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ABSTRACT

The temperature fields are deduced for an infinite metal slab of
finite thickness produced by a heat flux input which depends on the radial
coordinate. The formal solution is obtained by means of transform
techniques, and several alternative approaches to their evaluation are
presented. Two heat flux inputs are considered in detail. They are
the Gaussian input defined in Eq. (E-1), and the uniform input over a
circular area of the front surface. Such inputs might be used, for
example, as models for a study of the thermal-elastic effects of a laser
beam focused on a metal slab.

Several asymptotic expansion are presented for the small-time
response of the temperature fields under various assumptions on the
heat flux input.

An extension of the results of Oosterkamp 3 has been derived as
well as a verification of the validity of the approximations through the
derivation of an upper bound on the error.
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THE THERMAL RESPONSE OF A METAL

SLAB TO A CLASS OF RADIALLY
DEPENDENT HEAT INPUTS

A. Introduction

The temperature fields produced by a heat flux input dependent
on the radial coordinate only are deduced for an infinite metal slab of
finite thickness.

The formal solution is obtained by the use of transform techniques,
and several alternative approaches to their evaluation are presented.

Attention is focused on a class of input flux densities which are
concentrated at the origin, such as would occur if a laser beam were
focused to a small spot on one surface of the slab. Two examples of
this type which have been considered in detail are the Gaussian and
uniform inputs defined in Eqs. (E-1) and (F-1), respectively. Unfortu-
nately, extensive numerical information can be obtained only at the cen-
ter of the front surface. In terms of the geometry described in Fig. 1,
this is at p = = 0. This is, however, a very interesting point since
the temperature maximum for the class of concentrated inputs occurs
here. The temperatures at this point also illustrate some of the dis-
tinctive features of the problem.

One of the basic results shows that for time sufficiently small,

the response is essentially a local phenomenon. Specifically, this means
that if q(p) is a sufficiently smooth function of p, the primary diffusion
is into the slab while the effect of radial diffusion is secondary for time
small. This in turn means that the temperature response under these
conditions should be given to a good approximation by the product of the
local input multiplied by the temperature response for the flat plate with
a uniform input on the front surface. In this paper several results of
this type will be given, each with a different type of "smoothness"
requirement. Remainders will indicate their validity.

The paper can be divided into two parts. The first part deals
with the general solution to the problem, and its various formulations.
The second part deals with two specific inputs for which more explicit
results can be obtained. These results are presented in analytical and

graphical form when possible.
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Fig. 1. This figur e illustrates the geometry of the problem,

The heat flux input occurs on the front surface
(Z = 0) and depends on the radial coordinate only.
The rear surface (Z = 1) is insulated.

This problem has, of course, been studied by others, but the
main results of the other authors have been for the semi-infinite body
with a uniform input over a portion of the surface and for final temper-
atures in the cases where a linear radiation law is included.

Carsiaw and Jaeger' give several references to this type of
problem, and other than these references it has not been possible to
find any others. Lowan z considers the semi-infinite body with a more
general time dependence than that considered here. In the present
report the input flux has a step dependence with respect to time and is

a basis, through Duhamel's theorem, for the study of the more general
time dependence problem.
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Ocsterkamp 3 considers a uniform spot input on the front surface of
a semi-infinite body. He reasoned correctly that the temperature re-
sponse for the semi-infinite body would furnish first-order approximation
for the finite slab for time small. This is because for time small the
presence of the rear wall is not significant, nor is the effect of radial
diffusion. He did not present, however, an evaluation of this approxi-
mation. This paper extends his result and verifies his reasoning by
giving a rigorous estimate of the error. While the approximation itself
does not depend on the thickness of the slab, the error estimate
appropriately does.

Thomas 4 considers the semi-infinite body and the very thin slab.
His results for the semi-infinite body include a linear radiation loss.
The input to his thin-slab problem is not a surface flux but a constant
volume input restricted to a right-circular cylinder domain normal to
the slab surface.

The motivation for the present problem is similar to Oosterkamp's.
He was interested in the thermal effects of electron bombardment of the
anode of an X-ray tube, and how to prolong the life of the tube. In the
present problem the interest is in determining the effect of the focusing
of a laser s output on a metal slab. The laser is a device which radiates
an almost coherent electromagnetic energy at optical frequencies. This
energy from the laser can be focused to a very small spot. A typical
diameter is one millimeter. The resulting incident power densities are
about 1010 watts/meter* The coupling of electromagnetic energy to
metals is quite efficient at optical frequencies, especially when compared
to the coupling at microwave frequencies. In some cases the laser beam
will punch a small hole in a thin metal slab. It is felt that the first step
in a study to determine the cause of this punching is an analysis of the
temperature fields. From this study, then, the study of the thermally
induced stress fields can be initiated. 6

Two recent papers 3
0

' 3 indicate that the solution to this problem can
also be of value in improving the accuracy of the determination of the
thermal parameters. F.rst'., the effect of the shape of the beam can be
taken into account and secondly the plate size can be made such that
the edges of the plate don't effect the determination.
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B. Formal Solution

