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1. Planned Inve ation

According to the contract the following atudiee on
clustering of gelaxies have been planned:
1. The existoass and svolution of superclusters should be proved.
Therefore statistical methods must e applied to the existing
cetalogue of clusters. The theoretical foundation has been de-
veloped by Dr. Just. His results are given in the appendix of this
reyport.
2. The richness-distribution of clusitiers of galaxies should be
the subject of the second part of the investigations. Eapecially
tiie influence of systematic and random errors on the richrness-

distribution should be studied.
11, Results

In the following we give the rasults and the state of the
investigstions ap to 31 August 1962,

1. Spatial Distribution of Clusters

s @ wwlam & w e Ol ae e > @ an = e as

After the theoretical foundation of the method of deriving
quasli—-correlations it was our aim o gev nunerical values for
these quasli~correlsticns., It was clear that the nureriecal
investi_ations could only be fone Ly usiar hiz Aiglial cowpil sua
Therefore the needed datas {ABLLL-nunber, magnitude, place and
ricpneee) of the clusters hus been transfered from ABNLL's
ublication on IBM--cards and on paper tapes. For the electronic
compue~ “TEKENS S 2002 a program has been prepared, which
allowg us to derive the enpirical qnaei-correlations from the
catalogus. in its last form this prozram needs about 9 hours

Tor one set of the parameters., Because of the low use of in- and

output units 1t is quelified for working at night. The program
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was in action at the S 2002 - conputers in Berlin and

Heidelberg. But p to day no certain interpretation of'tho
result can dbe givon, These results, however, are at Dr, JUST's
disposal for his continued studies on the same topioc in the
United States, |

b._md o, Thgorepigal guasi-gorrelutioug sogozding o _NEVIAR's
valugs_in order o_derive the hemporal_evolutign of the
superclugters. '

To solve the problems of existence and evolution of super=
clusters, 1t is‘necessary to compare the empiricsl and theoreti-
cal results f r the quasi-correlations. This waé the task of a
second program. It was constructed in such a manner, thét it coul
use the results of the first program (item 1a) directly. “he
second program exists in a proved and workable form. But because
1t depends on the results of the first problem, which do not
exiat in an adequate sige, we were not able to get practical
results with the second program. Therefore no solution of the
problers of the existznce and evolution of supqr—olusters couléd

te civen,

2. _Richness Distribution of Clusters

ABELL'e catnlogue was examined iq detail accosding to sifect
of systematic errors. The resulis T2 *hc investigzation has been
condensed in our Technical Note No.1 (K.Just und R.'.iilen: “Remerk
on the valldity of a test for evolution"), The treat.:ent of tﬁe
problem has been continued at the 8 2002, The resﬁlt was a progra

whish nekes it possible to modify ABFII.'s catalotue 1%t a ratler
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goneral kind and to punch it in that form on paper tapes for
subsequent use within the programs of supercluster research.

b._Further_rgseerch on_the_richness distribufignj sepecislly
appliostion of more imyolved siatistics._ |

For the derivation of the richness-disiribution of clusters of
galaxies and for the appliocation of etatistiocal methods on that
problem we have prepared some programs for the 8 2002, But their
enforcemgnt has been deferred because of a suggested deficiency of

the underlying mathematios and because of their high computing tines
e 0. a To

Beside the research on supercluctcrs and on the richness
distribution we have started and partly finished some othsr
investigations about clusters of galaxies:

8. Regearch_on cluster modells in_ogsmology,

The investigation of this problem has led to the roliowing
rudlication: K.Just and K.Kraus: "Spherically Syrmetrie Models
in Relativistic and Newtonism Cosmology". This paper has been
published with the additional note "Supported by the U S Air force
2fflee of Seiontifio Tcoesreh™ and has deen already submitted to this
office. 4
b._Dengity distribution in olusters of galaxies. ,

The problem of computing the density distribution in clusters

has been diequoséd in the preprint: K. Junst and R. Wielen: -
"On Flattened Clueters of Gelaxies”, A program has heen completed,
which nakes it possible to derive the spatial distribution from the
observed projected density. The results w.re.not of the suggested
quality bdaczuse the fur®a-ental observations (Catalogue of SHAY™

and Yirtanen) show counting rericns of a to9 ext=udad «ige Pop
this problen.
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1, Technical Difficulties.
All investigations could be done only by using big electr..-

nic computers. In the beginning we had hoped to get sufficient
access to the SIEMENS 2002 in Berlin. But this aim was not
attained, although we have made all possible exertions. At the

5 2002 we disposed of three hours weekly, on the average, for

. the research on clustering of galaxies. This time was much too
short for our purpose, Therefore in most cases we could only

prove but not performe the program at the machine. ‘e have tried
to carry out our computation at machines of the same tym at other
computl :; centers (Heidelberg, Tiibingen), but those actions were

of nearly no success.

