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SUMMARY

The purpose of the theoretical study reported herein was to investigate
the aeroelastic characteristics of a jet-flap rotor system in hovering and
forward flight. The jet-flap rotor configuration assumed for this study
incorporated most of the general characteristics of an experimental jet-
flap rotor being developed for USATRECOM by the Giravions-Dorand
Company of Paris, France. On the basis of the investigation that was
conducted and within the range of operating conditions and parameters
considered, the following general conclusions were drawn regarding the
aeroelastic characteristics of a jet-flap rotor.system in hovering and

forward flight.

1. The critical rotor speed associated with the symmetric flutter
modes calculated on the basis of the flapping, first flapwise
bending, torsion and control flap rotational degrees of freeciom
was sensitive to changes in the control flap to torsional
frequency ratio, blade center -of-gravity position, jet blowing
and control flap damping, but was not sensitive to control flap

center -of -gravity position located on the control flap chord.

2. The critical rotor speed associated with the antisymmetric
flutter modes calculated on the basis of the flapping, first
flapwise bending, torsion and teetering degrees of freedom
was markedly insensitive to changes in the bending to torsion
frequency ratio, blade center-of-gravity position, jet blowing

" and steady-state jet deflection angle. The addition of the swivel
degree of freedom to the antisymmetric flutter modes is

markedly destabilizing.
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In the symmetric modes, the effect of increasing advance ratio
is destabilizing, The advance ratio at which destabilization
begins.and the rate of destabilization with advance ratio are
dependent upon control -flap center -of -gravity position, rotor
blade center-of-gravity position and the ratio of control flap

rotation frequency to blade torsional frequency,
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CONCLUSIONS

On the basis of the results obtained and within the range of operating
conditions and parameters considered, the following conclusions can be
drawn regarding the general aeroelastic characteristics of jet-flap rotor

systems in hovering and forward flight.

I. Increasing the ratio of the control flap to torsion frequency
ratio is always stabilizing for 671-/673 > 0.80, but the

stabilization is dependent upon the blowing coefficient for

@, [@, < 0.80.

2. Aft movement of the blade center -of-gravity position is

stabilizing over the range of positions investigated (28% to 38%).

3. In hovering flight, for control flap center -of-gravity positions
within the limits of the control flap chord, the critical rotor
-speed is essentially independent of the center-of-gravity

position of the control flap,

4. Mass overbalancing of the control flap can cause a significant

increase in the critical rotor speed.

5. The effect of increasing advance ratio on the symmetric mode
instabilities is destabilizing, The advance ratio at which de-
stabilization starts to occur and the rate of destabilization with
advance ratio are dependent upon control flap center -of-gravity
position and control flap rotation frequency to blade torsional

frequency.
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10,

11.

12,

13,

The addition of viscous damping in the control flap increases the

critical rotor speed at all advance ratios for the range of viscous

damping and advance ratios investigated,

The instability caused by the symmetric degrees of freedom was

found to be primarily torsion-control flap,- with flapping, first
bending, and higher bending modes having little effect on the

flutter mode.

The effect of replacing the control flap degree of freedom by the

teetering degree of freedom is to cause an antisymmetric flutter

mode to occur at a constant value of c?¢/ /fl for all values of
@y @y, > 3.0.

The addition of the swivel degree of freedom to the antisymmetric

flutter mode was destabilizing, causing the critical rotor speed
to be reduced by approximately 30%.

The critical asymmetric flutter boundaries are not sensitive to

changes in the center-of-gravity position,

A decrease of the vertical offset of the flapping hinge has a

stabilizing effect on the asymmetric flutter boundaries.

The steady-state deflection angle of the control flap is net a

significant parameter of the asymmetric flutter boundary.

An increase in jet blowing is deétabili’zing'in the symmetric
degrees of freedom but has little or no effect in the asymmetric

degree of freedom.,

63-9




RECOMMENDATIONS

Based on the results that have been obtained during the present investi-

gation, the following recommendations are made:

1. Experimental data should be obtained to test the validity of

the oscillatory aerodynamic theories that have been developed,

2. The effects of advance ratio on the aeroelastic characteristics
of a jet-flap rotor should be investigated for advance ratios up
to 1, 0. ‘ '

3. The effects of advance ratio and control flap on the asymmetric

flutter modes should be investigated,
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INTRODUCTION

Recently there has been much interest in the development of a helicopter
rotor system that applies the jet-flap principle to obtain both cyé:lic and
collective pitch control as well as to provide propulsion (References 1, 2),
This interest derives from the gains in performance that may be obtainable
through circulation and boundary layer control. In addition, a jet-flap
rotor system should delay the adverse effects of blade stall and compressi-~
bility losses and provide the many advantages of torque transmission that
are inherent in all tip-drive systems. Considerable effort has been applied
to the theoretical and experiméntal study of the flutter of conventional heli-
copter rotors in hovering flight (e. g., References 3 - 10). These investi-
gations have contributed to the understanding of the blade instabilities that

have been encountered and have indicated means for avoiding such difficulties,

In contrast, comparatively little work has been done to determine the effects
of forward velocity on rotor flutter.. References 11 - 17 present the results
of some investigations of the effects of fcrward velocity on the a.eroelasti_c
characteristics of unconventional rotor configurations, References 18 and
19 present the results of a systematic program of combined theo_reti'cal

and experimental investigations of the effects of forward flight on the aero-~
elastic characteristics of rotor blades having pitching and flapping degrees
of freedom., The results obtaihed indicate that forward flight can have a
serious destabilizing effect on the aeroelastic characteristics of a con-

ventional rotor.

Introduction of the jet-flap to a rotor increases the complexity of the
theoretical representation of the flutter problem over that associated

with a conventional rotor in that the aerodynamic loads arising from the

6 63-9
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jet reaction and supercirculation must also be included. The dynamic
interactions of these additional aerodynamic forces with the mass and
elastic forces may be different from those associated with the aero-

dynamic forces of a conventional rotor,

‘The hovering flutter characteristics of a representative jet-flap rotor
having flapping, teetering, bending and torsional degrees of freedom were
investigated and discussed in Reference 20. The effects of the chordwise
center -of-gravity and elastic-axis position, bending-to-torsion frequency
ratio, and the jet-blowing coefficientron the aeroelastic characteristic of
the rotor system were determined. In the present investigation, the effect
of the dynamic characteristics of the oscillatory control flap on the aero-
elastic stability of basically the same representative rotor system was
investigated theoretically in both hovering and forward flight, In addition,
the control flap degree of freedom was replaced by a weakly restrained
swivel degree of freedom and the effects on the aeroelastic characteristics

of the rotor system were investigated for the hovering flight condition only,
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DESCRIPTION OF THE ROTOR SYSTEM ANALYZED

General Characteristics of the Rotor System

The jet-flap rotor system considered corresponds to one that is under
development for the United States Army. The rotor is a two-bladed
symmetrical rotor having a teetering hinge on the axis of the rotation
and flapping hinges which are symmetrically offset from the axis of
rotation and lie beneath the teetering hinge., In addition, the teetering

hinge is allowed a restrained swivel motion in the plane of the rotor,

The cyclic and collective pitch control, as well as the rotor torque, are
supplied by the jet-flap located over the outer portion of the blade span.
It was assumed that the characteristics of the blowing are such that the

jet momentum per unit span is constant.