In this section the formal solution to the problem will be presented
in two alternate forms: a Green's function form, and a transformed
Green's function form. Both are obtained by transformation techniques
which are quite natural for the problem. The Laplace transform is used
because of the time dependence of the input flux density; it is zero for
time negative. The Hankel transform of zero order on the radial
dependence is used because of the cylindrical symmetry of the input flux
density. These two transformations reduce the problem to that of finding
the solution for the plane slab problem with a uniform input over the
entire surface and performing two inverse transforms. The use of one
or the other of the two forms of the solution depends on the input flux
density q(p) and its Hankel transform, Q(X ). The geometry of this
problem is shown in Fig. 1 and the differential equations and boundary
conditions are given in Eq. (B-1):

(B-l) 1 AU +zAU AU , 0 <p p + a2 0 < _ 1

8U(pO,-) =- q(p); 0 < p< T > 0

=0 T "<0

aAU(p,l,-r) - 0 O< p,T <oo
at

O<p <oo

AU(p, 0) 0
0 << I

where AU(p,a,7) = T(r,z,t) - To and = z./1, p = r/1; I = slab thickness;

T - Kt/12 ; K is thermal diffusivity, t is time; q(p) ='(r)i/k; k is thermal
conductivity.

The normalized heat flux input density q(p ) will be called the heat
flux input density or heat flux input. The units of the normalized heat
flux input density q(p) in the MKS system are in degrees Kelvin. Later
in the paper the symbol Q with no argument will be used to denote the
total heat input. In this case it will be given by
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0o

Q2!r q(r) r

p =0

and measured in watts; that is, Q is the actual total heat input.

The formal solution using the Laplace transform and Hankel
transform techniques is given by the expression

0 + io~o

(B-2) AU(p, ,T) - 5 Q(X

s=o - ioo X =0

+~ .1

oh. {4,2 S ST'-)

-X+ s s inh X 2 +

where Q(X) is the Hankel transform of the input flux density, q(p), and

00

(B-3) Q(X) = q(p') Jo(P') p'

P 1=0

From this point there are indeed many paths to follow. As can be seen,
there are three integrations to perform and thus there are a multitude
of possible approximations which can be made. It is impossible to
discuss them all. Therefore, the remainder of this report discusses the
methods most advantageous to the needs of the laser problem mentioned
earlier.

First, the integration with respect to s will be carried out. There
seems to be no alternative other than this. Notice that if X were zero the
bracketed term given below (from the integrand in Eq. (B-2)),

1 cosh{,l, X2 + s l~
(B-4) H( , X , s) = -{ + si)

s1 1 + s sinh ",+ s
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would be the Laplace transform of the slab problem for a uniform heat
flux input over the entire front surface. 7 In terms of the present
problem the input flux q(p) would be a constant for all p and although
Q(X.) would not exist in the ordinary sense, it would be a functional,
namely, 8 (X.). When this is substituted in Eq. (B-2) the result is the
constant flux solution. This is simply a statement of Hankel's integral
formula. For X. t- 0 there is an interesting relationship between this
problem and the thin-wire problem with linear radiation from the lateral
surface as discussed by Sommerfeld. 9 Basically, the two problems are
quite similar. This fact is apparent when one notes that the differential
equation satisfied-by the inverse Laplace transform of H( ,K , s) is the
same as the thin-wire problem heated uniformly at one end. The
variable X corresponds to the radiation loss parameter of Sommerfeld's
problem. The solution to the present problem is then seen as an
irtegraticn over all possible radiation loss parameters multiplied by an
appropriate weight factor. The main difference is that in the present
problem the radial diffusion is caused by the unequal heat flux input on
the front surface rather than a radiation loss from the lateral surface.
Also wheh no radiation loss is present (X = 0) one expects to obtain the
flat-plate solution with no radiation loss. This is what is obtained, as
mentioned earlier.

Performing the inverse Laplace transform one arrives at the
following expression for the temperature field; this will be called the
transformed Green's function representations.

o0

(B -5) AU(p , ), Q(X ) F( p, ,, T X X

k=0

T

where F(p, ,T; ) J(Xp) 03 ,i -r e T 1

T '=0

and 03( /2, iTrT') is a theta function. '° The two representations of
the theta function are given in Eqs, (Boa) and (B-6b).

(B-.6a) 03(- , irr - 1 + 2 . os(nTr )e"'n  r T

n=l
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(B- 6b) 03 ir - e a3 TT iTT

Again it is seen that for X 0 the T ' integration yields the temperature
fields for the constant heat flux input over the entire front surface.

For X / 0 the integration with respect to T ' can be performed, but
it is not particularly advantageous to do so at present. If the integration
is carried out, one of the resulting series is independent of T . It can be
summed, 11 but because of its complexity it is not particularly useful.

Notice that in Eq. (B-5) there are still three integrations to
perform, The improvement of Eq. (B-5) over Eq. (B-2) is that the
theta function has two representations. One of these converges well

for -r small, Eq. (B-6b), and the other for T large, Eq. (B-6a).

Equation (B-5) can be rewritten in a form calling direct attention
to the fact that there are three integrations to perform. This form
displays the Green's function for the problem, and for some purposes
it is more useful than that given in Eq. (B-5). This form is ,,iven by

00

p =0

where the Green's function is ,iven by

T 00

T1=0 X =0

Thus Eqs.(B-5) and (B-7) give two alternate representations of the
solution. The use of one or the other depends on whether the input
flux density q(p ) or its transform Q(X ) is more convenient to use.

