UNCLASSIFIED

o 408825

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFGRMATION

CAMERON STATION, ALEXANDRIA, VIRGINIA

UNCLASSIFIED



NOTICE: Wwhen government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have fornulated, furnished, or in any way
supplied the sald drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



4 "mw
a - VJ""

FOREWORD

This publication was prepared under contract for the
Joint Publications Research Service as a translation
or forelgn-language resecarch service to the various
federal government departments,

The contents of this material in no way represent the
policies, views or. attitudes of the U. 5. Government
or of the parties to any distributicn arrangement.

PROCUREMENT OF JPRS REPORTS

: All JPRS reports may be ordered from the Office of Technical
Services. Reports published prior to 1 February 1963 can be providdf, =«
for the most part, only in photocopy (xerox). Those published after
1 February 1963 will be provided in printed form.

Details on special subscription arrangements for JPRS social
sclence reports will be provided upon request,

No cumulative subject index or catalog of all JPRS reports
has been compiled.

All JTRS reports are listed in the Monthly Catalog of U, S,
Government Publicatinns, availahle on subscription at $4. 50 per year
(36.00 foreign), including an annual index, from the Supeviniendent
of Doﬁuments, U. S. Government Printing Office, Washington 25, D. C.

All JPRS scientific and technical reports are cataloged and
subjarteindexed in Technical Translations, published semimonthly by
the Office of Technical Services, and also available on subscription
(12,00 per year domestic, $16,00 foreign) from the Superintendent
of Do~uments. Semlannual indexes tu Technical Translations are
availahle at additional eost. C




b

JPRS:

RECENT DEVELOPMENTS IN GEOPHYSICS

- USSR -

18,819

[Follovwing are translations of article. from Voprosy
Ordena

Geofizikdi, Uche Zapiski Leningradsko
fenIna Goamrsgvennogo Unlversiteta inen? X.A.

7hdanova, Seriys Fizicheskikh 1 Geolog.cheskikh

Hauk (Problems of Geophysics, Scientific Notes of

the Leningrad State University imeni A.A. Zhdanov,
Laureate of the Order of Lenin, Physics and Geology

Series), Vol 303, No 13, Leningrad, 1952.]

Table of Contents

Lomanyy, V.D., Prokof'yev, A.G. and Yanovakiy, B.M.

Measuring the Components of the Earth's Geomgnetic
Field by the Proton Resonance Method. . . . . . . . .

Berdichevskiy, M.N., Bryunelli, B. Ye., Lantsov, A. Ye.,

and Raspopov 0.M. Using Natural Electromagnetic
Variations for Investigation of the Earth's
Upper LAaYers. « . ¢ « « o o o o o o o o o 0 s o 0 s e

Kovtun, A.V. Plotting Magnetotelluric Sounding Curves

According to Recordings of Short-Period Variations
In the Natural Geomagnetic Field. . . . . . . . . . .

Gasanenko, L.B. and Sholpo, G.P. Calculation of the
Low-Frequency Dipole Field in the Far Zone, . . . . . .

Gasanenko, L.B,, Sholpo, G.P. and Terekhin, E.I.

L

Some Functions of the Complex Argument Which Appear

In the Low-Frequency Field Theory . . . . . + + « + . .

[

12



-

Gasanenko, L.B. Approximate Formula for a Dipole Field
Above a Horizontal Lamellar Structure With a Poorly
Conducting Base . v + v o o 4 4 o o s o s o8 6 e e e e

Molochnov, G.V. Directional Electromagnetic Sounding . .

Molochnov, G.V. and Grebennikov, G.M. Comparison of
the Induction Method With the Dipole Electrcmagnetic
Metbod on a Thin “~nducting Plate (Model) . . . . . . .

Veshev, A.V. Representation of Observational Data of
Alternating-Current Prospecting as an Apparent
Specific Resistance . . . . « + « 4+ ¢ ¢ 4 o o ¢ o o o &

Bulgakov, Yu. I. and Veshev, A.V. The Use of Low-
Frequency Alternating Current in Electrical
Profiling and Sounding. . . .- . . ¢ . e e o .

Sakharnikov, N.A, and Volkov, D.M. Methads of
Calculating a Point-Source Field in the
Presence of a Vertical Bed. . . . . « . . « . ¢ &« + &

Tarasov, G.A, Influence of the Earth-Alr Boundary
on the Electrical Field of a Polarized Sphere . . . .

Barkhetov, D.R. Low-Frequency NCHMU Equipment
for Prospecting . . . .’'. « v v e v o 0 0t e e e e e

Gran, B,V. Conccrning the Vertical Torsion Balance Theory
Nekrasov, Yu. Ye. -Plotting Waye-Front %arts With An
Arbitrary ﬁm—r} of*lChanM in se‘témi Velbeit:” "7ith Depth

N Yoag

e as el

12k

a7

130

138



MEASURING THE COMPONLNTS OF THi TARTH'S GEOMAGNLTIC FISLD BY
THE PROTON RESONANCYL HMETHOD
V. D. Lomanyy, A. G. Prokof'yev, and B. M. Yanovskiy
pe. 3-15

Introduction

All magnetic observatories in the USSR at present use
classical methods to measure H (the horizontal component) and
Z (the vertical component). The error in H as so measured is
2-3 y, while that in Z for latitudes between 50 and 60° is 5=
10 v. One of the proton-resonance methods (free nuclear in-
duction) can measure the field to 1 part in lOﬂa which corre-
sponds to not more than 0.5 y at the above latitudes; this re-
presents a great improvement. The method gives the strength
of the total field, so either component can be measured alone
only if the other is first balanced out by a field of compar-
able homogeneity. Helmholtz coils can provide this if the
homogeneous-field region is larger than the detector (u vessel
containing water). Here we describe an apparatus for ameasur-
ing Z and give some values.

1, Theoretical Principles of the Free Huclear

Induction Method

Any atomic nucleus has a mechanical monent p and a mag-
netic moment p; u/p = #y is called the gyromagnetic ratio, the
sign indicating the direction of u relative to p. The pretons
in (say) water have no preferred orientation in thke absence of
an external field, but a field H (steady) pives them an addi-
tional energy 8E 2 uH, which causes p to take the direction of
H. Quantum theory indicates that lLhe projection of » on the
direction of H can take 2m + 1 values, in which m is tihe magne-
tic quantum number; m = % for the proton, so it has two orien-
tations (along and opposed to the field). Boltzmann's theory
indicates that the proportion parallel to the field is sreater
than that antiparallel, so there is 2an excess moment Wy in the
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direction of H (the substance is paramagnetic).  The magnetic
moment per unit volume is J, = xH, in which x i3 tie nuclear
paramagnetic susceptibility:

__ _Neluim(m +1)
= '

in which N is the number of nuclei in unit volume, k is Boltz-
mann's constant, and T is absolute tewperature.

The interaction betweea H and p is accompanied by inter-
actions between the nuclei individually and collectively. The
latter (interactiown with the lattice) causes the tecperature t!'
of the nuclear-spin system to be the temperature t'" of the latt-
ice in the usual state; but t' becomes larger than t" when a
magnetic field is applied, and a certain time T, (the longitud-
inal relaxation time) is needed for the systeis To return to
thermodynamic equilibrium. This means that the vector does
not rise to J, = xH instantly but instead rises in accordance
with J = J,[1 - exp(-t/T)], in which t is time.

The interaction between the spins is caused by the local
magnetic field H' produced by adja-
e cent nuclei, so spins initially mo-
ving in phase in response to H after
/— a time T, differ by Aww~yH'; Ts e
PSind 1/4w and " is called the transverse
\\\\\\-- Y h relaxation ‘ime. The comaonest me-
thod of exciting free nuclear in-
duction is to switch of an accessory
strong magnetic field H very rapid-
ly, this polarizing field is first
applied perpendicular to Hy, the
(4 field to be measured. Then, after
a time of about Tp, when is app-
roaching its equilibrium value,
this H ig removed rapidly (so rapid-
ly that does not alter in orien-
» tation). The oriented protons are
then subjecg to Hg, tke 9oup£e on
the momncat Hy from Hy being C =

[h;E 0.
Fig. 1. The equation of motion, in
> the absence of relaxation, is
—-»
dap; > > > >
i —C:[plﬁrlz-"lplﬁrl’ (1)
- 2 . . . >
for uj = yPy. We multiply both sides scalarly by F; and et
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P;(dP;/dt) = O, so P lies ag 90° to dP, the modulus of P being
constant, so the mocion of P is that of przcession about the di-
rection of Hy.

Let © bg the angle between P ana ;{t (Fig. 1); then d-I:”i
can be put as P sin 8d¢, so

B Bisind ) moBysing,

- >
in which w is the angular velocity of P. We replace dP;i/dt
here to get

WH"“.. PL
= “~Hr=1Hr,
- T—‘“. - ;‘ r={fr

in which w is the Larmor precession frequency.

Equation (1) should be put as follows if relaxation
effects are present, for these resewble damping; replacing
M by J, we have

dt ’

dJ

"7!—1[‘IH7']‘V'—"L0
4/, Jo—1J

v
The conditions for t = O are

fi= = dJy _ 4

° f"+',’!°‘—(',1)', J,=O'&~?‘—=—d-tl=o'
and the solution to the equations is

¢

jx=.l,¢—7'- cos (of 4 9,),
3
Jy=/Jse T‘sln(»t-i-?o).
- 4
J,:Jo(l — e r.-) ’

in which w = yH, and tfo is the initial phase. Then J precesses
around Hy with a frequency w and has a decreasing awplitude; a



cylindrical coil having its axis in the plane of rotation then
has a curreint induced in it. The amplitude of tnis signal doe
not depend on the orientation of the coil in the x0Oy plane but
it does depend on the inclination in the 20y plane, for this
affects the effective area intersecting the fluxe. The signal
decays gradually, but its amplitude remains adequate for seve-
ral seconds provided that the relaxation time is long.

The magnetic induction B, corresponding to Jy is hndy,
8o the flux linkage § is B, SNBsin(a), in which S is the effec-
tive area of one turn, a is the angle between J, and H¢, B is
the filling factor, and N is the number of turns. We assume
that sin a =1 and § = 1, so the induced emf is

E=——£—%-=-‘£~NI,«;!II‘I«:I.

The power corresponding to this signal is

1 1\ 1 16w
P= (B ) =7 T SN, (2)

in which r is the circuit resistance. In our case tnc para-
meters were r = 18541, N = 2550, 8 = 6,2 cma. and H = 1100 oe,
These give with (2) that P = 2.1 x 10713 w and that E = (2rP)*
= 9 uv, so the signal is rather weak; even an H of 1100 oe
gives a signal comparable with the noise, but narrow-band fil-
ters eliminate most of this. The signal-to-noise ratio is
about 7 or 2 in the present system.

2. The Apparatus

The apparatus for detecting and measuring the frequency
given by Z has two main parts, namely the Helmholtz coils with
the sample and the electronic equipment for measuring the frequ-
ency. Figure 2 shows the block diagram; the Helmholtz coils
1 balance out the horizontal comgonent. The sample (distilled
water) 4 lies at the center of the coils and is enclosed in the
pickup coil 3; this last is itself enclosed in the polarizing
coil 2. The emf in coil 3 has the frequency W; it is ampli-
fied by the preamplifier 5 and thes is doubled in frequency by
the multiplier 6, after which it is again amplified and is fed
to the mixer 7, where it is mixed with a sipnal of frequency «4
from the calibrated generator 8. The two frequencies are si-
milar, and the beat frequency w, = @ = W is Jetected by the de-
tector 9; this is passed through the matching stage 10 to the
oscillographs 11 and 12. The MPO-2 oscillograpgh records the
beat frequency on film, together with time marks provided by



the generator.

1
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Fig. 2.

The Helmholtz coils (Fig. 3) consist of two flat discs I
of plexiglass 360 mm in diameter each bearing 112 turns. These
discs are fixed to the plexiglass cube 2 (edge 180 mm), the
cube being supported on the cylinder 3 mounted on the goniometer
stage 4. The leveling screws 5 are used to set the axis of the
coils horizontal, the stage providing a means of setting in the
correct direction. The cube contains the polarizing coil,
wmithin which there is the pickup coil, which is wound on the
tube containing the distilled water. The polarizing coil has
its axis normal to the axis of the Helmholtz coils and to the
axis of the pickup coil. The above dimensions give the Helme
holtz coils a field constant of 2.8 oe/a, so the horizontal
component at Leningrad (C.15 oe) is balanced by a current of
about 55 ma.

The polarizing coil is a straight solenoid lying in a
horizontal plane; it has 2200 turns of copper wire (diameter 1
mm) and its constant is 125 oe/a.

The pickup coil consists of 2550 turns (diameter 0.26 mm)
and forms part of a tuned circuit in the amplifier; it is tuned
to 2075 ¢/s and its @ is 15-17.

The specimen (distilled water) is contained in a sealed
plastic cube of side 2.5 cm (volume 16 cc). This size corre-
sponds to the region of homogeneity. Four of the sides act as
former for the pickup coil, so fw 1.

The signal produced by J is amplified by system giving a
good signal-to-noise ratio that is stable and not sensitive to
external intergerence. The four-tube system has an over-all
gain of 5 x 107; the first tube (6ZhlP) is triode-connected, to
minimize noise in this stage. The main source of noise is the



fluctuations in the coil, though; Nyquist's forrmula gives this
noise voltage as u? = 4kTRAf, in vhich k is Boltzeann's constant.
T is temperature (*K), Af i bandwidth, aad R in recistance.

Clearly, one way of minimizing the noise is to make the ampli-
fier of small Af, but too smrll a value is undesirable, for the
permissible range cof variation in < is then small. The Af
chosen was 0 ¢/s for the ubove ceatral freguency of 2075
¢/s; then\u is about 1 uv. The contribution fron the 6ZhlP
makeg the total only 1.5 uv at nost, viich means 2 si,nal-to-
noise ratio of 7-8.

The high gain*makes a severe de.nnd on lhe screening,
for any interference enterin~ in the early stapges may distort
or even mask the signal., All tuhe input circuits were care-
fully screened, each stage bein:;; contained in a separate screen-
ed box, the tubes and variabls capacitors being enclosed in
special screens. Screened cables and couplers were used

sgmplificati coefficient
of5-1ggl'



throughout, =2ll screens beins; grounded. The pol:rizing coil
was short-circuited and grounded when not carrying current; it
then acted as a screen for the pickup coil.

The frequency-converting unit include:s tie doubler, the
amplifying filter, the mixer, and a cathode follower. The
doubler reduces 8f,/f_  for a given 8f, (error of freguency mea-
surement); it consisls of a 62ZhlP whose plate circuit contains
the primary of a transformer, whose second is connected to a
full-wave rectifier (DGTs-23 diodes). The signal at the out-
put of the doubler is reduced in amplitude and somewhat distor-
ted, so 2f, is isolated and amplified by a stage containing a
6N9S. The mixer compares 2f. with the standard frequency (from
a quartz crystal) of 4166 c/s; at the plate »f the mixer there
appears the beat (difference) frequency fi. A detector con-
taining a DGTs-27 diode is used to isolate f,. The cathode
follower feeds the loop oscillograph with the beat frequency,
the bias for the tube being produced by a resistance of 2008,
only the alternating component renching the MPO-2 oscillograph
(via a 20 pF capacitor). The quartz oscillator is designed
to maintain a fixed frequency within 0.0001%, the fundamental
standard being a 100 kc crystal, whose frequency rerains con=-
stant to this order after it has been running for two hours.
The frequency of 4166,6 c/s is generated by successive division
by 4 and 6 from 100 kc, the filtered and amplified product
being fed to the mixer,

The 100 kc quartz crystal is enclosed in a thermostatic
vessel; it forms the first stage in a self-excited oscillator,
where it replaces the usual tuned circuit in the grid circuit,
This stage uses half a 6N1P, The plate circuit is tuned to
120 kc to improve the stability and is also decougpled. The po-
sitive half-cycles are passed to the 4:1 division stage via a
circuit consisting of n DGTs-25 diode, a capacitor, znd a resis-
tor.

The horizontal component H is bzlanced out by setting
the axis of the Helmholtz coils in the pl-ne c¢f the magnetic me-
ridian and in the horizontal plane. Any such setting is nmade
with a certain error, so we must ccncider the effect on tlle mea-
sured Z of any error in balancing H.

Let the coil make an angle a +7ith the horizontal jplane
(Fig. 4) and an angle 180 - 2 with the plane of the magnetic ne-
ridian; 1let the actual field of the coil be Hy, which differs
from H by A = H - Hy. Then the residual field at the center
is given by

Z"=(Z + M, sina) 4 (H — H, cosa-cos 8)* + Hlsin?3,



yhich, if we neslect quuntitios of tie fourtr cr.er in 4H, «,
and # (which are all small), we have

T BRI

The largest term is the first, but this is re-dily eliecinated
by turning the coil through 140° and tuking a sccond reading
2"; a and B taen change siwn, so II,sin ¢ does so as well,
Then 2' - Z and 2" -~ Z irive us the Yelative error Az/2 as

2 LOHEL LM

For example, if the error in balancing H is 43/H = 0.01

Fice 4.

and if a = B = 1°, we have 4:/2 = 0..CCx%, of which 1/7 rises
from 4H and 6/7 from a aad B.

The H/Z found in the USSX range froo 0.C0L (in the golar
regions) to 0.75, so the AZ/& for the above conditions range
from O to 0,0C018. The error from all causes can be kept be-
low 0.01% if H is balanced out to within a1 few & and the ansles
are corvect within 1°,

The current reguired by tune coils at their preseat site
is about 55 ma; the exact value may be determined by experi-
ment.

Let the current be I for exact compensation, which gives
a beat frequency f,. Then currents Il =1 -AT and I, = I +
Al give 2' = 2 + 4Z and f = f, + 4f, a1d so on; this enables
one to find I, and I, such that fy, = Oy which is easily obser-
ved. Then the correct current is

= (Il + I?)/;’o



Our measurements pave I a5 53.5 wma, which acrees well
with the v4lue cilculsted above; the precession sipnal was re-
corded at intervals of 1 ma from 40 to 70 wa, wd 2420 at inter=
vali; of 0.5 mu aear the point of coupensation.

(OVOaInIvIvIaidvadaiarenurarsrersrorvrys

f

Y e

Fir. 5.

‘Measurements of 2 were made at the Kavgolovo lzboratory
of the All-Union Metrology Research Institute, whicih is outside
the city, on 1% May 1960; recordinzs were made of thac beat fre-
guency and 2lso of time marks separated by 0.01 sec (Figz, 5 is
typical).,  The 19 pairs of measurements are listed in tae table.
Readings ‘were tnken sinultaneously fro . an I.-14 marnctometer;
recordings were made of the variations ia H with = variation in-
strunment. The Z-varioueter provided corrections uad so enabled
us to establish the error of the method; the H variations ypro=
vided a check on the deviations from exact cormpensation. One
scale division on the M-14 is eguivalent to 10 y, and the read-
ings ¢an be made to within C.1 division, 50 the correction for
variation can be made to 1 y. The H-variometer recording

"showed no najor changes during the experiment, and the compen-
sation remained within the pernitted limits.

The table shows that the standard deviation is

~ o=V il = 0016 o,

in which n is the nunber of observ:tions; then fy = 14,151 &
0.016 ¢/s. The compensation-current tests showed thul fo >
2fs, for zero beat was obtained for I; and I that were respec-
tively larpmer and sasller than I; so £4 = 2f(Z2 + 8%), in which
£f(Z2 + AZ) is tne preceszion frequency for currents Ip and I,

‘
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Py(dP;/dt) = O, s0 P lies ag 90° to dP, the modulus of P being
conatant, so the motion of P is that of precession about the di-
rection of H;.

Let ® ba the angle between ? and gt (Fig. 1); then 431
can be put as P sin Odf. 80

2B Pisinty = aBiains,

-
in which w is the angular velocity of P. We replace dby/dt

here to get .
whipsin e
=t R =it

in which w is the Larmor precession frequency.

Equation (1) should be put as follows if relaxation
effects are present, for these resemble damping; replacing
My by J, we have

dJ
#=—1lmrll-il':'o‘
dJ ‘
#g"lmfly—#o
T |
4=t
T;e con'ditions for t = O are

Sim Lt Bom(uHy, 1y, 855 = Lr =0,

and the solution to the equations is

M~

Je=Jg - con(at+9y),
_l
Jy=he Toin (et +9,),
: - ¢
"8=I.(‘-¢ ':),

in which w = yH; and ¢f° is the initial phase. Then ? precesses
around Hy with a frequency w and has u decreasing amplitude; a

’



cylindrical coil having its axis in the plane of rotstion then
has a current induced in it. The amplitude of tinis signal does
not depend on the orientation of the coil in the xOy plane but
it does depend on the inclination in the 20y plane, for this
affects the effective area intersecting the flux. The signal
decays gradually, but its amplitude remains adequate for seve-
ral seconds provided that the relaxation time is long.

The magnetic induction Bi corresponding to Jx is LnJdy,
so the flux linkage ¢ is B «SNBsin(a), in which S is the effec-
tive area of one turn, a 1s the angle between J,  and Hey B i

the filling factor, and N is the number of turns. We assume

that sin @ =1 and B = 1, so the induced emf is

E=—%%-#%NJ,~slnwt.

The power corresponding to this signal is

=1 LI LI By [ 2

P=(Eon 7] =+ gx SN (2)

in which r is the circuit resistance. In our case thc para-
meters were r = 1856, N = 2550, 8 = 6.2 cm2, and H = 1100 oe.
These give with (2) that P = 2.1 x 10-13 & ana that E = (2rP)¥
= 9 uv, s0 the signal is rather weak; even an H of 1100 oe
gives a signal comparable with the noise, but narrow-band fil-
ters eliminate most of this. The signal-to-noise ratio is

about 7 or ¢ in the prasent system.

