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NOTE

The book is devoted to the problem of combustion-process in-

stability encountered in the design of liquid-fuel rocket engines,

air-breathing Jet engines, highly forced fireboxes in chemical

electric-power plants, and in conducting various types of physical

tests and experiments in combustion theory.

The book gives a systematic exposition of contemporary theory

of the excitation of longitudinal acoustic vibrations by application

of heat. The qualitative laws inherent to this type of vibration

are given detailed consideration, with information from hydromechan-

ics, acoustics and combustion theory drawn upon extensively for their

analysis, with application of the mathematical apparatus of control

theory and vibration theory.

The volume is intended for scientific workers, engineers, grad-

duate students and students in advanced courses at the universities

and higher technical schools who are concerned with the problems of

combustion theory and the theory of vibration of continuous media,

as well as for persons working in the field of contemporary engine

design and thermal power engineering.

- iv -
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FOREWORD

In recent years the problem of excitation of acoustic oscillations

in a gas column in which combustion takes place has become most urgent.

The reason for it is that many problems of practical importance, con-

nected with the creation of highly forced combustion chambers, cannot

be solved without a thorough analysis of a phenomenon which is some-

times called vibration combustion. This circumstance finds its reflec-

tion in the large number of articles published in the foreign publica-

tions.

Unfortunately, the papers of the foreign authors are devoted prin-

cipally to questions of the excitation of instability in rocket en-

gines, and consequently have a relatively narrow sphere of application.

At the same time it is known that analogous phenomena are observed

also in commercial furnaces, experimental installations for the study

of combustion processes, in many physical experiments (the Rijke tube),

etc. Therefore the need for a more general examination of the problem

of excitation of acoustic oscillations by means of a supply of heat

(and particularly by combustion) had arisen long ago. One of the tasks

undertaken in writing this book was to develop the principles of a

systematic theory of vibration combustion, by which it would be pos-

sible to analyze all the variety of particular cases from a unified

point of view. However, an analysis of specific engineering problems

within the framework of this book would not be advantageous. This would

greatly increase the volume of the book and, most important, would

make it difficult to investigate the nature of the phenomenon and to

-1-
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develop general methods, since the reader's attention would unavoidably

be distracted by a detailed analysis of various particular problema.

I In addition, one must not forget that the engineering problems that

are urgent today may become uninteresting after a few years, and those

.which are of no sIgnificance at present may become central problems.

We therefore considered it more correct to present an outline of the

general theory, leaving the development of specific problems to those

who engage in them directly. Only as a conclusion of the general theory

do we give in Chapter 10 examples of application of this theory to a

few practical problems.

The undertaken goal determines to a considerable degree both the

content of the book and the method of exposition. The main content of

the book is the. analysis of a certain idealized scheme (combustion in

a cylindrical tube), and the experimental material pertains for the

most part also to experiments of academic nature (combustion of a mix-

ture in a small tube, behind a simple stabilizer or without a stabil-

izer, but not combustion in real furnaces, engines, etc.). In order to

make the material understandable to a large group of engineers, the

exposition is carried out by simplest methods and in sufficient detail;

consequently, the usual training in mathematics and mechanics as given

by our higher technical institutions of learning is sufficient for an

understanding of the problems considered here. Striving for simplicity

and brevity, the author has frequently sacrificed rigor of exposition,

but attempted, wherever possible, to explain the physical nature of

the phenomenon under consideration.

The book presented for the reader's attention is not a complete

summary of the present-day status of the question. It contains an ex-

position of principally the results obtained by the author and par-

tially published at intervals in various Journals. This has unavoidably

-2-
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_ý2t its imprint not only on the formulation of the problems and on

,,he method uscc to analyze them, but also on the content of the book.

7. those cases when works by other authors are used, the corresponding

references are made -hroughout; the absence of references means that

the results (both theoretioal and experimental) belong to the author.

In addition to several previously published papers, the book was based

also on lectures delivered by the author during the last few years at

the Moscow Physical-Technical Institute.

The content of the book is aimed at students in the upper classes

of higher institutions of learning, graduate students, and engineering-

technical workers engaged in problems of oscillation theory, combus-

tion theory, and gas dynamics. The book can also serve as a text for

suitable courses.

The author considers it his pleasant duty to express his gratitude

to Engineer L.D. Shitova who participated most actively in the setting

up of the experiments the results of which are reflected in the pres-

ent book, to Engineer T.M. Kuvardina who contributed to a successful

performance of the laborious numerical calculations, and also to N.S.

Natanzon, who made several valuable remarks upon becoming acquainted

with the manuscript.

0
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INTRODUCTION

As is well known, the construction of highly forced furnaces en-

tails several difficulties. One of them is the struggle against high-

frequency oscillations which arise in the combustion chamber. These

oscillations can greatly disturb the combustion process and lead to

destruction of the structural elements of the furnace or of the engine.

There are known examples of excitation of oscillations in furnaces of

thermal electric stations on changing over to forced combustion modes.

These phenomena are observed, for example, in the case of the adjust-

ment of precombustion chambers using pulverized coal, where the pulsa-

tions have brought some of the furnace elements out of order. In addi-

tion, analogous phenomena are known also in the practice of final ad-

justment of liquid fuel rocket engines, as can be seen from the numer-

ous articles published in the journals.

On the other hand, it is known that many experiments set up on

commercial furnaces have shown that great promise is offered by the

creation of furnaces in which vibration combustion is the normal com-

bustion mode. The realization of such modes yields greater advantages

when it comes to increasing the thermal load of the furnace. In addi-

tion, in recently published articles it is indicated that great possi-

bilities are being uncovered by the changeover to vibration combustion

in mst&9 uruV6, the chemloal Industry, etc.

In all these cases the oscillations (regardless of whether they

j are harmful or useful) are connected with an interaction between the

combustion and the acoustic oscillations of the gas column contained
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"-. the engine, furnace, or some other device. This phenomenon is quite

complicated and has not yet been thoroughly studied. This brings about

a situation wherein both the struggle against this combustion and its

realization in suitable installations are carried out blindly.

In spite of the fact that vibration combustion has been known a

long time and has been the subject of relatively many papers, far

from all problems in '.he theory of this phenomenon have been worked

out. As a result, the main theoretical conclusions reduce to a state-

ment that the oscillation frequencies are determined by the acoustic

properties of the medium, the excitation condition is reduced to the

Rayleigh criterion (the inaccuracy of which will be demonstrated in

Chapter 3), and from among the large number of possible feedback

mechanisms only the so-called Crocco mechanism was considered in any

detail until recently (as applied to liquid fuel jet engines).

In attempting to develop the principles of the theory of the vib-

ration combustion process, the necessity arose for a systematic exam-

ination of the investigated phenomenon, an examination which was made

from a most general point of view. Such generality is useful because

it makes it possible to analyze a great variety of cases by using a

single procedure.

In addition, the unity and generality of the procedure made it

possible to make justified assumptions when turning to some particular

problems, and frequently eliminates the fatiguing need for attempting

to explain each new experimental fact by means of a new .hypothesis,

the doubtful advantage of which is the fact that it explains only the

fact that brings it to life.

In order to carry out a sufficiently general analysis of the prob-

lem, it is necessary to do the following: 0
1) consider the 6haraoter of propagation of acoustic perturbations
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in one-dimbnsional nonisentropic flow (although this problem was con-

sidered also by other authors, it was deemed advantageous to present a

solution which differs somewhat from the usual one);

2) present a general method which makes it possible to "Join to-

gether" the one-dimensional processes to the left and to the right of

the combustion zone, without losing the essential properties of the

complicated three-dimensional combustion process;

3) estimate the influence of energy losses in the end sections of

the stream on the tendency of the system toward self-excitation of

acoustic oscillations;

4) investigate the energy aspect of the investigated phenomenon;

in particular, solve the problem of the source from which the energy

is drawn for the maintenance of the self-oscillations;

5) present a classification of the possible feedback mechanisms

and designate the paths toward the solution of the problem of how the

oscillating system "chooses" a certain specific feedback mechanism

from among the set of possible ones;

6) present an example of the solution of the nonlinear problem,

i.e., determine the amplitudes and frequencies of the steady-state os-

cillations for a certain particular case; this particular case should

simultaneously yield a clear notion of a solution method suitable for

a large class of analogous problems.

Knowing the laws governing the propagation of acoustic perturba-

tions in one-dimensional gas flow, and being able to reduce an arbit-

rarily complicated process in the combustion zone to a certain ficti-

timms pWocess •n the ocoss section that separates the "cold" 4and "hot"

parts of the stream, we can use a relatively simple mathematical appa-

ratus for the investigation of the oscillation excitation process. The

undtrsanding of the energy aspect of the considered phenomenon is uso-
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'2! not only because it clarifies this confusing problem, but also be-

cause it permits the development of an energy method for solving many

problems, a method which in most cases is distinguished for its-clarity

and simplicity. As regards the study of the feedback mechanisms, it is

essential in order to indioate the simplest practical methods of act-

ing on the oscillating system, and also for a complete theoretical

description of this action.

In order to complete the analysis of the excitation of an oscil-

lating system, it is necessary to find its limit cycle. The correspond-

ing nonlinear problems are exceedingly complicated. Consequently, in

the case considered below the problem is posed in its simplest form:

it is assumed that the nonlinearities are concentrated, i.e., they can

appear only in individual cross sections of the gas stream.

Since the solution of the aggregate of the mentioned problems

calls for the use of results pertaining to different fields of know-

ledge (hydromechanics and acoustics, combustion theory, the mathemat-

ical apparatus of control and oscillation theory), it becomes neces-

sary to develop for the description of the process of thermal excita-

tion of oscillations in a moving gas a special research apparatus,

capable of being of theoretical interest also on a larger scale.



Chapter 1

GENERAL DESCRIPTION OF OSCILLATIONS

EXCITED BY HEAT SUPPLY

§1. Certain Experimental Facts

Although careful attention to self-excitation of acoustic oscilla-

tions by means of combustion (or by some other form of heat supply)

originated only in recent years, principally in connection with the

development of rocket technology and the forcing of commercial fur-

naces, the very fact of self-excitation of oscillations by means of

heat supply has been known for more than a hundred years.

A great variety of experiments set up by the physicists of the

19th century indicated the possibility of exciting acoustic oscilla-

tions by combustion or by some other form of heat supply. It is suffi-

cient to mention only the phenomenon of "singing flames" and the Rijke

tube,* in which the heat is supplied to air with the aid of a hot grid.

Let us stop to describe in somewhat greater detail RiJke's experiments.

In 1859 Rijke observed that if.a sufficiently long tube, open on both*

ends, is placed vertically and if a dense metallic grid heated to

bright red incandescence is placed about 1/4 of the length of the tube

away from the lower end, then almost immediately following the removal

of the gas flame used to heat the grid a sound of appreciable fcrce

could be heard for several seconds (I.e., during the entire time that

the grid remains hot). RiJke observed also that tha sound is produced

only if a through draft is produced in the tube (the tube is placed

vertically precisely in order to create the draft), and that the ex-



_.ed sound corresponds to the fundamental tone of the tube. Rijke's

Qxperiments were modified later in the respect that the grid was

heated from a source of electricity, and the sound was continued for

an unlimited time.

An entirely different result is obtained if the grid is placed in

the upper half of the tube. In this case it is impossible to produce

the sound at the fundamsntal frequency with the aid of the heated grid.

However, a modification of the experiment, proposed by Bosscha and

Riess, uncovers this possibility. For this purpose the grid placed in

the upper tube must be not heated but cooled, At the same time, in the

lower part of the tube one must place a gas burner which heats the air

and produces a draft, while the grid no longer supplies heat, but car-

ries it awpv from the air flowing past it.

It follows from the brief description given here, that excitation

of acoustic oscillations is connected with the motion of gas along a

tube, in one of the cross sections of which the gas stream interacts

with a certain positive (heating) or negative (cooling) heat source.

The described phenomenon can be regarded as the simplest process

of thermal excitation of sound. This process is at the same time suf-

ficiently close to the vibration combustion, which is of principal in-

terest. It is therefore not surprising that in analyzing many of the

problems in the following chapters, reference will be made to RiJke's

experiments, and one of the sections of Chapter 10 will be devoted to

an exposition of the theory of this phenomenon.

Somewhat later, likewise in th'3 second half of the 19th century,

Mallard and LeChatelier observed, in combustion produced in tubes, a

changeover from smooth motion of the flame along the tube to vibration

combustion. Analogous phenomena were observed later by other authors.

The first thoroughly formulated experiments, in which vibration combus-
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tion was investigated in sufficient detail, were those of Coward, Hart-

well, and Georgson,* published in 1937. The bulk of the experiments

were performed in horizontal tubes 100 and 200 mm in diameter and 5 m

long, filled with a mixture of methane and air. These tubes had one

end closed and the other open. After filling the tube with the combus-

tible mixture, the open end was covered for the time necessary for a

coVlete quieting of the gas in the tube, after which this end of the

tube was carefully opened and the mixture ignited at the open end.

At first the flame moved along the tube quietly, but after reach-

ing a certain distance from the open end, strong vibrations began.

These vibrations were registered at the closed end in the form of pres-

sure oscillations. In addition, the flame was simultaneously photo-

graphed and the results indicated strong oscillations of the flame

front, occurring at the same frequency as the pressure oscillations at

the closed end.

An interesting circumstance was that the pressure oscillation fre-

quency (and the frequency of the flame) changed Jumpwise as the flame

front moved along the tube. The observed oscillation frequencies were

of the same order as the natural frequencies of the gas column in the

tube.

The authors investigated also the influence of obstacles of vari-

ous types placed at the open end of the tube on the character of the

vibration combustion. They gradually brought a plate closer to the

open end of the tube and verified that once the plate approached the

tube with 100 mm diameter to a distance of 15 nm and less, the oscilla-

tions were strongly damped. Vibration combustion was practically com-

pletely stopped when glass wool was placed at the open end of the tuXbe.

( ~ Figure 1 shows oscillograms of the pressure at the closed end.

The oscillograms are plotted as a function of the time which is reckonc'
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.ii the instant of ignition of the mixture. The vertical strokes in

..e right ends of the oscillograms denote the instant when the flame

i.eached the closed end. The numbers above the pressure oscillation

curves represent the frequencies of the recorded oscillations in cycles

per second.

If we compare Rijke's experiments with the Just described experi-

ments of Coward, Hartwell, and Georgson it becomes obvious that they

have many attributes in common. The fundamental fact here is that in

both cases natural harmonics of the long tubes are excited, and that

this excitation is the result of heat supply.
................. . ...... .. /W,

S~Idh777 - __ _ __ __ _ _._
.",•b/'7/ I.. ...... Lq • •..,,LIdqo. _ Awx

iO,•,w .... .''" ...,...."".....
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endofa ub, obtie nteepr~t fCw

SiI II

II I

ard, Hartwell and Oeorgson. 1) Ignition; 2) open;
3) aperture; 4) glass wool; 5) sec.

During the last 10 or 15 years, vibration combustion studies were

extended from experiments of academic type such as described above

also to engines and furnaces. It turned out that in such devices acous-

tic oscillations of various types can arise, Lit us illustrate th1is

with liquid fuel jit engines as an ex"-le.

"K ",



"The periodic literature contains

many reports of self-excitation of acous-

tic oscillations observed in liquid fuel

'let engines. It turned out that, depend-

ing on the specific conditions, two

Fig. 2. Possible types of types of oscillations can be excited,
acoustic oscillations of
gas masses in a liquid longitudinal and transverse. The trans-
fuel Jet engine.

verse oscillations can in turn be sub-

divided into tangential and radial. These three types of acoustic os-

cillations differ in the form of standing waves that are produced dur-

ing the course of their realization in the combustion chamber.

Figure 2 shows the corresponding patterns. In pattern a are shown

longitudinal acoustic oscillations. The lines without the arrows cor-

respond to equal values of the instantaneous pressures, while the ar-

rows show the direction of the gas masses, from the left at the in-

stant when these masses move to the right and from the right a half

cycle later (the pattern shows only the oscillating component of the

velocity). During these oscillations the air masses move along the

symmetry axis of the combustion chamber, so that the pulsating veloc-

ity component is superimposed on the average flow velocity of the gas

masses along the chamber. In pattern b are shown the tangential os-

cillations. They are similar to the longitudinal ones in many respects,

but are in the transverse direction of the combustion chamber. With

this, by virtue of the fact that the transverse cross section of the

chamber is a circle, the lines of equal pressures are no longer

straight. Pattern o shows the radial oscillations. This type of oscil-

lation has axial symmetry, where the symmetry axis is the axis of the

combustion chamber.

If we recall that the frequency of the acoustic oscillations is
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S•nnected with the distance that the acoustic momentum must overcome

and, furthermore, recognize that the length of the combustion chamber

is usually much larger than its diameter, it is easy to visualize that

the longitudinal oscillations will have the lowest frequency, the tan-

gential oscillations will nocupy an intermediate place, and the radial

oscillations will have the highest frequency.

Comparing the three types of acoustic oscillations described here

with the experiments of Coward, Hartwell, and Georgson and the sound

produced in the Rijke tube, one can easily see that only the longi-

tudinal oscillations in the combustion chamber of the liquid fuel jet

engine have much in common with these experiments. In precisely the

same manner, the pulsations of pressure observed in pulverized coal

furnaces, ramjet engines, and many experimental setups in academic in-

vestigations of the combustion processes, etc., turn out to be longi-

tudinal acoustic oscillations. Thus, longitudinal acoustic oscillations

are of considerable interest, outside the scope of any one particular

narrow problem.

The present book is devoted to an investigation of longitudinal

acoustic oscillations only, preference being given to questions not

connected with the operating process in liquid fuel jet engines. This

was done principally because problems of oscillations (including longi-

tudinal) in combustion chambers of liquid fuel jet engines are the sub-

ject of the book by L. Crocco and Cheng Sin-I which was recently pub-

lished in the Russian language.*

As regards transverse acoustic oscillations, they have not been

studied sufficiently cocpletely until now. To become acquainted with

them it is best to read the journal articles. Many premises discussed

in the present book may turn out to be useful also in the developmnt

of a theory of transverse oscillations, for in either ease the lSlt i0t

13



the phenomenon reduces to self-excitation of acoustic oscillations by

the heat supply.

S2. Scheme for Idealization of the Process of Self-Excitation of
Longitudinal Acoustic Oscillations by Combustion

For a theoretical investigation of longitudinal acoustic oscilla-

tions in experimental setups, engines, or furnaces it is necessary to

specify a certain idealized scheme. In the theoretical analysis of

this phenomenon we shall assume that all the devices listed above can

be reduced to an equivalent long cylindrical tube, which can be broken

up into several portions, separated by short zones, inside of which

the heat supply process takes place. The gas moving through these por-

tions (air or combustion products) does not experience any changes in

the absence of oscillations. It is usually sufficient to consider two

such portions, one corresponding to the supply pipe and the other to

the combustion chamber. In the first of these portions we disregard

any possible change in the transverse cross sections, the presence of

hydraulic losses, changes in the composition of the gas due to the in-

troduction of the fuel into the stream, etc. In the second section we

neglect afterburningand mixing of the gases in the part of the combus-

tion chamber adjacent to the exhaust nozzle, and also hydraulic losses,

heat losses connected with heat transfer through the combustion-chamber

walls, etc.

The combustion process in the representation adopted here is real-

ized in one or several short regions. The smallest of these combustion

regions must be understood as relative to the wavelengths of the longl-

tudinal oscillations, and consequently, also in comparison with the

total length of the tube (installation). In order to simplify the for-

mulation of the problem, we shall -neglect the length of the combustion

zones, and replace these regions with strong-discontinuity surfaces.

- 14 -



Thus, the theoretical computation scheme corresponds to a one-

•"iensiona! gas flow in a cylindrical tube, separated in the general .

z, faas of strong discontinulties. Tne prop-

erties of the discontinuity surface Z depend essentially on the combus-

tion process in the rmgion represented by this surfaoe. These essen-

tial properties can be formulated by foregoing the simplified one-

dimensional analysis of the processes occurring in the combustion zone.

Consequently, in considering the process of the propagation of

perturbations between the discontinuity surfaces we shall use a one-

dimensional scheme, while in formulating the properties of the discon-

tinuity surface we adopt a three-dimensional scheme for the phenomenon.

In describing the properties of the heat supply zone we shall neglect

as a rule the hydraulic resistance and the change in the aggregate

state of the fuel during the combustion. (Examples of processes when

this cannot be done are given in the last, tenth chapter.) The discon-

tinuity surfaces can be introduced not only to describe the combustion

process, but also in other cases when the parameters of the flow ex-

perience a strong change over a short portion.

In addition to the properties of the surface Z, which divides the

stream into two portions, it is also necessary to determine the prop-

erties of the flow at the ends of the tube. Depending on the type of

problem that must be investigated, the boundary conditions assume one

form or another. In one case these are the ordinary acoustic condi-

tions, and in the other they are the conditions that characterize the

nonidealized properties of the Laval nozzle or similar devices.

Inasmuch as the main content of the following chapters is an in-

vestigation of oscillatory processes that have an acoustic nature, we

shall employ the method of small perturbations below. The main problem

in the investigation is as a rule the 'study of the stability of the
- 15 -



gas flow in a tube of the type described with respect to small per-

turbations. If the process turns out to be oscillatory-unstable in the

idealized scheme, then the natural assumption will be made that such

instability leads to self-oscillations.

As is well known, for a complete solution of the self-oscillation

problem it is necessary to take into account essentially nonlinear re-

lationships. A problem of this type is considered in Chapter 8. The

main simplifying assumption is that all the essentially nonlinear re-

lationships are contained in the properties of the discontinuity;sur-

face Z. As regards the process whereby the perturbations propagate be-

tween the discontinuity surface and the ends of the tube, it will be

assumed that these processes are sufficJintly well described by linear

equations even in the stationary self-oscillation mode.

The acoustic type self-oscillations considered below can be char-

acterized as being due to the presence of feedback. In the case when

the self-oscillations are excited by the combustion process (vibration

combustion) the feedback leads to an influence of the acoustic oscilla-

tions on the combustion process. We shall therefore consider in a spe-

cial chapter a whole series of physical phenomena that lead to the

closing of such a feedback loop. In most theoretical calculations, how-

ever, the form of feedback will not be made concrete, and will be in-

troduced purely formally, as a dependence of the essential parameter

in the combustion zone (on the discontinuity surface Z) on the magni-

tude of the oscillatory component of the velocity or of the pressure.

Before we proceed to a systematic exposition of the subject, it

is useful to mole several preliminary remarks that have a bearing on

the exposition method employed in the following chapters.

We shall distinguish in what follows between oscillation modes

that are characterized by an increase 6 in the amplitude of the cer-
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'amn quantity with the time t, by a constant amplitude, and finally,

by a decrease in amplitude. These three cases are shown in Fig. 3 (a,

b, and c). The first case is an example of an unstable process,-the

last is stable, and the middle one is neutral.

When a change talus place in some essential parameter, the oscil-

lating system may change from stable to unstable or vice versa. We

shall assume everywhere that in such transitions (if they are com-

pleted in a continuous manner) the oscillating system must go through

a neutral-oscillation mode. This mode is frequently called the stabil-

ity boundary.

The task of the theoretical analysis is usually to find the sta-

bility boundary. Knowing this boundary, we can formulate the condition

for system stability in the form of a

.--1 certain inequality, which is quite con-
7 venient in practice. An investigation of

the neutral-oscillation mode turns out

b I to be usually simpler than an investiga-

tion of modes with variable amplitudes.

c-- The reason for it is that in the case of

neutral oscillations the variations of

Fig. 3. Unstable, neutral, the variables are sinusoidal.
and damped oscillations.

It must be pointed out here that

not every mode with constant oscillation amplitudes is neutral and

corresponds to a stability limit. The same property is possessed also

by the stationary self-oscillation mode, although it does correspond

to the instability region. However, unlike neutral oscillations, bolf-

oscillations are described by nonlinear systems of equations and the

very analysis of a nonlinear system will be specially stipulated in

the exposition that follows.,



SA certain difficulty arises when the

04- experimental data are compared with the

theoretical calculations. The point is that

I &- /if a certain frequency and amplitude of os-

cillations is established in an experiment,

this means practically always that self-

oscillations have arisen in the system,

i.e., a phenomenon described by nonlinear

Fig. 4. Dependences of relations. At the same time, the frequen-
the oscillatory compo-
nents of the flow cies measured in these experiments and even
parameters on the time.

the relative oscillation amplitudes will be

frequently compared with theoretical relations that are valid only for

linear processes. Such a simplification is possible because the type

of self-oscillations considered below is close in character to the

small oscillations that are described by linear systems of equations.

A sufficiently complete representation of the oscillation process

can be obtained if curves are available showing the variation of all

the parameters as functions of the time. Figure 4 shows a suitable ex-

ample. Here 6v, 6p, and 6Q are perturbations of the velocity, pressure,

and heat supply, respectively. If a given diagram is available, it is

possible to estimate the oscillation period T, the oscillation ampli-

tudes 8vO, 6pO, and 6Q0 , and the phase shift between the given vari-

ables. Thus, if we compare the phases of other oscillations with the

phases of the pressure oscillations 6p, then the phase of 6v will dif-

fer from the phase of 6p by qI, while the phase of 6Q will differ by

'P2"
In the cases when the oscillation frequency (or the oscillation

( p period which is uniquely related with it) is of no special interest,

and the relative amplitudes of the oscillation of the individual vari-
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bles and their mutual phase shifts are of importance (in other words,

we need only the amplitude-phase relations), it is possible to employ

a more illustrative method of representing the oscillation mode. It is

shown in Fig. 5, which represents the same process as in Fig. 4. As

oazi be seen from F1i. 5, this method reduoces to a construction of a

vector diagram. Each variable is represented in the form of a vector,

the length of which is equal to the oscillation amplitude, and the

angles between vectors are equal to the phase shifts between variables.

If we imagine these vectors to be rigidly connected to each other and

cause them to rotate together about the center 0 with frequency o,

then by observing the projections of the vectors on a certain direc-

tion, say the x axis, we can obtain a sinusoidal variation of the vari-

ables with time, with specified amplitudes and phase shifts. The posi-

tion of the vectors on Fig. 5 corresponds to the instant of time t - 0

on Pig. 4; by rotating the set of vectors shown clockwise we can ob-

tain the values of 6v, 6p, and 6Q in all the succeeding instants of

time.

Closely connected with the last method of representing the oscil-

lation process is the question of the method used for analytically

writing down the corresponding expressions. A

variable quantity having an amplitude and a

phase can be represented in the form of a vec-

"tor. Analytically a vector can be expressed

by using the methods of vector analysis or

the complex variable plane. In the exposition

Fig. 5. Vector dia- that follows we shall use both these methods
gram of the process for writing down the variables. It must be
shown in Fig. 4.o

borne in mind throughout that ,whereas the Or= w

or difference of two complex numbers can be completelY, plaoo4 by:,te

1 19 -



sum or difference of the corresponding vectors, the same cannot be

said, as is well known, concerning their product. Consequently, spe-

cial caution must be exercised when it becomes necessary to consider

the product of the variables or the product of a variable and a cer-

tain coefficient, if the latter changes not only the magnitude but also

the phase.

We shall use below three methods for expressing variables, which

are best illustrated by means of an example. Assume that we are con-

sidering the variation of two variables x and Z:

x = Toe,', cos (•r + 4). (2.1I)
Y = Y3oe", CO (61T + 4p)

From the foregoing expressions it is seen that we are considering

two variables that vary in identical fashion in time, but have differ-

ent initial amplitudes (x0 and y.) and different initial phases (9 and

The notation is changed in the following manner if complex num-

bers are used:
X . T0e(V+#*)1, T

y - ye Jv+io) 1 (2.2)

Now x and Z are complex numbers, and in order to obtain the same

change in variables as in Formulas (2.1), we must agree to assume that

only the real parts of x and y have a physical meaning. This does not

"rean, of course, that the imaginary components of x and y are intro-

duced "for nothing." Indeed, let

X0 = a, + ibX,
Ye ORav + ib,.

Then the initial amplitudes are 1x1 - ý + 7 bvand 1y1 -+

and the initial phases are ( - arctan b/ax; *- aretan by/ay.

Consequently, the complex initial amplitudes x0 and yo determine

also the initial amplitudes and the initial phases of the variables.

-20-



this lies their essential difference from xO and y0 in Eqs. (2.1).

The advantage of writing down the variables in the form (2.2) is that

the time dependence is segregated in a separate factor exp (v + 1W)T,

which is the same for both variables, whereas in the notation of (2.1)

these dependences were different by virtue of the fact that they in-

cluded the initial phases 9 and *. In addition, the factor exp (v + iw).

never vanishes. The considerations presented here make a notation of

the form of (2.2) preferable, and this method of expressing the vari-

ables will be used essentially below.

In those cases when the dependence of the variables on the time

is of no interest, and the relation between the amplitudes and phases

of the variables x and y is of principal value, we can use the complex

amplitudes x0 and yo in order to describe these relations.

Indeed, multiplication of x0 and y0 by the time-dependent factor

exp (v.+ iw)¶, although it does change the amplitudes and phases of x

and y, does not change the ratio Ixi/lyl and the phase difference,

which continues to remain equal to 9- *.

Thus, in the cases indicated we can use the complex amplitudes x0

and yo in place of x and y, and the time origin T = 0 can be designated

to suit the convenience of the nature of the problem. Let us explain

this by means of an example. Assume, for example, that it is required

that the initial amplitude x' 0 be a real quantity. This corresponds to

an instant og time T = To, defined by the equation

a~e"' sin a; + bawe coge, mr -0.

If we now introduce a new time scale r' such as to satisfy the

equality r = T' +T, as well as new Initial. amplitudes,- than we can

write in place of (2.2)

#.....1 "3
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where

The notations (2.2) and (2.3) are perfectly equivalent in essence

.and identical in form, but the time origins in them differ by T0. and

furthermore in the notation of (2.3) the condition that x be a real

quantity at the instant ¶' = 0 is satisfied. Thus, by suitable choice

of the time origin it is possible to fulfill certain requirements con-

cerning the initial position of the vector x in the complex plane.

In those cases when the time variation of the variables is of no

interest, we can use for an estimate of the relative amplitudes and

phase differences not only the complex amplitude x0 and y0, but also

the vectors x0 and YO"

This method of writing down the variables has certain advantages.

Assume, for example, that the nature of the problem under considera-

tion calls for writing down that the phase shifts between x0 and yo are

equal to v/2. The simplest way of obtaining this notation is to intro-

duce in place of x0 and yo the vectors x0 and YO and equating their

scalar product to zero:
•vo - 0.

Second example: it is required to calculate the quantity

LX

y d (2.5)

where x and Z are assumed to be written down in the form (2.1) for v =

= 0. It is easy to verify that this quantity is equal to

T oy*t (4F -V.

U Consequently,
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a .. , the vector notation of the variables can be quite useful in this

case, too.

We shall use in the present book all three forms of writing down

the variables, namely (2.1), (2.2), and the vector form. The choice of

any particular method depends entirely on the gist of the problem un-

der consideration and is usually not specially stipulated. It must be

emphasized only that in those cases when nonlinear relations are con-

---- -...... sidered [the self-oscillation problem, setting up of expressions of the

form (2.5), etc.], complex variables corresponding to the notation of

type (2.2) cannot be employed. The reason for it is that the real part

of the product xy [where x and Z are complex quantities written in the

form (2.2)2 and the product xy calculated for (2.1) are not equal to

each other. In this connection, the complex form of writing down the

variables will be used only in linear problems.

Manu-

script [Footnotes]Page
No.

8 Strutt, J.W. (Lord Rayleigh), Teorlya zvuka (The Theory of
Sound], Vol. II, Gostekhizdat (State Publishing House for
Theoretical and Technical Literature], 1955, p. 221 et seq.

10 Coward, H.F., Hartwell, F.J., Georgson, E.H.M., Journ. of
the Chemical Society, 1482, 1937.

13 Crocco, Luigi and Cheng Sin-I, Teorlya neustoychivosti
goreniya v zhidkostnykh reaktivnykh dvigatelyakh [Theory
of Combustion Instability in Liquid-Fuel Jet Engines],
IL [Publishing House for Foreign Literature, Moscow, 1958.
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Chapter 2

PROPAGATION OFP PERTURBATIONS IN A MOVING GAS

S3. Linearization of the Equations of Hydromechanics

In the study of processes connected with the excitation of acous-

tic oscillations by the supply of heat to a moving gas, the ordinary

equations of acoustics cannot be used. The reason for it is that the

equations of acoustics are obtained by assuming, first, that the medium

(air) is subject to no motion whatever except to the motion directly

connected with the propagation of the sound waves, and second, by as-

suming the medium to be isentropic. The initial equations necessary

for the investigation are obtained by linearizing the equations of hy-

dromechanics of compressible fluids and of thermodynamics. This method

is quite natural, since sound oscillations can be defined as oscilla-

tory motion in a compressible fluid,* characterized by small ampli-

tudes.

As already mentioned, we shall consider henceforth only longi-

tudinal oscillations in sufficiently long cylindrical tubes. (We shall

regard tubes as long if their diameter is small compared with the

length.) This condition enables us to leave out a detailed analysis of

the complex phenomena that occur at the ends of the tube, and replace

them by a certain integral effect in the form that it manifests itself

at a oertain distance from the end. If, .Ln addItion, we agree to con-

sider only low frequencies of acoustic oscillations (such that the

(, wavelength is large compared with the tube diameter), then we can as-

sume that all quantities (velocities, pressures, etc.) are constant
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.. ong each transverse cross section of the tube, and the direction of

-•.ýopagation of the perturbation waves coincides with the direction of

the tube axis. Of course, the concepts of sufficiently long tube and

sufficiently low oscillation frequency are quite indeterminate arid the

degree to which these conditions are satisfied must be estimated in

each specific case by starting from the physical nature of the phenom-

enon considered and from the requirements imposed on the theoretical,

analysis. Depending on whether the theory must yield exact quantitative

results or merely indicate the qualitative aspect of the phenomenon,

this limitation can vary over a wide range. What is essential here is

only that in the case when the assumptions made are valid it is pos-

sible to confine oneself to a consideration of the problem in a one-

dimensional formulation.

Let us make the natural assumption that the main flow in a long

cylindrical tube, on which small perturbations are superimposed, can

also be regarded as one-dimensional. We shall assume the gas to be

ideal (not viscous and not heat conducting). We write down the funda-

mental equations of one-dimensional hydromechanics, aligning the x

axis with the tube axis:

a'
-g _a, i_ ± _ 03.,

as a s

Here t is the time, v the stream velocity, 2 the pressure, p the den-

sity of the flowing medium, and s the entropy.

The first of these equations is, as is well known, the equation

of the motion of the fluid (the Euler equation), while the second is

the continuity equation and the third the condition for thi oonserva-

tion of the entropy ofa particle.
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By virtue of the assumption that the gas is ideal, the entropy of

any elementary particle of the gas cannot change as it moves along the

tube within the limits of those portions of the tube in which there

is no heat supply. This follows from the fact that an ideal gas is one

without viscosity or heat conduction. The absence of heat conduction

means that the temperatures of neighboring volumes, heated to an un-

equal degree, cannot gradually become equalized. On the other hand,

the lack of viscosity does not permit the mechanical energy of flow to

change over into heat and thereby change the entropy.

Thus, the entropy s of each element of the gas moving along the

tube will remain constant, although the neighboring elements may have

different entropy. This is valid, of course, when the gas moves through

portions of the tube in which the gas is not subjected to external ac-

tion (heat supply, etc.). A mathematical expression of this fact is

the third equation in (3.1).

The validity of assuming the gas to be ideal in order to obtain

the initial system of equations (3.1) is not self-evident. Strictly

speaking, it would be necessary to show that the neglect of the vis-

cosity and heat conduction does not introduce an essential error in

the results of the analysis. We shall not consider this question in

greater detail here. We must point out only that a more thorough anal-

ysis, made by Merk* essentially confirms the correctness of such an

assumption. He chowed that an account of the viscosity and heat con-

duction merely distorts slightly the pattern of the small oscillations

in the nearest vicinity of the heat supply zone and does not manifest

itself in any essential manner at the ends of the tube, i.e., in sec-

tions for which the boundary conditions are written. The influence of'

viscosity and heat conduction on the change in the entropy should be

more significant. However, in the exposition that follows, the entropy
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.Lx and its perturbations will not play any practical role in the

analysis of the process of excitation of acoustic oscillations.

The three equations (3.1) contain four variables: v, p, p, and s.

It is easy to note that these variables are not independent. The con-

nection between the last three Is Siven by the thermodynamic equation

s-cIlnp-cInQ. (3.2)

where cv is the specific heat at constant volume and cp is the specific

heat at constant pressure.

Eliminating with the aid of (3.2) one of the variables from the

system of equations (3.1) we can reduce the number of variables to

three. This, however, is best done after the equations are linearized.

We shall consider a certain steady-state gas flow through the

cylindrical tube. We eliminate from consideration the portions where

heat is supplied. Then, by virtue of the assumptions made above, the

gas velocity, its density, pressure, and entropy will be the same in

all the sections between the heat-supply portions and at each point.

We denote them by vo, pop pO, and so. Assume that weak perturbations

of the flow parameters 6v, 6 p, 6p, and 6s are superimposed on the sta-

tionary flow. These perturbations will, of course, be the same for all

points of the section under consideration, but can be different for

neighboring sections. In this lies their essential difference from Vo,

p0o p0, and so, which are constant for all sections. Thus, for the per-

turbed flow we can write
V=zZ+6v,, a"p-po-f 6p, (
Q-Q*+ 8Q, o-so-F& J 33

Substituting the expressions (3.3) in Eqs. (3.1) and (3.2), we

discard quantities of higher order of smallness and take into account

the properties of the stationary flow. ThiU enables us to obtain equa-

tions that are linear in 6v, 6p, 6p, and 6s. Let us illUstrat this
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process by using the first equation of (3.1) as an example. Substitut-

ing the values of v, p, and p from (3.3) into the equation of motion,

we obtain
a,', (re 404+, 1 P++66) . ) , .

If we recognize that by virtue of the above-indicated properties

of stationary flow we have 6vI/t - 0, vo/x - 0, •p 0/6x S0, the

equation written down can be reduced to the form

8Vy 06v + 0 !_ O -I- 60 ,& mp (e )*O.

"c/t ] Vo Z""- - Qo LIX .L 71

In writing down this equation we used the well-known formula,

which is valid if z << 1,

r-- 1 -z+ 8,

where e is a quantity of higher order of smallness relative to z. Ap-

plied to the case under consideration 6 p << p0 . this yields

i I 8Q
'+ 6Q ý - + e.Q.±6  Q4 Q8

Returning to the preceding equation, we note that the terms

6v(a8v/bx), 6p/p2(a6p/6x), and e(66p/ox) are of higher order of small-

ness compared with the three other terms of the resultant equation (it

is assumed here that the derivatives of the perturbations have the

same order of smallness as the perturbations themselves). Discarding

these terms, we write down the Euler equation in the form

--o- Nv, I p -

Inasmuch as v0 and p0 are constants, this equation is linear in

the variables. In this sense it is essentially simpler than the initial

equation of motion (3.1). However, this simplicity has been attained

at the expense of a strong narrowing down of the region of applicabil-

ity of the new equation. Whereas the equation in the initial'form (3.1)
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applicable to all one-dimensional flows of an ideal fluid, in the

- w form it is valid only for flows that differ little from ztationary.

-2.e use of the linearized equations in the present book in lieu of the

exact equations is fully Justified, since acoustic oscillations are

characterized by small amplitudes.

Linearizing the second and third equations of the system (3.1),

and also Eq. (3.2), we obtain the following initial system of equations

for the perturbed flow of a gas stream:

dSi Ej V I A. p ,
+ +Vod -IL--0- 0,

Qo -.6- (3.4)
6!. 06 .

6s- -~ -c-•-O
68 Q . t'1k 0

One remark should be made with respect to this system. As a result of

linearization of Eqs. (3.1) and (3.2), the variables v, p, 2, and s

were replaced by the variations of these variables 6v, 6 p, 6p, and 6s.

The manipulations carried out during the linearization were essentially

based on the assumption that 6v, 6 p, 6p, and 6s are small. But if one

speaks of the smallness of some quantity, it is always necessary to

indicate the other quantity in comparison with which this quantity is

small. Looking at Eqs. (3.3) one might think that the smallness re-

ferred to is compared with v0 , p0 ' p0 , and so. This is not at all so,

however. Actually, in a stationary medium v0 = 0 and in this particular

case any 6v, no matter how small, can be regarded as small compared

with v0 . Analogous considerations can be advanced also with respect to

6s. As is well known from thermodynamics, the reference point from

which entropy' is measured can be arbitrarily assigned. Taking it to be

. O, we immediately obtain so = 0 and consequently the deviations of

the entropy 6s cannot be regarded as small om'pared with a0' Only with
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respect to 6p and 6p can we say that they are mall compared with pO

and POD inasmuch as the transition from the equation (3.2) to the lin-

earized form in the last line of the system (3.4) is possible only for

finite values of po and pO.

When we spoke of the smallness of the variations of the variables

6v, 6p, 6p, and 6s, we had in mind only the fact that the squares and

the products of these variations and of their derivatives can be neg-

lected compared with the linear terms. (This does not mean, of course,

that in these variables there are no natural scales of smallness; such

scales will be given in the next section.)

64. Acoustic Waves in a Moving Nonisentropic Gas

The system of equations (3.4) can be simplified by eliminating

one of the variables with the aid of the finite relation given in the

last line. Expressing 6p from the fourth equation and substituting it

into the second, we obtain the equation
c V +- - L . - + V,,8+ -o , 0

the second term in the left half of which is equal to zero by virtue

of the third equation of the system (3.4). The factor in the first

term is equal to cvPOcppO - 1/a 2 , where a is the velocity of sound in

the unperturbed flow. This follows from the well-known thermodynamic

relations

p-QRT, (4.1)

X Ift (4-3)

(the gas constant R is referred here to unit mass and not weight).

Thus, after eliminating 6p, the system (3.4) can be rewritten in

the form

- 30 -



1~ 0O (4.4)
ý_+ O-M" P 41101't ý" ý,-M0.

-a+ -O 0.

A feature off the resultant system Is that by ahoosing as the de-

pendent variables the quantities 6v, 6p, and 6s the first three equa-

tions can be integrated apart from the third. This circumstance notice-

ably simplifies the calculationz.. The physical meaning of this separa-

tion of the third equation from the first two reduces to stating that

the acoustic pressure and velocity waves propagate independently of

the "thermal" entropy waves. It might seem t-.at one -oild t thln

basis confine oneself in general to an examinatiu. ,•_ v , .

sisting of the first two equations. In the general case, however, this

is not so. The point is that in writing down the boundary conditions

or in formulating the laws governing the heat supply process, the quan-

tities 6p and 6v may turn out to be related with 6s, and then the

third equation of the system assumes an important role.

The system (4.4) is not, however, the simplest one possible. In-

deed, if we introduce the variables

it a e2 , 5  + 6 ,p , ( 5
w -. Q6u-8p (4.5)

and after expressing 6v and 6p from these equations substitute them in

the first two equations of (4.4), and then take a term-by-term sum and

difference of the resultant equations, the system (4.4) assumes the

form

•-+(u. -F ) •-0,
do -a O(4.6)

O&P. do.. 0.0
Now each of the three equatiozns can already be Integrated separately
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from the others. In this case all three equations are of exactly the

same type and it is therefore enough to integrate any of them. Let us

consider for the sake of being definite the third equation. Its gen-

eral solution, as is well known, is the expression

,- F(z- vt). (4.7)

where F is an arbitrary differentiable function.

Let us explain the meaning of the obtained solution. It is seen

from the expression written down that 6s changes, generally speaking,

both when x changes and when t changes. However, for the instants of

time t and coordinates v satisfying the condition

x - vot = const,

the quantity 6s will remain constant. Assume that 6s is a certain spec-

ified function of x at the instant of time t = 0. This dependence can

be clearly visualized in the form of a snapshot of a certain "wave" of

6s. We consider the motion of the "crest" of this wave (the sections

where 6a has a maximum value), assuming that this "crest" exists. If

the crest has a coordinate xI at the instant of time t = 0, the section

corresponding to it (i.e., the section in which F reaches a maximum)

will move, based on the statement made above, in accordance with the law

x =x 1 + Vot.

We can make exactly the same statement concerning the other points

of the "wave." Consequently, the solution (4.7) describes the motion

of a wave of 6s without a change in its shape in a positive x direc-

tion with velocity vO.

The formal derivatiors presented here correspond to a perfectly

obvious physical phenomenon - inasmuch as the entropy of an elementary

volume of gas cannot change (we recall that we are considering an ideal

( compressible fluid), the entropy will move along the flow axis together

with the volume that carries it, i.e., with the stream velocity.

- 32 -



Perfectly analogous arguments can be applied also to the first

.wo equations of the system (4.6), the only difference being that the

waves u and w propagate with velocities v0 + a and v 0 - a, respectively.

Thus, the u waves move only to the right and the w waves only to the

left. These waves can be interpreted as waves of acoustio pulses moving

with the stream (with the velocity of the stream plus the velocity of

sound) and against the stream (with the velocity of the stream minus

the velocity of sound).*

The variables u and w, which were introduced in purely formal

fashion, have consequently a deep physical meaning. To be sure, in a

certain sense these variables are less illustrative than 6p and 6v,

and they cannot be directly measured in the experiment, but they turn

out to be quite useful in the solution of many problems. We shall use

below both forms of writing down the initial equations [(4.4) and (4.6)].

Let us introduce a system of dimensionless variables with the aid

of the following equations:

P,,N; CO (4.8)u=- w ..-L-•.~m'

Here c is the adiabatic exponent and L a certain characteristic linear

dimension, for example the tube length.

The connection between the variables •, • and il, li, as well as 1,

P, and T is expressed by the simple formulas

,,U p w-, p, P'- -
2 (4.9)

Sp -- Q.

The last formula is given here for the sake of completeness and isla

consequence of the fourth equation of the system (3.4).

After introducing the dimensionless variables, the systems of Eqs.

(4.4) and (4.6) assume the following form:
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W+. + -•+ 0- o

r+- + -!' ° (4.1o)

* • eJ

and

-(,If- )-- ±n o, (4.11)

- Al . -0.

Here M is the ratio of the velocity of the unperturbed flow to the

velocity of sound in it.

The coefficients of both systems depend only on the number M.

This indicates that this parameter plays a major role in our problem.

We seek a solution of the system (4.11). Repeating verbatim every-

thing said concerning the solution of the system (4.6), we can state

that the three equations (4.11) correspond to three arbitrary waves U,

w, and I, which move with dimensionless velocities (M + 1), (M - 1),

and M.

We shall seek a particular solution of Eqs. (4.11), assuming that

the arbitrary function F is exponential.

Then

(412
P- MIt-- Aft -. A. .x

For convenience in the derivations that follow, we have modified some-

what the notation of the arguments in the right halves of (4.12).

The numbers Au, Aj, An, and P in the right halves of the equa-

tions rea~in indeterminate for the time being. A remark is in order
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'.th respect to 0. Generally speaking, the values of 1 can be differ-

ent for each of the three variables, inasmuch as the integrated system c
(4.11) actually broke up into three independent equations. However, we

shall consider from now on only cases in which the boundary conditions

relating these three variables call for identical values of A in all

three exponential functions.

Let us illustrate this by means of an example. Assume that there

are no pressure oscillations at the end of the tube (this corresponds

to the ordinary boundary condition for the open end, if we neglect the

radiation of sound from the tube). By aligning the origin with this

end section, we obtain the boundary condition p = 0 when t = 0. Con-

verting to the functions U, ii (4.9), we write this condition in the

form 7 = E when 0 - 0. We now have on the basis of Formula (4.12)

Satisfaction of this condition for all values of T is possible only

when Au = Aw and when the values of f are the same in the right and

left halves of the equation.

Let us explain the physical meaning of the quantity A. Let 0 be

an imaginary quantity, i = iw. Then we can write, say for the variable

WS t-il -1isn T

Let us consider the behavior of 5 in a certain specified section

= const, using the real part of the last expression. It is easy to

see that under these conditions the variable U will execute harmonic

oscillations in time, with frequency w.

Thus, the number A can have the meaning of an oscillation fre-

quency, a frequency which is the same for all to The oscillations of
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the gas in the tube, which occur at all cross sections (at all 4) with

identical frequency, should cause all parameters of the gas flow,

S) namtely pressure, velocity, density, etc., to oscillate at the same fre-

quency. The latter circumstance is the consequence of the formal deduc-

tion made somewhat earlier concerning the identfty of 0 for all three

exponential functions (4.12), with the aid of which we expressed the

variation of the different parameters of a single gas flow.

The meaning of the quantity 0 was explained for the case when B

was a pure imaginary number. In our case, where 0 is a complex quan-

tity, one must speak by analogy of a complex frequency P. We shall con-

sider this case in greater detail later on.

The numbers Au, Aw, and As are the coefficients of the exponen-

tial functions in Expressions (4.12), and are formally defined as fol-

lows.. By putting T = 0 and = we obtain = Au,' Aw, and s As.

Consequently, the numbers Au, Aw, and A must be defined as the values

of U,, w, and W at the origin at the instant of time T = 0.

The solution of the system (4.10), which is equivalent to the

Just considered system (4.11), can be obtained directly. It is simpler,

however, to use the solutions (4.12) and Formulas (4.9), which relate

the variables f and ' with the variables U and- 1W.

Introducing the symbols AV and A forV and § at the section =

= 0 at the instant of time r = 0, we obtain

or'~ [(+A,) op (- ] 04'

Let us carry out analogous transformations for the determination

of • and let us write down finally the particular solution of the syc-
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'm (4.10) in the following form:

S-~ [.4cp, (•). ± ,,,r• (•)] CDW, J(.1 )
where

2 L

--- ex(4.14)

The solution obtained has a somewhat more cumbersome rorm than

(4.12). In many cases, however, it is preferable to the solution (4.12),

since it yields direct expressions for the perturbations of the main

physical parameters of the stream.

§5." Example of Simplest Boundary Problem

In the preceding section we derived the general solutions of the

equations of the acoustics of a moving nonisentropic gas. However, for

a unique definition of the investigated process it is necessary to

formulate the boundary and initial conditions. These conditions have

different forms, depending on the specific content of the problem.

In the simplest case, the boundary conditions can be reduoed to

linear homogeneous relations between the variables, which must be sat-

isfied at the ends of the tube. Let us align the origin • =0 with the

left end of the tube and, assuming the characteristic linear' dimiension

L to be the length of the tube, we obtain for the right end Tthe, coor-

dinate • = 1. .

We can then write down these conditions, for example," • the toz'i: o
",P+ 61,p+a 1..;-0,)

U..U+o..,.;+e,,mOIoi• '~o, o (for all ¶ > 0),.:

T 3 -X/



a,''-I 4 a,, 0 for 1-.

where aik are numerical coefficients.

Specification of these relations does not define, however, the

complete problem, and it is necessary to supplement them with the in-

itial conditions

;V(-,) for -=o, o<4<t.

PinM(V for Vr-0, O<t4<t,s=/,(t) for v-o, 04,,

where fl. f2' and f are specified functions.

Particular interest is attached to those among the described prob-

lems in which two out of the three boundary conditions do not contain

s, as was the case in the preceding example in which ai3 = a23 = 0.

Then the presence of two boundary conditions containing only 3 and V

makes it possible to solve the boundary problem for the first two equa-

tions of the system (4.10) apart from the last equation of this system.

In many cases this is sufficient, since usually the greatest interest

is attached to the oscillations of the pressure and of the velocity of

the gas stream. Only in those cases when it is necessary to know also

the entropy oscillations (or the oscillations of other quantities asso-

ciated with it) must one turn to the third equation of the system

(4.1o).

Let us consider the simplest example, that of longitudinal oscil-

lations in a gas flowirn along a tube that is open on both ends. If we

assume that the open ends communicate with an unbounded space, then in

first approximation we can use as the boundary conditions the customary

requirement In acoustics, that the pressure be constant on the ends of

the tube, a requirement which is natural for a tube in unbounded space.

In our problem this condition assumes the form

Ii-o for 4-.0 (:>O ),
j-o f6r 9-1 (r>O). j(5.)
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se boundary conditions do not contain the variable 1, so that we

shall solve the boundary condition for the first two equations of the

system (4.10). Let us specify also the initial conditions

=/I,() for", V0 (o<•4i), (
p=/,(1) for ,-o (0< <It). (5.2)

The specification of the functions fl and f 2 means that the per-

turbation of motion of the gas in the tube is known at the initial in-

stant.

Let us turn to the solution (4.13). We see from Formulas (4.14)

that 9,(0) = 1, 92(o) = 0 when g = 0.

Consequently, the second equation in (4.13) yields p = A eo" when

= 0. According to the first condition of (5.1), this quantity is

equal to zero for all values of T, something possible only if A = 0.

On the other end of the tube, where 1 = 1, the condition p = 0 should

be satisfied. It follows from (4.13) and (4.14) that this is possible

only for

..I1(t) =0.

The second formula of (4.14) shows that if we discard the trivial case

AV = 0, the latter is satisfied only if

PI (5.3)

Let 8 be a complex quantity

Then (5.3) can be reduced to two equations which themselves define

only real quantities
c93 17m (exp• _J v)

2 ' 2 '

Inasmuch as the exponential function of a real variable is always

positive, these two equations can be satisfied simultaneously only when
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.- 0, I

-•,112). (k -o,0 1, .... .(5.4)

Thus, the specified boundary conditions are satisfied by harmonic

oscillations with fully defined frequencies c (we shall not consider

the case k = 0, since it corresponds to the uninteresting case of the

changeover of a stream to a new stationary flow velocity at the same

pressure: " = 0, V = AV = const for all T and t). It must be noted

here that these are precisely the frequencies that would be obtained

for boundary conditions 7 = 0 on both ends of the tube.

The lowest permissible frequency, corresponding to k = 1, namely

W, = (I - M2 )7r, is called the fundamental tone of the oscillations.

The higher frequencies w2 = (I- M2 )271, w3 = (I - M2 )3ir, ... , etc. are

frequently called overtones. In the present book we shall use a dif-

ferent designation for the permissible oscillation frequencies. We

shall agree to call them the characteristic values of the frequency or

the harmonics. In this case the fundamental tone (the lowest frequency)

will be called the first harmonic, the frequency corresponding to k = 2

the second harmonic, etc.

Each value of w obtained from Formula (5.4), i.e., each harmonic,

defines a particular solution of the system comprising the first two

equations of (4.10) and satisfying the formulated boundary conditions.

By virtue of the linearity of these equations, the sum of the partic-

ular solution also satisfies these equations and boundary conditions

(5.1).

Thus, the solution of the system will be not only the functions

(4.13) but also their sums. Taking the sums for all values of k, we

obtain
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1,4 ( I5.5) ((

The letters Avk denote here numbers, for the time being undeter-

mined, which can be so manipulated as to satisfy the initial conditions.

Strictly speaking, before proceeding further, it would be neces-

sary to prove the convergence of the series (5.5). In courses dealing

with the equations of mathematical physics suitable theorems are pre-

sented, Which enable us to Judge what limitations must be imposed on

the functions fl(t) and f 2 (M) (5.2) in order that they be expandable

in terms of the functions contained in the right brackets in Expression

(5.5). We shall not consider this question as well as mathematical

questions related with it, principally because we shall not consider

from now on any problems with initial conditions. Those interested in

this topic will find the corresponding information in the special books.

For the sake of.completeness, however, let us carry through to

its conclusion the solution of the problem formulated in the present

section, making the simplifying assumption that the gas in the tube is

stationary (M = 0).

Then the solutions (5.5) assume for r'- 0 the following form:

~ i4Aa*ink4.

Putting Avk = ak + ibk, we obtain from the last equations

Y- ~a,, m kx+di, coo k4,

-ias~a4+b.154 1 for v 0.

If we recall that only the real parts of the co,=lex expessaions aom-
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respond to the actual instantaneous values of V and "f, which can be

observed experimentally, then, by comparing the resultant expressions

* with the initial conditions (5.2), we immediately obtain the equations

h a;,cosk4, (5.6)

( -' bA sin kat.

From the theory of Fourier series it is known that any function f(x)

whioh satisfies the conditions under which it.can be expanded in a

Fourier series, can be represented in the form
CO

2• =¥+ >] c, cs k.ax,
h-I!

where
wc =2 1(x) cos kax dz,

if f(x) is an even function in the interval from x -1 to x = 1, or

in the form
W) bN sin kux,

h-i

where i
whe 1 2 (x) sin kax dz,

if f(x) is odd in this interval.

The functions fl(t) and f 2 (9) are specified not in the interval

(-i, 1), but only in the interval (0, 1). However, both functions can

be continued also into the interval (-1, 0). In this case it is natural

to continue the function f 2 (t) in odd fashion, inasmuch as according

to the boundary condition (5.1) we have f 2 (0) - 0. The function fl(g),

which represents the velocity perturbation, is generally speaking not

equal to zero when • - 0, and must be continued in even fashion. Thus,
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..:o• loss of generality, w..e can assume its mean value to be equal

to zero, for if this mean value differs from zero, it can be added to

the velocity of the unperturbed flow.

Thus, the undetermined coefficients ak and bk of Formulas (5.6)

can be readily found to be the coefficients of the corresponding

Fourier series
"2 (Z) cox kx dx,

b,, 2 h (X-) sin k x dx,

and the problem is solved.

§6. Standing Wave of • and v

The solution (4.13) shows that the pressure and velocity oscillate

at each point of the tube in identical manner in time. The amplitudes

of the oscillations can be different in this case, and depend on the

coordinate e. A motion of this type is customarily called a standing

wave. The cross sections at which the variables § and I are equal to

zero at all instants of time are called the nodes of the standing

waves, while the sections in which - and I reach their maximum value

are the antinodes.

The representation of arbitrary perturbations in the form of sums

(5.5), given in the preceding section, can now be interpreted as the

synthesis of an arbitrary form of perturbation by means of a superposi-

tion of standing waves.

It is seen from the foregoing that the standing waves of the os-

cillations are of considerable interest and a further analysis of

their properties is essential.

To each harmonic (to each value of w) there corresponds its own

standing wave. If we plot the variation of the oscillation amplitudes
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as a function of the coordinates ý, we obtain a wavy curve, which

reaches the g axis at the nodes and which reaches the maxima at the

antinodes. It is seen from Formulas (5.5) that each standing wave

(each term under the summation sign, corresponding to a certain K) is

made' up of two periodic functions of the variable t.

For a certain standing wave corresponding to a specified value

of k, we have
VA -- ! 4 C e-i(0-31)k" tl + i (1+-')al kn (1-MS)

C1 -(_3 r)-,h 1_ (6.1)At=- 2"A "[e-f(-J n ef (13th e • M h

Let us find the amplitudes of k and Pk' taking these to mean the ab-

solute values of the complex variables k and §k" If we recall that the

absolute value of a product of complex numbers is equal to the product

of the absolute values of the factors, and the absolute value of an

exponential function with imaginary exponent is always equal to unity,

then

. I I-, I kjentha (C-ah4 +e ) I =
"-= 1 ,,h 11 cus katf 1,

I l ., en..'t Mri- - ,I =" (6.2)

=I A,,,, 11 sin kxtI

The expressions obtained point to two important properties of

standing waves of " and ". First, the antinodes of § correspond to

nodes of V and vice versa, the nodes being located at equal distances

from the neighboring antinodes, while the antinodes are located at

equal distances from the neighboring nodes. Second, the amplitudes '~k'

and I"kj are periodic functions of the coordinate t.

Inasmuoh as the amplitudes of the standing waves turned out to be

coordinate functions of the coordinate t, we can introduce the concept

{ of the wavelength of the perturbation. We define the length of a stand-

ing wave as twice the distance between the pressure nodes or velocity
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'.ýdes. The wavelength is defined an twice the distance between nodes

z3 that the new definition coincides when M - 0 with the customary

definition used in the acoustics of a stationary medium. It follows

also from this definition that the distance between pressure nodes and

the neighboring velocity nodes is equal to one quarter of the wave-

length..

As can be seen from the foregoing, many properties of standing

waves in a moving medium coincide with the corresponding properties of

standing waves in tubes filled with an immobile gas (or the properties

of standing waves on a string). However, there are also differences

between them. Whereas in a stationary medium the standing wave is

characterized by the fact that the phases of the oscillation are the

same at all cross sections, for standing waves in a moving medium this

property does not hold.

Formulas (6.1) can be written in the form:

vk = A ,,, cos k aaelhn P.W+(I - us)v, (6 3
p-iAk sin (6.3)

We recall that if we represent an oscillatory process by using

complex variables, then the equality of the phases is expressed in the

form of the equality of the arguments of the complex numbers, It is

obvious that the constant factors Avk and i influence in equal fashion

the arguments of •k and Pk for all t and T. In addition, the expres-

sions cos knt and sin knt are real and consequently their arguments

are independent of t or T. Consequently, the variation of the arguments

resulting from variation of ý and T can occur only in connection with

the change of the argument of the expression

When M - 0 (immobile medium) the argument of this expression depends

only on T. Consequently, for specified T - T, the argu•rnts of V, and
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accordingly Pk are the same for all •. Consequently, the oscillation

phases coincide for all values of t in an immobile gas.

When M P 0 (moving medium) the argument of the expression under

consideration depends not only on T, but also on t, the dependence be-

ing the stronger the larger M. For specified T = T1 the argument of Vk

(and "k) is a linear function of •. The difference in the phases of

the oscillations in two sections g = and t = ý2 is equal to

and is independent of the time.

An analysis of this formal deduction shows it to be quite natural.

Indeed, a standing wave in an immobile medium is characterized by the

equality of the oscillation phases in all the cross sections. If such

oscillations occur in a moving gas, they will be standing with respect

to the medium, and consequently the nodes and antinodes will move with

the same velocity as the medium. In the problem considered here, in

accordance with the boundary conditions (5.1) the nodes must be sta-

tionary with respect to the walls of the tube and therefore the wave

must "travel" against the stream with the same velocity that the

stream moves relative to the tube walls. Consequently, we cannot ex-

pect a complete agreement between the properties of standing waves in

tubes when the medium is at rest and when the medium moves. As shown

by the foregoing analysis, when the nodes .iove relative to the medium,

a phase shift arises between the oscillations that pass through differ-

ent sections.

Formulas (6.2) shows that the patterns of the amplitudes (abso-

lute values) of the standing waves of " and of " aue represented by

segments of the trigonometric sine and cosine functions. These pat-

terns are shown in Fig. 6, where the first four harmonics are given.

It is clear that in oscillations at the fundamental tone (first hae-
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lo), half of the wavelength fits in the tube, the second hamoic

drresponds to a complete wavelength, the third to one and a half times
(7

the wavelength, etc. The larger the number of the harmonic, i.e., the

higher the oscillation frequency, the larger the number of half waves

that fit on the length of the tube.

In plotting the patterns it was assumed that JAvkI - 1 for all

harmonics. As was already shown above, actually the values of Avk are

determined from the initial conditions.

When looking at the curves shown in Fig. 6, it must not be for-

gotten that they yield only the absolute values of the amplitude,

whereas the actual oscillations of 1 and " are shifted in phase. For-

mulas (6.3) show that this phase shift has an absolute value 7r/2 (the

factor i in the second formula). In order to present a more illustra-

tive idea of the character of the velocity and pressure oscillations,

Fig. 7 shows curves of 7 and T for the first harmonic at different in-

stants of the time T. The curves have been plotted for small stream

velocities (M << 1) so that the phase shift between the oscillations

.n ne ferent c'oss se:-.Ions, refer'red to abo-e, does not manif.est

itself in these curves.

Fig. 6. Pattern of Vhe standing
waves of IV and j~ I for the
first four harmonics (tube open
on both ends).

As can be seen from the foregoing plots, the instants of maxlau
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velocity perturbation correspond to instants of practically complete

lack of pressure perturbations, and vice versa. This phenomenon can be

Sinterpreted physically in the following manner. At the instant 'T = 0

the velocity perturbations are positive in the left part of the tube

and negative in the right part. Consequently (the positive direction

of the t axis is to the right), the mass of air acquires in the left

part of the tube an additional motion to the right, while in the right

half of the tube it acquires additional motion to the left. Thus, the

air masses tend so to speak toward the center, which causes an increase

in the pressure at the central part of the tube at the instant T = 1/2,

after the masses "collide" and the velocity perturbations are quenched.

The air compressed at the center then tends to move toward the region

of lower pressure (toward the ends of the tube), the perturbation of

pressure disappears at the instant T = 1, but the gas which moves by

inertia (to the left in the left part of the tube and to the right in

the right part) leads at the instant ¶ = 3/2 to the appearance of a

maximun rarefaction in the central part of the tube. The air again

tends toward the region of decreased pressure (this time toward the

center of the tube), and the entire cycle repeats.

The patterns shown in Fig. 7 have been plotted for very small

values of t.he a;'erage fl.w -. lo~i~y. I-. orer to illustrate the nflu-

ence of this velocity on the character of the oscillations, and in par-

ticular to show the phase shift occurring between oscillations in dif-

ferent sections, Fig. 8 shows the variation of p at an instant of time

close to T = 0.5 for M = 0 and M = 0.2.

Zverything said up to now conoerned oscillations in a tube that

is open on both ends (boundary conditions • = 0 for ( - 0 and 1 = 1).

( Another classical case, usually considered in acoustics, is the excita-

tion of oscillations in a tube with one end closed. In this case the
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Fig. 7. Patterns of in- Fig. 8. Patterns of instan-
stantaneous values of T taneous values of " for the
and § for the first har- first harmonic (tube open on
monic (tube open on both both ends) for N = 0 and M =
ends). = 0.2.

boundary conditions can be written (placing the closed end of the tube

on the left) in the following form:

" = 0for 4 =0; 0•=ofor =1.

The first boundary condition then yields, in accordance with For-

mulas (4.13) and (4.14), AV = 0, while the second condition yields

,(1) - 0.

Discarding the trivial solution A = 0, we obtain the condition

under which 91(l) = 0, using the first equation of (4.14):
oxp(_---'RIP). -1.

Let us put, as was. done above, 1 = v + iw and obtain after several sim-

ple transformations:
V-0,

.. al.A3kx km,,, (6.4)
0 - -O 11 ( . 3.5

Comparing these excressiora with the analogous formulas of (5.4)
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obtained above, we see that the oscillations remained harmonic in the

case considered here, too, but their frequencies changed.

The first harmonic (the fundamental tone of the oscillations) is

characterized by a frequency that is half as small, while the higher

harmonics are connected with the fundamental tone not by a frequency

ratio proportional to the series of natural numbers 1:2:3:..., but by

a frequency ratio proportional to the series of odd numbers 1:3:5,....

Thus, for a tube open on both ends, the frequency of the second har-

monic is twice the frequency of the fundamental tone, while for a tube

closed on one end the second harmonic has three times the frequency of

the fundamental tone.

If we consider the standing waves in a tube with one end closed,

then most of the deductions obtained in the present section can be

readily extended to this case, too. The only difference is that the

frequency for k = 1 must be taken to be everywhere half as large, k

assumes only odd values, and the amplitudes Avk are replaced by Appk

with the associated interchange in the roles of the functions Ti(C)

and

In particular, in place of the formulas (6.2) we obtain

As* sin (6.5)

and in place of the formulas (6.3) we get the following expressions:

v•" -IA~hsn *P, j-9a } (6.6)

Usg these elxpessins eand putting Ap- 1,, we san readily plot

the amplitudes of the oscillations (6.5) for different harmonics, sim-

ilar to what was done in Fig. 6. Such a construction of the first

three harmonics is shown in Fig. 9. These patterns show that in oscil-
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Fig. 29 Standing wave patterns of I•t
and IPI for the three first harmonics
(tube open on one end).

lations at the fundamental tone (first harmonic) the length of the

tube is equal to one quarter of the wavelength, in the case of the

second harmonic it is equal to three quarters of the wavelength, in

the case of the third harmonic it corresponds to one and one quarter

wavelengths, etc.

If we speak not of absolute values of the perturbation amplitudes

but of instantaneous values of the pressure and velocity perturbations,

then we must use Formulas (6.6), plotting only the real parts of the

resultant quantities. We then obtain for the fundamental tone, taken

by way of an example, an oscillation pattern at M = 0 as shown in Fig.

10. As in the case of acoustic oscillations, the velocity and pressure

oscillations in a tube open on both ends are shifted in phase by 7r/2,

and the instants of maximum velocity perturbation correspond to in-

stants of zero pressure perturbations, and vice versa. It is easy to

draw also for this case plots analogous to those of Fig. 8, i.e., to

take account of the phase shift when M p 0.

The phase shift mentioned here, which is relatively small under

ordinary conditions, is connected with the presence of a flow in the

tube with nonzero average velocity. The existence of such flow may

seem strange for a tube with one closed end. It must be borne in mind

that a tube end that is closed from the acoustical point of view may 6
not be closed at all from other points of view. An e le of this



7 type is the furnace precombustion cham-

__ber' described in Chapter 10, which oper-

ates with pulverized coal fuel. Here we

T-, - can present another example, which is

more illustrative. Let us imagine that

7-j nozzles, which supply liquid fuel and a

i-i - liquid oxidant through very small aper-

S .. • tures, are located at the closed end of

the tube. These fuel components, upon

entering into the combustion reaction,

7-0 • produce a flow of gaseous combustion

products, moving through the tube toward
Fig. 10. Patterns of in- its open end. Thus, in a tube of this
stantaneous values of v
and '§ for the first bar- type, which is the simplest idealization
monic (tube open on one
end). of a liquid-fuel Jet engine, one observes

a continuous flow of gas and yet the end of the tube is closed (to the

gases).

In conclusion let us turn to consider the periods of the acoustic

oscillations. The numerical value of the oscillation period for both

types of tube under consideration can be readily obtained if one knows

-the dimensionless oscillation frequencies given in Fornrmlas (5.4) and

(6.4), inasmuch as the connection between the period of the oscilla-

tions T and the frequency w is given by the well-known formula

T - 27r/, (6.7)

which is equally suitable for dimensional and for dimensionless vari-

ables.,

It is possible, however, to present here an even clearer method

( of obtaining the necessary formulas. The period of the oscillations is

connected with the wavelength and with the propagation velocity of the
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.'turbations by a known simple relation. For a stationary San the

•orturbation velocity is equal to the velocity of sound a and there-

fore

T - %/a, 46.8)

where X is the wavelength.

If we recall that for tubes with open ends the wavelength is equal

to twice the tube length, while for tubes with one end closed it is

equal to four times the tube length, we immediately obtain the simple

formulas

T = 2L/a and T = 4L/a. (6.9)

It is sometimes stated in this connection that the oscillation

period is equal in the former case to the time necessary f9r the sound

wave to move along the tube and back, and in the latter case one speaks

of double motion of the sound wave in the two directions.

The formulations presented above must not be regarded as simple

mnemonic rules; they reflect the physical nature of the process, which

can be readily explained by turning to the solution written with the

aid of the variables u and w.

