conditions 

two, three, and five.  The real zero and pole, located at 15 and 150 

respectively, were placed to shape the descent of the compensator 

phase-angle curve.  The four poles associated with the compensators 

used to cancel the rate gyro and servo poles were located last.  The 

a 
four poles were positioned to give a 20    phase margin and 10 db 

gain margin for flight-condition three when an alditional fixed- 

gain factor (K ) of 2.52 (8db) is added to the feedback loop.  The 

pole locations are shown in Table II as a)  = 2500 and OJ = A400. h n n 

The compensated curves for all flight conditions are shown in 

Figures 51 and 52.  Figure 55 is the block diagram for the complete 

system.  After cancellation, the open-loop feedback transfer 

function is 

-8.06 x 10  KMc  (s + l/T ) (s2+1.12s+0.82) 
 f_o __a  

eisZ+2ru)B + oj  2)(s+l)(s+2.5)(62+8.965+6.^2)(s+150) 
3      a   .     a 

(S^5.66^2)    (6415) „ (^6) 

(s2+15O0s+25OO2)(s'Vf4006+MH)02) 

Computer Simula tion 

The  analog  computer circuitry   for   the  system  simulation  is 

shown  in Appendix F.     The  additional   fixed-gain   factor   (K   )   was  set 

at 2.52  (8db).     Figure   5^ shows  the   model  und  system  response   to  a 

command  input   (0   )   for   flight-conditions  one  and  three.     For   flight- 
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condition three (maximum M/), the feedback loop follows the model 

response "exactly".  The system response for flight-condition one 

(minimum M,) does not meet the command response criteria (90 percent 
o 

of the commanded value within three .seconds) since it is   50 percent 

of commanded value at three seconds.  The slow rise to the commanded 

ritch rate is due to the closed-loop uole between t'.e integrator 

pole at the origin and the aircraft zero at s = -0.0356.  The tran- 

-t/T 
sient response of this closed-loop pole is of the form Ae    .  The 

time constant T is large and the value of tiie coefficient A is nega- 

tive since the renidue associated with the pole is negative.  To 

offset the effect of the large time constant, the residue must be 

iiiade very snail to reduce the value of A.  This is accomplished by 

having the feedback-loop gain high enough to move the pole very 

close to the aircraft zero.  From the computer analysis, it was 

determined thnt if the feedback-loop gain was increase,! by increas- 

ing K  to 10 (^Oab) the slow rise was eliminated.  The value of K 

that can be used for all flight conditions is dependent upon the 

gain margin available at flight-condition three.  It was found that 

with K  = 2.52 only h  db of gain margin was available at flight- 

condition three instead of the 10 db predicted from the design 

analysis.  The reason for the discrepancy is attributed to the 

following two factors;  (1) the accuracy obtainable from graphical 

analysis, and (2) the effect of tiie computer circuits that were 

used to simulate the complex compensator poles located at  co     = 2500 

and CD     = kkOQ.     Figure 35 shows the general computer circuit used 

to simulate these compensator poles.  The feedback capacitor C^ 
5 
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R3 
wv- 

I ^ 

Fig. 35 

Computer Circuit for the Far-Out Compensator Poles 

was SOOuuf in the circuit simulating the poles at w  = 2500 and 

756/itif in the circuit simulating the poles at a)  = ^00 (see 

Fig. F-l).  Capacitance values in this range can be greatly affected 

by increases due to stray or wiring capacitance.  The effect of 

increasing C^ can he seen from the transfer function of the general 

computer circuit, which is (Ref 10:^5) 

e . 
x 

1/H1R3C2C 

2   oyV^fyR^) (4?) 

s + 

\Shc2 
s + 

K3^C2C5 

Equation (^7) shows that if C,. is increased cu     is decreased. 
5 n 

With UJ     decreased, the phase angle associated with these complex 

poles will shift the phase-angle curve for flight-condition three 

more negative at the gain-crossover frequency,co,.  With the phase- 

angle curve more negative at uij}   the frequency CJ    at which phase 
p c 
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croeeover occurs (i.e. l80 crossover frequency) will be reduced. 

