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ABSTRACT

The object of this contract is to study the applicability of the Wiener-
Spencer Theorem to antennas. This theorem states that minimum
standard deviation of the far-field pattern occurs when the illumination
function corresponds to the lowest mode of vibration of a membrane
stretched across the aperture opening.

This report presents the investigation of four selected nonoptimum
illuminations for the elliptical apertures. Approximations are used to
obtain expressions for far-field power patterns, and second moments
are tabulated. In addition, illuminations and far-field power patterns
are plotted.
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I. INTRODUCTION

The Third Quarterly Report states that a second group of nonoptimum

illuminations for elliptical apertures of the form

F(•,[)(1+ asin2TI)cos l•] N~l ,,
F = i )Cs7 N = 1, 2, 3, 4

will be investigated. It further states that a comparison will be made
between the optimum and nonoptimum illuminations. The following
work has been accomplished:

(1) The far-field power patterns of elliptical apertures with
four selected nonoptimumr illuminations were derived through
approximation.

(2) An IBM 1620 program was written to tabulate the moments.

(3) Investigation was made between optimum and nonoptimum
illuminations to the degree of improvement in terms of the
second moments, the side lobes and the beamwidth.

(4) Far-field power patterns of four selected nonoptimum illumi-
nations were plotted along major axes.
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II. ELLIPTICAL APERTURE WITH NONOPTIMUM ILLUMINATION

The far-field voltage power pattern of elliptical aperture is given by

G (u, v) ei(Ux + vy) Fdxdy.

For the optimum case, F is a product of two Mathieu Functions

[Ce (q, 9)] [ce (q, Ti)]

In elliptical coordinates,

2 0iG (u, ) = hY Y e [u cosh 9 cos *]+ v sinh 9 sin 11](cosh 2G(u, v)= 2• $ $
0 0

cos 2 -n) F (9, *i) d~di1

where F (Q, T]) is the illumination distribution.

The zeroth moment is given by

2 7r 90h F2
0 2' -F (0, F )(cosh 29 - cos 2,q) d~drn,

0 0

and the second moment is given by

2w 0 FI F\ 2+ 18 FN d~ dTi.
U2 = + YdVFF1 V8 _.

0 0

For a nonoptimum illumination, let

F (9, 71) = [ + a sin2,)cos gT_

The illumination satisfies the conditions

RM-233-1
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F (t, n) F (g, tn + 2i7)

F (%0 r) = 0.

Thus,

h2 7r h0
G(u, v) h23 e ih e u cosh cos oh + v sinh 2 sin (o 2

0 0

- cos 2 1) I( + a sin2 ?1) cos 7r__N dgdil

h 2ei 0 [ucosh 9 cos + v sinh 9 sin 71]

0 0

+ a sin2 n) cos ?r N d~dj

2TEO

h2 2 eih [ucosh g cos + v sinh g sin -] cos 2,n 1
0 0

N

+ a sin2 O) cos 0 d dT1 .

The preceding integrals do not appear to be solvable in closed form.
Instead, we examine G (u, 0).

G(u, 0) = h2 2 ih ucosh g cos T cosh 2g 1

0 0

+ a sin2 T) cos 70g N d~dn

"h-227r eih u cosh 9 cos n cos2 1

0 0

+ a sin2 ])cos Nd~dr.
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For the given aperture 0 " 0. 277, 0 < 0

cos ',,1

sinh .

Thus, 2w 90

G (u, 0) h 2-e- eu costcosh 2g 1

0 0

+ a sin2 nt) cos. .] d~dq

2 2w *0 1

h 2 2 0 eihucos -ncos2l1

0 0

+ a sin 2 ii) cos 7r- N d9dti.

Recall that
00

eiX Cos e= J 0 (x)+ 2Z (_)KJ)2KlX cos 2 K e

K=i

S()K - 1 2K-I(x) cos (2K- 1) .

K;1

Thus,

G(u, E) 2 0 (_)K
= [JO (hu)+2K (hu) cos 2K il

0 0 Kil

"+ 2i7 Kz - 1 1 1(hu) o (2K -1) , cosh 29 1
LI2
K=1

"+ a sin2 ?1) Cos d7dt1

RM-233-1



hT £ [ 0 (hu)+ 2' (KJi(hu) cos2K 'n
0 KK0 0 K=I

"+2i ' (K)- 1JK 1  (hu) cos(2K-1)rj cos21 [(1

K=l

"+asin2 0)cos -1 N d9dT,

For N= 1,
2 0

G1 (u, 0) (hu) + 2 K J (hu) cos 2K vi
0 0 K=I

"+ 2i K _K I JK -1 (hu) cos (2K-i) 1) cosh 290

K=l

"+ a sin 2 nl) cos 401 dd•id

h 2 E (h 2, )KJ (hu) cos 2K Ti

0 0 K=1

"+ 2i• (K-1 J 2 K- 1(hu) cos (2K-1) 71 cos2r l1
K=l

"+ a sin2 11)cos 79-1 d9dn

RM-233-1
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J 0 (hu) (1+ a sin2 'i) d cosh 29 cos•0 7rr C