Geometric Characteristics of the Rotor System

Figure 1 presents a sketch of the rotor system that was analyzed. The
blade planform had a constant chord from 40% R to 70% R and was tapered
in a linear manner to a tip chord of 67. 3% of the main blade chord. The
chord was also linearly tapered to the root section. The jet-flap was
located at th.e trailing edge over the tapered outer 30% of the blade radius.
A "conventional -type!' flap over which the jet exhausted was used to deflect
the jet with respect to the airfoil, The ""conventional -type' flap had a
constant chord equal to 12. 3% of the blade tip chord and extended from the
70% radius station to the blade tip. For all the investigations repbrted
herein, the elastic axis was a straight line from the blade root to tip and
was located at 30% of the blade chord of the untapered portion (4'0% to 70%

radius).

8 63-9
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Vibration Characteristics of the Rotor System

On the basis of mass-elastic data calculated for an experimental jet-flap
rotor system under development, a set of nonrotating and rotating flapwise
bending and torsional mode shapes and frequencies was calculated by the
method presented in Reference 21, These mode shapes were used aé the
deformation modes in the flutter analysis reported herein, Figure 2

shows the variation of the various mode frequencies with rotational speed.
Both the rotational speed and mode frequencies have been nondimensional -
ized with respect to the normal operating rotational speed, It is noted

that the nonrotating frequencies of both the bending and torsional modes
are much higher than those of the conventional helicopter blade and, there-
fore, the variation of the various bending and torsional mode frequencies
with rotational speed is not as pronounced. It is believed that the prii'na;ry
reason for these different vibratory characteristics is due to the structural
efficiency of the assumed jet-flap blade. Since any jet-flap type of rotor
blade might be expected to have a similar type of construction, it is
reasonable that relatively rigid rotor blades might be an inherent character-

istic of jet-flap rotor system.
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METHOD OF ANALYSIS

Equation of Motion

The general equations of motion f‘o; “nelico‘pter rotor configurations, as
derived by a Lagrangian approach, were developed and reported in Refer-
ence 22, These general equations of motion were then used to develop
specific equations of motion for the jet-flap rotor having flapping, bending,
torsion, teetering, swivel and control-flap degrees of freedom.’ A detailed
presentation of the equations of motion for the jet-flap rotor is given in
Appendix I, as well as expressions for the aerodynamic and mass coefficients.
Figure 3 presents a schematic representation of the rotor system on which
are noted the coordinate system, which rotates with the rotor, and the

generalized coordinates for the various degrees of freedom.

Derivation of Theoretical Expressions for the
Aerodynamic Forces and Moments

The investigations reported herein required the use of aerodynamic theories
suitable for describing the oscillatory aerodynamic forces and moments on
the airfoil arising from three sources. The first source was the oscillating
airfoil with a jet-flap fixed relative to the airfoil chord. The second was
oscillations of the jet-flap relative to tﬁ.he airfoil chord and, finally, the

oscillations of the mechanical flap.

At present there is no theory available which predicts the unsteady aero-
dynamic forces and moments on a rotor with a jet-flap comparable in
accuracy to the theory developed for conventional airfoils and rotors. It

was thus necessary to utilize a qua.si,'-steady' representation of the flow for
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the derivation of the periodic aerodynamic forces and moments developed
on the blade as it oscillates, Some justification for the use of such an
approximation is obtained from the following considerations, It is antici-
pated that the inflow velocity, and hence the wake spacing, of a jet-flap
rotor will be large, For large wake spacing, the aerodynamic forces on
the rotor blade, at least under a strip theory approximation, approach
those on an isolated airfoil (Reference 22). It has been found in previous
investigations of the flutter characteristic of conventional rotor systems
at CAL that, when this condition exists, the critical flutter mode can be
adequately predicted by means of a quasi-steady approximation of the

periodic aercdynamic forces and moments.

This justification for the use of a quasi-steady approach must be qualified,
however, by noting that an implied assumption has been made in the above
argument; namely, that the unsteady forces and moments on conventional
and jet-flap airfoils will vary in a similar manner. This assumption has

not as yet been verified,

For the analyses reported herein, the quasi-steady aerodynamic forces
and moments were derived for the jet-flap airfoil using the steady aero-
dynamic theory developed by Spence (Reference 23) and extended by Hough
(Reference 24) to include the effects of camber., Appendix II presents the
derivation of the aerodynamic expression used. It was necessary to use
the results for a cambered airfoil so that the effect of pitching rate,

which gives rise under the quasi-steady assumption to an ‘eff‘ecti‘ve camber,
could be included.

The oscillatory forces and moments on the rotor blade due to the sinu-

goidal oscillation of the jet-flap were those developed by Spence (Reference

25). Due to the complex formulation of the expressions for the oscillatory .
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aerodynamics, Spence could not obtain a general solution, On the basis
of some simplifying approximations, however, Spence did obtain solutions
for the cases of high and low reduced frequencies. The approximate
aerodynamic expressions valid for low reduced frequencies have been

utilized in the analyses reported herein,
The oscillatory aerodynamics on the rotor blade associated with oscillation

of the mechanical flap were based on Theodorsen's formulation in Refer-

ence 26,
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PRESENTATION AND DISCUSSION OF RESULTS

.
Ly e

In the following sections, the aeroelastic stability characteristics of a
jet-flap rotor in both hovering and forward flight are presented, The
majority of the investigations were conducted for the rotor having the
symmetric ciegr‘ees of freedom of flapping, first-flapwise bending, torsion
and control-flap rotation, The investigation of the stability characteristics
of the rotor having these symmetric degrees of freedom was conducted on
an analog computer for both the hovering and translatory flight conditions,
The aeroelastic characteristics of the rotor having flapping, torsion, first-
ﬂapwiée bending, teetering and swiveling as degrees of freedom wére,
asymmetric in character and were investigated for the hovering flight

condition by means of a digital computing program on an IBM 704,

In general, the instabilities that were determined for the syrmmetric modes.
during the analog computer program were ''mild" in character in that rapidly
divergent motion did not occur as the stability boundary was crossed. Con-
versely, the rate of convergence in the stable région increased slowly as

the operating conditions were changed from neutrally stable to rnozl;e stable

regimes,

The symmetric clutter mode in most cases was primarily composed of the
blade torsional and control-flap rotational degrees of freedom, with the
flapping and first-flapwise bending modes playing only secondary roles.

The critical asymmetric flutter modes were comprised primarily of the
~torsion and teetering degrees of freedom, with the rest of the modes having
only a minor effect. Some of the supercritical asymmetric flutter modes
(those which occur at rotor speeds above the critical), however, involved,
to a significant extent, the flapping, first-flapwise bending and swiveling

modes as well,
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In the following, the symmetric and asymmetric flutter results are pre-
sented and discussed independently for reasons of clarity. Most of the
analyses of the symmetric and asymmetric flutter modes were based on

" a blowing coefficient C_J = 1.0, and the effect on these modes of changing
the blowing coefficient was determined for only one set of repre‘s‘e‘ni;ati,ve

parameters.

