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ABSTRACT

The object of this contract is to study the applicability of the Wiener-
Spencer Theorem to antennas. This theorem states that minimum
standard deviation of the far-field pattern occurs when the illumination
function corresponds to the lowest mode of vibration of a membrane
stretched across the aperture opening.

This report presents the investigation of four selected nonoptimum
illuminations for the elliptical apertures. Approximations are used to
obtain expressions for far-field power patterns, and second moments
are tabulated. In addition, illuminations and far-field power patterns
are plotted.
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I. INTRODUCTION

The Third Quarterly Report states that a second group of nonoptimum
illuminations for elliptical apertures of the form

N
F(E, n) < [(1+ asinzq)cosg-ga] N=1,2 3 4

will be investigated. It further states that a comparison will be made
between the optimum and nonoptimum illuminations. The following
work has been accomplished:

(1) The far-field power patterns of elliptical apertures with
four selected nonoptimum illuminations were derived through
’ approximation.
(2) An IBM 1620 program was written to tabulate the moments.
(3) Investigation was made between optimum and nonoptimum
illuminations to the degree of improvement in terms of the
second moments, the side lobes and the beamwidth.

(4) Far-field power patterns of four selected nonoptimum illumi-
nations were plotted along major axes.
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II, ELLIPTICAL APERTURE WITH NONOPTIMUM ILLUMINATION

The far-field voltage power pattern of elliptical aperture is given by

G (u, v) = SSei(u+w)Fdxdy.

For the optimum case, F is a product of two Mathieu Functions

[ce (a., )] [ce (a, )]

In elliptical coordinates,

2r EO
2 . + inh £ si
G v)= D S S oih [ucoshEcos'q v sin Sm"](coshzg-
0 0

cos 2n) F (§, n) d€dn
where F (£, ) is the illumination distribution.

The zeroth moment is given by

27r§0
=hZSSF2( ) (cosh 2 2n) d&d
o = 7 €, n) (cosh 2§ - cos 27) d€dn,
0 0

and the second moment is given by

For a nonoptimum illumination, let
N
F(E§, )= El t+a sin2 1) cos gg—a]

The illumination satisfies the conditions
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F(, n=F(§ nt2m)
F (§p m) = 0.

Thus,

2T EO
2 . + inh .
G v)=h S i [ucosh £ cos n+ v sinh & sin 'q] (cosh 2§
0 0

N
. 2 &
- cos 27n) El + a 8in” n) cos ] d&dn
" Vs 3

2
_n? f
-
0
N
. 2 3
+ a sin” n) cos ] d&dn
2%y
S%
0
N

.2 r&
+ a sin” 7n) cos 2—;—-] d&dn.
0

T §0
S‘ eih [ucosh € cos nt+ v sinh § sin n] cosh 2§ [(1
0

T

4%

£

0
S‘ e1h [ucosh £ cos nt v sinh § sin n] cos 27 [(1
0

The preceding integrals do not appear to be solvable in closed form.
Instead, we examine G (u, 0).

9 27 %o .
G (u, 0)= %— S‘ S eth ucosh & cos n o0 28 [(1
0 o0

N
. 2 7€
* a sin” n) cos ] dédn
%,

2
_th
R
0

N
.2 7€
+ a sin” 7)) cos 2—;—-] d&§dn.
0

EO
S gihucosh & cos n 2n [(1
0

T
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For the given aperture EO = 0,277, 0§ sEO

cos §~ 1
sinh & ~ §.
Thus, or EO
h2 ih ucos n
G(u;,0)=-2—g S e cosh 28 (1
0 o0

2 113 N
+ a sin“ 1) cos -2-5—] d€dn
0

2 27 §0
-%—g S emucoanOSZn[(l
0 o

2 7§ N
+ a sin” n) cos -2-5—] dEdn.
0

Recall that

olX cO8 6 _ I () + 22 (-)K Jok (%) cos 2K 6
K=1

. N K-1 (x) cos (2K -1) 6.
+21Z (-) Jok -1

=
]
—

2 (]
G (u, 0) = 5 g S [Jo(hu)‘*ZZ (-)Ksz(hu)cosan
0 K=

+a sin2

N
n) cos 18 ] dgdn
£

RM-233-1

_1 (hu) cos (2K -1) fl] cosh 2§ [(1



B At P L L R

|}0 (hu) + 2 2 (-)K JZK (hu) cos 2K 1
K=

(-)¥" 1 Jox - 1 (hu) cos (2K -1) fl] cos 21 [(1

+a sin2 n) cos -z-g—ﬂg ]N dEdn.
0

For N=1,
2r g0 00
n? K
Gl(u, 0)=—2— S S Jo(hu)'*'ZZ (-) J2K(hu)cos 2K n
00 K=1

(-)K'1 J2K-1(hu) cos (2K - 1) 11] cosh 2§0 [(1

+ 2i§‘
-
K=

+ a sin2 n) cos -gég—] d€dn

1

0
y 27 50 -
) %_ S g [JO (hu) + 2’2 (-F J ok (hu) cos 2K
0 0 K=1
+ 2 (-)K' 1 JoK -1 (hu) cos (2K -1) r,] cos 27 [(1
K=1

. 2 &
+ a 8in“ 1) cos ] dEdn
28,
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h2

+a sin2 n d

(

+a sin2 n d

T

2
("
0

2
h
g

+
[o]
1]
-
=]
[\
3
5
S
TN

A ('
0

)

