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ABSTRACT. This is a translation from the French

of "Recherches sur la Spectroscopie par Transfor-

mation de Fourier" by Mme. Janine Connes, which
appeared in 1961 in Revue d'Optigque, Volume 40,
pages 45-78, 116-140, 171~190, and 231-265, The
article considers the use of the Michelson‘inter-
ferometer for spectroscopy in the /infrared and
treats the following: Fourier analysi. .. the
interferogram using high=speed digital computers
and analog methods, instrumental errors4 andlysis
of noise and procedures for attaining maximum s/n
ratios, specific applications to night sky spec-
trometry in the JIp to 1.6p region as well as to
the re-~emission spcctrum of qormanium, and com~
parison of this method with those. u51ng classical
spectroscopic 1n\truments.
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FOREWORD

In the infrared, the Michelson interferometer spectrg-

:ter has these advantages over classical methods: large
aperture, simultaneous recording of all spectral elements,
and the fact that detector noise rather than photon noise
limits the s/n ratio. On the other hand, a lengthy Fourier
transform calculation is recuired to produce the spectrum.

Mme. Connes has written a fundamental paper on Fourier

transform methods applied to the Michelson spectrometer.
This paper, which appeared in 1961 in Revue d'Optique,
Volume 40, was informally translated from the French for

use within our laboratory. However, the content is of such

high interest that we believe a wider circulation would be

valuable to English-speaking scientists working in the
infrared.
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spectrographic techniques and the Fcurier transform method.

‘long time. Michelson conceived the first in 1891, He showed
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SPECTROSCOPIC STUDIES USING POURIER
TRANSFORMATIONS
by
Mme. Janine Connes
Laboratorie Aimé Cotton, Béllevue

i

INTRODUCTION .

There are two principal ways to look for improvements in
spectroscopic techniques [1}. One method is constructing in-
struments to receive the broadest spectrum possible for a giveh
resolution. Towards this end several methods have been pro-
posed: double or multiple passage of a beam of light through
a single dispersive element [2], use of the Fabry-Perot inte-
gral spectrometer [3], or of the sisam [4]%. But these methods
make poor use of the energy of the source in time because the
spectral elements are analyzed successively. A fundamental
impiovement can be obtained by receiving energy from all the
spectral elements simulténeously; this is what is done using

The principle of spectrographic methods which use a twoe-
beam interferometer and a Fourier transform has been known a

that the intensity I of the light that can be measured at the
exit of a two-beam intericrometer with a variable phase differ-
erce is the Fourier cosine transform of the spectrum of the
incident 1ight [5,6]. Sincc the Fourier transform (F.T.) is

an invertible operation, it thcrefore suffices in theory, to
reconstruct the spectrum studicd,'to make the gosine transform

‘*: [ e .
Translator's Note: As defined in [4] s.i.s.a.m. is an e
interference spectrometer for selecting the modulation ampli-
tude. | '
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of the interferogram function representing the variations of

I as a function of the phare difference 6 between the two inter-
fering beams. But taking the F.T. of a very complex function is

an extremely long procedure if there is no high-speed modern
computer at one's disposal, and Michelsen did not atiack the

" study of an arbitrary and extended spectrum.' He perfected a

method adapted to a very particular problem: the study at
very high resolution of an extremely narrow spectral domain,
made by studying the curve of visibility V, the envelope of
the interferogram function. Lord Rayleigh explained how the
knowledge of V alone permits constructing the spectrai profile

 of the line studied without ambiguity only in the case of the

| symmetric line [7]. This method, however, permitted Michelson
to exceed the highest powers of resolution attained at that

.retains a certain interest, and recently Terrien showed how

time and to make evident the hyperfine structure.

Nowadays to study the structure of a line at very high
resolution, one uses large gratings [8), and plane [9] or ‘ ~'J‘
spherical [10] interfercmcters. -However, Michelson's method

" the study of V detcermined by photoelectric observations made

under the best conditions resulted in information abcut the
profile ot a line {(known d priori to be symmetric) which was

~more precise than tiiat obtained by other methods [11,12].

The possibility of using photoelectric photoconductive,
or thermal dctc.tors to record the "interferogram™" function and -
the means now at onq'é'disposal for making the F.T. have opened
a field of application of the F.T. method that Michelson never
suspected. Rubens and. Wood in 1910 obtained the first spectia
in the fa., infrared by taking the F.T. of an interferogram.

Much more recently P. Fellgett [13 to 15) and P. Jacquinot
12,50,51] independently showed that the reconstruction of a
spectrum by the Fourier transformation of an interferogram has .
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a great advantage over the direct recording of the same spec-
trum: one can, while using a single channel detector, measure

s$i.ultaneously all the spectral elements as with spectrographic

methods--hence the name given by P, Fellgett to the ?ethod,
"multiplex spectrometry”. A simple argument allows one to .
predict the order of i._nitude of gain that can bé gxpected.

If with an explorinéwépéctrometer it is desired to measure M
spectral elements during time T, each element is observed dur-
ing time T/M; with a spectrograph or a multiplex method, each
element is observed during the whrole time T. 1In the case where
the fluctuations have a spectrum of uniform frequency and wherc
the backgrdund noise is not increased by the simultaneous ar-
rival of all spectral elements, the precision varies as the
square root of the exploration time. The gain in sensitivity
is therefore of the order vaﬁi. Hence, in the infrared where
photon noise is negligible compared with recsiver noise, the
spectroscopic method using Fourier transforr. ‘'ons is the most
powerful, no 'matter what may be the desired resolutions and it.

' {s all the more interesting because the spectrum studied con-
tains more spectral elements. This gain in sensitivity can be -

expressed in several ways:

--the signal/noise ratio can be multipled by./¥ if the
‘duration of the measurement is the same as in the classical

method;

--for equal signal/noise ratio, the duration of the
measuremcnt is divided by M;

--finall,, tor a given s/n ratio and measurement time,
one can oltdis an incrcase in resolution and thus treat some
problems inaccerssode by any other method.

Furthermore, P. Jacquinot [1] showed independently that
in addition to the preceding advantage, the use of a Michelson
type interferometer allows him to employ & luminous £lux which

B LI et
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was far greater than he could use with slit devices, indeed
as much as that given by a Pabfy-Perot interferometer. Finally,
P. Connes [39] showed how this flux could be increased even
more if one inserted ‘afocal systems upon each of the inter-
ferometer arms.

At a colloquium on interferometric spectroscopy in Bel-
levue in 1957, the first results obtained by the method were
collected. It should be noted that the first problems treated
were astrophysical problems because in this domain there exist
some feeble sources, the study of which is interesting even at
low resolution. Fellgett obtained the first star spectra in
the near infrared at a resolution varying from 60 to 100, by
using an interferometer with reflecting trihedrals [16].

Strong and his collaborators Vanasse and Gebbie investigated

° the far infrared region {17 to 19]). For an interferometer,

they used a grating with lines of variable depth which did not

" -have symmetry of revolution, but had the edvantage of not re-

quiring separating and compensating plates (difficult to effect

in this spectral region). Gebbie, with his instrument, meesureqak

for the first time the solar spectrum in the region of 300 to
1,000 # with a limit of resolution of 0.2 cm~! and localized
the transmission window with precision [20].

In the visible range Mertz constructed polarization inter-
ferometer consisting essentially of a variable retardation
plate between polarisers [21]); the maximum resolutions attain-
able by this system are low, of the order of 100. He hoped to
make an empirical classification of star spectral types based
on interfercgrams without making F.T.; Bakhshien seems. to have
thought of the same instrument but he does not give a single
detail about the theory nor about the construction of his ap-

. paratus [22]).

In each case the work took place in two stages; the inter-

.. ferogram function was recorded and later the F.T. was calculated

RIS
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by digital computers, using discrete values of this function.
Strong made [23) an analogue computer giving the intensities
of 10 spectral elements for each passage of the moving part,

~ but this apparatus, requiring several explorations to cover

all the spectral domain studied, does not allow one fully to
exploit the advantage of the method. Different authors have’
mentioned the fact that the resolution was proportional to
the maximum phase difference attained [1,15,11); certain ones
have studied the conditions under which the numerical Fourier
transformation should be made; but they limited themselves to

~ the study of the case where the spectrum extends from frequency

0 to a saxwwum frequency Oy [15,21,24]) and have not studied the
conditions under which the numerical transform ought to be made
to obtain the maximum signal/noise ratio in the spectrum.

In Chapter II of this paper a more complete study is con-
sidered; one determines the form of the theoretical equipment-
function in the case where the Fourier transformation is made

" by a numerical calculator and one treats the number of points

to pick from the interferogram as a function of the spread and
position of the spectral domain to be studied.
In Chapter III we study the form of a real apparatus-

" function; it is different from the theoretic apparatus-function
for several reasons:

--necessity of receiving on the detector a beam of finite

- width;

--imperfections of the optical components and in the ad-.
justment of the instrument;

--irregularities in the motion of the moving part;

--error in the adjusting of the zero phase difference of
the interferogram.

Chapter IV is devoted to the calculation ol the mean
square error of the fluctuations in the re¢produced spectrum,
Chapter V to the study of the different possible ways to ‘
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obtain in a given experimental time, the maximum’ s/n ratio
in the case where the F.T. is computed numerically.

Chapter VI sets forth the practical setting up and re-
sults obtained in two experiments: the spectrum of night
sky emission and the spectrum of germanium recombination at
1.6 .

Finally, Chapter VII is given over to an attempt to
synthesize the spectroscopic methods called "classic" and

‘the Fourier transform methed; there; it will be shown how in .
every case the spectrum is obtaincd by making the cosine —_
transform-of the autocorrelation function of the vibration
N of 1ncident light.;
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II. THECORETICAL APPARATUS-FUNCTION
NUMERICAL FOURIER TRANSFORM

We shall rceall the principle of the method before
determining the rcélations which =xist Letween the reproduced
spectrum and thc spectrum studicd, Spectroscopists.call the
*apparatus-function" the distribution ot the spectral density
that is obtained if tha instrumcnt rccedives strictly monochro-.
matic radiation. In the classical methods, the spectrum obe-
tained in thc gueucral case is the convolution of the spectrum
under consideration with the apparatus function; we shall show
that it i:c the came thing in the Touricr transtorm method,

“This chapter ic Jdovoted to the study of the theoretical appara-

tus-function, i.v., the inctrusent ic assumed purfect and used
with a bcam ui zero excent. Likcwisc we shall treat the ime
portant problxm oi the number of puints. to choose from the
interferogram in orde to MJPL a numurical Pouricr tranatd!l

1. PRINCIPLE OF THE METHOD
"Let us concider a twoebcam interferomcter in which one
can vary the phasc difference be-
» tween two beams, for examplc 4

”,
'7?*“‘T'] wicheldion intericrometer. For the
l/;A
- > 2 s -—%_ln. . eal- oi simplicity we ‘suppose that
:
1

the beam cplitter is attached to &
LQMpcnsutlﬂg glass platc of equal
thickness (Fig. 1). Onc of the
airrors can b disblq;gd parallel
co atzclf with concuant velocity V, 2.
cupposc the intcrferom tor to be il-
luminatcéd by a strictly monochronatic
light, of lunminance B, vith wave number LA Tho beam aplittcr

dividcs the light intu two cqual part: (if it is not absorbing

&

Diagram o Gie
Principal o1 a Micnwle-
son Interferometer.
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and if ‘the reflectivity'q is equal to 0.5) which it recombines
to make them interfere after they suffer a relative delay

8 = 2¢, 2¢ being the difference between the optical paths taken

by the two beams. The light on. leaving followa the voll-known

L =B cos’ r0 8 = (q/zf 1 # cos 210 8).

It is composed bf a constant part and a variable part uhihi; .

up to a constant multiplier, is given by

I(G) = B cos 2tv d =3 cos rVte, = B cos 2:0 t. :

vizh

v =V O, =N, Ve. !

The detector gives a sinusoidal electric signal with amplitude
proportional to the luminance received and frequency equal to

" the product of the frequency of the light N by the fraction

V/c.. For example, in the case of the green Hercu line, if V

‘equals 10" mm/s, vy = 1.83 cps. -

If the interferometer is illuminated by several monochro-
matic lines, each radiation is treated in the same way, and
the resulting signal is the sum of the signals correcponding

to e'ch line. In the case of an arbitrary spectrum taken be-

tween o, and LA the interferogram has the form .

g
I(8) = S; ! B(») cos 2ve¢8 O»
: .

oy

14

2 : : "
J(t) -S B(r) cos 2svt dv -

[ 4
)

-
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according to the variable considered. I(8) and 3(t) are lumi-
nances, B(c) and B(v) densities of luminance (luminancq/cm't
{.. the first, luminance/cps for the second). This is the
Fourier transform of the spectrum B(c) [or B(v)}:.. In the case
of strictly monochromatic radiation, the interferogram will be
a sine wave of cénstant amplitude. In practice theilines have
a finite width and the sine wave has an amplitude which de-
creases when thé phase difference increases (Fig. 2). When
the spectrum is very'£;gh,~the

::- -i Wjﬂmiwf*" -[ e different cine waves correspond-
3 1 I THTT ing to the different frequencies
T [ MTII are in phase only for zero phase
ot | E \ difference and the interferogram
:f i f HI' 3 | appears to be reduced to some
Voemoe - - - fringes in th% neighborhood of

this position (Fig. 3). Between

A AN 'hqtmzwz11 these two extreme cases, all inters"

mediate cases are possible, the
modulation dropping in direct pro-
portion to the increase in size of
the spectral interval (Fig. 4).

In order to reconstruct the

- & o & 0o
B = e
1
) )
1
1
I
—
|
«t
)

o M A -ALALALALA !
‘o \ l H‘ : _ spectrum from the interfergram,
: } 1 I ; iH it is necessary to make the inverse
v F.T.

Xy gyl )

40
B(o) = 3" I(8) cos 2x08 db.

rig. 2. Interferogram of .

the Line 5,4¢1 A Produced
£§WJP¥§§§3§§~%§3?d?E?§r Onc can consider making an harmonic
Phase Difference]. analysis of the signal with the aid
) of n filters, each having a band
pass o6r corresponding to the de.ircc limit of resolution 8¢

where 8» = V 80 and centered about th: interesting frequencies

9
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RN . \f\ﬂ —

~ .
Fig. 3. Interferogram Produccd by an Incadescent
Lamp, the Detector Being a Lead Sulphide Cell.

G s coes O This analysis can be made, either during the
measurement or afterwards from a magnetic tape upon which the
interferogram is recorded. On. can also record the interfero-
gram with a recording pen and nuumcrically calculate the F.T.

of the functjon thus obtained.

2. THEORLTICAL ~PPARATUS-FUNCTION

Let us consider a Michelson Snterferometer illuminated by
a point source placvd in the focus of the entrance collimator.
One of the mirror: is strictly parallel to the image of the
other tormed by the beam splitter.

10
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i .. ‘the interferoaram:s the ab.oivsa, trequeney in

en™d; the crdinat., incensite,

v

&

if B(e) 1is the spoctrun of %l cmitted Yight, the inter-
ferogram has the form '

too
Bb(u)costhOdc,

' (11.1) I(58) = S B(0) 052706 Jo g.\
. . . .

o -
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B (o) being the even part of the function B(c) defined by

R ~4" -"" A L ‘ . N
* % oe - e -
Fig. 5. Even Part of an Opticn -

e Spectrum. -

If one could know the interferogram completely for &.

'varylng between 0 and » (hence in fact between -+ and +e

" since it is symmctric), the spectrum could be reproduced ex-

5.

n 40 ,
(11.2) Bp(c) = S' I(3) cos 2rcd dé.
: (-]

" But in fact, during thc'measurémcnt, 6 varies only between 0

and a maximum valuc L; the value Bé(ol) computed for a parti-
cular wave number o, will be only an approximate value of
Bp(on)’ which one ce¢xpresses by saying the resqlution is finice.
The expression (II.2) can be put in the form
o
~~

. o tee o
- {11.3) - B'(og.) = S I(8) D(G) cos 2708 A8,

P -

D(6) being a squarc pul:e function suchﬁgﬁat
D) =1if - L<6<+1L,
D(8) = 0 for 8 € - Land 8 > + L,

i2
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(1) Form of the Apparatus-Functia

The cosine transform of the product of two even functions
is the convolution of the cosine transforms of each of the two

'functions, whence

(II.4) Bi(o,) = T [1(8)] » T [D(&)T.

The cosine transform of I(6) is precisely the observe@'spec-
trum Bp(a). Calling t{o) the cosine transform of D(8), (II.4)

- can be written

_— |
(11.5) Bi(o,) = : Sl., B,(0) [t(o,-0) + f(¢,+v)l’d',: o

5. ne e
- - p(a) f(c1-c) do. " -

L

The spectrum obtained is the convolution of the even part of
the initial spectrum with the function f(o) which we shall call
the apparatus-function. The apparatus-function thus defined
has ‘a dimension, that of length in the case where the spectrum

- B(o) is calculated, that of time when B(») is calculated.

When the speétrum is reduced to a single line of wave
number T of luminance unity, the reproduced spectrum has the

form _
(I1.5b) BI(e) = } [1(0-0,) + t(o+o)].

If the F.T. i> tken by a method permitting the calculat-

irg of lumirance densities corresponding to negative wave num-

bers (which have noc physical reality), the apparatus-function
‘contains two maxima centered about 0, and - ¢° and of height.
t,/2 (Fig. 6).

~ When the F.T. of a constant, say one,is taken the only
maximum is found to be centered about the zero frequency and

‘ of height double f., the two preceding maxima being superposed.

13
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Fig. 6. Apparatus-Function.

One can define a normalized apparatus-function thch U111 be

the ratin
A\l - =
(11.6) - f'(o-m ) Bp(o)/Bp(co)
b2tweecn the density of luminance calculated for the wave
number ¢ near ¢  to that calculated for the number 0, cor-

responding to the line under consideration. The apparatus-.
function can be put in the form ' e

e XY S e =t e,
" with ~ - |
(II.7B) ! = 2qL ,

q being a numerical factor he.e equal to the mean value of
the function U(8), hence one, and which, more generally, will
be equal to the mean value of the function A(8) defined
later, whence

(11.8) 1(o) = 2L 1'(o) = 21 23R2rol

This function t'(¢) has zeros for o, = k/ 2L (Pig 7, curve a);
it has very important sccondary max1ma and one may find it

- desirablie to apodizc¢ it. To this end it is sufficient to re-

place the square pulse funct<on D(6) by another function A(8)
which has a profile better adapted to the problems of Spectro-
scopy. This is especially simple in the case where the F.T.
is made numerically. There, it is sufficient to replace the

14
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values of I(6) by those of
© the product I(6) A(d); this
is numcrical apodizing. The
apodizing problem has bcen
th: subject of numerous
‘papcrs, in particular those
of Mlic. L. Dossicr [26]
and J. Arcac [27].
Vi arc going to con=-
sider two particular forms
~ of the weighting function '
A,

1°. A (o) is a triangle
function such that

L .
“a

Fig. 7. Theoretical Apparatus- 3 T
P“ﬂ"f-ion. . . ! : o i . . ,-"‘v;}'\

T

A(6) =1 - j6/11 for - L<6 <+ 1L
" and Ax(é) = 0 i for 8 € « L and § >+ L. ﬂ;'J,

Under these conditions
N . . ~ +L ,
- : P! e AR
II.9 = ——'3 1l - I—I dé = 0.5
( ) Q 2L L k L j 5,

.‘ " . ‘ ;
e = sin_=xol 1
f(ﬂ - L f '(0) ) L A»'“l‘, \‘

This is the same apparatus-tunction as that of the grating
spectrometer (Fig. 7, curve b). '

2 . If one chooscs [27) (Fig. ®)
A8) = [1 - 63, L3)) ior - L <8 <+ 1L,

> 4L 1.3
- -l- - Q‘—‘ l‘




— T K """"

Fig. 8. The A.(G) Func-
tion.

~(1I.10) f(e) = 1,066 L t'(s),
with

ey -s/s
L. 1) = (2rl0) 3,7, (2r10).

0w e

l This function (Fig. 7, curve c) has its first zero for 8 very
.  close to 1/L; ‘its breadth at mid-height is practically the
'j_  'same as that of the function [(sin 7lo)/7lo}®, but the ampli-
l ; " tude of the first minimum is only a twenty-fifth of that of
y the first maximum, and that of the next maxisum is only &
II " hundredth. |
3

(2) Limit of Resolution
The Rayleigh criterion can be applied only in the case
" where the apparatus-function has zero minima; hence in general
" one selects a criterion which gives nearly the same results as
in the ordinary cases. One is led to take as a measure of the
1imit of resolution 8¢ the breadth at 0.404 of the marimum of
. ’ the apparitus-function. Since thé F.T. of a function gets
' narrower as the function gets wider, one sees immediately that
the limit of resolution varies inversely with L, the exact law
being determined for each particular case.
The study of limits of resolution rests on the study of
_ the breadths at mid-height of the functions f'(e). R

==

3
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If there is no apodization, 60 = 1/2L, whence a theoreti-
cal resolution R -= 2Lo, With the weighting function A (6) or
A (6) one has very nearly 8o = 1/L, with a theoretical resolu-_
tion R = Lo, Hence, the resolution is proportional to the
naximﬁm phase difference attained. This result is completely

analo¢cus to that of the classical spectrographic method.

P1gure 84b shows two spectra of the night sky taken from
the same interferogram. For the first at resolution 350, a -
F.T. has been made of that portion of the interferogram for
which 6 varies between 0 and 0.4 mm. For the second at re-
solution 1,000, the length of 1nterfg§ogran uscd is nearlg

"~ triple. T G20

(3) Numerical Fourier Transforms
Any spectrum studied is limited--whether by the emission
itself, by the transparency of the materials making up the

interferometer, or by the sensibility zone of the detector.
It is this important fact that allows us to make F,T. from

discrete values of I{(6) and to use modern high-speed calcula-
tors.

A. FOURIER TRANCFORM AND THE THEORY OF SEMPLING. Aecord-
ing to the sampling theorem, all information concerning a

furction oi a bounded spectrum is containod in a countable in-

finity of discretc values ot the tunutinn, and 1ntcrpolat10n
formulas can be {found which, based on these points permit the

. reconstiuction of thc rfunction. Thesc questions are treated in

detail by Shannon [28]), Wocdward [29]), and Kohlenbcrg,lsol..
And so all the bits ot information.containe& in the intcr-
ferogram which is rnown co have a boundcd‘spectrum arc given by

“a

T

''In this case one cdan say further that. the theoretical
resolution is cqual to the number of recorded fringes.
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| discrete values of I(8). As a coneequence it is sufficient

in calculqting the spectrums to deal with a particular number
of equidistant values taken from the interferogram. The

~calculation of the integral

(n.n) | Bi(0,) = zS I(3) A(8) cos 2z .8 a8

is replaced by that of the sum

C(IT.12) ° BB(U‘)=f}I°A°+ZI A cos2xo h+...+21nkhnhcoszrcnk],

-1

o 4 oo
~ (1I1.13) B"(“x) =} S‘. I(8) A(S) R, (8) cos 2tv s a8,

- ~ 4o , : :
_(I114) B(e)) =} \ _ B,(0) [F(e,-0) + P(-v,-0)] do.

0? Ih’ coey Inh are the values on‘the interferogram for the
values 0, 2, ..., nt of the phase difference; Ao, Ah’ oo A‘?
_are the corresponding values of the apodizing fnnctiqu, R

The sum (II.12) is equivalent to the integral

R, (8) being a Dirac distribution of periodic shppdwt ﬂ!th
interval l (Pig 9). we deduce immediltcly ,5* Ay Lt
D ¥

-

Fig. 9. CGrating Function R'(&).

. -

) “l——‘l;..a ‘,‘ § o | | 3 H_! !.. | if | | :«. 1 '4

F(o) is the F.T. of the product of the two functions -A(8) and - -

I Rh(d); since the F.T. of a periodic Dirac function with
dnterval 7 .o, c.lept for a facter 1/F, another periocdic Dirac
distribution with interval 1/» (Fig. 10), a new apparatus-

T
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'Pig. 10. Grating Punctioﬁ_ki/h(d).
function.can be found:

F(0) = 2L F'(e),

(II 1) F'(o) = 2: [ in 2xL '—- )///th (;-o

W= =0

in case A(G) is a square pulse function and P(a) - 1 066-& F’(O).
where . 5 . :

-8/1a

"= -0

il ”"i‘:—‘i,’:?'f)]" _ :

‘with the apodizing function Az(é).

The new apparatus=function is made up of a series of
identical maxima which occur at every multiple of 1/% (Fig. 11).
It can be said that the even part of the spectrum is examined
simultaneously by two serics of apparatus-functions centered
one on o, the other on - o, (Fig. 12) The examination of
the spectrum is made here by using a calculation like that of

(II.12) for a new value o, of o, During the spectral cxamina-

* tion the two serics of apparatuc-functions have translﬁtions

t

in opposite dipections (Fig. 13).
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B. CHOICE OF INTERVAL k. This is a very important
problem because the computed spectra are going to-répeat at
multiples of 1/k and bccausc, for the result to be ‘'uscable, -
they ought not be entangled. This amounts to saying that
a single maximum of tﬁe apparatus-function ought to explore
the spectrum. We shall call ¢y and o the limiting wave
numbers of the spectrum and &0 = cu - a the spectral interval
used (Pig. 14). | ' |

Ia, A ﬁ
. ) - . i o ] * . "‘ " ) m’ in
A - I S 7 P
a. Relation Betwecen * and A&o. Three cases can he dis-

tinguished according to the position of &0 with respect to

- the zero frequency.

. a) o, = 0. o varies between 0 and ca; in order
that there be no overlapping of spectra, it is sufficient tha

J 1/ = 2 &0 or k = 1/(240) = 1/(20M) (Fig. 15a). This is the '

result usually stated by saying that one ought to record two
points per period of the signal corresponding to the highest

' B
. frequ ~acy contained in the spectrum.

8 Oy = xA&¢ (x being an integer). It is easily
seen in this case also that the orders do not coverlap if
1/kh = 240 or k = 1/(280) (Fig. 15b). The distance between
two points taken fron the interferogram 1n centimeters is.
one half the 1nver¢e of the spectral 1nterva1 used, measured
in em™?. .

v) Any o, whatever. oM/A# = x + £, x being an
integer -and f a fraction. Then &0 is replaced by ancther .
quantity Au' defined by &c!' = Opy ‘X. T: is larger than & and
has the same upper bound. This reduces to the preceding casc
with the choice & = 1/(2a9') (Fig. 15¢).,
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-' ~$ ‘ o '-' . [ d : - .

Fig. 15. Repetition of Numerically Calculated
Spectra. '

b. Numerical Examgle . The first example illustrates
the case where the spectrum exter.ds from 0 to 4¥H we have
computed the F.T. of the function sin® #o 6/(:# 8)* using 36
discrete values, the distance between any cwo successive values
being ;/(20 The calculated spectrum repeats every Zcu, the
resolution is R = 18 because we have used only a short length

of I(8); also the apexes of the triangle are slightly rounded
off (Pig. 16).

glll‘l.lll.l."lll‘l‘llllllgltl‘llllllllllu:lwﬂ

Fig. 16.

22
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‘ In the second example the calculated spectrum is that of

e an incadescemf‘lamp whose light passes through filters which

‘ isolate a band of radiation ‘in the neighborhood of 1 .
Knowing the transmission curve of the filters we can dee .

duce from tho- that

L S . & = 3,410 cm”?,

T | 0y = 12,850 cn”! and ;
- e | o /A = 3 + 0.8, S, |
| The domain A0' is then defined such that  ~+ = .. s
. «.- . . ‘ 1“&7; ; v, (A"”l"'" . ..' at ’
- a0 =g /3= 4,288 a2t 0 T . s

k= 1/(2 x 4,283) = 0.11695 10*% ew”'. -

oY
. - 0000 - , . Hﬂu [ 1800wy ' f
Go B | - ” P
E .- . Pig. 17. Spectral Domain Occupied, 3,410 cm i; hr
P = 0,11695 X 10”7 cm; Number of Points Takeh '
From the Interferogram, 25.

| Figure 17 shows, for this value of , the agreement be-
. tween the position of the observed spectra and tho;. of thc N
conputod spectra. T wA.J : | .

