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ABSTRACT

Nonlinear motion equations were used to predict
vertical planar trajectories of the Basic Finner Missile ob-
served previously in uaderwater model experiments at
California Institute of Technology. Values of *he hydrodynamic
coefficients appearing in the motion equations were obtained
from Basic Finner experiments made previously at CIT, Bureau
of Standards, ai.d Davidson Laboratory. Coefficlients also were
estimated on theoretical grounds. The observed trajectories
could not be predicted using experimental coefficients alone.
However, theoretical coefficlients ylelded predictions that
agreed well with the observed motione. Computed trajectories
were particularly sensitive to independent changes in th.
values of the hydrodynamic static and damping derivative coef-
ficlents. However, when these values were kept consistent
with relations expressing thelr physical interdependence, they
could be varied over fairly wide ranges without appreciably
affecting the predictions.
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INTRODUCTION

The main purpose of thls study 18 to determine
whether observed uaderwater trajectories of the Basic Finner
Misslle can be predlcted using equations of motion and hydro-
dynamic coefficlents obtained from experiment or theory. The
current ~ork is part of a larger program, sponsored by the
Bureau of Naval Weapons, to verify present day trajectory pre-
diction methods.

The Basic Finner Missile (Fig. 1) consists of a
cylindrical chaft, pointed at the forward end, and a set of
large, wedge-shaped, cruclform tail fins, Although used for
research in both aerodynamics and hydrodynamics, 1t is essen-
tially prototypal of a supersonic aerodynanic missile. Partly
because of its blunt base, but primarily because of the great
size of 1ts fins, the hydrodynamic reactions it develops in
underwater flight. are extremely large compared with those on
a typical hydrodynamic body (e.g., missiles, torpedoes,
submarines) of similar length and cross-sectlional area, flying
at the same speed and attitude, Consequently, the hydro-
dynamic derivative coefficlents for the Basic Finner not only
are very large compared with those of morz representative
underwater craft,! but also are influenced abnormxlly by the
lift and drag characteristics of 1its fin configuration.

Measurements of the hydrodynamic forces and moments
acting on Basic Finner models under various conditions have
been made by Kermeen,? Kicenluk,3’* Heald and Adams,® and
Savitsky and Prowse.® Extensive model trajectory measurements
have been reported by Price.” Stubstad,® Parrish,® and
Stubstad and Waugh1° also have published results of trajectory
tests. In addition, some heretofore unpublighed Basic Finner
trajectory data have been made available to Davidson Laboratory
by the Bureau of Naval Weapons,
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Some wcrk has been done also in ccmparing measured
Basic Finner trajectory data with results obtained using
motion equations. Price? and Stubstad and Waugh1° have em-
ployed nonlinear motion equations as models for curve-fits of
observed trajectory data, to deflne hydrodynamic force func-
tions numerically. Stubstad® has used the solution of a
linear system of motion equations as a basls for curve-fitting
observed trajectory daia to obtain the numerical values of
three physical constants. Caster!! also has curve-fitted
observed trajectory data, by specifying all but one of the
hydrodynamic terms appearing in a system of nonlinear motion
equations and varying the unspecified term. Parrish® has
compared observed trajectory data with results computed using
8 llnear system of motion equations. Of all the previous
work, however, only Parrish's is an actual comparison of com-
puted and observed trajectories, and thls, being a single
comparison, is not a sufficlent basis for any definite con-
clusions regarding elther tne correct forms of the motion
equations or the adequacy of the hydrodynamic data.

The model t.rajectory experlments forming the basis
for comparison with the trajectories predicted herein include
those reported by Price,” and some supplied directly to
Davidson Laboratory by the Bureau of Naval Weapons., Th: ex-
periments were performed at the Controlled Atmosphere Launch-
ing Tank of the California Institute of Technology (CIT).7

The Price results esre vertical planar trajectories
in which heavier-than-water models are dropped from resc,
Both straight (seven runs) and curved (eight runs) vertical
trajectories are included. The results supplied by the
Bureau of Naval Weapons are vertlcal planar trajectories in
which heavier-than-water (eight runs), lighter-than-water
(two runs), and neutrally buoyant (one run) models are launched
with nonzero horizontal velocities.
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These results all btelong to the class of vertical
planar trajectories. For purposes of the present study, they
were categorized further according to the number of degrees
of freedom of the motion and the type of initial conditions.
Four categories were established: high speed vertical planar
trajectories, low speed vertical planar trajectories, straight
vertical trajectories, and a straight horizontal trajectory.

;
§

The first and fourth categories inclide the trajec-
tories supplied by the Bureau of Naval Weapons; the second and
third consist of the results reported by Price., Differentia-
tion between the data from the two sources is based on the
prevalling flow conditlions. In each trajectory reported by
Price, the model is dropped from rest. Hence, the motions
run in or, at least, through the laminar flow regime. In the
runs supplied by BuWeps, the model 1s launched at high enough
velocity so that the flow 1s turbulent throughout virtually
the entire trajectory. Moreover, the angles of attack at-
tained in the high speed (BuWeps) trajectories are restricted
to the range |a|<6.5°, whereas attack angles as high as a=30°
are attained in the low speed (Price) runs.

Since actual motions of full-scale missiles are in-
variably in the turbulent flow regime, the results of the
present study of primary practical importance are those per-
taining to the high speed (BuWeps) trajectories. Although
emphasls apparently was about evenly dlvided between high and
low speed trajectories in the phase of the Baslc Finner pro-
gram devoted to vertical planar trajectory measurements, the
relative unimportance of the low speed motions appears to
have been considered in the planning of the hydrodynamic force
and moment measurements, These essentlally were restricted to
Reynolds number in the range 0.4x10° ¢ R, < 8.5x10.® This 1s
similar to the ranges attalned in the high speed trajectories,
but ignores the range 0 R, g 0.4x10,° included in each of
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the low speed trajectories. Similarly, the range of attack
angles covered in the force and moment measurements,

-13° <ag 20°, encompasses those attained in the high speed
trajectories but not those of the low speed runs.

The reason for differentiating between the one
degree of freedom and three degrees of freedom trajectories
1s that with zero angle of attack (one degree of freedom
trajectories), the complexity of the hydrodynemi~ reactions
1e very much reduced due to the symmetry of the flow. Since
Reynolds number and angle of attack effects are strongly
coupled, this distinction is particularly significant for the
case of the low speed trajectories, where the ranges of flight
angle of attack are greatest and where the available hydro-
dynamic force and moment data are most limited.

This research was performed under the sporsorshlp
of the Bureau of Naval Weapons under BuWeps Contract
NOW 60-0341-d4 and DL Project LM 2328,
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EQUATIONS OF MOTION

The motion equations used in the prediction of the
Basic Finner model trajectories were derived from general
equations of motion for a submerged body formulated by
Strumpf.'® The general equations were simplified by the fol-
lowing assumptions:
1. The mass and mass distribution of the body do not
vary with time,

2. The body possesses both horizontal and vertical
planes of symmetry.

3. No thrust or control forces or moments act on
the body.

4, The center of gravity lles on the longitudinal
centerline of the body.

5. The products of inertia are zero.

6. The moments of inertia about the y and z axes
are equal.*

T. The body is constrained to move in a vertical
plane, i.e., v=Varsp=y=¢=0, (1)

8. The hydrodynamic derivatives Xbe X&q, z!, M&
are equal to zero,

9. Hydrodynamic terms of order three and higher
(e.g., terms of the form Z&wwws, Zc'!wwqw2 are
negligible,

Assumptions 1 through 6 are based upon the physical
properties of the tested Basic Finner nodel configurations.
Assumption 7 restricts the general equations to the three
degreez of freedom (vertical plane) cases considered in the
present study. Assumption 8 is customary in analyses of this
nature and 1s consistent with the results of previous
research, 12?19

* The coordinate system and detinitlons of all symbols used
in thls report are presented In Appendix A.

R-898
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Assumption 9 was dictated by practical consldera-
tions. Provided the hydrodynamic forces and moments are
analytic functions of the body velocity and acceleration com-
ponents, they can be approximated theoretically to any accu-
racy by Taylor series expanesions of sufficlently high order.
In practical application, however, the inclusion of Taylor [
serles terms of order higher than the first is discouraged by
the limitations of available experimental and theoretical
methods for determining the numerical values of nonlinear

hydrodynamic derivatives. The uvaual practice in past trajec-
839514

tory prediction work has been to employ linear equations.
The equations used in the present study, however, represent a
compromise. Although most nonlinear hydrodynamlic effects are
neglected, all inertial and gravity forces and moments are in-
cluded. The drawbacks of linear equations are reduced, where-

st

as the amount of required hydrodynamic data is kept to a mini-
mum. Like linearized equations, however, the present motion r
equations should not bz expected to apply to cases where the
hydrodynamic forces ard moments are highly nonlinear and the

motions deviate appreclably from the point, u, v, w, ..,=u, O,
0, «.. (a=0), about which the Taylor series are expanded,!?

[

On the basis of assumptions 1 through 9, the general
longitudinal force equation, vertical force equation, and
pitching moment equation,®? respectively, reduce to

Sr——

m(ﬁ+qw—qu2) -(W-B)sine+ g AxXé(u2+w2)+ g AxL(X&u+X&qwq), (2)

m(w-qu-xad} = (W-B)cose + g A Zluw + g AxL(Z&w+Z&uq) , (3) :
W)= - 3Mm1 2 * :
Iyyt’;+rmcG(qu W)= -Wxycoso+ £ AL M(.l a+ £ AgteMuat §Axmv',uw (%) i

All of the quantitlies appearing in these equations are derined {
in the Nomenclature {Appendix A) and thorouguly discussed in -
ref, 12, which 18 readily avallable. Accordingly, no detailed
dilscussion will be presented here, lHowever, the various terms

* The subsidiary relatiag-required for solution of these equations re-
duces to q = 8 (see Appendix C).

1-898
-6-




will be described in a general way. The terms on the left-
hand side of each equation are inertial termsj the famillar
'i%(mv)" and "i%(Iw)” terms of Newton's second law. The first
terms on the right-hand side of the equations are forces and
moments arising due to the influence of gravity. All other
terms are forces and moments of hydrodynamic origin. Note
that the artifice of introducing the so-called "virtual masses"
and "virtual moments of inertia," common in the formulation of
motion equations for hydrodynamic bodies, is avoided. No dis-
tinoction is drawn between the hydrodynamic reactions

(0.8, sAx&x&ﬂ) often accounted for in this way,®’% and any
other hydrodynamic forces and moments,

Equations 2 through 4 are the equations of vertical
planar motion employed in this study. They were used in the
predictions “or both high speed and low speed vertical planar
trajeotories, However, their applicability to the two dif-
ferent casen is far from equal. Under the conditions prevail-
ing in the important case of the high speed trajectories, all
assumptions made in their derivation are reasonable., In these
runs, the flight angles of attack are restricted to a range
(|a|< 6.5°) in which the avallable data® indicate that the
nonlinear angle of attack dependence (or, equivalently,
w-dependence) of the hydrodynamic forces and moments is not
significant. No Basic Finner force and moment data for non-
zero values of pitch angular velocity q are available, but re-
sults of previous Davidson Laboratory studies!®’!7? indicate
that q-w coupling and nonlinear q terms may reasonably be
neglected for the ranges of angular velocity (q' < 0.2) and
angle of attack attained in the high speed runs.

The situation 1s vastly different for the case of
the low speed trajectories. Angles of attack as great as 30°
are attained in some of these flights. Under these conditions,
higher order Taylor serles terms definitely are required to
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represent the hydrodynamic reactions accurately. Hence the
present mathematical medel for the hydrodynamic forces and
moments is clearly unrealistic under the conditions prevail-
in? in the low spesd vertical planar trajectorvies,

The extreme attack angles in these runs invariably
are attoined in conjunction with Reynolds numbers lower than
the minimum value (0.4x10%) covered in the Basic Finner force
and moment measurements.?-® Hence no experimental data for
direct evaluation of the nonlinear hydrodynamic effects is
avallable unless it can be assumed that such effects are not
significantly Reynolds number dependent. But such an assump-
tion would be in contradiction to previous experience,'®’1®
In any event, no Basic Finner force and moment data are avail-
able for |a| > 20°, at any Reynolds number. Becguse of the
limited practical importance of such low Reynolds number
motions of hydrodynamic missiles, applicable experimental data
for cther configurations similar to the Basic Finner are not
avallable either. Finaily, reliable methods for evaluating
the required quantitiee theoretically have not been developed.

Since the low speed vertical planar tralectories
are of little practical interest anyway, it was felt that
efforts to obtain additional detalied hydrodynamic force and
moment data for the low Reynolds number-high attack angle
regime were not warranted. However, since the trajectory
measurements had been completed already and the results were
avalilable,” it was felt that an attempt should be made to pre-
dict them using the present rmotion equations.

For the straight horizontal trajectory prediction,
eqs. 2 through 4 are modified by the substitutions

w=ﬁ=q=d=6=xG=W-B=O (5)

R-898
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Only the longitudinal force equation remains nontrivial, re-
ducing to

md = g AXI? + £ A xia (6)

Similarly, for the straight vertical trajectory predictions,
the substitutions

Wesymqmeuqw=0, 9--{-, (7)

yield, simply,
mi = £ AX!u? + £ A x40 + (W-B) (8)

Note that the restrictions to one degree of freedom
motions yield equations (eqa. 6 and 8, respectively, for
horizontal and vertical flight) which, ilthough nonlinear,
nevertheless are soluble by exact analytic methods, which the
three degrees of freedom equations (eqs. 4 through 6) are not
(see Appendix C). This simplification in computation is
matched by the reduction in the complex.ty of the actual phy-
sical situation re3julting from the absence of angles of attack
or angular velocities.

R-898




HYDRODYNAMIC COEFFICIENTS

‘There are two major sources of error in predicting
underwater trajectories with motion equationa." The first
is in the functional representations given to the external
forces and moments, partiocularly those of hydrodynamic origin,
acting on the missile during flight (discussed in the preced-
ing section). The second is in the numerical values used for
the various quantities appearing in the motion equations.
Since auch quantities as the density of water, the length of
the missile, its cross-sectional area, weight, displacement,
moment of inertia, and CG location presumably are known with
great accuracy, the ocrux of this problem lies in the hydro-
dynamic derivative coefficlients. For the Basic Finner, values
for these quantities are available from the results of several
experiments,2~® as well as from calculations based on a number
of existing theories,

The important features of each of the experiments
whose data were used to obtaln values for the hydrodynamic
force and moment derivative coefficients are summarized in
Table I.

The experimental methods customarily employed for
eveluating hydrodynamic force and moment derivative coeffi-
clents can be divided into two general classes. The first
class consists of "static" methods, in which forces and
moments acting on a modei are measured directly as functions
of the linear and angular veloclity and acceleration components
(and any other pertinent variables), Then the derivatives are
evaluated from the data according %to their definitions, e.g.,
Z& is the slope of the curve of Z' vs w'!, with u'=ué,
Wl=v'=v'=w! =p'=p'=... = 0, evaluated at the point w'=0, 1In
the second general clasa »f experimental methods, the forces
and moments are not measured, Instead, forced oscillatory

R-808
-10-



RN RUMRY TR R Nr e CTHE L MR L e T
‘. B8 R -
. . 5

motions of the model are induced, and such quantities as dis-
placement response amplitude and phase lag are recorded. The
hyarodynairic forces and moments are expressed as linear func-
tions of the velocity and acceleration components of the model
relative to the fluid, and combined with similar linear repre-
sentations for the applied forces and moments of mechanical
origin, in a system of linear motion equations whose solutions
are used to express the hydrodynamic derivatives in terms of
the measured motion parametera. The second column of Table I
sharacterizes each of the Basic Finner experiments as "static"
or "oacillatory," depending upon the class to which it belongl.

