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ABSTRACT

The fracture behavior of 60,oriented sapphire crystals was
investigatcý! forboth tension and compressioi-. Plastic flow
on the basal plane was found to be a factor in reducing the
tensile stress required to produce fracture in tha tempera;.,.
.ange I100 to 1500 C.

1

Mechaidical twi,±s, both (0001)

and (0T1) types, were produced by compression in the temperature range 1100 to 1300 C.
Cracks propagated more
readily along the twin boundarie6 than in the nontwinned
crystal.
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SECTION I
INTRODUCTION
1-3
Recent experiments

have shown that single crystals of alpha

alumina (sapphire) can deform plastically, particularly'at temperatures
greater than 1000 0 C.

The effect of this plastic flow on the fracture

behavior of sapphire was not established.

However, experimeAts with

4

other ceramic crystals ',5 have shown that plastic flow can initiate cracks
that lead to catastrophic failure, which suggests by analogy that plastic
flow also might be an important factor in the fracture of sapphire crystals.
A recent experimental investigation 3 undertaken to determine the
mechanism of plastic flow in sapphire provided an opportunity to study
the type of fracture produced after various amounts of plastic shear strain.
The results of that study of fracture are reported in the present paper.
During the course of this study, it was noted that some of the compression
specimens exhibited heterogeneous deformation markings.

The crystal-

lography of these markings and their identification as twins are covered also.

C

SECTION II
EXPERIMENTAL PROCEDURE
Single crystals of sapphire were tested to fracture in tension and in
compression at various strain rates and temperatures.
at fracture were measured for each test.

Stress and strain

The fractured specimens were

examined optically to determine the mode of fracture propagation.
The specimens were prepared from 0. 125-inch diameter, white
sapphire grown by the Linde Company by the Verneuil process.

The angle

between the crystallographic c-axis and the rod axis was within the range
of 60 to 700.

The tensile specimens were 10 inches long, with the central

two inches having the diameter reduced by grinding to 0. 080 *0. 001 inch.
The compression specimens were cylinders, 0. 125 inch in diameter by
0. 5 inch long, produced by sectioning long sapphire crystal rods with a
diamond saw.

The two flat ends of the cylindrical specimens were ground

parallel to within 0. 001 inch.
The tensile and compressive forces were applied and measured with
an Instron testing machine. The ends of the tensile specimens were held
in clamp-type grips to which spring steel straps were attached to provide
a universal action of sufficient flexibility to give good axial alignment and
to minimize bending.

The cylindrical compression specimens were tested

by applying a compressive force parallel to the axis of the cylinder by two
alumina platens, 0. 25 inch in diameter.

The surfaces of the specimens and

the compression platens were not lubricated.

The load was measured to

within 0. 5 percent by a SR-4 load cell connected to the X-axis of an Instron
X-Y recorder.

Strain was determined by measuring the crosshead movement

with a Baldwin microformer connected to the Y-axis of the recorder, giving
an elongation sensitivity of about 10-4 inches.
at strain rates from 10- -6 to 10--2 sec -11

2

The specimens were tested

C
The tensile and compressive tests were conducted within the temperature
range of 1100 to 1500°C. These temperatures were produced by a platinum
wire resistance tube furnace placed concentrically around the specimen. The
temperature was maintained to within iZ°C over the 2-inch gage section of
the tensile specimens and over the entire length of the compressive specimens.
Estimated accuracy of the temperature measurements varies from •.°C at
ll00°C to *8°C at 1500°C.

All tests were conducted in air.

The fracture surfaces of the specimens were examined optically at
l0-00X with a low-power stereomicroscope,
metallograph.

and at 50-500X with a research

A petrographic microscope with crossed polarizers and a

back reflection Laue X-ray camera were used to determine crystallographic
orientations.

C
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SECTION III
EXPERIMENTAL RESULTS
A.

Tension Tests

Each tensile specimen failed by a single crack running across the
reduced-diameter portion of the specimen.

The plane of this crack was

within 150 of the plane normal to the tensile axis.

The crack propagation

was so rapid that a sharp, explosive sound accompanied each fracture.
The average cross-sectional tensile stress (load/final cross-sectional
area) at the time of fracture was not the same for all specimens, ranging
from 7 kg/mm 2 to 19 kg/mm2 .

The specimens with the largest fracture

stresses were those tested at the lowest temperatures (I100 0 C)
strain rates (> 10-3 sec'
fracture.