2, Personal difficulties. ,
The nost important reason for the lack of .a conclusion of the

regazreh 19 the faet that Dr. Just as the »rincipal inveetigzator
has_left Berlin in July 1961, He became assistant professor at the
University of Arizona. Thus a planned division for physics of
ntallar systong eould not be etablished in our institute.
Two of the three participating investigatore left Berlin too.
Therefore it is impossible for our institute to continue the researech

on clusterins of galaxies.

IV. Continuetion of the Investigations

Dr. Just continuos the investigations on clustering of
galaxies in the United States., For that purpose he can dispose of
all results, which hove heen derived during the research on the same

topice in Terlin.



Appendix

Institut fiir Theoretische Physik
der Preien Univereitit Berlin

culayr Counting Zonees in the

ir _
Cluster S4tat4istices oFf HZEYMANand S3COTH1

by

Kurt 75T



-] -

RESEARCH ON CLUSTRING OF GALAXIES

Abstrsot:

' Existence, structure and evolution of superoclusters of gelaxies

have been investigated dy using ABELL's catalogue of rich olusters

of galaxies. The effect of systematical errors in this oatalogue

has also been studied. Becausv of technical and personal diffioculties
the zreater part of the planned investigatidna could not been carried
out. However, the studies are continued by Dr. Just at the University

of Arizona. '

1. 1 ductio O ok

Those parts of the elaborate thieory of NXYMAN, SCOTT, and SHANE,
which are :.o08t. important for our purpose, were surmarized best in
their paper "Statistios of Images o;'Galaxiee cecsessssces’ (1956), tc
which we shall refer by ( S ) . Originally that theory (NEYMAN,
SCOPT 1952) was intended to derive from counts of eingle galaxies
their tendency to concentrate in clusters. In this manner one could
“var lwvestizate those gmall clusters of galaxies, which are not
discernsbhle individually. For fhe observer they only form a rather
fluctuating bvackzround, célied the "general field"; but even thiﬁ
was found in accordance with the assunption, that any galéxy belongs
to a cluster. * '

‘Although their general theory allows to treat thg counting
of galaxies in arhitrary areas of the sky, NEYHAN and SCOTT
(1952, 1959) have applied it only to counte in a pet of squares
(SHANE, “IRTANEK 1954), since no others are available. But ~‘hen
trying to evaluate amuitaneously the ocounts in 4% x 4°
and 10'x 40' equares, they fourd a disorepanoy ( S, Pigure 3 )
whichvaeeha to réquire the assunption that the clustors thenselves

are olustered ( S, Figures 5, 6 ).



The existence of W suggested in this way was
further confirmed by ABELL (1958), whose catalog contains the
positions of all rjch clusters of galaxies, whioh are olearly
discernable individually. Discussing them under the hypothesis
that their random distribution is a homosen;ouo one, he could
rejeot that hypothesis with an overvhelming reliability (ABELL 1958),
(rable 12). Then he repeated his test with counting areas of various
sige ana sopa.rately for early and late clusters, in order to
estimate the apparent sisze of those aggregates. The result was
(ABELL 1958, Tablee 13 to 15 ), that the angular diameter
characterizing the phenomenon of superclustering is inversely
proportional to the redshift 3 °

Thus the absolute siges of the super-clusters would bde the
same at all epochs, showing a W of about
410! parsec, ‘I‘his 2lso follows from the "index of olumpiness“
as defined for galaxies by ZWICKY (1953) or by NEYMAN, SCOTT, SHANR
(1954), and calculated by ABELL (1958, Tables 17,18 ) for the
clueters of his cathlog_. It rejects completely the opinion of
ZWICKY (1959), that the observed tendenocy of superolustering is
nothing but an effeoct of intergalactic gobsguration, although
nobody denies that such an obscuration might also have some
influence. |

Sinoce, however, the siugle cluanter: show a w
(Juse 1959). one might suspect that also their agiregaten are not
in a oompletely steady state., But the mentioned mothode of ARTLY
will nct to ouflble to sstiists morc thar ide eosfficlunt C of
the oxpé,ne:lon

ardTte..,
T-G-C("’rq-"' + )‘)‘ (1)

where @ shall be the charscteristio length of supercluctering



and T the distance from us, measured dy the time of light
truvel. If one nmay get further at all, the best method known
will be that of serial guasi-gorrelations developed by NEYHAN
and SCOTT (1952); therefore we shall modify this method for

our purpose.

O0f course one can never estimate in (1) the coefficient d ,
since a sufficiently complete survey of indidually discernable
clusteras will be rather limited in depth of space. But already

g~ would answer the important question, to what extent the

superclusters are partisip a-tirgg in the cosmic expansion. If
thelr average eize would be constant with respect to our loocal

(atomic) measures, we shall ﬁave ¥ =% , while its constanoy
with respect to the expanding universe would mean jy =-4
This statement; which holds under rather zeneral assunptions of
cosmology, wi}l be proved 1in another paper, where salso the

actual estindte of b from A‘B’QLL’S catalog will bve ziven.
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2. Mundamental Assumption , . . . ;

e

In analogy to those of NEYVMAN, SCOTT, and SHANE (S) our

hagic assumptions ahall he:

i, chh cluster belongs to a super-cluster,; which h'owever shall
At be oreroaotorised by ‘th.'e uriobgervable total nunher 6.t‘
its menbers. but by its "richnegs" N ,defined cs the number
of thoee ~‘usters. which themselves have a richness n 2 50
(A:ppenrs‘ix P)a .