Ah analysis of the system (4.6), given on page 33, has shown that

the acoustic impulses u and w move in the tube in opposite directions

with velocity v0 + a and v0 - a, respectively. Consequently, the dis-

tance equal to twice the length of the tube L will be covered by the

impulse u in a positive direction within a time L/(a + v0 ), and by the

impulse w in a negative direction within a time I/(a - v0 ). The bound-

ary condition corresponding to the open end (pressure node) 6p - 0,

expressed with the aid of the variables u and w, will have the follow-

ing form (4.5):

u - w, (6.10)

while the boundary condition corresponding to the olosed end (velofity

*53



node) 6v - 0 will have the form

u - -w. (6.11)

Assume that some unit acoustic impulse uI moved in a positive di-

rection along a tube with open ends. On reaching the first end of the

tube, it "was reflected" from it in accordance with Boundary Condition

(6.10) and an impulse w. of the same intensity moves to the left, On

reaching the left end of the tube and becoming reflected from it, in

accordance with the same boundary condition (6.10), the impulse w,

again returns to its initial value ui, after which the indicated cycle

will repeat for an unlimited number of times.

In a tube with one closed end (for example, on the left), the

process will not differ in its initial stage at all from that described,

However, when the impulse wI from the open end of the tube reaches the

left (closed) end, it will now be reflected in accordance with Boundary

Condition (6.11), and the impulse moving to the right is -ur* This is

followed by reflection from the open end, an Impulse -wI will travel

to the left, and only after the second reflection from the closed end

will the initial impulse uI move to the right.

Thus, the entire cycle, after which the system goes back to the

initial state, reduces in a tube with two open ends (or two closed

ends) to a single motion of the acoustic impulse in both directions of

the tube, while in a tube with one end open and one end closed it re-

duces to a double motion in both directions.

In connection with the foregoing, the oscillation period for a

tube with two open ends or two closed ends is determined by the equation

., _, L= ., , (6 .12 )

while for a tube with one end open and one end closed

L L L + f 4L (613)
r--• +-. ---, a•-546.3



Comparing Formulas (6.12) and (6.13) with Formulas (6.9) previ-

-usly obtained for a medium at rest, we see that when the medium moves

-,Ae periods of the oscillations differ by a factor 1/(I - 149), which

is close to unity at sufficiently small stream velocities (142 << I).

Thus, the periods of osoillations for acoustic systems with mov-

ing gas can in the simplest case considered above be regarded in first

approximation, without taking into consideration the average stream

velocity.

This result, of course, could have been obtained immediately by

using Formulas (5.4) and (6.4) for the oscillation frequencies, from

which it is seen that the frequencies for M = 0 and M 4 0 differ only

in the fact that in the latter case a factor (1 - M2) appears in the

formulas for w.

§7. Traveling Waves of Ui w, and

At the end of the preceding section we already used the variables

U and iF. They turn out to be quite useful in other cases, too. It is

therefore advantageous to carry out an analysis of the properties of

the u and w waves, similar to what was Just done for the p and 1 waves.

The latter is all the more useful, since the system of equations (4.10),

like the system (4.11), contains also the perturbation of the entropy

"s, the properties of which coincide almost completely with the proper-

ties of the perturbations of U and w.

Let us examine the solutions (4.12). In the case of harmonic os-

cillations corresponding to 0 = iw, the amplitudes of the oscillations

of U, 1R, and I will be constant in all sections and equal to tAUt,

[Awl, and 1A.1, respectively.

In order to emphasize how the waves u, i, and I differ from the

waves • and l, we shall refer to them as traveling waves, taking the

latter to mean waves that have a fully defined propagation velocity

-55-



(it in conveniently visualized as the velocity of

displacement of the crest of the wave relative toý

""liz? the walls of the tube) and differing in the fact

that their amplitudes (height of the crest) remain

constant as they move along the t axis.

It is obvious from the foregoing that the pat-
Fig. 11. Pat-
terns of the terns of the absolute values (amplitudes) of the U,i~lJ•|,and
jil waves. i, and i waves will have the same form for all har-

monics (Fig. 11). The fact that the patterns of the

amplitudes i•[, IiI, and Iii have the same form for all harmonics,

with the oscillation amplitudes independent of t, offers appreciable

conveniences for the solution of the problems. It is sufficient to com-

pare the plots shown in Figs. 6 and 9 with the rectangular patterns of

Fig. 11 to become convinced of this.

S~A A A.
UV 9

A A -A

Fig. 12. Patterns of the instantaneous
values of %, l, and 3.

For the sake of completeness, Fig. 12 shows the variations of the

variables , ,and I an functions of the time -r. In this fig5ure the

lower plots pertain to the later instants of time. Comparing the be-

havior, of' il, Vj, andl 'It Is easy to see that the Ti waves move to t;he

right and theli waves to the left. As regards the l waves,, they move,

(,like the U wav~ee• to the right, but the distance between the crests of

the -8 waves is much smaller than In the case of the ' andli waves.-•

•: 56



".,his is connected with the fact that the acoustic impulses U and

propagate with the velocity of sound and their displacement is rela-

tively little affected by the much slower motion of the medium, with

velocity vO. In contrast to this, the entropy waves i are transported

by the medium and therefore the rate of displacement of the I waves is

much smaller than that of U and i.

As was already mentioned, the forms of the amplitude patterns of

the waves U, ii, and i are independent of the number of the excited har-

monic. The same cannot be said concerning the patterns of the instan-

taneous values of u, w, and I shown in Fig. 12. The higher the number

of the harmonic, the larger the number of u, w, and 3 waves that are

equal to the length of the tube.

§8. Stability of Gas Stream

In the two preceding sections we considered certain general prop-

erties of perturbation waves, and we can now turn to an examination of

the problem concerning the propagation of perturbations, which was

started in §5 for the simplest case.

It turns out that the solutions of the problem, with account of

the initial and boundary conditions, in the form shown in §5, can usu-

ally be avoided. In a tremendous majority of cases of practical in-

terest involving the excitation of acoustic oscillations by heat sup-

ply, the solution of the problem with account of the initial conditions

is of no interest.

This is connected principally with the fact that usually the on-

cillations arise as the result of the development of some very small

and indeterminate initial perturbations, which are always present in

the form of unavoidable fluctuations of the flow parameters. Regard-

less of the character of these Initial fluctuations, the acoustic os-

cillations in the stream reach during the course of their development
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(under conditions favoring this development) noticeable amplitudes,

the growth of which is ultimately stopped. As a result, the oscillat-

? ing system enters into a mode of stationary acoustic oscillations, the

character of which is as a rule independent of the specific form of

the initial perturbations. An example of such a process will be given

in Chapter 6.

The foregoing circumstance simplifies the investigation of the

problem, since it enables us to dispense with formulating the initial

conditions, a task which is almost impossible because of the extreme

indeterminacy of the small initial perturbations of the stream.

In oscillation theory the described course of the phenomenon is

known as the case of soft self-excitation.

In order for the system to become excited in the indicated manner,

it must be unstable with respect to small stream perturbations. The

self-excitation process can be visualized in the following manner. At

the initial instant of time there exists some small perturbation of

the stream, satisfying the boundary conditions. This perturbation can

be represented as a superposition of harmonics of the system,* and the

numerical value of the amplitude of each harmonic [for example, the

numbers Avk in the sums (5.5)] is determined by the form of the initial

perturbation. Inasmuch as the initial perturbations can have a great

variety of forms, it must be assumed that the amplitudes of all the

harmonics differ from zero. If at least one among the system harmonics

is unstable, then its amplitude will increase with time, the stream

perturbation will cease to be small, and the unstable harmonic, over-

taking in its develoymmnt all the others, will leave on the entire os-

cillation process its own characteristic imprint, independently of the

form of the initial perturbation.

It thus turns out that it is not only difficult to formulate the
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Itial conditions, but useless. However, if we disregard the initial

Londitions, then a certain uncertainty should appear in the mathemati-

cal solution of the problem. This uncertainty is manifest in the fact

that the initial amplitudes of the standing waves (the numbers Avk and

A,,) remain unknown. It is easy to visualize that in a tremendous ma-

jority of cases this does not interfere with finding the result, which

is of real interest, since it was pointed out above that the main prob-

lem is whether there exist among the system harmonics any unstable

ones, whose amplitudes tend to increase without limit with time (this

increase is limited by the nonlinear properties of the system, which

are not at all dependent on the initial conditions). In this case the

question of the initial value of the amplitude that tends to increase

without limit is quite secondary.

Based on the foregoing, we can formulate the problem to be inves-

tigated in the following fashion.

It is required to obtain for the system of equations of the per-

turbed motion a solution that satisfies specified boundary conditions

and to obtain a quantitative estimate of the stability (or instability)

of each harmonic of the solution, assuming that at the initial instant

of time T = 0 all the harmonics have certain nonzero initial values of

the perturbation amplitudes.

The solution of problems involving oscillations in a stream of

gas moving through a tube with two open ends or through a tube with

one closed end, given above, yielded for all harmonics sinusoidal os-

cillations whose amplitudes do not increase or decrease with time. If

a more general result is desired, it is necessary to use boundary con-

ditions of more general form, without confining ourselves to cases of

pressure or velocity nodes.

In order not to complicate the derivations, let us consider the
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relatively simple problem of the excitation of oscillations in the

case when a pressure node is present at the exit from the tube and on

S' the inlet to the tube the following homogeneous condition is satisfied:
Irv.

Thus p-1F" for 1-,.

p-0o for It. (8.1)

Inasmuch as the conditions (8.1) do not contain perturbations of the

entropy W, the problem can be solved for the first two equations of

the system (4.10), independently of the third. We carry out the solu-

tion of the problem in accordance with the same scheme as in the pre-

ceding sections. When t = 0 we have 9I/(4) = 1, 92(t) - 0. Then For-

mulas (4.13) together with the first of the boundary conditions (8.1)

yield

Ap -BAv.

When ( = 1 the condition • - 0 together with the first equation in

(4.13) and with account of the Just obtained connection between Ap and

AV yields the relation
T2 (t)+ nv, (1) -o,

if we discard the trivial case Ap = AV = 0.

Turning to Formulas (4.14), we obtain inmediately an equation for

r r T -7 3 ( 8 . 2 )

Lot the number B be real. This assumption does not distort the

over-all picture of the investigated phenomenon, but greatly simpli-

fies the dezrivations.

After substituting A = v + ico in (8.2) we can easily arrive at

the following system, which relates only the real variables:
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3V 208xp T n O (8.3)

The second equation immediately determines the series of frequen-

cies, from among which one can choose frequencies satisfying also the

first equation. This series is given by the equation

(I-, Alt--1)T (k, - ,0, 1, 2.3,,.)

It is easy to see that all the frequencies satisfy the system.

Indeed, the exponential function exp 2v/(l - M2) can assume only posi-

tive values and consequently the sign of the cosine and the sign of

the fraction (1 + B)/(l - B) should be the same. On the other hand,

the sign of the cosine depends on whether the values of _k are chosen

even or odd.

Thus, the final expression for the frequencies of the system W

can be written in the form

(.I-o,)-{: ..... if:+ if
1(t-8 (8.4)

Inasmuch as the signs of the fraction (I + B)/(l - B) and of the

quantity cos 2w(l - M2) always coincide, while the absolute value of

cos 2w/(l - M2) is equal to unity, we can obtain v from the first equa-

tion of the system (8.3)

2 (8.5)

Before we analyze the result obtained, we must discuss the phys-

ical meaning of the quantity v. For this purpose It is convenient to

turn to the solution (4.13). If we consider the oscillations occurring

in a certain arbitrary section of the tube t - t1 , then the expr'es-

sions in the square brackets a"ssw constant values, and V aml * can

be written in the form

•-#; •-muh,
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where A1 and A2 are certain quantities that are constant for the chosen

cross section.

Inasmuch as both quantities vary in like fashion with the time,

let us consider in greater detail the behavior of only one of them,

for example V. Setting = = v + iw, we obtain

'm Ale" (cosco= + i sin w:).

The expression in the parentheses indicates that the quantity

oscillates about the value 7 - 0. The exponential time function which

is a factor of the quantity AI, characterizes the variation of the os-

cillation amplitude with time.

If v > 0, then the exponential function will increase without

limit with time and this will indicate that the process is unstable,

for the amplitudes of the perturbations V, ý and of the other param-

eters of the stream will have a tendency to increase without limit; in

this case the quantity v is frequently called the growth increment of

the oscillation.

If v < 0, then the exponential function will increase with time

and approach zero. Consequently, the stream is stable and it is always

possible to indicate a time interval -l' during which the amplitudes

of the perturbation will assume an absolute value smaller than any

specified positive quantity, as small as desired. In this case the

number v is called the damping decrement of the oscillations.

The case v - 0 is intermediate. When v - 0 the oscillation ampli-

tudes do not increase and do not decrease with time. This is a state

of stationary or neutral oscillations and is of particular interest

because It can be regarded as a mode corresponding to the stability

limit. Indeed, if the stability of the system varies continuously un-

( der continuous variation of some system parameter, then the transition

from stability to instability or vice versa is connected with a transl-
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-. through the mode v - 0.

Thus, we can henceforth use the following symptom of stability:

v > 0 - unstable flow,
v < 0 - stable flow, (8.6)
V - 0 - steadF-state lanr,

stab itiy limit.

After this brief diversion, let us turn to analyze the expression

obtained for v.

It follows from (8.5),that when B - 0 the process is neutral,

since it corresponds to v = 0. This result coincides with the previ-

ously obtained deduction, inasmuch as the equality B - 0 denotes, as

P-34 Vol follows from the boundary conditions

(8.1), that a pressure node § = 0 exists>~, not only at the outlet but also at the
, .i ]j •inlet. The same result (v - 0) is ob-

F. 13. Patterns of the tained also by making the substitution
Ist and Oil waves for un- B =m (such a condition denotes the ex-
stable (v > 0) and stable
(v < 0) flow. istence of a velocity node at the inlet

to the tube).

Unlike the foregoing cases, v assumes values different from zero

for all other B. When B > 0 we have v > 0 and the flow is unstable.

When B 4 0 the flow is stable (v < 0).

Thus, the introduction of a somewhat more complicated boundary

condition than the velocity or pressure nodes used in the preceding

sections inmediately leads to a qualitatively different picture. De-

pending on the number B, the flow can be either stable or unstable.

When v ,i 0 the patterns of the perturbation amplitudes are found

to be different from those given in the two preceding sections. In or-

der not to clutter up the text, we give only the patterns of rI land

'ij. using Formulas (4.12). For each speofid"o r • 0, obvtai~n the oaa"eS
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shown in Fig. 13. The arrows near the curves indicate the direction of

motion of the ! and i waves.

For unstable flow (v > 0) the amplitudes I~I and j1I decrease in

the directions of the arrows; this can be interpreted as meaning that

the acoustic impulses produced later have a larger amplitude, i.e.,

the system increases the amplitudes with time. For stable flow (v < 0)

the opposite is observed. It must also be noted that the patterns in

Fig. 13 have been constructed for a certain fixed instant of time. For

each succeeding instant of time the patterns will have larger ordinates

if v > 0 and smaller ordinates if v < 0.

Usually one considers in acoustics systems that are characterized

either by oscillations with constant amplitude (v = 0), or with ampli-

tudes that decrease in time (v < 0). The first case corresponds to an

idealized scheme of the phenomenon, in which the unavoidable losses

are disregarded, while the second corresponds to real processes con-

nected with energy dissipation. In the example considered here we ob-

tained for B > 0 a value v > 0, which is perhaps unexpected for the

customa.y acoustic phenomena. What we get here is not dissipation of

acoustic energy in the medium, which is unavoidable in any real system,

but so to speak a generation of more and more new amounts of acoustic

energy, which is consumed in a more and more intense swinging of the

medium. The question of the source of this energy will be considered in

detail in the next chapter. We wish to emphasize here only that in

principle this leads to the possibility of self-excitation of acoustic

systems of the type under consideration. It is useful to pay attention

hers to the fact that the cause Of the System self-exoltation is local-

ized in the example considered here in the inlet section of the tubes.

SOf course, a real physical process, which would formally be expressed

in the form of a boundary condition E - Br, occurs within a certaini64 -



-olume in the region adjacent to the inlet section, but What is in.

portant is that if we are able by suitable idealization to reduce this

process to a certain relation that holds true for one section of the

stream (in this case the inlet), then this uncovers a way toward a

relatively simple mathematical description of the phenomenon as a

whole. This circumstance will be extensively utilized in the present

book.

Using the variables U and ii we can interpret more illustratively

the results obtained in the present section. If we write down the

boundary conditions (8.1), using Formulas (4.9), with the aid of the

variables U and i, they will assume the following form:

.for l-oj (8.7)
U=W for t- .

Thus, the impulse UI moving from the left end (• - 0) to the

right end (t = 1) is reflected from the latter without changing its

magnitude, and will move to the left in the form of the impulse wI -

= U V At the left end of the tube the arriving impulse I will reflect

it in the form of an impulse U III where UII P li" Depending on the

value of B, the reflected impulse I will be either larger or smaller

in absolute magnitude than the arriving one. If B > 0, then •iii1 >

> wijI, and since this process of reflection of impulses from both

ends of the tube will continue, the amplitudes of the perturbations

will have a tendency to increase without limit. Upon each reflection

from the left end the arriving impulses will experience, as it were,

an additional external Jolt. In the case B < 0 the process of reflec.

tton from the left end of the tube has the opposite charaoter, and the

impulses reduce in Intensity.

This conclusion confirm the results obtained In the form of Poi.

mula (8.5)9 In addition, the foregin argment oont Irmaw theloauisa



tion of the cause of excitation of th system or the ,uenching of the

oscillations in the inlet section at 0 - 0.

In order to illustrate the arguments presented above, let us con-

sider a real case of flow, in which the boundary condition at the in-

let assumes the form (8.1) or (8.7).

In test stands intended for the investigation of combustion proc-

esses or other purposes one frequently employs the following flow

scheme (Fig. 14). Air at the required pressure is propelled through

tube AB by means of a suitable blower. The portion of the tube BC is

intended for the performance of various experiments, for example those

connected with the organization of the combustion process at the end

portion of the tube BC. In order for the combustion process, which may

be accompanied by clapping when the ignition system is turned on, may

be unstable, etc., not to influence the operation of the blower, a con-

striction is made at the section BB, which is so strong as to form on

the right of BE a small region in which the flow has supersonic veloc-

ity. Then, as is well known from hydromechanics, no perturbations (pro-

vided they do not damage the region of supersonic flow) can be trans-

mitted from the tube portion BC upstream into the portion AB. This

causes the blower to operate in a specified steady state independently

of what nonstationary processes occur in the portion BC.

Thus, the formation of a supersonic flow
zone in the vicinity of the section BB con-

tributes to quiet operation of the air blower.
Fig. 14. Pipe with
critical constric- Let us now raise the question of how the pres-
tion.

en** of such a sonstriction will influence the

processes occurring in the right portion of the experlmental setup,

and in particular how this will affect the character of the acoustic

oscillation in this portion. At the end C the boundary condition can
il -66-



- written directly: • - 0, since the open end of the tube ommuroeates

with the outside space. This approximate boundary condition is valid

in those cases, when no sonic stream velocity (crisis) is produced at

the seftton C, c nneceid w-Ith zhe :arge supply of heat in the portion

BCO. As regards the boundary condition at the inlet to the tube BC, It

is not obvious.

Beyond the constriction BB, as already mentioned, supersonic flow

is produced. This supersonic flow is then decelerated via a certain

rather complicated system of shocks, the character of which is prac-

tically impossible to predict. Therefore an attempt to write down the

boundary condition by analyzing the gas-dynamic flow pattern is not ad-

vantageous. We can use here the fact that ahead of the section BB the

stream is always unperturbed and therefore the parameters of the flow

are constant and are independent of the acoustic oscillations that oc-

cur to the right of BB. In particular, the per-second flow of air

through the section BB is constant. If the volume of the region in

which the supersonic flow is slowed down is small and the instantaneous

value of the air mass contained in it does not change, then it can be

assumed that in a section lying somewhat to the right of BB, where the

stream velocity is again subsonic, the flow of air per second is con-

stant, in spite of the presence of pressure and velocity oscillations.

Consequently, at the inlet to the tube BC the following condition will

be satisfied:

pv = const.

We shall assume that the process at the inlet to the tube BC Is

isentropic. Then, after linearizing this relation and changing over to

the adopted system of dimensionless variables, we can readily obtain

the boundary condition at the inlet:

S(8.8)
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Comparing it with the first boundary condition (8.1) we obtain directly

Thus, in the case under consideration the inequality B < 0 is ob-

tained and consequently the flow is always stable. In this respect the

type of flow under consideration greatly differs from flow in a tube

that is open on both ends or is closed on one end, where the oscilla-

tions turn out to be neutral (v - 0). In designing stands in accord-

ance with the scheme shown in Fig. 14, the oscillations in the region

BB will be damped, and this will contribute to a more stable course of

the process in tube BC (say, combustion).

Thus, if the flow in a tube is characterized by a constant con-

sumption of gas at the inlet, it is subject to damping of the acoustic

oscillations. From the point of view of obtaining quiet combustion,

less prone to vibrations, this property is useful. Therefore the con-

struction of stands in accordance with the scheme of Fig. 14 for pur-

poses of investigating the laws governing stationary combustion is cor-

rect. However, in those cases when the aim of the experiments is the

study of processes of oscillation excitation, the construction of

stands with constant gas consumption at the inlet may prove to be not

advantageous.

IXf we raise the question of physical processes occurring at the

inlet to the tube and leading to the dissipation of energy, then each

specific case may have its own separate mechanism for the dissipation

of energy.

59. Longitudinal Self-Oscillations in a Gas Stream

At the end of the pWeoeding section we gave an exaiple of a sta-

tionary flow, in which the acoustic oscillations ware damped. We shall

not present here specific examples of flows which are stable with re-

speat to Gmll perturbations of acoustic nature, since the following
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ihiapters are devoted to this subject. However, it ts useful to present

even now the general pattern of further development of the Instability 4
process.

If the flow turns out to be unstable (v > 0), then the amplitudes

of all the unstable harmonics will increase with time in proportion to

the factor e . Depending on the value of v (the oscillation growth

increment v can be different for different harmonics), the amplitudes

of the unstable harmonics can increase at different rates, but all

will be characterized by an increase without limit as T -* m. From phys-

ical considerations it is clear that such a development of the oscilla-

tion process is impossible, and the result obtained is connected with

shortcomings in the mathematical idealization of the phenomenon.

As is well known, the problem was solved for linearized hydro-

mechanics equations, obtained under the assumption that all the per-

turbations are small. As soon as the perturbations cease to be small

as a result of the increase in the factor e V, the systems of equa-

tions (4.10) and (4.11), and with them also the solutions obtained,

are no longer correct. Thus, the solutions obtained here are suitable

only for a description of the initial stages of the development of the

process.

To obtain a more complete picture of the phenomenon it is neces-

sary to use more exact mathematical relations. It is known that they

must be nonlinear. One could attempt to solve the system of nonlinear-

ized exact equations of hydromechanics (3.1) and (3.2). Suitable

methods exist and are the subject of the theory of unsteady motion• oif

gas.* In our case, however, special interest attaches to that class of

problems, in which the linear relations become invalid at first for

individual sections of the stream (for example, the terminal sections), *
and only then do they become invalid for the entire streawg -a . w#.
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As applied to the example considered, this means that the systems

of equations (4.10) and (4.11) along with their solutions still remain

valid even when the boundary conditions (8.1) must be replaced by more

accurate nonlinear relations.

Assume, for example, that in place of the boundary conditions

(8.1) the following conditions apply

p=", I•I)"for a-0, (9 :Lj= for (9.1)

where B1 is a sufficiently small positive quantity. We can then expect

the following course of the process. At very small initial perturba-

tions (IVI << B,) the boundary conditions (9.1) will practically coin-

cide with Boundary Conditions (8.1), and by virtue of the inequality

B2 > 0 the flow will be unstable. The smallness of B1 causes the in-

stability process to develop slowly and therefore, during the course

of one period of the oscillations, the quantity B1 - il can be re-

garded as constant. As the oscillation amplitudes increase, the value

of 1I i will increase, the difference B1 - IVI decreases, and conse-

quently, the degree of instability will decrease. When B1 - IVI the

oscillation process becomes stationary, v becomes equal to zero, and

the oscillation amplitudes cease to increase. Thus the acoustic system

of the type considered will execute self-oscillations with an ampli-

tude close to I•I = B1 and • = 0 in the initial cross section.

If any accidental cause decreases the amplitude of the velocity

oscillations, the flow becomes unstable and the amplitude V will again

increase with time. On the other hand, if some cause increases the

amplitude of the velocity oscillations, then the difference B1 -- ii

becomes negative, and this is the analog of boundary condition E =

when B < 0. Such a flow is characterized by stability (v < 0), its amp-

litudes will decrease with time., and the system will again return to
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o-cillations with amplitude I17 - B in the inlet aross section. Con-
3equently, the occurrence of self-oscillation will be stable, and the

small deviations from the steady-state mode in either direction will

be constantly Smoothed in time.

The analysis presented here in quite approximate and is far from

being mathematically rigorous. Its only purpose was to illustrate the

fact that oscillatory instability of flow is capable of giving rise to

self-oscillations, and to point out a type of self-oscillations in

which the cessation in the growth of the amplitudes occurs long before

the acoustic laws, derived on the basis of the linearization of the

hydromechanics equations, cease to be valid.

Manu-

script (Footnotes ]Page
No.

24 We shall not distinguish in what follows between the terms
fluid, compressible fluid, and gas.

26 Merk H.J., Analysis of Heat-Driven Oscillations of Gas Flows,
Appl. Scient. Res., 1957, A6, No. 4.

33 If we consider the character of variation of 6p and 6v in
the cases u ý 0; w = 0 or u = 0; w 4 0, i.e., if only the u
wave or only the w wave exists, then it is easy to obtain
the relation 6 p =;-+pa6v, which is well k1nown in acoustics
for a plane traveling wave.

58 Here and below we shall not distinguish between the concepts
harmonic and its corresponding standing wave, in-those cases
where no confusion can arise.

69 See, for example, K.P. Stanyrukovich, Nonsteady Motion of a
Continuous Medium, Gostekhizdat, 1955.
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Chapter 3

SOURCES OF SELF-OSCILLATION ENERGY

§10. Two Sources of Energy in Thermal Excitation of Sound

In any self-oscillating system it is possible to separate the os-

cillating system proper (in our case this system is the gas contained

in the tube), the energy source, and a certain mechanism* which sup-

plies energy to the oscillating system.

In the preceding chapter we have explained the most essential

properties of the oscillating system. The question of the mechanism

that supplies energy to the oscillating system will be partially elu-

cidated in the present chapter, but it will be considered in greater

detail in subsequent chapters. The principal content of the present

chapter is the disclosure of the energy sources that maintain longi-

tudinal acoustic self-oscillations of the gas in a tube during combus-

tion, and the analysis of the process that makes it possible to replen-

ish periodically the loss of acoustic energy from the oscillating sys-

tem, due to the losses that are unavoidable in any real phenomenon.

From the point of view of the physics of the process, the dis-

closure of the energy source that feeds the oscillatory system is one

of the principal ones. Unfortunately, this problem, as applied to the

excitation of acoustic oscillations by heat supply, has been unde-

servedly paid little attntion, which has led to many erroneous state-

ments in the literature.

()Apparently the first researcher to raise this question (to be

sure, not in explicit form), was Rayleigh. In connection with the de-
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... Iption of the experiments of Rijke, Boascha, Riess, and other re-

searchers, he said the following concerning the maintenance of osoil-

lations by means of heat:

"If the heat is periodically transferred to a mass of air, which

osoillates for example in a cylinder with a piston, and is taken away

from it, then the effect obtained depends on the phase of the oscilla-

tion at which the heat transfer takes place. If the heat is trans-

ferred to the air at the instant of maximum compression or is taken

away from it at the instant of maximum rarefaction, then this intensi-

lies the oscillation. To the contrary, if the heat is transferred at

the instant of maximum rarefaction, then the oscillation is attenuated

thereby. "*

In this statement Rayleigh speaks of the possibility of exciting

acoustic oscillations at the expense of the supplied heat energy. The

process described by him is the method well known from thermodynamics

of obtaining mechanical energy from the supplied heat by subjecting

the working body to some thermodynamic cycle. Similar processes are

the basis of all the piston internal combustion engines. It is quite

obvious that the heat can go over into acoustic energy only in such a

way, since the acoustic energy is a modification of mechanical energy

and not of heat energy. Rayleigh emphasizes this, stating somewhat be-

fore that: "In almost all cases when heat is transferred to a body,

expansion takes place, and this expansion can be caused to perform

mechanical work. "**

We wish to emphasize here that the foregoing detailed citation

refers to the excitation of acoustic oscillations in a stationary gas

(by stationary is meant a gas which has no other motion except that

connected with the acoustic oscillations). This is seen at least from

the fact that he in speaking of a gas contained in a cylinder with
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piston. Changing over to a somewhat more detailed explanation of the

experiments of Rijke, Rayleigh suggests the same idea also for a gas

( that has a certain average velocity of motion through the tube. Giving

a purely qualitative description of the phenomenon, Rayleigh empha-

sizes that alternating transfer of heat from a heated grid to the gas

is connected with the motion of the medium, which is made up of a uni-

form component on which an oscillatory component is superimposed,

"while the effect of transfer* depends on the variation of the pres-

sure."*

Thus, Rayleigh believed the energy source to be the heat supply,

which, having an oscillatory component, suitably shifted in phase rela-

tive to the pressure oscillation, makes possible the realization of a

thermodynamic cycle which yields mechanical work. The mechanical en-

ergy obtained, fed to the oscillating system in the same rhythm as the

thermodynamic cycle, maintains the acoustic oscillations.

The foregoing trend of thought constitutes the contents of the so-

called Rayleigh hypothesis, which is frequently used as the basis for

theoretical research devoted to the interaction between heat supply

(in particular, combustion) and acoustic oscillations. Recently Putnam

and Dennis made an attempt to prove this hypothesis and to cast it in

mathematical form.*** It later became customary to speak not of a hy-

pothesis but of the Rayleigh criterion, which is usually formulated

as follows: if the absolute value of the phase shift between the os-

cillatory component of the heat supply and the oscillatory component

of the pressure is less than 7t/2, acoustic oscillations are excited in

the system, if this phase shift lies between w/2 and 7r, the acoustic

oscillations are quenched.

( , This raises the natural question: does the scheme, proposed by

Rayleigh, whereby the acoustic oscillations are maintained by the heat

- 74



•r•ly, exhaust all the possible cases? In other words, is the heat

supply the only, energy source capable of maintaining the acoustic co-

cillations in the system?

In order to answer this question, it is necessary to ascertain

what energy sources, other than the heat supply, are possessed by the

oscillating system. Inasmuch as the system under consideration has a

nonzero average flow velocity, it is necessary to ascertain first

whether the kinetic energy of the flow is capable of serving as the

reservoir from which the oscillating system will draw the energy for

the maintenance of the oscillations.

Assume that a resistance is placed at some section of the gas

stream. Then, if this resistance is variable, it is possible in prin-

ciple -or- oscillations to become excited. Indeed, if velocity oscilla-

tions take place in the region where the resistance is located, and if

at the instant when the stream velocity builds up the resistance de-

creases, while at the instant when the velocity decreases the resist-

ance increases, such an interaction between the stream and the resist-

ance will cause the system to sway. This can be visualized-in simplest

fashion as follows. Let us break up the entire resistance into two com-

ponents, the average value and the component that alternates periodic-

ally in time. From the point of view of the effect on the stream, the

alternating component of the resistance will alternately retard it and

accelerate it. If at the instant whea the velocity increases as a re-

sult of the acoustic oscillations the alternating component of the re-

sistance accelerates the stream further, while at the instant when the

velocity decreases the resistance slows it down further, then the amp-

litude of the acoustic oscillations will increase. The resistance, as

it were, sways the oscillating system in this case.

Devices of this kind are extensively used in all kinds of elec-
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tronic circuits. The best known example is the vacuum tube oscillator,

in which the grid of the tube plays the role of the alternating resist-

ance of the type described.

Returning to the problem of thermal excitation of sound, we must

first point to a resistance capable of producing the effect described

above. In the idealized scheme of the process, a scheme that serves as

the basis for the study of the type of acoustic oscillations under con-

sideration, no presence of any hydraulic losses in the tube is assumed.

Therefore the only type of resistance that must be taken into account

is the so-called thermal resistance, which arises even in an ideal

fluid.

We shall not develop here the complete theory of this interesting

phenomenon; we give only a general idea of thermal resistance, follow-

ing G.N. Abramovich.* Let the stream vel-

A g ocity in the cylindrical tube be so small,

I Ithat the effect of the compressibility of

the medium can be disregarded. We connect
Fig. 15. Theoretical
scheme for the calcula- to the inlet of the tube and to its outlet
tion of thermal resist-
ance. section two reservoirs A and B, of infin-

itely large volume, which are not connected with each other (Fig. 15).

Section 1 is the inlet and section 2 the outlet; somewhere between the

two, heat Q is supplied to the stream. The fluid is regarded as ideal,

so that no hydraulic losses will be considered. The flow parameters in

sections 1 and 2 will be designated by the corresponding subscripts,

and we introduce for the reservoirs A and B the subscripts 01 and 02,

respe•tively, for the decelerated flow. Then, in accordance with the

Bernoulli equation, we have
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,om which we get for the change in the total pressure

Pei- psi _P2 p+9J0l1#1.Ri (10.1)

In writing down the last equation we took into account the con-

tinuity equation

Inasmuch as we are considering an incompressible fluid, the change

in density can occur only as a result of heating, so that it is nat-

ural to put
T,

Then Eq. (10.1) can be written in the form

Pol,,- P..- Pa +RY(i --) (10.2)

From the momentum equation we can determine the pressure drop in

section 1-2
PA -P = QOV(v, - V,)

Substituting this difference into (10.2) and using the continuity

equation and the connection between the density and the temperature,

we obtain the final formula

Equation (10.3) shows that the presence of heat supply Q, which

brings about T2 p TI, is unavoidably connected with the appearance of

a difference between the total pressure head, in the inlet and outlet

sections of the cylindrical tubes. This is the effect that we call

thermal resistance.

Let us attempt to present the qualitative picture of the. excita-

tion of acoustic oscillations by means of heat supply at the expense

of the kinetic energy of the stream. It is seen from Formula (10.3)

that when T2 > TI (heating) the resistance is positive (the over-all

•77-



mechanloal energy of the stream ahead of the heat supply zone PO is

larger than the analogous quantity behind the heat supply zone). When

T2 < T1 (cooling) the resistance is negative. Thus, if the heat supply

fluctuates about zero, then the stream will be alternately acted upon

by positive and negative resistance. If at the same time an increase

to the stream velocity corresponds to a reduction in the resistance

then, as already stated, the system will be swayed.

The presence of a constant time-averaged heat supply cannot change

this qualitative excitation picture, Just as the presence of an aver-

age nonvanishing heat supply does not influence the nature of the ef-

fect indicated by Rayleigh.

The excitation mechanism described here escaped Rayleigh's atten-

tion. The principal difference between the two types of excitation of

acoustic oscillations by means of heat supply is seen, in particular,

from the fact that in one case the result of the effect is connected

with a phase shift between the heat supply and the pressure, and in

the other the phase shift is between the heat supply and the velocity.

The qualitative considerations, which we owe to Rayleigh, and the

considerations concerning the possibility of exciting sound by means

of oscillations of the thermal resistance, call for a rigorous proof.

The last sections of the present chapter will be devoted to this proof.

It is appropriate, however, to estimate here the proof of the cri-

terion given by Putnam and Dennis, for the excitation of acoustic os-

cillations. These authors attempted to obtain v general analytic cri-

terion for the excitation of acoustic oscillations by means of heat

supply (ferezence to this paper was already made previously in connec-

tion with the exposition of the Rayleigh hypothesis). As a result of

() the analysis of the relations they obtained, Putnam and Dennis reached

the conclusion that the only and completely general criterion for the
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'ritation is that proposed by Rayleigh.

Inasmuch as Rayleigh himself does not give a proof of his hy- C

pothesis, the conviction arose, following the publication of the paper

by Putnam and Dennis, that Rayleigh's hypothesis has been proved for

the most general case. However, the prOof of Putnam and Dennis con-

tains a principal error in the initial premises. To simplify the equa-

tions, Putnam and Dennis neglected the stream velocity compared with

the velocity of sound and did not note that by the same token they

have excluded from consideration a source of energy which has inde-

pendent significance, namely the kinetic energy of the stream. When it

comes to stationary gas, then the only possible excitation mechanism

is that indicated by Rayleigh; Rayleigh himself, as emphasized above,

also advanced his hypothesis in connection with a stationary gas con-

tained in a cylinder with a piston. Thus, it is necessary in the ex-

position that follows to generalize the Rayleigh criterion so as to

include the case of a moving medium, to present other possible cri-

teria, and to derive all these results on the basis of the fundamental

laws of the mechanics of continuous media. In this case, in addition

to clarifying the principally important question of the energy sources

of self-oscillations, we shall present energy methods, which have

greater simplicity and clarity, for the solution of certain problems.

§11. Flux of Acoustic Energy

We cons~der the following idealized scheme of the process. A cyl-

indrical tube AB is divided by a region a into two parts (Fig. 16). To

the left of the region a is located the inlet part of the tube; cold

gases pass along this section of the tube, moving toward the right.

The region a is the heat supply region. We shall not make meae prttise

here the process, physical or chemical, which causes the gas to be j)
heated, but agree merely that the heat is tranafsft" SuAltaneow3.



and in identical batches to all the moles

= • of the gas, crossing a given stationary see-

tion situated inside a. This assumption al-

Fig. 16. Theoretical lows us to regard the flow as being one di-
scheme for the calcu-
lation of acoustic en- mensional also inside a. Since the heat can
ergy fluxes.

be supplied at each cross sectIon inside

the region a, we shall assume that the gas is heated gradually, as it

moves inside this region. The part of the tube situated to the right

of the region a is filled with the heated gas which moves toward the

outlet end B. Certain boundary conditions, which will not be made pre-

cise for the time being, are satisfied on the ends A'and B of the tube

under consideration.

Let us determine under what conditions and at the expense of what

sources is the generation of acoustic energy by the region a effected.

Before we answer this question, however, we must establish what is

meant precisely by flux of acoustic energy.

As is well known, the energy flux in a one-dimensional gas stream

is equal to*
-QV( P+c.)+ (ll.J -

The first term, which has pv as a factor, describes the trans-

port of energy by the mass stream. The expression in the parentheses

indicates that the mass stream carries two types of energy, kinetic

and internal. The first is, as is well known, one of the forms of

mechanical energy, while the other is thermal. The last term in Formula

(11.1) describes the transfer of energy by the pressure; this is also

an energy in mechanical form.

The excitation of acoustic oscillations is connected with the

transfer of impulses by pressure, so that of the three terms of e [ 3

-80-



"-s last term, pv, is of primary- interest.

Assume that harmonic oscillations were established in the gas

stream

V-V,3+-v, 6V-j6ol510(*t+'#), (11.2)

where * is the phase shift between the pressure and velocity oscilla-

tions.

Then the term pv in the formula for the energy flux (11.1) can

be represented in the form
Pv = I': 1 6v + v.p + 8Vj-.

Integrating this equation with respect to time over the oscilla-

tion period T = 2r/w and referring the resultant quantities to the

period, we obtain the average value of the flux pv over the period

p.V, I- -Y 8 sp di. (11.3)

From the formula obtained it is clear that in the case of steady-

state harmonic oscillations the flux pv averaged over the period is

equal to the sum of two energy fluxes. The flux poVo is not connected

at all with the oscillations, whereas the second term of the right

half of (11.3) depends only on the oscillatory components of p and v.

It is natural to call this term the flux of acoustic energy A

T

A- 6•apdt. (11.4)

Let us consider some nearly obvious properties of the flux of

acoustic energy. Using Expressions (11.2) for 8p and 6v, we can write

A2= •1IpII8oleo. (11.5)

It follows from the formula that at the pressure nodes, 6p. O,

or at the velocity nodes, 6v = 0, the flux of acoustio energy is equl

to zero. This means that when averaged over the period no acoustic e*-
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orgy flows through the section in which the node of 6p or of 6v is lo-

cated. From this point of view it is understandable why in the pres-

"ence of pressure or velocity nodes at the ends of the tube one can

state that the boundary conditions permit no radiation of the acoustic

energy into the surrounding space.

An equation of the type (11.5) is conveniently written in the

form of a scalar product of the vectors 65 and rV. As already indi-

cated in the second section, it is frequently convenient to consider

the variations of the Variables, which are customarily regarded as

complex quantities, in the form of vectors. Consequently, we can write

Formula (11.5) in the form

A-f •pav. (11.6)

Using this form of notation, we can readily verify that for

steady-state oscillations the quantity A remains constant on going

from section to section. Indeed, let us turn to the variables u and w.

If we assume 6p and 6v to be vectors, then u and w must also be re-

garded not as complex quantities, but as vectors, connected with 6r

and rV by the relations (4.5). But then

A m-- (Us.-.,W). (11.7)

Since the scalar squares of vectors coincide with the squares of

the absolute values, and the absolute values lul and IwI do not change

from section to section in the case of harmonic oscillations (see §7),

the quantity A cannot vary with variation of the coordinate of the

cross section.

This result can be Interpreted as the property of conservation or

the flux of acoustic energy for steady-state oscillations in the case

(i of motion along the flow axis.

We can draw directly several Important conclusions from the fore-
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-oing. If the flux of acoustic energy through a section containing a

velocity or pressure node is equal to zero, then the condition A - 0

must remain valid for other sections too. But the scalar product can

be equal to zero only if the factors are orthogonal (if neither of

them vanishes). Consequently, in the presence of a node of 6p or 6v in

a certain section and under steady-state oscillations the phase shift

between 6p and 6v is equal to 7r/2 at all other sections. This result

was already obtained earlier in the form of Formulas (6.3) and (6.6),

from which it is seen that the variables fk and k differ by an imag-

inary factor. However, in the present section the deduction that I

and rv are orthogonal acquires a physical clarity and can be general-

ized in the sense that this condition will be valid not only in the

presence of nodes of 6p or 6v, but in all cases when no transfer of

acoustic energy occurs (averaged over the period).

In those cases when the flux of acoustic energy A differs from

zero in the case of steady-state oscillations (for example, when dissi-

pation of acoustic energy occurs on the ends of the tube), the con-

servation property A = const remains valid along the tube axis. From

this property it follows, in particular, that if the absolute values

of 6p and 6v vary as functions of the coordinate t (standing waves),

then this is possible only upon suitable change in the phase shift *

between them (Formula (11.5)). In addition to this, it is clear that

in such a process no nodes of 6p or 6v can be formed anywhere, a& this

would yield A = 0.

We see from (11.5) that A can be either positive or negative, and

that its sign depends on the angle *. The sign of A indicates the di-

rection of motion of the acoustic energy flux. If the acoustic *eor&

moves in a positive direction, to the right, then A > 0, it It a~

tO the left A < 0.

83



Let us turn now to Fig. 16. Comparing the acoustic energy fluxes

at the stationary planes 1 and 2, which bound the region a, we raise

the question of the amount of acoustic energy "radiated" by the region

a. We denote the flux of acoustic energy crossing the plane 1 by A',

and the flux crossing plane 2 by A". Then the total amount of acoustic

energy Az radiated by the region a will equal

Al: = A" - A'. (11.8)

If we recall the sign rule, then A. > 0 denotes that the energy

moves from the region a and if AZ < 0 it moves toward a. In the former

case the region a generates acoustical energy, in the latter it ab-

sorbs it, and when Az = 0 the region a is neutral.

Assume that the losses of acoustic energy on the ends A and B of

the tube are equal to -RA and +RB, respectively. The signs preceding

RA and RB are chosen such as to connect the acoustic-energy losses

with its motion from the tube AB to the outer medium. The summary los-

ses will obviously be R = RB - RA. It is then clear from energy con-

siderations that in the case of steady-state oscillations

AZ = R. (11.9)

If
Az> R

or Az < R, (11.10)

then the oscillations cannot have a steady-state character.

In the first case one can speak of excitation of the system and

in the second one can speak of the quenching of the oscillations. In-

deed, in the first case the zone a radiates more acoustic energy than

is dissipated by the losses at the ends A and B. Consequently, part of

the oscillatory energy accumulates in the-tube, which should lead to

an increase in the oscillation amplitudes, i.e., to excitation of the

oscillating system. In the second case the character of the process is
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-. ,versed. From this point of view, Eq. (11.9) corresponds to the sta-

Oility limit. C)

We must stipulate here that inasmuch as we have considered above

the case of steady-state oscillations and the distribution of the

acoustic-energy flux was elucidated only for this case, it is only

Formula (11.9) that has an exact meaning. As regards the inequalities

in (11.10), they must be regarded as useful qualitative criteria.

From the value of Az we can judge the behavior of the oscillating

system as a whole. From the quantities A' and A" which are the com-

ponents of Az we can judge the processes occurring to the left and to

the right of a, for example on the ends of the tube. In the case of

steady-state oscillations, the quantities A' and A" are constant for

sections lying to the left and to the right of a, respectively. A de-

viation of A' and A" from zero indicates that acoustic energy flows

constantly toward the end of the tube from the region a or from the,

ends of the tube into the region a. If the acoustic energy flows from

the region a toward the ends of the tube (i.e., if A' < 0; A" > 0),

this means that absorbers are situated on the ends of the tube. If the

acoustic energy moves from the ends of the tube to the region a (i.e.,

if A' > 0; A" < 0), this means that acoustic energy is continuously

generated on the ends of the tube and is absorbed by the region a.

Let us describe now in somewhat greater detail the processes oc-

curring inside the heat-supply region a. A thorough study of this ques-

tion will be made below, and it is sufficient to note here only cer-

tain general properties of this zone. As was already mentioned, heat

supply occurs inside the region a. The region is bounded by the sta-

tionary planes 1 and 2. In connection with the processes occurring in-

side a, a change takes place, generally speaking, in all the flow

parameters between the planes 1 and 2. IX we confine ours*lwS to o0n.
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sideration of only the perturbations of the flow parameters, we can

say that 6p, 6v, and 6s change along the region a not only owing to

the presence of acoustic oscillations, but also as a result of the

heat-supply process which occurs inside a. If we assume the distance

between the planes bounding a to be small compared with the wavelengths

of the perturbations, so that the waves of the perturbations connected

with the acoustic oscillations cannot change noticeably their ampli-

tudes and phases over a distance a, then the entire change in 6p, 6v,

and 6s between planes 1 and 2 will be connected only with the heat-

supply process.

We designate by the subscript 1 all the quantities corresponding

to the left-hand boundary of the zone a, and with the subscript 2 quan-

tities corresponding to the right-hand boundary of the zone 0. We can

then introduce the following notation, whereby the average value of

the pressure in the left (cold) part of the tube is assumed equal to

p, and the average velocity of sound assumed equal to a 1
av, - 6v, = a 6F,ap, -- ap, - xpaX,(i.I)

6.,-- 6*1 - ela6S.

We assume that the region a is compared with the length of the

perturbation waves. Then the dimensionless quantities 6E, 6X, and 6S

are connected only with the heat-supply process and can be regarded as

three parameters describing certain summary properties of the per-

turbed heat-supply process.

The question of whether these parameters are sufficient for an

unambiguous description of the necessary properties of the zone a, and

the question of the actual determination of these quantities, will be

considered in the next chapter. It -is sufficient to point out here

(J that the introduced quantities described in reasonable fashion physical
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phenomena that occur in the heat-supply zone. The quantity 6E denotes

che expansion of a certain volume as a result of its heating, 6X de-

notes the occurrence of thermal resistance, and 6S denotes the accom-

panying unavoidable change in the entropy.

Lot us turn now to the question of the energy sources in thermal

excitation of sound. We shall assume as before that the length of the

zone a is small and consequently the steady-state hypothesis can be

applied to the processes occurring in it, i.e., we can assume that all

the phenomena inside a are described by equations that hold true, for

stationary flows. This can be explained as follows. The smallness of a

compared with the wavelengths of the perturbations denotes slowness of

the acoustic oscillations compared with the rate at which the proc-

esses take plac.e in the short region a. Therefore the time necessary

in order for changes to occur in the region a and for the process to

become established is not sufficient for any noticeable change in the

flow parameters outside the region, a change connected with the acous-

tic oscillations. The processes inside a immediately "attune" them-

selves, as it were, to the relatively slow acoustic oscillations.

Let us consider the crossing of the regions a by an element of

the stream. If we write down the energy conservation law separately

for the stream element in a reference frame that moves together with

the element, and write it separately for the center of gravity of this

element, then, using the continuity equation, we readily obtain the

following inequalities:

S) d(11.13)

Here Q is the heat and P is the mechanical energy supplied to the

gas in the region a. Although in the case under consideration P , 0,
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we retain this quantity in the formulas in order to make the results

obtained more general.

It is obvious that the difference between the total energy fluxes

(11.1) between planes 1 and 2 is

,,- 'l - q + P.

and

PNot- P1Vga" pdv+ Sdp. (11.14)
E a

Thus, the component of the energy flux "radiated" by the region a

and equal to p 2 v2 - Plvl, consists of two terms. The first is connected

with the heat supply and with the change of the internal energy (11.12),

and the second is connected with the mechanical energy supplied and

with the change in the flux of the kinetic energy (11.13).

Assume that the quantities p and v have components 6p and 6v

(11.2), which vary harmonically with the time, and let the period of

the oscillations be T. Then the average acoustic energy radiated by

the region a is written in the form
r

Az 8p,8,)d, (11. 15)

On the basis of (11.14) we can write
7

Az4 .1 [S6pd6o+ S 8vd8p] di. (16

The quantities contained in the brackets in (11.15) and (11.16)

are no longer harmonic functions of the time.

Denoting by the symbol a periodic but not harmonic components

which have an order of 62, we write down, using (11.12) and (11.13)

S([S8d~v]df- 8AQ-9we.Tj-Tjjdt, (11-17)

* ~ [S8d~p] di-~ [&o-gu(YI.-)] de.(1.8
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We have already mentioned that in thermal excitation of sound no

mechanical energy is supplied to the stream and therefore P m 0.

Using Eqs. (11.16)-(11.18) and putting P - 0, we obtain the fol-

lowing expression for the flux of acoustic energy radiated by the re-

gion as T

f [(11.19)

The expression for Az shows that the acoustic oscillations can be
I

maintained at the expense of three sources of energy - external heat

supply, the flux of internal energy, and the flux of kinetic energy.

However, Formula (11.12) expresses the fact that the first two sources

are related to each other. We shall therefore consider only two sources

of energy. We shall say that the energy of the acoustic oscillations

can be borrowed from the thermal terms (heat supply and internal en-

ergy) and from the flux of kinetic energy.

§12. Energy Imparted to the Oscillating System During the Realization
of the Elementary Processes in the Heat-Supply Zone

Let us consider a process characterized by the condition 6vI=

= 6v = 6v 2 . Then d6v = 0 and in accordance with Formula (11.17) the

first two terms in (11.19) make a zero contribution. This means that

the entire energy of the acoustic oscillations is borrowed from the

kinetic .energy of the flow. To the contrary, during a process charac-

terized by the condition 6p, = 6p = 6 P2 ' the entire energy of the

acoustic oscillations will be borrowed from the thermal term - the

heat supplied externally and the internal energy carried by the stream.

In each of these two cases the oscillating system will use some single

source of energy, and from this point of view the processes in the

heat-supply zone, characterized by the conditions 6vI - 6v - 6v 2 and

6p-. 6p - 6p 2 can be called elementary. It is easy to show, however,
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that it is necessary to include among the elementary processes a

broader class of processes in the heat-supply zone.

From the point of view of drawing energy from the available

sources, the processes given above in the heat-supply zone, character-

ized by the conditions 6v 1 = 6v = 6v 2 and 6p 1 = 6p = 6p 2, are equiva-

lent to the more general processes, characterized by the equations

6vI = 6v2 and 6p, 6p2 . Actually, let us compare, for example, the

processes with 6vI = 6v2 and those with 6vI =.6v = 6v 2 .

If we assume that on the boundaries of the region a all the quan-

tities vary in both cases in identical fashion and the values of
T T

APdt and coincide, then the right halves of Eqs. (11. 17)

and (11.18) will coincide numerically. Consequently, the integrals on

the left side will also be identical. Thus, the process of maintaining

oscillations by drawing energy from the available energy sources is

not connected with the character of variation of 6p and 6v along the

region a, and is uniquely determined by the values of the variables on

the boundaries of the region a subject to the condition that the varia-

tion of the mean value of the heat supply ,AQd1tAQTp is specified

(it is assumed that P 0). It is obvious from (11.11) that the condi-

tions 6p, = 6 p2 and 6v, = 6v2 coincide with the conditions 6X = 0 and

6E = 0.

We shall assume, on the basis of the foregoing, the following

elementary processes.

The first elementary process is characterized by the condition

6p, - 6p 2 or 6X = 0. The drawing of the energy is from the external

heat supply and from the flux of Internal energy.

The second elementary process is characterized by the condition

6vi = 6V2 or 6E 0. The drawing of the energy is from the flux of

kinetic energy.
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Let us consider in greater detail the first elementary process,

in which the entire energy necessary to maintain the self-oscillations C)
is drawn from the thermal terms (heat supply and internal energy). The

condition 6p 1 = 6P2 with the quantity Air maintained constant singles

out the entire class of processes with identical radiation of acoustic

energy from the region a. For the actual calculation of the flux of

acoustic energy Az = A1 it is immaterial which of the specific proc-

esses of this class are being considered. Therefore we shall make spe-

cific the variations of 6p within a in the following fashion: 6p, =

6p = 6P2 Then, according to (11.18) (with P = 0), the last term of

the right half of (11.19) yields zero upon integration and therefore

the total flux of acoustic energy is represented for the first elemen-

tary process in the form
T

l, = + [AQ + A (Qv1,.r, - eVcT,)j] dt

Inasmuch as we have 6p = const along the region a, we obtain
8p =d6r) -p (av, -av),

which leads to the equality
T T

A, -b-A) (6,-- ,)pdl =- 8Ebp dg. (12.1)

The last expression is written out with the aid of Conditions
(11.1l1).

The physical meaning of the relation obtained is quite simple.

The quantity 6E = (6v 2 - 6vl)/aI characterizes the oscillatory compo-

nent of the process whereby a certain volume crossing a is expanded,

while 6p is the oscillatory component of the pressure in the small
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vicinity of o. Therefore the quantity A1 is the average work of expan-

sion which is imparted to the system during the process of the oscilla-

tions. It will be positive if the phase shift between 6E and 6p does

not exceed 7r/2 in absolute magnitude. The latter deduction follows

from the formula

A, =f I 6I.II pIclCos (12.2)

where #, is the phase shift between 6E and 6p. Equation (12.2) is de-

rived in exactly the same way as (11.5).

S2 As was already mentioned, equations

of this type are best written in the form

/ of scalar products of the vectors con-

Stained in them. In particular,

q A, 2-6p8R (12.3)

In order to construct the diagram of the

Fig. 17. Diagram show- stability regions using Eqs. (12.2) or
ing the stability lim-
its for the first ele-
mentary process (there (12.3) we proceed in the following manner.
are no losses). 1) Sta- Assume that there Is no acoustic energy
bility; 2) instability.

radiated from the open ends of the tube.

As was shown in the preceding section, the vector 6rv is in this case

perpendicular to the vector rp. We direct the vector 6r along the x

axis and the vector 67v along the y axis. Inasmuch as 671 cannot coin-

cide with 6v 2 , we agree to draw on the diagram 6vI. The position of

69 on this diagram is determined by the angle *l" As regards the abso-

lute values of 86, 67, and 61, they can be indeterminate in a certain

sense. Indeeds if the problem Is solved without formsulating the ini-

tial conditions, then, as was indicated in 58, the solution does not

( ) yield the values of the amplitudes. This situation can be made more

precise In the sense that the solution for each hamonio is obtained
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:.....-e -: , .. -. deter7ina:e factor; the amplitude of the oscil-

_.;ions of each harmonic remains indeterminate, although the relations

between the amplitudes of 6p, 6v, and the other variables are deter-

mined uniquely. Let us illustrate this circumstance, which is known

from the theory of dlfferentlal equations, by means of a simple exam-

ple. Assume that when t = t, a pressure node 5 = 0 is situated in the

stream. For a specified frequency p, the functions 9l(4,) and q2(tl)

(4.14) are uniquely defined. The second equation of (4.13) yields in

this case A/Av = Consequently, although the amplitudes

of Ap and Av remain indeterminate, their ratio is fully different.

Thus, the diagram shown in Fig. 17 can be constructed accurate to

within a scale factor. One of the quantities can be chosen arbitrarily,

while the others are determined uniquely. Let, for example, 6p = 1 and

let 6p be directed along the x axis. Then each of the vectors 6r and

6X will have not only a definite direction but also a definite magni-

tude. Such a diagram is convenient because it yields a clear-cut repre-

sentation of the relative magnitudes and phase shifts of the perturbed

parameters of the process.

Let us draw on the diagram of Fig. 17 the stability boundary. We

shall define the stability boundary as the hodograph of those values

of the vector 69 in which the oscillations take place with, constant

amplitude. In the case under consideration (absence of losses) the con-

ditions (11.9) and (11.10) assume the following form:

A1 = 0 - stability limit,

A1 > 0 - instability, (12.4)

A1 < 0 - stability.

It follows from (12.2) that the stability limit is the Z axis;

the right half plane of the diagram will correspond to values of 61

which excite the system, while the left half plane corTespons to those
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6Y at which the resultant oscillations are quenched. It must be re-

called that the vectors 6p and 6r will be perpendicular only when

A1 = 0. Therefore when the end of the vector 6T is positioned at points

on the (xy) plane which do not lie on the stability limit, the vector

6v1 will no longer coincide with the y axis.

Relations (12.4), Formula (12.2), and the diagram presented en-

able us to formulate the conditions for the excitation in the first

elementary process as follows.

6X = 0 (6p, = '32 ) and there are no losses of acoustic energy,

the system becomes excited if the phase shift between 6E and the os-

cillatory component of the pressure 6p has an absolute value less than

w/2; if the absolute value of this shift lies between ir/2 and 7r, the

oscillations soon become quenched.

The results obtained are a generalization of the Rayleigh cri-

terion to include the case of a moving medium. The point is that the

phase 6E and the phase of the oscillatory component of the heat supply

6Q coincide only for a stationary medium. In a stationary medium, the

expansion of the heated volume, which is characterized by the quantity

6E, follows exactly the process of external heat supply 6Q. This fact

is so obvious that it needs no special proof. Therefore for a station-

ary medium we can take in place of 6E the value of 6Q (if we are deal-

ing with phase shifts) and then the excitation condition given above

coincides with the Rayleigh criterion. For a moving medium, the phases

of 6E and 6Q may differ. This will be shown in the next chapter. Thus,

the excitation conditions formulated here enclose a more general case

than the Ryleigh oriterion.

Let us find the excitation conditions in the first elementary

( process for the case when the losses of the acoustic energy R are dif-

ferent from zero, and consequently the region a radiates constantly
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icoustic energy in order to compensate for these losses. In such a

case we must write in place of the relations (12.4):

A1 = R - stability limit,
A, > R - instability, (12.5)
A1 < R - stability.

Taking A1 in accordance with Formula (12.2) and putting j6pJ = 1,

we obtain for the stability limit

R=T6E ICos•:

i.e., the projection of the vector a 1 6E on the x axis remains constant

at 2R. This gives the diagram shown in Fig. 18. The stability limit is

a line perpendicular to the x axis located a distance 2R away from the

origin.

An important difference between the stability diagram obtained

here and the stability diagram shown in Fig. 17 is that now we cannot

formulate the excitation conditions by us-

, , ing only the phase shifts between 6T and

6'P. when a, 1 6EI < 2R the excitation is

- -. generally impossible, regardless of the

S1 .•v. ,,,phase shift *1 (it must be recalled that

S..we are speaking here of the relative quan-

I -tities al6E and R, for when constructing

Fig. 18. Diagram of the the diagram we assumed 16pj - 1).
stability limits for
the first elementary The excitation conditions are not so
process in the presence
of losses. 1) Stability; easy to formulate simply in this case as
2) instability, in the case when R = 0. We therefore pre-

sent them in the form of analytic relations, using Formula (12.3).

When 6X = 0 and the acoustic-energy losses are equal to R the sys-

tem is excited if (a 1/2)6p6T > R; the oscillations are quenohed If

(al/2)56r < R.

-95"



This formilation is the most Seneral for the first elementary

process.

S In conclusion attention should be called to one feature of ex-

citation in the first elementary process. Assume that the oscillatory

component of the heat supply 6Q is exactly sinusoidal, and the average

level of the summary heat supply % does not change after the start of

the acoustic oscillations. Then AQsr = 0 and the entire energy needed

to maintain the acoustic oscillations will be drawn from the internal

energy flux. What is interesting in this case is that one can conceive

of a process whereby acoustic oscillations are excited by the heat

supply and the external heat supplied is not used as an energy source

for the maintenance of the oscillations. Such a process, of course, is

impossible in a stationary gas.

Let us turn now to a consideration of the second elementary proc-

ess. Inasmuch as a study of this type of excitation of acoustic oscil-

lations by means of heat supply is in many respects analogous to that

"made above, let us report the corresponding results more briefly.

A4 was already mentioned, the second elementary process is char-

acteried by the condition 6E - 0 or 6v 1 = 6v 2. For an actual calcula-

tion of the flux of acoustic energy in this case (we shall denote this

flux by A2 ) let us specify the concrete change of 6v along a in the

following manner: 6v 1 = 6v = 6v 2 . Then, in accordance with Formula

(11..7), the first two terms in the right half of (11.19) yield a zero

contribution after integration, so that the total acoustic-energy flux

AZ = A2 will be

By definition, 6v const. Consequently,fi r
At y I (6p. 6p.)6v dt 6X wd9. (12.6)
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The last expression is written with the aid of Conditions (11.11).

The physical meaning of the relation obtained is also quite aim-

pie. The quantity 6X - (6p 2 - 6p )/xp characterizes the oscillatory

component of the resistance acting on the flow in the region a, while

6v is the oscillatory component of the velooity in the mall vicinity

of a. Therefore the work A2 is the work of the resistance. The excita-

tion of the system depends in this case on whether the alternating re-

sistance can produce the positive work necessazy for the maintenance

of the oscillations.

To calculate the flux of acoustic energy A2 we can write down

formulas analogous to (12.2) and (12.3):
As i- x18v l Ic, (12.7)

A =Kf LX6V. (12.8)

(Here *2 is the phase shift between 6X and 6v.)

Let us construct for the second elementary process the diagrams

of the stability regions similar to the diagrams considered above.

In the absence of radiation of acoustic energy from the ends of

the tube, the vectors 67 and rv are mutually perpendicular; assigning

to them the same directions as in Fig. 17, we obtain the diagram of

Fig. 19. To maintain uniformity, we can construct this diagram to the

scale 6p, = 1. The stability region is separated from the instability

region on the basis of the following obvious criteria:

A2 = 0 - stability limit,
A2 > 0 - instability, (12.9)

A 2 < 0 - stability.

The first of the conditions written out here, together with Formula

(12.7) or (12.8), shows that the stability limit is the x axis, while

the second condition of (12.9) indicates that the position of the end

of the vector 6Y in the upper half plane corresponds to an unstable

-97-



process.

Thus, the conditions for the excitation of an oscillating system

$ in the case when the second elementary process is realized in the heat

supply zone can be formulated in the following manner.

If 6E . 0 (6v 1 = 6v 2 ) and there are no losses of acoustic energy,

the system will be excited if the phase shift between 6X and the oscil-

latory component of the velocity 6v is less than 7r/2 in absolute value;

if the absolute value of this shift lies between 7r/2 and 7r, the oscil-

lations are quenched.

011

Fig. 19. Diagram of the sta- Fig. 20. Diagram of sta-
bility limits for the sec- bility limits for the sec-
ond elementary process (no ond elementary process in
losses). 1) Stability; 2) the presence of losses.
instability. 1) Stability; 2) insta-

bility.

In the case when the summary losses of acoustic energy R differ

from zero it is necessary to write down in place of Relations (12.9)

criteria that are analogous to (12.5). They yield the following ex-

citation conditions for the second elementary process: when 6E - 0 and

the acoustic-energy losses are equal to R, the system becomes excited

if (•p1/2)6Y8V > R; the oscillations are quenched if (Kpi/2)6f6rV < R.

In this *ase the dlaxp' of the stability reegion assumes the form

shown in Fig. 20. The stability limit in parallel to the x axis at a

()certain distance from the origin.
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§13. Energy Imparted to the Oscillating System in the Oeneral Case

The elementary processes in the heat supply zone yield rather

simple conditions for the excitation of the oscillating system. The

actual realization of the elementary processes is usually of low prob-

ability; these processes are essentially of interest from the prin-

cipal point of view, inasmuch as they make it possible to separate the

case of excitation of oscillations by energy in heat form from the

case of excitation of oscillations by energy in mechanical form.

Let us consider the excitation of an oscillating system without

imposing any special conditions on the process within the heat supply

zone. In the general case, both the velocity oscillations 6v1 and 6v 2

on opposite sides of the zone a, and the pressure oscillations 6p, and

6P21 will be different. The summary radiation of acoustic energy from

the zone a can be written, on the basis of (11.6) and (11.8), in the

form

The formula obtained enables us to find the flux of acoustic en-

ergy radiated by the region a from the parameters specified on the

boundaries of this region. Knowledge of the processes that proceed in-

side a is in this case not essential. This form of notation is con-

venient,. in particular, for experimental research, where it is fre-

quently much simpler to measure the oscillations of velocity and pres-

sure on both sides of the heat-supply zone than it is to analyze the

phenomena that occur in the heat-supply zone itself.

Formula (13.1) can be rewritten also in a different form, which

is convenient for use if it in required to determine Az from the pWon-

eters of the flow ahead of the heat-supply zone and from the character-

istics of the heat-sply tow. By substituting the valves of 6p2 aW
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6v2 obtained from the first equations of (11.11) into (13.1) we can

obtain the following expression for A.:

Az (, 1A)16 • + tp18V16X + XfiP 1&L6X). (13. 2)

However, neither Formula (13.1) nor the resultant expression

(13.2) enable us to establish what fraction of the flux Az comes from

the energy present in thermal form and what comes from energy in

mechanical form. To answer this question, it is natural to attempt to

replace the real process by a succession of two elementary processes

with acoustic energy fluxes A1 and A2 such that A1 + A2 = A7. It is

easy to perceive that if the quantity 6p in the portion where the first

elementary process takes place is maintained constant at a value 6 p2 ,

and if 6v varies from 6v, to 6v2, while at the same time in the next

section the quantity 6v = 6vI is conserved while 6p varies from 6p, to

6P2 , then, as can be seen from (13.1), A. assumes the required value.

However, a more attentive analysis of the question shows that the prob-

lem is not uniquely solved. Indeed, it is possible to obtain one and

the same summary effect (a value of acoustic ene'rgy flux equal to Az)

by taking two different sequences of elementary processes: the one de-

scribed above or its inverse (i.e., first change the variation of pres-

sure 6p, and then the variation of velocity 6v). Although the summary

acoustic energy flux A. radiated by the region will be the same in

both cases, its components A1 and A2 will change.

A way out of this situation is possible by approximating the fic-

titious schemes to the real ones. Actually, during the course of heat

supply the changes in velocity and pressure occur simultaneously. It

is therefore natural to break down the entire process into a set of

alternating elementary processes.

41. In the case under consideration one can apply to the flow inside
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the region of heat supply a the usual laws of hydraulics, and there-

fore the continuity equation and the momentum equation can be written

in the form
+P" (Pa .+ gOv) - e"o

The quantities without subscripts characterize the flow parameter

at a certain section inside a. On the right-hand boundary of the re-

gion a they reach the values P2 1 v2, and P2. From the last equation it

is seen that the pressure 2 and the velocity v are linearly related

and consequently if 2 changes from pl to P2 and v changes from v1 to

v2 , then equal fractions in the change of 2 correspond to equal frac-

tions in the change of v. In other words, when the pressure 2 at a

certain section inside a reaches a value

P = P, + o (PS - PI) (0 < 0 < 1),

then the velocity v reaches at the same section the value
V u1 +0 (vo-o•

The last two relations are linear with respect to J2 and v, so

that they hold true also for the variations of the pressure 6p and the

velocity -v at a certain cross section inside a: if

6p - 6p, + 0 (6pt - pI,).
then (0 < 0 < 1). (13.3)

6v - 6v, + 0 (6u,- 6uj)

:f we ,or. these foQu-.s.3 with (1!.11) we readily see that

equal fractions of the variation in 6E correspond to equal fractions

of the variation in 6X. This enables us to construct that sequence

of the two elementary processes which coincides in the limit with the

actual process that occurs in the heat-supply-region a.

Figure 21 shows a scheme of such a proce s. Let us break down the

entire zone a into a set of successive sections. The bobundais OfQt t a

region a will be the sections 1 and 2n. (It Is noe'. con ves"t'to -
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ignate the right-hand boundary section of the region a not by 2, but

by 2n.) Assume that on going over from section 1 to section 2n the

variations of the pressure and velocity, 6p and 6v, change by the fol-

lowing amounts:
U6p - 8p,.* - Opt,
A v I - Op1.

I II

'1111_________

Fig. 21. Scheme showing the al-
ternation of the elementary
processes in the zone a.

Let us break up the process between sections 1 and 2n into 2n al-

ternating elementary processes, of which n constitutes identical veloc-

ity variations only, and the other n pressure variations only.

For the first type of elementary processes we can write

a•' -a-1-| - •- ---•-1-E. (i - 2, 4, 6, .., (13.41)

and for the second type

6P..'-, pm 1 a (i - 2, 4,6...). (13..5)

It is seen from the presented formulas that in each passage

through the introduced fictitious surfaces a change takes place in 6v

or in 6p by a fraction amounting to 1/n of the total change.

Consequently, the requirement that equal fractions of the change

in 6p correspond to equal fractions of the change in 6v [see Condi-

tions (13.3)] will be satisfied here for any arbitrary section with an

error not exceeding 1/n parts of the total change in 6v and 6p. As
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n - this error will tend to zero, and the fictitious process will

approach in the limit to the real one.

Let us find the values of the components of the total acoustic

energy flux, A1 and A2 [see Formulas (12.1) and (12.6)]:

~T

A, 6R6 pd + 6j%6o di + ... +
+ 6'g 86P~..., ds]

As.[ 6X5 6vuldt + 6X, 8vt di++ +

7

+ a 6u.8,.dt].

If we recognize that

6p, - 6p4, 6U4 -6au,

and in addition

6)p - - g a, .\"., 6, aut + 6• .,

64 - 6P,4 + 6X4 ,, 6V .6 .+6E,,
........... ........

then the expressions for A1 and A2 are written in the form

1 .~ [t 6E, 6pl d*+ t (P+6id+.

Al r- 6. (6p, + 6 XE) dg + .+ X 2P.. +6p. + Pt,- •)dx.,,
T

As Tr I 6X, (6v,-+ 6EJ t+

T T"

By grouping the terms in suitable manner we obtain

As
"tT {I €.aO.P,,+[+1+3+....,.,, x)a,
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Recalling the well-known formula

1• +2+3+... +n. ! ,

we obtain the limit as n- a, taking (13.4) and (13.5) into account,

the following final expressions for A1 and A2 :

T1 j I (13.6)
T

112 gX(Pi6X~vi± !5.5jI6E dt

In analogy with the manner whereby (11.4) was reduced to the form (11.6),

the expressions obtained can be written also in the form of scalar

products

Al 2 6(13.7)

As expected the sum A1 + A2 yields an expression coinciding with that

obtained for Az directly [Expression (13.2)].