0 0

+ a sin2 ni) d cosh 29 cos 70 d

+-T (25- 2i K J- 1 (hu) cos (2K-1) i(1

o K1l 0 0
+asin2 TI) d cosh 29 cos 79 d

-m(5 2 ~'(_)K J 2 K (hu) cos 2K '1 cos 2•}(i

+asin2ndii( cos /•

0

E 21 ()-J 2K l(hU) c2KTCos 2j(2K1)•cs27(

0 Ki=

RM-233-1
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+ a sin 2 ti) d) (ECos r• dg)

Here,

0 cash 29 cos d= 2 0 cosh 20y 7ro 16 - 7r2

0 0

27r

ES1 J 0 (hu)(1+asin2 i)dq = 27r (i+ 1) J 0 (hu)
0

27r

2' (_)K 2K (hu) cos 2K (1 + a sin2 j) d-- a r J2( hu)

0 K=1

27r

" 2i> (_)K -1 J 2 K -1 (hu) cos (2K-1) ti (1 + a sin2 q) dj = 0

0 K=1

s Irg d9- 2 go

27r2J J(hu) cos 2• •l~+a sin 2 11] d•=-a 7rJo(hu)

E 2o' (_)KJ 2K(hu)cos 2K ncos 2r1 [(l+asin2 Ti)] d-n

0 K=1

=- 2•r + (hu)- J 4 (hu)

RM-233-1
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E 21i1 (_)K'lJ2Kl(hU)cos(2K-1) -cos 2 (1
0 Kul

+ a sin2 n1)] d- - 0.

Therefore,

G2 0 2 [ cosh2902 J0 (hu)G1 (u )h90 [If+( 6 90 + 02

Sa2 cosh 2%} 0 2 (hu) + (hu]

For N= 2,

2i
G (u, 0)~. h JS [ hu)+ 2 (_)K J.(h)cs2K

h2 2- I0[

0 0 Kul

"+ 2i ()K 1 2K -1 (hu) cos (2K- 1) cosh 29 1

K= 1

"+a sin2 n)cos I0] 2  dgdn

h 1 0 (hu) + 2 (_)K J (hu) cos 2K

+2i (_i12K- 1(hU) cos(2K-1) • cos 2, 1

Kul

RM-233-1
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+ a sin2 1) cos 0] 2 d-d
0

h2- 27 0 (hu) (1+ a sin2 )2 / cosh 29 cos 2  7 dr d

+.. ((2K J2K (hu) cos 2K (

0 Kfl

0

"- a sin 2  2 d(-) ( cosh 29 cos 2 K /r 2f

" h2 7r i co K -1 1 (hu) cos (2K -i 1) (1
Yw 2K -1

0 K1l

90

"+ a sin 2 -ti 2 d~j) (S cosh 29 cos2 2~ 7 dg)

h-2 ( 2TJ (hu) cos 2'n [+a sin 2r)] 2 d 9)( cos 2 ... d)

-~ ~W~ ~)J 2 K (hu) cos 2Kil cos 2 rl

0 K=1

+ a sin2 I)] d ) Cs2 (r d

RM-233-1
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h2 2wi1 (_)K-1 J 2 K (hu) cos (2K-1) ¶ cos 2rI [1

0 Kul

+ a sin 1 ds W )

0

Here,

S2 sinh 290

cosh 29 cos 2  
0 d=4S4(4 o +2)

2wSJ 0 (hu) (1 + asin2  dT= 27 + a+ 3a2)J0 (hu)
0

2w

E 2 1 (_)K J 2K (hu)cos 2K 'n (1+a sin2 TI)2 d = 2w a (1
0 K=I

2r2

E 2i (_)K -1J 2K-1(hu)cos(2K-1) i(1 +a sin2)2 din 0
0 K=I

Cos 2 r d9 = 9

0

27 2

SJ 0 (hu)cos 2¶(1+a sin2 ) d=- a (1+2)w J0 (hu)

0

RM -233- 1
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2wr 2
"E 2i (_)K J 2K (hu) cos2 2n(1 +asi2n) d1
0 K1l

(2 + 2a + - a2) 7rJ2(hu) - a + •J(hu) _ a2 I J6(hu)

E 2i I (_)K - 1J2K - 1 (hu) cos (2K -1) -neos 2,n(1

0 K=I

+ a sin2 1)2 d¶) 0.

