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\ ABSTRACT
\\\'
A\

A method is pressnted for rapldly surveying the
gravity field of the sarth over that portisn of the
surface covered with water, The techniques cannot
appreach the acouraciesn attainable with stationary
gravimeters, The oceans of the earth comprise the
majarity of the gravimetriczlly ungharted portion
of its surface. Only gravity measuremnts at sea -
wili-be discussed in this work.

A

To provide rapid coverage 1 ndent of ocsanic
disturbances, a low-flying aireraft rather than a ship

will be used to ftrunsport the gravimeter. The required

accuragy will be obtained through the use of state-of-~
the-axrt squipment. 7The use of an alreraf’t presents

preblens in accurate delermination of airspeed, altitude,

latitude, longitude, and the first anxi sccond deriva-
tives of these quantities, However, an advantage
derived through the use of an alreraft 1as the pressnce
of a vertical displacement reference, an altimeter
which measures height above the surface of the water,
This reference makes possible a wethod for mullifying
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effocts of vertical accalerations when measurements
of vity are averagsd over a four to five minute
pe . s averaging technique will pruvide enough
gravity field information to permit a world-wide
sravity survey,.

Thesis Supervisox: Dr. John Hovorka

Tigie: Loosturer in Aeronautica and
Astronautics
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CHAPTER 1

PURPOLE, PROPOSAL, AND OEOMETRY

Scientists have attempted to determine the
slze ard shape of the earth for centurles, Most
current mathematical representations of the shape
of tie sarth have begen in use for over a juarter
of a century. The past flve yedars have seen an
Increase in the datz avallable for u more accurate
determination of the shape of the earth through the
analysais of artificlal sufeilite orbits, While these
data 4re helpful in deteraining a more accurate
mathematical model for the earth, additional Informa-
tion in the form of local gravity measurements is
rneedad. Dr, Lloyd Thompson of the Ueophysics
Research Directorate, Air Force Cambridge lesearch
Canter, has stated that an 2ccuracy in the value of
gravity of 3 to & mgal is needed over the sntire
surface of the earth to construct a more accurate
nathematical model of the garth, The most rapid
means of colleeting this data is by alreraft.

The authors will investigate a method by which
this Infommation can be gathered in an aireraft with
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3 stabilized platiorm and an inertiasl navigation
system. No attempt will be made to compete with
land-based gravimeters, where an accuracy of ,1
ngal, ascording to Dr. Thompson, can be obtalned
through the us¢ of stalionary gravity meters,

The solutior. cf two problems is fundamental
in this thesis. Pirsl, gravity cannot be distinguished
frov. vertical sccelerations of the pravity meter,
SJecause of this, 1{ 18 imposmible to determine the
value of gravity by inertial measurements alone.

Some form of racdiution measurement is essenti:l to
geparate the desired quantity, g, fron the total
acceleration of the gravity meter, Sacord, the
velocity of the gravity measuring device with reapect
to the earth is needed to correct the ncter readings.
The cast-weat component of the aireraft's velocity
adds vectorially to the eastward tangential velocity
caused by the rotation of the earth, thereby increas-
ing or decreasing the radlal aceeleration, Chapter 4
will treat this problem in detail,

The authors have limited this thasis to the
determination of gravity over sea for several reasonsi
(1) Land~based gravimeters can give accuracies an
order of magnitude bettor than can be accomplished
with roving meters, (2) Over lamd, the aircraft
altitude above me: level cannot be determined with
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suffleient accuracy. Over water, a radar device can
glve this information very readi.y. (3) shipborne
gravimeters vau wrosently plve aeeuracsles of only
10 mgal (4,7,16). This 1s not sufficlently accurate
to be benefliclal 1o "mproving the present model of
thy 8lz¢ ard shape of the earth,

‘Lthe ldea of uwsaburing gravity anomslies from
an aireraft is nob now {20,21,24,025,25), babt 4
method providing conaslstontly accurate readings has
not been developed, Current projects in this area
arc usling some of the most advanced technlques
avallable In navigotlon and data processins. liowever,
at the same time, sr.vimeters are belnpg used which
geen 1o be nithiue tore ivhan unstabilized neters of
the sea~-type modified aad shock-mounted tou ride In
an alrplane, Many aituempts (£,7,10,12,15,17,27) are
being made to measure gravity on ships at sea ueing
these unstabllized meters, In an ailrceraft, the
problem of accurate determlpation of gravity is
greatly increased, dne 1o the pgreater velocltles
Inyolived.

A suggestion made by Dr, John Hovorka of the
M. I. T, Instrumentition Laboratory inspired this
attempt to increase alrborne gravimeter daccuracy
through state-of~the~art stabllized platforms, The
stabilized platformw could be used in eithe. an airoraft
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or a chip, but an zircraft has the inhersnt advan-
tage of having & reforence, i.0,, the surfizo of the
200an, other than the medium in which it 1o traveling,
osecause of this, long-poriod vertical acceleration.,
which are present in bLoth aircraft ard ships (and are
indictinguishable from gravity), can be compensated
in an aireraft. Theoc factors, along with the latest
tochniques in airspeed, altitude, and position deter-
idnation, provide a method for redueing measurement
cryrors to o minlrum, The effect of thote errors will
bo analysed in Chapter L,

The mathod for determining the shape of the
carth from known values of gravity is attributed to

Stolees (11t), Hip thcorem ctates that
rn

Np = zr—‘—#,;,. / P, §gds (1-1)
o |

N, = distance from the geold to the earth
spherold, 1.e., the earth ellipsoid.

g = mean value of grawvity over the geold.

r = mean value of the radiusz vector over the
geoid.

Fo = a sumation of legerdre polynomials as
derived in Appendix A,

ég = gravity anomaly.

dS = element of surface on the earth's spheroid.

Three features of this theorem are of interest in this
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thesis, Pivst, in the derivation (Appendix A) of
Stoles' Theorem, all nasses are assumed to be inside
the geadd, This is in kesping with the earth model
at presented by Jeffreyc (15), in which all the masses
outside the geoid are consldered condensec in an
infinitely thin layer just inside the geoid, However,
thlis mass displagement in o small that the difference
Letwesn Jeffreys’ model (15) and the model used by
Laiskinen and Vening-Meinesz (14) may be neglected,

In thls thesis, tia Hsiskansn-Vening-einesz model
Will ve used, Secord, the metiwod of 8Stokes can bde
used to determine only the shupe of tle earti, The
size of the surth camot be determined, Third, and
of primary importance to this thesis, is the fact
that errors increase as one goes farther fron the
masured valws of gravity. Over oosan areas, thou-
pancs of miles from known gravity measuremsnts, the
exrrors bescue aignificart. Alrborne mvity msasure-
monts can help by £illinz in the values of gravity
over the sea, Then the shape of the sarth can be
improved by redusing the errors in the sxtrapolation
by 3Stokes' Theores,

Since this thesis deals with the msasurement of
gravity, it is iwportant to define sxactly what is
meant by this tewm., Gravity is the vestor mm of the
earth's gravitational attrastion and the centrifugal
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force caused by the earth’s daily rotation, The
primary socoeleration is the mams attraction as
defined by Jewton's universal law of gravitation,

Fa-de2
Ea
The centrifugal force tésa 18 at most only 1/3 of
one per oent of the vaiu dus to mass attmaction,
Because of this rotatlon, the earth cunnct be oon-
sidered a spheroid, Inastead, it is flattened at the
poles and bulged at the squator.

The gravity potentlal at any peint 1= a scalar quan-
tity whose maximun rate of changs is the force of gravity
at that point. Anequipotential surface 1s cim on which
no vork is dons against gruvity when a mass ls woved
botwesn wo points on it, The value of the gravisy
potential on mish a surfase 1s constant and the gravity
foros vector at any polnt is norwal %0 such a surfioe,
The muthematios of the earth's thecxretical equipotential
surfices and the gravity field have been studiasd in many
references (14,15,22). One particular equipctential
surface coineides with mean sea level. This surface is
cnlled the geoid, Over land areas, the geoid is the
surface the cesans would assume 1if DArTOW cinals were
out through all continents., It is eomvenient fer the
purpose of this thesis that NHeiskanen ard Vening-
Neinesz's caloulations uee the geeid as & ferenss,

(2-2)
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Sinee ull airborne msasurenents will be mude with
respect  sea level, the measuremsnts are the sume
with respest to the gecid,

Theosetisal gravi Astual vi
cverywhere mmltza s mmhm xﬁ%l
analytical surfuce - to geoid
/ ’A/
/’/ s T .- Earth's surface

\_Analytical murface
approximating the
geold

Figure 1-2
Geodetic Surfaeces

8ince the geoid 1s somewhat irregular due te
gravity anomalies, it is best to work with an ana-
lytical surface that closely appreximates the geoid.
Kany such surfases are in use (14), all of which are
in gereral agresment with the surfaes developed by
Heiskaner and Vening-Meiness. The spheroid of
revolution used haa thefvliowing properties:

a) It has the same flattening, £ = (a<b)/a

=]/297.00 = 0,00336T0, as the geoid,
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b) It has the same mass, M, as the sarth,
This mese is symmetrical about the polar
axis with respect to the aguatorial plane,

s) The spheroid's center of gravity coinciden
with that of the earth.

This particular family of spheroids of revelutiien
Loy be given by

;
o o b1 o. 311e - L
b T 11 £, sin I‘g Lr ( g-c 2¢)

+ .‘3& | = 1/4 s1r? 2 r.g} (1-3)
wiere from Figure 1-3,
Sub p = an extornasl peint
ap = geni-major axis of analytical external
equipotential surface
bp = gowd-oinor axls
¢! = & gonsfants H,_f ad/(un)
D= a small constant
tp = gxternal flattening

This family of referense spheroids of revolution
can easily be changed into a family of ellipsoids of
revolution for relatively low altitudes, Sinse the
mothod proposed in this thesis is restricted to low
altitudes, the resulting reference ¢llipsoid will be
used,
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The Feference Sphercid

rp-ap[l-tpunznz-grﬁnmzang (1-4)
A value of rlattening, £, must be assumed in
order to compute the value of gravity on the suwrface
of the ellipseid, This value was chosen as 1/297 at
Madrid in 1924, and is used to scaputs the international
gravity formula. The internaticnal pravity formuls,
as accepted in the General Assenbly of the International
Union of Oeodesy and Oeophysies at Steckholm in 1930, is

s-s.(l«rﬁ’ninzlt-ténnaﬂ") (1-5)



where

g, - value of gravity at the squator

@ = coafficlent of principal latitude tarm

¢ = gerrection term
Using ths values for g2 F 2 and ¢ , as computed
by Heiskanen, Somizliani, and Cassimis (14), the
gravity formula besones

& = 978,049u {1 + U, 52884 sin Lg (16)
- 0,0000059 s1n® 9,.) om/sec?