1

or the highest

), having undergone only a little plastic flow prior to

The specimens with the lowest fracture stresses were those tested

at high temperature (> 14000C) or small strain rate (10-6 sec'I), having
undergone large plastic strain (up to 60 percent) prior to fracture.

The

relationship between stress at fracture and strain at fracture is shown in
Fig.

1.

Table I contains a tabulation of fracture stress, test temperature,

strain rate, and total strain to fracture.

These data indicate that only strain

has any degree of consistent correlation with fracture strength.
Optical examination of the fracture surfaces of the sapphire rods
showed that these surfaces contain many ridges and depressions, providing
useful information on the origin and propagation of the fracture. A photograph of a typical tensile fracture surface is shown in Fig. 2. The fracture
markings are similar to markings produced on the tensile fracture surfaces
of glass rods. 6 The smooth area, called the "mirror" area, is at the initial
region of the fracture.

The curved lines, called "Wallner lines," are a

rippling of the fracture surface caused by cyclic alterations of the direction
of maximum tensile stress at the tip of the advancing crack; the alterations
arise from traveling stress waves originating at secondary crack sources.

4

The location of the fracture origin, as revealed by the markings on
the fracture surface, was related to the crystallographic orientation of the
sapphire rods.

In almost all specimens, the fracture started where the

major axis of the glide ellipse pierced the cylindrical surface of the specimen.
Since the orientation of the specimens was such that the slip direction essentially coincided with the projection of the rod axis on the slip plane, the
point of fracture initiation occurred at the end of the longest free length of
slip path.

This geometrical relationship between slip direction and the point

of fracture initiation is shown in Fig. 3.

Of the 19 tensile fractures examined,

only two had points of origin that were definitely not related to the slip diBoth of these specimens were tested

rection in the manner shown in Fig. 3.
1

at high strain rates (> 10-4 secI ) at a temperature of 1500 0 C.

Very little

plastic shear strain occurred in these two specimens prior to fracture, and
a relatively large tensile stress was required to cause fracture.
Propagation of the fractures of the tensile specimens occurred rapidly.

(I

There was no evidence of localized necking near the fracture.

Neither the

general direction of crack propagation nor the small changes in direction
associated with the Wallner lines was parallel to any crystallographic planes
of low Miller indices.

The diameter of the mirror area was not the same for

all specimens, but ranged between one -tenth and two-thirds of the diameter of
the fractured rod.

The spacing between Wallner lines was typically between

10"3 and 10.2 centimeters. The depth of the depressions between the ridges
was about one-half their spacing.
Laue X-ray photographs were taken at the fracture surfaces and at
large distances from these surfaces.

There was no difference in the amount

of spot distortion for the two cases, indicating that there was no localized
increase in plastic strain near the fracture.

This suggests that all of the

plastic flow occurred prior to fracture, with the rapid fracture propagation
occurring in a brittle manner.

5

B.

Compression Tests

The compression specimens failed in several different ways.
Specimens tested with small strain rates (10-5 sec- 1 ) and high temperatures (> 1400 0 C) deformed plastically to large shear strains (> 25 percent)
without fracturing.
Fig. 4.

One of these highly deformed specimens is shown in

The S-shape of this specimen results from the constraint of slip

along the (Uuoi) basal plan6b by the rigid compression platens.

Cracks

formed at the two points on the surface having maximum convex curvature,
but these cracks did not propagate past the center of the specimen, indicating
that the stress was not distributed uniformly in this region.

The cross-

sectional average compressive stress normal to the end surfaces of this
specimen at the conclusion of the test was 13 kg/mm

2

Specimens tested with high strain rates (> 10 3 sec I) and low
temperatures (1100 0 C) deformed plastically only a small amount prior to
failure, by a large number of fractures occurring simultaneously, reducing
These fractures were approximately

the specimen to many small splinters.
parallel to the axis of compression.

The average compressive stress at

fracture of these specimens was approximately 14 kg/mm

2

Specimens tested with intermediate strain rates and temperatures
deformed plastically and fractured into a few pieces, with the fractures
running approximately parallel to the compressive axis.

Many of these

specimens were particularly interesting, because part of the plastic deformation prior to fracture occurred in distinct bands.

In most specimens,

these bands were all parallel to the (0001) basal plane.

In one specimen,

however, the bands were all parallel to the (0001) plane.