[}
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_ C. RELATION BETWEEN THE NUMBER OF POINTS CHOSEN .
\ L AND THE NUMBER OF bPECTRAL ELEMENTS STUDIED

‘] We have just seen that the interval k depends only on
the breadth and the position occupied by the spectral interval‘??
In addition, the limit of resolution depends essentially on the |

[l maximum -phase difference-L attained and; secondarily on the
form of the apodizing function chosen. Hence, the exploration
of a given spectral domain with a given resolution poses two

[i . distinct problems: determination of L and choice of interval k.

| The total number of points to choose is given, within a unit, by

l’ ' n = L/k, and there exists a relation between n and the number M

" of spectral elements contained in the spectrum urder considera-

" tion. The spectral element is that portion of the spectrum in-

' cluded between two points that can be considered as barely .
separated by ihe instrument; it has the value 60 and M = As/é0, .
A general argument, due to Shannon, allows one to predict that ;

l starting with n bits of information contained in a function,' .

~\ene “can find n independent values of its F.T. [31]. We are

' _ going to show that thc relation between n and M varies with the

_ ) - spectrum considered, and in certain particular cases, we find |

a'% ‘i~‘“-“;,"w;”f n =M, ‘

I! o Consider at first the case where © ¢, = 0 or better yet

' ) ‘that where o) = mag, m being an integer. Then & = 1/(2a0) aad

N y n= L& = 2lAg. '

o If the interferogram is not apodized, &G = 1/2L and

n = &0/60 = M, that is to say that the number of points to be

!i chosen is equal to the number of spectral elements.
Ced t’ﬁ v ’
| |
‘ (3)phis is true in the absence of noise. In practice,

to obtain the best signal/noise ratio, one decreases & con-
siderably, the number of points chosen being multiplied by
a number of the order of 5.

| ll .‘5  “ ‘ A‘ . lv | R ." | , . N . . | | |
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If apodizing is done as indicated above, then obviousl§
80 = 1/L and n = 2M', M' being the new number of spectral
elements. Its value is half that of M. .

In the most unfavorable case, oy is very little under

~2A0 (Fig. 18); then A&0' = oy is nearly equal to 2A0 and

n = As'/6c is very close to 2M' or 4M!?

according to whether or not apodizing S "l &

has been used. Hence, in conclusion, % ° S
with apodizing, the number of points _ Fig. 18.

to choose varies between 2 and 4 times

the number of spectral elements.
Rematg.--We have just seen that for a given resolution

" the number of points to choose is greater the more extended

the spectrum. Although the advantage of this method over

classical methods is greater the higher M is, one can consider

vsing it for the high resolution study of a weak spectral do-

" main, for example the hyperfine structure of a line in the

infrared. If M is of the order of 100, the number of pointl
to take will be rew, in the order of hundreds.

b, COMPUTING METHOD

We constructed a program for computing Fourier transforms

“on the IBM 704'3), 1In order tc achicve a reasonable computing

time, the problem became cne of finding a recurrence formula
for calculating cos 2ralnh based on cos ZIG‘h. Indeed, com~
puting cosines by using either series cor tables resulted in
prohibitive calculation times. :

We used thc Chebyshev formula {32} -

cos (p + 1)x = 2 cos x cos px ~ cos (p - 1)x.

(3)7he program i: now in the IBM general library. -
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If the cosines are computed to six significant figures, the
error between the value computed from a series cxpansion and
that obtained after 12,000 iterations is l¢ . thar 3/50,000.

Program Checking.--We have calculated the F.i. of a
function containing 24.5 sine-wave arcs of unit amplitude,
and two points per peri&d'have been taken, the interval &
being taken equal to unity. The maximum height of the calcu-
lated function is f in this case and not f./z [see (II1.5.Db)
and (II.10)] because of the overlapping of the orders due to
the particular-choice of k., - ‘

2qL = 1.066 X 49 = 52,2634, Thc number calculated by
the machine is 52.2582, that is to say an error of the order
of 1/10,000.

The calculation is made in two parts:

1°.- During the very rapid first part, in each address the
value Ip. of the interferogram at the point & = pk is replaced
by the corresponding value Ip. Ap* of the weighted interfero-
gr‘. L ]

2: Thenbtne calculation pfopar of tne F.T. begins. For each
new value of 0, the first cosine, cos 2ok, is calculated using
series; the cosines which fcllow are conputed by a recurrenoce
formula and the sum

- Bt(o) = h[IA°+2IlAlcos2rah+...+2InAncosZtcnh].

¢ 38 computdﬂ. This calculation'is performed in T = 0.8 Xx 10"
per input point, per output point.

If n points are taken from the interferogram and k spectral
densities calculated, the computing time will be t = 0. 8 nk X
10° sec. -

Assuming that it is nccescary to compute the intensity
for three points per spectral element in order to facilitate
the drawing of the spectrum, the total time t in the most
favorable case is t = 0.8 X 10"% sec x 2M x 3M = 0.48 % 20"%sec

sec
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and in the most unfavorable case, t = M 107? sec.

It is interesting to remark that these calculation times
correspond to the case where the I'.T. is nade from an inter-
ferogram containing no noise. In praotlce, to obtain the maxi-
mum s/n ratio, it is necessary to pick more points from the
interferogram, and the calculation time increase. This ques-.
tion will be studied in detail in Chapter V. - L

Note.--It svffices to calculate onec point per- spectral
element in order to collect every bit of information contained
in thc interferogram, or M points in all. But we have granted
that it was convenient to calculaté—Q points per element (Q
being at lecast equal to 3) in order to facilitate drawing the

spectrum. But, the spectrum is the convolution of a sequence

of Dirac functions with thc apparatus-function. The Dirac

tunctions are spaccd 80 apart and have heights the M values

which were calculated prrviousl§ (theorem of Dirichlet)
Since it is poselble to perform convolutions with a

. numerical calculator (Jue Chapter IV and V) and since the cal-

culation is relatively rapid, one can consider calculating
intermediary points in making the convolution of the M Dirac
functions witlh the apparatus-function (limited to the domain
where the latter has a non-ncgligible value). One would thus
obtain a reduction of the.calculation time by a factor of Q.
We proposc to write this as a computing program in the near
future. | W '
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T . III,- REAL APPARATUS-FUNCTION

_ Under cunditions attainable in practice, the spectrum
obtained is always different from the one that would result
from the convolution of the spectrum under consideration with .
the theoretical apparatus-function. The preceding results,

in fact, have been established for a beam of zero extent.

They are modified when the detector receives a line of finite
extent. We shall study these modifications in the case where

a diaphragm of finite dimensions is placed in the focal plane
of the exit lens of a Michelson interferometer.

We shall show that therc results, as in the classical
method, an increase in the apparatus-function, with a corre-
sponding decrease in resolution. The study of the product
luminosity X resolution allows one to determine the best condi-

' , tions for using the instrument.

. In general, the spectrum obtained when the source is re-
duced to a single ling of negligible width is different from
the real function defined above. In fact, an instrument is
never perfect and Ehe precision of a measurement is alvays
limited. We shall study some of the causes of perturbation
of the apparatus-function, such as irregularity in the displace-
ment of the moving element and the maladjustment of the inter-
ferometer. Finally when the Fourier trahsform";s madg by a
method sensitive to phase, the necessarily limited precision
of recording the zero phase difference causes d‘dizfortiop of
the apparagus-tunction.

- -

= x
1. APPARATUS.FUNCTION FOR A FINITE BEAM. WIDTH

Scveral authors have already been concerned with the form
of the diaphragm that has to be placed at the exit of a two-
beam interfcromcter {33]) and with the dimensions it must be

N ) -
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given in order to have a suitable depth of modulation [34,35]
or to measure fractional excesses under the best conditions
f11). We are going to consider this question with the view
of using the Michelson interferometer as a spectrometer by
means of Fourier transforms. . ’

' The effect of the use of slits of finite widtix upon the
luminosity and resolution of a grating spectrometer or a Fabry-
Perot spectrcmeter has been treated by P. Jacquinot and

C. Dufour [36] and P. Jacquinot {37]); the same study for the
sisam has been made by P. Connes [4]. These are the chief
results of the studies: a spectrometer with slits, grating
or prism is an apparatus which can operate at very different
resolutions, possibly very much below the theoretical resolu-
tion Ro. When R << R, the product luminosity X resolution is
practically constant, and simply by cnlarging the slits, one
can increase the luminosity but lose in resolution. A state-

‘ment of the rcsults is made easier by the introduction of the

reduced variables:

R/Ro ratio of the real recsolution to the theoretical
resolution;

! rcduced diaphragm breadth or ratio of the diaphragm

“~width to the width at a height 0.404 times thc maximum of the

theoretical apparatus-function;

£} ratio of the real luminosity to the maximum luminosity
that can be obtaincd by increcasing the opening oi the diaphragm.
In tiic case of slit spectrometers, ‘£r has a simple interpreta-
tion. It is the ratic of the real luminosity to tnat which can
be obtained in tne abs nae of‘diffraction with slits correspond-
ing to ! = 1. ' ' ' '

Figures 1% and 20 chow for the Fabry-Ferot and the sisam
the variations of i;, R/R, &, R/R, as functions ot 1. This
last product passes rhrough a marximum for a normali:ed diaphragm
width near 1 and, for best rcsults, these instruments should be
used near their theoretical resolution.

29
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4 The use of the Michel-

son interferometer in
spectrometry, like that
of the Fabry-Perot étalon,
requires a circular dia-
phragm (entrance or exit),
- centered abuut the normal
to the mirrofs and limit-
a bundle of rays with
s0lid angle 8 which is
slightly inclined to the
normal. Under these ccn-
ditions, the recorded in-

l//;rif

terferoygram #(8) is dif-
%\ " ferent from the theoretical
AI(Zf/’ ::;: interferogram I(8) and its

F.T. is different from the
throretical apparatus-func-

- ‘ ‘ -
Fig. 19. Fabry-Perot Spectrometer.

tion.
’ . 3 & )
Pig. 20. Sisam. | © (1) Computation of
Renorﬁed Flux an& of
th~ ﬂl ggaratgs-
unction.

N - ' The calculation of
the transmisced flux #(8) when the spectrum studied is reduced
to a single line of ncgligible width, wave nuqbg# b., and lu-
minance B is classical {22,24,28):

sin(téoaa/zti ‘
- (II1,1) &(8) = BU téq;ﬁ/2t. cus 21006[1 - (/4x));

SR = U is the buam width. It has already been shown [38) that
" using a finite width ka3 tuc conscquences; widening the appara-
-tus function, with conscqu.nt lowering of resolution, and '

S0
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displacement of the spectrum towards the lower frequencies.
The correction Ao to apply to the: calculated spectrum is

a0 = ofi/4x.

Numerical Example.--As we shall see in Chapter VI, the
c0lid angle useable for studying at resolution 1,000, a spec-
trum about 1.5 p is Q = ra® =z x 16 x 207* steradians. Under

these conditions Ar = 6,700 X 4 % 107 = 2.6 em™?.

(2) Determination of the B.st Conditions_ for Using the
Instrument ’

Rigorously, the width of the diaphragm to be used depends
upon the weighting function A(6) chosen. We consider two types
of apodization. '

a. Weighting by a Triangle Function A(6) =1 - (6/L).
The variations of 3%,.R/Ro and £$ R/Ro are exactly the same
as for a sisam used with a diamond-shaped diaphragm. In both
cases.the apparatus-funection is like that of a classical grat-
ing spectrometer with the sisam, it is necessary to choose a
diaphragm such that ! = 1. .Then R = 0.80 R; and ﬁ; = 0.82
(Fig. 20). ' L

: 1

b. Weighting the Interferogram by A(S) = [;ﬁ--(ét[Lx)l’.
The variation of R/Ro is then nearly the same as in the pre-
ceding case because the two apparatus-functions have the same
width at mid-height; the variation of & is slightly different.
The product &£ R/R, still passes through a maximum for ! very
near to 1. Under these conditions, the effective resolutior
again is R  =0.82 R, and £ = 0.87 (Fig. 21).

The angular field of the diaphragm is given by the rela-
tion

(III:2) a = V2/R, = 0.9 VZ/R.

Let us suppose that for the maximal phase difference L attained,
the rings in the exit plane of the objective have bright cgptgrs,

‘ - 31
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Fig. 21. vVariations of R/Ro’ L.
and 1; &/Ru in the Michelson Case.

the diamcter of the diaplragis to bc used is very close to

9/10 of that of the first bright ring.

(3) torrecrion to the (ilculated Frequencies

"The wave number O, o the radiation for which the spec-
tral density, B, is calcu:ated, and the interval k of the
grating function occur 2: a product in the calculation of
cosine. The wave numbir ¢ of th+ radiation having the same
density B in the spectrum studied is related to 6, by

(III.3) o, = ol - (W/a%)]).

In taking as the value of hn’ the interval of the grating
function, a number such that . =0 hl, it is possible,
when making the F.T. numerically, to correct the frequencies

avtomatically.

One 1s then led to choose
(TIT.4) A, =k o /o = k(1 - (B/4n)).
32
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We shall see a little later (§ III.2.(4)) that to eliminate

) the lead errors of a moving mirror, it is necessary to adjust
- —the phase differences with a reference linc recorded at the

same time as the interferogram. In this case the interval L
of the grating function Rh(b) [see (II.13)]) is mecasured by
taking as unity the wave length of this reference line.

Now the reference beam has a finite width generally dif-
ferent from that of Lhe beam carrying thc signal to be studied.
;Let us consider the case where the reference beam follows the
same path in the interferometer as the light to be analyzed
and let us call Q' the solid angle subtended by the diaphragm
in front of the reference source seen from the center of the -
exit obhjective. The reference interferogram is a sine wave
cqrresponding to a signal of wave number o, = c[l—(n'/4t)].
From this it can bc deduced that if & is the value of the
period measured in the wave lengths of the reference line,
its exact value k' is given by '

Bt = h[l - (®'/4n)].

. To correct automatically and simultaneously the fact that the

beam to be studied and the reference beam have finite widths,
it is necessary to take as mecasure k, of the period which occurs

in the numerical calculating,

(1I1.5) r, = k(1 - (@/40))/ 11 - (Q'/ar))

where, as € and Q' arc¢ always small compared with one

PRSI

. A 1)
(I11.6) g = i1+ 228, _

Remark.-<P. Connes [39) showed that the pPhase difference
variation ot interzeringurayslwith angle of incidence, which
necessitates limiting the width ot the beams, is useful when
the exploration of th. spectrum is made in sgéée (prism and
grating spectrograph, and spectrometers, Fabry-Perot used in
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when it is made in time (F.P. or Michelson photoelectric inter-

. fecrometer). If one inserts an afocal system in each of the two
'l beams of a Michelson interferometer; it is possible to combine
the relative displacements of the mirrors and of the afocal
i} systems in such a way that the épparatu§ ro longer produces
- fringes. The interference state is constant in the entire
space. Luminosity increasc is practically limited only by the
— aberrations, and the exit aperturc if it cannot be completely
omitted will be considerably enlarged; all the previous con-
siderations about the variation of the product 4; R/Ro are
obviously no longer valid in the case whcre afocal systems are

used.

2. CHANGES IN THE APPARATUS- FUNCTION CAUSED BY DIVERSE L
ERRORS

(1) Effects of Imperfections in the Cptical Components

L As with the sisam, the aberrations of the entrance and
l exit objectives, if they remain small with respect to the
angular diameter of the diaphragm, have practically no effect
' on the theoretical resolving power. On the other hand, laminar
l’ -defeects in the interferomcter (mirrors or trihedrals, separating
) ' and compensating plates of a Michelson interferomcter, lamellar
’ gratings of Strong's apparatus (13 brin§~$bout a lowering of
l] the modulation which varies with wave length, whence a loss of
_ luminosity in the reconstructed spectrum which increases with
[l decrcasing wave length. ' ,
With grating or Fabry-Pcrot [2) cpcctrometcrs, the apparatus-
lfnnct:on recorded by imperfeet optical parts is the convolution
[] of the thcorctical apparatuc-function with a function reprcsents«
ing the surface faults. For example, with surface having a
[i - spherical or cylindrical curvature, the fault function is a step
function which increases as the ratio of the sagitta to the
&
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wavelength under consideration increases. This is a Gaussian
function in the case of poorly micropolished surfaces. These
faults are accompanied by a lowering of the resolution and a
" loss of luminosity.

In the F.T. method, it is the recorded interferogram
which is the convolution of the theoretical interferogram with
the laminar fault function D(6). The calculated spectrum
finally is the product of the theoreticdal spectrum by the F.T.
d(é) of the fault functionP{6), i.e., in general,the spectrum
will be attenuated with respect to high frequencies. There is
no widening of the apparatus-function nor lowering in resolu-
tion.

Example.-~-Consider, for example, the case of a circular
mirror haviny a spherical curvature, the sagitta being xw/z;
that of the wave qurfaqe will be lo’ which means that instead

of héving at a given instant a,well-qetermined phase difference
6, onc has all valucs botween 6 and 6 + Ao. The fault function
is a squarc pulse function of width lo (Fig. 22b). The recorded
interfcrogram I'(6) (Fig. 22¢) 4is the convolution of I(8) (Fig.
22a) with D(6) and the spcctrum obtained will be the product
(Fiy. 22f) of the theoretical spectrum B(o) (Fig. 22d) with the
fun.tion (sin wa/ao)(w/co) (Fig. 22c), the F.T. of this D(4)
function which has zeros for ¢ = k ¢, calling o, = 1/3..

"Fig. 22, ELCffcct of -a Spherical Curvature
of the turfaccs,
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In practice, it will obviously be necessary that the
magnitude of the flaws bc small with respect éo the smallest
wave length contained in the spcctrum; this amounts to say-
ing that the maximal frequency o0, of the spectrum will be
small with respect to o, (Fig. 22e); undecr these conditions,

in the whole’ spectrum, the attcnuation will be weak and vary
little.

(2) Effcct of a Maladjusztment of the Interferometer

We distinguich the two cases in which tﬁe maladjustment
due simply tc an initial poor adjustment of the optical compo-
nents remaine constant or varies with the displacement of the
mirror'*’. ‘ '

A. CONSTANT MALADJUSTHMENT. The cffect of a constant
maladjustment is equivalent to a surface fault, If the inter-
ferometcer mirrors arc stoppcd down by rectangles, and if one
of the ¢ides of length L is perpendicular to the line of inter-
section of thce mirror plancs which makc an angle ¢ (P'g: 23),
then the two reflected wave {ront. make an angle 2 ¢
given instanf,.the phase differcnce varics betwcen é

, and, at a
and B

A sssncrsonsm I ES

Fig. 23. Maladgustment of the
Interferometer.

“’Th; effect of a maladjustment upon the photoelecctric
measure of a displacement has been studied by G. W. Stroke [40]
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6 + 2¢L (This is the simplest casc). Here, by putting

A‘ = 2L, one sees that the effects on the interferogram
and the spectrum dre identical to thosg_of the sagitta Ao;
the calculated spectrum is further attenuated by a factor

fsin tc/co)(ra/b°).

B. VARIABLE MALADJUSTMENT

If the mbvemaqt vf the mirror is not a translation (as
the result of an imperftction in the ways, for example), thcre
is a variable malad;ustment in the interferometer. Now one
must write that €, hence L and uo, are functions of &; the
signal; corresponding ‘o each frequency ¢ in the interferogram,
is attenuated by a factor depending on & and o, P(¢,3) = ,
[sin ra/co(é)][xq/ao(b)]; the new apparatus-function will be
the F.T. of P(8). In contrast to the preceding case, not only
its height but also its shape can be modified, the change al-
ways being the greatest for the highest frequencies. A more
detailed inquiry into this case appears to be of little use
since there exists a method, due to E. R. Peck {[41], which
removes nearly completely this cause of error: the use of re-
flecting trihedrals, unafiected by a rotation about their
vcrtex.

(3) Effect of an Error lUpon the Determ
Point on the Interferogqram Corre ndin

Phase Difference 6 = O. z

We are going to ‘show that this point, called in what
follows the "cero point™ of the interferogram, ought to be
located with great precision (small error with respect to the

wave length studicd)'®’. Even a very small error strongly

(3)phis necessity disappears in the case where the F. T
is made by a method insensible to the phase of the signals con-
tained in the interferogram: the usc of an harmonic analyzer
(Cont. on following page)
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perturbs the form of the apparatus-function, which becomes
asymmetric and has important negative minima. Moreover its
shape varies rapidly with ¢ so that in the case of a broad
spectrum the results soon become hard to interpret.

Suppose that we have chosen for the zero point a point’
which corresponds to a phase difference €. According to
whether ¢ is positive or negative, one makes the F.T., not of
I(6) (Fig. 24a), but of one of the two even functions repre-
sented by the Figures 24b and 24c.

Aa /DA
\ z\

~
]

ﬂh

' Fig. 24, Effect of an Error in the Choice
of Zero-Point on the Interferogram:
a. €e=0; b, €>0; c. €<0.

“’contulike that conceived by P, Jacquinot {1]) and made by
L. W, Mertz [46] or of a numerical transformation of the type
studied in § II.2(3).

3. -~



= =

. NAVWEPS REPORT 8099

ﬁ.
¥

A. CALCULATION OF THE APPARATUS~FUNCTION .

a,. €2 0. In order to calculate the spectral density
corresponding to the wave number %, in lieu of using the
equa;ity

(II1.7)  B(o,) = 2 3 I1(8) A(8) cos 210 8 s,
0 : : .

the following operation is performed

» -
(III.8) B'(al) = 2 S I(6+€¢) A(6) cos 2:016 as.
. 0

To find the form of the new apparatus-function, it is suf-
ficient to consider the casc where the spectrum is reduced

to a radiation of wave numbcr o, of luminance B = 1, Then

(JII.9) I(6+c) = cos 2100(6+e),

so that (III.8) can be put in the form

B'(ol) = Z[COS 2:(70( .So
(I11.10) ' w

- sin 2x0o eS
0 ®

A(3) cos 21¢06;COS 2c¢‘6 ds. -

el -

A(G) sin 210“6 cos 2:0‘6 d&].
We find the integral
nw ' ' -
2 ) A(8) cos 270 6 cos 2v0 .3 db
° -

(111.11) ' '

-
=

L AN

[f(oa-ol) + f(a°+v‘)),

-which .gives the two ucual. maxima of the apparatus-function,
the cosine transform of A(8) centered on ¢, and - o, (Fig.

25a). ‘
On the other hand (Fig. 25)b),

-
]
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Tiy. 2. Apparacu.-l'unctions when
The e is an Eriror in the. Determina-
tion of & ¢ 0.

» o

2 3 NS) sin 270,06 cus 2106 do

o
: °
(111.12) ; [k(o t0,) + k(o -0 )],

2(0) beingy an odd function, the oie transform of A(8), that

we shall «wall the apparatu.-iunction in siness

» O
(I1X.12) (o) = 2 5 A(o6) in 2706 dé .
’ °

Fig. 2u. “inc Transform of a Square-
Pulse Function. '

10 ' -
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It is the convolution of *k(¢), the sine transform of a square- . ‘!

pulse function (Fig. 26) with a(¢), the cosine transform of
AS). . | |

The spectfal density calculated for wave number o, is
~then 3

1 . -
(o = ‘ $ - -+ s - +
B (01) 3 [cos Zraoe .(ol ao) sin Zraoc h(ol 00)

(III.14) 4+ cos 210 € f(-ax-(‘ro) + sin 270

0 € 2(-0.-0.)].

The calculated spectrum is thus formed by tﬁe two peaks of
the apparatus-function

(IiI.lS) F(o) = cos Zwaoc f(o) + sin 2ra°c (o),

centered one on oo,'the other o; -9, (Pig; 25¢c).

The expression (III.1S) shows that the apparatus-function
depends on the frequency analyzed in the spectrum. The term
oc or €/A measures the error made in the choice of the zero
point divided by the wave length studicd. . When €/A is equal
to 0 or 1, F(o) = §(g). When ¢/A is cquyal to 1/4, i.e., when
an error of a quarter of a fringe has b!en made, F(o) = »(0),
Between these two extreme cases, all intermediary ones are

i pcssible. Figure 27 gives the function F(¢) for values of

€¢/A taken between 0 and 0.25. The asymmetry of the function
increases with the displacement by translation of the princi-
pal maximum. In Fig. 28, thc variation of the ratio C of the
height of the negative minimum to that of the central maxi-
mum for €¢/A varying from 0 to 0.25 has been studied. It is
interesting to note the rapidify with wvieh C increases for .
low values of ¢/A (Fig. 29). '

b, &€ < 0. The casc where ¢ is negative 1is easily de=
duced from thre preceding case. F&r a givcn'wave number ¢
and a given negative value ¢' of the error, thc.apparatus-
function e

41
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Fig. 27. Different Forms of the Apparatus-Func-
tion for Different Values of the Phase Displace-
ment: Curve 1, €¢/A = 0; Curve 2, €¢/A = 0.042; -
Curve 3, €/A = 0.084; Curve 4, €A = 0,126;
Curve 5, €¢/A = 0.168; Curve 6, €/A = 0.210;
Curve 7, ¢/A = 0.250. -

. pr{g) = cos 2zac! (o) - sin 2x¢ |e'| n(o),

(} is identical to the function F(7) determined for a positive
A | value of ¢,

_F(0) = cos 2x0e t(0) + sin 2xce h(0), |

under the condition that |oe'| = 1 - ge.

.2
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Fig. 28. Varlation in the Fig. 29
Asymmetry of the Apparatus- S g. 29.
Function With Phase Dis-’ :

placement.

When investigetions of an extended spectral domain are
made, €/A and, consequently, the apparatus-function vary con-
.siderably from one end of the spectrum to the other. Figure 30

Fig. 30. Deformation of the Apparatus-Function
for Phase Displacements Taken Between - 2z and

+ 2'. M
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shows the deformation of‘E(c) for ¢/A varying between‘??i

E. PRACTICAL PROBLEMS RCLATED TO TIC DETCRMINATION

~OF THE ZERO PHASE DIFFERENCE. When the spectrum studied is

broad, t'e~ interferogram in the neighborhood of the zero phase
difference has only a few fringes, the intensity of which de-
creases rapidly and (under the condition that the interfero-
meter used is very symmetric, hence that the interferogram
itself is symmetric) the zero can be located with great pre-

cision. In general, the precision is limited for two reasons:

1°. in practice, on the ideal interferogram, there are always
superposed some fluctuations due to noise;

2°. sometimes the very nature of the interferogram renders

the recording difficult. If the spectrum considered consists

only of some rather close lines in the neighborhood of the

zero phase difference, the modulaticn is practically constant,
and one is uncertain by several fringes.
Onc solution to these two problems consists in recording

. simultaneously the interferogram to be studied (interferogram 1)

and that given by a source with an intense and broad spectrum .
(interferogram 2). Practically, one uses an incandescent lamp
and a filter isolating a broad radiation band in the same
domain as the spectrum to be studied.

When one studies an emission spectrum, there is no in-

convenience in replacing a portion of a fringe or an entire

fringe, in the center of interferogram 1, by the equivalent
part of interferogram 2. At the time of the recording, the
passagc of the zero phasc difference is casily recognized. It
is enough then to replace the light coming from the incadescent
lamp by the spectrum to be studied. This question will be con-
sidered in detail in Chapter VI. The important problem of the
determination of the zero phase difference in the case where

44 . , ‘ o <
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the interferogram is recorded with a time constant which makes
4t asymmetric will be considered in Chapter V.