AN

n

~———

B ' I

£o

(-)K Jok (hu) cos 2K n(1

1

£o
h 28 cos & dg)
(g cos o '2-53

(K13, 4 (hw) cos (2K-1) n (1

%o

<S cosh 2§ cos 5’&5— d§>
0

0

(-)K_lJzK_1 (hu) cos (2K-1) ncos 2 n(1
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EO
+ 2 7€
a sin“ n) dn) (S cos 5p= dE).
0
0
Here,
£
So - 2§0 7 cosh 2&0
cosh 2§ cos d§ =
J %, 16 §,° +1°
2T

JO (hu) (1 + a sin2 ndn =27 (1 +-3-) JO (hu)

oty

2T o

S 25‘ (-)KJZK(hu)cos 2K n(1+asin2n) dn=a1rJ2(hu)
Lud

0 K

2i7 (-)K-lJzK_l(hu) cos (2K - 1) 11(1+asin2 n dn=0
K=

27
S Jo(hu) cos 2 1 [(1 + a sin® n)] dn= -%wJo(hu)
0

27 00
2 Z (-)K JZK (hu) cos 2K ncos 21 [(1 + a sin? n)] dn
=1

=)
A

= - 97 (1+%)J2(hu) -% J4(hu)

RM-233-1
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S 213‘ 1J2K_1(hu)cos(2K-1)'ncos 2n [(1
0 K=1

+asin2 n)] dn= 0.

Therefore,
2
27" cosh 2E .
2 a a 0
G(u,0)=h E [ + {1+ ———2—2—} J(hU)
1 0 {'2 ( '2) 16 )2 + 7 0
a1r cosh 2§0
1+2 J, ) +4% 7 (hu)]
For N=2,
g 27 50 -
G2(u, 0)=l‘2_ S‘ S [Io(hu)+22 (-)KJ2K (hu) cos 2K 1
0 0 K=1

+21$‘ (-)K_1J2K_1(hu) cos (2K -1) n] . cosh 2§ [(1
K=

2 ) i3 2
+ a sin® 1) cos -2-5—] d€dn
0

T EO
S IETO (hu) + 2
0

(K
1

J2K (hu) cos 2K n

AT

-]
-
K=1

(-)K-1 Jok - 1 (hu) cos (2K - 1) 11] . cos 27 [(1
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2
. 2 ukd
+
a sin“ n) cos EEF] dédn

2r EO
2
= %— (S J0 (hu) (1 + a sin2 'q)2 dn) (S cosh 2§ coszgg% dE)
0 0
2 2T
+l‘2_ (S‘ QZ (-)KJZK (hu) cos 2K n(1
0 K=1
50
.2 .2 2 7&
+a sin® n) dn) ( cosh 2€ cos d§)
! 2

2m
2 00
+B (S 2 ) (F 11 () cos (K- 1) n(1
0 K=

£o
2 (2 2 7€
+a sin“ n) dn) ( cosh 2 cos d§)
! %
3
2T 0
2 2
- 92— (S J0 (hu) cos 21 [(1 +a sin2 n)] dn) (S cosz-é-rg% d§>
0 0
2 2r 00
_%_ ( 22 (-)KJZK(hu)cos 2K ncos 21 [(1
0 K=1
2 %0
+a sin2 n)] dn) (S cos2 -21-%% dl;')
0
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Here,

£o
)

or

{

0

on

0

T

o(./jom (=1 S T

S2'1r
0

2T o
2
-3 (S 212 (-)K'lJzK_l(hu)cos(ZK-l)ncos 2 [(1

2

7~ sinh 2§
cosh 2§ cosz-gg— dE = ___2_02_
0 4 (a8,%+ 7%

2
J0 (hu) (1 + asin2 n dn=2r¢ (1 + a+%— az)J0 (hu)

2 i (-)K Jox (hu) cos 2K n{1+ a sin? 'q)2 dn= 27 a (1
K=1

2
+3) I, (hu) + 3 73, (hw)

00
ZiZ (-K -1 Jok .1 (hu) cos (2K -1) n(1 +a sin® 'r))2 dn=0
K=1

£
cos2 E”'E% d§ = -29

2
Jo(hu)cos 2'r'|(1+asin2 n dn=-a(1 +%)1rJo(hu)

RM-233-1
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2
(-)K J2K (hu) cos 2K ncos 2n(l +a sin2 n dn

27
_S'z
0

PN

=1

2
= - (2+2a+1 az)sz(hu) -a (1 +%)1rJ4 (hu)--aa— 1rJ6 (hu)

8
27 o0
2i z (-)K-1 Jok - 1 (hu) cos (2K -1) ncos 20 (1
0 K=1

+a sin2 n)z dn= 0.