Both types of bands

were identified as twins by both optical and X-ray techniques.

These twins

were found to be the same as the (0111) and (0001) growth twins that are
7
Photographs of the twin bands are
observed in natural sapphire crystals.
shown in Fig. 5.

A stereographic projection, indicating the position of the

twin planes relative to the specimen axis, is shown in Fig. 6.

6

Optical examination showed that the twinning action produced a

displacement of the surface of the crystal. One of the (0001) bands was
thick enough (0. 3 mm) to measure the displacement direction of the material
within the band relative to the material outside of the band. This displacement was distributed uniformly over the thickness of the band and was in a
<I100> direction, 300 from the <2110> slip direction of sapphire. The displacement within this band is represented schematically in Fig. 7. The
surface of the twinned material had a maximum angular displacement of
9 *1° relative to the original cylindrical surface. For specimens of this
orientation (0 = 650) an angular displacement of 8. Sois predicted by
Kronberg's theoretical analysis8 of twinning in sapphire. Displacement
angles could not be measured on the (O011) twine because these bands were

too narrow (< 0.05 mm).
The pieces of sapphire containing the twin bands were examinedbetween
crossed polarizers of a petrographic microscope. Distinct birefringence color

(I

bands were produced by (0111) twins, indicating that the c-axis (a principal
optical axis) of a (0111) twin is not parallel to the c-axis of the nontwinned
crystal. The (0001) twins did not produce birefringence color bands, indicating

that the c-axes of the (0001) twinned and nontwinned crystals are parallel.
X-ray examinations of the twin bands were made with the backreflection Laue technique. In the (0111) bands, the <2110> directions were
parallel in the twinned and nontwinned lattice, while the <0001> directions
were displaced by 650. In the (0001) bands, the <0001> directions were
parallel, while the <2I10> directions were displaced by 600.
The twin band interfaces appeared to be weaker than the rest of the

c

crystal, for many (but not all) of the cracks propagated along these planes.
A photograph of a fracture fragment is shown in Fig. 8. The right edge of
the fragment is part of the original cylindrical surface of the specimen; the
other edges are fracture surfaces. Part of the fracture surface follows along
the edges of (0111) twin bands, the remainder being conchoidal without following any particular crystallographic direction. This fragment is typical of the
fragments produced from specimens containing twins.
7

SECTION IV
DISCUSSION
The Griffith theory 9 provides a possible explanation of fracture for
those specimens that did not have appreciable plastic flow prior to fracture.
According to this theory, surface cracks having a depth of approximately 10
microns would be sufficient to cause fracture at the observed fracture

2

Surface cracks of this size may have been
produced by the grinding operation used to form the reduced diameter gage
stresses near 15 kg/mm .

length section of the tensile specimens.

The scatter in the measured frac-

ture strength of these specimens then could be due either to random variations in the sizes of cracks within specimens or to stress inhomogeneities
introduced by small misalignments of the specimens and grips.

Flame-

polished sapphire rods tested in bending by Wachtman and Maxwell 2 had
higher fracture strengths than did the rods of the present investigation,
consistent with the assumption that flame-polished surfaces would have
smaller cracks than would ground surfaces.
The tensile specimens having large plastic deformation prior to
fracture differed from the specimens having only small deformation in two
respects:

the nominal fracture stress was smaller, and there was less

scatter in the value of this stress.

The reduction in nominal fracture

strength suggests that plastic flow can produce stress concentrations that
are more effective in causing catastrophic failure than are the initial small
cracks.

The fact that fracture was initiated at one end of the longest possible

slip length in each crystal that appreciably deformed prior to fracture, suggests that dislocation interactions are important in initiating catastrophic
4

fracture.

The reduction in the scatter of fracture strength may indicate

either that the effectiveness of the flow-induced stress concentrations is not
particularly dependent upon the size of the initial cracks or that the plastic
flow can reduce the stress inhomogeneities caused by initial misalignment
If reduction of stress inhomogeneities due to
of the specimen and grips.

8

C
initial misalignments were the only result of plastic flow, however, the
fracture strength should increase with plastic flow, n i decrease as actually
observed.
Experiments by Brenner,10

Jackman and Roberts,11

and Wachtman

and Maxwell2 have shown that the fracture strength of sapphire decreases
with increasing temperature above 1000 0 C.

However, only the temperature

was varied in these tests; the effect of strain rate was not noted.