C. CALCULATION OF TIC SPCCTRUM BY A METHOD NOT REQUIRING
A KNOWLEDGE OF THE ZERO. We are going to show that it is
possible correctly to reconstruct the spectrum studied without
being bothered about the position of the zero point, when
the interferogram is recorded for 6 varying from - L to L,

to make the cosine transform B; of the interferogram; to make

“the sine transform B); and to take as the measure of the

spectrum‘®’ B! =\/B; +B;3. Suppose that the spectrum contains
o} the
spectrum cbtained in this case will be the apparatus-functiom

The interferogram reduces to a sine wave having the form '~

only a single line of luminance B = 1, of wave number ¢

l f(g) = COos 2:0‘(6+c) # cos 2:06 cos 2:06 - sin 2:0'6 sin 2woe.

It is composed of an even part I _(8) = cos 2r0¢€ COS 2:! [ ] nnd
of an odd part I (6) = sin 2x0e sin 2:0 8.

Y el and : ‘
B;(a) = cos 2%0¢€ S. A(6) cos 2;006 cos 2rod 4§
» a0 i
| . ‘
| = < cos 2%0¢ [f(a-co) + f(c+v°)].
. - , )
B!'(0) = - sin 2®xce S‘ A(8) sin 2:006 sin 2x0d dé
-0
- - = . 3 sin chc'[f(c-c;) - f(aiﬂ.)].

‘The calculated spectrum will have the value’

$)Phis process is used by J. G. Braithwaite and
J. Brooks [53]. '

-
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B'(0) = /(n'm +(B'(v>l’
(III 16) | 1
- (ltco-o, )‘1 + If(¢+v ).

The new apparatus-function If(o)I has the same width as the
_usual function f(o). Hence the limit of resolution rerains ,‘
unchanged. However, this method has several inconveniences:

1°. it requires a double displacement of the movabie mifrbr,.
which can become difficult'for high resolutions;

2°. for equal time durations, the signal/noise ratio is
somewhat less advantageous (this question will be studied in
greater detail in the following chapter); -7

'l 3°. the calculation time in the case of numerical analysis
is a little more than quadrupled (there are twice as many in-
put points and there are two identical calculations for the
l i cosine and sine transforms; the calculation time of the
squares of the F.T. and of the square root’ of their sum $s
l short compared with that of the F.T. th mselves).
.

(4) Effect of an Brror Upon the Measurement of the Phase I
Difference
The reconstruction of the spectrum based on the inter- e
-ferogram requires the knowledge of the phase difference cor-
responding to each of its points. This is best accomplished
by simult:¢ neously recording (with a two-pen recording device
or a two-track magnetic recorder) the interferogram to be
studied and a reference signal given by‘a monochromatic radia-
.tion of known wave length. The precision with which 8 is
known is then limited only by the noise in the reference
" signal. In practice this last consideration does not matter
in problems with low resolution, the cnly ones we have at-
tempted experimentally up to now; so we have not’ undertaken
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1{x) = z;a cos Zrna + b sin Zrnﬁ

this study. However, aving to produce and record this
reference signal prescnts a certain difficulty. Another much

* simpiler but much less precise procecdurc. consists in rqcording

simultaneously the interferogram and referencc time pips proe
duced by the rotation of the drive screw"). Still more
simply, one can drive the screw and the recording paper by
synchronous motors. We arc going to study the deformations
of the apparatus-function introduced in these last two methods,
by mechanical errors. Our conclusion will be that they can be
used only to treat problems of low resolution, for example in
the far infrared. -

The movable mirror's advance is never rigorously linear
because a screw is never perfect. 1t always has a periodic

. . error of period 0, the period of the rotation of the screw

o =p/V, fbeing the pitch of the screw. We shall confine

ourselves in the following to the study of the "ghosts"™ intro-

duced into the calculated spectrum by an error of this type, .
because it is by far the most annoying.

A. CALCULATION OF THE RELATIVE HEICHT OF GHOSTS. In a
general way, 6(t) can be considered as the sum of two terms
(Fig. 31), one a linear function of time, the other an arbi-
trary function of time with mean value zero: & = Vt = f(t).
If f(t) is a periodic function of period 0, we can write it
in the form of a Fouricr series -

Ee .cos (hn’ - ’)

ni=} n=j3

) ¥ intcrmediary precision method (sufflicdent for mid
or far infrared) uscs & reference signal provided by thce moire
fringes obrained with two qratings. ouc of which is attached
to the moving component. :
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" When the error is pureiy sinusoidal
ﬂ of period #, only the first term
exists and

(1I1.17) 86 = vt + €, cos (Zt g - é).

'Let us take the time origin at
6 = 0; the expression (II1.17) be-

N - e
Fig. 31. Variation of 8 .
as a Function of t. 6 = vt + €, sin (27th).

Under these conditions the interferogram obtained with a mono-
chromatic source of luminance B, of frequency 0,5 Can be ex- -
Q pressed as -
(II1.18) I(t) = B cos 2vo [Vt +

M

YR S ' = B cos (B,t + B sin ut),

_€, sin (27t/6) } - » _im

where 8 = 270 V (mean frequency) and 8 = Zte‘/xo (modulation
. »}"w . index).
o One is thus led to the classical problem of studying the
spectrum of a frequency-modulated sine wave ([43] p. 407).
This problem is familiar to radio engineers. It also occurs
- 4in the study of ghosts of a grating which has been drawn with
Mha ruling machine. From this point of view it has been the
subject of several papers, the oldest of .which is due to
NfRowland ([25) p. 97, [44], [45])). We are going to take it
. 'up-in our particular case and we do not limit ourselves to
_ the case where B is small in comparison with the wave length
| studied, because the interferometer screws are generally of a
‘o quality very infecrior Lu Lhat of the screws used in the machincs

which rule gratings. L e
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Equation (III.18) can be put in the form

‘- B sin ﬂot sin (8 sin wt).

- Using the classical expansions of cos (B sin wt) and
sin (B sin wt) and noticing that J_n€2) = -1)" J“(‘)q one
gets ' ' ‘ :

- |
(II1.20)  I(t) =B L J_(8) cos (@, + nw) t.

n= -0

The spectrum of the signal studied is composed of the

‘principal line of wave number ¢,, and of an infinity of ghosts

located on both sides of the principal ray, of intensity Jn(ﬂ)
and of wave number o, ¥ N &0, n being an integer and &¢ éh.
interval between any two of these ghosts, T

(1I11.21) - ar =X,

2ff

. ’being the p:ltéh of the screw.

Since the Bessel functions become negligible when the-
index is distinctly greater than the argument, the number of
ghosts that one sees is, in practice, limited. We can get an
idea of their height relative to the principal line by the
following comparisons. ‘

Suppose that the screw is used in a machine ruling grat-
ings and that the gratings so obtained are used in a Littrow
mounting at grazing incidence (i.e., under the worst conditiors,
the ghosts' intensity increasing as the cquare of the sine of
the incident angle). One can show that the relative height

of the ghosts obtained by the F.T. of the interférogram is

equal to the ratio of the amplitude of the luminous vibration
dif1. .cted in the ghost to that diffracted in the principal

4
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line whence #qual to the square root of their relative ;ng‘n
adty. It is' thus much greater.

NUMERICAL EXAMPLE. Suppose that with an excellent
machine one can get gratings such that the intensity of the
first ghost for an incidence of 60° and a given wave length
is 10°? times the principal line's wave length. Used to
record an interferogram, the same machine would have yielded
for the same wave length a ghost whose relative intensity is
3.6 x 1077,

. Theusc facts give an idea of how much more difficult it
is to build a machine sufficiently precise to record an

. interferogram and to take a F.T. of it without recourse to a

. reference line than it is to build a grating ruling machine.:

B. EXPERIMENTAL STUDY. We didn't check these results
direcfly but we studied our interferometer's screw and we

- deduced the relative height of the ghost that we would have
gotten in taking the F.T. of an interferogram without using

'~ the reference line.

i As a source we used the red cadmium line and we recorded
the 14,100 fringes corresponding to a variation of phase dif.
ference of 1 cm. We measured the distances between every '
hundred fringes on the recording with an estimated error of
one=-quarter fringe; the displacement of the moving mirror
was adjusted to abour 0.08 u. It was then possibie to chart
the screw errors (Fig. 32). A periodic error was clearly
disclosed with period equal to that of the scrcw-whose.thrced
Jag p = 1 mm; the error amplitude .was about € = 0,5 p.

The ghosts which one would obtain would be Az = L/Zf;-
! apart. We computed the relative height in three dif-

5 Cmf
forent cases.

1. A. = 0.6438 p, i.e., the 1nt¢rferoneter“is to be used

in the study of the red cadsium line. The modulation index
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B is 4.88. One must go out to the eleventh ghost to find an
intensity which is 2/10,000 times the theoretic intensity of
_ the principal line (Fig. 33a). ?

2% A, =1.58, 8=2. The line studied is in the near
infrared. There are fewer ghosts (Fig. 33b).

';:, Ay =154, B = 0.2. Only three ghosts have an intensity .
greater- than 2/10,000 (Fig. 33c¢). ‘ - D

E A, o
o Figure 33 shows thaE thg spectral interval occupied has
~ width 100 cm™?, 60 cm”? ! according as the line
studied is in the visible, the near infrared, or the mid-infrargd
part of the spectrum. If the limits of resolution are of this
order, one cannot, in practice, recognize the ghosts.

!g e N l _ These results illustratc very well how necessary it is
a

, Or %0 cm

to use a reference line when it is desirable to exceed a
resolution of the order of 100, in the visible arnl near infra-
red. | o ST
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Fig. 33. Frequencies and Relative Intensities
of Ghosts: "

a. B =4.88, A, = 6,438.4/ A, 0 = 15,531 em™ 13
b. B =2, A, =1.570 8 k, 0 = 6,386 cm '}

c. B =0.2, A, = 15.708 p, 0, = 636.6 ca" .
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IV. GENERAL NOTLS ON NOISE IN THE FOURIER
TRANSBORM METHOD

.--‘

In the introduction WP showed by a simple argument the
gain in the signal/noise ratio that could be expected for
equal resolution and measurement time by the F.T. method in-
stead of a classical method. Recall that this is true only
in the infrared regicn, where the fluctuations perturbing the
measurements originate in the detector itself and not in the

- 1ine studied, i.e., when the photon noise is negligible com-
paral with detector noise. -

The noise problem of the F.T. method does not occur in
the same way as it does in the classical methods. _In fact,
here, the result of the experiment is the interferogram. The

interferogram noise has the same behavior as the noise in the
spectrum obtaincd by a classical methced, but the noise in the
- =——spcctrum obtained by a Fourier transformation is the F.T. of
the noise containecd in the interferogram and has & special
-aspect.
In this chapter we shall study the behavior of thc noise
in the spectra. We shall show that the 3/n ratio in the spec-
trum varies as the square root of the total measurement time T
and how onc can predict the s/n ratio in the spectrun using
the s/n ratio in the interferogram.

7+ 1., CHOICE OF THE BEST CONDITIONS FOR RECORDING THE
INTERFEROGRAM, NOISE IN THE INTERFEROGRAM

The procedures for recopéiné'an interferogram vary accord-
ing to whether one intends to make the F.T. of‘an interferogram
with a harmonic unclv.icr OF by a numerical methed. 1In the
first case onc makes a continuous recording (for cxample, on
magnetic tape [1,46])). In the s¢cond case one can use either
a pen recorder or a converting system which, at a.given instant,
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changes a voltage into a number written on punched tape 42].
Whatever metﬁqd is used, the problems relative to amplifica-
tion of the signal furnished by the dctector remain the same.
Fellgett was the first to insist upen the necessity of intro-
ducing.anly perfectly linear elements into the .amplification-
detection system. We are going to distinguish several possibi.
lities according to the signal frequency to be recorded.

1. If the detector used is a photomultiplier and if the
available energy is low, so that a long recording time is re-
quired hence a low velocity V, the electrical frequencies '
contained in the signal to be amplified which we shall now
call Fourier frequencies are low (of the order of one cycle
per second). One can then use a direct current amplifier.

3:. Lead sulfide cells have a non-uniform noise spectrum,

.always maximum in the neighborhood of the zero frequency

(scintillation noise). ' On the other hand their respense to
& modulated signal, uniform for lower frequencies, decreases
rapidly for higher frequencies (of the order of 1,000 cps).

_ Under these conditions the best s/n ratio for a signal occupy-

ing a given band width is obtained when the mean signal
frequency is of the order of 100 to 1,000 cps. '

If the source to be studied is intense enough to permit
operating at such speeds that the frequencies to be analyzed
are of this order, an alternating .currcnt amplifier with a
sufficiently large band width can be used. But in the majority

of cascs the usable energy is low. The Fourier frequencies

will be very low, whence the necessity of chopping the lumi-
nous flux with a modulator (following thc classical method in
infrared spectroscopy). The detection of the electric signal
neccssarily will have to be a synchronous detection [16}). 1In
fact, we shall scc in what follows that with the F.T. method
one can detect lines which give, in the interferogras, sine
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‘Fig. 34. 3chematic Diagram of the Rocordinq
- of an Interferogram. Captions: -

Signal lumineux = Light signal

—— Détecteur = Detector
. Ampli.

seléctif = Sclective amplifier
Détection synchrone = Synchronous detector
Filtre passe-bas = Low-pass filter
- Enregistr. = Recorder
Signal de référence = Reference signal
Modulateur = Modulator -

waves whose amplitude is much smaller than the noise. But a
classical detection method (so-called linear) is in fact
linear only if the s/n ratio is much greater than 1 ([47] p.
359), hence the absolute necessity of synchronous detection.
The detector-amplifier system to use in this case is
exactly the same as the one which serves to record the specs
trum in classical metheds (Fig. 34). The electrical signal
before synchronous dectection is amplified in a selective
amplifier in such a way that the synchronizing frequency core-
responds to the frcquency of modulation of the light signal.
The band pass should be wide enough for all the frequencies
to be transmitted without phase distortion or amplitude at-
tenuation. After synchronous detection, the signal passes
through a low-pass filtcer before being recorded. We shall
sec that this filter plays a fundamental r8le when the F.T.
is made numerically using discretc values taken from the
interferogram. When it is made by a harmonic analyses {which
uses the whole interferogram and not just discrete values)

$S
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‘thc s/n ratio in the calculated spectrum does not depend on
the time constant of the low-pass filter. The r8le of the
latter is simply to reduce the noi¥e’ which must not saturate
the recording device. The spectral densities A(v) and ®(»),
corresponding to the frequency v of a signal before and after
filtering, are connected by the classic relation '

(IV.1) B(v) = A(u) e |?,

G(») being the complex gain of the filter.

If one assumes that the noise spectrum is constant in
the neighborhood of thc modulation frequéncy (white noise)
with a noise density D55 the power spectrum of the noise con-

tained in the interferograin (or in the spectrum obtained by a
.. classical method) has the form -

In the particular case of a
resistance-capacity filter with
' time: constant RC = 7 °*

(Iv.3) () = 8. /[1 + (2rv1)%)
- : -:«-T\\_- (Fig. 35).

v
2. APPEARANCE OF NOISE IN THE

Fig. 35. Noise Spectrum and CALCULATED SPECTRUM
its Even Part.

The cosine transform, as
described in Chapter II, is a

linear transform. The recorded interferogram I'(t) is the sum
of the theoretical interferogram I(t) which we have been con-
sidering until now and the noise .(t) which can be regarded as
random luminance of mean value .rro. The F.T. of I'(t) is the
sum of the ‘spectrum Bp(v), F.T. of I(t), and noise X(») which
is cosine tranaform of x(t); X(v) is 4 quantity of the same
kind as ®(v). It is a density of the random luminance
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(luminance per cps), with mean value zero, which is superim-
posed on the spectrum. There is no signgl-noise‘.’ inter-
action and to btudy'the sum signal + noise, it is sufficient
to study the signal separately in the absence of noise, which
has been done in Chapter II, and then study n01se. If one
represents the sum signal + noisecg i.e., the result of the
césine transform of I'(t) as a function of the signal s which
would be the result of the cosine transform of I(t), one gets
“Fig. 36 in which o, Trepresents the mean square error of the
: fluctuations in the calculated spectrum.
" There will be a certain definite pro-
bablllty P, related to the shape of the
statistical distribution of noise, that
the measured szgnal,d lies between
s + o, (Fig. 36, curve a) and s - oy
(Fig. 36, curve b).
In the study of a random variable,
two problems occur:

" Pig. 36. Variation
of the Sum Function

Signal + Noi®e as a 1°. the determination of its autocor-
ﬁggcaigg gietgeT81g; relation function, whence the calcula-
Made by Referencing tion of the radius of correlation from

‘the Zero Point. which one deduces the appearance of the

curve representing the random variable; -

g:. the calculation of its mean power, again called variance.

‘®)We ghall see in what follows that when the spectrum
is obtained as the square root of the sum of the squares of
. the cusine and sine transforms of the interferogram recorded
“from - L to + L, as ¢xplaincd in paragraph ITI.2(3)C, the
study ot the signal/noisc ratic is much more complicated.

S7
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A simple argument allows One to bredidt the appearance
of noise in a calculated spectrum without its being necessary
to calculate the autocorrelation function. The noise x(t)
recorded on the interferogram between instants 0 and T, which
we shall call oscillogram noise has ho pericdicity whatsoever -
(Fig. 37a). 1Its radius of correlatiqn is r. However, if T is

i '
At u
Fig. 37. (a) Noise in the Interfcrogram;

(b) Signal in the Interferogram; (c) Noise
+ Signal.

chosein suf ficiontly large with 1% “pcct to the time .constant

7 which has been used to cocoaid -(t), then practically,one

can aszunc (althougk in theory, this may not be crntirely cxact)
that A(t) is a periodic de'sign of pecriod T'and can make a

clascic Fourier deccomposition of it ({47) p. 307, [48]). In -——

the interval (0,T), x(t) is rapreccentcd by the Fourier series

/
N
A
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L C_
(Iv.4)  x(t) = n=§i 7% cos(2rv t-g ), with v =&,
\“ )

which we can put in the form

e B

. A
C(IV.S)  x(t) = 23 [-5% cos 21r;"nt + =2 sin 2r €|,

2T

nz-w

the cocfficients An and Bn being given by the expression

~T
An = So f(t) cos Ztvnt dt = Cﬂ‘co? ¢h,

e

and

T
Bn = S; x(t) sin 2runt dt = Qn sin ¢ .

~ The quantities C and ¢ or A and B arec pairs of random co-

efficients attached to cach oscillogram. Thcy are such that
. =" B = _; = .—'- = —3/
(IV.6) A =0, B =0 and A} = By = C; 2.

The ‘noise X(r) in the spectrum, calculated from the interfero-
gram I'(t), is given by the expression

(Iv.7) X(r) = T ___[x(t)].

i

cos

It is the cosind transtform of a funection x(t) which can be
considercd a sum ot sind waves of absolutvly .rbitrary tro-
quencice Y and phaues L To each sine wave therc corrc-
sponds in the spectrum, the F.T. of the noisec oscillogram,

~.a 1ine which 435 the convcluticon cf the Dirace function, cof

height Cn/ZT, with thc apparatus-function corrcsponding to
the phase dicplacement ¢,- Depending on the phase ¢ of the
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Fig. 38. Spectrum Obtained From the Inter-
ferogram I'(t).

corresponding sine wave in x(t), the apparatus-function will
have one or the other of thc shapes represented in Fig. 30.
X(r) is therefore a random tunction whose radius of correla-
tion is of thc orvder o1 1/T, th. width of the apparatus-

function (Fig. 38) 9,

(®)¢tnie when onc has nade an apodization., Without apodi-
zation the radius of corrclation of the noisc is effectively
divided by 2.
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3. STUDY OF VARIANCLC AND S/N RATIO IN THE _INTERFEROGIAM
AND SPECTRUM

We shall call the ratio s/n in the intcrferogram, (s/n)I
for a line of frequency Vo the ratio of the amplitude ; of
thc corresponding sine wave in the.interferogram to thc mean
square error o of the fluctuations of tﬁe interferogram.

(Iv.8) o =V X3 (b), (s/n); = B/o_.

X

B dcpends only on the luminance of the source, upon the width
of thc beam and upon the detector used; it is indepcndent of
the réoording speed.,

To calculatec the s/n ratio in the specetrum, we ard goinyg
to distinguish two cases, daccording to whethcr the spectrum
is obtained simply by making the cosine transform of a sym-
metric interferogram rccorded for 6 varying from 0 to L during -
the time T or by making the complete Fourier transiorm of an
interferogram recorded from - L to + L during the same time T.

i
(1) Casc Where thJ I'ouricr Transform is Made by
Adjucting the 'Zero Point '

We have secn in Chupicr Z that the height of the corraspond-
ing linc in the specetrum wa:s 3T, q being a numerical factor,

“the medn value of the apodi.ing function A(t). It cqualc 1

when there is no apodization, 0.5 with the weighting function
A, and 0.53 with the weighting function A . We shall call

the signal/noisc ratio in the computed spectrum the ratio
(s/n)_, which dis the ratio of tlc theoretical height .of the
lihc,u\dlvﬁlatcd from « ~inc wave of amplitude ¢ in tho intcere

forogran, to the mean square error ax‘l)of the fiuctuation: in

.the computed spectrum.

(v.9) o, = \(v)  and  (s/n), = asllo, o -

¢l
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The signal thus defined in the spectrum increases proportion-
ately with the duration T of the measurement; we are going to
show that "x(x) increases proporticnately as the square root

of T, hencc that the s5/n ratio varies also as T.

A. CALCULATXOX OF VARIANCE IN THE SPECTRUM. The fluctua-
tions due to noise in the neighborhood of the frequency v, in
the reconstructed spectrum have the form

T
(Iv.10) X(vg = 2 Y x(t) A(t) cos 2:u‘t dt.
Yo

From this one deduces that

. T » ' |
0; - S S x(e)x(t*') A(t)A(t') cos 2xv_t cos 2xy _t' dt dt!
(1) 0o Yo . ! '

and, noticing that in this expression only x(t) and x(t') are
random variables ‘

(IVxll) °X¢|) =
3 Y x(t)x(t') A(t)A(t') cos 2=y .t cos 2%y t' dt dt'.

The function x(t)x(t') is the autocorrelation function of the
noise in the interferogram. Its study rests entirely on a

theorem of Khinchin: the cosine transform of the autocorrela-

tion function of a stationary random variable of order two is
its power spectrum. It follows that

4w
p(0) = x(t)x(t') = S' mp(u) cos 2#v0 dv, with 6 = t - t' and
-0 .

. " 4o
(Iv.12) op(v) = S p(0) cos 2xzvé dé,
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Qb(u) being the evcnu part of the puver specctrum <w(r) o1 the
noise contained in the 1nterferogram (Fig. 35).

From Eqs. (IV.12) one gets immediately the exprcssions
giving the density of noise and the variance of noise in the
interferogram:

4e0
(Iv.13) QP(O) = S' p(0) 4o and 0: = p(0)

= S.+“ mp(p) dw.

- Replacing p(0) in expression (IV.11), we gct

© e —

s » 4w To T
D) ' '
vy © 4 S_w Bp(") dv S; S; A(t)A(t') cos 25y t cos 2%y t'

[cos 2mrt cos 2xvt' + sin 2xprt sin 2xet'] dt dt'.

Altuy_««panding and cn]lcctiﬁg, the vafiance can be written_

v o

av.an ok, =iy s e s len X

+ 12w ) 1t ) o,

f(v) and ¢(r) being thc apparatus functions in cosines and
sines defined in the prdcuding chapter. When the intcrferogram
.. " has been rcgg;gga‘through a filter, the spectrum m(v)'BT—EEE

t; noise that it contains is not constant as a function of the

frequency. But one can consider ®(¢) as constant and equal

»E to m(u ) in a frequency interval which is large with respect
- to‘thev ize of the fumction ti(r) and «*(v). Moreover,
e | Ao 4o - . ﬁ+.‘ .
Ei . (Iv.15) S t°(r) dv = gi R°(v) dv = 5 A"(t) ac,
. ‘%0 . -® =}
' . whence the new expression of the variance .
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Fig. 39. Square of the Apparatus—?unction
Exploring the Noise Spectrum. . . :

Ny "Q
] 3
(Iv.16) aX(l) Qp(vl) S - f (u‘-v) dv.

-

]
i .
5
i
i

Replacing f'(Vj-V) by 1:f"(ul-v) [see (11.7)1: we- get

. ]
(Iv.17) 0;“3 = ap(v‘) f:.Slw f"(vl-v) dv

“ - ' ) +.
| ~feop n § Tt o,

a result which may be stated thus (Fig. 39): the mean power

of the noise in the spectrum is, within a factor of ; f:, the

chopped energy in the powcr spectrum of the noise contained in
the interferoaram times the square of the normalized apparatus-
function centered about vy The factor 1/2 comes from the fact
that the F.T. made under the conditions considered above is a
synchronous detection and one finds the usual gain factor 1/2
each time a classic detection is rcplaced by a synchronous de-
tection [49]. 1Indeed, we have scern that noise in the inter-
ferogram can be put in the form of a sum of even terms and odd
terms. When ﬁhe cosine transform is made one detects only the
3 , 7 even terms. | 4o

: ' , According to (IV. 15) the teruS f'(_v) dr can be put in
e the fora - o ‘

-

sl .

/
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S t°(v) dv = 2 QT ,

Q being the mean value of the square of the apodizing function:

+T
L O
Q. 5T v_ A" (t) dt .
This is a numerical factor which is equal to 1 when there is
no apodizing, 0.33 when the interferogrdm is weighted by a
triangle function Al and 0.406 with the weighting function

Aa; (IV.16) then becomes

(Iv.18) . o® = 24Q 2 (v,) T =Qa()T.

Al

We shall ;oo in the following chapter that the filter J°
iv always chosen in such ajway that the spectrum of the signal
under consideration is in a region where one can as a first
approximation identify m(v ) with #(0) (noise density), in

.order not to have exce551ve phase displacement of the signal;

under these condltmnsox can, whatever the freqnency con-
sidered, be put in the form

(Iv.19 o, =./Q v/o(0) /T .

The noise density #(0) i: . quantity which depends only on
the detcctor used. Whin one changes the recording speed it
is necessary, of cour:rc. t. modify the time constant of the

low-pass filter but, when doing this, one modifies only the -
width.of the band pass of the filter and not 9(0) (Pig. 40).
The spectrum (IV.9) then becomes

H

(1v.20) (s/myg = —2L— = 3y = L /T,

vas(©)T  /Q /¥(0)

The numerical factor q/ 'Q, which is the result of dividing
the mcan value of the weighting function by the square root
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"~ Fig. 40. Noise Spectrum for Two Values of
the Time Constant. .

of the mean value of the squarc of this weighting function, is
equal to 1 when there is no apodizing, 0.87 with the triangle

weighting, and 0.84 with weighting by the function A,.

" B. DISCUSSION OF THE RESULTS. From Eq. (IV.20) giving
the expression for the s/n ratio in the spectrum, we can draw
three important coﬁclusiens:

a. When, by the Fourier transform method, one wishes to
trcat a given problem with a given resolution, the s/n ratio
in the reproduced spectrum varies as the square root of dura-
tion of measurement. Thus onc meets again an absolutely generazl

result, common to every method. By making the comparison be-
tween the coefficients of proportionality in the Fourier trans-
form method with those of clacsical methods that one can prove
the superiority of one of the processes over the others.