The derivative coefficients obtained from the data
of each experiment are listed in the third column of Table I.
The derivation of these quantities from the available data
consizted, generally, of three steps: 1) evaluation of deriva-
tives from plotted dataj 2) conversion to a standard nondimen-
sionalizsation basis; and 3) adjuntment to the x,y,z, coordinate
system with origin at the CB, The fourth column of Table I,
outlines these steps in detail for each result.

The values of each of the hydrodynamic derivative
coefficients determined as indicated in Table I were plotted
versus Reynolds number. Figure 2 shows such a plot for the
case of the zero’! order derivative X! (the drag coefficient),
the derivative for which the Reynolds number data are most ex-
tensive, Scatter between the various experiments at a given
Reynolds number 1s as great as the variation with Reynolds
number within a given experiment. This was found to be the
general case when values for a coefficient were available
from more than one source. On this basis, it was assumed that
the influence of Reynolds number on the Basic Finner hydro-
dynamic derivative coefficients 1s negligible for Reynolds
numbers in the range, J,4x10° < Re < 8.5x10,® the total range
of the various experiments. This covers the ranges of

R-898
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Reynolds number attained in all of the high speed vertical
planar trajectories.

Experimentally derived values for the Basic Finner
hydrodynamic derivative coefficients are presented in
Table II. With the exception of the results obtalned from
the data of Heald and Adams,® these values represent averages
estimated from all the data reported in each reference. The
Heald and Adams data have been given added weight by consider-
ing separately the results of experiments using ( four) dif-
ferent models. The emphasis on these data is in accordance
with the relative thoroughness and clarity of the results pis-
sented in the various references.®"®

In general, there are substantial differences in

' measurements of hydrodynamic force and moment derivative co-
efficients for a supposedly identical configuration tested by
different laboratories,2°?2! The present case is by no means
an exception to this rule., The ranges of values determined
from the various experiments for X!, Z}, M!, and M! (the de-
rivatives for which more than one value are available) are,
respectively, 53%, 20%, 31%, and 133% of the average value for
each. Perhaps more significantly, the ranges of these values
determined from the results of a single laboratory, the
National Bureau of Standards (reported by Heald and Adams®),
are, respectively, 40%, 19%, 8%, and 44% of these same averages.

There are threve major factors that generally con-
tribute to the discrepancies between repeated experimental de-
terminations of the hydrodynamic derivative coefficients., All
undoubtedly are significant in the case of the Basic Finner
results, The first is in the subjective methods used in
handling the experimental data. Each of the values listed in
Table II was established on the basis of at least one curve-
fitting procedure., Some of thece curve fits were performed
at Davidson Laboratory in the course of the present study

R-898
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(see Appendix B); others were performed at the facilitios
{ where the experiments were made. In some of the latter
ctlos,"°" it is impossible to assess the importance of this
‘ factor directly, because the raw test data and/or desoriptions
of the curve-fitting techniques used are not available. .t 1is
reasonable to assume, however, that the uncertainty in fitting
these data 1s no less than that in fitting the other Basic
Finner data. That this uncertainty is significant can be seen
clearly from the sample derivations of values for hydrodynamic
coefficients from test data® presented in Appendix B, In fact,
listing ranges of values in Table II might have been more ap-
propriate than showing the discrete values, Thus, -11.9
(Table II, row 1, column 1) would be replaced by -12,05Z'<-11.8,
Similarly, -2.4 (row 1, column 2) would be replaced by
-2.5<H",<-2.2. However, 1t was felt that the uncertainty in
the tabulated values would be sufficiently apparent without
introducing this additional complication.

The second factor contributing to the discrepancies
betwsen the repeated determinations of the hydrodynamic coef-
ficients 1s actual physical differences in the hydrodynamic
force and moment components measured under supposedly identi-
cal conditions, Such differences can arise from many sources.
Perhaps the most obvious is variations betwean the test
vehicles themselves. The sharp, characteristically super-
sonic 1lines of the Basic Finner are no doubt impossible to
duplicate exactly. Possibly small differences in construction
or even 1n surface roughness could have great enough influ-
ences on flow development to affect materially the 1ift end
drag characteristics of the body and/or fins. A second source
18 errors in setting and/or measuring physical parameters.
Even small errors in such quantities as angle of attack or
flow velocity, or in the alignment of balances, can produce
large discrepancies in reportea values of force anu moment
coefficients, A third source common to all experimental

R-898
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techniques, is the presence of the strut, i.e., the member
which supports the test vehicle, Often, the measurements

made include the effects of forces and moments acting on the
strut as well as those acting on the test vehicle itself, In
other cases, the measurements include only the reactions ex-
erted on the test vehicle, In either event, the acting forces
and moments can be different from those which would act if the
strut were not present in the flow field. In certain of the
Basic Finner experiments,2’¢ uttempts were made to remove
strut effects from the data by methods assuming linear super-
position of hydrodynamic effects of different cvrigin. In the
remaining cases, strut interference either was assumed neg-
11gible,3?® or its influence was noted but not evaluated
quantitatively,®

The remaining factor contributing to the discrepan.
cles in the hydrodynamic coefficients is the presupposition
of functional relationships between the hydrodynamic forces
and morments and the various motion parameters., This factor
is characteristic of the techniques categorized here as
"oscillatory" methods (see Table I), These techniques depend
upon the assumption that the hydrodynamic forc¢es and moments
acting during the tests are linear functions of the various
velocity and acceleration components of the test vehicle ra-
lative to the fluid. However, since the test motions general-
ly are extremely complicated oscillatory motions (much more
complicated than the trajectories now being studied), it 1is
questionable whether the assumption is well founded and, con-
sequently, whether the oscillator derived values for the
hydrodynamic coefficlents are reliable,

Table II also includes a row of items labeled,
"Values Estimated From Theory." This row lists discrete
values for all the required hydrodynamic coefficlents except
the four static and damping derivative coefficients,

Z&, M&, Zé, and M&. For these quantities, the table refers

R-898
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to Fig. 3, which shows theoretically derived ranges for their
values and the interrolationships between them.

The derivation of all the results presented in
Tabie II and Pig. 3 is deacribed in detail in Appendix B,
However, the more important features of the derivations are
pointed ocut and discussed in the present section,

The static and damping derivatives were estimated
using two different theories. It is inherent in both theories
that the static moment derivative soeffiocient, M&. and the
damping foroe and moment derivative coefficients, Z& and M!,
roespectively, are all strongly dependent upon the atatic
force derivative coefficient, z&. In fact, the only differ-
ences in the resuita derived from the two theories as applied
herein stem from differences in the estimates for z&. Each
method uses slendar body theory to predict the contribution
to 2& made by the bare hull. One of the methods, due to
Flax and Lawrence,?® uses low aspect ratio wing theory®® to

. predict the contribution of the fins, and the results of Low

and Stone,?* Spreiter,?% and Lennertz*® to account for the
fin-body 1nt9rrerenoe ef'fects, The other method, used in the
past by Davidson Laboratory and others in airship and torpedo
work, uses high aspect ratio wing theory, in conjunction with
& fin aspect ratlio augmentation based on gaomatric considera-
tions, to predict z], the contribution to Z& due to the force
on the fin plus all fin-body interactions, The low aspect
ratio theory predicts a value (2! = -13.7) consideravly
greater in magnitude than that derived from the airship theory
(z& = -11,6), Reference to Tablc II, however, reveals that
both values are included in the range of the experimental re-
sults for Z&.

A review was made of previous test results, to com-
pare experimentally determined values for z] with values com-
puted on the basis of each theory, The results of the review

R-898
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were inconciusive, as illustrated by the comparisons pre-
eonted in Table III for four different hydrodynamic missiles,
The airahlp theory value is in closer agreement with the
measurement in three of the four casea, However, the opposite
is true in the fourth casc, which is uvne of a number of such
cases reported Ly Flax and Lawrence.2?

The influence of z& on the other static and damping
derivatives is dependent upon the parameter Xy, the longi-
tudinal coordinate of the point of application of g, (see
Appendix B), No theoretical method for a precise determina-
tion of this quantity is known., However, experimental
evidence! indiocates that x| corresponds to a longitudinal co-
ordinate of the fins on the body, Varisus values have been
used for this quantity in previous studies. In partiocular,
values corresponding to the fin mid-chord and fin quarter
chord (the serodynamic center in airfoil theory) both have
been utilized,'®’®¢ In the present study, estimates for M
z&. and M! were made on the basis of x! valuas corresponding
to all longitudinal coordinates on the fins, i.e,, from
x{ = -0.30, the leading edge, to x! = -0,40, the trailing
edge. The graphs of Fig, 3 present the results as funotions
of x{. Two curves of values are shown for each coefficient,
These correspond to results oased on values for z! derived
using both the low aspect ratio theory and the airship theory,

The ranges of the theoretically estimated values
for the static and damping derivative coefficients are
-13.7 2}, S -11.6, -3.83 < M} < -2,02, -5.48 ¢ zq $ -3.68,
and -2,19 ¢ M& $ -1.19. These raages are, respectively, 17%,
62%, 39%, and 59% of the nean calculated value for each co-
efficlent, In view of the magnitudes of these rangea, the
theorelical estimates appear to be of 1ittle help in estab-
lishing values for the static and damping derivative coeffi-
sients for use in trajectory predictions, It will be shown
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later, however, that the theoretical relationships are valu-
able indeed, because of the fact that they express in mathe-
matical terms a basic physical truth, viz., that the static
and damping derivatives are not independent quantities but
that there exist definite relationships between them. The
significance of this fact and the value of its mathematiocal
expression by eqs. B-1 through B-4 is shown in the following
section.

The computc! rstimates for the remaining hydro-
dynamic coefficients, x' xl. zx, M}, and X§q. wers derived
with the guidance of theorotionl ana/or empirical relation-
ships publiched in the literature. In all these estimates,
the effects of the mutual interference between body and fins
were assumed negligible. The drag coefficient, x;. was
estimated on the basis of empirical reasults due primarily to
Hoerner.*: The longitudinal virtual mass coefficient, x&,
was estimated on the basis of empirical results presented by
Yee-Tak Yu,%?®’27 fThe normal virtual mass coefficient, zx,

" and the virtual moment of inertia coefficient, u&, wers

estimated using equations derived on the basis oI gaomstric
considerations, with the bare hull effects estimated using
the Lamb coefficients,’® and tihe results of Yee-Tak Yu?7 used
again to estimate the contributions of the fins, The second
order derivative, X! , was assumed to be equal to Z‘ on the
basis of potential theory,1®

There are two additional sets of hydrodynamic coef-
ficlent values presented in Table II., Each of the "Average
Experimental Values" was obtained by averaging the values in
the rows above it, 1.e,, the experimentally derived values
discussed previously. The second set, labeled, "NPG Analysis--
see section beginning on p. 10" was derived from previous
work by Caster,*® In that study, all but one of the hydro-
dynamic terms appearing in a system of nonlinear motion
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equations are specified and the remaining term (the damping
force derivative term) is varied to find the value giving the
best overall agreement between three different pairs of pre-
dicted and observed Basic Finner trajectories. The deriva-
tive coefficients presented here were evaluated from the
hydrodynamic input data corresponding to the best fit.

The data presented in Table II and Fig. 3 represent
the total body of avallable information from which the hydro-
dynamic input data required for the Basic Finner trajectory
predictions could be drawn. With the exception of the values
derived from the results of the NPG curve-fitting analysis,!?
this information was obtained without recourse to trajectory
measurements., This is a very important distinction, since
the practical value of a trajectory prediction technique re-
quiring input data obtained from trajectory measurements
surely is limited.

Becaure of the problems discussed previously, how-
ever, the selection of one set of hydrodynamic input data from
the results obtained independent of trajectory measurements
really could not be made in a logical manner. The available
experimental data were incomplete and imprecise. The sources
of experimental error were numerous and oftan impossible to
evaluate gquantitatively., The values estimated by theoretical
caloulations also were extremely uncertain, Consequently, the
primary hope for achieving successful trajectory predictions
was that the computed trajectories would prove insensitive to
variations in the values used for the hydrodynamic derivative
coefficients,
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TRAJECTORY PREDICTIONS

High Speed Vertical Planar Trajectories

The ten trajectory predictions discussed in the
present section correspond to experiments in which a model 1is
launched with nonzero horizontal velocity and zero vertical
velocity and decelerates throughout a trajectory in the verti-
cal plane. The test vehicles range in density from g = 0,81
to B = 4,0, In eight of tha trajectories (3 > 1), the model
falls under the influence of gravity} in the other two (B <1)
it rises. For a model with g = 2,0, the longitudinal position
of the CG 1s varied from .025 model lengths aft of the CB to
.025 model length forward of the CB. In each run, the model
is launched at high enough velocity so that the flow is tur-
bulent throughout virtually the entire trajectory., Hence the
high specd vertical planar trajectories are representative of
certain motions executed by full scale torpedoes, submarines,
and underwater-launched missiles,

The Ligh speed vertical planar trajectory predic-
tions were made using eqs. 2 through 4.* The equations were
solved by the numerical procedure presented in Appendix C.

The initial conditions and other input data correspond to
model trajectory measurements supplied directly by the Bureau
of Naval Weapons, Since the model is launched on a horizontal
tangent, all of the initial observed values of velocity and
displacement components are zevro except for the initial longi-
tudinal velocity, u(0). The value of u(0) 1s given by the
slope of the observed X, versus t curve, evaluated at t = 0,
But this slope cannot bn evaluated vrecisely since the curve
is not defined for t < O, To circumvent this difficulty, the
initial conditions for the trajectory predictions were evalu-
ated not at the actual instants of launching, but at times
somewhat after launching where the data curves are more clear-
ly defined, Typically, the 1nitial value of t used in the

* Plus the subsidiary relation, q = 8,
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TRAJECTORY FPREDICTIONS

High Speed Vertical Planar Trajectories

The ten trajectory predictions discussed in the
present section correspond to experiments in which a model 1s
launched with nonzero horizontal velocity and zero vertical
velocity and decelerates throughout a trajectory in the vertl-
cal plane. The test vehicles range in density from g = 0,81
to E = 4,0, In eight of the trajectories (B > 1), the model
falls under the influence of gravity) in the other two (B <1)
it rises. For .. model wi‘h E = 2,0, the longitudinal position
of the CG 1s varied from .0z5 model lengths aft of the CB to
.025 model length forward of the CB. In each run, the molel
is launchsd at high enough velocity so that the flow is tur-
bulent throughout virtually the entire trajectory. Hence the
high speed vertical planar trajectories are representative of
certain metions executed by full scale torpedoes, submarines,
and underwacer-launched missiles,

The high speed vertical planar trajectory predic-
tions were made using eqs. 2 through 4.* The equations were
solved by the numerical procedure presented in Appendix C.