Therefore,

2) n? sinh 28, Eja (1

2 3
G,(u,0)=h"n l+a+3a
2 I:{ 85/ (a5, +0% ¢

a a\ 7 sinh2§0 §0
+.2.)} Jo(hu)+{a(1+§) W) + T (2

7 2) az T smh2§0
t2atg a’)f Jy(hu)+ 45 - YT
0

v Fo2 (1+-2-)} J (hu)+—-§-:—J (hu)]
6
For N= 3
, 2r S0 -
Gy (u, 0) = B So So [Jo (hu) + 2KZI-)K 3 g (hu) cos 2K 7

+ 21 E (-)K_IJZK_I(hu) cos (2K -1) n]. cosh 28 [(1
K=1

3
+a sin? n) cos %’E%] dgdn
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2 00
- }-12- S S [‘IO (hu) + 2 z (-)K J2K (hu) cos 2K n
0 o0 K=1
+2i (-)K-1 J (hu) cos (2K - 1) 'n] - cos 21 [(1
2K -1
K=1

3
.2 A3
+ a sin“ 1) cos 2-5—] d€ dn
0
€0

ar
2
22_ (S; 3o (hu)@ + a sin? ) d1> (S cosh 2£ cos (”5 ) dE)

2 0
S 22 (-)KJZK(hu)cOSZKn (1
0 K=

£o
+a sin2 n)3 d'q) <S cosh 2¢ cos3 2—’&% dE)
0

27 00
2
+%—(S 21z(-)K'lJZK_I(hu)cos(zK-l)n(l

2 .3 3 #n&
+a sin® )Y dn ( cosh 2& cos = dE)
S. 0

£

27
- .}_1.2_ (S J0 (hu) cos 21 (1 +a sin2 n)3 dn) (S cos
0 0

)

w

3

vy
(=]

2r o K
( 2 z (-) Jox (hu) cos 2K ncos 2n(1
K=1

€0
2 .3 3 7€
+a sin“ n)° dn ( cos” g dE)
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w2 (¢ K-1
- = Ziz (-) J ok 1(hu) cos (2K-1) ncos 21 (1
0 K=1
o .
2 .3 3 =
+ a 8in“ n)° dn ( cos dE)
) So 2y
Here,
Eo :
3 - 1

S cosh 2§ cos _EE'OdE"ZEO"COShZEO[ 5 >
0 165,’0 + 7
- 1 .

e 2.4 2

16 EO +9 7
2T
S Jo (hw) (1 + a sin® q)3 dn = (1 +3a+gal+ -f%-aS)ZWJO(hu)
0
2r o

2 z (-)K T o (hu) cos 2K 1'|(1+asin2 n)3 dn =
0 K=1

(-z-a+-2-a +—2-a3) 2r J (hu)+—a2(1+-2)1rJ (hu)

+ -1]-'-6- a‘?'1rJ6 (hu)

27
S 2i i (.)K'1 J2K-1 (hu) cos (2K -1) n(l + a sin? 11)3 dn=0
0 K=1
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15
80 a8
S(;coss gz%dg = _37r0—
2r
S J0 (hu) cos 211(1+asin2 11)3 dn = - (%a+ %az + %—gas)ﬂJo (hu)
0

27

2 (-)KJ2K (hu) cos 2Kncos 2n (1l +a sin? n)3 dn

o

o

1

--(2+3a+-28l al +%-gas)sz(hu)-a(%+-g-a+%a2)1rJ4(hu)

- %az (1 +%)"J6 (hu)--§12a37rJ8(hu)

21 i (oK1

Therefore,

2T

Jok .1 (hu) cos (2K -1) ncos 2n(1l +a sin? m?3 dn=o0.

[=]
N
"
-

4

1.2
G3 (u, 0)=h ’g'o Z @q. J2r (hu)
r=0

where

3 2 1 1
apn = 7° cosh 2§ - (1
02 0 [16 oot ™t 168, + 972]

tgatgal+d a3)+32-a(g—+%a+% az)

njw
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1 2

3 2 1 3 3
a, = 7° cosh 2¢ - ‘ ( a+xa
2 2 0 [16502+1r2 16 Eoz+91r2:| VA

15 3 2 21 _2 13 .3
+§-2-a)+-§(2+3a+-8—a +1-6-a)

9 2 1 1 2(, . a
a, = 7° cosh 2§ [ - ] a (1+
¢ B Olis g +a® 168 2+0q° 2
c3gederted
1 ) 1 1 .2

3 2
@, = 7° cosh 2§
6 ® O lieg,+a® 168 °+9q"]

+1airg)

= 1 .3
08 = ey} a .
For N = 4,
2 2w 0 ()
h K
g w0 =5 0 [10 () + 2 ) (3 () cos 2K n
0 0 K=1

+ ZiZ (-)K-1 J2K-1(hu) cos (2K -1) 'n:|' cosh 2& [(1
K=1

+ a sin® M) cos "E]4 d€ dn
%o

RM-233-1
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, 2r %o -
-22— S S [To(hu)+2z (-)KJ2K(hu) cos 2 Kn
0 0 K=1
+ 21 (-)K-1 J2K-1 (hu) cos (2K -1) 11] cos 2M [(1
K=1
. 2 7€ 4
+ a sin“ 1) cos -2-5— d€ dn
£o
h2 ( 4 )(S h 28 cos? XE dE)
= Jp (h Y(1 + asi )* d
S u a sin? n* dn cos cos 2{6
0 0
27 ®
(S 22 (-3 J gy (hu) cos 2K n (1
0 K=1
EO
+ a sin n)4d) (S cosh ZEO cos4 -gEf-)— d§)
0
2
+-132_(S i()K'lJzK_l(hu)cos(ZK-l)n(l
+asin 11)* v) ( cosh 28 cos? "ZE_"E d§)
0
2 2T E0
- 22- (S J0 (hu) cos 211(1+asin2 'q)4 dn)(g cos4 -2’-&% d§>
0 0

27
h? K
- S 2 (-) J2K (hu) cos 2Kn cos 27n(1
0 K=1

€9

2 4 4 2k
+asin“n) dn)( cos” —gF— dE)
g 0
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2 0
h2 ) K-1
- (S 212 (-) Jok -1 (hu) cos (2K - 1) n cos 2n (1
0 K=