Therefore,
[{•I~~ a 2 sinh 20 a0•

G 2 (u, 0)-- h 2f + a+3a2) i 0 + 0

24 (4g02 + ()

+ Jo(hu)+{a(1+j) 4(4g02+1r2 T

++a2 v2 sinh 20+2a+ a 2 ,"(hu) + -,'4(4 g 0 2+7r2)

+----- 0 a J 4 (hu)+ g J6 (hu .

For N - 3,
- 2 2" • [J

(u,0) -= E 1i 0 2+ 20_)KJ(hu) cos 2K

0 Ka 1

Kul

+ a sin2 
.0) Cos d O] 3 d9di

RM-233-1
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"h 2 0 [(hu) + 2 (_)K 2K (hu) cos 2K n
0 0 K'l

* 2iW 1 ( ')K- 1J (hU) o(2 -) coshOKc1)Tco 2

+0

+ ~~ (~~ 2 ~ K -, 1 h)CB2 i(

Ko=

* a sin 2 n) Cos d,.) 3 d9 d2)

S( J 0 (hu)(1 casin+a sin2 )3d cosh 2c ( -0 df)
0 0

+ 1 2 (_)K J'2 K (hu) cos 2K 2n (1
K=1

+a sin2 n1)3 dil) cosh 2 d cos)3

90

+a sin2 n)3 d cosh 23 cos3 3- 0,0
- 0T J(hu) cos 2 tj(1 +a sin2 d?) d ý 0Cos3•w df

h 27 (- J2K (hu) cos 2K •1cos 2 ?1 (1

K=I

+ a sin 2 ?1) 3 d, co.s3 7r d

RM-233-1
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(2 1 2K-
--- 21 .) 1 J2K - 1 (hu) cos (OK- 1) cos 2 71 (1

K=1

+a sin 2 n) 3 d Cos 3 700 d)

Here,

90

cosh 29 cos 3  d9 = - go 7r cosh 2 L2
E 0 ~ cs2 0  21 2
0 11902 + Ir2

16 C02 + 9 2]

2jr
2Jo 0 (hu)(l+asln 2 1) 3 d12= (3+3a+ a2+ 5a3) 27J0 (hu)

0

27r

S2 (_)K J2K (hu) cos 2K -n (1 + a sin2 T)3 d =

0 K-i

+ 1 a 3 Ir J 6 (hu)

2i (_)K 1 2 K- (hu) cos(2K-1) 11(1 +a sin2 -n.3 di= 0
0 K=i

RM-*233-1
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g o C s 3 r f = 4 9
E 2ro -r-

0

w ~0 (hu) cos 2 Ti (1 + a sin2 TO) dii 7 (a+ ~a + a3)w 7rJ (hu)

$E 2 (-)K J2K (hu) cos 2Kcos 2n (I + a sin 2 n)3 dn =
0 K=1

- (2+ 3a+ Y a2 + }f a3)7J 2 (hu)-a(3( ++a+ - a2)7J 4 (hu)

23a
323

E JKI (hu) cos (2K-l1) 'ncos 21l(1 + a sin2 ) d-= 0.
0 K=l 

2 K-1

Therefore,

4

G3 (u, 0) = h 2 90 ý "2r J 2 r(hU)

r=O

where

a•0 . V cosh 20 6 + -2 g 2+ 2 (1

-a+ 9a) + 22/3+3 153 92 a~-, +I a+

RM -233-1
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3 2 i1 113 3 2a2- i 7r cosh2to6%02+ T 16 C02+9 T a +I a

+ 15a3) + 2 (2 +3a +21 a2 + 13a 3)

n~ Iosh0  -1 T6"~ Ia2i~
9 2 cosh 29 0  1 16 12 9 a

a = 6 0 + 7r2 16 0 + 9 7r2

a8 = 1 3

For N= 4,

T w [Jhu + -

0) - 2 (2_)K c (hu)29 1 1a3

0 L KI1

K=1

+asin2 )L+2) cos

RM -233-1
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"h 2 2w 0  (hu) + 2 KJ 2K (hu) cos 2 K
00 K=l

+ 2I, 1 .KJ-112K - 1(hu) cos (2K -1) cos 2?1 1
K=K

+ a sn 2 osr*1 4 dg dn

sin2 271) co2 4 4i

- E 0 (hu) (1 + a sin n) dn) cosh 29 cos d

+ -2 27 ( )
h" ( )K J 2K (hu) cos 2Ki (1

0 K=l

+ a sin2 01)4 d cosh 2g0 cos 4 vr d)

+ 2- 27 (21 K - 1 J 1 (hu) cos (2K - 1) Ti (1

0 K=I

2i c 0  4 irw I
+a sin i)4d cosh 2cosh cos - d

0

h 2 ( 27r )2 4O goo 4E 1 0o (hu) cos 2-n (1 + a sin .0) d) ECos4 70 dg

0 0

- ( 2 7 K J 2K (hu) Cos 2K•i Cos 2 ,n (1

0 K=I

+asin2 n)4dv) (E cos4 xg d•)