Since the log-magnitude of the highly-damped far-out poles does not 

affect the log-magnitude curve near oi , reducing UJ    will reduce 

the gain margin. 

To obtain a K = 10 for all flight conditions, the real zero 

and pole originally located at 15 and 150 respectively, were 

increased in value on the computer while monitoring the stability 

of flight-condition three.  With the real zero and pole located at 

SO  and 800 respectively, a feedback-loop gain level with K- = 10 

was obtained for flight-condition three.  The gain mar/rin for 

condition three with Kf = 10 was determined by the computer analysis 

to be 5,2 db. 

As mentioned previously, the purpose of the real zero and pole 

iti to shape the descent of the compensator phase-angle curve, 

figures 36 and 37 show the change in log-magnitude and phase angle 

of the compensator due to the relocation of the real zero and pole 

to 00 and 800,  Figure 32 shows that for cu ?■ 10  the phase-angle 

curves for all flight conditions are essentially the same as the 

compensator phase-angle curve.  Therefore, with the new compensator 

zero and pole location, the change in the flight-condition phase- 

angle curves for ui > 10  can be seen from Figure 37«  Figure 3^ shows 

that the new compensator has a reduction in log-magnitude for 

10<a;<1000.  Referring to Figure 31» with the operating point at 

■-«r.'Odb (K„=10) the log-magnitude reduction of the compensator will 

reduce the open-loop bandwidth for all six flight conditions since 

Uiey lie in the same frequency range.  With the new compensator 
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Flight Open-Loop Phase 
Condition Bandwidth Margin 

(Radians) (Degrees 

1 15.2 36 

2 210.0 5^ 

3 ;;20.0 ^6 

k 275-0 50 

5 ^8.5 32 

6 26.2 28 

00^/^/63-2 

frequency-characteristic curves  the open-loop bandwidth, the phase 

margin, and the gain margin wore obtained from the graphical analysis 

for all flight conditions and are shown in Table III. 

Table III 

Open-Loop Frequency-Response Data for the Linear System 

Gain 
Margin 
(db) 

52,8 

2^.6 

15.2 

21.0 

30.7 

39-5 

Figures 38 through ^3 show the step response of the system to 

a commanded pitch rate and a disturbance of the control surface 

angle (d) for all flight conditions with K. = 10.  The command 

resT'onse meets the criteria of 90 percent of the commanded value 

within three seconds for all flight conditions.  The disturbance 

criteria (disturbances will be damped to less than one-fourth 

amplitude in one cycle) is met since the response oscillation is 

damped out within one cycle for all flight conditions.  As was 

predicted from Equation (26), the magnitude of the disturbance 

response is small for all flight conditions because of the large 

open-loop gain of L.  As shown by Equation (28), the relative change 

in the disturbance response will be small if G and H are large.  By 

comparing the disturbance response of flight-conditions one and 
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Fig. 38 

Response of the High-Gain-Linear System 

for Flight-Condition One (Kf = 10) 
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Fig.  39 

Response of the High-Gain-Linear System 
for Flight-Condition Two (K  = 10) 
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Fig.   40 

Response  of  the  High-Gain-Linear System 
for Flight-Condition Three     (K     = 10) 
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Fig.   41 

Response of the High-Gain-Linear System 
for Flight-Condition Four (K = 10) 
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Response  of  the  High-Gain-Linear System 
for Flight-Condition Five   (K    = 10) 

91 



GGC/EE/63-^ 

Model 
Response 

% 

(deg/sec) 

5 ; • 

1  1  1  I  s  1  !  1  !  i  ; 

Command 
Response 

0 

(deg/sec) 

ill:; 
,1 r.    t    :     r. 

AM AM ■ 

Disturbance 
Response  ~*5 

9        0. 