1
£o
+a sin2 n)4 dn) (S; cos4 -27&% d’g') .
Here,
& 4 wE 3 8" &y
S; cosh 2§ cos T € = <T6' -~ 502 = + " (602 +1r2)sinh 2%,

2T
.2 4 - 9 2,5 3 35 4
Jo(hu)(1+as1n ) dn-21r(1+2a+-4-a +Za +-1-2-8-a)J0(hu)

0

2T K
S 22(-) Jok (hu) cos 2K n(1+asin2 n)4 dn = 27 (Za
0 K=1

2,15 _3 7 .4 3.2,3.3 T 4
+ 3a +—§a +E3>J2(hu)+2ﬂ(za +-4-a +-3—2a>J4(hu)

+ 27 (% ad +-1%a4)J6 (hu) + 27 -1;7- at J8 (hu)

2r o
2i Z (--)K-1 Jok -1 (hu) cos (2K -1) n(1 + a sin? 'q)4 dn=0
K=

0 1

£o
4 7& _ 3

COS_ZEB'dE'E'EO

0

RM-233-1



& 2 4 2,15 3
Jo(hu)cos 2n(1 + a sin® 7) dn=-(2a+3a tg a

0
+-£% a4> 1rJO (hu)

27
gz
0
21 2,13 _3

+4a+Ta tr a +% a4) sz(hu)-(2a+3a2+2a

4

(-)K J2K (hu) cos 2K ncos 2n(l +a sin2 m dn=

AN

1

+%a4)1rJ4(hu)-(% a2+%a3+-1-22% a4)7rJ6(hu)

(% S+ a4>1rJ8 (ha) - 155 at 73, (hw)

27 00
2i Z (¥ -1 Jox -1 (hu) cos (2K -1) mcos 21 (1
0 K=1

9 4
+a sin“ n) dn= 0.

Therefore,

5
G, (u, 0) = hl g z By I (hu)

r=0
where
§2
- 9 .2,5 .3 35 _4)(3 _ 0
Bo <1+2a+4a g2 +'1'2‘§a><'ﬁ —~ 3.7
4§O + 7
52
0 X 3 2,15 3 7
+m> sinh 2§0+E§0(2a+3a +-8—a +E
0

RM-233-1
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2

3
Bz=(2a+3a2+lg a3+-126- a4) (—1% - PRIV 0+"
0

2
EO

. 3 21 2
+ sinh 2&_ + 3 2 + 4a + a
16 (5,2 + 7D +,,,) 015 & ( T

2 2

£ §
(3 .2,3 3,7 _4 3 _ 0 0 n .
B4'(Za +za +?2-a) (-1-6- it 2+ ) + T)smh250
0 T

3 2 3.1 4)
+T§EO (2a+3a + 2a +§a

£,2 £,2
BG=%3‘3(1+%3)<1§6‘ — % )sinh 28,

-4602+7r 16 (£,° + 1)
ri g (a%+d 24 B oY)
2
3 £
1 a3 0 0 .
Bg =138 2 (ﬁ‘4§ 2+7r2+16(§02+ﬂ2)> sinh 2§,

0
3 3 1
*13 S0t (1"“5&)

_ 3 4
Bio=20a8 So2 -
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For the zeroth moment in elliptical coordinates,

2 ar EO
uy = 22_ g S (cosh 28 - cos 2n)F2(€, n) d&dn
0 O
3
h2 2r 0 5 £ 2N
= S S (cosh 2§ - cos 27m) [(1 + a sin“ n) cos 21'5—] dédn
0 O 0
£
2r >0
2 2N
= 92_ S S cosh 28 [(1 + a sin? n) cos %r;—] dEdn
0 0 0
g
2 & 2 ag N
- S cos 21 [(1 + a sin“ 1) cos 5;—] dEdn.
0 0 0
For N=1,
27 gO

2 2
_h .2 2 7t
Mo 1" (S (1 +a sin® n) dn> (S cosh 2¢ cos o dE)
° 2 0 0 0

2r g0
- 2; (S cos 2n(1 + a sin2 n)z dn) (S cos2 78 dE)
0 0 7&;

Here,

27

2
S (1+asin2n) dn=21r(1+a+-g- a2)
0
£o 2
7" sinh 2§
g cosh 2§cosz-§7§— d§=——2-——92—
0 0 4(450 +7°)
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—-——-2——2—+-—§a1+
(4§ +7°) (

2T 2
. 2 a
cos 2n(1 +asin®n) dn=-a 1+-2- T
0
£o
2 7k 1
cos df =% &
g 2%, 2 o
Therefore,
7r sinh 2§
u0,1=h27r [(1+a+%a2)
For N=2,

2 (& 4
“0,2=E§(5 (1 +a sin? ) dn)(
0
27
9 4
(g cos 2n(1 +a sin” n) dn)(

0

Here,

27 4

2
S (1+asin“n dn-=
0

§o
0

27
cos 2n(l +a sin2 n)

ol

(1+2a+1-a +—a" +

4

5o

0

92,5 3
4

2
E0

4 7€ -3
cosh 2§ cos d§ = - —3 +
S 753 (TG' 450 + 7

dn (2a+33 +

RM-233-1

S cosh 28 cos

15

8

128

35

£ 2
16 (€,

3 7
a +-m-a

4 7€
2K,

g

(1)

.