RM - 233 -1
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Y 2 () J 2 K- 1 (hu) cos (2K - 1) ti cos 2,i (1

0 K=l

+ a sin2 .0) dn c0s 0 d9

0

Here,

90 cosh 29 cos 4 w0 d9 = + sinh 2(2
E4 02+ Tr2 16 (Q02+ 7 2 0

Jo(hu)(1+a sin2 n) 4 di- = 27r +2a+ - +4ka'+ •a 4 )Jo(hu)

0

27r oo K 2o n]a)4(S21(-) J2K (hu) cos 2K n(1 + a sin2 'i) 4 dil = 2ir (2a

0 K=1
2  15 3  7. 4) 2 +ua(3 + 7+ a4)

3 + a3 + a J6 (h)+2 r a J 8u

+7r (1. 3 1a4)3 6
f -6 (hu)

27r

E 2i ()K -1 J 2 K - 1 (hu) cos (2K-1) ? (1 + a sin2 '04 d1O = 0

0 K=l

S4 7rg 3•
Cos0 0

0

RM-233-1
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2v J 0 (hu)cos 21(1+ a sin2 'n) dr=- (2a+ 3a2+ 15 a 3

+f6 a4) 7rJO(hu)

27 2 (_ K J 2 (hu ) cos 2K il cos 2 TI ( 1 + a sin 2 TI) 4 d• 1 ( 2

0 K=I

+4a+ -La a2 -L a +r J - (2a + 3a2u+ 2a 3

4 4 64

1 4)

+7~ a T J (hu) - (3 2+.3 + 29 a4)wJ(u

-(a 1 a4) 7rJ 8 (hu) - 1 a 7r J(hu)

E2i K I )Kl 2 K -I(hu) cos (2K -1) n cos 2t'i1

0 K1l

+a sin2 q) dr= 0.

Therefore,
5

G4 (u, 0) = h2 7 2 r J 2 r((hU)

r=0

where

22

0 + a +a + 3 + 35 a 43 -0 1 + 2a Tm49 0 2 +72

+ 0 2 sinh 2g0+ - go +•2a + 3a2 + Ta + 7 a4)

RM-233-1
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2

B2 .(2a+ 3a2+ 15 a 3 +7 a4) ( - 0
922 m/ 9 N4902+V2

+ 0 2 ~ sinh 2 0  + 3 (2+4a+ 2 a 2
16 (902 +72 "f) 0 6 o

13 a3 49+ a 4)

T 64

374 /2 2

+-a3+- aI 3 W

3+ a 4 0 + 0 sinh 24=('4 a 3 a 3+3 4 4- 402+7r2 16(02 +T

3 (2a+3a2 +2a3 + a4)

1 a3 + 1 a) 4 02 + 1 +2 sinh 2 0

a4 = 6 4 g0 2 + -r 16(9 sinh 20 0

3m a 64" g02+7 6( r-) sn

-l n o (1 + .oa

R M-3 4

RM-233-1
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For the zeroth moment in elliptical coordinates,

h2 2ir •

X0= -2-r S0 (cosh 29- cos 2?1) F2(9, -n) d9dt1

0 0

21r •0

= h22 0(cosh 2g -cos 2,n) 1 + a sin 2 n1) COS 7 9'2N d~d•

0 0

= cosh 29 1 + a sin2 n) cos.7 2 d~di

0 0

27T•0

h 2cos 21 1 + a sin2 n) cos 7" 2N

0 0

For N= 1,

2 2r2 \ 0
IA , 1 0 2 (1 + a sin2  ) d ) (S cosh 29 cos 2 0 dg)

0 0

h cos 2 (1 + a sin2 7) d 71) ( cos 2  r dg)

0 0

Here,

27r 2 3 2
E (1+asin 2't) d= 21r(1 +a++ a

0

•o 2
0 ch 2 7rg 7r sinh 2%0

csh d9 = F0
42(4 g 2+ .

RM-233-1
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c o s 2 1l ( 1 + a s in 2  TI) d i - a 1 +

0

90

Co CO
2 79i~ d9 1

0

Therefore,

4 (02 sinh 
2 )

(2)

For N= 2,

"0, 2 --- (i + a sin2  d) ( cosh 29 cos 4  70 d

00

- (2cos 2I (1 + a sin2 TO) d Cos4 d

0 1 (s cos k72-j d9)
0 0

Here,

2•2

27( 1+ a sin 2 ,n) 4 d n1 • + 2a + 9a 2 + 5 a3 + 3 a 4) 2 7r

0

"cos 29 co 4O2 +d2 + 02 sinh 2 g

0 (71 492 + V 2 16 (902 + T 2)0

2ir21r cos 2n(1 +a sin2 ) 4 d (2a + 3a2 +La3 + 7a4)

0

RM-233-1
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90
SCos4 rg d9 = 3

It -N 90o*

Therefore,.

