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N 1. INTRODUCTION
T This final technical report will summarize the research done under Contract
a8 O‘ AF 14,9(638)-412, "Theory of Steady and Unsteady Combustion of Solids," from October
P 1958 to February 1963. The general purpose of this study bas been the development
Ll = of analyses of mathematical models for the burning of solid propellants. The prin-
Cr cipal aim of such analyses has been the investigation of the effects of various
S () fundamental perameters upon the magnitude of the steady burning rate of propellants
:El < and upon the conditions for stable steady combustion,
g ) The approsch has consistently been through theoretical formulations derived
3 <C from the bosic oonservation equations for mass, momentum and energy transport in

the mechanics of continua, coupled with auxiliary relations defining the rates of
chemical reecctions, of diffusive transport and so forth., This approach had been’
well estabiished in the scientific literature before the inception of this research.
It may be descrided by the term "phenomenological combustion theory." The term
"aerothcrmechemistry” is also used, A basic reference which has been used for

the background of this field. is ths book Cherj.stry Problems im Jet Propulsian,

by S. S. Pennare

In this introductory section, some important but gemeral featurses of our
work will te summarized. Discussion of specific detailes will b2 madz in the
following sections. In all of the theoretical work which has been done, it has
been necessary to strike a balanca in the setting up of mathematical models for
the analysis. It is realized quite rapidly by anyone investigating applied problems
in phenomenological combustion theory that a priori information for a complete
analytic description is lacking even in the simplest cases. By this va mean not
merely thet certain numerical data is lacking on magnitudes of physical constants,
This is part of the difficulty in applicatione, of course. More fundamentslly, the
functionel forms of the kinetic functions describing rates of gas-phase or condensed
phase chemical reactions musi be aspumed, 4 basic assusption in phenomenological
combustion theory is the description of rates of chemical reactions in a flowing
gas by use of the law of mnss action, which assumzs chemical equilibrium at the
locsl thermodynamic state in the gas, The trensport relations are also asswied to
be independent of the chemlcal reactions. Moreover, the details of chemical kinetics
for the gas-phase corbustion reactions are unknown for eny real propallant systerm,
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The gas-phase reactions can at best then be treated in the analysis as single-step
reactions, e.g., reactants —» products.

Essential features of the combustion process would be lost, however, if even
the single-step reaction were not described by the mass~action principle., The
introduction of the mass-action law into the conservation equations to determine
the rate of generation of product gases by chemical reaction bdrings into these
squations a characteristic, non-linear dependence upon temcerature and upon
reactant concentration. It also brings in at least two undetermined peramsters,
the activation energy and the preexponsntial factor from the reaction rate coef-
ficient, Values for these parameters in s specific problem must be obtained
indirectly by comparing the numerical values comnuted from the analysis with

experimental burning-rate data,

The analyses which have been done all assume then a one-step, gaseous
reaction; in some ceses this reaction has also been considered to be reversibls,
Froam the work which we and others have done, the one-step chemical reaction model
appears to be an adequate description for predicting, with engineering accuracy,
the behavior ol steady burning rates, What is actually being prescribed by the
one=-step assumption is that the heat released by the chemdcal reaction be a unique
function of the temperature and of the concentration of a single reactant species,
for it is the spatial distribution of this heat release which is ultimately one
of the major influences of the magnitude of the steady bwraning rate.

The approximation of the molecular diffusiom process by Fick's law for mass
diffusion, and the neglect of thermal and pressure diffusion, is probadbly at least
conaistent with the one~-step chemical reaction assumption. xnothzr assumption which
has been used in all of ocur work, and which is wvital to the extreme simplicity to
the results obtained, is that the Lewis number is unity, This assumption is valid
for an ideal monatomic gas, and it is probably no worse an approximation than those
already used. Again, the principal advantages for the use of Lewis number unity
assumptions were known at the beginning of this contract work,