Let us supposc that one wiches to record with a classical
instrument the monchromaticv line of negligible width which
will give a sine wave cf amplitude g in the 5nterfe£ogram. Wwe
assume that the instrument has the came extent as the inter-
ferometer used as a spectrometer, that the transmission factors
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- _ Iig. 41. Signal Rccorded by Fig. 42, Spectrum
a'Grating Spectrom:t:r. of the Electrical

- Frequencies Con-
e ~ tained in the Re-
- corded Signal.

of the two apparatuscs are the samc(?9), that the two measure-
ments arc made with the samce dutector and that the resolutioﬁ
is the samc in both cases. 'mder these conditions, the signal
recorded as a function of time irproduces the apparatus-function.
The maximum will have /# av its hcight, Let us suppose that we -
have taken a time T to r.cord a spectral interval equal to the
1limit of resolution, that is to say cqual to the width of the

. apparatus-function. In Fig. 41 we show the apparatus-function
of a grating spuctrometer. The #requency--spectrum of the
elcctric signal thus rccordid is the cosine transform of it;
it ¢xtends from - 1/T to 4 1/T (Fig. 42). The ideal filter
to usc for recording under the: conditions is a low-pass rec-
tangular filter having u modulus of gain cqual to 1 for v taken
betwoen = 1/T and + 1/P and the power spectrum ®(v) of the

191 order that th. transgdteance be cqual to'one, with
the Michelson interferometer oiw it use the exit beam as
described herein and th. :.fli-vted biam which is sent back in
the dircction of the source. It cuifices then to receive the
two bcams on a cecll and to take the difference of the two
clectrical signals [;6].

6!
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il' . 48 fluctuations ifn~the spectrum is thus
' determined (Fig. 43). In fact one can-
'l , not make a filter whose gain curve is -
-¥ 0 ‘?f> that of Fig. 44 (curve a). . One can use
[ Fig. 43. Ideal Fil- a real filter having the same area (Fig.
ter for Use With a 44, curve b) and the power of the noise
Qrating Spectrometer. i the spectrum stays the same even
though its structure may be different. 1In both cases the vari-

ance in the spectrum equals

+ oo o » +1/T
= S mp(v) dv = 3-1/?

~
=

- . ) ‘
(Iv.21) O QP(O) dv

29 _(0)

i R 9502
T .

The s/n ratio in the recording then takes the form .

s/n = B(1//2(0))v/T. This gxpression is exactly equal to

that giving the s/n ratio in the computed spectrum using the

l - Pourier transform method without apodizing (IV.19). Thus }f\_

it is a question of studying a single spectral element, the
classical methods and the Fourier transformation method give

- the same result.

NS

._,,—f‘
e

oy

° vaRt  yr v

. Fig. 44. (&) Thuorctical Gain Curve; (h) Gain

Fj : Curve of a Real Filter Having the Same Area as
the Theoretical Filter 7 = 1/4 T; (c) Gain
Curve of the Filter Used. :

I[ | | - |
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Notice that, with the real filter mentioned above, the
high frequencies in a spectrum undergo inadmissible attenua-
tion and phase displacement. ‘In practicc, in ofder that the
attenuation and phase displacement of the high frequencies do
not exceed a certain amount which has been fixed in advance,
one uses a filter with a band pass which 1s much larger (Fig.
44, curve c). Then the power of the noise in the spectrum is
higher, but one can perform a smoothing operation on the
specérum and for all intents and purposes find the same re-
sults as before. ’ -

When the classical spectrometer used is not a grating
spectrometer, the spectrum of the frequencies is no longer
necessarily zero for frequencies above 1/T but,_the record-
irg time of a spectral element _always being T,“the maximal
frequency of the electrical signal that onc may transmit with-
out deformation is always of the order of 1/T and the preceding
considerations 1 nain valid. - N

Let us now suppose that we wish to study a spectrum contain-

ing M spectral elements. If one wishes to keep the same s/n
ratio by the classical method, the duration of the measurement

:will E.come MT. But for a total duratioﬁ of measurement cqual

to MT, the s/u ratio in the “pe-etrum obtained by a Fourier
tranéformation, according to (IV;19), s/n =g (1//®(0) /NT.
Hence we sce the gain of \“M in the s/n ratio that tlic Fourier
transform method permits one to obtain with respect to classi-
cal methods in thc study of a problem with a given resolution
and a given duration of time.

b. The s,/n ratio in the spectrum is independent of the

- time constant of the filter through which one has rccorded

the interferogram. This is a result to be compared with the
fact that in the classical methods the precision of the meas-

:' urement, but not the s/n ratio, is independent of the time

constant which has been used to record the spectrua.
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c. For a measurement time equal to T, the s/n ratio in
the spectrum varies with the type of apparatus-function chosen.
It is maximum when no apodizing has been done. It is lower by

.a factor 0.87 when the wecighting functjon is a triangle func-
tion and by 0.84 when it is the function Az' Weighting the
interferogram improves the shape of the apparatus-function
but brings about some losscs in resolution and s/n ratio.
This weakening in the s/n ratio is moreover, slightly lower

_ than what one gets in optics by using absorbing apodizers in

the presence of photon noise ana'a_fortiori in the presence

of detector noise. The simple argument which consists in say-
- ing that in the case of numerical apodizing used on an intere

ferogram, one does not diminish the's/n ratio because the

signal and the noisec are divided by the same Iactor or because

the number of photons received is not diminished, is there- N

fore not correct.

C. CALCULATION OF &, RESULT OF DIVIDING THE S/N RATIO ,
IN THE SPECTRUM BY THC S/N RATIO IN THEC INTERFEROCRAM. &, the
ratio of (s/n)s to (s/n)I, can be put into different equiva- '
lent forms which we shall discuss. 1In general . - i

[ (/4
= QT _x _ o X
(IV.22) Q! o, b g,x T.

Theorctically, the interferogram could haighbeen recorded

without a time constant, without the s/n ratio in the calcu-

vlatéd spectrum varying. . Under these conditions, ;ﬁe mean

. square error o of.thc'fluctuations_in the interfépogrém will N
b- infinite and & will alse be infinitc. -In practice the
interferogram is always recorded through filtcrs, and now we

arc ygoing to show that the quotient ax/cx is nearly propor-

tional tc the inverse of the square root of the time constant

. of the filter used.
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If the low-pass filter is an RC filter,‘the variance in
the spectrum in the neighborhood of the frequency v = 0 has
the form :

(IV.22b) 2

°X(0) =2QT SP(O).

The variance of the interferogram is given by

[ Ao ®_(0)
1
a 8”(0) ~‘cllom----g———
x ‘-“ 1+(2:vr)‘
.whence(‘t{
2 - )
(IV.23) oX(O) 4 QT qx

(1) phere —is-a very simple way to arrive at this result - -

directly without using rclations (IV.14) and (IV.17) which bring
in the convblutiqn of the noise spectrum with the square of the
apparatus-function. Although the calculation is simpler using
this procedure, the first way of looking at tP~ problem is still
very useful in order to understund it physically and to treat
the case of noise in the numerical F.T., as will be done at the
beginning of the following chapter. - R

The functions y(t) and X(»), being reciprocal F.T., are
related i: the following way. -

o [ -] »
(Iv.24) g y (t) dt = 3 vy av .
o °

In our problem, the noise interferogram has been weighted by
the function A(t) in such a way that y(t) = x(t) A(t), x(t)
being the noise in the interferocram. The fluctuations X(w)
in the spectrum obtained from the recorded interfcrogram with
the filter of gain G(v) are related to those that one would
have in the spectrum obta;ned from an interferogram recorded

“without the filter Y(») by relation

(cont. on following page)
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‘and 8O we pave_
: | ] = 3 S X

) " - l\/a"r'

The variance in the spéctrum in the qeighborhdod of frequency
.Yy has the form - N

SR _ _ 2
- Txary T 2 QT 2,(0) = oy, 2, (»,)/9,(0),

- which we can also write as

.

- - 2 - 1 3

o 4
XD aamy )t KO

~(11,cont) : | B
. - . - .
Sﬁ [x(w)|® av = S‘ v 1* tee)® av.
. ) o e o
| Hence (IV.24) may be written

)
b
i
|
I
i
i
I
i

(Iv.25) - S x3(t) A*(r) at = S [x(w)I* lo(w)|® av.
o : Yo

Let o?
X

in the spectrum in the ncighborhood of the zero frequency.
Noticing that A%(t) and |G(r)|? are quantities which vary very
. slowly comparcd with-x*(t) afd Y'(») the relation (IV.25) be- =
, i
comes -

. . . ] .
be the variance in the¢ interferogram and oy the variance

> @ ) »
2 ] e w8 3 - o
(IV.26) o So AT ()t oy S lc(e)|® aw "x(o> S

lor) 12av,
0 )

°
since the tilte: coi: idered has used unit gain at the zero fre-
quency.

3

Calling Q the wwan value of the square of the apodizing
function and replacing IG(v)I’ by its value l/[1+(2rvf)'|,‘9ne
' 2 g
concludes Q T o ax‘o)/Ar, whence oy
pressZ”1 equivalent to(IV.23).

———y—
e

~ 3
"o " 4 Q{T T O, an ox-
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The expression

(Iv_zsb) » c’ - = ._4__05_1_7__. g-‘
X 1+(2wuir)’ x

allows ore to calculate the varianec in the spectrum in the
neighborhood of any frequency whatsocver as a function of the
 variance in the interferogram. '
The ratio & varies as the squarc roct of the ratio of the
duration of measurement to the time constant of the filter T
L It suffices to increase T in order to make it as large as one
wants. Let us take the case where the F.T. is made without
apodizing: q/\'@ then equals 1 and & = 0.5 V/T/F54f — -
T =4 x 10*r (which results in an interferogram recording last-
ing three hours if the timc constant used is 7 = 1 sec),
® = 100. We deduce from this that in order to have the s/n = 2
in the calculated spectrum it is enough that the s/n ratio in
the interferogram by 1,/,0. The corresponding sine wave will
be totally invisible in the ngise. Hence one int be careful
not to stop recording the interferograms when one 'no longer
sees fringes and whon one has the impression of recording only
noise.

.

D. EXVERTMLINTAL VERTTIC/TIONS. Our cxperimental veri-
--fications have been concerucd with three precise points. By
means of a synchronou:s Jetection amplifier and low-pass filter,
described previously, w¢ have rvuorded the fluctuation of a
lead sulfide cell. We calculated the correlation function of
the fluctuations «<(t) and their spectrum by making the cosine
transform of the autocorr. lation function. Then we composed
a synthetic interferogram by acfding a sine wave of known
period and amplitude to the noise under consideration and we
made the F.T. of this interferogram. Thus wc have been able
to verify the agreement between%the predicted s/n and the
s/n measured in the spectrum, as well as the variation & with
the s/n ratio when one passes from the interferogram to the
"spectrum. '

¢
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a. Correlation Function and Noise Spcetrum in the
Interferogram. We wish to verify that no other sourccs of
noisc have been introduccd other than those considercd and
that we would be able to calculate & from the expression that

we had when the interferogram was recorded through an RC filter.

‘We chose 7 = 2 sec (Fig. 37a). The recorded fluctuations have
a mean square error ax = 57.5 u, u being the value of an arbi-
trary unit which servcs to measure the deviatinns on the re-
~ording ‘herc millameters). The correlation function was

. computed by the IBM-704 calculator‘'®’.

If the recording time of x(t) were infinité, its auto-
corrclation function p(0) would have the form exp (-t/7) (Fig.
46, curve a). Sincc ‘the rccording time is limited, p{0) is
slightly diffcrént from cxp (-€/1) and the¢ érror increases as

81 45 passiblc to calculate the autocorrclation
function of a function f(x) which is known to have a bounded
frequency spectrum of \width Av using equidistant discrete
values of this function. It is sufficient to choosc the dis-
tance » between two points in such a way that the repetition
-ircquency 1/2r of the :pcetrum of the frequencics of the ncew
function thus defined, i: cqual to or grcater than 2 Ay If the
Arégucncy spcetrum of f(x) is not bounded, thc approximation
with which one calculatces its autocorrelation function by this
e thod is bctter the smaller % is. The complete discussion of
tﬂi; question is similar to the onc that will be made in thc
" follawing chapter to detevmine thu‘distanéc } between two
points pici :d from chc.intcrxcrogram in order to have the ma:i-
mum ¢ ‘n ratio when one makes a numerical F.T. Figure 45 shows

a ftunction t(.) and its autocorrclation function Cf(x) computcd -

nunmerically using discrete values of f(x). Therc is perfect
agrcement between the calculated and predicted Cf(x).

3
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Pig. 45. Illustrating the Calculation of
the Autocorrelation Function Ct(x) of a
Function f(x).

-

T/t decrecases. Curvcs b and ¢ of Fig. 46 show p(8) for T/r =
90 and T/7 = 180. Th. fluctuaticn: are considerably reduced
in the second case, as predicred. he cosine transform of p(0)
giveé the power spectium of the noise x(t) (?ig. 47, curve L). .
It departs little from the theoretical curve (Fig. 47, curve a).

il

- b. &/N Ratio _in the Calculated Speetsum. We made up a

theoretical incurivrogram I'(t) (Fig.  37¢) tormed from the
superposition of th¢ portion of the noise x(t) such that T/t
= 1680a-this was cunsidevcd 2arlicr-~-and of a sine wave

I(t) = 37 cos 2r .05t (Pig. 37b).

75

’




Fig. 46. Autocorrelation Function of the Ncisc
in the Interferogram. . = S .
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Fig. 47. Noise Power Spectrum in the Inter- .
ferogram. -
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’ Under these conditions the s/n ratio in the interfero-
gram equals’'.l and it is practically impossible to distinguish
which of the two graphs 37a or 37c is pure noise.

The spectrum Bp(u) of I'(t) has been numerically calculated

‘<by choosing » = 1.2 (Fig.. 38). We shall see in the following

chapter that the s/n ratio in the calculated spectrum is then
98/100 of the maximum s/n ratio that would have been obtained
by using every value of I'(t). The formula (IV.20) pernits
the prediction of (s/n)s According to Fig. 47,

L (0.05) = 4,950 u?sec, where (s/n) ‘= 37 X 0.84 X

1
X ——=———— /360 = 5.91.
V2%4,950

The s/n ratio measured <n—the spectrum equals 6.4. It has
been obtainred by taking the ratio of the measured height of
the line at v = 0.1 to the mean square error of the fluctua-
tions in the spectrum. This mean square error is the mean
value of the square of the fluctuations in the neighborhood
of v = 0.1. The noise sample has been chosen sufficiently
long so that X(v) = 0. Under these conditions the calculated
¢, equals 1,200 u sec. Notice that the formula (IV.19) allows.
one to predict

o, = /0.406 X 2 X 4,950 X 360 = 1,200 u sec

X

The theoretical signal has the value

s=qBT=0.03%x 37X 560 = 7,059.6 u sec

It is probable that thc measurcd s/n ratio lics betwecn the
two limits (s + 0,) 0, = 6.8 and (s - “x)/bx.‘ 4.9. ' We found
it equal to 6.4.

R ¥
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"¢, Variation in S/N Ratio in Paésing From the Inter-

ferogram to the Spectrum. The i/n ratio in the interferogram
being equal to 1, the measured value of @ is equal to 6.4,

Its theoretical value can be calculated using formula (IV.22)

which gives

.37
T, 200 X 360 = S, 905 .

-1'“

& = 0.53 X

(2) Case Where the Fourier Transform is Made Without
Locating the Zero

We showed (SIII.2(3)C) that it was possible to reconstruct
the épectrum without knowing the zero point of the interfero-
gram. It is enough to record the interferogram for 8 varying
between - L and + L and to take the square root of the sum of
the squares of the 51ne transform_and the cosine transform, in
other words to make the complete F.T. We propose to study the
signal/noise ratio in the computed spectrum by this method and
to comparc the resultﬁ with those obtained in the case where
only the cosine transform is used. When one takes squares, one
introduces nonlinear elcments and one can predidt that it will
not be sufficient to consider separately the F.T. of the inter- -

ferogram without noise and the F.T. of the noise; there will be

signal-noise interaction.

We shall suppose that in the two.cases the measurement
has lasted the same total. time T. In the absence of noise thc
two methods are strictly equivalent. But the study of the
signal-noise ensemble is much more complex when one takes a:

~ complete F.T.

In _the first place, the n01§e in the calculated spectrum
has a Caussian distrzbgt{on. Its mean value is zcro. We have
called "signal" the height s of a line obtained in thes absence
of noisc taken frOm a particular interferogram. We designate
by p the variance c in the spectrum in the presence of noise
{a quantity that'one can measure in a spectrum Dy making the
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Ffig. 43. Appearance of a Spectrum Calculated
by Taking the Cosine Transform of an Intor-

ferogram in Which the Zero Point Has Been
Located.

mean square of the fluctuations in a rcgion where there is no
line.) (Fig. 48). Therc is a definite probability P that the
numbcr’é measuring the height of the line lies between the

s+ p and ¢ - /p, for any s. In other words, the operation
is perfectly linear and the mean square eriror of the [luctua-
tions in the gpectfum i. independent oi the signal. Figure 51
shows the varlationﬁé/\ p as & function of s//p. Curve a
represents the mcan value of the 51gna1.8vf- s./p. The
curves a',#/\% = (s/\7) +1, and a",&/Vp = (s/VP) - 1,
mark the two limits between which there is the probability P
of finding the value of the measured signal divided by /p. We
have called thc signal/noise ratio s/n the quoticnt s/ Vp.

If the complete Fourier transform is taken, the results
are different; in order to compare the two mcthods more easily,
we are going to cxpress the quantities that we shall call -
siocnal and noise in this casc as a function of s and p. Being
given the signal-noiuc interaction;'one cannot, when making
the complete Fouricr transform, deal with the ‘noise alone and
then with the sigral-noisc ensemble. It is necessary to treat

" the signal and the noisc together and from tham to deduce what
happens in those regionsg 6f the spectrum whcere the signal is
zero. Here are the principal results that we put in evidence:
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Fig. 49. Spectrum Calculated by Taking the Com-
plete F.T. of the Same Interferogram as in Fig. 48,
but in Which the Zero Point Has Not Been Located.

1°. In regions of the spectrum where there is no line (Fig.
- 49, section ab), the noise is a random .function J(v) that one
can consider as the superposition of a Eonstant nonzero come~
ponent J(v) = j and of a fluctuating part z'(l":) of mean value
zero z'(») = 0 and of mean squ>re value z'3(»); B

3__'_ The number _Jmeasuring the height of a line in the repro-
duced spectrum no longer will be simply a number taken between
s +aand s ~ a, a being a mean square error to be deternimd s

==

Each value ’ can always be put in the fornm L A
t

; L (Iv.27) ' F=m+z,

. h m being the mean value of DY and z bcing a random function of
" —mean vwalue ~ero. But the important fact is that m no longer

is equal to s and, morcover, is a function of p. On the other
4 _ hand, z¥ is likewise a function of s; the mean value m becomes
| an approximately linear function of s when s/Vp >> 1.

Let us state the meaning of m. If one calculates an in-
finity of spectra using an infvinity of inter/erograms recorded
under the same conditions (constituting an infinity of experi-
ments belonging to a single catcgory), the nun-.bersJ measuring

the signal corresponding to a certain frequency v, in each
- spectrum group themselves about the value m, mathematical exe-

I ~ pectation of 4, i.e., E (B} =n.
A
!
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We shall call "signal™ in the case of the completc F.T.,
the difference m'- j, i.e., thé height of the line above the
mean value of the noise (Fig. 49) because it is éffcctively
this quantity which will be accessible to the experimenter.
The signaL/noise‘ratio-in the calculated spectrum is measured
by the quotient (m - i)/ Vz'2.

A. STUDY OF THE SIGNAL-NOISE ENSEMRLL. We shall study
the signal-noisc ensemble at Eadh'stage of the reproduction
of the spectrum by assuming that the sine wave in the inter-

ferogram corresponding to the frequency under consideration
has a displacement wo with respect to the origin, as was as-
sumed in the prcceding chapter. The final result clearly
ought not to depend on ¥o° We shall then study successively
the results of the cosine _transform of the interferogram, of
its sine transform, and of éhe sduare root of sum of the
squarcs of these two transforms.

a. Cosine Transform. The height of the line resulting
from the cosine transform of the interferogram, if there is
no noisc, will be (SII.Z(S)C)

- (Iv.28) .. 84, =5 cCOS ..

c

~The corresponding value of a claculated spectrum s, can be

put in the form

(Iv.29) A, = s cos 4, | ().

We have scen beforc that the noise recorded on the interfero-
gram can: be considercd as a superpositicon of sine waves of
random amplitude and phase an:d, w¢ cda. wirite that the _noise
compoéncnt at the frequency v, hus the form ([47) -p. 351)

C ' )
y(t) = 5% cos(2rv t-¢)

01 5‘ e
= 37 CO0S ¢ COS tv;t + 3T cin ¢ sin 2wv‘t,

[p]
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in such a way that the result of the cosine transform of y(t) .
is written

x(u ) = ® cos ¢.
This is a8 random variable whose characterist_ﬁics, mean value

and mean square error, are the ctame as those of the quantity

X(v), the cosine transform of x(t) for the different values of
(13) .

Then.one has

(IV.30) ® cos ¢ =0 and o = R*cos? p=a@?/2 = p.

Let us suppose that we can record an infinity of inter-
ferograms under! the same conditions and that we'plot on a
graph the values c3 measured from each spectrum obtained from
each mterferogram_ The curve joining these points will have
the general shape shown in Fig. S0a. The values of J group

—themselves about the mean value Is cos 4:., the mean square error
of fluctuations being equal to Vp. w

b. Sine Transform. Obviously the results are: analogous,
and in the same way one can define '

(Iv.31) | : :33 =s sinyp, +® sing,

1

| ~ with

A3ng=0 and @& sin® o= (Fig. SODb).

- o - ——

(33)The means o. X(v‘) will be takrn irom an infinity of

L

trials, i.e., an infinity of wvalucs X(vl‘) obtained by making
" the cosine transform of an infinity of interferograms recorded
" under the same conditions. One has the relation xZ_utS = X{»)
= 0,

b T 0 T T
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Pig. 50. Study of the Signal-Noise Ensemblc
When the F.T. is Taken Without Locating the Zero -
Point of the Interferogram.

The two random functions are 6 cos ¢ and & sin ¢ have the. same
4can value, same mean square errnr, 5ame autocorrclation func-
tion, but their coefficicnt of correlation is zero‘'!’,

3

) (34)7hoir corrclation function is ‘alzo cero for -a zero
delay; but the variables R sin ¢ and & cos ¢ arc not independ-
ent variables and thuir correlation function is different from
zero tor a delay which is not zero, which, howov.r; doesn't.
happen in thc prescat case. ’ '
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c. Sum of the Squares of the Sine and Cosine-Trénsform.
The square of 8c has a constant component and a fluctuating
component of mean value zero. ' The two quantities which are
4interesting to consider are the constant component which equals

8; and the variance of the fluctuating part, i.e., (32 - ZE)’
(Fig. 50c): :

32 = s? cos? ¥y +a® cos® ¢ + 2 s & cos ¥, COS @,

whence

b s -3

(IV.32) ' §?-= s? cos? ¥o + 9.

Thus the mean value of‘S depends not only on s and on ¥, but
also on p, hence on the den51ty 2, of noise in the interferogra-.
The fluctuating part has the value

.8; -3: =& cos® p-p +2s4cos ¥, cos .

==
t
1

o .
" Its variance is then—

(1v.33) (3;-3:)' - @costy + p? + 4 s'cos’&o' f2cos’e - 20 a’cos?y.

o

One can evaluatc the ternm ﬂ‘ cos‘vw using fhe following clas-

" sical theotem. . i L
If x(t) ‘is a Laplac1an stationary random function of mean
value zero with autocorrelation function C(r), i.e., such that

E=2

{g i x? = C(0), the autvcorrelation function of its square x'(t)
' can be written tel) o

A ' g

| | - My A e-n) = 2 ey + (o).

l Frpm this one deduces that

” x4(e) = 3 c*(o).
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In our case since &2 cos ¢o-=p, &' cos! ¢ =3 p', (1Iv.33)

takes the form

(IV.34) (J-Z - ,,?;)’ =2p2 +4ap s’?os‘vo.

The fluctuations will bc the greater for greater p and also
for higher signal. The rclations (IV.32) and (IV.34) show
the signal-noise interactions very well,

In the same way one calculates the conétant éomponent of-
3; and the variance of its fluctuating component: J

.-

" (IV.35) i;:= s? sin?ﬁ¢o + p and

3 92 2| PO |
(f? - dH* = 2 +awstsin’y, (Fig. s04).

. bya % :
In forming the sum s? ='d: +-3;, the constant components are
added toqether while the fluctuating components add their

variances. ;Hence one has ' . -

!
-k

(IV.36) 57\- s* +2p and

@ - 3% = ap® + aps? (Fig. SOe).

d. Calculation of 4. 1In the last stagc of thc calcula-
tion, the square root of‘ﬁ' remains to be thkeg;_we propose
to determine the mean value of Q, say m and \/z.’ the mean
square error ot the fluctuating component of ¥ as functions
of s and of p.-

In ordcr to determine these quantities, we arc going to
make use 0! thotwu_relations (IV.3€) in which we are going
to replace\Z' and 3* by their values as-functions of m and ¢

(1v.37) d? =n® + 2mz +z* = n? + 2% (Pig. sOf)

and acéording to (IV.36),
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(10738) m? + 23 =&t + 2p,

(1v.33) (3* - & = (3 - (s* + 2 0))?

= 9)‘ - 2 ‘-,))3(534'2 p) + (s’+2 p)z = }," - ($3+2 p’r‘)‘»’.

After replacing » by its value as a function of m and z we get
':t‘=m4+6mzzz+z‘.‘

4

We can substitute for m* and m® their values as functions of

2% = 3 (Z’)'.r The

s ¢no p taken from (IV.s58) and noticc that z
second ecquation (IV.3¢) can then be written

(v.40) (zH? - z*@p +2s)+ 290" +25 s =0,

from which one deduces

. ! ‘
(IvV.41) z¥ ="2-p + < -‘w/;i -2p s' + 2 p'
and i 1
(IV.42) m = (s‘ + 2 p s? 4+ 2 pz)l/‘.

The results arc qathered _together in Fig. 51 (curves b, b'", b™)
in which we representcd 27 \'p as a function of s/vp, i.e., of
the vigral/noisc ratio in the spectrum which would have been
obtaindd simply by making the cosine transform of the same- -
interf.rogram in which one would have located the zerc point.
Curve b indicdtes the variation of m/\’p as thc function of
3/\‘thnd th¢ curv-. b’ and b* the linits betwecnr which there
Du w deidinite problorilite’d or finding thi measured walue I/ \p.
W seooe dmmcadacely thaf; in the prescence of noisc, m is
not q_linear'functibn of 5. To bc precise, we are going to
begin by examining the two extbgmc cases, cne where the signal
18 zero (s = 0) and one where s/ p is large.

" 86 v
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Fig. Sl‘_._m Variation of 8/‘/5' as a Function
of s/\'p in the Cacc of a Cosine Transform
above and in the Casc of a Complete F.T.

1°,

(4]

= 0., The relations (IV.41) and (IV.42) are written
22 =2p-p JT=p (2- /B and n=2Y* /5
This means that in a place in the sﬁectrum where there is no
line (Fig. 49, portion ab), onc sces noise made up of a con-
stant componunt which equals 2'/‘\/3 and of a tluctuating
~amponent which has mean squarc error (2 <V 5 v .87,
i}e., Q/S of the qun square crror of the fluctuations in the
spectrum calculated by taking the cosine transform of the intcr-
feruyram rccorded from 0 to L. \ o

87
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2°. s/./p is Large. If p/s® can be considered as first-order
infinitestimal, the relations (IV.41) and (IV.42) become, by
neglecting terms cf the second order, -

2t e2pts? -1y 2 A LA py m=s + (p/2s).

|

Hence for line§'which would appear with a large s/n :atio in

the spectrum calculated by the cosine transform of an inter=
feregram'in which zero phase difference is locéted, the complete
F.T. gives an approximately linear result and the mean square
error of the fluctuations which aff_ectl‘g is then the same as

in the first method. .