Symmetric Flutter Modes

i

1. Effect of the Rotor Blade Center-of-Gravity 'Position

a. Hovering Flight; & =0

The results shown in Figure 4 are extremely interesting in that
they indicate that, at least in hovering fiight, the effect of a variation in
the chordwise center-of-gravity position is just opposite to that for a
conventional rotor blade, That is, an aft movement of the center -of-
gravity position is stabilizing for the jet-flap rotor system analyzed,

whereas it is usually destabilizing for a conventional rotor system.

These opposite trends are believed to be the result of the unusual
combination of the spanwise center -of-gravity distribution in relation to
the spanwisge distribution of the first-flapwise bending and torsional mode

shapes,

It can be shown, on the basis of investigations of the aeroelastic
characteristics of conventional wings, that the distance between the center
of pressure and center of gravity is a prime stability parameter of the
system. An increase in this distance has been shown to be destabilizing

and a decrease in the distance, stabilizing (Reference 27). Generally,

14 63-9




1 i e bl ettt e A = = Tt ——_ b —— et ot e e - - - e o — — e : - s

flutter is not obtained for a conventional airfoil when the center -of-
gravity and center -of-pressure positions are coincident., For small
changes in the distance between the center ~-of-gravity and center-of-
pressure positions, when they are nearly coincident, very large changes

in the velocity of the instability occur.

For three-dimensional wings which have a spanwise variation of
their mass and elastic properties, the distribution of center -of-gravity
position is replaced by its effective position which reflects the effects of
the épanwise mass distribution and the deformation modes. This effective
center -of -gravity position is determined from the mass term that couples

the bending and torsional mode shape and is given by the following

expression:
/ﬁ C’z f¢’ )ce JE
where
7 = spanwise mass distribution
Ez = nondimensional distance of the sectional center of
gravity from the elastic axis (positive aft)
£, = spanwise distribution of the first flapwise bending mode
?, P g
fa = spanwise distribution of the first torsional mode

A positive value of this coupling term corresponds to an effective
aft location of the center of gravity relative to the elastic axis and a nega-
tive value corresponds to an effective nose-heavy ballast condition., Over
the inboard sections of the rotor blade where C—z is positive, the torsional
mode shape is also positive but the first flapwise bending mode has a nega-
tive deflection. The integrated masgs coupling for the inboard section of l
the blade, therefore, is negative. Over the outboard sections of the blade

where both the bending and torsional mode shapes have a positive deflection,
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the C, is still positive but smalier due to the ballast weight distribution,
The integrated mass coupling for the outboard section of the blade is thus
positive. The cdntribution of the inboard blade section,' however, is larger
than that of the outboard section and, thus, the effective mass center of

the entire blade is forward of the elastic axis for all the center-of-gravity.
positions that were investigated. For the reference center-of-gravity
position at the 33% chord, the effective mass center of the blade is at the
29.5% chord. Due to the dominant roll of the mass coupling over the in-
board sections of the blade, an aft movement of the spanwise.mass distri-
bution from the 33% chord results in a larger negative coupling term and, .
thus, shifts the effective mass center forward, This forward shift of the
mass center with an aft movement of the center of gravity reduces the
distance between the effective mass center and the center of pressure,
which is located at approximately the 24% chord. On the basis of the. re-
sults obtained with wings, therefore, the stabilizing effect that was obtained .

on the rotor blade due to the shift of the mass distribution is not surprising.

In Reference 20, the symmetric flutter characteristics of
essentially the same rotor system were presented and the effect of an
aft center -;of-gravity movement was stated to be destabiIifzing. While
this seems to contradict the present findings, it, in fact, does not, since
in Reference 20 the center of gravity of only the outboard sections was

moved aft, thus causing an aft movement of the effective. mass center.

b. Forward Flight; jz=# 0
Figure 5 shows the effect of advance ratio on the aeroelastic sta-
bility of the jet-flap rotor for various values of the blade center-of-gravity

position, The curve for each center-of-gravity position has been normalized

to its value at 4 = 0, For a center-of-gravity position aft of the elastic
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axis, the effect of advance ratio was destabilizing above an advance ratio
of approxirnately 0,25, For a center-of-gravity position ahead of the
elastic axis, the destabilizing effect of advance ratio was present through-
out the entire range of advance ratios investigated. The amount and rai;e
of destabilization with increasing advance ratio were dependent upon the

center -of-gravity location.

2. Effect of Control Flap Frequency

a. Hovering Flight; & =0

Figure 6 presents the results of the investigation that was con-
ducted to determine the effect of varying the rotational frequency of the

_control flap on the aeroelastic characteristics of the rotor system.,

The results that were obtained on the basis of a four-degree-of-
freedom analysis, which included the. effects of the flapping, first-flapwise
bending, torsion, and control flap rotational modes, showed that the
critical flutter mode was primarily a torsion-control flap rotation insta-
bility, The absence of the bending mode in the instability is understandable,
since for the rotor configuration analyzed the effective mass center is
almost coincident with the elastic axis position at the 30% chord and, thus,
the mass coupling between the bending and torsional modes is almost zero,
(See Section 1.) To check this supposition, a two-degree-of-freedom
analysis was conducted using only the torsion and control flap rotational
modes as degrees of freedom. The results of this analysis duplicated
almost exactly the data presented in Figure 6. Based on these results",
therefore, the data presented in Figure 6 must be viewed as showing 6nly
the effect of the frequency ratio c?,r/&/'o on the critical rotor speed., The
rotor speed, however', has, for the sake of convenience, been nondimension-

‘alized by the nonrotating first-flapwise bending frequency.
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Results are presented for two values of the blowing coefficient,
EJ- . These valués of C—J’ = 1.0 and 0.1 are believed to be the practical
limits of this parameter for the rotor system under consideration. The
results obtained for both values of the blowing coefficient indicate that the
effect of increasing the frequency, @, , is destabilizing below some
critical value and stabilizing above the critical value. It is noted that
the effect of reducing the blowing coefficient EJ is stabilizing and that
the critical value of the frequency ratio increases to about 0,8 as the

blowing coefficient decreases to 0, 1.

The frequency ratio cUr/cUe for the rotor system that has been
considered in these investigations is approximately one, so that the effect
of increasing the rotational frequency of the control flap is stabilizing
regardless of the blowing coefficient., The effect of increasing the control
flap frequency depends on the blowing coefficient for rotor systems having
a frequency ratio 0.4 < &), /@, < 0.80. For a rotor system having a
frequency ratio in this range, an increase of the control flap frequency
may be stabilizing at a high blowing coefficient and destabilizing at a

lower blowing co efficient,

b. Forward Flight; « ¥ 0

Figure 7 shows the effect of advance ratio on the aeroelastic
stability of the rotor for different values of the ratio of control flap
rotational frequency to blade torsional frequency., The curves have been
normalized by the critical rotor speed at & = 0 for each value of (.U,r/(ﬂa .
For a frequency ratio ET‘/‘:JG of approximately unity, the destabilizing
effects of advance ratio begin at a i of approximately 0. 25. For frequency
ratios greater or less than unity, t’he plotted results indicate that the de-

stabilizing effects of advance ratio start at an advance ratio of 0. 10. About
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a 20% decrease in the critical rotor speed has occurred at an advance
ratio of 0. 35 for @, /&, = 0.99 and 1,65, while only a 10% decrease
in rotor speed has occurred for cU,,/JJe = 0, 62, '