There are several ways to deal with G(p , p ', , T ), and apparently
only one way to deal with F(p , ,, T ; X ) without explicit information about

Q(X ) or q(p). Unfortunately not all of the results obtained for the Green's
function G(p, p', , r) and its transform F(p, , -r ;X ) are useful on the

special cases. This is because most of the significant results for the

Gaussian and uniform inputs depend explicitly and strongly on the
particular form of the input flux density or its transform. For each form
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F(p, , T ;X ) and G(p, P' , T ) it is desirable to have both an expansion
which converges well for time small and one which converges well for
time large. These results are given for F(p, , T ;X) in Section C and
for G(p, p' , ,T) in Section D.

C. The Transformed Green's Function

Two general results based on Eq. (B-5) are deduced in this section.
One is an expansion of F(p, T ;X) for T large which is the basis for
approximations to AU(p, T) for time large. The second is an asymptotic

expansion for time small, with some restrictions on the input flux density,
q(p).

The large-time approximation will be deduced first. The first step
is to perform the T ' integration. This yields the following:

(C-l) AU(p, T) ) Q + 2 .....X =0 =k z TZ ° )

0Q(X ) [2 1 zcos nr I eXp _(%2 + n 2 V J°(Q)X

X =0 Lnl X2 +n 2  2  
I

The first observation is that there are three integrations left. These

are as follows:

oo ( le-X ZT

X =0

() o Jo(X p)X

(ii) Xz+ nZ TzX =0

Co

(iii) Q(X) exp (-X 2 T) Jo(Xp) X

= 0 n2 +n n r 2
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To ask that all of these be expressable in a simple fashion for some

Q(X) is too much. The second observation is that as -r becomes larger,
the last integration becomes small quite rapidly. It is easy to verify
that this last integration in Eq. (C-1) is bounded by the quantity

_ T2 T

Q(o) e O_ oO<
(C-2) R < 6 -r ' e 0-p< O<< 0 l

This expression does indeed vanish rapidly with increasing T, and
Q(o) is proportional to the total heat flux input in watts to the slab,

Q
Q(o) - 2

where Q is the total heat flux input. In conclusion, then, the temperature

change for large T is given approximately by the expression

( C - 3 ) ln U ( p , , T ) 0 0 Q ( X ) | k + 2 c o s+ n Z T r o X ) RX' x+ n2Tr'j
X =0 n=l

where R < Q e

I Rk I2TIT

and where Q is the total heat flux input. This is the "large-time' approxi-
mation based on the F(,,-;X.) representation. It yields a term which
depends on r and a term which depends only on the space coordinates.
It is assumed that the remaining integration can be performed in a form
suitable for numerical computation.

The first integration (i) presents some difficulties for all values
of T. The problem arises in the treat-meatment of the indeterminate form

1 - e

at X = 0. It happens that in this problem Q(k) is an even function of X
(see Eq. (B-3)), and further Q(X ) at k = 0 is not zero. Thus if one
tries to break this integral up into the sum of two,

1107-14 9



(C-4) QS)o ]JoXP)X : QM)- Jo(XP)X

X =0 X=0

AT
~ .Q(X) e J(XP)x,

X=o

it is seen that individually the integrals do not exist. Thus the only way

it seems to be possible to handle this integration is by the device used to
obtain this representation,

(C-5) 5 (X) Q ? -- Jo(Xp)X = Q(X)e Jo(Xp )X.

k=0 T'=0 X=O

This problem will be met again when the Gaussian input is studied and
will be handled in this manner. Later the expression in Eq. (C-3) will
be used to deduce some information on the temperature fields for the

uniform and Gaussian inputs.

Next an asymptotic expansion for the temperature field, AU(p, a, -T),
as T - 0 will be presented. This expansion is discussed more fully in an
earlier report.' 2 The sufficient assumptions for the expansion are as
follows:

(C-6) (a) dN q()

2N

exist for some N, and

(b) 5 IQ(X), N+2 exists.

X=0

These two conditions constitute the smoothness requirements for this
development.

Under these assumptions the X integration in Eq. (B-5) can be

performed to yield

(C-7) nIU(P, , T)= TrT, I(P ,T)

T =0
where

1107-14 10



N

I(P, T ):q(p) + T ( d qn p dp q ([p) + R ,

N+] co 2N+3

with Ra (N+I)! IQ(X ) l X
X-0

It is noted that Ra is O(T N) as T - 0. The final result, an asymptotic
expansion to N terms as T -0 of _U(p, T ), is given by the expression

N

41n (;, (1 d dn(-8) ,U(P),T q(p) L (,T) + d d)q(P)

n=l

+ Rb

L (gT) N+

where Rb < N+G IQ() I _ 0 < p < 00- N+l) X =:0

and where LnQ ,T ) is defined by

(C-9) Ln{,T)=5 (T () ,3  iTr

T -0

First, it is noted that the function, 4O( ,T ), is the temperature response
for the flat plate with a uniform input over the entire front surface,

except for a multiplicative constant:

(G-10) Lo ( ,1" ) T + cos r n e- en T2 T)

n=l

1 2 1 2 cos nc -no T T
.3 r n 2

n~l

-cos nn 1
The summation, nZ , is given by Jolley. 1 It should be noted

that the integrals in Eq. (C-9) can be expressed in terms of incomplete

gamma functions.
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Th:_s The leading term in the small-time expansion is the product
of 'he local heat flax input multiplied by the response for the flat plate
wi:h a .rform input over the entire surface. This particular approxi-
mat:ior -s valid on the surface as well as interior to the slab. Thus it
is concluded that for time sufficiently small and the input flux density
sufficienrly smooth (as prescribed by conditions (a) and [b)), the radial
diffusion is negligible. A similar result will be presented in the next
section w:-th the smoothness requirement weakened, However, the flat
pia.:e - uniform input response approximation will hold only on the input
sdrface and at :he center of the front surface.