Formulas (13.6) and (13.7) enable us to determine not only the

total amount of acoustic energy A. radiated by the heat-supply region,

but also to separate the fractions A1 and A2 connected with two inde-

pendent energy sources which feed the oscillating system.

'Comparing Formulas (13.7) with Expressions (12.3) and (12.8) which

were derived previously and which are valid for the elementary proc-

esses, it must be emphasized that in the general case the value of A1

depends not only on the absolute values of 6r, 6-i and on the phase

shift between them. Even if A2 = 0 and the energy of the acoustic os-

cillations is thus drawn only from the thermal source, its value de-

pends also on 6X, i.e., on the variation of the resistance. The reason

for it is that when 8X V 0 the value of 6p, which is essential for the

[. drawing of energy from the thermal source, varies along a. Therefore
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the phase shift between 6E and the value of 6p in the left boundary

section of the region a can no longer determine the character of the

entire process. But in this case the various excitation criteria, such

as the Rayleigh criterion, which state that a certain phase shift is

essential between the pressure and the heat supply etc., lose their

meaning, since the value of 6p (including also the phase of 6p) varies

over the length of the zone a, and the very concept of the phase of 6p

as a certain general characteristic of the zone a as a whole becomes

meaningless. Perfectly similar arguments can be advanced also for the

casa A2 p 0, A1 = 0.

To conclude the analysis of the question of the energy imparted

to the oscillating system in the general case, it would be necessary

to plot stability diagrams similar to those given in the preceding sec-

tion. In addition; it is useful to estimate the relative significance

of each of the two energy sources feeding the oscillating system. How-

ever, these two questions are best considered after a method is pre-

sented for the actual determination of the quantities 6E, 6X, and 6S

and after considering the question of in which cases the rather com-

plicated physical and chemical processes occurring inside the heat-

supply zone can be described with the aid of these three dimensionless

parameters.

§14. Excitation of Oscillating System by Entropy Waves

In addition to perturbations of velocity and pressure, which are

unified by the concept of acoustic perturbations, the stream can also

transport entropy waves. In the cases when the oscillations in the sys-

tem have a harmonic character, the entropy perturbations carried by

the stream have the form of sinusoidal waves, as was shown in the sec-

ond chapter. 0

Entropy perturbations in themselves cannot act in any manner on
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the acoustic oscillations. They can, however, cause the occurrence of

acoustic oscillations in those cases when the entropy waves interact
on certain surfaces with the pressure or velocity perturbations.* Let

us explain the foregoing by means of an example. Assume that in some

region the tube through which the gas flows ceases to be cylindrical

and experiences a rather steep constriction, which furthermore is such

that the stream flows in the minimal cross section with the velocity

of sound. Let us adopt the steady-state hypothesis. We shall assume

that during the time that an element of the fluid crosses the con-

striction region neither the pressure nor the velocity change prior to

entering the indicated region, and the stream can be regarded as isen-

tropic in the vicinity of this region during the same time interval.

The foregoing means that the period of the acoustic oscillations is

large compared with the time of motion of the elementary volume of the

liquid along the constriction region, and the length of the entropy

wave carried by the stream is large compared with the length of the

constriction region. If we assume this hypothesis, then, in accordance

with the known laws o! gasdynamics, the ratio of the stream velocity

to the local velocity of sound in the initial cross section of the con-

striction region will remain constant during the entire time of the

oscillations. This condition can be assumed, in particular, as the

boundary condition for the cylindrical portion of the tube, if the

tube has a strong constriction in the region of the outlet end.

Thus, assume that in a certain section (say, the end section) of

the tube the following condition is satisfied

sA - + -cono. ( 1J4 .1)

From this we obtain immediate-ly the equation

10
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Using Formulas (4.1), (4.2), and (4.9), we can easily write down

the relation obtained in the following form:

2 ;'- M-; - M (,x - 1)•,., 0. ( 14.2)

Condition (14.2) can almost always be replaced by the approximate

condition
2 - .4 6 0, ( 1 4 .3 )

inasmuch as the coefficient of p is small for ordinary flows.

Let us find the flux of acoustic energy A" in the end section
r

=±pvd. (14.4)

In accordance with Condition (14.3) and taking into account Formulas

(14.1) and (4.8) we have here

2ep (14.5)

Let

Then
"*1T

A'--Te Cpst=•p~oes (14. 6)

Thus, the sign of A" depends on *, i.e., on the phase shift between

the pressure and entropy oscillations in the vicinity of the critical

constriction of the stream. When 1*1 < w/2 we have A" > 0, in other

words the acoustic energy moves toward the outlet section and conse-

quently acoustic energy is absorbed in the vicinity of the constric-

tion. When 7r/2 < * < it we have A" < 0, and the acoustic energy moves

from the end section toward the center of the tube, i.e., energy is

generated in the vicinity of the outlet end.

The physical process of generation of acoustic waves is the con- C
sequence of the periodic "blocking" of the nozzle by a gas stream thft
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has a wave-like temperature (entropy) distribution along the flow axis.

Other conditions being equal, the magnitude of the average flux of

acoustic energy A" increases in proportion to A., i.e., it increases

with increasing amplitude of entropy oscillation. Entropy oscillations

of any appreciable value are conceivable only as the result of oscil-

lating heat supply in the combustion zone. Consequently, in the ab-

sence of heat supply, the excitation conditions should depend very lit-

tle on the conditions at the outlet end.

In the example considered here, the excitation of the acoustic

oscilltions by entropy waves took place only because there existed a

certath-trosssection of the tube, in which the maintenance of a con-

stant ý'4lue 6f the ratio v/a required ant oscillating variation of v,

inasmntf2v the -loc'l,ývelocity "of sound a (uniquely related with the

local"value of the temperature) had a harmonic component. The entropy

waves passing through this cross section brought into being, as it

were, perturbations in the stream velocity, i.e., acoustic oscilla-

tions. In other cases the processes that lead to a similar connection

between the i waves and the p and v waves can be different, but this

will always be some physical phenomenon in which the change in the en-

tropy is connected with a change in the velocity or pressure or both.

Inasmuch as in the linear formulation of the problem in the one-dlmen-

sional flow itself there occurs no interaction whatever between the

acoustic oscillations and the entropy waves (this is seen, in particu-

lar, from Eq. (4.4)], the realization of such interaction is possible

only in the heat-supply zone or at the ends of the tube (or in other

*rose seotions where thie gas stream eaperiencee soeeo external action).

Thus, the entropy waves are capable of exciting acoustic oscilla-

0 tions not directly but only indirectly.

One Qf the methods of constricting the flow, such as was consid-
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ered above, is to Install a LAval nozzle at the outlet of the tube.

The deduction obtained above shows that if gas with periodically vary.

ing temperature enters into the nozzle, this may excite acoustic os-

cillations. It doesn't follow at all from the foregoing that the Laval

nossle always contributes to the ooour•zenoe of instability. To the

contrary, under ordinary conditions (in isentropic flow) it serves as

a weak damper for the acoustic oscillations. Indeed, let us put - 0.

It then follows from (14.2) that

T- - p.

According to Formula (14.4) this yields

The expression obtained is always positive. This indicates that

the flux of acoustic energy A" always flows toward the nozzle, i.e.,

from the tube into the outer space, this indicating that the Laval

nozzle has damping properties.

In conclusion we must point out that the generation of acoustic

energy in the outlet section at the expense of the entropy waves which

were produced, for example, in the heat-supply zone and were then car-

ried by the stream to the outlet end presupposes that the produced

entropy waves do not vanish and do not become smooth during the time

that they move from the heat-supply region to the outlet end of the

tube. This corresponds fully to the properties of one-dimensional flow

of an ideal gas. Actually, however, in the flow of a viscous and heat-

conducting gas, the entropy waves will become smoothed out and vanish

as they move through the tube. It is Important to note here that while

taking account of viscosity and thermal conductivity Influenoe wry

little the acoustic properties of the flow, the WInuesee of tieoOty (
and thermal conductivity on the propagation of the entr• WILws 5



much moeg appreciable. It is therefore not excluded that if the heat-

supply zone is located very far away from the outlet end of the tube,

{the effect described above, whereby acoustic oscillations are excited

by interaction between the entropy waves and the end section, will not

be observed at all.

Manu-

script (Footnotes]
Page

No.

72 The term mechanism is used very broadly both here and below.
It is usually used to refer to a number of physical pro-
cesses which are linked by a causal relationship.

73 *Rayleigh, Teoriya zvuka [The Theory of Sound], Gostekhizdat
[State Publishing House for Theoretical and Technical Liter-
ature], 1955, page 220.

73 **Ibid, page 219.

74 *I.e., excitation of acoustical oscillations (B.R.).

74 **Ibid, page 227.

74 ***Putnam, A.A., Dennis, W.R., Trans. ASME 75, No. 1, 15 (1953).
Russian translation: Putnem, A., Dennis U., Issledovaniye
vibratsionnogo goreniya v gorelkakh (Investigation of Vibra-
tional Heating in Jets], Voprosy raketnoy tekhniki [Problems
of Rocket Technology], No. 5 (23), 1954.

76 Abramovich, 0.MN., Prikladnaya gazovaya dinamika [Applied
Gasdynamics], Gosudarstvennoye izdatel'stvo tekhnikoteoret-
icheskoy literatury [State Publishing House for Technical
and Theoretical Literature], 1953.

80 Here and below, thermal quantities are expressed in mechan-
ical units, so that it becomes urmecessary to use dimen-
sional constants in the formulas.

106 This section is somewhat beyond the scope of the chapter. It
is included here because the problem of which it treats is
solved by the energy method.
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Chapter 4

THEORETICAL IDEALIZATION OF THE PROCESSES

IN THE COMBUSTION ZONE

115. Change in Perturbations on Crossing the Combustion Region

In considering the excitation of acoustic oscillations by means

of heat supply in the preceding chapter, three assumptions were made:

it was assumed that the stationary heat-supply zone has a small length

compared with the wavelength of the excited oscillations, that the

heat supply process is one-dimensional, and that the steady-state hy-

pothesis is applicable to the processes inside the heat supply region.

These assumptions cannot appear to be too artificial for phenom-

ena such as, for example, the excitation of sound in a Rijke tube with

the aid of a heated grid. However, when we consider the excitation of

acoustic oscillations by means of a flame, all these assumptions cease

to be obvious.

The last two assumptions, namely one-dimensionality of the heat

supply process and the steady-state hypothesis, become in the majority

of cases simply erroneous. As regards the first assumption, namely

that the length of the heat-supply zone is small, it must be used with

certain caution. In view of the foregoing, the derivations obtained in

the preceding chapter are valid only for a relatively narrow class of

phenomena.

The task of the present chapter is to develop a scheme for the

theoretical idealization of the processes in the combustion zone, a

scheme free of the limiting assumsptions of the preceding chapter, and
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the extension of the previously obtained deductions to include this

general case.

..- ' V

Fig. 22. Theoretical idealization
of the flow in a tube in the pres-
ence of heating in the region a.

Of all the assumptions made above, we retain only one, namely we

assume that the length of the combustion zone a is small compared with

the length of the tube L (Fig. 22). We shall make this assumption more

precise in the sense that when we speak of the smallness of a we have

in mind not the entire combustion zone, but only that part in which

noticeable fluctuations in the heat supply occur. Usually this zone

corresponds to the initial portion of the combustion region. It Is

possible for a small amount of heat to be released in the initial por-

tion when averaged over the period, yet the oscillatory component of

the heat release may be appreciable. This is natural, since the initial

portions of the combustion region, where the combustion has not yet

fully developed, are particularly sensitive to fluctuations in the

parameters of the fuel mixture that is fed to the combustion region.

In addition, in the initial portions of the combustion region if lo-

cated the flame front, which can vary in position, etc. As regards the

portions located at a certain distance from the flame fPont, deep Iso

side the combustion region, the oso4l2&tjAns in the heat supply ae 9
ioh less intense, although a noticeale release of heat -may ooow thee.



Consequently, when speaking of the combustion zone a, we shall

always bear in mind that we are referring only to that part of tha

, heat-supply region which is characterized by considerable oscillations

of the heat supply. The remaining part of this region will be called

the afterbuzn sone, whioh will be defined in a sense different from

the ordinary. In the cases under consideration, a noticeable fraction

of the total amount of heat supplied to the gas in the combustion cham-

ber may be released in the afterburn zone.

We shall thus assume the length of the zone a to be small com-

pared with the total length of the tube L, but we shall not neglect

the nonstationary and volume (three-dimensional) character of the proc-

esses that occur in it. As regards the portions L1 and L2 to the left

and to the right of a, we shall continue to assume that the propaga-

tion in them occurs in one-dimensional fashion and is described by the

expressions obtained in the second chapter. We add merely that along

the portion L2 (hot gas) the afterburn may actually cause a change in

the temperature and in the average stream velocity.

In order to use the simple formulas of the second chapter, we

shall average the temperature and the stream velocity over the portion

L2 . An estimate has shown that this cannot greatly influence the re-

sults of the calculations.

The scheme adopted for the phenomenon raises great difficulties

in the analytical investigation of the acoustic oscillations in the

tube. The basis of these difficulties is that the process in portions

L1 and L2 is one-dimensional and is described by the acoustic equa-

tions, whereas inside the short zone a it becomes necessary to take

into account the three-dimensionality of the combustion process and a

whole series of complicated physical and chemical laws that are typical

of combustion. The son* a not only divides the entire stream into two
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,:c.tlons, but appreciably changes the character of the acoustic per-

ýý;bations in the regions to the left and to the right of this zone. C

A clear-cut idea of this role of the zone a can be obtained by

considering the motion of some single acoustic impulse along the tube

L. Let such an impulse move over the portion L, to the right. After

reaching the zone a and entering into interaction with the combustion

process, this impulse is partially reflected and moves to the left

through portion L, , and partially passes through the zone a. However,

the impulse entering into the portion L2 will differ in phase and in

amplitude from the impulse that gave rise to it.

As can be seen from the statements made here, the zone a is a re-

gion in which the acoustic perturbations become transformed. If the

character of this transformation is known beforehand for some reason,

then the calculation can be carried out by directly relating the acous-

tic perturbations on the boundary planes F1 and F2 (see Fig. 22), with-

out being concerned with the details of the phenomena that occur within

a. In order not to introduce thereby any distortions in the acoustic

properties of the system, which depend on the total length of the tube

L, we considerably lengthen the portions L1 and L. This argument leads

to the theoretical scheme shown in the lower part of Fig. 22. The en-

tire tube is divided into two parts not by the short zone a, but by

the plane Z. The perturbations of flow on the left side of the plane Z

coincide with the perturbations on Fl, while the perturbations on the

right side of the plane 2 correspond with the corresponding quantities

on F2. Inasmuch as the amplitudes and phases of like perturbations on

F and F2 do not generally speaking coincide, the fictitious plane Z

must be attributed the properties of a surface with strong discontLna-

ities in the gaudynamic flow parmters. With such an idealization of C
the processes in the tube, these paramters will be one-dizisional
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throughout and will obey the acoustic laws. On the other hand, the

properties of the plane Z must still be determined. One must not think

that the introduction of the plane Z in lieu of the zone a greatly dis-

torts the entire pattern of the phenomenon, inasmuch as the rather com-

plicated combustion process which occurs within a certain volume is

replaced by an instantaneous heat supply on the plane Z. It would be

more correct to use a different representation. The zone a is "ex-

tracted" as it were from the stream and is investigated in detail sep-

arately. Once its properties become clear, i.e., once the connection

between the parameters on F1 and F2 become clear, these properties are

formally assigned to the left and right sides of the plane Z.

In introducing in place of the real combustion zone a a strong-

discontinuity surface Z, we must, of course, attribute to this surface

all the essential properties of the heat-supply zone a. The introduc-

tion of a discontinuity surface in place of an extended heat-supply

zone is a measure which is used by almost all authors engaged in the

study of the process of thermal excitation of sound. As regards the

properties of the introduced surface Z, they are usually formulated

incorrectly, something that has led to distortions in the results of

the investigation. We shall therefore present a rigorous derivation of

the properties that must be ascribed to the surface Z, and for this

purpose we obtain the connection between the flow parameters on the

planes F1 and F2.

We determine first of all the boundaries of the region a. We de-

fine the combustion zone as a certain volume V, contained between two

stationary planes normal to the tube axis, inside which the combustion

process takes place. The length of the combustion zone a must be taken

here with allowance not only for the possible curvature of the flame

front, but also with account of the oscillati.ons of the fron: w"th
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time, namely, the flame surface must not crose the boundaries of the

volume V in any of their positions.

Inasmuch as the process outside the combustion zone V is assumed

to be one-dimensional, such an assumption must be made also with re-

spect to the character of flow in the sections boundIng the vol@ e V.

Consequently, the combustion zone can have a somewhat greater length

than the distance between the extreme positions of the surface of the

flame, attained as the result of the oscillations.

As was shown in the second chapter, the process of propagation of

the perturbations is described by three variables which depend on the

coordinates and on the time. Therefore, in order to "Join together"

the perturbations that propagate to 'he left and to the right of the

combustion zone it is necessary to find three independent connections

between the perturbations on the left and on the right of V. To formu-

late these connections it is advantageous to use the conservation laws.

Let us use the equations for the mass, momentum, and energy flumes in

the form presented in the textbook of L. Landau and Ye. Ilfshits,*

supplementing these equations with several new terms.

First, the energy flux equation must be written with account of
the chemical energy q per unit mass of combustible mixture. A ohm*e

in the value of q upon crossing the zone a indicates that part of this

energy has been converted into thermal form as the result of the com-

bustion process.

Second, in the heat-supply zone a there can be located sourees of

mass, momentum, or energy. Sources of mass can exist, for ex"VSle, in

the form of a system of nozzles which supply the fuel, if thece asa.

zles are located not ahead of the ombustion zone but within It. -su.

ally, however, the combustible mixture is prepared ahead of t"r Q4S 9
bustion zone, so that there is no real source of mass in.g 1""90
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Even in those oases when a source mass of this type is located in the

combustion zone, it can usually be neglected. Therefore, writing down

) for the sake of generality the corresponding term M' in the equation

for the mass flux, we shall henceforth set M' = 0 almost everywhere in

this book. In order for this statement not to cause misunderstanding,

we point out that the condition M' = 0 reflects sufficiently accu-

rately the processes involved when fuel is consumed in air. In the

analysis of the operation of liquid-fuel Jet engines it would be in-

correct to set M' = 0. In the theory of liquid-fuel jet engines it is

customary to neglect the volume occupied by the fuel in the liquid

phase. Consequently, the most natural idealization of the combustion

process in such engines is the following scheme. The drops of liquid

move through the gas medium up to a certain cross section of the com-

bustion chamber, where they are instantaneously converted into gas

(are consumed). Consequently, in this cross section there is a power-

ful source of gases (mass source). This is analogous to the case when

nozzles feeding fuel to the air are situated in the combustion zone,

but unlike this case, what is fed through the nozzles in liquid-fuel

Jet engines is not a small fraction of the mass entering the combus-

tion zone, but the entire mass. Inasmuch as a detailed analysis of the

work of liquid-fuel Jet engines is not the purpose of the present re-

search, we shall assume everywhere (except in the corresponding sec-

tion of Chapter 10) that M' - 0.

With respect to the source of momentum located inside the zone c,

the following remarks can be made. The presence of such a source is

perfeotly probable. It can be Imagined in the form of a certain re-

sistance 1', which various structural elements (for example, stabil-

izers), situated in the combustion chamber, present to the stream.

S----2e the aer@od..a•&.• forces that Le a•:..e. "c ".hoss :-s-'e- .:n
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elements do not perform external work, it can be stated that such a

momentum source is not a source of energy (the resistances merely

change the ratio of the amounts of mechanical and thermal energy trans-

ported by the stream, but do not charge their sum). As regards the

source of thermal energy Q', which is taken into account when writing

down the equation for the energy flux, we shall agree to take it to

mean the heat supply not connected with combustion, for example, the

heat supply delivered by heated grids in a Rijke tube, etc., or else

the heat supply from fuel introduced directly into the volume V, by-

passing its boundaries.

We shall agree also not to distinguish henceforth between the

concepts "source" and "sink" (the latter will be regarded as a nega-

tive source).

Taking into account the remarks made above, the conservation laws

for the mass, momentum, and energy can be written in the following form:

edf .- W QdV+'M',

w V + (15.1)

QV '.C -' Q( +c.T+q)dV+Q'.

Here the vector d? corresponding to the elementary area df of the

surface bounding the volume V is directed along the outward normal to

the surface, while the momentum flux density tensor is defined by the

expression

where 61k is a unit tensor. The integrals in the left halves of (15.1)

are taken over the stationary surface bounding the combustion sone V.

Usually these surface integrals are eay to oaloulate. Let the

stream axis coincide with the 3 axis, and let the combustion o, beI a

cylindrical, cut out of the over-all Vime by the stat$orwy planes
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P1 and 12 (ass Fig. 22). According to the condition agreed upon above,

the flow In the sections P1 and P1 is one-dimensional. Consequently,

Son the surfaces bounding the volume V (the planes V1 and F2 and the

lateral surface of the cylinder), the only velocity component that dif-

fers from zero is v.. But then the integrals over the surface bounding

the region V reduce to a difference between the integrals over the

planes F. and F2 .

Introducing the indices "unity" for the stream parameters on F1

(cold stream) and the indices "two" for the stream parameters on F2

(hot stream), we obtain with allowance for the fact that by virtue of

the assumed cylindrical form of the combustion zone the areas of sec-

tions Pl and F2 are equal to each other:

Qlvs t - QII18QdV+M,.

QA+P,- ÷,-- 4. I .dV + P1,

Q,:+,! Qa 7' + Pxq~Ud+, (15.2

O! (+,+c -r-q)dV+Q*,

V

where

p.
"7";

F is the area of the cross section of the chamber.

In the general case, by virtue of the incompleteness of the com-

bustion process, q2 ,i 0. Let us introduce the concept of instantaneous

effective completeness of combustion

quufLJ.(15.3)

It is easy to see that in the case of a stationary process or

()when V- 0 the introduced definition of Yjag coincides with the custom-
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ay definition of completeness of combustion.

In nonstationary combustion, Expression (15.3) does not have such

a simple physical meaning, since the consumed portion of the fuel mix-

ture crossing the plane F2 could have a different calorific value priaor

to combustion (in view of the fluotuations in g) from the mixture

crossing the plane F1 during the same instant.

Using Formula (15.3) and the first equation of (15.2), we can re-

write the last equation of the system (15.2) in tVe form

Q~j (! I + e,.,'r) v (Q1V + cps ri + 4~W 91) +

(here M* = 0).

Following the customary method, we linearize the obtained system

of equations. As a result we have

Q....V, + V'.601 - Q601 + JV6Q, - 1r dV + 6,1, ,
V

2 . 6- i- 6p , -2 0,v, 6 v, + vs be, + 6p , -

(.• QV, .+ QCT,-I- Q9,), iv, + (5 5.)

Q(+S + ;qg) TI + Cp3 +

(~+ uac,,,Tg + os,,) 6Qj + cps1 Q1v1T +

e~v6~-.,.$G(CWT+q)dV+a*Q"

If we write the last equation or the system (15.2) in the form

(15.4), then the corresponding equation of the system (15.5) amisls

the form

(,u+ e'cpT)a. +. + V.,T,) 6% + c.,v,

+(, Ch ,, + OT,+ 4^91 6÷ +

+ce~~-•+u~.b~ O~bi



+q,(t-hlr), Fldv)ir- r, ,, +q)dv+r. (15.6)

Using Relations (4.8), we reduce the system of equations (15.5)

to a dimensionless form, and we set in the first equation 6M* = 0,

while the last equation of this system is written in the form (15.6).

Taking into account the fact that according to (4.9) we have W = - -

and that for the unperturbed flow the partial derivatives with respect

to the time of the integrals in the right halves of (15.2) vanish, we

obtain the following system*:

ji- VIJ
1

2v [ f, •- ( , - ., , ',,• l,. 11•

(3,± _ ,,,,i+ (A:p+_-, ) ,_i;.= (15.7)

+ Q, (+'ic. + q+2x , 2,I,:j.

Here

-,• 
8'- . ,

- 0+14- QdV,
7- (15.8)

-9a't. -ac dV'

In these formulas p1' Vl, •s•" and ql correspond to the unper,

turbed prooesst no additional subscripts am's used to denote the param-

eters of the stationary flow.

The terms Is* and "4* in the system (15.7) will as a rule be left

out, since the former does not play a noticeable role in the vibration-
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combustion process, while the latter (which corresponds to heat supply

not connected with the crossing of the boundaries of the region V by

the fuel) appears only in special cases (excitation of oscillations by

means of heated grids, introduction or fuel directly into the combus-

tion zone).

The quantity Q0= 2%sgq 1 /a2 which enters into the third equation

of the system (15.7) is not independent. It is determined completely

by specifying the flow parameters to the left and to the right of a.

For steady-state flow we can write the third equation of the system

(15.2) with Q* = 0 in the form

After dividing both halves of the equation by pv3l/2 and taking into

account the fact that p/pv2 = l/ic 2 , we obtain immediately

S2 (15.9)

The quantity n = a2 /a 1 can be determined (for P*x = 0 and M* = 0) from

the first equations of (15.2) for a steady-state stream:

I
n=- + . (15.10)

Thus, using Formulas (15.9) and (15.10), we can represent all the

coefficients of the system (15.7) as functions of M1 and M., which are

the Mach numbers of the stationary flow to the left and to the right

of a.

The system of equations (15.7), like the initial system (15.1),

is valid not only for a combustion zone of short range, but for any

portion of the flow, as large as desired. The assumption Introduced

above that the combustion zone is small in extent is essential because

of the following considerations. As was already mentioned, in the un-t
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perturbed flow l - J2 - 73 - 0. 3n a perturbed flow these quantities

are generally speaking different from zero and depend on the distribu-

U tion of the perturbations of p, v, and T over the volume V. under con-

sideration. The perturbations of these parameters can be connected

both with acoustic processes and with the combustion process. If the

share of the former is negligibly small, then the quantities '1, 72?

and 73 in Eqs. (15.7) depend only on the combustion process. This cir-

cumstance is exceedingly important, for only in the 1ltter case can we

carry out the hypothetical operation of "extracting" the zone a from

the tube L, an operation necessary in order to interrelate the flow

parameters on the boundaries of a. After all, this connection must be

the same for all types of acoustic perturbations and for all frequen-

cies, which are determined (depending on the properties of the por-

tions Ll and L2 ) only after the properties of the zone a have already

been formulated.

Consequently, the short length of the zone a must be understood

as short compared with the wavelengths of the acoustic perturbations.

The idealization measure adopted here ceases to be valid for very

short waves corresponding to the higher harmonics. However, this cir-

cumstance does not limit essentially the applicability of the developed

method, since the higher harmonics are usually not excited.

In those cases when the heat-supply zone in which considerable

oscillations occur in the heat release is large compared with the

wavelength of the perturbation, we can introduce several discontinuity

surfaces X, corresponding to fractions of the zone a and suitably

spaced relative to one another. Such a measure is applicable in the

case when the oscillations of the heat release occur not within one

short zone, but in two or three zones, which are separated a consider-

able distance apart.
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SP-.operwies of the Heat-Supply Plane Z

It is obvious that the properties essential for the excitation of

acoustic oscillations should be the same in the plane Z and in the

zone a. These properties have been written out above in the form of

the system (15.7), which relates the flow param•t• s 1, f, and I on

the two sides of the strong-discontinuity surface X. Glancing at the

system of equations (15.7) we can easily verify that the fictitious

strong-discontinuity surface Z, which was introduced in lieu of the

zone a, has special qualities.

A distinguishing feature of this discontinuity surface is that in

all three equations describing its properties there are contained

along with the variables p, v, and I the quantities 7., -2 and -3, "4

•s"gI and ql" If we recall that the first equation of (15.7) expresses

the law of mass conservation, the second the law of momentum conserva-

tion, and the third the law of energy conservation, we must assume

that on the discontinuity surface Z there are located sources of mass,

momentum, and energy even when M* = = - = 0.

Indeed, inasmuch as the zone a is reduced to the plane Z, the

quantities ':1, ":2, and "3 can no longer be treated as derivatives of

integrals over the volume V, since this volume is equal to zero; they

must be regarded as intensities of sources situated on X.

This becomes most readily understandable if we turn to the initial

system of equations, written in the form (15.2). We put

1~ 1& jgdV.

Then the continuity equation assumes the form

Q2Vi - 2101 + It.

If we recognize that in a flow scheme with a discontinuity Mur. 0

face X the quantities p, and v, pertain to the left siLde,-of .t-e s-
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face while P2 and v2 pertain to the right side, then 31 can be regarded

only as the intensity of a mass source located on Z. Perfectly analog-

ous reasoning can be applied also to the other two equations.

Consequently, although there may actually be no sources of mass

and momentum inside the combustion zone, they must be introduced for

the fictitious discontinuity surface Z, in order to retain, the essen-

tial properties of this zone. The character of these fictitious sources

11, "2, and" 3 are determined uniquely by Formulas (15.8), i.e., by

the real process inside the combustion-zone volume V.

Thus, a combustion zone of short length, with a process that is

as complicated as desired occurring within it, can always be replaced

by a stationary strong-discontinuity surface Z provided that one lo-

cates on this surface fictitious sources of mass, momentum, and energy

of the necessary intensity. It is easy to see that this will include

all possible types of oscillations in the tube. Indeed, by specifying

in arbitrary fashion the values of 7, ", and T on both sides of Z we

can, as can be seen from the system (15.7), relate them without violat-

ing the three principal conservation laws, by choosing the correspond-

ing values of the dimensionless intensities of the mass, momentum, and

energy sources.

The following remarks must be made. The components of all the

sources are divided into fictitious ones and real ones. As already men-

tioned, a real mass source can be fuel 'introduced in the combustion

zone into the air stream, and a real momentum source can be the resist-

ance of the stabilizers, the prechambers, and other devices which

oan be located in the combustion sone. However, usually these compo-ý

nents can be neglected. Therefore in many cases it is stated in this

book that there are no real mass and momentum sources in the heat-

supply zone.
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With respect to the energy sources, this cannot be said, for the

combustion zone yields a powerful real source of heat. Let us consider

therefora the flux of thermal energy generated by sources located in-

side the region a in greater detail. It can be broken up into a real

oomponent and a fictitious one. If we confine ourselves only to per-

turbations of the energy flux, then the real component should be 0 ,

which is the perturbation of the heat supply which is not connected

with the crossing of the combustion-region boundaries by the fuel, the

sum QI[(1/M,)'V + Pl - I1), which is the heat-supply perturbation due

to the change in the mass of the combustible mixture fed into the com-

bustion zone through its boundaries, and Ql(%sg +7jl), which is the

heat-supply perturbation due to fluctuations in the completeness of

combustion and the calorific value of the combustible mixture. All

these components can be combined, writing

23Q ? + Q, i v, + P, --$)0q +, qa-). (16.1)

The term 2M3 in (15.7) yields a fictitious energy source (Just
1 3

like 'I and '2 are fictitious sources of mass and momentum), which is

introduced only in order to retain the essential properties of the ex-

tended combustion zone after it is reduced to a discontinuity surface

Z. It must be kept in mind here that unlike ', the energy connected

with the fictitious component 73 can have not only thermal form, but

also mechanical or chemical, which follows, in particular, from the

expression (15.8) for 73"

Let us make one more almost self-evident remark. The concept "en-

ergy source" is given here a different meaning than in the preceding

chapter, in which we investigated energy sources feeding a self-

oscillating system. Here we are speaking of the supply of energy to

the heat-supply zone independently of whether this energy Is expended 0
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on the excitation of acoustic oscillations, on heating, or in some

other manner. In addition, as can be seen from the formulas for 1 and

3 0 3 we are speaking only of the time-varying component of the energy

source. The latter must always be kept in mind, inasmuch as a consider-

able time-invariant component of the heat supply exists in the combus-

tion zone.

Tnus, by replacing the real combustion zone a with a strong-

discontinuity surface Z, we must assign the latter the same value of

the dimensionless perturbation in the external heat supply l that

characterizes the zone a (1*x is assumed negligibly small), and in ad-

dition it is necessary to assume that fictitious mass, momentum, and

energy sources with dimensionless intensities 1,2, and 73 are situ-

ated on the surface Z.

The physical meaning of the quantities '1' '32' and 3 is suffi-

ciently evident. Let us consider, for example, 71. Inasmuch as the com-

bustion zone actually has a definite length, and inasmuch as the posi-

tion of the flame front in this zone can vary, the amounts of hot and

cold gases in this zone will not be invariant. Consequently, the in-

stantaneous values of the mass flows at the inlet to the combustion

zone and at the outlet from it may not coincide, although when averaged

over the cycle they do coincide in the case of steady-state oscilla-

tions. This is equivalent to the existence of fictitious mass sources

on the plane Z with oscillating flow, which is equal to zero when av-

eraged (over the cycle). Perfectly analogous arguments can be advanced

also for 72 and :3 The values of the momentum and energy contained in

the volume V can also fluotuate here, and when the volume V is reduced

to the plane Z this makes it necessary to assume the existence on Z of

fictitious sources of momentum and energy with zero average (over the

cycle) flow.
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The quantities A, 7x, 73' 12, 73 which enter Into the system ot

equations (15.7) and which characterize the process of nonstatioryX

heat supply can be determined only after the pattern of the process

inside the combustion zone is specified. This is usually the main dif-

ficulty and calls for the setting up of a whole series of precise ex-

periments, for example, high-speed motion-picture photography of the

combustion zone with simultaneous inertialess recording of the oscil-

lations of the gas-flow parameters. Sometimes a particular theoretical

scheme is assumed for the vibration-combustion process; and this scheme

must be investigated; in this case the determination of all the neces-

sary quantities by means of Pormulas (15.8) is simpler.

Let us consider several very simple cases, which enable us to il-

lustrate the use of the formulas derived in the preceding section, and

in addition enable us to disclose some interesting properties of the

heat-supply zone. We turn first to two limiting cases which enable us

to pay attention to one circumstance of principal importance. We in-

vestigate, on the one hand, the supply of heat when the stream crosses

a stationary plane normal to the flow axis, and on the other hand the

supply of heat when an infinitesimally thin flame front, also normal

to the flow axis but vibrating freely together with the stream, crosses

the plane.

Heat supply at stationary plane. This case corresponds to the ex-

citation of oscillations in a Rijke tube, inasmuch as in the idealized

scheme we can represent the heated grid as a plane which is stationary

relative to the tube walls, and which heats the air stream passing

through It. For combustion chambers, this case corresponds to acm

deeree to a dense arrangement of the igniting sources in one normal

cross-section plane of the chamber, although here the degree of approx.

imation of the real process by the idealized soheme is already smaL2*.
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A distinguishing feature of the process considered here is that

the volume of the combustion zone (or, in the more general case, the

heat-supply zone) is equal to zero. At the same time, obviously, 71 =

-72 =73 = 0, and all that is located on the surface Z which is in-

troduced into the calculations is an energy source, which yields a per-

turbed component of the external heat supply 1. In combustion, oscil-

lations can be excited due to variation of the completeness of combus-

tiorr i•sg and the calorific value of the mixture ql.* This case will be

considered in greater detail in the next chapter.

g A /• IFor a Rijke tube, the energy equa-

-14•6• .a I, tion will contain the quantity *, which

depends on the heat transfer from the
I Igrid to the air.

Heat supDly in planar flame front.

Let the flame front, as already indi-

Fig. 23. Theoretical cated, be normal to the tube axis and
scheme for the zone a.

not fixed relative to its walls. In the

steady state the flame surface is stationary relative to the walls be-

cause the stream velocity of the mixture in the tube is numerically

equal to the flame-propagation velocity. Let us assume that the com-

bustible mixture is homogeneous and has the same composition every-

where, and that the combustion process occurs instantaneously in the

infinitesimally thin flame front and always has the same completeness,

for example nsg = 1. It is obvious that in this case -sg = "i = 0 and

the excitation of the system will be connected with the quantities 71,

72. and 73 which generally speaking are different from zero because of

of the mobility of the flame front.

To calculate the quantities "1, *2, and 73 we turn to Fig. 23,

which shows the combustion scheme for our case. The planar flame front
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A oscillates between the stationary sections ?I and 72 0, and the veloo-

"::, �dens±iy, and other parameters in the front and rear of the CY

combustion zone are equal, respectively, to v1 + 6v 1 , p 1 + 6pj, etc.;

V2 + 6v 2 1 P2 + 6 P2, etc. Therefore

2'.S + (.,+,)•,dV].

where Vkh is the instantaneous value of the "cold" volume of the com-

bustion zone (from F1 to A) and Vg is the instantaneous value of the

"hot" volume of the combustion zone (from A to F2).

Since we are considering small oscillations, the order of magni-

tude of a is that of perturbations. The volumes Vkh and V. connected

with it will have the same order of magnitude. It is obvious that the

terms 6pl and 6 p2 under the integral signs can be neglected. Prm geo-

metrical considerations it is clear that the changes in Vkh and V are
9

equal and of opposite sign:

Consequently,

, -•4 ,• (16.2)

The same arguments should be repeated verbatim for the calcula-

tion of :'2 and 133 By virtuae of the fact that the continuity equation

for a stationary flow of this type has the form Plv1 - P2V2, the value

of "32 turns out to be zero.

S)(16.3)

x'in...... (3.6,,X

Th qatiy(1'V(/b)g~)which Is contained i~n alltw.- 130e



sultant equations is, as can be readily seen, the instantaneous veloc-

ity N of flame propagation relative to the tube walls. Inasmuch as the

positive direction of the x axis coincides with the direction of the

steady-state flow velocity, we can write

N- -±;ýV(t). (16.5)

Let us denote the flame propagation velocity relative to the gas

particles by U. We note here that the introduced velocity U coincides

numerically with the flame front propagation velocity UsgorD which is

customarily employed in combustion theoxy, but has the opposite sign.

Indeed, at the direction used here for the x axis positive values of U

correspond to motion to the right, toward the hot gases. Thus, the

flame propagation velocity Usgor, which is directed toward the cold

gases, should correspond in the notation employed here to U < 0. We

shall use henceforth almost everywhere the velocity U, but all the

deductions can be readily formulated also for U

We now write down the obvious kinematic relation

v + U = N. (16.6)

Then 6v + 6U = 6N, but since N = 0 in the steady state, 6N will

coincide with N. This enables us to rewrite (16.6) in the form

6v + 6U = N. (16.7)

Reducing the last relation to dimensionless form by dividing by

the velocity of sound a1 in the cold stream, we can write on the basis

of Formulas (16.2)-(16.5) and (16.7) the following expression for 71,

"J2, and 73 :

7e-o, (16.8)

Here U1 " 8U/al is the dimensionless perturbation of the flame propaga-

tion velocity relative to the cold gas, while the numerical coeffi-
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cients A1 and A3 are determined from the formulas

A I" = -! I -I(69
+ +

Let us compare now the two cases considered. It is easy to see

that they differ in principle. In the first case the oscillations can

be excited by the perturbations of the external heat supply 1, while

in the second case they are due to perturbation in the flame propaga-

tion velocity 1U1 . This raises the natural question whether any effect

whereby the flame propagation velocity perturbation U1 can be reduced

to an equivalent perturbation of the external heat supply 1 exists.

This question can be answered only in the negative: while oscillating

heat release occurring on a stationary heat-supply plane gives a non-

zero component only in the third (energy) equation of the system (15.7),

the mobility of the flame leads to the appearance of nonzero terms in

the other equations also (in our case 71 1 0 and -J3 0]. It is there-

fore impossible in principle to replace the effect of an oscillating

flame by some equivalent oscillating heat released on a stationary

heat-supply plane. We can advance here a simple argument to illustrate

that attempts to find equivalent heat-release perturbations for an ar-

bitrary process in the combustion zone are fruitless. Assume that we

have specified the perturbations p, v, and 1 on both sides of the com-

bustion zone. In order to relate them without violating the three con-

servation laws, we need three free independent parameters, for ex•ple

71., 7 and I + 23" At the same time, such a connection can gen-

erally speaking not be established if only one parameter 4 is avail-

able. This question is almost self-evident and is emphasized here o0ly

because there are many known attempts to reduce all the nonstatlonwy
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combustion processes to a certain effective heat-release oscillation,

something always involving the violation of the mass and momentum con-

. servation laws.

Heat suDDIv in flame front of arbitrary configuration. By way of

a third case, we consider the supply of heat in a flame front A of ar-

bitrary configuration, characterized by the

\F T TF7fact that it is a continuous infinitesimally

thin surface which separates the hot gas from

the cold one in a homogeneous combustible mix-

Fig. 24. Illustrat- ture (Fig. 24). Let the flame front A execute
ing the determina-
tion of the effec- oscillations between the sections F and F
tive flame propaga- 1  2,
tion velocity for continuously varying its configuration. If it
arbitrary flame-
front configuration. is assumed that the existence of a curved

front A does not influence the flow ahead of it, that the completeness

of combustion is always the same, and that the density, pressure, and

velocity behind the front are always equal to the corresponding stream

parameters at the section F2 ,* then all the conclusions made in the

foregoing item remain in force. The only difference is that the quan-

tity -(I/F)(6/6t)Vg(t) will no longer be the instantaneous flame propa-

gation velocity relative to the tube walls. However, in analogy with

the foregoing we can denote this expression by Neff and call it the

effective flame front velocity relative to the walls. Accordingly, the

quantity V can be replaced by 'Ul eff -- eff- (where eff = eff/al)

and called the effective flame propagation velocity relative to the

cold gas. Once these concepts are introduced, the problem reduces im-

medately to Formulas (16.8) in which 1iIs replaced by I off * All

other properties of the case analyzed above, that of the oscillations

of a planar flame front, are likewise retained. It is obvious that in

the latter case U1 eff M Vie
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Let us present for the last two cases a system of equations anal-

ogous to the system (15.7). This can be done by substituting the ob-

tained values ", and (16.8) into (15.7). We shall proceed some-

what differently, however. If we use the values of "1, 32, and '3P

written in the form of Formulas (16.2), (16.3), and (16.4) and tame

into account the definition (16.5) and the kinematic condition (16.6),

then, by using (15.8), we can readily determine the values of

Y JQdV9 7 4rjQqjdV

and

y-ai 'Q+C.T+q)dV.

Substituting them directly into the system of equations (15.2) we ob-

tain the condition on Z in the form
QIUI esUs.

QIU 1II -- PI = QUSI - P2,'- 1 (16 -5 V oI)(q
Q,'", •- ' p,. •- i- - 1, P -~ , ( U -,, --

CA 2 piiLj-, VI)}

In writing down this system, the effective flame propagation vel-

ocity Ueff is not designated by any particular index. This system of

equations is obtained from the general equations (15.2). It is easy to

see that it coincides with the ordinary conditions imposed in gasdy-

namics on the plane surfaces of strong discontinuities, and differs

from them only in the term corresponding to the heat release.

Let us supplement this system with the kinematic condition

v1 + U1  V2 + U2 , (16.11)

which shows that the left and right sides of the flame front move with

equal velocity relative to the observer.

Let us linearize the equations (16.10) and (16.11), chamngi oery
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simultaneously to dimensionless variables. We take into account at the

same time the fact that in a steady-state flow we have v1 + U1 = v 2 4

P + U2 = 0 and we assume that as a result of the homogeneity of the mix-

ture and the constancy of the completeness of combustion the quantity

ql-'q2 is constant. After several simple transformations, which are

left out here, we obtain the following system of equations, describing

the properties of the discontinuity plane Z in terms of the dimension-

less variation of the flame propagation velocity relative to the cold

mixture:
U, S+ P,-, fS T, a+ P, -,-+ ( .. ;, ,JI) ,,

2.1+ (M,/ +

93, + (A, 4-'1, A ,1
2 + + _ý, *

(3312. + + * (16.12)

II IlI+ -.?~-- + + (,i - - 2 " , .

It is easy to see that if we put '•i =-'1' i.e., if we stop some-

how the flame front, then the resultant system coincides, as expected,

with the system (15.7) provided that we equate in the latter the quan-

tities •x 9, 71, 72, 73 and iisg + ql to zero. The quantities

2(q 1 - q2)/a• and n which enter into the system (16.12) can be deter-

mined from Formulas (15.9) and (15.10).

The system (16.12) is convenient in those cases when we specify

in the combustion zone not an oscillating heat supply, but the spatial

oscillations Of the fZlame front. Usually the lattez' az specified in

ternms of the oscillation of some effective flame propagation velocity.

•- We recall once more that when using the system (16.12) it is nec-

essaz'y to bear in mind that a positive value of •i corresponds to a
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reduction in the absolute value of the flame propagation velocity rela-

tive to the gas particles (the gas flows from left to right while the

flame travels opposite to the flow). Taking into account the adopted

rule for the signs, an intensification of the combustion process will

correspond to negative t.

Idealized scheme of vibration combustion. At the start of the

present section we have shown that in place of a complicated combus-

tion process inside a zone a it is possible to introduce into the the-

oretical scheme a certain heat-supply plane X, subject, however, to

the condition that this plane contain certain sources of mass, momen-

tum, and energy. Although such a representation of the vibration-

combustion process cannot be subjected to essential objections, it

lacks in clarity.

Let us consider the question of how it is possible to replace in

rational manner the real combustion process inside a by another simple

and clear process in such a way that no properties of the real combus-

tion process- which are essential for the excitation of the acoustic

oscillations are lost on going over to this new process. The examples

given somewhat earlier make it possible to .suggest as the effective

idealized perturbed-combustion process one consisting of two essential

processes, namely the perturbations of the heat supply and the per-

turbations of the position of the planar flame front. We have already

stated earlier that these processes cannot be reduced to each other

and therefore of the three independent quantities which we need to con-

nect (without violating the three conservation equations) the perturba-

tions •, •, and 1, which are arbitrarily specified on the left and on

the right sides of a, two are already available. As the third quantity

we can take, for example, the variation of P* which is easiest to

visualize as the variation of the hydraulic resistance of the eombul-
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tion chamber under fluctuations in the Parameters of the cold stream

incident on the chamber.

SThe first equation of the system (15.7) contains 71 as a parameter

characterizing the perturbation of the combustion process, the second

contains MI(32 + •x), and the third contains %( + ) + 2M2(• 3 +

+

If we replace a certain real process, defined by means of these

quantities, by a simple equivalent process of the type proposed here,

it is necessary to stipulate that the corresponding terms in all three

equations (15.7) be equal to the same terms in the analogous equations

of the equivalent process. This leads to the following three equations

(written down with allowance for Formulas (16.8)]:

, + • ,(16.13)
Q(, + q,) 2,11, (.T3 + F.) .

- 2,AI! 11, (3, + i,.) - q:j.

The quantities *es 17le' and 1xe are the equivalent perturbations

of the heat supply, the rate of displacement of the planar flame front

relative to the gas particles, and the hydraulic resistance of the com-

bustion zone. They can be readily determined from Eq. (16.13)

T:1. p: + (16.14)

Thus, no matter how complicated the real process inside a may be,

it can always be replaced by a certain equivalent process, which is

made up of an effeotive perturbation in the heat supply 4e' a per-

turbation in the propagation velocity of a certain effective planar

flame front Ule' and an effective perturbation of the hydraulic resist-

anoe of the combustion chamber s* xe Such a substitution is possible
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only when all the refinements of the processes occurring inside a are

known, so that it is possible to calculate 7 1', :20":30 %•sj etc. It is

sufficient to know (from experiment or in some other way) i, V, and W,

on both sides of a, in order to obtain directly the equivalent process

in the combustion zone. Indeed, using Eqs. (16.13) it is possible to

exclude from (15.7) all the quantities that describe the actual course

of the complicated combustion process inside a and replace them by the

corresponding quantities of the equivalent simple process. Then know-

ledge of lI' 'I' Oi_ ' 2' 212 and "2 immediately enables us to find !le'

1*xe, and *e from the transformed equations (15.7). Very frequently,

particularly in theoretical research, one neglects the sum •Px + :2 in

the second equation of (15.7). Then, obviously, 5* XS = 0 and the proc-

ess of nonstationary combustion is completely characterized by effective

values of the perturbation of the heat supply and the rate of propaga-

tion of the planar flame front.

The possibility observed here of introducing into the theoretical

scheme a simple equivalent process in lieu of the complicated process

in the combustion zone a enables us to confine ourselves in the exposi-

tion that follows to perturbations of the heat supply and to perturba-

tions of the .velocity of flame propagation. The reader can easily find

out for himself when we refer in those cases to "effective" and not to

real quantities. To simplify notation, we shall henceforth leave out

the subscript "e" [3] of "4, Ul, and P* from now on.

The system of equations (15.7) assumes in the case when one de-

scribes the vibration-combustion process with the aid of the quanti-

ties a , 'U, and x the following form:
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3.1/2+4

mmiQit, + -. Q , 1I1A 5), A-

-+- 2.11 i (, 3UI .Q*)j.

The quantities A1 and A3 are calculated here from Formulas (16.9).

If air is admitted into the combustion zone, and not a previously pre-

pared combustible mixture (i.e., if the mixture is prepared inside the

zone a, which is subsequently reduced to the plane 2), then Q, vanishes,

for in this case q, = 0.

In conclusion it is necessary to clarify one property which the

effective hydraulic resistance P*x must possess. Inasmuch as it is in-

troduced in order to relate, without violating the momentum conserva-

tion law, the perturbations of the parameters of the flow to the left

and to the right of a which, generally speaking, are arbitrarily spec-

ified, the phase of *P*x may not coincide with the phase of the per-

turbation of the velocity head of the stream ahead of the zone a. This

should not worry the reader, for the actual hydraulic resistance of a

real combustion chamber in the case of a nonstationary combustion proc-

ess does not follow at all the variations of the velocity head of the

incoming stream. The complicated character of the flow in the region

of intense combustion, connected with the periodic vortex formation

and with the fact that the devices contained in the combustion zone

(stabilizers, etc.) have cold and hot Jets of gas flowing around them

either wholly or in part, prevent the resistance from following the

0 "c,",,ity head of the incoming stream the welj it



the case of stationary flow.
§17. Reduction of Equations for the Discontinuity Plane X to CanonloalForm •

The system of equations (15.7) (or (16.15)] obtained above can be

used directly to relate the perturbed flow parameters on both sides of

the strong-discontinuity plane X. Of particular interest in this

case is that formulation of these relations by which it would be con-

venient to analyze the influence of the combustion process on the ex-

citation of the oscillations. More accurately speaking, it is desirable

to recast (15.7) in a form such that, on the one hand, it becomes suf-

ficiently simple, and on the other hand it represents most completely

the physical aspect of the investigated processes. The point is that

the very quantities J.' 32' J3' and -[ (and likewise 4*, Ul, and !*x in

Eqs. (16.15)] are not primary, and therefore the most rational way of

writing down the system (15.7) or (16.15) is still not obvious.

It may be quite helpful in this case to apply the energy point of

view to the excitation of the acoustic oscillations by the heat supply,

a point of view developed in the preceding chapter. It was shown there

that the elementary processes whereby an oscillating system is excited

at the expense of one of two energy sources is connected with the non-

vanishing of the differences 6p1 - 6 p2 and 6v 1 - 6v 2 . It therefore -

turned out to be advantageous to write down the connection between the

perturbations of the flow parameters to the left and to the right of

the heat-supply region with the aid of the system ('11.11).

We shall call the notation (11.11) canonical and embark on a re-

duction of the relations for the discontinuity plane X to canonical

form. We first reduce (11.11) to dimensionless form

S~(17.1)

Here n - aYa1 , m - 4 2P 2/=P 1 1, - Cp./Opl. In those cases when it is

possible to disregard tme change in the specific heat of the gas as
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the latter is heated, we have g n 1 and m = p 2/p 1 .

The system (15.7) reduces to canonical form by means of simple

Salgebraic transformations. Putting 5*x = 0 we recast the left halves

of the equations in the same form as the left halves of (17.1); in the

right halves we obtain linear functions of the variables contained in

the system (15.7). As a result we have

l,,'- - vi = a,,3 , + a,,p1 + a,1 , + b,,7 + bT, +

+ bI (2U,'M+ •),
,,,p-, - is-, a ,,-V, + a.2pi + as;, + b,,!, + bsf. + (17.2)

+ b,, (2.1't, +J ),
-= a,,,: ÷, + Oa + asu b,,T. + b,.e) +

+ 4,s (2,11,2X + ý).

The values of the coefficients aik and bik are best determined

rumerically, during the process of reducing the system (15.7) to the

form (17.2). Comparing (17.1) with (17.2) we readily obtain expres-

sions for 6E, 6X, and 6S. In this case we are immediately struck with

the fact that the quantities 6E, 6X, and 6S are made up of two groups

of terms: one dependent on the perturbations el' Pl and 11 of the flow

parameters ahead of the plane Z (before the combustion zone), and an-

other dependent on the perturbations of the combustion process itself
(R. 32' ':3' 4)"

It is therefore natural to write

8E-6E +6E,'
ax-M 6x2 + 6x (17.3)
6S&S-S+ 65'

where

E.- a,,V, + aj., + a,3SI,

6E' - bj., + bj,, + bi,, (11., + V),

UXs - a,,v, + anj + aa,,, (17.4)
6X'- bt,7, + b.7, + bt. (2,111,' + Q),
6S. -a + '140, as,
6S'- bs,,7 + bj, + b. (211,f +).

The quantities 63', 6X', and 68' characterize nonstationary proc-
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eases occurring in the combustion zone, and in this sense they can com-

pletely replace the quantities 71, ?2, 2M, 3 + 1. As regards the terms C-'
6Eo, 6Xo, and 6S 0 , they can be regarded as the coordinates of the ori-

gin of the reference frame for the quantities 6E', 6X', and 6S'.

When the conditions on the surface Z are written in this manner,

the following misunderstanding can arise. In the canonical notation

(17.1) the right halves (the quantities 6E, 6X, and 6S) depend not

only on the processes that occur in the combustion zone (6E', 6X', and

6S'), but also on the character of the oscillations in the nearest

vicinity of the combustion zone (6Eo, 6 k, and 6So). At the same time,

it was shown in the preceding chapter that the quantities 6E, 6X, and

6S determine the stability of the process. It turns out that the ex-

citation of acoustic oscillations is connected not only with processes

occurring inside the heat-supply zone.

The point is that the same processes in the combustion zone ac-

tually yield different effects, being under different conditions in

the sense of the character of the oscillations of the surrounding

medium. For example, as was already shown earlier, periodic heat re-

lease in stationary gas produces oscillations that are the larger, the

closer the heat-supply plane is to the pressure antinode; when located

in a section containing a pressure node, the heat-supply surface will

not excite the system at all (for simplicity we do not stipulate here

the excitation phase conditions).

Consequently, the notation adopted here takes into account both

factors, the processes in the heat-supply zone as well as the charac-

ter of the oscillations in its vicinity.

It is necessary, of course, to distinguish which factor contrib-

utes to the development of the oscillations in each given specific

case, and to what extent - whether these are the processes in the corm-
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bustion zone or the singularity in the position of this zone relative

to the standing waves produced in the system.

S The writing down of the conditions on X in the form of the canon-

ical relations (11.11) or (17.1) is attractive because of its simplic-

ity. Its advantage is also the fact that it is directly related with

the energy nature of the processes that occur during the excitation of

acoustic oscillations. This form of notation, however, is of course

not the only sensible one. There is no doubt that cases can be encoun-

tered in which the perturbations of the parameters behind the heat-

supply zone, namely 72' P2' and _2' turn out to be preferably expressed

directly in terms of Vl' 3l' and "l as well as the characteristics of

the combustion zone. A system of this type is readily obtained from

(17.2). Using the notation of (17.4), it can be readily written in the

form

Al ~-Ea4a,+(t ]a,Jp,+a,,s,+6X'i. (17.5)
- I --

[, [CP3.1 -+ SP, + (t + a33) aT + 6S'I.

§18. Sources of Self-Oscillation Energy for Arbitrarily Complicated

Processes in the Heat-Supply Zone

It was shown in §11 that when the flow inside the heat-supply

zone has a one-dimensional character, there exist two sources of en-

ergy capable of maintaining the acoustic oscillations, external heat

supply and the flux of internal energy (thermal terms), on the one

hand, and the flux of kinetic energy on the other.

Inasmuch as in a real combustion zone the process is not one-

dimensional, it remains unolear to what extent this deduction is valid

also for the more general case of an arbitrarily complicated process

O in the heat-supply zone. Consequently, before we proceed further, we

must determine more accurately the extent to which it is valid to re-
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in the heat-supply zone.

In the observed general case, any process in the combustion zone

can be reduced, as was already shown above, to a process whereby en-

ergy, momentum, and mass are supplied to the stream at the plane E. Zn

order to be able to look, as it were, at the processes occurring "in-

side" X, we shall consider in the present section not the plane E, but

an arbitrarily small (but finite) region a, along which the mass,

momentum, and energy sources will be located. The flow inside a will

be assumed one-dimensional, and bacause of the smallness of a we shall

assume the steady-state hypothesis to be satisfied. This measure en-

ables us to make the analysis of the stream crossing the plane X sim-

ilar to the analysis already given in §11. The essential difference

between these two cases will be the presence of mass and momentum

sources inside a.

Let us write, as before, the energy conservation law for an ele-

ment of the stream in a reference frame moving together with the

stream, and separately for the center of gravity of this element.

In the reference frame that moves together with the fluid element

inside the region a we can write the following obvious equation:

dogcT + pdV = dQ* + d9'. (18.1)

Here M is the mass of the element, V its volume, Q* the amount of heat

supplied, and 3' [3'] is the energy introduced by the mass source.

lei Unlike the ordinary thermodynamic relations,

the differentiation symbol in (18.1) applies to

the mass of the element (since It is variable),

and account is taken of the energy supplied not
Fig. 25. Displace-
ment of stream ele- only from the heat source, but also introduced
ment inside the
zmon 0. by the mass source.
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The quantities under the differentiation sign in the loft half of

(18.1) can be determined In the following manner.

Let the liquid element change within a short time At from the po-

sition AA to the position BB (Fig. 25). Then the change in the internal

energy of the element dMCvT can be expressed by the formula

d•fcoT = FAt (QVdeLT + c,-T-dQ). (18.2)

The change in the volume will be
V - FAt dv.

Substituting these expressions into (18.1) we obtain immediately

the following relation:
dQ•e,.dr d-., -pd :o d, j- ,', (18.3)

where Q and e' (3'] are the intensities of the sources of thermal en-

ergy and of the energy introduced by the mass

dQ =d0; ds'". d'T"di" &'=•7A '

Physically these two quantities represent the amount of energy intro-

duced per unit cross section area and per unit time.

Let us consider now the displacement of the center of gravity of

the Isolated element of fluid. On the basis of the momentum equation

we write
deSv~ ~FA9dp + d, (18.4)

where 1 [3] is the momentum supplied to the fluid element from the cor-

responding source (including the mass source).

Using the same procedures as in the derivation of (18.3), we can

write

Qvdoj- vdgvq- - dp+ 0i1.

where

()d9l'1 WTX;

Multiplying the left and right halves of this equation by v we
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obtain after some simple transformations

d9P-4-+vdp-vd?1 -- T* .'

The terms in the right halt have the following meaning: the first

term represents the summary intensity of the energy source, connected

with the direct supply of momentum and the supply of momentum by the

mass, while the second indicates what part of this energy has been con-

sumed in imparting the necessary kinetic energy to the mass introduced

into the corresponding fluid element in order for the introduced mass

to move with the same velocity as the element. It is obvious that the

difference between these two quantities gives the effective intensity

of the energy source connected with the direct momentum supply. Denot-

Ing this difference by de" da"I], we finally obtain the sought-for re-

lation in the form
,dev v' dp .•de°.

2. (18.5)

Integration of (18.3) and (18.5) yields

(QveT),-(qccmT),+ S pdv-Q+#'. (18.6)

Vs dp-. j
Comparing the results obtained with (11.12) and (11.13) we see

immediately that they are quite similar. Repeating verbatim all the

arguments given in §11, we can readily verify the correctness of the

conclusion that there exist two independent (thermal and mechanical)

energy sources, which maintain the acoustic oscillations. All the sub-

sequent considerations of the elementary processes In the heat supply

etc. remain likewise valid.
In deriving formulas of the type (11.17), (11.18), and (11.19)

from (18.6), it mmst be rememberedthat the formally Introduced oss

anr momentum sources are fictitious. The flow from these tlotitiou
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sources, averaged over the cycle, is equal to zero in the case of

steady-state oscillations, as was already indicated above, so that, of

course, these sources cannot supply energy from the outside. This is

expressed analytically by the conditions:
T ' "'T

ldL=-0° , o0 d. 0.

§19. Excitation of Oscillating System in the General Case

In the preceding chapter we have considered the excitation of an

oscillating system during the course of realization of elementary proc-

esses inside the heat-supply zone.

In the present section we consider a method of constructing the

stability limits, similar to those constructed in §12, but now for a

process in the heat-supply zone which is no longer elementary. First,

however, we derive some consequences from the expressions obtained in

the present chapter.

It is first necessary to verify that the previously introduced

elementary processes in the heat supply zone can actually be realized,

so that the arguments advanced before cannot be regarded as abstract

theoretical schemes.

As follows from Formulas (17.3) and (17.4), the conditions 6E = 0

and 6X - 0 can actually be realized. Let, for example, there be speci-

fied the perturbations el' 1§' and 1 of the variables ahead of the

heat-supply zone. These three quantities determine 6Xo, and in order

for 6X to vanish it in necessary to satisfy the condition 6X' =-6•.

Thus, the first elementary process will be realized in the heat-supply

sons if 6X' has a fully defined modulus and argument. This can be real-

ized in a variety of ways, for in order to obtain the necessary value

of 6X' It Is possible to maim use of the four independent parameters

*1* 72, 73, and . If we consider, for the sake of being definite, thQ
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simplest case of the excitation of acoustic oscillations in a Rijks

tube, then in place of the four free parameters only one remains,

namely '4*, the dimensionless perturbation of the external heat supply.

Equations (16.1) and (17.4) show that the first elementary process

will be realised in the Rijke tube when

~axe

which is a perfectly defined oscillating component of the heat supply.

A precisely similar argument can be advanced also to Justify the real-

ity of the second elementary process (6E = 0).

The second circumstance that must be noted is that in a moving

medium the phases of 6E and of the oscillating component of the heat

supply Q do not coincide. Indeed, if we consider for example the simp-

lest case of oscillations in a RiJke tube, we can write on tke basis

of Formulas (16.1), (17.3), and (17.4)

= 6E,+

Inasmuch as the phase of 6E0 does not generally speaking coincide

with the phase of 4*, the foregoing statement is proved. This circum-

stance enabled us to consider the excitation conditions obtained In

§12 for the first elementary process as a generalization of the Ray-

leigh criterion (the latter is valid only if the phases of 6E and

are the same).

Let us consider now certain properties which can be possessed by

processes in the heat-supply zone and which make it possible to obtain

in many cases quite illustrative diagrams of the stability regions.

As was already indicated above, the stability limit Is determine4

by the equation (11.9) AX - R. In the general case, introducing the

dimensionless flux of acoustic energy by means of the formulas

A ; W , (9.1)
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we obtain from (13.2)

• A: 6 (j 6.v +Aa 1 ..a6X). (19.2)

The condition for the existence of a stability limit is written in the

form A (19.3)

Equations (19.2) and (19.3) show that for specified Pl and vI

there exists a complicated aggregate of values of 6T gnd 67 satisfying

the condition that defines the stability limit. It is difficult to

present this aggregate in clear form, since the connection between the

Eought-for quantity and the two vectors reduces, as is well known, to

a connection between this quantity and four scalar variables. In addi-

tion, one must not forget that the quantities Pl and il can themselves

vary (when the discontinuity surface Z moves along the standing wave

produced in the system).

The analysis of the excitation conditions is usually greatly simp-

lified in those cases when the quantities 6E and 6X turn out to be

functions of one and the same complex variable if we disregard their

dependence on il' Pl, and l1" Let us cite a few examples of such proc-

esses in the heat-supply zone.

By way of the first example let us consider all the cases when

the process in the heat-supply zone can be represented as a heat-supply

process in a certain region that is stationary with respect to the

tube walls and has a negligibly small extent in the direction of the

tube axis (RiJke tube, etc.). The small extent of the heat-supply re-

gion, if this region is stationary, leads to "i = 72 3 = 0 and con-

sequently, as shown by Formulas (16.1) and (1 7 .4),

6X1 - inl9 -P.
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In the case omb n2 may be replaced by the quantity •.

Another example will be the case of constant heat supply on a C)

stationary flame surface. As can be seen from Formulas (16.2), (16.3),

and (16.4), J10 :2. and J3 will be functions of the quantity

--(!/ý)(b/bt)V (t), which can be represented as a sum of I1 with T1 or

*U1 ef"* Thus, the quantities 6E' and 6X' turn out to be functions of V.

and of the perturbation of the effective flame front propagation vel-

ocity relative to the cold mixture:
6/,," ixb,i4-/d/; , }

- •(19.5)

where aE, ax, bE, bx are certain numerical coefficients.

The quantity Vl' which is contained in Formulas (19.5), does not

prevent us from regarding 6E' and 6X' as functions of the single vari-

able '1 eff" The point is that IV (like pl) is usually specified, and

furthermore vI is contained in Formula (19.2) directly and enters also

in the terms 6X, and 6E0 . Thus, the free parameters which can be varied

arbitrarily and whose influence on the stability it is advisable to

study are the complex variable Di ef"

By way of a third example let us consider a process in which 71,

2 , and '3, as well as •sg andj, are different from zero. Let, for

example, a mixture with variable excess-air coefficient a enter into

the combustion zone. Such a mixture will be characterized by a value

of jl different from zero. If we assume that the completeness of the

combustion 11sg is determined uniquely by a, '1' and *l' and that the

position of the flame front, and cunsequently also ',' 12' and 73 are

also functions of a, i', and 'f' then the quantities 6E and 6X will

#ppnd only on a, in the sense referred to above with respect to the

4•pndence of 6E and 6X only on D1 ef"

The number of such examples can be increased. For all the oases
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cited, the analysis of the excitation conditions becomes simpler be-

cause the dependence of r, on one complex parameter can be well repre-

sented on a plane. This makes it possible to construct illustrative

diagrams of the stability limits. In order not to be tied down to any

single concrete example, we shall consider the problem in a more gen-

eral formulation - we shall assume that the quantities 6E and 6X depend

on a certain complex parameter'? (the dimensionless perturbation of

some essential quantity Y), and also on Pl and 7,. Formulas (17.4)

show that it is possible to expect the quantities 6E and 6X to depend

also on i1, but usually the flow in the cold part of the tube, prior

to the crossing of the heat-supply zone by the air stream, is isen-

tropic and therefore Ii = 0.

Consequently, in the case under consideration the first two equa-

tions of (17.5) can be written in the form

, a , lv l + a , ,p + 4 V ( 1 9 . 6 )

where aik are certain numerical coefficients [different from the coef-

ficients of Eqs. (17.5), which are designated in the same manner].

The calculation of X, by Formula (19.2) is meaningless in this

case, since Relations (19.6) do not contain 6E and 6X, expressed di-

rectly in terms of !. We therefore use Formula (13.1) which assumes on

changing to dimensionless variables the form

AZ=7 (,,il,,v, - pvI). (19.7)

Here,. as before, n - a2 '/a, m = ,•2 •2 /',ipI.

Regarding the variables l, ", and ! which enter into (19.6) as

vector quantities, we take the scalar products of these equations with

each other:

fl 1 V u~a+ tTtl~,+ aa3,+
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+ (4,2-1 +.1.".i2) 1)1V +

+ (it,,;,S ý. a134ý1) ;j If + (a,,4.3 + a13a,1) V 1

Using (19.7) and the last equation we obtain from Eq. (19.3) the fol-

lowing relation, which is equivalent to the stability condition,

~t i n,~~ ~Th-o? ~ ai~- ff.o. (19.8)
where A, B, C, D, E, and F are numerical coefficients,

- "D= nma ,4,,l

C Hillr ( 1 71 34jI i j.) F '-![;,1 1 1a 2 I ~~

Let us use Condition (19.8) to construct the stability-limit dia-

gram. We begin the construction with the simplest case, characterized

by the absence of acoustic-energy losses.

Assume that to the left and to the right of the heat-supply zone

the acousticoenergy losses are equal to zero (for example, velocity or

pressure nodes are located to the left and to the right of the indi-

cated zone). Then, as was shown in §11 in the discussion of Formula

(11.7), the vectors p and v should be orthogonal and therefore -
-4-*i

P2V2 = 0. We therefore obtain in lieu of (19.8)

+ 0.~) (19.9)

We shall plot the stability limit In a rectangular coordinate sys-

tem (x, y). Let the vectors Pl' vi, and! both start at the origin and

both rotate about the origin with frequency w (see §2). We choose an

instant of time such that the vector p, is directed along the x axis,

while the y axis is directed along the vector •1" The vector ! has a

certain arbitrary position relative to the coordinate frame. The sta-

bility limit in the (x, y) plane will be defined as the geometric locus

6t-the ends of the vectors! satisfying (19.9). We introduce a noft-

titon for the vectors Pl' V., and ? in terms of their X and Z projeo-

t Ans. They Will be expressed in the fo llowing mnr: 0); (0, );
•:• ~- 152 -
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(Yx' TY). We now write down the sum of the soalar products (19.9) in

terms of the projectione of the factors:

A (F." + J + I P, yV+C . + M, 4.- AV:, O. (19.10)

It is easy to see that when P1 and li are specified, Eq. (19.10)

indicates that the end of the vector'? moves along a circle, the posi-

tion and radius of which depend on Pl and Vl. Consequently, the set of

vectors'! which excite the oscillations is segregated from all the re-

maining vectors on the (x, y) plane by a hodograph that has a circular

f'orm. Inasmuch as the dimensions and the position of this circle change

with variation of Pl and Vl' different positions of the heat-supply

plane Z along the length of the tube - closer to or farther away from

the pressure node - or different oscillation frequencies, i.e., dif-

ferent Pl and 71, may correspond to different stability limits. Thus,

the conditions for the excitation of the system may change as the posi-

tion of Z or the oscillation frequency change. Figure 26 shows the

stability limit for certain specified values of.l and 7,.

FOn the basis of the foregoing arguments

we can state only that when the end of the

vector'! lies on the drawn circle the oscil-

p -_ lations will be neutral. The question of

which side of the circle is the stability

limit and which the instability limit calls

Fig. 26. Stability for an additional investigation. In the ma-d --- a- for speci-fied j, and v.. jority of practical cases there is no need to

carry out such an investigation, for an answer is usually clear from

the physical nature of the problem.

However, an analysis of this problem does not entail great diffi-

culties even in those cases when the physical considerations do not

yield immediately an obvious solution.
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We can follow, for example, the following qualitative reasoning.

Let the quantity'! be such that the process is neutral. We maintain

and 71 constant and change ' somewhat (in such a way that the end of

this vector moves away from the stability limit). Then Eq. (19.10) is

violated and, on the basis o _the arguments presented in the deriva-

tion of (19.8), we can write

4 W,~I n~ 6k?, + I D .+ ;iz

In the absence of losses in the system, the stability limit cor-

responds to 'A = 0, when -A > 0 we have instability, and 'A < 0 yields

stability of the process. At the origin we have Yx = Yy = 0 and - =

= Dg + Ev. Consequently, if

/< , (19.1n)

then the process is stable in the vicinity of the origin, meaning that

it is unstable inside the circle.