Thus far, the attraction of the sun and meon have
been disregarded. Their attraction (tidal effect)
has an influence on the measured valus of gravity,
When the sun or moon is above the point at whigh
gravity 1is being measured, their attraction will
cause the value of gravity to be less than the value
which would be obtained if the sun and moon were
bensath the point,

In Pigure 1-4, the moon 1s closer to point P
than to the center of the sarth. 7Therefore, the
attraction of the moon 15 greater at P than at the
ceanter of the earth, The horlzontal and vertical

components are

sin z!

' pin ©
hm"mll»—;zéﬂ-—--—x‘—.-!!— (1-7)



— ss s _ cos s 1 =
n _—El—r.', -_.!l—r. J (1-8)

where

k = Newtonian gravitational somstant

R = mss of the moon
% elimipating »' , z'y , and k in the above
equations, we get

hedimy &5 s - de )y

x F? ain 25, (2-9)
v-mﬁ-— (max.~§)

-3;%-‘332(0«2:‘-%) . (1-10)
*n S

ry /

rd
"‘

Va . .
‘\\ @/"‘ ’./‘.

P e e
B el Yt &

i \» -~
a € \? \
~
o ;
e - |
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\‘ ~ .
Pigure 1<%
Derivation of the T4dal Kffect
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whare

R = averuge earth radius

M = mass of earth
The equations for the tidal effectsy of the sun are
similar, Por values of Bn/M = 1/81, Vs/M = 333,400,
a/r_ = 3/6C, and a/r, = 1/23,500, the maxiomm
accelsrations of the sun and the moon are

My = TTTB00500 & a " gl ©
by = ssloo0s © ‘s " 158,500 ©

Defining a 2zal equal to the acceleration of one
centimeter per second squared, the max<immwm crrors
dus to the sun ami moon are only 0,11 gl (1 mgal
~ 10"3 ¢al) and C,C' mgal, respectively. Since these
are well within the .ccurucles expected ir the proposed
gravity measuring devicc, they will be disregarded, Por
land-based gravimetrlic measurements, where accuracies
of ,1 mgal are sxpected, they cannot be dlrre;arded
without further conalderation.

Since the vuluc of gravity of interest ic that
at the surface of the carth, the zeold, some methed
must be considered for correcting gruvity msasurements
made in an aireraft to see lsvel values, If we consider
only the main term of gravity, g, we obtain the follow-
ing value for gravity at reax level:
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B = k =5 (1-11)

The gravity g at point P, a distance h above Po »

is aqual to
. u kM h 2
e =k '1(1~2H*3% "'co»)
(R + n)? R R
he
smE (1-27 #3705 - (1-12)

Thus the free air reduction 8, ~ & Or g,

sg-ao-&-zﬁg-“o-‘ h(l-%%o-&...) (1-23)
where &, and ‘io are the average values for gravity amd
garth Mdius. For altitudes below 600U feet, the
second terwu of the sxpression for &p can be disregarded
with erroxrs less than ¢,3 mgal, in which case,

§p = 0.09406 h mgal
where h is the height above the geoid in feet. For
more accurate corrections, and correstions at higher
altitudes,

8:‘0.09“%1’!(1‘%" mﬂ‘ooo)

ki

8:'0;%““'\(1'7.17!10 h 4 o-o)

8, = 0.09406 h - 6,75 x 109 n? nga1 (1-18)

At an altitude of 10,000 feet, whare it ia propesed
in this thesis to 40 the gravity measuremsnts, the
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error duk to omitting the ha term is
- 6,75 x 1072 x (10,000)2 = = 675 mgal

This error of 2/3 ngal is large enough so that the
approximation used by previous authors (6,26) that
the h® term may be dimregarded is not valid for this
thesis,
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CHAPTER 2

A_METHOD TO MEASURE GRAVITY AT SEA FROM A MOVING BASE

An aireraft Llylng .t approximately 10,000 feet
carrying a stabilized platform which is Scnuler tuned
will be the method used herein to transport the gravity
measuring deviee., This gravity msasuring deviee will
be either a PIGA or PIPA with its input axis along the
refersnce vertical as ostablished and maintained by the
stabilized platfor:, The Schuler tuning will practically
eliminate the effects of horiszontal accelerations which
contribute heivily to the errors in shipborme gravi-
metry techniques, Tha only errors in this arrangement
dus to horizontal accelerations will be caused by the
systen's inability to maintain the vertical exactly.

During the measurement périod, the alreraft will be
flown under the most 1deal conditions possible, That is,
it will be operating on autopilot at a constant power
setting and with no center of gravity shifting {person-
nel or otherwise), Over the surface of the water,
turbulence dus to convection will be megligible,

Moments due t0 wind shear will be the only degruding
faokor, and this will be negligidble under ideal westher
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conditions. Any random acoelerations, either vertical
or horizontal, such asz those dus to atmospheris turbu-
lence, will be of short duration--well undexr thirty
seconds, Thess will average to zero over . four or
five ninmuie pericd, if thic Schuler tuned vertical is
undarped, Thus, the effects of random accelerations
on the gravimeter urc nct negligible, but will average
to zero over a rive minute period,

Instead of using magnetic field information for
a heading referencs, and 4 baromstric pressure
reference for altitude hold as inputs to the uutomatic
pllot, we will use betber infocrmation which 1s availe-
a2ble, This infortutlon comes from the stabilized
reference in the case of heading informatian, ard from
A radar or laser (ltimeter in the case of ultitude
information, This heading reference alsc provides
greater aceuracy in position determination, thereby
increasing our overdall accuracy in gravity measure-~
ment, This is discussed in detail in Chapter 3,

An aircoraft operuting on autopilot will experience
short period oscillations both laterally and longl-
tudinally. The: period of these oselllations is less

than thirty seconds, These short period motions
present no problems, as their effects on aircraft
position and altitude average to mero over a four to
six minute span of time. There is one osclllation in
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pitch which has a perixd of wpproximately one minute,
Tds so-called phugold node presents a probliem, Bince
the altitude change of the uircraft may vary ¥5 teo 10
feet, depending on the particular aircreft and airspsed
involved, Since there is a direct relationshlp betwesn
the error in altitude and the error Iln gravity measure~
rent (10 feet corresponds to 1 mgal), some iethod to
correct for the change in altitude and the vertical
accclerations must be determined.

The sirplest method to correct for vertical
acceleration would be to averuge the reading over the
e ipurenent periud, lowever, if the measurement period
begina and ends at different phases of the oscillation,
thlis usverage will be incorrect, Por instance, suppose
the msasurement period begins and ends as showm in
Flgure 2-1, part A; the averuge will not be zero. If,
on the ather hand, we adjust our measuring period to
integral values of the oscillation period, the average
effects (acceleration and position) of the oscillation
will be sero, Thie is shown in Figure 2-1, part B,
If the averags value of gravity is desired, this would
be one method of nulling the effects of the changes
in altitude, The method seems simple, but making it
cpsrational is more difficult, The probdlem of pinpointing
the beginning (or any phase) of ths ossillation presents
the diffioulty., If we lknow this, we can adjust our
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Fesasurement of Phugoid Perios

Leasuiing cycie to cover integral periods of the
osciliation. Thic type of longitudinal airecraft
osclllation 1s approxirately simuseidal. Using this
fact and an aceurate altimeter, the crossings of the
reference altitude by the airceraftc can be determined
wost accurately, This accuracy is limited only by
the altimeter accuracy. A device called the hypso-
meter can determine altitude with an accurasy of 2
feet. This device usss barometric pressure and the
baolling point of toluene to attain this accuracy. A
atill more accurate indlcation of altitude can de
obtained through the use of a laser, The ability of
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lager to transamit a4 very narrow beam (approximately
1 milliradian) (11) permits it to achieve greater
soouracy than radar, Altitude aceuracy to within
¥ 1 foot* can bo obtainsd threugh the use of laser.

The averaging techniqus over an integral mmber
of omcillation periods can be mechanized as follows:
begin the measuremsnts as the aireraft passes through
the reference altitude, End the measurement period at
a predeterminad, even nmumber o0f oroésings later. Altar-
nately, we could begin the weasurements the sune as
before, and end ther Uy sensing & ocroesing in the same
dircotion as the crossing at the beginning, after a
tine predicted by ihie number of periods we desire to
average over, If we want t0 average the gravity over
a8 specified surface length, a restriction will he
placed an the number of integrul cyecles of pitch
oscillations which we average over, Adjustoent of
airspeed and perhaps sslection of aireraft (for both
airspesd and phugoidal mode periods) can be used to
overcome these restrictions,

If, instead of wanting an averags over a five
mimite interval, we want to know the averige value of
gravity over a one minute period, random sffects will
not average to xerc, Assume for the moment that our
stabilizsing system can maintain the vertical with no

SAcouracy estimated by N, Selegienny of the Instrumenta-
tion laboratory,
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orror at all times, and we can determing our altitude
to within one foot, On this stabilised platform we
place an asceleromstar capable of measuring speeific
force to within 100 g (1 mgal), If we know our
position within ons-half mile, and the vertical
acceleration within ons foot per second squared at
all times, we can get a measuremsnt of gravity
accurate to within two or three mgals, All these ifs
and assunptions are impossidble to trensform into hard-
ware, The accuracy of maintaining the vertical is not
the big problem here, nor is the altimster acsurady.
The best accuracy attainable in navigation is discussed
in another section of this chapter., While this aspect
certainly is a degrading factor to our overall ascur-
acy, it does not present the obatacles that the
requiremsnt for continuous vertieal acosleration does.
Short period averages of gravity readings are
moxre desirable than the five minute averages, however,
the necessity for vertical asceleration information
nakes this teohnique imposaible at present, A doudble
differentiation of altitude information from a radar
altimeter is extremely diffieult, if not irpoasible,
The noise cannot be separated frou the surface return
of this equipment to permit differentiation. laser
position information cannot be differentiated esither,
since 1t 18 a discontiruous proesss, laser transwits
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2 pulse every five seconds when used in altimetry,
On the basis of this consideration, this thesis will
be conoerned only with the averaging of measurements
made of an integral number of phugoidal periods,

