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1. INTRODUCTION

The problem of determining fhe thermodynamics of a Heisenberg
ferromaghet, as a function of the temperature and the magnetic
field, has been rigorously studied in the low temperature r-egionl'5
where a serlies expansion in powers of %E (where Tc 1s the Curle
Temperature) is valid. Similarly, at high temperatures the thermo-
dynamic perturbation theory6'9hﬂ§~blenused to evaluate the free
energy as a power expansion in Tc/T. These methods, however, are
applicable only far from the transition region and therefore
approximate theories, such as the Welss molecular fieldlotheory
and the various cluster theories,ll'16 have heen proposed whilch
give qua“iitatively good results near and beyond the transition
temperature. The Curle temperatures can also be estimated from
these methods. The best estimates, however, are obtained by extra-
polating the high temperature results to the transition region.6'9

All these methods suffer from the drawback that their appli-
cability 1s limited to a particular range of temperatures.

Recently the technique of double time~temperature dependent

17-22 pas been successfully applied to the ferro-

Green functions
magnetic problem. The virtue of this method 1s that 1t provldes
the temperature and the magnetic field dependence of the magnetl-
zation over the entire temperature range with reasonable accuracy.
Furthermore, the Curie temperatures provided by this theory seem
to be in close agreement with the best estimates to date (compare

references 8 and 21). However these approximate Green function
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theorlies suffer from the weakness that they lack a detalled agree-
ment with the exact low temperature and the high temperature
expansions. For example, the low temperature result for the magneti-
zation differs from the spin wave theory result in the order (T/Tc)B.
Similarly, at high temperatures, the susceptibllity disagrees with
the exact result in the order (Tc/'r)3.

The problem of improving on the Bogolyubov and Tyablikov17'18,
and Tahir-Khell and ter Haar,21 approximation has recently been
studlied by Callen25. In his method the higher order Green functions,
occu%ing in the equations of motion of the Green functions of the
spln operators, are decoupled by a plausible physical criterion.
Callen's 1lngenious approximation consists essentlally in taking
into account the fluctuations of the operator SZ i1.e. the z-conm-
ponent of the spln operator referred to lattice site g, around
its statlstical average <g>. These fluctuationswere neglected
in the earlier work. Callen's theory successfully predicts the
correct spin wave energies at low temperatures and also leads to
an accurate estimate of the Curle temperatures in the 1imit of
large spln values. For low spins, however, the results are less
accurate and for the particular case of S = 1/2 the expression
for the low temperature magnetization is still found to contain
the anomalous (T/Tc)3 term.

At high temperatures, Callen's theory behaves rather simllarly

to the random phase theory*, and the susceptibility agrees with the

18, and Tahir-

#Here and henceforth we shall refer to the Tyablikov
Kheli and ter Haar,21 approximation as the'random phase' approxi-

mation (R.P.A.) because of 1lts equivalence to Engelert'sauapproximation.
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exact results up to order (Tc/T
From a formal point of view both the random phase approxi-

mation21 3

and the Callen approximation assume that the spln Green
function obeys the Dyson equation, the higher order Green functlion
being written as a product of a mass operator and a lower order Green
function. These theories differ in the form that they postulate for
the mass operator.

In a recent study of the problem, wOrtis5 has shown that the
Green functions of a Helsenberg ferromagnet, in common with those
pertalning to condensed Bose systems25, do not obey a Dyson equation
with a simple mass operator; alternatively, if an "effective mass
operator" 1s defined by a Dyson equation, it is found to possess an
anomalous structure, It 1s our purpose here to investigate the form
of the effective mass operator. We find that a partlicularly convenlent
representation of the "effective mass operator" is such that the
higher order Green functlion 1s the sum of an anomalous additive term
plus the product of a simple mass operator and a lower order QGreen
function. Knowing the detaliled form of the spin wave dispersion law,

4,26,27, and keeping in mind the results of the R.P.A.21 and the

3, we infer the form of the anomalous term and of the

Callen theory2
remaining mass operator., Similarly, at hlgh temperatures, we invoke
the serles expansions for the susceptibllity and the magnetic energy,
derived by Rushbrooke and Wood8 and Domb and Sykesg.

We find that the mass operator 1s almost exactly that proposed
by Callen23. At low temperatures, the anomalous term 1is quite important

for spin % , but 1t becomes insignificant for higher spins., Agaln, at



”

-4 -

high temperatures, we find that the anomalous term contributes only
weakly, i.e. in the order (Tc/&)n, to the susceptibility and is less
important the larger the spin S. Near the Curle point, however, the
anomalous term makes a significant contribution even for moderately
large S, i.e. S~10. For S>1, the anomalous term 1is agaln small
and our results are identical with those of Callenzj.

The Green function theory here obtalned provides an inter-
polatlon scheme between high and low temperatures. The results for the
Curic Timperatires omd e Crifical magmabic entryy aqrae Wit e
estimates of Domb and Sykes and Rushbrooke and Wood to about 1% for all
spins. The critical behavior of the susceptibility, as T approaches
Tc from above, and of the magnetizatlon, as T approaches Te¢ from below,
is investigated. It 18 found that within the callen23 and the random

phase approximations21

, the susceptibllity Just above the Curie tem-
perature has a form X = const.(1 - 'l‘c/,r)'2 whereas the magnetization
Just below the Curie temperature approaches zero as (1 - T/Tc);/z'

The present theory, however, can be set to achieve agreement of X with
the high temperature serlies result of Domb and Sykes, 1l.e X = const.
(1-Te/g)™*/3. 1If this 1s done we find that Just below the Curie tem-
perature the magnetization, M(T), obeys a relation of the form M(T)

= const. (l-T/Tc)l/B_

+
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2. THE GREEN FUNCTION
The mathematics of the retarded and advanced-double time-

temperature dependent Green functions has been given by Zubarevlg,

20

and by Bonch-Bruevich and Tyabllkov ~ to whom we refer for details.