2. The Apparatus

The apparatus for detecting and measuring the frequency
given by 2 has two main parts, namely the Helmholtz coils with
the sample and the electronic eguipment for measuring the frequ-
ency. Figure 2 shows the block diagram; the Helmholtz coils
1 balance out the horizontal component. The sample (distilled
water) 4 lies at the center of the coils and is enclosed in the
pickup coil 3; this last is itself enclosed in the polarizing
coil 2. The emf in coil 3 has the frequency &; it is ampli-
fied by the preamplifier 5 and then is doubled in frequency by
the multiplier 6, after which it is again amplified and is fed
to the mixer 7, where it is mixed with a signal of frequencvu~
from the calibrated generator 8. The two frequencies are si-
milar, and the beat frequency = W -~ wis detected by tne de-
tector 9; this is passed through the matching stage 10 to the
oscillographs 11 and 12. The MPO~-2 oscillograph records the
beat frequency on film, together with time marks provided by



the generator,

D000k

Fisu 2e

The Helmholtz coils (Fig. 3) consist of two flat discs i
of plexiglass 360 mm in diameter each bearing 112 turns. These
discs are fixed to the plexiglass cube 2 (edge 180 mm), the
cube being supported on the cylinder 3 mounted on the goniometer
stage 4. The leveling screws 5 are used to set the axis of the
coils horizontal, the stage providing a means of setting in the
correct direction. The cube contains the polarizing coil,
within which there is the pickup coil, which is wound on the
tube containing the distilled water. The polarizing coil has
its axis normal to the axis of the Helmholtz coils and to the
axis of the pickup coil. The above dimensions give the Helm~-
holtz coils a field constant of 2.8 oe/a, so the horizontal
component at Leningrad (C.15 oe) is balanced by a current of
about 55 ma.

The polarizing coil is a straight solenoid lying in a
horizontal plane; it has 2200 turns of copper wire (diameter 1
mm) and its constant is 125 oe/a.

The pickup coil consists of 2550 turns (diameter 0.26 mm)
and forms part of a tuned circuit in the amplifier; it is tuned
to 2075 c¢/s and its Q is 15-17.

The specimen (distilled water) is contained in a3 sealed
plastic cube of side 2.5 cm (volume 16 cc). This size corre-
sponds to the region of homogeneity. Four of the sides act as
former for the pickup coil, so B~ 1,

The signal produced by J is amplified by system giving a
good signal~-to-noise ratio that is stable and not sensitive to
external interference. The four-tube system has an over=-all
gain of 5 x 105; the first tube (62hlP) is triode-connected, to
minimize noise in this stage. The main source of noise is the

/



fluctuations in tpe coil, though; Nyquist's foreula gives this
noise voltage as u? = 4kTRAf, in which k is Beltzuwann's constant,
T is temperature (°K), Af is bandwidth, aad R in resistance.

Figo 30

Clearly, one way of minimizing the noise is to make the ampli-
fier of small Af, but too small a value is undesirable, for the
pernissdble range of variation in & is then small. The Af
chosen was 0 ¢/s for the above central frequency of 2075
¢/s; thenYu is about 1 uv. The contribution from the 6Z2hlP
makeg the total only 1.5 pv at most, wviich means a signal-to-
noise ratio of 7-8.

The high gain‘makes a severe deaand on ilhe screening,
for any interference entering in the early stages may distort
or even mask the signal. All the input circuits were care-
fully screened, each stage being contained in a separate screen-
ed box, the tubes and variable capacitors being enclosed in
special screens. Screened cables and couplers were used

samplific ati coefficient
of5~1$’
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throughout, all screens beinj grounded. The pol:rizing coil
was short-circuited and grounded when not carrying current; it
then acted as a screen for the pickup coil.

The frequency=-converting unit include:s the doubler, the
amplifying filter, the mixer, and a cathode follower. The
doubler reduces 4f./f. for a given 4f, (error of freguency mea-
surement); it consie%a of a 6ZhlP whose plate circuit contains
the primary of a transformer, whose second is connected to a
full-wave rectifier (DGTs-23 diodes). The signal at the out-
put of the doubler is reduced in amplitude and somewhat distor-
ted, so 2f, is isolated and amplified by a stage containing a
6N9S. The mixer compares 2f. with the standard frequency (from
a quartz crystal) of 4166 c¢/e; at the plate of the mixer there
appears the beat (difference) frequency Ty A detector con-
taining a DGTs-27 diode is used to isolate f,e The cathode
follower feeds the loop oscillograph with the beat frequency,
the bias for the tube being produced by a resistance of 2004,
only the alternating component recching the MPO-2 oscillograph
(via a 20 pF capacitor). The quartz oscillator is designed
to maintain a fixed frequency within 0.0001%, the fundamental
standard being a 100 k¢ crystal, whose frequency renains con-
atant to this order after it has been running for two hours.
The frequency of 4166.6 c¢/s is generated by successive division
by 4 and 6 from 100 kc, the filtered and amplified product
being fed to the mixer,

The 100 kc quartz crystal is enclosed in a thermostatic
vessel; it forms the first stage in a self-excited oscillator,
where it replaces the usual tuned circuit in the grid circuit,
This stage uses half a 6N1P., The plate circuit is tuned to
120 kc to improve the stability and is also decoupled. The po-
sitive half-cycles are passed to the 4:1 division stage via a
circuit consisting of a DGTs-25 diode, a capacitor, znd a resis-
tor.

5s Results

The horizontal component H is balanced out by setting
the axis of the Helmholtz coils in the pl-ne of the magnetic me-
ridian and in the horizontal plane. Any such setting is nade
with a certain error, s0 we must ccnsider tihe effect on the mea-
sured Z of any error in balancing H.

Let the coil make an angle a vith the horizorntal plane
(PFig. 4) and an angle 180 - 8 with the plane of the magnetic ne-
ridian; 1let the actual field of the coil be Hy, which differs
from H by AH = H - Hj. Then the residual field at the center
is given by

2'=(Z + Hy sin e+ (H — H, cosa-cos 8)? + Hisin*p,
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which, if we neglect gquuntities of tihe fourth orier in 4H, «a,
and P (which are all small), we have

Z'—Z=~Hsina+ ,}!’2,’1’.,_.;.52’_(,: + ).

The largest term is tac first, but this is re-adily eliminated
by turning the coil through 180° and taking a sccond readiny
2"; a and B taen change simn, so H,sin o does so as well.
Then 2' - Z and 2" - Z give us the relative error 3Z/Z as

ﬁzz--,}ﬁg’):.{.. ?’_”2;(,: +BY).

For example, if the error in balancing H is 43/H = 0.0l

Fige 4.
and if a = B = 1°, we have §4/2 = 0.0CC35, of which 1/7 arises
from 4H and 6/7 from a and B.
The H/Z found in the USSR range frow 0.001 (in the polar

regions) to 0.75, so the AZ/4 for the above conditions range
from O to 0,0C018. The error from all causes can be kept be-

low 0.01% if H is balanced out to within a few & and the an:les

are correct within 1°.

The current required by tne coils at their preseat site
is abpout 55 maj; the exact value may be determined by experi-
ment.

Let the current be I for exact compensation, which gives
a beat frequency f,. Then curreats Il =I-AI and I, =1 +
A give 2' = 2 + 42 and f = f, + Af, and so on; this enables
one to find I, and I, such that fy, = Oy which is easily obser-

ved., Then the correct current is
I= (Il + 13)/2.

/
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Our measurements gave I as 53.5 ma, which acrces well
with the value calculated above; the precession snipnal was re-
corded at intervals of 1 ma from 40 to 70 ma, and a2ico at inter-
valis of 0.9 nma near the point of compensation.

IR0 VIRIVIe I T I (aIur Yot oroeit

e

&

Fir. 5.

"Measurements of Z were made at the Kavgolovo laboratory
of the All-Union Metrology Research Institute, which is ocutside
the city, on 15 May 1960; recordings were nade of thce beat fre-
guency and also of time rarks separated by 0.01 sec (Fige 5 is
typical). The 19 pairs of meusurements are listed in tae table.,
Readings ‘were taken sinultaneously fro: an i-l4 marnetometer;
recordings were made of the variations in K with 2 variation in-
strument. The Z-varioueter provided corrections and so enabled
us to establish the error of the method; the H variations gpro-
vided a check on the deviations from exact compensation. One
scale division on the M-14 is equivalent to 10 y, and the read-
ings can be made to within 0.1 division, so the correction for
variation can be made to 1 y. The H-variometer recording

" showed no najor changes during the experiment, and the compen-
sation remained within the permitted limits.

The table shows that the standard deviation is

: o=Vl =006 o

in which n is the number of observations; then fy = 14.151 &
0.016 ¢/s. The compensation-current tests showed that fo >
2f,, for zero beal was obtained for I and I, that were respec-
tively larger and susller than I} so fo = 2f(Z + 42), in which
£(Z + AZ) is the precession frequency for currents I; and I,

’



Obsgrvations
T« Yt
» ; as | sl f |y, e
LolLwlho|d
|
| 16,001 12091 14301 7,70 —~0,16/ 14,23 ' 0,08 | 0,006+
2 1601| 12631 1433| 7,70 —~0,16| 14,16 |opl | 0.0001
3 16,121 12,71 1441 2,70 =0,06] 1425 | 000} 00100
4 16,00| 12861 1437| 7,70 =0,16{ 1421 ;008 000
L] 18,70} 12,621 14,16| 7,50 0,001 1416 | 001 | 00001
6 18,74| 12.62| 14.18] 7,80 0007 1418 [ 003 | 00009
? 16,02] 1248] 14,05] 740 008| 1443 10021 0,0004
8 18,76]| 12,82 14,19] 750 14,19 | 004
) 1658| 12371 1393 | 740 008 1401 1044 00198
10 18,00 1228] 1393| 740 008| 1401 | 014 | 00196
1l 18.60] 1248 1402| 740 008] 1410 |0 0,0025
12 18,711 1262] 14,16] 7.50 0,00] 14,16 | 001 | 0,000
13 18,71] 12,621 14,16] 7,80 00)] 14,16 |00t ]| 00001
14 18,62] 1249] 14,06} 7.50 000] 1408 [ 0,40 00100
18 16,68| 1258] 14,12] 7,50 000| 1412 | 003} 0,000
16 18,671 12,61 ] 14,14] 7,80 000 1414 001 ] 00001
R R
» W)
19 16,77] 1263] 1420| 7,50 000] 14320 005 00025
Mean 7,50 ’ 14,151 ’ T Y2
§

3ut £(2 + 82) ws lir.er hon £C2Y (= Te)y v £, > <0, uhieb

meansg

. ~ , rS e,
that fl"- prust be subnracted Tron £ Lo oV

S, =1/2(4166,667 — 14,151) = (2676.258 + 0,008) </s;

7 == 6.28318.20

76.26 -
o = (48765.8 + 0.2)-107° ce.
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USING NATURAL ELECTROMAGNETIC VARIATIONS FOR INVESTIGATION
. OF THE EARTH'S UPPER LAYERS

M. N, Berdichevskiy, B. Ye. Bryunelli, A. Ye. Lantsov,
and O. M. Raspopov :

Pp. “'9"55

Introduction

The theory developed by Tikhonov /6/, Cagniard /7/, and -
others has been used at Leningrad University and at the All-
Union Geophysics Research Institute in new magnetotelluric
survey methods, namely magnetotelluric profiling (MTP) and mag-
netovariation surveying (MvS) /3,47. MTP consists in record-
ing variations of period 10-60 sec (short-period variations)
in the geoelectric field and in the horizontal components of
the geomagnetic field at one point only. The mean ratio of
these variations indicates the total conductance of the sec-
tion, which gives an indication of the relief in the reference
(high~-resistance) horizon. MVS is analogous to the widely
used telluric-current methods /3/, except that here the geo-
magnetic variations are recorded instead of the geoelectric
ones. The maximal variations in the horizontal components
are associated with increased values of the total conductance,
which are commonly related to troughs in the crystalline base-
ment.

These methods have become of practical value in studies
on the upper layers of the crust as a result of the design of
a sensitive short-period magnetometer /5/ by Bryunelli at the
Department of the Physics of the FEarth's Crust at Leningrad
University. The first field trials of magnetotelluric methods
were made in 1957 in the Tyumen region*/}/, and the work was
extended in 1958 by the prc.ent authors to the Druskininkag-
Prenay-Sovetsk profile (about 250 km long) in the Poliseh-
Lithuanian depression, which represents a major trough in the
crystalline basement filled with sediments of Paleozoic age.
The central part contains Permian gypsum beds within the

L-fhleozoic sediments; these beds are of very high resistance __J

#Tyumenskaya Oblast,

—_12 —



Fig. 1. Magnetotelluric results for the Druskininkay-
Sovetsk profile: 1) mean geomagnetic field Ky from MVS;

2) total conductance S of sediments from MTP; 3) recip-
rocal of the mean telluric field, from telluric-current
methods; U4) surface of Permian gypsum from resistance
surveys; 5) surface of crystalline rocks from MTP; 6)
total conductance of sediments from vertical and frequency
sounding techniques; 7) surface of crystalline basement
From seismic surveyes; 8) deep of the crystalline base-
ment from drilling.

and represent an obstacle to the use of vertical electrical
sounding for examining the crystalline basement. Figure 1
shows a section along the above profile, which shows that
the thickness oi the sediment cover rises from 400 m near

—_—13 —
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Druskininkay to 2100 o rear |
Sovetsk (from dciilings),
The apparatus for
the nagnetotelluric surveyw
consisted of a forrechannel
oscillograph coupled to s
switching box, twns grounded
electrical messuring lines,
two He-wagnetometers, and a
radio station with remote-
controlled switch. The
lines were at ripght angles
and had an arbitrary azie
muth, while the mapgneto-
meters were 3¢t parallel to
Fig. 2+ apraratus for magneto- tiie lines in shallow pits,

tolluric studies: 1) oscillo- The ohservatinns were made
graph; &) ~witehing Sox;  3) simultenecusiy =t two points,
magnetometers; &) radio ntation; as in telluric-current

5) remote-controlled swilche methods, the operutions

being synchronized with
remot s~control led awitches (Fig. 2).

1. Proce:: ing and Recults from MTP Hecording: .

-y

Tie processing consists of measuring the apprrent ampli-
tudes and periods of 15-20 quasisinusoidal pulses ir Ex, Ey, iix,
art iy, from wihich are deluced the principal axes of the polari-
zstion ellipses for the telluric and magnetic rields. The
ceon ceriod of the asgneist:-d variations is Siven hy

TiE, + T,E,

Bl Ll ot (1)
EX+£y !

T=

-

in which T  i: the mean period for F_ (in .ec) and T is the
zrme for R, v

The resulting B, il, and T are inserted in the general
HTP formula for horizontally homnreneons stretifi~ation M/

y — H -—T— el
s=rlt + V).

in which 5 is the totsl lengitudinal conductance (mno) and Pp
is the specific resistance of the reference horizon R-r) .

A statistical treatment of the irdividual results eliminuates
the depcndence on azimuth and so improves the accarnscy »f S.
The p, of (2) was taken as 700 =~ in the calculatiors; this
was the value given by our magnetotelluric soundings on a
nearty area. Figure 3 shows a magnetotelluric sounding curve,J

—
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the ardinate teing thLe
apparent resistance Pt in
A-m as given by the

formuia G/
gy ft
E,]'
= T|—
300 o t— Pe=0,2 [H, ’
200 in which Ex is the anpli-
150 tude of the telluric
variations (pv/km), H
100 is the amplitude of t%e
80 geomagnetic variations
(v), and T is the period
504— (sec),
‘ The values of Ey,
VT Hy, and T were deduced by
3 5 70 25 harmonic snalysis of the

pulses, the latitudinal
component of Il and the
longitudinal component of

E being used. The result-
ing curve spproaches
closely the right-nand branch of the theoretical curve for a
two-layer section lying above a high-resistance base. A
method analogous to that already described /27 was used to
interpret this curve and to determine the reference horiszon.

Figure 1 shows the curve for the S of the sediments,
which rises from 27 mho near Druskininkay to 800 mho near
Sovetsk. Repeat measurements indicate that the error in 3
ranges from 1 to 7%, with . wean of 3%, with values of 15-30%
at a few points i\ here the hign-resistance gypsum deposits tail
off and the wave pattern becomes very conplicated. The MTP
results agree well with those from lsgs in deep boreholes and
from previous electrical surveys, whicn shows that the crystal-
line basement acts as the reference horizon in this region in
spite of the high-resistance gypsum beds.

The MTP results were given a quantitative interpretation
on the-basis of drillings at Jovetsk, Prensy, and Druskininkay,
which extended dowr to the crystalline rocks. The wean fe
(longitudinal resistance) of the sediments between bvoreholes
was deduced by linear interpolation; the thicknesc of the
sediments was deduced from

h =P¢'S.

Fig. 3. Magnetotelluric sounding
curve.

Figure 1 shows the results in the form of the relief »f
| the basement. The results agree with those from seismic J

15
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surveys. ‘
2. Processing and Results from MVS Recordings

The ellipses method used for telluric currents is
employed here; the points derived from transforming the
magnetic variation vectors lie closely around arcs of ellipses,
which shows that the fluctuating horizontal compcnents of the
geomagnetic field at points p and q are related by

H“=¢Hx’+bﬁ P
Hyq=cHyp+ dH,p,

in which a, b, ¢, and d are ¢onstants. Theory showe that
these are dependent on the directions of the x and y axes as
well as on the electrical parameters of the rocke around p

and q. The principal parameter used in MVS is Ky, which we
call the mean nmagnetic strength; it is the square root of the
ratio of the synchronous closed hodogrephs for the magnetic
field and is given by

/'E
KH - k'- ’
in which A and B are the semiaxes of the ellipse and R is the
radius of the circle whose transform is that =2llipse. The
error in the determination of this parameter is found to be
2-4% in our numerous repeat measurements.

Figure 1 shows Ky for the Druskininkay-Sovetsk profile;
it also shows KE’ the mean telluric field. Both are taken as
unity for the region around Druskininkay. Ky increases as
the basement becomes deeper (as the theory of MVS would indi-
cate), becoming 1.42 at Sovetsk, the total anomaly thus being
42%, which is at least 10 times the pcossible experimental
error. Some details of the structure can ke seen on the
curve for Ky, in particular the margins and the central
(deepest) part of the depression. The relative anomaly in
the alternating geomagnetic field is much less than that in
the telluric-current field (the 42% change in Ky corresponds
to a sixfold change in Kg), so MVS is likely to be of value
in regional studies for areas in which telluric-current
methods cannot be used. These results confirm that the
main theoretical deductions concerning these methode are
correct.

In conclusion, we consider the future prospects for
the above two methods. The MTP method is of the greater
practical interest; it seems likely to replace telluric-
current methods in many regions and way well greatly reduce J

’
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the cost of electricdl surveys, for it eliminates the need for
reference grids and base measurements, Moreover, MTP gives' a
wore precise indication of the structure, for the total conduct-
ance is determined directly. In particular, it substantially
simplifies the stratigraphic assignment of the reference horizon,
and it may improve the quantitative calculations so necessary

in geology.

The MVS method may prove of great valuc in regional
studies on the permafrost regions of 3ilkeria, for insulating
horizons have very little effect on the alternating geomagnetic:
field, Moreover, MVS may be more productive than telluric-
current methods, for it can be operated with simple automatic
equipment. '
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PLOITING MAGNETOTELLURIC SOUNDING CURVES ACCORDING TO

RECORDINGS OF SHORT-FERIOD VAKIATIONS IN TH. walUsAL
GEOMAGNETIC FIELD

Pp. 56-66 A. V. Kovtun

1. The following assumptions form tne basis of the
theory of magnetotelluric sounding (MTS). Fluctuations in the
electric currents in the upper atmosphere produce plane electro-
magnetic waves whose time dependence is exp(iwt). The Zarth
is assumed to be flat and to consist of homogeneous layers, so
Maxwell's equations can be solved (apart from a constant factor
representing the amplitude of the incident wave), the impedance
at the surface of the Earth being then

_Eyle

in which E_ and H_, are the mutually perpendicular horizontal
field components Xt the surface /1,6,%9, these being dependent
solely on frequency and on the structure of the Earth. The

. individual waves E,(w) and H,(w) are isolated fron simultaneous
recordings of Ey and H, to find the relation of Z to w, which
is compared with theorgtical curves to determine tre nature and
parameters of the structure.

These natural variations of periods from & sec upwards
have ‘'been used to examine the electrical structure at great
depths since Bryunelli's high-sensitivity short-period magneto-
meter was developed at the Department of the Physics of the
Barth's crust at Leningrad University, this belins suaitable for
use in the field /1,2,87. The followinyg deductions are based
on results from two expeditions made jointly with the All-Union
Geophysics Research Institute in conjunction with the Borok

18



geophysice station®.

. Leaving aside any discussion of the theoretjcal assunp-
tions and of the technical methods of reccrdins tlre variations
(for which see /1,2,8/), I now discuss the gracticai aspects of
the isolation of particular frequencies from thc recordings, the
object being to construct MTS curves.

2 The short-period variations may be divided into per-
sistent (Pc) and transient (Pt) types; the first type may per-
sist for hours with only slight changes in period and amplitude,-
the usual ranges being respectively 10-120 sec and 1-2 y. The
Pc are most common in the morning hoursj; they are not always
strong, and as a rule they have only one main period on dny
given day. The Pt tske the form of short bursts of oscilla-
tions of decreasing amplitude; they are best seen during the
night hours. Even the Pc are not steady-state oscillatioas,
though, which makes it difficult to isolate articular frequen-
cies. '

Harronic analysis of the recordings is essential if the
recordings do not indicute a steady state. Let the incident
fields Eg and HS represent a plane pulse of arbitrary but finite
durationi the ¥ields recorded at the surface are Ex(t) and
Hy(t), which can be regpresented as Fourier integrals:

Er(ty=g5 | e Ex(w)do,

Hy (t)= 2 s‘ et H(w) do,

in which ~ denotes quantities representing spectral densities
at the Barth's surface:

Ew= [ e-mE () at, (2)

Ay@)= { e~ (1)at.

*About 10 years have passcd since Tikhonov's and
Cagnisrd's papers appeared, but MI3 curves have not yet come
into use, though the simpler snd more ravid warnetotelluric
profiling (NTP) /1,27 has been used.

19



The ratio of these spectral densities is the impedance of the
plane wave at the surface:

. JZ==£§9ﬂn (3)
, ”5(‘)

That is, any varying oscillation should, strictly speak-
ing, be handled by reference to the Fourier integrals for E, (t)
and H (t) if Z i to be found. Numerical calculations /57
show Yhat the build-up time for the electric field is virtually

®

Fig. 1. Bulld-up of an elec-
tromagnetic .{ield over a homo-
geneous halfwspace: 1) steady-
state field; 2) shape of
field pulse II if the incident
wave terminates st point 1;

B =@/e (ratio of comductivity
to dielectric constant for a
homogeneous Earth.

independent of the conductivity; this time is proportional to
T = 28/ if the Earth may be treated as 2 uniform half-space,
and the steady value is reached within 10% after a time T/3
from the start of the plane wave. Transient effects for the
magnetic field over a conducting medium are negligible, for the
correction for the transient component is small relative to the
steady-state component. Figure 1 illustrates the build-up of
an electromagnetic field above a homogeneous body.