To define gravity, sinoe it is a vector quantity,
we must specify both magnitude and direction. If we were
to measure apecific foree along a line maintained
perpendicular to the geoid and were able to correct
for all non-gravity-field forces, the result would
be the magnitude of the gravity vesior. If such an
intensity is measured at a height above the geoid,
and compared with the intensity at the same point on
the reference ellipsoid, the difference is called the
“free air grevity anomaly”. If these free air anomalies
are determined over a largs area, then the "deflections
of the vertical” can be computed, The deflection of
ths vertical is the angle between the normml to the
geold (local vertical), and the normal to the reference
ellipscid, The valus of this angle averages under
fifteen necords cver a continental land maes, and 1s
assumed to be near this over the occeans, This seems
to be a valid assumption since the geoid and reference
ellipsoid are nsarly parsllel in most cases, However,
there are ocean deeps where the defleetion of the
vertical is known to be ir: exoess of one wminute,

Sinoe the Gsflection of the vertical can be com-
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puted 1f we know the free air grayity anomaly, we will
neaswre only tha latter,

To determine the refsrence gruvity magnitudes as
a funstion of latitude, the international gravity
foremla (adopted in 1930) is used,

E = &g (1 +08in° Ls-.eunzu.) (2-1)

whare
Lg = geographic latitude
Be = intensity of gravity at the equator
578,045 gals
gal = 1 cq/mz
G = 0,0052884
cw= §,0000059 at surface of reference ellipsoid

Froa this equation, ons sees %hat the reference
graovity field isgmetrical about the earth's polar
axis. 7The intensity ranges from 978.049 gals at the
oquator to 983,004 gals 4t the poles, and eaeh parallel
of latitude xeprosents a constant value of gravity
intenaity on the reference ellipsoid, Wilmoth (26)
shaws that curvature of the nocrwals to the reference
surface is negligible, particularly at the altitudes
at which this systen will operete, lHe also derives
the following sxpression for the reference gravity
field intensity a8 a funotion of haight (in fest),



&
Op = 8 (1 + 106 [5,2088 sin? Ly - 5.9 sin? 2L
- 0,0963 h |) (2-2)

where

G, = referance gravity as a funstion of Lg s G ,

and h

h = altitude in feet above reference surfase (gecdd).

In order to find the fres alr gravity ancmly only,
we rust know Lo and h to determine reference gravity
intensity and the ragnitude of the earth's pravity
vector at that point. From this intensity anomaly,
we can by Stokms' formula determine the shape of the
ge0ld und/or the deflection of the vertical., At this
noint there remaine the problem of determining the
actual gravity intensity with the required 3 to 4
mgal accurasy.

One of the most critical requirements placed on
a system which msamures only the intensity of the
gravity field vector is the maintenanss of an appro-
priate reference. Our problem is somewhat sinplified
by the existenos of systems which can maintain a
reference vertical to within very close tolsrances.
Actually, errors up to five mimutes in the vertical
will result in serronsous gravity resdings to the
extent of T 1 mgal, Present systems can maintain the
vertical to at least within 258 of shis figure. Actual
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system sccuracier will be discussed luter,

Maintaining proper orientation of a reference
coordinate frume in o vehiele moving above the surface
of the sarth 1s no eusy proposition, First, we pust
look at what we'rc atteuwpting to use the referance for,
A referance vnut keops one axis normsl to the geoid
is the prime requiaife. This iz primary because we
are attempting to measure specific foree along this
«Xlg, From these duta, accurate determination of the
free _1ir gravity anciuly cin be made, As u secondary
requirement, it is dcsired that a reliabls heading
reference be maintained for an avtopilot input,

These two roquirements indisate thut the 1ideal
reforence coordinatc system in this gase would be a4
local geographie frume, The Z axis of this system is
wlorg; the normal to the reference ellipsoid and the X
axic 18 in the wmeridian plame, This orientution, if
maintained constant, would provide proper positioning
of our foree ssnsor, and also the desired heading
refercnos,

While the geographic frame mmintains its position
constant with respect to the earth (that is, the three
azes point to north, east, and down oontinuously), it is
never stationary with respset to inertial spuce. This
motlon 1s dus to both the rotation of the earth, and any
translation of the reference frame over the surface



of the earth,

Newton's forvmlation of his laws of meghanies is
based on inexrtlal spaoce. He implicitly defines iners
tial space aB any coordinate frame in which ths acoeler
ation of a particle i3 proportional to the net force
s0ting on it., For instunce, if a point mass were
suspended in this reference space, the foroce which it
Woudd exert on its supporv equals the vector um of
the gravitational faorces, and the inertizl reaction
faorces acting on tht; 4oz,  Bagl of these inertial
reaction forcer in the negative of the product of the
mass, und a pariicuiar acosleration sustained with
respect to inexrtiil space.

The gravitational forcas experienced by . mass
near the earth as a result of the moon and sun are less
than 10~9 times the forve due to the earth's presence.
Our measwring device 15 not sensitive fo forcos of this
magnitude, Hence, tho gravititional pull of the sun and
moon as shown in Chapter 1 can be neglected in thia
thesio, as can any forces exerted by any other bodies
in the solar system. Thus, the asouresy required
greatly sinplifies the problem of messuring the inten-
ity of the sarth's gravity field, For now, if we can
oriaent the measurement axis normal to the geoid instead
of toward the ecnter of the sarth, wa can find the
intensity of thw gravity field; providing, of course,
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we oan deserming all the inertial reaction forees.
8] = [alg = (4] or [6] = [f]g - |fp

uig=mlaly -mjal, (2-3)
where
|@ | = magnitude of sarth's gravity field
/& [ = magnitude of total acosleration
/& |, = magnitude of reaction asseleration

The measurement of gravity intensity through the
use of a stadbiliped platform to maintain the vertical
presents one outstanding problem to any acosptable
schene, This problem is saused by the use of accsler-
omsters to maintain the required vertical indication,
In other words, the gruvity field is deing utilized
as a referense for the maintenanse of a vertical along
which we hope to mesasure the actual gravity field
intensity. 7This seems like an impossibls situation,
Hossver, sinee we are only interested ir magnitude
(and net direction) of gravity, a sclution is realis-
able,

The extensive use of asceleremsters in the probles
solution requires a brief discussion of the operation
principles of a linsar asoslercmeter, Nost present
ascslerometers eontain a suspended mass with frwedom
of metion aleng oue axis (input axis). The motion of
sush a devies 13 determined by the sum of the pravita-



28

tional and inertial reaction forces aocting along the
input axis.

Thus the output of such i linear iccelercmeter
is proportional to the component of totai specifio
force along 1¢s input axia. Such devieces will be
used not only to deteruine spesific forces slong the
three axes of the reference coordincte frame (geographie),
but will also be used to penerste correction signals to
maintain proper orisntation of the references frame,

Performance of Jipsay Ascelercusters

50 (hea)r]sq = = % oy = B (Rpydcage + 7 (3aa)

+ other terms dug tc¢ the gravita-
uam? fislds of ths sun amd
moon (these terus are negligible
for the purposes of this thzn.:g

2

where

kg = the mass of the seisuic elewsut

(2)1 = the second time derivative with respect
to inertial space

("') oa ™ the first time derivative with respect to
a fraxs fixed within the lnistrument case

[ ]u = Componsnt of the veetor aiong the input
axis of the accelsromster

K = the elastic restraint coefficlient

B = the damplng coefficlent

Oge = the gravitationul field at {e) tha center
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of the seizsmic slsment dus e the gpravita-
tienal field of she sarth

Frem Pigave 2-2

Ry, = Koy + By (2-5)

whare
F.q = & displacement vester of point P relative %o
arbitrary yoint in the inertial raference
frame
The sesond time derivative of Equation (2-5)
relative to the imertial frame and 18s resolution
relative 0 a frame fixed in the acesleracmster centered
at punt l' um

R"'; ‘ [ Prea x (iigg, x Rpy)
+ Wpg, = ' k"}“ + l‘“L x Ryy (2-6)

where
Ureq ® the angular velesity of the axis of the
ease raolative to inertial space.
Substituting this equation into Equation (2-4) gives

1530 - (ﬁ"); 1a " [_ﬁ"-lu M g‘ Jrﬁ"’u + i Rpe

+ ['xu x (Wpeq x ﬁr-)] 1a
(2-7)

This equation can be further simplified through
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asoumptlions valid for the spocdfis schame for usage,
K can bo assumed (o :tude) large emough so that its
nutural feoquency 13 v~y miuch higher (30-50 cyules
per cesond) than any motion of the ailreruft. There-
fors, instrmment dynanics may be naglected. In the
system wnder considerution, Wy, will be negligible
sines base notlon 1o 1zclated through the use of
glubals, First and cocond time derivativos of [Wpl o,
are acoumed negligible in comparison with ﬁ?e ™o
lant oquation ivherefore reduces to the following
exprresslont

e ~(R.). ] =&
Gzp ~(Rzp)y J 1a “my LW (2-8)
o~ T T = 4 -7

(Since fpe < mp 7T g 4 Opp 7 Gyl
Thus, the specific farece along the input axie of the
acoelerometer is cqual to & constant fuctar mmiltiplied
by the displacement of the dlewent along the irput
axis,

I the aecalaercueter 15 to gonerats an output
sign:l proportional to tho specific force experienced

along its input axis, the sutput as a voltage may de
written as followe:

Cout = Sa (87);4 + measurement uncertainties

where (87),, = cpecific force along the irput «xis
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~f e s 0w - Boifs  (29)

Ay system whieh uses acosleromsters to devalep
angular serrections to the vertical must start frem
soms reference position and be maintained nsar some
referense position in oxder to perform properly.
This ariginal reference mist de put in as assuretely
a8 possidle as initial conditions, 7The problem then
becomes one of maintaining the referense as asesurately
as possible 80 that smll deviations in vertical ocan
be tracked precisely with the correction angles gener-
ated by the ascelercmeters., This task is performed
through the use of gyros. The basic capabilities and
charasteristics of gyros are well decumented, and will
not be discussed in this thesis., The ability of present
day gyros t0 maintain a fixed reference with respect
to insrtial space and with very low drift rates malke
the instrument the basic pilecs of hardware in any
inertially refurensed system.

