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ABSTRACT

In this paper, the necessary and sufficient conditions
for the realizebility of linear, passive, time invariant two-
port networks are derived in terms of the various two port
parameters. The two-port perameters considered are: the open
circult impedance (Z) parameters, the short circuit admittance
(Y) parameters, the hybrid (H) parameters, the transmission
(ABCD) parameters, and the scattering (8) parameters. The
derivation is based on the definition of a positive real imped-

ance matrix for a two-port network.
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REALIZABILITY CONDITIONS FOR VARTOUS NETWORK PARAMETERS

1. Introduction

The impedance matrix associated with a passive, linear,
time invariant, n-port network is positive real. An n x n matrix,
[Zia(ﬂ)] , 18 defined as positive real if and only if it satisfies

the following conditions :l

a) i x:xazid(s) 2 0, for any x4xj, and for Re(s) > O,
i,J=1
vhere x: denotes the complex conjugate of xj. (1)
b) Al Z-_;_J(s) are analytic for Re(s) > 0 , (2)
¢) All Zgy(s) are real for s real. (3)

In equation (1) Zid(s) = §{24y + Z?_J] are the elements of an
Hermitian matrix. The Z;j are the impedance coefficients of
the network, considered as functions of the complex variable
s = g + jo, evaluated for Re(s) > 0. In matrix form, [ZiJ] is

given by

#(22, + 231) ¥Zy2 + Z2y) --= #(Zyn + Zna)
[zj'.z] = .
#Zoy + Z9n) }(Zne + Z2) -=- ¥(Zm + Zin)



A necessary and sufficient condition for inequality (1)
to be satisfied is that all the principal determinants of [Zi:j]
are non-negative. The individual terms of the matrix ([Zij] are

of the fornm,

211 =1y + JX11 ,

%*
233 =ri1 - 11,

etc. Therefore, all elements on the principal diagonal are real,

and [ZiJ] can be expressed as

T11 #(Z12 + 281) --- #(2ypn + 21)
EZQJ] = | #(2z21 + 212) raz — )
#(Zny + Zin) -—- --- r;m
_ —

In addition, if the network is reciprocal, then Zi,j =

231 and the matrix reduces to

b
ri1 riz === Irjyp

. ri2 T2z --- Irzp
[Z'-‘-J] = . . .




2. Realizability Conditions on the Immittance Parameters

Conslder the passive, linear, time-invariant, two-port

network shown in Figure 1.

+ +
11 ———p o —0 - ia
v |\| va
11 s G —) >12
Figure 1

By immittance parameters we shall mean those parameters
characterizing the network which can be defined by choosing one
varisble from terminal-pair #1, one from terminal-pair #2, and
by relating these to the remaining two variables. In general,

three sets of parameters are defined by this procedure. They are:

a) The "z" parameterss
vi = z11l1 + z12i2
va = z21i1 + zg2i2
b) The "y" parameters:
i1 = yaava + yaave
i2 = yaava + ya2va
¢) The "h" parameterss:
vy = h1aiy + hyave

iz = haaiy + heava



Realizability conditions for the z parameters only may
be immediately deduced from a consideration of equations (1), (2),
and (3). As has been mentioned, a necessary and sufficient con-
dition for (1) to be satisfied is that all the principal deter-
minants of [Z{J] are non-negative, for Re(s) > 0. Application

of this criterion to the reciprocal case gives (.f'or Re(s) > 0):

r11 >0 (4a)

riaree - riz > 0 (4b)
vhich imply

re22 > 0 (ke)

These conditions, together with conditions (2) and (3),
suffice to assure that the impedance function of the associated
network is positive real.

A more general set of conditions, valid for any of the
immittance parameters, may be deduced by following a procedure
outlined by Stern.2

Clearly, conditions (k4a), (4b), and (luc) constitute a
special case. Stern deduces restrictions on a generalized set
of immittance parameters for a two-port network imposed by pas-
sivity conditions. That is, he considers networks characterized

by equations of the form



Dy = k11J1 + kiaJa
D> = ka1J3 + kaaJ2

where the D's and J's are, respectively, currents or voltages,
and the subscripts refer to the terminals of the network. The
k's may be any of the three immittance parameters. For a two-
port network, a necessary and sufficient condition for inequality