The initial conditions and other input data correspond to
model trajectory measurements supplied directly by the Bureau
of Naval Weapons, Since the model is launched on a horizontal
tangent, all of the initial observed values of velocity and
displacement components arc zero except for the initial longi-
tudinal velocity, u(0). The value of u(0) is given by the
slope of the observed x_ versus t curve, evaluated at t = O,
But this slope cannot be evaluated precisely since the curve
is not defined for t < 0. To circumvent this difficulty, the
initial conditions for the trajectory predictions were evalu-
ated not at the actual instants of launching, but at times
somewhat after launching where the data curves are more clear-
ly defined. Typically, the initial value of t used in the

* Plus the subsidiary relation, q = 6.
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predictions corresponds to a time apnroximately 0.1 sec after
launching., The values of the initial conditions and all other
input datd for each of the ten high speed vertical planar
trajesotory predictions are given in Table IV,

The values of the hydrodynamic derivative coeffi-
clents used in the final high speed vertical planar trajectory
predictions were theoretically estimated values (1isted in
Table V), In particular, the estimates for the static and
duiping derivative coefficients, z&, M&, z&, and M!, are those
based on the val.ue of z{ (z] = -9.6) ccmputed using airship
theory, and a value of x| (x] = -0,31) corresponding to a
poirt 10% of the chord length aft of the fin leading edge
(see Pig. 3). As might be expected, the selection of these
values for use in the trajectory predictione was by no means
a straightforward matter, It was made only after a series of
preliminary calculations had been performed which yielded much
: important and surprising information regarding the influence
of the hydrodynamic derivative coefficients on the predicted
trajectories,

The measured trajectory chosen as the model for ths
firet preliminary calculations, CIT Run F-56,% 18 one of the
trajectories to which prediction technigues previously have
been applied at NPG by Caster.!! In that previous work, all
but one of the hydrodynamic terms in a system of nonlinear

i motion equations are specified and the remaining term (the
damping force derivative term) is varied to find the value
giving the best agreement between computed and observed tra-
Jectories, Although the concept of varying this term inde-
pendently of the other statlic and damping derivative coeffi-
clents 1s not realistic since it ignores the physical inter-

T

* The characteristics of the CIT model trajectcriss are sum-
marized in Table IV,
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dependence of these quantities,* the degree of accuracy
possible through using this curve-fitting techanique appears
significaht. In the thres trajectories considered in the
previous study, the agreement between observed and predicted
values of longitude, depth, and inclination, respectively, is
to within 0,19 model lengths, 0.12 model lengths, and 1.1 degs
(during the course of trajectories of from 6,6 model lengths
to 8.8 model lengths in total length).

As noted in the previous section, the primary hope
for the success of Lhe present trsjectory predictions was that
the computed trajectories would prove so insensitive to
varistions in the hydrodynamic derivstive coefficients that
aven the wide ranges in the avallable values for these quan-
tities would not introduce significant errors in the predlc-
tions. This hope was soon dispaslied by calculations based on
two different aats of values for the hydrodynamic coefficients.
One calculation weg made using the values evaluatad from the
NP3 data (see Table II}. The Davidson Laboratory predicticn
bussd on these noefficients was virtually identical to the
NPG predietion and hence agreed well with the observed re-
sults, ‘'The other caloulotion was made using the "average ex-
psrimental values" for the cosfficients (see Table 1I). In
this case, the yredicted trajectory differed markedly from
the measured results. In particular, the meximum differences
betwoen predicted and observed values for depth and inciina-
tion were abowt 20 times az great and about 40 times as great,
respectively, as in the previcus calculation.

* 3t is found that the hydrodynamlic static and damping de-
rivative coefticlents derived from the NPG results do not
satisfly eqs. B-1 through B-4 for any reasonable set of
yalues for the quantlties appearing therein. Por this
reason, thelr physlcal valldity ls strongly dcubted.
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The results of these two calculations demonstrated
conclusively that the scatter in the avallable valuea for the
hydrodynamic derivative coefficients was significant from the
point of view of its effect on predicted trajectories, Ad-
ditional preliminary calculations substantiated this result,
and also ylelded information on the basis of which further
conclusions could be drawn. In all, a great many preliminary
calculations were made, and their results, taker individually,
have 1little meaning, Accordingly, these results will not be
presented in detail. Instead, the major conclusions to which
they led will be discussed, and the particular results lead-
ing to these conclusions will be noted.

It was found that the predicted trajectories wore
extremely sensitive to independent variations of the hydro-
dynamic static and damping derivative coefficients., For ex-
ample, a mere loﬁ'change in the value of M& -- much less than
the range of available values for this coefficient (see
Table II) was found to produce changes in predicted values of
depth and inclination as great as 0.19 model lengths and 2.9
degs, respectively. These variations are both considerably
greater than the maximum differences between observed and com-
puted results obtained in the NPG scudy.!! As noted previous-
ly, however, independent variations of the static and damping
derivative coefficients are not realistic in a physical sense,
Accordingly, the effect on the predicted trajectories of re-
stricting the static and damping coefficients to mutually
consistent combinations was investigated, by comparing the
results of trajectory predictions based on theoretically
estimated values for these coefficlents (see Fig. 3) with
those of predictions based on coefficients obtained from other

g s

sources, Since all theoretical values were derived by using
eqs. B-1 through B-4, they are necessarily self-consistent.

The coefficient values obtalned from other sources generally
are not, It was r'ound that the sensitivity of the computed tra-
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Jectories to variations in the values used for the derivatives
was reduced drastically by restricting the combinations to
satisfy the self-consistency condition. The graphs in the
left-hand column of Fig. 4 show the maximum differences
between observed and computed values of longitude, depth, and
inclination obtained in predictions for CIT Run F-56 made
using theoretical estimates for the statiec and damping de-
rivative coefficients computed on the basis of x| values from
-0,30 to -0.35 and z] values of -9.6 and -11.7 (see Fig, 3).
The values for the other hydrodynamic coefficlents used in

all these calculations are the theoretical estimates given in
Table II., It is found that the variations in the plotted
values from one calculation to another are generally small,
particularly compared with differences attained in many of the
caloulations in which inconsistent values were used for the static
and damping derivative coefficients, An example of the re-
sults of this latter type is revresented on the graphs by the
values obtained on the basis of the average measured coeffi:
clents,

It also 18 seen from the graphs of Fig. 4 that dif-
ferences between the observed results and the Davidson Labora-
tory preliminary calculations for CIT Run P-56 are generally
of the same order of magnitude as those cbtained in the pre-
vious NPG curve-fitting analysis. This result gave rise to
new optimism regarding the prediction of the high speed
vertical planar trajectories, and prompted extending the pre-
liminary calculations to additional model trajectories., The
resvlts of these calculations are summarized by the graphs in
the rizht-hand column of Fig. 4, which present data similar to
that in the left-hand column graphs discussed previously, but
on the baris of average values for three runs, CIT Nos. F-56,
F-59, an. F-64, The average magnitudes of the differences
betwe~n observed and predicted values generally are even
smaller than the corresponding quantities based on the F-56

|

|
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prediction alone, In addition, the variationa in the average
quantities with x! and z! are smaller. On the basis of tnese
results, it was concluded that reasonably accurate trajectory
predictions could be obtained on the basis of theoretically
sstimated values for the static and damping derivative coef-
ficients computed using any x{ and g! values in the ranges in-
cluded in Fig, 4, On the average, however, the closest agree-
ment with experiment seemed to be achieved using the z] value
computed using airship theory (z{ = -9,6) aud the value

x{ = -0,31.*% It is for this reason that these values were
selected to be used in the subsequent trajectory predictions.

The selection of the theoretically estimated values
for the remaining required coefficienits was p.imarily in the
interast of consistency. 1In any event, in the case of the
drag ccefficient, Xé, the theoretical value is identical to
the average measured value and hence is the only logical
ciwice, In the case of the remaining coefficients (the
virtual mass and moment of inertia coefficients), the question
is an academic one since the results of the preliminary calcu-
lations indicated that any reasonable variations in these
values have but negligible effects on the predicted trajec-
tories, ##

* The selection of this value for x! was also influenced by
the results of preliminary calculations corresponding to
CIT Run F-63 which were not included in Fig. 4, because
they did not cover the complete range of x! and z] values
considered there. However, the I'-63 results do not differ
qualitatively from those for CIT Runs F-56, F-59, and F-64
discussed above,

** This result is consistent with the results of an analy*ic
variation of parameter analysis made later for the case of
the straigrt horizontal traJectory,
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Curves of the values computed for Xy 2y *o’ z
and & in each of the final high speed vertical trajectory
predictions are plotted versus { in Figa. 5 through 14,
together with the corresponding values observed in the model
experiments., Tabulations of the extreme values of the dif-
ferences between the observed and computed values of each of
these quantities are presented in Table VI, The predicted
values agree with the observations (during the course of
trajectories of from 6.6 to 9.6 model lengths in total length)
to within 0.22 model lengths in longitude, 0,07 model lengths
in depth, and 1.8 degs in inclination. In terms of percent-
ages of maximum measured values, these figures correspond to
less than 3% in longitude, 4% in depth, and 6% in inclination,
which indicates that the predictions are successful from an
engineering voint of view. Relative to the results obtained
in the earlier NPG curve-fitting analysis, the present re-
sults also are impressive, As can be seen from Table VII,
which compares the Davidson Laboratory and NPQG results for
all three trajectories considered in the earlier work, the
extreme values of the differences between observed and com-
puted trajectory parameters in most cases are smaller for the
present predictions than for the corresponding NPG results.

ol

A significant feature of the results of the high
speed vertical planar trajectory predictions is the relative
agreement with experiment achieved by those¢ predictions in-
volved in the preliminary calculations and those which were
not. As noted previously, the values of the hydrodynamic
static and damping derivative coefficients used in the final
predictions were established with the guidance of the results
of CIT Runs F-56, F-59, F-63, and F-64 (bavidson Laboratory
calculations 2, 5, 9, and 10). The remainder of the high
speed vertical planar runs were not involved in thisc work.,

As can be seen from Table VI and Figs. 5 through 1%, however,
the agreement with experiment achieved by a predlction is not
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noticeably dependent upon whether or not it was involved 1in
the preliminary calculations. This 1s regarded as strong
verification of the validity of the prediction techniques
which were employed.

However, the opposlite result was found for predic-
tions made using the hydrodynamic coefficients evaluated from
the NPG data. The preliminary calculations included pre-
dictions made using these values, for two trajectories (cIr
Runs F-59 and F-63) which had not been considered previously
in the NPG analysis. In both cases, differences between ob-
served and predicted values oi: both depth and inclination
angle were obtained which were greater (often more than twice
as great) than the maximum differences obtained fur all three
runs considered in the earlier study. This result was not
surprising, since the failure of the hydrodynamic static and
damping derivative coef{icients obtained from the NPG data to
satisfy the self-consistency condition implied that they were
not physically realistic and, consequently, that predictions
based on them should not be expected to be generally success-
ful.

In addition to the numerical solution, which mav be
regarded as exact, an analytic approximate solution applic-
able to the high speed vertical planar trajectories.was de-
veloped. The approximate solution is valid for tralectories
in which the transverse motions are not excessive. In parti-
cular, 1t 1s assumed that the following conditions are satis-
fied throughout the trajectory:

W-B 5:"‘1 Tw Q2 Twq TO (9)
]
£ Ak
cos 6 ¥ 1 (10)

The approximate solution obtained on the basis of
these assumptions is presented in Appendix C. The results of
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the approximate solutions for four typical cases and the cor-
responding results of the numerical solutions are presented
in Fig. 18. The approximate and exact solutions are in good
agreement except near the end of each trajectory. Therefore,
the approximate solution is of value on two counts., First of
all, it enables the engineer to make reasonably good trajec-
tory predictions with relatively 1little work. Secondly, it
lends itself to straightforvard intarpretation and a direct
method of estimating the influence on the motion of the var-
ious parameters which appear in the motion equations. In the
latter connection, it permits the problem to be treated in a
manner which 1s not possible when only a numerical solution
is available. However, since the varliation of parameter
analysis 1s extremely coumplicated, it has not been included
in the present study. The general method is illustrated,
however, by the analysis performed later for the much simpler
case of the stralght horizontal trajectory.

Straight Horizontal Trajectory

The trajectory prediction discussed in the present
section corresponds to an experiment in which a neutrally
buoyant model, whose center of gravity and center of buoyaney
coincide, is launched in a horizontal direction and deceler-
ates throughout & one-dimensional trajectory along the line
of launching. The trajectory actually is a special case of
the high speed vertical planar motions discussed earlier in
the section beginning on p. 19, It is considered .ere separ-
ately, however, because restriction to straight horizontal
motion permits use of eq. 6, which may be integrated directly
to yleld the solution

u(0) (11)
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where,

gAxxéu( 0) ( 12)

I gAxLx&

Since xo = u for the straight horizontel trajectory,

u{ 0 .
ko = stixlr (13)
The solution for the longitudinal position is ob-

tained by integrating eq. 13 and making use of the initial
condition to get

Xy = E%QL log (bt + 1) + xo(O) (14)

The initial conditions and other input parameters
for the straight ho-ilzontal trajectory predictlon are given
in Table IV. Again, the initial value of time used in the
calculation does not correspond to the instant of launching,
but rather to a time 0.02 sec after the launching (see dis-
cussion beginning on p. 19 ).

Figure 16 shows a comparison of the observed and
predicted values of velocity and longitude as functions of
time, As 18 the case for the more general high speed vertical
trajectory predictions, the computed values are in substantial
agreement with the experimental data. Quantitatively, the
agreement in longitude 18 to within 0.35 moded lengths, or
less than 3,1% of the total t.ajectory length.

Since an analytic solution is avallable, 1t is
possible to make a stralghtforward analysis to assess the
effects on the predicted trajectories of possible errors in
the values of the input data. For simpliclity, the present
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analysis considers the effects of errors in only the most ob-
vious sources, the hydrodynamic cosfficients and the initilal
conditions. On this basis, the total differential of the
longitudinal velocity is given by

ok ot ok
e (2] 0 (o]
dxo-mdx6+sﬁ:dml+m) du(O) » (15)

vwhers the apparent mass,
mem - gAxLx& (16)

has been introduced to add symmetry to the resulting express-
lons, Substituting eq. 13 into eq. 15 and evaluating the de-
rivatives that appear in the resulting equation gives

. bt io bt *0 *o bt
dxo - - BEFT x-; dxa + BEFT -!'I’T: dml +um)(1" m)du((o:.7>

whenice, to “he first order of approximation,

Ao o™ _ 8%3  au(0)) bt su(o) (18)
2 {7 - 7 - S e+ 246

It may be concluded that inacouracies in the pre-
dicted results due to errors in evaluating u(0) are not sig-
nificant. The basis for this conclusion is that the time-
deperdent error term which 1s proportiona} to Au(0) never
becomes as large as the constant term, -%ig}, which 18 known
to be insignificant because of the perfecé agreement between
the observed and predicted values at the beginning of the
trajectory.

To evaluate the relative sensitivity to errors in
Xé and x&, data from Tables IV and V are substituted into
eq. 16 and the result is compared with the value of x&, to
find
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06 - -
my= 22262 X1 = -0.454x} (39)
But, on the basis of the aasumpticus of the analysis,
Am,-gaxwx& (20)
whence, substituting from Table IV,
om, = - (,0211) (1.667) ax} ='- .0352 AX} (21)

Substituting eqs. 19 and 21 into eq. 18, and assuming on the
basis of the preceding argument that the errors proportional
to Au(0) are negligible, gives

A% AXS:  AXS
0 a o}l bt
I, = [.0775 X " XY 5T (22)

From this result, it 1s seen that an error of a
cartain percentage in xg has an effect on the predicted value
of *o almost thirteen times as great as does an error of the
stme percentage in x&.

Further, 1t is noted that, for t > 2 sec, the
approximation

sy ¥ 1 (23)

18 accurate to within better than 10%, Substituting this re-
sult into eq. 22 gives

Axo - AX i AK&
- ¥ (0775 —¢ - ) (24)
o u ¢
Interpreting Aio to be the difference between the
observed and predicted valuees of longitudinal velocity, the
trajectory data for t > 2 sec are used in conjunction with
eq. 24 to give, approximately,
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XI Ax
0775 '!T <% = 0.1 , (25)

where xa + Ax& and x& + Ax& nre ldentified as values of the
drag coefficient and the added mass coefficient, respectively,
which wouid yield predioctions in perfect agreement with the
observed values,

Obvioualy, there are an infinite number of combina-

tions of -xi and '!T satisfying eq. 25, The most interesting

of these are the cases where all of the error is attributed

to either one or vhe other of the coefficients. In particular,
1t is indicated that either a 10% increase in the magnitude

of xg or a 130% decrease in the magnitude of x& would bring
the observed and predicted results into agreement. The second
alternative may be rejected as physically unreasonable since
it correspords to a negative value for the added mass, The
first alternative, however, is reasonable when considering

the available experimental data for xa (see Pig. 2).