The requiremant placed on the aystem is that it
maintain a three-dimensional coordinate frame for
tragiing the vertical while moving over the ellip-
80idal surface of the rotating earth, If three acesl-
sToNSgers are placed with their irput axps aleng she
instrumented axis of a geographic coerdinate frame,
and the input axes of three single-degres-eof-fyecdon
integrating gyros are simllarly located, the platform
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can be maintained in its desived pesition through
proper gluballing. Then the preblem 1s to cmpute~—
autematioall axd sontinuousiy--the angilar velesity
commnd sigmls for the thyes gyres se that, onee
aligned, tie instrumnted eoswdinates always tend to
coingide with the loeal geographie seewdimates (19).
See Figure 2-3 for schammtis diagen fer sush a three-
axis stabilization system,

As stated before, the x and y asoslerometers ave
used tc determine quantsisies, whigh, when they are sen-
verted te angular rates, can be applies as ccxrectiens
to the indieated vertical about the y and x axes,
sepectively. 3inoe the indicated anog are rarely
aligned wish the geographic referense frame, the x and
y axis aseeslesvumstere oxpevisnss spesifis faroes whieh
have coapoments along the referense vertisal, 7Then,
in oxrder e cemputs the Setal spesifie fores along the
seogruphiic vertisal, the vertisal somponents of the
valuss semsed by the x and y asselerometers mist be
added to vertiesl component experiensed by the & axis
acesleremotar,

A method for determining the tetal spesifis feres
componsnt alemg the indicated = axis is darived by
raxmeyer (5). The indicated X axis 1s the astml
vertieal axis of 2 vertisal indisating system, and is
mintained parallel to the geagrephis vertiesl as
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acourately as possible, Existing systems can sep this
sligment within thirty seconds of are, and possidly %o
even closer tolerances., The primary intevest here is
the speeific fores componsnt in the x direction of the
geogrephis reference frawe, The elosest information
to this is the = component of spesifiec foree in the
indicated geogrephic frams. For this reason, the
following expression for this cemponsnt in the indieated
frams is glven as:

(s9)y, = - (80),_minc, + {(u),. sos c,] ain Cx
+ [(sr),‘ cos c,| eos Cy (2-10)

whesre

(av), = total speeific fores along the indicated

vertical ) ]
() = &x - | iy Rer o0 D! - iy B gy coe By

'

5 Ry sty - g2 Ry mn 3y
-,fn”[aﬂn'o-i]m‘:h‘-nu]mn'
(50),_ = &y, - ¢ |/ Py oos (3 - 2y)]

- [“m +1] k[nﬂ? eos (L - D')]
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R (us Dyl cos L

G a4 Cy = corrections to the indicated vertical
-sour the £ and y aaes, reo -ectively

~ince the actuul gravity normal to the geold defines

the uetronomic vertical, and the geograpiilc vertical is

normul to the referencce surface, only the deflection

of the vertical separates the vertical we need from

the geographic vertical., So, in order to put the

above results into a more workable form, the magni-

tudes of the compunents of gravity along the geographie

vertical will be transformed inte the astronomic frame.

Further simplification is possible through the small

angle assumption, Dy ascuming maintenance of the

vertical to within 30 seconds of are,

coB Cy = 008 Cy =2

sin &'.:x = Cx

8in Gy = Gy (2-12)
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Sircee the defleotion of the vertical averages from
15-30 soeonds, and the largest Iowwm deflection is

approximately ens mimtte, the small angle cssumption
can again he made., Therefore,

(AR I

g “Ov, ©

8 *8 (2-12)

where
n,‘amb.y-mmumotmnmmmm
the x and y axss respectively.
Simplifying Equation (2-10) first by ths relatiom of
Equation (2#11) results in

(:w)..1 - (ar);‘ Cy + (87)y, Cx + (S7)g,  (2-23)

Now, making the substitutions shewn in Bquation (2-12),
a fiml expressien for (zt‘).1 is as fellows:

(u),‘-cu-c,n.‘-c,n,,’ni.nn (sin Dy)
x (1 +¢,) + iy Ryp (s1a Dy) (1 + Q)
+ 2iy Dy Rgp (o8 By} (1 - Gy)
+ Ry (cos Dy) (1 - Gy) - Mgy By
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x (sin Dy) (1 +¢y) - Dy Ryp (s1n Dy) (1 + )

- By” Ryp (008 Dy) (1 - @) - L® Ay (0w By)
xu-c,)—[ing;(avnw)m(bg—l?,,)ml;]
x (1~ ) - g coe (L - Dy) ['énu+z'1n

x (Npp +4) | - 2, Rgp (¥pg + /) stn (1 - D)
x[x.“-p.] (2-24)

We now have an exact expressien whisir can be
solved for the magnitixie of the grevity vestor. The
acouracy with which we can find tidis valus 1is based on
the aseuresy of the specific ferce senser, andi how well
we know our pesition, velocity, longitude rats, latitude
rats, ete, That is, any term which has an errer will
reflect an errer in the fimal value of pgravity. An
analysis of these arrows and their esmtribution to
the overell erver in g will be aseemplished in Chapter &
using she results of Chapter 3.



The deterxination of the flight pash projestion
on the surface of the sarth is of primary impowtanse,
The solutions to this problem are categorized as
follows (23):

1) Those systems which rely on msasuressnts of
the motion of the vehiels with respost to e
modium in which it i3 traveling. Any motiom
of the medium with respect to the surfaee of
the earth does, of oourse, CAuse 9ITUrs,

2) T™hose systems whieh detemmine the positiom
shanges of a vehicle by msasuring the aceel-
sration of that vehisle, Insxrtial mavigators
are of this type. Beth systems (1 and 2) are
integrating systems. 7That is, coe must inte-
grate all msasuremsnts during flight in owrder
to perform a navigation funetion. An inter-
ruption of data causes eFrevs,

3) Cooperutive systems in whish the lecation of
a vehisle is deternined with $2w aid of ostad-
lshed reference peints upen the swrfaes of the
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sarth—-loren, Tacan, ote, Systems of this
class are capabls of intermittent opematien,
sinse they are nm-integreting.

§) Nen-sseperative systems in whieh the lesatien
is deteruined iy cheerving the relative meve-
ment of & refurence--the surfacs of the earth
or oslestial bodies. BNasieally, these systems
are of the intepruting type, however, where
particular referense points are identified
(such as knowm slevatiens of partisular stars),
they are capabls of non-integrating operation,
Examples of this type are visual contast mavi-
gators, celestial mvigaters, Doppler redar
pavigaters, and PECAN (Pulse Envelcpe Correla-
tion Alr Mavigator), The PRCAN system may be
classified as an integrating type of radar
sensing of a referense plane which males use
of infurmation eorvelation, ruther than Doppler
frequensy shifts,

The authors have deeided that type 4 abeve iz best
suited fer perferwing the required missien with suffi-
sient acsurasy, JFar this ryeasen, we shall dissuss the
meyits of the Deppler navigator and the Mulse Envelepe
Correlation Aly Mavigater.

In an aizdbernes systen 0 be used fer msasuring the
alue of gravity, four mvigational guantities must be
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inown at all times:

1) trourd speed

2) Heading

3) latttude

}) lengitude
The determination of these guantities can he hrclesn
into two classes:

1) Onboard msasuremsnts by the mavigatiomal
systen which deteruine the desired quantities
directly, and

2) Postflight analysis to determine on a
prodabilistic basis an updated form of the
information from the onboard measurements,

All informstion gathered by this system is in the time
domain., It is trausferred to the space domaln when
recorded through the uss of a goed sloak,

The preblem of navigatien is best solved by
restristing the flight to a straight lins (eonstant
tTus sourse) betwsen two known pednts, While this may
ssem $0 be an idealimtion of ay mvigation preblem,
1t will impese 0o operagicnal restrictions, and will
greatly snhanee the prebability of determining assur-
ataly the desired guantities,

The firet preblem 13 to determine acsurabely the
terninal peints of the flight pash. It is prepesed te
do this by either redar e lewan C. Simve all flights
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for gravinetrie purposes will begin amxi anG reasonably
near shore, sither of these methods can bo omployed.
Within twent) miles of a known coastal arsa, mdar can
glve roturns good cnough to be considered frce of error.
The error shoull be on tha order of a for Inndred feet,
Yhen the gravity »un iz not to be startod until out of
radar range or over coustal areas where pinpoint radar
returns are not poscidle, Loran C must be used, This
glves an accuracy of 500 feet closs to the ctation,

an 1500 feot at a rance up %o 1300 nautieal ©ilies

fron the station (13). Nelther o2 these cin Slve acour-
ato heading informatlon. This must be obtalned from the
irertial platform,

Turing the flicht, the inertial platform will be
piving headlng informution to the uutopilot. Current
autopillots can hold headings to within 1/4 degree, The
znertial platform 17111 provide heading infermaition
sufficilently accuratc to be cornsidered free of error
a5 compared with tho 3/4 degree from the zutoptlot.?

Two mothods arc preccnted fro detorrdning the
ground speed and drift ansle duxring tho flight. The
first, Doppler rudar, 1s a well-established oysiem,
and 16 capable, with nodifications; of giving an
accuracy considered by the authors to bs within the

1. Ace to Professcr Whitalkss <f the H. I, T,
Instmmeniation laboratary, these errcrs are what could
ba expected with stat.-ag-the-art autopllots.
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bounds meesssary for alrborms gravimstrie msasuressnts.
The sesend, PECAN, is still under development, and is
considered heve for future applisation,

The AMN-82, a Doppler system developed in 1957
and curvently used by the Aly Poree, 1is capadle of
glving greund speed to T2 lowes, and drift angle te
within .15° (1). For gansral mavigasion, thess asewr-
acies are well within the tolavanges needed to satiaty
the mavigation problem, Several msthods are presentsed
to improve the Doppler ascuraey fer guavitational
A surenmsnts,

As shovm in Appendix B, the Deppler shift, f4 ,
is an averugs valus for the frequney spectium received,

/‘{ L :: 3db (half power)
AL,

: P '\\
3 v T : N Nolse
-,..4,_-.%.,, Frequeney
Figure 3-1
Typical Doppler Speetium
Afd- g andad (3-1)

letsing ~ eqgml the mean, (£4), 1t is advantagesus to
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Doppler Gecmstry

L - [(x-/u)rp(z)dx (3-2)

where
/ur-rthmtmmmn

At= mean

X = a yandem variabls

p(x) = probabllity of finding the valws x
Here (( 18 cbviously mere, and (¢, 18 ealled the
vamnu[a‘a(t)] of x. The thgrd mament, ‘g,
15 a meagure of the shsmess of e distridutien. For
/¢<3<o,mnnmununmcx. For
,,M3>0.t~mmuumuunmux. Over
M,/a3mmrmmiﬂhm-
w..m,ﬂsunuuuunmuumﬂ
magritude depending on the reughness of the mes.
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The AF#-82 has a sea mode whigh measures the mean
(f4) on an assumed skmmess (’/43) for an averegs
sea state, For more acocumte determination of ground
spoed, the /APN-82 must be modified so that the change
m(,('(3—yhe oompensatec. Pigure 4 of Appendix B
shows a variation in slope for variations in sea state
(Beaufort mmbers), The slope 1s a measure of the
slonmess of the Doppler frequendy spectrum. From
this, 1t is possible to slimiiwte average srrors by
putting thw proper séa state conditions into the Doppl
system, Figure 5 of Appendix B shows errors resulting
in various mea states.