3. Effect of Control Flap Center -of-Gravity Position

a. Hovering Flight; M =0

In hovering flight, for control flap center -of-gravity positions
within the limits of the control flap chord, the sta.bility. qharact_e,ris:tics
of the rotor system were essentiall'y‘ independent of the center -of -gravity
position. To determine if center -of-gravity positions outside the limits
of the control flap chord would significantly alter the aeroelastic stability
characteristics of the rotor system, a large overbalance condition was
assumed for the control flap. Figure 8 presents the results of this in-
vestigation, The results shown were obtained on an IBM 704 digital
computer and are for the case of the control flap h.aving a center -of-gravity
position at the elastic axis of the rotor blade. Comparison of these results
with those presented in Figure 6 indicates that the large negative over -
balance eliminated the instability thai was present in the frequency ratio
range O £ cUT/&Ies 2. On a practical basis, this is an unrealistic center -
of -gravity position.for the control flap; but the results do indicate that if ‘
a flutter insta.bility'occurs within the operating speed of the rotor, negative
~overbalancing of the control flap may eliminate the instability. More
realistic values of negative overbalances should be investigated to determine

the extent of beneficial effec‘.ts that can reasonably be expected.

'
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b. Forward tht; w F 0

Figure 9 shows the effect of advance ratio. on the aercelastic
stability of the jet-flap rotor for various control flap center-of-gravity
positions, Each curve has again been normalized to its value at M =0,

It is of interest to note that the fully balanced control flap (flap center of
gravity on flap rotation axis) is the flap configuration that is most strongly
affected by advance ratio. In addition, it is noted that the destabilizing
effects of advance ratio begin to occur at lower advance ratios as the control

flap center -of-gravity position moves aft.

4.. Effects of Control Flap Damping

Because of the type of construction used in the rotor being considered, '
the viscous damping in the control flap degree of freedom was 50% of
critical. Since not all jet-flap control mechanisms for the rotor blades
will necessarily have this amount of damping, it was of interest to determine
the effect of damping on the aeroelastic stability of the rotor system. Figure
10 presents the results of this investigation. The curves have been nbn- '
dimensionalized with respecf to the critical rotor speed at 4 = 0 for

7 =0.5. The results indicate that halving the amount of viscous damping
causes a 28% reduction in the critical rotor speed but doés not significantly
alter the destabilizing effects of advance ratio., Since other jet-flap rotor
designs rna..y have significantly lower values of viscous damping than those
invesfigated herein ( 7€ 0.10) or may have only structural damping, in-
vestigation of the effects of damping in the control-flap degree of freedom
on the rotor stability characteristics should be extended to include a wider

range of both structural and viscous damping coefficients.
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The reasors for the various trends with advance ratio that have been.
presented in Figures 5, 7, and 9 are not understood as yet; therefore, it .
cannot be stated what the extrapolation of the results to higher advance
ratios might indicate. On'the basis of results obtained for the effects of
advance ratio on a convertional rotor (References 18, 19), the destabilizing
effects of advance ratio tend to change for values of advance ratio higher .
than those for which results are presented herein, Since the jet-flap rotor
system has a great potential for a high-speed rotor system, it is felt that
the aeroelastic characteristics of the jet-flap rotor system should be in-

vestigated for advance ratios up to about 1, 0.

Asymmetric Flutter Modes

The antisymmetric flutter modes were calculated for the rotor system having
flapping, first-ﬂapwisé bending, torsion and teetering degrees of freedom,
The results of the investigation, conducted for the hovering flight regime,
are given in Figure 11. The antisymmetric flutter characteristics that are
presented in Figure 11 are similar to those that were presented in Refer-
ence 20 for the same rotor having a slightly different set of geometric,
mass and elastic parameters. The interesting aspects of the results that
were obtained are that (1) the critical rotor speed is independent of the -
frequency ratio &, /c'u_¢, for 475‘/5% > 3, and (2) the critical flutter
mode is primarily a torsion-teetering instability having a frequency of
about 75% of the first-flapwise bending mode. Since the instability is
characterized by extremely large amounts of teetering and torsion as com-
pared to bending, it is not surprising that the critical rotor speed is in-
sensitive to the frequency ratio &39/63¢ . The other flutter boundaries
that are presented, marked 1, 2, 3, 5, and 6, have no real sig-

nificance since they are supercritical. The effects of parameter changes,
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however, might cause them to become critical. The flutter mode marked
2 is like the critical mode in that it is primarily a torsion-teetering in-
stability, The flutter modes marked 1, 5, and 6 are primarily asymmetric
modes made up of all the degrees of freedom. The flutter mode marked

3 is a mode that is closest to a symmetric instability in that it c'ontair;e&
only a small amount of teetering and larger relati‘ve amounts of flapping

and bending.

1. Effect of the Swivel Degree of Freedom
on the Antisymmetric Flutter Modes

The addition of the swivel degree of freedom (restrained motion of the
teetering axis in the plane of the rotor) on the antisymmetric flutter modes
was investigated and the results are presented in Figure 12. As can be
seen by comparing Figures 11 and 12, the effect of adding the swivel de-
gree of freedom is markedly destabilizing. The flutter mode marked 2,
previously supercritical, was destabilized to such an extent as to make it
the critical flutter mode when the swivel degree‘of freedom is included.

It is noted that the characteristics of the critical flutter mode, i.e., the
variation of 5)’¢ /fl with (Z,/CU¢, , is basically the same as it wag-
before the addition of the swivel degree of freedom, but the frequency of

the cr1t1ca1 mode was almost doubled.

2. Eifect of the Center-of-Gravity Position

To determine if the flutter boundaries were sensitive to the center-
of -gravity position, the effect on the asymmetric flutter modes of moving
the mass center aft was investigated. The results of these calculations
are also shown in Figure 12, The open symbols show the results that were

calculated with the center-of-gravity position moved 5% of the chord a.ft of
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the position for which the solid curves were calculated. As can be seen,

" all but one of the boundaries remained unchanged. The boundary that did
change, 3, is the mode that had more bending motion in the flutter motion;
therefore, changes in the torsion-bending cdupling would be expected to
have a significant effect on the flutter mode. Since, however, the c¢ritical
flutter mode was primarily a teetering-torsion instability, a change in the’
center -of -gravity position would not be expected to affect the stability

boundary.