34) 27

sinh 2§
) 20

4)7r
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%o
4 2§ <3
S o8 3, € 7% %o
0
Therefore, _
u0’2=h27r [<1+2a+%a2+2_a3+_1§2§8_ a4)(T3'6’
2 2
§ §
0 0
- + sinh 2 §
45,5 +1° 16 (§02+7r2)> 0
+‘I% EO (28.+33.2+1T5 a,3+1% 8.4)]. (2)
For N=3,
27 50
H -2 (S (1 +a sin® 11)6 dn) (g cosh 2§ cos® AL dg)
0,3 2 ) ) 'ZEB
-'1-12_ (g cos 21 (1 +a sin” ) dn) (S cos® A& d§).
0 0
Here,
27 6
S(1+asin2n) d'fl=21r(1+3a+‘—18§ a2+%5-a3+-?-§-g-a4
0
+189 ;5 231 as)
§
0 2 2
15 & 3¢
6 7€ _[5 0 0
cosh 2§ cos dg = ( - +
‘g % 32 s 45,5+ 7% 8208, + 1))

£,
16 (4% +9 1)

) sinh 2§0
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27

6
S cos 21 (1+asin2n) dn=-wa(3+125.a+185. az
0

105 _3, 315 _4 99 _5
*'1'e'a+ma*ma)

£o
S coss-é-'g% d§=-1%- Eo.
0
Therefore,
2 2
, 231 as)(s (188 3%
1024 2(4502+1r2) 4(502+ﬁ2)
£ 2 5 2
0 : 5 1 75
- ) sinh 28, +3 a63+ a+-ya
2(4502+97r§) 6 %°0 Zz0F
(198 9.8 e g ). e
For N=4,
9 o 8 g0 8 nE
=B S i+asin?n d)(S h 2 LS
o4 -2-( ( a sin“ n n cosh 2§ cos fE; 13
0 0
g 2 8 o
-9-2- (S cos 2'r1(1+asin2 n) dn) (S cos8 -2’5;— ds).
Q
0 0
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Here,

an
21 a2+35 3, 4

8
2 'n =
S(l tasin“mn) dn 21r(1+4a+-2- 5 a
0

1225 a

441 5, 1617 _6 , 429 i 6335 _8
3z ety e tp @ *ma)
3
0 2 2
8 g 35 78, €0

cosh 2§ cos d€ = ( - +
%, 25 5, (48,2 +7%)  64(5,% + 19

ot

2 2
£o £o

- + sinh 2§
8 (45 °+0m%) 256 (5, + 4;2)—> 0

ar
8
Scoszn(1+asin2n) <i'l="""(1"&%)(4+12a+§4l a?
0
41 3,407 _4,143 5, 715 _6
tgatagyataya +ma)
£o

S cos8-2-7é% d§ ='1§2'58' EO.
0

Therefore,

1,2 21 2,35 3 ,1225 _4, 441 _5
“O,4"Zh T [(1+4a+—2—a +—2-a + 5T @ +32 a

78,2 78,2
L1617 6,429 7, 6335 as) (35 __ "% . 0
8 ° T OSIEE /N gag T 16 (5, 4 1D)

2 2

5 L&
2(4§)° +7°) 64 (eot 4r%)

)sinh 2§0+g-2 §0a(1+%)
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. 81 2,41 3,407 4 143 5 715 e)
(4+12a+Ta +—2-8. +—3-2-a +-3-2-a +ma]- (4)
For the second moment in elliptical coordinates,

27 50

as§ § () @) e

21 S0 L, 2N
=S S [N4—§12- (1+a sin? )] cosz(N'l)-;%-(-) sin? 2—";%] d&dn
0 0 0
3
27 >0
2(N -1)
+S S [az N2(1 +asin2 n sin2 27 coszN%ég—:I d&dn.
0 0 0
For N=1,
an §0
- ”2 (1 + . 2 ) d . 2 ﬂg dE
By =3 a sin“ n n sin” mp=
46," \9 0 0
27 §0 :
. 2 T
+a sin” 2n d1) <S cos d€)
{ %
0 0
Here,
27
2
S (1+asin2n) dn=21r(1+a+% a2)
0
)
S smz'ﬁ%% dg:%go '
0
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or
sin2 2n dn=n7x
0
%o
2 =& _1
S cos 2-53 &€ = 5 EO'
0
Therefore,
3 3 2.7 .2
“z,1=—7(1+a+§a ty atiy- (5)
4‘s'0
For N=2,
9 27 4 EO
u2,2=L2 (S (1+asin2n) dn) (S %sinzér£ dE)
00 'O 0 0

27 2 €0
2 (S‘ .2 .2 ) (3’ 4 78 )
+4a (1+asin“n sin” 2n dn cos 5T dEj -
0 0 %o

us

. 2 .4 ( 9 2,5 3 35 4)
+ = —_— —_— —
(1 +asin“mn dn= 27 1+2a+4 a +4a +128 a

Here,

0
1 2 7§ =1
e E ®7g

oty m oty

27
2 2 2 5 2
S(1+asin n sin® 21 dn=1r(1+a+1_6a)
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EO .
4 7 3
S cOSs -2-56 dE='8' Eo'
0
Therefore,
3
_m 9 2,5 .3, 35 4}, 3
uz'z-—ﬂg (1+2a+za +za +-1-2-8-a)+-2-1r50(1+a
0
+1% 3_2)32. (6)
For N=3,
2 27 6 EO
u2,3=z_;'_z (S (1+asin2 n d'n) (S cos4-2-7é% smz-ég— dE)
0 0 0
o7 . £o
+9a2 <S (1+asin2 n) sin2 2n dn) (S coss-ég— dE).
0 0 0
Here,