D. The Green's Funcion

in his sec'tion the Green~s function will be examined. Several

expansions will be presented, some of which converge well for r small
and some of which converge well for T large.

Some additional general asymptotic results for the temperature
response as T -- 0 are given. The requirements on the input flux
dersity, qp ), are not as strong as they were in Section C.

To begin, the integration of Eq. (B-8) with respect to X can be
performed. qr The res'Jt is given by

T

(D-.i) G(p, P',  , T : 1 03 , i~rT 10( -P

- '=0

exp P z+P
4T

where 7o(x) is the modified Bessel function of the first kind. This
expression may now be put in a more compact and in some respects
a more usefuil form by introducing the integral form for the Bessel
fur. c:.o .: n:

," ':'" 3 C -2 'Cos 0

(D.-2) " e dO

e:= 0

107 '4 12



Using this representation one arrives at the following expression:

T

(D-3) G(p', ', , T) -
0 3 , i'r T

0= 0 T '=0

exp y
where

FP - _I,=P2 +p 2 P P Cos a

Making use of Watson's suggestion for studying integrals containing a
product of two Bessel functions of the same order, 16 as in Eq. (B-8),

it is seen that 1

(D-4) J°(X P) J°(X P') = J 7 -- P!

0=0

where the quantity, [T -' I, is defined in Eq. (D-3), above.

Using this representation in Eq. (B-8) the expression for the
Green's function becomes

(D-5) G( p, p', ,T) =

E) irT Ji (X X' T X

0=0 T '=0 X= 0

If one now performs the X-integration the result is identical to Eq.
(D-3).'a The next logical attempt to simplify any of the above three
representations would be to perform the T'-integration. However,
before this a short comment on the two expansions of the theta function

(Eq. (B-6a) or (B-6b)) is necessary.

If the "long-time" expansion, Eq. (B-6a), is used in either Eq.
(D-l) or Eq. (D-3), or if the short-time expansion, Eq. (B-6b), is
used in Eq. (D- 5), then the resulting integrals are of the form

1107-14 13



/D-6; q(T ') e T

T 0=

it has o' been possible to express these integrals in any simple
fEshion. The factcr

has the form of a. generating function for Bessel functions, but as yet
it has not been_ possible to make use of this fact.

Therefore, the expansion of the theta function which is to be used
in each of the above equations is determined by this restriction.

if the short-time expansion of the theta function is substituted in
Eq. (D-1) th! term-by=;erm integration can be performed only if the
Bessel furction is also expanded in its series. The 'resulting expression
is ve:-y clumsy, and because of this complexity it has not been possible
to determine the range of convergence of the series. It simplifies for

sF,:.cia] cases, but these special cases can be obtained by more direct
methods,

The result is given by the expression:

G p, P', 2)- Z - (m ) ( P 2 + p, 2 + 4(n + E / 2

m=O
n=0
-+ I

(m + p, pz + pz +4(n + 6 t/2)'

- + p,', + 4(n + -/2) Pz  
4T

where. F(a, x) 5 a e is the incomplete gamma function. 19

x
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For the special case p = = 0, which is of interest in the case of
focused inputs as mentioned in the introduction, the above expression
simplifies to the following:

1 1 IlP'
(D- 8) G(O, p', 0, T) -

,F- P 2
4

T/

N
+ - p"z + 4n'

+ n- p 2 + 4n 2 2 4 )

+ R 3 where

R3 < I e/ N = 06

T (N+I)Z/T 1
Tr N _

The result in Eq. (D-8) also follows from Eq. (D-3), by substituting
the theta function from Eq. (B-6b). The gamma function, F( 1, x), is

related to the incomplete error function. The relationship is given by

(D-9) (L I, x) = {-- erfc ( -x7)
2o _t

where erfc ( x) - F e

it will be recalled that the incomplete error function enters into the
representation for the small-time solution of the flat-plate response

for the case of uniform input over the entire surface. 7

The flat-plate response with a uniform input over the entire
surface can be deduced from the above expression by letting a -o
while Q/TraZ is held constant.
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An asymptotic expansion to one term in terms of {7 as T -* 0
can be obtained from Eq. (D-8). The result again displays the local
nature of the response for time sufficiently small. From Eq. (D-8)
one has

(D- 10) L U(0,Q0, T) T (9') 4 + RZ

where R, < e

The integral in Eq. (D-10) is O( _T) as T - 0; thus for sufficiently
small time it will afford a good approximation. In general, however,
the integration in Eq. (D-10) cannot be carried out in closed form.

It is possible, however, to obtain an asymptotic expansion of
A U(0, 0, T) as T -0 to one term under the following assumptions:

(a) q(p ) = q(o) + O(p) as p - 0
(b) q(p ) < M, a positive constant, for all p

Under these assumptions, which are the smoothness requirement
for this case, one arrives at the result

(D-l1) LU(0,0, T) 2 - q(o) + O(T) as T -0

This result states that for T sufficiently small the response at p = = 0
is given by the local input multiplied by the small-time response of the
plate to a uniform input over the entire front surface. This is the
result one would expect on a physical basis. This result is almost the
same as that deduced in the previous section in Eq. (C-5). And for
p = 0 and T sufficiently small, the one-term expansion of Eq. (C-8)
is the same as (D-11).