We outline here those features of this technique which are relevant
LN
to the present work.
The Green function of operators A and B, <<a(t); B(t'>>, is

defined as follows:

L. ¢ ’
<A®);BDOY = -k 0w [ A®),B]D
b o ,
KA®) 5 BEID = + -t [ Aw, B g
(2.1)

where A(t) is the Heisenberg operator referred to time t, 1i.e.
v(H )\t -v[R)¢
A = e('ﬂ A ¢ (T‘)
(2.2)
and where H is the system Hamiltonian, 27h the Planck constant,
A the Schroedinger (time independent) operator, square brackets

denote a commutator, and single pofnted brackets denote an ensemble

average T (E'"~ . )
G (2.3)

®(x) is the step function L, x o
@ x) = { o , % KO (2.)

and B = ﬂ-%p—-(kB: Boltzmann's constant; T: absolute temperature).
‘B
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Differentiating the Green functions given in (2.1) with respect
to t we get
hd €A®); B = se-0)( [her,ze)) + €A, 0] ;BE)

(2.5)
where §(°°°) denotes the Dirac delta function and the superscripts
ret. and adv. have been dropped because (2.5) is the same for either
of the two cases. The Green function <<[A(t),H]): B(t')>> in
general 1involves Green functlons of higher order than the original
<<A(t); B(t')>>,except, of course, for the trivial cases of non
interacting systems where exact solutions can be obtained. One
has therefore to linearize the equation (2.5) by a suitable de-
coupling approximation. Once (2.5) has been solved for

19-20

<<A(t); B(t')>>, the spectral theorems may be invoked to get

the time correlation functions,
{BW) AR

= Lim i! Cersey, . - ¢asBy ] RV
€=>vo - e" \ .

= (A) BW +ikp)) (2.6)

where <<A;B>>(E) denotes the energy Fourler transform of

<<A(t); B(t')>>. Equations (2.5) and (2.6) are the only two

eqﬁations required for our calculations here,
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3. CORRELATION FUNCTION OF THE TRANSVERSE COMPONENTS OF SPINS

We shall assume the ferromagnetic spin system to be described
by a Heisenberg tfype interaction with isotropic exchange and in the
presence of a spatlally homogeneous time independent magnetic field,

B, directed along the positive z-axis. The Hamlltonlan, H, therefore

1s
a - E?
H=-%22.5 - 2, IGgw S o
{ {. f)W\
(3.1)
where Eo = + téB » b 18 the magnetic moment per 1lon, srx,y,z the

cartesian components of the spin operator for the site f and I(f-m)
the exchange integral between ions at sites f and m. As usual, we
assume that the self-exchange terms vanish i.e. I(f-f) = 0. We

shall conslder here the followlng Green functions:

) ),
G@a-¥) = £5® ;CW) (3.2)
where »t + " 3 ‘ E? L
and - - “~
C, &%) = [S,}t)] S, ) (3.4)

where n 1s a positive integer or zero.

From equations (2.5) and 3.1) we find the equation of motion

of (}(n)(t t'), SN a)- M;N)C“‘),
‘..,;..‘_1:,_ c) G:ce V) = S-Y) Q(w)gtﬂ-&‘KZI(a-{)( i (5'5)

where

am = ([, 3 S&]> N('; .6)
= (445 - G,\ Jlscs ek vk -331, a(4 "% )
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In order to solve Eq. (3.5) for the Green function G(n), it must
first be linearized. The simplest approximation for this purpose

1s the R.p.a,18,21,24

which neglects the dynamical correlations

between SZ(t) (or Sg(t) ) and the remaining operators and re-
4

places it by the statistical average <S>. In order to take into

23

account the fluctuations of SZ around its average<§z>, Callen

has recently suggested a decoupling scheme of the following type:

)

& s'u);u—,), cn» (§)G(_t-15) - o (ss) Ga-»)

cuu.l N

(3.7)

Callen chooses a on the grounds that since the random phase ap-
proximation, represented here byﬂ;‘e choice ¢ = 0, affords a reason-
able first approximation, the additlonal part SZ - <Sz> introduced
here must be self consistently small at all temperatures. This
requirement can be satisfled if o -2 at low temperatures and
if o decreases at least as fast as <3"> at high temperatures.
Callen's cholce of & = <sz>/2s2 incorporates both these features.

In order to look for an improvement over these approximations,
we proceed as follows. Rather than decoupli Green functions
<<S (t) Sf(t), C(n)(t')>> and <<Sf(t) S +(t) éparately, we
notice that in equation (3.5) the relevant expression, F(n) to
be decoupled 1s a function of the difference of these Green

functions, 1i.e.

ol » *u,) S () ‘(t)' C(':)“')) (3.8)
F ' oa mz§,1<?,-<\<<§w5, -SW3kl; G *%la.
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Because of the translational and the time invariance of the
Hamiltonian and the translational invariance of the lattice, F(n)
must be a function of the vector spatial separation (g-L) and the
time difference (t-t'), 1i.e.

Foz P Ca-tse) -8

In the R.P.A. the function F(n) takés the following simple formel.

F(t-t t-t) ——2 ah <s>21(} (){_G:Nie-t) - G. u-()] (3.9)

In view of the fact that the R P.A. constitutes a reasonable
first approximation, we propose to investigate a decoupling scheme

of the form:
)

F(g-L;6-¢) n ] “ .
_ a O - Gud) |y BG-Let (3.10)
_mbz I(y #)[G <

where A(n) represents the corrections to the R.P.A.
Introducing (3.10) into (3.5) we get the equation of motion
")
in the following form: (_M\ i -k ] Gs%—‘—) - A (3-"* '*"*')
>
= set) 5 Qe ;«<§>Z.I<z-()[c ) _c;ﬂg-«)] (3.11)
The translational invariance dictates Fourler transformation

with respect to the inverse lattice, l.e.

o, vk Cg-l)
d;"ff-c) = L7, Geve (3.12)
, ) cx.(y-b)
) ’ \ ) {) e
D (g-23t-v)= N 2‘: A (ejt- (3.13)
cR -t

s;,l = -‘-z e (3-14)
N
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where N 18 the total number of sites in the lattice and the inverse
lattice sums are restricted to the first Brillouin zone. Fourler

transformation with respect to the energy E 1s also possible, 1i.e.

o, e - LB\ -Y)
G‘Ku«.-t) = 4 g_‘ chz) e ‘-R\ ds (3.15)
n o m) -t[E (t-’t')
A()Ckst—’t')s -%\ L A (k;E)e ("‘\  de (3.16)
‘ LU (E) et
2w, S e -t =4 S‘ by ) Je (3.17)

Using (3.12) - (3.17), equation (3.11) takes the form
(V\) [
E-£1G@® = ()R =+ AV ye) (3.18)

where Ek is the elementary exclitation energy obtained in the R.P.A.