2, RESEARCH ACCOMPLISHED

Thoe principal extension ol phenomsnological combustion theory which has besen
achieved by our work is to the combustion of solids, both homgenecus and heterogensous
solida, A3 can been geen Irom Pemner's book, the basic equations of phenomenoclogical
combustion theory had previously been applied to systems in which the unburned
reactant was already in the gaseous state, A system of relations in phenomensclogical
combuation theory which described the progress of a deflagration wave front through
a quiescent combustible geas was known as larinar flame theory. At the tims when
the present reszesrch began, the one~dimensional laminar flame equations had already
bsen investigated by msny authors, Approxinmate analytic solutions and solutions
by numerical integration for particular parametric valucs were known, Apparently,
howevar, little attention had been paid to the prodlem of a laminer flame in a
reactant gas which had been formed by decomposition of a condensed phase. The
overall steady rate of such a system (1.e., the rate of flow of mass per unit ares)
would be influenced both by the laminar flame & in the gas and by the linear
rate of decomposition of the condensed phase, For steady burning, both the flame
speed and the condensed phass decomposition rate are constrained to give the same
overall rate of mass flow, and this overall rate, expressed as a linear velocity,

is the burning rate.
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Much of the mathematical research which has been slready completed under
this contract has been involved with the one-dimensionsl laminar flame problem
for a wonopropellant (5), (11).# In these papers there is given for the first
time, s0 far ae the authors can determine, & mathematically rigorous proof of
the existence and uniqueness of solutions to a general formulation of the lamiw
nar flame monopropellant problem, The basic mathematical function which is used
in calculations of the burning rate-pressure relation is called the laminar flame
eigenvalue, This eigenvalue,which,in our formmlation,ls a positive number, is
determined as part of the methematical solution. In one part, of our work, wé have
given a procedure o compute rigorgus upper a#nd lower bounds for the aminar
flame eigenvalue, In certain applications (e.g. (6)),it has been shown that these
bounds are often so close together that either bound is an adequate means for
calculaticns of burning rates.  FPor refined calculations, there has also been
given, (5), an algorithm for calculating a strictly monotone, convergent sequence
of successive approximations which allewws the laminaxr flame eigenvalue, as well
as the solutions for temperature and mase fractions, to be obtained numerically
to within any prescribed degree of accuracy. These calculations invelve on
the evaluation of definite, nonsingular integrals,. :

The monopropellant theory just mentioned contains,as a speclal case, the
leminar flame theory which is discussed in Pennerts book, In particular, the
bounds on the laminar flame eigenvalue exhibit singular behavior when the heat
trensferred back to the "cold boundary”,or "flame holder”,tends toward 2ro.
The precise mathematical nature of this difficulty had never been explained,

vhough its physical significsnce was apparently well understood by the leading
theoreticisns, In (11),a rigorous investigation of this problem has been made.
It ia shown in (11) that when a solution exists to the mathematical problem for
strictly zero hsat transfer. the sclution will be non~unique. That is, there
will be for this problem 2 continuum of elgenvalues, and the largest eigenvalue
in this continuum is the limit, as the heat transfer tends to zero, of the eigen-
value which is wniquely determined for each positive value of heat transch

Tre nathematical nature of the momepropellant probtlem being therefore well
understood, aud relatively simple methods having been discovered to compute the
soluticns for this problem (relative simplicity being important because of the
laborous natiure of the calculations needed to determine empirical values for the
unloown gas-phase chemical reaction-rate parameters), it was felt desirable to test
the predictions of this theory against data from a suitadble experiment. Data from
experiments on the burning of strands of pure pressed ammonium perchlorate became
available at the time the mathenmstical investigation was undertaken, These
experiments show that a steady burning could not be obtained if the pressure was
below about 20 stmospheres. Spalding had shown in 1957 ((6), Ref. 8) that the .
introduction of non-adiabstic effects into laminsr flame theory could result in
the production of low-pregssure deflagration limits. In order to obtain a complete
agreenent with the expsriments in ammonium pexchlorate deflagration, and to assure
ourselvas and others that this mathematical model was sufficient to describe the

# Numbers in ( ) refer to corresponding items in the reference list at the end
of this report. : ‘



AP 19(638)-412
Final Report ol

burning of ammonium perchlorate under a variety of conditions that it would en= .
counter in a composite solid propellant, the laminar flame monopropellant theory ‘
was investigated for noneadiabatic conditions, Experimental as well as theoretical
calculations indicated that, for the ammonium perchlorate experiments, the princi-
pal mode of energy loss was radiant. The energy emission from the equilibrated
reaction products was examined in detail (3), and its effect on the combustiom

was compared (2) with the effect of radiant energy emission from the hot solid
surface. The latter effect was found to be very much more important, A4 mathe-
matical proof of the existence of deflagration limits for the monopropellant