Next, attention is focused on the integration of Eq. (D-3). For
this expression the small-time expansion of the theta function is again
used. The term-by-term integration yields the following expression:

1107-14 16



(D -12) G (p,p', T ) - [
P,~ 9=-0'I +

+N (i 4n-t/2)2 +p )
n=1 \4(n-a/2)2 + Ipp1

N (~i 4(rn+ g/Z)2 +V-' 24T

2 4

n~ 4(n + /2 )2 + I p-p, 2

+ R 3 I

where the remainder R 3 is bounded for all p by

1 1 ( (N + 1 - /2) z

R3N- exp T

1 1 3 (N +I + 0< < 1

+ Tr N+ /- ex( /?Z ) N>l

Tr" -1/T

R 3 < F {T e/, N 0, 0

R {1 (1- t /2) '/T -(1 + a/2 2 
TR3 < 4~ T'" e + e

N=0

0< < 1.
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This result is quite similar to that in Eq. (D-7), except that the

summation on "m" in Eq. (D-7) has been replaced by an integration
on 0 in Eq. (D-12), and it has been possible to deduce a remainder for
this last expansion. This approach then provides a method for a
partial summing of Eq. (D-7). Furthermore, using Eq. (D-12), with

time sufficiently small the results in Eq. (D-10) can be generalized to
yield

(D-13) AU(P ,,T) = q(p') p'[ i

F 2 ' 4T

+ R 3fl-P 2 +

where the remainder is bounded for all p by

Q r'T-T -l/T
R3 < Tr IT e , 1/T 0

12 e12

R F7T e--/T + e + /TR3 < k Rk 8 3

The result in Eq. (D-13) reduces to Eq. (D-10) for p = 0 since the
integrand becomes independent of 0 and the 8-integration can be
performed. In this case the dependence on can be retained, and in
this sense it is more general than Eq. (D-10). An asymptotic
expansion can be deduced similar to that given in Eq. (D-1). Equation

(D-13) is written for p = 0 as follows:

o

p':0

where R 3 is bounded as above in Eq. (D-13).

1107-14 18



The asymptotic development of Eq. (D-14) yields (under the same
assumptions as those for Eq. (D-ll)) the result:

(D-15) AU(0, ,T) rq(o) 2 _e1/4T V +O(T)

as T -0

At the front surface, = 0, this reduces to the result given in

Eq. (D-11). Again the local nature of the response for small time is

emphasized. Furthermore, it is seen that this approximation is

independent of the thickness of the slab, 1, while the remainder is not.

The next approach is to perform the T integration in Eq. (D-5).
This yields the following result: J r
(D-16) G(p, p', , T) = i - e-X T

17r z
0=0 X =0

+ c2 cOS n hr e-(X2 + n 2 r 2 ) T J (XL-_- f) X "

n1 + nZ z

It has unfortunately not been possible to perform the following integration:
00 00

(D-7) R=2 \ cos n w g (X 2 +n 2 
Tr )r T 0 X

(D- 17) R4 = 2 ),2CSn -k +n nZ T)2 Jo(k I P_- P, k .

4j Z~k 2 +n z w z

X=0 n=lI

However, an upper bound can be obtained on this remainder and the result

is an expansion which is accurate for T sufficiently large. The bound,

valid for all 0 < < I and 0 < p < oo, 0 < p' < o is given by

1 e
(D-18) R4 < _ "

6 T
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When the exponential factor is not present it is possible to perform
the X -integration 0 in the second term of Eq. (D-16).

This yields the following expansion:

Tr - T 1

(D-19) G(p, p', IT = - X2

e=0 X=O

+ cosTr K, (niTr !-P' I) + R 4

0=0 n~l

It is also possible to rewrite this last sum, making use of the addition
theorem, Zi as

iT

(D-20) ± 5 Ko(n7T -P,) =

0= 1o(nTrp) K 0 (nTrp') p <p

I 0 (niTp') Ko(nTp) p > p

It appears that the only way to handle the first integral is to make
use of the equality

T

(D-Z1) I - e- 5T e
Xz

T =0

By making use of this, both the X -integration and the T '-integration can
be carried out in terms of the incomplete gamma function, f(O, x), or

the exponential integral.

Incorporating these suggestions and using Eq. (D-20) in Eq. (D-19),

one arrives at the following expression for the Greents function, which is

useful for T large:
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(D -22) G (p ..O ', , T ) = I -0 I , 4 )

8=0

eO

Cos nTr Io(niTp) Ko(n7r p '  p < p'

n=l
+

cos nTr Io(nTrp' )Ko(nTrp), p > p'

n=l

- T r 2 T O < _ p < o o

+ R 4 , where R 4 < -T 0 :-- p'< 00

It has not been possible to deduce any general asymptotic results
for T large similar to those in Eqs. (D-11) and D-15) for T small.

In this section several expansions have been presented for the
Green's function. Some of these converge quickly for T small, and some
of them for T large. In addition, some general asymptotic results for
the temperature response as T - 0 have been given. The requirements
on q(p) needed to obtain these results are not as strong as in the case of
the development in Section C.