(compare equation (3.11) of reference 21.), i.e.

Here we have used the notation .
-*
LK (3.20)
Z‘l(ﬂ e ¢ = Jtk)
Jeky - T) = Tk, K) (3.21)

Tybe
It is clear that in a simple mass operatorlapproximation, the

correction A(n) will be of the form:

)
&)(K)E) —_— Zf':(t) .élu) (3.22)
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where Z(E)(E), in general, would be complex and would not involve
terms proportional to the inverse of G(E)(E). Recently, wOrtiss
has carried out a careful diagrammatic study of the structure of
the Green function approximations in the context of thermodynamic
perturbation theory relevant to the low temperatures., He observes
that the Green function pertaining to the spin problems does not, -
in general, have the structure common to Green functlions for
normal particle systems and consequently, the mass operator - the
generalized analogue of B(E)(E) defined in (3.22) - has an anomalous
structure unique to the spin systems. In fact, Wortis notes that
whereas in the case of the normal particle systems the mass operator
is a functional of the Green function G(n), for the spin systems an
effective mass operator must be considered to be a functional also
of the inverse of the Green function. (Compare argument leading to
equation (5.5) of réference 5). For the present purposes, it is

convenlient to extract the part proportional to the inverse of

G(n)(E) from the generalized, effective mass operator, 1l.e,
(n) w)
)
AV(k3e) = MimgE) ch:) + D (3.23)

Here D(n) is a function of the system temperature and of the
variables n, k and E, and M(k;E) is the analogue of the usual mass
operator., In order to gain some insight into the form of D(“), we

Fourier transform (3.23) as follows:
A7 (-5t -¥) (3.24)

) ™) S ? ‘(8_], Y- v (_%‘(t-t')

= ':T« S-. Z. M&gn)-cxnﬁﬁ)e« . dk ..{%'43'-")
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A convenient starting approximation for D(n) can now be arrived at
if we refer to equations (3.10) and(3.11). It 18 reasonable to
assume that because of the discontinuous nature of the Green function
in the time variable (t-t') - refer equations (2.1) - (2.4) - A(n)
will also be a discontinuous function of (te-t'). The first term on
the r.h.s. of equation (3.24) already incorporates this discontinuity
because of the presence of the Green function G(n). A delta function
dependence would therefore seem to suggest itself for the remaining
term D(n), i.e.

ﬁ')(t"' t-t) —> S -¥)  Reg-t) Qen). YeT) (3.25)
where Y(T) is an arbitrary function of the temperature T, R(g-4) 18
a suitable function of the vector g-f and the temperature. Here
Q(n) has been introduced for convenience in later calculations
and 18 the same as in (3.6). Equations (3.25), (3.10) and (3.8)“95
contain the essentials of the form of the basic approximation of
our theory. Introducing these into the equation of motion (3.5)
and carrying out the Fourler transformations described in (3.12) -
(3.17) we finally get:

@) =(g) Qemls + ¥en) Rex3) (3.26)

"

Le-¢g, - n,g.t)]éc

(compare, equation (3.18).
In view of the fact that the Fourlier transform of the Green
function, G(E)(E)’ has poles at E = E,_ + Mk(n), we may recognize
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it to be the analogue of the elementary excitations of the system
(see ref. 20 for a discussion of this point). In generak Mk(E),
which represents the shift of the true energy spectrum from that
obtained in the R.P.A., will be complex. For the present purposes,
however, the imaginary part of Mk(E) will be ignored. It should be
emphasized that strictly speaking the damping 1s a very important
parameter of the system excitation. It determines, in fact, the
limits of the appilcability of the concept of quasi~stationarity
wlth regard to the elementary excitation. One cannot, therefore,
claim with any certainty that the excitation EL thus chosen re-
presents the true elementary excitation of the system until it
can be ascertained that the assoclated damping can be neglected.
At low temperatures, the applicability of this concept 1s not in
doubt because the assoclated dampinéh is much smaller than 3&.
Bearing in mind this conditional interpretation of E&, we may
proceed as follows:

From equations (3.26) and (2.6) and the identity that for
real E and ﬁk
(3.27)

\
L : T T L. il:= -awv §C& - €
e':'n.[ E-F +ce %, -it awi $CE-E)

we get the following expression for the static correlation function

of cl(“) and S, :

») ¢ i?-(g-l) 8

Ta-p = Q™ T Foo[1+Rmvm)]e (3.28)
N

1 3
where +

S = G4 .29
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dw = ‘ 3.30
CCPE; _.\) ( )

and
E, = B, < nk(gk) (3.31)

Considering the fact that

&
§t§,_ =S¢5t — & §,_ - (3) (3.32)
when €= g, equation (3.31) contains both on the left and right-
hand sides a sum of averages of powershsz. We can therefore write
down 2S independent, simdlltaneous linear equations in <§>,
<(Sz)2>,....., <(SZ)QS> by putting n in equation (3.28) equal to
1, 2, 3, «.., 28 consecutively. The equations with n>2S are
not independent of the earllier ones because of the following

operator relation satisfied by the spin operators:

TTU % -vh) = o (3.33)

s -$
where r takes on integral or half-odd-integral values according

as S is integral or half-odd-integral,
The results for the average <Sz> can be written as follows:*

(§ PN -k[(s-3)(”5:)‘:(5“+§)(<if”i]/ﬁ*3)am_ .ias-nJ (3.34)

where

~ /
$ =3y =30+Y); § = L Ek, Px) (3.35)

#3imilar expressions were emplrically arrived at28 after solving

explicitly the 28 simultanébus equations for several different
values of S. Callen23 has since derived these results by a much

more elegant method.
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The expression for the average <(82 )2> can also now be easily
obtained from the relation (3.32).