2, The richress A of a sup,er-clust'er is_ o rondom variable

having the tine-dependent frequency distribution

N4 !

.‘.?L"(:‘I."‘_?:’ ) 4 Gl , f: (Ip(m't} = (2)

which is obtainable from a probability generating function

G, (51T) & E[V = LY@ (3)

(vy E{} we denote an exp ctation value).

3, Given the center of a super-cluster by its celestial
coordinates P ./ | and the epoch ¥ = o KT

of light-enigssion, the probability density of its members

at (A, A shall be

-

. ‘ ) . \«‘2,. Q7. ) .
,’.‘” ‘,/J)))L, B; A:L ) b carsi, e li (\A‘/” ) (4)

where t}{eA ﬁ"“eih‘g‘tildr distance" 9 is 2 certein combination

*he four celestial coordinates (Appendix 2):
4 9 = 4 ~sinPsinB ~ bos{stos'B cos (A-A). B (5)
The pareneter & ghall arbitrarily depend on the epoch t 3

& = &) . . with ;fq, pomt, 5 (8)



L 0 | R M O § e

>
>

5o

6,

-5- DN

where t, denotes our epoch, and A the reciprocal RUBBLE

parameter:
R A 107 years . : (1)
The random distribution of the guper-glusters in epace shall

be strictly homogeneous, such that we neglect the possibility
of third order clustering (Appendix 3),

Thanks to our convention to consider as members of a super-
cluster only the clusters with righness —. 250 |

(Appendix 1), we may assume that 1in the regions selected by

ABELL (1958, § II b) nearly all those objects are really
observed. This yields O =4 for the probability of "visidbility"
instead of the expression (15) of (S). Therefore we may replace

the formulae (23,24) of that paper by

P (3,4, %) 2 S F(p,A1B,A,T)casp dp dr (8)

for 4.-4,2., but P‘-o,

if we also agree to consider only disjoint regions o, ,
w, of observation. Since F is already a "projccted" density

(Appendix 2), <2, and <w, are no sp. tial regions, dbut areas
on the celestial sphere. L

The joint probability P Gy, mlw, , @)

to observe exactly 3, oclusters in the area w, and v,

in w, shall follow from a generating funotion

Gow, @&, o8 te, ) - €Y} = 2 B RE P(v.,v.lu..«o

which is given by (22) of (8):
In Gy, v (1,,8,) = const: [3,, cos BdB dA avie),

Y= 1-Gy (4+(g 4)p.+C§; 4)?:"')

(10)
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3. Remarks on soue risti-ionvtions

0f course the two functions Gy (§ir) aud f(sfe)
needed to apécify the ziockagtie model cannot be ‘dotermined

f2om the observations in deteil., 2 can only hope to estimate

Jery i:w -abitracy paramevers {avtaally only two) ol a

plausints. aesumdtion, Now it'would be Jifficult o find éuch .

an asswistion fav {3, s fﬁrtﬁnately'we skall only necd the

lowaot gongnta:

e M 5 {1] = Gy (iE) = 4, o
Sy WOEIND =@y (A1) ) (12)

a,. 2 [}
o, ECINNT =G (i),
and alzo these only in IaScamcliate: selcevlations.

For {ey =L (9/e) vie 1nay eseume with ¥LYHAK and
SCOTT (Appendix 2):
RS .

or perhaps ‘take accordiﬁg to UIDEN (19C7) the equilibrium
coufigurntion of a graviuating zas sphore with a polytropie
index "otycsn the addabatie snd the isothier .l oéan

ctiionzk e between these sxtremas ar~ so sirilar

(JUsY, JInL:N 1961). that we nay choxs s particular one

: »
by asligg for methematles’ gilpolinity. This 1-ade to tie

“only tase (p” SIRRSEDRL T ¢ ‘adere uiEG's

equation nes 31,256113£§ soluiion, and which yielda

the orojectsd density (Appendix 2)t

4 2,"%
,; {Eé) wz const '(4 +“S v ) . . (14)

.