3. Effect of the Vertical Offset of the Flapping Hinge

To determine if the flutter boundaries could be altered significantly
by changing the amount of the vertical offset of the flapping hinge from
the teetering axis, the amount of this vertical offset was reduced to one-
half its original value and the flutter boundaries recalculated. Figure 13
gives the results of these calculations. As can be seen from a comparison
of the results plotted in Figures 12 and 13, the effect of reducing the
vertical offset of the flapping hinge is stabilizing. The variation of the
various flutter boundaries with the frequency ratio a—)a/c3¢’ , however,
was not significantly altered. The rotor speed at which the critical
flutter boundary is crossed was increased about 10% by decreasing the
offset by 50%. It is expected, however, that as the vertical offset is
decreased further, the amount of stabilization obtained would increase
in a nonlinear fashion. This trend is to be expected since, if the vertical
offset is reduced to zero, the asymmetric modes should disappear as the
modal couplings between the teetering and the other normal modes of the
rotor system tend to zero. This fact is shown conclusively in Reference
20, which presented results for a similar rotor in which the vertical

offset of the flapping hinge was allowed to approach zero.
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4. Effect of the Steady-State Control Flap Deflection Angle

In all previous cases discussed, the control flap steady-state deflection
was assumed to be zero, Figure 14 shows the results obtained asls‘uming |
that the steady-state deflection angle of the control flap was 0, 5243 radian
(300). - Comparison of Figures 12 and 14 shows that the steady-state
deflection angle of the control flap does not signiffcantly affect the asym-

metric flutter boundaries,

Discussion of Possible Limitations of the
Analyses Conducted and Results Obtained

Any theoretical analysis is usually based on a number of assumptions which
may or may not alter the results that are obtained. In the present analyses,
several rather basic assumptions had to be made in order to analyze the
jef-flap rotor system under consideration. Most of these assumptions were
made in regard to the oscillatory aerodynamic forces acting on the rotor

system. They were:

1. The quasi-steady aerodynamic forces and moments, as based on
Hough's development in Reference 24, are adequate for approxi-
-mating the oscillatory aerodynamic forces and moments generated
on the rotor blade during oscillation of the blade (angle of jet

deflection fixed relative to blade chord).
2, The low frequency approximation developed by Spence in Reference
25 adequately describes the unsteady aerodynamic forces and

moments developed on the rotor blade during oscillation of the

jet relative to the blade chord.
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3. The oscillatory forces and moments developedion the rotor blade
during oscillation of the mechanical flap (used;to control the jet
deflection) are adequately predicted by Theodorsen in Reference 26,

The first approximation was briefly discussed in a previous section of the

report,

It should be noted that the second assumption is consistent with the quasi- ?
steady approximation for the aerodynamic forces and moments generated |
by blade oscillations. However, because of the high flutter frequencies

obtained, both assumptions 1 and 2 may be questionable. It is well known,
however, that theories used beyond their theoretical limits can, in many

cases, still yield valid results, Whether or not this is the case with the

present theory cannot be stated until experimental verification is obtained.

The use of the unsteady aerodynamic theory developed by Theodorsen to
predict the aerodynamic forces and moments acting on the rotor blade
during oscillation of the mechanical control flap was questioned because

of the flow field in the vicinity of the mechanical control flap. The jet
blows over the top surface of the control flap, and the pressure gradient
produced by the mechanical flap as it is deflected rotates the jet stream
relative to the rotor chord. To determine the importance of the mechanical
flap aerodynamics to the instabilities being studied, one'analysis was con-
ducted in which these aerodynamic forces were neglected entirely. Figure
15 presents the results of this investigation, As can be seen, the inclusion
of the unsteady control flap aerodyhamics caused about an 11% reduction
in the critical rotor speed but did not alter the variation of the critical

rotor speed with advance ratio.
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In addition to the limitation that might be imposed on the results because
of the aerodynamic approximations', the effects of higher order flapwise:
"bending modés on the results should be cons'idere'd.- A brief study was
made in which the first bending mode was replaced by the second bending
mode. The instability boundaries were affected only’ slightly. Hence, it
was concluded that, since the instability is predominantly a torsion-control
flap and since the second mode did not alter the boundaries significantly, ‘
the inclusion of the higher modes into the analyses would not radically .
alter the results presented hefe. It should be noted, however, that the
rotor configuration for which the effects of the higher modes were investi-
gated was that for which the effective mass center was nearly coincident
with the elastic axis and, thué, the intermodal mass coupling is almost
zero. For configurations that have significant intermodal coupling, the -

effects.of higher order.bending modes may be significant,
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LIST OF SYMBOLS FOR APPENDICES

A;; generalized aerodynamic force coefficient

a;;  real part of {lutter determinant elgment

B tip loss factor

b;; imaginary part of flutter determinant element

b local semichord

bres reference length — maximum semichord length

b;  nondimensional local flap semichord

" two-dimensional lift coefficient

Cum two-dimensional moment coefficient, referred to the aerodynamic
moment about the leading edge, positive nose down

or CM[ partial derivati\.re of ¢, or (,, withrespectto { where ([ = e, 7,
. . A |

Cr jet coefficient C, = —,—OLU-_‘E_L

C—:r value of C, at & =1

C_'x nondimensional distance of section c.g. position aft of el;stic axis
G = %/b :

Ee nondimensional distance of section c. g. position above chord plane

E* = -z—//b
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LIST OF SYMBOLS FOR APPENDICES (Continued) :

C’x nondimensional distance from blade elastic axis to flap c. g. C-'}x‘ = 7’0/ b
f¢ " bending deflection shape — ath mode, unit tip deflection

f¢‘; A¢>N perturbation bending displacement referred to root chord plane -

" dfy
£ 80, = 45,00, -‘r(-—z’-‘ﬁ- A,

r=0
fel first cantilever tersional mode shape — unit tip deflection
6:]/' generalized gyroscopic coupling coefficient

g: structural damping coefficient for ith degree of freedom

5,17 correction terms to account for warping of elastic axis in chord plane -

5= 2/ 0 (5,) F(5,) 48,
Re R

Where
dfs [ et( : _(E-E,) d(e I)J
F&) = w160 eoaf 60 -Gt 2
.Z-';(’ nondimensional moment of inertia about elastic axis due to chordwise

mass distribution - I, = IX‘,/Mb'P

!

P nondimensional moment of inertia about e1ast1c axis due to mass distribu-
f tion normal to chord plane - Iz, = IZ,/M R*?

fz, (root) CONtTibution to Izl from part of root fitting which flaps
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LIST OF SYMBOLS FOR APPENDICES (Continued)

nondimensional moment of inertia of control flap about its leading
edge due to chordwise mass distribution - 1’, =I, /Mbk
X

nondimensional moment of inertia of control flap about its leading
edge due to mass distribution normal to chord plane - I; =TI /Mbl?

nondimensional aerodynamic integrals for forward flight case
nondimensional hub moment of inertia about teetering hinge'- I'; =1, / M, &
generalized stiffness coefficient

flap moment coefficient derivatives

M, (flap leading edge) = 26; rv [Kd ar + Kg —L“L)]

where oty is flap local angle-of-attack

flap lift and moment coefficients per Reference 27
nondimensional distance of elastic axis aft of pitching (reference)
axis £ = L/b

nondimensional distance below the teeter pin of the hub center of grawty

‘!H = IH/R
total mass of one blade

generalized mass coefficient
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LIST OF SYMBOLS FOR APPENDICES - (Continued) .

aerodynamic moement per unit span
nondimensional hub mass M, = M,,,//V/b
nondimensional mass per unit spanwise length m = m,R/Mb

nondimensional mass per unit spanwise length of the mechanical
flap - m, = m, R/Mb

nondimensional distance of aerodynamic reference axis (midchord)
aft of elastic axis — Q@ =Q/6

the i%h generalized coordinate

blade radius

spanwise distancevfrom flapping hinge \
inboard spanwise limit on integration of aerodynamic forces

nondimensional lower limit on aerodynamic spanwise integrals — 7, = o/,?