Oon @@ proceeding from equations (3.28) and (3.29) to equations
(3.34%), (3.35) we made the following choice for the function R(K):

(3.36)
Read = Vg

The reasons for this cholce become clear if we study the form of
the transverse correlation function of the spins, I}(°)(.L-g).
Putting n=0 in (3 2’) we get:
Cl-g) = (555 S ety 3-31)
) <§> qung ¥ + & <S>‘((T\Z<I>(x)?(u) Sl
At low temperatures, where it has already been argued. that ﬁ( of
equation (3.31) will represent the true spin wave dispersion law,
the form of the correlation function L(o) (L -g) 1s known from the
spin wave theory. It is known 29 that forl # g, this correlation
funetion is, to a good approximation, glven by the first term on
the right-hand side of (3.37). Therefore, a convenlient choice
for R(k) is given in (3.36) because then the remaining term in
(3.37) contributeg only when £ = g, 1i.e. L(°)(,¢-g)

- 2 <s> Z%‘) R o By YT) 5 (3.38)

Having thus specified, up to an arbitrary temperature

dependent parameter Y(T), the form of the function D(n) of
equation (3.24) we investigate the function Mk(z‘). Once again
we invoke a result known from the rigorous spin wave theory that

at low temperatures

~ ~ o ’ 4
£ -E =M &%_ J(o,ls).zk,' &ek) 3¢y /e (3.39)
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(compare equation (3.7) of reference 4). This suggests the
following form for M (E, ):

\

ME) = TCT) 3:_%1 Jto,k) Z’ $ ) T /300y (3.40)
where 0 (T) 1s to be a temperature gépendent parameter such that in
the 1imit of low temperatures o~ (T) approaches unity. Equations
(3.28) =(3.31), (3.34)- (3.35) and (3.40) constitute a set of

coupled equations which must be solved self consistently to determine
the magnetization and the transverse correlation function.

The formalism developed so far 1s valid irrespective of the
lattice structure and the spatial dependence of the exchange integral
I(g~-f). 1In order to facilitate the comparison with the results of
other theorles we shall, in what follows, restrict conslderation
to lattices of cublic symmetry with nearest neighbor exchange inter-

action.

I(%_E) =1 » if £ and g are nearest neighbors,

=0, (3.41)
With these simplifying assumptions, the elementary excitation energles
E;, of equations (3.31) and (3.40), take the following simple form:

{;"= E, + ahJ(o,¥) [< $3+ ’ﬁ%f Z\.(,Q“"’ T 5 (3.42)
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4, THE LOW TEMPERATURE REGION

In this section we analyze the results appropriate to tem-
peratures low compared to the Curle temperature.

At these temperatures the magnetizatlion 1s close to the
saturation value and the average <§> is 1little different from S.
:I‘he function § therefore is small compared with unity and equation
(3.34) can be expanded in powers of sto give

WS+ 2, ~25t2 ~ 28+3
8y =t(s-Fras 0 -@swd +o@) ] (+.1)
2SSl RSP ase3

(@S TS B eed-sd 00 1o@ ] 0.2)

So far the arbitrary function Y'(T) remains unspecified. It is
clear from the definition of P (see egns. (3.30, (3.42) with
0(T) = 1) and eqn. (3.35) that at low temperatures it is the
strict analogue of the thermodynamic average of the number of
8pin waves exclted per lattice site. This requires

¢ g > — ‘K[S __@] (4.3)

T&Te

and therefore Y'(T) is completely specified:

, as
Yy = YO = @5 WEIES ‘X
I+@S+) ¢ - @LSH)Q 4o

(4.4)

As expected, Y'(T) is small and decreases rapidly with the increase
in S. In fact, Y'(T) 18 significant only for S~1l. Thus the simple
myss operator approximation, which ignores y', is sufficient for
large S.
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The calculation of % involves an integration (or rather a
summation) over the inverse lattice vector k'. The integrand,
® (k') J(x'), on the other hand, depends on the form of ?{k'
Therefore an iteration process has to be used. We first calculgte
<§>, and the integral over k' in equation (3.42), in the R.P.A.
The second iteration 1s obtalned by introducing these results into
the expression for 'fl'{{ and then recalculating <§> and the integral -"-‘ZKM)WI
At low temperatures, this lteration process converges very fast and
it turns out that no further iteration is necessary beyond the first
iteration cycle because the terms not included in the first cycle
contribute in a higher order in the ratio (T/Tc) than the ones
retained.

The results for the spin wave energies, %, and the magneti-

zation M(T) are found to be as follows:

LY
E B, + & S‘Vf' Jco,k) [\ -(Tt-V/g) Zs-/&e % o(o’)] (4.5)

==
K T&Te

McT) = Meo) <S> /sh “
;—-GT(M")/S )[_S ’doew"““l;’a" dy o":.- “ié" o(& ,J

ER
Ka 1 /
e = [3 2V /Jh lnwa (4.7)
¥ =1, for simple cubic lattice

- (3/4)(2)2/3 » body-centered cubic
- (2)1/3 , face-centered cubic (4.8)

Zn= Z:-;, ‘JE.'/'F"] (4.9)

(4.6)

where
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4, = ‘ZS/,,

K = ()25,
Ao = WS Zy,

L3 = (3R TV Ly, Ls, (Vs)

(4.10)
and W = %% , simple cubic
= 281 , body-centered cubic
88
= 15/L6, face-centered cubic (4.11)

These results are the same as obtalned by Dysonl(neglecting

the small correcticns arising from the 2nd, and the higher, Born

.1
approximation spin wave scattering). The results for the average < )>

are obtalned in a similar fashion and we get:
z 2 3/ g b/ |'
&) > s - (as-ni«ota s h oo, 8 1e430'S (4.12)

+ 2 {42;03-}1"(‘:“1‘9“} :
) 2,5(&5+I)S_¢(:S"Gss*ya§ QSﬂ)d. , ;80 /&}
+ 0 (61/;)]
For the case s = 1/2, the r.h.s. of equation (4.12) is exactly
equal to 4’12/4.
Combining equations (3.38), (4.4)-(4.11), we can find the

correlation function of the transverse components of spins appropriate
to the low temperatures,

(5‘*'5’:) - { s;‘ St ) (4.13)
T
N X LR PE PR LT

K
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It will be noticed that (4.13) is actually an improvement on
the spin wave result in that for g =4, it also includes the term
(1ast one on the r.h.s. of 4.13) which helps fulfill the stringent
requirements of the spin kinematics. For example, for the simplest

case S = 1/2, we have the exact equality

£ - 4 <S) (4.1%)

- %
8. 5 =
< 4 t> (‘e ‘/&) /&

This equality is satisfied by (4.13) whereas the usual spin
wave result, comprising only the first term on the r.h.s. of (4.13),
does not satisfy 1it.
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5. THE HIGH TEMPERATURE REGION

In this section we consider the high temperature expansions

for the susceptibility and the magnetic specific heat.