(1) to be satisfied is that, for Re(s) > O,

Re(ki1) > O (58)
|km| + Re(km) < 2Re(kii) Re(kez) (5b)

which imply
_Re(k22) > 0 (5¢)

where ky, = kizka) .
For a reciprocal network, kiz = kai1. If the network is

to be described by the h parameters, conditions (5) reduce to
Re(hll) 2 0 K]
Re(hgz) 2 0,

|haz|® + Re(h32) < 2Re(hy1) Re(haz) ,

when Re(s) > 0,



Now, if

Re(hyy) = hyy ,

Im(hi,j) = Hij ,

are the real and imaginary parts of hij, then the third of the

realizability conditions above can be written as,

ﬁhfa - Hi2)® + (2hi12H12)® + (ni2 - Hi2) < 2hiihea
which reduces to
nfe + Hf2 + (bf2 - Hf2) < 2hizhee ,
or
2h¥2 < 2hyihoz

The three conditions on the h perameters may therefore

be written as

h12 > 0 (68)
hz2 > 0 (eb)
hithee - hf2 > © (6c)

for Re(s) > 0.



These conditions are identical in form with the condi-
tions (4a), (4b), (4ec), on the z parameters, as expected.
The h parameters are related to the z parameters by the

relations,

(n) hyihi2 |z]/222  2z12/222
) hyzhap z12/222 1/zz2 ’

and to the y parameters by,

hiihi2 /yi1  -~y12/y1a
[h] = = .

highas Y12/y12 |y | /y11

Conditions on analyticity, for the h parameters for
Re(s) > O must now be examined. Since zzz = 1/hoz may have no
poles or zeros in the right-half s-plane, hpz may have no poles
or zeros there. Similarly, yi11 = 1/hy; implies that hy; has no
poles or zeros for Re(s) > 0. Finally, since yi2 = hiz/h; may
have zeros but may not have poles, identical conditions apply to

hi=. The conditions may be summarized as follows$

a) hii and hgg may have no poles or zeros for Re(s) > O.
(6d)

b) hiz may have zeros but may not have poles for Re(s) > O.
(6e)



Since the elements of the impedance matrix are real for
s real, haz = 1/222 must be real for s real} similarly, ziy =
hi1/ha2, which requires that hyj be real for s real.

From y12 = -hiz/hj1, & simi.le.r condition is deduced for
hig. In sumary, it may be stated that h parameters are real for
real values of s. (6f)

Conditions (6d), (6e), and (6f) together with conditions
(6a), (6b), and (6c) are necessary and sufficient to insure that
the impedance matrix of the associated network is positive real.

A complete test to establish the positive real character
of the impedance matrix of the associated network includes a de-
monstration of inequalities (6a), (6b), and (6¢) over the entire
right-half s-plane. More useful conditions may be deduced, how-
ever, in which the inequalities need only be verified on the jw
axis.

It is known that
H(8) = hyax; + ZhioXXz + haox3

is positive real for all values of x. From the theorem which
states that the real part of a function of a complex variable
changes sign 2n times in the neighborhood of a pole of mltipli~
city n, it can be shown that any pole of H(s) on the jw axis
mst be simple, and that any residue at this pole must be real
and positive.



Let ki1, kg2, kiz be the residues of hii, hz2z, hia,
respectively, at a pole on the Jw axis, and let K be the residue
of H(s) at this pole. It is known that K must be real and posi-

tive since H(s) is positive-real. Therefore,

K = kyixs + 2kyaxixe + keoxs > O ,

which states that the matrix of residues of the h parameters, at

poles cn the jw axis, is positive semi-definite. That is,

kia 20
ka2 > 0

2
kiike2 - k12> 0

By applying the maximum modulus theorem to H(s) over
the closed right-half s plane, excluding poles on the jw axis,
it can be demonstrated that |H(s)| attains its maximum veluc on
the axis.

Therefore, inequalities (6a), (6b), and (6c) need only
be verified on the jw axis to assure that they are satisfied in

the entire right-half s-plane. The conditions may then be written:

(7a)

v
o

haa(Jw) >
haz(Jjw) > 0 (o)

h11(Jw)hea(Jw) - [hiz(Ja) 1% > 0 (7¢)
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All poles on the jw axis are simple, with residues

given by:
ki1 20 (7d)
kez > 0 (7e)
kirkez - kiz2 > 0 (1)

Conditions (78) to (7f), together with conditions (64d),
(6e), and (6f), suffice to assure that the impedance matrix of

the associated network is positive real.