The Beaufort rumber could be obtained in the air
and mamally set into the Doppler systes in elthexr of
two ways. First, the Beaufort mmber is a direct fumnc
of wind veleaity. Ths Dopplsr system gives the wind ¢t
within 2% of its actual value (1), A second, and per-
haps noswe ascurate, methed is to use & laser devios,
discussed later in this olmpter, te msasure the height
of the sea waves. 3ush devicos can msamue distances
with exrors less than ont feet. Ths width of the
received spestrum (directly preportionsd %0 wave
height) can be usod to detarmine Beaufort mmber.

Figure 3~1 shows the desirability of redusing
g (the vartanes). As ((g desreases, the spestrum
bacomes mewe pealcsd, This will give = better deter-
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mination of the average Doppler shift, Ly , with
which to determine ground speed and drift. This ean

be improved by using larger antenmas and henoe a
swaller beamwidth 4 J,

A sscond methiod to minimize ({o 18 L0 fly at &
relatively low altitude. Over sea, the sigml to
nolse ratio decreasss au altitude inereases, 7This
drops the half power point (3 db) and inore.ses 4 £y,
When working with skewed distributien funstions, an
ingrease in Atd causes an increase in ths uncertainty
of £inding the proper mean, ‘d'
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Vo= s (0 +Dy) (3-3)
whare

«, 5, J are angles between x and 1, y and 2,

5 and 3, respectively.

nl.na.mnsmmmmmmm

beams 1, 2, and 3, regpestively,.

rFigure 3-3 shows ths cenfiguration of a Jarus
typs Deppler system. While the APN-82 has an ascurecy
of T2 \mots, newer systems are capable of accuracies of
e knot at a ground speed of 200 knets, Tests of older
Doppler yadars (9) are shown in Appendix B to have the
following errore:

1) Probadls rangs errer-- 8/./D %, where D 15

the distance traveled in mautical xiles

2) Prebadle cross-eourss srrer-—- 16/ /D %

3) Prebable position errer-- 12/ /D %

It is reassmabls to expect ascureasies improved on the
oxder of 508 sinee the mamufasturer's spescifications
have lsproved from 2 lawts to 1 mot,

An altermate method fer obtaining timek and grewd
spesd which may be employed in the futine is hased on
a system whish correlatess variations in pulse redar
tarrain yeturns for airhorns msasuremant of these
quantities.

This aystem (PFECAN) yeesives eshess at two
antenmas mounted along the longitudinal axis of an
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alroraft (23), A the veltcle moves forward, the aft
antenne assunes the previous position of the forward
antenns, The two shtermac tims reseive idemtieal
seturn sSgnals at a time differentinl dstermined by the
airer=ft wléﬁw. The velocity infarrciion {s chtained
by measurement of the delay required for maximm correlae
tion of the tro sigmals.

The feasidilily of 2 mavigation system dased on
the carrelation of rcturmmn to separatced antennas of an
ingohzrent pulse radar has been estadlizhed, Sush a
systen is insensitive to airersft cititude, roll, and
antemma, position. Ixperimental datz suggesta that the
gystom errors may be less than 1% (23), Scveral signal
processing cirouits have been explored in which the
delay and curfelation operations are :acomplished With
simpie molid state cisctronic componsntc. These my
be useful in eomwlation dovices other than FECAN,

It is painted aut that every airborne vehiole
fhich earries 2 modern pulse-type radio altimeter has
already the mwest important elemant of a PECAY system.
A third anterm ad a zignal processing slectronies
packags would be all that is required to provide veloeity
and ground treck data.

In determining the position of the alreraft with
respect to the earth, altituds 1is nesded, az wll as
growsl speed and twack. Previeus authors (21,25,26)
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have relied on rmdar or barametric altimeters., The
procadure suggested is to determine radar altitude
werabimmpaundu%ﬁm (monay o lake) and
thom to measure deviations from this referense by
using a baromstric device, This metlwd introduces
largs errore. Cver the sea, it would not be necessary
to use barometric devices, sinee the rodar altimeter
wuld measure iwisht above the geoid directly.
Although this appearsz to solve the problem, radar
altimaters have Anaccuracies on the order of %30 foet
in altitude determinativi. it the proposed 10,000
foat altitude, Az showm &n Chapter 1, an orrar of
30 foet in altitude dctermination glves 7ise to 4

3 mgal error.

A mepthod to eliminats errors duec to I.Cl air
reductions 18 to use a2 laser radar devise, Thds type
of radayr uses a small rod of synthetis ruby which
aboords light energy at one frequency, and emlis
1ight at another frequency. The light emitted is a
prilliant, coberent xay vhich is capafile of boing
pointad, with seattoring much less than 1 milliradian,
{131)., The reflected light ray can then be timed to
give altitude information in the same marmer as radar
devices, The important difference is that the extremely
mrrow beamridth (1 rilliradian) decroases the altitude
orvsr from 130 feat to + 1 foot, Since a one foot

T IO T
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earror in altitude gives rise to a 0.1 mgal errer in
gravity, this errer can effoctively be dlsregarded.

If the onboard mavigation system were perfect,
a navigational fix, x.‘(t), at the end of the flight
should eoincide with the position imdicated by the
onboard navigation syster:. If they differ, a statia-
tical method can be used to reduce thc probable exrrors
in ground speed, track, and porition. This method
uses the informetion cbtalned from the final positiomal
fix of the rflight to udate all the information in
ground speed, tmock, and poesition throughout the flight,
Consider first the growund speed error.
ILet v{t) = actual velocity

viit) = velosity indieated by Doppler system

E(v)(t) = errer 1n v (%)
v (%) = v(t) + £(v)(¢) (3-4)

Choose A as the estimator for the averags valus of
£ (v)(t). The pest estimate for v(t) will then be

v(t) = v, (t) + & (3-5)
Integrating Equation (3-4)

A AR IR TR YARA R I CRIN T
(3-6)
where
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xi(t) = indicated positien

::1(0) = initial position

x(t) = x (0) +/tv(z')a‘c (3-7)
]

£uuw-aQAM)n£ﬂ€huc>at (3-8)

x; (t) = x(t) + £ (x)(t) (3-5)
xo(t) = x(t) + E£(xg)(t) (3-10)

where
xr(t) = measured finul position

Dafine
§(x)(8) = x, (%) = xp(8) (3-11)
=& (x00)) + TTT ¢ - £ (x,)¢)
+/' (vl ) at (3-12)
Q
whexre
5 (v)(t) = exror in welooity
E)(e) « "TWT+ < (v)(W) (3-13)

1t may be assumed thas € (v)(t), the deviation
from the mean of the errer in velocity, 18 an unbiased,
normally distpibused, randem variable. If 2 (V) 18
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tuly the mean of the error in veloeity, the integrel
of €(v)(Z) over ¢t in the Equation (3-12) will be
|0,

8inee ~ Z (v) 1is not known, it must be esti-
mated, Equations (3-14) threugh (3-16) show that the
estimater forr the mean 15 sstullly unbiased, Ist m be
the estimator for the mean. The srror in the estimte
18 T (¥) - ®m . To maks an unbiased estimate,

R & l',

nef S -TTWON + TEGT|  (3-4)
i.:}]:'—rm- - TR0 +"?‘(i',‘)'J (3-15)
We have assumed
—Z W = =TTON = "TTG) =0
i} |—7OT |t -TW (3-26)

Tharofere, u is an unbiased estimator for the mean of
the srrer in welosity,

"= —é{‘l (3-17)

The varianes of m 18 the quantity that dedermines the
probakility of an accurate msasmuv of ground speed.

T -] (TR -2 TR | e
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Prom Equation (3-9) 1t can be seen that — 2 [v] %,
vhen averaged, will contain only ome non-sero Serm,

[L4]

From Equation (3-12), ma, when averaged, has only one
non-zere tem,

ARy
e
The cross product temm,

-am--a*mnl
t

The varianee, vra,ummntunuthncm.

).
e T2 (3-29)

A
Since there is only one measuremsnt, & (x),

@] = = [sw)]®
The standayd deviation thus beocsmss

o--/oj‘ -/Lgf_ﬁl_’_ ~ziln) (390

The probable error in ground speed, .574 G~ , 1s then

7, = 1,08 {5 (3-22)



o
It can be shown that the sane equation i3 wvalid for
Jetermining the probable error in treck.



CHAPTER 4

ANALYSIS OP ERRORS

Squation (2-14%) provides a method by which
rcadings from an accelirvometer nounted on a stabll-
ized platform in a noving vehicle can bo converted
inte gravity measur+-2nts, The specific {orev weasured
along the indicated z axis ean be corredtcd to a corres-
ponding graviiy viiuo with the same error present in the
accclercmeter, In addition to the errord in thoe twelve
corrcetion terms in Lquation (2-1d4), The effcet of
crrors in thesce corrcction terms limits the aceuracy
with wnich gravity can be deterwined. To speeify the
errors anticipated in the gravity computation, 1t is
first necessary for upper limits to bo sct on the
cperation of the systen, In this thegis, the authors
will examine the ¢asc of an alrcraft flying at approxi-
watzly 10,000 feet and 200 knots, It should be noted
here that the optirum conditions for the purpose of this
thegis would be opcratlion at as low an airspecd as
possible without looing acceptable autopilot performance.
Igher ground speccs lead to larger conffliclents 1n the

corroction terms as woll as a decrease in accurate

w L T L
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determination of ground speed and i1ts derivatives,
In the analysis performed in this chapter, the
rfollowing values and assumptions were used:
1) Ground spoed, 200 knots
2) Altitude, 10,000 feet
3) Alreraft always flown on autopilot with
maximum excursions of ¥5 feet from reference
altitude
4) Maximm values for srrors instead of average
errors woiec used throughout. The average
error for any function is assumed to be zero,
1.0., the equipment is unhiased
5) C, anmd (:y & 7C sec = 150 x 10-6 1udians

G)D'wavyilslioﬁ'rs:lo'émdim

There are a few 1solated positions on the
earth wvhere this valus reaches one minute
of arc, However, thess eases are rare, amd
15 seconvds is a good average