The ex-

periments of the present investigation showed that the test temperature did
not determine uniquely the fracture strength; strain rate also was influential
(see Table I). Since both of these factors can affect the amount of dislocation
movement that occurs prior to fracture, the results of the present investigation suggest that plastic flow, not temperature, is the important factor affecting fracture strength of sapphire above 1000 0 C.

The corrosive effect known

as static fatigue is not expected to be an important factor in aiding crack
12
0
growth at temperatures greater than 1000 C in low humidity air.
Several theoretical models have been proposed13 to explain how slip
can reduce the fracture strength of crystalline material by specific dislocation interactions.

Two of these models are applicable to the fracture

of single crystals having unrestrained surface and only one slip plane, such
as existed for the present tensile tests of sapphire rods.

One model requires

the presence of small basal tilt boundaries, the other the presence of small
surface cracks.
The possibility of nucleating cracks by the large tensile stress normal
to the slip plane at the termination of a tilt boundary within a crystal was
14
first pointed out by Orowan.
Quantitative analysis of this mechanism has
been considered by Friedel i

and Stroh. 16 According to their analyses, the

tensile stress normal to the slip plane at fracture should be proportional to
the reciprocal of the shear stress on the slip plane.

Fracture of the sapphire

specimens occurred with the tensile stress directly proportional to the shear
stress, indicating that tilt boundaries were not the cause of fracture initiation.

9

Tensile specimens containing small surface cracks will have a large
stress concentration at the root of the crack. Griffith 9 has shown that for
any particular applied stress, cracks smaller than a critical size will not
propagate in an elastic material whereas larger cracks will propagate
catastrophically. However, as pointed out by Orowan, 17 subcritically sized
cracks may propagate if plastic flow occurs by slip on a crystallographic
plane.

Orowan's suggested crack mechanism is illustrated in Fig. 9.

The

stress field associated with a properly oriented edge dislocation lying near
the tip of a crack will add an increment of tensile stress to the stress
concentration due to the externally applied force.

If the dislocation is close

enough to the crack tip, the combined tensile stress at the crack tip can be
large enough to cause the crack to propagate to the dislocation core,

The

crack will not propagate beyond the dislocation, however, because the
localized stress due to the dislocation will be relieved when the crack
reaches the dislocation core.

Further crack propagation requires plastic

flow to bring another edge dislocation near the crack tip.

When this process

is repeated a sufficient number of times, the crack can grow in incremental
steps until it reaches the critical size required for catastrophic propagation
by the Griffith mechanism for the particular value of applied stress.
The fracture behavior of the sapphire tensile specimens is qualitatively
consistent with Orowan's fracture model.

Slip took place predominantly on

closely spaced basal planes making an angle of 20 to 300 with the tensile
axis.

Surface cracks were probably caused by surface grinding.

Fracture

took place at lower nominal stress for increasing amounts of plastic strain.
Furthermore, fracture after plastic f. 'w invariabley occurred at the end of
the longest glide path for edge dislocations, which corresponds to the
position where the basal dislocations lying parallel to the root of the most
highly stressed surface cracks (those having the crack plane normal to the
applied tensile force) have a pure edge orientation.

In this position, the

stress field of a dislocation has the maximum effect on the stress at the
root of the crack.

10
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A quantitative analysis of this mechanism can be based upon Griffith's
fracture criterion by modifying it to include the growth of a crack by plastic
flow.

The relationship between fracture stress and plastic strain can be

expressed by
2
f

Ey/Z

=C(E)
C

(1)

where ff is the applied stress at fracture, E is Young's modulus, y is the
surface energy, C 0 is the initial crack depth, and C(E ) is the increase in
crack depth as a function of plastic strain t.

The application of this equation

requires knowledge of both the initial crack depth C0 and the functional relationship between crack growth and plastic elongation.

These two param-

eters can be estimated by rewriting Eq. (1) as

(1

+ c(0(2)
sf
2

and plotting l/"f as a function of strain

E

as in Fig. 10.

Using values of

E = 30 X 106 g/mm and Y = 2000 erg/cm 2, one obtains a value for CO of
10 microns, with a linear relationship between crack growth and strain up
to a strain of about eight percent.
not influence fracture stress.

Larger amounts of strain apparently did

This linear relationship possibly may indi-

cate that crack growth is related to a linear increase in the width of slip
bands, and that crack growth stops after the .bands completely fill the crystal,
at about eight percent strain.