3. A correct conception of the buildup enables one to
avoid tedious calculations on Fourier integrals in many cases;
the 'visible amplitudes' may be used to isolate frequencies.
This method is as follows. The recordings are examined for a
train of pulses whose shape is close to sinusoidal, the dis-
tance between adjacent maxima being taken as the period; the
visible amplitude of the train is then twice the amplitude for
that period (Fig. 1). It is necessary to be very careful in
the use of this method, as calculations on transient effects’
show, for the following reasons.

1) The method is not applicable to single isolated field
deviations,

2) The method is applicable only to the middle part of
a train of two or three waves differing only slightly in ampli-
tuds and period; the first annd last waves must be excluded.

1
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3) Transient effects usually alter the shape of the
electric-field wave; any laok of oorrespondance between the
wave shapes for the two fields (provided that -the two lines have
identical characteristics), and especially any difference in the
distances between maxima, ie a direct indication of transient
effects, 80 such waves must be excluded. The Pc type is the
best for this purpose, for the waves can usually be treated as
sinusoidal, in spite of some variation in amplitude and period.
It is seldom possible to use the Pt type for this purpose.

4+ The above method was used with simultaneous recor-
dings made around the Baltic coast in the summer of 1958 at
points along the line from Prenay to Sovetsk.. The recordings
were of inadequate :duration and related mainly to one time of
day, so the spectrum of the oscillations was rather restricted;
only short sections of the frequency curves gould be construc-
ted, More interesting results were obtained from continuous

Fige 2. MTS curves: !
a) N§, b) EWN as con-
structed 1) from vis-
ible amplitudes, 2)

by harmonic analysis,
3) from films with T =
11 sec after correction
for sensitivity.

recordings at Borok from
January to October 1959 /B7.
Figure 2 shows curves con-
structed a) for the north
electric component and east ' vwr
magnetic component, and b) B ] 100
for the east and north com=-

ponents as above. Here4q/T and

@ in&-m, being given by

’__._.0,27'(55)" (4)

in which T is in secy E_, and H_ bheing measured respectively in
mv/km and y. The recordings Vere continuous and were made
with a strip speed of 6 mm/min, which provided a means of exa-
mining T between 10 and 700 sec. The lack of agreement bet-
ween curves a and b is a result of inexact setting of the mag-
netometers relative to the directlions used for the electric



components. Recalculation (correction) was posasible for T ®» 200
sec, and this gave the same @ for the two directions. This type
of error merely causes a parallel displacement of the curve,
which does not interfere with a study of the structure. Fhysi-
cal meanings can be given to the average parameters dectermined
independently from the two curves.

Se As a rule, the ¢ given by different recordings for
a given period, and even sometimes by one recording, are not the
same; the spread in the @ derived by means of viesible amplitudes
may be as much as 40-60%, and it is not a consequence of inade-
quacy in the theory. The spread is largely random and results
particularly from errors in the electric-field measurements.

Calculations show that the maxirum error in the ¢ of (4)
may be as much as 80% in some cases, the sources of this being
errors in the measurements of Ey and Hy (these may be 10-20%
for a mean amplitude of 10 mm), errors’'in the calibration (not
less than 5%), and errors resulting from the frequency response
of the instruments (at least 5%). This means that no physical
significance can be assigned to individual values; only the
general trend (from statistical treatment) is significant. For
example, the EW curve of Fig. 2 represents the result of recor-
dings of total duration over 100 hr. The mean-square error of
éin some cases exceeded 15%, in part because few readings were
used. A major improvement herc can come only from the use of
more sensitive equipment.

There are also systematic errors in the results; for
example, the frequency characteristics of the lines were known
only for T & 4OO sec. Adjustments were made for T » 400 sec
by means of theoretical formulas for the magnetometers, which
may have given some systematic errors in the g. Another source
of systematic error occurs in the calibration, for which square
waves are used. The differing frequency characteristics of the
recording instruments for E and H cause an appreciadvle distor-
tion of the calibration pulses (especially for the magnetic mea-
surements). The amplitude of the pulse at the start may differ
from that at the end by 1-2 mm. It is usual to take mean
values and to assign the resulting sensitivity to the frequency
for which the response of the instrument is aaximal; but this
is correct only if the maximum in tue spectral density for the
pulse gorre~ponds to the frequency of maximum response, which
is not always so0. Some of the recordings at Borok were made
with the freguency response of Fig. 3a (T « 11 sec) for the mag-
netic channel, for example. Here pulses of duration 1 min were
used in the calibration; Fig. 3b shows the spectral density of
the pulse, whose maximum lies at 180-200 sec for a duration of
60 sec; the frequency of muximuzu response corresponds to 30 sec,
though. This feature was neglected in the initial processing,
so all ¢ from this recording deviated greatly from the mean, Z.

/
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Fig. 3. Change in pulse spectrum after passuge through
a magnetic measuring line: a) frequency response of
the line (T = 11 sec), b) spectral density of a square
pulse; 1) before, 2) after passage through the line.

Correction for T = 11 sec brought all the ¢ very close to f'(Fig.
2), This example shows that care is needed in order to elimi-
nate errors of this type.

6. The Pc type rather rarcly has T » 100 sec, so it is
necessary to consider bursts of oscillations in order to exa-
mine the larger T. The main difficulty here is to select a
section for harmonic analysis, for isolated oscillations of fair
amplitude are not very common. Incorrect teraination of a
burst can give rise to large errors in the spectral density.

The cause of the errors is as follows. Let us suppose
that the incident wave is an arbitrary function of time; tue
spectral density of the incident field has a particular :eaning
. for each instant, and so the signal recorded at the Earth's sur-
face from a fraction of the incident wave has a different but
related spectral density. However, the main difficulty is that
the corresponding electric and magnetic signals are not reaudily
isolatedo

The following example illustrates this. Let the incident
wave be sinusoidal (Fig. 1) and stop at the time corresponding
to point 1. The E4 recorded at the surface will persist past
this point (on account of the transient response), but the corre-
sponding magnetic field will vanish almost instantly, for the
transient response for this is ne;ligible. It is clear that,
if (3) applies precisely to the Hy and Ex of pulse II, the spec-
tral densities of pulses (0-1) in Ey and Hy do not satisfy this

23



relation; the ratio of the spectrsl densities of U+ two has no
physical significance. The longer the pulse, the s.ualler the
error introduced by transient effects and the clcser the spect-
ral densities to the true values; but it ie dafficult to esti-
mate the error without calculations on the build-up times for
electromagnetic processes in the particular medium. Tnis means
that a pulse should not be terminated artificially unless there
is some especially compelling reason,

Gol'tsman's method [,47 is convenient for the analysis
of single pulses, for it enables to replace the integration of
(2) by a summation without incurring major errors. The ‘corre-
sponding theorem is as follows [2/:

The spectral density Sw) of any function f(t) havinﬁ a
spectrum restricted to the region |w| ¢ u, may be put as

Sw=at Y f(ue)c""'i' (5)

in which f(kdt) are values of f(t) taken at intervals At = n/w,.

The 1limiting frequency w, is readily deteruined from the
shape of the pulse in the following way: A4t is made such that
the narrowest peak has 4-6 points on it. The suummation of (5)
presents no difficulty if the number of points is small; vector
addition of the terms is sufficient if thers are only 20-30
terms. Moreover, for numbers of points less than 73 one can
find the spectral density at equally spaced points by means of
nomograms /37 or a harmonic analyzer /4/.

Several pulse trains differing in length and spectral
composition were choseny the spectral densities were such as
to provide values of @ for T from 36 to 4000 sec. Firure 4
shows one of these. The error in ¢ may be 40-50%, on account
of large errors in the amplitudes, so the maximum error was con-
sidered for esch case; only those freauencies for which € wus
likely to be in crror by less than 15x vere used. The resul-
ting points (Fig. 2) lie close to the curve given by the viesible-
amplitude method.

7. The EW curve (Fig. 2) was constructed for the range
of T from 10 to 4000 sec in these two wsays, the range for the N3
curve being 10 to 1000 sec. These curves do not provide 1 reli-
able interpretation of the structure around Borok without refer-
ence to additional information on the upper layers (ones extend-
ing down to depths of about 3% km). The conductance of the
upper layers near Borok is found reliably s 1600 mhe@; the ge-
neral structure at depth can be deduced. The slope of the low-
frequency asymptote indicates that the ratio of the resistivity
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of the orystalline basement to the resietivity of the conduyoting
lpyars is over 300, :

The behavior of @ for T amall indicates that the conduce
ting layers have a complicated struoture. The fall in @ for T
1prge (which needs to be checked) would correspond to & sharp
inorease in conductivity at a depth of 300-500 km.

Fige 4. 8pectra of field pulses: . a) train of dura-
tion 37 min, amplitudes read at intervals of 1 mip;
b) spectral de&eitios of ¥ and ¥ (the broken line is

the curve for H corrected for the frequency response
of the instrument).

8, The above results indicate that the following condi-
tions must be satisfied in order to obtain reliable information:

1) The amplitude- and phase-reaponse curves of the in=
struments recording E and H muat be carefully examined;

2) Calibrations should be made with pulse trains; if
square waves are used, the conversion factors for instruments
differing in frequency response must be examined carefully;

- 3) The visible-amplitude method may be used, provided
allowance is made for all distortions that may be introduced by
tranalent effects; the results must be given a statistical
treatment in order to minimize random errors;

4) Waves of T 100 sec are best examined by analysis
-af short pulse treins of high amplitude, Fourier integrals
being used in conjunction with the above theorem in order to
almplify the calculations,

I am indebted to students R. Latypova, G. Pokrovskiy, and
Ne Rudneva for assistance with the calculations.
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CALCULATION OF THE LOW-FREQUENCY DIPOLE FIELD IN THE FAR ZONE
L+ B, Gasanenko and G. P. 8holpo

pp. 67-77

Introduction

We have previously shown /17 that functions F and F' en-
able one to express the field components in the far sone for s
dipole at the surface of a horisontally layered Earth:

? (0,1)
Fig)y= - 5 Jy (me) Sem_
(0,2)

P(q)=—-5,51.(m.;'.;.".,,.,

in which r is the distance from the source to the point of
observation, a is a complex parameter dependent on frequency
and on the eslectrical structure of the section q = ar, and J,
and J4 are Bessel functions of the first kind. We have also
shown that the earlier expressions /2/ for F and }' for real
arguments may be extended to complex arguments.

Here we deduce the main properties of F and F', as well
as those of the related functions G, and G_,4, we give sone
‘ caloulations on frequency sounding curves for the far sone
above a three-layer section. It is convenient in what follows
to use these expressions!

F(9)=-+—10, Go); e

Fa)=—g+a.,0n. (0,8)

B ‘ N
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Aleo, Go and G_4 are defined by

0, (rb)= J‘ J, (mr) ;d:u!; (0,5)
O_ (rb)s=1 ~Q, (rd) = J"(%Fjao (rb). 0.6)

For simplicity, we use the motation b s [p. 8o b = |bjexp(iy),
in which || <.  Standard integrals (3,47 give us that.

. : (0,7
Qyrd) =5 [Hy(rb)— Y, (rbY]; -

a_, (rb)= 5 [H_,(rd)~ ¥_, (rD)]. ©.5)

Some proport:lu of G, and G_q are conaidorod below,

Into‘ul Representations

Exprou:l.ou (0,7) and (0,8) in principle enable one to
calculate the G functions froan Struve's function and Bessel
functions of the seoond kind; such calculations are convenient
if |rb] < 7, while asymptotic expressions are of practically
useful accuracy for rbf > 1h. This makes it convenient to
use gquadratures of thc integral representations for the range
? < Irbl < . The integral representation of Struve's
function

~ep(h)

"1 (2)=Y (2) + (" )w' ' . .. ‘-%-
v(2)=Y, Y ¢'(l-,*--‘§‘) du,

a(z) )

CCFP<T — << [ 4 E allv)

give us that
(1,1

= exp(P)
Gy(2)= I ""7-:,‘-3_-3:
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a—t(‘)"""""j e-t 7;.‘—;.77 (1,2)
[

the conditions for P and arg s being as bdefore. It 48 clearly
more convenient to perform integration with respect to the real
axis; if arg q < O, the integral representations take the form

a, (W)=J¢"~'7ﬁv i (argg <O); (1:3)

0_,(l¢)=-11¢'fc‘7’3.-:‘=:-.7|-3 (arg ¢ <0).

It arg q > 0, 1ntogration along the real axis gives an
additional integral along a section from u = q to esexp(ip),
P >arg q. This latter integral is 1ncludod to give

(1,4)

0.(£¢)-J—;——=—+2K.m. (g > 0) (1239)

""nhgoully
a-(ig) =~ MJ—% + 0K gg>0). (140

Practical applications sometimes make it connniont to
use integral representations of the G in terms of Bessel func-
tions of the third kind; these are obtained by replacing the
Besasel fungtions of the first kind in (0,5) and (0,6) by com-
binations of those of the third kind:

J. (#)m= 4 [HO (x) + H® ).
Then the integral with rupoct to the real axis splits into twp:

0y (rb)= -3—5M"(rx)——~7+ : fHS"(rx) P
a_l(rb)=~a“JH1‘l)(r,c)f%- JM”(,,.) xdx C6)

Now we tranafer to integration in the plane of the complex J
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variable z = x + iy; Hh(z) and l-()(z) t ’nd to zero as z $®in
the upper half-plane, as do (z) an d%(z) in the lower half-
plane, so the integrals containing é (x) and Hq(x) may be re-
placed by ones with respect to the poai ve imaginary axis (0
to iw) and those containing x) and x) by ones with
respect to the negative imaginary axis (0 to -iw).

It |arg b| < T/2 (arg q & O), the poles of the integrands
in (1,5) and (1,6) lie in the left half-plane, s0 by altoratiou
of the 1ntegration paths we have

Us(ig) =19 5 5 K ala (rgg <o),

0—.(tq)=--3-§my)7§$- (1gg<0). (1,80

If now arg b > /2 (arg q > 0), we hgve to alter the
paths for the integrals containing H§ and H7 to avoid a pole
in the fourth quadrant. The iutegrals of the K functions are
thereby altered, the integral representations becoming

(1,72)

a-'(“’)=""-’?5’(o()')‘;?.—?;r+2l<.(¢) argg>0), (7

~

0_,(l¢)=——,2:- Kn’y)7§1;r+lzl(.(q) (argg>0). (1,8p)

=

It is readily seen that (1,3) and (1,4) are equivalent to (1,7)
and (1,8); 1in fact, if in

J(l)=3£-§K.(y)-;r.?;r;

we replace K by its integral representation (/%, p. 206)

K, (}')=57c$‘;dt.

and glter the order of integration, we have

J(s>=%5m“-,rs FE

But
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- -;-O“'. 4 Res>O0;

§ o=

~3 ¢4 Res<O;

and

Sr‘" 7‘*’: 1 Relg>0;

J(g)=} . o
- | e i 1 Relg <0,
oo s i<

The substitutions

lgt = xynere Relg >0,
gt = — xwnhere Relg <O

give us that .
Jilg) = " PR

e =1

which makes it obvious that (1,3a) is equivalent to (1,7). The
equivalence of (1,4a) to (1,3a) follows from (0,6) and the equiv-
alence of (1.’) and (1.7).0

2+ Asymptotic dions

Asymptotic expressions for the G follow from the asympto-
tic expansion for Struve functions (No pe 163):

‘ \ =\ r da+-;) g \*—m-1 —tp 1
)=V ()+1 Y — (§) o,
. " meb r\' i ) |

*(1,7) and (1,8) imply for 0& # £ W/2 that

Gy (i) = = Oy Tihe ™) + Ko ()
Gy (4™ = Gy (W~ T) = 13K, (1),
in which the bars denote complex conjugates, __J

’
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in which |arg z| < 7. Putting z = iq and 9 = O and -1, we
have

a.(lq)-—rZ “’—"-;-’-.’"" +o¥h: P

a.i(‘q) =z (Im - I)Il:fm - it +0(q-2p-2). (2.2)
b .

The asymptotic expressions are readily derived from the integral
ropro-ontntion- if we observe that the main contribution for
large Re(q%) comes from parts of the integration path for which
the vuriab e of integration is nuch less than q. We expand the
(x2 - q2)=% of (1,3) and the 1/(y2 - q2) of (1,7) as power
series in the variable and integrate the series term by term to
get

m - D) [ =2l
Ou(lg) =17 “‘F + 2K, (9) +0'(¢™*7"):;
[ ] e 0
a_,(ig) = }]""‘ "','.‘f’;"‘”" + %Ki (g)+0(g ™)
n=0 .
F(q)——z“&"—%':)r'-": i2K,()+0(g * ');
T
@) =§] ot ';’;.:3‘;'""' +i2K,(9)+0(g7* %),
ne=1 .

in which 9 takes the following values: (MacDonald function):

v=0 vhere argqg <o,
v=12" argg=0,
v=1 v argg¢>0.

More convenient approximate expressions that converge for all
values of q may be derived as follows. The representations J

’
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(2,1) and (2,2) were deduced via integrals of the type

Fla) = Sp(k)'l(x" +a)dx,

in which p(x) is a weighting function that decreases rapidly as
€ inoreases; it is exp(-x) for (1,3) and (1,4), K (x) for (1,7),
and xX4(x) for (1,8). Approximate values for such integrals may
be obtained by replacing f(x* + a) by a few of its early teras

in a series around the zero point; but this is not the best
approximation, for more accurate expressions are obtained if
instead of n terms of a simple power series for f we use a poly-
nomial of the same degree that provides quadratures of the
highest degree of accuracy /%/. Then the approximate value of
the integral is determined by the quadrature sum

F(a) z‘g)\.f (ak + a),

in which

=¢i . 2 ‘ .
A 8t Py(xf) Pyy (X))

&, being the coefficient to the term of highest degree in the
orthonormalized polynomial of degree n, P (x) = a,xP + bpyx?-1 .
ssses; and the x, being the roots of Ph(x?.

‘ The larger a, the more precise the value given by this
sum, and so the expression may be conaidered as asymptotic.

If £ is f(x + a) and p(x) = xTexp(~x) {m = 1, 2, 3, ...),
the polynomials we require are the Tschebyscheff-Laguerre poly-
nomials, so the coefficients in the sum and the roots are known.
If w £ 1 0r if m is not an integer, we require a new system of
orthogonal polynomials containing powers of xM.

It

P (%) = K¢ (x) x™,
’ (‘) == Kt (‘)xmo

we again need to construct a suitable system of orthogonal poly=-
nomials, whose roots must be found; the coefficients in the sum
must .also be calculated. The methods to be used here are
standard.

The components of .the electromagnetic field in the far
sone involve integrals whose weighting functions are (Z/N)Ko(y).
(2y/m)K,(y), and (2y3/m)Ky(y); there is also the function
£(y2) = 1/(y2 = q2) to consider. :

/
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The roots of polynomials in y‘2 that are orthogonal on
the half-axie (0,%) and the coefficients of the quadrature sums
for integrals of the form

L {Katnf 019

are given in the table.

y | M y A
2

;'Kb(’) | 1 .y: s sere1t
l 2y = 26316006 i sA: = 00123286

2 2 - 1,972244 - 0,971495
ikoy |8 |1 7O vy = 09714862
4y3 = 38027756 s = 0,0285048

2 2 = 9,921970 Ay == 0,92084
3-;M(.V).V‘ 15 1 l’f o 1A = 0, o
.¥3 = 74,078030 oAy = 00791512

3.. Power Series

The usual definitions of cylindrical functions /37
readily show that G,(z) and G1(z) are defined by power series:

=y met N\l
0,(:)=Z(—|)m{'.i2‘: mm_2“’(’:”,("1:-}-6"—2{)};

Ll e

'il 1

1 2 ™ 2"
G,(0)=7— D"\ IO =D ~ 7 Ym— 1)t m

-1 y (,,,z+ C - —:'2:-{-)} :

C' =—0,11593152.

For z = iq we have
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Oo(lq)=§{m%—,—f_%7(m +if4c - 2 })}

f N - 2 - |
0,(ig)=—5 —.2_‘{7!;4. I)ETH- ¥ + 2”ﬁ(n—mm

P

and for #(q) and ¥ (q)

Fm-%+g{,z,,-,if-f—}}ﬁp+;é!:—,),(mq+t§+c—2{-)]; |

: _ _l___l x -1
7"‘(4)-— 1+ +§'7F?ﬁ'$._:m‘+ 5’--: (w—~1)m

x(lnq+i-.§+C'—§-:;.--—2-;)}.
Rel

The functions have many values (on account of the presence
of the logarithm of the independent variable), which difficulty
can be removed by assuming that the z plane is cut off along the:
negative real axis.

L. Field Components

The dipole is magnetic and vertical; it lies at the
exposed surface of an N-layer horizontal structure in which
only the base is nonconducting (67, £ O for L = 1, 2, «eouy’
Nei €= O0). The field components are expressed in terms
of #(q) and F'(q) as follows /V/;

€= —20,¢'F (¢);
k=20, [1+¢*F ()]
hy=—120,9°F (),
in which

-

¢I=Nz¥:pm; q=—:"¢.; ¢.=—l:l-‘:—£:l;
l__ Pm __J
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- 2 -1
po=n2 + (32 — l)n s

1= N¥ i- ‘l—-l

the effective impedance at the top edge of tho first layer in
the Nelayer structure is

Tl

and the corresponding impedances for the other layers are given
by analogous expressions. The apparent resistivities are
given by

-

7 =cth [x,d, +arcth

in which
6 -
€eun=— I L) = 2,81 l";a, KM ‘;
ll'

18
h —— . H .
T :{r;;. + in ¢fs

hoy.p = 6/x r, and 07 is in ohm™ LA
Tables of and ¢1 as funct:.ons of N/d4q and of P and P'
functions o? q enable one to construct frequency-sounding
curves for the far zone by means of elementary calculatioas.
The figure shows the apparent resistivity as deduced
from the electric field of a vertical magnetic dipole at the

surface of a three-layer structure whose parameters are

2 1, —
"'T-" ,‘_’3 ps = 0.