Low Speed Vertical Planar Trajectories

The eight trajectory predictions discussed in the
present section correspond to experiments in which a heavier-
than-water model is dropped firom rest with an initial value
of pitch angle not equal to -90°, and accelerates throughout
a trajectory in the vertical plane, The test vehicles vary
in density from W/B = 1.1 to W/B = 4,0. For a model with
W/B = 2,0, the longitudinal position of the CG is varied from
+005 model lengths aft of the CB to .012 model lengths forward
of the CB, Since the models are dropped from rest, the
motions run in or, at least, through the laminar flow regime.
Therefore, since actval motions of full-scale misslles are
invariably in the turbulent flow regime, the low speed
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vertical planar trajectory predictions are of 1little practi-
cal interest. In fact, their results are reported largely
because of thelr remarkable accuracy even though they were
derived on the basis of methods that see-ed grossly inappli-
cable. The first of these was the use of motion equations
(eqs. 2 through 4), formulated for conditions which are not
satisfled throughout by the low speed vertical planar
trajectories. This question has already been dlscussed at
length, in the second section., The second was the use of the
same constant values for the hydrodynamlic coefficients as

were emplioyed in the high speed trajectory predictions (see
Table V). This step, which 1s contrary to accepted theory,®®
was necessitated by the limitations of the available hydro-
dynamic data (see Table I) and the lack of reliable techniques
for theoretical estimation of the behavior of the hydrodynamic
derivative coefficients at low Reynolds numbers.

The initial conditions and other input parameters
for the low speed vertical trajectory predictions correspond
to model trajectory tests reported by Price.” The initial
values of time used in the calculations correspond to the in-
stants of dropping in the tests. Hence all of the initial
values except 6(0) are equal to zero. All input data for
each of the low speed vertical trajectory predictions are
given in Table IV. Because of the lack of practical interest
in the low speed vertical planar trajectorles, detalled re-
sults of each cne of the calculations are not presented. For
1llustracive purposes, curves of the values predicted for
Xor 240 *o’ éo, and 6 in three typical calculations are
plotted versus t in Figs. 17 through 19, together with the
corresponding values observed in the model tests, Extreme
values of the differences between the observed and computed

values of Xy Zg and @ for each trajectory are presented in
Table VI.
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The low speed vertical planar trajectory predic-
tions are considerably less accurate than are the high speed
predictions, The average magnitudes of the maximum differ-
ences between computed and observed values of longltude,
depth, and inclination are, respectively, 0.14 model lengths,
0.14 model lengths, and 2.9 degs (see Table VI). The cor-
responding figures for the high spced vertical trajectory
predictions are 0.09 model lengths, 0.03 model lengths, and
0.9 degs, respectively (the comparison is all the more sig-
nificant since the high speed trajectories have an average
total length, in model lengths of more than twice that of the
low speed runs). However, the extreme value of the differ-
ences between the predicted and observed values of depth has
a magnitude of but 0.35 model lengths, HKoughly, this mcans
that the displacement is predicted to within less than 10%
of the maximum measured depth. This constitutes an adequate
estimate for many engineering applications, and a remarkably
accurate one in view of the assumptions made in the analysls.

Straight Vertical Trajectories

The seven trajectory predictions discussed in this
section correspond to experiments in which a heavier-than-
water model is dropped from rest, with an initial pitch angle
equal to -90°, and accelerates throughout a one-dimensional
vertical trajectory. The trajectories are special cases of
the low speed vertical planar traj:ctorles discussed earlier,
in the section beginning on p. 31. They are considered hare
separately, however, because of their relative simplicity
(see aiscussion in the first and second sections). The pre-
dictions were made using eq. 8, which may be written in the
form

& = c2 - n2 u2 (26)
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where

W-B
(2 - m;ul- (27)
ng - - éAxxé (28’

m - gxx&x&

Note that the substitutions are made in such a way that ths
constants { and n are real numbers., Equation 26 is inte-
grated to obtain

u = % tanh ({nt) (29)

where the initial condition u(0) = 0 is incorporated in the
solution. ‘'therefore, using the Table of Direction Cosines
(Appendix A):

io - % taah ({nt) (30)

The solution for the depth ias obtained by integrating eq. 30
and using the initial condition, z(0) = 0, to get

z, = %: log cosh ({nt) (31)

The input data for the straight vertical drop tra-
Jectories are design values {1.e., they correspond to the
standard Basic Finner configuration) rather than actual
values measured for the various test vehicles, The reason
for this is that the actual values of the input parameters
are reported in ref. 7 for only some of the models tested,
and 1t was desired that the predictions be made in a consis-
tent manner. Preliminary calculations showed, however, that
the magnitudes of the differences between the design values
and those actual values which are known are not great enough
to affect the predicted motions appreciably except 1n cases
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where the spacific gravity is close to unity. The values
used for the two required hydrodynamic coefficients, xé and
x&, are the constant theoretical estimates derived as shown
in Appendix B, The values of all of the input parameters
for each of the seven straight vertical trazjectory predic-
tions are given in Table IV,

Curves of the values computed for z  and éo in each
of the straight vertical trajectory predictions are plotted
versus t in Figs. 20 thirough 22, together with the corres-
ponding values observed in the model tests. It is seen that
the predicted and cbaserved values agree well in every case.
With the exception of Calculation 20, the extreme value of
the difference between the predicted and observed values of
depth has a magnitude of 0,13 model lengths, or about 1.6%
of the maximum measured depth (see Table VI). The value for
Calculation 20 is 0,38 model lengths, or about 4,7% of the
total depth, But this calculation corresponds to experiments
in which certain modifications, too slight to be reflected
in the estimates of the hydrodynamic force and moment coef-
ficlents were mede to the test vehicles. Moreover, the
models in iwo of these runs were released by hand rather than
by the mechanlcal launcher used in tha other tests. Hence
the greater discrepancy was expected,
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In spite of the excellent agreement with observed
motions achieved by the straight vertical trajectory predic-
ticna made on the basis of a constant drag coefficient, 1t
was felt that some attempt ahould be made to reconcile the
results with accepted theory, i.e., to show that the ineclu-
sion of a realistic Reynolds number dependent component of
the drag coefficlent does not significantly aifect the pre-
dicted trajectories. Accordingly, trajectory predictions
correaponding to CIT vertical drops ¥-9 and ¥-47, 48
(Davidson Laboratory Calculations No. 21 and 26) were

(o ——
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repeated on the basis of Reynolds number dependent drag coef-
ficients. These runs represent the extreme values (least and
greatest, respectively) of Reynolds rumber variation in all
the trajestories of this type, Hence, it is reasoned that
any significant Reynolds number dependent phenomenon must
menifeat itself in at least one of these two runs,

Reynolds number depsndent drag coefficients were
derived by amalgamating available Basioc Finner deta and em-
pirical and theoretical results for the low Reynolds number
range which are presented by Hoerner.4! Two different ex-
pressions were employed, one based on the laminar flow drag
characteristics of a sphere and the other on the characteris-
tics of a flat plate. The expressions employed were tailored
to approximate the laminar flow data in the low Reynolds num-
ber range, and to approach the value used in the constant
coefficlent predictions as the Reynolds number increases into
the turbulent flow regime,

The expression for Xé based on the characteristics
of a sphere 18

R

xés = - D, - TF (32)

where Da = 0,45 and Rs = 24, % ft/bec. Figure 23 includes a

graph showing the variation of xa with Reynolds number over
8

most of the range covered by the vertical drop trajectories,

When eq. 32 for x& is substituted in the straight

5
vertical trajectory motion equation (eq. 26), the result is
written in the form

d o= g% - n® uf - g% (33)
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and {® is as defined by eq. 27. Note that the substitutions

are made in such & way that the constants are real numbers,
Equation 33 is integrated to obtain

(K)ot .

imd, (%‘:"f)—'”ﬂ" I - ot (36)
where
-G 44 (a7)
o - %(%G)’ (38)

and where the initial condition u(0) = O is incorporated in
the solution and eq, C~9 is used with ¢ = - "E'-. The solution
for the depth is obtained by integrating eq. 36 and uaing the
tnitial condition z (0) = 0, to get

1 +(2‘:92;)e'2""’it
z, = (x-0%)t + — log X (39)
° N 1 +(l:ﬂ..)
x+®

The expression for x(', based on the characteristics
of a flat plate 1s

(40)

R
Xé --Dp-_p_
p yu
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Here, Ry = 59.5 [I ft/hec] » but D, is given dif-
ferent values for the two different trajectory predictions.
In the prediction corresponding to CIT Run No. F-9, Dp = 0,35,
As seen from Fig. 23, this value is such that xé approaches

p
the constant coefficient value of -0.45 as the Reynolds num-
ber approaches the maximum value attained in the observed
trajectory (approximately 0.4 x 10%).

In the prediction corresponding to CI1 Runs F-47,
48, D_ = 0.45, As seen from Fig. 23, this value is such that
xg is considerably greater in magnitude than the constant

cogffioient value of -0.45 throughout the Reynolds number
range attained in the observed trajectory. Nevertheless, it
is sufficient to show that including a term of this type is
unimportant, since it overestimates rather than underestimates
the effect.

No analytical solution was obtained for the straight
vertical trajectory motion equation with xé - Xé o It was

solved by a numerical procedure similar to that used in the
solution of the vertical planar trajectory motion equations,

Tho straight vertical trajectory predictions ob-
tained on the basis of the Reynolds number dependent drag
coefficients substantiate the predictions obtained assuming
that the coefficient i1s conatant. In none of the four repeat
predictions were the results appreclably different from the
original computations. This result indicates that terms pro-
portional to acdelerations (primarily inertial terms) are so
dominant in the low velocity portions of the trajectories
that even large errors in the hydrodynamic coeff'icients are
unimportant,
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CONCLUSIONS

Observed trajectories could not be predicted using
hydrodynamic coefficients determined from available experi-
mental data alone, However, coefficients obtained on the
basis of existing theory yielded predictions that agreed well
with the observed motions (see Table VI),

Computed trajectories were particularly sensitive
to independent changes in the values used for the hydrodynamic
static and damping derivative coefflclents, Z&, M&. Z2', and
M!. However, when the values were kept conaistent with re-
lations expressing the physical interdependence of the coef-
ficients (eqs., B-1 through B-4), they could be varied over
fairly wide ranges without appreciably affecting the predic-
tions, Thia result is particularly significant, and efforts
should be mads to generalize it. In particular, its validity
for the ocase of a more representative hydrodynamic missile
(c.g., a standard torpedo or submarine type configuration)
should be inveastigated. Such an investigation could be in
the form of calculations similar to those performed in the
present study. The problem also could be approached analy-
tically, however, through the use of approximate methods
which make analytic soluti.n of the motion equations passib.is
(e.g., the approximate solution developed herein).

It 1s felt that tnhe present results demonstrate
clearly the potential value of simple analytic methodes for
predicting hydrodynamic derivative coefficients, and it is
urged that greater emphasis be placed on their use in the
future,

From & practical standpoint, the important results
of the present study are those pertaining to high speed tra-
Jectories, The low speed trejectory predictions also are in-
teresting, however, hecause of thelr surprising accuracy.
Predietlons of straight (zero attack angle) vertical drops
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from rest agreed well with observed trajectories, even though
a oonstant drag coefficient corresponding to turbulent fiow
was used in the ocaloulations. Low speed vertical planar tra-
Jectory predictions, although markedly less acourate than the
high speed predictions, nevertheless yielded results ocon-
sidered adequate for many engineering applications, in spite
of tho fact that the caloulations took into account neither
nonlinear hydrodynamic normal forces and pitching moments
(although angles of attack as great as 30° were attained) nor
variations of hydrodynamic coufficients with Reynolds number.
The reason for the unrealistic simplicity of the mathematiocal
model used in the low speed planar predictions was the lack
of any reliable experimental or theoretical basis for estima-
ting the extensive hydrodynamioc input data required for a
more sophisticated formulation. The surprising accuracy of
the predictions is attributed to the dominance of terms pro-
portional to acceleration (1.e.,, inertiai terms) in the low
velooity portions of the trajectories, It 1s felt that any
improvement in the accuracy of thc low speed vertical planar
trajectory predictions requires the performance of experi-
ments to obtaln detalled hydrodynamic force and moment data
for the Basic Finner in the low Reynolds number high attack
angle regime.

All availeble Basic Finner trajectory test results
have not been considered in Lhe present study. In particular,
several heretofore unpublished six degs of freedom trajec-
tories also are available,?® It is recommended that attempts
be made to predict these more general motions, To do this,
it will be necessary to make extensive measurements of hydro-
dynamic roll moment as a function of roll angle, attack angle,
roll angular velocity, end other motion parameters, It 1s
recommended that these measurements be made using a rotating
arm facility, which has been shown to be effective for such
tests,?92%9431 At the same time, the hydrodynamic static and
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damping derivative coefficients should be measured. This will
permit the values used for these coefficients in the present
study to be compared with a set of values derived uniformly
from the results of a single static experiment.
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Nomenclature for Treating the Motion

of a Submerged Body Through a Fluid

Introduction

The study of the motion of a rigid body through
a fluid is considered ns a general problem in Jhe
motion of rigid bodies under the action of gravity
and hydrodynamic forces. Thus u choice of
nomendlature for this fleld must borrow from both
rigid dynamics and fluid mechanics.

Like moat problems in hydrodynamics, an exact
theocetical solution of the equations of motion is
available only for un ideal fluid. However, as is
well known, for small deviations from uniform
linear motion, the equations of motion in a real
fiuid can be linearized and solved in terma of a set
of coefficients, which nre determined cither by
theory or by experiment.

Frequently, rather than to determine the trajec-
tory of a body, it sufiices to obtain a measure of
its stability. A body in a stute of equitibrium is

said to be stable if, when slightly disturbed {rom
this state, it returns to it, with perhaps a slight
change in position of path. Since there are various
possible states of equilibrium, there are, corre-
spondingly, various possible kinds of stability;
these are defined in & subsequent section of this
Bulletin.

Although the motion can be described ade-
quately only with reference to some fixed co-
ordinate system, it is shown in texts on dynamies
that the equations of motion of a rigid body are
expressed most conveniently in terms of a rec.
tangular coordinate system moving with the body,
the so-cnllea body uxes. Consequently, it has
Seen necessary to introduce nomenclature for de-
scribing the orientation of the body axes relative
to the fixed axes.

Body Characteristics

1t is supposed thut the body is elongated and
has well-defined forward and after ends, such as
nose and tail, or bow and stern. It is assumed
also that the body has & *“principal plane of sym-
metry,” as shown in Fig. 1, and that there is a
normal attitude of the body, with ths principal
plane of symmetry vertical, «o that the top (deck)
and hottom of the body cay be defined. The
body' may be equipped wiui wings, stabilizing
and control surfaces, an. 1t may be self-propelled
or towed,

Segciric PoINTS o Booy

CB.... center of buoyancy of the body

..... center of mass of the body

metacenter of the body

CP... .. center of pressure of the body

CS . static center; center of resultant of
weight and buoyancy

0. . ..origm of body axes (to be defined)

TP ....towing point or towed point

Booy Axes

The origin (0 of a right-handed, rectangular,
coordinate systum fixed in the body is chosen
cither to coincide with CG, when CG is in the
principal plane of symmetry, or at any convensent
point in the principal plane of symmetry when OG
does not lie in this plane. Body axes x, y, 8, coinci-
dent with the principal axes of inertia at O, are
then defincd as follows:

X . the longitudinal axis, directed from the
after to the forward end of the body

y.. the transverse axis, directed to starboard

5. the normal axis, directed from top to bot-

tom (deck to keel)
The sx-plane is the principal plane of symmetry.