“)

T Mrmd A +he iatarra) {10) er+tendz ovar ‘ha "N la
selestia® nghers, but practicelly only the resious w. , W,y

anu their 1lmeaiats evrvoundings will contribuce: From (8)

and (4) with (13) ox (14} we zet & ~~—-»0 4 if the voint
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B,A moves far from &y - ., vhile (10) with the firet
1ine of (12) yioclds:

a—*1 —Gu(1it) =0 for py,pp=—0- (17)

In T the integral (10) shall extend over those epocis,

which are included in the sky survey oonsiderédo 'l.!qre‘ correct~

ly this ought to hold for that integration (Appendix 2), which
led to the projocted dencity (4), becouse we had to cum over
the observable pembgrs of the super-clusters, vhile the intezral
(10) over insir gontare should Inelule gll opochs, Mt ths
dependence of (4) and therefo.e(8) on T  will he weak, and T
itself cunnot be measured without much uncertainty. Hence both
procedure. are pcractically equivalent, while that adopted here

is easier than the rigorous one.
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4. The Nethod of Quasi-Ocrrelations

%o sonpare the theoretieal result (10) with the cbeer-
vations and ihws 40 estimate 4%s pareneter © , we use the
~ formulae (26, 27, 28) of (8). Ginos we have P =O  thenks
40 our use of disjoint regions w, , w. We.may vrite !.n our

notations - N
,V{ﬂﬁ{\h} - q-py RCA) , q = const, (69,
and -
Ga 8 E{ -TON-N] ' ‘n
- q(padintpa) - R (PP
with , : | ‘
R(p 4i [f-cuBdBdAdYVED )

where q 48 .3 ~gatial Scoity of oujureclurntorg, To
elininéte fron this oxpressions the hardly determinable
perameters My fe e0d q , we define ss in (29) of (S)
the W "quaai-oomlat:lon":

T ;u __6%_ - R(aﬁ) . ;. | (1§)
An gppirigal ccunterpert of this muy be ccloulated as
followss

1, Ve select a sequence of K >> 41 | gonsryent rerions
J3y ) the cornon shape of which 4s arbitrary, and which
are distribduted snyhov (systemzatioally cr at random) over
the field of the sky survey.

2. Denoting by &  the common sreu of thw rozions Jbx
that of the whole murvey by <% , and its itutel r:i.? » of
clusters by C , wo 3ot 88 empirical ocuxt-rye=t of the
sapsolation velue V),  dofiisd in (16)s
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> # N-w® wiih  R=C/R (20)

the last being the averaée number of clusters in a unit of -

_solid angle.

3.

4,

5o

7n'

Denoting by », the number of clusters observed in the

region Jdb, , we calculate as empirical counterpart of (44 :

V -4 —_ 2
S N (21)
Around each ﬁx we select a sequence of L congruent
L3
regions c\t , such that each of the MW-L pairs dby ,@x
is conpruent to every other of then.
Denoting by <o the common area of the regions oo; ’

we dafine in analogy to (20):

ﬁ§w~ﬁ . (22)

1t ,u.: is the number of clusters observed in the region

w: , the emperical counterpart of &, is

-4 _ K ‘ - . oo n
Sw = (KL o 049 3 (M- 2). (23)
with (20) to (23) we get as counterpart of (19) the
epriricel quasi-corrclation

E =S, (S,~-V 7 (24)
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5, Oounts in Oiroular Regions

If the commom shape of the regions b, 1s AIEesulsr.
we oan relate to each of them only one wi w wy ,
becsuse no other figure d3,, wh  with the msame Jiy
would be oongruent to the pair 'Jl,u Wy +If Ny 1sa
region allovd.ng C different congruent mappinge onto 1tself,
we have up to C oongruent pairs dly ,o% (Pigure 1).

The 'spaoia.l case of gqusres arranged in a~regu1u;
net (without gepe) iz the only one used up to nowj a very
sinilar Woat would be a net of goxanglep. These nets
have the weloono propcrﬁ. that each central counting region
Jl oan ulno serve as & w-  related to several other
By - Jut o a m part of the sphere such a "net" without
too much di.ltortion does not exisi. .

Therefore we camot use for our purpose any "not" at 011;
but this glves ue the freedom to ohoose gs a oentral regiom
db, the simplest posaible, namely %iat inside & girole. Thenm
any conplete' sequence o‘f,po‘ssible w: £411s thc whole zone
hetx'!c-en two oiroles; and the sinplest crrangesnent of tlhuvse
sotuully used is fha-b, which cover: a gone exactly once (Pigure 2
vigh the intermal borders)..

Pinally renoving the internal tou »iers we get the same
ploture, as 1 we wiuld have ccnsidered the cironler regiong
from the beginring., Thus our derivetion appears as a detour,
but we have g:l.von it in order to shcwi
1. why we ahall practiocally use the sones not with tho sanme

arsa as tre central rogions, but vith nearly the sanes extent
in raliel direction (H.guro 2),
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2. thet the ocounting in oiroular regions is quite naturel
and not too different from that in a net of squares.
But now we may consider the yhole some surrowniing
each central region dJb, as a aingle region
wh = wy (Pigure 2 yithout the internal
boundaries). Then (23) simplifies to

, " _ _
S, = WK g (g -")p-p2) | (25)
where the actual number Mx of clusters and its expectation
value A belong to the zone 6,% 6 <6,

around the  »-th central region §< 6, . ¥ith (21)
znd (25) the ompirical quasiecorrel.ticz (24) finally readss