The full lines represent curves derived from asymptotic
ti:pressions for the far zone; the broken lines, curves for

36

/

|



" the 8 zone; and the dot-and-dash lines, wave curves. The
points represent ..lues derived from quadratures of the integral
solutions, and the encircled figures give the ratio of tae
distance to the depth of the base.

Numerical integration has been used to test the ampli-

Lttdo and phase curves, and also the wave curves and the curves J
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for the 8 zone; it appears that the asymptote for the far zone
gives much better approximation than that for the wave zone at
high frequencies and than that for the S zone for low fre-
quencies, the range being that used in frequency sounding. The
frequency-sounding curves for r = 6D and r = 9D show that the
amplitude and phase curves for the magnetic-source electric-
detector method may be calculated from the formulas for the far
sone provided that the distance from source to detector is more
than six times the distance down to the insulating base. If a
magnetic detector is used, the distances must be much larger
before the asymptote for the far zone gives acceptable accuracy.
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SOME FUNCTIONS OF THE COMPLEX ARGUMENT WHICH APPEAR IN THE .
LOW-FREQUENCY FIELD THEORY
L. B. Gasanenko, G. P. Sholpo, and E. I, Terekhin
pp. 78-109

Problems of the fields produced by a low-frequency source
often have integral solutions that can be expressed via func-
tions Gy and of complex argument (e.g., a vertical magnetic
dipole in air /67, an infinitely long cable [}/, remote dipole
sources at the surface of a horizontally bedded structure /4/).
Bursian remarked on the value of tables of these long ago /17,
but they appear not yet to have been published.

Recent rapid developments in the geophysical uses of low-
frequency fields have made such tables vital in geophysics; but
specialists dealing with the publication of tabulated functiomns
have been forced to concentrate on tables of greater use in
mathematics. For this reason, workers in the Geoelectricity
Laboratory of the Physics Research Institute at Leningrad Uni-
versity in 1959 decided to tabulate these functions and related
ones.

The functions G,(z) are /17 defined by

Ga(2)= 5 [Ha(2)—Va (z)‘l. .

Th‘ properties of Struve and Weber functions give rise to the
following properties of G,(z):

0, @) +0,,,6)=20,(2) + g Trs5.
50,0=0,_,(2)—20,(),

£ £ Gy (8)] =240, _, (2),
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S#o@)=a[0. 00— 2a,@)]= 5[0, - 75l
all (Po - 9) =W »

in which G, (P,#) denotes a function of z = P:xp(igh and Gp(fm -
denotes a function of ¥ =fnxp(-if):

Gu ?) =Re Gy (p, ) +ilmG,(p, 3);
G (s, 9)=Re Gy (p, 9) — i1m G, (5, ¥).

The relation between H,(z) nd L (z) is /2/

Ho (i2) =1L, (2),

80

Gy (i2) = 5 (1 Ly (2) — ¥, (i)});
G,(i2)=— 5 (L. (2) + Y, (i2)).

The functions F(z) and ¥'(2) that are used to express tare field
components in the far zone of a low-frequency dipole /4/ are
civen by

F(z):—:——iao(lz);
F()=1- = —G,(iz).

The following tables* are for G (iz) und G(iz) (Table 1), and
also for 2°F'(z) (Table 2) as finctions of z = gexp(igh) for. the
following values of the modulus ~nd phase of the indeyendent

variable: p=0(0,1)6; o=+ 0(5°) 45"

. G,, (12) =Re G, (iz) +- iIm G, (i2);
in which z’f*(z)==|2’i5(t{J¢“-

“We were assisted in Lue work of tabulation by L. .
O'yachenko, N. A. Skorman, O. i, lherd;:.ova, and l.. e Nolot-
kova. The calculations were per“ormed =t Leain,rad i.echani.ud
Accounting works with desr calculazin - - .chines.,

4o



£100°0 164960 L0 Z100°0 3]
100'0 6496'0 - 65L1'0 »100'0 6's - £990'0 ﬁe SUEO 06000 6'c
100°'0 19960 16L1°0 1000 ¥s 11400 0 ciee’o sow'o T
£100'0 #996'0 9581°0 L100'0 L's L%'0 10590 o | 25000 LT
17000 19960 0981'0 6100'0 9's £900°0 9008°0 Z1v'0 »950'0 T
£E00'0 9296'0 L8810 1200°0 ¢ 6£L0'0 S069'0 LsY'o £Zo0'0 14
9%00'0 1196°0 S061°0 200'0 ¥'s 1£90°0 9618'0 2930 zow'o ¥e
$200'0 $656'0 sigt'o | z00'0 €S - 09900 Loge SCLY'0 16.0'0 €T
7800°0 8L96'° viezo |° 0ceso o9 601’0 6160 9es¥'o £600'0 (1 1
Y£00'0 0996°0 6982’0 £000'0 1’g 10 zistho WicH 9001°0 12
0¥00'0 19960 izo |. teoso 0's 1’0 »99L'0 +LL90 6SL1'0 0’z
SH0'0 1296'0 1S1%'0 1#30'0 6y L081°0 510 9199°0 sszl'o 6'1
1900'0 00260 0020 9%00°0 v W291°0 *RL0 +185°0 5710 91
19000 L1960 1522’0 19000 Uy +602'0 Lo 1619’0 Seot’o L
£900'0 £996'0 90¢20 1900'0 o'y . Wz 6€09'0 9’0 0881’0 9'l
1200°0 L1580 19¢Z'0 »900'0 (O 7774 02:9'0 £9.90 881z’ ¢l
61000 06’0 61%g0 1200’0 vt 80LC'0 o £0iz'0 1¥T0 Al
68000 060 18980 0000'0 ey qtic'o 0 LO¥L'0 nUzo g |
6600'0 6ccen | 9¥sz0 |- eeono 't 989’0 '0 698L'0 o8IcD Al
110’0 90060 ei9z'0 0010 I't  9M0%0 "es'o 6L28'0 999¢°0 i
S7100 1226°0 ¥892°0 zio'o o'r 6109'0 91¢2'0 1EL8'0 o1’0 .0
ovig0 £€26'0 65120 ST10'0 6t 9IL'0 0969°0 LITAn 199v0 60
1810'0 2616'0 92920 o100 8'r 2198°0 cL9t'0 ov.6'0 £995°0 80
910’0 6016 026T'v 96100 e £080'1 %190 £0e0'1 S000°'0 o
9610°0 £016'0 $00€°0 eL10°0 9e C0¢'1 609¢°0 0i60'1 SLLLO 90
QW0 | £506'0 001g°0 9610'0 e - ¥989°1 »0z80 nﬂn«v I »wes'o c0
0520'0 0006’0 181€°0 00’0 »e "wei'z 9992°0 wee't Shil‘t »o
18200 SN0 - 00€c’0 W00 AT ) 19020 £000"t R £o
91€0'0 880 600’0 9.20°0 ze | oLy SHio 9g9e’1 8L zo
90e0°0 i8N0 28t0 | 01800 I's 85996 ooL0'0 ovLr'l (17444 1’0
000 wLTe oo 140’0 o't o v 90.5"1 o 0
_‘pm— | gy ‘nwy — nay 4 L N3y ! Spwy— *D3y ¢
e-’

41



’ — ImG
0.0195
00158
00126
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00022
0,009
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—0,0019
—0,0025
—0,0031
—-0.0036
—0.00%9
09433 —0,0042

Cont'd

[~
]

AGdaT AdSIFITTITIINIIES

’ { ReG, 1 — ImG, , ReG,;
03740
0,3600
03486
0,3369
9.3260
0,3156
0,3058
0,2966
0.2878
02795
0.2716
0,:641
0.2570
0.2503
02438
0,2377
0,2319
0,2264
02210
0,2160
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0.2085
02021

,1979
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ImG
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ReG

— D
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2 e

Red,
o0
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Future plans include the publication of tables of Struve
funetions of orders zero and one for ¢ = 0 ((C,01) aad O (0.1) 6,
with f- 0 (S*) 90*; and also Go(iz) and G, (iz) for ¢= 0 (C.1)
1, ¢= 20 (5°) 90° and €= 0 (011) 6, = 2us* (5°) S0°.
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APPROXIMATE FORMULA FOR A DIPOLE FIELD ABCVE A HORIZONTAL
LAMELLAR STRUCTURE WITH A POORLY CONDUCTING BASE
pp. 110-113 L. B. Gasanenko

Simple asymptotic expressions are available for the wave
gone of a low-frequency dipole [1,27; the scale distances r/dl
(relative to the depth of the base) used in frequency sounding
are usually less than ten, and for these they give a fairly sa-
tisfactory deacription of the general trend if the base is a
nonconductor or has a conductivity much higher than that of the
overlying layers. However, if @y/o7 << 1, the wave-zone curves
are very different from those found.%y numerical solution, as
Fig. 1 shows by reference to &, for 02/c1 = y of 1/9 and 1/39.
The wave curve deviates from the exact one because the wave ex-
preassions are deduced without allowance for the energy propating
in the ground; formally spea.kingé this ounts to neglecting m
in expressions containing n; = (m¢ + xg)%, For example, the
f(m) of the integral solution

= "}' 1y (mr) 2f (m) mdm;

f(')':—l"""; NE =cth[ n
"4y, i nldl+Al'C“l —"— N‘.].
is expanded as a power series in m on the assumption that the
region of integration that introduces the largest contribution
is such that the moduli of the wave numbers for ali layers (in-
cluding the base) are much greater than m. But if ey/eyf <1
(=1, 2, ¢.ey N = 1), direct calculations for the region ha-
ving xgr ~ 8 and x,r < 4 show that the part with hw' «n lxd
makes the larprest contribution.

For this reason, we derive an expression that accoun®s
approximately for the energy propagating in the base; to cal-
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. Fig. 1. Field of a vertical magnetic dipole over a
stratum having a weakly conducting base: a) rela-
tion of the modulus of the apparent resistance (as
determined from the tangontial component) to wave-
length for 03/07 = 1/9 and r/d) = 9; b) the same
for @>/eY.= 1/39 and r/dl = 9. ¢) the referred ver-
tical impedance for o/ a} = 1/9 and r/dy of h, 6,
and 93 1) exact curve (from quadratures of inte-
gral solutions); 2) wave curve; 3) approximate
curve. The encircled numbers are the r/d,.

culate the derivatives we assume that

Mt 300 (1 <KIKN);

2
nNznl-l—-;-%q-mO; L b A

Then the apparent resistance is found as
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~ ' H 2
e o2 (O of1—! 1 —os8
Po=xf (0)~01?+-—- o . ';;—_—:'-?-.

IN-1 =2 411
[}

in which all ,z, relate to a structure with a nonconducting
base. In part!hular. for a layer above a poorly conducting
base,

- (2-7)03?-—l

L

ife T—7 i oti=cthyd,.

Approximate values of the field components are given by

6§ ~ 6
€ = T 1P’ hr =02,
and the reduced vertical impedance is

123 =5 1P 021

The wave, approximate, and numerj¢al curves are compared in Fig,
13 if y = 1/9 (Fig. 1a), the lyfwl given by the approximate
formula for 5.5 < A\/d & 11 is in good agreement with the guadra-
ture curve for r/dy = 9.  Again, if y = 1/39 (Fig. 1b), the
approximate curve lies closer to the exact curve than it does to
the wave curve. We may say that for 5« Xl/dl & 10 the approxi-
mate curve represents the behavior above a poorly ccnducting
base as well as (or as poorly as) the wave curve represents the
behavior above an insulating base. '

Figure lc shows the vertical field impedance for a verti-
cal magnetic dipole above a two-layer structure for which 63 =
/9. The approximate curve is close to the .}22| curve for
;;dl = 6., The shape is almost precisely that of the exact
curve for r/dl = 9, but the approximate curve is displaced, the
relation between the two being roughly

)=

Aomy)| ( 5=n 2=4)
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The approximate formula is applicable for general purposes at
medium wavelengths and at medium values of r/dj.

More accurate expressions could be derived by expanding

the formal solutions as power series in (m - m,), in which m, is
a function of A, r/d;, and the structure of the section.

T

2,
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DIRECTIONAL ELECTROMAGNETIC SOUNDING ‘
pp. 118-128 G. V. Molochnov

Induction methods are now being extensively used in
deteraining the depths of high-conductivity bodies covered by
low-conductivity rocks. The physical principles are the same,
no matter what apparatus may be used; a primary electro-
magnetic field (perhaps from several sources) produces eddy
currents in the conducting medium, and these produce their own
field, whioch is called secondary. The structure of the
primary field is governed by the shape and size of the source
(usually a frame bearing several turns of wire connected to a
generator), while that of the secondary field is governed by
the source, the frequency, the shape and size of the conductor,
the distance from the source, and the electromagnetic para-
meters of the material. The secondary field is thus the only
one of geophysical interest.

It is usual to examine the magnetic component by means
of a frame probe; measurements are made of the amplitude and
phase for the components along the coordinate axes or of the
elements of the polarization ellipse (mainly the inclinationm
of the major axis). Such methods are used at ground level,
underground, and in aircraft.

The source coil is set either horizontal or vertical in
current methods. The secondary field becomes appreciable only
at some distance from the source, so it ig usual to make the’
distance from source to body several times the depth of the
body below the surface. This is an essential feature of all
electrical methods, and it requires an operator at the detect-
ing end as well as one at the source end with some means of
communication between them; but it makes it difficult to
measure the phase of the field, although this can provide
information on the structure.

The secondary field is always observed together with the
primary field, the latter forming a background that increases
the error of the result. Attempts have been made to balance
out some or all of the primary field, but these have not found J
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I_;pylication in practical field work.

In principle, it would be possible to operate induction
methods from moving vehicles, but this is made difficult by the
need to have source and detector a considerable distance apart.
For the same reason, the source and detector must be in differ-
ent shafts or boreholes when the method is used underground, and
even then the region surveyed is only a small part of that
between source and detector.

‘I have developed a method of directional electromagnetic
#soynding that is free from these disadvantages. The directional
sensitivity with respect to the conducting object is available

for any frequency and any shape of
object. The method is essentially as

2 follows. An alternating current is

passed through a coil wound on a frame
“ y (the source coil); a second coil (the
? ,/’/" receiving coil) is rigidly set up
Iy withip (or near) the source coil, the
< planes of the two being perpendicular.
s Then the primary field of the source
F' ! is not detected by the receiving coil,
: whereas the secondary field will pro-
9: duce an emf in the receiving coil if
the system is suitably placed. The
theory is as follows. An inclined
magnetic dipole has a moment M =
Moexp(iwt), in which My is amplitude,
W= 2uwf, f is frequency, and t is
time. (The time factor and the subscript zero are henceforth
ommitted.) The xOy plane is that of the surface of the Earth,
the Oz axis being vertical. The dipole lies at the point
(0,0,h,), the projection on the xOy plane co1ncid1ng with the
Ox axil. The angle between M and the Ox axis is ¢ (Fig. 1).

We take the simple case of two homogeneous and isotropic
layers having a horizontal interface; let O3 and hq be the
conductance and thickness of the top layer, the correspon4ing
quantities for the lower layer being 6> and hp (= %), The
Ilgn.pif permeability is taken as unity; the displacement
currents in all media are neglected. The conductance of the
air, O,, is taken as zero.,

The field of an inclined dipole can be considered as
made up'of the field of a vertical dipole Mg = Mein pand of the
field of a horizontal dipole M. = Mcos {» Standard solutions
for the fields of vertical /1/ and horizontal /2/ dipoles fdr
points on the line x = O, z = h, give us for the fielad compon-
ents of a vertical dipole

P +M.51, (nr)antdn, o ]

Fig. 1. Inclined magnetic
dipole above a two-layer
structure.
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H,=M, J J, (nr)andn, (2)

”x=o;
and of a horisontal dipole

x——“ M’ Jy (nr) andn,

Hy=H, 0, (3)

1n which r is the distance to the point of observation, the
Jo.1(nr) are Bessel functions of the first kind and of the sero

and first orders, e,
1+ Apymyge= et !

Ilu-.-_-._‘.'L_—_'L.- ny= Vll’-f-l?, x} - d‘%.'..

&)
n+

and ¢ = 3 x 1070 cm/sec. The first terms in (1) and (3)
represent the primary field; they become infinite when r = O,
The second terms in (1) and (3), and the H, of (2), represent
secondary fields resulting froam conduction. Now J.(nr)+ nr/2
when r + 0, and J,(ar) =1, so -’O in (2), but tho second
teras in (1) and ?3) remain finite. The total fields of (1)
and (3) tend to infinity as r + 0, so the conducting medium
has relatively little effect at short distances.

An inclined dipole gives at the same points

- (5)

H,=Mcosqo[—--;',—+ %Jl, (nr)mdn],
Hy = Msin *J J,(nr) an'dn, 6)
H,=Mslm|'[—--'l.-+Jl,(v)an’dn]. n

The field strength normal to the moment and the Oy axis is _J
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(apart from sign)

Hys=H,sin) — Hycos § = -';‘-sln 2¢{JI,(nr)an’dn " (8

- —’l—}".l, (nr)andn’—Msln%F(’)-
in which

F(r)= —;-{JJ,, (nr)antdn— %—5!.(ur)aadu ] (9)

The other component normal to the dipole lies along the Oy axis;
it is given by (6). These components of (6) and (3) are deter-
mined only by the secondary field; the Hy of (6) is caused by
the vertical component of the magnetic field, so it is largest
for * = 90°. I do not consider Hy here, for this is discussed
in existing papers. 4s regards the Hy, of (8), the principal
feature is that Ry, remains finite as r-» O, being

Hes=1/4M sln2qo6fan'dn. (10)

Another important feature is that Hy, varies as sin 2y, so

Hxz = O if ¢ is 0 or 90° (the
secondary field is not detected in
these positions). The maximum Hy,
occurs when § = 45°, the value being
governed by F(r). Fipgure 2 shows
the polar diagram, the two perperi-
dicular lines being the projections
of the planes containing the source
and receiving coils. The points
represent neasurements made in air
above a sheet of aluminium; here
the coils were 10 cm, in diameter
(source) and 8 ¢m (receiver). 1In
what follows, subscript xz is
omitted, so H , = H. The integrals
in F(r) can be calculated only by
numerical integration for any medium generally; btut they can
be given in approximate form for certain layered media,
especially one consisting of an insulator:'of thickness hq lying
‘on a base whose conductivity is o, = 9 Let ho + hy = h here;
then J

1

Fig. 2. Polar diagram
of the apparatus.

f—
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2 i
I o ‘—m'"(“'*‘;T"V""*"‘""’S!)"m- (1)

As asymptotic series in negative powers of Z is obtained for F(r)
-ifr |2] = 2n|x] ® 1:

-1l

Fir) = g |y — 3 LR 1
2(rgm)” (ge) T
"""!a'm*ls!ml

in which R = r/h. The subsequent terms contain odd powers of
Z; only the first terms need be considered if Z is large, the
error then not exceeding the abso-
lute value of the first discarded
term. "
Consider the first term
within the bracket in (12), which
we denote by Y; this corresponds
to a perfect conductor. Now Y =
% for R = 0, and Y at first
decreases as R increases, becoming
zero when R = ¥2. The maximum
negative value of -0.101 occurs
when R = 243/2; thereafter the
value tends monotonically to zero
(Fig. 3). Measuremente (shown by
points) have been made above a
sheet of aluminidim with coils S em

Fig. 3. Relation of H , to
distance for an inclines in diameter. In this case H is

dipole above an ideally maximal when r = O, so the receiv-
conducting half-space. ing coil must be placed at r = 0O
then for ¢ = 45° we have that
M
For finite conductivity
M 6 4 €0 , 830
”-mwﬁ—z+r—f+r-~% (1)

| The number of terms needed in (14) for a given 2 can be J
— ’ -
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determined if the permissible error in H is specified. The x
that appears in. Z is best expressed in terms of the wavelength
within a layer:

s=d VTRV Tf=yT2xV2 L,
in which

>
I

NG
<

(15)

Then (14) can be put as

H=rap{l— (1 =03 5 —im(5) + 0+ 0 (3) =}
M_ g (16)
= ® (3):

in which ¢ denotes the expression within braces. Table 1
ives the Re, Im, a (modulus), and &(phase) of Q for several

h and for several termination points. The error in the
amplitude is only 0.7% for Mh = 0.75, 1.5% for A/h = 1, and
S% for Wh = 1.5 if the first two terms in (16) are taken, so
these terms are sufficient if Xh is small.

The converse problem (determination of h from known M
and H) is usually solved by frequency or radial sounding, the
resulting curves being compared with theoretical ones. This
method is the usual one and is widely used in electrical surveyse.
The interpretation can be made very much casier if we determine
the effective penetration depth /3/. Here we can also use
(13) to determine the depth, and from this subtract the

‘e!fg%;ive penetration depth Qh, which is deduced as follows.

Let be the field when the conductivity is infinite; then

(13) gives
B
h=.§.l/‘2__.‘"‘. (17)

(17) will give a depth D = h + Qh when the conductivity is
finite, and Ah is given by

ar=2Ran, (18)
oH

in which AH is the real part of the second term in (16). Then

Ah--—— (19)

4z
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Table 1

N.. 0‘ X
cerns A Re Im a %

1 1 0 1 0

2 0,8807 0,1193 0,890 7 4%
3 05 0,8807 0,100 0,88 6%
4 0.8816 0.1012 0,890 6 35
) 0.8816 0,101 0,890 635
| 1 0 1 0

2 0.821 0,179 0,84 12°0
3 0,75 0.821 0,1363 0.834 928
4 0.824 0,1395 0,846 9 35
3 0,824 0,1396 0,346 935
1 | 0 1 0

2 0,7613 0,2387 0,798 17°25
3 1,0 0,613 0,1627 0,779 1205
4 0,7689 0,1703 0,786 1230
L) 0,7687 0,1705 0,766 12 30
] | 0 1 0

2 0,642 0,358 0,735 29°10
3’ 1.5 0,642 0,187 0,670 16 15
4 0,6676 0,2126 0,700 17 40
S 0,6657 02145 0,700 1750
1 1 0 1 0

2 05226 04774 0,707 42°4Y
3 2,0 0,5226 0,1734 0,650 18 20
4 0,5831 0,2309 0,625 2135
S5 0,578 0,2389 0,623 2235

which is the value given previously [}/. Table 2 gives values
calculated from (18) by means of Table 1; for simplicity M has
been put as 16 and H as 1, so h = 1. The results are clearly
satisfactory even for Nh = 2.