COORDINATES AND DiISTANCHS

Xy Yo 25 courdinates of CB relative to body axes
%o Yo 8. .coordinates of CG relative to body axes
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%a Ya 82. .coordinates of CS relative to body axes
Ly, ¥y, 8¢, .coordinates of T'P relative to body axes
bor B....the beam of the body; a breadth,

width, or span
dor D... diameter of a body of revolution
Covvivnins «hord lengtis of & wing, rudder, elevator,

or diving plane
m or GM..the metacentric height; the distance
from CG to CM, positive upward

n..... the draft of a floating body

k.........the depth of submergence of a sub-
merged bod)

... the hull height of a submerged body,
meastired from the bottom to the top
of the hull (pronouncad height)

k..... .. .radius of gyration

lor L.... length of the body

Re....... radius of turning circle, or radius of
curvature of paih

[ thickness

§ ....... thickness of bovudary luyer

AREAS AND VoiLUMR

A an ares, projected or. a given plane or
on the inedian riane of a hydrcfoil,
such os:

As. ... projected ares of bow planes
A, projected area of stern planes
A,...... eojecter’ rudder area

A, Ay A, nres of the projection of the submerged

part of the body on the ys, s, and xy

planes, respectively
S..... ~wetted surface area of the body
V. .. .volume of the body (pronouncea vol)

INRRTIA CHARACTERISTICS

Mo mase of body

Iy 1, §,.. .moments of inertia of the body abont
%, ¥, 8 axes, respectively

ks, by, by rudii of gyration of the body about
X, ¥, ¥ axes, respectively

TS
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Fixed Axes—Orientation and Motion of Body

Fixen Axes

It will be assuined that the accelerations of a
point on the surface of the earth can be neglected
80 that a set of axes fixed relative to the earth may
be considered as fixed axes. Choose a right-
handed, orthogonal set of “fixed axes,” xs, s,
fixed relative to the earth, 3o that the vy and ys uxes
are in & horizontal plane, and the sp-avis is vertical
and directed downwards.

Xy... . the fixed longitudinal axis, in a fixed direc-
tion in a horizontal plane, considered as
the forward direction

.. . the fixed tranaverse uxis, perpendiculur to sy
in a horizontal plane, directed to starbnard

% .. . the vertical axis, directed downwards

ORIRNTATION OF BoDY Axrs

All acgular displacements will be taken as posi-
tive in the sense of rotation of a right-hand screw
advancing in the positive direction of the axis of
rotation (right-hand screw rule).

The orientation of the body axes relative to the
fixed axes can be described in various ways. In
aerodynamics the orientation of a body in space is
usually described in terms of an angle of pitch or
trim 0, an angle of yaw ¢, and an angle of roll or
heel ¢. In addition it is necessary to introduce &
second set of angles a, 8, v. which describes the
orientation of the body relative to its direction of
motion.

Srace ORIENTATION 0, ¥, ¢ AND CORRESPONDING
ANGULAR VELOCITIES OF BoDY

The space orientation of the body axes x, y, s
relative to the fixed axes xy, yo, 2¢ may be described
by the following procedure (see¢ Fig. 2). PFirst
suppose the axes ¥, y, 3, to coincide with the axes
X, yo 5. Rotate the body about s through an
angle of ysw ¢ so that the axes xo, yo assume the
intermediate positions xy, y;; then rotate the body
about the new position of the y-axis through un
angle of trim 8, so that se moves to 5, and x; moves
tox; finally rotate the body abuut the new posi-
tion of the x-axis through an angle of roll ¢ so
that the axes v, 3 assume their final positions v,

5. In acenrdance with this procedure we have the
following definitions: .

0....the angle of trim (or pitch); the angle of ele-
vation of the x-axis; i.e., the angle between
Ox-and the horizontal plune xeys, positive
in the sense of rotation from the 3o to the
X-axis

Yo Yo Starboord

Fio. 3.~ OriuNTATION OF Bupy Axszs ReLATiVE TO
Fixeo Axus IN Turus or 4, ¢, ¢, Viewep yrou Berow
xy PLaNk

¢v....the angle of yaw; thc ungle from the vertical
plane sexq to the vertical plane sex, positive
in the positive aense of rotation about the
So-uXiS

¢....an angle of roll; the angle froru the vertical
xso-plane to the principsi plane of sym.
metry xs, positive in the positive sense of
rotation ubout the x-axis

The direction cosities of x, v, ¢ relative to xy, yn
80 may be tabulated as in Table |,

Taurg 1. --DikeeTioN CosiNgs oF Boby AXES RELATIVE To Fi1XeD AXks IN TERMS OF 0, ¥, ¢

B 2t s 1 .- rm e me e o e - e,
ES cos 8 cos ¥ —c08 ¢ sin W +in 4 sin p cos ¢ sin ¢ sin ¢ +sin # cos & cos ¢
¥ cos 8 sin ¢ cos ¢ cos ¥ +sin 0 sin ¢ sin ¥ —sin ¢ cos ¥ -sin 8 cos ¢ sin ¢
2 -—sin § cos 8 sin ¢ cus 8 cos ¢

A=5%
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Alwo, for the direction cosines of s relative to
the body axes, put #, = —sin 8, 5, = cos 0 sin ¢,
#, = cos # cos ¢,

Let p, ¢ 7 be the cumponents of the angular
velocity vector relative to the body axes , ¥, s.
Denote the time derivatives of 8, ¢, ¢ by 4, \{. ¢
We have the {ollowing relatiuns:

p=¢—ysing .
g =ycosbeing + dcos e
r = yconfcos¢ — dsin¢

b ¢, 7. . .angular velocity components relative to
body axes x, y, s; angular velocities of
roll, pitch, and yaw

Vrrocity or ORIGIN or Boby AXes—ANGLRS OF
ATTACK a, AND Drirr 8

It should be recalled that the origin of hody
axes ) in taken to coincide with the center of
mass CG, when the CG lies in the principal plane
of symmetry.

Yot 4, v, w be the components in the x, y, 5 co-
ordinate system of the linear velocity of O relative
to the flvid,

#, v, w. .components along body axes of velocity of
origin of body uxes relative to fluid

U or V.. velocity of origin of body axes relative to
fluid. In general, the symbol U is used
in this Rulletin

Some of the hydrodynamic forces which act on
# body, the so-called static forces, depend on the
orientation of the body with respect to the relative

/ ”;——7 |

Fia, 3.~ORIRNTATION OF Boby Axes ReLative To
VaLocity or Omiain

fluid velocity, This orientation is specified by
the velocity components &, v, w but is niore usually
given in terms of angles a and § which may be
defined as follows (we Fig. 3):

a. .. .the angle of attack; the angle to the longi-
tudinal body axis from the projection into

A=6

the principal plane of symmetry of the
velocity of the origin of the body axes
relative to the fluid, positive in the posi-
tive sense of rotation about the y-axis

A .. the drift or sideslip angle; the angle to the
principal plane of symmetry from the
velocity of the origin of the body axes
relative to the fluld, positive in the posi-
tive sense of rotation about the s-axis

We have the following relations between the
velocity veciue and these angles (see Fig. 3):

tan o = +w/n
sinfg w —p/U

wheve U is the velocity of the origin of the body
axes relative to the fluid.

Um0+ w
Conversely, we have

4= Ucosacos
v = =Usinp
we Usinacos g

MoOTION ORIENTATION a, §, Y AND
CORRESPONDING ANOGULAR VELOCITIES OoF HopY

For bodies towed in a horizontal steaight line,
the Axed xo-axis imay be chosen tu coincide with
the direction of motion. The orientation of the
body axes x, y, s relative to the fixed axes xq, 3, 5o
may then be expreased in terms of angles a, 8, and
v, defined as follows:

a....the angle of attack, defined in the previous
section

8. .. thedrift or sideslip angle, defined in the pre-
vious section

v....an angle of roll; the angular displaceinent
about the xy-axis of the principal plane of
symmetry {rom the vertical, positive in
the positive sense of rotation about the
Xo-8Xis

When the orientation is specified in terms of a,
B, v, the angles of attack and drift are independent
of the angle of roll. Thiy is not the case for the
6 ¥, ¢system. Indeed ! = aand y = 8 only
when ¢ = 0. For this reason it is preferable to
use the angles a, 5, v in cases where some point
in the principal plane of symmetry moves in a
fixed direction.

The direction cosines of x, y, s relative to
Xv, Yo % may be tabulated us in Table 2. .

Denote the time derivativesof a, 4, Yby &, 8, ¥.
We have the following relation between p, ¢,
and &, 8 ¥

pwlsina+ ycosacosp
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Tante 3—DimmuctioN Costnes or Bopy Axes ReLaTive T Fixep Axes IN Terms or o, 8, v

% —_— ————— — *
% cus acos § -gin 8 sin acos 8
Yo sinasiny +cosasin fcosy conficony —cosasiny+ sinasinfcosy
% ~sinacony +cosasinfeiny congeiny cosacosy + sinasin Soin vy
g=d—4anp b .. .angular displacement of the bow plane, posi-
tefcosat+ ysinacop tive in the senee of positive rotation
. about the y-axis
Conrnot Sunracks §,....angular displacement of the stern plane,
d.... an displacement of a control surface positive in the sense ¢! positive rotation
b ... ang's, positive in the sense of posi- about the y-axis
tive rotation about the s-axis

Forces and Moments

It is convenient to distinguish between the
hydrodynamic forces, which include the propeller
thrust when the body is self-propelied, and other
external forces such as those due to gravity
(weight and buoyancy) and towlines.

As s the case for angular displacements, mo-
ments are taken as positive in accordance with
the right-hand acrew rule.

X, ¥, Z... .hydrodynamic force compotients rela.
tive to body axes, referred to as
longitudinal, lateral, and notma!
forces, respeciively

Dork..... drag component of hydrodynamic
force in direction of relative flow;
may be qualified by an appropriate
subscript to indicate 8 component
ol the dray; resistance

C.....o.v cross force; component of hydro-

dynamic force norma! to lift and
drag, positive to starboard

Lo......... litt; component of hydrodynamic
force in the principal plane of sym-
metry normal to relative flow, poei.
tive when directed from bottom to
top of body (keel to deck)

K, M, N. .hydrodynamic moment components
relative to body axes, referred to as
rolling, pitching, and yawing mo-
ments, respectively

Q..oovtn torque about the axis of a control sur-
face, with appropriate subscript
[ S towfine tension (pronounced toll)

¥y ¥ F,. .components of towline tension rela.
tive to body naxes
Word.. weightof the body; W = myg

B......... buoyancy force
W — B....reaultant of weight and buoyancy

Dimensionless Forms

A given physical quantity will be non-dimen.
sionatized by consideriny its dimensions in terms of
mass, length, and time as fundamental units, and
dividing the mass by (14)sl", the length by /, and
the time by //U. For example, the dimensions of
OM/dq are mase X (length)® X (time)-'. Hence

M 1 L1 oMy
o (Mot U ()e'U
is the corresponding dimensionless expression.
The non-dimensionalized form of a given physi-
cal quantity will be indicated by the prime of that
quantity, unless explicitly defined otherwise.
Thus

wea M patUopl L %o
(Pa* i 3o ]

When a stability analysis has been completely ex-
pressed in non-dimensional form, the primes may
be omitted, provided that a statement to that
effect is made,

1’

) xl'-

Boby Sxare PArAuETERS

The shape of a body may be described conveni-
ently in terms of the ratios of some of its urincipal
dimensions, such as:

o -/ beam-length ratio
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d' = dfl...... . dismeterlength eatio of a body

of revolution
id........ fineness ratio
He=Hi..... draft-length ratio
oH...... beam-draft ratio
C, = A,/ .. maximum section cosfiicient
S =S/ a wetted-surface cosficient

S/VVI....a wetted-surface coeficient
V' = ¥/I'... . volumetric coefficient
Cr = F/IA,. . .. prismatic coefiicient
Cas = ¥/IbH. .. block coefficient
w = B/A, ... .aspect ratio of & wing

VRLOCITIRA AND ACCRLERATIONS
' mu/Uyv =/,

w =w/U .. . . .dim;ensionless velocity
components
N ow UL = /U,
W = Wl/U . dimensionless ncoelera.
tion components
p o= PV, ¢ = /U,
r - rl/U G dimensioniess angular
velocity components
P /U - iU,
T 70 FL B . .dimensionless angular
acceleration  com-
ponents

Forcr AND MOMENT CORPPICIRNTA

Since forces and moments are {requently non-
dimensionalized in terms of S, 4, or 1, alternate
forms will be presented,

X' = X/(L)pltUt  lmgitudinat force coeflicient

V' & V/(L)ptUr,, lateral force coeflicient

Z' = Z/(VpltU? . normal force coeflicient

D' = D/(1)pl*U2,. . . drag or resistance coefficient

Cp = D/(M)pAU* . drag or resistance coeffi-
cient, alternate form

to = D/(19)p ¥V drag or resistance coeffi-
cient, alternate form

Ci = D/(}4)pSUN. .. .drag or resistance coefli-
cient, alternate form

Cy = D)/ (14)pSU.  friction drag or resisiance
coeflicient

Cr = D/(Y9)pSU?  .residuary drag coefficient;

C=C~C

C' = C/()9)pl*U*. .. cross force coefficient

Co = C/{19)pA U3,  cross force coefficient, alter-
nate form

L' = L/(VpeltUt.  lift coefficient

C, = L/(1)pA U lift coefficient, alternate
form

K’ = K/(15)plU1. .rolling moment coefficient

Cy = K/(V2)pAlU*  rolling mowent coeflicient.
alternate form

M= M/(V9)pl*U*  pitching moment coeffivient

Cu = M/(1g)pAI L. pitching  moment  coeffi-
clent, alternate form

N’ = N/(14)s'U*. . . yawing moment cocfficient

Cy = N/(M)pAl U1, . yawing moment coeficient,
slternate form

Conrrricinnrs or Static Foncr Drrivatives

The partial derivative of u force or moment com-
ent X, ¥V, 2, K, M, or N with respect to a
inear or angular velocity or acceleration w, v, w,
P07 0,0, %, p, ¢, # will be designated by the force
or moment with the velacity or acceleration as a
subscript; ex.,0V/0p = ¥,

. CHYT I N D, O
Y= 0paite X = Toehtr X T

¥y
. ™ ‘—T‘."“' ¥, | (%
) (!2)elU

Y,
" (U
T & gy Ze
(M)t (BatU" ™" (19U
Note that also X,/ = dX'/dx', X,) = 3X'/dv’,
etc.

-V
(a)eitt?

Z.l , Z.' -

CorrricirNTs Or RoTARY Forcr DerivaTives

, X ,
X' - ('éi’j.'l'ln 4Y'
S R TR AR A

(Yo)o'U (1)l (DAY
I APTI AP T
(' ol (Lo)atl! (La)ptU
Note that also X,' = 2X'/p’, X,! = dX'/d¢’,
etc.

S X el X
(Y9)ol*U (VALY Y
}l"

Z, =

VirtuaL INKRTIA CORFPICIENTS

r. X o X Xeo
X e X e T i
R o b o b
B e Y g " D
) Z: R ! - g‘_ ! = gl‘.—
2= gy B 0 B 1
e Kb ore X v X
X = i X e X e
N PRI R
N (™ LN (P
vew g ¥ i n L
W g BT e B

Note that also X," = o.X'da’, X,{' = bX’/Op’,
ete.
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Corrricients or StaTiIc MOMENT DRRIVATIVRS

o K gin K g K

K= owr ™ = gpuie X tpwu
! ar ' ’ - M’ ,
W sows M = ey

M - M

C (9

' N N e N

W b = it W =

Note that also K, = dK'/ow’, K,’ = OK'/ov',
ete,

Virruat, MOMENT or INERTIA CORFFICIENTR

!