A linear growth rate in the width of slip bands

for small strain (up to one to two percent) has been observed in LiF, 18 but
information on the microscopic distribution of strain within sapphire is not
available.
Once a growing crack becomes large enough to spread by the Griffith
mechanism without the aid of nearby dislocations, it travels too rapidly to
permit dislocation movement to be an effective mechanism for influencing

11

fracture propagation.

The crack then advances catastrophically in a

completely brittle manner, producing fracture.

The fact that the crack did

not travel along any one particular crystallographic plane suggests that the
direction of crack growth is determined primarily by the stress state at the
tip of the crack, not by crystallographic cleavage planes.
The stress and strain distribution produced within the compression
specimens was more complex than that in the tension specimens.

The lack

of lubrication between the specimens and the platens led to large, radically
directed frictional forces between the specimens and the platens.

The

resulting stress state in the specimen thus consisted of radial tensile stresses
as well as axial compressive stresses.

These tensile stresses were the

probable cause of fractures occurring parallel to the rod axis.

Specimens

that deformed by a large amount to an S-shape (Fig. 4) had cracks at the
positions of maximum curvature, suggesting that tensile stress due to bending was present at these places.
The formation of mechanical twins in compression specimens prior
to fracture is of particular interest, especially since these twins formed
most readily under conditions that permitted only small amounts of plastic
Mechanically produced twins, both (0111) and (0001) types, have been

flow.

reported previously7,19 as occurring only in sapphires subjected to very
large, nearly hydrostatic pressures (greater than 13, 000 atmospheres) at
temperatures near 25 0 C.

Small amounts of plastic flow also occur under

this type of stress condition. This simultaneous occurrence of slip and
.8
twinning in sapphire is consistent with Kronberg's theoretical analysis
indicating that mechanical twinning in sapphire can be developed from the
correct sequence of partial dislocations in successive layers of oxygen
atoms.
The fact that twinning occurred in compression but not in tension is
expected from the anisotrophy of sapphire crystals.

The distance between

basal planes relative to the atomic spacing within the planes is slightly less

12

0
than it would be if the oxygen atoms were in perfect spherical, close packing.
For crystals with the basal plane oriented ZO to 300 to the specimen axis,
twinning will produce a decrease in the total length of the specimen and thus
is energetically favorable in compression but not in tension.

C
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SECTION V
CONCLUSION
This investigation shows that plastic flow on the basal plane of
sapphire crystals can be a factor in reducing the tensile stress required to
produce fracture in the temperature range of 1100 to 1500 0 C. The observed
behavior is qualitatively consistent with Orowan's suggestion that small
cracks can grow by interacting with edge dislocations. The amount of
plastic flow that may occur prior to fracture depends upon both the temperature and the strain rate; hence, the fracture stress is dependent on these
test variables.
Crack propagation in 60 oriented sapphire is brittle and rapid once
the Griffith critical size has been exceeded. The crack does not necessarily
follow any particular crystallographic plane; usually it produces a surface
with patterns of ridges and depressions that are similar to the surfaces
produce-d by the brittle fracture of glass.
Twins may be produced mechanically in sapphire specimens whose
rod axis is 600 from the crystallographic c-axis by unilateral compression
along the rod axis in the temperature range 11000 and 13000C at strain
rates of 10- sec 1 . Both (0001) and (0111) type twins can be produced.
Cracks appear to propagate readily along twin boundaries, suggesting that
twin boundaries have a fracture strength lower than the strength of
nontwinned crystals.

14
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SECTION VI
TABLES AND FIGURES
Table I.

Fracture
stre s s
kg/mm

2

Summary of tensile fracture test data.

Temperature

Strain
rate

Total

°C

sec 1

strain

19.1

1495

4.7 X 10-

3

17.1

1242

4.4 X 10-

5

12.8

1379

4.8 X 10" 4

12 X 10.4

12.4

1480

4.8 X 10-2

3 X 10"

12.1

1089

4.8 X 10-

6

1 x 10o4
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4.6 x1o-

6

4 X 10"

3
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1240

I0
1.1 x l
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5 X 1lo

2
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2

9.2
8.7

1299

8.3
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9 x 10-4
<1 x 10-
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5.7 X 10" 2
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APPENDIX
In addition to the specimens that were tested mechanically in tension
and cormpression, several rods which the manufacturer (Linde Company)
previously had broken in bending at room temperature, subsequently
became available for examination.