3°, Values of s/,/p_in the Neighborhcod of 1. It rémains to

‘examine the intermedidry cases, for valucs a/vﬁi in the neighbor-
hood of 1. The signal m - j is weak and does not vary propor-
tibnately to s at all. ,

To s/n ratios of 2, 3, & in the spectrum that one would
obtain by taking the cosine transform (lines of.froquencies

Vs Vgs Vg in Fig. 48) correspond the. 51gnaL/n01se ratios of

1, 2, 5 in the spectrum that one would obtain by taking the
) in Fig. 49).

B. EXPERIMENTAL VERIFICATIONS. These have been carried
on: only in the case where s = 0. They have becen made using

the recording of noise x(t) of which one part is represented

by Fig. 37a and which has beeri used for the experimental veri-
fications of the preceding chapter (8III.1(3)); dL and é&.
cosine and sine transforms of x(t), are represented by Figs. 52a
and 52b. The calculated band width cquals 0.1 cps, i.e.,

20 timcs the correlation radius of rnisa. The valuves of the
crests lie betwecen 2 8 u scu (u being an arbitrary unit) and

the mean square errors measured have respectively the values

V’E-; - 4.25 u sec and \/p = 4,20 u sec. The functions é. and

es : R
.-




Fig. 52. Study of the Complete F.T. of an
Interferogram Containing Only Noise.

8’ (I-’:lg 52¢ and 52d) have respectively the mean value 8’

18 06 u® sec® and '5 =17.79 u? sec', very similar values. -
Ifa and é had bccn calculated on a frequcacy band of infi-
nite width the variances ‘ and JE would be exactly equal.

The mean value of the suuni" é' + )' « 35.85 u? rect.

From the conclusions of the prcceqing paragraph theé pre-
dicted value of the variangg fluctuat1ons of 43 . .8’
would be &' - AF written 0 -2N? = 2 p + 2 p = 1,296 u sec?.

The same quantity measured in Fig. 52c equals 1,240 u? acc'.
The predicted value of the mean of & is o= (p f)' ! .

. 4.9 u sec and that of the mean square error of the fluctua-

tions of d - m is '

‘\(F“ m)? f(Z - JO) = 3.2 u sec.

The same quantities mcasured in Pig. 52d have the valuss
m= 5,2 u sec and \/(J- -)' = 2.9 u sec.
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c.“ CONCLUSIONSZ We are now in a position to compare
the two methods more completely than in the preceding chapter.
The second method is never strictly linear (in the same waw
that a classic detection is never, in the presence of noise,
rigorously linear). It is catastrophic for the low values of_
signal,/noise ratio but, for high values of the signal/noise
ratio, the two methods are practically equivalent.

Onc can show that, if the Fourier transformation is made
with a harmonic‘analyzep (a method which does not necessitate
referencing wero) the study of the linearity and of (s/n)s
ratio leads to the same results as when the complete F.T. is

. made. On the other hand let us recall the two inconveniences
- - of this last method: The displaccment of the moving part is
. ~doubled and the caiculation time is more than quadrupled.

-

-— - - " - P— . t
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V. NOISC IN NUMERICAL FOURIER TRANSI'ORMATIONS.
DIFICERENT MCTHODS FOR OBTAINING
THE MAXIMUM S/N RATI -
i 4
When the .F.T. is ralculated numcrically from a finite
number of valuecs of the intcrfcrogfam, thc's/n ratio in the
calculated speetrum is always lower than the maximum s/n ratic
that can bc obtaincd by wsing a continuous succession of values
of I(t). 'Wé shall cstablish the c~prcssion giving the mcan
square crror of the fluctuations in the numcrically calculated
speetrum; we chall trecat the dmportant queition of the choice
of the time constant to usolduring the recording and we shall
discuss diffcront procedurces that can be uscd to obtain a maxi-
‘mum s/n ratio from a given interferogram.

- - IR (ORISR

1. NOISE IN A NUMERICAL F.T.. ,

Let us epccall the fundamental result of the preceding
chapter: The mcan power of the nojise in the calculated spec-
trum is the chopped energy in thc spectrum of the noisc contained

in the dinterferog=zn time: the square of the apparatus-function:
now, when one makes a numerical F.T., we have scen in Chapter 1
that the apparatus-tunction is composed of several pcaks the

distance between them boing 1/# (Fig...13), 7 bcing the intcrval
of thec gratjngm;unction'usid to pick points from the intcrfcro-w

T “gram; the expression (IV.10)

3 > e 2
0’\ = S - ‘}bp(u) f (V°~P) dp

then bocomes, in the case of the numerical Fouricr transicoraa-

tion,
mete . "y . e o
(v.1) o2= X 2 (v) f‘[ v, + ) - vide.
A ozaw )-c P ‘To L) : } ,

One thu: sces that scveral peaks of the app ratus-{function
explorc the noisc epectrum, even in the casc vhere the spectrua

- 0]
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Fig. 53. Different Peaks of the Apparatus-
Function Exploring the Noise Spectrum.

to be studied is 1imited in such a way that it may not be
cxplored except“by one peak. If the noise spectrum o(v)
Qantained in the intcrfercgram were constant, the mcan power
of the noise in the calculated spectrum would increase in-
definitely with thé number of peaks in the apparatus-function,
hence the absolute necessity of using, during the recording,'

- a filter which limits the noise spectrum in the interferogram.
We shall consider, in what follows, the case of the RC filter
(it is di}ficult to make more efficient low-pass filters for
the very low ffequencies used in our experiment); the noise

" spcetrum contained in the interferogram then has the form

N PR —t

mp(u)~= mp(o)/[l,*w(21vr)!],ux with T = RC

and in the neighborhood of a frequency Yo in the calculated
spcetrum the mean power of the noise is the sum of the chopped
cncrgies'in the spectrum Dp(v) multiplied by the series of

prak s corresponding to the square of the apparatus-function

.. ntcred about o £ (m/r) (Fig. 53). One concedes that one '
will have uscd nearly all the intformaticn contained in the
recerded interferogram if one chooces the interval k (measured

in units of time) close to the time constant.” We are going

to state this idea precisely in studying the variance as a
function of interval &. » -

v
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(1) Mcan Power of Noisc in a Numerical F.T.
By replacing o (») by its value in Eq. (V.1), we get

m=+eo
| . e
(v.2) oy =2 (0) L —b —— S‘ 13wy av.
"'"1+{ PR A g

o

Again we find in the expression for ol

X fhe'product

2 (- 1o 2
c = o (0) - £f°€r) dv

which gives the variance in the calculated spectram as an
integral, in the neighborhoocd of the 0 frequency which we
have already secn in the preceding chapter to be (1V.22b)

: ]
(V.3) %%, = 2 QT 2,00).

In the case of a numerical F.T. one can put Q;Winfthe form |

3 _ 3.
(v.4) % =% iu’({u,:),, )
. by putting
=40
(v.5) ﬁﬁ (k,r).= 2 —
°‘

= "[2:#.: ;"‘)]"

It is necessary to cvaluate this"scries We can do this in
a partloularly casy fashion becausc it happens that the F.T.

/of the function 1/{1 + (2wu7) ] is oasy to &alculate. The

calvulation is baccd upon the following property: 1let P(r)
and Q(t) be two functions which arc the F.T. of each other.

‘Then there cxists betwecn them the. relation ... — e

4w -
y P{y) dv = Q(0). : g

93
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nd Notice that the Serées (v.S)
. is nonc other than the inte-
l L J I ‘J | gra.l |
- = > v
wo (V.6) &= ‘
LA '
i l U™ 1 _r )
| | ‘)--o :1.+(2t'ru)a 1/ ’
e » — [ 3 +
Fig. 54.--(a) Grating Function  Y1/a Deing the convolution of

al/h; {b) Crating Function ﬂi. a Dirac distribution of periodic
. - support of interval 1/ with
the Dirac function centered about the frequency » = e (Fig. 54a).
We put :
1
P(y) = ——=———— R _, (v) =» 9'(») R_, (r).
1+ (2m07)? 1/k P 1/

T

“In order to calculate & = 3 P(v)dv it then suffices

to-£ind the F.T. Q(t) of P(v) and to take the particular value
. Qo).- e e

‘ The F.T. of P(») is the convolution of the F.T's of lg(v)
and of Rn/ﬁf”' The F.T. of'!ﬁ(v) is known; ig is

T _——;-———.:-8—21— e-t/‘r.
cos 1+(21vr)a' T

The F.T. of R, /p(¥) has the expression

Tcos[Rx/h(")l =k R} cos'21v°t,

R; being a Dirac distribution of periodic support of interval
k (Fig. 54b). From this onc deduces immediately the value of
&, '

b= g; cft/' R} cos 2z t, . ~.

94
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that one can put in the form

*= T[Re (z E. R Vot 1)]

or . - . -

v.7) {ij; = [Re (. 2 — . 1)]

1-exp{-n[(1/7)-27iv )]}

After expanding and collecting, (V.7) becomes

(v.8) 5 - . _sinh(r/7)

27 cosh(r/1)- coleﬁ_i ’

from which the expression for the mean power of the noise in
the case of a numerijical F.T. is : |

‘ 2 |
(V.?) L oy = mp(O) 2QT.

The expression (V.8) of ¢, (,7) permits one to calculate the
0

_yariations of the power of the noise as a function of the

interval &, when the recording has been made with a certain '
. ‘-0’ .
&, (k,7) then becomes a function only of the quotient VL

time constant 7. 1In the particular case where »

- (Fig. 55, curve a):

- sinh(/7)
(v.8b) *,(h/7) 2r cosh(h/7)-1 °

h/T (h measured in time units) is the inverse of the'number
of points taken from the interferogram during a tine equal
to T,

The curve éo(ﬁ/fb has a horicontal tangent at the:origin.

For v, = 0 and r/t =0, ¢°(h/7) = 1 and again we encounter the
familiar expression for the variance corresponding to this

case
s =
C’x(., 2 SP(O) QT.
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Pig. 55. Study of the Variance in the
Spectrum as a Function of the Ratio of the
Interval to the Time Constant: <Curves b,
vy = 0; Dashed Line, », = (1/2) (1/2e7).

i Bt "’.\- v

’

When the analyzing frequency is an arbitrary frequenéy

'vg different from 0, one can define a function &(x/7) valid

for a certain value of the product voT- It can be written

inh(a
cosh(k/1)=~cos lv.rl T

(v.gey &, . (%) -2 .
This gives the variations of the:boﬁer of the noise in the
spectrum in the neighborhood of the frequency Vor a8 & func-
tion of the quotient /7 when the interferogram has been re-
corded through a filter with time constant r. Curve b of
Fig. S5 hag been construétwd for veT = /4%, 1i.e., the free
quency ¥, considered equals 1/4x7; it is such that

#,(v,) = 0.8 8.(0) (Fig. S6). The functions &, and &,  are |
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extremely close. They have the
same asymptote &' = k/2r. For values
of /T~ of the order of a few units they
are practically the same. -

An examination of these curves
furnishes several important results.
No matter what the frequency of analysis

Y, is: :

1°. The smaller t/r is, hence the more points one uses from
the interferogram, the less noise there is in the spectrum:

2°. For values of &/t above a few units, the power of the
noise is proportional to the snterval k;

3°. One gains practically nothing in choosing &/7 < 1 (rather
than »/r = 1), i.e., in choosing more than one point per\time
constant. ' '
-——-These results can be stated exactly when one studies the

. wvariation of the s/n ratio, in the calculated spectrum based

on a particular_interferogram, as a function of x/r.

(2) Vvariation of the S/N Ratio as a Function of the Interval
h .

Noise is minimum when one uses a continuous sequence of
values of I(t); it is then characterized by

(v.1oj (c;)m =2QT np(O) o%,m).

Let us call (s/n)y the maximal value that the s/n ratio then

takes in the calculated spectrum:

-

X

(s/n)y = s/key), = s/ VT QT B(0) 8, (0) v, 0 »>

The s/n rativ, dbtained for a value k& of the gfat;ng interval, -
has a form '
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i : s/n = l/'vx -

: = S/Vim.pzoszy.rz‘7f,.'

. ~a;;-_~___ The quotient S = (s/n)/(S/n)H
' - measures the loss iri the s/n ratio
* * . due to the fact that cne uses only

Fig. 57. Variation of S as discrete values of I(t):
a Function of a/r.
: . s -ﬁyo,(o)/oy.,(vr).

) : f
It is represented by a curve which; in principal, is valid for a

. single value of the product VT But being given tne weak varia-
tions of ® witn v _7, the curves S will be practically identical.

. . 0
Figure 57 corresponds to v, = 0. One sees that by taking the

0
F.T. by using, instead of a continuous sequence of values of
I(t), discrete values taken at time intervals equal to the
time constant, a slight weakening of the s/n ratio in the

spectrum is brought about}\gt is mulriplied by 0.95.

"(3) Experimental Verifications
These have been made based on a synthetic interferogram

I'(t) having a constant component I(t) = 40 u (arbitrary unit),
whose F.T. will be a line centered on the frequency O, and some
fluctuations of mean square.error o= 37.5 u registered with a
time constant T = 2 sec and represented by Fig. 37a. The total
recording time is T = 360 sec.

The F.T. of this interferogram made by using a continuous
sequence of .vaiues I(t) is composed of a line centgrcd on the
zero frequency and some fluctuations whose mean square error
is, according to (IV.23),

Y =VTX 0. 406 % 360 X Tx 37.5 % 37.5 = 1,281 u jec.

The F.T. of I'(t) has been caleullted nunnrieally with three
different values of &. '
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.F&g. 58. upectra Obtalned From the Same Interfero-
gram for Different Values of #. s .
1°. » = 1.2 sec. Number of points taken from the interfero-

gram, N = 300; #/r = 0.6.-- According to Fig. 57, S then equals
0.98 whence the predicted value of the mean square error of
the fluctuationé in the calculated spectrum: oy (predicted) =
1,281/0.98 = 1,307 u zcc. The mean squarc crror of the fluc-
tuation: measured in thc .al:ulated spectrum (Fig. 58a) by
taking the square root of thc mcan of the squares of the ordi-
natcs chosen from this spcctrum cvery 1073 cps (thus three
points per correlation radius) is -

oy (mecasured) = 1,284 u sec.
2°. » =10, 8 sccy N = 33 and /T = 5.4, vhence S = 0.55: —
oy (prcdl?tgd) = 1,281/0.55 = 2,329 u sec. The calculated
spectrum repeats cvery 1/10.8 = 0.0924 cps (Fig. 58b). If one
were to trace thc spectrum above the frequency v'="0.046 cps
one would observe a symmetry in the spectrum with respect to

99
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this value. To measurc the mean squarc crror of the fluctua-
tions we have thus used only a portion of thc noise between

v = 0.004 cps (starting with this frcquency, the line centered
on 0 has a negligible height) and » = 0.046 cps: ' A

oy (measurcd) = 2,016 u sec. -
3°. k=21.6 sec, N =17 and /7 = 10.8, "hence S = 0.4. .
oy (prcdicted) = 1,281/0.40 = 3,200 u sec. The calcu-

lated spectrum repeats every 1/21.6 = 0.0462 cps (Fig. s8c).

The curve reprcsénting it is thercfore symmetric wiEh respect

-to- the “frequency v = 0.02305 eps. T mean square error of . .
“the fluctuations was then calculated u51ng only that portiqn S
of the noise taken betwecn » = 0.004 cps and v = 0.023 cps.

o . cmeasured) = 2, 392 u sec.

The error$ can be explained by the fact that, being
given the frequency of the repetition of the spectra, the
méan square errors have been calculated from noise samples
exéending_pver frequency biﬁds much too narrow to hope to get
a ébrrect'value of o0y. If the noise sample were sufticiently
long, the mean value of the fluctuations would be zero; but,
ié cquals - 24 u sec in the first case, + 133 u sec in the
second and + 427 u sec in the third, which explains vwhy the
error is lirger in the third case. ' '

(4) Problems Posed by the Choice of 7 and by Locating the
Zero Point

The interferogram recorded through a low-pass filter is
the convalution uf the thioretical intcrferogram with the im-
pulse aesponse of the filter which ic ncressarily asymmetric.
This is equivalent to saying that the filtcr introduces a
pﬂasc shift, a nonlinear function of the frequency hence of
phase distortion. Let us choose as time origin that instant
where the. geometric phase difference is zero. If the phase
shift were lineur one would have ' '

w—— e+
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I(t) = ‘j B(r) coc [2mvt + o(v)] dv ,
. o N .

with ¢(»#) = 71, r bcing the timc constant of the filter, whence
. "~
I(t) = S‘ B(v) cos 2mp(t+r) dr = I'(t+r),
0

i.c., the interferogram would be recorded with a certain delay
7, but without any dcformation. In order to have a correct
cpuectrum, it is sufficient to choose as origin for the aralysis
the time t = 7. L

tiince with ordinary fiiters. the phasce shift is never
linzavr, it i no longer proper to speak of the zero point of
the int rfcrogram. Thq(origin_can be chosen corrcctly only
for a siuyle trequenty. In the reproduced spectrum, the image
of the linc torrcsponding to this ircquency will be symmetric.
The dmages 6f the lincs corresponding to all the other fre-,
aquencies will b acynmc tric, the asymmetry for a given fre-
qu.ngoy being ygreatcr thce greater the time constant of the
lxlt(r ugcd We arc going to-examince how it ls necessary to

‘thw)‘c_thc time constant in order.that, {rom one extremity to

th- othcyr of the spcctrum,thc asymmetry docsn*t exceed 4 cer-
t.in valuc chosen in advance and how onc detcrmines the zero
point o1 the interferogram. Our study will Lo limited to the
a0t the RC filter, the most frequently uscd with very low
I:oequeneics,  The phase displacement ¢(v) introguced by the
i roqueney ¢ ds then “

AV.11) ' o(r) = arc tan 2avr1,’

Wil woorcsponds for chids came trequency to a delay
: = =t
(V.12) T 3, arc tan 2wvr.

Let us continue to (lhoose for the O instant the onc where the
grometrical phasc differcnce is zero. One can locate it, for
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Fig. 59. Curve a, Interferogram Re-
corded Through an RC Filter; Curve b,
the Particular Sine Wave Contained in
This Interferogram. .

example, by recording at the same timc the interferogrémvto
be studied and the onc¢ originating from a continuous intense

;‘sourcé, the latter recorded without an RC filter.

If one chooses as the czero point of the interferogram

_the onc which corresponds tc t = 0, the delay of every fre-

quency in the spectrum will be given by the formula (vV.12);
only the apparatus-function corresponding to the 0 frequency
will be symmetric. But it is possible to make a better choice
of ‘the origin for analysis in order that the relative phase
shift from one cxtremity of the spectrum to the ocher may be
smaller. .

Let 6 be the instant corrcgpondlng to the 901nt that we
have chosen as the zero point on the recorded interferogram
(Fig. 59, curve a). With this new origin for analyzing the
interferogram, the delay for a frequency v present in the
interferogram (Fig. 59, curve b), becomes a.s'QQ- 0, which
corresponds, by calling 5 the period of the phase-shifted
signal,

(vV.13) 27 a/p = arc tan 2%v7 - 2r6v,
a/n and the coefficient ¢/A, considercd in Chapter III, which

measures the error made in choosing the zero point by taking

102
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as unity the wave length of the signal, are equal. In what
follows we replace a/n by ¢/A, |

(V.13b) = %; arc tan 2xvr - Ov

>|m

which can also be put in the form

: €. 1 , 0
(V.13c) Y 35 are tan 2nvr - %7 2rvT.

li

€/A will be zero for v = 0 and for a frequency Yo which will

be: givcen as a function of 0 by the relation ‘

e . | S - - __1__, o N = e ,...:,._. [ e
(V.14). v 370 arcAtgn 2wv°T. : )

Hence in the specetrum the apparatus-functions correépdnding

" to the frequencies 0 and ve Will be symmetric. Those wh i'ch

correspond to thc other frequencies will be asymmetric.

‘Since the expressions (V.13b) and (Ul3c) allow us to calcu-

late the coufficiente ¢/A corresponding to them, we can deter-
mine thcir appearance as in Fig. 30. We tried to represent
the variations™af ¢ A in the same spectrum as a function of
2zvt for different cheices of the zero point, i.e., for dif-
ferent values of 2zp 7.

In Fig. 60 we conuvidered the case corresponding to
2rv T = 0, 21u°7 = 1 and 2ruor = 2, Curve d represents the
function (1/2%) arc tan 2zvr. The lincs a, b, ¢, correspond-

ing/to the threc cascs considercd have respectively the slopes

0/2r7 = 0.159, 0/2x7 = 0.125 and 0/2z7 = 0.099. According to

(V.13c) one deduces immediately the corresponding values of
¢/A (curves a'y, b', c').
An (»amination of the figurcs shows that:

1°. For 0 = 0, the phasc shift is always negative (Fig. 60,
curve a'); '
2°. For the other valucs of 0, the phase shift increases

starting with 0, passing through a maximum (€/A), for a

/
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Fig. 60. Changes in €¢/A as a Function
- of 2wxvr With the Choice of Ztu.r.

frequency v decreases to 0 for a frequency Yo and becomes

‘ negative. For a frequency Vg it equals -~ (f/k)ﬂ; Hence if
the frequencies contained in the spectrum to be analyzed are
all taken between 0 and Vgs ¢/A» for these fraquencies never |
exceeds I(e/l)nl and all the corresponding apparatus-functions '

will have a coecfficiont of asymmctry below C[(c/A)M] which one

can meacsure rrom Fig. 23 or 2°.

If onc chooscs v = 1/2=1 (Fig. 60, curve b') one has
= 1.25/277 and C = 0.06. '

For v, = 1/xr (Fig. 60, curve c¢*), C = 0.09,

From Fig. b0 we have been able to aeauce Fig. 61 in

which we have represcented as a function of the maximum

4
s
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. : " coefficient ¢/\ that one allows

]*’fj;——q in the reproduced spectrmm the
values of Zruor and Ztuur, "

, being the l1imit frequency con-

r// tained in the spectrum to be

studied.

Curves 28 and 29 relating C

and ¢/A, you may recall, were

established in the case where the

PR NS a—

weighting funection is A’(t). It
is casy to cstablish them for each

] typc of apparatus-function. Figufe
B L . B R - 62 gives directly 2tp.r and 2!#“7
002 0.0¢ (%L as functions of C in the case where
Fig. 61, Variations of onc uscs A'(t). |

ZNVMT and 2wu°r as Func-

tions of the Maximum Co-
cfficient ¢/A Allowed in
the Spectrum

0.08 'X) eus C,

Fig. ¢2. A Plot of Ztqu

and,2xr°r as Functions of

 the Maximum Coetficient of
‘Asymmetry CM Allowed in the
- Spectrunm.
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In Conclusion, when one does not want the Télative phase

shift from onec cxtremity to the other of the spectrum to ex- - =

ceed a certain value, two problems are poscd simultaneousiy:
The choic2 of the tine constant and that of the zero point of
the intecrferogram. The two known quantitics are: the maxi-

mum frequency Vi containcd in the spectrum to be studied and
. ,"

—

‘the maximum cocffirient « A that enc can allow. Figurc 61

permits one to dctcrmine the corresponding valuc of Zter,
then of 1 since Yy is known; the. mame figure then permits one
to determine v from the corresponding valuc of 2zv 7. .When

onc knows Vo? (V.;4) pcrmitﬁ calculation of the corresponding .
value of 0. : :
Thic is the rigorous mcthod for deteormining the time | -~

constant to usc and the rero point. Thoere exists an approxi-

wate method to resolve the lattcr problum; -it—eonsists in T
Crecording at the same time as_tﬁL~intorfcrogram another pro-

dned by a band of radiation isolated in a continuous spectrum
by a 1iltcr, whose maximum of transmission coincides with the

Cepueteal rcgion to be studied, and reccorded with the same time

corivtant.  The ma-imum of the «entral fringe of the correspond-

.ind intoeslerogram then indicates approximatcely the point that

one ought to choose as the origin ior analy:ing the interfero-
\_‘]I Cllllj ‘
(5) i:ggyﬂpf a_Particuliar Case.

suppose that we study a spcctrum oxtending from 0 to M
(I'ig. «s). If onc allowe C = 0.0% (this leads to an asymmetry
of the ord:r of 1,100, . ince C':_O.ﬂd for a prricctly symmctri-

cal tunetion) o Ao (Fig. 1)t . 7.= 1/27v, and

vo = 0.1/ 2xr = 0,84 T )
Undor these vonﬂitinn; the noise cpectrum is such that
m(ru)

- ; 2(0) (Fig. ¢3) and the frequency vy, in the repro-
duced Lp:cbsum ds geduced by a factor /2. I one wmakes a
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Fig. 63.

numeri¢al F.T., by choosing the minimum interval # for which
there is no overlapping of'tbc optical spectra, hence

n=1/2 Py the quotient ﬂ/r eqaals ¥; according to Fig. 7,
$ then equals 0.7. . : o :

Hence when one studies a spectrum extending {from the 0

-

{requency to a maximum frequency vM,'one can, in picking the
minimum number n of points in the interferogram, obtain an
s3/n ratio which equals 7/10 of the muximum s/n ratio that one
could obtain with the given interferogram, with a distortion
of the apparatus-function of the order of 1/160, providing the
comstant and the zero point of the interferogram are properly
choavu: In prder to make a comparison of the intensities of
the lines in the calculated ;pccérdm, it would cvidently be
nccosnsary to make a correction taking‘into account the varia-
tion of the filter gain in the domain of the frequencies
under counsideration. '

Supposc now that the spectrum of the Fourier ifrequencies
i. limited betwcen vé and 4V with, for cxample, v = 4 "H/S
(Tig. 63). Thc time constant to be uscd remains the same as
myury if we fis the :zame tolcrancce and, in order to obtain

G

tin <am¢ ¢-n ratio from an dintcrfercgram recorded during the
samc time T, the interval I ought always to be :cqual to 1/2 vy.
But according to Chapter II, in ordcr that there be no over-
lapping of the optical spectra it would have been szufficient
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to choose an interval # = 1/(2Av) = 5/2 Vi The number N of
the points to choose in order to obtain the signal/noise ratio

s/n = 0.7 (s/n)M is equal to five times the minimum number n
of points that it would be necessary to choose in order that

|

f;ﬁ the differént optical spectra calculated do nac infringe upos
eaéh other. The duration of the calculation hence is multi-
plied by 5. We shall study in what follows different processes
permitting the reduction of this calculating time, all the while
keeping this same S/n ratio in the calculated spectrum.

a

é. STUDY OF DIFFERENT METHODS FOR_OBTAINING A MAXIMUM
SZN RATIO WITH A MINIMUNM CALCULATION TIME FROM AN T
INTERFCROGKAM RECORDED DURING A TIME T ' '

We have scen in Chapter IV that thi s/n ratio in the
spcctrum varies as the square root of the duration of measure-

ment. Suppose that we have at our disposal a certain time to
make the measurcment and that we have chosen then to take the
numerical F.T. of the interfcrogram obtaincd. We have seen

in the preceding paragraph that thc numerical F.T. of an inter-
ferogram recordga\through a low-pass filter always gives an

s/n ratio below that which one could obtain by using the en-
tire interferagram. One way of illustrating this fact con=

sists in saying that several peaks of the square of the
apparatus-function explore the noice spectrum when one has
chosen the minimum number n of thc pointy even though a single
peak of the apparatus-function explores the optical spectrum.
In order to obtain the maximum s/n ratio from an inter-
ferogram recorded during time T, at the same time using the
greatest interval ¢ possible to make the numcrical F.T., it
is nccessary that the noise spectrum be :exro and outside the
‘domain o1 the Touricr frequencies. Below we are going to
consider this and to d.scrite in detail four different methods
for obtaining this result. o ' " . .
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a. Use of a Band-Pass Filter. The low-pass filter which
is used for recording the interferogram is replaced by a band-.
pass filter. This method, contrary to the three following “

t

ones; has never been used in any practical way. |

.. —_

-

b. Change of Frequency by Heterodyne Before Recording.
This method which has been proposed by Mertz [54] under the
name of "Heterodyne Spectrometry" is equivalent to the pre- -
-ceding, but in fact is more elegant and easier to put into

practice. e

c. Static Recording. Ir the absence of noise, all the
pieces of information concerning the spectrum are contained

in a number of points n in the interferogram. Onz zasily
" concedes that, in the presence of noise, one obtains the
maximum s/n ratio in the spectrum if one uses the total time

T for the-measurement of these points. Hence the method con-
sists in stopping the moving mirror of the interferometer for
each of the n interesting values of the phase difference in
integrating the signal during a time T/n for each one of these
- points and in displacing the moving mirror very quickly with-
out recording between these different values of 6. The mechan-

. ical realization of this type of displacement being somewhat

| ~ difficult, we have used a variant of this method, registering

at variable speed: rapid displacement of the mirror, then . . S
slowing up in the neighborhood of the useful points.

d. Mathematical -Filtering. In this last method, the re-
cording is done with a simpl~ lcw-pass filter and the number
of points N to choose remains determined Ly the considerations
developed in the prcceding paragraph (@ is of the order of 7).
But before proceeding with the calculation of the spectrunm,
onc makes an intermediate calculation: that of the convolu-
tion of the recorded interferogram I'(6) with the impulse |
response of an ideal filter whose band pass would have as its

ﬁ . | o 109
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-width that of the spectral interval occupied by «the Fourier

frequencies. The result is a new interfefogram I"(6) identi-
cal to that which would have been obtained by dircctly filter-
ing the signal by a perfcct band-pass filter. It can then be .
completely rep“esented by a number of points n reduced with "fﬁﬁ'
respect to N in the- same ratio as the band passes. One then
makes the F.T. of I"(6) and the calculation time is reduced
very nearly in the came ratio n/N (the calculation time of
the convolutich is very short) wh1ch constitutes the clear
advantage of the method. '

(1) Elcctric Filt:ring . -
The filtcrs Jnquu have a band pass centered about the

_._mean frequency of the usciul apoctrum, The phase-shift con-

siderations introduccd by this filter are like those intro-
duced by a low-pass filter. In this case one will find, -for

‘a suitable choice of thc origin for the analysis of the inter-

ferogram recorded bectween 0 and L and a simple cosine transform,
a single frequency for which the image of the line will be
pcrfcetly symmetric. We have not studied this process in
detail since at the very low frequencies that we use, it is
difficu1é to makc.band-pass filters and the same result can
be obtaincd more Llc&antly by the process of changing the
frcquency.