Let us agree to cross-hatch the instability region. Then, if In-

equality (19.11) is satisfied, the inside of the circle on Fig. 26

will be cross-hatched. This is precisely the pattern observed, foi ex-

ample, in those cases when the acoustic oscillations are excited by

heat supply concentrated in one plane which is stationary with respect

to the tube walls (Rijke tube, etc.).

The reason why the qualitative arguments presented here arv not

rigorous is that when A. e 0 the oscillations cease to be harmonic,

the formulas given above for the fluxes of the acoustic energy .become

incorrect, and the angle between the vectors pl and vl begins to dif-

fer from ?T/2.

If we strive for a more exact analysis, the simplest procedure is

to actually calculate the damping decrement of the oscillations for

some point of the diagram, say the origin. The suitable methods will 9
bt 4eveloped in the following chapters.
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Comparing the result obtained here and shown in Fig. 26 with the

excitation conditions in the two elementary processes, considered in

' the preceding chapter, we readily note that the excitation conditions

have become more complicated. This complication is manifest in the

fact that, first, the phase relations between ! and or 71 cannot be

formulated as simply as for the elementary processes; second, in addi-

tion to the phase relations, it becomes necessary to take into account

also-the amplitude relations, i.e., the magnitude of 1l7; thirdly, the

excitation conditions depend on the position of the discontinuity

plane Z along the length of the tube (on Pl and *V). It must be noted

that such a complication of the excitation conditions is not connected

with the transition to the parameter ! in place of 6X and 6E. An anal-

ysis of the stability limits for specified Pl' Vl' 671 0 and variable

6X (or for specified 6f P 0 and variable 6) shows that in such an ap-

proach the phase relations become more complicated, the absolute value

of the variable parameter (6T or 6t begins to assume an important

role, and the excitation conditions become functions of the position

of the plane Z along the length of the tube (functions of Pl and "1 ).

Thus, unlike the elementary processes (when 6E or 6X are equal to zero),

all the remaining processes yield, by virtue of their .physical nature,

complicated excitation conditions. The reason lies in the fact that in

those cases the energy is drawn from two sources simultaneously, which

leads to a complicated interaction pattern between them. This problem

will be discussed in somewhat greater detail below.

The stability limit shown in Fig. 26 was obtained under the as-

sumption that the values of Pl and V. are specified. However, it was

emphasized already many times here that the values of §l and •l can

Schange, depending on the position of the heat-supply zone along the

length of the tube (more accurately, depending on its position relative
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to the perturbation standing wave), and consequently the circle on Fig.

26 will shift and change in size. Therefore it in natural to raise the

question of finding a family of such circles, corresponding to all the

values of fl and'Vi conceivable for the given tube.

We are dealing here, of course, not only with the absolute values

of Pl and 'l, but with their ratio. As already mentioned, the method

employed gives all the quantities accurate to a scale factor.

The solution of the oscillation problem in the variables i,

shows that in the case of neutral oscillations both these quantities

remain constant in absolute magnitude for all cross sections of the

tube, provided there are no discontinuity surfaces between these sec-

tions. This condition is satisfied, in particular, in the section of

the tube through which the cold gas flows. We can therefore write that

on this section

lt, =const. I w, Iconst

or

to1  collst, or, -• const.

Relations (4. 9 ), which relate the variables U, i with p, •, make it

possible to write on this basis

2- 2fj--, + C' --1 COSL.

From thls we get the connection between p and v in the case of neutral

oscillations
,P. + C, onst.

Writing down the scalar squares in terms of the vector projections, we

obtain
": Ji C(19.12)

Equation (19.10) indicates that the position of the center of the

circle shown in Fig. 26 is determined by the coordinates
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I B-

I C (19.13)
t

Comparing (19.12) with (19.13) we can see that the centers of the

circles (xo, yo) will move along an elliptical arc. We need merely add

that the centers (xo, yo) will lie not along the entire ellipse, but

only on one of its quadrants. Indeed, in the chosen coordinate system

51 and li are always positive. The position of the sought quadrant of

the ellipse depends on the signs of the numerical coefficients B/A and

C/A. Calculations show, for example, that for the excitation of oscil-

lations by means of an alternating heat supply (• = •) this will al-

ways be the fourth quadrant.

The analysis performed enables us to state that the family of all

the stability boundaries is made up of a set of circles, whose centers

move along one quadrant of an ellipse. The

envelope of this family delineates the re-

gion shown in Fig. 27 (this region is plot-

,ted, for the sa1m of being definite, as

applied to the case -). When the end

of the vector Y enters into the shaded re-

gion, excitation of the system becomes pos-

Fig. 27. Stability dia- sible.

gram for arbitrary p1  Realization of this possibility de-

ad 1" pends on whether the end of the vector 7

is located inside that circle of the family corresponding to the ac-

tual position of the discontinuity surface Z (the actual values of "l

and V3). Inside the cross-hatched region there can exist a subregion

which belongs to all the circles of the family. In Fig. 27 this region

is doubly hatched. When the end of the vector 7 falls into this sub-

-157



region, the excitation becomes possible independently of the position

of the surface Z along the tube axis. In this sense one can speak of

values of the vector Y for which excitation Is particularly probable.

The position of the end of the vector I outside the shaded regions al-

ways corresponds to system stability.

In order to understand correctly the meaning of the constructed

diagrams, let us point out one important circumstance. Each circle or

stability limit was plotted for specified invariant values of "l and

71. But this does not mean that all the modes corresponding to the

points of such a circle can actually be realized in one and the same

tube. Indeed, let the oscillating mode corresponding to one of the

points of a certain stability limit be realized in a tube with a heat-

supply region located at a distance L1 from the inlet end and L2 from

the outlet. Assume that pressure nodes are located on the ends of the

tube. We now move mentally to the neighboring point on the same circle -

the stability limit. Then Pl and -l do not change, and the frequency w

cannot change, for otherwise the boundary condition at the inlet is

violated. (This is seen, for example, from Formulas (4.13) and (4.14).)

Thus, on going over to the neighboring point of the stability limit,

the process of oscillation does not change at the inlet section. Motion

along the circle that represents the stability limit denotes in this

case only in the change in the vector 7.

As can be seen from Eqs. (19.6), a change in ' with invariant p 1

and I. unavoidably leads to changes in 32 and v2. Inasmuch as the di-

nsnsional oscillation frequency is the same for both parts of the tube,

'he ozcillation frequency in the hot part of the tube cannot ohange.

But then the functions 1i and 92 for the hot part also remain Invariant

and the boundary condition at the outlet end is violated by virtue of

'."e change in the values of p2 and 7 2 in the heat-supply plane (the
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values of Av and Ap in Eqs. (4.13)]. In order to retain the boundary

condition at the outlet, it is necessary to change the length L2 . Thus,

.on moving along the stability-limit circle, it becomes necessary to

change mentally some characteristic of the tube, for example, the

length 2'.

This result, which is at first glance strange, is perfectly nat-

ural, for in the construction of the stability limits we used only en-

ergy considerations and the boundary conditions were riot stipulated at

all.

If the boundary conditions are specified, then as ? varies changes

will take place not only in T2 and V2 but also in P, •, and in the

oscillation frequency, while the stability limit for such a tube with

fixed dimensions will be made up of points belonging to different cir-

cles of the family already determined in the present section. In this

case the instability region will turn out to be inside the shaded por-

tion of the diagram of Fig. 27.

In conclusion, attention should be called to the form of the sta-

bility limits of this type in those cases when the plane Z is located

exactly in velocity or pressure nodes. To be sure, it is necessary to

stipulate that the term "exactly" is meaningful only for elementary

processes, for in the general case the perturbation of the pressure or

velocity does not remain invariant on crossing the heat-supply region

a. If we agree to define a nodal position of the plane Z as coinciding

with the section where fl = 0 or'V1 = 0, then the corresponding sta-

bility limits will occupy, in accordance with (19.13), the positions

indicated in Fig. 28. On the left in shown the position for Z in a

velocity node, and on the right - for a pressure node.

120. Diagrams of the Stability Limits for Typical Cases

The present section is devoted to an analysis of the stability

1- 59 -



Fig. 28. Stability diagrams
when the heat-supply plane Z
is located in a velocity node
and in a pressure node.

diagrams for certain typical cases. The main problem will be an anal-

ysis of the change in the configuration of the stability limits as a

function of the singularities of the heat-supply process in the zone a.

However, before we proceed with such an analysis, we make one remark.

The diagram shown in Fig. 27 is typical of the case when oscilla-

tions are excited by the heat supply (Y = -). Notice should be taken

of an interesting feature of such a case - the origin does not fall in

the shaded region. This means that to excite the system it is neces-

sary to have a finite value of the vector 4; when • has an absolute

value which is less than a certain amount, the system will not be ex-

cited at all at any time. It must be emphasized that a finite W does

not mean that a finite perturbation of the heat supply at the initial

instant of time is nBcessary. The point is that in constructing (Ila-

grams of the type shown in Figs. 26 and 27, the value of the sum

+ p2 is arbitrarily assumed equal to unity, similar to what was done

in constructing the stability diagrams for the elementary processes.

Consequently, in the general case, when speaking of the quantity 7, it

must be understood that what is referred to is the ratio of the quan-

tity Y to the quantity which is assumed as unity. In the initial in-

stant of time, when the true amplitude of the pressure perturbation
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(the arbitrary unity) is small, obviously ' also has the same order of

smallness.

Let us consider now some particular cases of stability diagrams.

The diagram constructed in Fig. 27 corresponds to excitation of oscil-

lations when "J = j2 = j3 = 0, i.e., due to the perturbation of the

heat supply * alone. It is constructed for the most general case. Let

us assume that in the steady-state motion the heating of the gas as it

crosses the surface Z is negligibly small, so that we can set in Eqs.

(15.7) M1 = M2 = M and a1 = a2 ; this corresponds, in first approxima-

tion, to the excitation of sound in a Rijke tube. Then the system

(15.7) can be written in the form
S, + M),- - Al- A,.,,

p2.si, 4 (1 -I12) p1  - MUs, I-- ,ist ,
(31ivt,,,,,,+2x. )+ (20.1))

where for a Ri3I• tube we have

2,1 21.(J (2.2

The complete symmetry of the left and right halves of (20.1) (ac-

curate to the term "• and for 1•x= 0) makes the elimination of the

variables exceedingly simple. Simple algebraic manipulations yield
UP - X _-l 7S--

+, AtAl + 2•-=, x, ] -0

Cwmpar ing the obtained equations with (19.6) we see that a 1 2

Sa2 1 - 0, anQd this leads in Eq. (19.8) to D - E - 0. But the vanish-

ir T of D and op inieates that the circle defined by h e. (19.10) always

goes trough the origin. Thus, when the amount of heatig .is small
I.. in themring the o the circles which are stability limits cross at a
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single point, and this point is the origin. The corresponding construc-

tion is shown in Fig. 29b, and to complete the picture we show along-

side (Fig. 29a) a similar construction for the case of finite heating

(M1 < M2 ), analogous to the diagram of Fig. 27. A comparison of dia.-

grams a and b shows that in the case of small heating the system be.

comes less stable in the sense that its excitation is possible by means

of as small relative perturbations of the heat supply •" as are desired.

Let us consider, finally, the third case of this series. Let M1

= M2 = 0, i.e., let there be no over-all motion of the gas. Then Eqs.

(20.3) yield - +_

P, =P,. (20. 24)

Y,i

W b

Fig. 29. Influence of the stream veloc-
ity on the configuration of the stabil-
ity limits.

Now A, C, D, and E in Eq. (19.8) will vanish, and the equation of
the circle (19.10) degenerates into a straight line Yx = 0, i.e., the

stability limit becomes the Z axis, independently of Pl and*V1" This

form of the stability-limit diagram is shown in Fig. 29c. It is obvi-.

ous that the last case is the Rasyleigh case, inasmuch as the systm Is

excited if the phase shift between the perturbed component of the heat

p azd the periodic component of the pressure §l Is uoll3 * the

V,9. Ms zslt could be predicted, inasmuch as the second equat.o
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of (20.4) indicates that the first elementary process Is realized in

this case.

t If we compare the three types of stability diagrams shown in

Fig. 29, then by examining them in reverse order we see how the condi-

tions for the excitation become more complicated first as flow sets in,

then following strong stationary heating. In this case the region which

is doubly cross-hatched decreases more and more, i.e., along with the

properties of the heat-supply process, a more important role is as-

sumed also by the position of the plane X relative to the standing

wave produced in the tube.

By constructing analogous stability diagrams for this type of

heat supply in which the flame front oscillates freely together with

the stream, it can be shown that when the heat-supply front moves the

oscillating system is in a certain sense more ptone to excitation. Let

us turn for this purpose to the system of equations (16.12). Eliminat-

ing 12 from the left halves of this system and recognizing that i - 0

in the cold stream, we arrive at a system of two equations, containing

V21 P2$ v1 , Pl' and V1, If we eliminate from them T2 and at the same

time take account of Formulas (15.9) and (15.10), then we readily ver-

ify that the coefficient of il in the equation that defines §2 van-

ishes. In the notation of (19.6) this means that a2 1 = 0, which leads

in Eqs. (19.8) and (19.9) to E = 0. But then when *1 = 0 the stability

limit passes through the origin. Comparing this case when that con-

sidered above (Fig. 30) we see that the excitation of the acoustic os-

cillations due to the mobility of the flame front (Ui) is more prob-

able than excitation due to oscillating heat supply (1). It is neoes-

sary to note, to be sure, that this difference is more of academic

than of practical Interest.

0
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,21. Comparlson of the Relative Si 1ft-canoe or Therma and ehnia m
orgy sources Di the Wl tation or

4 To conclude the present chapter let

us turn once more to the question of the

Fig. 30. Stability dia- sources of the energy necessary for the
grams for the excitation excitation of acoustic oscillations. In
of a system by means of
heat supl nxamvna ply and a moving the preceding chapter it was shown that
flame (p1  0).

under certain assumptions concerning the

character of the heat supply one can point to two principally differ-

ent energy sources for acoustic oscillations, and in §18 this deduc-

tion was extended to include also the more general case of an arbit-

rary combustion of a mixture entering into the heat-supply zone.

The formulas obtained in the present chapter, which characterize

the processes that occur inside the combustion zone a, enable us to

raise the question of a numerical estimate of the relative signifi-

cance of each of the two obtained energy sources.

However, before we decide whether the oscillating system is fed

principally at the expense of the kinetic energy of the flow or at the

expense of the energy which is in thermal form, we must make one re-

mark. In the preceding chapter we derived Formulas (13.7), which upon

changing to the dimensionless notation (19.1) for the acoustic-energy

flux assume the form

1 (21.1)

From these formulas it is possible to estimate the components of

the total flux of acoustic energy, radiated by the region a,, oaroae-,

ponding to the two lneedztenergy souroes. In the derivation r
these fwna'ias we mas" Use Of the Circumstance that *001 fmantiops



change in 6p inside a corresponded to equal fractions of change in 6v.

Analytically this condition was expressed by Formulas (13.3).

In the general case, for an arbitrary complicated combustion

process inside a, the arguments that lead to Formulas (13.3) turn out

to be incorrect. This would follow at least from the fact that Formu-

las (13.3) have been obtained by assuming the flow inside a to be one-

dimensional, whereas in the general case this flow can be essentially

not one-dimensional.

Nonetheless, we shall use in the present section the formulas pre-

sented here for -A1 and 12. The point is that these formulas are valid

for all those cases when the change in 6p and in 6v along the region a

occurs simultaneously and equal fractions of the change in 6p corres-

pond to equal fractions in the change of 6v. For one-dimensional flow

in the region a this can be readily proved. In the general case, how-

ever, this is a most natural assumption, since it is difficult to im-

agine a real combustion process which would be characterized, for ex-

ample, by the fact that in the first part of the region a there is

only a pressure perturbation and in the second only a velocity per-

týrbation, or vice versa. Qaalitative arguments of this kind enable us

to use the formulas previously obtained, with the expressions for "A

and A2, for the analysis of the general case, too.

Inasmuch as we are dealing in the present section only with the
limited problem of estimating the relation between TI and 'A2 we shall

consider only several very simple cases.

When I = 0 (no losses at the ends of the tube), Formula (11.9)

yields the following equation, which is valid for an oscillating Sys-

tem at the stability limit:

( A1 + 'A2 =0, (21.2)

from which it follows directly that IA 1 I' - 1X2 . Thus, the absolute
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values of both fluxes of acoustic energy, of which one is due to the

kinetic energy of flow and the other to the energy in thermal form,

are equal to each other at the stability limit. From this point of

view, both sources of self-oscillation energy are perfectly equivalent.

According to (21.2), the fluxes I and X2 have opposite signs,

and cancel each other at the stability limit. In this case one of them

tends to excite the system and the other to quench the oscillations.

Further development of the process depends on whether the same equilib-

rium is maintained or whether one of the "fighting" fluxes I and 2

prevails. It is necessary to bear in mind here that depending on the

specific conditions, both the excitation and the quenching of the os-

cillations can be connected with the drawing of energy from any of the

two existing energy sources. From this point of view XI and '2 are

also perfectly equivalent.

The condition'A1 -- -2' which is satisfied at the stability limit

in the absence of losses to the external medium, is interesting in

that respect that it gives an illustrative idea of the role of the two

energy reservoirs which the oscillating system possesses. Each of

these reservoirs can serve as a source for acoustic energy or, to the

contrary, absorb it. For example, if > 0 and consequently 12 < 0,

then in the case of oscillations in the combustion zone mechanical en-

ergy is produced at the expense of the thermal terms in the energy

flux, but this mechanical energy does not go to reinforce the tcoustic

oscillation, but is consumed entirely in an increase of the average

flux of the stream kinetic energy. Were the system to have some single

energy reservoir, then the energy drawn from it could be used only- to

excite the acoustic oscillations or only to compensate losses in the

external medium. The presence of a second energy reservoir unover a as

it were the possibility of damping the oscillations even In the
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of any external losses.

"[4- In order to present a quantitative estimate

Fi of the energy processes that are inherent in the
Pig. 31. Scheme
showing the phenomenon under consideration in the steady-state
flow of acous-
tic energy in a self-oscillation process, we turn to a particular
tube with one
end closed, case (Fig. 31). We consider a tube closed on the

left end. In this case the flu'c of summary acoustic energy to the left

will equal zero, since it is impossible to radiate energy into the

outside space through the closed end. But then in the left part of the

tube the phase shift between §1 and 71 is 8i/2 and Eq. (19. 12) will hold

true.. Assume that the losses of acoustic energy are always equal to

the summary acoustic energy I + '2 moving toward the open end of the

tube. Under these conditions the oscillations have a steady-state char-

acter and it is legitimate to use Formulas (21.1).

In order to obtain a simple picture of the process, let us con-

sider the case when the excitation occurs at the expense of heat-supply

oscillations, and the heating in the plane Z is weak (Ml = 14 = M,

n = 1, and m = 1). Under these assumptions we can obtain from (20.3)

and (17.1)

and from Formulas (21.1) we get

T _ t (21.3)

where
am-

Here the perturbation of the heat supply ' is written in vector form.

From Pozmulas (21.3) it is seen that for the oscillating process under
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consideration the second terms in 1I and K2 always yield negative *om-

ponents, i.e., they always quench the oscillations. Consequently, the

excitation of the system can be produced only by the first terms, and

inIthe angle between Yand 74 should not exceed 7r/2,,while in I2

the angle between Vi and 1 should be larger than 7r/2. Xnasmueh as 15,

and v, in the left part of the tube adjacent to the closed end are re-

lated by the condition (19.12)

the possible largest absolute values of Pl and vi coincide. A compari-

son of the first terms of Expressions (21.3) shows that the acoustic-

energy flux going into excitation of the system at the expense of the

kinetic energy of the stream increases in direct proportion to the num-

ber M. When M - 1 both energy sources (thermal and mechanical) are

equalized in this sense.

This does not mean that at small (but finite) M it is merely pos-

sible to neglect the energy flux 12" This can be seen most simply from

the following argument. Let the first term of 12be equal to zero (for

example, owing to the phase shift between • andV,). Then the excita-

tion will be due to only the first term of 1i. Let us start to increase

the absolute value of Q. In this case the second terms, in which * is

of the second degree, will increase more rapidly than the first, and

at a certain Q = the total flux 'X + X2 will vanish. Consequently,

the exciting action of the first term of "1 will be completely offset

by the second terms of 'l and 12, and to a perfectly equal degree.

These qualitative deductions were confirmed by the exact calcula-

tions of the particular cases of some specific flows. To illustratq

the foregoing, Fig. 32 shows a diagram showing how the flux of acoustic

energyA 1 + 12 changes when the modulus of • varies, for the partioulir

case N1 - 0.1, M2  0..25, IVlI =Ip I* As ca be seen from the figures
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4,

iI

Fig. 32. Diagram showing the varia-
tion of the flux of acoustic energy
with varying modulus of '. 1) Re-
gion of values of - inside of which
excitation is possible.

presented, we are dealing with a relatively slow stream: the condition

jI~i = •i• has been chosen in order to have ahead of the heat-supply

plane noticeable oscillations in both the velocity and in the pressure.

In the calnulations the phase of 1 was chosen constant and such that

for specified pl and 1 a certain modulus Q = OMM must cause a max-

imum of 11 + 12 (the vector • passes through the center of the cfrcle

which is the stability limit for the chosen 5l and i,). In construct-

ing the diagrams the ordinates were the quantities 'X and-X, and

consequently the distance between the two curves in a vertical direc-

tion is equal to the flux 1 1 + 12, and in those portions where the

curve of 11 lies above that of -X2 the summary flux is positive, and

where -12 passes above It It is negative.

It is seen from the diagram that when ! - 0 we have Il + 12 < 0O

i.e., in the absence of oscillations in the heat supply the system is

stable. 2his oiroumtanoe was already emphasized above in the construe-
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tion of the stability limits (§20).

The diagram shown in Fig. 32 fully confirms the results obtained

in the present section. In addition, it is seen from it that at such a

relatively slow flow, the oscillating system is excited at the expense

of the heat supply and the internal-energy flux, and the. interastion

between the system and the flux of kinetic energy leads to a strong

damping of the oscillations.

This result is generally characteristic of slow streams (1 <«1),

which are excited by heat supply. Such streams are excited at the ex-

pense of the kinetic-energy flux only in exceptional cases, when j, is

close to zero, and in these oases the absolute value of 'A + 12 is

small.

It does no.t follow from the foregoing, however, that the flux K2

never plays a noticeable role as an active factor in the excitation of

oscillations. First, with increasing M the fraction of A2 as part of

the total flux of acoustic energy increases proportionally, and second,

the picture may change radically if the process in the heat-supply

zone ceases to be regarded as a function of one complex parameter (in

the present case, A). If we assume, for example, that both heat-supply

oscillations and oscillations in the position of the flame front can

occur simultaneously in the heat-supply zone, and the phase shift be-

tween them can be arbitrary, then it is easy to construct examples of

systems in which the principal source of energy for the excitation of

the oscillations will be the kinetic energy ot the flow.

In addition, if we turn to Fig. 28, which shows the stability

limits for the cases V1 = 0 and p1 = 0 and recognize that these l•m.t

have been constructed so as to maintain the scale for the slow flow,

ooapsidered in the present section, it is easy to verif that

an active facor~ In the excitation also in such exooptIpMal ~fy ~ e
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able conditions as M, - 0.1. Indeed, the diameter of the instability

region in the right half of the figure (oorrespondirp to 0 ") is

only 2.5 time smaller than the diameter of the instability region

shown to the left. At the same time, it is seen from the example (21.3)

that when'P, - 0 the only acoustic-energy flux exciting the system is

X2, and when vi = 0 this role is assumed by X". Consequently, the neg-

lect of such a reservoir of energy for the maintenance of self-oscilla-

tions as the kinetic energy of the stream may not only distort the pic-

ture in those cases when the excitation is due to the energy which is

in thermal form, but also lead to incorrect conclusions concerning the

possibility of self-excitation of the system in such regions of the

parameter plane, for which the excitation of the oscillations at the

expense of the energy in thermal form is generally impossible.

Manu-
script [Footnotes]
Page
No.

116 L. Landau and Ye. Lifshits, Mekhanika sploshnykh sred (The
Mechanics of Continuous Media], Gostekhizdat, 1953.

121 In order to simplify the notation of the system, we do not
distinguish henceforth between x, and K2' which are the adia-

batic exponents in the cold and hot gas. If desired this can
always readily be taken into account.

129 The term Q1[(1i/A4)1  + Pl- ill which is contained in - is
of no interest, since it is uniquely connected with I'l#

and I and cannot be freely varied as, for example, 7isg and ilI

133 These assumptions must be regarded as rather crude. They are

Justified by the fact that the terms v 2/2 play a relatively
insignificant role compared with evT andj.
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Manu-
script (List of Transliterated Symbols]
Page

No.

119 cr - ag - sgoraniye combustion,

130 x - kh kholodnyY- cold

130 r - 8 - goryachiy - hot

131 crop a agor - sgoraniye - combustion

133 - eff = effektivnyy - effective

137 e= - ekvivalentnyy - equivalent

144 3 - E = energlya - energy

145 = e - energiya - energy

145 I 1 - impul's - momentum
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Chapter 5

EXCITATION OF OSCILLATIONS BY HEAT SUPPLY
IN THE ABSENCE OF LOSSES

§22. Introductory Remarks

The present chapter is devoted to the solution of the problem of

the stability of the flow of a heated gas under the assumption that

the acoustic energy is not radiated from the ends of the tube and con-

sequently it is not dissipated in the surrounding space. In the the-

oretical analysis of thermal excitation of sound, such an assumption

is made almost always, since it is valid with a certain degree of ap-

proximation for the case of excitation of the low frequencies, which

are of principal interest. An approximate formulation of the problem

makes it possible to obtain in many cases sensible analytical results,

which are essentially valid even under more general assumptions con-

cerning the dissipation of the acoustic energy. We shall not estimate

here the extent of the validity of the assumption made, for we con-

sider in the next chapter an analogous problem with account of the en-

ergy losses at the ends of the tube.

Unlike the preceding chapters, where we considered essentially

the elements of the excitation of acoustic oscillations by heat supply

(propagation of longitudinal acoustic perturbations along the tube,

questions conoezning the variation of these perturbations as they

cross the heat-supply region), we shall present here an analysis of

the problem as a whole, using the results previously obtained. However,

before we proceed to a solution of our problem, we must make one remark.
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In all the preceding arguments, where the stability limits were

constructed on the basis of energy considerations, we left out contin-

uously one logical link. All the results obtained above reduced in

final analysis to the statement that if the relations between the

phases and the amplitudes of the oscillating system and the heat-supply

process satisfy certain conditions, then the system becomes excited.

Speaking more accurately, we proved that if the processes in the heat-

supply zone have a definite oscillatory character, then acoustic os-

cillations are excited in the system. However, in order for the proc-

ess to be closed, it is necessary to demonstrate also that the acous-

tic oscillations of the medium do in turn lead to oscillatory processes

in the heat-supply zone. The presence of this feedback would make self-

oscillation of the system possible. This can be demonstrated by using

the following qualitative argumentation: assume that a weak acoustic

perturbation has arisen in the system and has led to a perturbation in

the combustion zone, the result of which was a new acoustic perturba-

tion, which combined with the preceding one and intensified it, the

intensified acoustic perturbation has led to a more intense perturba-

tion of the process in the combustion zone, the latter has again pro-

duced an intensifying acoustic perturbation, etc.

Consequently, it is necessary to add to the already-demonstrated

premises that the oscillating combustion process is capable of giving

rise to acoustic oscillations also the proof that the acoustic oscil-

lations are in turn capable of producing an oscillating combustion

process: The existence of this feedback is a very important aspect in

our sequence of reasoning. If we turn to an analysis of the physical

processes that serve as the basis for the occurrence of feedback, .'e

find that they are quite numerous, complicated, and sufficiently var-

ied. This msakes it necessary to devote a special chapter of the book
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known trigonometrio identity

We then obtain

e (22.7)

Equation (22.7) enables us to obtain a discrete series of fre-

quencies w, satisfying the characteristic equation.

Assume now that the process in the heat-supply zone is character-

ized by the condition 6X 0. This corresponds to the first elementary

process considered in the preceding chapters. Then the conditions

(17.1) on Z assume the form

I 7 1(22.8)
In order to relate in explicit manner the quantity 6E with the

phase of the oscillation, we assume that

6E y (22.9)

where Z is a certain complex number.

The complex coefficient Z, which is introduced here in purely

formal fashion, has a deep physical meaning. Writing down Eq. (22.9)

is a formal introduction of the feedback referred to at the beginning

of the present section. Let the physical process in the combustion

zone remain indeterminate, but Eq. (22.9) indicates that the pressure

oscillations fl give rise to a corresponding oscillatory process in

the heat-supply zone.

Indeed, inasmuch as 6X - 0 by definition, 6E completely character-

Isom the perturbations of the heat-supply process to the extent needed

for the solution of the problem. Equation (22.9) shows that these per-

turbations are connected with the perturbations of rl and consequently,

if 1; oscillates, then 63 will also oscillate, and turthe ore with
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(Chapter 7) to the feedback mechanisms. In order to clar•fy these ar-

guments here, it is necessary to present a certain example of a phe-

nomenon of this type. For this purpose we point out the almost obvious

fact that the acoustic oscillations are connected with the oscilla-

tions in the stream velocity, and the stream velocity influences, as

is well known, the combustion process (it changes the configuration of

the flame front, it changes the rate of combustion, etc.). Thus, os-

cillations in the stream velocity, brought about by acoustic phenomena,

generate in turn oscillatory combustion.

It will be shown below that this example does not exhaust the

large number of possible mechanisms of feedback, but it must be men-

tioned here in order to show that the feedback mechanisms actually ex-

ist and therefore all the preceding arguments were not without purpose.

In addition, by pointing out the importance of this link in the oscil-

lation excitation process we induce the reader to follow more atten-

tively the premises that will be advanced during the course of further

exposition and which will contain every time, in explicit or implicit

form, some assumption which is equivalent to introducing feedback.

It is advantageous to start the analysis of the excitation of os-

cillations in a tube without losses at the ends with the already-known

simplest cases, which are characterized by the realization of elemen-

tary processes in the heat-supply zone, so as to apply to them the new

solution method.

We assume, for the sake of being definite, that pressure nodes

are located at the ends of the tube. Let the heat-supply plane 2,

which in equlvalent to the heat-supply region a, be located at dis-

tances ti and C2 from the end of the tube. We place the origin in a

section coinciding with Z, so that the left end of the tube will have

a coordinate 41 < 0, and the right end has a coordinate t2 > 0.
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The boundary conditions are written in the form

We then obtain from the solution of (4.13)

Ft()+1,, w ._ (22.1)

Here 71, fl' "2, andf2 are the values of the perturbations i and 1 at

the setrtion ( = 0, to the left and to the right of the surface Z, re-

spectively.

We start the consideration of the problem with the case when the

process in the heat-supply zone is characterized by the condition 63 -

S6X = 0.

From the canonical form (17.1) of the conditions on Z it follows

that when 6E = 6X = 0 we have 7I = nv2, P1 = n02" But then the system

(22.1) becomes linear and homogeneous with respect to P2 and V2" It

will have nontrivial solutions if the following condition is satisfied

f-y (4,) my (41) Ijy(I"Y()10.

When 42 ; 0 we can write the resultant characteristic equation of

the system in the form

T j X, lawm0. (22.2)

Using Formulas (4.14), we obtain, setting • = v + iw

Top . z (22-3)A~jmj.j~i

vi f- +8P012

The denominator of the resultant expression is always larger than

zero (since the case T2 = 0 is excluded from consideration). If we

recognize that n and _m in (22.2) are positive numbers by definition,

then, confining ourselves for the time being to a consideration of the

vq41 part of Eq. (22.2) only, we obtain immdiately
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CQzP*)D(bOzP ^_)-0, (22.4)

where C and D are certain positive numbers.

Before we proceed to an analysis of the relation obtained, we

call attention to one important circumstance. The quantities v1 and v2

in the exponentials, or, in the more general case, the complex fre-

quencies 01 and 12 contained in the functions 1', 92 , and T3, are dif-

ferent for the "cold" and "hot" portions of the tube. This is connected

with the fact that for the system of dimensionless variables (4.8)

used in the present book the time scales L/a are different on the dif-

ferent sides of Z, owing to the change in the velocity of sound a when

the gas becomes heated. At the same time it is physically obvious that

the dimensional frequency of oscillations should be the same for the

entire tube. On this basis, we can readily establish a connection be-

tween 1l and

, -!,-6 ,,P,(22.5)

Consequently, analogous relations will exist between vI and v2*

I

We can now rewrite (22.4) in a more convenient form

CO-4P -b 4VL - ) O 0.(22.6)

Let us consider Relation (22.6) in greater detail. The quantities C,

D, 4/n(l - M22), and 4/(1 - M2) in this equation are positive. The co-

ordinates of the pressu'e nodes t1 and t2 have opposite signs: t1 < 0

and t2 > 0. Consequently, both terms in the left part of Eq. (22.6)

have the "me selnso Lnpendently of the value of v. The vanis~hin or

this sum is possible only if each term is equal to zero separately.

( From this we obtain immediately

v 3= 0.
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Thus, we have obtained here the same result as above, in the en-

ergy analysis of the problem: if 6E = 6X = 0, then neutral osoilla-

tions are produced. It must be noted that in the present section this

derivation is obtained only for a particular form of boundary condi-

tions, nAmely pressure nodes at the ends of the tube. KNoever, it Oen

be readily extended to include also a more general case. Assume that

on the left and on the right of Z there are located in a certain sec-

tion (not necessarily the ends) t1 and 92 not pressure nodes but vel-

ocity nodes or a velocity node on one end and a pressure node on the

other. The change in the boundary conditions effected in this manner

leads to characteristic equations of the type (22.2). The difference

reduces to the fact that in place of the ratio of the functions i/42

the equation will contain the ratios 92i or simultaneously cpi/v 2 and

/'Pi". However, it is known from the theory of complex numbers that

the signs of the real parts of the complex numbers z and 1/z are the

same. Inasmuch as the deduction given above is based precisely on an

examination of the signs of the real parts of the function q'i/4 2 , it

will be valid also for the characteristic equations containing q'I/ý

or qi/%2 and 92/i simultaneously.

The results obtained here, as was already indicated, are not new.

However, comparing the method used in the present section to solve the

problem of the stability of flow of a heated gas with the previously

developed energy method, we can point to certain advantages of the so-

lution method considered here. Unlike the energy method, the direct

solution of the characteristic equation enables us to obtain, in par-

ticular, the frequencies of the oscillations.

Indeed, let us turn to Eq. (22.2). Using Formula (22.3), we now

write the second consequence of Eq. (22.2). equating its Imaginary. )
part to zero. We tale account here of the faot that v 0 and use the
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known trigonometric identity

We then obtain

ctg nett MO. (22.7)

Equation (22.7) enables us to obtain a discrete series of fre-

quencies w, satisfying the characteristic equation.

Assume now that the process in the heat-supply zone is character-

ized by the condition 6X = 0. This corresponds to the first elementary

process considered in the preceding chapters. Then the conditions

(17.1) on Z assume the form

RvSm -8Eax (22.8)

In order to relate in explicit manner the quantity 6E with the

phase of the oscillation, we assume that

6E = YPl, (22.9)

where Z is a certain complex number.

The complex coefficient Z, which is introduced here in purely

formal fashion, has a deep physical meaning. Writing down Eq. (22.9)

is a formal introduction of the feedback referred to at the beginning

of the present section. Let the physical process in the combustion

zone remain indeterminate, but Eq. (22.9) indicates that the pressure

oscillations p 1 give rise to a corresponding oscillatory process in

the heat-supply zone.

Indeed, inasmuch as 6X - 0 by definition, 6E completely character-

Ines the perturbations of the heat-supply process to the extent needed

for the solution of the problem. Equation (22.9) shows that these per-

turbations are connected with the perturbations of "l and consequently,

if Pl oscillates, then 6B will also oscillate, and furthermore with
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the same frequency. The quantity Z determines uniquely the relation-

ship between the amplitudes of 63 and 51 (the modulus of the mmberZ) z
and the phase shift between them (the argument of the number Z).

Using Eqs. (22.8) and (22.9), let us turn to Eqn. (22.1). In the

case under consideration the characteristic equation of our system

will differ from Eq. (22.2) only in the right half:

J-us~j~..-up.(22.10)

Confining ourselves, as before, to an examination of the real

part of the equation (22.10) and using the same arguments as in the

derivation of (22.6), we write down an equation that determines the

real part of the number Z:

An analysis of this equation, based on the fact that 4/n(l - 2)

and 4/(1 - m + 2) are positive, whereas 4, < 0 and t2 > 0, shows that

the quantities in the parentheses have the same sign as v.. But then,

recognizing that m, C, and D are also positive quantities, we can

state that the real part of the number Z has the same sign as V1.

If we turn to Eq. (22.9), it becomes obvious that the sign of the

real part of Z determines the phase shift between 6Z and Pf. In par-

ticular, a positive sign of Re(y) indicates that the phase shift be.

tween 6E and fl has a smaller absolute magnitude than w/2, whereas a

negative value of Re(y) corresponds to a phase shift between w/2 and w.

Comparing this result with the excitation oondition obtained in

112 for the first elementary process, we see that the two agree com-

pletely: the system becomes excited (v > 0) If the phase shift be-

tween 63 and 1l has an absolute value maller than w/2.,

In exactly the sam manner " In the fcegoio case, we oanex. O

1"4 this result to include the more general ase t v1••wt of the,ý
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equality of the signs Of Re(91/92 ) and ne~pgAI).
The properties of the second elementary process could be obtained

in exactly analogous fashion.

As can be seen from the material presented in the present section,

the deductions obtained earlier in the analysis of the energy rela-

tions can be obtained also directly, by solving the characteristic

equation. Comparing these two methods we must say that whereas the en-

ergy methods are somewhat simpler and possess great clarity, the solu-

tion of the characteristic equation yields not only the excitation

conditions, but makes it possible to determine numerically the oscil-

lation frequencies and the decrements (increments) of the attenuation

(or growth) of the oscillations.

In particular, equating the real and imaginary parts of (22.10)

to zero separately, we could write two equations that relate only real

variables:

F, (..; *) -o.

Simultaneous solution of these two equations would make it pos-

sible to obtain pairs of values of vI and to, satisfying the character-

istio equation (22.10). This Is not done here, since an analogous prob-

lem will be solved for the more general case somewhat later.

§23. Formulation and Solution of the Characteristic Equation

In order to illustrate the method for solving the problem of the

stability of a gas stream of the type considered, we develop here the

calculation scheme for one of the possible cases of excitation of

acoustic oscillations by heat supply. In the example presented to the

reader's attention the fundamental factor is indeed the methodological

aspect of the solution of the problem. As regards deductions of tech-

nical or physical character, which can be made from the analysis of
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the solution obtained, they are more particular in character.

We consider the flow of gas in a tube, and assume that the an

of time-varying heat supply satisfies the necessary requirement and 4
has already been reduced to a certain fictitious strong-discontinuity

surface Z. We use the same notation as In the preoeding section, and

let the boundary conditions again correspond to pressure nodes at the

open ends of the tube:

Then, using the solution (4.13), we can write

;I1, (,) + (v3 .1 - ,)

Let the conditions on Z be specified in the form

Vsu.hVaEag~, 1(23.2)+ "P

This form of notation differs from the canonical one. It can be

obtained from Formulas (17.5) by assuming that the "cold" part of the

stream is isentropic (i1 = 0) and that the quantities 61' and 6X'

which characterize the nonstationary combustion process can be repre-

sented in the form

6X'- =;+ b 
(233)

The equations written out here must again be treated as a forml

introduction of a certain feedback. The physical meaning of Pormulas

(23.3) reduces to the fact that the combustion process follows the

changes in the pressure and velocity ahead of the combustion zone and,

in particular, if Pl and "1 are subject to oscillation (if acarmtic.

waves are produced) the combustion process acquires an oscillatory

character. This formal notation will be made more specO•fc latuw op!

Eliminating V2 and p'2 from the system (23.81) with-.the alA .i.
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(g3.2). we arrive at a chaacoteristio equation in the form

.(1) . (L+ I)I°" (23.4)Sp I a.n, (Ig) + a.,i~ (1,) 8$(,+49G)

The functions ii and V2 will be replaced by their expressions in

accordance with Formulas (4.14), taking Relation (22.5) into account

and introducing 11 = -41 and 12 = 42 (in order to deal with positive

quantities, namely the dimensionless lengths 11 and 12 of the cold and

hot parts of the tube). After several transformations, which are left

out here, we obtain the characteristic equation of the system in the

following form*:

+ CI eip 2-- + C4 0, (23-5)

where

C2- -.. &+..-6•+l,,, (23.6)

It must be emphasized that the coefficients a,,, a12 , a21 , a2 2

entering Into the expressions (23.2), and characterizing the prooesses

in the combustion zone and their dependence on the acoustic osoilla-

tions, are assumed to be real. Then the numbers C1 , C2 , C3 , and C4

will also be real and will depend only on the properties of the heat-

supply zone.

If we recognize that p - v + iw then, by substituting the expres-

sion for p in (23.5) and separating the real and imaginary parts, we

obtain a system of two equations for the determination of v and w:

CI4)CSh+ h,.).+ C.,A'C,,, + ,-o(e.

440sAsC~O (23.7)
C,e.hs•',+hiu (A, + h,) +C,'u/..+ +
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It is easy to verify that the solution of the system of trsween.

dental equations (23.7) is practically Impossible in general forM. We

present here a graphic analytic method of solving such a system.

We write down the system (23.7) in the farm

CO%" M its*8 + C&A'e M .
- -C 4 -Cdft•M(h,+kg)* (23.9)

. -Ce,+ua (k ,+k

Squaring the left and right halves of these equations and adding them,

we obtain
aY,,,p + 2CC*hi+" com (kg -ak + C01041

- C6 + 2C,¢•a*, em c (A& +/A). + C:,•s+% .

Elementary transformations convert this relation into

icu',4-W + C',e"-', - l•,•+' + Cr 1 -
-2 [CC 4,ow(h 1,+ hu-cC, m (1h-'3),,. (23.10)

The sought-for quantities v and t are located here on opposite

sides of the equal sign. Using this circumstance, we can readily plot

in coordinates v and w the curve defined by Eq. (23.10). For this

purpose it is sufficient to plot the left half as a function of v, the

right half as a function of w, and transfer the points corresponding

to Eq. (23.10) to the coordinate plane v, W.

3f we regard (23.9) as a system of lin•ar inhomogeneous equations

for the determination of the quantities 020 and 030 * we e0 write

c~a~am{] -C,•,(h+As) c(k, + £3). ~ ,'
c•.•Ca,.4h-c,-c,(A*+.(i,+3.

Cus%#i'm% SWk,4. - + (+e " to

where the determinant of the system is

Cos k,. Cos Ago.(h

After simple transformations we arrive at the following, equations:

"S" AL J!-,,h* (23.11) -'
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These equations are va3id, of course, only if

j Multiplyling the left and right halves or (23.11), respectively, we ob-

tain after certain simplifications '.

+ tX ,in' C (, -. A,) .-- C1 C4 (sin' A•0-+ s6a20) + Ck-- 0.•el(,, ), + •, r*,wi X sOn his OnQ he* 0-

The last equation is quadratic in e (hl + h2 )v, and consequently

1 ,(23.12)

where

(- ias.' (h,- h,) a-cIc4 (sin' h, +S.IDhO.)
sin A5 i ai ho.

In the coordinates v, w the equation (23.12) defines a certain

curve, t* of whichAWIMlVementary optri•iýti

The sought values or w and v, satisfying the system (23.9), will

be the coordinates of the points of intersection of the curves (23.10)

and (23.12). We must point out here, however, a certain additional

difficulty. In deriving Eqs. (23.10) and (23.12) it was necessary to

carry out such operations as squaring and term-by-term multiplication

of two equations. As a result the system of equations (23.10) and

(23.12) yields not only the roots of the system (23.9.), but also sev-

eral superfluous rootb which must be separated. The separation of the

roots is,ý,4 ied out by rificationr1bsfi~tution of the

obtained graphical values or v and w into the second equation of the

system (23.7).

Let us give an example or such a calculation. Let 11 - 12 - 0.5,

the air temperature prior to heating 2889X, after heating 1500°K, and

the velocity of the cold stream 50 m/sec. The processes in the heat-

supply are assumed such that 71 M 72 7 -3 - 0 and the system can be

excited only because of perturbations in the heat supply •. Then at
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certain fixed properties of I, which will be indicated below, It Is

possible to make the calculations In accordance with the prooewde de.

scribed above.

Without carrying out any numerical calculations and Intermediate

constructions, we present limediately the plot fram which the vaiwes

of v and w are determined. As was Just demonstrated, these quantities

can be determined as the points of intersection of curves in the v, a

plane, defined by Eqs. (23.10) and (23.12). We denote the former by

F(v, w) - 0 and the latter by f(v, w) = 0.

Fig. 33. Graphic method of determin-
ing the roots of the characteristic
equation.

In Fig. 33 this construction has been given for the spocific case

under consideration. It must only be borne In mind that the breasses 9
f(v, w) - O, which yielded superfluous roots, are omitted in PIg.• )3

-185.



In addition, inasmuch as reversal of the sign of w does not change the

system of initial equations (23.7), the construction was made for pos-

Sitive 0 only. The points on the v, w plane which represent solutions

are designated by circles. The construction presented is of interest

(and is typical) from two points of view. What is striking first of

all is the fact that the oscillation frequencies that the system can

maintain differ from the frequencies determined by the usual acoustic

procedure. Indeed, in a cylindrical tube with two open ends the oscil-

lations might appear to have the following periods: the maximum equal

to the time necessary for the sound wave to move from the inlet to the

outlet of the tube and back, and a series of periods hmounting to 1/2,

1/3, 1/4..., etc. of the maximum period (see 0§5 and 6). If such a

calculation is made for the case under consideration, it appears that

the system should support the following series of frequencies:

a - 0; 4,11; 8,22; 12,33; t6,44; 20,55; ...

The actual frequencies are

a - 0; 3,38; 9,1; 12,33; 15,7; 21,4; ...

This singularity of the case under consideration is explained in the

following way.

When a sound wave passes through the discontinuity surface Z,

some part of the wave is reflected and travels in the opposite direc-

tion. Consequently, the elementary considerations which lead to the

customary acoustic rule are not applicable here. The complicated in-

terference between the refracted and reflected waves, considering

their reflections from both ends of the tube, yields the results in

the second set of frequenoo a. CoMparison of the two sets shows that

the simple acoustic rule can be employed only in those cases when a

rough estimate of the frequency is required.

Another singularity disclosed by this calculation is that the
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different harmonics attenuate with different decrements. In the con-

sidered numerical example the closest to the stability limit (v - 0)

were the first and fourth harmonics. As regards the aperiodic term

(( 0) and the third harmonic, these are the stablest. Therefore when

a relatively small change takes place in the parameters of the surface

X (small change in Q) the most probable is the occurrence of an oscil-

lating instability with frequencies of the first and fourth harmonics.

Inasmuch as in real processes the higher harmonics are character-

ized, other conditions being equal, by an increased energy dissipation,

in the case when instability sets in this system is most likely to os-

cillate with the frequency of the first harmonic (fundamental tone).

Thus, the calculation presented allows us to understand how the o5cil-

lating system "chooses" the oscillation frequency.

§24. Construction of the Stability Limits

The solution presented in the preceding section for the charac-

teristic equation of the problem under consideration was based on the

fact that the processes in the heat-supply zone can be described by

Eqs. (23.3). Let us consider the question of the properties of the

heat-supply zone in greater detail. In order to simplify greatly the

analysis of the excitation conditions, we assume that the quantities

6E' and 6X' depend on a single complex parameter; we have already in-

troduced such a parameter, 7, earlier. In specific cases this param-

eter can be, for example, the perturbation of the effective linear

combustion velocity D1, the perturbation of the heat-supply 1, or the

perturbation of some other quantity characterizing the nonstationary

combustion. Let us settle on some specific assumption. Let, for ex-

ample, this essential parameter be the perturbation of the heat &UPPIT

•. Then Eqs. (17.4) allow us to write
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Comparing these expressions with (23.3) we see that the dimension-

less perturbation of the heat supply Q can depend in explicit form on

-§ and vi:
ý-QA+QA,. (24.2).

-But then Formulas (23.2), which are the consequence of Eqs. (17.5),

can be rewritten in the form

;S- +46IQ ; +K 6A)it (24.3)
A,- (94, + a;,Q, k + (K. + OP) T. I

Here a'll + a'llQv = a,,; ... , etc. It is seen from Formula (24.2)

that Q is determined completely (for specified P1 and i) by the coef-

ficients Qv and %. We have previously chosen to determine the per-

turbation - in terms of its amplitude and its phase, but now we use

the projections of the vector • on Pl and V.. Both methods of writing

down 1 can be employed with equal success. The previously employed

method of specifying I (or Y, etc.) in terms of the amplitude and the

phase has the advantage of being more general. In some cases, however,

when the dependence of the heat released on the state of the oscillat-

ing system is known, it is convenient to express this dependence in ex-

plicit form. LAt, for example, the heat release 4 be a known function

of the pressure and velocity

Q - Q(vl; Pl)

and let it be independent of other parameters. Then, taking the varia-

tion of this expression and changing over to the adopted system of di-

mensuonlees varilbles, we oan write

V-CIt;.C2 apt A$(2&4A)

where C1 and 02 are certain constants.
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Comparing Expressions (24.2) and (24.4), we see that the coeffi-

cients Qv and Q are proportional to bQ/bv1 and bQ/tlp, i.e., they ex-

press a certain really existing dependence of the heat release on the

stream velocity and on the pressure.

Let us consider the question of the stability limits when the

properties of the discontinuity plane X are represented by Eqs. (24.3).

We use for this purpose the measure employed in S19, namely we regard

7 p1' v 2 ' P2 as vectors and take the scalar products of Eqs. (24.3)

with each other. By virtue of the orthogonality of p and v, the prod-

ucts p' vanish when v = 0, yielding the following connection between

the coefficients Q and Qv on the stability limit:

,(+4Qj (.;+4QJ+7,(s+Q, (@L+,Q•O- (24.5)

- -

Fig. 34. Stability diagram In the plane

of the variables Q9 and Qv.

For each specified ratio vi/p, Eq. (24.5) corresponds to a sec-

ond-order curve in the plane (V; Qv,). All these curves pas thrugh

the four points A, B, C, and D (Fig. 34), the coordinates or whiloh e

obtained by equating to zero the first and third, the second and

fourth, etc., tere In parentheses in 34p. (24.5), and the curvae tow

solvws lie mesf. the bands dols•stod by the lines parallel to US
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coordinate axis and passing through these points. A more detailed nu-

Merioal analysis shows that the family of curves is a family of el-

4 lipses, three of which are shown in Fig. 34, constructed for flows

characterized by M1 = 0.1; 2 = 0.25.

The ellipses as shown in Fig. 34 must not be regarded under any

circumstance as the stability limits. These ellipses, which are derived

from energy considerations for constant ' riV2 and consequently with no

account of boundary conditions, have only one Important property: the

point corresponding to the stability limit can lie only on the ellipses,

and consequently, only on the boundaries of the vertical and horizon-

tal strips delineated by the lines a'll + a 11 % = 0, ... , etc. (or,

using the shorter notation, the lines a 1  0, a 1 2 = 0, a2 1 - 0, and

a2 2 - 0).

Stability diagrams for the fimDlest cases, Being situated inside

or on the boundaries of the obtained strips, the stability limits,

constructed with account of the boundary conditions, can yield differ-

ent configurations for the stability regions. Let us show this for the

limiting cases. Let the length 11 be negligibly smll, i.e., let the

entire tube be full of hot gases, and let the combustion occur at the

inlet section. Then the boundary condition adopted above, f1 - 0,

should be satisfied ahead of the combustion zone. This immediately

leads to the vanishing of the second term of Eq. (24.5), and the only

stability limits (regardless of the value of "i) will be the lines

a1 1 - 0 and a2 1 = 0. The corresponding stability diagram is shown in

Fig. 35a. unasmuch as it is known that the origin corresponds to the

stable mode,, the Instability region (the shaded part of the diagram)

is determined immediately. The same figure (diagram b) shows for the

sake of completeness the case when the boundary condition for 11 M 0

has the form Vl 3 0 (closed end). Then we obtain in precisely the same
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manner the boundaries in the form of the equations a12 - 0 and a -- 0

for' all j 4oaw1 I" .

-tal

I" NA

Fig. 35. Stability diagrams for the
limiting cases.

Another limiting ease will be a tube with negligibly 8=m1lon erth

of the hot portion of the stream: --12 - 0. Tet us find the stability

limits f'or the boiindary condition Pý2 - 0. To this end we re~write Zqs.

(23. 2) in the form

Oman

and it is assumed that A 01 0. Taking,,a before,, the so&2&r product of'

Eqn. (24.6) by each other (we regard a lnd • mvecorowr), we obtalna In

iieu of (24.5)"
"•.,,..+]iR,,,.,o (g4.?)

bi .y ,- , ,, -*. a 0. so

"S /4 ai
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bility diagram is shown in Pig. 350. Unlike the diagram of the type a

and b, the Instability region is located in this case not Inside the

strips, but encompasses completely two quadrants of the entire infin-

ite plane of parameters % and Qv. As in the preceding case, we give

for the sake of completeness the stability diagram corresponding to

the boundary condition V2 - 0. Then for all P2 the boundaries of the

stability region become the lines all = 0 and a1 2 = 0, which yields

diagram d of Fig. 35.

We see from the foregoing example that the configuration of the

stability regions can change in our case quite radically, depending on

what the values of PI'V "i P2, andV2 are in the heat-supply plane.

Such a variety of configurations is connected, in particular, with the

fact that the stability boundaries can go to infinity. If we construct

analogous boundaries in the coordinate system employed in §19, then

the cases Pl = 0 and 71 = 0 would give perfectly identical configura-

tions of the instability region, namely circles. These circles are

shown, for example, in Fig. 28. As regards the cases "2 = 0 and "2 - 0,

in the coordinate system of §19 the instability regions would not have

such simple boundaries. The point is that this system presupposes that

the vectors Pl and v 1 are oriented in the positive directions of the

coordinate axis, whereas the position of the vectors and ' 2 remains

arbitrary. This and a few additional difficulties do not make it ad-

vantageoup to analyze in detail the boundaries of this type.

The use of the variables Q and Q., while it does complicate the

configuration of the stability boundaries, permits on the other hand a

sUMliioastion of the analysis of the excitation conditions, as will

be shown from the content of the next section.

Before we proceed to discussing the configuration of the stabil-

Ity boundaries in the plane of the parameters Q and % with 11 and 12
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simultaneousl, different from zero, let us point out ofte other ps'pswty

of the stability diagrams shown in vig. 35.

When +f-_s or v-*4., the damping deor z it (or grmoth Inore-

ment) of the oscillations tends to zero. Thus, there exists, as it

were, still another stability boundary at Infinity. This can be Osuop.

strated in various ways. We shall present here a proof of this state-

ment by analysis of the characteristic equation of the system (23.7),

which enables us to cast light in passing on still another question.

We take, for example, the stability diagram shown in Fig. 350. Putting

1 2 - 0 we obtain h2 = 0 and Eqs. (23.7) assume the extremely simple

form

(Cj+C,+)t ,),,Au ,,+Ca+C,=:O (24.8)

It is obvious that the natural frequencies will be determined by the

equation sin hlw = 0. Without refining them further, we note only that

in this case cos hlw = +1. Inasmuch as ehlv can be only positive, the

sign of cos hiw will coincide with the sign of the ratio-(C3+O4)/(Ol+

+ C2 ), making it possible to write

Let us use the connection (23.6) between C1, C2 , C3 , and C4 , on

the one hand, and a1 1, a1 2, a2,' and a22 on the other, md also Foma-

las (24.3), so as to rewrite the last equation In the form

= , In +(24.9)

Putting v - 0 (the condition for the existenoe of the stabilitr

limit) in (24.9), we readily obtain with allowame for (23.2) aWd

(24.3) the alreay known stability limits L21 - 0 o. - C) Orwin
asdition we haVe + m and , =+. This stateamet .an be pwV 4d In

"wgsot3y the sam my tw the otber types -t diftn" Ob" 18 7*4
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Formula (24.9) enables us to point out a circumstace which is

not always borne in mind. At certain combinations of and v the

numerator or denominator of the fraction under the absolute-value sign

can vanish. This will correspond to v -* += or v --. Thus, arguing

formally, we can state that somewhere in the plans of the parameters

Sand v are located two lines which correspond to infinitely large

stability or infinitely large instability of the stream. Actually,

this is connected with the fact that the problem of the stream stabil-

ity is regarded here, as everywhere in this book, without account of

the initial conditions. But such an approach is valid only for those

oscillation modes, for which one can assume that the instant of time

under consideration is sufficiently removed from the initial instant of

time, and as a result of the energy dissipation which is unavoidable

in a real system, the influence of the initial conditions has been at-

tenuated sufficiently. These assumptions can correspond only to modes

of neutral and nearly neutral oscillations. On the other hand, if the

solution of the problem yields values v = +±0, then this merely indi-

cates that it is necessary to take into account the initial conditions

and the nonlinear properties of the system. If values v - +a. are ob-

tained, it is possible to state, apparently, that the system becomes

especially stable or especially unstable in the vicinity of the cor-

risponding values of % and v.

If we take this stipulation into consideration and construct the

lines v - 0 and v - += in the plane of the parameters % and Qv then

we obtain a perfectly syumetrical picture, as shown in Fig. 36. The

lines v - +* and v - - make angles of 45°0 to the coordinate ames, in-

asmuch as a"21 - a"22 - b23. Precisly the same arguments can be car-

tied out also for the diagrams a, b, and d of Pig. 35, drawing on them

the lines v +w and v -- a.- These lines make it possible to obtain a
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Fig. 36. Characteristic lines on
the stability diagram.

Fig. 37. Variation of the u -
tity v durin the course of o--

•tion alorn the lines W& and BB'
on Fig. 39.

qualitatively correct picture of the variation of v on the entir

parameter plae. If', for example, we assume that % remains oonsan

and Qv changes (line AA' on Fla. 36), then the curve shmU*n the wvari-

ation of v will have the form shown in the upper par of Fig 37, andd

if .we move along a certain lin~e BB', then the varatUM 9to O v of S C".

tion of the position of the "epresentative point op a t " W# r"

hav the D s ho nInthe 2M W Pa t o f g 37.
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limit in the general ouse it Is advantageous to proceed in the follow.

ing manner.

T) he coefficients C', C2, C3, and C4 contained in the system (23.7)

ar'e linear functions of Qa and Qv. In fact, these coetfticients are

made up of linear combinations of all, a1 2 , a 2 l, and a22, which, as

already indicated, are equal to

Sa,,+"iQe. *,=-.+a ),. 0 (24.10)

Therefore the system (23.7) can be represented as linear with re-

spect to Qp and Qv. with coefficients that depend on v and on w, which

are regarded as the parameters or the system. Simple algebraic trans-

formations enable us to write in place or (23.7) the following system:

QW it (v, 0) + QVP, (v, )- FPi (v, 0), }(2 .11)
{).PN (V, M) + CPU (V, 0) PSI (V, 0).

Here the functions Pik are sums of the form

a&014V+•1. m(h. + h) *+ ocoo h1a + a,.'mh,,+.,,

for the tirst equation of this system, and sums oa the torn

b,$a,+.I sin (h, + , * + b, sin A&, + ba% sina

for the second equation (ai and bI are certain constant coefficients).

Fixing the values of v and w, we can, generally speaking, obtain

the values of and Qv corresponding to them:

Q,-~; Qu.~t(24.12)

where """U)

A IP Ir .g( , . ) F . ( V . ) j
A Pa~l V.(' ") Fis(V, "NI

"PitN., 0) rP"(V., )1

When a - 0 the "sytem must be" investigated further. It It turns

out simultaneously that Ap - 0 (or AV - 0) then, as Is well kIownm, qs.
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(24.11) are linearly dependent and their aggregate determines not a

point in the plau' of the paraesters (%, Qv), but a line. We shall

consider this case in greater detail below.

If we disregard combinations of values of (V, w) for which A - O,

then each point in the plane (v, w) will correspond to a point In the

plane of the parameters (%, Qv). On moving along an arbitrary curve

in the plane (v, o), it is possible to obtain the corresponding curve

in the plane of the parameters (O, Qv) with the aid of Eqs. (24.12).

In practice it is necessary to consider most frequently motion In

the (v, w) plane along lines parallel to the o axis. These lines cor-

respond to oscillation modes with constant values of v. It is possible

to consider here, in particular, a mode with v - v, (v 1 < 0), i.e.,

with a constant damping decrement, the mode v - V(V 2 > 0), i.e.,

with a constant growth increment, and finally, the mode v - 0, which

is the stability limit. The last mode is usually of greatest Interest.

Inasmuch as v = const in all these cases, the coefficients F.k of the

system (24.11) become for each of the corresponding curves in the

(%,:, Qv) plane functions of only one parameter, the frequency W.

By plotting a series of such curves for different v - const and

for all values of the frequencies 0 < w < = on each curve,* it is pos-

sible to obtain a complete and quite illustrative picture of the be-

havior of the oscillating system for arbitrary % nd Qv"

The construction of these diagrams is simple, but rather tiresome.

Recognizing that with increasing ( the losses in real systems Increase

appreciably,, it is necessary to confine oneself in the calculations to

some sensible value of w. Usually, for some roughly specified upper

limit of w, the order of the expected frequencies can be etlated

with sufficient aocuracy.

In order to present a clear-out notlon of dLsp'sin of this ~
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let us consider on. example of the constrction. The example presented

below is sufficiently typical, and is at the same time chosen such

¼i that the construction of the lines v - conet is possible without the

tiring calculation of the coordinates of the points of these curves.

Let the heat-supply plane X be located in a section of the tube

defined by the equation

hi M h 2 = h.

Then the system of equations (23.7) simplifies appreciably and assumes

the form

C&O" oIo2h + (Cl + 4C)O)w , +h , c O,
Uime[2~eMcosge+ +e(, ()'). (24.13)

sin he 12C,,.,,,.he, + Ov (c, + c.). o .}(•

Let us find the stability limit. For this purpose we investigate

the system (24.13) with v = 0.

We consider first the special case sin hw - 0. The value sin ho.

- 0 corresponds to two possible values or coo hw. When coo ho - I we

have from the first equation of (24.13)

C,+CS+C,+C,- O, (24.14)

or, in accordance with Fozmulas (23.6), a 2 1 . 0, which gives on the

basis of (24.10) the line

Q.- 4.15)

For cos hw - -1 we have

CA-(C,+C,)+C .O, (214.16)

which leads after analogous transformations to an - 0, i.e.,

(24.17)

Let now sin ho p 0. Then, dividing the second equation of (24.13)

by this factor, we obtain by eliminating coon hw from the system (24.13)

the following condition for the existence of the stability limit:

.- 18 + -4 = o (24.18)
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or

all + aw 0.

using pormulas (214.10), we write the e109attem Ot .bs O" . 6
(%aS Qv) Plane

it must be noted here that wheree&S the .281 0($3 1 ')am,£*AA )

are in their entirety stability limts, the s~o~ et~

respect to the line (214.20). The latter Is e t4 itW hI

that coB haw in Eqs. (214.13) cannet haev an ab3awxt, I."* 4~

unity. Let us find the wz f ~ly"im ims~-¼
and belonging to the stability boundary-of t06W.. Wh m.

tion of (214.13) assumes after dliiiqg by- Oin bW. Muis:~1~

following form

As w varies from zero, to iftythe- qutttfOW h Wt2'0I

periodically frau 1 to -1. At the fttreme POi3As, " Aels ~~ib

equal to +1 or -1 will oasrespend 46 the squatb",:

Comparing these equations with 23 .d(2ý26'W V04 .4

that the ends of the sought segmatnI 00i O the xZist (2.15) Or V4).

Consequently, the stability limits ift th&e .4e Wne -mum~Ia

will be the two straight lines PAP2to t" @WI3ItO 5*5

inclined segment lying between the* lne.

It is Useful to suppleMent th*e oMftM'@~4Gt I ~5t.~g¶

boundaries with construction ot thelt~e IUW Of06SUt V,,:

the one given above.

it is only noecessry to omxlf~tba4 f w

all the form]"a by 0O OW01API 'F '



performance of these caloulations is quite elementary and will not be

presented here. It is easy to visualize that in this case the line oft

constant v in this example will be straight.

The diagram of the stability limits and of the lines of equal v

for'ehv - 1.1 (v > 0) and ehv . 1/1.1 (v < 0), constructed in accord-

ance with the procedure ind. cated here, is shown in Fig. 38. The con-

struotion was carried out for Ml = 0.1, M2 = 0.25.

pop

_1W1

Fig. 38. Lines of equal v near the sta-

bility limit.

As can be seen from the presented diagram, the distribution of

the regions of stability (v < 0) and instability (v > 0) recalls their

distribution in Figs. 350 and d. Diagram 38 indicates one essential

fact which must always be kept in mind. The lines of equal v (the

three groups in Fig. 38 arbitrarily designated v < O, v - 0, and v > 0)

ozoss In the plans of the parameters of the osoillating system ( ,a %).

Consequently, at the point of intersection of the lines v > 0 and v <

< 0 the system should be simultaneously unstable and stable, while at

the point of intersection of the lines v = 0 and v > 0 it should be

0- 20 -



simultaneously neutral and unstable, etc. This onclusion does not Oam-

tain an unresolvable contradiction, as might appear at first glanoe.

The point is that the intersecting lines correspond to different fe-

quenciess and the fact that one harmonic can be more stible fto spe*I-

fied % and Q. while the other can be less stable is almost obvIous,

An example of this is shown, in particular, in Fia. 38. Were we to

plot in lieu of Fig. 38 a three-dimensional diagram with the frequenoy

w plotted along the thift axis, then the lines of equal v would not

intersect but would pass over one another at different heights (at dif-

ferent w). To be able to Judge which frequencies correspond to the

points on the equal-decrement lines, it is useful to mark the frequen-

cies along these lines. No such marking Is done on Fig. 38, but the

reader can fill this gap without difficulty, if he recognizes that the

line drawn along the Q axis was obtained for sin hw - 0 and con hw-

-- 1; the line along the Q axis was obtained for sin ht = 0 and

cos hw = 1, while the group of the inclined lines was obtained for all

other w.

One must not think that in order to separate the stability reglons

from the instability regions it is necessary to plot in addition to

the v = 0 lines also the v > 0 and v < 0 lines. Such a more limited

result can be obtained also in simpler fashion, by using the so-called

shading rule. This rule is frequently used in the theory of automat-ic

control, where it is sometimes called the method of D-deoomposition of

the parameter space of the system. Although this method is used in con-

trol theory for a characteristic equation in the form of a polynomial,

it remains valid also for transcendental equations. Those who wlsh..,

become better acquainted with this method had best go to the special

literature. * We shall give only a brief Idea of this method and U,04-

cate the practical Ways of eSMloYig It.

201-
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Mhe mathematical foundation of tho'shading rule described below

can be developed as follows. Squations (24.11), which may be briefly

written as

S(Q,, Q,. v, 0)-O0 (24.21)

can be regarded as the equations for the transformation of a certain

region in the (v, w) plane into a region in the (%, Qv) plane, and

vice versa. The (v, w) plane is shown on the left of Fig. 39. To each

point of this plane corresponds a completely defined state of the os-

cillating system (more accurately, a defined frequency and a rate of

buildup or attenuation of the oscillations). On the right is shown the

plane of the system parameters (.P, Qv), each point of which deter-

mines a certain process in the heat-supply zone.

"4,

Fig. 49. Napping of the plane
v, w) on the parameter plane.

Assume that the system (24-.21) has a certain solutiozi, for exam-

ple, that when qp - ,and Qv oscillations occur with v vA and

SM wA" Corresponding to the first pair of points Is the point A' in

the plane (Qp, ), while the' second pair correspolns to the point A

on the plane (v, w). We can tierefo•r", say that the point AI' oorres-

ponds to the point A and vice versa. If we vary v and w continuously,

moving sor exmp3ae along the ouwve AS on the (va w) plaM, then the

corresponding point in the (%. )v plane will also be displaced and

mo ve asong a certain curve A'B'. This enables us to state that the

curve A'B' Is the mappli of the curve AD. In courses of 2 tleal
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analysis one proves a theorem acording to which a unique -,-sm r*

of % and qv s functions of v and w is possible only It the tunoti*nMl

determinant U
OR on

Am V_ W(214.22)

differs from zero. It turns out here that the sign of the determin-nt

(24.22) plays an important role. Assume that in addition to the our

AB, there is given in a small vicinity of the point A in the (v, w)

plane another segment AC, which lies to the right of the curve AB, if

one moves from A to B. Corresponding to the segment AC is the segment

A'C' in the (%, Qv) plane. TI A > 0, then the transformation (24.21)

has that property that the segment A'C' will lie also to the right of

AIB' (motion from A' to BI). On the other hand, if A < 0, then the

transformation (24.21) will change the position of the point C' which

will then be oriented in a manner opposite to C: if C lies to the

right of AB, then C' will lie to the left of A'B'.

This property of the transformation (24.21) can be used In the-

following fashion. We choose as the curve whose mapping in the plane

(,, Qv) is desired, the ordinate axis in the (v, w) plane. On moving

from the point D to the point E in the (Qp, Qv) plane, we obtain the

segment of the curve DIE'. Assume, for the sake of being definite,,

that a > 0 for all the values of w under consideration. We can then

argue as follows. On the line DR the system is neutral (v -0 ); con-

sequently the line D'E' is the stability limit In the parameter plane

(%p, Qv). To the right of the line IX lies the region v > 0 (instabil-

ity). Consequently, to the right of D'S' there will be a region of W'e

parameters Qp and Qv, at which the oscillating Matem *J11 be unstoble.

were we to have A < 0, the Instability Legion weul& li to, the 1t "

S" S - J -" - : +1+++:



DIE I .

The considerations advanced here enable us to formulate the fol-

t lowing shding rule. We shall set v - 0 in (24.21) and vary from -

to +w* and find for each value of w the corresponding point in the

paralneter plane (%, v). The totality of these points determines a

curve on which the direction of motion will be specified (from the

points with small w to the points with large w). Let us agree to shade

the right side of this curve if A > 0 and the left side if A < 0.**

This will lead, in accordance with the statements made above, to a

situation whereby the vicinity of the stability limit corresponding to

v > 0 (instability) will be shaded.

Further consideration of the question of shading the stability

boundary and, in particular, the case A = 0, is best carried out not

on the basis of the rather general equations (24.21), but by writing

down these equations for the investigated case (24.11). What is essen-

tial in this case is that the quantities Q and Q enter into these

equations linearly. The functional determinant (24.22.) will in this

case be equal to

A P1F(O. )PU 1 (214.2.3)It,('0) P.(O, 0)

i.e., it will coincide with the determinant of the system (24.11)

which iS linear (with respect to Qp and Qv). In those oases when A - 0

and further e A- 0 (or % - 0), the equations of the system (24.11)

becom linearly dependent and, as already indicated above, they define

not points but strAight lines in the (%, %) plane. We shall call

these lines the singular lines. If A - 0 and A. or Ap differ from nero,

this means that the stability boundary in the ( %) plane goes to

Infinity.

