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ABSTRACT

Explicit formulas are given for the error at an arbitrary point
in the =lectron density, spin density and form factor derived from an
approximate wave function. In the derivation extensive use is being made
of some previous results by Kinoshita. The main treatment is preceeded
by a short discussion of some of the more mathematical aspects of the

problem and a simple numerical example is given in the last paragraph.
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{. INTRODUCTION

The properties of an atom in its ground state can be calculated from the
solution of the time independent Schrddinger equation

HWO = Eo’ZPo

where Eo is the lowest eigenvalue of the Hamilton operator H and q;o is the
corresponding eigenfunction which depends on the space and spin co-ordinates
of the electrons. Unfortunately, however, the Schrédinger equation is of such a
complicated form that, except for the simplest case of the hydrogen atom, it
does not seem possible to obtain the exact solution. On the other hand there are
methods available by which approximations to ¢o of varying degree of accuracy
can be obtained. As more and more refined calculations had been made, at least
on small atoms, there has been a continued interest in deriving limits of error
for the expectation value of the energy 1) and other quantities 2) calculated from

an arbitrary trial wave function ¢ .

The main purpose of this paper is to show that it is possible to derive
limits of error for quantities of the type lro(g._) - Y(i)l » where a isan
arbitrary point in three dimensional Euclidian space, Yo is the electron density
derived from the exact solution and y is an approximate electron density obtained
from a trial function § . This will be achieved in terms of four quantities; the
exact ground state and first excited state energy, the expectation value and the
mean square deviation of the energy. The derivation is based largely on ideas
to be found in a paper by Kinoshita 3). Kinoshita estimated the error in the
relativistic corrections for a helium atom trial wave function. This required
an estimate of the error in the electron density at the singularities of the potential.
It will be shown here that these results can be generalized to apply on one hand
to an arbitrary point in space and on the other hand to any atomic system. From
this, one will be able to conclude that if a wave function gives good energy and
small mean square deviation for the energy, the electron density will be a good
approximation to the exact density, everywhere, even in those regions of space

which from the point of view of energy may seem unimportant.

It is well known that the state vectors which describe a quantum mechanical

system are elements of the Hilbert space of quadratically integrable functions 4).
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These functions form a Hilbert space only if the integration is understood in the
sense of Lebesque (von Neumann loc. cit.). From this it follows that two wave
functions, which differ on a set of zero measure (e.g. set of isolated points),
describe the same physical situation. Therefore, it may at first sight seem
surprising that one can meaningfully discuss the value of the electron density

in a given point. It will be discussed in the next introductory chapter how the
ambiguity on a set of zero measure can be removed if not only ¢ but also Hy
belongs to the Hilbert space of quadratically integrable functions. This require-
ment seems reasonable both from the mathematical and physical stand point.
The preparatory mathematical considerations of the next section are, however,
not strictly necessary for the understanding of the subsequent main discussion.

2. PRELIMINARY DIGRESSIONS

Let us consider an atomic system with N electrons and with nuclear
charge Z . Let r; and Li denote the position and spin co-ordinates of the i-th
electron and let X, stand for the collection of r and g - The Hilbert space
associated with this system will be denoted by LA:Z (xl. ves xN) defined as the
set of all functions ¢(x1, ces xN) which are antisymmetric in the variables x

and satisfy the condition

(C#) ¢) =f/ ¢(x[)"') xl/)/zd]_’;d_r.;v d§1d5N< oo . (1)

Since the set of Riemann integrable functions do not form a Hilberf' space but only
a.linear vector space, the integration over r, is in the sense of Lebesque,
whereas the integration over the spin variable ¢, denotes summation. Two
functions which differ on a set of zero measure (zero measure in 3N dimensional
Euclidian space 5)) are to be considered identical. The Hamilton operator

H is given in the form

il N
/-/=LZI~;2‘,VL.Z—-Z -,;Z—+Z—)%) @)
- i=/ <

where the notation is self-explanatory. Thz operator H, as it stands, is not
yet well defined in the mathematical sense. As o start one may define H for
functions which have second derivatives everywhere. It was shown by Kato 6) that,
provided the original definition of H is not too restrictive, there is one and

only one self-adjoint extension. It is necessary to make this extension in order



to have a resolution of the identity belonging to H i.e. a complete set of eigen-
functions. The linear vector space on which the self-adjoint extension is defined
is called the domain of H and it will be denoted by DH . DH is a proper

subset of L, 2 i.e. DH ] LAZ . As shown by Kato the domain D

A
all functions ¢ € LAZ which satisfy the condition

fZF /CP(/D,, ,PA,,S,,...,SN)}ZC(Q,...D(,Q~<00) (3)