90 2 90 2~
22

2 2 + -02 sinh 2 904 90 + T 16 Q 0 + 2)

* 0 (2a a* 3a2* ' a3 +*-6 a .(2)

For N=3,

S',3T (1 + a sin2 '1) dh ( cash 2( cos6 .Lr2 63

00

- h (2cos 2ti (1 + a sin 2 )d) ( Cos6 d

0 0

Here,

2w 2 6 +3a+ a 2 *2  a3 525 a4

E (1 +a sin ni) dil =2w (l 3 -9,a -T T

189 5  231 6)+ T a5 +=4 a

go - 2 25 c osh 2 c s6 2d co6 5 0 2 3O 0
016 (4g 0 + 7r2 32 Q 02 +7•2

00 02 2 sinh 290

16 (go2+9 72))

RM--233-1
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2rcos 2ti (1 + a sin 2 q) di - a 13+ 15a +75 a

0

1051 3'75 9

10- a 3 + T a 4 + - a5

to~o•o

Therefore,

10 3 -h [(1+ 3a+45 a 2 + 1. a3+ +a48 a5

+231 a 6) 5 - 15 0 2302TM T 2 (4go 2 + rz) 49 0 'o" + r2)

902 • sinh 2 0+5 50a (3+15 a+ 75a2

2 (402 + 9 72)

+105 a 3 + 3 1 5 a 4 + aS)] (3)

For N =4,

h= 2 w + a sin2 -)8 d ( cosh 29 cos 8 7 d)"•0,4 U1)SM

00

-Y cos 2, (1 + a sin-233 d Cos- d9
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Here,

2w

27 1 ý asin 2  i)8 d ii -2 v ( + 4a + 21 a 2  + 3 5  a 3  + 1 2 2 5  a
0

a15 17 a6 46335 8)

( 0 /• ' ° 2 ' 0 2cosh 29 cos 8 .0 d9 = + 0

w- 32 (49 +2) 7 64 ( +

2 2 + 0 2 sinh 2 0
8(4g2 +9 ) 256 (Q02+ 4v2))

cos 21 (1 + a sin2 n) d - va (1+ )(4+ 12a +-a2

0

3 407 a4 143 a5  715 6)+ Ta3 + IT a + ITT a + =, 4 a 6a

00

Therefore,

1 h 2  [(I 2 2  3  1225 4 441 5

61617 a 429 a1 633 + 7 02

12 128+ +-7 a)3' 5S8(4%02+ 2) '6 ((o

0 N q= 2 ( 0 2+V7-+1 g02+7

g 2 + - 0 2 sinh 2O+3 (1 + -a
2(402 + 7) 6 4 (902+ 4I )

RM-233-1
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(4 +1 a + a2 + 41 a3 + 407a 4 + 14 a 5 + 715a 6)] (4)

For the second moment in elliptical coordinates,

2w 90[F 2 /N2'SA =FE E\ + /8F\ I g j
0 0

0 rg [ 2 2 (1 + a sin 2 11) 2NCos2(N - ) ff sin 2 rgdgdii

+r a2 N2 (1 + a sin2 n) sin2 21j cos 2N 0 dd
0 0

For N= 1,

= 2 27r (1 +( a sin2 ?) d ( sin2  d9"2° -0 0 0 • d

+a 2Q sin 2 2t dii) (E cos2 I r d0 2T- dg•

Here,

E (1 + a sin 'i) d = 21r + a + a2

0

go

RM-233-1
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S sin2 2n dnl=7r
0

0

Therefore,

2,1- = a2 'N 1

For N=2,
27r 9 0

"(1+a sin TO d) - sin'•o0 d

0 0 0

+ 4a2 (1 + a sin2 -) sin2 21 d Cos 'dg

Ey. 2- ).
0 0

Here,

24a • 7 ( 9 a2 5 a3 35• - 4

(1 +a sin2 TO.4 d= 27r+ 2a +2 a + a + a 4

0

1 sin 2 
700 d9 = 0

2wS(1+a sin2  2 sin2 2- d = 7i + a+6 a2)

0

RM-233-1
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90

Therefore,

490

5j a2)a2.
+ -r a a • (6)

For N=3,

" (3=9 (1 +a sin2 t) 2d 0C s 4 O sin 2 -O d

o 0 0

+ 9a2 (1 + a sin2 n) sin2 2T1 d es6g d•

Here,

27rs 2 6 45 (•2 253 5254
0

+}f a5 +TMa6

90 Cos °4 7o sin 2 7oo d9 = 1

S(1 +a sin2i g)osin22ii d?= (+2a+1a2

0
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0

Therefore,

- 973 i 45 a2 2 525 4 +189 a5

2, 3 = 32-g 0 2 (1a+-- + a8 +- a4 a

For N 4, (7)