E = E0F) (A © (26)
O -» -3 S ,



[ SR

-1 -

6. The Dependence on Parameters

Of course the quasi-correlation (26) and its theoretiocal
counterpart (19) depend on the angular distances ©, , 6, ) &
between the three bordering circlee and their common center
(Pizure 2)., These are the intrinsic parameters defining our
pairs of eirocular counting regions. They are constant within
the sume of (26), whieh range over allvpointa on tiue‘ sky
chosen as centers of those congruent figures. Thus the result

E will 2speud or 6,,6,,8 an clso on the depth of the sky

Gnvoy, defined by the liniting values wvn and ¥ of

ABELL’s measure '™ of distonce (Appendix 4):

E «E(6:,6,,8,;m ,). | (27)

0f ccurse E will alsoc depend on the chosen centers of the

counting resions; but we hope, that this dependence will de.

' unirnportint, if they are distributed with constant den; ity

(see § 8,1.) and their numbor W exceeds a reasonable value.

The theorstical expression (19) to be conmpared with (27)

must of course be caleculated with the same parameters 6,,6,,6,,

and the temporal lirmit T , T corrasponding to m, ™. :
T ¥ owvm) , T E e (W, (23)

Here ‘T (m)must be the inverse of the following function
(Appendix 4): o

&

M (T) = 54Tt +ra + bwror, .
“ (29)
@?24104 ¥ ‘6 ==l“")?/1 B ("5)5 !

Put T will also be a funcjlonal of tke funciion @ = & (%),

wiich was introduced in &) to measure the apparent sige of
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an average super-cluster at the epoch T . If we use for ¢
the first approximation in the sense of (1):

S (ry = clTey) (za),

then the dependonse of T on this is oxpressed by its
oonsgionts c and p» 3 thus we hova finallys:

-ruT (éo; 6,,6: ; T ):E ‘C ) r) . _ (31)

It muet be emphasized that ihe Clutance ©  from the
center E ~ of a ccunting rezion hes nothihg to do with the
distance & from the center C;  of the super-cluster:
Empiricelly the C; are oompletely unknown, while the B
are arbitrary. In the theory a gingle P will be made the
pole of the coordinate syciem, while we must average C over
the whole sphere. | .

7, The Numerical Problens

Taking as the pole P = 3 £ the coordinate system
the center © =0  of one palr of circular regions (Pigure 2),

we have these glven by
0% %—P(Ga and 045%'13(6& . 32)
The integration (8) with (4):

P‘.'(B’A,,q;) = const * 61‘-03[5 de(‘S/G) ' (33)

must now run over the firet of the regions (32) - a polar cap -
in order to yleld p, . and over ti:> seoond ons -~ e surrounding

latitude sone -~ to give R -
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At (8) we have excluded the possibdility of overlapping

‘ regions of counting, so we must reguire

0<6, £6,<60, . | (34)
But mathematically the two integrale p, and B will

follow by

P "f“‘olBP). P = £(6,1B,8) - {(6,18,5) (35)

from the same functions

2 : o
§(012,0) % const -s‘“j dy.].ﬂ'ne'déf('&b), (36)
where we have acoording to (5):

1-\93 - 4-cos0sinB ~sinBcsB cos ¥ . (37)

Comparing (35) with (33) we recognize that the dependonce
on @, and « is now expressed by &,6,,8: , while A has
Adipapnearsd, und T 15 oontained in & . The two cases of
(18), vhich are needed in (19), may therefore be written

Ripp) = [G(6.,8,6IS)dVen

| (2)
R@p) = JG (6,0, 8.ls0)dVer
with the intosrel |
4
G(e,,0,6I18) = cons't_-‘f d(cos®) X (39)

x f(0.18,0)[f (| Bo)~f(aIBS)] |
Finally inzerting the lirits in time mnd the assunption

(30) for the appnrent size of & super-clustor, we zet
zrom (19) with (38)s

T= R (6, T i' . (49)
R(6,0,8,;%,Tlic,p)



- 16 -

with the numerator ziven by

g : . ey f
R o= j G (-f')e; By, @ 0 o) «*V(f'\:) i (4‘1) N
x . '

znd the denominator folloving by an easy substitution.,
The resulf {40) actuslly depends on tlﬁe naramne ters

indicated in (31), among which the five © and ©  must

- be the same as in the enmpirical result (26) to (28). On the

other hand ‘the two unknows . .and y- must be the sanme

for all values of the ) and © . Thus ve shall estimate
them in a following paper by looking for the best fit of (40)
to (27) with many different choices of the independent para-

5, 8 0, UL
. meters (.),,36,,)025_(-.;1‘7 °

Unfortunately, in (36) with ( 3.7). only the intesration

cver W ecwi 13 performed explicitly. with (13) it yielde

by a well known definition of the BESSEL functions:

{(6”‘5 ,"(1) st 0 &8 _[ef;‘,.*' B*Q(Ll.).d f.u}se) 5 _ (42)’

0

with (14) we receive:

o L. -k . | '
{(O IBT) = const ¢ ulf &,(& -2") d(ms&)'} , (43)

where we have used in both cases the abhreviations:
h® %4 (4- simB cos8 ) ' .

and - (44)
2% ocosPenb :

with : 9

WH &t () ()t . )
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Saanesry

In spite of the similarity shown in § 5 we have

the following diversities between our arrangement and that

based on a net of squares:

14

2,

3.