E. Gaussian Input

The thermal response to the Gaussian input is discussed in this

section. Two small-time expansions for the temperature at the center
of the spot, p = = 0, are given and their relative accuracy is compared.
In addition the criteria necessary to use the asymptotic expansion pre-
sented in Eq. (C-8) are satisfied for this input flux density. For the
parameter 4T/1O < 1, this yields a convergent series which can be
summed to give a form convenient for numerical computation. This
result can also be obtained by other techniques. The asymptotic expansion
deduced from Eq. (C-8) is of course not restricted to the spot p 0.
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The Gaussian input is defined as follows:

(E- 1) q(P) Q exp(-P/ I p> 0
0

where Q is the total heat flux input and f = a/ where "a" is the "radius"
of the spot. The transformed input, QXj, is given 'by a function of the

same form,
2 z

(E-2) Q(X) -9. exp(-X2 p2 /4)

2Tr k 0

The fact that the parameter X enters the expression for the temperature
field in the same manner as the factor exp(- X2 t') in Eq. ( B-5) makes this
input particularly amenable to analysis. Here is the first divergence from
the rather general results obtained in the last two sections. It is a fruitful
divergence because of the special form of the heat flux input. The short-
time expansiori of the theta function given in Eq. (B-6b) is going to be used
with the F(P) ,T; X) form. This will, of course, limit the results to the
case = 0 and a one-term expansion. This is because of the difficdltie-s
presented by integrals of the form

T ,aT

g(T-) e T

T= 0

as was discussed above in Section D. An upper bound on the remai LJ, J)
terms in determined. The result is given by the expression

-i _4kt7
(E -3) -."U(0,T,)= tan a_] + R

ak [I:-a

where
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Q -T I 4kt/aZ 2i

R 5< k 12( I+4kt/az ) e

There are several things to note about this expression. First,
for T small, this approximation is best, that is the error bound is
controlled by the term e -1/T. Second, the approximation itself does
not depend on the thickness of the slab, but error, R, , does. Third,
for t fixed the approximation becomes better as the thickness of the
slab increases. This statement is somewhat redundant since this con-
clusion follows from the first. However, the conclusion in this form
emphasizes the "small-time" aspect of the approximation. Furthermore,
as I -o o0 this response approaches that of the semi-infinite body at
p = C since the remainder R5- * 0 as I - co . A plot of this approxi-

mation is shown in Fig. 2; while the plot appears to say that the tempera-
ture is bounded as t -* uo, this is not the case since, as the remainder
indicates the approximation eventually becomes very poor as t increases
with the other parameters fixed.

09----- Q = Total Absorbed Power...........

0. _j = Slab Thickness
k 

= Thermal Conductivity
0.7 -- %=+ ........

Nj 1 K Diffusivity
0.6

- --- -- ' -- _ -

0.3 . . .

Ol - ---.- __.--.---. _ _

4.

Fig. 2. The response to the Gaussian input as
given by the arc-tan representation.
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The second expansion, deduced from the large-time theta function

expansion given in Eq. (B-6a) and the F(p, , Tr;X) form, is convergent for
all T . In contrast to the arc-tan representation, the first term of this
expansion does depend on the thickness of the slab, i. The expression
for the remainder shows that the remainder is again small for 4kt/a2
small, but by contrast to the arc-tan representation, the representation
is best when the parameter % is large. The representation is given by

Q [ n I + 4Kt

(E-4) zWU(0, ,T) i2k +aKt

N (f( Z 2 ?) < ~Zz{ 4t
r n To r (I n T ° f 1 + tj

cos nTr 0 4 4 })

n=l

• exp n+rz '1 R6

where

R6 Q 2 32 1- exp(- N  + T
z T )

I k I T T o N

27' T erfc NTr T- N >

Q N=0.

-k o

From the above expression for the remainder it can be shown that
for all T the remainder can be made arbitrarily small by increasing the

number of terms, N, in the expansion. However, as N becomes large the
remainder vanishes only as 1/N and the convergence is very slow. However,
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in contrast to the arc-tan representation, arbitrairly good accuracy can
in principle be obtained from this expansion for all T. Finally, the accuracy
of this representation when only one term is retained is not as good as

that obtainable from the arc-tan representation, as an examination of the
remainders show. A graph of the logrithm representation is given in
Fig. 3. for two values of TIo, using the log term plus the first term in the
series.

0.012

0.010

0.008

0.006

< 7 70 2
0 __0.004

0.002 - -

0.002 0.004 0.006 0.008 0.010 0.012 0.014
4kt
a 2

Fig. 3. This is the response to the Gaussian input as given
by the log representation using the log term plus the
first term in the series. The response is plotted for
two values of 11go

This graph shows that for T and the total. heat input fixed, the

temperature decreases as 11 increases. This is the expected result.0

The requirements necessary to use the asymptotic expansion in
Eq. (C-8) are fulfilled by the Gaussian input. The first three terms in
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the expansion are given by

,U (PI,:, T) - q(P) _ 0( ;T +

42 T

+ (i! (7) 4(f r +2]L 2 ~T +Rb,

where the remainder is bounded by

R < Q 14Kt ) 4

b - ~ TrT1a

for all P. Thismay. alsobewrittehf6r the case of the Gaussian input as

follows 12

N

(E-5) LU(P, , T) q(P) n L ) n ) -'- + R 6n =0 0,)- 0

where
T

n 2

T' = 0

2 3
1-11 (x) = Laguerre polynomials, I. and
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N+l 
)R < q(p)) (-F LN+I I7 N+l ( ,T), N> 0.

b ki

The expression for the upper bound can be simplified by use of the fact
that

(E-6) N+('T) <_. TN+I o T )

and Ln P- < ePZ /12

where 0( ,T ) is given by Eq. (C-10).