problem assuming & surface rate law, and assuming non-adiabatic effects arising

from the solid phase only, was also given in (),

Agreemsnt of the theory in (5) with the ammonium perchloraie experiments (6)
was satisfactory in some respectg but not in others., There was poor quantitative
agreement with the magnitude of the low pressure deflagration limit and with the
burning rate in experiments in which steady deflagration was maintained at low pres-
sures by the addition of radiant energy from an external source, In particular,
the predicted surface tempersture at one atmosphere seemed too high, Now, as has
been mentioned above, the burning rate for a monopropellant is determined by an equali-~
ty between the laminar flame speed ant the rate of decomposition of the condensed
phase, Thz theoretical besis for determining the condensed phase decomposition was
consideratly weaker then that for determining the laminar flame speed., We will refer
to the relations determining the rate of condensed-phase decomposition as the "surface
condition,” msking the assumption that the decomposition occurs in so narrow a
sone that it may be regarded for analyticsl purpcees as & mathematical plane at
a definite surface tempersture, The surface condition used in (6) was a surface
pyrolysis law, using data approximately as found from hot-plate pyrolysis experi-
ments which had been reported in the literature by other experimenters, Our concern
wes on the applicabllity of this data to combustion proccases. The pyrolysis law
states that the burning rate is & uniquely defined function of surface temperature,
and that it doezs not depend explicitly upon total pressure, reactant partial
pressura, or rate of heat transfer to the surface, The surface condition is then
said to be ratescontrolled, If, on the other hand, there were also possidle,
undar ccriain conditions, an equilibrium at the interface between the condensed
phase end geseous phase of the rcactant, and if this was the case as opposed to the
rats process, the effect on burning rate would be considerable, Investigations
related to this problem were included in the analysis of an idealiz2d hot plate
linsar pyrolysis experiment (7)., and it was shown that the resulta of hot-plate
pyrolysis experiments could not be unequivocelly interpreted for application to
combustion processes, :

The interest that has been shown in this contraci research towards application
to amcnivm perchlorate did not arise only from a desire to test the applica=-
bility of the assumptions made in the laminar flame moropropellant model, A
central purpose of the contract research was to describe the burning of composite
propellants, A slose funoctional relationship between the monopropellant behavior
of pure aymoniwa perchlorate and the burning rate-pressure for composite propellants
using smmonium perchlorate as oxidizer have been demonstrated experimentally by a
number of investigators. It seemcd then easential thet, in order tn obtain a
useful description of composite propellant burning, this monopropellant behavior
of the oxidizer be included in a mathematicadl model. Conventional composite solid
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propallants ars composed of fine particles of ammonium perchlorate together with
wotallic additions all held together in a plastic or rubbery binder which serves

as fuel, A rigorous model for tiis arrangement of fuel and oxidiser would encounter
mthematical complexity out of proportion to the other uncertainties which already
exist in the theory., In the research dons under this contract on composite propel-
lant burning, ths madel of the composite propellant which has been assumed is an
idealiszed "sandwich" composits, composed of alternating slabs-of fuel and oxidixer,
the slab thickness being of the same order (20-200 microns) as the diameters of

the oxidizer particles in actual propellants, This array is assumed to burn at

a steady rate in a two-dimensional picture in which gaseous jets of decompossd -
solid fuel and oxidiser are issued side by sids from the regressing surface,

mdxing by molecular diffusion in the gas phase, and supporting the steady

by heat released in the chemical resction betwsen them. A rather simple sclution
to this problem was obtained in (L) under the principal additional assumption that
the problem was diffusion-contrelled, To obtain numerical values of burning rates
from this solution, the gurlace condition for fuel and oxidiser was assumed to be
described by pyrolysis laws, The sandwich burner theory was extended in (9) to
account for initial non-stoichliometric compositions of the condensed phase,

Although the diffusion-control assumption made into the analysis precluded a discus-
sion of the presaure~burning rate relation, it was possible, however, to compare the
predicted relation between Murning rate and stoichiometry with the results of ex-
periments dune at high pressures. These resulis are described in (9), and the
agresment was reasonable, '

Since there vas success in formulating and solving a complete mathematical
theory for the steady burning of the monopropellasnt, attention was devoted during
the lagt year of the contract research to unsteady problems in the same geometry,
Examples of the unsteady problems investigated are: 1., the behavior of burning
under harmonic vsriation of the total pressure at infinity; and, 2, the time history
during ignition of a monopropellant from a radiant source, There was completed
and published only one investigation on the first problem (10); this was a relatively
straight forvard sanzlysis of the extension of our steady model,

¥We have slsc attempted to look at geometries for steady monopropellant burning
other than th® one~dimensionsl linear. There is a partially completed investi-
gation of the mathematical properties in the spherical geometry., While some of
our resultas are new, the thecry is not nearly so neat and complete as was the
case for the linear geomstry, and some questions of existence and uniqueness of
solutions still remein unansvwered at the conclusion of the period of contract
resesrch.