generalized centrifugal force coefficient

‘maximum camber

local free stream velocity
nondimensional teeter pin displacement in X-direction

nondimensional teeter pin displacement in Y-direction
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LIST OF SYMBOLS FOR APPENDICES (Continhcd)

magnitude of jet velocity relative to airfoil

average downwash velocity

x'y'z! components of aerodynamic force per unit span in the 2.0y and Z

directions, respectively

(z,y,2) coordinate system rotatmg at angular speed n , 2 axis a.ligried

By
Apy

28,

with 2 , positive y axis directed outward along blade

nondim/ennional distance from control flap leading edge to elastic axis -
7; =% b ‘

local angle of attack

inclination of rotor axis with vertical

initial flapping angle

perturbation flapping angle with respect to ¢y axis
perfurbation teetering angle of hub with respect to # axis
viscous damping in 7 mode“

nondimensional distance from center of rotation to flapping hinge -
d, = d,/R

nondimensional vertical distance of teetering hinge above the flapping
hinge - ¢, = dy /
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LIST OF SYMBOLS FOR APPENDICES (Continued)

jet thickpess

ratio of local semichofd to referen'ce‘ semichord length

pitch angie with respect to z-y plane

initial blade twist about elastic axis

perturbation torsional deflection at the blade tip about the elastic axis
mass ratio, & = Mb/,ob,.,; R’

ratio of oscillation frequency to shaft rotational speed, ¥ = w/n
nondimensional spanwise coordinate, & = /R

value .of & defining length of jet-flap, flap is (/-g)yl? long
density of the free stream

air density of the jet

steady state jet angle with respect tq,»’f;le:an chord line
perturbation jet deflection angle j

nondimensional initial bending deflection @, = ¢,/ 4

nondimensional perturbation bending displacement at blade tip in nth
nation mode — A¢, = A¢~/I?

51
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LIST OF SYMBOLS.FOR 'APPENDICES - (Continued) .

rotational speed of the rotor
oscillation frequency .

uncoupled, undamped, nonrotating, natural frequency of ith degree
of freedom '

advance ratio, & = Ucos at,//?fl»

azimuthal position
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APPENDIX I

DERIVATION OF FLUTTER DETERMINANT ELEMENTS

A. GENERAL EQUATIONS OF MOTION

The general equations of motion for a helicopter blade are derived, using
the Lagrangian approach, as in Appendix I of Reference 13. The resulting
relationship for the ith degree of freedom ( ( =1, 2..., N ) assuming
the system is undergoing sinusoidal motions at a frequency « , may be
written as follows:

N
D > (-w’M;;+ K =0T - 2iw06;; -07A;; ) g = 0

Jj=1

The 9; 's are the generalized coordinates, and the quantities A/, , 7;;

and G;; may be identified as the generalized mass, centrifugal force, and

gyroscopic coupling coefficients, respectively. These coefficients are given
by the following integrals over the entire system.

///[3% szJZ (@L)( ) (ase‘)( )] |
w2 () - 62) () + (i)« wiis) |4
ew/// e-ae)e o

where (2 , y , Z ) are the coordinates of the differential mass dm ,

referred to a rotating orthogonal coordinate system having the # - axis
aligned with the angular velocity {1 and the positive ¢ axis directed

outward along the blade. The subscript (0) refers to the value of that
quantity when all perturbations on the generalized coordinates are zero. The
generalized spring forces £:- are given by

‘v

a
(ag‘ a9; %
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APPENDIX 1 (Continued)

where 4« is the total potential energy of the system. The generalized
aerodynamic force coefficients A;; were derived from consideration of
the generalized (nonconservative) forces acting on the system and are
given by the following integrals over the spanwise variable 7

s ) T2 ) (20) 229 (22) (2222 g;y -

where [‘(X')o +AX'] , etc., are the aerodynamic forces per unit span in

the =z , y and Z directions, respectively. [(M')O-I-AM'] is the aero-

dynamic moment per unit span corresponding to the angular displacement
y » and B is the tip correction factor.

B. FORMULATION OF THE ELEMENTS OF THE FLUTTER DETERMINANT

Each of the generalized coefficients appearing in the equations of motion
was computed, in a manner analogous to the one described in Reference 13,
using the aerodynamic coefficients derived in APPENDIX I where applicable.
The generalized coordinates considered in the generation of these coefficients
are:

S, - blade flapping angle with respect to ¢ -axis

/32 - hub teetéring angle with respect to Z -axis

¢7,,- L3 nondimensionalized nth mode bending displace-
ment at blade tip

6, - first mode torsional deflection at blade tip

T - jet angle with respect to mean chord line

a= u/e - nondimensionalized teeter pin dxsplacement in
Z direction .
"u'--v/R - nondimensionalized teeter pin d1splacement in

¢ direction

4

So that the formulation of the problem would be more general, the equations
of meotion were nondimensionalized by dividing through by the quantity
P bres. N*R* . The nondimensionalized coefficients are given by

-l

54 ' 63-9



APPENDIX I (Continued)

_ M, - A:

M. = ___‘l_ A s = ._____7.‘4
Y Pl PT Y Ph R

_ Ny — Ker

T, = T Ki; = —73

P brer ® P bpes K11
_ Gi
G: = 4

* P bpet r*

The ijth element of the flutter determinant, with real and imaginary parts
designated by «;; and b;‘; , respectively, are therefore given by:

)
oy - -y Ry Ty - R} |
> ¢ J

-

a;; = ('V * )M“ -Ti - & {/T;z}

< r ‘ 3./.
bii = =2v Gy + ?c ’Wu J{Au}

The expressions for the nondimensional coefficients making up these
elements are given on the following pages. It should be noted that an addi-
tional factor of 2 is applied to all ( 8, coefficients. This factor actually

should be included in the definition of the determinant elements /3, ,

because the teetering vibrations are excited only when the two blades of the
rotor exhibit antisymmetric oscillations. The factor of 2 thus appears

when the seven-degree-of-freedom system is reduced to one with four degrees
of freedom. The factor was applied to the coefficients instead, however, to
simplify the definition of the determinant elements. A similar argument
applies to the /&« and /v coefficients.
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APPENDIX I (Continued)

C. FORMULATION OF THE EQUATIONS OF MOTION FOR FORWARD
FLIGHT ‘

Again following the lead of Reference 22 we may write the equatmns of
motion for forward flight as

(1. 2) Z: l: 9«; ( -20N 6G; )q‘d. + K‘.J. -_()_2.7".".) ¢‘.'/.] =AQ;

v

where
‘u/' = /317 ¢N’ 91 y T

0;; = damping coefficient
AQ; = generalized force due to perturbation d1sp1acements,

velocities and forces.

£l

!
Nondimensionalizing as in Section B above and employing the same definitions

for A—4:J , T G, :

i ;;, » and /7;J- Equation (I. 2) may be written:
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APPENDIX I (Continued)

In order to make the forward flight problem tractable several additional
assumptions concerning the aerodynamics were made which do not apply io
the hovering case except in those cases where the hovering results were
obtained on the analog.

(a) Terms of order greater than ,iZz were neglected.
(b) Since the jet coefficient varies along the span as well as
around the azimuth,
2z
A7 K
2RAN* (& + usin v)?

it was necessary to choose a representative station at which
to compute (, . The station chosen was the 72% span.

Cr

(c) The only control flap aerodynamics considered were those of
the flap acting in the other degrees of freedom. No aero-
dynamic effects of other modes into the control flap were
allowed.