One last representation for the temperature fields will be given.
It can be obtained by a variety of techniques. One technique is by in-
troducing the integral definition of Ln( ,T) into Eq. (E-5) and then noting
that

2 4

(E-7) zn Ln(1) i-z - -I "
El-Z z-l

n=0

Another method for arriving at the same result is by direct integration

of Eq. (B-5):
z

(E-8) U(p, ,T) - k e 3  iwT ' e Jo(Xp)X

T '=0 X =0

The integration with respect to X can be performed 1 7 to yield the following
result:

(E -9 AUP ,T T i exp ;
(E9) AUp, ,T I k 03 ( 4T' 4T +] rj0

T'=O
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This form of the response seems most useful if a numerical computation
is required. The term q(p) can be factored from this expression to
yield the result indicated by the sum in Eq. (E-7).

F. The Uniform Input

In this section the temperature fields due to a uniform input on
a circular spot of finite radius are presented. The input is defined in
Eq. (F-I) below. Because of the discontinuity in q(p), the results for
this case are not as abundant as they were for the case of the Gaussian
input.

One of the results is an extension of Oosterkamp's work. 3 It is

extended to include results for 0 <_ I and p = 0, while his results
held only for p = 4 = 0. Included is an upper bound on the remainder
which serves to give a precise meaning to the approximation. Graphical
information is also included.

The long-time Green's function, defined in Eq. (D-ZZ), is used to
obtain the response for the uniform input. A simple explanation in terms
of the effect of radial diffusion is given. Graphical information is also
included.

The results of this section also show that when the spot size in-
creases to infinity and the input flux density is held constant, the tem-
perature response approaches that of the flat plate with a uniform input
over the entire front surface. This is of course-to be expected.

The uniform input is defined by the expression

(F-l) q(p) = Q 1 - 1
7r a k' 0

= 0, p>n1O
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where a is the radius of the spot and

a
Ti -

The transformed input is given by the expression 25

(F-2) Qox ) Q  1_ J, (Xno )

Tr a z  k "10 X

The Green's function, G(p, p , ,T) seems to be the most useful for this
input because the integrand of the expression,

0o

(F-3) 6U(p, r) = Q(X) F(p, , T;X)X,

K =0

contains the product of two Bessel functions of different order and argument,
and these, as mentioned before, are the most difficult to handle. The
only possible approach using the representation in Eq. (F-3) is to make

use of the expansionZ
4

(F-4) J 1 (X T'o)Jo(xp)

Klo (- ( )2m 0

m=0

P > -

O m 2m

2 m!(m+1)! 2 F (-rn, -1-m;l;p 2 /710 )

m=0

P< 1o"
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The functions 2 F, (-m, a;b;xZ ) are hypergesnetric functions, 27- and be-
cause of the factor (-m) are polynomials of degree in in x z . This ex-
pansion allows one to perform the X integration, but the integration on
T1 cannot be carried out for = 0. The special case p = 0 can be
handled with the form given in Eq. (F-3) but will be obtained later with
the use of the Green's function. This result is given by the expression

Q 0 /4T'(F-5) LU(O, , T) = " 1- e(' o ) 3  i T'

Tr a2 k (2 /
T I-0

Before passing to the Green's function approach, several comments about
this result are in order. First, it is recalled that the solution to the flat-
plate problem with a uniform input over the entire surface is given by

(F-) A e 3  , i r TT k

T'=0

This is precisely the result that one would obtain from Eq. (F-5)
by holding Q/7r a z constant and letting a -oo. Also for T small the
effect of the exponential term in the integral of Eq. (F-5) is small, and
thus it is seen that when T is small, the response of the temperature
at p = 0 is that of the flat plate with a uniform input over the entire
surface. This again indicates the local nature of the response for T

small.

If the first term in the small-time expansion of the theta function
for = 0 is retained and the integration performed, the result is the same
as Oosterkamp's. It is not necessary, however, to require t = 0. The
integration can be performed even for t # 0. Also an upper bound on the
remainder can be computed. For = 0 the result is given by

(F-7) AU(0, 0, T)R= 1 4 T 1
iTak (T 24T
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where

R 2 < Q . r _ e -1/T

kkj~ 12

Attention is called to the similarity of this result and the small-time
approximation given in Eq. (D-15).

The result in Eq. (F-17) may also be rewritten as follows:

(F -8) 3(0,0 T) = 
Q  4 T 1 e /4K t

7Tak '

a erfc+ Ra 2+

2 Kt Kt)]}

which is closer to Oosterkamp's notation. A plot of this result is shown

in Fig. 4. These formulas emphasize the "small-time'' aspect of the
approximation. Note that the approximation does not depend on the thick-
ness of the slab (it is therefore the response of the semi-infinite slab
since R? - 0 as I -co), but the bound on the remainder does depend on
the slab thickness. The requirement that Eq. (F-7) or (F-8) be a good
approximation is that

T Kt- be small.

Thus for any fixed t (in seconds), the thickness of the slab can be in-
creased so that the approximation in Eq. (F-7) or (F-8) offers an approxi-
mation as good as needed. Some typical values of the normalized remainder
R/[Q/Ik], are given in Table I below.

TABLE I
Some typical values of the remainder

associated with Eqs. (F-7) and (F-8).