U 2 , 4  v 2 ( I+ a sin2 -)8 d 
.cs6 2O sin2 2r d

+ 16a 2  ( I+ a sin2  )6 sin 22 d7) cOs 8  7 d

o 0

Here,

( + (+asin 2 T8 di= 27r(1+4a+ i a 2 + a3 + r a4

0

+ -41 a 5 + 161 a 6 + a7 + 6335 aB)

3 in7,-76

90 Cos .- 2 7T 3 d9-= 5
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2vrS(1 + asin 2 ,6 sin 2~c' 2 jdl + a+7 a 2 + 3 5 a.3 + 7 5

0
+ M a5 + -4--6- a6 7r

0

Therefore,

2,4 =-4 -T-( +4a+ - a+ 2 a +-w a +y a

+1617 a6 + 4 2 9 a7 
+6335 a +5.2(l 3a75 2+ = a + TMa+ 3276 a8 +55 90 7r a + 3a + f-6 a

+ 35- a 3 + a 4 +9a 5 + 42 9 a 6). (8)
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III. GRAPHS

Figures 1 through 5 are plots of illuminations and far-field power
patterns. All illuminations are plotted with peak amplitude equal to
unity. For all far-field powers, the logarithm of the power is plotted
with the center of the main lobe normalized to zero decibels.

FIGURES:Fi. r •lai2 r} o r0 N

Fig. 1 = a sin 2I) COS 7rJ Illumination of Elliptical

Aperture Along Major Axis. N = 1, 2, 3, 4

Fig. 2 = Far-Field Power for (1+ a sin2 Y1) cos 7r•] Elliptical
0

Illumination Major Axis

Fig. 3 = Far-Field Power for 1 + a sin2 r7) cos Elliptical

Illumination Along Major Axis.

Fig. 4 = Far-Field Power for [(1 + a sin2 I) cos Elliptical

Illumination Along Major Axis.

Fig. 5 = Far-Field Power for [1 + a sin2 r7) cos 7E] Elliptical

Illumination Along Major Axis.
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Fig. 2. Far-Field Power for[ Pi a sin2 n) cos E•liEiptical Illumination
n-o

Along Major Axis
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Fig. 3. Far-Field Power for [(I . a sin2 0) cos E Illumination
2CO Elliptical

Along Major Axis
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Fig. 4. Far-Field Power for (1 # a sin2 n) Cos5 . Elliptical Illumination

Along Major Axis
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Fig. S. Far-Field Power for L(1 a sin2 nco) ---oElliptical Illumination

Along Major Axis
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IV. TABLE OF COMPARISON

Type Illumination Function Beamwidth Sidelobe Moment

Circular Optimum J 0 (Koor) 2. 2 -28.4 5. 794

Circular Uniform A constant 1.6 -16.8

Circular Nonoptimum Cos (A) 2.1 -25.6 5.83

Circular Nonoptimum Cos' T( ) 2.3 -34 7.17

Circular Nonoptimum cos
3 (j-) 2.6 -41 9.41

Elliptical Optimum Ce0 ( 9, q) ce 0 (TI, q) 0. 11 -36 0.0718

Elliptical Uniform A constant 0.075 -17.5

Elliptical Nonoptimum (1 + a sin
2 

TI) cos .00 0.08 -24 0.0745

Elliptical Nonoptimum 1 + a sin2 11) cos 0.095 -30 0.0962

Elliptical Nonoptimum I + a sin
2 71) cos .00] 0.115 -36.25 0. 1455

S•14
Elliptical Nonoptimum 1 + a sin

2 TO) cos *0J 0. 135 -41 0. 2583

Square Optimum Cos " Cos B 2.0 -22.8 4.9868
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APPENDIX A

COMPUTER PROGRAMS
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Program 1. This program is designed to compute moments
of the four selected nonoptimum illuminations for
elliptical antennas.

(l+asin2 T) cos "- I N ;N=, 2,3,4)

The value of a is chosen to be 99.

The program calculates Eqs (1) through (8) and the
moments are obtained by

(5) (6) (7) (8)
-A - -- P - , respectively.

(1) (2) (3) (4)
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7300 PRINTZ ___

321, 2 FORI4ATj11H TABLE OF MOMENT$/)

416 3.111159

1612 ~ .