(deg/sec) 

ß l\  ■! / !\  / / /l / 

Disturbance 
Input 

6 0' 

(degrees) 

-*|   U-,1 isecond 

•1   i 

i y k: it )i v 

•I   •!  ^ 

jt i i • * .—t '■  li    '    '•   ii 

Fig.  ^3 

Response of the High-Gain-Linear System 
for Flight-Condition Six (K  = 10) 
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three, it is seen that the relative change in the magnitude of 

C/D ie only 3 : 1 while the relative change in V, considering only 

the change in M*, is 2^0 : 1. 

With K = 10 Equation (^6) shows that the static loop sensi- 

tivity for the feedback loop is 80.6 x 10 M,. By comparing this 

value with the values obtained from Equations i^k)  and (^5) for the 

root-locus design, the frequency-response design has resulted in a 

2 
reduction of the static loop sensitivity by a factor of 6.32 x 10 . 

This indicates the savings in the gain-bandwidth of L by the fre- 

quency-response design as compared to the root-locus design. 

The design analysis revealed that the problem was basically 

to obtain the desired insensitivity for flight-condition one while 

maintaining stability for flight-condition three.  The shaping of 

the compensator phase-angle and log-magnitude curves between the 

two extreme Mr cases was a problem of insuring an unconditionally 

stable system for all the intermediate flight conditions.  The 

design and computer analysis showed that a high-gain-linear system 

can be designed to be insensitive to the vehicle-parameter variations 

and to meet the response criteria for command and disturbance inputs. 
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V.  Comparison of the Systems and Conclusions 

The comparison was limited to a linear analysis of the two 

flight-control systems; therefore, a selection of one system over 

the other will have to be made with qualifications dependent on 

further investigation into areas outside the scope of this study. 

A comparison of the two systems is made in the following areas: 

(1) the design considerations that are made when applying each 

design technique to the flight-control problem, (2) the control 

systems that resulted from the two methods of design, and (3) the 

response data obtained from the simulation of the systems«  Con- 

clusions drawn from the above comparison and recommendations of 

further areas of investigation are discussed at the end of this 

chapter« 

Comparison of the Systems 

Both systems employ lead compensation to increase the phase- 

margin frequency (6J .).  The difference in the relative complexity 
P 

of the compensation is attributed to the fact that in the high- 

gain-linear design the phase-angle curve must be shaped, prior to 

the'l80 phase-crossover point, over a much greater range of 

frequency.  The greater range of frequency is indicated by the 

difference in the  open-loop bandwidth of each feedback loop at the 

maximum-Mr flight condition.  Figure kk  shows that the open-loop 

bandwidth of the self-adaptive feedback loop is approximately 50 

radians compared to 520 radians for the high-gain-linear system 

(from Table III),  This gives an indication of the difference in 
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Fi*.  hk 

Open-Loop Bandwidth  of  the Self-Adaptive 
Feedback Loop 

cv, for   the   two  systems  at   flight-condition   three.     Although   the 

purpose  of  the  lead compensation  is  similar  (to  increase aj.) ,   the 
<P 

fundamental difference in the gain of the systems leads to the wide 

separation in u>,. 
P 

As discussed in Chapter III, a gain changer is used in the 

self-adaptive design to provide a variable pain (Kn) in the forward 

branch.  However, the use of the gain changer involves additional 

design considerations which relate to the shape of the locus.  In 

order to make the pass band of the filter used in the gain-changer 

loop as small as possible, the loci must cross the imaginary axis 

at approximately the same frequency for all flight conditions.  The 

loci must also cross the axis at a low slope so that as the gain 
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changes, the frequency of the limit cycle will not vary sufficiently 

to cause the limit cycle to be amplitude modulated by the filter. 

The above reouirements must be taken into account: (1) when apply- 

ing the lead compensation, (2) when selecting the system components 

(rate gyro, servo, and actuator) with their associated dynamics, 

and (3) when considering the effects on the loci caused by the 

vehicle-parameter variations. 