In the presence of a small magnetic field B, the magneti-
zation, M(T) o is small and 1s proportional to B. In the limit
B=0, the energy Ek(see equation 3.42) is therefore proportional
to 0 (T)/B as long as O (T) does not go to zero faster than 132. It
is clear from the results of references 18, 21, 23 that the correct
high temperature behavior of the zero fleld susceptibility,)ﬁ)re-
quires the proportionality of EL to<s?>, Therefore, it 1s con-

venlient to put

=R
T = 2, A(T): <§> /*\‘ (5.1)

where A(T) is a function of the temperature and is to be non-
infinite, i.e. small compared with (1/B). The energies EL thus are
(see 3.42) of the following form:

E =E, + &%k &> Jeox) L1+ X(1)] (5.2)

K

where

e . ’
X(T) = (A(T)/‘\a,\’)zklol_, (v) 3"(”/3'(.) (5.3)

and L(°)(k') is the Fourier transform of the transverse correlation
function L(°)(L-g) given in (3.38). As the self exchange integral
I(f-f) has been taken to zero, the sum :%eJ(k') vanishes and
therefore (5.3) is independent of any explicit dependence on Y(T).
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b ~
In this temperature range the quantity §is large compared with
unity., Therefore equation (3.34) can be expanded in inverse

powers of § to give

(§> ‘k( S(S+1) SQ][‘ (-‘LQ) (as»fas-q)(sog )-m (5.4)
@by =Rssnfis GEesgd®) @ ]

The zero fleld susceptibility,x, is therefore given by the
following

X =l ["‘<§>/5*‘B]=@"‘(5"\/555] (5.6)

where we have assumed that a reasonable choice of y' will be such
that
v -1
Y(T) « B (5.7)

~
The quantity (Q.B‘l) can be expanded in inverse powers of

where

-1
Y = P TR (5.8)
Introducing the quantities to and tl,
to = tanh (BE_/2) (5.9)
t, = tmk\'_< $) ‘Iu,k)(H xm)/a'v J'(o)] (5.10)

and using equation (5.2) we can write equation (3.30) as follows:

Pexy = "('/-ﬂ M (\/J[ '+ totsA ts ] (5.11)
= ~(va) +( ‘/..t.\[n (=%, )Z (=) (t, /b) J

'g\
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Expanding the hyperbolic tangent ti and ignoring terms pro-

portional to B in comparison with unity we get:

b - “""2\"@:) < ¥ (5.12)
=Gt Z.of Foo [(H chf))45>/k'y+,°]
where ° T "
Ferd) = —"-QZ.‘ [‘Sw,k)/:rm] (5.13)

Before discussing further the evaluation of Q ,» we recall that the
R.P.A. (represented here by putting X = 0 and v = 0) yielded the
correct high temperature expansion for the susceptibility, up‘to,
and including, terms proportional to ( 1/5?). Therefore y must
involve terms which decrease with temperature at least as fast

as 1/.‘,3.

. In order to determlne the correct expressions for the two
parameters A(T) and Y'(T), we need also to consider the correlation
function L(o)(t-&). A general expression for L(o)(t-g) is not
avallable but the system energy and the magnetic specific heat,
for which exact expansions are known,s’g depend sensitively on
L(o)cl-g). The computatlion of the maugnetic energy requires know-
ledge of the correlation functions of the transverse as well as the
longitudinal components of spins. In the paramagnetic region,
spatial isotropy requires that in the 1imit B = O the longitudinal
correlation be equal to the transverse one, 1.e.

(45> == _ (§5) =L (5.14)

(TY 3B we)
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Thus the magnetic energy, <H>», takes the following simple form

WY = ¢ 34) %,I‘*'“"“; .Y = N.E (515

(T32Tc3%20)
Combining eqns. (3.38) and (5.2) we get the average magnetic energy

per ion 8
%

Thus the magnetic energy 1s explicitly independent of the parameter

= (= 2¢S>RNT 2 e T (sasp
(T>Tc;B=0) D

Y'(T) and depends only the parameter A(T) (or X(T) ).

The procedure for the determination of A(T) and v'(T) is now
clear. We choose A(T) first to achieve agreement of eqn. (‘:153b
with the result of the known high temperature expansion for the
magnetic energy. y'(T) is to be chosen next by fitting the sus-
ceptibllity expansion of eqns. (5.6), (5.12) with the exact one.

Using eqn. (5.11), egn. (5.15)b can be expanded in inverse
powers of ¥ to glve

¢ = (3/2‘)§ RITIR i (..T [_S—(t + X%,J[F(m\—mj (5.16)
4]

where

S = W (< s')/f“] (5.17)

bxo
and F(r) is as in (5.13).
The sums F(r) depend only on the crystal structure and can
be calculated easily for r>0. (see Appendix A.) The quantity ]
is proportional to the zero field susceptibllity for which the

exact expansion 1s known.
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After a 1ittle tlgebra one can now detemin; the high tem-
perature expansion for X(T) such that agreement between eqn. (5.15)b
and the exact expansion for the magnetic energy is obtained. Below
we give the results for the two leading terms 1a the expansions for

'X(T) and the related quantity A(T). (Gf.eqns. 5.1 and 5.3)

* - L 3

X(r)y = Xi/p t XKifoa (5.18)

where

X o= EV/ay) (5.19)%

a2
% = (thg ) Ssn) =536+ (45 4")

(103)1%- 29.630 f.c.c.; 52.778 b.c.c; 69.136 simple cubic
(5.19),

and where z denotes the number of nearest neighbors. Similarly,

we have

Acvy= Ao + A'/’Y L IR (5.20)

A = -19/8 ‘csﬂ)' | (5.88)%
3 a0
A = Gre) = Crsam + Vaagdont] .

&'.‘ ‘\‘\‘\‘ a!~' b\‘l‘. l\“‘ 1.¢,
3w Aeheaty MBRatS 24N (5.8}
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These expansions are sufficient to achieve agreement for the
magnetic specific heat calculated from (5.15) to the order (1Af)4.