T RI [Q/tk]
.01 5 i0 - 46

0.1 2 • 10 - 6

1.0 5 l0 - Z
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0

AU Temperature Change

Q Total Absorbed Power
< 0.7 - -IZk Thermal Conductivity

0.61a Spot Radius

05K Diffusivity I- _____--

.0 5 10.0 4t 50 100 500 1000
4kt

Fig. 4. This is the response to the uniform
stop as obtained by Oosterkanip.

For 0 the response is given by the following, which is quite similar

to the earlier result in Eq. (F-8):

ra r za)'

(-9) AU(0,9,T Q L1 4 Kt jle tKta

+T +7. ' e rfc CN t a

-{(z/a) erfc (z(/a) 1 +E 44Kt/ a 2)

whe re
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I. -

R < _Q _ 1 _(l_/2)2 e T Lee
-k 4 6

0 < < ~ 1.

Note again that there is no dependence on the thickness except in the re-
rnainder, and that as 2 -,0o, R 7 - 0. For = 0 the above approximation
reduces to the former case.

Now the long-time Green's function is used to obtain the temperature
response for T large. This Green's function is given in Eq. (D-22). In
order to obtain this result, use is made of the two integrals: 28, 29

p
P P' 1 o(nTTp') I(niTrp),

p f=0

PKo(nwrp, ) nI [ pK, (nwrp)-rloK, (n 7ro)].
nit

p =p

The temperature fields for p < 0o are given by

(F -10) 4S(P , ,T ) Q 1 0 T° r ' r 0 , o, I -P_

-, T _ 2Tr 4TJ
p'=0 0=0

+ Q /' 7 cos n [Ko(nTrp)pI (nTrp)
T a 2 k , nir

n=l

+ Io(npK(nTrp)- 1oK, (n Tro)} ]+R
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The temperature fields for p > i]o are given by

(F-li) nU(p, ,)-7 k Zr p,
, 4T

p'=0 0=0

Q f COSflnit

+ 2 7 n Lr 'Ko(nrp ij l(nyoir) +R

n=l

where

l = p 2 + p' 2 - 2pp' Cos e

and

Q e - T

R 1 <~
lk IZTr -

Some typical values of the normalized remainder are given in Table II.

TABLE II
Some typical values of the normalized
remainder for Eqs. (F-10) and (F-11).

T R /[Q/Ik]
0.1 10
1.0 .4 10

- 3

10. .15 10- 5

Again attention is called to the fact that as a - co but with Q/wa z

held constant, the above result (Eq. (F-10) must be used because of the
restriction p < To) reduces to the response for the flat plate with a uniform
input over the entire front surface, except for the term which contains
both a dependence and the time-dependence. This term has been
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absorbed by the remainder. The last summation becomes independent of
p since it is p multiplied by the Wronskian of 1,(x), Ko(x). The initial
integration can be performed and is proportional to T but is also in-
dependent of p.

Again the special case p = 0 can be given more attention. Setting

p = 0 in Eq. (F-10) one arrives at the following result:

Tra? k

+Q L l
n~ ~ a 7 1- 1

00

- 2cos n~r K(nTrTIo)]+R0 Y n~r -no

n=l

where

a
z

(---K t e + 'ZKt + 0, -a"
-a 4Kt X~4Kty

Q
Again as Io -00 but remains fixed, this result reduces to the flat-
plate response with a uniform heat flux density input over the entire surface.

Note that the first term in this response is "T" multiplied by a
factor in brackets. This factor

4K~t - e io / 4-r -l
-a' + __ zO

4T 4T-y

will be called the diffusion factor, and it carries the effect of not having
a uniform input over the entire surface. Note that it is independent of
the slab thickness. This factor is shown graphically in Fig. 5. This
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C
0

.9 0.6 0 2 520

4 kt
02

Fig. 5. This is a plot of the diffusion factor defined
in Eq. (F-12) assoicated with the long-time

response for the uniform spot.

figures shows that as "a" increases. for t fixed, the effect of radial

diffusion at p a 0 decreases. Also it shows that as t or K increases
for "a" fixed, the effect of radial diffusion at p a 0 also increases.

The last term in the response of Eq. (F-IZ),
CO

I- a cosnt t K, (nw]° 1 '

L n =1 I

is independent of time, and as Ti 0- the last sum vanishes and also the

response. Thus the larger '1o, the less the effect of radial diffusion at

p= 0. Fig. 6 displays this last sum for a range of 1o.
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0.4 I I 1 I I2 k, k(n r 770)< i

0.

Cyri 0.3

0

0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 2 3 4 5 6
7T??o

Fig. 6. The last summation in Eq. (F-l2) is
shown for 0 and 0. I< 7ro <60.

G. Conclusions

Transformation techniques are used to obtain several alternative
representations of the solution in terms of the Greents function and its
transform. Some representations converge well for time small, and

some for time large.

Several asymptotic expansions are deduced for the small-time response
of the temperature fields under various assumptions on the heat flux input

density.

An extension of the results of Oosterkamp has been derived as

well as a verification of the validity of the approximations through the
derivation of an upper bound on the error.

Two specific inputs have been considered in detail: the Gaussian,
and the uniform spot. These two inputs can serve as models of the heat
flux input caused by such sources as the laser; the study of the thermal

response is the initial step in a study of the thermal-elastic response
of a slab to an input such as the laser.
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