3. The Chain Parameters

The chain parameters are defined, for the network con-

sidered in Figure 1, by the equations

ey = Aep - Bipz

1

Cez - Diz ,

which express input variables in terms of output variables.
These ABCD parameters are related to the z and y parameters by

the relations,



A -B 211/z12  -|2|/z12
[ABCD] = =
C «D 1/212  ~z22/212

and
-y22/y12 1/y12
[ABCD] =
-lyl/yaz  -yi1/yez
The inverse transformations give,
211 212 A/c  1/c
[Z] = = »
212 Z22 1/c p/c
and

Yy e D/B -1/B
(¥l = =
iz  ye2 -1/B A/B

From equation (1), in terms of the z parameters, the
condition that the principal minors be non-negative in the half-

plane Re(s) > O requires that
Re(A/C) > ©
Re(D/C) > 0

Re(A/C)Re(D/C) - [Re(1/C)1% > 0
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Then, if
A=a+ jA
B=b+ jp
C=¢E+ 3¢
D=¢§+ jo ,

the first condition becomes
af + A
Re(A/C) = ?g—:—*%— >0
And, since

2 +4°>0, af+ My >0 (8a)
(Re(s) > 0)
The second condition implies,
- 6 + jA
Re(D/C) = Re —E—.}.—#]zo,

which requires,
8E + A
LET
or
8% + Ay > 0 (Re(s) > 0). (8b)

The final condition implies,
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Re(A/C)Re(D/C) - "Re(1/C)E >0 ,

or
g + Al 5% +
Z; + w; " TEE g f;i - [Re(1/€)1% 2 0 .
Since
Re(1/C) 1% = 1 2. g2
[ (/) [Re §+J‘|’.’2 (§2+¢2)2
(af + Ay) (65 + &) _ £2 o
(2 + '32)2 (z2 + ¢,2)2 =Y
which requires
(83 + M) (58 + 84) = €220 (Re(s) > 0) (sc)

An alternate set of conditions, derived by relating the
ABCD matrix to the y matrix, may be found. Since the y matrix

1s positive real, the conditions become:?
Re(D/B) > O
Re(A/B) > 0
Re(D/B)Re(A/B) - [Re(1/B)1% > 0
The first condition may be written

- 6+ 38 _ &b+ 4B
Re(D/B) = Re > F 36 el



or

or

Since

1%

§b 4+ AB > 0 (Re(s) > 0) (8a')

The second condition requires

Re(A/B) =?-i?- (sb + 48) > 0,
ab + A8 > 0 (Re(s) > 0) (8b')

The last condition implies,

(6b + 4B)(ab + AB)
(b2 + p2)2

- [Re(1/B) >0 .

b

1
Re(l/B)=Re[b+JB]= resrarrall

(sb + 4B)(sb + AB) - B2 > 0 (Re(s) > 0) (8c')

Equations (8) and (8') may be simplified by noting

that a reciprocal network satisfies the condition:

AD - BC =1

The real and imaginary parts of the reciprocity relation give

ab - AA-bE+By =1,
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and

ab + A5 - by = BE =0 .

Equations (8) then reduce tol

af + Ay >0, (%)
65+ 80y >0, ()
bs + AA >0, (%)

and equations (8') become

§b+ 48>0, (%)
ab+ M8 >0, (%)
g+ AA>0), (9e)

when Re(s) > 0 .

Conditions (9) or (9') are entirely equivalent to in-
equality (1), for a reciprocal network described by the "chain'
parameters.

Conditions on the analyticity of A, B, C, and D must be
examined if Re(s) > 0. It is known that zi1, 222, Y11, Y22 have
no poles or zeros for Re(s) > O since they are positive real} it
is also known that 232 and yi2 have no poles, but may have zeros,

in this region.
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Therefore, C = 1/212 may either be analytic for Re(s) > O,
or it may have a polej it may not have a zero. Since A/C = 233
has no poles or zeros in the right-half s-plane, any pole of A
must be a pole of C; and if C has no poles or zeros, then A can
have no poles. Additionally, any common poles must be of the
same multiplicity.

Finally, -B = 1/y12 may be either analytic for Re(s) > O,
or it may have a pole; it may not have a zero, etc. Application
of these properties of the z and y parameters leads to the general

result?

a) A, B, C, D may have no zeros for Re(s) > O. (9d)
b) Either A, B, C, D have no poles or they have the same
poles of the same multiplicity, for Re(s) > O. (%)
It is required that the elements of the impedance matrix
mist be real for real values of s. In particular, this implies
that 1/C and, therefore, C itself must be real for real values
of s. This, in turn, implies the same conditions on A, B, D.

That is,
A, B, C, D are real for s real. (9r)

Conditions (9d), (%), (9f), together with either (9a),
(M), (9¢), or (9a'), (P'), (9c') are necessary and sufficient
to insure that the impedance matrix of the associated 2-port,

reciprocal network is positive real.
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L. The Scattering Parameters

Realizability conditions for networks may also be de-
scribed in terms of the scattering parameters. Such a procedure
is outlined by Cs.rl:ln.3

At a given palr of terminals in a network, "reflected"
and "incident" voltages may be defined in terms of terminal vol-

tage and current, v and 1,by,

V(D) = 2 [ 4% 1

(r) _ l[ y }
=3 7z VZg iJ R
where /Z; is a normalizing constant.