The susceptibility expansion (see eqns. 5.6 and 5.12) can now
be similarly derived by using the above results for X(T). An in-
teresting fact observed is that agree;ent of the leading three terms
in the 14 expansion for X 1s obtained without any assistance from
the parameter Y'(T). The fourth term is in agreement with the exact
results only for large values of 8,

This, once again, demonstrates that the simple mass operator
type approximation, Y'jﬂb, 18 sufficient to describe the behavior
of spin Green functions in the limit of large spins. For general
S the Y'(T) necessary to achieve agreement for the susceptibility
up to and including the term proportional to (1/1:)4, are as follows:

3 /
—lo. ['r/sz(sﬂﬂ. Y(¥) = b, feec 3ad, Ve §i6, 8060 (5:23)

As long as the exact results for the susceptibility and the magnetic
specific heat are available for comparison, the fore-going procedure
can be used to determine X(T) and v'(T), and thus the dynamical

spin correlation functions, to any order in xﬁy.
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6. Temperatures Close to Tc

Unlike the case of the very low or the very high temperatures,

no rigorous expansions for thermodynamic functions exist for the
range of intermediate temperatures in the vicinity of the Curie
point. It 1is therefore difficult to construct a formalism which
relies on the knowledge of these expansions for the determination
of the arbitrary constants &(T) and %(T).

A number of results are, however, known for the transition
temperature itself. For instance, the high temperature series
extrapolation technique88’9 provide falrly accurate estimates for
the Curle temperature, Tc, as a function of the exchange integral,
I. Similarly, the magnetic energy at the critical polnt, <H>c, can
also be estimated by these methods. It turns out that these
estimates can be used to get information about the functions o(T)
and Y(T) in this temperature range. This investigation forms the
contents of the present section.

In the absence of applied magnetic field,f?\ig B = 0, the
magnetization M(T), and therefore <S%>, is small and s (being,
under these conditions, proportional to the inverse of <Sz>)1s
large. Eqn. (3.34) can therefore agaln be expanded in inverse
powers of& . The most convenient expansion, it turns out, 1s the

following (compare eqns. 5.4 and 5.5):

$) wh 35¢s+1)
:ht:e s E‘ e (e‘m "(c!/z;a )1-@.,/3’)...:] (6.1)
én = r_& SCS4\) - 3/;-]/|§ (6.2)

'Y
c -,,,s"-u.f-mcs-nns "“'71‘: ] (6.3)
v= ~=1c0 |
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The energles Ei can once again be written in the form (5.2). However,
the parameters A(T) and X(T), defined in equations (5.1) and (5.3),
will in general have different temperature dependence from that
determined in the previous sectinn. The appropriate expansion for

equation (3.30) is now the following (compare (5.11) ):

[a] -
Q:YLT)--,L_H,._‘_R_;% r¥ L FO) + aCf)} (6.4)
3 ks

where
'\* -
Combining equations (6.1)-(6.5) we get:

[:.scsf')& - Fc-i)'&"r < T'(T)]
3 T+ X¢T)

2 ) +X( ac, rXa) ,“')"
= Lg>[_—3ﬁl M B l.’-o

(6.6)

where we have used the notation:

Tery = <S> ¥(T) (6.7)
The fummation F(-1) (see equation 5.13) 1s well known © and has
the followling values:

F(-1) = 1.34466, f.c.c.; 1.39320, b.c.c.; L. 51638, s.c. (6.8)
The Curie temperature, To» 18 obtained by requiring that (since
B=¢) <s>-9 0 as T approached T, from below. Thus (6.6) gives:

. Q+XeT)) ’scs+y (1) 6.9
Y = 3&_0 [_l-sm (6.9)

We find, empirically, that an extremely good fit of the results

following from (6.9) with those known from references 8 and 9 can
be obtained (refer Tables I, II, III) if we have:
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(axer){1-3 Pcm;\—\-r"“:‘:";\(s;;) (6.10)

{11}

Eqn. (6.10) contains two constants, X(Tc) and T{Tc). In order to

specify these completely, we also need the expression for the critical

c.
panding @(k) in powers of <S» (cf., eqn. 5.16), and proceeding to
. .

value of the magnetic ener-g;;,z<H>T-T Using eaqns. (5'15)a,b’ ex-

the 1imlt <S> = o we get:

€ = Mrq = - (3, [ F (6.11)
IS4 - N(koT) (/z'\( I‘t-xcrdj "

If the results for (Ee/kaq) were avallable for all values of S and
z, equations (6.10) and (6.11) would determind X(T,) and IX(T,).
This, however, is not the case,

It 1s convenient, at this point, to establish a correspondence
between the present work and that of ref. 23, Callen achleves a
mass operator type solutlion which, in our notation, 1s equivalent
to putting (at all temperatures):
Ay —— (Vad) 5 XM 72 (6.12)
At low temperatures, our results were obtained by choosing
A(T) =(1/2§)é:f. eqns. 3.40 and 5.1>land Y(T)V(T/T‘)3S+3/2.

Encouraged by thls correspondence we postulate

Vat)
ey s LA (6.13)
However, unlike Callen,we retain the anomalous contribution of the
mass operator, Y(T). Inserting egn. (5.1) into (5.3) and putting

T = Tc we now get



s e e n
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X@T:) (_\ + xc-m]/ryc = Q/-’l g-) LFH) - t] (6.14)

The quantity(e)kBTc) can easily be calculated from eqns. (6.11)
and (6.14) and the results are listed in Tables IV, V, and VI.
We notice that these results are in good agreement with those
avallable from reference 9 and are a conslderable improvement on
those following from the R.P.A.

The parameter J{Tc) 1s now completely determined and may
easlly be obtained with the use of equation (6.10) and X(Tc) given
in Tables IV-VI.

We shall conslider next the behavior of the parallel susceptli-
blllty at temperatures Just beyond the Curie point. It is con-
venient here to recast equation (6.1) into the following form:

5 = RSCG+) _ 0 <S> ‘_S(S-H)—,]m‘(;)& (6.05)
3¢5 2 Tsason) k

Let us put

(&> = %' . E, , (6.16)

/
where )L is proportional to the zero field susceptibility X

a
S K /ur) X
(8% /) (6.17)
. ~
Introducing (6.17) into (6.15), expanding Q , and proceeding to
the 1limit E = 0 we get:

_ ' (6.18)
T."F #\scgﬂ) \"(T)l 12: 4-,+4\Tu,k)[wu1')]
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Eqna. (6.9) and (6.10), which define the Curie temperature, Te,

can be rewritten as follows:

2 \_& W) ~Tr)) = L7 L 6

w——— — — 01

ks Te Y apexer] ¥ = Teoyr) (6.15)
Subtracting (6.18) from (6.|9) and carrying out the summations over
k (see Appendix B) we find that just beyond Tc the susceptibility
X has the following form:

x =N %.('c‘“* 35(51-\)[[31"(7) F‘T'("")]E( (6.20)

where

2 q pj-
= [ . a (6.21)
N (T’) X1 L+xml \zn‘l\"s"(m)

If we follow the R.P.A. and the Callen assumption and put IY(T) = o,

or alternatively, 1f we make the approximation that in the vininity

of Te, [(T) 1is equal to [(Tc), we find that (6.20) leads to the

folluwlng -3

_____ N (?{ _ ‘s) (6.22)
(R\p\g\\)ﬁ\\u\)

This result is similar to that of the spherical model31 and was

earlier obtalned for the spin 1/2 case by Englertau

and by Ka asaki
and Mor132. Within the above approximation we can also fins ) Just

below the Curle temperature from eqn. (6.6).