27
6
. 2 - 45 2 25 3,525 _4
S‘(1+asm ) dn-27r(1+3a+-8-a +Ta +-1-2-ga
0

+189 5, 231 s)

o5 2 "1035 2
'EO
4 7€ .2 7€ 1
cos sin d§ = 3
,g %, %, 15 So

2r
4
2 .2 - 15 .2, 7 3,21 _4
S(1+asin n) sin® 21 dn-w(1+2a+Ta +§a +§2-a)
0
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£o
6 TE _5 .
S co8 -2-53 dE -1-6- 50
0
Therefore,
3
- 97 45 2 , 25 3,525 4,189 _5
2,37 3, 2 (“3a+'a-a T trm et @
0
231 6 45 2 15 2,7 3,21 _4}),
* 107 a)*m So@ ’f(“za*-a'a tge *wa)
For N=4, (7)
[ ]
2 2n 8 EO :
. 4w 5‘ .2 6 7€ .2 7w
u = = (1+ asin“n) d'q)(g cos sin dE)
2,4 13 ( EE0 EEo
0 0 0
27 €0

+ 16 a2 (g (1+a sin2 n)6 Sin2 2n dn) (S cos8 2%& dE)
0 0 0

Here,

2ar

.2 8 _ 21 _2, 35 _3 1225 4
(1 +a sin® n) dn-27r(1+4a+—2—a t5at+ Fra

441 5, 1617 6, 429 .7, 6335 _8
"33 T ? Y1 Y3768 a)

0056 -g-gg; sin2 7;—5— d§ = TEZ)'E'EO

o

RM-233-1



30
2n
(1+asin2 1'1)6 sin22n‘dn = (1+3a+-'17-g-a2+§55-a3 +-132%- a4
0
99 5 429 6 i
T 1em® *ma)"
£0
8 =& 55
cos a& E ..
ot g -3,
0
Therefore,
3
_ 5 T 21 2, 35 .3 1225 4 441 5
o4 T T6 ‘g'o—(“‘*a*-z'a YTt Tyr e

1617 6,429 |7 6335

8 2 75 2
1w ot trm e ‘“:»rr,'ﬁs‘g“‘)”’5"50’ra (1+3a+1'§a

35 3, 7 4 99 5 429 6
tEF et trme *ma)- (8)
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III. GRAPHS

Figures 1 through 5 are plots of illuminations and far-field power
patterns. All illuminations are plotted with peak amplitude equal to
unity. For all far-field powers, the logarithm of the power is plotted
with the center of the main lobe normalized to zero decibels.

FIGURES:
(1+a sin2 ) cos 'Z'E_Wg N Illumination of Elliptical
! 0

Fig. 1
Aperture Along Major Axis, N =1, 2, 3, 4

Fig. 2 = Far-Field Power for [(1 +a sin2 n) cos 2%5-] Elliptical
0

Illumination Major Axis

- 2
Fig. 3 = Far-Field Power for [(1+a sin2 n) cos g-é;] Elliptical
0

Illumination Along Major Axis.

3
Fig. 4 = Far-Field Power for [(1+a sin2 n) cos 27%:—] Elliptical
- 0

Illumination Along Major Axis.

4
Fig. 5 = Far-Field Power for [(1 +a sin2 n) cos 27%&] Elliptical
- 0

Illumination Along Major Axis,
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1 1 1 1 1 }
0 0.1 0.2 0.3 0.4 0.5 0,6 0.7 0.8 0.9 1.0 1.1 1.2
U

Fig. 2, Far-Field Power for[(l + a sin? ) cos 2 ]Ellipticll I1lumination
L
Along Major Axis
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-10

T

-20

-30}

db

-50k

-60F

0 0. 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

U
2 L 13 2
Fig. 3. Far-Field Power for[(l + a sin” n) cos R_] Elliptical Illumination
0
Along Major Axis
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-10F

-30}

-40p

-0~

1 1 1 | 1 ]
0.7 0. . L 1.1 1.2

1 1 L ]
0.1 0.2 0.3 0.4 0.5

=

3
Far-Field Power for [(1 + a sin n) cos L‘] Elliptical Illumination
2
0

Along Major Axis
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-10}
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db
t
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T

4
Fig. 5. Far-Field Power for [(1 + 8 sin’ n) cos ;L] Elliptical Illumination
c

0
Along Major Axis

RM-233-1



e

Type
Circular
Circular
Circular

Circular

Circular

Elliptical
Elliptical
Elliptical

Elliptical

Elliptical

Elliptical

Square

Ilumination

Optimum
Uniform

Nonoptimum
Nonoptimum

Nonoptimum
Optimum
Uniform

Nonoptimum

Nonoptimum

Nonoptimum

Nonoptimum

Optimum

IV, TABLE OF COMPARISON

Function
Jo (Koor)
A constant
cos (55)
cos® ( ;aﬁ
cos® ';al

Ceo(E. q) ceo(n. q)