For an n-port network, the scattering co-efficients are

defined by the equations:

val®) = 810w (1) 4 spavald) + n v sln"n(i)
va(r) = se1v1( 1) 4 saaVa( L — Senvn(i)
v;l(r) = sm_vl(i) + SmVa(i) + -+ snnvn(i)

The scattering matrix may be expressed in terms of the
impedances or admittances observed at the terminals. The deriva~

tion can be developed from the expressions for the normalized



"reflected" and "incident" quantities to give

)-l

S=(z2+1)(z2-121 =(1-Y)(1+ Y)'l

where the capital letters indicate matrix quantities.

The condition of reciprocity requires that the Z and Y
matrices must be symmetrical, and consequently S must be symmetri-
cal.

On the basis of energy relations and other restrictions,
Carlin deduces necessary and sufficient conditions for realiza-
bility. For the case of an n-port reciprocal network, these con-
ditions may be stated as:

a) S(p), the scattering matrix, contains real, rational

functions SiJ(p) , analytic for o > 0. (10)

b) Q=11 - S*p)S(p)] is a positive Hermitian matrix

foro =0, (10a)

where p is the complex varisble, p = o + jw.

For the two-port reciprocal case, the scattering matrix

is,
s s11(p) s12(p)
s12(p)  s22(p)
and — :
s12(p)  s12(p)
S* = * *
s12(p) s22(p) s
e —
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whence
(811811 + 812812) (sY1812 + siz622)
5*(p)S(p) = . . x .
(811812 + 812822) (812512 + B22522)
and
2 2 *
( ) 1- |81 - |s12] ~(811812 + 812822)
Q=(1-S%3) =
* * 2 2
-(s11812 + 812822) 1 - |s22|® - |s12|
b

Since Q = 1 - S*S must be a positive Hermitian matrix, condition

(1a) becomes, for p = jw,

and,

or

Re(@11) > 0, or (1 - |s11]% - |812]%) 2 0 (11)

Re(gzz) > 0, or (1 - |s22|% - |812]%) >0 (12)
Re(q11)Re(qzz) - Re(ma)Re(qiz) > O ,

(1 - l822]% = 152213 (1 - |s22|® - |622]3)

- Re(s11812 + s12852)Re(s11812 + Sizszz) > O (13)

Conditions (10), (11), (12), and (13) are necessary and

sufficient to insure that the impedance matrix of the associated

2-port, reciprocal network i1s positive real.



5. An Fxample of Pole-Zero Locations

A certain class of networks satisfying the analyticity

conditions is examined below for purposes of 1llustration. Con-

sider the symmetrical lattice network shown in Figure 2.

+ +
I - O Za O ~t— I
Ey Ez
Zg Zp
I, —-— Za —1I
Figure 2

The impedance parameters are
211 = 222 = #(Zy + Zp)
z12 = #(Zg - Zp)

In particular, consider the network wherein



as in Figure 3:
2L

+ +
Il—’c' m J‘,*——IZ

Ey 2R 2R Ez

-

° o
2L
Figure 3

The impedance parameters become

z22 = L(s + R/L)

211

L(s - R/L)

212

The pole-zero locations are shown in Figure L,

Z11 Or 222 Jo Z12 Jo
-6 o 6
-R/L +R/L

Figure 4



The "chain" parameters aret

A=z _ Ls+R/L) _ (s+R/L)
z32  L(s - R/L) (s - R/L)

L1 - 12(s - - U4Bs
R e O N
oL 1

" z12  L(s - R/L)

D= 222  _ (S+R/L)
212 (8 - R/L)

The pole-zero locations for these parameters are shown in Figure 5.

A B
SN e —
-R/L +R/L +R/L
c D
— % ——T %
+R/L -R/L +R/L

Figure 5
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Clearly, these locations satisfy realizability conditions
(9d) and (9e).

Similarly, the h parameters are found to be

S L1 4Rs

11 Zoo (s + R/L)
hes = 1 1

2 zz2  L{s + R/L)
nyp = 212 (s - R/L)

Zo2 (s + R/L)

The corresponding pole-zero locations are shown in Figure

hia ha2

-R/L -R/L

haz

s ©-
-R/L +R/L

Figure 6
Again, the pole-zero locations are seen to satisfy cone

ditions (6d) and 6e).
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