Som—— 3
(8 (R-P.AyCalen) P.O-Th)+0 O=T) (6.23)
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where

L
X
e Fen [ _X (6.24)

|+ X(Te)

(compare ref. 21).

The above result 1s similar in form to that of the molecular fleld

approximation (M.F.A.)

=R (6.25)
- 5 S(S"H) - T/ Y+0(\-T,
S5 g, () (-76)m )
& ‘fS‘*’&
whereﬁi: 1s the Curie temperature in the M.F.A.

Recently Domb and Sykes9 have reported, after a painstaking
examination of the systematics of the extrapolation of high tem-
perature series, that just beyond Tc the zero fleld susceptlbility,
X, obeys a relation of the form

X = A <Pc- P)_l./s (6.26)
(Doud &Sylas )
where A 13 a constant independent of the temperature. It 1s there-
fore clear that the approximation [(T) = fY{Tc), which led to the
result (6.22 ), is unsatisfactory. In order to secure agreement of
our result of eqn. (6.20) and the above result, (6.26), the function
IT), in the immediate vicinity of Tc, has to satisfyAthe following

relation

{_(p‘ p) + 3S(s+|)[PP(T) Pe | (12)_]} (6.2.7).'
X
= c. Cpe - 1Y 4 oqc-n



- 33 .

which 1s equivalent to putting

Nery = *C"‘ )F(P‘-P) UANLE °(rc—r) (6.7,

where C 1s a constant independent of the temperature and n > 4/3,
Having thus inferred the form of [(T) close to Tc, we utilize
it in the determination of the magnetizatlion Just below the Curie

temperature. Inserting eqn. (6. 27)b into (6.6) we get:

(&%= 3 2¢ Fe) (- M "+ o (p- h)
55w P Ut XCDIFe) +6¢] (6.28)

Using egns. (3.35), (3.38), (5.3), (6.4) and (6.13),
- z

X(T) can easily be expanded in powers of <S> and e "get:

Xen Lt X(T)] @‘/z < ‘)[{Ft-t)-\} - &3 >{+ xer)d _] (6.29)
(compare eqn. 6.14). Kt At ‘8’

and therefore

-7
Ky xSy 2 Th)

Thus to the leading power in the difference (l-T/Tc) we may replace

X(T) by X(Tc) in (6.28). Eqn (6.28) now easily leads to the result
2 /A "/

8> = K. Cp-pe) +oCp-py™ (6.31)

where K is to be a real quantlity and is related to the constant C

of eqn. (6.27), by the relation:
b

(6.32)
K. ___( 2¢ Fe») ]
SCSE) pe Tt it xetey} [Red +66,]
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APPENDIX A
The inverse lattice sums in equation (5.13) have to be re-
stricted to the first Brillouin zone. It is convenlent therefore
to transform the function J(o,k)/U(o)‘to a system of coordinates
such that the integration l1imits are simblified (the boundary of the
Brillouin zone in the cases of b.c.c. and f.c.c. lattices is somewhat
complicated being respecively similar in structure to f.c.c. and
b.c.c. latticeg). This 1s done by choosing the coordinate axes in
the direction of the basis-vectors of the reciprocal lattice space,
(for the basis vectors see reference 33). It turns out that
'.T(o,K)/J-(,‘, Tc. -_l;{'s - cosK, - Coskp - CosK3]

ﬁ‘C/q)B-casx,-Cos Ky = CosK3 = CosCrivkn +K3)]

('/6)“.‘ - Cosky ~Cosky =CoSky = CosCKi=Ky) -Cosa.-ll,)-cos(k,-t,ﬂ
(A.1)

£cg.

where, since the Jacobian is unity for the above transformation, we

use the following P:;scription for changing sums into integrals:

w

"ﬁ Z ¢+ HM% Aw ket € (A.2)

" x

The sums F(r) of equation ($.13) are now elementary. The results

for the first several cases are tabulated below:



H B M B B g 3 3K

f.c.0.

1.000 000.

1.083 333
1,222 222
1.414 931
1.668 403
1.995 049
2.412 423
2.943 934
3.620 184

bococo

1.000 000
1.125 000
1.375 000
1.802 T34
2.513 672
3.696 533
5.684 326
9.066 343
14,892 007

[N TV

1.000 000
1.166 667
1.500 000
2.069 Wiy
3.013 889
4,581 533
7.209 619
11.670 664
19.338 445
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APPENDIX B
In the vicinity of Te, the difference between X(T) and X(Tc) is of
the order <S>2 (aee Eqn. (6. 3.’. Therefore, subtracting eqn. (6.20)

from eqn. (6.21) we get for temperatures just above the Curie tempera-

ture

[a+ scs+l)/3]{(fc“P) *3%‘2"_"_‘) 3.(_‘1(7)/1') P(T‘)/‘ﬂ}]

' L |
Zx,, ‘l L|+ xcr'-)]i Nzk' LV+ ILO_\K)]I“J*) (B-l)

where
v \
= Ax [+ xemlk (B-2)

The inverse lattice summation in (B-1) can be approximately

performed as follows. As the susceptibility'x.is large,V"ﬁ2 is
small compared with unity. The dominant contribution to the summation
therefore comes from small values of k. AS a rough approximation we
may therefore extend the integration limits to the whole of the
k-space and also use the long wave length approximation for J(o,k),
i.e.

7(0,k) = Ia?) + otka)* (B-3)
where the nearest neighbor distance has been taken to beﬁﬁ(&Vﬁﬂ(z

is the coordination number). In this manner we have:

dk
N W J‘u.nh‘(oak) (“né)f V+ Ikt (B-4)
where v 1is the volume per ion (v = a3, B.C.; 33/2, b.c.C.; aB/ﬁ,

f.c.c.).
Therefore, eqns. (B=-1) and (6.20) give

B . oo ] -
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TABLE II THE BODY-CENTERED CUBIC LATTICE

= 0.734, (Ours and Callen's)

= 0.659, Random phase approx.