Since & ayetemafio distribution of more than 24 points

on a sphere caxmoi be homogeneous, we rather prefer to
distribute the centers of our circular regions at random,
but wﬂ;h a constant probability density.

Since the regions, from which the mm;bers Ve and u,
are oounted; have arbitrary and independent areas, the
quasi-correlations (19) and (26) oan have any order of
magnitude, while those nfom pairs of the same area are
emaller than one. '

Besides the new freedom to choose the genterg of our
counting regions, the 1nﬂuende of which we hope to get
small enough, w_e'havq the welcome possibility to ‘vary the
3hroee parameters 6,6 ,6  independently. With a net of
squares one ocould only vary the distance of the two correspondi
fields (8, Pigures 1‘ and 2), perhaps also their area

(8, Pigure .3"); therefore the method was called that of
"serial® quaei-correlaﬁona,

Another difference between our method for guperglugstersg

and that for glusters is due to the observations available

here and there; and two further diversities are following

from these apd from our arrangement of counts:

4,

The parameter » to be estimated here besides

Cn m T S(%) concerns the yariatiop of 'c-en:)‘
in_times the second parsmeter w,-™M, there (5, Tadle I)
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deternined the "visibility" of tha objeots. But this

" eonoept is not necessary here (§ 2,5), while our hope to

_eetimate y by means of the additional freedom in the

terporal linite T and ® 1is due o the ‘fao'b thnt the
ohayervations v iloble hore (ARULL 1952) are olagsified in
depth ol Spevas

A counting in so many resions of elr-ulur chape, many of whioh
will even'overlap, ca.mot be aghieved without a compu i ing
rachine, ahd only frem a catalog of positions, Por the biZ
eclustere this fostunaitely dovs exiut {ARIID 1958 ), while for ‘;
sufficiently many galaxiep we only know a catalos ¢f counte o
in squares (SHANE, JIRTANLN 1954), |

With only few independent parameters the comparison of theogth'v
and observaéion could proceed gréphically (S, Pirure 1 to 3);
thanks to the many paremeters %2 b~ wariz? lonc o nwrideical

nethod will Y3 <y~ 7ol les
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Appendix 13 The richness of clysters

The richneae N of a cluster was ¢ efined by ABELL (1958,
§ II £ 3) as that number of ite galaxies, the gpperent
maznitudes v of which exceed that of the third brishtest
galaxy by less than twoa Denoting by v, the apparent magnitude

of the v-th brightest member of a cluater, we have thus

In order to nake the result rather independent of the area
of counting, ABELL also applies a "field subtrac "o

Thorefore ™M is defined more exactly by

nd - with m = ™Ta= My +2, - A (2)
where ' nuubzes the galaxies wlithin a certain cirele

. W
around the co.:ter of the cluster, and »

those in a
distent ficld «f the sarme arca,

The w defined in this way depcnds on the initial

" steepncess of the ;uminogizx function-in a cluster. As far as it

can be determined at all, it is thus a good measure for iis total

content. In contrast to the number of gll visible galaxies, which

1s preferred by Zwicky (1960), it is namely indepsniopt of the

distance from us, and of th§ various oonditions of the exposure.
In our presént context it is only important, that ABELL feels

sure to have catalozued (in certain fields of the sky an@ betwﬁan

certain limite of the distano; from usi almost all the cluateis

with richness m 2 50 ,

If this is correct, also our investigation of super-olusters

will be free from an observational bias, since we are basing

it only or that "homogeneous sample* of olusters (ABRLI, 1658,

§ III a). | | ‘
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with a polytropie oquation of stute (JUST,.WIEﬁEH 1961).,

Appepdix 2: The projected dénéity

‘ Alfhough the obaervable'appearaﬁee‘of the “super-clusters”
is that of irregular glouds rather than orgenized structures
(2ZV¥ICKY 1959), we shall for our present pufpoae consider then
ae spggggcalix sxgﬁetrig;‘Thie assunptibn is somewhat Juatified
by the fact that aleo a model with spherically symmetric clusters
of galaxies (SCOTT, SHANE, SVANSON 1954) yields such a oloudy
appearance, from which only the very largest ciustere are
discernable individually.,

Thue the bad immediate appéarance of the super~cluster.

is no argument againat a well defined organisation, although
this hypotheais ought to be tested in as many ways as posaible,
But if organized at all, the super-clusters might still deviato
from épherical synnetry, like the clusters themselves do