7) Rgp = 20,9 x 100 feet = 6.44 x 10° om,

8) (Rgp) =11 foot

9) Dy % 11.5 Wx, = 3,3% x 10°3 redians

(maximm value atb‘-‘l&‘)
10) é’(x.‘)-éi(,f)-:umuotm

11)}16200104,/\::--1.62:10"5:\:«/-«
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12) < (ig) = 1% Ly = 2 mm/he = 1,62 x 1077 rod/see
13) Ve BQplEL - MS2ajg redlses
= 4.75 x 107 red/ses
w) & (() = 1% " = 8.75 x 10”7 rad/sec
15) Ryp 10 ft/uin = .167 £t/see

16) o (l.\m,) = ,0167 ft/sec (altimster is accurate

to ¥ 1 foot 28 cxamined in Chapter 2)

17) I.)N = 1,08 x lo'n rad/sec (f)N is a maximum at
Ly = 0, Dy = (11,5 min) sin Ay 3 andL‘m
= 1,62 x 10~ rad/sec

18) ¢ (D) = 1,08 x 107 rad/sec
(from error in ground spyed)

19) Dy = 2.32 x 1072 red/sec? (at 200 knote 1%

talkss “5/3.33’/11:1 x 3600 BB

= 4,85 x 10 ses to truvel 45°.
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1.08 x 10~2 rod/see divided by 4.85 x 10V see

= 2,32 x 10732 rad/sec)

20) £ (D) =0

21) .ﬁ“ = 0 (average over an integral nmumber at
phugold periods as discussed in Chapter 2)

22) Wyp = 7.29 x 107° rad/sec

23) Lz (maxtmi) has been arbitrarily set at
70* latitude to prevent excessive values of

; at 200-knot ground speed

o0 a 2
%) L‘(m) -,23-—%)— -W

- 3,08 x 10~7 rad/sec

P a -3 4
25) L) = —%—1 - W.g“ p
= 3.2 x 1073 red/sec?

26) 7 (mea) = KBS Mgl
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« 9 x 10°7 rod/sec®

(L) -n
m <(7) - ey, - A

M/m2 - 9.35 x 10711 nd/uc2

Since the aircraft will be flown under the most
ideal conditions possible (straight, level and unaccel-
srated flight on autopilot), the maximum sustained
acosleration in the horizontal direstion is assumed
to be .2g (6,26), PFurthermore, transient disturbances
are assuxed to de of short duration, and to averags
to zero over the four to five minute interval of
interest., As previocusly dissussed, this assumption
1s Justified through the use of an undamped 3chuler
tuned platform, and by the msasurement being made over
an integel mmber of aircraft phugoidal pexriods,

L ean be found in arzmber of ways, Differentis-
tion of greund speed as determined by the Doppler sst
provides one method, This operation is difficult, and
acouracies are poor dus to the noise pressnt in the
return signal. This method has bhesn by-passed by the
authors in favor of a more precise techniqus, A secend
ard more acourate method would be to use a horisontal
acoslerometer, The only sasrifiess in aceuracy here
would be dus $0 the inherent sapability of the
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scoelerometer and the inability of the stable

platform to maintain the input axis horizontal,

This last problem ls rostly dus %0 the drift present

in the gyros used in the stable platforu., Another
small error here 1g dus to the inascurate representation
of the aireralt heading (assmumed T 1/4 of a degres),
These errors my combine to male this process umsable
for the purposes of this thesis., However, as the
quility of gyros and accelerometers is improved, this
may well become the moat acourate method available,

A third method for determining the value of Ly
seems to b tha most ucourate means available at
pressnt, This process entalls the logleal assumption
that veloeity errors are propagated at thce Schuler
tuning frequancy of 84.4 minutes, This is not merely
an assumption, but has been proven on test lights at
the M, I, T, Flight Tust Facllity., If the maxinum
error in velesity 1s nown, or ¢an be fournd from post-
flight amalysis, it is a simple proocess to detearmine
the maximm rate of change of velosity error., 7The
assumption that this maximum velocity error 1s less than
one foot per second gives the aystem the capability
desired for this thesis, Pigure #-1 shows that the
maximum rate of change of velocity srror oscurs during
the 1/4 oycle centered at a ssro velocity srror
crossing, 8ince 1/4 period equals 21,1 minutes, the



(™

61

—— E lv) nimites

A~
<
'
I VU

i
[
1
}
}
t
!
i
J
|
i

|

Figure 4-1
Veloecity Errors in an Inertial System

é l‘m) - g‘:ﬁlxi‘ é.‘u‘t (“/mz).

If the maximum veloclty error is assumed to be one
foot per second, then the C 3(max) 1.C x 103 ft/sec?,
This value, When divided by Rgp, glves 5.2 x 10711
rad/nec? a8 & ('f‘g)'

Table 3-1 summarizes the errors (in mgal) in
the nsasuressnt of gravity using the above errors in
Equation (2-14), Table 4-1 shows that the najor
contributing factor to exrrors in the measwrement of
gravity is the inabllity of the ayster: to measure
ground speed, specifically, Z +« This error iz reduced
frou 4,2 mgal by a4 factor of 1/oos (1.‘ - Dyle At
the squator, the error dus to errer in Z reduses to
1.4 mgal, This is a basie limitation on the system
propesed by the authors, At higi latitudes, the error



TABLE 4-1 ERRORS IN SPECIFIC FORCE IMEASURED ALONG THE Z AXIS

10

11

12

13

14

TERM IN EQUATION (2-14)
(SF)
2y

g(L -Cc_D, -C,D,)
XVJ,C J Vy

L. Rgp (sin DN) (1 + Cy)

)

ng Rpp (sin DN) (1 + cy

2L, Dy Rgp (cos Dy) (1 - cy)

Rgp (cos DN) (1 - Cy)

2Rgp Dy (sin Dy) (1 + cy)

Dy Rgp (sin Dy) (1 + cy)

DHQ 2.p (cos DY) (1 - Cy)

22
L.“ Rgp (cos Dy) (1 - cy)

{ Bgp (2 + ) cos (Lg - Dy)
x (cos Lg) (1 - Cy)
Cx cos (Lg - Dy)

r LR ] L] L]

{ Rgp + 2Rgp (Wig +/ ﬂ

2C, Rpp (Vg + /) sin (Lg - DN)
Py [Lg - DN]

Free alr correction error

APPROXTIMATE
ERROR IN MGAL
1.5

+2. 05 x 1072
t5.9 x 1072
+1.66 x 1073
to.25 x 1070
Assumed TO

be zero

+1,11 x 107t

0,38 x 10712

t3.6 x 10718

-*:. 386

Ty, 2

+3,08 x 1075

+1.5 x 1073

T
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in the measuremsnt of gravity exoceede the desired

3 to 4 mgal range when flying an sist-west course.

The obvious solution for gravity rsasurements at high
latitudes is to fly a north-south sourse during Deasure-
ment runs, Note also that the error in term 10 dus te
anemini.scamotbe ata::nxi-mmnmtl’nm
in term 11 due to an error in ( is at a maximm, Twe
rms values of error in the measuremsnt of gravity are
given below--one for o north-south course, >nd one for
an east-weet course, The errors ire due to errors in
terms 1, 10, 11, and 14, The romaimng terms have
errors less than .1 mgal, and may be disregarded.

NORTH~-SOUTH COURSE

IS error = ,/(1.5)2 + (-“)2'.0' (>-1)2

= 1,5% = 1,6 mgal

EAST-WEST COURSE

s emver = [(15)% 4 (.22 + (1)

- “.M = ‘q’OS wl



CLAFTER 5

SUMMAIY AND CONCLUSIORES

The mechanization of the theaory and technigues
discussed in previous chapters is not impossible or
eveRr difficult. HHowever, there are certain requirve-
ments of this mechanization which must de considered
in detall. The selectilon of a sultable zircraft to
perforu the miselon irwmct be made, 3ome of the desired
charactertistics of tho chosen atreraft are as follows:

a) Suffiecient runge to span all ocean masses

b) Stable flighi characteristice in deaired

airspeed range with geod autepilot, i.e,,
ona capable of malnteiming altitude within
+20 feet, i heading within ¥ 1/% dozres

¢) Capable of mounting all equipment assoclated

with gravity measurement

d) Phugoidal period known at dssired airspeed--

actually, this is not a funstion of the alr-
sraft, but a funstion of the airspeed., However,
the mgnitude of the exeursions from the refer-
enoe altitude is a fungstion of the aireraft
configeetion, The phugeidal period of an
airoraft flying at 200 knots is approximstely

46.5 seconds. (8inee W, (o p og1401)" ‘/R—
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an increase in airspeed decreases v, and
thereby inocreases the phugoidal peried, )

The world-wide gravimstric requiremsnts as out-
lined by Dr. Lloyd Thompson of the Qeophysios Researech
Directorats, Alr Foxrce Cambridge Research Center, set
forth the need for average gravity values over a 60
2lls Iaterval, For 2n aireraft flying at 200 my/hr,
an 13-mimute gravity reading could be mzade to obtain
this average. The random errvors which are assumed to
averags to zero over u gravity msasuremsnt woulu
probably average to Zero over a much shortor time
interval--probably four to five minuiys (20,24,25),
During this time, the alroraft travels over approximate-
1y fifteen miles and goes through six phugoidal periods,
This rumber of phugoidal periods is belleved to be
sufliclient to average the long period vertlcal acoel-
eration, In seabotms gravimeters, nc such ability teo
measure long period vertical aceelaration exista due
to the lask of an external referemce. Still, experi-
ments ln this type of Zravity measuretent indicate
that five mimutes 1s long enough for an adequate
aversgang (4,7,16).

Any errors resulting from disturbances whieh deo
not average {0 ro can be minimized by flying the
mission in the best possible weather conditions, The
effects of any horixontal distuwrbances are insluded in
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the error amlysis alracdy presented,

The infermation from the accelerometer, stabile
ised platform, altimster, and Deppler redar will be
recorded in the time domain by the use of a gloek.
The measwred information in time can then be anlymed
on the growd and converted back to & space (i.e.,
position) funstion., The meshanics of averaging all
the inputs to Bquation (2-14) is best dons utilixing
a digital computesr., The sams computer ean he used to
solve Equation (2-14) using the averags valuss as
caleulased by the somputer, Previous authors (7,21,
24,25,086) have found that redustion of data without
the use of a ocomputer is an extremely tediocus task.

The use of Loxun C would permit the aireraft to
agcomplish the mission without being outeide of Loxun
coverage for pericdec in exoess of five hours, Te
prevent the longltude rate fidm becoming excessive,
missions flown along parallels of latitude shxmild be
limited to latitudes less than 60°, For areas above
this latitude, tracks along meridians c¢losse encugh
together to provide average readings over 50 nautieal
xile squares presents one method of measurezsnt in the
highsr latitudes,

The present world-wide coverage of lLosan C 1s
insufficient for this rission, However, if all present
Loxan stations are replased with Loran C, there will be
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no problem, This replacement should be conplets
within the next few years. There are inertial systems
in existence which will give the required agcurasy.
S0, it 1is possible to do the job today.