KpT, Rushbrooke K.BT KpTe KpT,
S — Ours R.P.A. —— Callen
<m wood e, m
1/2 2.60 .60 2 871 3.7
1 7.55 7.66 7.66 9.1
3/2 14.7 14,81 14,36 16.6
2 23.9 24,05 22,97 26.2
5/2 35.2 35.39 33.50 37.9
3 48,5 48,82 45,94 51.7
Lim [ KT ‘\
S~ - = 0,752, Rushbrooke and Wood
27(0)s(s+1)) = 0.785, (Ours and Callen's)
= 0.718, Random phase Approx.
TABLE III THE SIMPLE CUBIC LATTICE
T Rushbrooke T KBT KBT
S c and | —=»2)  ours -—2-") R.P.A.  ||—=o= callen
% Wood (m > " ™
) /2 1.7 1.75 1.98 2.7
1 5.25 5.28 5.28 6.5
i3/2 10.2 10.27 9.89 11.8
2 16.65 16.73 15.83 18.5
5,/2 24,75 24,65 23.08 26.8
>3 33.9 34,04 31.65 36.4
Lim 3KBTc
= 0.716, Rushbrooke and Wood
27(0)S(8+1)




TABLE IV THE FACE-CENTERED LATTICE

- Ec '
KgTe | R.P.A.

S (g‘%’;) ours (;CE%:;) Domb and Sykes X(Te)
1/2 0.433 0.439 0.195
1 0.450 0.449 0.150
3/2 0.458 - 0.130
2 0.463 - 0.116
5/2 0.465 - 0.113
3 0.467 - 0.108
- 0.476 0.474 0.085

TABLE V _THE BODY-CENTERED CUBIC LATTICE

-Ec
= 0,590, for all S.
R.P.A.

S ( c/K37 ' X(Te)

b 1/2 0.487 0.211
‘ 1 0.508 0.160
F3/2 0.517 0.141
b2 0.522 0.130
5/2 0.525 0.123
3 0.528 0.118

[_J 00 539 0'09“'

e e e 0 = e
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TABLE VI THE SIMPLE CUBIC LATTICE

(LEc/KBTé>R.P.A. = 0115

s (LE°/KBT9) X(Te)
1/2 0.626 0.237
1 0.651 0.190
3/2 0.664 0.167
2 0.671 0.155
5/2 0.674 0.149
3 0.678 0.142
- 0.695 0.11%




12,

13.

14,
15.

16.
17.

18.

Bibliogra
F. J. Dyson, Phys. Rev. 102, 1217 and 1230, (1956).

T. Morita, Prog. Theor. Phys. 20, 614 and 728, (1958).

T. Oguchi, Phys. Rev. 117, 117 (1960).

R. A. Tahir-Khell and D. ter Haar, Phys. Rev. 127, 95 (1962).
M. Wortis, Ph.D. Thesis, Harvard University, Mass., Feb. 1963,
W. Opechowski, Physics 4, 181, (1937).

H. A. Brown and J. M. Luttinger, Phys. Rev. 100, 685 (1955).
G. S. Rushbrooke and P. J. Wood, Mol. Phys. 1, 257 (1958).

C. Domb and M. F. Sykes, Phys. Rev. 128, 168 (1962).

J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941).

H. A. Bethe, Proc. Roy. Cos. (London) Al50, 552 (1935);

R. peirls, Proc. Camb. Phil. Soc. 32, 471 (1936) and Proc.
Roy. Soc. (London) Al54, 207 (193§k U. Firgau, Ann,Physik

4o, 295 (1941).

P. R. Welss, Phys. Rev. ﬁ_, 1493 (1948).

R. Kikuchi, Phys. Rev. 81, 988 (1951).

T. Oguchi, Prog. Theor. Phys. (Osaka) 13, 148 (1955).

P. W. Kasteleijn and J. van Kranendonk, Phyég 22, 317 (1956);
R. J. Elllott, J. Phys. Chem. Solids 16, 165 (1960);

J. T. Davies, Proc. Phys. Soc. (London) 79, 950 (1962).

B. Strieb, H. B. Callen and G. Horwitz, Phys. Rev. (in press).
N. N. Bogolyubov and S. V. Tyablikov, Dok. Akad. Nauk,
S.S.S.R., 126, 53 (1959) [Translation: Soviet Phys. Doklady 4,589].
S. V. Tyablikov, Ukr. Math. Zhur. 11, 287 (1959) (In Russian).




19.

20.

21.
22,
23,
24,

25.

26.

28,

29.

30.
31.

32.
33.

D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960: [Translation, Soviet
Phys. Uspekhi 3, 320]. o

V. L. Bonch-Bruevich and S. V. Tyablikov: "The Green Function
Method 1n Statistical Mechanics", translated from the Russian
and edited by D. ter Haar, North-Holland Pub. Co., Amsterdam,1962.
R. A. Tahlr-Khell and D. ter Haar, Phys. Rev. 127, 88, (962).
¥. Kawasakl and H. Mori, Prog. Theor, Phys. 25, 1045 (1961).
H. B. Callen, Phys. Rev. (in press).

F. Englert, Phys. Rev. Lett. 5, 103, (1960).

N. M. Hugenholtz and D. Pines, Phys. Rev. 116, 489, (1959).

R. Brout and F. Englert,'Bull. Am. Phys. Soc. 6, 55, (1961).
F. Keffer and R. Loudon, J. Appl. Phys. Supp. 32, 28, (1961).
R. A. Tahir-Kheli, B.G.S. Doman and D. ter Haar, Phys. Lett.
4,5, (1963), eqns. (22 and (23).

For example, eqns. (2.2), (2.5) and (2.5) of ref. 4 can be
used to derive this result.

G. N. Watson, Quart. J. Math. 10, 266, (1939).

M. Lax, Phys. Rev. 97, 629, (1955); A Levitas and M. Lax,
Phys. Rev. 110, 1016, (1958).

K. Kawasaki and H. Mori, Prog. Theor. Phys. 28, 690{h(1962).
F. Seitz, Modern Theory of Solids, McGraw-Hill, (1940).