! - K. ' > _E_L
ks K = it K = T

A

Pm o Me_ ppr o My My
M= Teie MV = @i M (a0
NS =

No poo N poo N
aoa N = Toae M " G

M gt Ko xn Ke
Ké' = i X0 = g X (W'
M,
My = T M = (Tfi' M=
- NN /)
N = e N (é)d" N = G

Note that also X,’ = dK'/0%', K,' = dK'/dp',
ete,

CowrrricigNTs or RoTARY MOMENT DRRIVATIVES

Y
Ky = Gooiir X' = Gt X' = e
oo My, M,
M = Gt M = T
My -
"= e
, N, N,
Ny = i N = e N AT

Note that also X,' = 3K'/3p', K,' = dK'/d¢',
etc.

Linearized Expansion of Force and Moment Coefficients

In the following analysis, all quantities are non-
dimensionalized, 30 that primes may be omitted.

It will be assumed that the hydrodynamic force
and moment coefficients depend only upon the
non-dimensionalized lineur and angular velocity
and acceleration components; e, X = X (u,v,
W 0,40 8% %p ¢ H, with ltmllar forms for
Y, Z, K, M, and N,

Let #,, 9, Wy, Do Qo 7o By 90, 9y, Py, Gy P, dencribe
the state of motion of the body at a time /,.
Then, for small changes from this initial state we

have the linearized Taylor 2xpansion
X m X+ Xl = 4,) + Xulv - ‘vo) +

Xolw - w)

+ Xoulp — po) + Xelg ~ 0 +
Xo(r = 1))

+ Xa(h = 8) + Xu(e —0) +
Xulw — o)

+ Xplp = B + Xplg = @) +
h(' = ’o)

with similar expressions for V, 2, K, M, and N,

Equations of Motion for a Free Body

The simplest form of the equations of motion i
obtained with body axes coincident with the prin-
cipal axes of inertia, and the origin at the center
of mass CG. For this case the equations ure, in
dimensionless form,

X =m8+qu—nj
V = mo 4 ru ~ puwj
Z =ml+ pv — qu
K=Ip+(, - 1)
M=1g4+ U, - l)rp
N =Li+ (- I)pg

When the origin of the body axes is not at G,

us has been proposed when CG does not lie in the
plane of symmetry, the equations of motion as-
sume the more complex form .
X w m[f + qw — rv — xo(g* + r?) +
Yelpg — 1) + sepr + @)}

with similar expressions for ¥ and Z.
Kelp+(,~1)er+

miya(@ + pr — qu) — 24(9 + ru —~ pw)}

with similar expressions for A and N.
The linearization of these equations in & particu-
lar problem introduces considerable simplification,

A-9
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Equilibrium Equations for a Towed Body

The application of the proposed nomenclature
to the case of a stable kite or paravane will be
considered aa an example. Equations for deter-
mining the attitude of the body when the hydro-
dynamic characteristics of the body are known
will be rnmmd
It will be supposed that the body is towed at a
uniform speed in a fixed direction in the horizontal
plane. Let the xe-axis be in the direction of tow,

Since equilibrium in assumed, the hydrodynamic
forces and moments are functions of », v, and w,
ot a, 8 Uonly; eg, X = X (v, v, w).

The resyltant of weight and buoyancy is the
force W ~ B in the s direction, acting at CS,
The direction cosines of the s,-axis relative to the
body axis, w,, m,, m,, in terma of a, 8, ¥, may be
read from Table 2,

The towline tension acts at & puint 7P whose
coordinutes (vy, yp, 8¢) are functions of a, 8, v
which depend upon the type of bridle used for
attaching the towline to the body. In the sim-

plest case, when the towline is attached directly
to the body (single point of attachment), we may
take the origin of body axes, O, at TP, so that
Speypma =0

The equations may be written as follows:

X, )+ F, + (W ~B) =0
Y(G, [ U)+ T,+”'(W-B) -0
z(¢| [ U)+ T,-’-”.(W"B) -0

K(Uv A U) + yfrl - I'T. +
W = B)(ya#y = 8s%)) = 0

M(a, 8, U) + 5:¥, = oF, +
(W = B)(amy — xams) = 0

N(d. [ A U) " x'r' = yfrl +
(W — B)(xany = yats) = 0

Since n,, n,, n, are functions of a, A, v from Table
2, and %y, yy, 8y are also assumed to be known
functions of a, 8, y from the bridle geometry,
these are six equations in the unknowns a, 8, v,
FoFu ¥y

Physical and Other Terms

B mass denaity

[ T ncceleration due to gravity
Fm U/\/ 2 V/ \fgl Froude number

oo e . .coefficient of viscosity
Ve e kinemitic viscosity, u/p

R, = Ul/y, Vijy.

Re= Ud/v, Vi/v.. Keynolds  numbers  corre-

R, = Ux/l, Vx/v.. di t i 1
Ry = Ub/v, Vi)v.. :1“):::":::“.0 varions linear

linear ratio of {ull size body
to model

Loovoiiiinn oo, time

oo 6 frequency

S=w/U.... ... Strouhal numbers corre-

S¢ = nd/U sponding to various linear
dimensions

o cavitation number

Ooiiiiioa. . toots of the atability equa-

tion, ¢ = 1,2, ...

Definitions of Stability

METACENTRIC STABILITY

A body, floating in equilibrium either com-
pletely submerged or on the surface of a fluid, is
said to have melacentric stability if, when disturbed
from the equilibrium position in either trim or
heel, it returns to the original position, If it is
stable against a disturbance in heel, it is said to
have transverse melacentric stabilily. If it in stable
ugainst a disturbance in trim, it is said to have
longitwdinal welacentric stability. A body may
have metacentrie stability about a position other
than the upright position; in thi. case, the posi-
aon of equidibrium must be stated.  Metacentric

A-10

stability implies that the metacentric height m
in positive; that is, CM is above CG.

TRANSLATIONAL STADMLITY

In discusaing the directional stability of a body
it is convenient to distinguish between the stability
of the body when restrained to move only like a
weathercock, and the stability of the unrestrained
motion,

(@) Static (or Weathercock) Stability. Suppose
the body to be moving in a constant direction and
restrained so that its only freedom of motion is
that of rotution ubout an uxis perpendicular to
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. the yawing moment curve Ny is negative,

the direction of motion. The body is said to be
statically stable about the given axis in some
equilibrium orientation about it, i it returns to
this orlentation alter a slight disturbance, If the
body is stable about the transverse axla, it is seid
to have stalc pliching slability; in this case, the
slope of the pitching moment curve My is negative.
1f atable about the normal axis, it is sald to have
slatic yowing sladilily; in this case, the lk;: of

&

stability requires that the center of pressure b
aft of the axis of rotation. Thc negative nm
tudes of the derivatives My and N, for some .
tation of n body are & measure of the stutic stabil.
ity of the body.

(8) Dynamic Stability en Cowrse. A body s
said to be dyramically stable en courss Il, ofter its
steady state motion has been slightly disturbed
from & steaight course with fixed control susrfaces,
it resumen its motion on another straight course.

A ship is sald to be dynamically siable ix & lurn
if, after its motion has been slightly disturbed
from u given circular turn with fixed control
surfuces, it resumes a motion in a turn of the
same diameter, with a slight displacement of the

nutiic stabllity can be further classified as
longliwdinal staMilily, for wation in the plane of
symmatry; or laleral slabllily, for motions involv-
ing rolling, yawing, and sideslipping.

Summary
Operations Bxample Definitions
(dot) Lver e symbol 8 =du/d Derivative with respect to time
' (prime) of & symbol m' o m/(Lg)sl'  Non-dimensional form of & symbol
wbecript 4,0, 9, 9, ¢, 1, 8, 0%, pdor ¥, mdV/Op Partial derivative with reapect to sub-
Pappliedto X, V. 2, K, M, or N script
' (prime) of result of previous opera.  V,' @ (DV/0p)  Non.dimenslonal form of the partial
tion - dV'/0p! derivative with respect to the sub-
script
Typica! non-dimensional
Symbol formula Definition of symbol
amb/A L Aspect ratio
A = A/ A mw« ures, qualified by an appropriate
sy pt
Aun A, 4, A = A/ Projected urea of bow plane, rudder and stern
plane, respectively
AnAp A, A, = A,/ Aren of projection of submerged part of body on
C, = A0l 1, 5x, and xy-planes, respectively
b b =l Heai of body
] B = B/(1el Buoyuncy force
13 ¢ =/l Chord length
c C' = /(L Crose force
Co = C/(Led
s Center of buoyancy
«c Center of mass of body
CM Metacenter of body
cF Center of pressure
cs Static center; center of resultant of weight and
buoyancy
dor D d =d/l = D/l Diameter of n body of revolution
DorR D' = D/t Deag force; resistance
Co= D/(}4)0A "
o = D/(L)s V'
C = D/(}4)pSU*
D, Cp = Dy/(Y)aSUY Priction drug
D, C, = B,/(V)pSUN Residuary drag, C, = C, - C,
Fo Froude number, U/Vgl, V/V g

A-ll
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Symbol

[
mor GM
N

lﬂ 'ﬂ ,O
A
'ﬂ ‘l‘ 'l

L} M'
A,
LYY
X,
X,
loe L
L
mor CM
~
»
Ny Ny ¥,
0

par

Q

Ror D
R,

:0 Rlo Rn Rl
sn sl

]

[

¥

rn rﬂ rn
TP
“vv

Uor V
4

Word
TN

Typical non-dimensional

formula

nnnnnnn

L' = L/(3g)s
TN V]
h' byl

K' = K/(Mg)arln
Cx = K/(Jgdil?

Ky = K,/(19)atU = 3K’ /0w’

K = Ko/(Ji)alt = OK' /o'

K, = K, /(1)alU = 0K /0p'

Ky’ = Ky/(Loal* = K’ /0p'

' = |

L' = L/t
Co= L/(Vg)ed
w /() el
s = nl/l

......

i
U - U/l
F' = ¥/ (bt

% = u/l

U=

V = ¥/n

Cy = V/IblI
Cr= V/IA,

W= W/(tg)alt U
x' =/l

‘A=12

Definition of symbol

Acceleration of gravity

Metacentric height

Draft of & body

‘The depth of submergence of a submerged body

The hull height of a submerged body, measured
from the bottom to the top of the hull (pro-
nounced height)

Moments of inertia about x, y, 8 axen, respectivaly

Rudius of gyration

Radii of gyration about ¥, y, s axcs, respectively

Rol‘llnf. tehing, and yawing moments, respec-
tive

Typiuiymtlc moment derivative; derivative of
u moment coiponent with respect to a velocity
component, 0K /O

Typical moment of inertin coefficient; derivative
of 4 moment component with respect to an
accelerution componaent, 3K /04

Typical rotary moment derivative of & moment
component with respect to an angular velocity
component, 3K /p

. Typleal mowent of inertin coeficient; detivative

of a moment component with respect to an
ungular acceleration component, 0K/dp

A characteristic length of body

Lift foree

Metucentric height

Mass of body

Prequency

Direction cosines of vertical relative to body axes

Origin of body axes

Angulur velicities of roll, pitch, and yaw, respec.
tively

Torque about uxis of a control surfuce

Resistance or drag force

Radiun of turning path, or radius of curvature

Reynolds number, Ul/v, Ud/v, Us/v, Ub/y

Wetted surface aren

Strouhal number, !/ U, nd/ U/

Thickness

Time

Towline tetsion (pronounced toll)

Components of towline tension relative to body
axes

Towpoint at body

Longitudinal, transverse, and normal compo.
nents, respectively, of the velacity of the origin
of body axes relative to the fluid

Velocity of origin of body axes relative to fluid

Volume of body (pronounced vot)

Block coefcient

Prismatic coeflicient

Weight of body

Body axes, or coordinates of a point relutive to
hody axes
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Typical non-dimensionat
Symbol formula
nInh v
Xor Yo B Xy = x4/l
miub
XoYnba ..
EnYrle
X Y.z X' =X/
X X' = X/ (Jg)altU = 0X' /O’
Xe X' w X/ (M)l = 0X' /00’
X. X.' - x'/(%)ﬂ'u - bX'/bp'
X, Xy = Xo/(34)pl = DX'10p'
L hy e
[ P S
$ Ceeaad
L
'0 *O ‘ : o :‘
A veeee
» LR
’ eaes
» trees
v

Definition of symbol

Coordinates of center of buoyancy relative to
body axes

Coordinates of center of mass relative to body axes

Fixed axes, or coordinates of a point relative to
fixed axes

Coordinates of static center relative to body ases

Coordinates of towpoint (at body) relative to
body axes

Longitudinal, lateral, and normal components,
respectively, of hydrodynamic force on body

Typical static force derivative; derivative of a
force component with respect to a velocity
component, dX /dx

Typical inertin coeMcient; derivative of a force
component with respect to an acceleration com-
ponent, DX /d%

Typical rotary force derivative; derivative of a
force component with respect to an angular
velocity component, X /dp

Typical inertia coefficient; derivative of & force
component with m’mt to an angular accelers-
tion component, 0X/0p '

Angles of attack, drift, and roll, respectively

Thickness of boundury layer

Angular displacement of a control surface

Rudder angle, bow plane angle, stern plane angle

Weight of body

Angles of pitch, yaw, and roll, respectively

Linear ratio, full-scale size to model size

Coefficient of viscosity

Kinematic viscusity, x/p

Mass density

Cavitation number

Roots of stability equation, § = 1,3, ...
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OTHER SYMBOLS

Othor symbols used in this report not included in
the SNAME %echnical and Research Bulletin 1-5 (pp. A-1 through

A-13) follow:

Dimensicnless Forms. The characteristic area used
in forming dimensionless quantities ia Ax’ the maximum cross-
sectional area of the bare hull., The length 4 is the overall

length of the missile.

origin of Body Axes. The origin of the body axes is
considered to be the center of buoyancy, CB, of the hull,

A,B, C,D.A" B*’ ce

(A)p

AR?

constants appearing in approximate form
of high speed vertical planar motion
equations

projected area of (2) fins

aspect ratio of fins - augmented to
account for fin-body interference
errecEs when used in Prandtl formula
for z!.

constant appearing in solutions of
motion equations

tip-to-tip fin span

body interference vertical force coef-
ficlent

fin normal force coefficient

fin norma% force derivative coefficient
based on Ap)F

constants appearing in representation
for Xé based on the drag characteristics

of a flat plate

cornstants appearing in representation
for Xé basea on the drag characteristics

of a sphere

R-898
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QHD qp

'1’ .‘.’ t‘

(X)) g (28) g
(u&)m, eto.
(xDps (28
("&)r' eto,

b

Xp

moment of inertia of displaced fluid

constants appearing in approximate solution
of motion squacions for high apeed vertioal
planar trajectories

added mass of parallelepiped - used to
estimate virtual masses and moments of
inertia of fins

apparent mass

homogeneous and particular components,
respectively, of solution for q obtained
from approximate form of high speed vertical
planar motion equations

dimensions of parallelepiped, in om - used
in caloulation of added mass

initial value of time in trajectory pre-
dictions

bass drag coefficient
Iriction drag cosffioclent

drag coefficient funoction based on drag
characteristics of a flat plate

drag coefficient function based on drag
characteristics of a sphere

hydrodynamic coefficients of bare hull

hydrodynamioc ccefficients of fins

x-coordinate of base of hull

xé??ordinate of point of application of
wF
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X,

Z,

Amy, OX!,

Au(0), etc.
At

AiO’ Aéog gto,

€& n

C,. Ny ¢

X» O

Ay ptp A, u¥

0y, O2

x-coordinate of point of application of z,

increase in normal force derivative due to
the addition of fins to the bare hull

errors in walues of input perameters

iteration period in numerical solution of
motion equations

errors in solutions of motion equations

constants appearing in straight vertical tra-
Jectory motion equation with constant drag
coefficlent

constants appearing in stralght vertical tra-
Jectory motion equation with drag coefficient
function based on drag characteristics of a
sphere

constants appearing in solution of straight
vertical treajectory motion equation with drag
noefficlent function based on drag character-
istics of a sphere

constants appearing in approximate solution
of motion equations for high speed vertical
planar trajectories

roots of indicial equation in approximate
soluticn of motion equations for high speed
vertical planar trajectories

function appearing in approximate solution of
motion equations for high speed vertical
planar trajectories
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APPENDIX B
EVALUATION OF HYDRODYNAMIC DERIVATIVE COEFFICIENTS

1, Evaluation From Experimental Data
Fair of Curves

Certain datr were presented in the form of graphs
of hydrodynamic force and moment coefficients plotted versus
angle of attack. To evalusve derivative coefficients from
these data, ourves were faired and the values of their slopes
or intercepts were eatimated. Since the curves were falred
by "eye," the process was repeated several times, by two dif-
ferent people. The reported values for the derivatives are
averages of the repeated evaluations.

b. Conversion of Coefficients from
Aerodynamic Reference Frame to x, y, z System

Forces and moments measured with respect to a
standard asrodynamic reference frame (ses sketch) may be con-
verted into bydrodynamic coefficients with reapect to the
X, ¥, z frame with coin-
cident origin by applying
the following three
ec,uations:

Yt = -CD cos a.+cL sina,
ANR -Cp 8in a-C; cosa,
M = -cM

In the present case, however, 1t was more convenient to trans-
form the derivative coefficients themselves, Ueing the pre-
ceding equations, taking the required derivatives and evalua-
ting them at a = C, gives the necessery relationships:

X! = -C

DO
2 = -6y - O
Ma = ~Cn,
R-898
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¢, :Conversion of Derivatives with respect to a

into Derivatives with respect to w

From Mg, 3 of Appendix A,

W' = J-=#ina
Therefore, by the chain rule for differentiation,
3%-_% 3%1- » (cos a) 3%¢
Thus, for a = 0,
2 = 2
-

sto., !