Lot us reuark that  the process ofngicctrioal filtering
is 1ntere,ting only if the width of the intcrval Av of the

spectrum of the Fom icr frcquencies and the frequency »

max
satisfy the rclation.v“a‘ > 2Ar. In fact, we have shown
(Fig. 18) that a. long as r__  :stays bulow 24r, the interval

inaa
I chocen w0 that tiv v Zg no overlapping of the calculated

spoctra has the same width @ = 1/2M if the Fourier frequencies

extend from O to ¥aax®
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(2) Method of Changing the Frequency

This method has becn proposed by Mertz. We do not dis-
cuss it here, limiting ourselves with recalling very briefly
its principle and giving an-example of its use in Chapter VI.

In lieu of recording I(t) as before, one records simul-
taneously I'(t) and I"(t) obtained-as.the product.-of I(t) with-
two sinusoidal signals of frequency respectively in“phase’and
90° out of phase with I(t). The sum of the cosine transform -
of I'(t) and of the sine transform of I"(t) gives the spectrum
we are looking for. A delicate problem which presents itself
is the adjustment of the phases of the signals. -

If the phases are correctly adjusted, the methed of
changing the frequency gives, for an appropriate choice of Yo
in the intericr of the domain Vs ya, a s/n ratio equal to
that obtained with a band-pass filter and with a calculation
time divided by 2. But it is necessary to make the siuul-
taneous recording of the two interferograms which presents a
certain complication. ' -

One can be satisfied with recording a single interfero-

gram if one chooses Yo outside the domain v, » vy OT if the

‘signal of frequency v  is out of phase by x/4 with respect to

the Fourier frequencies contained in the interferogram before
changing the frequency; but in the two cases the calculation
time is at least multiplied by 2 and the s/n ratio in the

calculated spectrum is reduced by the factor/2/2.

If the signals are out of phase by an angle ¢ = eroe,
in the case where v  is outside v, »,, the s/n ratio in the
calculated spectrum by taking a simple cosine transform of
the interfcrogram recorded for & varying between - L and +.L
is wedkened by a factor cos ¢, the calculation time being
double that which one would have if the signals were in phase,

If Yo is inside Vs Vo in order to obtain a correct spectrum,

the calculation time is multiplied by 8 with respect to the

P——
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casc where the signals are in phase and one can make the same
remarks about the lack of 1linearity in the procedure as were
made in paragraph IV.3(2)A. 1In the case where ¢ is exactly .
equal to 7/4, the calculation time will simply be multiplied
by 4, but the s/n ratio will be reduced by the factor V2/2.

(3) Static Recording
Let us recall that the interferegram I'(t) recorded ,
without a filter when the phase differernce 8§ varies linearly

as a function of time is the superposition of the interfero-
gram I(t) that one would have in the absence of noisc arnd the
fluctuations x(t) for which one may assume a constant spectrum
[{noise density ©(0)].

Let n be the minimum number of points to choose from the
interferogram. The total measurement time T can be used either
to record I'(t) as has been considered earlier, or to d.termine
uniquely the indispensable n values necded to make a numerical
F.T., each being measured during.the time T/n.

In the sec¢ond case the operation is performed in the
following way: the interferometer is adjusted to the zero phase
difference. If therc were no noise the signal I'(0) would be
constant and would keep the value IX{0). But in the presence of
noise, the signal I'(0), when the phase difference keeps the
constant value 8 = 0, fluctuates with time. The mean value
which we—shall call I"(0) taken for a time T' = T/n is

Tl
17(0) = 75 So I'(0) at .
Let ' be the phasc diff-rence corrcsponding to the second

point to be measurcd. Suppose that thc passage from 6 = 0 to

6 = k' can be made instantaneously. . At the instant T', then

6 equals k' and during a time T' we take the mean of the ¢ignal;
the number found is I"(2'). 1In the same way une determines '
I(2 '), ..., I"(n '), etc. so that one can write I*(0),
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I"(T'), ..., I"[(n-1)T']. Hence one obtains at the end of
the measurement, n equidistant discrete values of a new

interferogram I"(t) which is the superposition of I(t) and

the fluctuations x'(t) for which we are going to determine

the spectrum with respect to that of x(t). Vinokur [55])

studied a particular casc of this problem: he showed that

under the double condition that the signal y(t) be periodic

and that the period T ié known precisely, the process called
"summation” which consists in adding up the successive elonga-
tions y(t#kT) leads to an improvement in the signal/noise

ratio. We can give a quick proof, valid in the general case,
showIag that the spectrum ®'(v) is of the form ®'(v) = w(O)IG(w)I',

G(») being the filter gain produced by the integration.

The noise x'(t) has the form

A - |
(V.15) x'(t) = %% ) - x(t) dt = S; x(t) D(t) dt ,
0

D(t) being a square pulse function which equals 1/T' for ¢
taken between O and T' and is zero outside of this intervel
(Fig. 64a).

The mean square crror of x'(t) can be put in the form

(V.26) p'C0) = x'3(t) = 30“3 x(E)x(t ') D(t)D(t') dt dt' .
0.vo

The term thSth'S is the autocorrelation function Cx(u) qf

“ .
x(t). The term S' D(t)D(t') dt', that one can also write
. ’ .

_— . . : . 113
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Fig. 65. Noise Spectrum_ After Inte-:
" grating the Signal. ~ ° -

T ' '
S‘ D(t) D(t-p) dt by putting-t' = t-u.is, within a factor of

[
7 1/T', “the autocorrelation function of the squars—pulx® Tunction _
- p(t): ' . . .

T!
S‘ D(t) D(t-p) dt = T'Cp(n).
0 = : .

(v.27) p'(0) = T S‘. C, () Cplm) ow.

. From Parseval's theorem,

ll (V.lﬁ) can then be written L
H

(v.18) p'(0) = T T lC (B T [Cp(p)]) dv.
» cos' x cos*™ D

The cosine transform of the autocorrelation function of x(t)
~ 1s, by definition, thc power spectrum'of x(t), i.e., ®(0)
(Fig. 65, curve a). The autocorrelation function Cpn) is a
triangle function of base 2 T', of height 1/T'? (Fig. 64b).
Its cosine transform is the function (3/T') (sin® x»T/(e» T')'],

‘uhcnco'
'“‘ s’
pr(o) = | ooy (RT) o,

o=

RN

which:can also be written
e ) - ' s A
. ¢ ]
wan f e e § oo (MLt w.

PP
\
' - — e m— .
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Fig. 66. Noisn Spectrum Exploned by
the Square of the Apparatus-?unction..

The integrat;on therefore has had tho cffect of filtering thc
nolse by a filter of gain G(») such that
e 2 L j :
(v.20) lc(y)l' - ii?-;1§7§§ (18) (Pig. 65, curve b).
. v ' v

. The noise in the spectrum will be the F.T. X(v) of x'(t) taken

by choosing % = T'. The mean cquare error (ax) will then be
the chopped energ, 1n the noisc spectrum times the square of
the apparatus-functions centefed about v # m (1/T'), The re-

Sult of calculating (oi};—%e;eh740ﬁs+ --one—of the maxima is o

centered about the 0 frequency, the others about z m (1/?'),
the values of the frequency for which 9'(v) is zero. From
this one concludes immediately :

3
e, = 2 QT 2 (0) (Fig. 66) ,

an expression which is identical to (iV.22b).

(18)rhe different "lobes" which are 1/T apart in the filter
introduced by Vinokur in the case of thc summation that he uses,

come from the fact tiat he ducs not makc a true intégration, but’
a sum of th~ discrete value. of the signal. These different lobes
_9ﬁe closc to the different peaks of the apparatus-function that

one obtains in the case where the F.T. is made numerically using
discrete values of the interferogram.
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Fig. 67.

Grating Pig. 68

Function Rx/T' ‘Praduct of ﬂpgy) -
"Centered on the Rypee - :
Preqnency T - - - .

The signal/no;se ratio of the calculatcd spectrum is
therefore the same as when the intcrferegram I'(t)'is recorded
in a continuous fashion during time T and when the F.T. is
made using all the value. of I'(t).

It remains to chow that if the F.T. is made for a freq-

uzney ¥, different from 0O, the mean square z21ror of the fluc-
"!ﬁlttunS‘vreserves the same value. | A
- e B e
. e gn —3¥ T' ar. .
°X(v ) = "Xc0) 3.. (xv T) 7 Rype 8%

i. being a Dirac distribution of periodic support of interval

I' centered about the frequenCy e (?ig. 67)( It we put
- p(,) - m_f.v__'ll'. R, T,(u) (Fig. 68) ,
(v T)
and Q(t) = Teo'lP(v)] we have
(v.21) o - Q(0) .

X(V’) X(OJ _

The F.T. of P(r) (Fig. €9) i: the convolution of a triangular
function of hcight 1/T' and of base 2 T' with the function '
RT' = T! R;, cos 2mr ot RT" being a Dirac distribution of
perindisr suppirt of interval T1, One sces immedfavely, ac-
cording to Fig. &), that Q(O) = ] whence
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Fig. 69. Determination of Q(0).

] ]
cX(ul) = cX(O)'

il . This method of recording is diffjcult enough to use
even given the requisite prccision to vary the phase differ-
|| ~ . ence. Nevertheless one can consider it for the far infrared
- vwhere the tolerances are always larger. In the near infrared
we have used a variant of this mcthod, variable speed recording.
l The spectral domain occupicd &g = 369 em™? is such that the
interval k chosen in order that there be no overlapping of the
I * Fouricr frequencies is - . - . =~ .

1/(2 a0) = 13.519 x 106" ™! = 22 A,

Ao being the wave length of the réfergnge line¢, here the red
cadmium line.
The phase diffcrences are refercnced with the aid of pre-

selection counters and adding counters whose indicators increase
"1 unit cach time that the phase differcnce incrcases by 10}. The
carriage is displaced altcrnatcly at a slow speed V‘ during
which 8 varics by 3 Ao and at a spced V‘ 16 times larger during
a variation-A 8= 18 A., the changes in cpeed being triggcered by
the preset counters. The operation is done in the following
way (Fig. #7). The ccro point ic sclected by a whive fringe
while the interferometer i: moving at a spced V’;-when

d = 22.% A.'a preset countcr sot on 18 triggers the speed v.;
when the counter has. returned to 0, it triggers speed vi and .
at the same time a preset counter set on 3, etc. The ordinates

!
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are picked from the interferogram for 6 = 0, 21 A., 42 Ao.

BEREEIE 21 A,, as indicated in Fig. 87. The.mcthod has worked
. + correctly, but we have abandoned it because ‘the signal/noise

l -"  patio in the calculated spectrum is insufficient. The reason

’ . . is that, under the described conditions, the ratio of the use-
ful me-asurement time (useful time that one.can write 7 L/2 A.,“
'+ being the time constant used) to the total time T is too low.
There are two reasons: '

z} U " NAVWEPS REPORT 8099

A% Being given the quality of the mecchanism used, the con-
stant rate of speed is not established instantaneously; three
fringes must file by at V, and 1/6 of the course is run at a

lo!gg_speed;

pulses a second, and the ratio of the two speceds cdn’be only
16. The elapsed time between the measured points hence is too
large a fraction of thc total deasurement time. ’

(3 MNumerical Filtering.
Since this question is the subject of a more detailed

publicdation [56], here we shall give only a succinct résumé.
' 'If one takes the convolution of the interferogram I'(6),
k recorded as above through a simple low-pass filter, with the
impulse response ¥(6) of an ideal filter G(o) wnose band pass
’ coincides with the optical spectrum to be studied, one obtains
< an interferogram I"(6) whose F.T. coincides with that of I'(8)
in the domain of thc filter and is zero outside. In order to
_have the maximum s,/n ratio in the calculated spectrum it is
then sufficient to pick oft from I"(6) the minimum number of
points compatible with the width of the optical spectrum and
its position with respect to the origin (see paragraph ‘II.2(3)B).
Suppose, for example, that the pelative positions of the '
noise spectrum and uf the optical spectrum are rcprescntcd by

‘] ' - 2°. The preset counters used cannot count mére than 25 im-
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Fig. 70. Noise Spec-

“trum and Optical

Sprctrum.

I'ig. 70. The impulse,respon;c ¥(6)
(Fig. 71a) corresponding to G(v) (Fig.
71b) has the form

J3(8) = T__ _[G(s)] = Ao sinsdad .. 270, 6,

cos P11

with o - (al+o’)/2. 1f the functions
3(6) and I'(6) had a band-limitecd spec-

trum it would bec possible to calculate their convolutions ex-

actly using discrete values of these fupcti6ns, Since their
spectra arc unbounded, from discrete values of these functions

one ecan calculate only a valic D(6) ncar I"(6), the approxima-

tion improving as the interval »' choscn for taking the convolu-

tion is the cmaller.

Onc: shows that the s/n ratio obtained by

taking the F.T. of {(8) with thc maximum interval & (sce para-
graph, I1.2(3.8) is cxactly the same as with the spcetrum obtained

by taking the ¢£.T. of 1'(8) with the interval -#'. —-Sincethe

convolution it calculatcd numcrically much faster than is a F.T.,
the calculation time gain {or the same final s/n ratio is of the
orc r h'/i, i.e., of the order of c‘/Aﬂ. Ve shall sce an
application of thi: method in Chapter VI.

© Fiyg. 71. (a) Impulsc Responce #(8) of the
Filter; (b) Theorctical CGain of the Numeri-

K cal Filter.
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3. CONCLYSION

We have juéf seen several methods cnabling one to obtain
for a minimum calculation time the maximum s/n ratio compati-
ble with the measurement time T: use of a band-pass rilcer,

-method of changing frequency, numerical filtering. The con-

clusion of this study i3 the following: Each time that the
relative -width Ap/uM of the spectral domain to be_studied is
small, it is advantageous to rccord the interferogram by the.

" method of changing the frequenéyi~the-frequency v 'being

chosen closc to the middle of the occupied interval Ay,
neverthelcss this methed presents a certain instrumental
complexity and it is sometimes possible to do without it and
recoprd the interfcrogram through ‘a simple low-pass filter.
Undcr these conditions it is advantageous to make a numerical
filtering. This last method can be useful, cven if the rela-
tive width of the spectral domain to be studied is large,

-provided that onc 1is interested only in one portion of this

domain.

-
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VI. CXPERIMENTS AND RESULTS

With the aid of the Fourier +traisform method we trcated
two problems in the near infrared: the séudy of the emission
of the night sky near 1.6 #, the region where the atmosphere
is transparent, and the study of the re-emission light of

_germénium about 1.7 . These two sources had already been -

studied with grating spectrometers {57,58). But their low
energy level pcimitted obtaining in a reasonable measurement
time only low resolutions of ruspective oTders of 150 and

.1,500, and with a signal/noise ratio which was not sufficient

K3

to make cvident the fceble components whose existence was in
question [59] or to Jetcrmine the ldw"of“displacemﬁné of a

"line as a function of the magnetic field. The end pursued is

thus an increase in resolution and an amelioration of the
signal/noise ratio. For the two studies we used the same
Michelson interferometer that we are goihg to describe sum-
marily. :

1. DESCRIPTION OF THE INTCRFCROMETER-DETECTOR ENSEMBLE
The interferomcter uscd is completely classical (Fig., 72). -

OPTICS. Everything optical 15 glass; hence the instru-
ment can be used only in the near infrared up to about 2.7 4,
that region wherc glass bacomes absorbent. The two mirrors
are 7 in. in diamcter and are alﬁminized; the beam splitter and
compensating plate mcasurc ? cm X 8 cm; they have the same
thickness, abgut 1 pg. They are hcld by the ‘'same support, the
face of the ‘Ecam splitter which is hali-aluminized being a-
gainst the compensating plate.’ There is no ruling, either on
the beam splitter or on the compénsating plate. We have a-
dupted Lhis arrangement in order to obtain easily a good:

- .

i
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Fig. 72.

parallelism between the two plates, which is necessary in-
order that the apparatus be perfectly symmetric and that the
recorded interferograms have a zero point. But the solution
is not perfect (because of the difference of the dispersions
and of the phase shift ol the reflection on the semi-aluminized
glass side and thc air side). In order that it be perfect, it
would be necessary that the two plates be glued.togothor with

a substance having the same index as glass which would hold
.the plate together although it 13 very thin.

122
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Fig. 73. (a) Dbiagram of the Detector Mounting; . ) ’

(b) Optical Diagram: M, , Mirror; L!, Exit Lens;’
Lei Field Lens; C, Coqdenser; R,'PetehtorT

- -

DETECTOR. The detector is a Kodak cell of lead sulfide. — = ~—
The noisc power of these cells increases ncarly proporticnally

to their surface; hence it is advantageous .to choose a cell
Having thc smallest surface possible. If one calls 8 the area
of the cross section of aébéam,'n the aperture of the exit beam,
S the area of the ccll and w the =solid dnglo of the beam that is
reccived, in order to usc all thc light, it is nccessary that

8@ = sw. Sevaral arrangements have been proposced to allow the
largest possiblc w. Williamson recomnmended the use qf a "conc
channel condcnser™ [60), P. Comnes that of a microscoéﬁé con-
denser on thc rear facc of which is fastened the cell [4]). " We
adoptcd this last :solution (Fig. 73a). Thc numerical aperture
of the ~ondona§r . « iz mosin omax = 1.4. The solid anglé
finally accepted by thi cell would correspond in air to the
valuc of w = 1.45 X 2rsd. A field lens makes the image of the
mirrors un the front face of the condenser and the corndenser
makes the image ot the exit hole on the lens (Fig. 73b). The
cecll is cooled to the temperature of dry ice.
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Fig. 74. OCchematic Dlagram A, Michelson Inter- }
ferometer; A', Movable Mirror W1th Gear Drive; B, .’
, Entrance and Bxxt Holes; C, Lead Sulfide Detector. -
D, Photon Hu1t1pller, E, Cadmlum Lamp . - ‘ WA

n:’,;

) “In the 1nterferometer the reference be#m follows exactly —~
the same path as the light beams to be studied (Fig. 74); it o=
is received by a photomultiplier because we have always used
as a reference linc, a line taken in the visible part of the
spectrum. : o

:
=
g
o
S
oL
Do
'

MECHANICAL PART. The moving mirror -is locked on a car-
riage which travels on parallel slides. The quality of the
- o slides is -such that the parallelism is preserved to about

1/10 of a fringe of a rcd cadmium line, for an 8mm transla-
- tion of the moving mirror (hence a variation of the phase
difference of 16mm) with a 5. cm usable diameter of the

L mirrors. ‘
J . The adjustments for parallelism act on the supports for
LI the mirror. The gross adjustments are made following a clas-

‘ sical procedure of working directly on the back of_the moving
1 - © mirror with the aid of three leveling screws placed 120° apart
la and which one draws out once the screw adjustment is made. -

T e
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(b)

“ig. 75. (a) Tine Adjust-
. - . ment Mechanism of the Fixed
- e e . Hirror, (b) Cross-Section aa’'.

~

The fine adjustments are located oi tihe f£incd mirror. The
mirror is mounted-on- 2 flexible part which can be oriented i
by bending and which has the form shown in Fig. 75a. The [
cylindrical part B has an 8mm diamcter and is 1Omm long. |
Part A has two steel arms with perpendicular springs and at /
45° to the vertical on the extremity of which one can operate
a sercw with a fine piteh of 0.9mm (Fig. /%b). The torsion ot
B which results thcrefrom oives two complctely independent
adjustments. Onc completc turn of the screow qorrospdhds to

a misadjustment of a half fringe. It is nccessary that the
cnsemble be very rigid since the optical beams are relatively
long (about 15 cm). Alco the two consoles bearing the fixed
mirror aud the ;tpaxntinq-(ompen;at-ng cnermble are locked in
a heavy cement support., The cupport tor the two clides is
locked in the samc block of cement.
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DRIVE MECHANISM. The carriagc is driven by the aid of a
micrometric screw with O0.5mm pitch of any quality. It is use«
less to use a screw of supevior qualipy since we have seen |
that even with a very good screw the phasc differences have
"to be marked with the aid of a reference iine. The screw is
displaced by the action of a synchronous motor turning at
750 rpm through the use of a gear box and of a tangent screw
ining a raluction ratio of 160. The gear box ﬁermits one to
use rcduction varying by powers of 2 between 1 and 4,096, in -
such a way that the displacement cspeced of the mdving mirror
varics betwéen 6.257% 1072 and 1.% % 107% mm/scc. The _appara-
tus ic extremcly sconsitive to vibrations which atfect the ‘
length of thc'interrcring beams; therc are two principal

which arc duc to th. motor and all of the components’' of reduc-
tion and trancmiseion. Im order to suppress the first kind

as much as possible the block of ccment is mounted upon rubber
shock absorbers,and in order to attenuate the second kind, the
drive axis and all the transmission components are linked. to-
gether by flcxible joints. Of course,git is necessary to avoid

temperaturc variations. Hencc the interferofficter is placed in
the interior of a box lincd with insulating. material and covered
with aluminum foil. This thermo-isolation proved to be suffi-
éient even whon onc is workihg in a room without temperature
control. In order to diminish the absorbtions in the glass

the windows of the énclosure are formed by entrance and exit
collimating lenses. , : -

~

2. STUDY OF THl, FMISSION SPECTRUY OF THE NI1CHT SKY
The interpr: tation of the rooulte of thic study has al-

il. o - sources of vibrations: thosc coming from the carth and those
L]
Lo
#h

ready becn the subject of . two publications [61,02). Here we
are going to give a brief dcccription of the conditiuns under
1 l which the experiments have been made. "
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Fig. 76. Filter Transmission Curves; the

Ordinates are Transmission Factors in Per-
cent. - :

" The setup is the one shown in Figs. 7%b and 74. A'simple
reflection mirror shown in Fig. 72b permits one to look to the:
northwest at 20° above the horizon. Hence there is no cptical
intermediary between the cky and the entrance lens of the
interferometer. The diametér of the hole has becen chosen in

“suéﬁ“a'way that the apparatus works under the best luminosity-

resiution conditions. Under thesc conditions the angle of the
maximum opening of the beam when we wish to obtain an effective
resolution of 2,000 measures 3 X 10°? radians and the solid

angie of the beam used is @ = 2.7 X ;0" steradians. The

modulator placed bcforec the entrance hole Bs chops the flux
at a frequency of 125 cps. The elcctric sigual coming from

I

the lead sulfide cell is amplified in a classical synchronous
detection épparatus, filtered by an RC filter and recording
potentiometer.

We have studied the region near 1.6 u with a lead sulfide
cell in the region near 1 p with a Lallemand‘photomultiplier.'

(1)-- Study of the Reqion in the Noighhorhood of 1.6 4 - —

’

A filter, placed directly befere the cell and whose tr.as-

55 .

mission curve is representud by Fig. 7éa, climinated wave ‘
lengths below 1 p. As refcrence line we used the red cadmium
linc isolated in the spectrum of an Osram lamp by colored .
filters. The infrared, which comes from the Osram lamp and

.
*
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which can reach the lead sulfide cell was cut by an ensemble
of filters whose transmission curve is given in Fig. 76b and
by a 2.5% copper sulfate solution of 2 cm thickness.

Figure 77a gives an example of an interferogram obtained

under thece conditions. Immediately one notices an anomaly:

the central fringe does not correspond to a maximum. But it

can be shown that in an interference phenomenon the maximum

~intensity, if it is a question of a system of interferences

with a brilliant central fringe, is always obtained in the o -
wcentrai fringe. ([43] p. 659). The explanation comes from A

the fact that the recorded interferogram is taken as the sum

of two interferograms with opposite phases: one which comes

from the emission of the chopper blades in a black box whose

temperature is about 15°C whilc the cell is approximately at

- 80°C, the tcmperature of dry ice. Since the chopper radi-,

ates approximately asn a black body, the radiation spectrunm

which it emits is largé. Thec corresponding &ﬁterferogram is ' B
. reduced to some fringyes in the neighborhood of the zero phase '

difference. We recorded it one night when the sky was covered

and when thc emission of the night shy was thercfore null (Fig.

78a). The corre.ponding spbctrum (Fig. 78b) is cut o the long

wave side by glasc which becomes absorbent. In order to atten-
uate this signal strongly in phase opposition, it is sufficient

-

to place bofore the ccll an interfcrence filter which cuts off
beyond 2 u.and let< pass the radiations near 1.6 w. With such
a filter, the interfercgram is rcturned'to nearly normal with
a much larger ccntral fringe (Fig. 7%a).