The inertial systen possesses other advantages,
One 18 the faet that ocean currents do not reduce ite
acouracy. Ocean currents are appreximately lnown, and
will not appreciably deteriorate the ground speed deter-
mdned by Doppler. However, it does not enter into the
inertial system at all, Another advantage of the iner-
tial system would be the following: Sincs any error in
position and velocity propagates with the Schuler period
in an inertial system, and remains falrly constant in
amplitude for sach flight, a calibration period of
approximately 42 minutes (1/2 Schuler period) can be
used to calibrate the erroxr out of the system for each
run,. In other worda, we can f£ind out what the error
in position and velocity is for eagh run., With post-
flight analysis, these errors can therefore he removed
froi. the readings taken, This technique provides a
large reduction in the crrors presented in the error
analysis chapter. The muximm error in gravity msasure~
went while flying along parallesls of latitude wp to
60® beocomes leas tlun 2 mgal, Maximm error flying
along meridian also becomes less than 2 mgal,



inesifis fMysven
Alrorafs--C-97 or C-121 with autepilet. These twe

sireraft mest previcusly established
eriseria,
Equi puent-—-
a) laser Altimster
b) PIGA o PIPA fer use as gravity measur-
ing device.
¢) Inertial system which will asourately
maintain the referense vertical (the
nermal to the referense ellipsoid) amd
atable platform on whieh the gravity meter
is placed. The inertial package will also
provide the follewing:
1) Alreraft heading reference
2) Stabilizing sigmals fer the laser
altimster antenm
d) Loran C equipment
¢) Deppler APN-82
£) Readout and recowding squipuent fur the
gravimeter,

Duture Possikilisies
The next few years should provide equipment far
superier to that assumed in this sheais, asoerding to
M, Polner of the M, I. T, Flight Test Facsility, amd
Ne, Soiegienny of the Instrumentation labermtory.
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Tha insrtial type mystem will be able to determine
position to within a quartsr of a mile after five to
ten hours of operation, and velocities to within ome
to two feet per second. These iwprovemsnts, coupled
with a specific force measuring devioe with a 50%
improvement over what can be dons today, will permit
the tochniques discussed here to be utilized with
very ligh ascuracy.

Continuous-laser Doppler equipment, when
devgloped, will pernit acowracy very close to liertial
syster quality at a mich lower cost, according to M,
Sciegienny. This possibility may not be realized
irmediately; however, its applicability in thds
schenc 18 quite evident 1f its developrent 1s as
successful as presently sxpected,

The two possible future developments mentioned
abowve are not the only means of irprovirg the schens
discussed here. An integrated systexm contalining
inertial, Doppler, and laser equipment can be utilised
to provide batter accuracy with state-of-the-urt
components. The equations and eonstants for cuch a
syston Wweye developed by Mr, Sciegienny of the M, I, T,
Instrunentation Laboratory. This integrated system
contains third order damping, and utilizes accurate
2ltitude and a properly filtered Doppler signal to
correct the inertial system. Sush a system would
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also be improved through the use of a contimious-laser
type Dovpler redar,

Present System Zerowrs
The ersors of Chapter 4 are derived from a system

euplaying Doppler raedar to determine ground speed, As
was indicated previocusly, these errors can be reduced
considerably (to less than 2 mgal) by the use of an
inertial system alone., A system to do this, however,
is 8still in Lts testing stages. This is the reason
for emplaying DPoppler, even hough its accuracy io
less than ths inertial systen.

Proper planning of missions to be flown will
reduce the maxirum Mms error to acceptable values,
If a north-south gourse could he flown throughout,
the rus value of error would have a maxinum of 1.5 mgal.
This 18 not feasible becuuse the aircraft would be
flying for extended periods outside areas where its
position could be determined with sufficient acouracy.
There 18 a method fer reducing the east-west course
orror to 4 mgal or less; this consists of limiting
the latitude for such courses to 60°. Above this
latituwde, north-south courses can be flown with ms
orror = 1.6 mgal, This error satiafies the require-
ments originally specified. This thesis has shown
thooretically that an aireraft carrying stite-of-the-
art equipment can make an over-water gravimetrie
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curvey with sufficlei. accuruey to improve the present

cotlicate for the shape of the eartn,
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APPENDIX A

Stolees' Theoren states that the shape of the
earth san be determined through the use of wvariations
of the valus of gruvity about a reference value. lHis
method relates a differential in gravity to a eorres-
ponding differential in distance, Thus, if the refer-
ence 1s Mnow {1,2,30), the astunl shape of the earth
can be obtained by deviations from the reference fruxe,

The equation forr Sq, as developed by Heiskansn
and Vening-Meinesz (2) is

Sq-z’o%lfrn Sqa7 (A-1)

where

P, = a sonal spherical harmonis in /' , the
angle between the radius vestor of the
external point at which we wish to determine
N, and the element of the geold where the
geavity anomaly 18 S g,

d0 = alement of a sphere of unit radius with a
redius veator coineiding with that of & g,
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If g and N, are set up in spharieal harmonies Y,

Sg = 3 +2§ +3;§ +...+(n*l)!;ﬁ“
(A-2)

,,..5[.} - T S 3‘4 (a-3)

and the swsmmation and integrution are interetangsd in
Equation (A-1),

a oo .
Mo = rﬁ%—/ S, B or @™ e
o

(A-4)

and

If the funetion

n - 2o g (5 (a-5)

is intreduced, Equation (A-4) besomes

T
N, = l‘#‘é"@?/ B g ac (a-6)

If the notation
b e o n
q-%!’n(%) Mu-%

is intredused, it can be showm that
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Q= Pn W = (1 - 2u cos ¥+ ua)"%
-kh-hu
w (1 -2 comt+ uz)'% -1-ucosY (A-T)

Then

na=o: - 0 u
F. = z 2n-:1 P 1 = Z/‘ (zn + 1)
)

x Pn u‘n-a d

u X ; Yim 00
- / ui %‘ﬁ[ ;’ P nn-ﬂ.’
0 - fe n

-af w2 g,-, (w2 q)au (A-8)

4

du

If the equation for q (A~7) is pubstituted in (A-8),
and the quantity v = (1 ~ 2u ces ¥+ u?)¥“ 1s intre-
duced,

Fom Lyl 5c0sy -3Y

~-3008f m1/2(1-vuoces?’ +v) (A=)
% 18 melatively eisy to compute values of F.

for all values of ¢ und ¥ . Prom (A-6) all values of
N, may be calculated, If we taks (= 0 a8 the motase
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of the geold, we have u = 1, v = 2 sin 1/2Vand ¥ =

o8¢ 1/2Y +1 -50081-Gmin 1/2Y- 3 co8V1in|stn 32V

x (1#!1311/2‘“].
!oumcobouuplyaumummnmd

Y » the angle between the radius veetor at whish we

wish to detarmine N, and the element to the gecid where

the gruvity anomaly is {g. Thus, Equation (A-G) becomes

C
"O'l"rr,'?ﬂo/ ¥, ‘@8 (A-10)

where g and r are mean values over the gecid axd 8 is
a sphers of msan radius r, This is tls theore=m of
Stolkes, ussd for computing the shape of the geoid,



This appendix deals with the mathematical
amlysis of the probable error and its Cistridution.
The error standard deviation for the gmmral case will
be derived (27).

Iat the stmight line of distance D be tix courss
betwecn departure and destimation. The erress in
ground speed and tsask will be designated X and X
respectively (Pigure B-1). The course is aligned

7
L—-....ﬁ X
W D >
Departurs X ¢ e
Y ‘Q-— \ = /.'
X n -
Indieated N.« Tue
destination destination
Pigare B-1
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with the X axis, Reference to the along-coures
errors will be made with the subseripts ac, and
referencse to the across-course errors (eress-oeurse)
is oade with the subseripts cs. The indicatad errers
X and Y are cusulative exrvors, and can best be studied
by statisticai methods by dividing the distance I inte
oqual segments .D 80 that the complste course is divi.
ded inte n equal seguants, Eash segment is suffisiently
long 80 shat the errors attributed to each seguent are
statistisally indgpendant, Any errors from previous
segrents will in no vay influsnse errors gemrated in
future segments. It '3 asmmed, in this derivation,
that comstant errors can de biased o calibrated out,

D D
R A > Desired
. oourse
Y ('x >
Oy | "9 Position with no
segmant errors
e R e - . A= e e e
: L 3 ;
B a
— ' « InGicated position at
ord of segment
Pigure B-2

Definition of Segment Brrers

If x is a variable, an errer in x fov the 1 $h
observation will be noted as /Ax;. The msan valus of
A%y for n cbeervations will be noted as Ix;
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whers

i
Axi - ;‘1{ ?A-L_Vx Axi (B“l)

The deviations from the msan, the absolute value of
Lﬂxl - Azi) describe tie scattering of the observations

about the mean, ard these are described by means of the

variance CT; 2 , where

J - = . A - Bew
x Lo ( X3 A‘i) (8-2)

A nore useful form of this equation is

S
F
n

" xg -6;2+ x; 2 (B-3)

=)

The variance nay also be desoribed as the second-
order wmoment of the disiribution, If the shape of the
distripution curve is known, then the mean and the
variance deseribe the particular distribution fully.
Tae standard deviation Cf; » Wnieh 1is the positive
square root of the variance, is frequently used as a
more rmeaningful term foxr distribution of errors,

Calling m the number of segments D/2D into whigh
the course is divided, the cusulative errors X and Y
at the end of the flight are given by

X = ?é; 0% (B-4)
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Ys ff-! AYy (B-5)

Thus, the cumulative srror as obtained by the naviga-
tion system is a linear function of random variables,

If a number of flights are analysed, the errors of
sash flight will be independent of errors in other
flights. Thus,

b g rx (B-6)
{=1 1
B
b 8™ L A B-T7)
{4 A (
and
"2 ]
Ix€ =« 37 0z° (B-8)
=1 1
O @ - — 2
Y = J (B-9)
%:r 7

However, since avery segment has the same basie
characteristios,

IX, = TX 3™ IX o ete, (B-10)

A’n = A’ml = A’rﬂ ete, (5'10)



o
el - ym.a ete, (3-11)
the susmations oan be carried out using the 1 th
subserijpt to denot-the value of the mean and variance
for the whole family of obaservations,