~ds Conversion‘of Yaw Plane Derivative

ifito Pitoh Plane Derivative

Because the xy plane ana the xz plane are similar
planes of symmetry for ‘the Basic Finner, the yaw plane and
piteh -plane hydrodynamis derivatives are directly related by
the following formulas, easilyderived by geometric considera-
tions,

Bevy M
Z& = Ys M& = NL
Za = -Y!', M& - le‘i
Xuq = “Xir

e. Conversion of Derivatives to
X, ¥, % System with Origin at CB

Let quantities measured wifh respect to the x,y,z
frame whose origin is af the CB be idéntified by the subsoript

t..  (onsider another Xx,y,2 coordinate’ system whose origin

R-898
B-2

R O " — I —_—




R

W AT I

W e

SN M M e OIS AN J40 I JED Ui M EED AU ean sas AER S o

has coordinates (x..,0,0) in the "s" frame, Let quantities
measured with respect to this frame be identified by the sub-
soript "t." The hydrodynamic derivative coefficients
measured with respect to the "t" frame are converted to the
"s" frame by application of the following equations.®®

(28), = (28)

(z))g = (2}),

(23) g = (2 - x1, (20,

(M) = (M) - xpy (2)),

(M), = (M), - x{, [(z‘;)t + (u‘;)t] + 2t (2,
() = (np), - xg, [(z&)b + ‘".'.’c] +xp,t (2],

f. Conversion of Derivative Coefficients to

Standard Nondimensionalization Basis
The characteristic area used herein in forming

dimensionles’ quantities is “x“ the maximum cross-sectional
area of the bare hull, The length 4 is the overall length of
the missile, Derivative coefficients based on different non-
dimensionalizing parameters are converted to this basis, by
multiplying them by appropriate ratios., For example, if '
("&)Ax.d donotes the coefficients of damping momeirt derivative

based on maximum cross-sectional area and maximum diameter,
1.0, Hq = % prdl (M&)Ax.d the conversion is made by applying

M= (T )y

vhere M& denotes the coefficient based on Ax and 4,

R-898
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2., Sample Caloulation

Several of the procedures desoribed in the preced-
ing section now will be illustrated in determining one of the
derivative coefficient values., The example shows the deriva-
tion of the value of M! based on data for a 4"D wood model
reported by Heald and Adoms,®

The relevant test data are presented in a graph of

[(M')A ‘]t vs a, where the interior subscripts indicate the
x*,
nondimensionalizing parameters, Ax and d, and the exterior

subsoript ¢ indicates that the origin of coordinates of the
X,¥,2 system 18 not at the CB, but at the base of the missile,*

i | | _J
] ] 4 L [ o
¢, DEGRERS

Repeated fairings of these data by two different
people yleldad estimates of clopes in the range, 23.0 ¢
[(M&>A d]t ¢ 25,1 (a in radians), The value used in the

x? -

+ This 18 not the notation of ref. 5. I{ has been introduced
herc l'or consistency with the preceding sections.,

k-898
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subsequent oalculations 1s |(M!), ,ale ™ 24,0, This value
X
corresponds to the line shown on the graph above,

To convert to the nondimensional form based on Ax
and 4, the rules on p, B=3 are used to give

i d 4 -
b X t
Then, using the results on p. B-2,
”M;,]t - [M&]t - 2,40

To adjust this value to the x,y,z coordinate system
with origin at the CB by the methods on p, B«2, it is neces-
sary to know the corresponding value for the coefficient of
statio force derivative, z;. Repeated fairings of the 2'
vs a ocurve and application of the results on p. B-2 ylelded
the range -12.0 < Z) «11,8, Using the value Z) = -11.9
togeviier with x! = - 0.40, the dimensionless longitudinal

coordinate of the base relative to the CB yields the final
result

[W]s = [M]e - xte [20]e = 2050 - (-o0(-229) = 2.

3. Theoretical Estimates

The hydrodynamic static and damping derivative oco-
efficients were estimated by means of relationships based on
geometric arguments, These equations, similar to many geo-
metriocally founded relationships commonly used in theoretical
aerodynamics,®® were formulated in the form below by Strumpf,?

2} = (2!) gy + %! (B-1)
A (z&)m{ - x{z] (B-2)
ML= (M) - xlz] (B-3)
My = (M) py + x{%2] (B-4)
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where the coefficients with subsoripts "BH" represent bare
hull values, 2] is the increase in the static foroe deriva-
tive coefficient due to the addition of fins to the bare
hull, and x| is the dimensionless longitudinal coordinate of
the point of applioation of =i, The bare hull coefficients
were estimated using slender body theory as developed by
Munk,?? and modified by Allen and Perkins,®* Kelly,®® and
Martin.®® On the basis of these res.lts,

(z",)m{ » 2,0
("&)m - 2(op + xp)

(ZA)BH - 23{
(ng‘)m - -2x}®

where 0p is the prismatic coeffiocient and xg 48 the non-
dimensionaligsed x coordinate of the base of the hull,

The value of 5] was estimated using two different
theories. The first of these, due to Flax and Lawrence,®®
uses low aspect ratio wing theory®® to predioct the contribdu-
tion of the 'fins, and the results of Low and Stone,**
Spreiter,®® and Lennerts*® to account for the fin body inter-
ference effeots. s| is determined from

Cop,. (A)
Bl =0y (1+ g (1 poh) oRE (B-5)
a t lw X
whers c. i{s the f£in normal force deriv:otive coeffiolent
o

based on wing area, 4 is the body diamoter, bt is the tip~to-
tip fin span, C is the body interference normal force co-

efficient, C

H
Bt
g 18 the fin normal force coeffioient, (Ap)r is
w

the projected area of the {2) fin) and Ax is the body cross-

sectional srea, The values of both cz and the ratio c'

/Cy
a BL “w
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are obtalned from curves presented by Flax and Lawrence, The
values obtained are C, = -2,5, C, /C, = 0.38, on the basis
Bl “w

a
of which, eq. B-5 ylelds z] = -11.7,

The second method of predicting z], used previously
by Davidson Laboratory and others in airship and torpedo work,
uses the Prandtl formula for slliptically loaded high aspec.

ratio wings,!®
()
F

£ = - iy gL (B-6)

where the augmented aspect ratio, AR', is defined by

b
MR - L (8-7)

where o is the chord of the fins, This definition of the
aspect ratio of the fin system accounts for the effects of
all fin-body interactions, On the basis of egs. B-6 and B-7,
ZI - ‘906-

No theoretical or empirical method for determining
x| precisely is known, Experimental evidence indicates, how-
ever, that x| corresponds to a longitudinal coordinate of the
fin on the body. Accordingly, estimates for M&, Z', and M&
were made on the basis of all x| values correlpondgns to fin
coordinates, and for z] values derived using both the low
aspect ratio thecry and the airship theory. The results are
presented in graphical form in Fig, 3., The values ultimately
selected for use in the trajectory predictions, corresponding
to z] = -9.6 and x] = -0.31, also are listed in Table I,

The drag coefficient xg. was estimated with the
guldance of empiricel results published in the literature.
The effect on the drag coefficient of the mutual interference
between the body and the fins was assumed negligible. Thus,

Xo = (X gy + (XD p (B-8)
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where (X!)p, and (xc',)Fl are, respectively, the coefficients

for the bare hull and for the fins, each evaluated as though
the other component were not present. A value of (x;)p- -0.24
was cstimated on the basis of experimental dats for two-
dimensional wedges presented by Hoerner,** The friction drag
coefficient for the bare hull, (X! )p, , was esSimated to be
-0,13, a value which approximates Sho Schoenherr friction

line for Reynolds numbers near 2x1C%, The base drag coeffi-
cient for the bare hull, (X! )p, » was estimated using an
smpirical formula presented By lloerner, 4%

_ 0,02

(X! )pgr =
o,.’ BH -
b xgr BH

which gives (x&b)BH = -0,08, It was assumed that the bare
hull coefficient, (Xé)ﬂn, 1s equal to the sum of (xér)ﬂﬂ and
(x(;b)lm + On this basis, eq. B-8 ylelds X! = -0.45,

The longitudinal virtual mass coefficient, x&. also

was estimated on the basis of published empiriocal results,
Again, mutual Ainterference effects were neglected, so that

X} = (X o + (x)p (B-9)

where the subscripts have the seme connotation &s in the
representation for X!, Yee-Tak Yu?® reports experiments in-
dicating that the virtual mass of two cylindrical cups placed
base to base 1s equal to the virtual mass of a disk having a
radius the same as that of the cylinder plus the mass of the
water contained in the cylinder. On the basis of these re-
sults, it was assumed that the virtual mass for the Basio
Finner bare hull may be approximated by the value obtained
for the corresponding disk, According to the experimental
results,®® this is given by

R-898
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(X1)., = . 3:812%p
u’ BH EAx‘

Vh.no.. (x‘i)m{ = «0,11

It was assumed that the longitudinal virtual mass
of one of the Basic Finner's wedge-shaped fins 1is equal to
that of a flat plate fin with thiockness equal to the maximum
thickness of the wedge. This value was estimated by means
of an empirical formula for the virtual mass of a rectangular
parallelepiped also developed by Yee-Tak Yu,2”

m, = p ?%ia—:l:::-’;/' + 3.5 lll.bl"/. (B-10)

vhere m, is the virtual mass, in grams, p is the fluid density
in grams/cm®, and 2 s,, 2 8,, and 2t, are the dimensions of
the parallelepiped, in om, 2t, being the dimension in the
direction of the acceleration. Since this formula is not
dimensionally homogeneous, it cannot be written in terms of
nondimensional quantities. Consequently, the calculation
must be made relative to a partioular siged configuration,
Por this purpose, s, = t, 2 cm} 8, = 0,16 om was chosen.*
This corresponds to a. configuration 4 om in diameter (see
Pig., 1), intermediate in size relative to the oconfigurations
employed in the Basic Finner trajectory experiments, On this
basis, m, = 1,91 grams, whence (x&)p = -0,03, Substitution
into eq. B-9 gives x& = -0,14,

MMMMH“"”“"_---——.;_

S

To estimate the normal virtual mass coefficient,
Z&, fin-body interference effects again were assumed to be
negligible, Thus,

B n T e BB PVE Drhats S0g, RS

* The variation 1a size of the configurations employed in the
model tests has very little effect on the results of these
calculations,
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2}, = (2} gy + (21 (B-11)

The bars hull coefficient, (z&) » was assumed to be equal to
that of a prolate spheroid with the same length-diameter
ratio as the Basic Finner hull., According to the results of
Lanb, *® this is given by

(zvll)nH - 0:96 p(Volume) =-0,96 20

g AL P
whence, (z'l’)BH - -1,6

It was assumed that the normal virtual mass of one of the
Basic Finner's wedge-shaped fins is equal to that of a flat
plate with thickness equal to the aversge thickness of the
wedge, This value was estimated by applying eq. B-10, in this
instance taking s, = sy = 2 om, t, = 0,08 om,® Thus m, = 39.6
grams, whence (z&)r = «0,3, Substitution into eq. B-11 gives
z& = -1,9,

The viirtual moment of inertia coefficient, M&, was
estimated by means of the equation

“& - (Mé)BH + xg,'(zvz,)F (B-12)

This equation was derived by analogy with eq. B-1, Inter-
ference effects, however, were neglected, Hence x} is the
dimensionless longitudinal coordinate of the point of applica-
tion of (z&)p, taken to be the longitudinal midpoint of the
fin, 1.e., x4 = -0.35, The bare hull coefficient, (M )BH’

was assumed to be equal to that of a prolate spheroid with
the same length-diameter ratio as the Basic Finner hull,

* See note on preceding page.
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From Lamb, 1S
0.87 1
N - ot
BH
Byt

where Iy is the moment of inertia of the displaced fluid.
0
Thus (M&)BH = -0,08, Substitution into eq. B-12 gives

M& = -0,12,

The second order derivative x;q was estimated on
the basis of the results of potential theory, which indicatel®

t =u
qu Z&

whence,
x&q = '1-9

The values of each of the hydrodynamic coefficients

derived herei. are reproduced in Tabie V,
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ARPENDIX C
SOLUTION OF VERTICAL PLANAR MOTION EQUATIONS

Numerical (Exact) Solution

Let t denote the initial value of the independent
variable ¢ (time) The initial values u(t ), wit ), q(t ),
and 6(t ) are given. Equations 2 through u are aolved ror
the throo unknown quantities, u(t ). wit ), q(t ), to obtain

ey - -(v-D)atn [o(t )] + o {[u(! )]' 0(-(: )] }- l" foxs ]v(t Jalt,) + mg [q(t )]l(c 1)
LR W]

oo [o8] + Bgrptn s o[ o g s - o
T T T
ot egvieg) - g« fatti]ult) a(s,) - vy oo Do(,)] )
[- B I Ny TNy (0-2)

alo) -

it = facmul e eo) - [ my - Ba,etm Juledaley) - wng con [o(ey)] + megide)
)

1.~ xt'u
B (c-3)

where the value of w(t ) is first obtained from eq. C-2 and
then substituted into eq. C-3 to solve for q(t_ ). The values
of thes linear and angular velocities at time t + At are, to
the first order of approximation,

u(t, + At) -u(to) + ﬁ(to)At (c-4)

wlt, + 8t) = w(t ) + v’:(to)At (c-5)

alty + at) = q(t)) + a(t )t (c-6)
R-898
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Now, since ¢ = 0, q = 6 (see Appendix A). Thus
e(t;o + At) = e(to)' + b(to)At = G(to) + q(to)At (c-7)

The velocities of the body relative to the fixed
(xo, Yo zo) coordinate syztems are obtained from the results
of eqs. C-4, C-5, C~-7 by applying the following transforma-
tion equations (see Table of Direction Cosines, Appendix A)s

to(t) = u(t) cos 6(t) + w(t) sin 8(t) (c-8)
2,(t) = -u(t) sin 6(t) + w(t) cos 6(t) (c-9)

The position is then obtained from
x(t, +at) =x (t) + x (¢ )at (c-10)

zo(to + At) = zo(to) + éo( to)At (c-11)

where the initial values xo(to) and zo(to) are given quanti-
ties,

The results of e¢s. C-4 through C-11 are now re-
garded as the initial data, and the same proocedure is re-
peated. The process i1s continued until t attains a value cor-
responding to the value of time specified as the endpoint of
the run.