 The referencing of the ‘ci1o paint can be done “in two ways

| ST S

g wvhich give cquivalont precision:  cither by taking tie mean of -
E} thie midpoints of the segment: joining the axcs of the two sym-

metric'fringes with respect to the central {ringe like ab, cd,
ef, as indicatcu in Fig. 77a, or clse by reyistering at zero-

phast diffcrence, the interferogram of a white source with the
same time constant (Fig. 80).
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Fig. 78. (a) Interferogram of the Radiation
- Emitted by the Modulator; (b) Spectrum of the
Radiation Emitted by the Modulator.

We give below three spectra obtained at resolutions 900

(Pig. 81 and 79b) and 2,000 (Fig. 77b).

Spectrum of Fig. 81. Effcctive resolution, 900. Time
for recording the interferogram, 2 hrs.

Figure 81 gives a comparlson between two spectra. one

‘at resolution 900 obtaincd through a Fourier trgnsformétion

and one at resolution 150 obtained with a grating spectro-
meter.
cach having bcen rcecorded daring a half hour

This last is in fact the mean of eleven spectrums,
(16)  The

(16)wallace Jon.s has recently obtained with a crating
spectrometer a spectrum at resolution 400 by using a new germa-
nium detector. In the two experiments-compared in Fig. 81, the
detector was a Kodak cell.
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negative maxima that one sces on the low wave number side of
cach ray which has a strong intensity show that there has
been an error in determining the zero point of,tﬁé"ihfcrfero-
gram. o
- Spectrum of Fig. 79b. Using the interfcrogram of Fig. 79a
rccorded at twilight the following have been caloulated'

Maximum phase difference obtained, 1.96mm;

calculated limit of resolution taking into account
the width of the beam, 6.25 cm™’;’ B

measured limit of Tésolution, 6.3 cm™';

spectral domain studied, 1,250 cm™! between 5,550
and 6,800 cm™!; number of spectral elements, 210;

recording time, 40 min.

We were limited in the choice of the recording spced by
the response time of thc recording pen which took 0.8 sec to
go from one extremity ofr thu scale to the other. The 1limit
spced of the pen hence is 30 mm/sec. With the recording
frequencies chosen, i.e., 0.5 cps in the middle of the spec-
trum, and the maximum amplitude of the fringes, i.e., 150mm
for zero phase difference, the maximum speed of the pen was

- only 150 mm/se?. It is very much lower everywhere else in !

the interferogram and, under these conditions, the recording .

_The time constant used was 7 = 0.125 sec.
. " FPigure B2 shows the relatlve
]
[ position of the spectrum of the

Fourier frequencies and of the noise

spectrum.

i
]
1]
»

i1 o , Condditions under which thc F.T.
-] 0,8 .2 v(Mz)

was taken: numerical F.T. with an

Fig. 82. Relative interval & = 0.36 sec (the distance
Position of the Noise
Snectrum and of the '
Spectrum of Fourier to a variation of a phase difference

Frequencies. of a half wave length of the red

scparating two points corresponds
!
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cadmium line). Under these conditions k/r = 3 and, according
to Pig;’57{ the signal/noise ratio is weakened by a factor 0.7,

The total number of points taken: 6,120.

' Number of calculated points: 840, i.e., 4 per spec-
tral element. _ ) :
Calculation time on the IBM 704: 1 hr, 20 min.

Mean square error of the fluctuations of the inter-
ferogram cx = 7.6 u., This error has been calculated by taking
the cquare root of the mean of the squares of the ordinates
picked off the interferogram by cﬁoosing 4 points per noise
correlation radius. “The portion of the interferogram chosen
corresponds to .8 = 8 .. One is certain that for this phase
difference, the signal in the interferogram is zero. Actually
the diameter of the hole has been chosen such that the product
&R be maximum (IXII.2). Under these conditions at the maximum
" phase difference, the modulation fell to zero.

) ' The predicted mean square error of the fluctuations in
the spectrum (see IV.23D)..° ) |

: o . 1/
oy = 3%7 /o,g X 4 X 0.406 x 34%99 x 57) = 211 u s}c.n

Mean square error measured in the spectrum: 212 u sec.
The calculation was made in the neighborhood of 3,500 cm”
because in this region the glass ic absorbent and one is certain
that the signal therc 1is zero.
Such gouod agreccment must be considered fortuitous.
Spectrum of Fig. 77b. Using the interferogram of Fig. 77a
recorded without a filter, it was calculated: '
maximum phasc differcnce obtaincd, L = 3,84 mm;
theoretical limit of resolution, éo = 3 cnf';
" measured limit of resolution, 3 cm=1;
number of spectral elements studied, 400;
recording time, 2 hrs, 30 min;
time constant, T = 0.25 sec;
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k = 0.72 sec, whence A/7 = 3;
number of points chosen, 11,928;
number of output points, 1,500;
calculation time on the IBM 650, 150 hrs (V)
If this calculation had been made on the IBM 704, one
could have .been able to make a numerical filtering to isolate

the interesting region of width as = 1,100 cm™! between 5,550
2

and 6,650 cm . In this case the calculation of the corvolu-

tion would have -been made using 11,928 input points, but the

interval k' chosen in order to make the F.T. would have been

only of the order of 1,000. - - '
Mean square error of the -fluctuations of the interfero-

gram: ' o, = 13.5 u.

' Hean square ‘error of the fluctuations of the spectrums

7 =T (0.9 x 4 x 0,406 x 22990 x 1&0.9) ~ 1,000 u sec.

Measured mean square error: 1,012 u sec.

(2) Study of the Region Around 1 g
The detector is a Lallemand photomultiplier chilled with

dry ice. Hence for the maximum noise reduction (here it is
photon noise) it is necessary to isclate the region to be
studied by a filter. For this result we have used a combina-
tion of a colored filter which cuts all the visible up to
8,000 A &and of an intcrference filter whose transmission curve
is given by Fig. 83. On the long wave length side, the spec-
trum 15 limited by the region of sensitIvity of the cell. The
interferograms are of the type represented by Fig. B4a. We
calculated two spectra using the same interferogram, one using

(2%)phis calculation was made at the University of
Toronto's IBM-650 calculator which has magnetic drum and
fast jaccess memories.”
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[
.o :
Fig. 83. Transmission Curve of the Inter-
ference Filter Centered on 1 u; as Ordinate,
sof Transmission Factor in Percent.
. e

A
0000 000 12000

A )

~an almost triple length of the interferogram: 1.22 mm. Total

recording time: 2 hrs.

- The resolutions thained‘are respectively of the order of
350 and 1,000 (Fig. 84b). A pnearly idcntical spectrum had
bcen obtained with a grating spectrograph for an exposure of

48 hr.

(3) Resumé of thc Results OBtained in the Study of the
Spectrum of the Emission of the Night Sky

The conclusions that can be drawn from the study of the

_spectra have been discussed clsewhere [62]; here we shall give

only a resumé: . _
all the observed lines can be attributed to the

radical OH; . o —

the rotational structure of the bands (3.1), (4.2),
(5.3) and (6.4) is completely determined;

onc has been able.to set up a table of observed
frequencies for the vibration-rotation lines of the radical
OH, a task which is difficult to do based on _experiments per-
formed in the laboratory because of the difficulty of construc-
ting suitable sources; _ ,

thce attcompt to detormind a rotation tcompcraturc using
the intensitics of the lines showes that agreement cannot be
obtained between the calculated tempcratures uéing branches
P, Q and R simultancously. A possible explanation is that _
the transmission probabilities calculated by Benedict; Plyler
€ Humbhreys [63) and used in the determination of temperature
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. based on the intensities of the

. : lincs are false. Besides, the
. . ' authors had predicfed this pos-
' ( sibility because they neglected -

c}/d\ P - the vibration-rotation inter-
- hj { © " action. :

P’\ .
ey MMJ 3. STUDY OF THE RE-EMISSION

Fig. 85. Spectrum of Re- RADIATION OF GERMANIUM

combination Radia;;ggﬂge__—, We have also studied by this
§;§g§g°:§c:r?r§ti. 1,400. method the ihtrinsic recombina-
RN tion radiation in germanium. A,

complete study of the results

n |
. obtained will be the subject of a thesis by O. Parodi. Here |
C
!

we shall confine ourselves to presenting the first spectra j
ohtained. S
A first study was madé by C. Benoit a la Guillaume &

0. Parodi who had. studied wjith a grating spectrometer (Pig.“85)

the recombination radiation emitted by a germanium cryStal in
which an excess of minority carriers had been created by opti-
cal injection. At the temperature of liquid helium, they dis-

_c¢overed three lines. Lines A and C are due to the annihilation

of an indirect exciton with simultaneous emission of a longi-
tudinal acoustic photon (R) or optical tranverse photon (C).
The origin of the line B which appears only below 2°K was not
exactly determined. We have been able to prove that it was

a line due to recombination at centers associated with dis-
locations. Its intensity varies with the point where the opti-
cal injection was made jn the crystal; it Jdisappeared when the
sample was placed in a magnetic field.

The theoretical limit of resoldtion of the grating spec-
trometer 80, was 4 cm™'. The width of line A measured in the:
spectrum in Fig. 85 equals 14 cm” .

One could hope for several advantages of the F.T. method:
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a. To explore a more extended spectral domain betwecen
5,600 and 6,100 em”™? without.increasing the measurement time. -~
In fact the question of thhis time is of first importance in
this experiment because lighting the crystal heats it and the;.
consumption of helium necessary to keep the temperqtuve beiow
2°x increases rapidly. ! ' . s

——

b. Tc increase the signal/noise ratio which is necessary
for two reasons:

l:. The recordings with a grating spectrometer did- not allow
sufficient precision in deducing the law of variation of the

, displacement of the line A as a function of the magnetic field
...... R - in which.the crysta] is placed; '

. P e a
; . i .

-
;
<

"2°. One could hope to disclose the eventual presence bfﬂlinés
around 5,950 cm~! whose existence had beén ‘suspected by Haynes -
[s9); | |

¢. To increase thc resolution in order eventually to
determine the structure of the line A. l
Even though this problem may-not be a prolem with a
great number of spectral elcments, like that of the nighf sky,;fj
" it appeared desirable to approach it with this method. J
We tried several ways of'recording the 1nterferogr§n.

,A

ﬂ‘..v‘

(1) Recording at a Constant Speed

Since the spectrum studied is much simpler than that of
the night sky, the interferogram is very different (Fig. 86a).
It has the appearance of a sine wave whose amplitude 1s‘ilow1y
modulated: '

' maximum phase difference, L = 2.1mmi .
theoretical limit of resolution, 8¢, = 5.7 cn";
measurement timc, 40 min. _

In this case ayain, tﬂe recording speed is limited by the
maximum speed of the rccording pen

X0 =

e 200

m‘
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| Fig. 86. (a) Interferogram Recorded at Con-
stant|8peed, Ro = 1,000; (b) Spectrum Obtained

From This Interferogram.
The spectrum calculated numerically from this intcrfcro-
gram is shown in Fig. 86b:
width at mid-hcight of the line, 14 cm”};
signal/noise ratio for line A, of the order of 100.
Again one finds the lines R, B, C.

5,655 cm "1 Which can also be interpreted as a dislocation line

(it appears only below 2°K and disappears in the field) and of
a line E around 5,960 cm” ! whose origin is not explained and
which apparcntly is double. In order to make sure, it is ncc-
escary to increase the resolution, hence the maximum phase
difference obtained. It cannot be a question of making a re-
cording at ‘a .constant apeed because:

L. Thg measurcment time would be much too largc with the
recorder we u,ed, : —_— e

A —
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2°. The number of points to pick from the 1nterforogrll
would be too large. :

Two solutions can be considered: recording at a variable
~speed, the method of changing the frequency. f

(2) Recording at Variable Speed

We have already explained in the preceding chapter that
this system had been tried, had correctly functioned (Fig. 87)
but that, being given the characteristics of our msechanical
setup, the useable time was not a sufficient fraction of the
total time and the s/n ratio was insufficient.

(3) Method of Changing the Frequengy

Thus procedure allows the recording ‘of lower electrical
‘frequencies (hence an exploration speed which can be con-
siderably increased and a measurenent time very diminished)
and at the same time the bringing into better coincidence
the noise spectrum with the spectrum of the Fourier frequencies
(hence a smaller number of points to chooss). —

The spectral domain occupied is A¢ = S00 ca”! between
5,600 and_gt;golcm". If one chooses the ﬁetcrodync wave
number ¢, = 67100 cm~?, the'spe§trnm to be studied after change
ing frequency is found between g and 500 cm~' and can be ob-

tained by a simple cosine transform of the nev interferogras

.
= =
i
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; After Changing the Frequency.

(Fig. 88) For the same speed of the moving carriage the

maximum frequency of the signal to be studied will then be
. divided by 12. i -

’ Recall that, being given the irregularltlea in the car-
riage drive and frequency instabilities which result from it,
there is no question of using an electrical signal furnished
by a low-frequency oscillator in order to make a change of
frequency. - ‘It must be furnishcd by the interferometer itself
under the samc conditions as the signal to be studied. We - -
have not used the signal comlng out of an optical line of _
wave number 6,100 cm -1 but, noticing ‘that the wave number of

, the green mercury line is 18,312 cm “! and that 18,312 cm ‘/3 =
1 6,104 cm~!, onc finds that it is sufficient to use tle third
- harmonic frequency corresponding to the grecen mercury line.

——

SOML DETAILS OF THE EXPERiHENT. The diagram of the se;-
‘up is shown in Fig. 8%, the apparatus itself in Fig. 90.

-~

. T
i !
»

Reference Line. As pgference line we have used the
grceh mercury line. - The signal furnished by the photomulti-
plier is sent on the onc hand to a s. - of multivibrators
which divide its frcquency by 3, on the other hand to the
writing relay of the 1‘cordcr. Mo;cover this relay can write
either a csquarec pulsc for cach reference fringe or a signal
having a frequency three times smaller.

&
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Fig. 89. Schematic Diagram for the Application of
the Method of Changing Frequency. [High (low)
pressure mercury arc (lamp), chopper, photomulti-
plier, frequency divider, fringe counter, writing
. relay; lead sulphide cell, automatic gain control,

amplifier, inverting relay, low pass iltar, re- -
~corder)
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" Fig. 92. Spectrum Obtained by the Cosime
Transform of the Product-I(t) P(¢t). -

Change ‘of Frcquency. We have not multiplied the initial
.interferogram by a sinusoidal signal cos brq.t. but by a square
pulse function F(t). (Fig. 91) which one Jan put in the form -

. IS P .. - .

. cos 2 1, ' b1 '
P(t) cos 2xp,t 4 J:cos 27 v .t + ¢ cos 2r St t ...,
o, which 1is much casier to yuencrdte ﬁetause all one has to do is

invert the signal at cqual time intervals'!®). Lo

Hence after multiplication, the frequencies to be analyzed
octupy the intervals 0, vy ~(r, being the maximum frequency cor-
iesponding to oy = 500); 3 Ve = Yus 3 Yei S Yo = "o 5 Yo (I'ig. 9

‘xc‘The’inycrsinn of the signal would take place at cqual

- intervals of timc if the advance of the carriage were perfect;

practically it is donc "at time intervals corresponding to the
passing of 1.5 fringes o1 the mercury line.
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. the choice of the interval k. Their frequency is higher than

Fig. 93. (a) Interferogram Obtained by the
Method of Changing Frequency; (b) Spectrum De-
duced From This Interferogram, Rorc,G,OOO,

[v;tesse lente (rapide) = slow (fast) speed]

It is necessary to take into account the parasite spectra in

that of the terms in Yo + Yy which, as we explained in the pre-

ceding chapter, are filtered by a low-pass filter. Moreover we
shall make a numerical filtering which completely annuls their

- effect. ' ‘ -

+

. . Suppression of the Mean Level. The signal furnished by

the lead sulfide cell includes the modulated part, which we
call the interferogram and with which we have been concerned:
up until now, and a constant component which after changing the
frequency, gives an important sighal at the frequency Voo

Hence it is necessary to eliminate this constant signal by add:
ing to it an equal signal in the opposite sense. A residue of
the mean signal on the interferogram gives rapid oscillations
which are superposed on the slow fringes of the new interfero-
gram (Fig. 93a). This signal at the frequency Yy is moreover
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~with sufficient precision in the neighborhood of zero, the
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'Fig. 94. Relative Position of the Noise Spectrum
and of/the Fourier Frequency spectrum, T = 1 sec,

strengly attenuated by the low-pass filter which is supposed

Locating the Zero. 1In order that the marking be done

speed is 16 times smaller than the normal recording speed; i

at the passage of the white fringe furnished by a continuous -

‘source, one releases a counter which counts the fringes of

the mercury line. Its indications set pff the frequency multi-
plication; the same movement divides by 3 the frequency of the

writing réiéy of the reference fringe. A last operation pro-

vides that at any instant whatevé¥ one may pass to a speed 16
times larger.

k: .orded Interferogram (Figq. 93a). . It has not been rel :
corded under the best conditions: i
maximum phase difference attained, L = 11.7mm;
“ww; theoretical limit of resolution, Gc =] cm";j
recording time, 1 hr, 30 min; - R
clectrical frcquenc1es of the signal to be studied

—

" taken between 0 and 0.1 cps (Fig. 94), '

time constant r = 1 sec.’

Spectrum of Fig. 93b. Figure 93b shows the spectrum ob-
tained from the interferogram of kig 93a:

value of the interval k, 0.5 sec, where k/r = 0.5
and the s/n ratio in the spectrum is practically the same as
if one had uscd all the points of the interferogram;
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' Fig. 95. Intrinsic Recombination Radiation in
Germanium, R, = 6,000,

A number of points chosen, 12,672;
“r : number of calculated points, 401, ~
A numerical filtering (width of the filter was chosen
equal to 500 cm'l) resulted in the reduction of the number of
points used for making the F.T. .
The calculation was made only in the regions of the lines
A, C and E. Galculation time: 22 min. ,
An examination of the specgrﬁm shows two interesting

vl‘&.ut_‘: L L ' LY

the line A is distinctly asymmetric;

the line E is dividcd into two lines at 5,952 and
5,963 cm™}; | )

detailed examination of the line E, (Fig. 95) shov's
that its width is of the order ot 2 cm'l; thus it has been
studied with an excessive resolution. Also in later experi-
ments whose results are not given here, we contented ourselves
with a resolution of the order of 4,000. Since the noise in
the spectrum of Fig. 23b appeared to us to be due in a great -

part to the fluctuations of the mean level of the interferogram,
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4_,,
i

we stabilized the mercury arc and reduced the potential of the :
lead sulfide cel as is indicated in Fig. 89.

4, CONCLUSION

The use of the Fouricr transformation method allowed us
to go from a resolution of 150 to a resolution of 2,000 in the
cstudy of the radiation cmitted by the night sky. In the case
of the recombination radiation in germanium, a problem with a

small number of spectral elements, the results arc less spec-
tacular. Howevers—we have becn able to demonstrate the asymmetry
of the line due to the annhiliation of an exciton with cmission

- of « longitudinal acoustic photon and the presence of two lines
1

[ —— B R

around 5,960 ¢ém~ whose origin is not accounted for yet.
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VII. COMPARISON OF DIFFERENT
SPECTROSCOPIC MLTHODS

Thc Fourier transformatioh speetroscopic mcthod that we
have just trecated requires very different techniques from
those: of elassical methods. However there are no fundamental

" diffcrences among all the methods. Whatever method is used,

the rcproduced spectrum is always the cosine transform of the
¢ven part €(6), of the autocorrclation function C(é8) of the
incident luminous vibration. It is this function 3(8) that -
up till now we have callcd "interferogram®. ‘

We are going to shew how, in classical mcthﬁds (prism,

.gnating,'or Fabry-Pcrot spectromcter) the flux that one mea-

sures at the exit of the instrument is the F.T. of Z(d), ob-
tained, for cach frcquency, as thc sum of a particular scries
6‘ n equidistant discrete valucs of f(é), n being the number
aof daterfcring becams. In the Fourier tranuformation method,

n - 2; the flux that one mcasures for the value P of éﬁ?ﬂsﬂase
differcnece is the sum of only two particulaf valucs of ¥(6):
£(0) and Yy (1) and it is nucessary to make tze Fourier trans-
formatjon a posteriori.

Onc particularly rapid way of making a synthesis of dif-
fesent spoctroscopic methods consicts in applving to the treat-
ment of the luminous vibration by a spectrometer, some of the
morc elementary rcsults rclavive to the determination of the
spcctrum of flurtuating magnitudes. Indeed the 01ectromagnetic
fiecld at a point in space is a random function of time. .
Fellgett [14,15]), Cebbie [20] und Herte [c4) have alrecady
bricily indicatid iz wav ot treating p ctroscopic in.tru-
ments. The. theoreti-~al problims relative to the random magnl-

" tudes and to their spcctra have been trcatcd in a satisfactory

way for the first time by Wiener and Lévy in a study of Brownian

Vs
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movement. Since Qhen, these studies have been pushed very
far from a purely mathematical point of view and the results -

~ have been applied to the theory of turbulence and to the treat-.

' power E{IX(t)l'} Udefined as the a~ithmctic mean of the quan-

- ment of background noise in the ‘theory of communications.

Before developing the particular case of optical spectro-
scopy ve are going to recall some definitions and thcorems

: concerning the spectral analysia of a random variable.

1. ROLL OF A LINBAR. HONOGEHECUS FILTER IN SPECTRAL
4

ANALYS1IS . - -
Onc can acssociate with a variable X(t) [dcterministic or

randot' function of timc] a power spcetrum only if the mean ;

ity |x(t)|® measurcd at tl* samc instant t for an intinity of

trials macroscopically identical, is indepondent of time., Then-
; for cach frequency component v obtained using x(t) in & Pouris! e

: R .s‘q
Mommm__ !’ . __,..*i,__., s

t (VIT.2). . B(r) = 3 C () e

it will bé possible to assign a definice. B(»v). ,'i}!

. s'.“. ,_"-..’« .‘“ . ) ..'.' ._“,.'
ST T xor = (T by M, T

v

The mean power 1s the cum

._g#11.1) l" E {lX(t)I.} S. B(v) av . : - : B

.. - Weoave intercstcd only in random functions fulfilling thesc

conditions; theee are the functions one meets in opties. They
arc functions with stationary: covariance and their study rosts

for a larce part on the theorcm of Khinchin actording to which

the FeT. of the ~crrelaticn runction_cxtr) = t{x(t) X*(t-r)} is
precireay B(w)s _ , - ' .
- o . '
'?f"’ dr .
ol . -

!
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A spectral analysis is made with the aid of a filter. We
shall call the linear filter g ({48} p. 347) a linear, homo-
‘ﬁa;péops transformation with respect to time which makes Y(t)
“cofrespond to the variable X(t) in such a way that
- o ‘ » 4o o .
(VII.S) ,Y(t) = X(t) » P(t) = 3 - X(o) P(t-0) do ,
P(t) being the percussional response ol the filter, i, n., lts
_ Tesponse to the Dirac impulse (%),
The complex quantity G(») with modulus g(»). Uhich ll
called fnter ga:ln is the F.T. of P(t) o

(N

).'4 . e o . h
'(vn.n G(v) = S P(t) e~23%C g |

‘w;'. - .“ . . -

o ?wo classical calculations lcad to putting the mean power, ce Tt

_"h after filtering, in onc or the other of two fundanentql fornsa A' ‘

L § “ v' s A.v: p S .
."';f :‘l‘vxx‘s, . {lY(t)'.} S B(') lc(l')'. ar, T I e '
'f;ﬂ’ K ‘ 72,hv e - L
. , R s )

) (%) 1h the ulcctromagnctic thicory of light [65) 2 1igh . u- .
pulsc i. a crain of very short waves, which gets sh.:. "‘er when ats '
distribution into given frequencies given by a Pourier explaoiJn
gets largexr (Pig. 96). . : , S

L

' Fig. 96. Light Impulse and its Pourdisr
naconposition. T . _

182 .
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L, g .

- : 2 +o — ,
(VII.6) ‘B {IY(t)l } - S ¢, (1) Cir) ar , Lo

H
S

Cp(r) being thg-autocorrelatiqn function of P(t).
These two cquations are cquivalent; moreover one can pass
from one to the other by Parseval's relation, after noticing
that the F. T. of C (;Y is the spectral decomposition B{v) looked
for and that the F. T. of C (r) is th2 square of the modulus of
_the gain of the filter J. . .
Morcover we can notice that wh:sa the function P(t) is '
real, it is simply the real part RL(CX(T)) 't&(f) which entcrs SR .
intc Eq. (VIL.6); it then. becomes ' **’ L

(VII.?7) C {Iv(c)t'} = S_., Rele(r)] Cf;'(r) dar . B .

Thé real part of a correlation function being cven, its F.T.
.45 also an even function and the relation (VII.S) then takes

-~

& (4®)1n fact . L ~

= s{lv(e)l'} - e{v(t)v"‘(t)} - E{-’* [Y(OIY*(e) + Y*(t)Y(t)lJ | ' -

Tuf‘*, L ) . - » B{ S} X(0)P(t-0)10> “(0')?“(t-0‘)do‘ +

?"* : 4-% S} x~(u)P*(t-0)dox(o')P(t-o')do'}.

.' In the case where P(t) is a real function, P(t-0) = P¥(t-0) -
and one can group terms: - _'. . o

‘lh(t).'k \S l_ n{"”"*("')} E{X""'(c)x.(o')}] '

?(t-o)P(t-o')dodo' = \ % [Cx(f)+cg(-7)]cp(ridr -

1]
v

)

'

. ‘o - ) .
. ' .vS: Re[cx(r)j CP(r) d'i.
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the foqg. ;_”

(V11.8) g,[lv(t)lﬂ -5 oY lew®ar, '
ot ’ - P .

B (v)‘being the even part of the sbectrun B(») as was defined

1n Chapter 1I. .

Formula (VII.B8) shows that the mean power is the chopped
energy in the spectrum times the energy transmission curve of
the filter lcO)I®. 1 T rcotangular band-pass filter,

one has |G( )|*=1 wherc » is taken betwécn v, and », and

G(v) =_0_clgewhere. The ideal filter for making the spectral’

analysis will have zero width but, if v, and v, are vy close
tcdether, one cdn say trat the meadured power is- proportional
" to the spectral density corresponding to a freqnency L takon _

between v, and » . "Then,

. v _’,‘;&" f ‘ .. SR e
R S ) o Co T g

(VI1.9) E -,lv(c)l [ =By, &

Onc explore:z the spe~trum by varying the band-pass ot the tilt!r;

‘2. GENERALITICS AFOUT THE SPCCTROMETERS CONSIDERED

AS FIiLTERS _

A cla- 3ical spectromcter (prism, grating, Fabry-Perot) or

A two-bear interferometer usced as a spectrometer is composed
of an optical . part which at cvery instant rececives luminous
radiations and transmits a ccrtain proportion of them to a

detector-amplificr-measuring sctup whick is provided with a

timc constant and mcasurcs the mcan power carried by the trans-

mitted radiations. Let us first consider the case of the
spockicneter used with infinitcly thin «ntrance and exit dia-
phragms, the useful practical case bcIny - vgity Jeduced from

. this (Fig. 97a). Let X(t) bc the value of the electric ficld

in the intorior of the entrance diaphragm (point source) and

Ly L
e

s

oL L

b 28
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. R _ .
()
.' . Nt =+ -".'ﬂ-: ) e Yilp = lm.:::’::ﬂl."'l‘ ' - K{.V8)
- ey " : umqur . Yol appeereld e Mﬂ'ﬂ’|
B Fig. 97. (a) Schematic Diagram of the Op-
4 . , . tical Part of a Spectrometer; (L) Schematic

Piagram of thc Operation ol a Spectrometcr.
_ .+ Y(t) the value of the clectric ficld in tie interior of the
T exdt diaphrégm where the detector is placed (Fig. 9/b). The
signal furnished by tnc latter dis amplified then transmitted
) to a rccorder, the ensemble having a time constant'z 80 th&t
“fone nensurcs lpproximatcl; the quantity ' :

RN ._ '.,.l.».‘ ;.a. E . ;‘ . . . . t"' lw
AR A.._ { lv(t)l' ac..
Sk ‘e .