L=y

H consists of

where ¢ is the Fourier transform of ¢ . This may be written somewhat

(K KP)= kPl < co ()

where K is the kinetic energy operator. It follows from condition (3) that if

$ ¢ [)” then Hd e LAZ , that is, (H¢, H$) < w. Following the suggestion of
7)

dition (3) i.e. we require not only ¢ LAZ but also Hy ¢ LAZ . Let us now

Kinoshita we require that an acceptable trial function ¢ should satisfy con-

define the first order density function Y(El) as

Yin ) =[1Wx,, %0y e f2olry ..ol A, ds,..ds,,

which 1s % times the probability of finding an electron with arbitrary spin at
the position re. It is a consequence of a lemma by Kato (loc. cit.) that if e DH
T(f-l) is essentially continuous i.e. it can be made continuous by changing its
value un a set of zero measure. t Here we shall be interested to estimate the
guantity lyo(g) - Y(?_H » where y_ is the exact density and a a fixed point.
The ambiguity on zero measure can now be removed by the following argument.

In reality one never measures the electron density at a point but only in a small
volume, let us say AV . It seems therefore reasonable to consider instead of

Iy (a) - v(a)| the quantity

Av~>o ""‘IYO(T‘)G(/‘ TAV fé/(”‘)dl"

AV a
Because of the essentuﬂ continuity of 1o and r the result is independent of

the way the limiting procedure is carried out and of possible discontinuities on a

Incidentally this result is far from trivial. As it is stated by Kato that
for N> 1 there exist functions which belong to DH and are still
essentially discontinuous, it apparently does not hold for the wave func-

tion itself.
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gsero measure. This is equivalent to redefining the densities so that they
become continuous everywhere. In the following we shall thus be able to
assume that the densities had been chosen continuous.

3. LIMITS OF ERROR FOR THE ELECTRON DENSITY

Let \p(xl. oo xN) be an approximate atomic wave function which
satisfies conditions (1) and (3). It can always be written in the form

Y= (-7, + 0 f, ®

where y  isa ground state eigenfunction for the Hamilton operator given by
equation (2) (the ground state may be degenerate), f is a function orthogonal to
the ground state solutions and n is a constant which can be chosen real and
positive. If \po and ¢ are normalized then so is f . For typographical
convenience we assume all three functions to be real. The constant v satisfies
the inequality 8)

2 -
'7 é 7\ E o
E,- E,
where \ = (Hy, ¢) and Eo' E1 are the exact ground state and first excited
state energies. The inequality

JO-(A%, ) - B faw )+ s AL D) @

can easily be derived from equation (6) for any linear operator A . If A is
self-adjoint and positive definite the identity A = WJAWA and Schwarsz's
inequality allows us to put this in the simpler form

=T, W) 4 )] < 20 Y RYERT) + 77 Ag).

Let us now put A =6(a - T, ), where b(a - 51) is the Dirac & function in

Q)

the point a working on the spacial co-ordinates of electron 1. One thus obtains

/ (F1)¥@ - Y] <.Z»77% (Sa-t) f)+ 7 (da-mfy £).

Our aim is to majorise the right hand side of inequality (10) in terms of E o’
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El' A\ and ¢, where o= J'(H\p. HY) - M2 . This will be achieved in two
steps. First it will be shown that the unknown expression [5(a - El)f' f] can
be majorized in terms of (Kf, f) and (Kf, Kf) where K is the
kinetic energy operator. Secondly, it can be proved that the integrals (Kf, f)
and (Kf, Kf) on their turn are bounded by an expression which contains only
the afore mentioned four quantities. Let us therefore consider [ 5(a - 5_1){. £f]
in detail. By the definition of the 6 function -

($@-nff)=(8t)9,9), (11)

where g(ilgl. Xor voo )_(-N)Ef(r_l +a, L%y e 5N) and 6(_1;1) is the Dirac
6 in the origin. The identity

(839.9) = S&&) 9(5,,8,, X,- -, 200 °dT =
2
=—4—I77‘f7"/-;v 9@"/,3,)52., "')KN))ZO(T>

where dr = df-l veo diNd‘l oo dLN , can be proved by partial integration provided
2
g-z- fgz dq’1d°1d£2 .o diNd;l oo d;N exists everywhere except possibly on

(12)

grset of isolated points. This leads to the inequality

I8 g,9)/< 31 J4 Vg%t = s [ [ 9V g d7+ .