(JUST, WIELEN 1961). Hence also this symmetry is an additional

hypothesis, but without it the statistical theory of NEYMAN
and SGOTT would be too complicated.
Thus ‘we assume that the normaliged spatial distrihvtion
'g of the clusters forming & super-cluster depends only on their

distance ¥ from its center:

S <‘.'g) = constr g™ T‘- (¢/s) with. S = const, A (3)

Here Hx) is a function like

2 —g :
. ~% X : 2 A A (4
F(x) = e.i A or F(X') 3(4""&)(.,) (4)
the firet belng that used by NLYNAN and 3COTT, the ssound )
the only elementary function among thoee found by ENMDER (1907)

Joo the equilibriuw Jessity of u solf-gravitating gﬁa sphore



AtmddiarmmmthoamAaMcmm« ,
‘comaioc space, we have to caloulate from A(3) the w -

density ru) u\wuuy:

fr 8 fsma . wita ¢, ! -4, A (%)

Here 1 48 2 distance measured along the line or sight, ,
4 1ts snallest distance from the center of the supercluster. .
Vith A(3) to A(5) an easy caloulation yields

' fy =stfop with vy =tfs , A (6)
wllxlero fa‘) ies given by (13) or (14). Now denoting by n the

diatmq botwean the observer and the center _o:t the super-

cluster, by @ ite apparent radius, we have

4=n% and S =n-%, |
hence : ’ A (T)
¥ =96 .
 Here % 1is the angle between the lines of sight to the
cextor and to a partioular member of the super-cluster.
'It in any system of celosiial ooofdinatea these Ahave the '
latitudes >, B and the longitudes A ,/\ we have exactly

cosd =m s'm,b snD + c.osP cosB cos(A~A) . A (8)
which reduces to ('5) for a emall Y
Now %o account for the ourvziuye axd gxpapsjon of
cosnic space, we may still negleot the first withii each
b super-cluster, and the second during that time, in whioh the
1ight travals thira it. Therefore our derivulicns up to A(6)
remain valid, if we interpret ¥ ,%, { as those gonoving
. eooxrdinates, wvhloh are aqual to the eorrequndiag mnma
distances cZ fo-fcy. o
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The Penaining influence of axpansién'andieurvétnrpfic,4 ~?};{
that on our disganoa 7 fron jha super~olrcter. Thi; ﬁiil -
be observed exact;y bv giving €0 % the correct one smong
the meny different definitions of apatial distance in
cosmolbgy (distance by apparent size). The dependenop of
this n and of o ‘on time shall be discussed in a

followving paper, Here we are content with the result, that

by A(6) to A(B) the assertions (4,5) and (13,14) are

Justified with 4 zna s heving the well defined neuaning

of #n anguler distanve on the sky and the apparent radius
of =& auper—clusferﬂ '



W ?he hiemohy of oltutcring

Oompiling the average m d of various -
oolestia.l objects and their mean m D from another,
wo grl; very roughly our Table 1. Then comparing the loga-
rithns of the ratio D/q and of d itself, we get
the Figure 3, where the two lines are drawn under the -
assumption, that tﬁ& ratios Df4 from Table 1 (drawn .
as oircles) ere wrong by the factor 04 or 40 -

Cb jeots d , D
larger Plecnets | 5~4§" 4 - ‘ 10"
Planetary Systems 6-40™ 2
@Globular Clusters| 2 - 10% 3 . 10"
Large Galaxies 40°% 2 . 40°
Rioh Clusters a0t 3 a0
Super-Clusters : e 40‘ ' 4Q‘

Zable 11 The diameters d aend the mutual distances D
" of some objects, correct up to factors between
0,2 and £ , and given in the unit

A yoer 40‘8 oma




not only the insrinsie variations and the ohservational

. ZWIOKY ( 1960) By statistioal methods, however, their

.\7“ - "; 7 ;‘::7 :“
- “ «ip:

Such &n wnoercinty Bust ‘surely be adniveed, nee

errors are very large, dut also the detinition of an -
"eversze diameter" and & "mean diwtance” is rather srbditrary.
But even then our Figure 3 shows the clear tendenoy of. the

* ratio D/qa - %o become smaller for larger systems. If thio

tendenoy goes on, the pouibh clusters ot cupor-clultm
will overlap ooneiderably. ‘

Already the super-olusters are 80 dbadly discernecdble
Mdiﬁdually. that their mere existence is still now domad vy

existence oo\ﬂ‘a “be ‘gstablished beyond any doubt, ewpEOL&IYLy " " oxre
by the proof (ABELL 1958, § III e ) that their W .
are roughly the same at all distances from us. Of ocourse this .
might also be possible for the clusters of super-clusters,
1¢ surtioiently many observations would be availabtle. But
one may doubt, whether theee obqemt‘ions can ever be made.
The ‘present data sbout the individually discernable
clusters of galaxies (ABELL 1958) might surely be improved ... :
in detail, but their extemt in depth of space is nearly all,
whet can be achieved with existing instruments. For a "
preliminary study of the ouper-cluatars' they a/re Just

rd

~ suffiocient under low pretonuon; but ‘the W

are at least ten times as large in their linear di.nenaiona.