• Inasmach as the functions Fik contained in (24.23) are continuous
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functions of wo, 4 is also a cosatiaMou function of a and conseq~aentli

we can reverse sign only by going through zero. Therefca the shdWIn

or the curve., referred to above,, oan change only when the lime enoun-

tors a singular line or when it goes to infinity. The shading of sixWpa

law lines Is in aooroxwoea with the shading of the ounves.

Fig. 40. Stability-limit daga cog'res-
ponding to the case shown In Fig. 38.
1) Instability.

Let us illustrate the statements made above by using as an exam-

ple the diagram of Fig. 38. As can be verified from Formulas (214.13),

(23.6), and (24.10), in this case the singular lines are a-2 - 0 maid"

a1-2 - 0,, while for the remaining values of wo all the points of the

stability boundary lie on the straight line AB (Fig. 40). Numerical

calculation shows that the value w - 0 corresponds to the point A on

Fig. 40; as wo Increases, the representative point moves toward D a
when h4) = wr it goes over into the point B. Here the deteramiant 48,-

which was positive duwing the =6infvm~ to I, W4low.. % WLý
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moves then from B to A; after the representative point reaohes A it

again moves toward B, eto. Whenever the point moves from A to B we have

A > 0 and dUirM the motion from B to A we have A < 0. It is obvious

that the lower part of the segment AB should be shaded. At the point A

the singular line a21 - 0 has a comuon point with the line AB and at

this point the shadings of AB and of a 2 1 M 0 are compatible. This com-

patibility is clear from the figure. The singular line &12 = 0 is

shaded in accordance with the character of the shading of the line AB

at the point B.

As a result we obtain the picture shown in Pig. 40. The regions

into which the shading is directed correspond to instability. A com-

parison of the diagrams shown in Figs. 38 and 40 shows that they are

in complete agreement. Thus, the shading rule makes it possible to

construct the stability-region diagram without finding the lines of

equal values of v.

It must be pointed out that such a simple configuration of the

diagram was the result of the fact that the necessary position of Z

along the tube, namely h, - h2, was specified. In the general case the

picture is much more confusing, although the construction and the shad-

Ing of the stability boundaries is Just as simple.

§25. Analysis of the Excitation Conditions

In the preceding section we have considered in detail the question

of the configuration of the stability and instability regions in the

plane of the parameters % and v of the oscillating system. It is

clear, however, that to be able to point out the desirable or, to the

contrary, the dangerous combinations of % and % yields relatively

little if one does not know how these quantities are expressed in

terms of the quantit.em that are familiar to the designer of the com-

bustion chamber (or of some other device).
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We shall present below an exanl. of the anaysis of .*=itati4%j

conditions,, based on the preceding results, as applied to the utpitd..

tion of oscillations in a system consisting of combustion ehafeva qf 4'
a specific type to which an inlet and an exhaust tube W~e ittaohed.,

Let the combustion regiona, wichio Is "hm amUMVl3 we4ieM tq..a
discontinuity surface Z, have the following properties. Ahead of the

zons a pure air flows in the tube, while inside the region a thieve are

located nozzles which atomize the fuel. The fuel Is instantaneously

distributed over the zone a and is instantaneously burned. Inasomuch a

the pressure at which the fuel is applied is quite high, and the pfts-

sure oscillations in the stream are relatively insignificant, the flow

of fuel through the nozzles is constant and is dependent an neither

the pressure or the surrounding medium nor the stream velocity. This

idealization is admittedly quite crude, if for no other reason then

that it does not talos into account the time necessary for the mixture

formation, evaporation or the fuel, the delay time of the ignition,

etc. The influence of such a delay will be investigated later on., As

regards the scheme assumed for the process Inside V,' Its extree 8211.

plicity enables us to carry through the analysis of the case under

consideration to conclusion.

Inasmuch as the consumption of fuel is coa~pletely independent b!'

the state of the oscillating system, and Inasmuch as the inflisnc of.

the delay is not considered here, a nonzero perturbation of the hest

supply Q can occur only as a result of the perturbation of the,*=*,~

pleteness of combustion of the fuel injected Into the stream. RNes1i..

ments have shoam that the cowqletness of cobustiona depends littlo, op

the pmessure of the madiwm, provided this presswo deflutsingif1
"cAxtly from- noimm".. OW, -h omitisf -of a Mixtuem insoPea

pr Alt *, .. 4: 4

t~ WSMW stu~iy *~t~pE
PA4 ii;



admospw8e) 0 so that We s061 negleot henceforth the influenoe of wes-
sure on the oompletoness of combustion. Tho steam volooity is a more

significant parameter. Frequently the Increase in the stream velocity

leads, once a certain value is exceeded, to a noticeable decrease In

completeness of combustion. In the limit, upon sufficient increase in

the stream velocity, the so-called collapse of the flame can occur and

combustion ceases completely. The greatest influence on the complete-

ness of combustion is exerted usually by the excess-air coefficient a

(the ratio of the actual amount of air per unit mass of mixture to the

amount of air which is theoretically necessary for complete combustion

of the fuel contained in it). We thus assume that

and consequently

Going over to the dimensionless system of variables (4.8), we can write

By definition, a is directly proportional to the mass of the air

entering into the combustion zone (since the consumption of fuel re-

mains unchanged)

k .,

where k Is a certain constant. It is obvious that

As already mentioned earlier, the cold flow can be regarded as

semntwple (iL w 0). Men - (4.9) and the famua, for 'an be

written In final form

ilkr(Np ~ .;+1A (25.2)

4 08 -
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where

The fuel fed directly to the combustion Bone prfodues a terms InL th.

equations (15.7). Xf the fuel entering Into the mome a per uni tUms

and per unit stream cross section has a chemical energy %khX, which
burns with an average completeness of combustion igthen Q -

- 'sg~d~sa'Therefore,, talcing (15.8) Into account,9 ye have

or., in torus of (16. 1).

A - (25.3)

where

Comparing Formulas (214.2), (25.2),, and (25.3),, we can state that In,

the case under consideration

9P . )f" (25.14)

Thus,, the quantities Q.and QVturn out to be functions of two

partial derivatives, the completeness of combustion relative to the

excess-air coefficient a, and the completeness of combustion relative

to the N number of the air stream Incident on the combustion acne.,

In order to consider the influence of these two partial deriva-

tives on the oscillation-excitation process,, It is neoiessar first to

have stability diagrams in the plane of the parameters of the oscil-

lating system (%,, Q.). Such diagrams were constructed In the preoed.

ipS section. At this point It is sufficient to Andict that in-moat

cases they have a form analogous to the diagrams of1~.$.

top is poosess4,' for usmple, brthe sabU M1 ,ý71ý.,



for frequencies close to the fundamental tone of the oscillating sys-

tem when the cold and heated portion of the stream have equal lengths.

3 We therefore use the diagram indicated here for further analysis of

the process of excitation of acoustic oscillations.

We shall analyze the influence of n and nM on the oscillating

system separately. Let first n. = 0. Then Eqs. (25.4) yield

Q%-o0; Qv ="N

In the diagram of Fig. 36 this corresponds to motion of the representa-

tive point along the ordinate axis, wherein 0 turns out to be directly

proportional to in. The corresponding plot showing the variation of v

is given in the upper part of Fig. 37. As can be seen from the plot

(on which a scale for n is given), the system becomes unstable at a

certain negative value of Q, i.e., at a certain Ti < 0.

Let now 0 0. We then have from (25.4)

Qp . BaR; h i.

Hence

Q% (25.5)

Thus, when Ti changes the representative point moves in the (%, Qv)

plane along the line (25.5). Corresponding to this is motion along the

line BB' on the diagram of Fig. 36 and the plot 'showing the variation

of v and given in the lower part of Fig. 37.

Fig. 41. Regions in which the
excitation of the system is most
probable (marked with arrows).

The or1gin on the diagram of Fig. 36 corresponds to -l g 0, while
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positive ia correspond to motion in the direction from B to B'. This

leads to a connection between n and v as shown in Fig. 37, from which

we can see that the only time when the system cannot be excited is

when Tj is close to zero. When n has sufficiently large absolute

value (irregardless of the sign), the oscillating system can be excited.

Thus, the oscillating system will be excited at sufficiently

large absolute values of •M < 0, na < 0, and n. > 0.

If we turn to the dependence of the completeness of combustion on

M1 and on a, then the corresponding curves will have the form shown

arbitrarily in Fig. 41. The arrows indicate the regions of most prob-

able occurrence of oscillations: nu > 0, ijn < 0, TM < 0. It can be

seen from these plots that excitation of oscillations is most probable

if the mixture is enriched to a < 1 or when the mixture is very lean,

a >> 1. It must be pointed out that the first of these possibilities

is apparently the more essential. This is connected with the fact that

when the mixture is enriched the completeness of combustion decreases

more steeply than when the mixture is made lean. In addition, in the

region of rich mixtures the coefficient B, which is proportional to

the fuel energy Qhim entering into the combustion zone per unit time,

assumes likewise a greater significance.

The qualitative results obtained here are on the whole in satis-

factory agreement with the experimental data. Insofar as can be Judged

from several experiments, vibration combustion actually occurs when

the combustion zone is over-enriched and in many cases it is possible

to observe its connection with the decrease in the completeness of

combustion as the mixture becomes richer.

It is easy to analyze, in exactly the same manner as before, the

influence exerted on the possibility of excitation of oscillations by

the connection between the completeness of combustion and the N mnser
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of the stream entering into the combustion zone. This factor, however,

is probably of secondary significance, inasmuch as a noticeable in-

fluence of the stream velocity on the completeness of combustion mani-

fests itself as a rule at modes that are remote from those prevailing

under operation. In addition, the quantity iM enters into the expres-

sion (25.4) for v with a factor equal to unity, whereas n. enters

with a larger factor (*A/ 1 ).

The analysis presented here was aimed at giving a very simple ex-

ample of developing the problem until quantities are derived which are

customary in the theory of combustion, so that a better idea of the

physical nature of the excitation process is afforded. At the same

time, it must be kept in mind that the example considered far from

covers the entire problem dealing with the conditions under which

acoustic oscillations are excited by combustion.

To conclude the present section, two remarks are in order. The

first reduces to the following. We have already pointed out many times

the role assumed by feedback in the investigated phenomenon. The exam-

ple considered enables us to indicate a very important feedback mechan-

ism, consisting of the fact that the acoustic oscillations brought

about by the oscillating heat delivery lead to oscillations in the

flow of air in the region where the nozzles are located. As a result,

the excess-air qoefficient oscillates, which in turn causes oscilla-

tions in the completeness of combustion, i.e., the heat delivery.

The second remark pertains to the validity of the idealized scheme

of the process in the combustion zone as assumed in the present sec-

tion. The partal& derivatives and c, contained in Formulas (25.4)

cannot be obtained, striotly speaking, from experiments carried out in

the usual fashion. The point is that when the experimenter records the

dependence of the completeness of the combustion on a or on M, he goes
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through a series of stationary modes with different fixed values of

these parameters. It is possible to extend the regularities determined

in this manner (of the type plotted in Fig. 41) to a patently nonsta-

tionary process such as vibration combustion only under certain stipu-

lations and for purely qualitative considerations. The static oharao-

teristics apparently display correctly, in general, the main tendency

namely the deterioration of the completeness of combustion upon moving

away from a = i.*

If an attempt is made to determine what new information is ob-

tained by taking into account the nonstationary nature of the combus-

tion process, then there arises in first order the natural tendency of

taking into account the unavoidable delay of the ignition of the fuel.

This delay is due to the time necessary to evaporate and mix the fuel

with the air, the ignition delay time, etc. An account of this delay

can be carried out relatively simply. In order to demonstrate the pro-

cedure of this accovnt, let us consider a simple example.

§26. Influence of the Delay of the Heat Release on the Excitation of
Acoustic Oscillations

In the preceding section we analyzed one of the possible cases of

excitation of acoustic oscillation by combustion. The analysis was

carried out without taking into account the delay in the heat release.

It is possible to return to this case and to disclose the new informa-

tion that is yielded by an account of the delay. It is more advan-

tageous, however, to consider a second example, one in which the role

that can be played by the delay of ignition is most clearly pronounced.

By way of such an example we consider a system which, unlike the one

described above, is not excited at all in the absence of the delay.

Let the heat-supply plane X lie in the inlet cross section, i.e.,

let 21 - 0. Then the combustion products will occupy the entire lehgth
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S.of the tube, corresponding to 12 - 1 (Fig. 42). We

formulate the boundary conditions as follows: vel-

ocity nodes are located at the inlet and outlet of

the tube. Such boundary conditions can be regarded,

Fig. 42. Ideal- for example, as a first approximation to the real
ized scheme of
liquid-fuel Jet boundary conditions observed in combustion chambers
engine.

of liquid-fuel Jet engines. The lower part of Fig.

42 shows a diagram of a typical chamber of such an engine. To the left,

at the so-called head of the chamber A, are located nozzles which feed

the fuel components - the combustible material and the oxidizer, while

in the right part of the combustion chamber is located a Laval nozzle.

It is obvious that the solid wall A does not permit vibrations of the

stream velocity at the left end of the cylindrical portion of the

chamber (we assume the rate of flow of the fuel components to be con-

stant). On the right, at the critical section C of the Laval nozzle,

the stream velocity is always equal to the velocity of sound. If we

disregard the possible fluctuation in the velocity of sound itself, we

can assume that a constant stream velocity is maintained at the sec-

tion C. When the distance from B to C is small, this causes the stream

velocity at section B also to be constant. This leads to a formulation

for the second boundary, namely that there be no velocity oscillations

in the right end section (B) of the cylindrical part of the combustion

chamber. We note that the fact that the boundary conditions which we

have written out are close to the boundary conditions for a liquid-

fuel Jet engine combustion chamber does not mean that we are about to

present a stability analysis of the working process in such an engine.

This will be the subject of a special section in the book later on. It

is probably not out of order to mention here that the instability of

combustion in a liquid-fuel Jet engine is connected primarily with the
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perturbation in the mass flow and not in the heat supply.

We shall describe the process of perturbed heat supply in a plate

X which coincides with the section A on Pig. 42, by means of Eqs. (l7.5)I

with account of the condition il M 0 and Formulas (24.1) and (24.2),

i.e., we assume that In the heat-supply region there &V*. onlY pertUwba-

tions in the influx of heat and there are no oscillations of the flame

front, etc. We also take it into account that*V, " 0 in accordance

with the boundary condition. Then the conditions on the plane Z are

written in the form

:z z : + (26.1)

where a 12 , a1 3 , a2 2 , and a2 3 are certain constants. We must stipulate

immediately that this notation is valid only when the change in the

combustion process' follows instantaneously the change in the pressure

*f1. If the combustion process lags the pressure 'l acting on it by a

time 6T, then it is necessary to write in place of the equations (26.1)

some other equations. The first terms in the right halves of these

equations do not change, but the second terms, which are connected

with the perturbation of the heat supply, must be chosen to correspond

to an instant separated from the instant under consideration by a time

6v. This can be written as follows:

(1) -a1 1 (T) + e OQAQ (T- A).T) (26.2)

(The quantities r and r - Ar in the parentheses indicate the in-

stant of time for which the variables are taken.)

As is known from the foregoing, in the formulation of the problea

as used here all the perturbed quantities vary in proportion to e6,...

Therefore Formulas (26.2) can be rewritten in the foliwlng ft•om(•0 W

"-V 2 when r O, etc.):
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We note that we do not always designate f and r with the sub-

scripts "one" or "two." The point is that, although the time scales in

the cold and hot portions of the stream are different (since they de-

pend on the velocity of the sound) and it is therefore necessary to

distinguish between A, and 02 or T, and T2' the product 1¶ is inde-

pendent of the chosen time scale, for the time unit is contained in

the denominator of one of these factors and in the numerator of the

other. Canceling the factor eOT from both equations in (26.3), we

write the conditions on Z, with allowance for the delay, in the final

form:

.- °a.p + aQ,*P,•,-M i
in. ani +a .•,• .,.(26.4)

In writing out these equations, we already used the first bound-

ary condition ( = 0). The second boundary condition, namely V2 = 0

when g -12 - l,yields, on the basis of the first formula of (4.13),

v." () + P. (M)- 0.

Substituting into the last equation v20 and"920 from (26.4) we obtain

after several simplifications

(i1*+' 1 QP,14 P' (I + OXP 1-=) +

+ (an+ BUQ,. SA) ( I-OZPr -)m (26.5)

(We shall henceforth leave out the subscript "2" for i for the

sake of simplicity.)

It must be emphasized that the conditions (26.4) on Z with account

of delay, unlike the conditions on M for oases when the time delay is

disregarded, become dependent on the complex frequency A. This oiroum-

stance makes it difficult to solve the characteristic equation. In par-
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ticulars, the method developed in §23 turns out to be inapplioable,

since the coefficients C1 , C2 , C3 , and C4 in (23.5) beoome funotions

of the complex frequency 0. In this case Relations (23.7) are inoor- 4
rocts since they were obtained wider the assumption that C1 , 02# C3 ,

and 04 are real.

Let us rewrite (26.5) in the form

A- '(P) + uB (p).

where A(A) and B(P) are real quantities. On the stability limit we

have p = iw and then the equation written out breaks up into two which

relate only real variables
Q, ,raA-i A(.).
Q,,,in(). * (26.6)

From this we obtain directly

u~rmrct8 (s) Ik. 1x
*AT WAmtg -no(26.7)

where k are integers. Specifying different values of (, we obtain oar

from the first formula and % from the second. It thus becomes pos-

sible to obtain pairs of values of • and Afr satisfying the conditions

for the existence of a stability limit.

Figure 43 shows the result of such a calculation for N1 = 0.1,

S= 0.25. As can be seen from the plot (k - 0; k - 1), instability is

possible only for two types of alternating closed regions in the (%0

wAr) plane. These regions are shifted relative to each other (with re-

spect to the 4 axis) by an angle equal to w, and correspond to val-

ues of P with opposite signs. The existence of precisely these types;

of regions for the oasie under consideration aould be readily prediated 0
on the basis of the diaram shown-in the left part of ]g, 28. MDaee,



•setting Qpe we reduce the case

under consideratidn to that investigated

,- previously. The corresponding stability

diagram of the type shown in Fig. 28 is

given in Fig. 44, where the argument of

the vector • varies in the instability

region from -e to +8 (the directions of

OB and OA). Taking the last equation

Fig. 43. Stability dia- into account, we can readily find that
gram in the presence of
delay AT. the values • > 0 of the instability re-

gion correspond to the following limits for AT:

-0<NAT< 0.

while values • < 0 correspond to

X-0 <*AT< X+0.

which is in full agreement with the results shown in Fig. 43.

Although the result presented in Fig. 43 could be predicted, it

was derived here by numerical analysis of Eq. (26.5) principally with

an aim to illustrate by means of a simple example the method of solv-

ing the problem of excitation of acoustic oscillations by heat supply

with account of the delay of the perturbed heat-supply process. In

more general cases such a simple analysis of the excitation conditions

with the aid of a diagram such as shown in Fig. 44 is difficult. In

addition, one must not forget that the result obtained in the present

section contains not only information regarding the position of the

stability boundaries, but also concerning the frequencies correspond-

ing to individual points on theme boundaries.

Let us examine the diagram shown in Fig. 43 in greater detail,

Imposing on the problem additional limitations. We assume that the

physical nature of the heat-supply process is such that c can have
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only negative values which do not exceed 100 in

*absolute magnitude. Then the excitation of the

system turns out to be possible only in those

cases when the representative point on the dia-

gram of Fig. 43 lies in the shaded part of the

rectangle AA'BB'. This circumstance imposes spe-Fig. 44;. Erfect

of the delay AT cific limitations on the permissible values of
on the position

-o AT. To demonstrate this, let us plot on Fig. 4r
of the vector
on the stability the connection between AT and w, picking off Fig.
diagram. 43 the values of wAT and w corresponding to the

segment AB on the stability boundary. As is seen from Fig. 45, excita-

tion is possible only at definite frequencies w and calls at the same

time for definite values of AT. It is important to note here that if

we disregard very large w (which are almost always unrealistic), the

system cannot be excited at values of AT close to zero. This consti-

tutes a major difference between the problem considered here and the

problem of the preceding section, where the system was capable of ex-

citation also at Ar = 0. Thus, an account of the delay may turn out to

be essential, and this circumstance must be taken Into consideration.

To conclude the analysis of the influence of AT on the excitation

of oscillations, we make one remark. Figure 45 shows only the minimum

values of AT necessary for the excitation of the oscillating system.

If AT is increased such that the new value AT - AT' is related with

the value AT = AT0 shown in Fig. 45 by the relation ATr' = T0 + 2kw,

where k is an integer, then obviously the representative points for

these two cases will coincide on the diagram of Fig. 44.

Consequently, when AT is varied continuously from zero to infin-

ity, regions of values of AT for which the system is stable may pori-

odically alternate with regions of values of Av for which the.sayst
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Fig. 45. Connection between the
oscillation frequencies w and
the delay AT.

is unstable.

§27. Oscillation Frequencies

In the analysis of the frequencies of the oscillations excited by

the heat supply it is necessary to take into account the fact that in

this case the laws governing the excitation of the frequencies are not

as simple as in ordinary acoustic systems. This circumstance was al-

ready emphasized above in connection with an example wherein the char-

acteristic equation was solved (§23). It was stated there, in particu-

lar, that the deviation of the oscillation frequency from the values

predicted by the simplest acoustic formulas is connected with the fact

that when the acoustic wave crosses the discontinuity surface Z only

part of the wave goes over to the region with the different tempera-

ture, while another part is reflected from the discontinuity surface.

The point lies not so much in the fact that gas.with different

temperatures flows on both sides of Z. The processes that occur in the

combustion zone (i.e., formally, the properties of the surface z) in-

fluence in most essential fashion the values of the excited frequencies.

Let us examine this phenomenon in greater detail. Let the system
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be at the stability limit and let it execute oscillations with con-

stant amplitude (v = 0). For the sake of being definite we assume that

the system has pressure nodes on the left and on the right of the heat-

supply plane Z, at sections with coordinates t, and t2" Let "l' V, and

-2 be the pressure and velocity perturbations on the left and on

the right of the plane Z(9 = 0), respectively. Then the initial system

will have the form

VIS (1,) + .P,, (Ij - 0,
;•,(,,)+F•,• o. I(27.1)

42 ti+'FVIaj- 0.1

The conditions on Z are written in canonical form (17.1):

+ 1E (27.2)

where the numbers yl and Y2 are introduced (as in the analogous cases

above) in order to relate in explicit form the quantities 6E and 6X

with the phases and amplitudes of the system oscillations. These num-

bers represent formal introduction of a certain feedback, the specific

form of which is not needed here.

Using (27.2), we transform the characteristic equation of the

system (27.1) into the form

To- R (27.3)

The ratios of the functions ql(t)/p 2 (t), which are contained in the

expression written down here, can be determined on the basis of 1ormula

(22.3). Putting 0 - ic. (by definition v - 0) and denoting

Sm(27.4)

we readily obtain

(27.5)

Let us analyze, on the basis of Sq. (27.3), the two simplest "s"
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of oscillation excitationu lone haraiteviad by the condition 6X- 0

(Y2 0 o) and the other by the condition 62 - 0 (y1 , 0). In both cases,

as follows from (27.5), an imaginary quantity will be contained in the

right half of (27.3), and the coefficients of y, or y2 in the left

half will be real.

Thus, neutral oscillations are realized when y1 and y2 are imag-

inary, thus pointing to the oscillation excitation conditions that are

already known from S§12 and 22, according to which the phase shift be-

tween 6E and Pf (or between 6X and li), which is equal to 7r/2, corres-

ponds to the stability limit. This result is of course independent of

the oscillation frequency.

Fig. 46. Determination of the natu-
ral frequencies of the oscillating
system.

Let us see what frequencies can be excited in the investigated

system. A change in the value of w leads t& a change in a (27.4) and

consequently also in the functions 1 and •1(2/92(t2)

(27.5). Thus, to each value of w there corresponds its own value of y,

(or y2 ), at which neutral oscillations of the system are possible with

specified frequency w; this value is determined in elementary fashion

from Eq. (27.3).

In order to Illustrate the foregoing, Fig. 46 shows results of
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such a calculation. For greater clarity we use not the values y1 and

Y2 ,but 6E = ylpp and 6X -- y 2i, (with fl and V1 regarded as real and

positive). The calculation was made for the case of a tube with pros-

sure nodes at the end sections and with a plane Z situated at equal

distances from both ends. The stream velocity In the "cold" part Is
characterized by M = 0.15 and the relative heating is T= 6.25

(here To denotes the temperature of the completely stopped gas). In

the calculations the value of V in the "cold" end section was arbit-

rarily assumed equal to unity.

The most important deduction that follows from (27.3) is that by

proper variation of 6E and 6X it is possible to obtain any prescribed

frequency (this fact was already used in §24 to plot the stability

boundaries, where the variation of % and Qv for continuous variation

of w was determined). Unlike the usual problems in acoustics, the os-

cillation frequency is determined here not only by the properties of

the oscillating gas and by the tube dimensions, but also by the charac-

ter of the heat-supply process on Z. Therefore such concepts as the

"fundamental tone of the oscillations" or "overtones" must be used

with caution. These usual concepts are meaningful for prescribed fixed

values of 6E and 6X. Indeed, for example, when 6E = 6X = 0 the only

frequencies that can be realized among those shown in Fig. 46 are

those corresponding to the points A and B. The frequency w = 4.82

(point A) can be regarded as the first harmonic, the frequency c =

= 7.95 (point B) as the second, etc. (no other harmonics are shown in

Fig. 46). If the character of the process on Z is different, for exam-

ple 6E = 6Eo, then the same harmonics will correspond to the points A'

and B'. By continuously varying 6E it is possible to change over

smoothly from the first to the second harmonic.

We have considered hlre elementary oases of the exoittiton ot0£ s-
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oillations, in which 6E or 6X is equal to zez'o. However., the deductions

obtained here remain the same also in the general case, when arbitrary

4 "Irelations exist between 6E and 6X. This can be readily verified by an-

alyzing Eq. (27.3).

§28. Stepwise Variation of the Oscillation Frequency with Change in
the Combustion-Zone Position

Experimenters are well acquainted with the existence of a connec-

tion between the position of the combustion zone (length of the "hot"

part of the tube) and the oscillation frequencies. It is known, for

example, that when flame propagates in a tube filled with a combustible

mixture, the frequencies excited by the flame change Jumpwise as the

flame front moves along the tube. This property can be readily analyzed

on the basis of the characteristic equation of the problem under con-

sideration. What is remarkable in this case is that such a jumpwise

change in frequencies is not connected at all with the specific form

of the combustion process; it becomes unobservable only when the

mechanism of excitation is a function of the position of the combustion

zone along the tube axis or a function of the oscillation frequency.

Let us consider this phenomenon in greater detail.

As boundary conditions we choose pressure or velocity nodes at

the sections t = t, to the left of the heat-supply surface and t = C2

to the right of it. Thus,

" = 0 or = 0 for ,= and t = (28.1)

When using boundary conditions of the type (28.1), it is possible

to disregard the entropy waves in the solution and, if we agree in ad-

dition to set ii = 0 and if the formulas relating j, and '2, P§ on

2 contain neither the complex oscillation frequency f nor the location

of the plane Z relative to the tube axis, then the quantities 4 and 1

iwill be contained in the characteristic equation only via the functions
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(3 and qP2 "

Under these assumptions, the two boundary conditions (28.1) will

yield two equations which relate, for example, "l and V, in the Z plane

(similar to what was obtained in 523 in setting up the oharaoterittic

equation (23.4)], while the ooeffioients of §1 and V1 will be linear

functions of T, and T2. This yields in final analysis a characteristic

equation of the form

",,9,M (,) + i, 3% ( II) (,9, (|,) + 6 g , (I 0) I( .
dug, (92) +a.,I (4L) 4,,1, (9)+as%(L) + I,- (28.2)

where the real coefficients aik will be functions of the properties of

the surface Z. The fact that the coefficients are real is implied by

the formulation of the conditions on Z, in the form given in $23.

:f we recognize that the functions qi and i2 depend linearly on

the two expressions (4.14) which contain t and B,

then, by taking outside the determinant sign the quantity

exp Pit~/(am + 1) from the first row and exp [-p242/(m2 + 1)] from the

second row and dividing by these quantities we obtain a characteristic

equation that depends on the expressions

exp j-- ; XP - .

As is well known, the quantities 01 and 1'2 are related by Eq.

(22.5), and if the origin of 9 is located on X (Fig. 22), then t1 and

42 satisfy the equation

t2- = 1.
Taking the foregoing into account, we can rewrite the character-

istic equation (28.2) in the form

F OXP201JI-4 •;. •aj)m0. (28.3)

Here F is an integral rational function of the seoond deree with zral
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coefficients.

Let us analyze the solution of this equation. It yields the varia-

tion of P1 as a function of the relative length of the '"hot" section

t2, which we shall henceforth denote by 12' for specified fixed bound-

ary conditions of the form (28.1) and for conditions of the type indi-

cated above on Z. Assume that as 12 increases the damping decrement v

of the oscillations increases and passes through zero. This will cor-

respond to a transition from stability (v < 0) to instability (v > 0).

On the stability limit we have v = 0 and 0 = iw.* We choose a pair of

values 12 and w corresponding to the stability limit and denote them

()- and w(l). Having these two quantities, we can easily determine-2

the entire set of values of the pairs of numbers 12 and w correspond-

ing to all the harmonics of the system at the instant of passage

through the stability limit as 12 is increased.

Indeed, when 0 = iw Eq. (28.3) becomes a relation between trig-

onometric quantities

F 0Ftcas + jam 0L 3( 1-M ]-M ' (28.4)

By definition, it is satisfied when 1 = 1(1) and w w(l). But-2 -12
then it will also be satisfied for all values of w and 12 which sat-

isfy the equations

20(1-12) m - ~ *11 11)"1-Aj .. -N (28.5)

Here K and N are arbitrary integers, limited by the natural con-

ditions w > 0 and 0 < 12 S l.

It must merely be added that the signs of the second terms must

be chosen the same, either plus in both cases or minus in both cases.

In the former case the same complex number corresponding to I"() and
-2
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WM) remains in the left half of (28.4), while in the latter case the

conjugate comple'c number .appears. Inasmuch as the right half of (28.4)

is equal to zero, this means that the real and imaginary parts of the

number on the left side must vanish. However, the absolute values of

both the real and the imaginary parts of the complex conjugate numbers

coincide. (This circumstance enables us to write both signs in (28.5).)

Solving the system (28.5), we obtain

x-u 1(t - M) K +n (I -,P,)N ', N
, (I - NJ) N. (28.6)

It may turn out that the quantities w()i(1) and )(1) are large, and

to find all the possible combinations of 0 < 12 < 1 and w > 0 corres-

ponding to the stability limits it becomes necessary to take negative

values of the integers N and K. In order to avoid this and to employ

henceforth only positive or zero values of N and K, the following meas-

ure can be adopted. Let us write N and K in the form K = K' T K" and

N = N' 7 N", where the numbers K', K", N', N" are nonnegative integers.

Then Formulas (28.6) assume the form

a- 1(t - AP.) K' +. ( -M91) NJ. + ,,.•

W

Here

": '-"all, • ) + , !_M;) N-J,

-,. s - xn (I! - MD N-.

The numbers K" and N" must be chosen such that
o < *.I, < x (t- M;.); 0 <-'0 _.'.1 < R (I-- M'),

and then K' and N' cannot be negative, for in the opposite case W and

12 would assume negative values, in contradiction to the conditions

assumed above.

We shall henceforth assume, unless otherwise stipulated, that the

corresponding recqlculations in Formulas (28.6) have already been made,
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ife., W(i) and W(1)i(1) have the Minimum possible values. Then the
-22vle.Teth

quantities w(l) and 41() defined in this formal manner have no physical
| meaning ()(l) is found to be very close to zero, and i(l) > ). is

should not worry us, for such a result merely indicates that actually

these modes (which correspond to K = 0) will not be observed.

Let us consider first those solutions, which are obtained when

the plus signs are used in Formulas (28.6). Then, specifying different

values of K and N, we can obtain all the stability limits of the same

type as the initial stability limit, corresponding to w(i) and 1(l)2'
This must be understood in the sense that if, for example, the process

changes from stable to unstable with increasing 122 then all the other

stability limits w; 12 obtained on the basis of (28.6) will correspond

to a transition from stability to instability with increasing 12.

,The use of minus signs in (28.6) leads to stability limits that

are of the opposite type compared with the initial one. Then, for exam-

ple, if with increasing 12 the transition through I(') makes the proc-.12-2
ess change from stable to unstable, then all the limits obtained from

(28.6) with minus signs in front of w(1)1(1) and w(i) will correspond

to transition from instability to stability with increasing 12.

The property of the stability limits indicated here can be readily

proved. For this purpose it is sufficient to assume that upon contin-

uous variation of the complex frequency 0 also varies continuously

for all the harmonics (we discard here the uninteresting case when v =

= 0 for all 12). This is a perfectly natural assumption, since the

properties of the surface Z were assumed to be invariant. But it is

then obvious that as A2 varies continuously an observer which traces

one and the same harmonic will note generally speaking, multiple trans-

itions through the stability limits at the instants when Eqs. (28.5)

are satisfied. It is important to note here that the points (12, W)
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corresponding to the stability limits and obtained using the "plus"

and "minus" signs in Formulas (28.6) will alternate. This is seen, for

example, from the second equation of (28.5) if it is noted that by C
definition the second term of the right half has an absolute value

smaller than 2w. Indeed, the second equation of (28.5) yields in the

(1 2 ; w) plane nonintersecting hyperbolas, which alternately belong to

two families of hyperbolas obtained using the "plus" and "minus" signs

in the indicated equation. When these hyperbolas cross the curve W =

= W(12 ) belonging to some harmonic of the system, they define the

points corresponding to v = 0 which belong alternately to the first

and second family of hyperbolas.

It was assumed above that p has a continuous variation as a func-

tion of 12. Then, when 12 changes monotonically, the oscillating sys-

tem, upon crossing the stability boundaries, will alternately become

stable and unstable (we do not consider here the question of the pos-

sible realization of such oscillating systems in which two points cor-

responding to neighboring stability limits contract to a single point).

Consequently, on passing through the boundaries corresponding to one

family of hyperbolas, the oscillating system will always turn say from

stable to unstable, and on crossing the boundaries corresponding to

the second family of hyperbolas it will turn from unstable to stable.

This was the statement to be proved.

The arguments presented can be made clearer by presenting a

graphic interpretation of Formulas (28.6). For this purpose we turn to

Fig. 47, which shows for a certain numerical example the lines of

equal K and equal .N under the assumption that w(l) = 0. In addition,

we show here the dependences of w on 12 for different harmonics (the

numbers of the harmonics are designated alongside with Roman numerals),.

under the assumption that the simplest acoustic rule for a tube with
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Fig. 47. Illustrating the construc-
tion of the diagram showing the de-
pendence of the excited frequencies
on the position of Z along the tube.
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Fig. 48. Connection between the position
of Z along the tube and the excited os-
cillation frequencies.

open ends hold true, namely that the period of the oscillations is

equal to twice the time necessary for an acoustic impulse to traverse

the entire tube (without account of interaction with the heat-supply

zone), i.e., that the frequency is

X

Specifying then certain nonvanishing values of w(l) a•nd•(14(")-2
we obtain the stability limits for the use of both sign. in Formulas

(28.6). The points corresponding to the stability limits are arbit-

rarily Joined with straight lines, with which the instability regions

are designated. The points A0 correspond here to *he stability limits
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obtained for N = 0, Al and B1 correspond to N = 1, etc. The points A

correspond to the use of the minus sign and B correspond to the plus

signs in Formulas (28.6). As can be seen from the figure, inside of

each curvilinear quadrangle formed by the lines of equal K and N there

lies one instability region.

Based cn the foregoing, we can readily draw diagrams which give a

clear-cut picture of the distribution of the stable and unstable com-

busticn process regions as the combustion zone moves along the stream

axis. A similar construction is shown in Fig. 48 for two types of

boundary conditions: tubes with open ends and tubes with one end closed.

The values of 12 marked on the abscissa axis give the position of the

combustion zone, while the ordinates represent the oscillation frequen-

cies w. The natural frequencies of the system are given by the dotted

lines marked with the number of the harmonic. The instability regions

are shown by the solid lines. In order to show different possible

types of instability-region distributions, the right-hand diagram

shows a case when the fundamental tone has only one and nnt two sta-

bility limits. Such a case is quite probable for a tube with one closed

end.

The general laws which immediately suggest themselves upon exam-

ination of the diagrams shown in Fig. 48, can be reduced to two prem-

ises.

First, the higher the number of the harmonic, the larger the num-

ber of alternating regions of stability and instability that fit

within the length of the tube (in this case the first harmonic has one

instability region, the second two, the third three, etc.). Second, it

is seen that several harmonics can be unstable simultaneously, and

when the flame front position is at the open end all the harmonics aie*

stable (although in the case of the higher harmonics the instability'

S231



regions come as close as desired to the open end).

In the discussion of these diagrams it must be remembered that

they have been obtained under the assumption that no energy is radi-

ated from the open ends (pressure nodes as boundary conditions). It is

known, however, that with increasing oscillation frequency the amount

of energy radiated from the tube into the surrounding space increases

sharply (this question will be discussed in greater detail in the next

chapter). An account of the energy dissipation upon interaction of the

acoustic waves with the ends of the tube cause the instability regions

to start to become narrower with increasing oscillation frequency, and

to disappear completely starting with a certain frequency. Conse-

quently, high harmonics will not be observed in practice, and when the

flame front is situated in a certain sufficiently large vicinity of

the end of the tube the process will always be stable.

As a net result we can predict the following general character

for the course of the process. As the combustion zone moves away. from

the open end, the process which was initially stable should become un-

stable and the frequency of the oscillations will decrease Jumpwise to

the fundamental tone of the system. This leads, it might appear, to a

paradoxical behavior of the oscillating system: an increase in the

relative length of the portion of the tube filled with the hot gas

will lead to a decrease in the oscillation frequency, whereas all the

harmonics should increase in their natural frequency. This explanation

can be readily found on the diagram of Fig. 48: although the frequen-

cies of each harmonic do increase with increasing 12, as this increase

proceeds more and more of the lower harmonics become unstable and

since they dissipate less energy into the outer space, they will be

easier to excite than the higher harmonics and can suppress the latter.

Only at very large values of I22 when both ends of the tube are open,
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does a higher probability of secondary excitation of the higher har-

monics appear. The totality of the available experimental data con-

firms this conclusion.

Relations (28.6) which were obtained in the present section on

the basis of a formal analysis of the characteristic equation have a

simple physical meaning. If It is assumed that under certain condi-

tions the fundamental tone of the oscillating system becomes unstable,

i.e., the instability is brought about by a certain combination of

the quantities p, v, Q*, and 'U1 ' then It is easy to visualize that if

we assume the process In the combustion zone to remain unchanged, pre-

cisely similar conditions (5, v, Q*, and U1) are encountered twice in

the second harmonic, three times in the third, etc. This is connected

with the fact that the second harmonic duplicates as it were the stand-

ing wave of the fundamental tone twice, the third duplicates it three

times, etc. Similar arguments hold true also for the instant of trans-

ition from instability to stability.

§29. Experiments on the Influence of the Position of the Combustion
Zone on the Oscillation Process

Many results obtained in the present chapter were confirmed by

numerous experiments. Particularly instructive in this sense were the

experiments connected with the study of the influence of the position

of the combustion zone along the tube on the excitation of the acous-

tic oscillations. Some of the deductions obtained in this case can

have not only theoretical but also practical significance.

In the processing of the experimental data it is advantageous to

simplify somewhat Formulas (28.6). Inasmuch as all the experiments de-

scribed below were carried out at relatively small values of M, (on

the order of 0.05-0.1), the differences 1 - M2 will be assumed equal

to unity. In addition, it is advantageous to write down Formulas (28.6) 0
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in terms of dimensional variables (frequencies in cycles per second,

lengths in meters) so as to compare them directly with the experimental

points. Taking all these remarks into account, the relations between

the oscillation frequencies and the lengths of the cold and hot parts

of the stream assume the following form:

0 - (K + nN).ft am

T 
(29.1)

Le - ...

Here L and L are the total length and the length of the hot part of

the stream, al is the velocity of sound in the cold part of the stream,

and 0 is the frequency of the oscillations in cycles per second. 0(l)

and (1) are the oscillation frequency on the stability limit and the

corresponding length of the hot part of the stream.

The formula obtained is exceedingly simple and contains no quan-

tities characterizing the details of the combustion process, a numer-

ical estimate of which is difficult. They are all included in the ex-

perimentally determined quantities 0(l) and (1). The remaining quan-

tities (nl, a., L, L2, and 0) also are quite simple to measure.

In those cases when (as is frequently the case in experiments)

only one "staircase" of frequencies is observed, for example only the

instability regions AOB 1 on Fig. 47, Formulas (29.1) can be further

simplified. Inasmuch as all the points A0 on Fig. 47 are obtained for

N = 0, while the points B1 are obtained for N = 1, i.e., for constant

values of N (which are completely defined by specifying at least one

point A0 and B1 ), Formulas (29.1) can be rewritten as

a1 ; r r- (29.2)L W

where 51l) and accordingly l)•(I) already include the terms that de-
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pend on N. The use of these formulas is exceedingly simple. By deter-

mining experimentally 0(l) and L(l) for some point A0, we immediately

obtain the entire series of like points. To construct the series of

points B1 it is necessary to substitute into Expression (29.2) the

values of 0(l) and 41) corresponding to some point Bi, eto. If the

lowest observed frequencies 0(l) are taken for such calculations, then

the numbers K will be positive for all the other harmonics.

4 1 41 '' 2
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Fig. 49. Connection between the position
of the flame front and the excited fre-
quencies in accordance with the experi-
ments of Coward, Hartwell, and Georgson.
1) cps; 2) theory; 3) experiment.

A certain advantage of Formulas (29.2) is, in addition to all

others, that they do not contain such quantities as n = a2/a,, the

measurement of which is connected with certain difficulties and datL

on which are not always cited by the experimenters.

Comparison of the experimental data with theory is best started

with an examination of the experiments of Coward, Hartwell, and Oeorg

son, which were already referred to in the introductory chapter. The

experiments consisted of a study of vibration combustion occurring in

the case of slow propagation of flames in a tube which is open on one

end and filled with a combustible mixture, which is ignited at the.

open end. In these experiments L2 is equal to the distance from the

open end of the tube to the flame front. The ,diapa. of the setup and
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the results of the experiment are shown on Figs. 49 and 50. The exper-

iments were performed on two tubes which differed somewhat in length

) and had different diameters (100 and 200 mm), so that each of the fig-

ures shows two diagrams. The difference between Figs. 49 and 50 lies

in the procedure used to obtain them. The theoretical instability re-

gions shown in Fig. 49 (the solid lines show the theoretically ob-

tained instability regions while the points show the experimental data)

were obtained in the following fashion. The position of one point A in

the plane (L2 ; 0) was taken from the experiment, after which Formula

(29.1) was used to determine all the other points corresponding to the

stability boundaries of both types. These points were Joined by

straight lines which showed arbitrarily the variation of 0 as a func-

tion of L2 within the instability region. The actual determination of

the oscillation frequency for the points lying inside the instability

region (i.e., those for which v > 0) was not carried out, and this is

why we speak here of the arbitrary variation of 0 ab a function of

inside the instability region. The diagram does not show the instabil-

ity regions which exist theoretically but were not observed experi-

mentally. All these regions correspond to higher frequencies than

those shown in the diagram, and therefore are of no practical interest.

We have already mentioned that the excitation of these oscillations

has low probability.

In Fig. 50 the instability regions were also constructed by using

Formulas (29.1), but this time only with the plus sign. In order to

compensate for the loss of half the stability bounoary in such a cal-

oulation, not one initial point A but two (A and B), belonging to sta-

bility limits of opposite types, were taken into consideration. In all

other respects the construction of the diagrams on Fig. 50 did not dif-

fer at all from the construction described above.
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Fig. 50. Connection between the posi-
tion of the flame front and the ex-
cited frequencies according to the ex-
periments of Coward Hartwell, and
Georgson. 1) cps; 2S theory; 3) exper-
iment.

The couiparison between the theoretically obtained instability re-

gions and those observed experimentally must be conceded to be quite

satisfactory, particularly for those regions which are shown in Fig.

50. The only exceptions are the points corresponding to L2 close to

zero (i.e., flame-front positions in the direct vicinity of the closed

end of the tube). This is connected with the peculiarities of the self-

excitation mechanism and will be explained in §49.

If we compare the character of agreement between the experimental

data and the theoretical instability regions on Figs. 49 and 50, we

can draw the following conclusion. The better agreement between theory

and experiment on Fig. 50 is connected with the fact that the series

of boundaries of the same type was obtained by using the point A,

whereas the series of boundaries of the opposite type was obtained by

using the point B, while in Fig. 49 the two series of boundaries were

obtained with the aid of the point A. Physically this means that the

characters of the perturbed combustion process at the instant of the

onset of the instability and at the instant of Its diaeppearaws ar t

ppj exactly the same. Were they to coincide, the Instability waons
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would be distributed as shown by the solid lines, in Fig. 49. The

reason for this difference will become clear in S49.

More important than the possible difference between the properties

of the surface Z during the transition through the stability boundary

upon occurrence and disappearance of the instability is the good agree-

ment between the theoretical and experimental instability regions.

This indicates that the same excitation mechanism acts independently

of the number of the harmonic and satisfies the conditions advanced at

the start of the preceding section. It was assumed there, in particu-

lar, that the properties of the heat-supply surface Z do not depend on

the frequency. This assumption includes, of course, the assumption

that there is no delay, since the introduction of the delay time in

one form or another would lead, as shown above, to a frequency depend-

ence of the properties of the plane Z [see, for example, Formula (26.4)].

In the experiment considered here the combustion was produced by

a previously prepared mixture of gaseous fuel and air, and the mixture

was consumed in a tube which had no devices whatever to maintain the

combustion process (nozzles, stabilizers, etc.). For such a combustion

character it is natural to set in the equations that describe the prop-

erties of the surface Z (16.15) * = 0 and 5x = 0, i.e., it is nat-

ural to assume that the oscillations are excited only because the per-

turbation in the effective flame propagation velocity D1 differs from

zero. But then, in analogy with Formula (24.2), we can write

-UA+ .(293)

i.e., we can assume that IU1 depends on the pressure and velocity per-

turbations. The coefficients &,1, &128 a211 and a22 in Formulas (23.2)

become in this case linear functions of Uv and Up, and consequently

the same properties will be possessed by the coefficients C1 , C2 , C3 ,

and C4 In Expressions (23.7).
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Substituting in (23.7) for v . 0 the experimentally obtained value

w (for example fpr the point A) and the values of h1 and h 2 which are

known for the same point A (inasmuch as they are determined uniquely

by specifying the relative length of the hot part of the tube), we can

regard the system (23.7) as a linear Inhamogeneous system for the de.

termination of Uv and U p. The actual calculation of Uv and Up enables

us to establish the relative amplitude of the perturbation of the ef-

fective velocity of flame propagation and its phase relative to the

perturbations 'i and PI" Calculations of this type can yield useful

information regarding the process occurring in the combustion zone at

the instant of the onset (or disappearance) of the instability. We do

not present these calculations here, since they have no direct bearing

on the content of the present section.

The experiments considered here were carried out in a stationary

mixture of hot gases, in which the flame front propagated freely. How-

ever, when the conditions of the experiment are changed the laws ob-

served also remain in force. We turn for this purpose to experiments

in which a previously prepared mixture of gasoline vapor and air mov-

ing in a cylindrical tube was ignited. In these experiments an attempt

was made to excite as many harmonics as possible, so as to compare

most completely the theoretical relationships with experiment. This

was attained to a certain degree - whereas in the previously described

experiment of Coward, Hartwell, and Georgson three harmonics were ex-

cited, in this case seven harmonics were excited.

The experimental setup consisted of a tube open on both ends,

"4.57 m long and 100 mm in diameter. A heated stream of gasoline-air

mixture was blown freely through this tube; the mixture was prepared

continuously in a special receiver, separated from the Inlet section

of the tube by a free gap. This was done in order to obtain olea-out
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boundary conditions on both ends of the tube: both the inlet and the

outlet sections of the tube communicated with the surrounding space.

By special measurements it was shown that the acoustic oscillations in

the tube were not transmitted to the receiver, i.e., the gap between

the exhaust nozzle with which the receiver was terminated and the in-

let to the tube was sufficiently large. The combustion in the tube was

produced behind a group consisting of several flame stabilizers (made

in the form of cones), arranged in one and the same plane, which in

turn was normal to the tube axis. The total area of the projections of

the stabilizers on this plane was small compared with the area of the

tube cross section, i.e., the stabilizers did not block the section,

and the acoustic waves passed freely through the section without ex-

periencing noticeable reflections from the housings of the stabilizers.

The experiment consisted of gradually moving the group of stabil-

izers, which could be readily displaced along the tube as a unit, and

recording the oscillation frequencies for every 50 mm of displacement.

The results of the experiment are shown in Fig. 51. The theoret-

ical instability regions are constructed in accordance with the very

simple formulas (29.2), using the experimentally obtained coordinates

of the ends of the instability regions A and B. The relative placement

of the theoretical and experimental instability regions again confirms

the correctness of the relations obtained in the preceding section. It

is necessary to emphasize here especially that both groups of experi-

ments considered here were set up with different boundary conditions

(in some experiments one end of the tube was closed and the other open,

while in others both ends were open), with a different character of

gas motion (gas stationary relative to the walls in the cold part of

the tube and a stream of combustible mixture), and with different types

of combustion (free flame front and combustion behind poorly stream-
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Fig. 51. Connection between
the position of the flame sta-
bilizer along the tube and the
excited frequencies. 1) cps;
2) theory; 3) experiment.

lined stabilizers). This indicates that the theoretical relations de-

rived are extremely general. It must be stated that this is confirmed

also by many other experiments, for example the already-mentioned ex-

perimental researches of Putnam and Dennis* and of others.

Let us turn to the diagram of Fig. 51 and examine it from a somes-

what different point of view. Along with the good agreement, for so

complicated a phenomenon, between the theoretical and experimentally.

obtained instability regions, it is easy to note a certain systematic

shift of the theoretical values relative to the experimental ones.

This indicates that the properties of the heat-supply sone do not co.

incide completely with those postulated at the start of the pe'eoditV

qqption. Apparently in this case the propertles of the mo"s 3 .ee.M
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to a certain degree on the oscillation frequency, inasmuch as the dis-

parity between the theoretical instability regions and the experimental

points is systematically connected with a change in the oscillation

frequency. This result is natural. It will be shown in Chapter 7 that

upoil ignition of a previously prepared mixture behind poorly stream-

lined flame stabilizers the mechanism whereby the oscillations are ex-

cited and maintained is essentially connected with the process whereby

the vortices break away from the stabilizer. It is known from hydro-

mechanics that this process can "attune itself" to the frequency of

the velocity oscillations of the gas flowing past the stabilizer. It

is difficult to assume, however, that this process will not be influ-

enced by other properties of vortex formation.

!4

Fig. 52. Oscillogram of pressure
oscillations in vibration com-
bustion. Example of simultaneous
excitation of two frequencies.
1) sec.

By the same mechanism as was indicated somewhat earlier, it Is

possible to determine from these experiments the variation of Uv and

Up with the variation of the oscillation frequency, and thus obtain a

deeper insight into the properties of the heat-supply zone. Such an

analysis, however, is not within the scope of the present section.

We note finally that Fig. 51 shows only those instability regions

which correspond to a reduction in the oscillation frequency with in-

creasing length of the hot part. At the same time, the left-hand dia-

gram of Fig. 48 shows that when both ends of the tube -. r .n and the
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Fig. 53. Comparison of theoreti-
cal and experimental pressure
standing-wave patterns. 1) The-
ory; 2) experiment.

length of the hot part is increased the oscillation frequencies should

again Jump over to the higher harmonics. Although such a phenomenon is

observed relatively rarely in the experiment (for in this case it in

necessary to have a short cold portion of the stream and a relatively

long hot portion), it could be registered in setups similar to that

used for the experiments described here.

The instability regions shown in Figs. 48, 49 , 50, and 51 are so

arranged that at certain relative lengths of the hot part of the stream

several harmonics become unstable simultaneously. This causes some-

times the excitation of two or even three harmonics immediately. This

phenomenon is observed quite frequently and becomes perfectly under-

standable frqm an examination of the diagrams mentioned here. Figure

52 shows an example of an oscillogram of pressure oscillations, taken

during the course of vibration combustion; the oscillogram shows

clearly the superposition of two harmonics - the fundamental and the

oM with double its frequency. Sometimes the oscilloprams acquire an

even more complicated form and special methods must be used to deci•vh• r

them. However,, usually the fundamental frequency can bo9 wsepnted'uSm
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mediately and frequently no attention is paid at all to the frequencies

accompanying the fundamental.

t)At the end of the preceding section it was stated that the phys-

ical basis for the observed Jumpwise change in the oscillation fre-

quency is the ability of the oscillating system of duplicating, as it

were, the form of the standing wave twice during the excitation of the

second harmonic, three times during the excitation of the third, etc.

From this point of view the agreement between the theoretical pattern

of the jumpwise change in the oscillation frequency with experiment is

indirect evidence of the fact that the forms of the standing waves are

also close to theoretical. This fact can be registered directly by

measuring the form of the standing wave with oscillations excited in

the system. This is simplest to do for a pressure standing wave. Figure

53 shows two examples of a comparison of the theoretical and experi-

mental patterns for the absolute values of the pressure standing-wave

amplitudes. As can be seen from the diagrams, the experimental points

follow the theoretical relationships sufficiently well. The Jumpwise

change in the theoretical pattern in the central part of the diagram

corresponds to the strong-discontinuity plane X, which represents the

combustion zone in idealized form.

Whereas the analysis of the jumpwise change in the oscillation

frequency upon variation of the length of the hot part of the tube

(with the total length of the tube remaining constant) is more of phys-

ical interest, the real practical interest attaches to a related phe-

nomenon, which outwardly manifests itself in a manner that is in a

certain sense the opposite. We are referring here to the tendency of

the oscillating system to conserve a constant value of the dimensional

frequency of oscillations with invariant length of the hot part and

with considerable increase in the total length of the tube.
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Let the length of the hot part of the tube L2 remain constant,

while the total length L is increased continuously. In this case the

relative length of the hot part, L/L, will decrease, i.e., it we turn

to the preceding diagrams, the motion will be not from right to left,

but from left to right. Consequently, the point which eeansponded to

the vanishing of an instability will now correspond to its occurrence,

and vice versa.

In accordance with Formulas (29.1) we can write

Let us set in these formulas N = conat, i.e., we consider related

points (for example, all the left ends or all the right ends of the

segments on Fig. 51).

Let now, as already mentioned, the dimensional length of the hot

part of the flow remain constant (L = const). Then in the right half

of the second equation of (29.4) only constant quantities will appear.

Consequently, with change in the total length of the tube L, but with

the length of the hot part L2 remaining constant, the oscillating sys-

tem will strive to conserve the oscillation frequency CI invariant upon

any new occurrence of instability.

S1

A - - --

Fig. 54. Connection between the ex-
cited frequencies and the length of
the tube for a constant lenth of 0
the hot part of the tube. ) opa.'
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If we now turn to the first formula of (29.4) we see iamediately

that this tendency of the oscillating system can be satisfied only at

1the expense of K, i.e., by changing over to the excitation of higher

harmonics as the total length L of the tube is increased.

In order to make these deductions clearer, let us turn to the

calculation example. Let us find, using the formulas (29.4), the in-

stant of occurrence of instability for N = 1, and, setting N = 0, let

us reverse the signs of 0(l) and modify the absolute value of 0(l) in

suitable manner to determine the instants when the instability disap-

pears. We represent the results of the calculation in the form of a

plot 0 = Q(L), and Join the points designating the start and the end

of the instability arbitrarily by means of straight lines, so as to

delineate the instability regions. The corresponding construction is

shown in Fig. 54, with the instability regions marked by the value of

K to which they correspond. The example has been constructed for the

same numerical values of the parameters as for the experiment of Fig.

51. The diagram of Fig. 54 shows that o, .in expect in the system,

independently of the length of the tubs. :,, -he occurrence of oscilla-

tions only with frequencies ranging f or, l,. to 110 cps. When the total

length of the tube L is increased, the o -illation frequency at first

begins to decrease, for example for the instability region correspond-

ing to K - 1 from 110 cps to 61 cps, which corresponds entirely to the

expected behavior of the system, since an increase in L increases the

time required for a sound impulse to travel along the tube.

However, subsequently Q not only fails to continue its decrease,

but to the contrary, It rises abruptly saain to 110 ops, Inasmuch as

the next harmonic becomes unstable, corresponding to K - 2. In this

case there can exist in a certain range of values of L frequencies of

the order of 105-110 cps and 61-72 cps simultaneously, for the two re-
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Fig. 55. Standing-wave patterns in
tubes having identical length of the
hot part of the stream.

gions K = 2 and K = 1 which lie one on top of the other.

The described phenomenon was observed in a special experiment. A

tube with freely flowing air stream had a telescopic device which al-

lowed the length of the inlet portion to be increased continuously,

without changing the conditions under which air was blown into the in-

let section. In the end portion of the tube was situated the combus-

tion zone. After vibration combustion was excited, the length of the

cold part of the tube was gradually increased and the variation of the

oscillation frequency continuously observed. The oscillation frequen-

cies first had a tendency to drop, but then rose abruptly to the ini-

tial value.

The physical processes on which this phenomenon is based are

rather simple. Assume, for example, that there exists a certain tube

with approximately equal lengths of the cold and hot parts, and that

oscillations at the fundamental tone are excited in it. Figure 55A

shows schematically this tube as well as the pattern of the pressure-

oscillation amplitudes in it. Let us assume that the excited frequency

and the patterns of the oscillations 6p and 6v related with it produce

in the combustion zone the conditions which contribute the most to the

excitation of the system. Then, as the total length of the tube is in-

creased, it is possible to maintain invariant the processes in the

combustion zone (in particular, maintain also the configurations of i

the 6 p and 6v oscillation amplitude patterns) only by maintainlng ton-
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stant the dimensional frequency of the oscillations (in the figure -

the distances between the nodes on the pattern), i.e., by changing

over to higher harmonics. In the lower part of Fig. 55 is shown the

corresponding scheme of the tube with lengthened cold part.

Thus, the oscillation frequency excited by the system is deter-

mined to a certain extent by the length and properties of the hot part

of the tube, i.e., the combustion chamber. This conclusion agrees with

all the available experimental data.

It must be noted that this conclusion has great practical signif-

icance. The point is that in the investigation of combustion chambers

the question arises of the possibility of testing the chambers away

from the engine, by Joining them to an air pipe, which frequently is

very long. It might appear that this destroys any similarity to the

acoustic operating conditions and that one can therefore not investi-

gate with such a setup the vibration combustion processes. However,

the analysis of the phenomenon which was presented above shows that

this simple argument is incorrect and if the combustion chamber has a

tendency toward instability (vibration combustion), then this instabil-

ity will manifest itself (and furthermore in the same form, without

change of oscillation frequency, etc.) also in a setup with a long in-

let air duct.

The result obtained must not be interpreted in the sense that the

oscillating system is in general insensitive to variation of the length

of the cold part of the tube. In fact, all that was shown here is that

if we take in lieu of a certain length L1 of the cold part a different

length L01 , and if the now length Is many times larger than the ini-

tial one (L*I >> LI), then the oscillation process will be character-

ized by a tendency toward conservation of both the frequency and all

other properties. This enables us to test combustion chambers on stands

- 248 -



that are characterized by very long air supply pipes, without an ex-

cessive risk of producing in the combustion zone acoustic conditions

that differ radically from the natural conditions. It does not follow

from this at all, however, that when the length L1 is changed all the

properties of the oscillating system remain the same. To demonistzrate

this, let us consider the following example. Let the instability re-

gion be small and let under normal conditions the system remain unex-

cited. We start to increase the length of the cold part of the tube L,

retaining all the dimensions of the hot part constant. Then the dia-

gram showing the distribution of the instability regions, analogous to

that shown in Fig. 54, may have the form shown in Fig. 56. Let the in-

itial total length of the tube be, for example, L = 2.5 m (length AA

in Fig. 56). This corresponds to the absence of oscillations, inasmuch

as the length AA does not cross the instability regions (shown by

solid lines on the figure). Let us lengthen now the inlet portion of

the tube, retaining constant the dimensions of the combustion zone and

of the portion of the tube through which the combustion products flow.

When L > 3.1 m any length L will correspond to some instability region

(line BB in Fig. 56), i.e., when the inlet portion of the tube is made

sufficiently long, the initially stable process can become unstable.

To be sure, this presupposes that the system as a whole is prone to

excitation, i.e., has instability regions. Thus, if the system is cap-

able of becoming excited, this capability is particularly easy to real.

ize by lengthening the inlet portion of the flow.

This result is also of appreciable practical interest. It means

that if the combustion chamber is adjusted on a stand with a long pipe

and does not give rise on the stand to vibration-combustion modes,

then it is little likely that such modes will be produced in it on

chi"Aing over to shorter inlet sections. And at the same time, if the
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Fig. 56. Influence of the length
of the tube on the stability of
the flow.

combustion chamber is adjusted with an inlet portion of short length,

simply lengthening the inlet is capable of causing vibration combustion.

The foregoing can be confirmed by the following experiment. The

experiments were carried out with a combustion chamber with an inlet

portion 700 mm long. By varying the fuel feed, excess-air coefficients

ranging from a = 1 to a = 3 were obtained. During the time of the ex-

periment, the pressure oscillation amplitudes 6p ahead of the combus-

tion zone were registered. These amplitudes were with respect to the

relative pressure (with respect to the outer medium) of the completely

stagnant air flow g ahead of the combustion chamber. The relative pres-

sure perturbations 6p/q were plotted as functions of the excess-air

coefficient a. At normal "quiet" combustion modes 6p/q did not exceed

0.1 or 0.15. Figure 57 shows the experimentally obtained functions

6p/q = f(c) for three cases: curve a corresponds to the initial version

of the setup, with an inlet section L1 = 700 mm long; curve f pertains

to a 1400 =u inlet portion; curve d pertains to a 2800 -m inlet por-

tion. As can be seen from the experiment, the initially stable combus-

tion prooess started to vibrate (with the oscillation amplitudes in-

creasing by a factor 5-10) as a result of merely increasing the length

of the cold portion of the stream, L1 , as would follow from the theory

developed here.
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It must be added, to be sure, that the arguments on which the

foregoing deductions were based started from the assumption that all

the instability regions are characterized by perfectly identical mechan.

isms for the excitation and the quenching of the oscillations. This of

course is not always the case, particularly if the oscillating system

is capable of becoming excited by various physical processes which

realize the feedback (these are discussed in detail in Chapter 7).

Nevertheless, the confirmation of many of the consequences of the very

simple theory developed here indicates that the theory can be used for

first approximation.

d.#

Fig. 57. Effect of length of the inlet
portion of the stream on the tendency of
the system toward excitation.

To conclude the present section it is useful to present some ad-

ditional data on the acoustics of stand installations which do not

pertain directly to the question of the influence of the relative

lengths of the hot and cold portions of the stream on the instability

regions.

Although tests of the combustion chamber using a long supply air

duct provide a certain guarantee that on changing over to shorter in-

let portions the tendency of the oscillating system toward excitation

is more lilcely to decrease than to increase, it may be of interest,

sometime 'to test the combustion chamber with a short inlet portion on

- 251 -



which the air supply duct does not have any

effect. In this case one can conceive of

two schemes which separate acoustically the

inlet portion of the combustion chamber

from the stand air duct (Pig. 58).

The first of these two schemes reduces

to the creation of a receiver ahead of the
Fig. 58. Two methods
of separating the inlet section of the channel that leads to
stand air duct from
the inlet portion of the combustion chamber, while the second
the combustion chamber.

reduces to a break in the duct in the re-

quired place (it is applicable only for limited pressure inside the

duct).

Let us consider the first of these schemes. It is clear intui-

tively that if the section of the receiver S2 is much larger than the

section of the tube SI, then the receiver becomes an "external medium"

of a sort, and a pressure node is produced at the Junction. The tube

with the combustion chamber will be separated, as it were, from all

other lines that supply air. Usually the section S2 cannot be made

very large so that it is of interest to obtain a numerical estimate of

the influence of the ratio of S2/31 on the degree to which the condi-

tions at the Junction between tubes of different diameters approach a

pressure node.

In the book by Andreyev and Rusacov* the following expression is

given for the ratio of the amplitude of a pressure wave passing through

the Junction of the tubes to the amplitude of the approaching wave:

-n a

It is obvious that the coefficient 71 characterizes the degree with

which the change in cross section under consideration approaches a
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completely open end. In this case • - 0 indicates the absence of a

transmitted wave (complete reflection), while 71 = 1 denotes that the

wave is .completely transmitted. Thus, a reduction in il means an ap-

proach to the condition of an open end. In a specially net up experi-

ment, a cylindrical tube 100 mm in diameter, in which vibration coam-

bustion took place, was Joined to receivers having diameters of 150,

300, 400, and 500 mm. The amplitudes of the pressure oscillations were

measured along the receiver and along the tube in the vicinity of the

Junction. The corresponding patterns and the over-all scheme of the

setup are shown in Fig. 59.

A- .-A..V.--.-.-

oo d-MW&
4.=

Fig. 59. Patterns of pressure-oscillation
amplitudes at the Junction between the
receiver and the initial portion of the
combustion-chamber tube. 1) Points where
the acoustic pressure was measured; 2)
cold part of the tube; 3) combustion
chamber; 4) combustion-chamber tube; 5)
value of static pressure measured by a
moving transducer at the indicated points
(oscillating component).

It is seen from the presented plots that with increasing ratio

the conditions on the Junction of the pipes approach more and

more the conditions that are characteristic of an open end. Iven sue'
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Fig. 60. Patterns of pressure-oscillation
amplitudes in the vicinity of a break in
the pipe. 1) Points where the acoustic
pressure was measured; 2) cold part of
the tube; 3) combustion ohamber; 4) com-
bustion-chamber tube; 5) supply pipe; 6)
cycles per second.

a small increase in diameter in the transition to the receiver as a

change from 100 to 150 mm produces a clear-cut standing-wave pattern

in the tube. With increasing S2 , the amplitudes of the oscillations in

the receiver decrease, as expected. It is apparently sufficient to

have S2/31 2 3 in order to produce a complete separation of the re-

ceiver from the tube.

The second scheme was also investigated experimentally. The break

in the pipe had the same purpose, namely to form oscillations with a

pressure node at the break. A diagram of the experimental setup and

the oscillation-amplitude distribution for vibration combustion, meas-

ured in the vioanity of the break, are shown in Fig. 60. An in the

preceding experiments, vibration combustion was excited in a tube 100

mm in diameter. With a gap AL = 10 mm, the oscillations were transmit-

ted through the break as if it did not exist at all. In this case the
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oscillation frequency (110 cps) was in complete agreement with the

total length of both parts of the tube separated by the gap. For gap

lengths of 20 and 100 mm, the picture changed radically. The pressure- E
oscillation pattern showed a clear-cut tendency to vanishing at the

break, while on the left part of the tube there were cbserved osael±-

tions of constant but low amplitude. The oscillation frequency in-

creased to 130 cps and started to correspond to the length of the

right half of the tube, without the portion lying on the other side of

the break. This indicated that to obtain the necessary effect the gap

between the tubes should be on the order of 20% of the diameter of the

tubes or more.

One can, of course, combine both the indicated schemes, making

the supply tube of larger diameter than the tube in which combustion

takes place, and simultaneously retaining the gap.

The experimental results obtained are in good agreement with the

experiments of Coward, Hartwell, and Georgson, described in §1. Bring-

ing a plate closer to the open end of the tube (the diameter of which

was also 100 mm) scarcely influenced the character of the oscillations

when the distances between the plate and the tube were equal to 60 and

30 mm. At distances of 15 mm and less, the character of the vibration

combustion changed quite radically (see Fig. 1). Thus, removing the

plate more than 20% of the diameter away from the end of the tube

broke in this case, too, the coupling between the gas oscillations in

the tube and the obstacle brought together at the end of the tube.
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manu-
script (Footnotes]

No.

182 The subscripts "one" for 0, y, and c are omitted here and
below.

197 It may be seen from Eq. (23.7) that a change in the sign of
w does not violate the equality and it is consequently suf-
ficient to consider the interval 0 < w < c rather than
-W < W <00.

201 For example, see M.A. Ayzerman, Lektsii po teorii avtoma-
ticheskogo regulirovaniya [Lectures on the Theory of Auto-
matic Control], Gostekhizdat, Moscow, 1958.

204 *It has already been stated that, for the equations consid-
ered in this chapter, it is sufficient to vary u) from 0 to
+00.

204 **In control theory, the left-hand side is generally cross-
hatched when A > 0 and the right-hand side is generally
cross-hatched when A < 0. We are here adopting another rule,
since the region of instability is cross-hatched in this
book.

213 In combustion chambers, it is necessary to differentiate the
excess-air coefficient calculated for the chamber as a whole
from the local value of a in the heating zone. The total a
is rarely greater than one because of the air which bypasses
the heating zone and mixes with the combustion products be-
low the zone of intensive heating.

226 The subscript "one" is henceforth omitted for a.

241 Putnem and Dennis, Issledovaniye vibratsionnogo goreniya v
gorelkakh [Investigation of Vibrational Heating in Jets]
Voprosy raketnoy tekhniki [Problems of Rocket Technologyl,
No. 5 (23), 1954.

252 Andreyev, N.N. and Rusakov, I.G., Akustiki dvizhushcheysya
sredy (The Acoustics of Moving Media], GTII (State Theoreti-
cal and Technical Editions], 1934.

Manu-
script (List of Transliterated Symbols]
Page

No.

208 or U a egoraniy@ a combustion

209 xmm = khim = khimicheskiy = chemical
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Chapter 6

EXCITATION OF OSCILLATIONS BY HEAT SUPPLY IN

THE PRESENCE OF LOSSES AT THE ENDS OF TIE TUBE

§30. Losses to Radiation

In the present chapter we consider the same problem as in the

preceding one, except that we leave out the assumption that there are

no losses of acoustic energy. The losses that accompany acoustic os-

cillations can be arbitrarily broken down into two groups: internal

losses, connected with viscosity and heat-conduction forces acting in-

side the tube, and external losses, connected with the radiation of

the oscillatory energy Into the outside medium. We shall consider here

only the second of these types of losses, and furthermore in simplest

form.

Radiation of acoustic energy from the end of a tube is connected

with the presence of a nonzero flux of acoustic energy moving from the

tube into the ouuer space. From the expression for the flux of acous-

tic energy through any section (11.6) we see that the question of the

magnitude and the sign of the flux A is connected with the amplitudes

of 6 p and 6v and with the phase shift between them. To determine these

quantities one introduces in acoustics the concept of impedance. It

can be defined formally as a complex factor which relates 6 p and 6v.