Other research in which work has been done without reaching the point of a
publishable paper is noted briefly. As concerns the ateady linear monopropellant
model, we have investigated the relaxation of the Lewis nurber unity assumption,
and also the analysis of deflagration limits in the case of important energy loss
from the gas phase, Neither of these investigations have reached a significant
and publishable conclusion, There are on hand also improvements in the sandwich
wodel which account for finite gas~-phase reaction rates. Since the predictionm of
this model as applied to sammonium perchlorate depends strongly on the surface
condition used for armonium perchlorate, and since the surface condition is still
being investigated,as is discussed in the following section, further salculations
with the sandwich, beyond those given in (9), were not carried out during the
period of contract ressarch,
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3. CONCLUDING OBSERVATIONS

Progress in the application of phenomenolegical combustion theory to the
construction of useful theories of solid propellant burning has been reviewed
in Chapter | of the recent toek Chemical Rocket %M and Combustion
M w 3. 3. P‘m (w 2 0, . “um
optizlsn expressed in this book is shared by the present writer. Optinism is
deserved becauss, through continued development of mathematical and physical
models, and with fundamental experimental data becoming available, this theory does
show prorise of being useful, The overtone of caution is also necessary, for it
would appear that a good deal of hard work remeins in order to demonstrate that
a theory which would predict the pressure-burning rate curve, beyond merely
ocurve=fitting throuzh adjustable parameters, has been established even for ons

propellant composition, The necessary information appears to be coming to hand
for ammonium perchlorate,

We believe that a reasonably complete theory for the burning of amsonium
perchlorate as a monopropellant can be developed. We are now im process of
completing calculations for a paper which will also discuss the theoretical basis
for applying the Knudsen-Langmuir equation as a general surface condition for the
burning of & monopropellant. Experimental dats on the equilibtrium vapor pressure
of amonium perchlorate was recently reported by S, Inami, W, A, Rosser and H, Wise,
in a preliminery report from the Stanford Research Institute, 7This, together with
surface temperature data recently reported by J. Powling end W, A, W, Smith
(B.R.D.E. 10/K/62), provide an important part of the needed data for applicstiom
of this gensral surface condition to ammonium perchlorate deflagration.

If the essential mochanisms controlling the dsflagration of amsonium perchlorate
can be identified and combined into a workeble theory, then, as we see it, a
number of benefits will follow., Firstly, there will be increased confidence that,
in spite of the drastic simplifications made, phenomenological coxbustion theory
is useful, Secondly, there will be a basis for advancing work on the mathematical
description of the burning of composite solid propellants using ammonium perchlcrate
as oxidiser. A useful tool for investigating this problem, both theoretically and
experimentally, is the "zandwich® composite solid propellsnt which we have pro-
posed, Attempts to construct an experimental sandwich propellant were described
by C. Co Ciepluch and L. A, Povinelli of the NASA Lewis Research Center, at the
Fifth AFOSR Contractor's Meeiing on Combustion of Solid Propellants, March §, 1963,
The slab thicknesses in these experiments woere too large to achieve steady deflagrae
tion through diffusion, but the direction of tho experiments is encouraging.
Thirdly, there are new, high-energy oxidigers which are now in the process of costly
and time-consuming development. It appears quitc reasonable to expect that a guide
to a fruitful method of investigating the behavior of these new compounds would
be found if the procedures used successfully ia the investigation of ammonium
perchlorats ware followed,



P LS(C28)-1a2
Final Report o=

Lho ACKNOWLEDGEMENTS.

This seems to be an sppropriats place to express our appreciation that
ws received something more than financial support from the Air Porce Office of
Scientific Research for this contract work, The yearly AFOSR Contractor's
Meeting on Combustion of Solid Propellants have provided us with a unique and
invaluable cppertunity to exchange information and idess with other contractors
on the basis of personal contact, We have also received sound advice and en-
coursgenent from the techrical supervision in the Propulsion Division of the
Alxr Force Office of Scientific Research, In this regard, I conclude this Finmal
Report with a particular expreseion of my thanks to Dr, Joseph F., Masi, Dr, Milton
M, Slawsky, and Col. Paul G, Atkinson, USAF, each of whom have, at various periods,
been cognizant of this work,



Wo Kachbar
References 15 March 1963

TITLLS OF YECHNICAL NOTES AND PAPE:S WRITTEN UNDER
CONTRACT AF L49(638)=112, SPONSORED BY AIR FOR''E OFFICE OF SCIKNTIFIC RESKARCH.