ZUO I.TIAN I
* 7968 ~PRINT 22 ZLIOI__-

9 2 22 FORMATCb UO1 158 _

21 U2(P**3/~,*t3(1+*t4
PRIN 2 ZU2

S 360 V-ZU2I/ZuOf
196 1PRINT I V -- _

201F182 1 % MOI4ENT.E 15AW/)
518 Q.SI**2

~: PAC .* 2.,A*(2.25+%*( 1-1135 *Alt1)
PP Pl-A~*C(! *M+A*(1.8 +AO

U6 PA1.SI*0. 8 5*PIA 7+*.17)) ~ __YU02-AH**2*PI)*(PA*PSi+PA1)
912 PRINT 31,YU02

9166 31 FOWIAT(111IIJ MU2 .E15.8) ___

RIA.(0.25*( PI**3)/Si)*PA+e4A -- -

;2 PRINT 32DR IA
9,506 32 FORMAI4A(1 HU(2,2).EI5.8)

B W-R1A/YUO2

5.li AjA*j 9 37.*.1Z4'J6lA))i
0 0 02- A**12.*PI AI(i.1176. .2*5S*Aa))A)JV

6 E122*(l; S *
55A*( 2.+A*(t I75+A*( .87S+O.65625*A)J1 - ----- -~
068 F 1-2. 125*PI*SI*IA**2)*F
236 -E 1+ 1

W04 PRINT -_0_- -_---

0958 C. 1.5
092 0-17.5

1006 E-19.1410625 _
1030 F-13.76125 ________ ___1051, 6-12.6328125
1078 H133165--
1102 3.376

155 S3- .0/0/ *SI**2 .*P**2)/L

2678 51:0/. /C2*(S 1**2 **Pj*~l~

12 0-12.
18116 E-20.25 _

118: F-20.5
6-12.71875

1918 H-4-416075
191,2 P-0.6"I2122___

196 TA-.. 5i*A*50.5*( C+A*(D+A*(E+A*( F+A*WSA*(lj+P*AIIi __
219~ EWTAI .0O9375-.2911*S I*(S 1-52+53-SI)
22 U u0;1- Z(A14**2) *P I S I*(SA*1XTRtA±TAI ________

9a58 PRINT SIU01#
212 51 FORMATC1I1 M (0, 4) E1I5.8) ______-_____

25311 
F-i

2651 6-75.128i. -___________

t2 62 RA-55.'S IQ I*(A**2)*(C4.A* -*(E+A*(F.A*(G+A*(NeP*A))))))
TTO0 3I25*tP I '3/S0I=*A

31116 52 FORI4AT( 111 MU(2,IJ-E15-.8U
m T-TT/U01 _____________

PRINT IT - - - -____________

3238 END _____________
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Program 2. This program is divided into two parts. Part I
is a program to compute far-field powers of

G1 (u, o) [page 9] and G2 (u, o) [page 12]

The increment of u is approximately 0. 01.
Part II, a similar program, computes

G 3 (u, o) [Page 15] and G4 (u, o) [Page

The value of a is chosen to be 99.
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Part I
07300 3 FORMAT(18H VOLTAGE-POWER I/)

8.6 -FORM4AT 18K-V=AGE-POWE2 1/h---- - -

42 5FORMAT F10.v)
07454 7 FORMIAT 12W GI(0,.O)-E15.8)

758 8 FORMAT 16H LOG G1(0,0).El5.8)

77 10FORM4AT 4H F1O.S)
07608 11 FORMAT13H ///)

17 5 12 FORMAT(16W G 2( 0 0 .EI5.8)

782 D 6 1-1,60
07832 6 READ 5), Yo(I)

796 00^.70 J1.1 60
97928 70 READ 5i, YI(J)
08012 PRINT 3
j036 A-99.~072 P1-22./7.

08120 SI-0.277

Pls A2-101 .0+A*PI*B

~51 PRINM3 AD
68S40 IF(AO) 17,38,38
08596 37 AO--A0
08644 38 C-LOGF(AO)
08680 PRINT 8,C

870 AX-0.0
03776 100 1-1+1~24 AX-AX+ 25

09016 Y3(I)-(4./AX)ý-Y2(I)-YI(I)
8916 Y4(4.(6/AX)`Y~I)-Y2(I)

p9 04 POWE :AO',YD(I)+A *Y2(1)+A4*'Y4( j)
09520 IF(POWER) 57,58,58
~9S76 5Z POWER--POWER.

09624 5P-LOGF(POWER)
09660 POWER-8.6858;( P-C)
p9720 PRINT P^D PER

974 I (1-6'01oo 108,*108
09812 108 PRIN~T 11

986 PRINT 4
9860 P-P 1*".2

09908 Q S I ý2
996 B-0.5*P/(4.-,Q+P)

10268 PRIN1T 17 A0
0292 (AD) 9ý,98,9810348 97 AO--AO

103 96 98 T-L2GF(A0)
10432 PRINT 18 T
10456 A2-( 1.*)-,ýB.5,'Z+*2+.A8)10648 A4..125*A*(A*B+2.*(I.+.5*'A))
S0816 A6.4.A**2) /32.
0876 1-0
0912 AX.0.0

71044 Y2(I)-(2./AX)!1Y1(I-Y0(1)

11332 Y4( I-6/AX "'Y3 1 -Y2 1
1476 Y50I)-8./AX):,Y4(I)-Y3(1)

1164 POWI.0 ( )+A2`Y (1)+A *Y4(I)+A6*Y6(i)
121052 1FPWR 87,88.8
12108 87 POWER--POWER--

88i POWER - 58-(P-T)

234 208 PAUSE 2 8 ___

-712356 END
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Part 11

07300 '~FORMAT( 188. --V=AfE-P-OWEft3/. ..-
57366 6 FO.RMAT 18H VOLTAGE-POWERM4)
07432 It FORMAT( 1311. IN U.0,WmIr.~ . .

