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SUMMARY OF RESULTS

The objective of this research prcject has been to con-
duct analytical investigations of nonlinear systems in the arecas of
automatic control and mechanics. We have been principally concerned
with the study of ordinary differentlal equations of the piecewise-
linear type (such as govern relay or "on-off" control systems) in the
presence of time-dependent excitations or input signals. A second

phase of the work has been a study of a class of nonlinear wave equatiocns.

" Plecewigse-Linear Systems: This work has proceeded in several
directions. The equation ‘

a%x/de? + x + z/|xl = £(t) - (L)

where £(t) is a periodic function of t, has been of particular inter-
est. It has been studied first in [1] *, with £(t) = A sinwt (A and
wWeconstants). Periodic solutions of harmonic and gubharmonic types
(having pexricds 2T/ and 2 Wwa/w , respectively) are derived in exact
‘form, when W »1 . The results are extended, in [2] , to the cases
‘W4 1; here also the existence of other types of periodic response
(ultrsgharwonic and ultra-subharmonic) are investigated.

The stability of the periodic solutions established in (1]
has also been studied. By use of theorems due to Alzerman and
Gantmacher those solutions which on heuristic grounds appear to be
unstable, have indeed been proved to be unstable. While this (varia-
tional) approach yields no conclusion concerning the apparently stable
soluticns, which fell into the so-called "critical" case, the latter
have at last been proved to be stable, by applying a new result by
Moser on Hamiltondan systems. These stability results are presently
being written up; they comprise Mr, Guetavson 8 doctoral dissertation

ol

Equation (1) is again.considered in [4] , where now £(t) is
an arbitrary continuous periodic function cf t. Periodic responses of
harmonic and subhermonic type are obtained in exact form. In addition
it is shown that for certain classes of periodic inputs various super-
position properties hold. O0f course, this is not to be expected in a

* .
Numbers in brackets refer to list of "Reports" below.



nonlinear system -~ and indeed it is not possible with continuous
nonlinearities. Thus, plecewise-linear systems may display both
nonlinear features (subharmonic oscillations) and linear features
(superposition). An auxiliary theorem, on phase relations in a
forced harmonic oscillator, is proved in [5] Finally, the super-
position principle established in [4] is extended in (6] ; it is
shovm to apply to any system of piecewise~linear differential equa-
tions of the relay type with periodic inputs.

Nonlinear Mechanics: This phase of the iaroject has been
concerned with wave propagation in media characterized by wave equa-
tions of the form '

Upp = Uy = f'(u’.“x,“c)‘ o (2)

$ome general properties of wave solutions of ’(2), for certain classes
of functions £(u,uy u ), have been developed in [7] .

DOCTORAL CANDIDATE
Mr. Fred Gustx\ivson,\ whose r‘ésearch ‘was for several years
supported by the subject contract and grant, is now having his doctoral
dissertation (see [3] of "Reports") typed up in final form. He is
expected to receive his degree in June, 1963.
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