If the functions involved are well behaved, the
sequenzes of functions cbtained by this procedure will con-
verge as the increment At is taken smaller and smaller, In
the present case, the results obtained on the basis of
At = 0,005 sec are indistinguishable from those computed
using At = 0,0025 sec., Accordingly, the former value is used
in the predictions,

The solution was programmed and coded using the IBM
1620 Fortran programming language.>” The calculations were
performed using the IBM 1620 Computer Stevens Institute of
Technology.
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Analytic (Approximate) Solution
Upon substitution of eqs. 9 and 10, eqs. 2 through

4 may be written in the form

Baxe

- X0 2 (c-12)
m -gAxLx‘!l

= A+ (Bw + Cq)u (c-13)

= A% + (B*w + C*q)u (c-14)

(w-la)(xyy - QAwaa)- Wmx

- v (¢c-15) .
B = QAXZ& Ly - gAxLSM&+ sAxLH& Mq (c-16)
.. (m S“x’*z&)(lyy - f“x‘“;“&)*'(ﬁ“x&““& - o) mc, (e
(w-B) - W (m - £A_121)

At e g . gAx X (c-18)
EAxZ&me + g“x‘"&(m - 5Axtz&)

B#= - (c-19)
(m+ 8a_121) (Ba_12M! - (m - £A_221)

- m 5 x“q’ ™g + gAxD Mq me) m EAX W (¢-20)

D=(m- gAxszxl)(Iyy - gAx:,"Mé) - m?x¥y (c-21)

The longitudinal force equation (eq. C-12) is identical to the
equation for the straight horizontal trajectory (eq. 6).
Hence the solution 1s given by eq. 11. This is substituted
into eqs, C-13 and C-14, Introduction of a new independen:
variable,
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Tubt+ 1 (c-22)
in the resulting equations gives

b %¥ =-A+ % (Aw + pq) | (c-23)
X WA R ORI (c-24)
where

A = Bu{0), u = cu(0), A* = Bru(0), u* = C*u(0) (c-25)

Equation C-24 is solved for w and differentiated with respect
to 7. The results are substituted into eq. C-23 to obtain

bt g-;} +(b-p*r) or g% +{ Ao pr®) qu( A®A+DA®-2A®) T (c-26)

The nomogenvous equation, a differential equation
of the Euler-Cauchy type, has the solution,

0, ]
G =K 7 + K7 {c-27)
where
o, o w8 2YO 4+ u) - b - e) (c-28)
1,R 20
The particular solution is ziven by
Q=K 7 (c-29)
where
. AA + (b - A)As 20
K= 30 7 ) T (o - k) (c-20)
Hence “he complete solution is
N 0a
a=K, 7 + KT +KyT (c-31)

as can be verified directly by substitution into eq, C-26.
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Equation C-31 is substituted into eq. C-24 to ob-
tain the solution for the normal veloocity,

ba;_ d % bc'- d 2 byt A%
W= —-ﬁ—&-] K,7 + [—VL]K.'I + [—xf-—] KaT= SuT
(c-32)

The remaining unknown oonstants, l{l and K;, deter-
mined from the initial conditions, are given by

1-%1 bal'#’ (0) %) A%
K. - 0,°Cq Ka b‘cl-d.) q ) b(al. Ca '(O)brbl' Ug)
(c-33)
K, = q(0) - K - K, (c-34)

Now, since ¢ = 0, q = %% - b %%. Thercfore, integrating
.q. 0-31.

o« st} [l et e Byt e (o

wher'e the constant of integration, determined from the initial
conditicna, is given by

K, = 0(0) %[_K_h - e +.K;.] (c-36)
Solutions for the longitudinal and vertical dis-
placements may be obtained similarly by integrating eqs. 11
and C-32. This is not done in the present work, since 1t is
falt that the mrolutions already obtained are sufficient for
the comparisons for which they are intended, The important
results are repeated below in terms of the original independ-

ent variable, t.

u = s%i%lr (11)
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wn *, (boy-ut) X, (b641) 9371 4 (hog- u®) Ke(bt41)98"14 (bop)K,-A® (bt+1)

(¢-37)
0 -[Wgt;n](btﬂ)vﬁl{ m%m] (b+1) 92+l §§(bt+1)’ ::;8)

The various constants appearing in the equations are evaluated
by the successive application of the squations by which they
are defined., The velocicies of the body relative to the

fixed (xo. Yo z,) cocosdinate system are obtained from the
above results by apriying eqs. C-8 and C-9.

R- 898
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TABLE II1

COMPARISON OF VALUES OF z‘ PREDICTED USING TWC DIFFERENT THEORIES
WITH EXPERIMENTALLY DERIVED VALUES

VALUES OBTAINED FOR z‘
CASE NO. | VEHICLE |REFERENCE

EXPERIMENTAL | FLAX AND LAWRENCE| AIRSHI

THEORY THEORY

' Subﬂ\lfin! 38 '2.78 '3 .67 -30 ‘s

2 Missile 29 «2,29 3,24 -2.51

3 Missile a9 -2,51 =2.01 «2 k4

“ H".". 22 "“05 'l3¢s -".8

B s o o

R-898




S e A aM Bl M A, AN O S| Sl ES s

SEZ” [L99°T | 1120° |v99°S 8y Ly-3 [~
L11° | 199°1 | 1120° {eme-1 vZece-d 4
n%o. 199°1 | 1120° {68170 o€ st~ (24
190" | €€8°0 | €s00° |L60°1 11-4 €2
58. £€68°0 | €500° {9€2°0 ot-3 4
»500° | £€8°0 | €500° |990°0 6-d 12
TI910° | €€8°0 | €500° |esz°0 | 8°9°2° o2
_ mnﬂ.um..é §ﬁ> LIDIVALS
“feget | 11200 RN 2o | 61
ANQLOACWAL TVINOZIWOH IHDIVALS
stz 1~ 00 0°0 0°0 0°0 0°0 0°0 | y810> 0°0 s L} s€2° | 1991 | 11207 ; 99°S 16-4 81
L06° = 02} oo 00 0°0 00 0°0 | 8010° €800 ~|L0°2}s¥90" | L99 T | T120° |881 O 1r-d Li
zee- -} 00| 00 0°0 00 00 0°0 | 9010° 0°0 |L0°Zisro0” | L99°T | 1120° {8810 6€-d 91
L8 - oo] o0 00 oo 0°0 0°0 | 90T0° St10°|20°2}5¥90° | L99°1 | 120" |881 O 8¢-4 st
Ze8" -] 00} 0°0 0°0 00 0°0 0°0 | eot0° 9610°|40°Z|s¥90° | L99°T | 1120° je@81'0O L5-d 12
172 48 of 00} 00 00 00 00 0°0 | oa20" 0°0 |ar-gl 311 |e99°T1 | 1120° | BT 92z-4 €1 ©
W 0’0} 00 00 2°0 0 0°0 | oozo* 0°0 |eccel cxte Lot § Tzt | e8 1 sz~4 At o
e6t°1-j oo} oo 0°0 0°0 0°0 0°0 | 9010° 00 |ar-eg] L1t jeo9t ] 20 | 88T 61-d 11 @
SIIMOLIACWIL ¥WNYId TVOLIMEA (33dS K0T =
0820°~| 2€€°~ | t0°0 | iz°c | 90 L°L€ (80°0} €&LTO° 0'0 |es-L| ve2° 1 £99°T | T120° | $9°S »o-d ot
0500° | 50°= | 00°0 | 92 | L0°O 6°»Z |80°0| sot0” 0°0 }40°Z|s¥90° [ L99°T | T120° | 6170 £9-d 6
£900° | L80° €00~ | s6°2 10°0~ o= {ot-o| »t10° 0°0 |€s-tisLyo’ §L99°T | 1T20° | € 0~ 204 8
2500° | ©£0° 10°0~ | S9°1 it~ | sz |s0°0| »110° 00 |es'Tistr0o” oot | t120” | €0~ 19-4 L
L620°~| Ltze= | o0 | so°¢ ozZ°0 8'se jor-o| ¢610° 0°0 jLL°€] L1r° j499°1 | 1120° | @81 09-4 9
»w20°=| L82°~ | L0°0 00°c | 90°0 1°9z2 |ut°o| v610° | stvo =jei-g| L11° | 299°T | T120° | 9B T 65-4 s
ZEeo°~] 12E°~| 60°0 | $9°¢ | ¥2°0 0°92 [Zr°0f €110° | 990" L} 211" |299°T | 110" | 8871 86-4 y
. 8I¥0°=}| 162"~ | SI°0 | L¥°S €0 Zz'zz lozeo| »o10° | orvo -|iL €] L11° fLow T | T120° | €8°T 154 €
0820°=| 60€°~ | £0°0 | L6°Z | #€°0 L°sz jot1°0| LOTO" 0°0 JLL°€] L1t jL99°T | TT120° | @8°T 95-4 F4
».10°=] cv2°~ | s0°0 | 69°¢ | O2°0 s°1¢ lor-o] cot0* 0°0 |iL°€] L1T° fL99°T | 1T20° | 981 56-d 1
SITNOLIECVEL ¥WMNVId TVIALIN3A (534S HOIH
T
{ ‘pex ._8{. it °3 P208/°33|*08/°3;] ~oes ot id I “qt 18| 33 |°33/°1s| csax [(s)on uny “ON
.ﬂ . o .0 i o .0 «r©. «r®. 0 v ¥ < *9, R . .u<w N
ve | Vo F() ) x|*(3)n (e 3 1 x n ‘s (] l a-n iI2 18:585

SIDIDITRd ACILIAVIL ¥ SELIIWYVd 1Nal
AI TVl




TABLE V
PARTICULARS OF THE BASIC FINNER MISSILE

Diameter of bare hull, d 1,000
Length of bare hull, ¢ 10.00 d

Meximum crossesectional area of bare hull, Ax 0,788 dz

Wetted ares of bare hull, S 27.0 d

™
Base area of fins (4), (A ), 0.320 ¢?

Projected ares of fina (2), (A)y 2.00 d°

Total volume, Vol. 6.5 ¢

Mosent of inertis of fluid displaced by hull, I 26.8 pd®

Hydrodynamic Coefficinntes "

xa XXX EX} '0.‘5 Z& - ‘Y;onc «}.78

X& seensoe 'Oo“ Z&--Y;... 0

x'm- x;vao' o !'® -N;o-c .2112

X‘;q- -X'"_u 1.9 N - ‘N&aan 0

qq r
Z"' - Y;onon «11.6 M& L N#ooec 0,12

Xt = Xt ,,, 0 M& - N!"ctqo -1,24

Z‘ - Y&.... -1.9

£
%g
é’,}
g,

l
l
|
I
!
!
| Wetted ares of tine (4), 8, .16 ¢*
I
|
l
I
l
i
I
I
l
|

* See sections beginning on pp, 10 and 19,
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TABLE VII

COMPARI SON OF OL ANG NPG RESULTS

oL 1T MAXIMUM DIFFERENCE BETWEEN OBSERVEO AND COMPUTED VALUE
CALCULATION]  RUN LONGITUOE, L DEPTH, 2, INCLINATION, 0

No, N, MODEL LENGTIR MOOEL LENGTHS DEGREES

oL | wNPG oL NPG oL NPG
2 Fa56 09 N 07 12 1.8 0.4
[ F42 A .19 .01 .06 0o 1.1

i 10 Fabl N «00 .01 .08 0.4 0.8
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+ HEZALD & ADAMS, WIND TUNNEL (REF.5) < NGBS
0.8 O SAVITEKY & PROWSE, TOWING TANK,
(STING) STRUT/BODY, DIAMETER RATIO s 627
O SAVITSKY & PROWSE, TOWING TANK }‘"“’
(STING) STRUT/80DY, DIAMETER RATIO » .610) OL
—— KEAMEEN, WATER TUNNEL (NEF.2) =CIT
,‘: 0.6 ?
v N .
& 0.4 ‘ : N : !
§ ' .‘.
("]
<
£
0.2
)
0 2 . . . 10 i
REYNOLOS NUMBER X 10” %
FIGURE 2. EXPERIMENTALLY DETERMINED VALUES OF DRAG

COEFFICIENT VERSUS REYNOLDS NUMBER
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SEE TAMEXT FOR VALUES OF HYDRODYNAMIC

4 1,,BASED ON LOW ASPECT RATIO WING THEORY COEFFICIENTS

O 1),BASED ON AIRSHIP THEORY }
maman NPG CURVE-FIT"

AVERAGE FOR THREE RUNS

CIT RUN F-56 CIT RUNS F-58,09,84
: {OL CALCULATION 2) (DL CALCULATIONS 2,8,10)
E
¢ 2.09
=
9 03p AVERAGE MEASURED COEFFICIENTS 03
“ SEE TARE T “
o2} + oz}
] ‘ o 1§ '
-: °|-—+—-_—--— . o,l- + o
, 3 o ° '? e & o
. - 0 ._%A 4 3 2 'y 2 —-— () 3 4 2 1 g 1
N0 032 0.34 o 0.30 032 0.34 -n!
p 00
§ os} tmmc MEASURED COEFFICIENTS o3 r
u SCE TABLE I
4 o2} g o2
]
:. 0.3 _—r rr— -_T . °| 3 . .
7 |7 o
< <
ol 0 ﬁ I 4 A 4 A 1 - 0 A I & I I A I
030 0.32 0.34 -x} Y030 0.32 0.34 -
M7
°r 'AVERAGE MEASURED COEFFICIENTS . S [
8 SEE TABLE I o
d ) + & 4
¢ 8 + + w
s i + o o e 2 | +
5 o & +
‘; 2 e _ |5 ¢ & o )
M - A A i 4 I I . o i 1 1 1 I )
d Yc30 032 034 .y Y030 0.32 0.34 -x!

FIGURE 4. MAGNITUDES OF MAXIMUM DIFFERENCES BETWEEN O3SERVED AND
COMPUTED VALUES OF TRAJECTORY PARAMETERS WITH VARIOUS
SETS OF HYDRODYNAMIC INPUT DATA
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FiIGURE £. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
OLl.. CALCULATION NO. |
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FIGURE 6. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
DL CALCULATION NO 2
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40 — s

* £ - 1607FT,

a8 $-20

Xg® O4IGFY.

\ I,y 004 s -¢1}

i
A EANEA

16

40

Pt
> o
]
e
B

DEPTH~INCHES, {~) INCLINATION, DEGREES

gu?no—}r \}\ \(z" LY
2RK NN
gug ‘,.

200 \ \ o 40

240 h L\b.,;’ //'*9 48

g

)
|7 %
2680 forate=2] —{se
" ,{ .‘_’..._...-o"‘ VT
0 0 0.4 08 T2 T) 20

TIME~ SECONDS

FIGURE 7. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
OL. CALCULATION NO. 3
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LINES CORRESPOND TO OL. PREDICTIONS

* POINTS CORRESPOND TO CIT MEASUREMENTS
SUPPLIED BY BUREAU OF NAVAL WEAPONS
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FIGURE 8. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
DL. CALCULATION NO. 4
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FIGURE 9. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
DL. CALCULATION NO. 5
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LINES CORRESPOND TO DL PREDICTIONS
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FIGURE 10. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
DL CALCULATION NO. 6
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FIGURE Il. COMPARISON OF EXPERIMENTAL AND FREDICTED TRAJECTORIES FOR
DL. CALCULATION NO. 7
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FIGURE 12, COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR
DL. CALCULATION NO. 8
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FIGURE I3. COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR D.L. CALCULATION
NO. 9
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FIGURE 14, COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR

O.L. CALCULATION NO. 10
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FIGURE 16 COMPARISON OF EXPERIMENTAL AND PREDICTED TRAJECTORIES FOR D.L CALCULATION
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