It is more convenient to introduce here directly the dimensionless Im-

pedance z, which relates " and ',

S= z~v. (30.1)

Inasmuch as p and ' are different in different sections of the
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standing wave, the impedance z will also be different, depending on

where the section is chosen. Usually the greatest interest is attached

to the impedances of the end sections, inasmuch as the radiation of

the energy into the outside medium occurs naturally through the end

sections.

In order to disclose the physical meaning of the real and imag-

inary components of the impedance

z = r + ix, (30.2)

we turn to the variables u", w.

We introduce in analogy with the acoustic impedance z a quantity

(, which relates u and w. For this purpose it is convenient to regard

u and w as complex numbers. The quantity C is defined by the equation

w = cu, (30.3)

from which it follows immediately that

It- 'I" J L(30.4)

Because the absolute values of u and w between the discontinuity

surfaces X do not depend on the coordinate t in the case of steady-

state oscillations, the quantity ICI will possess the same property.

This distinguishes C favorably from the impedance z, and the property

that ICI is independent of t will be made use of later on in Chapter 8.

Let us determine C. Using (4.9), (30.1), and (30.4) we can readily

verify that €"I-.'

(30.5)

With account of (30.2) we obtain

, , .(30.6)

Equations (11.7) and (30.4) enable ue to write the following

formula for the flux A of the acoustic energy 'we regard u and w again
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as vectors here and below):

S(30.7) (

Since all the quantities contained in this formula are positive.

the sign of A will depend entirely on the difference I - IC12. Conse-

quently, the sign of the flux of acoustic energy is determined by the

modulus of C. When ICI > 1 the flux of acoustic energy is negative,

i.e., it is directed against the stream, while when Id < 1 it is pos-

itive (directed with the stream).

The modulus of C depends on the real and imaginary-.parts of the

acoustic impedance z. It is known from acoustics that the real part r

of the impedance determines the active resistance of the acoustic sys-

tem, while the imaginary part x determines the reactance. The losses

are obviously connected with the active resistance. This is clear, in

particular, from Formula (30.6), which shows that the deviation of the

modulus C from unity is connected with the value of the dimensionless

coefficient of active resistance r. When r = 0 we have ICI = 1 and the

acoustic radiation of energy from the end of the tube, as follows from

Formula (30.7), is nil. When r > 0 we have ICI < I and when r < 0 we

have ICI > 1, i.e., different signs of r correspond to opposite direc-

tions of motion of the acoustic-energy flux. It-must always be remem-

bered that the impedances z. and z2 , corresponding to different ends

of the tube, have real parts that are of opposite signs. The impedance

z2 , corresponding to the section through which the hot gases flow, has

positive r (the radiation is in the positive direction of the 4 axis)

while the impedance zI has negative r. Accordingly, IC2 1 < 1, I.e.,

the acoustic-energy flux moves along the stream at the outlet section,

from the tube into the surrounding space, while IC1I > 1, L.e., the

acoustic-energy flux at the inlet to the tube flows against the stream,
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consequently, again from the tube into the surrounding space. This in-

dicates that acoustic energy is being dissipated on both ends of the

t)tube.

When solving the problem with allowance for the loss of acoustic

energy into the space surrounding the tube, we shall use both methods

of taking these losses into account: with the aid of the impedance z

and with the aid of the coefficient C. The choice of the particular

method will be determined by the character of the problem considered.

In conclusion, it is necessary to present formulas with which to

carry out the actual determination of the impedances. For the previ-

ously chosen system of dimensionless variables, both components of the

dimensionless impedances z (30.2) coincide with those adopted in

acoustics. One can, for example, use the following approximate formu-

las proposed by Gutin*:
ksds kd

where d is the tube diameter and k is the wave number (the ratio of

the frequency to the velocity of sound).

For subsequent use, it is convenient to recast these quantities

in a somewhat different form. Representing the wave number in the form

k = w/L,

we obtain for z the expression

I (30.8)

The values of the impedance z obtained from Formula (30.8) can be

used only for sufficiently small values of dw/L. An estimate shows

that for the "long" tubes considered in the present book and for the

first harmonics the condition that dw/L be small is always satisfied.

Closely related with the question of radiation of acoustic energy

into the surrounding space is the question of the so-called "effect of
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the open end."

Usually the boundary condition at the open end is written either

in the form of Eq. (30.1) or, in a less rigorous analysis, in the form 4
- 0. In the latter case it is assumed that there are no pressure os-

cillations in the end section of the open end of the tube. This as-

sumption was used already by Lagrange, Euler, and Bernoulli, but the

researches of the acousticians of the 19th century have shown that it

can be used only with certain stipulations. The theoretical solution

of the problem concerning the reflection of an acoustic impulse from

the open end of a tube is made complicated by the fact that a plane

wave moving through the tube becomes spherical (more accurately, teaseL

to be one-dimensional) outside the tube. However, for many specific

schemes, theoretical solutions were obtained and in addition, corres-

ponding experiments were set up. A review of these researches was pre-

sented, in particular, by Rayleigh.* Without going into details here,

we shall indicate only two circumstances which must be taken into ac-

count when writing down the boundary conditions for the open ends of

the tube.

First, the oscillating process at the open end always causes dis-

sipation of acoustic energy into the surrounding space. In this case

the dissipation is connected not with the conversion of acoustic en-

ergy into heat, but with the transfer of mechanical (acoustic) energy

to surrounding masses which are external with respect to the tube.

This phenomenon was essentially taken into account by the formulas pre-

sented in the present section.

Second, even .if we neglect energy dissipation, then the effect of

the inertia of the medium ahead of the outlet of the tube reduces tP

an apparent elongation of the tube. The frequencies excited in the,,

tutbe are somewhat lower than those which would be obtained were the
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realized scheme ideal. Therefore in order to take this phenomenon into

account it is customary to increase the length of the tube somewhat in

the calculations, so as to obtain better agreement with experiment.

Rayleigh recommends to increase the theoretical dimension of the tube

by an amount equal to approximately 0.3 of the Vube diameter for the

open end.

In carrying out all the calculations below it will be assumed

that this correction has already been introduced and the "effect of

the open end" will no longer be discussed.

§31. Characteristic Equation of the Problem with Account of Losses at
the Ends or the Tube

In the preceding chapter we have found the characteristic equa-

tion of the problem in the absence of losses at the ends of the tube.

Here we consider a more general case.

Assume that on the plane Z (Fig. 22) at the section • = 0 the di-

mensionless perturbations of the pressure and velocity on the left are

PO and "O, respectively, while on the right they are 1'0 and il0" The

connection between these perturbations is established by the proper-

ties of the surface Z. We proceed further in exactly the same manner

as was done in §23. Assuming a certain specified connection between

6E', 6X' and"ý0 , To, and using Eqs. (17.5), we obtain the following

form for the conditions on Z:

a, A3 1 + as., .
h,. (31.1)

Let us express p and l at the ends of the tube (at t - and t = 42)

in terms of 7O, fO and 71., P'O, with the aid of Formulas (4.13). and

let us use the following boundary conditions
P -, for i (31.2)
-,, 26or .
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As a result we obtain
Fol,,av, (Q,- •,T,)] +.T PITA,()- fp (91)) -0.

B IT, (to) -VS, ()1+ F [jg(s, - (vIQ -o.

Taking into consideration Relations (314I), we can readily reduce

the numbor of dependent variables in the last equations to two, for

example i0 and PO"

As a result we obtain the characteristic equation of' the problem:

1hV, (11) V8 (9, ) S iva (11) - 9p1 (1) (3 -3

+,, ,11,, ([I ,)-VA a 4 jn+ ,, [,Sy, (- 9 ,q()+ 0.(

Using Relations (4.14) aP (22.5) we obtain from (31.3)

C÷ Pj(31.4)

+C$ exp

where
C, - (,1 - 1) (So + 0) (At,, - an - all + Q,,)

C, - (1h - ) (St- ) (aG.s + an - a.l), (31.5)Ca - (St + N)s + 1) (eta - on + "it - ')

Cd - (s,+t) ( i,-1) (+,a + . +., +'•.).

Thus, the obtained characteristic equation differs from (23.5)

.only in the expressions for the coefficients C1 , C2 , C3, and C4 .

In the preceding chapter the characteristic equation (23.5) was

reduced to a system of two equations (23.7) which related only real

variables. If we attempt to do the same in the present case, the equa-

tions obtained will be more cumbersome. The point is that it is no

longer possible to assume that C1, C2 , C3 , and C4 are real, inasmuch

as the impedances z 1 and z 2 are generally speaking complex numbers.

The separation of Eq. (31.4) into a system of two equations which re-

late real variables is best carried out after the actual nmeical

values of 3l, 5, all, 8l2, a2 1 , and a2 have been substituted in.
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It is easy to obtain particular cases from the general equation

(31.4). In the preceding chapter we considered the characteristic equa-

"tion of the same problem, but under the assumption that pressure nodes

are located at the ends of the tube. The pressure nodes are described

by the condition " = 0. Comparing this condition with (30.1) we see

that the pressure node corresponds to tI-i case z = 0. In precisely the

same manner we obtain that a velocity node v = 0 corresponds to an

acoustic impedance z = c.

If we combine the two types of boundary conditions (• = 0 and

v= 0) then altogether only four cases are possible:

1) ,"- o , - ;
2) ~,0. ;7 .0;
3) 4u'.O iuu0;
4) inrdc, oti s .

We introduce for the quantities in (31.5) the following notation:

c. al - a2 --a,, -- e

c. - a,, + ar,, + a,, + all.

Then the first case corresponds to the equalities

C,. -eC, C,-cs,, Co-c,. C4- -CA;

the second to
CA,.-C,, C2-,.- CC-€,. Cc-€;

the third to
C,- ,, Clow -ca, C,-c, C4,- -C,

and the fourth to
C,-C,, C,-c,, C,-C,, C,- ,.

Assuming the coefficients a,, 02, 03' and 04 to be real, we oan

carry out the analysis of the properties of the oscillating system in

all these cases in the same manner as was done for the first case in

Chapter 5.
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It must be noted that there exists no such simple method for solv-

ing and analyzing Eqs. (31.4) in the case of arbitrary values of the

boundary impedances. The main difficulty lies in this case in the fact

that the frequency w is contained in the expression for z (30.8).

Therefore the solution of (31.4) can be obtained only by cumbersome

numerical methods.

632. NMmrical Analysis of Some Particular Cases

An analysis of the character of the perturbed process on the

basis of Eq. (31.4) can be carried out in two ways. First, by consider-

ing numerical examples and, second, by a theoretical investigation of

particular cases which admit of an analytic treatment. In the present

section we shall use the first of these possibilities.

In analogy with the calculations given in the preceding chapter,

let us determine the stability limit in the presence of losses at the

ends of the tubes, i.e., we seek those values of 6X and 6E, for which

the oscillating system is neutral. We shall assume the flow conditions

and the position of the heat-supply plane to be specified (i.e., _n, M,

Kv, i1, and 12 are specified), and we choose as the variable parameter

the oscillation frequency w. Since by definition v - 0 (we are con-

sidering the stability limit), by the same tokmn all the quantities

contained in (31.4) are specified (for each value of w), except for

the coefficients C1 , C2 , C3 , and C4 , which depend (through a1 1 , a 1 2 ,

a2 1, a2) on the sought values of 6X and 6E.

Comparing Formulas (17.1) and (31.1), we readily see that when

6E = yjpo and 6X = Y2 0 (where Yl and y2 are complex coefficients

which express mathematically the existence of a certain feedback ,

mechanism) we have:
n, u-(. (32.)
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Let us consider, for the sake of being definite, the case of ex-

citation of oscillations with 6E = 0. Under the assumption made y1 - 0

and Eq. (31.4) becomes linear with respect to Y2 . which is readily de-

termined from this equation.

The results of calculations of this type will be presented below.

The calculations were made for two cases. In the first analysis was

made of the influence of the oscillation frequency on the position of

the stability limit, while in the second the influence of the change

in the relative length L/d of the tube (more accurately, a quantity

reciprocal to L/d) on the same factor was determined. In both cases

the calculations were made for M1 = 0.15; n = 2.5; m 1; 11 =12 = 0.5.

In the first series of calculations, the aim of which was to il-

lustrate the influence of the oscillation frequency on the position of

the stability limit, d/L was assumed equal to 0.2, i.e., a relatively

short tube was considered, with a 5 caliber length. The results of the

calculation are shown in Pig. 61. The abscissas and the ordinates are

the real and imaginary parts of Y2, respectively. The complex coeffi-

cient Y2 makes it possible to Judge the amplitude-phase relation be-

tween 6X and 0". In the preceding chapter and earlier we obtained an

exceedingly simple self-excitation condition for the oscillations in

the absence of losses, namely that the angle between the phases of '0

and 6X must be less than n/2. Inasmuch as for 6X = y2 V0 the phases of

6X and 0 coincide at positive (real) values of y2 , the stability

boundary in the previously considered example is the imaginary axis,

and the instability region is the entire right half plane of Fig. 61.

As can be seen from the placement of the Y2 curves on Fig. 61, when

the losses are taken into account the instability region decreases,

namely the stability boundaries shift to the right away from the imag-

iary axis, the shift being the greater, the higher the oscillation
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frequency (the "unstable" side of the stability boundear Is shaded In

the diagram). In this case the excitation condition beomes move com-

plicated, and not only the phase of 6X but also its amplitude becomes

Important now.

4

3" - - 01

iO

Fig. 61. Influence of oscillation fre-
quency w on the position of tbe stabil-
ity boundary. 1) Stability region; 2)
instability region; 3) first harmonic;
14) second harmonic.

The smallest relative amplitude of 6X (10 is arbitrarily assumed

as unity) at which excitation is possible is obtained when the phases

of 6X and V0 coincide (Y2 is a real quantity). Figure 61 shows only

two branches of Y2 (corresponding to the first and second harmonics).

As can be seen from the diagram, an increase in frequency (changeover

from the first to the second harmonic) involves an increase In the ab-

solute values of y2, i.e., an increase in the relative amplitudes 6X

necessary to excite the system.

This result can be readily explained. rat us estimate the influ-

ence of the oscillation frequency on the losses ot acoltatio ener'g inn

the space surrounding the tube. For this purpose we use UNresion•

(30.7), which enables us to calculate the flux of acoutic eneay mmmV-
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ing through the end section or the tube. We employ here Formula (30.6),

which enables us to express IC1 2 in terms of the real and imaginary

| parts of the impedance z. Then

The formula obtained indicates, in particular, that the sign or A

(the direction of the flux of acoustic energy) is connected with the

sign of the coefficient of active resistance r. This formula can be

simplified in the following fashion. We note that the expression in

the square brackets is close to unity, since r and x are small com-

pared with unity for the problems under consideration. This is seen,

for example, from the approximate formula for z (30.8) and was partic-

ularly emphasized at the end of §30.

Thus, for sufficiently "long" tubes and for low harmonics we have

• L • -£ "] • "( 3 2 .2 )

The approximate equality (32.2) shows that the flux of acoustic

energy through the end section of the tube is proportional to the

square of the frequency. Consequently, the reduction in the probabil-

ity of excitation on going over to higher harmonics is perfectly nat-

ural and the course of the curves on Fig. 61 should be regarded as

typical. Higher frequencies would yield stability limits which would

be shifted even further to the right.

In practice Y2 cannot increase without limit. The really existing

feedback mechanisms bring about the existence of an upper limit for

this quantity. If, in particular, the upper limit of Y2 exceeds the

values nooessary for the exaltation of the first harmonic but is

smaller than the values necessary for the excitation of the second

(point A on Fig. 61), then excitation of oscillations at the fundamen-

tal tone is possible, while that at all higher harmonics is impossible.
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The example considered explains well the fact that in experiments one

observed always excitation of oscillations at relatively low trequen-

cies.

let us estimate the order of Y2 " It is known from experiments

that when the vibration-combustion process is fully developed the amp-

litude of the pressure oscillations 6p has the order of the pressure

drop between the cold and hot gas, i.e., the order of the hydrostatic

head produced by the thermal resistance. This drop can be expressed by

the following formula

P, - P, - va -( 1) -

Thus

Changing over to dimensionless variables and assuming that in frst

approximation we have v2 /v 1 = T2/T1 - n 2 , we get

When the oscillations are fully developed, the velocity-oscilla-

tion amplitude has the order of magnitude of the velocity of the

steady-state flow of the cold gas, and consequently

The order of magnitude of 6X - P2 - can be regarded as coin-

ciding with the order of the quantities Pl and g2" Then

A smaller value of y2 is more probable, since the pressure dif-

ference on the left and on the right of the combustion sone usu&al,

amounts to not more than 1/2 to 1/3 of the total oscillation amplitudi

6p. 0
In the numerical example considered here (n 2 , 6.'25;* ,, 0.15)
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the order of the absolute magnitude of Y2 will thus not exceed 1y2 =

- 0.25. Comparing this value with the abscissas of the points where

the Y2 curves cross the real axis (Fig. 61), we can readily conclude

that in this case excitation is possible at the first harmonic of the

system only, and this only under specially favorable circumstances.

This can be seen from the fact that the circle Iy2 1 = 0.25 encloses

only a very insignificant part of the instability region (at the scales

chosen for Fig. 61, this circle has become an ellipse). Such a result

is connected with the fact that the ratio d/L = 0.2 assumed in the

calculation is too large. What is essentially considered here is too

"tshort" a tube (L = 5d), for which the relative losses will be high.

This is seen, for example, from Formula (32.2), according to

which the losses increase not only in proportion to the square of the

frequency, but also in proportion to the square of the ratio d/L. Con-

sequently, with decreasing d/L the amount of acoustic energy radiated

into the surrounding space should decrease and the oscillating system

becomes more and more prone to excitation. This explains the well-

known experimental fact that vibration combustion can be observed only

in sufficiently "long" tubes, i.e., in tubes with small values of the

parameter d/L.

In order to clarify these qualitative considerations, Fig. 62

shows the stability limits for the second harmonics of the same oscil-

lating system as considered above, but for three values of the param-

eter d/L: 0.2, 0.06, and 0. It is clearly seen from this diagram that

with decreasing ratio d/L the value of 1y2 1 required for the excita-

tion decreases and tends to zero together with d/L.

An experimental confirmation of the theoretical deductions ob-"

tained here is afforded by the observation made by KLirkby and Wheeler. *

These authors write that at a tube diameter of 100 mm it becomes pos-
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Fig. 62. Influence of the parameter d/L
on the position of the stability bound-
ary. 1) Stability region; 2) instabil-
ity region.

sible to excite vibration combustion in it only when the total length

of the tube exceeds 1400 mm.

If we return to the numerical example and continue to assume that

the upper limit of Iy 2 1 is 0.25, then it follows from Fig. 62 that

when L M 18d (d/L = 0.06) the second harmonic can be excited, whereas

for d/L = 0.2 this is impossible.

The example given above of the damping influence of the increase

in the oscillation frequency enables us to clarify the arguments ad-

vanced at the start of Chapter 2, namely that the initial conditions

can be neglected.

Assume that the oscillating system has the same parameters as

were used in the numerical example of §23. The only difference will

lie in the fact that the losses to radiation of acoustic energy into

the outside medium will not be neglected. Figure 33 shows the values

of ca and v obtained for different harmonics without account of radia-

tion losses. If we take these losses into account, then v and w could

hardly change in noticeable manner for the first harmonic. The second
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and third harmonics are damped sufficiently strongly (v << 0) even

without the losses to radiation, and an account of these losses merely

increases this damping. As regards thc- fourth harmonic, it is prac-

tically neutral, like the first harmonic, without account of the radia-

tion losses. However, an account of the losses alters radically this

position, since the frequency of this harmonic is 4.5 times larger

than the frequency of the fundamental tone, and the radiation losses

increase consequently by 20 times. This consideration enables us to

regard all harmonics above the third as damped much more strongly than

the first. We shall therefore take into consideration in all the sub-

sequent calculations only the first three harmonics.

Let the character of the process in the combustion zone, on the

basis of which we plotted the curves of Fig. 33, change little. Let

this small change occur in such a way that the first harmonic becomes

neutral (v = 0). As regards the second and third harmonics, we retain

the values of v corresponding to them, although an account of the los-

ses is more likely to increase the damping decrement.

Let us assume that at the initial instant T = 0 a complicated os-

cillatory motion of the air masses takes place in the tube, and this

motion consists of standing waves of the first three harmonics, with

the amplitudes of the second and third harmonics being twice as large

as the amplitudes of the standing wave of the fundamental tone, and

the phases of all three harmonics coinciding. Then the pattern for the

instantaneous value of the perturbation p would have the form shown in

the upper part of Fig. 63. The form of the same pattern in succeeding

instants of time I, T2V and T3 is shown in the same figure below. We

can readily see that after a time T Z 12 only the oscillations of the

fundamental tone are left. This time corresponds to approximately six

or seven oscillations of the fundamental tone. If we recognize that
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the longitudinal acoustic oscillations with which we deal in practice

range between 20 and 1000 cps, it is obvious that this effect, which

is connected with the Initial conditions. vanishes within a fraction

of a second.

Fig. 63. Gradual vanishing of
the influence of the initial
conditions.

The crude estimate presented here was aimed at giving a clear-cut

representation of the speed with which the influence of the initial

conditions is smoothed out in the systems under consideration.

§33. Complete Absorption of Energy at One End of the Tube

It was already indicated above that a numerical analysis of the

specific cases is practically the only method of investigating the

problems considered in the present chapter. In some cases, however, it

is possible to use an analytic approach. Such a problem is, in partic-

ular, the investigation of an oscillating system when the energy of

the incident acoustic wave is completely absorbed at one end of the

tube. I)
Assume that at the end section of the tube, with coordinate
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(Fig. 22), the impedance of the aperture is known and is equal to zi.

At the other end of the tube, with coordinate t2, let the total energy

of the acoustic waves reaching t2 be absorbed. In such a case the

boundary condition for the end with coordinate t2 will be:

Z2 =1.

Indeed, if we change over to the variables u and w, then Formula

(30.5) yields • = 0 when z = 1. But then it follows from (30.3) that

w = 0 when u • 0. It was stated in the second chapter that the quanti-

ties w and u are acoustic impulses moving with the stream (u) and

against the stream (w). Thus, when z2 = 1 we find that the nonvanish-

ing acoustic impulse u that moves with the stream produces upon inter-
action with the right end ( ) = a reflected pulse w of zero inten-

sity. This indicates total absorption of the acoustic energy Z at the

end with coordinate t =e2

Substituting z2 = 1 in the characteristic equation (31.4) we ob-

tain immediately a particular form of this equation, corresponding to

the problem under consideration:
exp • t_'M A!,).- (2,+ 0 (fill (33-1)')

With the process in the combustion zone specified (6E and 6X

specified, i.e., in final analysis, when all, a 1 2 , .a21l a2 2 are speoi-

fied) the right half of (33.1) is completely determined. In the gen-

eral case the calculations yield a certain complex number A + Bi. Then

we can write in lieu of (33.1)e0 V o 201i.i wl, .,AB
Equating real and Imaginary parts we immediately obtain

VMI!jliin (33.3)
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Let all the frequencies w given by the first formula (33.3) rep-

resent a solution. Obviously, from among the set of frequencies it is

necessary to choose those for which cos (Arctan B/A] has the same sign

as the number A, inasmuch as exp [2vll/(l - M2)] can only be positive.

It is appropriate to make a few remarks concerning the solution

obtained here. The dictance 12 between the combustion zone and the sec-

tion at which total absorption of the oscillating energy occurs does

not exert any influence at all on the solution. This result is under-

standable, since at the section t2 all the waves that come from the

combustion zone are quenched, and no reflected waves arise. Conse-

quently, there exist on the right of the heat-supply plane 2 only

waves that travel in the positive t direction. From this point of view,

the presence to the right of the plane Z of a section with impedance

z = I is equivalent to a tube of infinite length in the positive direc-

tion. In this connection the existence of natural frequencies, given

by the first formula of (33.3), may appear to be unexpected. As is

well known, standing waves of the type described by the solution (33.3)

arise as the result of a sequence of reflections of acoustic impulses

from both ends of the tube. In the case under consideration the bound-

ary condition z 2 = 1 is equivalent to a semi-infinite tube, in which

there are no waves reflected from the right end. Standing waves never-

theless arise because the second boundary condition comprises essen-

tially the conditions for the interaction between the acoustic waves

and the processes in the heat-supply zone. The point is that the waves

approaching the heat-supply zone not only pass through it, but are

partially also reflected. In addition, the heat-supply process which

oscillates under the influence of the incident wave is itself capable

of generating acoustic waves propagating in both directions. These re-

flected and generated waves return to the section 1', so that between
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the left end of the tube and the heat-supply there exist both types of

waves, both those traveling in the positive direction and those trav-

eling in the negative direction. Their interaction indeed gives rise

to the standing wave. This explains also the ftct " it the natural

frequencies depend only on the distance 1i, on ..ar ralue of Ml, on the

impedance zI, and on the properties of the heat-supply plane Z.

This raises a natural question: can such a system become excited,

i.e., can there exist conditions on Z such as to yield v > 0?

To answer this question let us simplify the problem somewhat by

assuming that a pressure or velocity node is located at the section ti

(zI = 0 or z. = 00).

It is seen from the solution (33.1) that these two cases differ

only in the sign of the first part of the solution. Turning to Formu-

las (33.3), we can easily note that this difference leads only to a

decrease in the oscillation frequency, but cannot change the value of

v. Consequently, both cases will be considered simultaneously, and for

the sake of being specific we shall put z. = G. This choice of the

boundary condition on the left end of the tube is also dictated by the

fact that there are known experiments, to which reference will be made

below, which make it possible to compare the obtained, theoretical solu-

tion with the experiment. In order to find the number

A + Bi - -"+"--'"as-- enIIu+I4a ,

we turn to Formulas (32.1). After substituting the values of the coef-

ficients a,,, a12, a 2 1 , and a 2 2 we obtain

A+B•- -

Let us consider, as was done in the preceding chapter, two ele-

mentary processes in the heat-supply zone. One is characterized by the
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condition 6E - 0 (y0 = 0) and the other by the condition 6X - 0 (Y2 -

0). Let us write out the values of the number A + Bi for both cases:

A + Bi-- (3fg+ O),-• -(,- s) (YO - 0),
(33.4)

A4+ DI. •(.+)
A -(+-1) (yI - 0).

Comparison of the two expressions in (33.4) shows that they have

a perfectly identical structure. Therefore the results obtained in the

investigation of one case can be readily transferred to the other case.

For the sake of being specific, we assume y, = 0. We put further

Y2 = a + bi. (33.5)

After simple transformations we obtain

A+ Hi, m(.-)'-i+,.

To abbreviate the notation we denote

exp (-j II)=C. (33.6)

Then on the basis of (33.2) we can set up the following system of

equations, which relates the real variables a and b:

_2 -I (33.7)[(a._.). +b= -,b, tM

We shall seek the lines of equal v in the complex plane of the

variable Y2 (33.5). For specified values of 11 and M, and for a speci-

fied constant v the quantity c is also a specified number. Using the

system (33.7), we can obtain the values of a and b, which are the real

and imaginary parts of Y2 ' for a series of specified values of v. Phys-

ically this means a determination of the relative values of 6X at

which oscillations with prescribed increment or decrement v arise. The
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frequency w which enters in the system (33.7) is a parameter that must

be eliminated.

Squaring (33.7) and using the well-known trigonometric relation
Ctg' I+ I- i,

we obtain the sought-for relation between a and b:

-0 [(a--I)'+-M ]'+4b'MO. (33.8)

Equation (33.8) is of the fourth degree in a and b. We can there-

fore expect a complicated form of the curve, determined by these equa-

tions in the coordinate plane (a, b). Careful analysis enables us to

establish that Eq. (33.8) can be recast in the form

- a. .-- -)+P,]1 -o.
Thus, Eq. (33.8) breaks up into two quadratic equations, and in

place of a fourth-degree curve in the (a, b) plane we obtain the circle
a.+,__:I'+,_ol [4--)+. 1 =o.-0 (33.9)

the position and radius of which depend on the parameter c, as well as

a circle which shrinks to the point

t +M;o0). (33.10)

Physical interest attaches to the circle (33.9). By definition we

have on the stability limit v = 0, which on the basis of (33.6) leads

to c = 1. But then (33.9) degenerates into the equation of a straight

line and yields

a - m/n. (33.11)

Thus, the stability limit in the case under consideration is a

line parallel to the imaginary axis and located a distance m/n from
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the origin. In the general case the family of circles (33.9) is char-

acterized by the fact that the centers of the circles always lie on

the real axis (the equation for the family does not have terms that

depend linearly on b). Further analysis of the solution obtained is

best carried out with a numerical example.

Let us put, as in the preceding example, m/n = 0.4. Specifying

values c = 2.5, 1.67, 1.25, 1.0, 0.83, and 0.713 (c > 1 represents in-

stability and c < 1 stability), we obtain the family of lines v =

- const shown in Fig. 64. As can be seen from this diagram, as v tends

to either -- or +-* (c --*0 and c -. c, respectively), the radii of the

circles decrease and tend to zero. In the limit as c - 0 we obtain

from (33.9) a circle of zero radius (a point) with coordinates

(-1 + m/n; 0), and as c -. - we get the point (1 + m/n; 0). These points

are marked in Fig. 64 by the letters A and B. With respect to the last

point it should be noted that it is not only the limiting value of the

line of equal increment when v - +-, but satisfies also all other val-

ues of v, as can be seen from a comparison of the coordinates of the

point B and (33.10).

The location of the stability boundaries on Fig. 64 indicates

that when 6X = 6E = 0 (origin) the system is stable. We recall that in

the absence of losses at the end the system was neutral when 6X = 6E

- 0. Thus the presence of losses, as expected, makes an oscillating

system more stable and less prone to excitation.

Let us determine the degree of stability of the system in this

case. Using Formulas (33.3) and (33.4) and putting y 1 Y2 1 0, we ob-

tain directly

where k- O, 1, 2, 3, ... ; in this case z- 0 oorrespinds to even
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ready mentioned, this quantity is always close to unity) we have v -

Physically this picture is explained by the fact that the higher

the temperature to the right of Z, the greater the fraction of the

waves that is reflected from Z and the greater the fraction of the en-

orgy of these waves that remains in the portion 1I. When n - I there

is no reflection at all and the process is therefore formally infin-

itely stable.

The solution obtained here shows that in principle a system with

total absorption of the oscillatory energy on one end of the tube can

become excited. Let us estimate the probability of such an excitation.

As follows from (33.11) and (33.5), on the stability boundary we have

y21 Ž> m/n. in the numerical example considered this leads to the nec-

essary excitation condition Iy2 1 > 0.4. However, the estimate presented

above (see §32) shows that such values of 1y2 1 are practically improb-

able. Thus, in the numerical example under consideration the excita-

tion of oscillations is practically impossible. This result is typical

of the excitation of acoustic oscillations by a flame.

It is interesting to note that the theoretical conclusion ob-

tained here is confirmed experimentally. In the experiments of Coward,

Hartwell, and Georgson, which were already mentioned in the introduc-

tion, the following fact was observed along with the others. When the

open end of the tube, in which the flame propagated, was not blocked

at all, then the experimenters obtained clearly pronounced acoustic

oscillations with a jumpwise change in the oscillation frequency, such

as were described in detail above. On the other hand, in cases when

glass wool was located at the open end of the tube, no oscillations

were produced at all.

The glass wool placed in the open end can be regarded as a device g

which congiletely quenches the acoustic waves incident on it and does
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not prevent the escape of the combustion products. In the theoretical

scheme such a boundary condition corresponds to z2 = 1.

Figure 1 shows records of the pressure oscillations obtained in

the experiments of Coward, Hartwell, and Georgson. In the upper part

of Fig. 1 is shown the record in the absence of glass wool at the open

end of the tube, while in the lower part is shown the record obtained

under the same condition, but with the acoustic oscillations damped

with the aid of the glass wool. The curves presented clearly illustrate

the theoretical deductions obtained in the present section.

We have considered theoretically here only one of the possible

processes in the combustion zone, namely the process characterized by

the condition 6E = 0. All the laws obtained are valid also for the

other elementary process (6X = 0). The corresponding formulas can be

obtained by replacing m/n by n/m in the expressions of the present sec-

tion. More complicated cases (6E / 0; 6X ,z 0) can also be investigated

in accordance with the procedure developed here, although they do nec-

essitate a laborious numerical analysis. These cases are not analyzed,

since the problem considered is only of limited interest. The estimates

presented show that in all these cases the final result does not

change, namely the presence of total energy absorption on one of the

ends of the tubes makes it extremely difficult to excite the oscillat-

ing system. This circumstance makes it possible to compare the results

of the experiments of Coward, Hartwell, and Georgson, obtained for un-

known values of 6E and 6X, with the calculations presented in the pres-

ent section for the elementary processes.
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Manu -
script [Footnotes]
Page

No.

260 Furduyev, V.V., Elektroakustiki (Electroacoustics], Gostek-
hizdat, 1948, page 111. It must be noted that the formulas
presented were obtained for a stationary medium. The effect
of the stream velocity on the terminal impedances are ne-
glected here and throughout. Consequently, the results ob-
tained below are valid for sufficiently slow streams, and
in all other cases they can be regarded as correct only
qualitatively.

261 Strutt, J.W. (Lord Rayleigh), Teoriya zvuka [The Theory of
Sound], Vol. II, Chapter XVI, Gostekhizdat, Moscow, 1955.

270 Kirkby, Wheeler, Journ. of the Chem. Soc., 1931, page 847.

279 We recall once more that when lvi -* - the solution has only
a formal meaning. In order to obtain the true behavior of
the system at parameters that yield lvi -c a it would be nec-
essary to solve the problem with account of the initial con-
ditions and of the nonlinear properties of the system.
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Chapter 7

FEEDBACK MECHANISMS IN THE EXCITATION OF

ACOUSTIC OSCILLATIONS BY COMBUSTION

§34. Classification of Feedback Mechanisms

In earlier chapters we solved several problems involving the ex-

citation of acoustic oscillations by heat supply and in each case, im-

plicitly or explicitly, the assumption was introduced concerning the

existence of feedback, i.e., the reaction of the acoustic oscillations

on the combustion process. The important role that is played in this

phenomenon by feedback was already discussed in §22. It was introduced

most frequently in purely formal fashion, for example in the form of a

certain factor y, which relates the perturbation of the stream velocity

- (an acoustic phenomenon) with the quantity 6X (a parameter that

characterizes the perturbation of the combustion process). In some

cases, for example in §25, the feedback mechanism was described in de-

tail, and then there was no need for introducing such a formal connec-

tion between the acoustic oscillations and the combustion process.

The present chapter is devoted to a description of various phys-

ical phenomena, by means of which the feedback is realized in the os-

cillating system under consideration. It must be pointed out immedi-

ately that as a rule the acoustic oscillations are connected with the

osoillations in the combustion process by an entire chain of processes.

Thus, for example, oscillations in the stream velocity in the region

where the nozzles are located leads to oscillations in the excess-air

coefficients and other characteristics of the mixture formation (the
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quality of vaporization of the fuel, the trajectories of motion of the

fuel drops, etc.), and the periodically varying properties of the com-

bustible mixture lead to periodical perturbations of the, combustion

process. In the present example the "chain" consists of only two links:

the acoustio oscillations perturb the mixture production, and the mix-

ture production transmits its perturbations to the combustion process.

In general, on the other hand, the number of such links may also be

larger.

In explaining the feedback mechanisms, these cascaded causes and

effects will be described in as much detail as possible. However, in

the theoretical analysis the entire chain of causes and effects can be

regarded as an entity or as a single feedback mechanism.

A detailed description of the feedback mechanism is necessary for

two purposes. First, only a clear-cut idea of the physical nature of

the phenomenon that plays the role of feedback in any particular case

makes it possible to "break open" the resultant feedback loop and

thereby suppress the oscillations if they are undesirable or, to the

contrary, stimulate the excitation of the oscillations. Second, know-

ing the physical nature of the feedback mechanism, we can. describe it

analytically and obtain a theoretical solution of the problem involv-

ing the excitation of the oscillating system not as a function of the

amplitude-phase relations between I, • and 6E, 6X, but as a function

of "clearer" parameters which are more convenient for the engineer. In

§25 above we gave an example wherein the problem involving the excita-

tion of acoustic oscillations by combustion was carried through to

such a form. By specifying a certain concrete feedback mechanism (we

do not concern ourselves here with the extent to which thiu mechanism

is probable), concrete deductions are obtained, for example, the deduc-

tion that the system will be excited in the ease of a pufficiently
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steep increase in the completeness of combustion with inoreasing ex-

cess-air coefficient.

Frequently those engaged in the study of vibration combustion

seek some single principal cause of the instability. This is essen-

tially reduced usually to searches for the principal feedback mechan-

ism. Sometimes this can be done for some specific case of vibration

combustion, observed under specific conditions in some experimental

setup. However, an attempt to find such a principal feedback mechanism

suitable for a large group of experimental installations, combustion

chambers of engines or furnaces, usually ends in failure.

.The point is that in fact there exist many different feedback

mechanisms, which in final analysis lead to oscillating heat supply or

to oscillations in the flame-front position (or to both simultaneously)

and through them, as was shown above, also to excitation and main-

tenance of acoustic oscillations. It turns out here that the "prin-

cipal" feedback mechanism may be one or the other, depending on the

specific experimental conditions.

We shall present below the characteristics of the main feedback

mechanisms. Of course, far from all of the probable causes of main-

tenance of vibration combustion are covered by the mechanisms listed

below. In the present chapter we give a brief summary of only those

phenomena, which have up to the present time been sufficiently fre-

quently observed and which apparently play the principal role in the

considered type of self-oscillations. Inasmuch as the combustion proc-

esses in the combustion chambers of furnaces and engines are connected

with the processes of mixture-formation, vortex-formation, and combus-

tion proper, all the feedback mechanisms can be broken up into those

connected with mixture production, the hydromechanics of the stream,

and combustion proper. Of course, this classification, like other con-
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ceivable classifications, is quite arbitrary, and many phenomena can

simultaneously gravitate toward two and even all three subdivisions.

We note here that the feedback loop can, generally speaking, be

closed also through automatic control systems installed In the fur-

naces or In the engines. However, It such onoollatmons, connected with

the control system, do become excited, they are usually not acoustical,

since the operating speed of automatic control systems is insufficient

to respond to acoustic oscillations which frequently are of the order

of 100 cycles per second and more. Inasmuch as we are investigating in

the present book only acoustic oscillations, the flow-parameter and

combustion-process oscillations connected with the operation of the

automatic control system will not be considered here. If we do encoun-

ter somewhere an interaction between the control system and the acous-

tic oscillations, an analysis of this process can be carried out by

the same methods as are used to analyze the self-excitation of acoustic

oscillations by heat supply in the absence or any regulators for the

combustion process or for the flow of the air or combustion process

through the furnace or the engine.

21

Fig. 65. Schematic representa-
tion of the feedback loop. 1)
Oscillating system; 2) feedback.

The classification of feedback mechanisms presented somewhat ear-

lier in accordance with the physical nature of the phengmena on which

these mechanisms are based can be supplemented with a classification

4•Laccordance with the action of the feedback on the oscillating sys-
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tem. Although the acoustic system under consideration is a classical

example of an oscillating system with distributed parameters, and mod-

ern automatic-control systems comprise principally systems with lumped

parameters (systems described by ordinary differential equations and

not by partial differential equations), it is convenient to use here

certain illustrative schemes which are used in the theory of automatic

control.

Let us represent the oscillating system in the form of a certain

element, the inputs to which are coordinates characterizing the com-

bustion process (-*, UlJ, P*x), and the output coordinates of which are

the parameters of the acoustic oscillations p, v, and i (Fig. 65). Let

us explain the circuit presented here in somewhat greater detail. The

input in Fig. 65 is the combustion region, in which the process can be

completely described, as shown in §16, by the effective perturbations

of the heat supply q*, the rate of displacement of the flame front U1 ,

and the hydraulic resistance *x . Therefore by specifying •*, 'l, and

1 x we specify the perturbed-combustion process and inasmuch as the

acoustic properties of the oscillating system are assumed known, we

specify thereby the quantities p, 7, and i for all the sections in the

tube. The output in Fig. 65 is the entire mass of oscillating gas, with

the exception of the combustion zone. Consequently, the circuit shown

in Fig. 65 must be understood in the following fashion: if the proper-

ties of the oscillating system are specified (M1, M2, position of the

combustion zone, etc.) and in addition we specify also the properties

of the perturbed combustion (Q*, 't.1 *5*x)) then by the same token we

determine also the parameters of the acoustic oscillations (*, V, and I).

The presence of feedback causes the acoustic oscillations (output

coordinates) to act on the combustion process (input coordinates). In

the circuit this is conventionally shown in the form of a dashed line
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drawn from the output coordinates to the Input coordinates. Although

each of the input coordinates depends generally speaking on all three

output coordinates, so actually one should draw nine lines Joining •,

;, and i with each of the input coordinates, this'can be avoided. The

point is that §, V, and i are not completely independent parameters,

but physically thcy represent some unified process of acoustic oscil-

lations. Therefore, by drawing a single line to represent the feedback,

we can say that the acoustic oscillations (as a whole) act through a

certain feedback loop on the combustion process (as a whole). With

such an approach we need not be interested at all in the three output

and the three input coordinates, but represent a single input and a

single output coordinate. The single input coordinate will be the per-

turbation of the combustion process (which has components -*, '7, and

1 x), and the output coordinate will be the acoustic perturbation

(which has components p, v, and i). For the analysis that follows such

an approach is perfectly adequate and therefore all the circuits will

be drawn with a single line. This, of course, does not mean that it is

in general not advantageous to describe in detail the character of the

dependence of the input coordinates on the output coordinates. When a

thorough analysis of some concrete feedback loop is necessary, it may

turn out to be essential also to make a more detailed study of the

singularities of the dependence of each input parameter on all the out-

put parameters. In the present section, however, such a degree of de-

tail would be excessive.

Let us consider the singularities that can be possessed by feed-

backs of different types, characteristic of the process of thermal ex-

citation of acoustic oscillations.

The first, simplest type of feedback is shown in Fig. 66a. Here 4
the output coordinate is converted prior to returning to the input of
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the oscillating system in element 1, which

is characterized by the fact that it changes

b 1the components of the output coordinate into

.4" the components of the input coordinate. In

this case element 1 is described by a sys-

c 1•tern of equations of the form

A Q" - a,,p+a,,u+oa,#,U - an j .,8-8 (34.1 )
= -- , + a, + a-go

Fig. 66. Principal
types of feedback. 1) where the coefficients all, a 1 2 , ... ,a33
Oscillating system.

are real constants.

Such a feedback is distinguished by the fact that the components

of the input coordinate -*, '91' and * x follow instantaneously the

changes in the components of the output coordinate p, *, and 3. The

values of the coefficients all, a 1 3 , ... , a 3 3 play in this case a very

important role: when all tend simultaneously to zero, the reaction p,

i, and i on the combustion process decreases and it becomes natural to

speak of weakening of the feedback; if, for example, we reverse the

signs of all the coefficients of the linear transformation (34.1),

then the phases of Q*, Di, and T*x change by 7r, and the process which

was previously stable can become unstable, etc. This type of feedback

is the simplest one and was encountered several times in the preceding

sections.

The second type of feedback is essentially close to the one Just

considered, and is shown in Fig. 66b. Element 2 is described by a lin-

ear transformation (34.1), Just like element 1, but its coefficients

are now complex, and can in particular depend on the complex oscilla-

tion frequency P. This type of feedback can occur only when the phys-

ical processes on which it is based depend not only on p, v, and 1,
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but also on other quantities, for example on their derivatives.

We shall describe below a combustion process which depends in es-

sential fashion on the acceleration of the flame front. For this proc-

ess it would be necessary to introduce into the linear transformation

(34.1) terms proportional to d•/d•:

etc.

Inasmuch as all the parameters of the oscillating system vary

with time in proportion to the factor ep, we have d•/dT = r and the

linear transformation (34.1) assumes the form

i = a11P-+ (al + a,,,) V+ alJ
..................

etc.

We see immediately from this equation that the coefficient of 7

has become complex and ceased to be a constant, for it now depends on p.

Physically the second type of feedback is distinguished, like the

first one, by the fact that it follows instantaneously the changes in

the components of the output coordinate (T, V, i), but is subject in

this case to additional phase shifts. Indeed, the multiplication of i

by a complex coefficient (a 1 2 + a1 4 P) denotes not only a change in

scale but also a rotation of the corresponding component in the com-

plex plane.

The third type of feedback is shown in Fig. 66c. In the simplest

case it consists of two elements connected in cascade, the first one

of which coincides with element 2 just considered (element 1 can be

regarded as a particular case of element 2), and element 3 which pro-

duces a time delay. This type of feedback is realized when the combus-

tion process follows the variations of l, i, and W not instantaneously, C
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but with a certain delay. An example of such a feedback was already

considered in 526. The simplest case shown in Fig. 66c corresponds to

a process in which the time delay Ar can be assumed to be the same for

all the components of the corresponding linear transformation of the

type (34.1). Only in this case can the elements 2 and 3 be connected

in cascade. It must be noted that one usually considers only processes

of this type. Should it become necessary to introduce more than one

delay time, for example ATI' A 23 and Atr 3 , connected with Y, l, and 3,

respectively, then this would not lead to the necessity for developing

new methods for calculating the oscillating system, but would only in-

crease the computational difficulties. When delay is taken into ac-

count in accordance with the circuit shown in Fig. 66c, the coeffi-

cients of the linear transformation (34.1) become, generally speaking,

complex and they are all multiplied by one and the same complex factor

e-OAT (see §26), which depends on the delay time AT.

Thus, different types of feedback can be classified in accordance

with the form of the coefficients of linear transformation (34.1). If

they contain e"PAT as a factor, then we have on hand a feedback system

with delay, if they are complex but do not contain a delay time, then

the feedback is characterized by the presence of additional phase

shifts; if they are real, then we are dealing with the simplest type

or feedback. Of course, this classification, like the preceding one,

is arbitrary and incomplete.

To conclude the present section let us make a few general remarks.

In describing different types of feedback it will be assumed be-

low that the oscillation process is close to stationary, i.e., that

the system is close to the stability limit. We have already emphasized

above that when solving a problem without initial conditions it is

necessary to assume that the oscillation process has been going on for
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a sufficiently long time and that during that time it has not gone be-

yond the limits (in amplitude) that are allowed by linear theory. This

immediately limits the permissible scales of instability. However, the 4
point lies not only in such formal considerations. Usually the greatest

interest is attached to a feedback mechanism which maintains the al-

ready produced self-oscillations. A description of such a mechanism is

naturally carried out for stationary oscillations. In such an approach,

of course, a certain lack of rigor is permitted in the argumentation.

Inasmuch as the self-oscillation process has become established, the

phenomenon has become essentially nonlinear and the references made

above to the properties of the linear oscillating system cannot be

deemed sufficiently convincing. However, since our purpose is only a

qualitative description, we can make the assumption that the main

physical phenomena which lead to the formation of the feedback can be

the same both during the slow buildup of the oscillations (linear os-

cillating system), and when the oscillations have been established

(when the nonlinear terms have assumed a dominant role in the 'oscil-

lating system). Therefore in the analysis of the possible feedback

mechanisms we shall assume throughout that the oscillations have al-

ready been established, and that we are describing a chain of phenomena

leading to the maintenance of these oscillations; no difference is

made here between the two cases, namely a linear system at the stabil-

ity limit and a nonlinear system in the stationary self-oscillation

mode.

§35. Feedback Mechanisms Based on Mixture Formation

In most cases, various kinds of furnaces, combustion chambers for

engines, etc. contain as one of their basic elements devices for the

preparation of the combustible mixture. Frequently these devices are

made in the form of nozzles to atomize the fuel ahead of the combus-
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tion zone. Sometimes other constructions are used. No matter what the

devices for the preparation of the combustible mixture may be, if they

eXist at all the mixture-formation process can influence in appreciable

fashion the combustion and in particular the excitation of vibration

combustion. This is simplest to see from the following considerations.

Mixture formation can be characterized by a certain nonuniformity. If

this nonuniformity has furthermore a periodic character, then the mix-

ture entering the combustion chamber can have periodically varying ex-

cess-air coefficients or a periodically varying ratio between the fuel

in the liquid and in the vapor phase, etc. This can lead both to the

appearance of oscillation in the heat release and to mobility of the

flame front, and consequently, to the maintenance of oscillations.

Such a case was already considered in §25. However, this case does not

exhaust all the possibilities, so that the general considerations pre-

sented here are best made somewhat more specific, by describing in

greater detail the typical mechanisms for the maintenance of oscilla-

tions connected with the mixture-formation process.

a) Nonuniform fuel supply. If for some reason the fuel is not

supplied uniformly, but with a certain periodicity, the result is a

combustion which also has a periodic character. Nonuniform fuel supply

can be due to uneven operation of the pumps or of other devices that

supply the fuel. Usually such nonuniformity is not connected with

acoustic oscillations of gases inside the furnace or the engine. There-

fore, if oscillations in the combustion process do result, they must

be regarded as forced oscillations. Unlike self-oscillations, whose

frequency Is determined by the properties of the oscillating system,

the frequency of forced oscillations is determined by the external ac-

tion, for example by the number of revolutions of the pump supplying

the fuel, etc. This circumstance makes it possible to distinguish
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readily between forced oscillations and self-oscillations and, if nec-

essary, to adopt measures toward their suppression. It is obvious that

to combat forced oscillations of this type it is necessary to take some

action on the external devices that supply the fuel (change the con-

struction of the fuel pump, etc.). We shall not consider this simple

question further, since it does not pertain to the main subject of the

book, which is devoted to self-oscillating phenomena.

If we confine ourselves only to cases when the variable flow of

fuel is directly connected with the acoustic oscillations in the gas

stream moving through the engine or through the furnace, then one of

the main factors bringing about such an interaction is the influence

of the oscillations in the pressure of the surrounding medium on the

flow of fuel through the nozzle.

Let us denote the flow of the fuel mass per unit cross section

area of the tube through which the air flows by mg. As is well known,

the flow of liquid through a nozzle is proportional to the square root

of the pressure drop in the nozzle (the difference between the supply

pressure and the pressure in the medium in which the nozzle is in-

stalled)

Mr = k, pV_'_- -- p.

where kI is a certain numerical coefficient which depends on the dimen-

sions of the nozzle and on similar factors, pg is the liquid pressure

at the inlet to the nozzle, and p is the air pressure in the tube. In-

asmuch as in the case of acoustic oscillations in the tube the value

of p has a periodic component, the fuel flow mg should also oscillate.

Let us determine the oscillating component of the fuel flow:

a,,- k . (35. 1)

It is seen from this formula that the oscillating component of 0
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the fuel flow is shifted relative to the oscillating component of the

pres'sure of the surrounding medium by w.

The formula obtained describes the perturbation of the fuel flow

in the section of the tube in which the nozzles are installed, and the

quantity 6p also pertains to this section. Frequently, however, the

plane where the collector with the nozzles is located and the plane of

the intense heat supply (the combustion zone) are separated by a dis-

tance which cannot be neglected. Then the connection between the

acoustic oscillations and the oscillations of the amount of fuel,

which enters into the combustion zone, can be determined from the fol-

lowing considerations (Fig. 67). Let the heat-supply plane T_ be located

in the section 0 0, and the plane ( where the nozzles are located

correspond to the coordinate • = f. Further, let the oscillations be

characterized by a frequency w and by pressure and velocity perturba-

tions 6v0 and 6p0 to the left of the plane Z. The perturbation 6p = 6pf

entering into Formula (35.1) can be readily represented, on the basis

of (4.8) and (4.13), in the form

6P [ NP P.(to; W),V +(,,(to; ) ,PIt-.

The pressure oscillations 6pf give rise to fuel-flow oscillations

in the section tf, and the combustion process occurs at t = 0. Conse-

quently, it is also necessary to take into account the time required

for the stream to transport the fuel through a distanee f. It is ob-

vious that this time, when reduced to dimensionless form, will be

equal to

(rf > 0 since tf < 0). Consequently, the perturbation of the amount of

fuel in the stream will reach the plane Z with a delay equal to Tf. If

we assume that on crossing the plane Z the fuel is consumed instan-
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taneously, with constant completeness of combustion, i.e.,*

then

(35.2)

where k= kl 2 .

Fig. 67. Position of the sec-
tions where the fuel is intro-
duced (0) and combustion takes
place Z along the tube.

The formula obtained enables us to make the following remarks. It

is seen first of all that feedback is produced in the oscillating sys-

tem, for the acoustic oscillations in the combustion zone Z, with amp-

litudes 6v0 and bpo, produce a perturbation equal to -* in the heat

released in the same zone. As is well known from the preceding, if the

necessary amplitude-phase relations are satisfied here between -* on

the one hand and 6 p0 and 6v 0 on the other, then the system can become

excited. Formula (35.2) was obtained under the assumption that these

amplitude-phase relations are realized and that the system is on the

stability limit so that a = iw. The feedback obtained corresponds in

its character to the third type of feedback considered in the preced-

ing section, namely feedback with delay.

In order to disclose certain properties of the investigated ex-

citation mechanism it is useful to open mentally the self-oscillating

system and to consider it from a somewhat unusual point of view. As-

sumse that stationary acoustic oscillations are present. Let us trace
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the values assumed by Q*; in this case we shall not stipulate for the

time being that the obtained values of 1* be precisely those (in amp-

litude and in phase) that are capable of maintaining acoustic oscilla-

tions, the existence of which is assumed. If we turn to Fig. 66,

this corresponds to opening the circuits drawn at the point A, apply-

ing to the input of the oscillating system in the third circuit a

periodically varying •* (for example, from a certain external source),

which maintains the stationary oscillations under consideration,' and

analyzing the question of what 0* will be obtained as a result of the

action of the feedback mechanism on the output of the element 3. If

these values of •* coincide this means that the closed-loop system can

maintain oscillations of this type, and if they are different then the

system will not execute steady-state oscillations; the oscillations

will either be damped, or else will proceed with increasing amplitude.

Considering (35.2) from this point of view, let us specify w, 6Vo,

and 6 p0 , i.e., the entire process of acoustic oscillation, and let us

analyze the influence of ýf on 1* in the open system. The influence of

4f on the expression in the square brackets is usually insignificant.

When ýf is varied within sensible limits, this expression changes some-

what in absolute magnitude and remains practically unchanged in phase.

This was already mentioned in §6 in the analysis of the standing wave

patterns. The factor exp iw(¶ + tf/Ml) is an entirely different matter.

At small values of M1 (which is precisely the customary case), even an

insignificant change in tf will lead to a large phase shift of •* rela-

tive to the specified values of 6 p0 and 6v,. Indeed, elementary calcu-

lation shown that a displacement of the collector with the nozzles by

5-10% of the total length of the tube (Atf = 0.05-0.1) changes the

phase of ** by 7r/2 or more. Consequently, by a small displacement of

the collector along the tube it is nossible to produce an appreciable
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phase shift in *. But this might appear to open up a way of combating

self-oscillations. In the case when a feedback of the type described

here actually is realized, it is sufficient to displace the collector 4
with the nozzles slightly along the tube to change radically the phase

of •*. We have already mentioned earlier (see Chapter 5) that when the

phase shift between Q* and 6po or 6v 0 has the proper value, excitation

is generally impossible; therefore, by choosing experimentally the

position of the collector relative to the combustion zone it is pos-

sible to suppress vibration combustion.

Unfortunately, the matter is not as simple as that. The proper-

ties of the acoustic system excited by the combustion are more com-

plicated than the easily visualized circuits described here. They will

be considered in detail in Chapter 9.

The influence of pressure oscillations in the combustion chamber

on the fuel flow may turn out to be appreciable in the case of liquid-

fuel jet engines, since the pressure oscillations can reach rather

large values in such engines. The problem is simplified here in the

respect that the heat-supply zone is directly adjacent to the head of

the combustion chamber, and consequently we can set Ef = 0. A more de-

tailed analysis shows, however, that the presence of flow oscillations,

brought about by the pressure oscillations in the chamber of such an

engine, is by itself insufficient for self-excitation of the system.

Indeed, when the pressure is increased the flow of fuel decreases. If

we assume that the combustion occurs instantaneously, we find that

the increase in the heat supply occurs at instants when the pressure

is decreased and the system will not become excited. This argument

contains the tacit assumption that the system can become unstable only

as a result of oscillations in the heat supply. But in our case this

is not so. As will be shown in Chapter 10, the principal factor in
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this case is the perturbation of the gas production.

In order for the system to become excited, it is necessary to

change the phase of the gas production, which coincides with the com-

bustion phase, relative to the phase of T. Such a change is possible

if the ignition of the mixture is delayed in the system. More details

concerning this are found in §37 of the present chapter.

Even more essential apparently are the oscillations in the fuel

flow in devices with low-pressure fuel supply systems, for example in

pulverized-coal furnaces. The pulverized coal is supplied here by a

stream of so-called primary air through a special unit (a vane-wheel

burner) into the combustion zone in the precombustion chamber, where

the secondary air is supplied. If vibration combustion occurs in such

a precombustion chamber, then the cross section in which the devices

supplying the pulverized coal are located can be regarded in first ap-

proximation as a closed end of the tube. During the oscillations, a

pressure antinode is produced in this section, so that the pulverized

coal supplied by the primary air will experience a periodic back pres-

sure at the outlet. The oscillating component of the back pressure,

which can be realized in the case of vibration combustion, is of the

same order of magnitude as the excess pressure (against the precombus-

tion chamber) with which the primary air is supplied, i.e., at the in-

stant when the maximum pressure is attained in the precombustion cham-

ber, the pulverized coal supply may completely stop.

Although such a feedback mechanism should be quite powerful, it

is by itself incapable of exciting the oscillating system, for the

phase of the maximum fuel supply will correspond to the phase of the

minimum pressure in the precombustion chamber. However, the really ex-

isting delays (delay in the ignition), which will be referred to in

§37, make it possible to realize the necessary phase relationships be-

- 300 -



tween the heat-supply and pressure perturbations.

In conclusion we must also add that sometimes it may be necessary

to consider a more complicated oscillating system than in the present

case. The oscillations of the back pressure may give rise to acoustic

oscillations in the pulverized coal ducts (or in the fuel lines of the

engines) and then it becomes necessary to study the joint oscillations

of the medium in the main tube (precombustion chamber, engine combus-

tion chamber) and in the fuel supply lines.

b) Oscillating air flow. Let us return to the question of the ex-

citation of vibration combustion in a tube through which air flows and

in which is located a collector with nozzles which supply liquid fuel.

We have already mentioned that in principle feedback can be produced

as a result of the influence of the pressure oscillating in the stream

on the fuel consumption. However, a realization of this mechanism is

improbable in practice, owing to the weak dependence of the flow

through the nozzles, in which the supply pressure is appreciable, on

the acoustic oscillations of the medium. In a certain sense, however,

an inverse feedback mechanism is possible. Let us assume that the fuel

flow is strictly constant. Then the air, flowing about the collector

with the nozzles, will carry away with it the same quantity of fuel

per unit time, independently of the instantaneous value of the pres-

sure and velocity of the stream in the section where the nozzles are

located.

Whereas the amount of fuel carried away is constant, the excess-

air coefficient may experience appreciable oscillations, owing to the

oscillations in the flow of the air in the section where the nozzles

are located. Indeed, the excess-air coefficient is
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where L0 is the ratio of the air mass necessary theoretically for com-

plete combustion of a unit fuel mass to the fuel mass.

As a result of the acoustic oscillations, the flow of air per

unit area of the transverse section of the stream, pv, will also os-

cillate. This will lead to a perturbation of the coefficient a

(the a in the right half of the equation corresponds to the unperturbed

value of the excess-air coefficient).

An analysis of the possible values of ý and V shows that the

former, being connected with the pressure perturbation, is usually

small. In an open tube with subsonic flow the pressure oscillations

can reach only small fractions of one atmosphere, so that the quantity

S= 6p/ip (the equality corresponds to isentropic gas flow) cannot ex-

ceed 0.05-0.15. At the same time W/M can reach values of the order of

unity. (This occurs when the oscillating component of the velocity is

close to the average flow velocity. As will be shown in the following

chapters, such an oscillation scale is customary.) We can thus write

in first approximation

8a=.a (35.3)

thereby demonstrating that a fluctuates in phase with '. Repeating al-

most verbatim the deduction presented in the present section in the

analysis of the dependence of 6m, on 6p, we can write

m, [,,,(,,; L.)P, + .(,; ), e'( ,) (35.4)

The necessary connection between the oscillations of a and the

oscillations of the heat supply * or the flame-propagation velocity

'U1 can be readily obtained if it is recognized (as was already men-

tioned in Chapter 5) that the completeness of combustion (Just as
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the rate of flame propagation) can depend materially on a. Then, con-

fining ourselves for the sake of being specific to the influence of a

on the completeness of combustion, we write

coas 64.(35.5)

Formulas (35.4) and (35.5) taken together show that in this case

we have feedback with a delay that depends essentially on 4f. It must

be emphasized that unlike the preceding case, the present feedback

mechanism can play a noticeable role in the excitation of acoustic os-

cillations in tubes in which pulverized liquid fuel burns. It might

seem then that by slight displacement of the collector it is possible

to position it in such a way as to suppress the oscillations. However,

in this case, too, for reasons which will be detailed later on, such a

method of combating vibration combustion has little effectiveness.

c) Oscillations in the quality of the atomization. Since acoustic

oscillations are accompanied by periodic components in the velocity

and in the pressure, a periodic change takes place also in the veloc-

ity head of the stream pv 2/2. As is well known, when a nozzle operates

in an air stream, the trajectories of the droplets of the atomized

fuel (the long range of the nozzle), the fineness of the atomization,

and other parameters connected with mixture formation (in particular,

evaporation) depend to a great extent on the velocity head of the

incoming flow into the nozzle. Therefore the quality of the atomiza-

tion also varies periodically, following rigorously the acoustic os-

cillations in the stream. As a result, the mixture of fuel and air

which enters into the combustion zone has a periodically varying qual-

ity. This causes nonvanishing oscillating components of the effective

perturbed heat supply 4* and of the effective perturbed flame propaga-

tion velocity U1 to be realized in the combustion process, i.e., self-
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oscillations of the system can be supported. This feedback mechanism

can play a particularly noticeable role if the periodically varying

quality of the mixture interacts with important structural elements of

the combustion chamber. One can conceive, for example, of cases in

which the oscillating flight trajectories of the fuel drops are di-

rected alternately either direct to the stabilizer, or to an air jet

that moves at a certain distance from the stabilizer, or else periodi-

cally strike the combustion-chamber walls. In all these and similar

cases the fluctuation in the quality of atomization should manifest

itself most strongly, since it influences directly the most vital por-

tions of the combustion chamber.

If such a feedback mechanism is realized, it may be useful to

change the relative placement of the fuel-collector elements and of

the combustion-chamber elements. These changes must be made in purely

empirical fashion, since a detailed investigation of the interrela-

tion between the nonstationary mixture formation and the nonstationary

combustion is a problem that is still far from solved and calls for a

very deep theoretical treatment and htghly precise experiments.

If one undertakes the more modest task of presenting an external

description of this phenomenon so as to obtain formulas relating 4*

and U 1 with To and TO, then after introducing some likely hypothesis

concerning the connection between the oscillations of the long-range

nature of the nozzles or the quality of the atomization and the com-

bustion process it is possible to obtain formulas of the same type as

(35.2), (35.4), and (35.5) which were presented above. Here, as in the

preceding cases when 4f rý 0, a feedback with delay is obtained.

If we summarize the statements made in the present section, we

must point out first that even the small number of examples presented

here makes it possible to state that the process of mixture formation
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can serve as the basis for -.ne occurrence of a whole series of feed-

back mechanisms. It is quite clear that the individual mechanisms de-

scribed abov,_-, those connnepteI w1,tth tb,' variations in the fuel supply,

the variations in the excess-a.:>; coeff-inent, and the quality of the

fuel atomization, should appear most frenuently as an entity, as dif-

fercnt aspccts of one and the samc d..st.urlbd mixture-formation process.

Of course, this does not mean that some aspect of the process under

consideration cannot play a leadLng ýrole in some specific case; this
is indeed the justiflczj;on for describing various aspects of the uni-

fied process of perturbed mixture formation as independent feedback

mechanisms. A common property of all these mechanisms is the presence

of a delay associated with the time that the stream needs to carry the

atomized fuel to the combustion zone. This delay becomes equal to zero

only when the fuel is fed directly into the combustion zone.

§36. Feedback Mechanisms Based on Hydromechanical Phenomena

If mixture formation were the only process capable of ensuring

the realization of some feedback mechanism, then it would be very easy

to combat vibration combes: iLon. IL would be sufficient to prepare the

combustibit- :ix' 1~ ~c;c', s azaou st ic alIly iso -

lated fro,• ,>e , . .-. ' V r•bIc.'r,- :ombustion would

never arilse. ii,)weve, * ir °;"c:. vite thLs. Experiments were

set up, for exanle, o.-. Jw c; >at~on of vibratlon combustion in a

tube into wihi+i, -,ct air, >2,'cev.oui crepared mixture of gasoline

and air was blown. 1hb-.: X."ilx wAS nrepared. in a separate receiver,

and the Pxper.entlal Inp'; :vired . i:.cordance with a scheme

close to that shown in Fig. ot. The gap between the tube in which the

combustion zone was placed a,,d [.ne nozzle which fed the gasoline-air

mixture exceeded the caliber of the tube. Moreover, the tube supplying

the mixture had a larger diameter than the tube in which the combustion
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chamber was located. All this prevented the oscillations occurring

in the tube with the combustion chamber from being transmitted at all

") to the receiver in which the nozzles were located and the mixture was

prepared. This circumstance was confirmed by direct measurements of

the pressure oscillations in the receiver. Thus, the possibility of

interaction between the acoustic oscillations in the tube and the mix-

ture formation occurring in the receiver was completely eliminated.

Nevertheless vibration combustion did occur. The experimental results

shown in Fig. 51 were obtained in precisely this type of installation.

It follows therefore that in addition to mixture formation, there

can exist some other processes which make the realization of feedback

possible. Many of these processes can be unified in accordance with

the attribute that they are all connected with the hydromechanical

processes in the gas moving through the tube. This group of mechanisms

for feedback is based on the fact that the acoustic oscillations pro-

duced during the combustion essentially change the character of the

flow and produce in it a periodic component. In order to clarify this

general statement to some degree, we present here the results of one

experiment.

In the laboratory setup in which certain vibration-combustion

problems were investigated, use is made of a thermoanemometer, which

makes it possible to record the instantaneous values of the stream

velocity. This thermoanemometer was installed ahead of the combustion

zone. In the case of stationary vibration combustion (of even low in-

tensity) the amplitude and period of the stream velocity oscillations

became strictly constant, and the turbulent velocity pulsations ob-

served prior to this settling "disappeared" as it were against the

background of clear-cut oscillations of acoustic nature. Two oscillo-

grams, one corresponding to normal combustion and the other to vibra-
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tion combustion, are shown in Fig. 68. It must be added that when the

thermoanemometer wasdisplaced along the tube diameter the amplitude of

the velocity oscillations did not change in any noticeable fashion,

i.e., the air stream vibrated as a unit. Such ordered oscillations of

large gas masses are capable, of course, of influencing appreciably

the character of the stream and particularly the vortex formation in

the stream.

a) Vortex formation ahead of the combustion zone. In the portions

of the engine or furnace preceding the combustion zone, there are prac-

tically always elements which permit noticeable

vortex formation to arise. Such an element may be

a sharp bend in the stream axis, an expanding por-

tion of a pipe, a sufficiently sharp change in the

area of the pipe, and finally merely the presence

of a poorly streamlined structural element inside

the tube. In normal operation of the combustion

Fig. 68. Oscil- chamber the vortex formation will occur in all
lograms of vel-
ocity oscilla- these cases in accordance with the usual laws of
tions ahead of
the combustion hydromechanics. But if vibration combustion sets
zone: normal
combustion on in, then there will be superimposed on the main
the top, and
vibration com- motion of the stream also an ordered oscillat.ng
bustion at the
bottom. variation of the stream velocity and then vortex

formation will be the result not of the usual flow of the stream

around solid bodies, but of the flow of a stream whose velocity has a

noticeable and ordered periodic component.

Vortex formation is connected with the viscosity of the liquid,

and the theory of flow of a viscous liquid constitutes one of the very

important and far from developed branches of hydromechanics. This per-

tains all the more to the flow of a stream whose velocity has a peri-
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odic component around solid bodies. Although there is essentially no

theory of this process, there are known experimental investigations

devoted to related problems, particularly problems involving the flow

of a viscous liquid around oscillating solid bodies (for example, work

devoted to the interaction between vortex formation behind factory

smoke stacks in winds and the natural oscillations of these stacks).

It was shown in these investigations that when a solid vibrates at a

definite frequency, the frequency of the collapse of the vortices can

become modified and assume the same value as this "driving" frequency.

It is important to note here that the vortex formation itself becomes

stronger in this case.

It is therefore natural to assume that if vibration combustion

has set in, then the oscillations of the air stream flowing around sta-

tionary solid bodies will cause a modification of the vortex formation

ahead of the combustion zone and this formation can now occur at the

frequency of the acoustic oscillations.

Pressure oscillations can also contribute to this. The pressure

standing wave patterns shown in the second chapter indicate that in

the portions located away from the pressure antinodes there exists a

nonzero pressure gradient along the flow axis. It is known from the

theory of the flow of viscous liquids that the presence of a static-

pressure gradient of definite sign in a stream may cause detachment of

the stream from the walls, owing to the influence of this gradient on

the flow of the liquid in the boundary layer. Without going into de-

tails connected with this question, we merely point out that during

the time of acoustic oscillations the static-pressure gradient will

vary periodically and in particular will reverse sign every half cycle.

Therefore, roughly speaking, during each oscillation cycle there will

exist an instant when the detachment of the boundary layer (i.e., the
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formation of a vortex) will be particularly probable.

Thus, not only oscillations of the stream velocity, but also pres-

sure oscIllations will contribute to vortex formation, with a period

equal to the period of the acoustic oscillations.

We can, finally, present an example of excitation of acoustic os-

cillations in a wind tunnel, which was investigated in detail by S.P.

Strelkov, G.A. Bendrikov, and N.A. Smirnov.* Without presenting a de-

scription of this interesting research, we merely indicate that an im-

portant role was played in the self-oscillation process by periodic

formation of a vortex ring under the influence of the acoustic oscilla-

tions.

.4 t-~4,.

' 'V

Fig. 69. Diagram showing vor-
tex formation ahead of the com-
bustion zone.

Thus, many indirect experimental data and theoretical arguments

of general character point to the fact that in the presence of acous-

tic oscillations, powerful vortices, with a period equal to the period

of the acoustic oscillations, can be produced behind those structural

elements of an engine or of a furnace which contribute to noticeable

vertex formation.