In the high-gain-linear design, the forward-branch gain is 

fixed.  The value of this fixed gain is dependent on the relation- 

ship of L to the desired system insensitivity for all flight condi- 

tions.  Therefore, to obtain a value of fixed gain reauires a trans- 

lation of the response criteria in the time domain into sensitivity 

criteria in the frequency domain.  Sensitivity is formulated by the 

sensitivity-function which is a measure of the amount of feedback 

(1 + L) necessary to obtain the desired system insensitivity to 

vehicle-parameter variations .-nd to minimize the effects of disturb- 

ances on the output.  The magnitude of L dictates the amount of the 

relative change in the output signal caused by a relative change of 

the vehicle dynamics (see Eq 25)o  The problem is therefore to deter- 

mine the value of L over the significant frequency range (slightly 

larger than the system bandwidth) that will maintain the relative 

changes of the output signal within the limits specified by the 

response criteria.  Unfortunately, there is no empirical formula or 

direct mathematical relationship to relate the sensitivity require- 

ment, based on the magnitude of L , to the response specifications 

in the time domain.  To avoid this problem of translation, a technique 
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was used in this study that proved very satisfactory.  The system 

was first compensated to obtain at least a 10 db gain margin for 

all flight conditions.  With the compensated oystem simulated on 

the computer, the magnitude of L required to meet the response 

specifications was obtained by varying the additional gain factor 

(Kf) until the desired system response was obtained for flight- 

condition one (where V = V ). This procedure allows the value of 
o 

fixed ,>ciin to be determined so that the time response criteria are 

met. 

The discussion thus far has compared the basic design consider- 

ations for the two systems.  A comparison of the resulting control 

systems reveals two significant differences:  (1) the value of 

static loop sensitivity, and (2) the bandwidth of the feedback loop. 

In the self-adaptive design the static loop sensitivity (K) remains 

relatively constant, varying from ,5.65 x 10  to 3.70 x 10  ,  The 

reason for this small variation can be shown by changing Equation 

(1^) of Chapter III into the form 

K = 3-53 x 109 K^ (48) 

Since K is inversely proportional to M^, the value of K remains 

relatively constant.  In the high-gain-linear design, the static 

loop sensitivity changes with each flight condition.  Equation (46) 

of Chapter IV shows that the static loop sensitivity for the high- 

gain-linear system is 

1 6 
K = 8.06 x 10  K Me (49) 
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Since Kf is a constant value of 10, K increases proportionately with 

increases in M,.  The range of static loop sensitivity for the high- 

gain-linear system is from 17.7 x 10  to ^2.6 x 10  ,  By comparing 

Equations (^8) and (^9), it is seen that the constant factor multi- 

plying K-M/ is much larger than the constant factor multiplying 

K-Mr.  In the high-gain-linear design, the rate gyro and servo 
Go 

dynamics were canceled by complex compensation.  The portion of 

the static loop sensitivity associated with this compensation is 

6.86 x 10 .  This means that the compensation causes a large in- 

crease in the gain-bandwidth of L; however, since the rate gyro and 

servo dynamics were not in a frequency range where they could aid 

in the compensation of the system phase angle, cancellation compen- 

sation had to be used. 

Since the major effect of the vehicle-parameter variations is 

caused by M^, the variation of static loop sensitivity gives an 

indication of the variation in the closed-loop bandwidth of the 

feedback loop.  Hence in the self-adaptive system, since K remained 

relatively constant, the closed-loop bandwidth of the feedback loop 

remains nearly constant.  The closed-loop bandwidth ranges between 

seven and eight radians (depending on the flight condition) with 

the effect of the gain changer considered (ref page 28).  In the 

high-gain-linear design the magnitude of the feedback element (H) 

is unity out to <y = hkOO  radians.  This means that the closed-loop 

bandwidth of the feedback loop will be approximately equal to the 

Open-loop bandwidth, which varied from 15.2 to 520 radians (from 

Table III).  Although there is a large difference in the bandwidths 
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of the two feedback loops, the bandwidth of each system (model plus 

feedback loop) is essentially the same.  This is so since:  (1) 

both systems used the same model pre-filter, and (2) both systems 

were designed to have the bandwidth of the feedback loop several 

times greater than the model so that the dominant response of the 

system is essentially that of the model. 