Fofwthe forward flight case the aerodynamic coefficients are denoted by

I7? or I‘:' where
& n=1,2,..... '
no .
L = [ 18 E= P Ony 6, T

0. c/. - /31) ¢N’ 9,,»'1’

-/ (4

o
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APPENDIX I (Continued)

IGeneralized Mass Coefficients

/V¢n‘ ¢n = M [/(/bn) mdE +( )4"0 z, (raot)]

!/
— b _ ~ -
Mon 6n = 4 ,’:f/eb f¢nm(f9,Cz+{7)al§’
(/]
r , | |
My, 5, = +,u./§f¢nr7dé'
(/]

H
/‘74,”,31 =2p d_‘/7/';¢,, mdE
0

/
— b - —\
Mg, v = '#%’—/% Fn (Cf,'”f) my dS

o

Me, ¢n = I%n 6n

7, - #/ {9{ [az? dfz,:l . ( m) [F*Zéfa{l}df

/
Too, = w2t [, & (0, G o F)
(4]
/
ef/eb 7 (%, o # )
My, = #/ ‘, [d[fz , a/Ifz ¢ #‘66( ) z (Cf -z,)]

62
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APPENDIX I (Continued)

Generalized Mass Coefficients (continued)

Mﬂ/ ¢n = M¢n/31

Ms6, = Mo, p,

Tgp = 2] [ 7 EE L )

!
Mﬂ,ﬂf 2 J,,[ﬁﬁd«f

/
b — —_\ —
Mg, v =~/ ;’f/éb E(Chp- %) mp A&

— Yy

Ms,6,= 2 Moy,

Me o= 4 M P
B2 Ay 2 "B A,

Mo n, = 4 [T+ 2(87+ 8]

/n
— — b = ) —
M/szr = - 0 ;" l eb(cfz" :Z;) e d&

63

63-9



APPENDIX I (Continued)

Generalized Mass Coefficients {continued)

M,

T4,
Iz
Ws,

a4

sM#

nl’

= Mo,z

= EMs,z

al, I
Mtz’ /a'f fx d FZ‘ d{

z,uf Fa.6, MdE

-z { [ G Lo

0
'Z/u.f {(/3,0(: + ebkﬁ’ Ca* Z,)Ed;
zﬁ%[;,¢% [e: -(8,+6,)C; | mte

= Zu /?f € C,, %o, (,6,0 md&'

64
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APPENDIX I (Continued)

Generalized Mass Coefficients (continued)

Mﬂzu

My

ﬁ“/’/
D 7 ¢/V
Fus,

M“/’z

My +2)

N

S

X |‘
e 8
S

N

]

0;§|
<

|

S
I
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APPENDIX I (Continued)

Generalized Centrifuggl Force Coefficients

- ,u. [ ) f g "alf)¢¢'+ dﬁ”) fz(mo] | ,

= c N df —
o, "2 €l 5 '”(’ca,cz+/7)¢5

g " —#f,@n(a:@)wf:

d¢ df, b/-¢ At —
76,2 = -2’“8‘(/‘ [-/ g, d;; G 71&"’%”/6’]’“‘;

b
78” - ,;cfl "zdg" (C,;x-x,c)mfdf

0

Tent, = 78,4,

o -uf [ - Gt aije

bret [N i m
Te;ﬁf =M "f-feb’fﬁ(f‘r C"'Fh)dg

R
To,ns = 218, brcf/\(ﬁ ) ( [4-7;)0?&(;
dI a1 -= 1l
Te,z = /4/ fo, f" d::ﬁ"_ b’;’)e,,[x,(xnl' -Cp,)-1 ,c,]}d;

Tﬁr 6 = f”m‘f
a0 = 79/“1
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APPENDIX I (Continued)

Generalized Centrifugal Force Coefficients (continued)

1 | ~
Tﬂ;ﬁ, = /u[fz,(rqot) _j; (2 +37h) ﬁd{] E

1
rs b -
7;"6: = -Z/LJV/(,G,E + ;‘f €,C, +$,> mde

1

bre —_ =
7/-317 =K Rf/‘ebe(afz'xf)mfie

1 =
TAZ‘n- —Z_ 7—¢n/’z
Toe, = = Ta
£26, 2 9'/’3

4
7:61-'61' = E AR,

‘ 1 T g2 = _[z% &% e

7;‘,62 = /‘{Mb’?z-/,:Ub[(&_z) _y‘]dm+2(av‘€h)’zgh A aMdf}
— b 1 3 =) =

Tazr =mdy 7"{- g € j—?l”'/@f)(cfx -76;) gr2d

TT¢’, = -7--¢n7

7:2‘9, = 7=977

")ze‘,f [_;.;(if +l -‘sz)‘wfx]}“

= Tdler Aty , = [bre
Tex '“fé ZZ ZF *””(;e

. T¢,,u = M¢nu.
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APPENDIX I (Continued)

Generalized Centrifugﬁal Force Coefficients (continued)

T¢n v = Mﬁﬂ v

0

ol
&
"

To,v = My

Tou = Mg, u
79,2/' = Vé,zr
fpzu = 0

Ty = Mea,
Tup, = O

Tag, = Mg,
7449, = '17«9,

RN
£
N

M4,
= —_‘U‘s,
Tvs, = Mug,
Tvay = Muya,
7—;44, =0
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. ‘ APPENDIX I (Continyed)

Generalized Gyroscopic Coupling Coe,ffic,ient_a

Gon6, = 0

— ’_ M ‘
o = <1 (B,+5,8) 4y, 6,7 dE
-— -— / *

Gbnﬁ& = z*‘d}A{*kn 6% E;CLE

Gow =0

G_e'¢” =0
)
G, 8, = +,aZfe, 7;& dE

. /
- = bper - —
(4
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APPENDIX I (Continued)

Generalized Gyroscopic Coupling Coefficients (continued)

- / =
58, 0,= ~ 2 %4, 5,

— _ , —
Gp,6, = ~ 3 Cs,,

%82 12 = 9
-G-ﬂzfz- = 0
G_i'¢n =0
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Generalized Gyroscopic Coupling Coefficients (continued)

APPENDIX I (Continued)

Gz,

Cap,

G s,

Ge,u

W

1)

|
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Generalized Gyroscopic Coupling Coefficients (continued)

APPENDIX I (Continued)

Gug,
5,,;62
Zuu

CU'V
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APPENDIX I (Continued)

Generalized Stiffness Coefficients

—2

- / d f¢ @gy,,
K¢n¢n = P bes p’n_z/ )dg mn¢n n?