Let us assume that this possibility is realized and let us trace

in what manner this leads to the closing of the feedback loop in vibra-
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tion combustion. The upper part of Fig. 69 shows a schematic represen-

tation of the discussed phenomenon. In the cold part of the tube, at

4 the point A, is located the place where the stream becomes detached
a

and a vortex forms. In this diagram the cause is a poorly streamlined

baffle plate. In fact, as was already indicated above, this may be a

place where the stream turns or where the stream passes through an ex-

panding channel, etc. The vortices formed at the point A are carried

by the stream toward the combustion zone. Let the period of the acous-

tic oscillations be T. Then at a stream velocity v1 the distance be-

tween vortices will be LB = vlT. If we assume that the rate of flow

does. not change in the portion between the baffle plate A and the

stabilizer B, then the vortices reaching the combustion zone will in-

teract periodically (with period equal to LB/vl) with the flame front

maintained by the stabilizer. This will close the feedback loop. In-

deed, let there exist acoustic oscillations which lead to the forma-

tion of a chain of vortices moving toward the combustion zone. On

reaching the flame front, each vortex deforms the front and conse-

quently the flame front will experience periodic deformations. It was

already shown in Chapter 4 that periodic displacement of the flame

front inside the combustion zone is equivalent to the existence of a

nonzero amplitude of the oscillations in the effective flame propaga-

tion velocity 'U, which is in itself capable of exciting the system

(or maintaining the already produced self-oscillations), provided suit-

able amplitude-phase relations exist. Consequently, if a sufficiently

powerful vortex is produced at the point A, is detached, and starts

moving together with the stream at an instant of time such that it ar-

rives at the flame front and deforms it with the required phase of the

acoustic oscillations, then the oscillating system will become excited.

The vibration combustion produced in accordance with this scheme
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can conceivably be combated by two different methods. On the one hand,

a favorable effect can be expected if one changes the phase of the de-

tachment of the vortex, and on the other hand, if its dimensions are

decreased. As regards the first path, it must be stated immediately

that it is very diffioult to act on the phase of such a complicated

phenomenon as the detachment of a vortex. If we follow the second path,

on the other hand, then a simple structural measure, namely the in-

stallation of rectifying grids along the path of the vortex, may exert

a noticeable influence on the vibration-combustion process. The rec-

tifying grids are used, as is well known, in those cases when it be-

comes essential to "quiet down" the stream and impart to all its com-

ponent Jets a direction parallel to the walls of the tube. These grids

comprise a set of thin plates, which usually cross one another at

right angles, installed in some cross section of the tube in such a

way as to make the planes of the plates parallel to the stream axis.

It is usually sufficient to install two such grids in succession, at a

certain distance from each other. These grids can have a small hy-

draulic resistance and do not change the character of the flow in any

significant manner, if we disregard its "quieting down." The effect of

these grids reduces essentially to breaking down a large vortex, which

passes through such a grid, into many small vortices. As a result

there enters into the combustion zone not a single powerful vortex cap-

able of strongly deforming the surface of the flame front, but an as-

sembly of many small vortices, which act on the flame not as a factor

deforming its surface, but merely as a stream with somewhat higher tur-

bulence. Although the combustion process does indeed depend on the tur-

bulence of the incoming stream, this dependence cannot compare at all

with the powerful distortions in the flame front configuration due .to

large vortices. In the lower part of Fig. 69 is shown the flow pattern
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when rectifying grids C are installed ahead of the combustion zone.

The general considerations advanced here were confirmed by means

t of special experiments. The scheme of the experimental setup is essen-

tially shown in Fig. 69. The tube in which the combustion chamber was

located was subjected to a free stream. The inlet part of this tube

permitted powerful vortices to arise. In order to break the resultant

coupling between the vortex-formation and combustion processes, two

rectifying grids were located in sections close to the combustion zone.

The experiments consisted of studying the combustion process (from the

point of view of the possibility of exciting vibration combustion)

with and without rectifying grids. The supply of fuel is gradually in-

creased (the excess-air coefficient a is gradually decreased) and the

variation of the character of the oscillations observed.

V p

Fig. 70. Influence of vortex formation
ahead of the combustion zone on the ten-
dency of the system toward excitation.

First to be determined was the influence of the rectifying grids

on the degree of vorticity of the air flow ahead of the combustion

zone. This was done in the following manner. Cold air is blown through

the setup and the outlet section of the tube was reduoed In size until

the flow of air through the setup was the same as the flow during com-

bustion. Then the degree of vorticity of the flow was determined in a

section located behind the second rectifying grid with the aid of a
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thermoanemometer. We must specify here that the term "vorticity" is

used in the present book to denote turbulence of large scale, produced

as a result of the detachment of large vortices in portions of the 4
duct located ahead of the combustion chamber.

The results of the measurements of the velocity oscillations

yielded for the vorticity without the rectifying grids a value of 70%.

and with the rectifying grids a value of 20%. The following should be

noted with respect to the numerical data presented here. The thermo-

anemometer used in the experiments was not designed for the measure-

ment of such intense turbulence. Therefore the numerical data presented

here should be regarded as a qualitative description of thp degree of

vorticity of the stream. They leave no doubt that the installation of

the grids reduces noticeably the degree of vorticity of the stream.

The results of the experiments are shown in Fig. 70, which gives

the amplitudes of the pressure oscillations ahead of the combustion

zone 6p as a function of the excess-air coefficient. Curve a charac-

terizes the operation of the setup in the presence of rectifying grids,

while curve c is without them. As can be seen from the experimentally

obtained curves, the installation of rectifying grids eliminates the

powerful vibration combustion (6p/q "- 1) and reduces the pressure os-

cillations to a normal level (6p/q < 0.1). At the same time, the oscil-

lograms have demonstrated that the oscillations themselves have a dif-

ferent character. In the case of vibration combustion (curve c) the

oscillations had a clear-cut and regular character, while in normal

combustion (curve a) a complicated and indeterminate frequency spec-

trum is observed.

Thus, in the experiment described (and in many others) the favor-

able influence of breaking the coupling between the vortex formation

ahead of the combustion zone and the combustion process was clearly
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demonstrated.

Of course, the insulation of rectifying grids is not the only

' method of breaking this coupling. If the vortex formation is due to

the presence of a poorly streamlined body in the inlet portions, then

the same effect can be attained by removing this body or by streamlin-

ing it. The importance of such measures is illustrated by curve b of

Fig. 70. This curve corresponds to an experimental setup with rectify-

ing grids, but differing in the fact that behind the grids there were

located on the tube walls (for structural reasons) lugs in the form of

parallelepipeds. When these were streamlined, the vibration combustion

stopped and the relative amplitudes of the pressure oscillations

dropped to the tolerable level 6p/q - 0.1.

It must be stated that there are no general standard means of com-

bating vibration combustion resulting from vortex formation in the

cold part of the stream. In each specific case it is necessary to find

the source of this vortex formation and to take appropriate measures.

Sometimes this may be the installation of grids or the streamlining of

the bodies, and in other cases this may be the installation of guiding

devices (for example, guiding vanes in the parts where the stream takes

a sharp turn), drawing away the boundary layer, or other measures which

have been well worked out in experimental aerodynamics.

If it is desired to represent the considered feedback mechanism

in the form of analytic relationships, certain difficulties arise.

These are connected with the insufficient development of the theory of

vortex formation and the lack of quantitative data on the influence of

the vortex brought into the combustion zone on the change of the flame-

front configuration.

If these data are specified (or if experimental data are obtained

by a study of the discussed phenomenon), then the further path is quite
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obvious. The motion of a chain of vortices through the flame front

leads to a periodic change in the volume of the hot gases in the com-

bustion zone a, and, in accordance with the results of §16, we can -

write

71 -.z4A-F (I)-i,, (36.1)

where, as is well known, V (t) is the volume of the zone a occupied by

the combustion products and F is the cross-sectional area of the stream.

The distance LAB between the flame front and the location of the

vortex formation (Fig. 69) enables us to relate the phase of the vor-

tex detachment with the phase of its contact with the flame front, in

analogy with what was done in §35, by introducing the factor exp iw(T -

- LAB/I2 1 ).

As a result it is easy to obtain formulas of the same type as

(35.2), for example

SL PCI t (V (36.2)

The last formula is written down under the assumption that the

detachment of the vortex is connected with velocity oscillations at the

point A, and the constant C includes the numerical characteristic of

the detached vortex (its phase and amplitude, which is assumed propor-

tional to the perturbation •i at the point A). As can be seen from

(36.2), feedback with delay is produced in this case.

i b) Vortex formation in the combus-

- tion zone. Another phenomenon which is

also connected with the hydromechanics of

poorly streamlined bodies and may also

become a feedback mechanism is the vor-
Fig. 71. Flow diagram
behind a poorly stream- tex formation behind the flame stabil-
lined flame stabilizer.

izers. As is well known, for continuous
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ignition of a combustible mixture moving

sofia •2 /in a tube one uses various types of ig-

niting devices, the simplest type of

=J• which is a poorly streamlined body (for
3• O

* •example sheet metal wrapped in the form

of a cone and placed with the vertex op-

posite to the stream), so that the back-

wash zone serves as a continuously act-Eji ing source of ignition. Such a stabilizer

•i is shown schematically in Fig. 71. The

hot mixture is incident on the stabil-

I izer A, in the aerodynamic "shadow" of

E which there exists a region AB of stag-

nant flow; in this region vortices are
Fig. 72. Vortex formation
behind a conical stabil- periodically formed and are carried away
izer in the case of vib-
ration combustion (high further by the stream that flows over
speed motion picture
photography). 1) Combus- the stabilizer. In this backwash zone
tion region; 2) cold mix-
ture; 3) stabilizer; 4) the velocities are low, so that the com-
time t.

bustion process occurs under favorable

conditions. The jet CC closest to the backwash zone stays in the stream

for a relatively long time in contact with the hot gases of the zone

behind the stabilizer, and has time to become heated and to start burn-

ing. The flame then jumps over to the next jet DD, etc.

In normal combustion the vortex-formation process behind the sta-

bilizer obeys the usual laws and in general its character is independ-

ent of whether the flow around the stabilizer is produced by cold air

or by a hot mixture which ignites behind it. In this case the flame

front behind the stabilizer has the character of a somewhat mobile, ran-

domly deforming cone, with the average flame-front position being along
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the lines AE and AF.

The combustion process behind the stabilizer assumes an entirely

different character in those cases when vibration combustion sets in.

The acoustic oscillations, for the same reasons as mentioned somewhat

earlier, impose,as it were,their frequency on the vortex formation be-

hind the stabilizer, and the dimensions of the vortices which detach

themselves from the region behind the stabilizer become noticeably

increased. This process interacts with the combustion in the backwash

zone and results in a qualitatively new pattern of the entire phenom-

enon.

Instead of a more or less stable conical flame front behind the

stabilizer, one observes a clear-cut periodic process. The gradual in-

crease in the flame burning behind the stabilizer stops once the flame

reaches a certain size and breaks away, then being carried away by the

stream. At this instant the combustion behind the stabilizer attenu-

ates,as it were, but soon the initial focus of the flame remaining be-

hind it makes it possible for combustion to resume, the hot volume in-

creases more and more, continuing to "hold on" behind the stabilizer,

and after reaching the critical size it again breaks away from the

stabilizer and starts moving together with the stream. It is quite

clear that this periodic detachment of the hot flames from the stabil-

izer represents a detachment of vortices in which (as the latter grow)

the combustion process envelops larger and larger masses of combustible

mixture.

The phenomenon described here was recorded with high-speed motion

picture photographs of the combustion behind a single cone stabilizer

through a transparent window built into the wall of a cylindrical tube

200 mm in diameter, in which vibration combustion was investigated.

The sequence of the most characteristic frames recorded by the camera
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is shown in Fig. 72. It must be noted that in

these experiments small amounts of special

substances were placed in the fuel to make

the flame glow brightly.

Fig. 73. Oscillogram In order to show that the frequency at
of the pressure os-
cillations 6p, and which the hot regions are detached (the fre-

of the illumination quency of vortex formation) coincides with
of the combustion
zone* 4 in the caseoft v ibain combuas- the frequency of the acoustic oscillations,of vibration combus-

tion. two quantities were recorded simultaneously

in these same experiments by means of a loop oscillograph, namely the

pressure and the luminosity of the flame in the combustion zone. A

phototransducer installed at the required distance from quartz glass

made it possible to record the integral luminosity of the combus-

tion zone, which was proportional to the visible area of the hot re-

gions. Consequently, periodic detachments of the hot regions from the

stabilizer and their constant replenishment, shown in Fig. 72, should

lead to a periodic change in the readings of the phototransducer. The

corresponding records obtained on the oscillograph chart are shown in

Fig. 73. It is easy to see that the oscillations of the luminosity and

of the pressure had exactly the same frequency, confirming the fact

that the vortex formation and combustion process adapts itself to the

acoustic frequency.

If we turn to a mathematical description of this type of combus-

tion-process perturbation, it is quite obvious that a periodic change

of the volume occupied by the hot gases takes place in the zone a.

This leads, as in the preceding case, to the appearance of a nonzero

periodic component in the effective propagation velocity of the plane

flame front, l't, and the magnitude of this component can be. determined

from Formula (36.1). If it is assumed further that the vortex-formation
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process behind the stabilizer is connected exclusively with the per-

turbation in the stream velocity -V, then the quantity (l/alF)( /Wt)Vg(t)

can be rnepresented (in the linear approximation) in the form

( (36.3)

where const stands, generally speaking, for a complex quantity charac-

terizing the amplitude and the phase of the expression on the left for

a certain single value of i Thus, l can be represented in the form

U c = oonst v1. (36.4)

In this expression the constant factor preceding VI differs by

unity from the constant factor in Formula (36.3), as is clearly seen

from a comparison of (36.1), (36.3), and (36.4).

Were it to turn out that the detachment of the vortex is connected

not only with velocity oscillations, but also with pressure oscilla-

tions, then Formulas (36.3) and (36.4) would assume a more complicated

form, and in the right halves 71 would be replaced by a linear combina-

tion of Tl and -Vl Thus, the type of feedback is characterized in the

present case by the lack of delay due to the transport of the factor

causing the combustion perturbation, i.e., it corresponds to the

schemes shown in Figs. 6 6a and b.

To conclude the present section let us make a few general remarks.

In the two examples of feedback due to the hydromechanics of the flow,

we spoke of the influence of vortex formation on the combustion and

emphasized the action of the vortex formation on the magnitude of the

perturbations in the flame propagation velocity Vl" This does not mean,

of course, that vortex formation cannot cause disturbances in 4*, for

example, by disturbing the mixture production (when the vortex passes

through the zone where the nozzles are located) or directly by changing

the completeness of the combustion in the zone a as the result of dis-
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turbances of the combustion process. The same can also be stated with

regard to x . Periodic detachments of the vortices from the stabilizers

w1.ll undoubtedly lead to a periodic change in the instantaneous values

of the coefficient of hydraulic resistance of the devices placed in

the combustion zone. If desired it is also possible to take into con-

sideration these two components of the combustion-perturbation process

but, principally to save space, we presented here only the most clearly

pronounced connection between the vortex formation and the deformation

of the flame front.

In the present section we referred everywhere to the ability of

the vortex formation to adapt itself to the frequency of the acoustic

oscillations. This fact was observed directly also in a study of vibra-

tion combustion. High-speed motion picture photography of combustion

behind a single conical stabilizer, which was referred to somewhat

earlier, has confirmed the existence of this connection between vortex

formation and the acoustic oscillations. It is interesting to note

that the frequency "staircase" shown in Fig. 51 was obtained in the

combustion of a previously prepared mixture behind a conical stabilizer.

The observed jumpwise change in the frequencies offers indirect evi-

dence that the ability of the vortex formation to adapt itself to the

frequency of the acoustic oscillations is quite appreciable.

It must be stated that both types of vortex formation, ahead of

the combustion zone and behind the stabilizer, are perfectly capable

of interacting with the combustion process. The following experiment

is instructive in this respect. A previously prepared combustible mix-

ture was burned in a tube having a combustion chamber of square oross

section in which the "plane" combustion problem was investigated. The

flame was maintained by a stabilizer located in the middle of the

stream and constructed in the form of a horizontal angular profile the
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edge of which met the stream head on. In the direct vicinity of the

front of the stabilizer was placed a rectangular shutter covering half

the quadratic section of the combustion chamber (the shutter was in-

stalled flush against one of the walls). In spite of the closeness to

the stabilizer, the shutter did not enter the combustion zone and

could be placed either horizontally or vertically. In the former case

its edge, over which the stream of mixture flowed, was parallel to the

edges of the stabilizer, and in the latter case it was perpendicular

to them. In addition, the shutter could be returned in such a way that

it was aligned "with the stream" and thus did not disturb the charac-

ter of the flow at all. The experiments consisted essentially of excit-

ing vibration combustion in such a system, with measurements of the

frequencies and amplitudes of the pressure oscillations. The results

of the experiments have shown that when the shutter was positioned ver-

tically the frequencies remained the same as when the shutter was

turned "with the stream," but the oscillation amplitudes were decreased.

A transition to a horizontal placement of the shutter has led to a re-

duction in the oscillation frequencies by a factor of two and to an in-

crease in the oscillation amplitudes. If vibration combustion is at-

tributed to processes connected with vortex formation, this result is

natural: in the former case half the stabilizer was in a shadow, as it

were, and thus the intensity of the overall vortex-formation process

was decreased; in the latter case the shutter and the stabilizer could

interfere and this led to an increase in the vortex-formation inten-

sity, as well as to a change in the frequency with which the vortices

were detached. The. latter led to the excitation of a second har-

monic in the system, which was in better agreement with the new charac-

ter of the vortex formation.

When it comes to the possibility of describing the action of vor-
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tex formation on the combustion process by means of formulas of the

type (36.2) and (36.4), the following remarks are in order. In these

formulas the connection between the acoustic oscillations and the vor-

tex formation is in the form of a linear relation. Yet the intensity

of the vortex is connected with the amplitudes of the acoustic oscilla-

tions in a more complicated fashion, since the dimensions of the vor-

tex are determined to a considerable degree by the dimensions of the

poorly streamlined body, which, naturally, are independent of the fre-

quency of the acoustic oscillations. Consequently, Formulas (36.2) and

(36.4) can have only a limited application. In order to describe the

vibration combustion process more completely, it would be necessary to

take into account the nonlinear relations that are inherent in the

vortex-formation process. This can be done formally by formulating the

appropriate properties of vortex formation. An example of the solution

of the vibration-combustion problem in which the nonlinear properties

of the combustion zone are taken into account will be presented in the

next chapter.

Let us conclude with a few words about methods of combating vibra-

tion combustion (if such combustion is not desirable) in the case when

the feedback loop is closed through the vortex formation. We have al-

ready mentioned earlier that if the vortex-formation source is located

ahead of the combustion zone, then installation of rectifying grids

and analogous measures may be useful. If the oscillations are excited

by the vortex formation behind the stabilizer, the situation becomes

more complicated. It is impossible to eliminate this vortex-formation,

inasmuch as the presence of a backwash zone behind the stabilizer is

an essential condition for its operation as an ignition source. Some-

thing can be done here by empirically choosing the most suitable geo-

metrical stabilizer configurations.
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There are indications in the literature that the vibration com-

bustion that occurs sometimes in commercial furnaces is connected not

only with perturbations in the fuel supply (which were discussed in

the preceding section) but also with the formation of powerful regular

vortices in the region where fuel is fed to the combustion zone. In

those cases when the vibration combustion is undesirable, it is recom-

mended that the sharp edges be rounded off and that other measures be

adopted to streamline the aerodynamic passages of the corresponding

portion of the furnace. This practical rule becomes understandable in

light of the considerations advanced before.

It is interesting to note that in the descriptions of vortex

formation in furnaces, in connection with the pulsating character of

the combustion in the furnaces, it is emphasized that the vortex in

which the combustion takes place has a tendency to become particularly

powerful. Something similar was observed also in the previously de-

scribed experiments in vortex formation behind the stabilizers in the

case of vibr&tion combustion. It must be noted, to be sure, that the

question of the influence of the combustion process in the vortex on

its properties has not yet been thoroughly investigated.

§37. Feedback Mechanisms Based on the Laws of Combustion Proper

In addition to causes that lead to vibration combustion and that
ý.~~~O . ..- '., , -, . . , . %

are in a certain sense indirect, namely mixture production and vortex

formation, the combustion process itself contains mechanisms that are

capable of assuming the role of feedback in this self-oscillating phe-

nomenon.

The existence of such feedback mechanisms, which are based on the

laws of the combustion itself, is proved, for example, by the fact

that vibration combustion arose in the experiments of Coward, Hartwell,

and Oeorgson, which were already mentioned several times, in A pre-
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viously prepared immobile gas mixture, i.e., under conditions in which

one must exclude all effects connected with vortex formation or mix-

ture production.

We therefore present a description of certain feedback mechanisms

which are directly connected with the combustion process.

a) Normal flame propagation velocity. This velocity depends on

the mixture temperature and on its pressure; the turbulent propagation

velocity can, in addition, change also as a function of the stream

velocity and the degree of its turbulization. When the gas column in

an engine oscillates, all the mentioned stream parameters (with the

exception perhaps of the degree of turbulization) have periodic compo-

nents. Consequently, the flame propagation velocity will also vary

periodically, and this may serve as the cause of vibration combustion.

Let us show this by means of an example in which a system is ex-

cited by a plane flame front, the propagation velocity of which depends

on the temperature of the mixture and on its pressure ahead of the

combustion zone. Inasmuch as the temperature is not included in the

system of chosen variables (•, v, s), we use the equation of state p

= pRT and the adiabatic condition s = const, with which . and p can be

related, to represent the flame propagation velocity as a function of

only the pressure ahead of the combustion zone. A dependence of this

type is usually determined experimentally and is represented in the

form of a power function

U , -= " [ 441

where the index "zero" denotes the initial values of U1 and pl. In con-

sidering small deviations of U1 from U(O) we can write

We shall assume that the initial values of UI and p,, which enter into
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Formula (37.1), coincide with U1 and P1 in the cold portion of the

tube and recognize that by virtue of the steady state of the flame

front relative to the observer in the stationary flow we have v1 = -U,I

and then changing to the dimensionless variables used in the present

book we obtain from (37.1)
U,--.. (37.2)

It must be recalled here that, as was already mentioned in §16 in

the course of the discussion of the system (16.12), an increase in the

absolute flame propagation velocity corresponds, by virtue of the

sign rule adopted, to UI < 0. Thus, when r > 0 an increase in pressure

corresponds to an increase in the absolute value of the combustion rate.

Formula (37.2) describes one of the possible feedback mechanisms

directly related with the combustion process. This feedback is of the

simplest type shown in the upper part of Fig. 66.

The main parameters of the gas flow, F and V, can influence the

excitation of the self-oscillations not only via Ull but also via •*.

This will occur in those cases when the completeness of combustion is

a function, say, of the stream velocity v 1. Oscillations of the stream

velocity ahead of the combustion zone will then give rise to oscilla-

tions in the completeness of combustion, and consequently also to os-

cillations in the heat supply. If we cast these arguments in analytic

form, we can readily obtain for Q* an expression analogous to (37.2).

It is easy to visualize that to excite acoustic oscillations the com-

pleteness of combustion must decrease at a sufficient rate with in-

creasing stream velocity.

b) Presence of igniting source. The feedback mechanisms listed

above could manifest themselves also in the absence of a special ig-

niting source. The presence of such a source leads to the possibility

of periodic disturbance in the ignition of the system. This is con-
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nected with the fact that in practice there always exists a certain

cold-stream velocity at which combustion is interrupted. This velocity

' depends on the power of the igniting source; its existence is due to

the fact that in order to ignite a combustible mixture this mixture

must be in contact with the flame for a certain time and, in addition,

the flame itself must be sufficiently powerful not to become extin-

guished by the stream. This question is discussed in sufficient detail

in works on combustion theory and will therefore not be analyzed here.

Assume that the igniting source, behind which the flame is 'se-

cured," is characterized by a certain critical stream velocity v*1 , at

which the combustion of the mixture incident on the igniting source

stops. Then at the instants of time when v 1 + 6v1 > v*1 the flame will

be detached from the ignition source and carried away by the stream

(provided, of course, that the flame existed in the preceding instants).

At the instants of time when v + 6v1 < V'l, the ignition of the mix-

ture will resume. The feedback mechanism described here frequently

plays an important role. As a rule, this mechanism is observed in the

combustion of a mixture behind a stabilizer in a mode of strongly de-

veloped oscillations. This case will be considered in greater detail

somewhat later. It is advantageous to start at this point the descrip-

tion of such a mechanism with a different case. In order to eliminate

the influence of vortex formation, special experiments were set up in

which a previously prepared homogeneous mixture was ignited by means

of a thin and flat gas burner installed in a tube of square cross sec-

tion with quartz walls. The gas burner was constructed so as not to

disturb noticeably the stream in the cold part of the square tube, and

the flame behind the burner (when pure air, without fuel, was fed

through the tube) had the form of a thin, short, and flat tongue mov-

ing in the center of the quadratic cross section from one quartz wall
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of the combustion chamber to the opposite wall. When the combustible

nlxtturc was fed to the tube, this strip of continuously present flame,

fed with fuel and with oxygen from a separate source, ignited the com-

bustible mixture moving along the combustion chamber. High-speed motion

picture photography through the transparent walls of the combustion

chamber, which was carried out in such a way that the optical axis of

the camera was parallel to the igniting tongue of the burner flame,

i.e., perpendicular to the transparent wall of the chamber, made it

possible to observe the "planar" combustion picture behind such an ig-

nition source.

In this case all phenomena connected with vortex formation were

completely eliminated. No oscillations of the continuous flame front

behind the burner were observed. As in the case of combustion behind a

poorly streamlined body, the principal role was played in this experi-

ment by the volumes of hot gas which were detached from the igniting

source and which grew, moving together with the stream, until they

filled the entire section. Figure 74 shows the characteristic frames

of the motion pictures obtained in this experiment. It is clearly seen

on these frames how a gaa burncr ignites periodically the combustible

mixture, in connection with the oscillations of the mixture velocity.

With increasing stream velocity relative to the burner, its power is

no longer sufficient to ignite the mixture. The mixture is ignited

again as soon as the oscillating component of the stream velocity is

directed opposite to the average stream velocity.

Something analogous can be observed also in the combustion of a

previously prepared combustible mixture behind stabilizers built in

the form of poorly streamlined bodies, in the case of strongly devel-

oped oscillations accompanied by a periodic "hurling" of the flame up-

stream, into the region lying ahead of the stabilizer. This process
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will be considered in greater detail (but from a somewhat different

point of view) in Chapter 9.

An analytic description of this phenomenon, as a periodic detach-

ment of the hot regions from the ignition source that maintains the

flame, entails no difficulties. Here, as
A/;*'7 J in §36, it is necessary to consider the

periodic variation of the volume Vg(t)

B --- of the hot gases in the combustion cham-

• &Oacm' HOC- ber, then change over to the effective

perturbation of the flame propagation

velocity i'1 and obtain finally an ex-

D pression in the form (36.4). To be sure,

it must be added that such a description

can be readily obtained for self-oscilla-

tions that have already been established.

/4J If we attempt to consider this process

as a mechanism for the excitation of

self-oscillations, starting with infin-

itesimally small amplitudes, it becomes

immediately clear that such an excita-

tion is Impossible. After all, the de-
Fig. 74. Character of vib-
ration combustion behind tachment of the flame from the ignition
a burner that excludes
the possibility of. vortex source can occur only after the ampli-
formation, registered by
"high-speed motion picture tude of the velocity oscillations has
photography. A) Flat
burner; B) region of reached the required value. Thus, the
flame; C) weakly glowing
gas; D) cold mixture. described mechanism is capable of appear-

ing in two cases. First, if the initial perturbation was sufficiently

large. Such cases are known in oscillation theory as cases of hard

self-excitation. Second, it may turn out that initially the oscillating
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instability of the stream was the result of realization of a different

feedback mechanism, capable of making the system unstable with respect

to infinitesimally small perturbations (soft self-excitation), and

only after the oscillation amplitudes have noticeably increased does

the oscillating system change to the feedback mechanism described abcve.

c) Delay phenomena in the combustion zone. It is easy to construct

examples in which only a delay in the combustion process can produce

the amplitude-phase relation between the heat-supply perturbations and

pressure perturbations necessary for the excitation of acoustic oscil-

lations. Let us illustrate this by means of an example taken from the

theory of excitation of oscillations in liquid-fuel jet engines.*

As will be shown in greater detail in Chapter 10, when longitud-

inal acoustic oscillations are excited in liquid-fuel jet engines, the

most significant is not the perturbation of the heat supply, but the

perturbation in the gas production (the combustion of a liquid fuel

can be reasonably regarded as a gas-production process). This process

can be connected with a certain induction period. Analogous mschanisms

of delay in the ignition are conceivable also in those cases when the

gas production does not play an important role, since the amount of

injected fuel is small compared with the air fed to the combustion

zone, but an important role is played by the perturbation in the heat

supply connected with the delays in ignition (ordinary furnaces).

In considering the role of the delay of the ignition processes in

the excitation of acoustic oscillations we shall speak in the present

section only of heat-supply perturbations Q*. It must be borne In mind,

however, that everything stated here pertains also to the perturbation

of gas production (and perhaps even to a greater degree). Therefore,

in Chapter 10 below, the principal relations obtained here will be di-

rectly applied to the question of the perturbation in gas production
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occurring in liquid-fuel Jet engines.

Let us assume that the flow of fuel is constant, and that the com-

bustion occurs instantaneously at the moment that the fuel leaves the

nozzle. Then the heat supply is not perturbed and S* = 0, and conse-

quently self-excitation of the system is impossible. The picture will

be entirely different if the fuel-combustion process is connected with

time delays. Before we consider this, let us present brief data on the

poss-ible causes of the existence of such delays.

The conversion of the fuel components from the liquid state into

gaseous combustion products calls for a certain time; this time is

naturally called the induction period. The induction period is con-

nected with a complicated chain of physical and chemical processes oc-

curring in the combustion chamber. These processes are the atomization

of the fuel, its heating, and partial or complete evaporation of the

fuel droplets, the development of the chemical reactions which lead in

final analysis to the formation of the combustion products. A feature

of many of the above-mentioned phenomena is their pressure dependence.

With increasing pressure in the combustion chamber, the rate of mix-

ture production increases - the atomization is finer, the evaporation

and the heating of the fuel droplets accelerates. In addition, the

speed of many chemical reactions (particularly those in the gas phase)

increases with increasing pressure. As a result the overall induction

period can have a clearly pronounced tendency toward decreasing with

increasing pressure in the combustion chamber.

It follows from the foregoing that the induction period can be

regarded as a time after the lapse of which the fuel is instantaneously

converted into combustion products. (The latter is connected with the

fact that after suitable preparation the mixture burns very rapidly,

inasmuch as the reaction rate increases unusually rapidly with increas-
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ing temperature and, in particular, heating of the mixture, connected

with the start of its combustion, makes the subsequent combustion prac-

tically instantaneous. Of course, this picture is only a first approx-

imation to the true phenomena.)

The overall induction period can be determined only by experiment.

However, on the basis of the statements made above, we can propose the

following relation as an analytic first-approximation dependence:

ti = tio + till (37.3)

where tic = const and til is determined from the equation

t ilpr = const. (37.4)

Here, inasmuch as an increase in pressure should correspond to a

reduction in the in'iduction period, we have r > 0.

According to Formula (37.3), the induction period consists of two

components: the first, ti., which is independent of the pressure, and

the second, til, which is related with the pressure by (37.4).

We shall assume below that tio = 0 and that the entire induction

period can be connected with the pressure by Relation (37.4).

Let us assume that pressure oscillations take place in the combus-

tion chamber. It is then natural to introduce in lieu of (37.4) an

expression analogous but written in the form of an integral

1f /',t' = c,,nt. (37.5)
I -- •Ilt

It is easy to see that if p = const then (37.4) and (37.5) coincide,

but if p = p(t') the phenomenon becomes more complicated. Assume, as

was already mentioned, that the nozzles supply a constant amount of

fuel. Pressure oscillations give rise to oscillations in the reduction

period. A reduction in this period causes the combustion of the par-

ticles that enter into the combustion chamber during a definite in-

stant to coincide in time with the combustion of particles which were
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previously supplied. This increases the heat released compared with

"the value characteristic of the steady-state process. When the induc-

tion period increases, the opposite is observed. Thus, in the presence

of pressure oscillations, the dependence of the induction period on

the pressure will cause the perturbations of the heat supply to differ

from zero, making self-excitation of the system possible. (For this

purpose it is necessary, of course, to have not only q* ,- 0, but a

definite relation between the phase of the pressure perturbation and

the phase of Q*.)

The example presented shows that the dependence of the induction

period on the pressure can lead to realization of a feedback mechanism

capable of exciting the oscillating system under consideration.

In §35 above we considered an example in which the pressure oscil-

lations in the combustion chamber give rise to oscillations in the

flow of fuel. It was indicated there that in this case the oscillations

can be excited only when a delay in the ignition of the mixture is

present in the system, i.e., the necessary feedback is obtained only

under the simultaneous action of two causes, based on mixture produc-

tion and combustion, respectively. It is easy to note that in this

case the self-excitation of oscillations does not require the assump-

tion of a pressure dependence of the induction period, since a nonzero

value of "* is obtained as a result of the variable fuel flow. Setting

til = 0 in Formula (37.3) we obtain ti = t i = const. The entire re-

mainder of the analysis will be similar to the example considered in

§26.

Everything stated here concerning the induction period and its

influence on the excitation of acoustic oscillations holds true also

with respect to other constructions, for example pulverized-coal fur-

naces. As was already indicated above, it is necessary to assume here,

- 332 -



.oo, t.e existence of a certain induction period in order to obtain

the necessary phase relations between the oscillating component of the

supply of pulverized coal to the combustion zone and the oscillating

component of the heat release.

d) Instability of the flame front. This instability, and partic-

ularly its dependence on the accelerations, can lead to vibration com-

bustion. In 1944, Landau showed* that a plane flame front is always

unstable and that this instability depends on the accelerations acting

on the flame front. Inasmuch as the flame front in vibration combustion

can oscillate together with the oscillating medium, it will experience

accelerations which reverse sign periodically. The periodically vary-

ing acceleration leads to a periodically arising instability of the

flame front, capable of exciting acoustic oscillations. This is a

rather complicated problem and it is best to devote a separate section

to it.

§38. Stability of Plane Flame Front

Assume that a plane flame front normal to the stream velocity is

located in a one-dimensional stream of combustible mixture. This plane

flame front will be regarded as a strong-discontinuity surface, on

which the velocity, pressure, and density of the stream vary abruptly.

We raise the question of the stability of such a plane flame front. To

obtain the connection between 'he stream parameters before and behind

the heat-supply surface in the stationary process we use the continuity

and momentum equations

PA +Q1-P2 + (38.1)

If we assume in addition that we are considering the flow of an

incompressible liquid** (inasmuch as the velocities vI and v2 are small

compared with the velocities of sound a. and a 2 ) then, in exactly the
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same manner as in §10 when we analyzed the question of thermal resist-

ance, we can assume that the gas density is inversely proportional to

its temperature

Tl/2 •/T (38.2)

These equations define completely the stream parameters to the

left and to the right of the heat-supply plane.

Let the stationary flow experience small velocity and pressure

perturbations. We assume the density perturbations equal to zero, since

the density depends in the assumed model of the phenomenon only on the

temperature, and the latter depends in turn on the calorific value of

the mixture. Assuming that the combustion in the flame front is com-

plete both in the stationary and in the perturbed combustion modes, we

obtain the conditions p const for the streams on both sides of the

flame front.

Considering the stability of the flame front itself (which for

the time being is not related at all with the possible acoustic oscil-

lations), we introduce a plane Z, z which we align with the plane of

the flame front in the unperturbed process. We retain the direction of

the x axis the same as before, along the stream velocity. Let the small

velocity and pressure perturbations 6v and 6p be periodic in time and

in the coordinate Z, i.e., proportional to a factor exp (iky - it),

and independent of z.

To determine these perturbations we write down the linearized

Euler equations and the continuity equation

+ v3  a6v., I 08Pk

+8,, V!!_, 0 (38.3)

06rx +.0

The system (38.3) should be written out separately for the cold
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mixture and for the combustion products. The subscripts x and y desig-

nating the 6v indicate the axis on which the velocity perturbation is

projected. No indices are used for the v, since the stationary flow is

one-dimensional (directed along the x axis).

Differentiating the first equation of (38.3) with respect to x

and the second with respect to Z, adding the two and taking into ac-

count the third equation of (38.3), we readily find that 6p satisfies

the Laplace equation

In a small area about the discontinuity surface (i.e., when x

0), certain conditions should be satisfied. Let us consider them in

greater detail.

First, the tangential velocity component must be continuous. Let

6x(y; t) be a small displacement of the points of the discontinuity

surface in the x direction, which arises when the stationary process

becomes perturbed. Then the derivative 66x/6y is the tangent of the

angle of inclination of the flame front to the y axis at the point un-

der consideration. If we denote this angle by a, then we can easily

see that the tangential component of the total velocity is expressed

in the following fashion:

(v' + &6,) sin a + 6vv cos a.

Assuming the angle a to be small (the order of its smallness is

determined by the perturbation 6x), we retain, as is customary, only

the first-order terms with allowance for the fact that for small angles

we have sin a = tan a = 56x/ay, and then write the corresponding-ex-

pression for the tangential component of the velocity, an expression

which holds true in the linear approximation:
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Then the condition that the tangential velocities be equal on

both sides of the flame front will have the following form:

d 0+ •-6v+, V2 d(38.5)

Second, it is necessary to make some assumption regarding the de-

pendence of the flame propagation velocity on the flame-front perturba-

tions. Landau proposed that there is no such dependence, i.e., that

the rate of propagation of the discontinuity must not experience a

change when the front is disturbed. This means that the flame front

will be displaced only by the velocity perturbations, i.e.,

6vx = 66x/at

or
B6z

v, = 6V' ---- (38.6)

Later on, Markstein* appreciably supplemented the Landau theory,

assuming that the combustion velocity depends on the curvature of the

flame front, i.e., that it can be related with the quantity a26x/By2.

Further refinements were introduced in later papers, but these

will not be considered here.

For the purposes of the present section, it is sufficient to use

only the simple assumption of Landau. Whatever new factors are intro-

duced by Markstein's refinement will be considered briefly below.

Conditions (38.5) and (38.6) relate the velocity perturbations on

both sides of the flame. In order to relate also the pressure perturba-

tions, it is necessary to introduce a third condition. Assume that a

certain acceleration b acts on the flame surface. We can then write

for 6p, and 6p2, taken in a small vicinity of the separation surface,

the following equation:

p, - 6p, - b (Q, - Q,) 8X. (38.7)

As was already mentioned above, a solution of (38.3) and (38.4)
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is sought in the form of exponential functions proportional to exp (iky -

- int). Consequently, let

6p - c, exp (iky + ax-- iQ),4
6"- e, OXP (iky + ax a- iQO), (38.8)

6um ca exp (iky + ax - iQt), I

where a is a still undetermined factor. Substituting the expression

for 6p obtained here into the Laplace equation (38.4) we obtain im-

mediately

a2 _ k2 = 0 (k > o)

or a = +k. A suitable value of a can be chosen from the condition that

the pressure perturbations, which are connected with the flame-front

perturbation, have no effect at an infinite distance from the front,

i.e., as x-+=. But then, obviously, it is necessary to choose for

x < 0 (cold gas) a1 = k, and for x > 0 (hot gas) a2 = -k.

In addition to the solution obtained, there can exist still an-

other one. Indeed, the Laplace equation is satisfied, in particular,

when 6p = 0. Let us consider this case in greater detail.. If we let

6p = 0, then the right halves of the first two equations in (38.3) van-

ish. Substituting in them 6vx and 6Vy in accordance with (38.8), we

find that for this case a = 1i/v. However, to prevent the existence at

an infinite distance from the flame surface (at x -- +) of nonzero

velocity perturbations 6v and 6Vy, we shall consider the solution ob-

tained only for the hot gas (x > 0). This can be explained in the fol-

lowing fashion. The factor 0, which is for the time being undetermined

and which can be determined later on from the characteristic equation,

will, in general, be complex. In this case, if Q has a positive imag-

inary part, all the perturbations will tend to infinity with time, as

can be seen from (38.8). For these values of 0 the perturbations will

attenuate with increasing distance from the flame front only if x > 0. 0

The case when the imaginary part of 0 is negative is of no interest,
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since this represents stationary oscillations, whereas the purpose of

the present anaJysis is to determine the unstable states of the flame

front.

Substituting (38.8) in (38.3) and assuming that these equations

are written for the cold gas, we take a k and choose such valut.•.s of

the constant coefficients Cl, c2, and c3 , as satisfy the system (38.3).

From the third equation of this system we obtain immediately that c3

1 ic 2 , and from any of the first two equations we get cl = pl(iQ/k-

- Vl)c 2. Consequently, the coefficients c1, c2, and c3 ar. dotermined

apart from the indeterminate factor A1 which, without loss of general-

ity, can be set equal to c 2. Thus, for the cold gas the solutions of

(38.3) will have the form

(38.9)
6v1 , i-lA exp (iky + kx - iQ*).

Analogously, for the hot gas (taking into account the fact that

there are two values of a), we obtain the following expresssions:

6p 2 = -- A:Q2 ( V.+ -k-)exp (iky-kx--i),•

fvu = A 2, xp (iky - kx - iAl) +

ai+xifU), (38.10)+.lje.xp iky÷ , x-- t

6vV = -- i. ,exp (iky - kx - iQt) -

We supplement (38.9) and (38.10) with still another equation

6x =A, exp (iky - iQt). (38.11)

The last equation states that waves traveling in the direction of

the y axis were produced on the flame front. In the case of harmonic

oscillations these waves are characterized by a frequency 0 or by an

oscillation period T = 2ir/n, and a wavelength X = 27r/k. Equation

(38.11) is an analytic way of writing down the assumption, which was

made at the very outset, that a perturbation periodic in time and
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in the coordinate y has been superimposed on a stationary plane flame

front.

Substituting the values of the variables written in the form of

Eqs. (38.9), (38.10), and (38.11) for x = 0 into the conditions that

relate the solutions for the cold and the hot gases (38.5), (38.6),

and (38.7) we obtain a system of four linear homogeneous equations,

containing four indeterminate coefficients A1 , A2 , A3 , and A4. The

system will have a nontrivial solution when the following determinant

vanishes:

-i -1 0 0.
1 0 0 ia

QQV)Q 1("+vs) 0 b (es Q 1)

This determinant can be transformed in the following manner. Mul-

tiplying its second row by M/kv2 and adding it to the first, we obtain

a third-order determinant, the central column of which contains the

common factor i - Q/kv2. Taking this factor outside the determinant

sign, we obtain
a+ -k I k(VI

C' %.) 'o ,o -o.O
kr : AL• i~p, b(Qs- Q)

After simple calculations we obtain from this equation the charac-

teristic equation of the system:

-. bk (Q3 - e) - k1,Qvi (v, -- ,)J o0. (38.12)

It is obvious first of all that the characteristic equation has a

root n = ikv 2. However, this root must be discarded since in this case

the terms with the coefficient A3 vanish, the indicated terms become

exactly the same as the terms with A2 , and consequently the essential

- 339 -



properties of the phenomenon are lost. Consequently, the subsequent

analysis of the stability of the discontinuity surface (of the flame

front) will be carried out under the condition i - ý/kv2 7' 0. From

(38.12) we obtain
g, (Qj + Q,) + 2iO/IQtj', i hi; (Q . Q,) -

- kl .~v, (v• -- t,,) 0 0. (38.13)

We introduce for the sake of convenience 01 = -in. Then we can

write in place of (38.13)

91, (Qj + Q2) + 2Q,k',v, -- 1bk (Q2 - Q,) +
k-2,Q1 ,, (L, - E,2) = 0. (38.14)

Let us analyze the expression obtained in greater detail. Let

b = 0 (i.e., no acceleration acting on the flame front). Then, by vir-

tue of the fact that v2 > v, (the rate of flow of the combustion prod-

ucts exceeds the rate of influx of the fresh mixture), the free term

of the quadratic equation (relative to Q1) is negative, and conse-

quently both roots are real and have opposite signs. Consequently,

changing over to 0, we can state that the motion of the discontinuity

surface is characterized by two imaginary "frequencies" 0, having op-

posite signs, i.e., the motion will have an unstable component. Thus,

if we make Landau's assumptions, we conclude that any plane flame

front is unstable.

As was already noted above, Markstein refined Landau's theory,

introducing in place of the condition (38.6) a second condition, which

takes into account the dependence of the combustion velocity on the

curvature of the flame front. As a result, the equation for the deter-

mination of 0 becomes somewhat more complicated than (38.13), and its

analysis shows that the instability becomes a function of the number _k,

which is uniquely related with the wavelength of the perturbation on

the flame front, = - 27r/k. It is possible to show in this case that if

the local rate of combustion increases with decreasing positive local

- 340 -



radius of the flame-front curvature,* then for sufficiently small X

the process will always be stable, at sufficiently large X it is un-

stable, and when X = c it is neutral. It follows from the foregoing

that there exists a certain value X = Xmax, at which the process has

maximum instability.

If we consider that it is precisely this type of instability that

manifests itself in the experiment, then we can expect the appearance

of waves with length corresponding to Xmax on the plane flame front.

Markstein carried out a series of precise experiments, in which

he showed that such waves were actually formed and led to the so-called

cellular structure of the flame front. High-speed motion picture

photography has shown that the flame front breaks up,as it were, into a

series of cells which are convex toward the side of the fresh mixture.

The cells are in random motion at all times and the larger cells in-

crease at the expense of the smaller ones and split up upon reaching

excessive magnitude. As a result, there is a certain leveling out of

the cell dimensions, and one can speak of their average size. An es-

timate made by Markstein has shown that the dimension of this cell

does not contradict tne assumption that their characteristic size is

connected with the wavelength Xmax*

Everything said so far pertained to the case when b = 0, i.e., no

acceleration acts on the flame front.

It is sufficient to look at Eq. (38.14) to become convinced that,

depending on the sign of b, the acceleration can exert a stabilizing

or an unstabilizing influence on the process. If b < 0 then the next

to the last term in (38.14) will be negative (since heating causes

P 2 < Pj), and consequently, the absolute value of the negative free

term of the quadratic equation (38.14) increases, and this leads to an

increase in the absolute value of the negative root 0I, which gives
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rise to the instability. The opposite tendency will be observed when

b > b.

In Markstein's experiments the tube in which the previously pre-

pared mixture of air with various hydrocarbons was consumed was posi-

tioned vertically, in such a way that the cold gas (fresh mixture) was

located at the bottom and the combustion products were in the upper

part of the tube. Consequently, the flame front was acted upon by the

acceleration due to gravity b = g. By virtue of the action of this ac-

celeration, corresponding to b > 0, the process should become more

stable than in the case of horizontal placement of the tube.

It must be stated that both the flame front instability in the

sense of Landau and the similar structure of this front associated

with this instability have no direct bearing on vibration combustion,

i.e., on the excitation of acoustic oscillations in tubes. To observe

such effects there is no need at all for acoustic oscillations of the

medium. However, if acoustic oscillations did arise, they would exert

a powerful influence on this type of instability of the flame front

itself. Indeed, in acoustic oscillations, so long as the flame front

is not located in a velocity node, the oscillating medium will "drag"

the flame behind it. This unavoidably leads to accelerations acting on

the flame front, these being nonzero even when it is not acted upon by

gravitation (vertical position of the flame front). To the extent that

the acceleration connected with the medium oscillations will reverse

sign periodically, the instability of the flame front will become peri-

odically intensified or weakened.

Markstein observed this phenomenon experimentally. In those oases

when the flame front in his experiments started to oscillate as a unit,

the high-speed motion picture photographs showed that the cellular

structure of the flame had a tendency toward periodic intensification
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and attenuation - the cells appeared and vanished in rhythm with the

vibration motion of the flame front. Thus, it can be said that the

acoustic oscillations influence the stability of the flame front, and

consequently its structure.

The latter suggests the possibility of occurrence of the feedback

necessary for the excitation of the acoustic oscillations. Indeed, if

a change ii the structure of the flame occurs in rhythm with the acous-

tic oscillations, then this can lead to a change in the effective rate

of combustion, with the same rhythm, and this in turn can in principle

be sufficient to maintain acoustic oscillations. This thought is ad-

vanced in a paper by Markstein and Squire.*

It must be stated that the phenomena connected with the cellular

structure of the flame front can hardly play an important role in the

excitation of acoustic oscillations in commercial devices. These ef-

fects were observed only at sufficiently small stream velocities. In

the above-mentioned experiments of Markstein, the Reynolds number for

the stream in the tube ranged between 400 and 600, i.e., it corres-

ponded to laminar flow. Apparently a more important role is played by

a somewhat different effect, which we now proceed to consider.

If we turn to Eq. (38.14), we can easily see that the occurrence

of instability on the flame front is connected with two different ef-

fects. First, it may arise in the case when the flow of gas mass per

second through the discontinuity surface differs from zero (plvl 4 0).

Second, it can arise also if plvl = 0, but only if a negative accelera-

tion b occurs. The first case was considered above with sufficient de-

tail. The analysis of the second is quite elementary. If plVl = 0,

then we obtain from (38.13)

(38.15)



which is the well-known formula for the oscillation of two heavy liq-

uids situated one on top of the other. In the latter case one sets

b = g and real values of 0 (stability) are obtained when P2 < p,; i.e.,

the upper liquid is lighter than the lower one.

The indicated two types of instability manifest themselves in dif-

ferent fashions. The first, connected with the passage of a gas mass

through the flame front (plvl ý 0), imparts to the flame a cellular

structure, as was considered in detail by Markstein. As was already

mentioned earlier, this type of instability arises also in the absence

of accelerations (b = 0). As regards the second type of instability,

connected with the fact that b differs from zero, its occurrence does

not necessitate the assumption that the mass stream crosses the sepa-

ration boundary between media having different temperatures, and can

occur also on a surface which separates gases that are stationary on

the average, provided the acceleration is directed from the cold gas

to the hot one. The fact that the gases are stationary on the average

means that combustion does not take place, since combustion is always

connected with the passage of cold gases through the flame front, be-

hind which they become hot. Consequently, the second type of instabil-

ity can manifest itself in pure form on the boundary separating gases

having different density (temperature) and subjected to an accelera-

tion normal to the separation boundary. A typical form of such an in-

stability is formation of waves on the surface of a heavy liquid under

the action of acceleration.

The periodically sign-reversing accelerations which can act on

the flame front in the case of acoustic oscillation. unavoidably cause

wave production on the separation surface (on the flame front). This

wave formation will interact with the phenomena which occur in the

cellular structure of the flame, but if we attempt to estimate these
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two types of instability from the point of view of their reaction on

the acoustic oscillations, the wave formation must be recognized to be

more important. The latter is principally connected with the fact that

the periodically increasing and decreasing wave formation leads to a

periodic change in the integral separation surface (the area of the

flame front), and consequently, to a periodic change in the effective

velocity of combustion.

In order to trace this phenomenon in pure form and to obtain sim-

ple formulas, let us analyze the stability of the separation boundary

when v. = V2 = 0. Qualitatively the picture will not change if we take

vI and v2 different from zero, but this makes the analysis unneces-

sarily complicated. In order to consider the stability of the separa-

tion surface under the influence of an acceleration b which has a

periodic component, we can no longer use Formula (38.15), which was

obtained under the assumption that b is constant, and the derivation

must be repeated here anew. Inasmuch as the conditions on the separa-

tion surface are now functions of the time, the solution of the system

(38.3) must be sought not in the form (38.8), but in more general form,

in the form of the product of as yet undetermined functions of the

time F(t) by a factor exp (iky + ax).

Thus, let
6p • F, (t) exp (iky + ax),

6z,=, = F2 () exp (iki + ax),: (38.16)
6um - F, (1) exp (iky + aZ).

Substituting 6p in Eq. (38.4) we obtain, as before, a = +k, and

the choice of the signs of k remains the same: a1 = k for x < 0 and

a2 = -k for x > 0.

For the cold portion of the gas (x < 0) the substitution of the

values of the variables (38.16) into the system (38.3), taking into
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account the fact that v - 0, yields the following relations between

Fm(t), F2 (t), and F3(t):

r'.p, (38.17)

SSetting F 2 (t) = Al(t), we can write: when x < 0

6p,, -- A A, (t) exp (iky + kx),

6v,. = Al ()uexp:(ik•y+ kx), (38.18)
6v, - iA, (t) exp (iky + kx).

For hot gas (x > 0) we obtain from perfectly analogous considera-

tions:
6p, f-L As (t) exp (iky - kx),

6vs. - As (1) exp (iky-- kx), (38.19)

6v, - - iL1, (t) exp (iky - kz).

Relations (38.18) and (38.19) are a more general form of writing

down Relations (38.9) and (38.10), although,to be sureit is for the

case when vI = v2 = 0.

In comparing Expressions (38.10) and (38.19), there is a striking

abse~nce of terms with coefficient A3 in the second group of expres-

sions. This is connected with the fact that when vi = v2 = 0 we have

A3 = 0. Indeed, the solution with A3 was obtained above as a solution

satisfying the first two equations of (38.3) when 6p = 0. Here, by vir-

tue of the fact that v = 0, we get avx/6t = 0 and a6v/6t = 0, and

consequently the functions F2 (t) and F3 (t) in Formulas (38.16) are con-

stant. If they differ from zero, then there should exist a certain non-

zero time-invariant perturbation 6v and 6v along the coordinate x,x y
which does not exist in the present problem. Consequently, the con-

stants F2 and F3 are equal to zero and the terms with A3 different

from zero cannot appear in the solution. Let us supplement, as above,

the equations (38.18) and (38.19) with still another equation

6x= Ad () exp iky, (38.20)
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which is a more general form of writing down (38.11).

Let us turn now to the formulation of the conditions which must

be satisfied on the separation boundary (at x = 0). Inasmuch as it is

now necessary to relate only three functions, namely Al(t), A2 (t), and

A4 (t), one of the four conditions (38.5), (38.6), and (38.7) is super-

fluous. It is easy to see that this is the condition that the tangen-

tial velocities be equal, (38.5), inasmuch as when vi = v2 = 0, i.e.,

when the medium does not cross the separation surface, this condition

loses its physical meaning.

Substituting the values of the variables (38.18), (38.19), and

(38.20) into the conditions (38.6) and (38.7), we obtain immediately

AI, (t) - A,'(1).

A2 (t) ,(38.21)
-- (0A, + QSA,) - 6 (Q1 - 9,) A4 -O,J

from which follows a differential equation for the determination of A4 :

A b+b S • (38.22)

Setting k = 27r/X, where X is the wavelength on the separation

surface, and assuming that in the case of acoustic oscillations the

separation surface is shifted as a unit along the x axis together with

the oscillating medium, in accordance with the sinusoidal law

h = h0 Cos Wt (38.23)

(h is the displacement of the medium, w is the dimensional frequency

of the acoustic oscillations (1/sec]), we obtain Eq. (38.22) In the

following form:
A" (t) + _.. '(g.- tAcos r) A -O, (,- 'hO (38.24)

Here A = A4 , b = gx- w2h 0 cos wt, and gx denotes the projection

of the acceleration due to gravity on the x axis, takan with the oppo-

site sign.
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For a vertical tubegx corresponds with the total acceleration

due to the gravity, while for a tube with horizontal direction of the

"j axis we have gx = 0. The second term of b is obtained by differentiat-

ing the expression for h twice.

If we introduce as an independent variable z = wt/2, then Eq.

(38.24) reduces to the well-kmown form of the Mathieu equation

.r (z) + (a - 2q cos 2z) A (z) .0, (38.25)

where

a 8Xg, (Q+Q ,) "

9 - 4.a ho (e,-- Qs)
), (Q,- Qs)

As is well known from mathematical analysis, the solution of a

linear differential equation of this type has the form

A(z)-=Ce"l1(z)+C,2eC'I(-Z), - (38.26)

where s is a certain constant and f(z) is a periodic function with

period 7T or 27T.

From the solution (38.26) we see that any real value of s differ-

ent from zero corresponds to instability, since, independently of the

sign of s, the exponential function in one of the terms of (38.26)

will have a positive exponent proportional to the time (proportional

to z). Stability corresponds only to imaginary values of s.

We shall further consider a horizontal tube, i.e., we shall set

gx = 0, and consequently a = 0. If we vary the parameter _ in such a

way that it runs through positive values starting from zero, then the

so-called characteristic exponent s, which is equal to zero when q = 0,

becomes first imaginary with increasing q, and then at q = 0.91 it be-

comes real and different from zero, while at q = 7.5 it again becomes

imaginary, and then almost immediately real up to q _= 21, etc. Conse-

quently, with increasing _, regions of stability and instability will
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alternate, with the stability regions characterized by extremely small

segments on the _q axis, whereas the instability regions are quite ex-

tensive. Thus, the instability will be observed almost everywhere.

We shall not analyze here in detail the questions that call for

the use of the theory of Mathieu equations. In §49 we shall give a so-

lution of this problem in a somewhat simplified formulation, in which

the solution can be obtained in terms of elementary functions.

For the derivations that follow it is also necessary to point out

that the first of the mentioned instability regions, 0.91 < q < 7.5,

is characterized by a period of 27r for the function f(z) found in the

solution of (38.26). In the next instability region 7.5 < q < 21 the

functions f(z) will have a period 7r, and then when 21 < q < 42 the

function f(z) will have again a period 27r, etc. (the inequalities writ-

ten out are approximate, and in addition they disregard the fact that

narrow intervals of the values of _ at which the separation surface

is stable are situated between the instability regions).

Since the solution to Eq.(38.26) can have two-fold instability

and in order that the instability of the separation surface (the flame

front) may be able to play the role of a feedback mechanism, it is nec-

essary that this periodicity be in suitable correspondence with the

period of the acoustic oscillations; we therefore consider the ques-

tion of the relationships between the periods.

The period of the acoustic oscillations of the gas column is

Tak = 27rw. If we change over to the independent variable z = wt/2,

then the period of the acoustic oscillations is zak = r. Thus the solu-

tions for (38.26) in those regions of the values of _ where the period

of f(z) is w will correspond to oscillations of the separation surfaQe

(flame front) with the frequency of the acoustic oscillations, wherea.:%

in the other regions of the values of _, where the period of the fun.
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tions f(z) is 2n, the period of the oscillations of the separation sur-

face will be twice the period of the acoustic oscillations.

SIt is easy to visualize that in order for a feedback mechanism

based on the oscillations of the separation surface (flame front) to

become feasible under the action of the acoustic oscillations, it is

necessary that the period of the oscillations of the separation sur-

face be twice the acoustic period. Indeed, this can be seen from the

following simple considerations. The increase that wave formation in-

troduces in the total area of the separation'surface leads, as is well

known, to an increase in the effective flame propagation velocity. In

order for the effective flame propagation velocity to change in rhythm

with the acoustic oscillations (and this is necessary if feedback is

to be produced) it is necessary that the period of the oscillations of

the flame surface be twice the period of the acoustic oscillations,

inasmuch as the area of the separation surface (of the flame front)

will increase both when it bends in the positive direction and when it

bends in the negative direction of the x axis. For greater clarity,

the corresponding diagrams are shown in Fig. 75. On the left is shown

the case when the periods of the acoustic oscillations (the variable

6p) and of the separation-surface oscillations (the variable 6x) coin-

cide. Then the period of variation of the separation surface 6s turns

out to be half the acoustic one. On the right, in the same figure, is

shown the case when the period of the oscillations of the separation

surface exceeds the period of the acoustic oscillations by a factor of

two; the change in 6s occurs in this case in the same rhythm as the

change in 6p, and this in turn makes it possible fora feedback mechan-

ism to occur.

Thus, not all the instability regions obtained in theý analysis of

Eq. (38.25) are of interest from the point of view of interaction with-
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70

Fig. 75. Connection between the
periods of the oscillations of the
pressure 6 p, the displacement 6x,
and the perturbation of the flame
surface 6s.

the acoustic oscillations; it is necessary to regard as significant in

this sense the region of values of q defined by the inequalities 0.91 <

< q < 7.5 and then the region 21 < q < 42, etc., i.e., the regions for

which the period of the function f(z) is equal to 27r.

If we compare the intervals of the values of qfor which the period

of the function f(z) is equal to 27r, then the greatest practical in-

terest attaches to the interval 0.91 < q < 7.5, which is characterized

by the smallest values of S. This follows from the following considera-

tions. The quantity

(38.27)

is proportional to the ratio hIX. The wavelength X of the perturba-

tion of the separation surface is connected with the dimensions of the

tube cross section in which the oscillations take place, and if we

disregard very high harmonics, it has the order of the characteristic

linear dimension of this section. If we assume that the order of mag-

nitude of X is known, then the first region of values of q will corres-

pond to the smallest amplitudes h0 . Let us estimate the order of mag-

nitude of these amplitudes. When 0.91 < q < 7.5 and when the heating

is characterized by pl/P 2 = 6, we obtain for hIX the following in-
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equalities:
1 < < 0,83,

"whereas for the nearest suitable region of values _, lying in the in-

terval 21 < q < 42, we have

2,3 < < 4,7.

The numbers presented are sufficiently convincing in themselves. To

realize the instability corresponding to the second interval of the

values of _, the displacement of the medium in the case of acoustic

oscillations should exceed by a factor of 2-5 the wavelengths produced

at the separation surface.

It is quite obvious that the realization of oscillations with

smaller amplitude h0 , corresponding to the first interval of the values

of _, is much more probable. In addition, it is possible to advance

also the following argument. If we consider growth of the oscillations

when mentally increasing h0 from zero, then the first suitable region

of the values of _ which is encountered is the interval 0.91 < q < 7.5.

At the same time, the changeover to the second region will be diffi-

cult, since the interval contains the region 7.5 < q < 21, in which

the maintenance of the acoustic oscillations by the considered feedback

mechanism is impossible.

We have already mentioned above that the results obtained are ap-

proximately correct also for the case of combustion, i.e., for modes

characterized by values of vI and v2 different from zero. We therefore

connect the oscillations of the separation surface with the perturba-

tions of the effective flame propagation velocity. As can be seen from

(16.5) and (16.7), the perturbation 6U of the flame propagation veloc-

ity is determined by the equation
40 6U V'-(t)- •

S6U -(38.28)
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The change in. the volume of the hot gases V (t) consists of a dis-
placement of the flame front by the stream velocity v, this amounting

to Fvdt over a time dt if the transverse cross section of the tube is

equal to F, and displacements of the flame front over the gas par-

tioles (as a result of combustion) by an amount SUndt, where S is the

total area of the flame front (which generally speaking is curved),

and Un is the propagation velocity of an element of the flame front in

a direction normal to its surface.

In the steady state, when the flame front is stationary relative

to the walls, Fv + SUn = 0. Consequently, in perturbed motion V (t)

changes within a time dt by an amount

(F6u + U,6S + S6U.) dt.

If we regard Un as a constant quantity, then the last term in the sum

written out above vanishes. In many cases this assumption can be re-

garded as correct in the first approximation, so that we can set

OVr (t) = F6v + U6S.

Substitution of this equation in (38.28) yields the following expres-

sion for the perturbation of the effective combustion velocity:

U sn (38.29)

We recall that an increase in the absolute value of the effective

combustion speed corresponds to a displacement of the flame front

toward the cold mixture, i.e., in a negative direction of the x axis.

If we continue to consider the planar problem of the flame-front

perturbation, then the area of the flame-front surface (for unit length

in the direction of the z axis) will be directly proportional to the

height of the waves formed on the separation surface, i.e., propor-

tional to the absolute value of 6x, which is given by Formula (38.20).

As was shown somewhat earlier, A4 can under certain conditions fluctu-
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ate with a period equal to double the acoustic-oscillation period, and

then the absolute value of A4 will change in time with the same period

') as the acoustic oscillations. Expanding in this case the difference

16x1 - j6XIsr in a Fourier series and discarding the higher harmonics

of the expansion, we can write

I .x I -I6.r 1, = f •sin (W+I , (38.30)

where 16Xlsr is the average absolute value of 6x for a specified posi-

tion of the point under consideration on the y axis.*

But then 6S will oscillate about a certain average value in ac-

cordance with an analogous law:

S = B2 in (,,, + 4p). (38.31)

Thus, the perturbation of the effective flame propagation veloc-

ity 6U (38.29) will also change at the same frequency as the acoustic

oscillations. This indicates that the feedback loop has been closed:

the acoustic oscillations of the medium (more accurately, the accelera-

tions connected with them) have led to a periodic wave production on

the surface of the flame. This wave production has led to a pulsating

change in the effective combustion speed, having the same frequency as

the acoustic oscillations, and this, as is known from Chapter 4, will

again give rise to acoustic oscillations if the amplitude-phase rela-

tionships are suitable.

In the present chapter, devoted to searches for possible feedback

mechanisms, there is no need for making more precise the phase 9 in

Formula (38.31). It is sufficient to demonstrate the fundamental possi-

bility of self-excitation of acoustic oscillations as a result of de-

formation of the flame front when the medium oscillates. The problem

of the realization of such a form of self-excitation will be solved in

greater detail, as was already mentioned, in §49.

In conclusion, attention should be paid to one singularity of the
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considered feedback mechanism. Wave production on the flame surface is

a typical parametric-resonance process: as a result of the periodicity

of an essential parameter of the system (in this case acceleration),

oscillations are excited on the surface of the flame front. The excita-

tion of such oscillations can lead to an increase in the amplitudes of

the wave formation on the front of the flame without an increase in

the amplitlide of the acoustic oscillations. Thus, feedback of the type

considered is more complicated in a certain sense than the feedbacks

described in the preceding sections. This raises certain difficulties

in a rigorous analysis of the problem as a whole. A more complete

study of this question is beyond the scope of the present book.
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Manu-
script [Footnotes]
Page

No.

297 The symbol '* is used below as shorthand notation for the
effective perturbation of the heat supply Z*e (16.14).

309 Strelkov, S.P., Bendrikov, G.A., and Smirnov, N.A., Pul'sa-
tsii v aerodinamrcheskikh trubakh i sposoby dempfirovaniya
ikh [Pulsations in aerodynamic tubes and methods of damping
them], Trudy TsAGI [Transactions of the Central Aerohydro-
dynamical Institute], No. 593, 1946.

329 Crocco L., Journal of the Amer. Rocket Society 21, No. 6.,
163-176, 1951; 22, No. 1, 7-16, 1952. Russian translation:
Problems of Rocket Technology, No. 3 (9), 1952, pp. 9-31.

333 L.D. Landau and Ye.M. Lifshits, Mekhanika sploshnykh sred
[The Mechanics of Solid Media], Gostekhizdat [State Pub-
lishing House for Theoretical and Technical Literature],
1953.

333 This limitation can be readily lifted.

336 Markstein, G., Journ. of the Aeronautical Sciences, No. 3,
1951. There is a Russian translation: Markshteyn, Eksperi-
mentalrnoye i teoreticheskoye izucheniye ustoychivosti
fronta plameni (Experimental and theoretical study of the
stability of a flame front], Voprosy raketnoy tekhniki
[Problems of Rocket Technology], 1951, No. 4.

341 Curvature is assumed positive when the flame front is convex

in the direction of the hot gas, C)26x/ay 2 < 0.

343 Markstein, G.H., Squire, W., On the Stability of a Plane
Flame Front in Oscillating Flow, Journ. Acoust. Soc. Amer.,
1955, Vol. 27, No. 3.

354 In actual fact the phenomenon is somewhat more complicated,
since A4 includes an exponential function of the time as a
factor.
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Manu-
script [List of Transliterated Symbols]
Page

No.

295 r = g = goryucheye = fuel

296 0 = f - forsunky - nozzles

303 cr = sg = sgoraniye = combustion

316 xoA = khol = kholodnyy = cold

316 rop = gor = goryachiy = hot

331 x = i = induktsiya = induction

349 aK = ak = akusticheskiy = acoustic

353 H = n = normal'nyy = normal

354 cp = sr = sredniy = average

356 3 = eff = effektivnyy = effective
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Chapter 8

CALCULATION OF SELF-OSCILLATIONS TAKING INTO ACCOUNT

THE NONLINEAR PROPERTIES OF THE HEAT-SUPPLY ZONE

§39. General Characteristics of Self-Oscillations

It was already mentioned many times earlier that vibration com-

bustion and other analogous processes are typical examples of self-

oscillations. This manifests itself, in particular, in the fact that

vibration combustion occurs suddenly, apparently without any vis-

ible cause. At the instant when the necessary conditions have arisen

the amplitudes of the oscillations execute a sharp and almost instan-

taneous jump. The latter can be seen well, for example, from Fig. 76,

which shows the average values of the pressure-oscillation amplitudes

in a subsonic stream of air in which oscillations were excited by com-

bustion. The plot in the indicated drawing is in the form of the de-

pendence of the ratio of the pressure-oscillation amplitude 6p in a

certain section of the stream to the oscillation amplitude that is

characteristic for normal (quiet) combustion 6pn in the same section

on the excess-air coefficient a. The experiment whose result is plotted

in Fig. 76 reduced to gradually enriching the mixture (decreasing a)

after igniting the combustible mixture, and as the mixture became en-

riched the pressure-oscillation amplitudes were recorded for some sec-

tion of the tube. It is seen from this experimental plot thatin a cer-

tain range of variation of a (from a = 2 to a = 1.38), no change takes

place in the pressure-oscillation amplitude. Then, following the al-

most insignificant change in a from 1.38 to 1.34, a sudden jumpwise
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five-fold increase in amplitude is observed. With further decrease in

a, this amplitude remains practically constant. In addition to the

jumpwise change in amplitude, the transition through a = 1.38-1.34 is

accompanied also by a change in the character of the oscillations them-

selves: whereas for a > 1.38 the oscillations were indeterminate and

variable, and had components with a large variety of frequencies, for

a < 1.34 clear-cut oscillations were observed comprising one or some-

times two harmonics characteristic of the acoustic properties of the

tube as a whole. Both types of oscillogram are shown in Fig. 68.

Z_ J I

Fig. 76. Change in relative
amplitude of the pressure os-
cillations on going over to
vibration combustion. 1) Vib-
ration combustion; 2) normal
combustion mode.

Such a behavior of the oscillating system can be explained in the

following manner. When a > 1.38 the system is stable and the observed

pressure oscillations are the consequences of the turbulence of the

flow, pressure perturbations connected with combustion, etc. Somewhere

between a = 1.38 and a = 1.34 the system becomes oscillatory-unstable

with respect to small perturbations; the amplitudes of the harmonic

that has become unstable begin to increase rapidly, and this harmonic

p becomes dominating. The growth of the amplitudes of the harmonic
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that has become unstable is stopped by phenomena connected with the

nonlinear properties of the system, which will l'e discussed below.

Inasmuch as the rate of growth of the oscillation amplitude of

the unstable harmonic is sufficiently large (it usually reaches a

steady-state value after 2-3 oscillations, i.e., within small frac-

tions of a second), the changeover from the normal combustion to the

vibration combustion occurs practically instantaneously.

As is well known, linear theory is capable of answering the ques-

tion of system stability, but an actual calculation of the self-oscil-

lation amplitudes is impossible within the framework of linear theory.

Very frequently the amplitudes of self-oscillations are of no interest

and their calculation is superfluous. In such cases it is possible to

confine oneself to linear theory. Such requirements are imposed, in

particular, on the theory whenever self-oscillations cannot be tol-

erated. Indeed, if vibration combustion must not occur (since it

threatens to destroy the furnace or the engine), then it is sufficient

to solve the problem of the stability of the process, and then see to

it that the parameters of the system do not go beyond the stability

limits. The situation is different if self-oscillations are the work-

ing mode, as is the case for example in furnaces with vibration igni-

tion of the fuel. Then the calculation of the amplitudes is essential.