It has been shown /3/ that Ah can be determined by means
of measurements at two fregquencies f1 and fz:‘

s ’

N

(20)
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Table 2

A \
X D brom (1)) A rom (9 D--An Ervor,
%

090 1,000 0,000 1,
03 1,040 0,040 100 00
118 1,088 0,058 1,000 02
lno 1 .m o.oa l .m 0.2
15 1,125 0,119 1,006 06
20 (117 0,150 (1,011) (L)

in which D4 and D, are the depths given by (17) for these
frequencies and ﬁ1 is the 8h for £4. Then, since Bh is now
known, we can determine @ from (19) as

]
e_mm (21)
The effeots of finite conductivity in the first layer on
the determination of h can be established as for the dipole
electromagnetic method (%/.
' It can be shown that the method is applicable to bodies
of finite size; the case o5f a sphere illustrates this.
An ideally conducting sphere of radius r, is embedded
in a poorly conducting medium; the center lies a distance h
below the aurface. A dipole inclined at to the horizontal
and having a moment M is placed at the epicenter. e assume
that the field of the dipole would be homogeneous throughout
the volume of the aphere, the contribution from the vertical
component being '

M
Hy=3 sin;
and that from the horizontal component being

Hye=~ % cos .

This is rather a gross simplification, but the general nature
of the result is correct. No more exact solution is necessary,

’
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for real bodies are merely more or lecs isonetric.
The secondary field at the epicenter given /%/ by a
vertical dipole is

H.=—2Msln¢{-§-

)
and by a horizontal dipole
| n
”r="“,' MCO"{'-FO- .

The field strength in a direction perpendicular to the dipole
is

H—H,slnqo—H,cos1v=%Msln2qo;:-. (@)

The directional feature is retained here also.

The above discussion shows that a directional equipment
can be operated at any suitable frequency if the two coils are
mutually perpendicular and have a common center (they can be
displaced by a distance small relative to the depth of the con-
ducting object, as Fig. 3 shows). The signal from the receiv-
ing coil is amplified and fed to a meter or recorder, which is
calibrated directly in field strengta. The presence of a
nearby conductor can be detected by rotating the coils about a
horizontal axis in various azimuths until the maximum reading
is obtained; the direction is determined rather more precisely
from the pointa of silence, as the polar diagram (Fig. 2) shows.
The depth is determined from the maximum reading; the position
of the upper surface can be determined if the body is suffi-
ciently large.

The apparatus is compact, which makes the method con-
venient and economical to use; the receiver and generator can
be contained in a single case, so the phase can be measured as
well as the amplitude, and this provides more detailed informa-
tion. The method can be used underground, in aircraft, and in
moving land vehicles. Moreover, it can be applied to frequency
sounding of layered structures of small depth. In every case
the operations are simple and the interpretation is more
complete. '
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COMPARISON OF THE INDUCTION METHOD WITH THE DIPOLE
ELECTROMAGNETIC HE%%%%H‘N A THIN CONDUCTING PLATE

G. V. Moloch&ov and G. M. Grebennikov
PP. 129-134

Induction methods are now much used to detect steeply dipping
strata. The dipole method A3, a] has given good results for

the depths of conducting strata; here the inclination of the
magnetic vector is measured for the field of a vertical magnetic
dipole. The method has been applied to measure the thickness
of floating ice (0.5 to 13 m) on the drifting stations 'North
Pole 6' and 'North Pole 9', as well as along the northern 351
route in 1958-61 /3/. The error here is less than 3%.

Vertical dipoles have been used in experiments with con-
ducting bodies (plate, cylinder, sphere) in the Geoelectricity
Laboratory of the Physice Research Institute, Leningrad Univer-
sity /I/. It has been found that the vertical component of
the magnetic field enables one to determine the size and
inclination of a plate in horizontal projection (i.e., the
shape and position in space).

Here we compare the induction method with the dipole
method, the source and receiving sections having identical
parameters. The inclination of the total field vector to the
horigontal was measured in both cases. The field was produced
by a screened frame (a circle of diameter 5.3 cm) fed via a
screened cable; the detecting coil had a screened frame 4.7 cm
in diameter and worked into a tuned amplifier feeding a MVL-1
vacuum-tube voltmeter. The model was a brass sheet 126 x 33
x 0.1 cm, which was supported on an insulator and was fitted
with a means of ndjunting the inclination y, which was varied
from 0° (vertical) to 90° (horizontal) by 15° steps. The top
edge of the sheet was always horizontal.

Measurements were made at distances of 20, 30, 40, 50,
| and 60 cm, with the top edge at depths of 10 and 20 cm, '1‘!10'.-—-l
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“rable 1
Caleulated
(ca) Actue! A (cx) Xy - Xg M,
d h‘?::) LY $from & ta L2
methed (1 ]
8 84 80 7
g 9 93 59 5
® 10 1] 1ns 50 4
80 18 137 43 3.1
o 18 15,1 %] 3,1
- l’o‘ - -
3 ” - mo - -

model was moved, the coils being kept fixed. In the dipole
method, the sheet was inclined towards the source or towards
the detector. Tigure 1 shows profile curves for y of O,
4%, and 90°,

The indugtion results were worked up to give the angles
as usual ﬂ.Va Table 1 gives the depth of the top edge h as
deduced by the parabola method /7/ and from /87

—— x..o. r ] 1
h= <= (V T+ cg’e, — 1), ™
ia which x is the abscissa corresponding to the extreme angle

ag. Table 1 also gives (X1 + X3)/(aq + ap), which is used to
culate Hy/Hp, which appears in formula (2) of /B/:

1 .
ha':".'x’- ’ (2)
1+ , M
Tﬂ"-

in wvhieh X 4, aq and X3,ap are the coordinates of the angle
ourve to the left and to the right of the origin, H, and Hp
being the stremgths of the primary and secondary magnetic
fields. We #se that the parsbola method gives satisfactory
rO:\‘ltl for r/h@d 3-k4, while (1) is satisfactory for r/h &
2=h,

The poaition of the electric axis is determined in the
usual way in the induction method; in the dipole method, the
poeition of the electric axis of a vertical plate is determined

/ . —
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Fig. 2.

1) source~detector setting;

Profile curves for the dipole method with
2) detector-source setting.

by the point at which the profile curve meets the axis of abscis-

aas,

and 2 of Fig, 2, if the plate is inclined.
between the points where these curves meet the axis is then the
position of the electric axis.

The profile must be measured twice, as shown by curves 1
The point half-way

- The depth of the top edge may be deduced from the observa-
tion that the distance 1l between the two points where the curve
meets the axis is almost independent of y if the plate is
inclined towards the detector, provided that y ¢ 60°, as Table
Figure'3 shows 1 as a function of r (the distance)

2 shows.

Table 2
r
1 - '
» o | s | e w | %o | ®
h=10 cu A=20cu
8 15 24 k<) 42 18 P14 I 33
18 15 25 M |85 18,5 2 35,5
0 158 25 45 45 125 25 34
45 145 y1 us 14 28 33
60 13,8 245 s 45 — 2 32,5
75 12 235 K 425 - 20 3l
90 95 25 K. ) 4“ - 17,5 30

for depths of 10 and 20 cm;

the relation is a straight line

of unit slope which meets the line L = -5 at r = h,. This can

l_f' used to determine h.

’
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Table 3 gives the ratio of ‘

l the maximum angles of inclina-

6ot tion of the magnetic field in

! / the two nethods; it shows

@ 7/ that az/a; > 1 if vy >15°, the ¢
lmq/ h-20 ratio gncroasing with y. This

/ . means that the dipole method

/ is best if y > 15°,

1 ./<:/, The position of the elec~
(| S A S tric axis is thus determined
0 7%/ w6 v reliably in both methods.
Induction gives the position
' of the top edge satisfactorily
Fig. 3. Relation only for r/h of 3-4, but the
of 1 tor, dipole method is suitable for
any r, Both methods can be
used in detailed work, especially since the apparatus is the

Table 3
1
[ ] r |-
0 16 30 45 60 78 90
20 1 1,8 1,83 2% 2,56 3,56 79
K )] 088 1,13 1,31 1,62 2.4 4,18 6.8
10 40 0,86 0,96 1.1 14 2,28 3,08 425
50 1,12 1.8 1,36 1,48 1,77 2,11 28
60 13 1,42 1,43 1,6 18 IJE 247
40 09 133 187 1,71 2,28 3,66 533
22 80 087 1,0 1,28 18 212 4,0 68
60 1.1 11 1,75 2 3,28 387
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REPRESENTATION OF OBSERVATIONAL DATA OF ALTERNATING-CURRENT
PROSPECTING AS AN APPARENT SPECIFIC RESISTANCE

A. V. Veshev
PP. 167-186

There are many types of electrical prospecting methods,
which use alternating and direct currents; there are also many
types of line, methods of examining the fields, and so on. This
makes it of value to consider which are the best parameters to
use to characterize the field.

The apparent specific electrical resistance (apparent
resistance*) is commonly used in d.c. methods, in addition to
directly measured quantities (potentials and gradients). This
is convenient, for it is independent of the apparatus and
method if the medium is homogeneous, though it is in general
only a function of the field, being the product of some measured
quantity (reduced to unit current) by a coefficient dependent
on the geometry of the system (in particular, on the form of the
grounds, if these are not point grounds). However, the function
is such that it corresponds to the specific resistance if the
medium is homogeneous; the coefficient is adjusted accordingly.

The apparent resistance is a function of the component and
method if the medium is not homogeneous, but it is still a con-
venient parameter, for the effect of inhomogeneity may be ex-
pressed as a ratio to some parameter common to all systema,
which parameter corresponds to the specific resistance of a homo-
geneous medium, This makes the apparent resistance a con-
venient parameter for geologic mapping and for structure studies.

Alternating currents are used mainly to detect anomalies in
conductance, the results being given directly as the amplitude
and phase of the field, as the angles of inclination of the mag-
netic vector, and so on, Sometimes, as in ratio methods, the
results are presented merely as changes in field parameters.
This is a rather narrow use of a.c. methods, and it makes it
difficult to use the resulte for structure mapping and reais-
tance measurement; but the methods are actually at least as

I *This abbreviation will be used in future.
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[-:;lunblo as d.c. ones for these purposes. Before they can be |

80 used, though, there is need for some work on apparatus and !
on methods of presenting the results. Here I shall deal only
with the latter aspect of the matter.

It is best to present the results from a.c. methods as
reduced parameters of apparent-resistance type. The parameter
to be used is to be chosen on the basis that its dimensions
and numerical value must be the same as ¢ (the specific res-
istance) for a homogeneous and isotropic half-space; then an
inhomogeneous half-space gives a parameter analogous to the
specific resistance. Here we must point out that the ap-
parent resistance will be dependent on the source and on the’
dimensions of the system if the space is inhomogeneous. It
is convenient to denote the d.c. and a.c. values of the ap--
parent resistance by ( and 2’, by analogy with ¢, the frequency
being indicated (if necessary) by a subscript to §.

There are great difficulties in calculating f for artifi-
¢ial electromagnetic fields, for the situation differs from
that in d.c. methods, where the potential and the gradient are
linesrly related to ¢ and bear a simple relation to the geo-
metry of the system (the coefficient k has the dimensions of a
length and is defined hy purely geometrical relationships).

The source ir an a.c. method is an electric or magnetic djpole,
or a very long cable; here the vector potential and the field
omponents have a complicated relation to the reduced distance
%- kr, in which r is the distance from the source and k is the
wave-number of the medium, If displacement currents are
negligible, nnd‘if k2 can be treated as imaginary, we have

t=04w L =281r Y L, (1)

in which r is in km, f is in c/s, and ¢ is in ohm-m. For field
sources of finite eize, we have an equivalent quantity 5’:

E =t =0,4nr! l/ %"—. (2)

Formula (2) shows that the length 1 (km) of the source line
affects the field pattern; the effects of this length are.some-
times described by a parameter P, which foryk2 imaginary is
given by '

P=0,4x! ‘/5—’{. (3)

in whichl is in km,§ and fare in ¢/s and ohm-m, resp,
Now r and f are always known, &0 and S' give us %} provided
that there is a unique relation between the measured field

L | ]



{-:;mponontu and s or §.° The apparent resistance &s so found
enables one to separate field changes associated with features '
of the section from changes associated with the appsratus. The
apparent resistance will be the specific resistance for a homo-
geneous half-space no matter what the systez and wavelength.
Moreover, the asymptotic values will, for a two-~layer structure,
correspond with the resistances of the two layers. The apparent
resistances as found by d.c. and a.c. methods for a given
section enable one to compare resolving powers; the problem can
also be discussed theoretically to a certain extent, but the
a.c. fields must then be represented in terms of parameters
corresponding to the apparent resistance**®.

The apparent resistance is a function of many parameters,
80 symbols are needed to indicate the type of apparatus and
field. These may be subscripts to ( and &, such as 3.I
(horizontal electric dipole), M.B. (vertical magnetic dipole),
M., (horizontal magnetic dipole), b.k. (infinite cable),
k.k. (finite cable), mz (vertical magnetic component); mr
(radial magnetic component),df (azimuthal electric component),
and so on. The symbols for the source will be placed in the
right upper position, and those for the field in the right
lower. For example, x: and f";” denote respectively the
use of the vertical magnetic component from an infinite cable
and of the seme from a horirzontal magnetic dipole. Only the
electric field is used in d.c. methods, so there is no need to
put a subscript for electric to ?. Here we can us. symbols
such as @, (potential system), @ (gradient system), @&.cp
(mean gradient system), and so on; the superscript indicates
the source type (e.g., ?d, dipole source). These numerous
subscripts and superscripts are somewhat inconvenient; in any
given case, they may be omitted after the type of source and
80 on have been stated. This question of notation requires a
separate study.

*The field source is represented as a plane incident wave
when natural fields are used, as in magnetotelluric sounding.
Here ?’: 4wz /w, in which z = E/H and wis frequency. The ratio
of any two components will be dependent on § for any other form
of source, so ¥ can then be deduced only from § . :

**Van'yan's g,and ¢p for frequency aounding and for field
equilibration with an electric dipole [1, , and analogous
quantities for magnetic dipoles ZEZ do not satisfy these
requirements fully; the & and ¢y for a romogeneous half-space
tend to ¢ as limit only for 5 very small (S zone) and very

l_inrgo (wave zone). ‘ __J
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r- It is possible to deduce @ in any given case only if § _1
or ;' is known; the conditions for this vary with the type of
source and can be deduced from the type of variation of the
normal field. As an exarmple I consider the use of magnetic
dipoles. Here there are many different forms of source and
detector [h,5.7-9.11,1g7. but the main differences relate only
to the frequency and to the orientation of the dipoles with
respect to the surface and to one another. The real and
isaginary parts are recorded for one or more field components,
and also the magnitude and inclination of the total field (as
in induction methods). The normal fields of magnetic dipoles
on the surface of a homogeneous conducting space have been
examined [3.&]; the field components are represented as

_ M . . M .u . M
:'——-;-;h:'; :'-_'}T us, H',"'==----',J hy '

ioM _u o ")
H',‘"-+—:.' B HE = Mo E:"='—7,e—e:"

in which M/r3 is the field of a dipole in air (sometimes called
the primary field); the upper-case letters represent compon-
ents of the electromagnetic field, while the lower-case h and e
denote changes resulting from the use of a.c. (these arise from
conductivity) and are dimensionless quantities called the mag-
netic and electric numbers (Krayev's notation).

It has been shown [ﬁf that these numbers have the following
relations:

B =cosp(4—ep® —At"
hy"=sing (ey* —2),

;" e= — cosoh; ",

(5)

In particular, (5) shows that the radial magnetic number
of a vertical magnetic dipole is equal to the vertical magnetic
number of a horigontal magnetic dipole if @ = O. The real and
isaginary parts, and also the amplitudes and phases, have been
given for the h for § up to 20 z;,g/; this range covers all
the main practical cases for this type of equipment. The
asymptotic expressions and tabulated values /3.&] show that the
magnetic numbers are usually multivalued functions of §; for
example Im(h}) has a maximum at § = 1.076 and a minimum at
§= 4.808, while Pe(h:5 has several maxima, the first two turn-

l_tfg points being at § of 2.382 and &.4413, and the first zero __J

’
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r:; 7.21, the subsequent turning points being separated by intd;:}
vals of about 7. Again, the Re for h, and hy (for @4 90°) '
have maxima at §= 4.6, while the Im have maxims at § = 2.6,
ninisa at § = 8.0, and seros at § = 4.5,

It is possible to determine § from one or other of the
magnetic numbers in most cases, provided that the real and
imaginary parts are measured separately (with due regard for
sign). Such mesaurements are very tedious to perfora and
interpret, and the method in this form is applicable only in
special circumstances, e.g. over regions known from other
evidence to be suitable for detailed examination. It will be
shown that a simpler method of determining § can be used in
nearly all cases.

The relation of ¢ to § for a homogeneous medium is

p=789 (_%)' f, | (6)

but real conditions are those of an inhomogeneous {f-space, in
which case it is better to use the effective value « Which
corresponds to a fictitious homogeneous bhalf-space. Then (6)
with § gives us #. The method of determining 7 can be greatly
simplified if the field work is performed with distances and
frequencies such that the entire range in @ corresponds to
ranges of monotonic change in the magnetic numbers. The first

finne i
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| Fig. 1. FRelationships for dipoles 1) on the surface; 23—1
at & height of 50 m; 3) at a height of 100 m, .
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l_::aeh range is the best, for this corresponds to low 5 and thus |

to fairly low frequencies. Figures 1-4 give curves for the '

first ranges in the magnetic numbers as functions of /vs;

these are convenient for the determination of @. The relation-

ship is nearly rectilinear over much of the range. 'Electrical

profiling is performed with fixed r and f; the graphs enable

one to determine & from the magnetic number. '

The practical use of these relationships may be established
by examining the ranges in ?they cover, The table below gives
the ranges of @ that correspond to the frequencies used in the
AFl and PEMK equipments (75, 125, 375, 1125, 3375, and 7500 ¢/s),
the r being 0,05, 0.1, 0.2, and O.4 knm,

L [mh, .l

TN

Fig. 2. Relation of Im(hy) to a7r2f; notation as in Fig. 1.

These ranges are such that the practical Irvery seldom fall
outside thenm. An increase in f displaces the range in
towards higher values. The least variation in & (about a
factor of 100) for given f and r occurs for Im(h2); the other
components correspond roughly to factors of 1000. On the
other hand, the real parte of hr and hyp are large, which would
] oake it very difficult to isolate’ the imaginary parts of theéill

J
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Figures 1-L4 also show these functions of é7r2f for dipole;_7
at heights of 50 and 100 m, positions that are used in aerial :
surveying by induction; these curves have been computed from
relationships given by Waite /93,14/. The sbvsolute values of
the magnetic numbers decrease as the height increasea, while
the sone of maxima shifts to smaller {/r This means that
the usable ranges are extended towards lower e in aerial

. '“r' Ren,

Fig. 3. Relation of Re(hy) and Ind to #/rif;

see Fig. 1
for symbols.

surveys. (The subject of aerial surveys renerally requires a
I special study.)

o e e Moo



r—. Similar relations between the field components and ({nay -
be derived for electromagnetic dipole profiling, in wrich two '
autually perpendicular dipoles are used as sources in conjunc=
tion with two identical receiving dipoles (the rotating~-field
method). 1In the rotating magnetic field method /Y7, two
identical but mutually perpendicular source coils are used in
conjunction with two detecting coils set at right angles to

their direction of displacement. The two source coils are fed
with currents differing in phase by 90°, which produces a rotat-
ing magnetic field in any homogeneous insulating medium. The

Fig. 4. Relationm of Im(hy) and Im(he) to é?rzf; see
Fig. 1 for symbols.

signals received by the detecting coils also differ in phase by
20°, The orientation is such that the field component asensed
by the vertical magnetic dipole (a horizontal coil) is Im(H,)
while the one sensed by the horisontal dipole (vertical coi{)
is He. The signal in the vertical dipole is displaced in

. L—-phnac by 90°, so the sum of the two signals is
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~ | 3
Hep==H"" — H*", (7)

in which

wr__ M T we_ M, us
v =5 = e

g8 -
and the magnetic number of the rotating field is

. 8

hop = Ky T 4 K", )

These expressions show that the primary fields sensed by
the dipoles mutually cancel no matter what r may be. The

§ &£ & <X
pzd

" 1

-y A b bbb, -l A Achododd

- ! 0

Fig. 7. Relation of |hr| to ?Vref for dipoles on the
surface of the ground.

resultant signal will be zero for a homogeneous insulating
space, but a conducting half-space upsets this. The real and
imaginary parts of the unbalance sirnal are dependent on ¢, f,
1_~Tnd r, as well as on the height (for aerial surveys).

I . —
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r;;guros 5 and 6 show these as functions of é7r2f for heights of |
2%, 50, and 100 m on the basis of W@ite's results /73,14 '
conjunction with results for the surface [3.&7. Figure 5 shows
that the real part has a maximum at f/r2f = 4.3 for the surface,
there being a rapid rise to this point from the zerc at
réf = 2.25. The real part is almost constant at about 2.0 for
r2f = 0.15 or so. The relationship is of the same fora for
all heights, but it shifts to smaller @/r2f as the height
increases; e.g., the maximum lies at 0.17 when the height is
25 m, the sero being at 0.052. The corresponding values for
S0 m are 0,09 for the maximum and a value outside the limits of
the figure. Both points are outside the limits for a height
of 100 m,

The imaginary part is negative at the surface of the ground
and has its minimum at §/r2f = 0.42 (Fig. 6); the minimum lies
outaide the figure for a height of 25 m. The positive branch
lppoarl on the right for a height of 50 m; this has a maximum
at #/r2f = 0,55, the zero beinz at 0.11 and the minimum outside
the figure. Only the positive branch (maximum at 0.24) is
seen for 100 m.