Teu Tx; = 3y I eDox (B-12)
Yeau iy, =75 95 =D+y (B-13)
where

xi/AD = 4 X

¥y /D m Yy
Similarly,
(‘T 2 2 e 2
’x " =m0y =DAD Tx =D0yx (B-14)
~2 2 2 2
0Y = mé;i = D/sD Gy =Dy (B~125)

where

61: /AP --6__1g
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Oy,

2 2
y "0y

The deviations are the squares roots of equations
(B~-14) and (B-15),

¢x - /;G: (B-16)

1

OY = Jnf)_; (B-17)

In order to obtain the mean error per mile, the
cumulative rean errors X and Y are divided by the
distange D to obtain~x and Ay for the mean error per
mile, and

7 ag = __L.’),B (B-18)

are the along-oourss and cross-course deviations,

These values have been obtained for a single
family of observations which means that ths longer
the distance, tha closer that the error will approash
the wean error as a percentags of distance traveled,
The mean error is proportional to distanse, the length
of the trip, for a family of observations,

To obtain the error distribution %0 de used in
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predictirg accuracies in the use of all Doppler
navigation systems, it is necessary to consider a
whole population of navigation runs under many
different conditions, Calling the J th zubset and
designiting it by a J subseript

mnorror-!aand‘!‘,

deviation = Oy D, - Gy. Dy
[» [>

=G (D and O |D B-20

e e (-20)

This means that each error as defined by (B-4) will
be made up of a mean error plus 4 deviation from the
orror, amnd

Tha distribution of L\XJ apd A YJ is determined
by the deviation values given in (B-20), The mean
error is deterwined by sumsing up (B-R1) over the
population n and inasmich as now every possible
variable fastor 1o allowed to vary, there are mo
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reasons for any mean value to exist unleas it is built
into the equipment and this, of coursy, is not done.
Substituting (B-12) and (B-13) into {B-21),

(B-22)
YJ - DJz\yJ + L\YJ
where xJ and AyJ are constants determined by the
state of the equipment and all other variable ocondi-
tions during the J th run, Substituting (B-22) into
the variance equation, (B-2),

- n_
) xd - % z: (DJ A xd + 4 x")a ‘5‘23)
and
2 2
Ty, = i% (Bg 17y + ¥g) (3-24)

again, since these are the variances of a linear
combinati on of variables, For simplisity of caloula-

tions, lotD-DJ-anyvaluc

o

2 n_, 2
Ty, - Rofa Porged op oYy ()

N
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— 2
¢ Xy = % g;l n%;fu}t 2_;; Axf (»-26)

Ca

Sines 7 3 .1 andc-sd are multiplisad by a
constant D2, the D? can be taken vutside the mumma-
tion eonstant and letting

~f a8 2

ae' © B 95 ARy (B-27)
J et ™ & 5= ¥y

In addition, the seoond term of (B-25) and the
second term of (B-26) are merely the definition of
varianes which is the square of the deviation as given
in (B-20). Thus, substituting (B-20), (B-27), and
(B-~28) into (B-25) and (B-36), also using (B-18) and
(B-19),

)YJ 'l’aﬁ°°|+n T2 ("’)

)XJ.ﬁJ.cl *D\).. ("30)

where ﬂ,emd ﬁ,ammnmm
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caused Ly random fluctuations which vary from segment
to segment at the course,

The deviation is determined by taking the
positive aquare roots of (B-29) and (B-30}), ‘actor-
ing out D, thess bedowms

G—XJ - D/o—icl +O_§£ (B-31)
Oy, =p |62, & o2
‘A (5-32)
Dividing through by D to obtain the along-course
and cross-course deviation per mile,
2 Qae
along-course deviation = 0‘“' + — (B-33)
/ o (B-3%)

cross-courss deviation = 6“: + J%'
ce

Thus, it is shown that there should be two terms
in the expressions for ths along-course and cross-
course deviations per mile, OUne of those termé is
indeperdent of the length of the trip and the other
varies with the lengtn of the tpip as shown in (B-33)
and (B-3),

A gtudy has besn made (9) of the various component
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orrors, and the expected nean value for these errors,
Errore are found to be cf three basic types:
1) Dopplsr ground speec (or alsng-course
veloeity) errar, Ey , and Dopplor drift
error, X, .
2) Heading reference error, By
3) Computer error, .
The tctal probable error 1is t.ken as the rxs sum of
these errers,
Nost vresent-day Depplar navigation systems are
of the Jarus type (both forward and rearvard looking
with three or four beams). The veloeity error for

this type of system is (29)
5,,-9_;... =1 -cosdY + 8inoY tan >~ (B-35)

where
Ev = fractional velocity errer

Sv = arrvor In veloelty

V = velocity

8¢ = uneertainty in piteh angle

¥ = angle between horimental veloeity scupenent
and direction of radiation

~ = angle of climb or desvent

For a typieal Y of 70°, the uneertainty is enly
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(.02 per cent per degree., The choilce of 70°® as
optimun value of ¢ represents a compromise between
high velosity sensitivity (cps per knot) whiek increases
with smaller & angles, and high signal return over the
cea wnloh inoreases with larzor ¢ angles,

The receiver of a Doppler navigation system must
£1lter the spectrum of received froquencies to fnd
the frequency associated with the most probable ground
speed and drifti, Figure B-3 shows & typical Dopplex
apectrun,

AT,
r
§ . 3 db (half power)
ba | /,.J ALy ,
8 4 g
At “ ! YA
S aasand | ——-_Noise
£, Frequency
Flgure B-

Typical Doppler Specirun

The swoothing time ncoessary to deteruine £4 18
usualiy on the cider of one second. This leads to
large orrors in the reading of instantancous velocli- |
tles. However, after longsr periods, the fluctustion
error becomes negligilis., For example, after 100
segonds, the error ic oniy 0,057%. The longexr the

YR e ser s el R S WAL PO T )
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duration of the flight, ilw smaller this quantity
becones,

S8inocs the electrieal oirouiss cannot be made
without noise and component inacouracies, two forms
of error are possible, Thefrequenty traclker erree
is a funstion of both the Doppler frequency spectrum
and the ¢ireuit used. Thias error is gensorally less
than 0,1% of the veloecity, but can increase at high
ajtitude dus to loss of signal strength, The seesnd
poszible error is in the frequensy of trenszission.
Thds is normally negligibly small with the use of
automatic freguency control equipment.

When a Doppler radar is used over water, the
veloclity assurasy decreasas somewhat; this can be
attributed to three causes:

1) An insreased terrain-bias error

2) An error dus to surface droplet motion of

e water

3) vater current motion

The most important of these is perhaps the first--
an increased terrain-bias error, It is dus to Siw
mariesd shangs in scattering eoeffisient wish leoking
angls over the extent of the rediated heamwridth,
Pigure B-4 (88) 1s a set of plots of the measured
soatlering ecefficient vi. insidence angls (the esemple-
ment of the ¥ angls for a 3 angls of mero) fer an
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X-band redar (8800-10,000 Me) meagured in ths heri-
&oital plane from the longitudinal axis of the air-
oreft to the projection of the redar beam. Figure
B-li shows the inereased slope of the curves for he
various sea state sonditions as cospared with the lamd
curves near the commonly used 70° ¥ angle., This in-
creased slope results in a slight sloowing and substan~
tial shift of the center of gravity of the received
spectrun (Figure B-3), in contust to that whieh would
ba obtained from the same velosity over land. The
magnitude of the resulting bias srrer depends largely
on the beamwidth of the antenna, desveasing repidly
with sasller beassridths, Pigure B-5 (28) is a plot of
this bias o¥1or in peresntage of velecity ve. beam-
width for a 0 angle of 59° and & ° angls of sero
for two extremes of sea state, namely Beaufort 1 and
Beaufort 4, Bsaufort 1 is normally defined as
"smooth sea, small wavelets (less than ons foot),"

and Beaufort & is normally defined as "rough sea,
medium waves (five to eight feet),"” although it is
very diffisult to determine thess definitions ascurate-
1y,

Sinees this srror is a systematis or bias errer, it
is possible Lo eliminate it either hy sarefl salsula-
tion or by Anflight calibmation for any ons partisular
sea state. Joet modern Doppler systess ave equipped witsh
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a land-pea switeh, with one fiea position which ean be
calibratad for the most fregently eseurring sea state.
The error which remains is the spread Detwsen the errors
for the sea state sxtremes., TheSe srrars are appre-
¢iably reduced whan the 3 angle is other than sero,

The second error is saused by metion of the
water surfase droplets (and henee seatterers) due to
the astion of the wind., 7This has been determined
sxperinsntally to be somswhere hetween 8 and 168 of
the wind speed, and can be disregarded, axcept in the
case of extremsly high winds,

The third over-water errer is that dus to current
motion, This rate appears as a direct error in the
ground speed msasurement sinee the aireraft is msasmur-
ing its velosity witili respect to a moving reference.
If thisx rate 18 knowm, it ean be agssunted for in post-
flight analysis,

It might be mentioned that water "wave motion”,
as sush, producet no Doppler srrer, Kinoe Water mass
18 not astually transported or moved forward in the
wave astion,

Tests made by the Wright Alr Development Center,
Wright-Potterson Air Foree Base, Dayten, Ohic, esenslude
that velecity errars over waiter sheuld de between 0,2
ard O, 7% of the astual ground speed.

The seeevd basio erver in Deppler navigation



systems 13 the hoading errer By . This tends te
mamp all other ¢rrors, and thus is the majer con-
tributing fastor in acceunting for the rether large
cireular prepabls error of Doppler systens., A e
degree heading error glves a 1,95 error in present
position, 8ince an inertial platfowm capable of
giving an asourate hsading referenss will bs on board
the aireraft, the autopilot should be able to hold
to within ,25% of the desired heading., This will
result in a 0,58 exrror in pesitien. It should be noted
that cross-treek position is not nearly as essential as
accurate ground speed for the determination of gravity.
Ground speed enters the Bitvls correstion direetly,
whereas heading enters only as a trigoncmetric funstion,

The third basic error is in the computer used for
actual readout of gound speed and drift, Modern com-
puters used in the Doppler system can count acouracies
to within 0,2%.

Ths overall Doppler rms erres may then bs talan as

B, = /xva + Enz + xug + xce (»-36)

MB,uth-MmImmmM.

A series of tests made (28) fer 768 flight legs
during the testing of the AW/APN-66 Doppler system
showed errers whieh are sapirieally stated as
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1) Per cunt rengs error standard deviation
= 8/ /D% whare D 15 the total distance
traveled in nautieal miles

2) Transverse error standard deviation

=16/ [0
3) Probable position errer =11/ /D
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