A constant

2 T
(1 + a sin )cos’é—
n o \
2 x
(1+ asin“n)cos 755_]
[ 0

3
[(1 + a gin? n) cos -éi—]
2 L2 4
(1 + a sin® ) cos ]
[ K1Y

cos 3X cos I

RM-233-1
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Beamwidth  Sidelobe Moment
2.2 -28, 4 5. 794
1.6 -16.8 o
2.1 -25.6 5.83
2.3 -34 7.17
2.6 -41 9,41
0.11 -36 0.0718
0.075 -17.5 ®
0,08 -24 0. 0745
0. 095 -30 0. 0962
0.115 -36.25 0. 1455
0.135 -41 0. 2583
2.0 -22.8 4, 9868
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APPENDIX A

COMPUTER PROGRAMS
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Program 1. This program is designed to compute moments
of the four selected nonoptimum illuminations for
elliptical antennas,

1+ a sin” n) cos ] s N=1, 2, 3, 4
0
The value of a is chosen to be 99,

The program calculates Eqs (1) through (8) and the
moments are obtained by

(5) (6) (71 (8)
-, -, -, — , respectively.
(1) (2) (3) (4)
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LW N p P R 6 ABpR N N 8 m»mm

PRINT2 e
FORMAT( 19H TAILE OF mnrs/)

Aln23, JE L e e e
PI-3 159
zl 077 _
Re{AHW*2)#P | *A*S 1 *( 1,4 ,5%A) /h,

S- o« TRST*P | wk2) /(b , %S | ¥ 24P | Wk2
I ?H"*z)*ﬂ*(l. AV(1.40.375%A)

BEEEeEILle
»n
.
.
‘
1
H
i
1
{
t i
1
|
i
|
L
]
|
| ;
i

i
968 PRINT 22,20
m 22 rormAT( 1R 8) -
U21m(Pi**3/ (k. *sh Lk u.+ 0.375%A)) +1.5708%(A%2)%s]
284 PRINT 21,202
308 .21 FORMAT(1TH  Mu(2, 1)=£15.8) .
360 V-ZUZII
zss PRINT 1 . .
20 1 rmr;b« Monsur-zls a///)
e n é?"’ *( 2. +A%( *(1 A) /128.))))
o T, +AX( 2, +A%(2,25¢A%( 1.
E 6 PSi=S| ; 75-5 1%, saze- ?&rw o625/b+Q)))
878 PIAmA®( .ut( .u-( .8
PAI=S | %0, 18
vuoz-m**z* ﬂ)*(u*?stwu) L —
91h2 PRINT 31,YI
39165 31 rmrui —
9218 RA=1, s*mswu.», : |.+o.3|zs*A))*(Anz)
893 R1A=(0,25%(Pi¥%3)/S1)*P I, I
Uoh82 PRINT 32,R1A
9506 32 rmv(nu W(2,2)=E15.8) .. .
§§ w’;au/'
18 Hs(2.5-, 5828*51* 7.5/(h, % 75/ 9,%p
8 “HAH{7.5eA% A* 3592 beA®
33 2 g'i ’:*i; E:I-é é’ s: f omulfs ‘iw.zzssn )S)_
0230 -(Au zi*r *( *s*m T
o410 PRINT hz
Oh3k b2 F g )=£15.8)
o486 n-(o ns'(nn /S1)*E
0558 Fu( 1. +A( 2, +A%( 1,B75+A%( a7s+olssszstg)m e
oszs Flm2.8125%P | ¥ | *(A%#*2) *F
33 6 U23=€ 1+ n e
22 PRINT b1
YN rmr(liu _M(2,3)=E15.8)
96 0=Ui23 /U0
v3k PRINT l,o e
89 8 C=10.5
1006 E=19. 140625
J1030 3.781 .
11054 6=12.6328125
11078 He=3.3515625 I e
1102 P=6335,/32768.
I sA-s +A* (ks SAT(CHAY 4 *(m*untm:m_mﬂmmm
113 Siw .01 Y *SI**2+PI
Jih62 J{S1%x24p )%
11558 si- WG| Wh2y m"z
‘:6;3 1/(3 K A T ) D
31 22 n-lz. o S
Here  Faos
) lO;b c-u.ans
918 Nek, Iy 7; o
1942 0.6
11366 TA=, s*nso s*;cu*(NA*(&A*gFM*(.G.ﬂ!(ﬂtP:A)nm
1zlsz EXTRA-l 09375, 29Th*S I #(S 1-S2+§
1232 -.zs*(mnz)m*sn(sngxmgm)
58 mur U0k
J482 51 FORMATCITH WUCO, M) =E15.8)
) §§"’ l
12 £ /16. -
o B
12654 6=75./138, o
12 92 H=99,/1 —
272 ’
Ja162 RA=S5, -swl*(A**z)*i“ Am*(:ut(rm*(m*(ﬂwn))))))
] ';g n-ofsus*gmslsi
Pne s2 romr(:iu M2, R1=£15.8)
,,;1 , TT/UOk o
Pk mur 1,7
3258 END
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Program 2.

o AR S s B W

This program is divided into two parts. Partl
is a program to compute far-field powers of

G, (u, 0) [page 9] and G, (u, o) [page 12]

The increment of u is approximately 0. 01.
Part II, a similar program, computes

Gy (u, o) [page 15] and G, (u, 0) [page ‘S‘]

The value of a is chosen to be 99.
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FERE—

_Partl

3

4

5

. |

7508 8
0

1

2

7

8

(-3
——

07832 6
7928 70

FORMAT(18H  VOLTAGE-PSWER 1/)
FORMAT( 18 __VOLTAGE~PCWER -2/} - —— - - .
FORMAT(F10.4)
SRMAT( 124 G61(0,0)=E15.8)
FORMAT(16H  L3G G1(0,0)=E15.8)
F10.5)

111)
FORMAT{10H  G(U,0)=E15,8)
FCRMAT( 128 cz 0 o -EIS.B)
FORMAT( 161 0)aE
glMENSI;N650(60) Yl(soi Y2(60) Ya(so) Y4(60) ,Y5(60) , Y6({60)
READ S, YO(I)
Dv 70 J-'
READ 5, Yvi(J)
PRINT 3

A=99,

P1=22./7.