The comparison of the feedback-loop bandwidths was made to 

emphasize the need for an investigation of the effects of noise in 

the high-gain-linear system.  The filtering property of the feedback 

loop is dependent on the closed-loop bandwidth for noise generated 

between the model and the input to the feedback loop.  For feedback- 

transducer noise, the filtering property is determined by the open- 

loop bandwidth.  With high system gain, which implies a large open- 

loop bandwidth, there is also the possibility of saturation due to 

noise or large disturbances.  The high-forward-branch gain is in the 

feedback branch for a disturbance input.  If saturation occurs in 

the feedback branch, the feedback signal could be reduced to the 

point of degrading the disturbance response.  If saturation due to 

noise occurs in the feedback loop, the system response to a command 

input could also be degraded.  Hence, the possible effects of sat- 

uration should be considered for future investigation. Since the 

effects of nonlinearities (hysteresis and saturation) and a noise 

analysis were not included in this study, no further attempt was 

made to refine the high-gain-linear system beyond that which was 

required to meet the command and disturbance response criteria. 
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The response of the self-adaptive system to a command input 

revealed a slow rise to the commanded pitch rate for three flight 

conditions.  As discussed in Chapter III, the delay in reaching the 

steady-state value is caused by the closed-loop pole which lies on 

the real axis between the integrator pole at the origin and the air- 

craft zero.  At flight-condition four, the residue of the real pole 

was large enough to prevent the system from meeting the response 

criteria.  The response at flight-conditions one and five showed 

the effects of the real pole; however, the residue was small enough 

to allow the res'onse to reach 90 percent of the commanded value 

within three seconds.  The simplest method to decrease the effect 

of the real pole is to increase the static loop sensitivity.  As 

mentioned in Chapter III, the advanced design of the self-adaptive 

system yields a higher static loop sensitivity which results in a 

system response that meets the criteria for all flight conditions. 

In contrast, the high-gain-linear system meets the command 

response criteria for all flight conditions.  The small variation 

of the system response from that of the model indicates the insensi- 

tivity of the system to changes in the vehicle parameters. 

The disturbance response of both systems meets the criteria 

for all flight conditions.  The responses differ only in the rela- 

tive change in magnitude between the low-M, and high-Mr flight 

conditions.  The high-gain-linear response changed in a ratio of 

3 : 1, while the self-adaptive response changed essentially in the 

same ratio as M^ (2^+0 : 1).  The difference in the reduction of the 

disturbance responses for the two systems is attributed to: 
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(1) the large difference in the values of the static loop sensitiv- 

ities at the low-Mr condition, and (2) the static loop sensitivity 

of the self-adaptive system remains relatively constant, whereas 

the static loop sensitivity of the hiph-gain-linear system increases 

proportionately with Mr.  The combination of wide bandwidth and high 

gain in the high-nain-linear system provides a large, fast respond- 

ing feedback signal to cancel the disturbance on the input. 

Conclusions and Recommendations 

Based on the comparison of the two pitch-rate control systems, 

the following conclusions are made» 

1. A high-gain-linear system can be designed to be insensitive 

to the variation of vehicle parameters so that the response to 

command and disturbance inputs can be controlled. 

2. Using the more economical frequency-response method, the 

high-gain-linear design technique is a more direct design procedure. 

In addition to designing the system to meet the response criteria, 

the self-adaptive technique requires the design of the gain-changer 

loop.  This involves the considerations associated with the loci 

that cross the imaginary axis. 

