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ABSTRACT

The nerve nets or automata as develeped im the theories of McCulloch and
Shannen exhibit a two-valued extensional logic; i.e., Boolean algebra or a varia-
tion of it, The results of this mathematical and legical model are only applica~
ble to a limited degree to the actual fumctioning ef living organtisms. This 1s
not surprising, as deductive logic is primarily designed to analyze and verify
thought processes, not to represent them, Especially the assumed equality of all
statements according to their truth value and the paradoxes of macerial implica~
tion hinder the applicability of the theory to living systems,

HModal and intensional logic, with the intreductiom ef the eperators of pos-
sibility and necessity, the function of striet implicatien, and the assignment of
several truth values approximates thought processes more clesely. Thus a nerve
net funeticning accoxrding to modal logic would be a better model of a living
system., Several systems were examined for representation in a nerve net and
Prior's system Q was selected as the most appropriate. In this system each pro-
position is represented by a series of numbers (1, 2, or 3, representing true,
indeterminate, and false respectively), Prior interprets each digit of the series
as a point in time, Rulea are given for the formation of logical functions, In
a nerve net the sories can be represented by a series of eounters, amd each pro-
position can be defined in that series. Each function (that is, the change in
the series represented by the function) can be represented in s nerve net and in
any analogue of it, such as a computer,

One interesting application of this system is a change in interpretation ef
the different digits in the series. If they are not {nterpreted as points in time
but as concepts or other positions, we can interpret the truth values as consis~
tent, indifferent, and inconsistent or positive, neutral, and negative affect,
This leads to an analysis of balance theories and makes possible nerve net snaly-
sis of a variety of theories in social paychology within the framework of nerve

nets,
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1, Introduction

Aa.l_Genersl Purpoge

The application of mathematical models to social science, especialiy psychol-
ogy, social psychology, and sociology, has found two kinds of pitfalls. Either
the mathematical method is so specific that any application has to be confined
to very restricted or trivial situations or they use mathematics primarily for
illustrative purposes. The acceptance of many new mathematical and logical
techniques in social science follows frequently a corresponding pattern, of
first acceptance of the new concepts widely without particular concern for the
exact procedure involved, then application of the technique by itself, and fin=-
ally restriction to problems which have only marginal relation to the problem
under consideration with possible further expansion by analogy. This secems to
have been the fate of such new techniques as information theory, game theory,
Markoff chains, or network theory.

A fundamental rcason for this dilemma 13 in the state of the knowledge of
social phenomena and, possibly, in the nature of the data themselves, The mule
tiplicity of factors to be considered and the uncertainties still present in
the measurement of human beings force excessive constraints to apply rigorous
mathematical methods, Instead of forcing events into a structure to which these
methods fit, it may be preferable to loosen up the logical procedure to make it
more congenial to the subject matter, If this 1s done systematically, the pro-
cedures used can still have referents in the more exact rules of logic,

One such modification is given in the theory of modal logic. Addition of
possibility and necessity to the logical operators makes logic more applicable
to the study of actual human behavior, We shall examine the thcory of nerve
nets vhich - besides its intrinsic importance = 1s an explicit analysis of for-
mal logic in its relation to life sciences., By showing the difficulties in

actuel application of formal logic, we can see the needs of a logic adapted to
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intexpersonal behavior and the manner im whish medal legic mestn seme of these
Toquirements, It will alse be shewn hew medal legie ssn ba represented in nete
works se that the greunding ia strict prosedure is net lost.
da2_lexve Nat Theery snd logis

Nerve net theory as develsped by McCulloch and Pttt-,l Vcnﬂeumunn,z
Shennon and Hoore? and othets can represent different input-cutput relation=
ships, thus simulating some behavior of living organisms; The nerve net works
essentially as a binary formal logical system, tepresenting the operations of
Boclean algebra, ineluding counting, and is thus capable of performing ordinary
arithmetic, 1t can also detect or correct errors, achieving any degree of
desired accuracy. However, this is paid for at the cost of bulk and complexi-
ties. This mode of representation, for all its advantages, has some obvious
defenciencies in the represanting of human behavior, Some of thase are connece
ted with the nature of deductive logic. This logic ignores the content of a
propesition; the only measure of a proposition assessed is its truth value.
Hence, any true or any false propositions are equivalent %o each other, and any
combination of propositions is either true or false. In consequence, in this
system any proposition is relevant to any other,