These curves show that the imaginary part is of the main
interest for ground-level studies, because this shows a single-
valued relation to distance for ?7r f »0.42; for aerial
studies, the real part is more useful, for this gives a single-
valued relation for @/r2f » 0.17 (25 m), » 0.1 (50 m), or
)O 07 (100 -)o

Induction results can also be represented in apparent-

resistance form; all that is needed is a certain modification
of the field observations, for the existing apparatus enables
one to measure the amplitudes of the components as well as the
orientation of the magnetic vector. These amplitudes do not
vary rapidly over fairly highly differentiated sections, so

the method would be of comparatively poor resolving power; this
‘ds & result of the distribution of the normal field. The
source coil acts as a horizontal magnetic dipole in the induction
method, and the field components are examined in the equatorial
plane (P= 90°). Now (5) shows that the corresponding hp and
- hg are zero no matter what & may be if there are no vertical or
inclined inhomogensities; only he is finite, and this here
coincides with hy. The § used in induction commonly range

from 2.5 to 7.0, and the modulus of he varies little in this
range, 8o the resolution in ?'is low. A much more useful case
is that in which the dipole is oriented for measurements along
its axis (@ = 0°), for here hg is zero, whereas hp and h, are

L_:lxilnl, if the medium is homogeneous. Figure 3 shows the __J

1]
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Fig, 8. Curves for determining @ by the inclined coil
method.

abgolute values of h, and h, as functions of é?rzf; here the
real and imaginary parts increase together for 2 » &/rt »0.2.
The frequencig¢s used in induction (18.75, 37.5, and 75 kc) give
hy such that in excess of 100 ohm-m can be measured, but the
determination is not unambiguous for lower-iﬂ for a maximum
occurs in h,.

Measurements offhrl can be used to calculate irdirectly,
for this increases regularly from 1.966 for § = 1.4 to 4,076
for § = 8.0; Fig. 7 shows this for h, as a function of #/res,
A range of 10-fold variation in (’ia accessible, which for r
of 0.1 km corresponds to 40-400 ohm-pm at 18.75 ke, 75-750 ohm=-nm
at 37.5 ke, and 150-1500 ohm-m at 75 kc. Further, & can be
found from angle measurements; I omit details and merely state
that existing recommendations require operation at fixed f and
variable r;  the results are used to determine the r corree-
ponding to = 1, Now f is known, soc @ can be found, but the
operation is very tedious and is seldom used. In principle, ]



‘ [ though, ! and ?cnn be determined from the inclination for one |
r only; the use of several r only impairs the interpretation,
for ¢ is a function of r if the medium is inhomogeneous. The
inclined-coil method is simplified if r is kept constant; the
calculations cap be simplified or eliminated if § is replaced
as abscissa by §/r2f, or even by & itself for the fixed r.
Figure 8 shows the angle of inclination rna a_function of ?’
r f v 18,75 kc; the point a corresponds to § = 1.  Then the
for 18.75 kc is read directly as the abscissa of the point on
the curve for the given a whose ordinate is . The ¢ 5o read
off must be doubled at 37.5 kc and quadrupled at 75 kc. of
course, c, the inclination of the source coil, can be varied
during the measurements.

In detailed surveys, in which & must be determined as a
function of depth, it is best to use several frequencies. The
above curves show that f'is found the more prec¢isely the larger
the difference between a and Y. The differences are large only
for the lower values of lr, though the above frequencies give
reasonable accuracy for r of 50-100 m for @ up to 500 or 600 oln-m,

Wide ranges inmn ?'cnn be covered by existing standard induc-
tion equipment only if the frequency range is extended downwards.
The precise frequencies required should be derived from field
trials. . .

The main conclusions to be drawn are as follows.

1. A function of apparent-resistance type should be used
in a.c., methods; the value and dimensions of this are the same’
as those of the specific resistance for a homogeneous mediunm.
This would facilitate the use of electrical methods in structure
msapping and would provide a fuller picture of many geological
sections. Special subscripte and superscripts are needed to
indicate the type of equipment and field used.

2. The apprarent resistance is calculable from the
observations only if the reduced distance can be determined unam
biguously; the conditions that ensure this are dependent on the
fields used and on the nature of the section.

3. The value of ?'can be determined in principle for any
distance from the field of a vertical or horizontal magnetic
dipole; the methode of observation can be greatly simplified

* ————
m———
’
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r;;r short distances. For example, only amplitudes may be
needed for some components (hr and hg, for instance). The
saximus usable distance in that case is dependent on the field
component employed, The usual distances between dipoles (50 to
200 m) and resistivities (1 to 100 ohm~m or so) require frequen-
cies that should not exceed 7-8 kec. These frequencies can be
increased by factors of 1.5 or 2 for aerial use.

4., Induction apparatus employing higher frequencies can
also be used to measure { rocks of resistance a few hundred
oha-a can be examined by the inclined-coil method, but the
technique must be altered. High values of enable one to
operate merely with Inyl or Mgl , or sometimes only with InJ .

This discussion has been concerned only with theoretical
possibilities for the use of apparent resistance. Special
studies are needed to evolve detailed methoda and techniques.
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THE USE OF LOW-FREQUENCY ALTERNATING CURRENT IN ELECTRICAL
PROFILING AND SOUNDING

Yu. I. Bulgakov and A. V. Veshev
pp. 187-192

Industrial interference causes serious difficulty in
electrical prospecting; the interference is especially strong
around ore bodies under exploitation and in mining areas in the
Ural, Rudnyy Altai, and so on. It is then usually impossibdble
to use d.c. methods. This interference has sany differeat
sources and shows a very complex time course, which we have
studied in detail at the Belousovo and Grekhovo deposits in the
Rudnyy Altai. The low-frequency interference was recorded
with an EAK-3 electronic potentiometer /%/; noise of frequency
5-8 c¢/s and above was recorded with a small portable oscillo-
graph type MPO-2 fitted with a wide-band amplifier, which pro-
vided coverage up to 500 c/s. The detecting line was 20 m
long, the largest potentiale being 30-40 mv. Figure 1 shows
a typical curve, the time marks being of frequency 500 ¢/s

Fig. 1. f;EE;E;I;iﬂintorferenco recorded by the MPO-2,
Aq is the szero line, Ay is the peak amplitude, and v
is the width of the peak.

(the abscissa is graduated at intervales of 0.005 sec). The
frequency spectrum is very wide.

Figure 2 gives frequency analyses, which were made by a
graphical method designed for seismograms /L/. Curve a is
a gensral one, while the othera represent the behavior for
L—finiting frequencies of 56, 100, and 375 ¢/s. The intensity

v—f
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Fig. 2. TFrequency analyses of interference; h(f)
is the amplitude at frequerncy f, the unit being
0.01Ax, in which Ap is the maximum amplitude.

is lowest at 17.23 c¢/s, with other minima at 37 and 75 c/s.

The intensity is higheat at 0-5 ¢/s and at 50, 100, and

150 ¢/s. The 17-23 c/s region is clearly the best for
L-:loetrical prospecting, for the frequency is reasonably low,




—
[—:;d one may expect that the results for the short lines usually !
adequate for ore-bodies will be virtually the same as those for
d.c.y, 80 the methods for d.c. can be used in interpreting the

results.

Theoretical relationships for a homogeneous half~spsce and
for two- and three~layer media are applicable (if the upper
layers are of very high resistance) in order to compare the
fields and ¢) for d.c. and a.c. (dipole) methods. Stefanescu
/b/ bhas discussed the electromagnet field of a grounded
horizontal electric dipole on tke surface of & homogeneous
half-space; his tables show that the amplitude of the radial
component of the electric field is as for d.c. if § € 1.0;
the same applies to the azimuthal component to 5% if § € 0.7,
Here § = xr, in which r is the distance from the center of the
dipole (km) and X = o.kl’(sf/()”. ¢ being the resistivity in
ohm-m and f the frequency in ¢/s. The above limits for
imply that a dipole 0O' operating at 20 c/s over rocks of
specific resistances 20 and 200 ohm-z has maximum working
ranges of 350 and 1100 m respectively (radial), or 250 and
800 » (azimuthal).

Similar estimates can be made for a horizontally layered
sedium (also for 20 c¢/s); Van'yan's three-layer frequency
sounding curves [?,2] can be used. An unfavorable section is
one having hqy = 10 m, {4 = 200 ohm-m, by = 50 m, ¢> = 20 ohm-nm,
03 =co, and Sq 81 = 51, The wavelength for the first layer
is Aq = 3.162 x 105((7!)” = 106 cm = 10 km, and that for the
second is N2 = 3.162 x 105(¢/t)* = 3,162 x 106 cm = 3,162 knm,
so Aq/hq = 1000 and Ap/hp = 63.2. The 00' for the determin-
ation of hq + hy may be as much as 1000 m [00'/(hq + h2) = 16.7].
The above relations enable us to use S curves, The largest
differences in the €x will occur for the maximal distances, so
we perform our estimate for this case. The S=-A curves give us

that Px o0 is 0.98py for the axial dipole system and is 1.05¢y .
for the equatorial setting. No curves are available for the
case of g finite, but we give below some examples from field
work of 357 at 20 ¢/s for {3 large but finite.

We used an EP-1 electronic potentiometer and a direct~

reading ESK-1 compensator in the d.c. measurements; a vacuum-~
tube millivoltmeter with a selective amplifier was used in the

a.c. measurements. The millivoltmeter has already been

described /1/. Results for a profile at Kamysha (AO = OB = 100 m,
00' = 100 m, AB = MN = 10 m, the last being the pitch) gave almost
identical ¢) curves, the largest discrepancies being about 5%

and the mean difference 2.6%, which is within the error of the

L o -
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Fig. 3. Curves for (kfor symmetrical and dipole methods
performed with d.c. and a.c. in the Kamysha area in the
Rudnyy Altai: 1) symmetrical electrical method, d.c.
(profile 1, PK-29); 2) the same with a.c. (MN = 2 m);
3) {k by d.c. log in borehole 47; 4) the same by an
a.,c. method.

e ————

ohservations. Figure 3 shows gkcurvon from syemetrical and
dipole methods of vertical electrical sounding; AB = 800 m
(saximum) for the first and 00' = 450 m maximum for the second
(axial)., Here the curves differ by only 1.2%. In addition,
curve 2 is for AB = 800 m with MN = 2 m; this short distance
was possible on account of the high sensitivity of the vacuum-
tube voltmeter (30 uv for full-scale deflection on the M-24
meter), 8o reliable readings could be made at 10-15 uv, which
is one~twentieth of the minimum potential that can be measured
with adequate precision in d.c. methods.

L

There were no parts to be matched up (on account of the



[_:;o of differing values of MN), so interpretation of the k Was
facilitated. For example, there is a 22% reduction in the
nugber of measuremente for the curves of Fig. 3 (14 1n-tond of
18) if only one MN is used.

These results show that the line lengths usual in ore-
bearing regions (about 1 km) give O &t 20 c/s virtually the
sape as those from d.c, methods, 80 relationships established
for d.c. can be used in the interpretations. )

Measurements have also been made in other regions of

-

1

strong interference; in every case good and roproduciblo results

were obtained at 20 c¢/s.
The advantages of low-frequency a.c. are as follows:

1. The work is more rapid and detailed while retaining
the same accuracy.

2., Measurements can be made in the presence of strong
industrial interference.

3. The apparatus can be light and portable, for it
demands less power in the measuring circuits, so the power
sources are lighter.

It would be advantageous in many cases to transfer from
d.c. methods to a.c. ones.

Bibliography

1. Bulgakov, Yu. I. Apparatura dlya izmereniya peremennykh
elektricheskikh poley nigkoy chastoty v elektrorasvedke
[Apparatus for measuring alternating electric fields of

low frequency in electrical prospectingl. Jlch. Zap.
LGU (Archives of Leningrad University], No. 249, issue 10,
1958.

2. Van'yan, L. L. K teorii dipol'nykh elektricheskikh
gondirovaniy [Theory of dipole electric sounding].
Prikladnaya Geofigika [Applied Geophysics], No. 16.
Moscow, Gostoptekhizdat, 1957.

— 110 _—



b

S

6.

oAl sit s o AP A LI i | et VoSt PREPURRE S V5

-

lden. Nekotoryye voprosy teorii chastotnykk zondirovaniy !
gorisontal'nykh naplastovaniy [Some aspects of the theory

of frequency sounding for horizontal stratal). Ibid., No.

23, 1959.

Gol'tsman, F. M. Grafoanaliticheskiy metod chastotnogo
analiza seysamicheskikh voln [Graphical method of frequency
analysis for seismic waves). Vestnik LGU [Herald of
Leningrad University), No. 16, physics and chemistry series
issue 3, 19%6,

Karandeyev, K. B. and L. Ya. Migsyuk. Elektronnaya
ichesk

eotronic measuring apparatus
for geophys prospecting by d.c. methods]. Moscow,
Gosgeoltekhigdat [State Geological Technique Publishing
h“..]. 1958-

Stefanescu, S. Des electromagnetische Normalfeld des
waagerechten Niederfrequenzdipols. Beitrage zur angewandten
Geophysik, 9, No. 3-4, 1942; Gerlands Beitrage zur Geo-
.physik, 61, No. 3, 1950 ‘




WETHODS OF CALCULATING A POINT-SOURCE FIKLD IN THE PIRSENCE
OF A VZRTICAL BED
N. A. Sakharnikov and D. M. Volkov
pp. 193-202

It is necessary to solve for the potential diatribution
for the field of a point source in the presence of two interfaces
(Fig. 1) in order to calculate apparent-resistance curves fron
eleotrical profiling above a stratum of low or high reaistanco’.
The potential at any point in the field, U(r,l),can /i] ve
represented as follows for media I, II, and III respectively:

ty (r, Do B { Sy r) e %

' -‘.’(l-l)x 4 Aot~ 24+A—Dx
[l Ut Rikyye™" ]
-2 (e k=D ¥ SRS
uy(r, D=1 +k..)51.(rx)c~“——-ﬁ"-;;m-;— ds, |. -

D= B 1A+ b [ 08)
) ‘

(1)
in which

-0 -
kis nt+n kss --E!T:-:—' (2)

® A, V. Veshev posed the provlem of the best methicd of

Lo:lcullt ion. .. ___l
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Hore I is the current from the source electrode; the
resistivities po,, p,, and 95 can vary widely, while kl and k23
are always less thali one., ~The potentiul gradient isa ?ound

by differentiating the expressions in (1) with respect to r or l.

‘-Tr‘~"7‘-.\~ An B
Ao T~ s

Mg. 1. Coordinate system for calculating the
field of a point source in the presence of two
interfaces. A, position of source electrodej

U, position of detecting electrode; 1 , distance
between electrodes; d, distance from A to nearer
interface; r, distance from ii to surface of ground;
r, resistivity of corresponding medium.

For the surface, r = O and J (rx) =» 1, so the formulas for
U(r,1) and B(r,l) are simpliPied; the apparent resistances for
potentiul and gradient systems respectively are

=V, .- E
’—2'17—. P—%l‘Tc

: A (3)
It is usuul to express the apparent resistance by
formulas [1/ containing infinite series, which for media I to
III taxe tue following rorm tor potential systems

. ALY
’h =0 [l + ._ll+€lﬁ"1_‘%)it.::_'sl(av bl)] ’

pas =g (1 + ku)lsl (a, b)) + ﬂ"?&j'sn (a, bl)] ’

Pra =t (1 + Rig)(1 + Ry)- S, (@, by); (4)
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[-—;nd for gradient systems -.]
. 1 - A}
o= [1 T Unl b.)] :

o =1 (1 + k) [Si (e, ) — BT Sie, 0) ],
Phs =P, (l + .ll)(l + k‘)'sl(‘v b"o

(4*)
in which
Si(a, )m B A=Ly (=1 =),
4 | (5)
an
a = kg Ry, bn-m%-_-n, b,-%.-.
(6)

Series (5) converges fcr‘|l|'¢ 1, b3 Oand fora = 1,
b>Oforiw«wlandis 2, as well as for as ~1, b > O for
1 » 2. The ranges of practioal interest are as follows:

06 <|ky|<0,95, 006K+ <35,

0,6 < |k <096, 0<-4-<10,

It is shown below that replacement of the infinite
series in (4) by particular sums results in a large volume of
computation if the thickness h is small and k k2 is close to
4+l or -1. Direct summation for P involves }go daloulation of
the sum in (5) from the formula

Na=y
Si(a, O)= 2"‘5%57 .
- (1)

Now we estimate the number N of terms in (5) that must
be used in direct summation. Let 4 be the absolute error
allowed in the approximate value of S, (a,b); then a theorem
on sign-varying series [2] gives us that the N for a > O must
satisfy ‘

<A,

L , —




r:hich, for b small,is eyuivalent to

_l

log A
N>-,§§;-.

(8)
If & < 0, the terms in (5) are positive, so the remainder after
the N terms is

R < mrl8”
TF N =1aD"

To make R <3 we must make N such that

N
Ty < 8-(1—la),

which for b small is eyuivalent to

logA log(l—|a])
N>piter +—Xara— - O

o ™
Sono o

T g A\

@ -0 -0 0 -4 a1 @ & @ o

Fig. 2. Graphs of ¥ = f(a) for various A, for use
with (7); @& % k) k,,» F ie the least N that will
satisfy (8) or (B, %ia the absolute error allowed in
S,(s,b); values of As 1) 0.00001; 2) 0,0001;

L_ 3} 0.001. . ]
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Figure 2 shows the relation of a to N , the least N that !
satisfies (8) or (9), for various 8. These®graphs enable one to
determine N for the sum of (5) from (7) of 0 € b < 0.1; the
curves for N as a funoction of a run somewhat below those of Fig., 2
if b > 0.1, but the difference is unimportant, for XN varies
little for |a] small and decreases as |a| becomes large, but not
so much so that (7) becomes useful.

It is practiocable to use (7) for |al small, i.e., for

Some ways of simplifying the calculations are illustrated
below. Consider, for example, the integral

Li(a, b)=5-‘¢:-_:-:-:;:;dx (=1, - i=2),

(10)
which converges for |a] < 1, b > 0 Li(a,b) is such that
C i-t.gts _1 ( b)
J Trar &= L 7). o
11

if 1 >0, as can be seen if we replace x by x/%.
%e can represent in the following integral form, as

4
(1)=(3) imply for r = 0, ¥t we use (11) in conjunction with the
definition of Li(a,b). For potential systems

AT W
P.|=P|[l + }';E"i +LQT1'7?%'..'?7"L1 (a bn)l.

=l +h[Li(6, 00+ 5= Li(@, 0], (22)
Pas=p1 (14 kyg) (14 Ry)-L,(a, b,).




I—:nd for gradient ones

|

_al
Py —Pl[l - 1:2%7— "((‘;7!—.‘;;,)—_‘_”—;;1'1:(4. bn)].

Pay =1 (1 +ku)[l-z (a, b,) —(QT:gé'l.’?T)s'Ls (a, bn)] ’
Pas =01 (14 Rip) (1 4 kyy) Ly (a, By).

(12')
For example, from the first formula in (12),

Pm =2'l£ll =p" 1’510 (rx) e-u[l + ko0

(1 — &) hyge™2@+A=00 ¢
I

Jax.

Forr =0

& 1—a2
2+ (,,;g)_"'; .L,(a, b,)].

—-Pn’[ + 57

Formulas (4) can be derived from (12) by replacing L, (a,b) by
S, (ayb); standard transforms /1/ enable us to show that these
functions are identically eqgual, for which purvose we replace
the integrand in (10) by a convargent series

B Ly(a, )= 6{ '[2.0(— a)"-e—““'"] dx.

The sequence of integration and summation can be reversed in
this case /27, =0

Ly(a, b) =2~°(— a)* -oie'(”m *dx=3_, (a, b).

In the same way we can show that

~

=353

for all 1 » 03 differentiating k times with respect to
(which is permissible [27), we have
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I A 1

A Y (—a)
é'l 4- ac"‘"dx_“é U+ ompri?

whioh applies for all 1 > 0, b > O, and |al < 1. In particular,
ifksland 1= 1, we have from (5) and (10) that

Ly (a, b)=S,(a, b).
The integral of (10) can be represented exaotly ams a
finite sum of elementary functions for all a and for rational b
if 4 = 1, as may be shown by replacing the variable of integration
in (10) by means of the substitution exp(-x) = y:

o
umw=ij.
(13)

The corresponding indefinite integral ocan /2] be represented in
finite form for any rational b (tie substitution is t sz y, in
which b = p/q); 8o L.(a,b) is an elementary function of a for
each ratiom& b. Ifi particular

Li(a, 1)=—In(1+a),

L,(a, 2)=-'/'—;7arctgl/;, F a>0

_ 1 1—yTal .
L,(c,?)——;—-’,r—ﬂlnﬁ%, if a<o.

Let b » l/n. in which n is a posgitive integer; n > 1. Then
for all a we have exactly that

o= 2o F]

(14)
The following transforms of the sum of (5) serve to
demonstrate (14):

L - —
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b (‘a' -:7)-_: S (a' %)::(-na)‘ ; ‘:2‘;.

ol g2

R}

Prom this (14) follows directly if we use the expansion of the
logarithm function as a power series.

(14) is suitable for any a and b > 0.05, and also for
smaller values of b if |a) is sufficiently small. The series on
the right in (14) converges more rapidly than the series in (5),
80 it ie simpler to use (14) for P, then it is to use (7).

The integral in (10), or the equal sum of (5), for a
gradient system can be operated on with the transforms

L 3

sle )=Z(?I-_”—7=?Z<—§r

for i= 2, b= 1/n< 1, and a < 0 to give
i s =1 R
n
Lt (”» ;‘) = ?[f(f) - %] »
, A=1

in which ¢ = -a and

(15)

fo=3%-
Al

(16)
Series (16) converges for all lcl < 13 f(c) satisfies the
functional equation [2

f@O+fQ—0+me-in(l —)=T f 0<e<],

whioh enables one to calculate f(¢) for ¢ close to 1 as simnly
as for ¢ close to zero, for

f(c)="-— Inc-n(1 —¢)—f(1 —c).
L s 1




I-Biroot summation of (16) can ve used for ¢ close to zero; (16).-]
converges more rapidly than (5), so p, oan be calculated from

(15) and (16) for a gradient systea aSre simply than from (7).

Pormula (15) applies also for ¢ = =a < 0, i.e., if kyKyy > 0.

Por b = 1 and any a it can be shown that 3

Lia, 1)=—L£=9,

Pormula (15) can be used for any a and b; the wors} 2
value of a as regards the computation ie -0.9; but then a 5/25
2 0.00016, so the second term in (15) will contain not more than
25 ocomponents no matter what b may be.