3. Based on the linear analysis and response data obtained, 

the high-gain-linear system is selected as the preferred system 

with the qualification that further evaluation be made to determine 

the effects of noise and nonlinearities on the system performance. 

In order to make a final selection without qualifications, 

the following recommendations are made for further investigation. 
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1. It ie recommended that a study be mnde of the effects of 

noise and nonlinearities on the performance of the high-gain-linear 

system.  It is suggested that further refinements of the system 

design be attempted before conducting this study. 

2. It is recommended that the possibility of using other servo 

and rate gyro components with dynamics that will meet the necessary 

operational requirements and that are in a range where they can be 

employed in the phase-angle compensation.  This would eliminate the 

necessity of compensation to cancel these dynamics. 

3. It is recommended that a study be made to determine the 

feasibility of using a simple gain change in the high-gain-linear 

system.  The requirement for a large map-nitude of L  to obtain the 
o 

system insensitivity is based on the low-M, flight condition. 

Figure 31 shows that at the high-M, flight conditions the magni- 

tude of L is l;.rge enough to obtain the system insensitivity 

without the fixed gain (Kf) in the system.  A simple gain change 

could be made as a function of dynamic pressure to remove the fixed 

gain at the high-M, flight conditions.  The purpose of the gain 

change is to reduce the bandwidth of the system at the high-Mr 

flight conditions. 
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Appendix A 

Bode's Fundamental Feedback Theorems 

Using Control Theory Terminology 

The following material is based on Bode's development in his 

text on feedback amplifier design (Ref 2:31-35)« From Fig. A.l 

without the feedback circuit (i.e. H = 0) the output voltage E 

?^   » G
2 

T? 

f 0 

G2 
H 

H 

controlled element 

feedback element 

Fig. A.l 

Single Input Feedback Loop 

is related to the input voltage E. by 

E = G.,E. 
o   2 i 

(A.l) 

When the feedback element is inserted, the following relationship 

exists between the output voltage and the sum of the input and 

returned voltage B: 

Eo = G2[Ei+(-B)J = G2(E.- B) (A.2) 

But the returned voltage is related directly to the output by 

B = HE (A.3) 

10^+ 



GGC/EE/63-2 

With B eliminated from Equations (A.2) and (A.3) 

G2 
En   = G?(E -HE ) = ^—-rr £ (A.4) 
o   ^10   1+G_H  1 

Comparison of Equations (A.l) and (A.^) leads to the first theorem: 

Theorem 1:  Feedback reduces the output of the circuit by the 

factor 1+GH. 

Where G is the total forward-branch transmission with respect to 

the input voltage E.  (G = G- in Fig. A.l).  The factor 1+GH is 

analogous to Bode's general term "feedback" and later defined as 

"return difference" for a single-loop structure. 

If Equation ik.k)   is differentiated, keeping H and E, constant, 

the following result is obtained: 

dE     .    du- 

E  - 1+G0H  G, UO; 

o     2    2 

The quantities dE / E and dG- / Gp represent the corresponding 

relative changes in the output voltage and the controlled element. 

This leads to the second theorem: 

Theorem 2:  The relative change in the output voltage, caused 

by a relative change in the controlled element, is reduced by feed- 

back in the ratio (1+GH) : 1. 

This theorem implies that if the open-loop transfer function G H is 

much greater than unity, the output is almost independent of varia- 

tions in the controlled element because of the nature of feedback. 

Equation (A.6) is obtained from Equation (A.4) and shows 
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E    G-H 
o    2   1 

E. =1+G_H H 
i     2 

(A.6) 

the effect of the feedback element on the output.  Considering 

G-H»l implies G H / (1+G H)«l.  This condition implies that the 

output can be considered to vary inversely with the transmission 

through the H element or, in other words, is approximately propor- 

tional to the H element loss.  It further can be seen that for 

slight variations of the H element the output is greatly affected. 