This {ndifference to content contributes to the mathematical elegance of
the theory but makes for difficulties in application, It even results in need-
lass complexities in the astablishment of accuracy: errors in the tranemission
of a proposition sueh as "Two and two are four' must be checked i{n the same way

' It becomes an aven

as those for a propesition like "It is raining today.'
greater obstacle in the understanding of psycholegical processes, as in actual
practice the truth and falsity of any proposition do not have f{mplications for
the truth or falsity of all othar propositions as required in Boolean algebra,

There it i{s a consequence of the definition of material {mplication; that is,



that a true proposition is implied by any proposition and a false proposition
implies any proposition., Attention to content requires a differentiation in
the meaning of truth, which is not equivalent to a simple probability measure
but to a distinction between analytic and symthetic truth., It also leads to
the notion of relevance.

A functioning nervous system operates with continuous input and output.
It has been surmised that it typically operates in an analogue way and that
digital analysis constitutes a late and refined 1:»r<:u:e¢'lmr:a."’s Nerve net theory,
analyses its input and output in a digital mannar because the nerve net consists
of binary units, neurons and synapses. The value of this theory will be
increased if features of the analogue operation of the nervous system can be
translated into essentially binary calculus of nerve net analysis. Ome such

approach is the transition from the classical logical algebra to modal logic,
2. Modal Logic

Modal logic includas all the principles of Boolean algebra and in addition
the operations of necessity and possibility., 1t {s also at least 2 three~valued
logic admitting a value of "indeterminate.'" These features lead to the inclu-
sion of strict implication, which 1s defined as "It i{s not possible that a is
true and b is not true.”" If this relationship holds between two propositioms,

b can be deduced from a because of some necessary comnection between the two
propositions, If they both only happen to be true, strict implication is inde~
terminate, Deduction is thus used in its ordinary usage, and the meaning of a
proposicion is recognized, besides {ts truth value. The additions made by modal
logic permit a closer apprcximation of networks to actual processes of organisms,

Since renewal of interest in modal logic through C, I. Lewis' paper in

1918, several different systems have been proposaed, For the application to
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nerve net theery a system is required which has explieit transformation rules,
a minimum of primitive concepts, und no differentiation of impulses by content,
The best example of such a system was found im Prior's system Q.8

Prior defines the modal operators as applying to time: necessity means
"true at all times," possibility ''true at some time," true and false refer only
to the present time. As knowladge about other times may be imperfect, we have
to admit & third value - indeterminate -~ for all times except the present ene,
This is a2 three-valued logic; although Prior assigns numerical values to the
three states, he does not use them in any ordinal sense but only as a nominal
distinction, We shall {dantify them, therefore, by symbols +, -, or 0, BRach
proposition is then characterized by a string of these symbols, theoretically
infinite, each symbol representing the truth of the proposition during a partic~
ular time interval, The first symbol must be + or -, The logic is based on
four primitive operationa: negation, conjunction, necessity, and possibility,
Rules are given for the transformation of each symbol under each operation.
This, then, is the required development of modal logic, It can be represented
in a nerve net or a computer if it {s possible to use the three~valued strings
as input and to define the operations in a way i{n which the nerve net system

can handle them,
3, Rules for Prior's System Q

Let us first define the four operations, The definitions given here are
equivalent to those used by Prior9 but modified to bring out certain points

useful for later application,

341 Notstion
Propositions are designated by small letters, a, b, .,...; operations by

capital lettaers N, K, L, or M, Operation symbols are put before the propesitions
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they refer to. Propositions consist of a string of symbols +, =, or 0, but the
first symbol cannot be 0, Three of the operations have only one argument: Na

(negation of a), La (a is necessary), and Ma (a is possible). The fourth opera~
tion has two arguments: Kab (conjunction of a and b), Operations can be cumue
lated and are performed from right to left; e.g, NMNa: it is not possible that

not a, or NKaNb: it is negated that a and not b, i.,e, material implication.