" henoe they would require & much deeper survey.

The actusl situation is still worse, hecouss with very
few exceptions tho mpep-&lnsters tannot be”rooocnim
individually. Therefors their tendency to form third order
‘olkatern‘ oannot be investigated by the method —t)puuut vy

»
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themselves. Instead one ought to look for u«m&« o |
between the observations and the etatistical nodel ueed here,
which might then be overcome by dropping our assumpticn of
a uniforn distribution of the super-clusters. |

Such & method would correspond to an attempt of -
investigating the super-glusters not by a catalog of olusters,

‘but from counts of M. Although prepared theoretically
by NFYMAN and SOOTT (8, § 11), 1t was not yet performed.

Besides its mathematiosl complexity and the diffioulty to
evaluate the counts from very large fields of the sky, it has
nore pu“anetera to be estimated than our method. .

_ Therefore an gmpirjcal study of third order olusters willi
be impossible at least for the next decades, aithoush their |

existence may well be expected theoretically (see also ULAM 1954,

) Besides this our discussion shows that the

. ooamologioaliy important hopogenity in véry large parts of the

universe is ocompatible with an hierarchy of clusters up to any
order. It only requires that the observed desor@uo of the ratio.
D/4 (P40 3) sooe oa from stop to step, suoh thut the '
olusters of higher urder will praoticaliy gyerlap completely.

Such an hierarchy must be well distinguished from a properly
"hierarchic model cf the universe" like that proposed by KLEIN
(1956i° This would of course break the trend of cur Pigure 33
but it oan never be rejected by the observations, if one always
assunes that the "gap" between "our" part of the universe and
the others begins beyond the rogion alresdy overlooked by

any means.




- 26 -

ARRSRQAX 4+ The time of light treval

In any ocase the relation betwaen the m

¥ ==A7L/A. and the apperent magnituds ™ of
some objeots with a uniform intrine:l.c J.uninoaity can bc

wr:ltten

'Y.Tlntsv-Qa +D+Bna+..,) | | ‘ A(Q)

~ where 81l further terms may be 'negleoitod in the case

3 < 0.2 conoerned here. Por ™ being the photored
meggitude of the tenth brightest galexy in & cluster,

ABSIT (1957) aseunes

 D=24.04 and B=2 . ' A (10)

On the other hard almost any cosmology aonnects the redshift
3} ‘as follows with the tino-depengient radiug R of the universe:

' R. 'R (te)

where t ic the gopmio time. This shall here be exprensed

es in (6) by its present value t, , the reciprocal
HUBBLE~-paraneter: '

Ah “4 R (t:) [R'(¢,) , o A (12)
and a measure T of the distange .from ust

bt mte~ k¥ . ' & (13)
Now the simplest of all the cosmological models, .
which 4o not qontradict the present obsmatioz}u. is that
of BINSTIN, De SITTXR (1932). There the metric is given by

-




C . mmmm—

- de* = R (de’ +4*diR?) ~dit*
with - : - ‘
R =th)?Y RGWY
vhere 4 1s a gomoving cvordinate and ddi'  desoribes

the unit sphere. Por A{12) with A(13) 1% y:'leldm

hf!‘t- ) hence ."Ek‘stt,-.}r . .
Therefore wé get from A(11):
Ca .
3 -(1-}7)’-—4 = Tl(1+sdTe §e +...),
and inserted in A(9) with A{1D) +uis proves (29), .
Por a yoluns clement dV  of the comcving space,

. and for the radial propaszati.n ght, we obtain from

A{14) ane 1(15):
dV = ;'.om.t atde
Jdel= R(e) dt - const-(‘l;i"),-‘ ldef
= const - (1474 -§t‘+.;.) Vel .
This gives integrated |

A = const:(T+ grteExte.l) .

"hence up to the ccoond order in ™ 3

atde = (40 *ﬁt')(dﬂz«b{t‘)d'é 3

such that A{17) proves (11).

atur

A (15)

A (18)

A (17)

’

» (13)
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| If we odnsider instesd of the miquely defined ssss .
: A (14) of RINSTRIN, De SIPTER (1932) any other of the s
FRIZIMANN models allowed by the ressnt ommmu. only
the fractions in A(16) and A(18) will nimxy ehange.
In (29) this would influence the faotor- & ant ¢ 0
in (11) only the last tern.
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Pigure 13

Pigure 2:

Pigure 3t

Texte su den AbbLIZl..ien

A central rezion - Jlx, _allewi; 2tve
congruent iyl odlroe porions ot
in diffarent pusitisna‘.

One of our paii's of circular ccunting )
rezions with its three intrineio paraneters.

fo conpare tha mutual distances "D of some

objzets (Mable 1) witl thoir diemeters d .
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