In Figure A.2, D represents the generation of noise or disturb- 

ance  between  the controlling 

element (G ) and the controlled 

element (Gp )• Let the input volt- 

age (E.) be zero. The output 

voltage is related to D by the 

following equation: 

G^ 
E 
o " 1+GH 

D (A.7) 

1 +. 
-*&- 

H • 

Fig. A.2 

Two Input Feedback Loop 

where G is the total forward-branch transmission (G G ) with respect 

to the input voltage E..  Without the feedback branch the output is 

E  = G^D 
o    2 

(A.8) 

Equations (A.7) and (A,8) lead to the third theorem: 

Theorem j:  The noise or disturbance level in the output of 

the circuit is reduced by feedback in the ratio (1+GH) : 1. 

This theorem describes the important property of feedback in that 

it reduces the effects of noise and disturbances on the output. 
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It should be understood that the blocks in the diagrams 

(i.e. G , Gn, and H) are circuits which have definite properties 

independent of one another.  In other words, it is assumed there 

is no interaction or coupling between blocks except as shown by 

the connecting lines. 
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Appendix B 

Analog Computer Circuits for Simulation of 

Vehicle Characteristics 

The analog-computer circuit for simulating the vehicle 

characteristics has the general form of Figure B.l. 

100 

e -Mo(6+1/Ta) 

1    2 o e  s +2 +• 
a  a 

4jry 

Fig. B.l 

Computer Circuit for Vehicle Simulation 

The circuit had to be modified slightly for each condition. 

These circuiis appear in Figures B.2 to B.7. 
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.22 

6   -•0.22(B + 0.03$6) 

e  s2+0.3028+2.282 

1/ 

.302 

Fig. B.2 

Computer Diagram of the Vehicle for Flight-Condition One 

e -16.29(3+1.163) 

K  S
2
+2.226B+6.51 

.291 10 
10 

—L2226V- 

Fig. B.3 

Computer Diagram of the Vehicle for Flight-Condition Two 
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- i^>/5295y 1 

e    -32.95(3^2.07) 
7 = —=,  

e    6+4.896+56.I 

10 10 

—(^98 V- 

Fig. B.4 

Computer Diagram of the Vehicle for Flight-Condition Three 

2086 e 
e _ -20.86(8^-0.325) 
& ~   ? 

e     s  +0.652s+l8.71 

UO 

{10 
1 

.652 

Fig.  B.5 

Computer Diagram  of  the  Vehicle   for Flight-Condition Four 
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9  -2.2^(s-)-O.Ü366) 
x   -     p 
e s +0.0792s+3.68 

Fig. E.6 

Computer Diagram of the Vehicle for Flight-Condition Five 

9 _ -0.70(B-t-0.0079^) 

e s2+0.0l65s+0.65 

Fig. B.7 

Computer Diagram of the Vehicle for Flight-Condition Six 
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Appendix C 

Analog Computer Circuit for Simulation of the 

Self-Adaptive Pitch-Rate Control System 

The computer circuit diagram for the self-adaptive system 

is Figure C.l.  The transfer function of the various components 

of the system are shown below the computer circuit elements.  The 

components may be determined by comparing this figure with Figure 11. 

The gain changer used for the simulation is a battery-powered 

unit which operates in the same manner as the one used in the MH-96 

system.  The use of this gain changer requires that several unique 

features be added to the circuit.  The - 20 volt limiter is provided 

to limit the magnitude of the signal in the forward branch for large 

disturbance inputs. Since only small disturbance inputs were used 

in this thesis, the limiter did not have any effect on the perform- 

ance of the system.  The 10,000-ohm resistor on the output of the 

gain changer is for impedance matching.  The load on the gain changer 

output must be in the 5,000 to 10,000-ohm range anc^ since the input 

impedance of the next amplifier is 100,000 ohms, the matching resistor 

must be added to the circuit.  The circuit connecting the output of 

the proportional-plus-integral circuit to the bandpass input of the 

gain changer is essentially a filter. The four amplifiers form a 

bandpass filter with a center frequency at 33 radians. A limiter 

is placed on the first of these amplifiers to limit the amplitude 

of limit-cycle oscillations fed into the gain computer.  This has 

the effect of limiting the decrease in gain of the system.  The 
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Computer Diagram for the Self-Adaptive System 
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Computer Diagram for the Self-| 
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limiter is set at two to three times the amplitude of the nominal 