Quantitative information on the stress

state at fracture was not available.

Some of the rods were oriented with

the c-axis 600 to the rod axis, others with the c-axis paral,-l to the rod
axis. The fracture surfaces of the 600 rods were similar to those of the 600
tensile tested specimens (Fig. 2); that is,

they were primarily conchoidal

surfaces modified by Wallner lines and hackle marks, with crystallographic
cleavage planes contributing in only a very minor way to the macroscopic
appearance.
different.

The fracture surfaces of the zero-degree rods were quite
The fractures followed (1011) planes over most of the surface,

with the remainder being conchoidal.

An example is shown in Fig. A-1.

Optical and X-ray examination did not reveal any twins near the fracture
surfaces.

The Laue X-ray spots of the zero-oriented rods were more

diffuse than were the spots of the 600 rods, suggesting a greater defect
structure in the former.

An explanation for the difference in the room

temperature fracture behavior in bending of the two crystal orientations
cannot be offered at this time.

26

C

1,4

".41

54.

L,.I

C
Z7

ACKNOWLEDGMENT
The fractured sapphire specimens studied in this paper were eamples
which had been pulled to fracture as a part of another investigation on the
plastic flow of sapphire, sponsored by the Atomic Energy Commission
under Contract AT(I1-I)GEN-8 while one of the authors (H. Conrad) was
with Atomics International.
The authors wish to acknowledge the assistance of G. Stone in carrying out the tests and for his helpful discussions pertaining to test results.

z8

C
REFERENCES
1.

J. B.

Wachtman, Jr.,

and L. H. Maxwell, J. Am. Ceram. Soc.

37, 291 (1954).
2.

R. Scheuplein and P. Gibbs, J. Am. Ceram. Soc. 43, 458 (1960).

3.

H. Conrad, Tech. Rept. NAA-SR-6543 Atomics International

Div., North American Aviation, Inc., Canoga Park, 1961.
4.

R. J. Stokes, T. L. Johnston, and C. H. Li, Phil. Mag.

3

718 (1958); also, 4, 137 (1959).
5.

J. Washburn, A. E. Gorum, and E. R. Parker, Trans. AIME

215, 230 (1959).

(

6.

E. R. Poncelet, J. Soc. Glass Technol. 42, 279T (1958).

7.

C. Palache, H. Berman, and C. Frandel, Dana's System of

Mineralogy (John Wiley and Sons, Inc.,

New York, 1944), 7th ed., p. 520.

8.

M. L. Kronberg, Acta Met. 5, 507 (1957).

9.

A. A. Griffith, Phil. Trans. Roy. Soc.

(London) A221, 163

(1921).
10.

S. S. Brenner, J. Appl. Phys. 33,

33 (1962).

11.

E. S. Jackman and J. B. Roberts,

Trans. Brit. Ceramn.

Soc.

54, 389 (1955).
12.

R. J. Charles, Final Rept. ARF 8203-16, Armour Research

Foundation, Illinois Inst. of Tech.,
13.

A. H. Cottrell, Fracture, Ed. Averbach, et al. (John Wiley

and Sons, Inc.,
14.

Chicago, 1961, p. 365.

New York, 1959), p. 1.

E. Orowan, Dislocations in Metals, Ed. Cohen (AIME, New

York, 1954), p. 191.
15.

J. Friedel, Lee Dislocations (Gauthier-Villars, Paris, 1956),

p. 223.

2
29

16.

A. W. Stroh, Phil. Mag. 1958, vol. 3, 192 (1958).

17.

E. Orowan, Fracture, Ed. Averbach, et al. (John Wiley and

Sons, Inc., New York, 1959), p. 147.
18.

W. G. Johnston and J. J. Gilman, I. Appl. Phys. 30, 129

(1959).
19.

P. W.

Bridgman, Studies in Large Plastic Flow and Fracture

McGraw-Hill Book Co.,

Inc.,

New York, 1952), p. 120.

30

(IC

I
6 110E

-c-

o0

~*

0

ix

4,

Z

A.

o

&.

ýo

0

z

~~'k
U

e'06 Id

o'

s. w 6

.0

..v
m1

u!06
A

a~

0h'.~

vu

v~ 51

z

z

~

~

hO0

0

o

ot4
12.

d, -

o

I

N

as