The integral of (10) can be calculated approximately to
any specified accuracy for all a and b by means of quadrature
formulas /3]s

L,(a, b)= j 9 () da= 3 Ar-9 (5a), (18)
: . -]
Ly(a, b)=)x-e™* p(x)dx ==Y, Ar-9(x2),
5 z; ' (19)
in which 1
PO =
(20)

The n of (18) and (19) is chosen to suit the accuracy needed

in 3 n 5 is usually sufficient. A table [3] gives the
afia A¥°of (18) for various n; the and x{ in (18) and (19)

afe the Foots of polynomials of degree n:

LY () =(—1)"-x"" " o (x**"e™*)
ford = O and d = 1 respectively. The ‘k and A: are given by

mT(e-n41)

A = " ’
T T [ )

algo for ol s O and & = 1. Table 1 gives x: and A:

L - —

e S ot



_l

noughte between the decimal point and the first
significant figure.

Table 1
Values of x]"‘ and A: for Use with Formula (19)
n x* A*
l x‘ - 2.““» Al - ‘omm
2 Xy = 1,367 949 A, = 0,788 676 “
Xy = 4,732 061 Ag = 0,211 324
3 x, = 0,935 822 , = 0,588 681
vy = 3,906 407 Aq = 0,391 216
x3 = 1168771 As = 0, (1) 201 024
4 x = 074391 A, = 0,446 869
x3 = 2571635 Ag = 0,477 635
Xy = 5731179 As -o._? 741777
x; = 10,963 894 Aq = 0, (2) 131 585
5 | x = 061703 A, = 0348014 -
Xy = 2,112066 » = 0,502 280
X3 = 4610833 A; = 0,140 915
x, = 8399071 A, =0,(2)871983
x, = 14,260 009 Ay =0, (4) 689738
Note. The numbers in parentheses indicate the number of

The integrals of (10) can be calculated for a close to -1
we put £ = 1 + a to get

by means of slightly altered formulas;

eL,(a, b)=§e“-qa.(x)dx,

L, (a, q)=§xef‘.9. (x)dx.

(18')

(19")
|



‘ -/
r-F'ormula (18) can ve used to find the integral of (13'), and !
similarly, (19) can be used for (19'); here ¢(x) is replaced

by ’%(x), which is

]
Po(K) == T

and which decreases monotonically from 1 to ¢ as x goes from O
t0 %o, The values of ¢(x) should be calculated to a high order
of acouracy, for the infegrals in (18') and (19') are divided by
the small quantity £. Por example, fo(x) must be calculated to
a further significant figure for ¢ = 0.1 (relative to £ = 0.9,
that is).

Pormulas (18) and (19) do not become more difficult to
apprly to (10) when h becomes small, although (5) converges less
rapidly (for a fixed a) and although the N required in (7)
increases. In fact, even when k) kyy = =0.9 (the worst case),
the integral of (10) converges so gagidly that its value differs
by less that 0.01% from the definite integral having limits of
0 and 15.

wuadrature formulas can also be used for r 4 O3 e
merely have to replace x by x/i in (1), which gives

Utr, = e™"-9, (0)dx,
0
Us(r, ) = 31 + by J " g (x) dx,

Usr, 8) = & (14 R,) (1 + yy) 5 Tinds,
0
in which °

~2d-n L~ —-2(d-h-n S
T i
i

mR) =y ()| 14 o rber
i

1+ RyyRyqe
~2(d4h—i) T

g (%) = J (Clﬁ)[l + kyse ]:(l + kwkue-” %) ’

#2(x)=1l (rTx) (l + k,,k”e_.” -1-) , g= Iy,

L : = _



I Bach ¢, (x) (i = 1, 2, 3) decreases monotonically in absolute
value, 8o the integrals of (20) converge rapid.y, for exp(-x)

is
(18

l.

2.

3.

resent as well. It is usually sufficient to put n = 5 in

in order to calculate the potential.
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INFLUENCE OF THE EARTH-AIR BOUNDARY ON THE ELECTRICAL
FIELD OF A POLARIZED SPHERE
PP. 222-225 G. A. Tarasov

Bursian /}/ and Petrovskiy /2,3/ have considered the effects
of the air-ground boundary on the electric fields of polarized
bodies, but they have not made estimates of the magnitude of the
effect. The present discussion relates to the field of a vert-
ically polarized and ideally
conducting sphere of radius a
at a depth zy from the surface
(Fig. 1). The polarization is
such that the external field in
in an isotropic and unbounded
medium may be replaced by the
field of two charges gy equal in
magnitude but opposite in sign
symnetrically placed with respect
to the center of the sphere a
distance 21 apart, this distance
being much less than a, which
means that the polarigation of the
sphere is as nearly uniform as
possitle. The axis of volarig-
ation is directed vertically
downwards. The field and the
polarization are affected by the presence of the boundary; the
potenetial in the space externa! to the sphere can be represented
as the sum of two componenta, The first, Uy, includes the potent~
ials from the two real and two image charges; the value of U
at the interface is twice that for an unbounded medium., The
second includes the potentials AU, from a system of fictitious
charges resulting from successive reflection of the intial ones
in the sphere. The potential is put as

L

Fig. 1. Scheme for the
electric field of a
polarized sphere.

(1)

|

Us=U, + : (—1raU,,
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Us=— 200 PP LA TR PR L B )

or, after transformation, as
4gc)
= o (
Us a(® + 0P’ 3)
in which § = x/a, § = %/a, and A = 1/a. The quantity in
)7(% + §') is small, so it is neglected. The fields of the
and reflected spheres are accounted for by means of suc-

cessive reflections of the charges in the spherical surfaces;
the correction to Uy from the first reflection may /17 be put as

A‘I|==1:ﬁr; Jﬁ-F[&; Tr_' i?L_7
(%)

[x'-l-[x.- ]}"7+[ 7%1'!’*'7:.-{-!]'(,.1,3,"2

or, after simple but tedious transforms, in which the second-
order terms are discarded, as

AU1=

([N (5)
aE+or  ETFE-T
Then the poténtial of the sphere as corrected for the first
reflection is

do2 —— : 5
= [

Then Al _ 1
K ‘C.'("‘—g%fr)' )

Now (7) implies that the quantity on the left is maximal when
§ =0 AU, 1 1

U' L-o-«r( ,)= ‘C(C"—') (8)
and minimal when § »oo: ‘
LY 1
Ty LN“W' (9)

That is, the maximum AUs/U, occurs at the epicenter, so
the fields of the real and reflected spheres are of the greatest
interest as regards this point.

l__ Graphical solution of (8) shows that the correction t°_EJ




r;;.l/"‘yﬂ,,.,/% for the first reflection is less th;n_z
1 5% if T 1.9 and is less than 1% if '

| 73 3 (Fig. 2).
By analogy with Uy, the correction
arising from the second reflection, AU,
is given for the turning point as

2
AUy =—% e (XY —1)(@=73) © (20)

Then the potential of the sphere as
corrected for the second reflection at
the turning point is

. 1
e

tmmonee =)
20025 10 A5

Fig. 2. gt)arroetion ‘UTh“ means th“ﬂ ' 1)
curves (%) for the = wﬂa‘m ,
extreme value of I-U;'I-C - DX - @-n=-1" Q2
;:;a:::::t:;;o:: :n Graphical solution of (11) shows that
account of an inter- the correction to Uy from the second
face reflection is less than 5% if T 3 1.5
¢ and is less than 1% if T 2 1.8 (see
Fig. 2). Any further calculation is of no value, in view of the
smsllness of the quantities.

Then we have that the electric field is given within 5% by
the seroth approximation (simple doudbling) if the depth of the
center of the sphere is more than twice the radius; these values
are usable in calculations to 1% if the depth is more than 3 times
ths radius. A correction should be applied for the first reflect-
ion if the depth is less; this correction is adequate for calcul-
ations in which up to 5% error is allowed if the depth is more
than 1.5 times the radius, or 1.8 times the radius if only 1%

error is permissible. Correction should be made for the second
reflection for smaller depths.
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LOW-FREQUENCY NCHMU EQUIPMENT FOR PROSPECTING
pp. 241-244 D. R. Barkhatev

The following is a brief description of apparatus designed
at the All-Union Institute of Prospecting Geophysics for electrical
prospecting at low frequencies; at present it is used mainly for
mean-gradient measurements, where it gives very good reproducibility
and highly detailed results. It can also be used in profiling and
sounding with dipole systems with short distances, and also in some
other instances. The apparatus measures potential differences,
which can be reduced to apparent specific resistances if necessary.
Thecomplete set of equipment consists of a generator combined with
a converter and a vacuum-tube millivoltmeter,

PG }
o o —ap
N go
Carrent :2 ) o
Souvcae
N
. n, '; n,
‘.
Rer
A
‘ﬁﬂuﬁ R:
““r?
(100 .
D
CurrentC check

Fig. 1. Circuits of the generator: Ry to R,, 160 ohms; R,
470 f1; R, 100 k&; Rf, ~10 k®; R, ~2.5 kf; R§, ~80 N; res-
istors By to Ry are of type MLT-0.5; Ry to Ry are adjusted
during calibration; Ryg, 4 1l (wire); Ryy, 30 N (variable

J___ wire); Ru-Ry, 30 0; Ry- Pq,, 3000; Ry, 1 + 0.01 01 (ere) ___l
to C,, 0.05 pF; Cs, 5 pF; By, VS-4, 8 vibrator.
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Ef. The main part of the converter is the VS-4.8 vibrator (Fig.;
), which produces an alternating current at 100 + 10 c¢/s with a
maximum voltage of 300 v and a maximum current of 300 ma (power
limit 70 va). The current in the supply circuit is controlled by
resistors Ry to Ry, which are inserted in series with the supply

AB by the switches Ty andTl; ., The current is measured by the M-24
meter, which is connected via a bridge rectifier (silicon diodes
type D-205). The same instrument serves to check the exciting
voltage, which is kept between 4.5 and 6 v. The current in the AB
oircuit may also be measured with the millivoltmeter, which for

this purpose is connected across Ry (1Jl). Spark-quenching RC
circuits are fitted in order to stabilize the operation of the
synchronous vibrator (Ry to Ryand Cy to Cs} The exciting battery
consists of four 1l,5-TMT£-29.5 cells (3s-L-30) or four 1l.48-PMTs-9
cells (2s-L-9), which are housed in the generator case. The sources
of current are batteries such as 29-GRMTs-13 (B-30), 69-PRMTs-6
(B=72), 102-AMTs-U-1.0 (BAS-80), and so on, which are connected
externally. The converter is contained in a metal case 170 x 200

‘x 310 mm; the weight without batteries is 2 kg.

The vacuum-tube voltmeter (Fig. 2) consists of the input
divider I, the amplifier II, the calibrator III,,and the measuring
instrument IV. The input divider (range switch) provides ranges
of 1, 3, 10, 30, 100, 300, and 1000 mv full scale, the input res-
istance being constant at 2.4 M. The resistance of the MN circuit
is estimated by means of button Ky, which throws in a shunt resistor
of 240 le(Rd. The amplifier is resistance-capacity coupled and
is built around subminiature valves; the over-all gain is about
2000, The output is connected to a bridge rectifier, which feeds
the M-24 meter; the scale is graduated 0-10 and 5-30, to correspond
with the ranges of measurement.

‘The calibrator serves to check the gainy it is simply an LC
oscillator built around the P-13 transistor.

The instrument is fed from a 1.48-PMTs-9 cell (filaments) -
and a GB-80 battery (plates); the instrument works normally over
voltage ranges of 1-1,5 (filaments) and 60-90 (plates). The supply
unit is such as to provide 70-80 hours' continuous use.

" The millivoltmeter is contained in a metal case 135 x 150 x
280 mm; the weight with the batteries fitted is about 2.5 kg.

The apparatus is simple to make and service; it is also light.
It should be usable under a variety of conditions, especially in
inaccessible regions. The only disadvantage is that it cannot be
used when the level of industrial interference is high.

L ]

— 129 J—

- -~ LY

B - —van ewean . T -



CONCERNING THE VERTICAL TORSION BALANCE THEORY
pp. 278-287 . B, V, Gran

1. Much attention has been given to the weasurezment of
the vertical gradient of the gravitational acceleration in recent
years, for the quantity is useful in geophysies, geodesy, and
related fields. The need for a special instrument to measure
Ugz arose long ago; the problem was considered by EBtvHds, while
in 1943 Haack /g/ wrote that "the next task of instrumental
gravimetry is to produce an instrument for measuring the vertical
gradient*, In 1920 Berroth [5] proposed a vertical torsion
balance for measuring Ug,*; Sadovskiy {4/ has corsidered the
theory of such balances, but no attempt to utilize the method has
been described. although the proposal has,been discussed more
than once /7/.

Previous treatments [n.Q/ deal only with the case in which
the center of mass lies on the axis of rotation; the torques
produced by the second derivatives of the potential are small,

A slight displacement of the center of mass from the axis would
produce a torque comparable with that from the second derivatives,
80 there is some point in considering the case in order to find
the permissible limits of such deviation. Here I deduce the
equation of equilibrium for a body of arbitrary shape having a
horizontal axis of rotation that does not pass through the center
of mass. This equation is discussed from the point of view of -
possible absolute and relative measurements of U,,.

2. Consider a solid of arbitrary shape having a horig-
ontal axis and suspended on two elastic fibers. The two coord-
inate systems to be used are g,; (mobile, rigidly connected to
the body) and xyz (fixed); the origin of both lies at O, the
point where the axis of rotation meets a plane passing through
the center of mass and normal to that axis. The Oz axis is
directed vertically downwards, Ox and Oy lying in a horizontal
plane. The Oy axis is directed along the axis of rotation and
80 is horigontal; Of is normal to 07, and O] lies normel to the

l *I call Berroth's system a vertical torsion balance. _—J




' -
ri;z plane, The torque about 07 produced by the gravitational
fore

es8 is

M, = § (g —kg,) dm,

in which V is the volume of the body, § and I are the coordinates

of an element of mass dm, and g4 and g, are the components of g
in the 7; coordinate systenm, *hia M.Is balanced by an equal
torque Irom the fibers when the system is at equilibrium; if we
neglect the sag in the fibers, we have that

s —4)= | (g, —g)dm, (1)

v

in which ¥ is the torsion constant of the fibers and fbis an
angle defining the position of the body when there is no torque
in the fiber. Transformation of coordinates gives

8¢ = BxCOS & + gycosP, + gyc0s7,, (2)
8; = g.C08a, . g,c08P, + 2,087,

in which aj, B4, and yj are the angles between the axes of the
two coordinate systems. The direction cosines are found from
the condidtion that the OJ axis makes an angle O with the Oz
axis and that Oy makes an angle ¢ with Oy.  Substitution for
the direction cosines in (2) gives that

8™ g»CO8 7 €088 + g, sinzcos 8 —ggsinb,
8. =8xCosp8Inb 4+ g, sin 7 sinb 4 g, cosb. (3)
We expand gx, gy, and g, as Taylor series on the assump-

tion that the second derivatives are constant within the volume
of the body: .

8x™=(gx)o+ Upyxox - Uyy-y+ Uy, 2,

gy - (‘,). + ny'x‘*‘ U”°_V + U’v"z,

8::=(&s) + l./"‘-x + Uysg'y + Us;-2. (¥

Here (gx)o= (gy)o= O and (gz)e= ;. Then the coordinate-

transformation formulas give us that
xm=Ecospcosd—ysing + Ccosesind,
yumEsinpcosd+ ncose+Csingsin, (5)
z2=—{sinb + Ccos®.

We substitute (5) into (4#), then (4) into (3), and finally (3)
into (1) to get that

t(*#—%)=-—g.§(€coso+ Cein®)dm ©

L
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F' + Use 5 ([ -0 15% + con 28] oty
+ (tn sin 8 — nCcos ) sla2 } dm + U,, 5 [[(:, -8 ﬂ'zl"

+ & cos 20] sin?y —-(h sin® — n.cos §) !'-"!-21} am
- U"J[(p—p) “.124' ¢ cos ﬂ]dln

+ Uy ‘5( @-m52exg c&m]unzp
— (§n sin® — =% cos 9) cos 29] dm-.- U,,J{[(t’-—!‘)cosm
—-2€Csln20]cos9 + (Encos® - wsin 0)sin ?]dﬂ
+ U,,Jl[(t‘—i‘)cos?o - maln”]ﬁnq

—(q CO‘ 0 - 7C sin ) cos 9} dm.
Let

J(C'—F)dm—l(, JEMn-:J,, ;Kdm-.-l,, ng=1,, (7‘)
Now by definition

jidm:m!.,}(dm: mg,, | (8)

in which m is the mass of the hody and §, and.3,are the coord-
inates of the center of mass. Further, Laplace's equation gives

Uyy = = Ugx — Ups.: (9)

Thon.(7)-(9) enable us to transform (5) to give
| X TV — %)= —mgy(ocos® -+ Lysind) —
~3U, [(5' sin 20 4 J, cos 20)cos 2¢ + (J, sin 8 — J, cos 6) sin g;l

+ Usxy [(% sin 20 + J, cos 20) sin 213 — (/,8in0 — J, cos 0) cos 29] (10)
+ U,,[(Kcos 20 — 2J, s1n 26) cos ¢ + (J, cos 0 + J, sin 0) sin 9} :
+ U,,[( K cos 29— 2/,sin 26)sih ¢ — (J, cos 0 - J, 8in 6) cos ;]
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- -g-U,, (—gsln 20 4 J,cos 20)
L‘A"‘j)y’* XX+

' (10)

Then (10) is the equation of
equilibrium for a tody of arbitrary
shape having a horizontal axis of
rotation, For a vertical torsion
balance (Fig. 1), the symmetry about
the §0T and n07 planes makes the
central moments Jy, J;, and J; zero,
8o (10) becomes

Fig. 1. 3
ﬁ@ — o) = — mg, (%, co88 +-T, 8in 8) — 4 UssKsin20

- -} U,Ksin 26 cos 2 4 -;—'Ux,Ksln 20 sin 2¢ (11)
+ UxsK cos 26cos ¢ 4 Uy .K cos 20sin o.

The main difference between earlier equations /%,5/ and
(11) lies in the first term on the right; this term vanishes
if §o= Yg= O. Other differences are purely formal, for prev-
iously / .Q/ the choice of the mobile coordinate system was not
correct, in that the Of axis was directed vertically downwards,
so this system was not rigidly linked to the body and, moreover,
wag not rectangular,

Equation (11) contains the seven unknowns Yo, &, Uy, U
Uxys Uxz, and Uyz, so the balance senses g as well as all the
second derivatives. Now U,, contains only the angle B; let the
observations be made in a way such that  remains corstant at any
given point, so only ¢f varies. Then the first two terms on the
right in (11) also remain constant, so they determine merely the
zero reading Cp:

22"

Com= — vy + mg, (5, cos + % sin 0) + f UgKsin20. (12)

This cannot give us Uz,, for (12) contains 'Po and g as
unknowns in addition; thus it is impossible to keep & constant
in absolute determinations of U,,, and observations must be made
for various values of B.

Now we consider when the first term in (11) can be negl-
ected; we must have that

3
I mgy(§oco80 + %sin8) | < T U,:Ksin 20
in which U,, is the minimum value of the vertical gradient that

has to be measured. If the balance arm is weightless, we have

l—from (7) that

) (13)

K=_m”p . (l“‘-)--—J
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in which I is the distance from the axis of rotation to the load,
Tt can be shown that © must be 45°if the sensitivity to Upz under
these conditions is to be maximal; then (13) can be put as

42 (& + & l
T,L’EE"U_,,‘nL <1 (15)

Let the desired limit be 10 E (107%cgs units); then (15)

gives us that
1& + Sl < 107" cu. (16)

Now a balance arm of total lerngth 50 cm implies that |§° + ;ol <
0.66 x 10™%cm; (16) also shows that the only way of increasing
the permissible deviation from the axis of rotation is to increase
{, but the effects of temperature and of deflection in the arm
increase rapidly with 7. The system is unworkable for 1 = 50

cm, although in this case ]!o + 4o | should be less than 2.5 x 10-*
This shows that the axis of rotation must coincide very precisely
with the center of mass for any usable value of [; the desired
state is not at present attainable. That is, a vertical toraion
balance is always a gravimeter as well as gradient meter no matter
how carefully it may be adjusted.

3, Consider now a balance with real values of f. and ?p .
We employ the usual technique to estimate the probatle distance
to the axis; an analytic balance is a vertical torsion balance
if we take the masses of the pans and weights to be concentrated
at the points of support, Morozova [2/ has shown that the dist-
ance from the axis of rotation to the center of mass of the beam
must not be less than 100‘p if the balance is to work stably for
loads of 20 to 200 grams; the distance is sometimes recduced to
10 p, but any further reduction leads to great instability. It
would seem possible that esvecial care under exceptionally good
conditions might enatle one to make §o = §o = 1 p; then (15)
gives us that this deviation of 1 u, with 2 = 50 cm, gives a
torque of 3.4 x 10°E. N w (11) shows that this torque is reduced
by a factor of 42 if O is reduced from 45° to 0°, so the torque
would then be only 1.4 x 10°E. Even so, the balance is subject
to a large torque, and this varies with §; t.e small guantity can
be measured in the presence of the large one only if the latter
is constant, the gravimeter being an example of this. That is,
the first term in (11) must remain constant at each point if the
U,, are to be measured to 5-10 E, so © must not alter; but then
the absolute value cannot be determined, so a vertical torsion
balance cannot be used to measure U,, absolutely. This conclus=-
ion is a result of purely practical considerations, not of theory;
it is merely that at present there is no sufficiently rigid mat-
erial for the arm and no adequate mean of bringing the center of
L~Eass close enough to the axis of rotation. __J
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r—. 4, Consider now the relative measurement of U, from (IT)
with @ constant; (12) reduces the unknowns in (11) to five, and '
the coefficients to these are functions of f (apart from Co), so
readings in five agimuths give us a system of five equations to
derive Cye Let the values for two adjacent points be Cyq and Cyz ;

then, if %, & 'S.. and ;o are constant for these points, we
have from (12) that
AU —_ CW-COl

" -‘.3 Ksin20 (17)
That is, relative measurements of U,, are possible if the akove
assumptions are obeyed and if Q varies only slowly with Uygy (ice.,
remains virtually constant). Now we have to consider the permiss-
ible changes in $.. B f.. and Ypas between points, The theory
of errors /5/ gives us the formula

df (x, y....)=(g§)2-dx’+(3§)z-dy'+.-., (18)

in which dfis the dispersion of a function whose arguments have
dispersions dx¥, dy> ... . Let the of (11) be the function and
©, together with the above four quantities, the arguments; the
changes in are small, so we neglect the last five terms on the
right. Then (11) and (18) together give us that

Mdy? = Va8 + (mty) Db+ (S W+ (S (o)

[y

On the assumptions that all terms contribute equally, we have

d{__
m oy’ (20)

Consider %/m; the equation for tne the angular sensitivity of
a vertical torsion balnce takes the form®

3
4 . 3 Ksin29 (21)
Fg,—,_— T + Mgo (0 cO8 0 — £, sin V)

Then (21) becomes in conjunction with (14) for 8= 45° and §o= ¥,

& _ 3mb (22)
=%

¥Ws can derive (21) from (11) by means of the rule for finding
the derivative of an inexplicit function if, in view of the very
I small changes in +. we neglect changes in the second derivativeﬂ.