748 12 FO.RMAT( 1914 FIO.5/)
07560 1 FORMAT I 11 G(o,o).41s.ay . . .. . .

07612 17 FORM4T(FI0 .4)~7644 DIMENSION YOM60 ,Y J0,I 6jYSQ(60),Y2(6o),,(6o) Y4
07634 DIMENSION Y7(60) ,Yl Y6l,9 60 241O(0 0,~(0y
07634 A-99. .-

8 68 :22./7.

077s4 P-P**~2
57802 Q.SI1*w2
07850 DO 1 1-1,60
57862 1 READ 17, YQ(I)
57946 DO 2 J-1,6o
79s8 2 READ 17, Y1(J)

08042 PRINT 5~ 066 B1.1.1 C 6.*Q+P)
58246 B-B 1-82
582q4 POME-1.+A'( 1.q+A*( I.I2c5+A,,.0.3125))
58402 PTWC.-A*( 1.+A*(1.5,+l5.*A/32.))
58510o SQ-1.+( .277*.277)
08r,70 AD-i~.ýP. 'PSQýBýPDNtE+2.'*PTWO/3.
58714 A21qPQ',vPII.91'2+*3+,(l/.1.,/6))3
58978 A4.65P:Q,-S.S(ý-*)B2** 1 .r+A*C I .5..*A) )/3.
592;4 A6.:(3./64.)*P*SQ*(A**)*B+.2S*50.5;ýA*A
09458 AS A* 1/48.
59518 A1O-0.0
9r54 IF(AO) 37,38,38g 9610 37 AO--AO

096S8 38 POWER-LOGF(AD)
69094 PRINT 13,PCVJER

078 J.0
897s4 200 1-0
S979 AX-0.0

9806 J-J+1
09874 100 1-1+1
59922 AX-AX+ 25
09970 Y20I):( 2 /AX)lcYCI)-Y0(I)
l0114 Y30 I)- 4./AX)-Y2( I)-Y1 (I)
10258 4 A jj-2l

yrM: -: 8/X) :Yo 406 A A -;I
40546 Y6(I)-C10./AW)-Y5(I)-Y4(I)I0690 Y71 ( 12./AX) *6(I ) Y~1084 Y()( 14.//AX ý*Y7 I)Y6 )
107lo( - 16./AX) 'Y8 I) -Y7(1)
71122 YIO(I)-( 13./A*),Y9(I)-Y8( I)
7 1266 G-AY0 I)+A2*,Y2CI I+A4;,Y4( I)+A6,,Y6( I)+ARI,-Y8(I)+AIO*YI0( I)
71698 IFCG) r7,58,58

I74 57 G-GI 1802 58 GG-LOGF( B)
71I38 13-8.6858 *(GG-PCI1ER)
T11898 PRINT 15 ,R
711922 IF(1-60) 100,206,206
11990 206 IF( j-2) 207,208,2'08
12058 208 PAUSE
12070 207 PRINT 6
12094 SS-(.2771'.277)*(2../(4.*Q+P)-.125/(P+O))
S2286 C-3; /128.
2334 TTT-(1.+A*(2.+A*(2.25+A*.(l.25+C*A))))ý,( .375-SS)

12694ý PRINT 16 AO
27 A7 IFIAO) 61,68,68

1 27714 67 AO--AO
128,2 2 68 POWER-L.CGFkA04
.258 PRINIT 13,PME

12882 C-5.25
129113 M-325

12c)54 E-4 ./64.
13002 T-0. 1375*(2.+A*(4.+A*( C+A*,( D+A*E))))
73146 A2- A*12.+A*(3.+A*C 1.6

7
5+0.4375*A)))*C0.471;-SS)+T

4337 R-(A**2) *(o.7r5+A*(o.7r,+A*C))
1350o6 T-0.1875*A*(2.1.A*(3.+A*(2.+O.5*A)))
S3662 A4.R*CD370 S)+

13854 T-(A,',A)--0.1875*(0.75+A*(0.75+29.*A/128.))
14n10 AA-R*C0.175-SS)+T
T4082 A8-(A**4/12m.)*(0.375S-S)+(3./128.)*A~**C lI.+0.5*A)
14Z46 A 10-3 .*A**4/204A.
4 4113 GO TO 200
44426 END
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