—— / (dfy, ) w,z
Ke, 6 ,0 b,.e; Pﬂz / dg dé Mﬂ, 9, ﬂ

/?/3? V- 4
Kp,8,= 0
_ 6—()—2'
KTT = M‘t"t" n‘g
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients

"Td*,,d’n: b;ef[ y % ¢, ffé [4/, a(?/CL) ( Q)(aq -CL)-J
' -mr/ébts f¢ aCL -C,)alé

8 | 8
g ac . bn 2 £ oC
T T
7 a
~ —\/2¢C
+ (#'6' Q+h) (adf - C‘f):l d&
8
_ bres /ac ¢
A¢‘n/3/= 2 /ébé' ¢,.,[4_a( ; (l Q)( L—C)}dg

-JV;ébtfzf¢n (%f‘-q,.)dé

D

8
_ - ac j
Ad’,,ﬂz =-2iv d'h[6b£ f¢n (;“—L--CJ)dér
o

/T% 6b£ f¢n ac" d& + (v b:;; -ébz & ;n ::f dE
z 7
_[best [ 0G 1 _06 ), (rgyBn 1 9G]
Aoy9, = ( 2 )/ 5 {”’r[ (a(t/zb) 2 a(%b))+(!*o) dec 2 306)]
t%, Q+h)[4 sy +(2:) (5% -¢,)) } 4

. bpes [ 2 3¢y 1 IC =~ _\/dC.
tov ;e /;.-eb 2 o0 [2’0"/ aaM -7 auL)"(’c@/Q*h)(aat -CJ)J dé'

0
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APPENDIX I (_Co.nti‘nu"ed)‘

Generalized Aerodynamic Force Coefficients (continued) ‘ .
L - R L
ool [ (i )l a A -5 3]

4 (£, 3 +7) [’% Watc—zi) # (Fay @rh) (2 - c)” 4E
on - (]t - i) o032 - £ 53]
# (o, @+5) [4 a(ta/i) 4‘ /@) (3_64 - CJ)J }“5
sor bt fon (325 32) 00,03 - )|

- oC 7 9¢C ac,
Ae,,ez = —Z‘Zv' _ 8/65 [2,:" ad,” 2 aaf) (fo’ Qlﬁ)( —C;)] 5

8
_ b . Cn 1 30\, » Ol
Asyr == :’c/é‘ ngo'[z =z az-‘ ¢ J “®
)

o

.
, bref‘)z e (_ai,.___f 2C.\ , 5 9C
'“’(/e _[é‘g’a"z 5c "z a2/ ¢ ar

o

8
- bref d?"
»A/efﬁnz ;/525 d;
)7,

7 9CL f 0 ( )tg
- JP — -l:
¢4 a(t/zb) ( a5 éb o
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients. (continued)

8
brer 2| fos  BCL
A:e,a, /ébé fe, dE P_r/éb 5 [a m (fa, lb)(——--é’,):l
_ bt/ |1 a7
Aoay = —R_/e 7y b)+( Q)( c’)dé"”/ébg (aa,

A,,,_ = —zmé/e z ( -c, u
B &
- 26 bref . w2 9C
Aﬁ,t-=/éb€"’ d8 + ;Zéé 4 Py a6
o

)

(-]

- & dfy | = _ bpep| 1T 9C. s =/ 8C.
Aa,s, =/ €5 dgn {6” 6 2 [? 3(e/28) "(“Q)(am 'c’}
) ‘ ‘
< 2C, W, ¢, _oc. [t
=55 [3¢ (9° "o ngp) ’ “ 3 (Zb)]} <5

8
= 2
-57/'5;,/66 g4, (ot-c,)ds

da

%

8 Fs

1 3 2 ac‘- . r3 br f, 00 acL
b8 [ e darins, S8 s s 20|
° . (7, A

(]

o[ R0 2 [ wﬁ&-o)]

o

2¢, W, \ 8¢ . 3C /¢ y
-d, g[ 2 (e 9"ﬂgR)+ Bt e 28) zb ”45 LV‘;/G":( ~Gr)a 8
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX 1 (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX I (Continued)

Generalized Aerod’ynamic'Force Coefficients (continued)
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APPENDIX 1 (Continu,ed)

Generalized Aerodynamic Force Coefficients (continued)
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APPENDIX II

DERIVATION OF QUASI-STEADY AERODYNAMIC COEFFICIENTS

FOR A TWO-DIMENSIONAL JET-FLAP AIRFOIL

A, CONSTANT JET ANGLE

In Reference 14, the lift and moment coefficients for a zero-thickness
two-dimensional jet-flap airfoil with parabolic camber are derived for
the steady case. These coefficients may be expressed as in Equations
(I1. 1) and (II. 2) below.

504 - 20‘ 36'4, ~'6)
) = == g p
(L.1)  Co=r Tt g0 % 2(¢/2b) \2b
8C,, 2 Cur 2¢C, t) f
. = L d 17 ——
(L.2)  Cn=2C0" 50 %" 50e28) (75

where T, oo , ¢ and b are, respectively, the angle of the jet with

- respect to the airfoil chordline, angle of attack, maximum camber and
the airfoil semichord. The moment coefficient (, is defined to be
positive for a nose-down moment about the leading edge. The derivatives

2C, 2 Co

, , etc., are functions only of the jet coefficient C; ,
Do Do - ,

the latter quantity being defined by

C. = o Vi Sy
T T % pUt(2b)

2 . . . : . 1 U&
where /fr I/J Sr is the momentum flux of the jet per unit span and 2 P

is the free stream dynamic pressure.

Consider the airfoil to be plunging at a rate h, and pitching about midchord

88
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APPENDIX 1I (Continued)

A. CONSTANT JET ANGLE (continued)

at a rate o , as sketched below

AZ

The plunging motion gives rise to a constant downwash across the airfoil
which is equivalent under the quasi-steady assumption to an increase in
angle of attack. The resulting total angle of attack is, thus, given by

o’Z=o¢+i
7

Similarly, the pitching motion produces a linearly varying downwash distribu-
tion over the airfoil, which is equivalent to a parabolic camber of the airfoil.
It is easily shown that the effective camber is given by

2

T =t+—a

ey

The quasi-static approximations for the lift and moment coefficients are,
therefore, given by the following expressions:

(11. 3) A 2¢, 2C, /[ h') 8¢, /¢t b )
=—t a+—|+ o
€. T ¢ 2 ( ? U/ alt/26) | 26 +4£/
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APPENDIX II (Continued)

A. CONSTANT JET ANGLE (continued)

~ 2C aC A ac t b
1. 4 C, = 2 2 Ca —) Zm (& L
(L. 4) M dt ’ da 0“1/ +2\(t/zb) 24 +4(/“

the above expressions were utilized in the flutter analysis by obtaining

o , o and A in terms of the generalized coordinates chosen for the
analysis and substituting these relationships into Equations (I.3) and (I.4).
Total lift and moment were then computed and applied to the calculation of
generalized forces, as discussed in Appendix I.

For the forward flight case only, the aerodynamic reference station was
chosen to be the elastic axis. This resulted in a slight modification to
Equations (II.3) and (IL. 4) since the pitching rate is referenced to the
elastic axis position. It can be shown that this shift changes only the,
quasi-steady total angle of attack from that given above to

A h L a
c(.-o(,fF—QF

B. OSCILLATING JET ANGLE

In Réference 15 Spence analyzes the case of unsteady motion of the jet angle
with respect to the airfoil chord line. He finds that if the reduced frequency
is of order one or less and that % C¢ is much less than unity, the lift coef-

ficient resulting from the jet is, in the first approximation, modified by a

factor (7-+ L% 1/~) where 7~ is the frequency of escillation divided by the

rotational speed. This factor was applied to the lift and moment derivatives
with respect to T when deriving the coefficients involving jet deflection.

The application of this factor to the moment coefficient is not strictly correct.
It was learned through communication with Mr. J. Erickson that this factor
. . b :
applied to the moment coefficient should be (7 4 ¢ %- 3 > .
It was felt, however, that the error introduced by applying the same factor
to both lift and moment coefficients could be tolerated to simplify computations.

-
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