~ Wc shall suppose that in what fonowr that thc ti-e't is big*
- enough so that we nved not distinguish betwecy

e t 1
- _-= 'rigorous only if ¥ = ®) 7" "This “approximat ion’ complttely nwglects
' " noise, which we do not .consider in this chaptcr, -The Laplacian
‘stationary charactcr of X(t) being given, |Y(t)|? has the same ,
valuc as E{ly(t)|%}.

The problem i:c to determine with waat approAimation
E{ Iv(t){*}, whici. we shall henceforth call #, the flux measured

. I I’ t+t .
' L 3 frce)}? dr ana the mean power |Y(t)|* (which will be

by the detector'??! 1s the specerun of X(E) such as wo have,

-«

- . oo (33110 the theoretical case considered here, the diaphragms
are inrin:lte;y thin and ¢ is a linc. In all practical cases,
the bum wtn have width U and one will measure.a flux. L

e b - - ~.
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defined it in paraqraph VII 1, i, e.. to what approximation

the instrument takes the F.T. of thc autocorrelation function

‘of X(t). oo . : b
(1) Expression for the Flux &

The spectrometei breaks vp the _incident radiation into
different components (spatially an the case of grating or prism
spectrometer, amplitudinally in the case of the Fabry-Perot
spectrometer) which it transmits with optical delays in arith.
metic progression and different'attenuctions before conbining
them in such a way that Y(t) can be puc in the form

ﬂ | VIT0) ¥(E) = 4 X(6) gy XEeT) S K(eL2n) 4L

. o Chd g h x[t - (n-}) r‘] ,

‘where kr is the delay of the (k+l) beam and S+ is its trans-
mission factor This sum 1s equivalent to the lntegul‘"’

u,-'

0] +»
(VII 11) t(t) = S‘ X(t-f)/:(f)dr = S‘ X(t-r)l’(‘r)k(r)dt ’

-

2y

:-R(r) being a Diro. distribution of perfodic Lupport of interval -
-and_P(7) a disiribution function which takes on the particu-

4

- ——-':&'.‘.._:. .
] "-, 1ar values Pys €3 coor 1 for r = o, Tiv soes (n=1) L and can

eventually become zero for 7 2 n T, if the number of transmitted

: heams before the recombination is finitc. Since a convolution
is commutative, (VII.1ll) is equivalent to

H (VII.12) Y(t) -'S x(o) JI(t-O) de . :
s . : '-' -® . . . . - J—
? . In this form, thé aralogy with (VII.Z) is combletc;,;(t)
E - 1s the percussional riiponsa -of the spoctrometer considerzd
q l . 33711 the case of tbé priszm, the number of interfering
beams s infinite and the interval of the function R(r) is “.“.T

e . ‘,[ . ‘e

156 | -
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as a linear filter. It is 2 real-valued function.’ Therciore .
by comparison with (VII.8) and o

one can write immediately,
(VII. 7) ]

t

4o
$ - S‘. B,(») letw)|® av

Noticing .that v, t, 7

P(1) and p(1) and the flux

i

' v e e
‘and & = 3 &)
. Joe X

-

Cp(r)'dr‘f_

\ and r  are related to the wavc'
number 0, to the length ! measurcd in the wave- train and to

_ the geometric delays 8 and k by the relation ¢ = v/i, I = tc,” 

-8 = te and f = 7 ¢, the two preceding cquations take the form -

”f;‘value of delay k between two cons¢cutive beams;

are fihctions of k.

1
(VII.13) -  e= 5. B(¢) I6e)|" de , -~ 5. .
R O I A N AT B A
.\ i, I | “
~." and R i
i ) : . "
& o e '
“ v3a1e) A c,(8) @ .
. o -l
e "' These two equations have becn established for a particular

the functions
In the_follow-

' ’1ng we shall use the two relations (VII.13) and (ViV.34) [which
It is in considering the v cond relae

are in fact equivalent].
tion that we shall see how

$%(8), -an operation whose result’is interprcted by the firat e
Y. relations :

the ihstrument Mmake s

the I.T, of

_ The function C_(3) is the autocbrrclation function of
the product P(!) Rk(l). Hence it is still the product .of
Dirac distrihutinn of periodie support, of the .aﬁE’intcrval
I, with an cven 1un.tion A(G) whicli is the Autocurrtlation'

function of P(I):
- (VI1.15)

. ‘

SRR ORACE
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We shall see in what follows for each type of spectrometer, !
the particular form of A(3) that we have been talkihg about
up till now will play the same role as the weighting function
introduced in the Fourier transtormation method. ‘

Replacinrg e§(a> by its value in (VII.14) we get

. ' v 40 )
(VII.16) *(h) = S - £x(8) A(8) R (8) 48 ,

which is equivalent to

(VII.17) ®(R) = S A + 25 A+ ... +2( , A =

EOTL o - : k=n-1

R ' S AR LT

k=-(n-1)

’;t is a finite sum of discrete valucs of the -autocorrelation

function of the incident radiation, multiplied by the weight-.
ing function A(8) appropriate for the instrument. It is easy

 to show that this is a Tourier transiormation. In fact, nothe
- ing changes in the value of the sum (VII.17) 1if onn mmlti-

plies each term by the factor cos 2xo,kk in which o, has becn
chosen equal to q/h m being an integcr. in such a way thlt
the cosinu m always equal to 1. ' The new sum :

k-;;n ' . .
(ViX,16) (k) = . cos 2s0,kk -
o . k-'(nf.) Gk Ah"‘l ' e |
is equivalent to
- e o _
vir.10) ety = §  ¢,06) A8) R, (8) cos 210y0 a8 .
-® ' .

 This is cxactly the expression (II.12) giving the value uf a

spectral density calculated by taking the nunerica& F.T. of
the interferogram. By putting F(e) = ll(b) R (8)), one
can write (VII.19) in the form ‘ :

o
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- Fdg. 98, Appa;atﬁo-?unctipn.

S

'~gv11.go)_ '_'6(,)'§;n~fv;7'=”’

O S
=3 5 . Bp(o) (F(o,-0) + F(’¢+??,yd' .  ,!'

In oomparing (VII 13) and (VI1I.20) onc sees that .-©

e (VII 21) et |? = 3 [F(o,-0) + F(oy+9)] . B ¢

The spectral density ncdsuced [or the wave number % hence -
is the chopped energy in the spectrum iultiplied by tha-functinl
wﬁ Ib(v)l' which »pcctrodcopiats call apparltut-functioa. ‘

*%-?’\ . .
e (2) Fovm of the Apparatus-Function

we have emphaei :cd the analogy betwecen the cxpressione
(VII.19) and (II.13). Ciamilarly the cquations” (VII.21) and (11.14)
“ snow that, in the glasszical cpucicumcters as inm the case of thc
num~fica1 F.T. of an interfcrogram, the apparatus-function is
anposed of two scrics of pCuP, s-parated by a distance 1/A
o fandi ccntcrcd about ¢, and - @, , cach one of the peaks bcing
. th: I.T. of thc weighting function A{8) of the interferogram.
“Howrvor thowe are fome little l;lfquPfG-.lﬂ the case where the
pwacr dcwl F.T. i& taken as was indicated in Chapter II. In the
. case of a vlassical .p¢iirometcs since O,, the wave number for'
which the F.T. is made, is an intéger multiple of 1/a, there
always is « pcak centered about the origin (Fig. 98) and the
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Fig. 929. Autacorrelation Function €, (81 and
Grating Functions R, of Different Intervals.

\ :
two uerics of peaks of the apparatus-function are aixed to-

,...‘_ R -".-' »

.o o0

| vIL22) By@,) =) B(e) F(g,-0) d .

vV a8

When one explores the spectrum, that is when one looks
for the -spectral density correspondlng to a number h’ in the

.. ncighborhcoad of g,» one changes thc delay between two consccu-

tive beams wihich becomes k', Hence one changes the| interval
of the grating tunction k (6) which serves to pick off points . .
in the funection \x(é) [lzg. 99]. The new value B(o,,) is K
tntlxiorc obtained from a new scries of values of ¢&(6) The
new apparatus-function is not ueduced from the first by two
tr&nsla;iuu; as 3s the case¢ when one makes the numerical F.T.

of an interferogram using a single ceries of cquidistant values
picked off on this interferogram as c¢~plained in Chapter II.

The ddsvance & between two consceutive peaks is then equal to
1. %', tut onw of e pcaks rermains centercd about the origin
(Fig. 100). Horeover, in the strictest sense, A(8) is .. .unc-
tion of ® and the form of each maximum saries with A; of course
the variations will bc ncgligible 1n the apcctral do-ain exs.

'A‘plored. : L

160
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p Fig. 100. Deformation pf the Apparatus-Tunction
. With the Value * of fhe Intesval; Onc of the max-
L ‘ ina Remdains C-ntered on thu Zero Flgqucncy v
I "‘-" " y _'Q’Y S i _ S
I . "l We have <oen that when-che 131l es e puancrical TLT.-of
¥ A an intorxnroqram,onccnou-g. pieccisely thc interval 1 oin snch,
. . . o
. SR . a way that a -sinqgle pcak. crxplorcs the spo-trum. In the casce
l .‘":of classical spectrometers, it is nccessdly to tahe the pro-
' ) h‘"cauLion cvcntually to limit by an optical liluJaihe spectlun
4 "““to be studied in such d vay that the Jpcctral nntvrval occupio
[ » '. .
l : * & be o at most cqqal to 1/ (Fig. 18). ,
- In general onc calls the limit of v olutdon the width at

R :3'. FORM:: OF Apmmru.,-ruuc'n:_g OF CLACH HUAL iCTROME TR
{ffy§:«, 5' ’ It suffices’ to determinc p(1) in cach typ. upx«tro-
{?}‘}j ; mctor in order to diacover 1mmcdiatoly its thcrrctical a’para-
.’ o . g . -L “tus hmction. : o S ) ! : ‘L..:a
& o i 3 ‘ o v

s
-
Ko

,

)

-

__*;lid hcight of onc of the peaks of the uappur atu' -tunct ion, *
. Hidth will Be the narrower thc wider it: ILT. 4 m‘,(")’ is, e nee
one ‘will krow a greater portion of itu autocou&elntian ¢Uaut1qns

,w(l) Ceaging Spectrometer . - T

- Considce a gratina with n eldc: infinitrly thin and th
_ Viuratz(n» f:cudng troa th oo H.Tlgﬁ, in the dixxution~a'
s (Pia. 101a); p(1) dis then a Dirau'c"tx;bution of xnt(tval
‘ é o~ a(sin ¢ » sin 6°), a b\ing the Ai-tanse betwiep two liuc¢
_6r the grating, li.itea by a ;quamc Qulse . functzan of width _;;;
b= (nel) o (T 1ﬂ1p). lt tht grating rccc1Vf$ an impul

This

'

et
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- .7 . ~Fig. 101. (a) Schematic Diagram of a SRCIR A G
. e CGrating apectrometer, (b) Impulsc Re- R T T
- . 'sponse of a Grating Spectromecter; (e) . = <

Autocorrelation Function of the Impulse - - "¢ )
_ Response.of a Crating Spectrometer. ' o

_ of 1light it transmits n impulses in the direction 0'. Cp(é) i' 3
.is a Dirac distribution of intcurval &, nodulated by a triangu- | :
"lar function A(8) which is zcro cutside the interval -« L, ¢ L

’ﬁ";'(?ig. 101c). Hence the\nxpression of the—appardfus-functian

- SO - N [V B X P SR
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Lo . sin & h — - ?
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(2) Tabry-Perot 5 gubtromegg '
Let ¢ be the distancc scparating the two platcs, ¢ the

amplitudc reflection factor of .thc ¢urfaces of che plutes o -

(#1,. 102.). In this. case (Fig. 102h), :

.
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Perot Lpuctrometos;

e 0%

A = exp (- 1l Loy f;)

(a) :chematic bDiagram of a l'ahry-
(b) Impulse Respoase oi-
a Fabry-Perot Speetromctor; (c) Autocorrcla-
tion runction.of the Inpulse Response of a.
— —.Fabry-Fcrot Upectrometur; (d) Apparatuss -
Function of a Fabry-Perot Speg }
O Y
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This is the superposition
of the resonsance functions
which repeat at multiples of .

1/%.. This is an Airy function MM . .

whose width at mid-height is Fig. 103. Impulse Response of
60 = (1/r)(1-r)/#r (Fig. 102d). & Prism, - o

(3) Prism Spectrometer
_ word Rayleigh [65] studied the propagation of an 1mpulsg -
T disp.rsive medium and made a plicagion'of it in the
‘case of a prism. He showed that the percussional response of

‘a prism in a given direction is a train of sinusoidal waves
- of frequency v, and of length L = e(dn/dr) A, with A = /vy,

: 4f e is the length of the base of the prism (Fig. 103) and

A ',“ ff"lo.'..'.i;':ll-b_‘ e

S ! (o) = j6( )'a' "sin rL(a‘-c)]a _
N -(’ ' F(o) = |G(o e | — )
L | . {Zres

*

;f:éIn chis case € (8) = A(d). A(S) i: a triangular fuw..tion,
" zero cutside of the domain -\ L, + L. The function R, (/) has.
an infinitely tmall interval b:ucause there is' an infinity of

The spectrum which one obtains with
: : SRS unt

"erays which it pfere.
~ffg;fh@rpr S 1. unique.

Nl

=
-

" AT FOURILE TEANSEORIGATION METHOD

O

In a two-wave intertcrometer, the incideant vibration is
divided into two vibrations ot cqual amplitude. If tuc instru-
" ment receives an impulse, it transmits two staqgcned.impulses
~in the time L h/c (Fig. 104a); Cp(é) has & particularly
cimple form. "t 1s composed of three verticals: two at
6 =4 k of hciynt 1 and another of..double height at é = 0

- (Fig. 104b) in :uch 3 way that

. . e P, e oL R .




A milmane:
. e s IRy

; T P I 0 T W TV PUIpoy Rempe~

. . . ‘. A - A o paiat B o i ot L

reay]
B
L3
1
2

EEIE L LI R e N A R R T R O R " AU e s N
3 . i y . 1 ety », ;'

NAVWEPS RCPORI__Q;Q

.’
¥

Tig. 104. (a) Impulsc Response
-of a Michelson Intericromcter; e
(b) Autoceorrclation Function of ‘“?va'
the Impulsc Response of a Michel- & - =% -
son Interferoneter. _ ":7%
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= e
Q
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%
+
€
+

1

Here ®(k) is the sum of two partlgular valucs of gxco) Tﬁis.
is not enough to make a Fourier transformation. In fac. ')
is composed of a constant. partqpx(O) of a variablc part which )
gives prccisely py(€) when one varies & lincarly as a tunction

}

“or time. N -
‘To rcconstluct the specctrum from the 1ntﬂrfgrogram, onc ‘;
should/he able -to treat the 1ntcrferogram e\actlg as the clas- -

: 'f”*fical upectrometers do,. by forming for the calculation of the

spectral density correspondlng to LaCh wave number the sum of
a particular series of dlscrete and equidistunt values ot the
intcrfcrogram. One should be. able, of coursc, to choousc A(d)

" at will ir such a way that one could obtain cxactlv the same
ssic spectromcter,

. o

thcoreotical apparatus- -function as with a cla
_with the two series of peaks mixed together and a prfk con-
stantly COﬂt@ch on the zero frequency. But practic l]y, it
is much 51mplcr to choose a single series of valucs,of (6)
and numerically to take the Fourier trnnsformatton by varying

the cosines as explained in Chapter II.

M

5. CONCLUSION c
All spectromcters take thc F.T. of the ecven part ,x(d) '

of the autocorrelation function of the luminous vibration.

The rcsolution is limited because ;. “ (8) is known only bctwecn
dlfferencc between the interfnriuq )

o

.

0 and L, the maximum phase

when the disperscr is a pricn, the T.T. of 7 '6) is

. mace. by using a continuous s&qu ace of valucs bctwcen 0 and L, .
and the spcctrum obtained is unique. In the other clas*i"al

I! - pecrromcturq the F.T. is obtained as the sum of discrote
(6); the apPAra:u,-function is thevefore

beams.

'cquidistant values of ;x

)

165

—

w‘ M.




biud

e 1

|
1

4

i

.. NAVWEPS REPORT 8099

T TV e T T T M o T T

composed of a series of pééke, each one of them being the T.T.
of the weighting function A(8) appropriate for the instrument
which multiplies 3;(6). In the Fourier transformation method
it is'¢,(8) which is measured. One can either make the F.T.
by using a continuous sequence of values of (6) as for the
prism, in which case the spectrum obtained 3is unique, or nu-
merically calculate the F.T. using disérete equidistint values
of %¥,(8). If one uses a different series of values for each
wave numbcr, since onc can choose A(8) at will, onc can obtain
exactly the same apparatus-function as with any classical
spectrometer. When the Fourier transformation is made bascd

on a single series of values of c_x(ﬁ), the apparatus- function
is composed of two series of peaks which are displaced in
opposite directions during the exploration and the limit. o3
resolution is fixed from one extremity of the spectrum to the
other. ’ ’ '
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‘ In conclusion, it seel..s to us that the :pectrometrio
method using Pourier transformations is, in tlie, infraved, the
. most powerful of the spectrometsic methods . Indec.d it unit-
the fundamcntal advantagc of the classical’ 'lntcrtex_'g!neufic
'u-et:hods, namely the. large useable solid angle, and that of tihe
A 'multiplex' methods, in which the wl'olc measuring time is us..
" tor the determ:lnation of each apuetral element.

Its supericrity- -

- over the other methods :lr.creasos with the. number of spec.tra‘r I

eJ,;.ncnt° to be studied. It pernits us to treat 1:\ the rear
:ln.fl-amd two problem* at 1ea't one oi whuh won1¢ havn been
-f:tupossible to resolve by othér methods: In both ‘cdses, the
gain which eqp e attained is expressed as a cons:ldeuble 1n-

&#

. croue in mulutiw. . i L
" : lut its use, as sobi n the d‘.mred ro,gclutions pass
rtgvenl thouunds. poses soue pro!slew which ‘are not yet vco
L »iol.\te.da obu&ning a 1arge p‘nua niffereme without putting
:’3"‘ thc ‘S.uterfnrqmeter oat of ord..r and calculating the F.T. of
the :lnt:ex'ferogram. I'n order to pusrtors this last opeutlon‘ :
"-;«_"?F: It the preunt "€un two devices am.' used:
: "whfch do not uJ.ow one to excced T -u.lutiOn., of -the ordcr of
L300 dng digitai computers.’ . . -
7“:_‘.‘_ ‘~- "ihe calculation cime tor a spectruin by a nukericael
' Pnu: ier 'cransfomati-m i3 promrt:lonal to the number N of

TIn tho abrencé GF nodse, N will be ¢ the
A che s paaLyaa

"-'-"

K

o \,'mput points |
K order of the number H ot spectral rlemonts

l ‘ﬂ bC *tl!di».d. CThe srtafty of the faniert

L tha ._alx.ulat 4 SN R G e ’-'l'.\"_-..'s "..l!a‘.' in erdor 7 <Loadn

_'the maximwa Biynal, neioe ratis In the specirim, 3 the iater-
fcmgra-n has buvan reouis t.xrouuh a low-pa.,.. filter, N can:

svory much 1ar~.(r than M, “Several ways of vuoudim; t!.c

. SN,
ot Whilor wodre an

' c. '. “;
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inter!:rogram or of calculating ‘1llow one to obtain the spectrum
under the best conditions and .t the same time to use a number
N near |' to make the Fcuricr 'ransform: static recording,
mcthod oi changina t... frequency, numerical filtering. What-
ever methed 'L used wntn treating a problem with a great
number of spectral elementc by Fourier transformation, onc
meets two difficulties: the first which deals with the nced
to pick o1 f a great numhbecr of points from the interferogranm
can be mitigated by using a converter system which records
- directly on punched cards the necessary values of the inter-
ferogram. But the second which is. concerned with the long
calculation time and the delay whic¢h occurs between record-
ing the interferogram and obtainidzhthe spectrum is inevitable. .
The regular use of this method for problems at even medium
resolution, hence appears difficult as long as :Ee does not _
have a high-specd calculator available for Fourier transforms .-
which allows one to obtain the spectrum very rapidly after '
recording the interferogran
In concluding I must express my appreciation to Professor T oa
Jacqu;not who started me on this research,
I thank P. Connes, my fellow research workers H. Gush and
0. Parodi for the part they have taken in the experimental
workh ard for numerous and fruitful discussions, P. Giacomo for
the help he gavé me at the time of the construction of the
interferometer, R. Chabdal, all the technicians and workers
of the Aimé Cotton Laboratories, and_. J. Arsac for the advice
he gave me in the study of qQquestions concerning noise. ‘ -
Equally I thank the Committee of the Europecan Scientific
‘Computing Center and Mr. Wattson, Director of the Comput: .y
’ .. Center of the uu;yersity of Toronto, for granting'hourstotA
frec computing time on the INM 704 indf§5¢‘=“, . '

| gy |

= =

’




-

_,_NAVWEPS REPORT 8099

.
t
'

(1]
{2]
(3]
(4]

(5]
(6]
(7]

|

9]
[10)
{11]
. [12)
[13]

'

-

f15]
6]
(27]
(18]
[12]
{20}
{21]
[22)
(23]

=

I

fel .

p Q (2]
' :iz;

,
P -
- * L4
——ayh G .o

. REPERENCES

P. Jacquinot, 17° Congrés du G.A.M.S., p. 25 (1954).

A. Couder, J. phys. radium, 8, 99 {(1937).

R. Chabbal, Rev. Opt., 37, 49, 336, 501, 608 (1958).

E Connes, Rev. Opt., 38, 157, 416 (1959) and 39, 402
1960)

A. N;(helson, fhil. Mag,‘_;, 256 (1891).

A. Michelson, Phil. Mag, 34,.25&.(1895)_

vord ?ayleigh, Phil. Mag, 34, 407 (1892).

D. a. Jackson, Proc. Royal Soc, 165, 303 (1958). _ "
D. A. Jackson, private communicationm. S

J. Terr;en, J. phys. radium, 13, 390 (1958). o
J. Terrien, Teddington Symposium (1959). o : *‘, !
P.

Pelgett, Private communication to M. J. E. Golny, )

P. Pelgett, Thesis, Cambridge Universitv (1951)

P, Felgett, J. phys. radium, 13, 187 (1958).

P. Felgett, J..phys. radium, 19, 237 (1958).

J. Strong, J. Opt. Soc. Am., 41, 354 (1957). : R .
H, A. Gebbie & G. A. Vanassey Nature, 178, 432,(1955);1 e
H. A, Gebbie, Phy-. Rev., 107, 1124 (1957).

H. A. Cebbie, J. phys. radium, 13, 230, (195%).

L. W, Morr>, 1. phys. radium, 19, 233 (1958).

N. G. Bakhshicv, Optika i Spohtroskopiya, 2, 816 (1957).

J. D, Strong & G. A. Vanasse, J phys tadiun, 19, 192

ol

(1958).

[24)_ J. D. Strong & C. A. Vanass;, a Opt. SOC M., 49, 845
(1959). _ . AR
A, Micrclson, Studivs'of optics, Uwzveraity Prbss,
Chicago.:
M1lec. b, Doscier, Rev. cpt };, 57, 147, 267, 552 (1954).

J. Arsac, Optica Act- aris) 1, 55 (1956). RN

169




gl

Gumsey gy pamoec  prumsy

~ -
oo '
.

- I ——— B e B e

o ==

Lo

NAVWEPS REPORT 8099

(28]
{29]

(20]
(31}

[52]
{33)
[24)
(3 )
[se]

{37}

[:0)
[59]
40}
[41]
[12]
f43]

[44]

[a9])
[16]

(471

(45]

{a9]
[20]

[s1)
[52])

(53]

1/u

C. Shannon, Bell System Tech, Jo., 3, 47, ‘579 (1948).

M. Woodward, Probability * information theory, Pcrgamon
Press, Londum (1955), p. 21,

A.’ KOthanrg, J. App}-o p]lj’o, __2_‘}.’ 1432 (1953)0

C. thannon & S, W iver, The mathcmatical theory of come
munication, Univercity of Tllinois Press (1949), p. 53.

L. W, Mertz, privaotc- ¢owaunication.
E. R. Pock, J. Opt. Coc. Am., 4%, 931 (3955).

J. O. Harrison & C. W, ttoulec, J. Opt. Soc, Am., 45, 116
(19%9).

G. W, Ltrol., Bul, Rescarch Council Isracl, 5, 339 (1957).

P, Jacquinot & €. Dufour, J, rccherches centre nat,
rccherche sedi., Lab, Bellevue (Paris), 2, 91 (1948).

P, Jaoquindﬁ J. Opt. -Joc. Am., 44, 701 (1954),

Mmc, 'J. Connes, J, phys. radium, 13, 197 (19%8),

P, Conneu, Rev. opt., 35, 37 (1956).

GC. W. utroke, J. Opt. Soc. Am., 47, 1097 (1937).

L. R, Peck, J. Opt. Yoc. Am., 38, 101% (1948).

H., A. Ccbbic, Todd:ngton Symposium (1959), , .

A. Angot, Complements ¢ mathematiques, codit, Rev. Opt.,
Paris (19%7).

Mllc. A. =M, Camus, M. Trancon, E, Ingclstam £ A. Haremhal,
ROVO Upto > .5() 12‘ (lf”l’l).

R. W. Wond, Phy:. Rev., 40, 1038 (1932),
L. W, Mertz, Opt, =:t. Am., HMeeting (1960),

P, Grivet & A, Rlagu’van, Le bruit dc fond, Masson
Paris (1958).

A. Blanc-Lapicrrec ¢ R, Fortct, Thforic des Ionctioﬁa
alé; tordes, Mascon, Pardis (19%%).

J. tJULhnig, Ann. Padiodlee., 11, 208 (19%6). °
Ve Calquinot, T phiy .. radiue, Y13, 49 (19%3),
P, Jdacquinot, Ltockholm symposium (1959).

. M. Dufficux. l'intedralec de Fouricr et scs' applications
d l'optiquce, capir, may be obtaincd irom the author, Univ,
Bc:sancon, p. 109.

J. C. Braithwaite ¢ J. Brooks, Opt. Soc. Am, meoting (194.0),




{
.

[s4] L. ¥W. Mert:, Stockholm Symp

(;;} M. Vinokur, Thesis, Pardis (

[56] Mme. J. Connes & V. No:zal,
(to appear),

{s7] H. P. Gush & A, Vallance
Terres. Phys., 7, 285 (19§

{53] O. Parodi ¢ C. 1;1‘105.‘:‘ a l¢
and Control, &, 350 (1959

{59} J. R, Haynés, M, Lax & W,

| Solids, B8, 392 (1959).
(0] D, C. Williamson, J. Opt.

[61] Mme. J. Connes & H. P. G.
(1959).

[62]) Mme. J. Connes ¢ H, P, C

Phys, 21, 398 (4953).

{64a) L. w, Murtzg“ﬁriVETG”ﬁéy

[65] R. Longhurst, Geometric
: Green & Co., London,(lﬁ

[66) Lord Rayleigh, Scientif

- ACKNOWLEDGME!

The translator wishes to‘thank

Sy P'optique for permission to b

circulate it within the U, 5. Pepar

Tt | & pleasure to cxpress ap
Robo 1t J, Stirton for considerable
to Hepry N, Browne, Jr. for reviewd
faft ulnes: to the original.