1.2 _Ixseformation Bule of Indeterminscy (0)

Any operation which includes & 0 will result in a 0, In a single-valued
operation 0 is invariant, In a two-valued operatfon 0 in either of the two
arguments will result in 0, Thus none of the operations will make indeterminate
knowledgs determinate. Information camnot be gained through formal logic of

any kind,

3 format R d K
Both of these operators work on single symbols without ragard to the .rest
of the structure, N changes plus to minus and minus to plus, K operates on a
pair of corresponding symbols in the sequences in the same way as ordinary cone
Junction does, i,e. two plusses make a plus, all other combinations are minus,
Zeros are dealt with according to rule 3.2. These two operations and their

combinations make all operations of Boolean logic possible.

) t U, f ¢
These operators change the symbols according to the type of whole sequence,
We distinguish three types, according to the presence of plusses in the sequenca,
Type one consists of sequences which contain only plusses (propositions which
are always true); type two of sequences which contain plusses and other symbols
(propositions which are sometimes true); type three of those which contain no

plusses (propositions of which it i{s not known if they are ever true), Type one



and type three stay invariant under both L and M transformation. In type two
operator L changes both plus and minus to minus, and operator M changes both to
plus, Again, zero stays invariant, In other words, these rules mean that a
proposition is necessary at any time if it was true at all times, and it will be
possible at all times if it i{s true at any time, except, of coutrse, at those

times at which nothing is known about the truth of the proposition;

3.5 Meaning and Degreces of Truth

These rules allow all the operations of modal logic, in particular strice
implication, which 1s defined as NMi{KaNb, it is not possible that a and not-b
occur jointly, For two propositions to be connected in that way, b nmust be true
vwhenever a is true, If the truth of b is not known for any time period when a
is known to be true, there is no necessary relationship between the two proposie
tions, although they are not inconsistent with each other. Thus two propositions
can be indifferent toward each other, Meaning is thus defined as the pattern
of times in which a proposition is true,

This system thus permits discussion of several degrees of truth, can dife
ferentiate between different propositions beyond their present truth value,
admits unconnected propositions and does this in a way which consists of simple
transformations of one symbol to another, We shall now construct a scheme of a

nerve net which can perforn according to this systen.
4, The Network Systen

1 T of Input
In order to adapt this modal system to use in nerve net theory, we have to
specify an input in such a way that a three-=valued signal can be transmitted
through an off~on circuit and make the operations conform to the basic opera--

tions of the nerve net., This means essentially that we can specify an output
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pattern for sach eembination of inputs, A system specified in this manner cen
perform the basic operations of Boolean algebra but cannot distinguish batween
two inputs to an organ beyond an on or off state, If these restrictions are
observad, it has been shown that nerve nets can be drawn by simple rules from
the input~output conditionl.lo Consequently it is sufficient to present here
only the in~out matrices.

As stated above, Prior conceives of each proposition as a string of three-
valued symbols, Our nerve net will consist of a set of parallel organs, one of
each symbol, Although the set is theoretically infinite, it corresponds in
practice to a finite number, say n, Each of these organs consists of two parts,
the determinacy net (D) and the falsity net (F), The inputs in the D net are
firing 1f the proposition was indaterminate at the time to which the organ
refers, and does not fire otherwise, The ipputs in the F net are firing 1if the
proposition is falge.at the time and do not fire otherwise. Outputs are read
in the same way: If the D-gffector fires, the value corresponds to indeterminate
(zero) no matter what the F-effector does; if the D-effector does not fire,

' no firing means "true," The vhole net=

firing in the P-~effector means 'false,'
work has thus (2n) receptors and (2n) effectors,

The rules for the operations divide into two kinds: the two Boolean opera-
tions, K and N, and the modal operations, L and M. For the former each organ
can function separately, and only the three=valued nature of the logic provides
any differences from ordinary nerve nets. For the latter the whole network has

to be analygzed and classified into one of the three types before proceeding on

each organ,

4,2 Igput-Output Conditions for K. and N
For the operator N the rules are as follows, In the Denetwork the output

equals the input, In the Fenetwork the output is th¢ opposite of the input,



dead on a firing input and vice versa,
K operates with the inputs from two propositions, a and b; the inputs for
each network are combined separately according to the following table:

Input 11 10 01 00
Output 1 1 1 0

Applying this scheme to the De-network makes the effector fire whenever one
of the propositions is indeterminate; applying it to the P-network makes the
corresponding effeector fire only when neither proposition is false, As the
F-effector is irrelevant whenever the Denetwork fires, it does fire only when
both propositions are true,

Inpyt-Output Con o an

Before applying the operators the whole input pattern has to be analyzed
and must therefore be stored, The analysis for determination of the type (see
above) proceeds as follows: The D and F inputs are combined according to the
following table:

Input 11 10 01 00
Output 0 0 0 1

This results in only the "true" symbols firing, After this the number of

firing fibers is counted, The determination of class is as follows:

X (nunber of outputs of Type
previous table firing)

n I

0XX<n 14 4

0 I1X

After this each organ is treated separately, but there are two kinds of
procedures, one for types I and III and one for IIX.

For types 1 and IIl the process is the sama as for L and M: the D=network
transmits the input unchanged. As there are indeterninate points in these types,
the output of the Denetwork is always zero, For the F-network the inputs are

reversed to obtain the meaning of firing as "false,"



For type II the D-nctwork transmits the input unchanged. In the l=organ
all outputs in the Fenetwork fire, and i{n the Meorgan no output fires, This
type corresponds to a proposition which is true at least once, but not at all
times, It is therefore necessary at no time and possible at all times at which
any information is available,

With a combination of these organs all operations of modal logic are pos=
sible. By giving the activation negative meaning (in the two circuits gp means
indeterminate and false respectively), the required organs include the NAND and

NOR circuits and thus are convenient for transistor circuits.11
5. Applications

The use of modal logic gives flexibility to the use of networks and makes
it possible to use them in new contexts. To show two of its most interesting

features, two kinds of applications will be sketched,

5.1 Religbility

The question of possible failure of efther the inputs or the system has
been attacked in different ways, Here we can use the differentiation between
analytic and synthetic statements. If we have admitted the necessary truth of
statement (La) at any time, {t must be true at all times. Thus, for any state=
ment of this kind an error which would make the statement true at some times and
not at others is self-detecting and can then be checked, On the other hand,
synthetic propositions which are poasible but not logically necessary allow some
errors which would keep them synthetic, and only their truth at different times
would be stated in error., It is likely that this divieion leads to economy in
actual thinking, In propositions whose universal truth is accepted, any error
is automatically expurgated. Other statements depend on correct input; that {is,

exact empirical observation., In this connection it is instructive to note that
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Couunlz has shown the equivalence of error-correcting codes to the Lewis multi-
valued logic. It is proposed here that starting with a modal logic such as
Lewis' and Prior's system will lead to different and simpler looks at the pro-

blen of reliability,

522 Consistency

Instead of different symbols referring to different time units we may also
conceive that they refer to the relation to different conditions. We can then
analyze different propositions on whether they are consistent, inconsistent, and
indifferent under different conditions and under which conditions a person enter-
taining these propositions 1is consistent or inconsistent and what he can do to
achieve consistency, This would then be an approach to "Psycho-Logic."l3 The
symbols can also be interpreted as affective relationships, like, dislike, and
neutral, and consistency of preferences can be analyzed., A number of current
psychological theories postulate a drive toward balance or consiatency.14'15’16’17
Davisl8 has proposed a formalirzed system for these theories. Derivations from
this system show clearly the limiting point of the principle of similarity and
balance and the pointe where a theory of dissimilarity would have to enter,
Balance theories can be taken as describing limiting conditions.19 The procedure
shown here introduces new concepts which will help in investigating these dife
ferent sets of processes, There is a difference between saying that individuals
tend toward situations in which all points are necessarily connected, It is not
clear which of these suppositions are basic to balance theories. Dealing with
ideas which are possible but not necessary or not even true at the present time
{s not incompatible with organization of one's cognitions and may represent much
actual hunan behavior, Understanding of imbalance through the logic of possi-

bility and necessity will then give a more lifelike model of human behavior,
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