limit cycle. The amplitude of the limit cycle appearing at the 

output of the servo is established by setting the potentiometer (K) 

at a value which allows the current flowing into the bandpass input 

to be 0.5 milliampers (rms) with a set-point voltage of 10 volts. 

The 10,000-chm resistor in the lead to the bandpass input of the 

gain changer is also for impedance matching. 
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Appendix D 

Location of Dominant Closed-Loop Poles 

for the Fixed-Gain Design 

To show that the dominant closed-loop poles determined from 

condition one lie farthest from the compensator zeros in the root- 

locus design of Chapter IV, a simplified root locus (Fig. D.l) will 

be analyzed. The pole-zero plot contains the vehicle dynamics for 

all six conditions, a pole at the origin, and a double zero at 

s = -3« A unit circle is drawn with the center at s = -3 and the 

point on the circle which satisfies the root locus angle condition 

is determined for each vehicle condition.  These points represent 

the intersection with the circle of the locus from an aircraft 

pole to the compensator zero.  The static loop sensitivity (K) at 

these points is calculated so that the change in K from that of 

condition one may be calculated.  If the increase in control- 

surface effectiveness (which is also the increase in the static 

loop sensitivity of the fixed-gain system) is greater than the 

change in K on the circle, then the closed-loop pole for that flight 

condition lies closer to the compensator zero than the pole for 

condition one.  Table D.I shows the ratio of the change in K and 

the ratio of the increase in control-surface effectiveness (M,) 

for each flight condition.  Table D.I shows conclusively that the 

closed-loop poles for condition one lie farthest from the compen- 

sator zeros. 
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Table D.I 

Ratio of Static Loop Sensitivity and Control Surface 
Effectiveness Compared to Flight Condition One 

Flight Ratio of the Ratio of the 
Condition Change in K Increase in M . 

1 1 : 1 1 : 1 

2 0.86 : 1 7^ : 1 

3 11.25 : 1 2^0 : 1 

k 2.8^ : 1 95 : 1 

5 1.17 : 1 10.35 : 1 

6 0.90 : 1 3.17 : 1 
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Appendix E 

Analog Computer Circuit for Simulation of the High-Gain- 

Linear System from the Root-Locus Method of Design 

The diagram for simulation of the system, based on Equation (kk), 

appears in Figure E.l.  Because of the noise generated by the elements 

used to simulate the feedback branch no data was taken using this 

circuit.  In particular, the circuits with parallel capacitors in 

both the input and the feedback paths generated noise with peaks as 

high as ^0 volts.  When the entire circuit was connected, the ampli- 

fiers in the forward branch saturated causing a computer overload. 

The pole and zero cancellations of the system were not simulated 

on the computer.  For this reason, the transfer functions shown in 

Figure E.l do not correspond directly to those shown in the block 

diagram of Figure 25« 
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Appendix F 

Analog Computer Circuit for Simulation of the High-Gain-Linear 

System from the Frequency-Response Method of Design 

The diagram of the computer simulation of the high-gain-linear 

system from which data was taken for this thesis is shown in Figure 

F.l.  The simulation is based upon Equation (^6) and since the 

cancellations that occur in the open loop transfer function are not 

simulated on the computer, the transfer functions shown on the 

computer diagram do not correspond directly to those shown in the 

block diagram of Figure 33« 
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Fig. F.l 

Computer Diagram of the High-Gain-Linear System 
Designed by the Frequency-Response Method 
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Fig.   F.l 

Computer Diagram of the High-Gain-L: 
Designed by  the  Frequency-Respom 
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