+ 3 (e, o)t sfér[/f Ryvgee/+ 7 ?"‘””9’2"‘7/} :

The first term in the right hand side expression may be estimated by using

Schwarz's inequality as

[ 5 gVt gt/ <fah ) [ gtz .

On the other hand

J 7“/.'292"(7 =-f9"—;1% grad, 5 ol T =

=2 [# glgred, ) Lot + 2 [ g%lT



which leads to

/f?/jz?z"”/ sl/f-,;/:zyzd’r I/( ,‘\7,2?)

and also

|[7.97 9% <7997 flg,-vT) . o

In similar fashion one may write

j?;;(?’w('?)ao(,r‘_f(?ﬂao/”[‘).(;;,:,.?)zad,)?nad,?dT

5 oo Bt g)?) =L oty S - o (paceg)”

I e, gyt [< -0 9|/ [[[Z- prad,) gractg] A

and therefore

[ Jped yae/< 1599 (9,07 . oo

Substituting inequalities {15) and (16) into (13) one obtains

L
Z

/(&D)g,g)/ ézg‘r{(‘V,zg,g)(V,?,V,zg)g (17)

The Laplace operator V12 is invariant under translation by a and therefore

[Ge-r)f )] /(Sm)g,?)/ $.2‘37‘r{(—\7,ﬁ€ ! (\7,211,77)}%

From this it follows that

J(Sarf )< 2 2 {kbHREROLT



since (-V,zf,i‘)’%(’([;[) and (V.2[>Vaz‘[)$

< ﬁ(p({) k) . The substitution of (18) into inequality (10) gives

[(-7)Yot@) -Y1a) | <2WZ){,% it t)n Kf//gi
+2 Z it 8 ikl 9

The firet part of our programme has now been accomplished. N{Kf, {)
and [|[Kf| are the only unknown quantities in the right hand side expression.
These can be majorized as

ki) < ZVEn+ | B2 O-E)«17Es, 4y
WKLl <) e N=(-72) EE s @ n/(KEL) e

where a i8s a numerical constant given by

o = 2 (42342 2(z-)(N=1) + N(N=1)2). @2

For details the reader is referred to Appendices I and II. If one introduces

the notation

C - 22 (2 /Ene/Bemr-ed ) -

ool e R A By e

it will follow from inequalities (19), (20) and (21) that

[( ~N9yu@)-Yer < 3 Y@ |/C + C | (24)

which leads to the final formula

[Yue-fa]< r_%i'z(ﬂfc"(/;@ab C+7n*Ya)) (25)

where C is given by equation (23) and n satisfies inequality (7).
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We may thus conclude that the error in the electron density Iro(g) -
- 1'(3) | » at any given point a, is bounded by an expression which depends
besides v (a) only on the quantities \, o, E, and 1. Inequality (7) gives
an upper bound for n whereas \ and ¢ can be calculated from the wave func-
tion ¢ . As for Eo and E1 one may either use experimental values or else
it is possible to give upper and lower bounds by known methods.

It also follows from formula (25) that if a sequence of trial functions
converges to the exact solution i.e. || 4:(") - q; ll ~ 0 and if in addition

I & - (n)) \P(n) |~ 0, the convergence to the electron density is uniform.

It is to be noted that these arguments can easily be generalized to appily

to a molecular system. The only difference in the final formula would be that
n

now Z = Zl Z(1 + where n is the number of atoms in the system.
a=

A final remark concerning the spin density should perhaps be made.

The spin density at a point a may be defined as
w
Y@)w *‘fé(l’;-g)?,u(x,”,., XN)SZ, Q‘P(X'I)"') )(u)d)(, Lok

where the spin matrix S works only on the co-ordinates of electron 1. Since

H SZ “ = § it can be shown by using Schwarz’s inequality that
1

(Y)Yl _Z(,Zﬁ) C+C+7% )/(_))

where r(g_) is again the total electron density. The spin density plays an
important role in the discussion of the hyperfine interaction and the above

formula might be of use for testing the reliability of very accurate calculations.

4. LIMITS OF ERROR FOR ATOMIC FORM FACTORS

The form factor is defined, apart from an unimportant numerical factor,
as the Fourier transform of the electron density 9) Let therefore 'r' (k) and

r(k) denote the Fourier transforms of vy _(r) and y(r) . By substltutmg
1 siker
e

(2 17)3/ 2

[ i ~Fleof< i[5 el + e P el )
(.zvr)%/fe“wr[‘%l?/ *-2-’27‘i f/w/dfr +(’2,r),/2 f‘[ 2 (26)

— in inequality (8) one obtains
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and because of Schwarz's inequality this leads to

[(1-7%) Yie)- )| < o @7 +7%)

since § and f are normalized. Thise gives
/%@)—ﬁé)/séz(&éj%&’}?-ﬁvz) +772/j7(/$)l> . (27)

. - 1 1
Moreover, since |¥(k)|< 5 [r(r)dr = one also has the formula
' Z )3,' -t (Zw)q’-

/}/(/e) )/('é)/ (_277)%722;'7 .