S|=0, (Zz7 (162

BaP ] +SI w%2) [{ 16,38 1% 24P | ¥2
AO=49, 5+ ?’ ( )
A2=101 0+A PI “B

Ali=h9 .5
PRIN AO

iF(a0) 37,38,38

AO=-AQ -
CuLSGF( AO)

PRINT B,C P e e

| =0
AX=0,0
f=i+]

AX=AX+,25
v2(1)=(2./A%) *Y1( 1} ~Y0(
Y3(1)=(4./AX) > YZ(I)-YI(
Y4 -(6 /AX) Y3 -Y2(
POWER=AO-YO{1)+A ‘YZ(I)
IF(PC\'IER) 57,58,5
PCWER=-PCWER
P=LSGF ( PCWER)

POWER=8, 6858 (P c)
PRINT 10,PCW

1F(1-60) 00, 108 108 .
PRINT 11

LrYh(1)

P/{4,%Q+P)

AO={ 1. +A% (I.+.375'A)) B+ o 25"A%( 1.4,5%A)
PRINT 17,A

IF(A0) 97, 98.98

AO=-AO

TumLOGF (AD)

PRINT 18,T

A2e(1.+. bha) sacpe.25%(2. +A*(2 +7.%4/8.))
Alpm  125%A%(A%B+2,%( 1.4 ,5%A

Aba{AK*2) /32,
:'u?lix'u.zs et e e =

JAX -1

/AX 3-Yz
v6(1 |£ Y4

o*v AZ Y20 1) +Aksvl( 1) +A6%Y6( 1)

IF(P”WER
P=LOGF ( PSWER
POWER ﬁése)(p -T) S

Ax=0.0

Y2(I)-(2 /AX)'YI(I)-YO(:)

Ys(l) 8 /AX) Yh(l)-YB(Eg

P"wen--r"wz -
PRINT 10, POWER

1F(i-60) £00, 208, 208 S

PAUSE

END - e L
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okl ) e cm sl ] it e el el el bl ealed
20
w
oo

ol el et sl it el
N
2222
Aad
N

el el et et vl el el el b el el
W
~4
w
-

PartIl .

, FORMAT( 18H ___VOLTAGE~PCWER BIL_.___"‘. _ .

6

FORMAY |8u VOLTAGE~POWER 4/)
400,

13 FORMAT(13H _ LN O)IEI e e s e e

-
~ ovan

-

38

200

FORMAT ' F10.5

;:m;g |?§ G4(0,0)=E15.8) _ _ ——.../_)'. e i
DIMENSISN YO{60),Y1(60),Y2

DINENS SN ¥ Y91€0) - vat 88 vates 8?%5"’(“) 1¥5(60),¥6(60)

Pi=22,/7.
si=.277

Bi=1,/(16. *Q +P)
E2m1,/(16,%Q+9,*P)
B-Bl-sz
CMEwt ,+A%( 1,5+4A%( 1, 125+A0,3125))
PTWS-A*(' §+A"(l 5+15,%A/32.))

=P"HE+2.*PTWS 3,
PTHCH2,%( 2,+4A%( 3,+A*(21./8,+13,%A/16,))) /3,
:$Q760, 5*(A%%2) w2, WAX( 1,54A%( 1,5+, 5¥4)} /3.
Am(3, /6h ) =PSQE(A%%3) D+, 25560, §XA%A

AS-A**a/ua

IF(AO) 37 38,38

Q=-
PUWER-LVGF(AO)
PRIHT 13, PCWER

Y+A67Y6( 1) +ARYB( 1) +A10%Y 10( 1)

G

GG-LvGF G)

R=8, 685 "(GG- CVWER)
PRIN

IF I-60 IOO 206, 206
IF(4-2) 207, 208 %08

PRINT 6
SS-( 217 2277 %02,/ (b 5Q4P) - L 125/(P+0))

m-(v +A¥( 2, +A%( 2, 254A%( 1, 25+C*A) ) ) ) %( ,375-55)

AO=TT7+,1875%A% (2, +A*( 3. +A*( 1,R75+7, ’A/Ié m

PRINT 16 AQ

F(AO) 6%,68,68 e

AO-—

PvWER-L.GF $‘
RIHT 13,PSWE

C-S 25

D-ﬂ‘) /64,

Tu0, 1375%( 2, +A% (4 +A%*( C+A*( D+A*E) ) ))
éz; 7k 2,+A%(3.+A%( 1.875+0,4375%A) ) ) (0,375-5§)+T
Rm(A¥%2) %(0,75+A%(0.76+A%C) )
T=0,1875*A%( 2, fA*(s +A¥(2,+0.6%A)))
Ab-R* 0,375-58)+
L Bl ?532 2“'*“”

=(A=A)*Q *(0,75+A%(0,75+29,%
I maon

- 0.375-88)+(3./129,) *A**3#( 1,40.5*
Ato-a *A**h/z ) (1+0.5%A)
G TS 200
END
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