(1} a. Llockheed Missiles and Space Division, On the Assumption Under%igg Droplet
Vaporisation and Combustion 7heoriss, by F. A, Williams, D~2388096, AFOSR
=8, Sunnyvale, Callf., Nov 1959

bo Fa A, Williams, "On the Aseumpiion Underlying Croplet Vaporization and
Combugtion Theories," J. Chem, Physicg, Vol 33, No 1, ppe 133-lik, July 1960

(2) Xockheed Missiles end Spsce Division, Low Pressure Deflagration Limits in
the Steady Deflagration of Armonium Perchlorate Pellots, by W. Nachbar,
TS SBYI5E, 59-1073, Sunnyvale, Callf,, Sep 4759

(3) a. Lockheed Miesilss and Space Division, fg__q:_l_ant Inergy Emission from the
Equilibrated Reaction Products of a Pure Ammonium Perchiorste Peilet, by

B, Oife and S. S. Penner, W U=2808187, AFOSH 1N 59~109k, dunnyvale, Calif.,
Sep 1959

b, lockheed Misaziles ard Spece Division, Addendum to LMSD-288163, by
S, S. Penner, LISD~288169A, Sunnyvale, Calif., ¥arc 0

c. D, O0lfe and 3, S, Penner, Raciont Energy Emission from the Equiliprated
Besction Products of a Pure Awmonium rerchlora.. Pellei,® Eighth Intcrnational
Sveposium on Combustion, Baliimore, Mi., Williams gnd Wil Coay 2902,

PPRe 293203 .

(L) ¥. Hachhay, "& Thecretical Study of the Jurning of a Solid Propellant
dandwich,” PROCRESS IN ASTRCYAUTICS AND RCCKETIRY, Vel 1, Z0)id Propellant Rocket
Besesreh, ed, by Mertin Supmszfizle, B, 1, Academic Preas, 1960, pp. 207=226

SS) &. Lockneed Missiles ard Spsce Diviaion, Laminar Flame Theory and the Stea
Jtneex Burning of a Monopropeilant, by ¥. E. Johnzon ard W, Nachtar, Eeport, 1-3,
Smnyvale, Calif,, Hacch 1952

bo W. L. Johizor. and W. Nachbar, "Lamsuar Zlame Theory and the Steady Lincsr
i;ggmg ef a Fonopropeliant,” Avchive For Rational Mechanics end Antlysis. in press,

(6) ®. ILockheed Missiles snd Space Division, Daflsgcation Limits i;; the Steady
Linear Burn'ng of & Monopropellant with licatien to Ammordum Perchlovate,

by W, E, Johnson and W, ilachbar, LMS fﬂ?ﬁﬁﬁ, IFGYT TN 60-700, Sunnyviia, Calif.
August 1950 ' '

ba h:. En' Johnson end ¥, Nachbar, "Deflagration Iimits in the Steudy Linear
Bm:ningt:u z:l ragnopropellen’c. with Application tc Ammonium Percilorate,” Eighth

ternational Symposivm on Gowbustion, Baltimore, Md., Williawms and Wi1ra Co.

1582, Bp, 8754805 P g




TITLES OF TECHNICAL NOTFS CONT'D w9 15 March 1963

(7) a. Lockheed Missiles and Space Division, On the Analysis of Linear %am
mnt.’ by F. Ao Wmim, R.port 3-6h-61. 9 w&le’ [ ¥ 3.
%une I%l

‘ b. W. Nachbar and F. A, Williams, "On the Analysis of Linear Pyrolysis
Experiments,” Ninth (International) Symposium on Combustion, 1962 (in press)

(8) D. B, Spalding, "The Theory of Melting Ablation, with Vaporizationm,
Gas-Phase Chemical Reaction, Surface lysis, and Transient kffects,"

The Aeronautical Quarterly, Vol XII, September 1961

(?) W, Nachbar and G. B. Cline, Jr., "The Effccts of Particle Size and Nonstoichio-

metric Composition on the Burning Rates of Composite Solid Prepellants,” Proceedings

C('in the Fifth AGARD Combustion and Propulsion Colloquiup, Braunschweig, Germany, I%!
press)}

(10) F. A. Williams, "On the Response of a Burning Solid to Small-Amplitude Pressure
Oscillations," J. of Applied Physies, Vol 33, No 11, November 1962, pp. 3153-3166

(11) w. E. Johmson, "On a Pirst-Order Boundary Value Problem from Laminar Flame
Theory,* Archive for Rational Mechanics and Analysis. In Press, 1963.