The last two inequalities might be useful for estimating the accuracy of the
form factors used in crystallography.

5. NUMERICAL EXAMPLE

Here we shall illustrate the use of formula (25) by applying it to the

helium atom. Since for helium Z =2 and N =2 we have

/J/(a)~(}/(a)/</— CZ(/_W(—Q_HC"'VW Ya)) (28)

where

C<C'= 2 o2 e+ B 7 (A-ED))
(Vo0 2)EF + (2t fFENZA0E,)

Here we made use of the fact that 112 is bounded;

2, - )’Eo
O$77 é77.mw<" E,"Eo

Table I lists the values of C', 24/C' and nzmax for a set of wave func-

tions containing 6, 18 and 38 variational parameters. For the exact ground state
and first excited energies E = -2.903 725a.u. and E, =~ -2. 146 a.u. were
used (reference 3).

It seems that inequality (28) gives sensible error limits at least for very

accurate wave functions.
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wave functions.
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The calculated values of 2\/C'", C' and 112

for helium atom

max

No. of
arameters

18

38

2.903 24

2.903 722

0.016 90

0.000 922

0.000 115

0.000 485

0.000 013

0,000 004

0.0602

0.032

C'
poa——
0,040

0.000 906

0.000 246

The values of

-\ and trz

were taken from Table .II in reference 7.
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APPENDIX 1

Upper bound for ny{Kf{, f)

Here we shall sketch the proof of inequality (20) in section 3. From

equation (6)

2,u=(/_772)é2u° +773[7
N HE, ) = A= E, +7*Eo | (29)

which may be written as

(K d )+ 9*(if) = A-E.+X*E (30)
where V= —Z%_ _;.Z / . Clearly

e Y -Y‘TJ
L) > -2 (7 %44)

-2 (T kb ) > -2V D)

For details see Kinoshita (1959) loc. cit. The substitution into equation (30)
leads to

nkbA ) -2 Vv | (kf.f) < A-E,+7m°E,

which can be solved for nw(Kf, f) to give the desired formula

nikid) < 7 V§+(/Z;LV+(A_.E°).,17ZET |
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APPENDIX II
Upper bound for n || Kf Il

As K=H -V,

K<y 111+ 1 VED
while from equation (6) it follows that
n Il < { o2 d (1-99EF ]

where o= || (H -\)¢ || . Thie gives

KLl < (o2 A (-7 }—i+ nIVEL. oy
It remains to show that n || Vf| is bounded
(V)= (VL) = ((-2Zr+Z %) 4)=
=ZN(Fadd)e22NN-1)(F 4k () +
+ N ”[mf ) +2(W-2) (7, 7 £, )+ W2HN=2 (L L g ()]
= 2ZN-1)(4 3 4,4 ) = Z NOV-D(V-2) (4 4= £, £)

since f is antlsymmetrxc in the electron co-ordinates. By dropping the term

-ZN(N - 1}(N - 2) (——- —1— f, f) which is always negative and applying Schwarz's

inequality to the three ana four body terms, one obtama

(VL) SZ2N (Fdy )+ N=D(L L L ) s
* ZENND(5 %, £4)-22 NOV-D (3 1, 4).

The last two terms cancel partly. This is a consequence of the inequality

s 4 s 1 1 1 1 1 1
r12< rl+r2 from which it follows that - T T c——— £ 0

1 T2 t 12 T2 T12
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and therefore

(V) < ZN(d, )+ M (L g ot [)
+ Z(z-1) N(N=1) (4, ;.’-25[)

It was shown by Kinoshita, loc. cit. (1959), that

(4, %) <+ (-VH,{),
(%;z"[l F/z£)$- 4("7121() ¢))
(%L <2(-V4,¢)

and 8o one obtains

(VEVE) < (KEE) oo el <V (ke L)

where 0(3,2,(422—4-,2,2(2—/)(/\/—/)4 N(/V_‘/)Z)

Substituting this into inequality (31) the desired formula

UK < {4 X019 E2} 2 v R, )

is obtained as it was shown in Appendix I that n~(Kf, ) is bounded. This is

a generalization of Kinoshita's formula for the many-electron case.
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