———
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Then ,
S L3
m 4 4 ’ (23)

W~ insert (23) into (20) to get

3 dU
dgo-"‘-;-l":';r%-. , (24)

o =31 2 aU,,
dvo -0 —I——p £ .

The differentials may be found by putting de/dU,, = 1"/1 E; dU,,
= 10E dp= 10", 21 = 50 cm, and o= Go= 10" cm, so (24) gives

d’.=5,|
dgo==16.5 maal, (25)
dip = d¥y=0.33-10"* cu.

(25) shows that the position of the center of mass should not
vary more than 0.33 x 10™%cm as between points; this distance
is of the order of the dimensions of atoms. Long ago Mendeleyev
[1] remarked that the position of the center of gravity of a
precision balance relative to the axis of rotation alters with
time even if the pans are allowed to swing freely; one of the
main causes of this is that temperature fluctuations occur. Also,
the ceneter of gravity is appreciably affected if the balance is
brought to rest, The examples Mendeleyev gives show that the
center of gravity of a precisior balance can alter by 10¢ cm or
more, s0 we may expect that the 3, and Ypof a vertical torsion
balance will vary by far more than the above limit, Further,
(24) shows that the sole means of increasing the permitted range
in B¢ and §pis to make 7 large; but 1 must be increased tenfold
in order to increase ¥, and o by factors of 100, which is quite
impossible, for the total length of the beam would then be 5 m,
Thus the very rigorous demand for stability in the center of mass
makes it doubtful whether Uzz can be measured even in relative
terms.

I do not propose to deal with the equations of motion and
sensitivity, for (11) alone gives a sufficiently clear indication
of the possibilities of absolute and relative measurement of U,,.

Conclusions

The equatior of eguilibrium for a vertical torsion balance
has been examined; the following deductions have been drawn.

1. The displacement of the center of mass from the axis
of rotation cannot be neglected; a displacement of 10™*cm causes
a torque that is several orders of magnitude larger than that

————
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F:;Laing from the secoud derivatives, and this torque 1s not even '
constant during absolute measurements of U,,. That is, the
instrument actually acts mainly as a gravimeter, and it is imposs-
ible to measure gradients of the order of 10 E,

2. Relative measurements on U,, could be made if the tilt
of the beam were to remain constant when the balance is moved; but
the porgissible displacement of the center of mass is then less
than 1 X, Experience with precision balances shows that such stab-
ility is at present unattainable, so it is doubtful whether the
instrument can make relative measurements of Uz .

This means that it would be undesirable %o devise some form
of vertical torsion balance with the otject of measuring U,,. The
discrepancy between the requirements of theory and the practical
possibilities is so great that it would be better to seek other
and more promising methods. I consider that measurements with
gravimeters at different heights and Jolly's method are suitable
for this purpose.

. 1 am indebted to Professor B. A, Andreyev and Dr. V. S,
Mironov for valuable discussions,

Bibliography
1. Mendeleyev, D. I. O priyemakh tochnykh ili metrologicheskikh
vzveshivaniy [Methods of precision or metrological weighingl.

Trudy po metrologii [Papers on Metrologyl, 1935.
2. orozova, I. N, Eksperimenta’ 'noye issledovaniye prichin

negoeto!anstgg_pokazaniy ana'iticheskikh vesov [An experimental
study of the causes @f variation in the readings of analytical
balanceel. Author's abstract of dicsertation, All-U-ion Metro-
logy research Institute. 1952.

3, Myuller, V, A, Issledovaniye analiticheskikh vesov i mikro-
vesov sovetskogo oroizvodstva [A stuly of analytical balances
and microbalances of Soviet manufacture]. Trudy VNIIM, no. 19
(35), 1939 [Transactions of the A l-Union Metrology Research
Institute].

4, Sadovskiy, M. A. Velichina U,, i yeye znacheniye v geofizike
(U,, and its significance in geophysics]. Trudy IPG. no. 6.
1930.

5. Chebotarev, A. S, Sposou naimen'shikh kvadratov s osnovami
teorii veroyatnostey [The least-squares method and the princ-
iples of the theory of provability], 1958.

6. Berroth. A, Die vertikalschwingende Drehwaage. Zeits. fiir
Instrum,, 40, 1920. -

7. Egyed, L. Zur Frage der Schweremessungen in Bohrlochern,
Freiberger Forschungshefte, 1950, C. no. 81.

8. Haalck, H, Erwiederung auf die kritische Bermerkung usw.

Beitrage zur angewandten Geophysik, 10, 1943,




PLOTTING WAVE-FRONT CHARTS WITH AN ARBITRARY LAW OF
CHANGE TN SEISMIC VEIOCITY WITH DEPTH
ppr. 292-300 Yu. Ye. Nekrasov

Ray diagram= are uied in interpreting seismic cbservations
if the distribution of the seismic velocity in the section is
complicated, for the usual mean-velocity method then becomes inap-
plicable. Methods have been published [1.3—57 for calculating ray
diagrams for given laws of variation of velccity with cdepth; tut
the laws must be available in analytic form [3-27. whereas many
practical sections have velocity variations too complicated for
such methods to be applicable,

-—

2. q}’#

- - -

vr \v;

Fig. 1.
Here I give a method that can be used for any graphically

specified law of variation; it consists in approximate calculat-
ion of the integrals

- . v (2) ‘
L_ X !sz)dz, (0 l



B i P
—‘}‘u(z)/i—a'ui(';)' ’ (2)

Here (1) is the equation of a ray, (2) being the time of travel

along siray 12/; x and z are the coordinates of points on the ray,
v(g) is' the velocity, and a = 1/v* is the ray parameter. Consider
now the construction of rays; here we use the accessory function

s av
A= risaa

If v(z) is given in graph form, we can construct Fs(z). For the
appropriate depthe 2, we read off v from the graph of v(z), and
from a table*’read off the value of Fycorresponding to the given
v*; this value is entered on the graph of Fy(z) at the appropr-
iate 2 (Fig. la). A discontinuity in the velocity, as at z gives
us two values of Fy(2z). The points are joined up into a smooth
curve; TFig. la shows two curves for two values of v'. The next
step is to integrate Fy(z), which is best done by the trapezium
method as arplied to graphs drawn on mm graph paper with depth

“’z—r

Cx

9 — _

1 1 1
100 200 400 506 800 Z, Z, 2 2, 2y 2z

Fig. 2.

scales of 1:1000 and so on. The integration amounts to the det-
ermination of the areas

Sp=Mmp2,;, ~

in which 2z = zpyy ~ zx (Fig. 1b); if now z is 100 m (for a
scale of 1:10 000; 10 m for 1:1000), the area is found simply by
sultiplying the ordinate hyx by 100 (or 10). Now Sy is numerically
equal to the increase in the horizontal path of the ray for the
change in depth of 2x+] - 2zx: the sum of the Sy is the horiz-
ontal path consequent on penetration to the depth z,, so the prob-
lem of constructing the ray is solved.

Consider now the time equation:

1 4

t=S dz (2)

v(2) Y T—=22% ()

0
l__ *K. A. Nekrasova perforred the calculations. . l




v* = 50 v* = 30 vt .20 v*..18 12
v(3) - - -

F ] F 3 F ] F P F 1 F 2 F 1 F 2 l' 1 l' ]
1,5 10, 0,6675| 0,060 | 0,66751 0,075 | 0,6684] 0,100 |0.6702] 0,126 {,6720
16 | 0,032 10,6257] 0,053 | 0,6258 | 0,080 |0,6270| 0,106 | 0.6289 | 0,134 | 0,6305
.7 | 0,034 |0,5889] 0,057 |0,6893 | 0,085 |0,6907| 0,113 |0,6917 | 0,143 0,5042
1,8 | 0,036 |0,5562] 0,060 | 0,5568 { 0,000 | 0,5677| 0,121 | 0,5596 | 0,152 0,5618
1,9 | 0,038 |0,5%9] 0,063 |0,5274| 0,085 | 0,6288 | 0,128 {0,5305 | 0,158 | 0,5333
2,0 | 0,040 10,5005 0,067 ;0,5010, 0,100 ;0,5025] 0,134 |0.5045| 0,170 | 0,5071
2,1 0,042 10,4766| 0,070 |0,47711 0,105 10,4792] 0,141 | 0,4810| 0,178 ] 0,4840
22 | 0,044 |0,4550] 0,073 {0,4560] 0,110 10,4572 0,149 | 0,4506 | 0,186 | 0,4623
23 10,046 (0,4352] 0,077 10,4361 | 0,116 §0,4378] 0,154 10,4401 | 0,195 | 0,4433
24 | 0018 [0,4170| 0,080 |0,4179[ 0,121 | 0,4196] 0,189 | 0,4218 | 0,204}0,
2,5 10,050 |0,4003| 0,063 | 0,4016 | 0,126 | 0.4032| 0,170 | 0,4057 | 0,213} 0,4080
26 | 0,082 {0,3851{ 0,087 |0,3861 | 0,131 10,3876] 0,176 222 | 0,2940
2,7 | 0,054 10,3708 0,090 {0.3719] 0,136 | 0,3737| 0,182 | 03764 | 0,231 | 0,3802
28 | 0,086 10,3579] 0,004 | 0,3585] 0,141 10,3607 0,189 |0,3631 | 0,240} C,9674
<9 10,058 {03455] 0,007 |0,3465| 0,146 | 0,3483] 0,196 |0,3615| 0,249 |0
3,0 | 0060 03340 0,100 {0,3350] 0,151 10,3370 0,204 | 0,3401 | O, 0,3443
3,1 0,082 032321 0,103 |0,3242| 0156 |0,3265| 0,210 | 0,3295| 0,267 O,
32 ]0064 |0,3131] 0,107 | 0,3144] 0,161 10,3167 ] 0,218 |0,3199] 0,277 | 0,3241
3.3 | 0,066 0,3087] 0,110 | 0,3049| 0,168 [0,3073| 0,326 |0,3108 | O, 03154
3.4 | 0068 {02047] 0,113 | 0,29591 0,173 |0, 0,233 [0,3019 | 0,296 | 0,9067
35 | 0070 |0,28683]{ 0,1:6 ' 0,2877] 0,178 |Q,2904 | 0,240 {0,2939 | 0,305 | 0,2900
36 | 007202786 0,121 0.2797| 0,183 |0, 0.247 [0,2860| 0,315]0,2012
3.7 10074 |03711] 0,124 10,2745| 0,188 {0,2750] 0,254 |0,2789 ! 0,324 | 0,2042
38 ]0,07 {0 0,128 {02653 0,193 |0,2680| 0,263 {0,272¢ { 0,34 3
39 10,078 |0,2572| 0,131 |0,2585] 0,199 {9,2614 { 0,269 10,2655 | 0,344 10,2711
40 ,080 10,2508 | 0,134 | 0,2520| 0,208 | 0,2551 | 0,276 |0,2508 | 0,355 | 0,265+
4,1 | 0,082 02446 0,137 10,2461 | 0,209 [0,2491 | 0,283 {0,2536| 0 0
42 | 0,084 |0,2388| 0,141 10,2405) 0,214 |0,2434] 0,202 [0,2480 | 0,374 | 0,284!
4,3 10,086 10,2335| 0,145 [0,2349| 0,220 10,2382 0,208 10,2428 | 0,383
4,4 | 0,088 {0,2282] 0,149 10,2298 | 0,226 {0,2331 0,307 {0,2378 | 0,394 | 0,2444
4,5 | 0,090 10,2231 0,152 | 0,2247 | 0,231 | 0,2282] 0,318 10,2329 | 0,404 | 0,2397
46 | 0,092 10,2183| 0,158 |0,2200| 0,236 |0, 0,322 |0,2284| 0,416 0,2385
4,7 10,094 |0,2136| 0,159 |0,2153 | 0,242 |0,2189| 0,330 |0,2240 | 04261 0,2313
48 | 0,006 10,2004| 0,162 ; 0,21111 0,247 10,2146 | 0,338 |0 0,43110,2274
49 | 0,098 |0,2051] 0,165 |0,2070| 0,252 [0,2104] 0,346 {0,2160 | 0447 | 0,2235
30 | 0,100 |0,2010! 0,170 | 0,2028 | 0,258 | 0.2066 | 0,355 |0,2133 | 0,457 | O
5.1 | 0,102 | 0,1963| 0,173 | 0,1990 0,2028 1 0.362 |0.2086 | 0,470 0,2166
52 |0,104)0,1933( 0,176 | 0,1953 0,1991] 0,370 10,2050 | 0,480 } 0,2136
53 10,108 {0,1008( 0,180 }0,1916] 0,275 |9,1957 | 0, 0,2018} 0,49310,2104
54 |0108 10,1860 0,183 | 0,1882] o, 01 0,386 [0,1985| 0 0.2074
55 {0,110]0,1829] 0,186 |0,1850 | 0.286 |0,1892| 0,396 | 0,1958| 0,516 | 0,2045
86 10112}0,1797! 0,190 | 0,18191 0,202 | 0,1860 | 0,403 | 0,1924| 0,528
57 | 0114 [0,1265( 0,193 10,1787 ] 0,297 10,1831 | 0,411 10,1896 | 0,540 0,1994
58 | 0,116 |0,17%| 0,196 10,1758 | 0,303 |0,1802] 0,419 {0,1870 | 0,552]0,19¢8
59 |011810,1707{ 0,201 {0,1730] 0,308 [ 0,177 0.429 | 0,1844 | 0,563 10,1946
80 | 0,120 |0,1678( 0,204 | 0,1701 | 0,315 10,1747 | 0,434 10,1820 | 0,678 | 0,1925
o(s) v*. -100 vt =90 v*=8,0 v* =175 V=170

FF| B |/ | F| FA| KR|F | R AR AR
1.5 0,152 {08739] 0,170 [ 0,6780] 0,190 {0,6779] 0,204 |0,6803 | 0,219 06821
18 | 0,162 0,6333] 0,181 | 0,6383| 0,206 |0.6301 | 0,219 |0,6398 8 06414
1,7 10173 |]0,5074] 0,192 | 0,5992| 0,217 | 0,6021 | 0,233 |0,6039 0.2'23‘50 0,6069
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v* v* - 8,5 v* = 50 v*-: 48
v(z) — -

F, F Fp | A Fy F F
1.9 {0306 0,368 |0,5612] 0,411 |0,6721 | 0,431 | 0,5734
20 | 0,324 0,391 |0,5371 ] 0,487 | 0.5458| 0.487 | 0,8301
21 | 0342 0,414 [0,5155] 0,462 | 0,6247 | 0,485 | 0,5319
22 | 0,362 0,437 {04963 | 0,400 | 0.8081 | 0516105115
23 | 0379 0.460 (0.4700| 0518 0,546 | 0,
2.4 | 0308 0,484 |0, 0,548 |0,4762| 0578 | 0.4812
25 0417 0509 !0.4488! 0,578 10,4815 ! 0,810! 0,4680
26 | 0437 0,837 |o 0,000 | 0,450¢ | 0,445 | 0,4602
27 | 0,489 0,568 |0,4252 | 0,641 |0,4308 04458
28 | 0479 0501 |9.4148] 0878 10,4310 [ 0,717 | 04390
29 | 0,498 0,621 |0,4082] 0,712 ] 0,4334] 0,759 | 0,4310
30 | 0521 0,640 |0,2973] 0751 |0.4167 | 0,800 | 04270
3l |osn 0,683 [0,3005 | 0,701 [0,4118] 0,046 | 0,4223
32 | 0567 0,718 |0,3843 | 0,834 |0.4068 | 0.495 | 0.4198
33 | 0500 0,751 |0,3788| 9,870 |0,4032| 0,948 | 0,496
34 | 0616 0,786 0.3742] 0928 10.4016] 1,001 0,4167
35 | 0842 0,827 {0.3706 | 0,081 {04008{ 1,088 | 0.¢175
36 | 0068 0,67 |0,3674 | 1,098 |0.4000( 1,134 10,4202
37 | 0604 0,000 |0,3852 1.100 | 0.4016| 1,212 | 0,4252
38 | 0723 0,968 10,3844 | 1,160 |0,4040| 1,279 | 04314
39 | 0754 1,006 |0,3638 | 1.2¢7 |0.4007 | 1,392 | 0,4308
10 | 0781 1,063 |0,38650 | 1336 |0.4:87| 1.807 | 04521
41 | 0814 1,118 | 09656 | 1.43¢ |0,4270] 1,662 | 0,4609
12 | 0846 1,185 |0,3001 | 1,851 |0,4300] 1,800 | 0,498
43 | 0884 1.260 [0,3738 | 1,888 {0,4558 ] 2,019 | 05250
14 | 0922 1,335 |0,3704 | 1,883 |0,4875] 2.283 | 0,5669
45 | 0962 1,428 {03872 | 2:066 |0.5009] 2,688 | 0,831
46 | 1,003 1,520 [0,3978 | 2.383 |0.8856] 3.341|0.7605
41 | 1048 1.643 | 0,002 | 2.768 [0,6230] 4,790 | 10438
48 | 1008 1,792 [04277 | 3,428 | 0.7463
49 | 1,182 1,974 |0,4815] 4964 | 1.,03¢3
50 | 1907 2176 (04788
51 | 1208 2491 |0,5772
52 | 1398 2:03 | 05082
ﬁ'ﬁ {33 25‘38 (l’.oolo
55 | 1.808
36 | 1.700
57 | 1827
58 | 1984
59 | 2170
60 | 2400 ,
o) v* v =43 =40 | v*=38

Fy | F | A A P M| F,
15 | 0345 10 0,382 {0,7198 | 0,40¢ |0,7004 | 0,430 | 0,7287
15 | 0371 o 0,412 {05708 | 0,437 {0,0821 0,408 | 0.8082
{; 3’% 3’ 3:343 3.0‘ 154 &3072 gm 3.3 g.cm
1.0 | 0484 10 0,508 |0,8116| 0,540 o.am] 0,578 | 0,0079
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vt 28 . vt =27 v 26 | v*=25 ' v*= 24
i - —_—t -
F\ I-','F, F | F\| Fo| A | F2 | Fy
1.5 | 0,635 |0,7899| 0,670 [0,8026 | 0,706 | 08167 | 0,751 | 0,8333 | 0,805
16 | 0697 [0.7622] 0737 |0.7764| 0.784 | 0,7843 | 0,832 | 0,8130 | 0,895
17 | 0763 10.7396' 0812 |0,7582| 0,865 | 0,7782 | 0,928 |0, 1,003
18 | 0837 {07241 0,888 |0,7420| 0,962 | 0,7704 | 1,038 | 08006 1,134
19 | 0922 |07163| 0991 |0,7413| 1,067 (0.7602 | 1,169 08097 | 1297
20 | 1019 [07123! 1,104 [0.7462| 1.212 [0.7862 ] 1,385 |0.8347] 1,507
21 | 10136 [ 07205 ! 1:237 [0.7570( 1,366 | 0,8088 | 1.547 {0,8772| 1,806
22 | 1276 {07369 | 1,407 {07849 1,596 |0,8562 | 1,853 | 0:9560 | 2283
23 | 1444 |0.7639| 1,628 {08313 1,903 |0,9346 | 2,347 [1,1468 | 3,478
2.4 | 1646 {05001 | 1,955 |0.9158 | 2,420 | 1.0908 | 3428 |1.4881
25 | 1,984 {0,888 | 2,434 |1,0526] 3,480 | 1,493
26 | 2527 {10428 3630 | 1,4451
27 |36 1,308
=23 - v*=22 | v*=2 v -20
v(z -
A R AR | R R

[ A e

W © L0~ O

~

' 0,863 O0N803 | 0935 | 09132 1,017 | 0,9506 1,134

0972 08718 | 10569 | 09099 1,176 | 0,9643 1,338
1,100 | 08741 1,222 | 0,924 1,392 | 1,0001 1614
1:258 | 0800 | 1422 | 0'oas2 | 1563 | 10764 | 2066
1472 1 09363 | 1,723 | 10482 | 2,125 | 1,261 | 3,060
1,764 ¢ 1,1377 | 2,193 1,2048 3,113 1,6340
2240 . 1,1669 | 3224 | 1,6077

3293 | 1,5674

!




F;;; table gives values of ‘_}
l 1
F0) ==

as a function of v; the t(z) curve is needed in order to comstruct
isochronous curves, and this is found by integrating F; (z) as for
Fy (2) by means of tabulated values of F;, Figure 2a shows this
function in terms of z. The problem is then merely one of graph-
ical integration, which in this case it is convenient to perform
with scales of 1:10 000 (or 1:100C) for depth and 1 msec/m per 10
cm for F,. Here it is also convenient to tske an interval in 2z

of 100 m (or 10 m); then the area Q = qn z is readily found by
multiplying q, by 100 (or 10), while the sum of the Qy is t(z) for
the path of parameter v* down to a depth of z,. All graphs should
be drawn on one piece of paper (Fig., 2b) in order to costruct the
isochronous curves; on this we draw a horizontal line with ty =
constant to meet the t(z) curves for each ray with the parameter
v* at pointe zj, which correspond to this time ty of travel along
the rays. The rays already constructed for the depths z; are
marked with points corresponding to this ty; these points are
Joined up into a smooth isochronous curve.

The table gives Fy (v) and F; (v) for thirteen values of v*;
now (1) and (2) contain v(2)/v®*, so the table of Fy can be used to
construct curves of Fy (z) for rays with parameters nv(z)/v*, but
the v(z) in the table must then be reduced by factors of n. Again,
the table of F; (v) can be used to find values of F, for vélocities
v4 not listed.

We can put F(v) in the form

. v* nuv*
Al = e e

so for the vy we find the F; (v)/n on the nv* curves opposite v(z) =
nv. Thus the table of v; is suitable for constructing the rays and
curves for sections having any velocities. The calculations are

no more troublesome than those in the method based on representing
v(z) in the form of 3 piecewise-linear curve [ﬁ,z}.
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