Of course, this is not the only case when it is necessary to know the

amplitudes of the self-oscillations; it may also be useful when it is

necessai.y to estimate beforehand the magnitude of the amplitudes so as

to solve the question of whether self-oscillating operating modes of

the apparatus are permissible. In brief, cases may arise when calcula-

tion of the self-oscillation amplitudes is essential, i.e., it is nec-

essary to take into account those properties of the oscillating system

which cannot be described by linear relationships; these properties
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will for brevity be called henceforth the essential nonlinearities.

From among the many nonlinear processes that accompany vibration

combustion, one must separate the most important ones, leaving out the

others so as not to make the solution of the problem excessively dif-

ficult. Losses with nonlinear characteristics can be localized in three

ways. First, they can be distributed along the flow axis (friction and

losses connected with the nonlinearity of the hydromechanics equations).

Second, they can be connect.ed with the radiation of energy from the

ends of the tube; the corresponding condition can be given in the form

of the dependence of the acoustic impedances on the ends of the tube

on the oscillation amplitude. Finally, it is possible to assume that

the heat-release process (combustion) differs appreciably in the case

of sufficiently large amplitudes from that represented by the linear

relations.

Attentive analysis of the experimental data shows that in a tre-

mendous majority of cases it is possible to speak with full certainty

of the dominating significance of the nonlinearities inherent in the

combustion process. We shall therefore consider only this case in the

present chapter. At the same time, the method employed below can be

readily extended to include also a wider circle of problems.

In the preceding chapter we have given numerous examples of feed-

back mechanisms capable of leading to self-excitation of the oscillat-

ing system. The specific course of the solution of the problem depends,

of course, on which of these feedback mechanisms is considered in the

problem; however, the general solution procedure will not be notice-

ably modified on going over to a different mechanism. Therefore, al-

though the solution given below does make use of one specific feedback

mechanism, it must be regarded as an illustration of the application

of •he general method. The choice of feedback mechanism for tle prob-
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lem given below was made in such a way as to enable us to compare the

calculated results with the experimental data.

§40. Essential Nonlinearities in the Combustion Zone

The considerations presented in the preceding chapter indicate

that in order to describe the oscillations of the gas columns lying to

the left and to the right of the combustion zone we can use, as before,

the linear equations of §4, whereas for the combustion zone a it is

necessary to take into account the essential nonlinearities. The first

of these statements is well confirmed by experiment: the pressure

standing-wave patterns calculated from the linear theory are in good

agreement with the experimental ones plotted during self-oscillations

(Fig. 53). The correctness of the second statement will be demonstrated

below.

We shall assume that the heat-supply process in the combustion

zone depends on the oscillations of the gas stream. Let this dependence

manifest itself in two ways: the flame front will be mobile and, in ad-

dition, the amount of heat released per unit mass will not be constant,

i.e., we assume that 0* / 0. With respect to the mobility of the flame

front we shall assume the following. Let the effective velocity of

flame propagation relative to the tube walls N, defined by Formula

(16.5), coincide with the instantaneous value of the oscillating com-

ponent of the velocity 6v 1 . Physically this means that the oscillating

stream will "drag" the flame front behind it. Such an assumption makes

it easily possible to find the quantities U1, U2, and 33, which enter

into the system (15.7) that describes the properties of the surface Z

(the region a), with the aid of Relations (16.2), (16.3), and (16.4).

The quantity %g + •l' which figures in the last equation of the sys-

tem (15.7), will be determined somewhat later.

It must be noted here that the use of the system (15.7) is per-
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., : .. " only for a problem defined by linear re-

lations. Retaining the assumption of the possibility of describing by

means of linear relations the processes at the ends of the tube and

inside it, outside the heat-supply region a, let us assume also that

inside the heat-supply region all the quantities will continue to be

related by linear equations, with the exception of the term isg + qly

i.e., wvih th3 exception of the perturbation of the heat supply itself.

As will be clear from what follows, the last limitation is not a prin-

cipal one and can be readily lifted. This possibility is not used here

in order not to make the solutions of the problem too cumbersome.

Let us use the system (15.7) and Relations (16.2), (16.3), (16.4),

and (16.5), and let us also recognize that on the basis of the kinetic

condition (16.6) we have

6v, + 6U, - 6va + 6U, - 6N.

Then, on the basis of the assumption made at the beginning of the

present section, namely that 6vI = 6N (the value of N must obviously

be zero in a stationary flow), and changing over to dimensional vari-

ables, we recast the system (15.7) in the form

Q2 6vI + V, 6 Qi =, Qe 60 + V2 6eQ,

v' 6Q, + 2 e,v. 6v, -I, 6p, = v: 6Q2 + 20,v, 6u, + 6p,,
u s 4• , . P.1 U,

2± qt ](4.1)

-1 I6Pa + QIUV1 69
"-, 6Q8 + (Q eav: + , p.) 6D. - . 6P,-

We recall that ql is the latent chemical energy per unit mass of

combustible mixture. The absence of the term q2 indicates that total

combustion is assumed in the stationary process (nig = 1). Prom a com-

parlson of Eqs. (40.1), (15.2), (15.4), and (15.7) we can readily see
that
... 6q - F (q1 ; via,).

(40.2)
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i.e., account is taken of the change in heat supply both due to the

change in the latent chemical energy per unit mass of the combustible

mixture and due to the change in the completeness of combustion. In

the linear problem it would be necessary to write 6q = 5sg6ql + qldnsg,

but assuming that the most essential nonlinearity is connected with 6q,

we have introduced here a more general notation.

We shall seek the form of the nonlinear function 6q. To this end

it is first necessary to make more precise the character of the phys-

ical process under consideration. We choose a certain idealized scheme

which is most readily realizable under laboratory conditions. The re-

gion of heat supply a of the laboratory installations mentioned above

is characterized by two singularities: the poorly streamlined bodies

which stabilize the combustion process are small in dimension, are suf-

ficiently densely placed, and all lie in one section, so that the

length of the region of intense combustion behind the stabilizers can

be assumed to be small compared with the length of the hot part of the

tube (the length of the backwash zone behind the stabilizers is approx-

imately proportional to their diameter); a second feature is that the

nozzles which supply the fuel are located in the immediate vicinity of

the stabilizers (ýf on Fig. 67 is close to zero).

S6 Let us represent these singularities

by means of the diagram shown in Fig. 77.

Let the sections 1 and 2 represent the

boundaries of the zone where the mixture

is prepared and where the combustion

takes place, and let the distance 1 be-

Fig. 77. Diagram of the tween them be small. We assume that all
combustion zone assumed
in the calculation. the fuel injected by the nozzles a

spreads instantaneously over the entire volume between sections 1 and
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2 and is combusted in section 2 behind the stabilizers b. We shall

take into account the time required for this purpose later on by in-

troducing a delay time. If we assume that the fuel is fed by the noz-

zles at a constant rate of flow, Gg = const, independently of the os-

cillations of the gas medium, then the change in the content of

fuel mass in the volume of the region a, a volume equal to V = 1F

(where F is the cross section of the stream), will be

Grdt - QrF dt.

where pg is the average density of the fuel in the volume IF and v is

the stream velocity.

Dividing the expression obtained by IF we obtain the change in

the fuel density in the volume IF:

I.

de, ,- d,. (40.3)

This equation describes the change in the fuel density also in

section 2, in which the combustion takes place.

In order to integrate Eq. (40.3) it is necessary to specify v =

= v(t). We shall consider steady-state oscillations, i.e., we set

v-+.4+A.sinwI. (40.4)

After substituting Expressions (40.4) into (40.3), it assumes the

form
dO.A -- Be, - C•, sin (at.78 (4o.5)

The solution of Eq. (40.5) cannot be represented in terms of ele-

mentary functions. The solid lines in Fig. 78 show the numerical solu-

tion of this problem under the condition that pg = 0 at the instant

-, 0. The example presented has been taken for flow parameters in

that laboratory setup in which the experiments were carried out for

,th•p comparison of the theoretical calculations with the experimental
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data. It was assumed in the calculations that v0 = 50 m/sec, AV = 50

m/sec, 1 = 0.2 m, and the fuel flow G is such that in the absence of

oscillations (AV = 0) it yields pg = 0.008 (this corresponds approxi-

mately to an excess-air coefficient a = 1). It is necessary to explain

here why the amplitude of the velocity oscillations A was taken inV

this example to be equal to the average stream velocity vO. The point

is that in this case the singularities which can lead to the occurrence

of nonlinear relationships between the velocity oscillation and the

heat release become most clearly pronounced in this case. Indeed, as

can be seen from Fig. 78, in the case under consideration ag fluctu-

ates between 0.004 and 0.0225 for Q = 32 cps, which corresponds to

fluctuations of the excess-air coefficient from a 2 to a = 0.35. For

Q = 16 cps, this range is even wider. It is quite clear that with such

fluctuations of the composition of the combustible mixture, the com-

pleteness of the combustion will change in the strongest fashion and

will undoubtedly be nonlinear. This question will be considered in

greater detail below.

It is easy to see from Fig. 78 that the oscillations of pg set in

very rapidly, and the curve pg = Pg(t), once the oscillations have set-

tled, is quite close in form to the sum of two sine waves with a fre-

quency ratio equal to 2. We shall therefore seek an approximate solu-

tion of Eq. (40.5) in the following manner.

We assume that the approximate relation pg = Pg(t) can be written

in the form
QrQ, + D sin (wt + p) + Esin (2wt + a). (40.6)

Substitution of this equation into (40.5) enables us to determine

the constants contained in (40.6):
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Fig. 78. Theoretical variation of
the amount of fuel in the combustion
zone in the case of oscillation of
the air flow in the plane where the
fuel nozzles are located. 1) cps; 2)
sec.

P-arctgT, V-arctg-, f= --- ,

fillip+ CS ewe
ip , arctg . .

A COS4P (40.7)

A

DM- -W8+ C' - 0 • (_c cC v ) 4 4-( aT---7- sn (p + a)- D Co

Em , CD

In order to illustrate the accuracy of the approximate solution

obtained, Fig. 78 shows dashed curves calculated by Formulas (40.6)

and (40.7). Inasmuch as the agreement with the exact solution is quite

satisfactory (this is confirmed also by other calculations), we shall

v*ploy henceforth the approximate procedure. @

The functions p- pg(t) were obtained for different frequencies

-366-



Sand different amplitudes of the oscillating component of the veloc-

ity A v . Figure 79 shows by way of an example such curves for f = 48

• cps and for different values of A v. Analogous relationships were con-

structed also for 0 = 16, 32, and 100 cps (this range covers the fre-

quencies observed in the experimental setup).

Unlike the preceding example, it is assumed here and below that

in the absence of oscillations the combustion chamber operates with

a = 1.5. On the basis of the pg = Pg(t, 0, Av) curves, heat-release

curves were plotted as a function of the time. For this purpose an ar-

bitrary plot of the dependence of the completeness of combustion on

the excess-air coefficient was used (Fig. 80). The function Isg = nsg(a)

(which has purposely been simplified) expresses the principal properties

of such a dependence: in a certain range of a (here 1 < a < 2) the com-

pleteness of combustion is practically constant and close to unity. To

the left and to the right of this region the completeness of combus-

tion decreases sharply, becoming equal to zero in the case of a very

rich and a very lean mixture (in the case under consideration, when

a = 0.4 and a = 4). It must be noted that a refinement of this depend-

ence would not be meaningful. On the one hand, this would change only

slightly the quantitative but not the qualitative results of the cal-

culation, and on the other hand, a relation which is made more precise

in accordance with the results of experiments set up at stationary

modes could be used for calculations of nonstationary (vibration) com-

bustion only by stretching the point considerably.

The quantities pg and a are obviously inversely proportional to

each other, if we disregard oscillations of the density of the air

connected with the oscillations of pressure. Inasmuch as the relative

oscillation of the pressure is much less than the relative oscillation

of the velocity, this dependence was not taken into account. Therefore
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Fig. 79. Change in the amount of fuel in
the combustion zone at different ampli-
tudes of velocity oscillations in the
plane containing the fuel nozzles.
1) sec.

V"o Tjsg

4,40

44-

41 1 a

Fig. 80. The dependence of the in-
stantaneous completeness of combus-
tion on the excess-air coefficient
a used in the calculations.

the connection between Pg and a was assumed to be as follows: a -

- 0.0078/pPg* Using this connection between pg and a and the plot of

qsg = TIsg(a), we plotted curves of Pg5sg = f(t). Such curves express,

on a certain scale, the dependence of the heat release on the time.

These graphical dependences were expanded further in Fourier series,

and for each curve the first harmonic of the series, corresponding to

the frequency w of the velocity oscillations, was separated. The sepa-

ration of this harmonic is physically Justified, for acoustic oscilla-

tions with frequency w will be maintained by heat-release oscillations
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which occur at the same frequency.

As a result of such a calculation we obtained the amplitude of

the sought harmonic of the Fourier series, A,, and its phase shift

relative to the velocity oscillation, (l:

8q = const A, sin (wt + q)) (40.8)

(the chemical energy per unit mass of combustible mixture is assumed

invariant; it is characterized by the dimensional constant introduced

here). Here

.940

2, = A , (A;•) ,=q,(• )

RAWZ

Fig. 81. Variation of the amp-
litude A1 as a function of the
absolute value of the velocity
perturbation ahead of the com-
bustion zone. 1) cps.

Calculations made for the frequencies Indicated above and for

AV =10, 20, 30, 40, 50, 60 rn/sec have shown that the value of Tfluc-

tuates about r1 and deviates only slightly from this value. It was

therefore possible to assume 91 = 7T. The dependence A1 = A1 (AV; w) is

shown in Fig. 81 for the three frequencies of greatest interest. The
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curves calculated for the other frequencies are similar. The most im-

portant properties common to all the curves are the following: the

curves start from the origin, reach a maximum, and then again cross

the abscissa axis somewhere between 16v1 = AV = 50 m/sec and 16vl =

= AV 60 m/sec. To facilitate further calculations, it was decided to

.neglect the dependence of A1 on the frequency. This neglect is not too

crude, for it can lead only to an insignificant quantitative change in

the results and does not change their nature at all. The form of the

curve A1 . = AI(Av) was approximately represented by the quadratic parab-

ola

A= 0,00000293 (56 - A,) A.. (40.9)

Before we proceed to further exposition of the solution of the

problem, it is necessary to indicate the reason why in the example un-

der consideration all the A1 = Al(Av) curves cross the abscissa axis

at 50 m/sec < A < 60 m/sec. For small frequencies this effect is nat-

ural, for at sufficiently large Av the mixture becomes periodically

excessively rich and excessively lean, which affects the combustion

process adversely. For high frequencies such processes of excessive

enrichment and excessive leanness do not have a chance to develop, but

on the other hand a different process continues to act, being con-

nected with the disruption of combustion when Av > VO. When the oscil-

lating component of the velocity 16vlj = Av becomes larger than the

average stream velocity vO, the flow begins to move in the opposite

direction, and the combustion at the stabilizers (which are located

near the section 2) ceases, since the fresh mixture no longer reaches

them (the combustion that continues on the free surface separating the

cold and hot gases plays a relatively small role). This state continues

not only during the time of motion of the combustion products in the

noeptive x-axis direction, but also when the flow resumes its positive

- 370 -



direction, until a new mixture begins to flow into the stabilizer zone.

After this, the combustion proceeds very poorly for a certain time,

1) inasmuch as the fresh mixture is strongly overenriched, since it

crossed the region where the nozzles are located three times (forward

crossing, then return of the mixture when the gases flowed in the op-

posite direction, and finally again crossing during the motion in the

positive direction). These circumstances are manifest in the plotting

of the curves pg sg = f(t), on the basis of which the values of A1

were determined. It is precisely these phenomena, which are connected

with the jumping of the flame into the region ahead of the stabilizers,

which lead to a sharp decrease in A1 when Av > v0 .

§41. Oscillations in the Absence of Losses at the Ends of the Tube

In the preceding section we obtained nonlinear relations describ-

ing the process of vibration combustion in the region a. Many simplifi-

cations have made it possible to reduce the nonlinearity to a single

quadratic dependence. The method developed below is suitable also for

more complicated dependences, but it is hardly advantageous to make

these nonlinearities more precise here, since the process of vibration

combustion at large amplitudes of the stream velocity oscillations has

still not been well studied. Under these conditions, any kind of re-

finement which can be introduced at the present time would be unavoid-

ably offset by crude assumptions concerning the character of the com-

bustion process. Therefore the idealization assumed in the preceding

section describes only the fundamental and decisive aspects of the in-

vestigated phenomenon.

Unlike the preceding chapters, we shall solve the problem in the

variables (u, w) in place of (6p, 6v). (The connection between them is

given by Formulas (4.5).) The changeover to the variables (u, w) is

due to the following considerations. The excitation of the oscillat7..m
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is connected, as is well known from the preceding, with the amplitude

and the phase of 6q relative to the phase of the oscillation of the

air masses. In order to follow these parameters in terms of the vari-

ables ( 6p, 6v) it would be necessary to follow simultaneously both the

phases of 6p and 6v and their amplitudes, inasmuch as the latter vary

with the oscillation frequency (for a specified position of the heat-

supply region a along the tube), in view of the variation of the stand-

ing waves of 6p and 6v. The variables (u, w), independently of the os-

cillation frequency, have amplitudes that are constant along the flow

axis, so that it is possible to trace only the variation of the phase

relationships in solving the problem.

In the present section we consider a case where there are no losses

at the ends of the tube. As was already mentioned, this corresponds to

boundary conditions in the form of nodes of 6p or 6v. Let us assume,

for the sake of being definite, that the system has pressure nodes

6p = 0 on both ends. In the new variable this condition assumes the form

u = w. (41.1)

Actually, according to (4.5) we have

v I 1+" (41.2)

from which Condition (41.1) follows immediately.

Let the origin be located on the plane Z (Fig. 22), and let the

introduced variables have values u0 and w0 on this plane. If the coor-

dinate of the end of the tube is ý, then, on the basis of the expres-

sions (4.12) for u and w and using the condition (41.1), we can write

the following equation

U41 exp it -- + W4 Gt- o RAT) --' t)

It is assumed in this equation that iW= ±, i.e., that the oscil-

lations have already been established. If we denote the phase shift
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between u0 and w0 by 7, then the last equation makes it possible to

obtain its value
2

2 WE .(4 1 .3

It is obvious that in the problem under consideration it will be

necessary to distinguish between two angles 'y, one corresponding to

the left side of the discontinuity surface Z and the other to the

right side. They will differ in the fact that

for the left side this angle will depend on

the values of Ml, cl' and el' while for the

right side it will depend on M2, W2' and ý2"

41 ,In order to establish the relative phase

shifts between u 0 and w0 on the left and on

Fig. 82. Diagram the right of Z it is necessary to introduce
showing the angles

Son the vector dia-
gram of the quanti- still another angle, for example between u0

ties u and W. for the left side and u 0 for the right side.

We denote this angle by a. Then, aligning u 0 for the left (cold) side

of Z with the abscissa axis, we can draw the vector diagram for u 0 and

w0 as shown in Fig. 82.

The angle a is determined by the properties of the surface Z,

which are expressed by the system (40.1). Using the first equation of

this system and the condition that the flow is isentropic in the cold

side, 6 pl = 6p/al2, we eliminate 6p, and 6 p2 from the two last equa-

tions of the system. With the aid of Formulas (41.2) we transform fur-

ther to the system of variables u and w. Let the numerical example un-

der consideration be characterized by the following data:

P1 - 0.125 kg.sec /mrd; v 1  50 m/sec; p, = 10,000 kg/m2 ;

TI = 300'K; T2 = 1800 0 K.

C, Then, after carrying out the calculations, the system (40.1) as-
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sumes the following form (the subscripts 01 correspond here to the

left side of the plane Z, and 02 corresponds to the right side):

M 0,583 u ,- 0,175 u,, + 0,00289 6q, (41.4)
1o12 -= 0,385 u1, ± 0,792 1, -. 0,00603 6q.

The system (41.4) relates vector quantities. To change over to

scalar relations we project these vector equations on the x and • axes

(Fig. 82). From the four equations obtained by projection we eliminate

cos a and sin a. We recognize further that in accordance wiýh (41.2)

in the case of steady-state oscillations the amplitudes u and w are

independent of t, i.e., on the basis of the assumed boundary conditions

we have luo 1 1 = 1woll and 1u0 2 1 = 1w0 2 1. We then obtain after suitable

transformations the following scalar relations:

u81 (0,583 cos 2- 0, 175 Cos y, cos V- +-
- +- 0,175 Fn , y, .in y, + 0,792 cos V, + 0,385) (

- (0,00603 - 0,00289 cos y,) 6q. + 0,00289 sin y, 8qy, (841.5)
u,, (0,583 .-in ) - 0,175 cos y, sin Y, -

- 0,175 sin y, cos y. - 0,792 sin y,) -

= (0,00603 - 0,00289 cos y2) 6 q -- 0,00289 •in y2 6q."

We have omitted the absolute-value sign of u0 1 in the last equa-

tions, since we have previously introduced the condition that the vec-

tor U 1 is always directed along the positive abscissa axis. The quan-

tities 6qx and 6qy occurringin the right halves are projections of 6q

on the x and y axes.

Let us now find the values of 6qx and 8qy. In the numerical exam-

ple considered, the constant appearing in Formula (40.8) is equal to

2.27.108 m6 /kg sec4 . It was already Indicated above that in the calcu-

lations it is necessary to include only the first harmonic of the ex-

pansion of the function 6q in a Fourier series, as given by (40.9).

Using Formula (41.2) for 6v we can readily obtain the value of 16vOl,

which coincides by definition with Av of (40.9):
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Using (41.3), we can recast the formula obtained in the form

,•.4,= 1vol Y2 (I' , + cos ,). (41.6)

Including only the first harmonic of the Fourier expansion we re-

write (41.6) on the basis of (40.8) and (40.9), in the form
8q665 (5!- ,et2(I + co v,)) V 2 (1 + -oCvS)

8qv 6 87 87

Here 6q is numerically equal to the absolute value of i6•I, but

when AV > 56 it can assume negative values. Therefore the absolute-

value sign has been left out in the left side of the equation.

The phase of 6`'was already determined above (with respect to 6Vl),

and its value is 1 - T, i.e., we can assume that the heat supply 6`q

oscillates in phase opposition with the velocity 6v 1 . As follows from

the second equation of (41.2), by virtue of the condition IwI = jul

the vector 67will be directed along the bisector of the angle between

u and W, i.e., in accordance with Fig. 83, it will make an angle 7'/2

with the abscissa axis for the left side of the plane Z, the abscissa

coinciding with the direction of u0 1. The angle 'l must be distin-

guished from the angle y1. The latter can have any value, whereas the

former does not exceed 7t in absolute value, since it is used to con-

struct the bisector. The connection between yl and y'1 is given by the

obvious equation
V;= y, - 2k.,

where the integer k is chosen such that

-*a< Y < 3.

Taking the foregoing into account, it is easy to see that the

phase angle of 6q with respect to 701 will be equal to y'i/2 + 7r. In-

troducing the notation

(41.7)
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we obtain the following obvious equations

for the projections of the vector 6r on

/ :12 the coordinate axes:

/t "(41.8)•,, 6q, - 69 Wn .

In the case under consideration

Fig. 83. Determination of this yields:
the direction of the vec- 6q.m 885 (56-u"V20 +coy, x
tor Zq in the absence of __T

losses or delay. 1) Grad vO. x -V2(l+cos Y) coap,a0,M-65 (56 - utvF(, + -cos ,) ) x
x -•L V0(1 + cosy 1) sin .

(41.9)

Substitution of the obtained values of 6qx and 6• into the sys-

tem (41.5) enables us to find the two sought-for quantities, namely

the circular oscillation frequency wI and the amplitude u0 1 . These

quantities determine completely all the parameters of the oscillating

system.

It must be pointed out first of all that a solution of the system

will be u0 1 =O, independently of the frequency wl" However, this solu-

tion (absence of oscillations) is of no interest.

Assuming that u 0 1 / 0, we divide the left and right halves of

both equations in (41.5), taking account of (41.9), by uOl. Then the

system (41.5) becomes linear and inhomogeneous with respect to the

variable uOl. The quantity u0 1 is readily separated in each of the two

equations of the system. Taking wl as a parameter, we plot curves of

u 01as a function of wI in accordance with both equations. The points

of intersection of these curves yield the sought-for solutions.

We have assumed so far that there is no delay whatever in the com-

bustion zone. Such an assumption is patently unfounded. Indeed, both
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the atomization of the fuel by the nozzles and the mixing, evaporation,

and ignition require a certain amount of time. This delay causes the

phase of the heat supply to be shifted relative to u 0 l not by an angle

0, but by a certain angle 0 + 0. Inasmuch as the possible values of

the delay are unknown, we shall vary 0 in order to estimate the in-

fluence of this factor on the steady-state self-oscillation mode.

Figure 84 shows a diagram of the stability boundaries, constructed

on the basis of Eqs. (40.1) by the method described in §19 (the region

corresponding to instability is shaded). The diagram shown in Fig. 83

indicates that the angle % which is added to 0 to take into account

the delay must be reckoned from a direction opposing the direction of

the vector 6v. In constructing the stability boundaries shown in Fig.

84, 67 was directed along the positive ordinate direction, so that the

angle 0 is reckoned from the negative direction of the ordinate axis.

Let us denote by O' the angle between the vector 6` and the direction

opposite to 67, assuming that the vector 6p has a perfectly defined

orientation (to the right). For a specified angle y1 we can always

readily establish the mutual placement of 67 and 6rFand measure the

angle )', which will either coincide with 0, or differ from it in sign.

On going over from 16vOil < 56 m/sec to 16vOll > 56 m/sec, the quan-

tity 6q reverses sign, as can be readily seen from (40.8) and (40.9).

Inasmuch as in the procedure for calculating the stability boundaries

6q can reverse sign only by rotation, it is necessary to add w to the

phase of 6q in order to obtain the angle 0' for 6vrOil > 26 m/sec.

Thus, the transition from 0 to 0', depending on the mutual orientation

of 6V and 6p, must be carried out in accordance with the following

formulas

0' = 0 or -' --a for j6vo11 < 56 m/sec,

0' = 7r + 0 or 0' w - 0 for I6vo11 > 56 m/sec.
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Fig. 84. Stability diagram for the
computed example.

For such a rule for measuring the angles 0', the presented diagram

of the stability boundaries leads us to expect that the oscillating

system will become excited at approximately -9 0  < o, < 1400.

Similar calculations, carried out in accordance with the pro-

cedure described above, confirm this statement. We present below re-

sults of such calculations. The table listing the characteristics of

the self-oscillations contains, in addition to the frequencies W1 and

the amplitudes of the oscillations of the velocity 16volj satisfying

the system (41.5), also the angles 0. All three quantities are plotted

as functions of the angle ,. The cases for which there exist no solu-

tions of the system (41.5), if we confine ourselves to the first three

harmonics, are stricken from the table. All the calculations have been

made, for the sake of being specific, for a central position of the

plane Z along the tube: ýl = -0.5; t2 = 0.5. This position of the heat-

supply zone corresponds to the experimental data used below.

One remark must be made with respect to the solutions of the sys-

tem (41.5) listed in the table. The solutions obtained here should

have been analyzed from the point of view of the stability of these

periodic solutions, in analogy with the theory of self-oscillating sys-
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Characteristics of Self-Oscillations

* 0 1, i 61. 0 *1 16roiI *I 6sa

00 . z0 12,5 54,7
30 -- -- 30' 7,5 51,7 30' 12,5 55,8
600 .1o* .4.5 ,58.5 600 7,9 49,7 60' 12,5 35,2
90' '90' "4,7 '56,8 909 8.1 52,0 90' 12,4 55,7

120' 'GO* '4,7 *57,0 120' 8,2 47,2 - - -
150' '30' '5,1 '58,0 - - - '330' *12,5 '56,2
180' - - - *0' '12,5 '56,2
210' - - - *300 '7,1 '|C1.2 30' *12.,5 *56.2
240' 120' 4,5 51,5 *600 *7.9 *58,2 *600 '12,5 '57,0
270' Jo 4,7 53,7 .900 '8,0 ',,8 *W0 012.6 *57,0
300 60' 4,7 53,3 '120' '8,1 *66,8 - - -
330' 30' 5,M 52,0 - . . 330' 1 12,5 154,8

l3 First harmonic; 2) second harmonic;
3) third harmonic.

tems for which stable and unstable limit cycles are known. However,

such an analysis will not be carried out here. In its place we shall

present approximate qualitative considerations, which enable us to

break down all the solutions into two types. The first type includes

the solutions which yield 16vOil < 56 m/sec, while the second contains

those yielding 16rOil > 56 m/sec.

For the solutions of the first type, as the oscillations develop

(as 16v 0 1 l increases) the vector 6q will at first be directed into the

shaded region of the diagram shown in Fig. 84 (this is seen from the

values of the angles 0'), and the system will be unstable (the ampli-

tudes of the oscillations will increase). After going through the value

16v 0 1 1i, corresponding to the solution, the system becomes stable;

this can be seen from the fact that further increase in 16vOil will

lead more readily to a change in the sign of A1 , i.e., to a rotation

of the vector 6q by 7r, after which it will be directed toward the un-

shaded region of Fig. 84. Thus, the solutions of the first type give

stable oscillations: when 16v 01 1 < 16v olI the oscillations will in-

crease in amplitude, and when 1 ov01 1 > 16v 0 1 1i they will decrease.

As regards the solutions of the second type, we can advance anal-
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ogous considerations, which indicate that in this case stable station-

ary oscillations are impossible. Indeed, denoting the amplitude of the

velocity oscillations for the solution of the second type by 16v 0111i,

we can readily visualize that if the angle 0' when 16voil - 16vOlln1

is such that the vector 6*is directed toward the shaded region on

Fig. 84, then when 16vOll < 56 m/sec < 16vOllII it will certainly be

directed toward the unshaded part of the diagram. This means that the

amplitudes of 6v 0 1 will consequent±y decrease with time and the self-

oscillations will stop. Therefore solutions of the second type are

designated in the table by asterisks and will be disregarded in the

analysis that follows.

The table, like the stability-boundary diagram, shows clearly

that the value of the angle - (i.e., the delay) can play an important

role. Depending on 0, some particular harmonic will become excited, or

else excitation becomes impossible. Incidentally, this result was ob-

vious. The most interesting circumstance is that independently of the

value of the angle 0, the amplitude of the oscillations can be regarded

as practically constant in those cases when self-excitation sets in.

At the same time, the amplitude of the velocity oscillation exceeds

somewhat the average stream velocity v0 = 50 m/sec. Consequently, in

steady-state self-oscillations a periodic jumping of the flame into

the region ahead of the stabilizer should be observed.

This effect was observed many times in the experiments. In par-

ticular, in special experiments, by installing quartz windows in the

tube walls and taking high-speed motion pictures of the vibration com-

bustion, it was possible to register the jump of the flame upstream.

Under normal combustion modes, the lateral surface of the stabilizer

appeared to be dark on the photographs. In the case of developing self-

oscillations, it was covered periodically (at the same frequency as
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the observed oscillations) by the flame that had Jumped into the zone

ahead of the stabilizers.

It is even more interesting to compare the amplitudes of the pres-

sure oscillations obtained by calculation with those observed in ex-

periment, inasmuch as pressure oscillations are easy to measure. Let

us estimate the theoretical value of the pressure oscillation ampli-

tude at the section where a pressure antinode is located:

18p IinAX06 21 a

Taking into account the boundary condition I'U = I=I, this yields

I Imax--= 117. The values of uOl = * = I rImax for the solutions of

the first type, corresponding to the first, second, and third harmonics

of the oscillating system, are listed in the following table:

Table of Values of I 6Imax kg/M2

I 0* 1SOT, 0. 1 90,1 to120. 1 I SO 160210 1240 1370 1300 330o

I1- rapu. - - ------ 331531•802•601
2 2-x rapm. - 2050500i 3950 425 - 1

3-x rapm. 2400 24W 242 0244 -- .--- 2400

13 First harmonic; 2) second harmonic;
3 third harmonic.

In the experiments set up in order to compare the theoretically

obtained values with those recorded experimentally, the values of p,,

Vo, etc. assumed in the calculations were obtained. ýn numerous exper-

iments, which differed in the organization of the combustion process,

the pressure-oscillation amplitudes ahead of the combustion zone were

registered. As the selt-oscillations developed, these amplitudes had

values ranging between 2200 and 3500 kg/m2 . The slight reduction in

the values of 167i compared with the theoretical calculations are due,

"in particular, to the fact that the pressure transducers were not al-
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ways located in the pressure antinode, and of course, to the crude

idealization of the process in the theoretical scheme.

However, the agreement between the calculated and experimental

data must be recognized as being quite satisfactory. It offers evidence

that in the assumed crude scheme of the phenomenon account was taken

of the most essential nonlinear properties of the heat-supply zone.

§42. Self-Oscillations in the Presence of Losses at the Ends of the Tube

Unlike the problem considered in the preceding section, the flux

of acoustic energy radiated by the heat-supply region a will not be

equal to the flux of energy of the same type returning into the region

a after reflection of the acoustic waves from the ends of the tube.

Therefore, when averaged over the oscillation cycle, a flow of acoustic

energy will be observed from the region a to the ends of the tube.

Analytically this is expressed by the fact that the amplitudes u and w

cease to be equal to each other.

In §30 formulas were given for an account of the losses connected

with the radiation of acoustic energy from the open ends of the tube.

We introduced there, in particular, a coefficient C (defined by the

equation w = Cu), the use of which in place of the impedance z is ad-

vantageous when solving problems in the coordinates (u, w). When acous-

tic energy is radiated into the external space, its average flux is

directed toward the positive x axis in the hot portion of the tube and

in the opposite direction in the cold portion of the tube. Therefore,

recalling the expression for the acoustic energy flux (30.7), we have

IC11 > 1 and 1 2 1 < ".

Having made these introductory remarks, we can easily construct a

calculation procedure for the case considered in the present section.

The course of the problem solution differs little from that described

i4 detail in the preceding section. All the differences that must be
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borne in mind are the consequences of the new boundary conditions.

When determining the angles y1 and Y2 between the vectors uOl and wOl

and u0 2 and w0 2 one cannot use Formula (41.3), which is obtained under

the assumption that u and w coincide at the ends of the tube. The equa-

tion

w = Cu (42.1).

shows that they are, generally speaking, shifted by a certain angle 0,

which can be determined from the relation (30.5):

0 = arctg 2 I- . -.

where r and x are the real and imaginary parts of the impedance z = r +

+ ix. It must be borne in mind here that the sign of the numerator of

the expression on the right side, proportional to sin e, determines

the quadrant in which the angle 0 is located.

Thus, in place of the formula (41.3), it is necessary to use the

formula
2

A2-1 ~+(42.2)

In precisely the same manner, on going over to the equations that

do not contain the angle a and the quantities wo1 , u 0 2, w0 2, it is

necessary to use in place of the conditions lu01 1 = jw01j and Iu0 2 1 =

= 1w0 2 1 the consequences of the new boundary conditions of the type

(42.1): Iw,1, IC1 1a1 i, ,

IW ",Ii C21I U .21 1 (42.3)

with the quantity JIC readily obtained from Formula (30.6).

In addition, the phase angle 6q relative to u 0 1 in the absence of

delay (0 = 0), which was denoted above by 0, will no longer be equal

to 7r + t'yI/2, inasmuch as the vector 6v will not lie on the bisector

of the angle 'tI. It is seen from Fig. 85 that now 7 = r + Y11 , where
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y; - arct,,i; ,sl

When j~l = 1 (absence of losses at the ends) the angle y"1 coincides,

as expected, with 7' 1 /2.

Fig. 85. Determination of the

direction of the vector 67 in
the presence of losses.

Leaving out the cumbersome manipulations, we write out the final

system of equations corresponding to the system (41.5) and considering

Eqs. (41.6), (42.2), and (41.9) for the numerical example under con-

sideration:

U41 [0,000508 12 j10 + cos Y,) cos (Y: + y;) -
- 0.00106 (1 + cos y) cos - - 0,385 +

+ 0,792 1 C I cos y- 2,581/ 1(r+ cosyj)cosy; -
- 0,5831 ;, I cos y. + 0,1751 C If C, I cos (VI+yO +

+ 1,241jI V- (1Tisy cos (y,+y;), (42.4)
"U,, [0,0005081 CI(1 + cosy) Ain (V2 + V;)-
- 0,00106 (1 + cos y¥) sin y;) - 0,7921 C, I sin yj -

-2,58 V/2 (1 + cos y) sin y - 0,5831 C, I sin y, +
+ 0,1751 C, II C,1sin (y, + y) +
+1,241CjVT(Ir+:y 7y,)sin (y,+ V;).

The system presented here was solved graphically by plotting the

curves u0 1 = fl(,,? and u0 1 = f 2 ('l) in analogy with what was done to

the preceding section. The calculations were carried out for differwst

ratios d/L (d is the tube diameter and L its length) which, as oan ,be

s*n from Formula (30.8), determine the losses to radiation.

. The results of the calculations for the first three harmones G'.
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1 'tfA"Vooff~ 2 &-viwm*u~~ 3 1tduw

4 1 Q, 4A

Fig. ý6. Amplitudes of self-oscillations
I6vOl/ for different losses of energy to

radiation (parameter d/L). 1) First har-
monic; 2) second harmonic; 3) third har-
monic.

shown in Fig. 86. The influence of the losses on the characteristics

of the self-oscillations is seen most clearly with the third harmonic

as an example, inasmuch as the losses increase in proportion to W2.

The values of the angles - for which the calculation was carried out

were as follows: for the first harmonic 0 = 2700, for the second 0 =

= 900, and for the third 0 = 00. These angles correspond to the self-

excitation regions obtained in the preceding section. The oscillation

frequencies are not presented here. They hardly change after the losses

at the ends are taken into account; only a slight decrease in the self-

oscillation frequencies is observed.

In the upper part of Fig. 86 is shown the variation of the veloc-

ity-oscillation amplitudes 16vOil = Av as a function of d/L. As can be

seen from the course of the curves, an increase in d/L (an increase in

the losses) is accompanied by a certain decrease in the amplitudes of

the stationary velocity oscillations.

In the lower part of Fig. 86 are shown plots of the dependence

A1 = f(Av) assumed in the calculations, on which are marked curves cor-

responding to the obtained velocity-oscillation amplitudes. These plots

show that whereas in the absence of losses (d/L = 0) the value of A1,
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and consequently also of the oscillating component of the heat release

6qcis close to zero, in the presence of losses (d/L 4 0) it increases

rapidly, particularly for the third harmonic. This result is perfectly

natural, since for the scheme assumed for the process in the region a

only a suffioiently large oscillating component of the heat supply is

capable of replenishing the losses of the acoustic energy at the ends

of the tube.

It is interesting to note that at sufficiently large losses the

amplitude of the oscillating component of the velocity 16v 01 1 becomes

smaller than v0 = 50 m/sec, i.e., the jumping of the flame upstream,

referred to above, may not be observed. To be sure, in order for this

to occur, the tube must be sufficiently "short."

It follows therefore that in certain special cases .t is possible

to obtain vibration combustion without jumping of the flame, by in-

creasing the losses.

At sufficiently high losses, excitation of a certain specified

harmonic may turn out to be totally impossible. In the numerical exam-

ple under consideration this corresponds to the fact that the range of

values of 0 for which excitation of self-oscillation with increasing

parameter d/L is possible becomes narrower. Thus, for the third har-

monic of the system, excitation was possible for d/L = 0 (at the val-

ues of 0 assumed in the calculation) for 0 = 3300, 00, 30°, 600, and

900. For d/L = 0.2, self-oscillation becomes possible only for 0 = 00

and 300, while for 0 = 3300, 600, and 900 the system (42.4) has no so-

lutions.

§43. Applicability of the Methods Developed to Other Cases

The results of the theoretical calculations given in the present

chapter are in good agreement with the experimental data. In partla.u- (

lar, the expected orders of magnitudes of the pressure and velocity
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oscillation amplitudes are well confirmed. However, inasmuch as we

have considered only an example of the calculations, it remains un-

clear whether an analogous method can be used also in other cases.

Let us consider therefore the general scheme of the calculation

method used in the preceding sections. It reduces, briefly, to the

following:

1. It is assumed that the essential nonlinearity in the self-

oscillations of the type under consideration is some regularity in the

combustion process.

2. On the basis of the assumption made, the oscillations on the

left and on the right of the heat-supply zone are described by linear

equations. This finds its expression in the fact that to connect the

oscillations on the left and on the right of the surface Z with the

oscillations at the end of the tubes one makes use of the formulas ob-

tained in the second chapter.

3. In the idealization of the nonstationary-combustion process,

the properties of the surface Z are also written in the form of linear

relations, in which is included as small a number as possible of the

simpler nonlinear expressions which represent the principal nonlinear

property of the heat-supply zone.

4. An isolated analysis is made of the idealized heat-supply zone.

This analysis reduces to the fact that one assumes the oscillations

ahead of the heat-supply zone to be specified, and the frequency and

amplitude of the oscillations are varied. One determines by calcula-

tion the properties of the heat-supply zones (the quantities on which

4*" li and Px depend) an functions of the frequency and amplitude of

the oscillations. The regularities obtained are plotted as functions

of the time, are expanded in a Fourier series, and then only the first

harmonic (which coincides with the specified oscillation frequency) is
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retained.

5. Using the obtained connection between the process in the heat-

supply zone and the oscillations of the medium in the vicinity of

this zone, on the one hand, and the formulas of Chapter 2 and the

boundary conditions on the other, one seeks the frequencies and ampli-

tudes of the oscillations simultaneously satisfying all these relations.

The solutions obtained are analyzed from the point of view of the

stability of the obtained periodic modes.

From the brief computation scheme given here it is seen that all

its items are suitable for any process in the heat-supply zone and are

not connected at all with the specific type of combustion considered

above.

If instead of investigating a process in which the main mechanism

of excitation and maintenance of the oscillations is the connection be-

tween the mixture production and combustion we consider a different

type of combustion, then all that changes is the actual content of

item 3 of the foregoing computation scheme. In all other respects the

entire course of the calculations can be retained. It is merely neces-

sary to add that,depending on how complicated the introduced nonlinear

relation may be, the volume of the computational work may vary. There-

fore, as already mentioned, the nonlinear relation chosen should be as

simple as possible.

In simplifying the nonlinear properties of the plane Z, it is nec-

essary to take account of the fact that the basic factor is not a

detailed representation of the nonlinear dependence of the essential

property of Z (in the preceding example, 8q) on the oscillation ampli-

tude (in the preceding example, on A v), but the retention of the char-

acteristic points corresponding to the passage of this nonlinear quan-

tity (for example, 6q) through the zeros. In this case all the prin-
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cipal features of the stationary self-oscillations are retained, and

the distortions are introduced by relatively minor regularities of

the transient modes from the small oscillations to the steady-state

self-oscillations. These transient modes are not considered here at

all. It is precisely these considerations that enabled us to replace

the relatively complicated curves shown in Fig. 81 by a quadratic para-

bola which is common to all the curves and passes through the points

6v1 = 0 and 6vI = 56 m/sec on the abscissa.

To confirm the foregoing, we could consider here also other cases

of vibration combustion, for example the excitation of oscillations in

a stream of a previously prepared combustible mixture ignited by some

igniting device - even a gas burner (see §37). In this case, in the

case of small amplitudes of the stream-velocity oscillations, the flame

surface will also oscillate without detaching itself from the igniting

source. These oscillations of the flame front can lead to instability,

owing to the periodic variation of the volume V (t) and the associated

occurrence of a nonvanishing perturbation of the propagation velocity

of the effective plane flame front 6U. In this case the connection be-

tween the 6v and 6U oscillations will be linear. An increase in the

amplitude of the velocity oscillation 6v causes in final analysis the

volumes of the hot gases to start to break away periodically from the

igniting source and these breakaways make it necessary to change the

mathematical description of the combustion process. The perturbation

6U ceases to be a linear function of 6v, for after detachment of the

hot region from the ignition source the combustion process in it

ceases to depend on 6v. Later on, under even stronger velocity oscilla-

tions, the Jumping of the flame into the region lying ahead of the

burner sets in, and this complicates the picture still further. Thus,

in the example considered, the essential nonlinearities will be the
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properties of the combustion zone connected with the detachment of the

hot regions from the ignition source and the Jumping of the flame up-

stream. Mathematical formulation of these nonlinear properties entails

no difficulty, once a particular theoretical scheme of the phenomenon

is constructed.

As a result of the large number of actually existing feedback

mechanisms, a detailed analysis of the example considered here is

meaningless, since in final analysis this would be merely one more par-

ticular case, which would add little that is essential to the results

obtained in the present chapter.

Manu-
script [List of Transliterated Symbols]
Page

No.

357 H = n = normal'nyy = normal

361 cr = sg = sgoraniye combustion

364 r = g goryucheye = fuel
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Chapter 9

VIBRATION COMBUSTION

§44. Stages of Development of the Vibration Combustion Process

It was already indicated above that vibration combustion is a typ-

ical self-oscillating process. At the instant when the necessary condi-

tions have arisen, the amplitudes of the oscillations execute a sharp

and practically instantaneous Jump. The rapid onset of vibration com-

bustion (it usually reaches its amplitude within a time equal to two

or three oscillation cycles) greatly hinders the study of the stages of

development of this process. In some cases, however, in experiments on

special setups of the laboratory type, it is possible to trace how by

gradual variation of the experimental conditions (the excess-air coef-

ficient, the position of a movable stabilizer along the stream axis,

etc.) one form of steady-state self-oscillations is replaced by a dif-

ferent form. It is usually possible to notice at the same time that

different forms of self-oscillations correspond to different amplitudes.

It is frequently possible to observe how the initially random

fluctuations of pressure, after a barely noticeable change in the ex-

perimental conditions, acquire clearly pronounced properties of self-

oscillations (a clear-cut and constant frequency with constant ampli-

tude), although the amplitude of the oscillations does not increase

noticeably. With further (also barely noticeable) change in the exper-

imental conditions, very powerful self-oscillations arise. This indi-

cates that small and continuous changes in the experimental conditions

frequently correspond not merely to a transition from quiet combustion
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to powerful self-oscillations, as is illustrated in Fig. 76, but a

gradual transition from quiet (more accurately, random) combustion to

self-oscillations of one type, and then from these self-oscillations

to others.

On the basis of the foregoing we can consider these steps as

stages in the development of the vibration combustion process. Of

course, the question of whether these stages (which are connected with

the changes in the experimental conditions) coincide with the develop-

ment of the vibration combustion process in time (without a change in

the experimental conditions during that time) still remains open. That

these two phenomena are to a certain degree similar is indicated by the

following experimental fact. By producing self-oscillations of small

amplitude, the experimenter can sometimes observe a spontaneous trans-

ition of the system to the next stage, i.e., to powerful self-oscilla-

tions.

A typical pattern of the succession of the three foregoing com-

bustion stages can be readily traced by using as an example the devel-

opment in vibration combustion of a previously prepared homogeneous

mixture behind a conical stabilizer mounted in a tube.

First stage. The peculiarities of this type of combustion can be

seen in high-speed motion-picture photographs. Although the surface of

the flame behind the stabilizer has a configuration that varies from

frame to frame, on the average. it gives the usual approximately conical

combustion surface characteristic of a point source of ignition. The

variation of the flame-front configuration from frame to frame indi-

cates that instability can set in as a result of the mobility of the

flame front. No definite regularity is observed in this form of com-

bustion. The amplitude of the pressure flucutations is insignificant.

Second stage. This is the transition stage toward the powerful
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self-osoillations. It is characterized by a clearly pronounced period-

icity of the combustion and sufficiently large oscillation amplitudes.

The transition from the first stage to the second stage occurs prac-

tically instantaneously.

Depending on the experimental conditions (in particular, on the

type of ignition source), the second stage can have its own peculiari-

ties, even to the extent of having different feedback mechanisms. In

the case under consideration the principal mechanism whereby the oscil-

lations are maintained is the periodic detachment of the hot regions

from the stabilizer, similar to the detachment of vortices behind a

poorly streamlined body. This phenomenon was already described above

(see §36, Fig. 72).

Third stage. Unlike the second stage, which has some form of de-

pendence on the specific experimental conditions, the third stage usu-

ally manifests itself outwardly in identical fashion - the Jumping of

the flame upstream into regions lying ahead of the stabilizer (in those

cases when the combustion occurs in the trail behind the igniting

source).

In Chapter 8 it was shown by means of a particular example that

as the oscillations develop they can grow to the stage of the Jumping

of the flame upstream, and this Jump causes the changes in the com-

bustion process, which can be regarded as the cause of appearance of

essential nonlinearities limiting the oscillation amplitudes in the

equations describing the vibration combustion.

It was indicated in the same chapter that this conclusion can be

extended also to include other cases of excitation of the oscillating

system under consideration, and along with the Jumping of the flame

upstream it was disclosed that the periodic detachment of the flame

"from the ignition sources that maintain it is of great significance.
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The fact that periodic jumping of the flame upstream and the usu-

ally corresponding detachment of the flame from the igniltion source

(which occurs a half cycle later) leads to a sharp change in the char-

acter of the combustion, causing a limitation of the oscillation amp-

litude, explains why the third stage of the vibration combustion has

one and the same character regardless of the prior "history" of devel-

opment of the oscillation process.

Oscillations of this type are maintained by a mechanism which dif-

fers from those described above. Here one can no longer speak of vor-

tex formation behind the stabilizer or of oscillations of the flame

front as being the principal causes whereby the vibration character of

the combustion is maintained. It is probable that the very concept of

"flame front" which is understood as a certain surface of sufficiently

small thickness is not accurate here. The combustion has here more

likely a volumetric nature owing to the strong turbulization.

Combustion of this type, recorded by high-speed motion picture

photography, is shown in Fig. 87. It can be described schematically in

the following fashion. A particle of hot gas, which previously has

jumped upstream, acquires during its reverse motion a high velocity,

and the zone separating the consumed and the unconsumed mixture Is

carried past the stabilizer, sometimes not leaving a visible hot trail

behind it. But soon a flame is produced behind the stabilizer; the

flame sometimes develops in the form of a string, which begins to Slow

in the region of the aerodynamic shadow (wake) behind the stabilizer.

The strongly elongated and relatively thin region of the resultant

flame begins to propagate in radial directions and, by the instant

when the flame fills the entire cross section of the tube, a jump of

tele occurs again.

SThe jump of the flame is of course not an obligatory form of the
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most developed self-oscillations. In

many cases it simply cannot occur: for

"example, in-the combustion of pulverized

coal in a precombustion chamber, the

2#j•"• flame has nowhere to "Jump," since the

combustion occurs in the immediate vicin-

ity of the closed end of the precombus-

tion chamber. The statement made above

had a bearing only on combustion in

tubes with stabilizers. However, the

particular case described is important

(-'4) in the respect that it indicates the

possibility of existence of stages of

development of vibration combustion,Fig. 87. Diagram of the

combustion process in the each of which can have its own special
case of intense "Jumping"
of the flame into the re- mechanism for the excitation and main-
gion lying ahead of the
stabilizer. 1) Stabilizer; tenance of the oscillations. This indi-
2) combustion region; 3)
cold mixture. cates that it is completely hopeless to

try and find some one mechanism or one cause of occurrence of vibra-

tiot combustion. Not only different laboratory installations, engines,

or furnaces, but even one and the same simplest laboratory setup is

capable, during a single startup, to permit different mechanisms of

vibration combustion to manifest themselves.

In conclusion, a few words must be said concerning a question

which is frequently raised by persons who are not sufficiently well

aoquainted with oscillation theory. We are speaking here of the so-

called "first cause" of the occurrence of self-oscillations. If we

consider modes of soft excitation of self-oscillations (i.e., self-

oscillations that arise because the initial stationary mode is unstable
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with respect to infinitesimally small excitations), then the very

formulation of the question of the "first cause" or "first Jolt" is

absurd. The point is that in the case of instability of a stationary 4
mode with respect to small perturbations, any perturbation, no matter

how small, of this stationary mode resulting from any cause (and in a

real stream there is a tremendous number of such causes) will lead to

the development of instability and to a changeover to se-W-oscilla-

tions whose character does not depend in any way on the type of the

initial perturbation. To raise the question of the "first cause" is in

this case Just as absurd as to seek the main rc:en why a "encil,

when stood on its sharp point, immediately falls down.

However, the searches for the "first cause" are not so absurd if

they are given a different meaning. Let us raise the question of feed-

back mechanisms that can manifest themselves even in the case of in-

finitesimally small perturbations of the stream. Apparently not all

the feedback mechanisms considered in Chapter 7 have this property. It

is not clear, for example, whether vortex formation behind a stabil-

izer or in the cold part of the stream will extend to acoustic fre-

quencies at acoustic-oscillation amplitudes that are arbitrarily small.

It is more likely that this is not the case, or else the detachment of

the vortices behind the stabilizer would retune themselves to the

acoustic frequencies even without combustion. One can therefore speak

of feedback mechanisms that are effective from the very beginning

(these include, for example, the mechanism connected with wave forma-

tion on the flame front), and of mechanisms which can manifest them-

selves only after the acoustic oscillations have reached a certain mag-

nitude. If we define thus the "first cause" not as the first Jolt, but

as an aggregate of feedback mechanisms capable of acting during the in-@

itial stages of the development of the vibration combustion, then this
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question becomes a valid one. This consideration illustrates also that

the question concerning the stages of development of vibration combus-

, tion is not far-fetched.

§45. Hypothesis Concerning the Maximum Acoustic Energy Radiated by the
Heat-Supply Region

The large number of feedback mechanisms described in Chapter 7

and the possibility of transition from one excitation mechanism to an-

other in a single experiment, to which we referred in the preceding

section, raise the question of the laws that govern the mechanism of

excitation and maintenance of oscillations in each specific case.

It is quite clear that the experimental conditions define a cer-

tain set of probable feedback mechanisms. Thus, if combustion takes

place in a homogeneous and previously prepared mixture, then the

mechanisms connected with mixture production cannot occur. However,

such limitations (if they do exist) nevertheless leave a sufficiently

large number of probable feedback mechanisms.

Moreover, even if the expected excitation mechanism is known,

then the question of what the amplitude and phase relations between

the oscillations of the gas masses and the combustion process will be

remains open almost always. As a rule, these relations are not amenable

to calculation. Indeed, it is very difficult, for example, to calcu-

late the phase of the detachment of a vortex in the supply channel or

its dimensions. Whereas it may be possible, for example, to calculate

the phase of the oscillation of a mixture composition at the instant

when the mixture arrives at the stabilizers, an evaluation of all the

numerous factors on which the ignition of this mixture depends is then

impossible. It is impossible to calculate all the induction periods,

to predict all the modifications in the flame-surface configurations,

etc. Thus, there are serious difficulties encountered on the way to
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predicting the probability of the vibration modes of engine or combus-

tion-chamber operation.

On the other hand, however, the multiplicity of probable feedback 4

mechanisms and the large number of "degrees of freedom" of the combus-

tion process (including the possibility of excitation of oscillations

with different frequencies), making feasible the realization of a

great variety of ratios of standing-wave amplitudes and phase shifts

between the gas-oscillation process and the combustion, may facilitate

the problem of forecasting the vibration modes and may point to effec-

tive measures toward their suppression. The point is that both indi-

cated circumstances (the large number of possible feedback mechanisms

and the great freedom in the realization of the amplitude and phase

relationships) allow the oscillating system to choose, as it were, the

self-excitation mechanism and the amplitude-phase relationships.

In this connection we can advance the following hypothesis: during

the process of development of vibration combustion, the oscillating

system strives to realize such an excitation mechanism and such ampli-

tude and phase relationships as would yield in specific experimental

conditions a maximum value of acoustic energy • radiated from the com-

bustion region.

The hypothesis formulated here can be explained in the following

manner. Assume that there exists simultaneously a set of various pos-

sible excitation mechanisms and each of them has a certain freedom in

the realization of the amplitude-phase relationships. Then the mechan-

ism which under the specific experimental conditions gives the largest

work A. per second will overtake during its development the remaining

ones and will ultimately become the decisive excitation mechanism for

a given specific case.

The foregoing explanation makes it possible to point to one es~en-
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tial detail: it is obvious that we are dealing here with the selection

of excitation mechanisms in accordance with the attribute =

during the course of buildup of the oscillations. When the oscillations

settle down, the flux of acoustic energy -A is determined by the losses.

It is assumed here that by the instant when the oscillating process

which yields under the experimental conditions Z = - max has already

become established, it has also succeeded in overtaking in develop-

ment the other possible processes.

It must be noted that the hypothesis presupposes the ab-

sence (or smallness) of acoustic-energy losses. If the losses cannot

be neglected, then the formulation presented above must be refined. In

the presence of losses we cannot merely speak of the largest energy

flux T. generated in the heat-supply region, and it is necessary to

subtract from this flux the indicated losses. In this connection we

obtain the following refined formulation of the hypothesis concerning

the maximum acoustic energy: the oscillating system strives to realize

that process which, under specific experimental conditions, yields a

maximum value of acoustic energy radiated by the combustion region

minus the losses.

The foregoing refinement is absolutely necessary, for otherwise it

would follow from the assumption that the oscillating system strives

to realize the condition XZ= Kmax that the system should strive

toward a process with maximum losses, inasmuch as the maximum losses

correspond to the largest value of -A in the steady-state oscillation

mode. Below, in the consideration of certain theoretical premises and

in the analysis of the experimental data, the foregoing refinement

will not be used, since It is assumed everywhere that the losses are

relatively small.

Let usconsider certain consequences of the hypothesis of maximum
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energy TA" Let the characteristic of the combustion process (the values

of 6E and 6X) be a function of one and the same variable, capable of

varying in phase and in amplitude, for example the heat supply Q* or

the effective flame propagation velocity Ul' or some other quantity.

We can then, in order not to be tied down to a specific dependenoe of

3E and 6X on one of these quantities, introduce, as in §19, the vari-

able ?, writing down the conditions relating the oscillations to the

left and to the right of the heat-supply zone in the form of Eqs. (19.6):

V,= a1 v1, +a12pI + a 2y,.J
(45.1)

If we reduce these relationships to the canonical form (17.1),

then they can be written in the following fashion:

6LE-= aI3 '_ +aJ2PI + alsy, (45.2)

6X = a,i,', + a,,Pi + a2s Y.

In this notation, a transition was made from complex variables to

vector variables, and the similarly designated real coefficients of

the transformations (45.1) and (45.2) are, of course, different from

one another.

The connection between the coefficients of the transformations

(45.1) and (45.2) is quite simple and is determined during the process

of numerical reduction of Eqs. (45.1) to canonical form. In the present

section we shall use henceforth the transformation coefficients (45.2).

Let the phase shift between vi and Pl be 7/2, i.e., VlPI . 0.

This assumption corresponds to the case when the average flux of acous-

tic energy in the cold part of the flow is equal to zero (for example,

when the scheme of the process is as shown in Fig. 31).

Let us determine for this case, using Formulas (19.2) and (45.2),

the flux of acoustic energy radiated by the heat-supply zone:

X, -• iE + i,6z x + 6E ax0 - t
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+ a. V! + al) W-,+ [als (0 + on) + al.. ] ,, (45 -3+ [as$ ( t+ + a,,) l + i , 1 •:P+a,,,,lsa . (45.3

Inasmuch as the phase shift between"§l and •I is equal to w/2, it

is convenient to change over to a diagram of the same type as in Fig.

26. For the case under consideration it is shown in Fig. 88. If we de-

note the projections of the vector on the x and Z axes by! x and y

then the expression for -A (45.3) assumes the following form:

a l,, (I + a,,) ? + a,, (I + 41,) R, +
+ [al, (I + a.,) + a,,a,31 A?. + [a, (1 + a,,) + alals] V'i, +

+a.,@ (T.' + f')). (45.4)

Here I I' !x, and y are scalar (real) quantities; the first two
Sy + -.

are the absolute values of the vectors "§ and *I' inasmuch as these

vectors are by definition always aligned with the x and Z axes.

We now make the simplest assumption that T2 is completely inde-

pendent of pl and v,, and find the values of 7 that correspond to the

maximum of 'A. For this purpose we equate to zero the derivatives

R./aand

Simple calculations yield the sought-for values x = 'YxO' Yy Y'O

corresponding to A, = 71=:

Y." 6 1 (45.5)

Formulas (45.5) indicate that if the assumption that WZ- -_ x is

valid, then the oscillating system will always strive to have 7 in one

quadrant of the diagram shown in Fig. 88. Indeed, inasmuch as "l and •I

are by definition always positive, then independently of their value

the signs of Yx0 and '7yO are completely determined by the expressions

preceding •i and •, and consequently this determines the quadrant in

which the vector! is located. The numerical calculations show that

for = * and? = Usgor (where Usgor is the dimensionless variation
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+ asi (0 + an1) P, +" fats (t + 0") 4 -at•itas] P , Y+ ( 5 3+las.s (t + [as.) + at,,,s) it V+1aa,s. ( .

Inasmuch as the phase shift between "1 and •I is equal to w/2, it

is convenient to change over to a diagram of the same type as in Fig.

26. For the case under consideration it is shown in Fig. 88. If we de-

note the projections of the vector ! on the x and Z axes by! x and! y

then the expression for 'A (45.3) assumes the following form:
t

.:= T ("" (1 +a,,)'• +,.,31(1 + Oi) v• +I

+ [a,$ (I + ass) + a,13,,1 P,. + [ass (1 + a,) + aas, v'Y, +
+ a sa a(fa,+ 2).(45.4)

Here 1, vi' !x and y are scalar (real) quantities; the first two
xy -0 -- 1

are the absolute values of the vectors §1 and 'V, inasmuch as these

vectors are by definition always aligned with the x and Z axes.

We now make the simplest assumption that 72 is completely inde-

pendent of p, and l,' and find the values of ! that correspond to the

maximum of -A V For this purpose we equate to zero the derivatives

&A./6Yand &.6

Simple calculations yield the sought-for values Yx= •x "y- =T y O

corresponding to 'A = Amax:

Ural (45.5)

ass- .au(i+..O) +g

Formulas (45.5) indicate that if the assumption that"K. =.max is

valid, then the oscillating system will always strive to have 7 in one

quadrant of the diagram shon in Fig. 88. Indeed, inasmuch as 51 and 71

are by definition always positive, then independently of their value

the signs of !xO and 0 are completely determined by the expressions

preceding 1i and •, and consequently this determines the quadrant in

which the vector! is located. The'numerical calculations show that

for = * and =so (where 9sgor is the dimensionless variation
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of the flame-front propagation velocity, which differs in sign from

•i), this quadrant is the fourth.

Consequently, although the diagrams of the stability boundaries

(Fig. 27) indicate that oscillations can be excited when • lies in the

first, third, and fourth quadrants if the foregoing hypothesis is

valid, the oscillating system will tend to realize only the latter case.

Formulas (45.5) obtained for ?x0 and YyO necessitate knowledge of

and '.I However, even these quantities, perhaps even with greater

Justification thanY x and Yy, can be "chosen" by the system in accord-

ance with the excitation conditions. Indeed, the relationship between

"fl and 'i is determined by the position of the heat-supply section X

relative to the standing wave formed in the cold part of the stream.

The latter is determined in turn not so much by the geometrical posi-

tion of Z along the tube axis (this is usually specified), as it is by

the number of the excited harmonic. Let us therefore determine the re-

lation between Pl and V1 which corresponds to -A = Tmax and which pre-

supposes that the extremum conditions (45.5) have already been satis-

fied.

In the case under consideration T, and 1 are connected by Condi-

tion (19.12). The constant contained in this relation determines the

oscillation amplitudes; let us denote it by a2, i.e., we set

(45.6)

Formulas (45.6) and (6.3) show that it is possible to write the

following expressions for •i and *1:

l;,l===n,,J (45.7)

where 9 is a certain free parameter. Let us find the value of ( for

which -A assumes its extremal value. Physically this means that we are

seeking a definite ratio between 3, and 'l in the section wher.e the
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heat-supply plane E is located. Realization of this ratio is possible

only if the suitable harmonic is excited; thus, we are seeking essn.n

,� ti11a? fho hm'mnnin whnMa anritatton maximizes the enerav fluxcL..

It must be noted here that specification of 9 (i.e., specifica-

tion of §1 and li) determines the number of the harmonics only when

the boundary condition on the left end of the tube is simultaneously

specified. But it must not be forgotten that it is necessary, in addi-

tion, to satisfy also the boundary condition on the right end. For

specified properties of the heat-supply surface Z, and for a limited

number of harmonics which can actually be realized, there may not be

among the obtained harmonics the one which simultaneously satisfies

exactly the boundary condition on the right end. Therefore all the ar-

guments that follow are valid for real systems only in first approx-

imation. They indicate the tendency of the behavior of the oscillating

system, but not the exact solution of the boundary-value problem. This

remark must be constantly kept in mind when reading the present chapter.

If we substitute the values of O and 7y0 (4 5 . 5 ) into the expres-

sion (45.4), we immediately obtain the following formula for I

where c1 and c 2 are certain real coefficients. Taking into account Ex-

pressions (45.7), the last equation can be written in the form

.47Z W e(Ccos' + c,s8n'). (45.8)

Taking the derivative dX,/dq) and equating it to zero, we obtain

the values of p corresponding to the extrema of -A. It is easy to see

that if ca1 J c 2 , then these values will be P == 0, 7/2, 7r, 3'r/2. Inas-

much as by definitionil and §l oannot be negative, the angle q should

satisfy the relation 0 ý q) 7r/2, from which it follows that theý energy

flux 7Z reaches the extremal values only when q = 0 and 4 = 7r/2.

A numerical analysis carried out for typical values of the con-
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a •erslcn CCeff S.,7S eBs• .Z shown a the maximUm of T.. corres-

ponds to 9 = 0. Thus, if the oscillating system has the possibility of

free choice of both the magnitude and the phase of Y, and also the num-

ber of the excited harmonic, then the system will strive to realize a

prooess in which the phases of Y and Pl will ooinoide.* This result is '

somewhat reminiscent of the Rayleigh hypothesis, although essentially

its content is ent-4-tel:. different.

It must be stated that the possibility of free choice of the mag-
-4

nitude and phase of 7 and also of the number of the excited harmonic

is inherent in far from all real combustion processes. This must be

regarded more as an exceptional and limiting case. In real processes

the amplitude of I can be limited by the physical properties of the

phenomenon, which do not make it possible for the theoretically "op-

timal" value of 1Y1 to be attained, and the phase of Y can turn out to

be connected, say, with the velocity oscillations. This can be traced

most clearly in the case of the Rijke tube, in which the heat transfer

from the heated grid to the air is determined uniquely by the fre-

quency and the amplitude of the velocity oscillations of the air flow-

ing over the elements of the grid, and cannot be "chosen" by the sys-

tem in some other manner.

Combustion processes have, of course, many more "degrees of free-

dom" than heat transfer from a grid, inasmuch as combustion depends on

the stream velocity, on the different induction

periods, on the vortex formation process, and on

many other mutually independent parameters. But

a _even here :may not be completely independent of

the oscillation process.Fig. 88. Vector
diagram for the In order to show how the oscillating system
calculated exam-
ple. will behave in such a case, let us consider the
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following example. Let the excitation be the result of the mobility of

the flame front, which is assumed to depend on the oscillations of the

stream velocity. Let us assume, for simplicity, that this dependence

can be expressed by the linear relation 17I = bl'Ii. In order to take

into account the possible delay, we introduce a phase shift between

and vi' equal to an angle A (Fig. 88). Then obviously

Y.-bsinpv 1 ; YV=abcosPi 1,, (45.9)

a,?,+a,?,+a~p1 Y 2+a 4•+,v + a. (F.+V), 145.10)

where the coefficients al, a 2, ... , a5 are determined from a comparison

of the equation written out with (45.4). Using (45.7) and (45.9) we

rewrite (45.10) in the form

- al cos' ,p + ab sin P sin pcos ~q +
+ (as + a, b cos P + a,b') sin'4. (45.11)

If we assume that the dependence of ' on the process of acoustic

oscillations is specified, i.e., b and p are specified, then the os-

cillating system retains its ability to choose the numbers of the har-

monics, which in the present case are determined by the angle qp. Let

,;.s de-e-r-!-',,e o faue of ; saOn-g -:.'on = ax for

different fixed values of b and 0. Inasmuch as the scale factor c can-

not influence the sought result, we set it equal to unity. Equating to

zero the derivative dl./dp, we obtain the relations which determine

the values of c corresponding to the extremum of

tg24p. -sin
i,-al +0 COSJab• (45.12)

The condition for a maximum, dAz/dP2 < 0, yields the inequality

(as-al +a, co+ab 2 )cos•2p-asbsin Pin2T <O, (45.13)

which enables us to distinguish between the 9 corresponding to the

maximum of 'A and the values corresponding to the minimum of this

quantity.
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We shall use the formulas obtained to calculate a typical case

characterized by M1 = 0.1; M2 = 0.25. Let the excitation of the osoil-

lating system be due to the mobility of the flame front, which we

shall express in terms of Uor Then the dependence of p on 1, forsgor'
different values of b satisfying the condition 'A . tM, can be repre-

sented by a family of curves as shown in Fig. 89. This family has been

plotted for practically all interesting values of p, which range from

0 to 7r. The limits of variation of the values of b are taken from 0.1

to 10. In order to estimate the probable numerical values of the coef-

ficient b, we argue as follows. In the example under consideration we

have gor = In the steady combus-

tion mode Usgor = vl, i.e., the effective stationary flame propagation

velocity is numerically equal to the steady-state value of the stream

velocity. If we assume that the variations of these quantities also

are of the same order, then the probable value of the coefficient b

should be close to unity. The range of variation of b from 0.1 to 10

apparently covers, with margin, the probable values of this coefficient.

\

W'I-,
~b-/I

Fig. 89. Diagram showing the probable
self-excitation modes obtained from the
condition • = ýMx

Figure 89 shows not only the aforementioned curves of = q)(; b)

but also the lines 'A = 0 which limit them. Indeed, the presence of a
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maximum of " does not denote at all that the value of 71 is in itself

positive then, whereas it is quite clear that excitation of the oscil-

9) lating system is possible only when - > 0. Therefore the lines C=

which separate the values of (0, q), b) corresponding to Z > 0 from

the regions for which 'Z < 0 are of undoubted interest. Figure 89

shows only those portions of the curves c = p(%, b) corresponding to

-A = Imax for which 'A > 0.

An examination of the curves shown in Fig. 89 enables us to draw

the following conclusions. It is seen first of all that if we disre-

gard the small portion corresponding to small values of b, at values

of 0 somewhat larger than v, then the diagram covers the entire region

corresponding to the self-excitation of the system, IZ > 0. It is easy

to visualize here that the curves obtained correspond fully to the

stability-boundary diagrams, examples of which were given in Chapter 4

(see, for example, Fig. 27). Variation of p from 0 to it signifies that

the vector ' lies in the first and fourth quadrants, i.e., precisely

in those in which the main instability regions lie.

The principal feature of the curves corresponding to the modes

WX = 7mx and shown in Fig. 89 is as follows. If we eliminate the rel-

atively narrow regions close to 0 = 0 and 0 = 7r (they are of limited

interest if for no other reason than that they correspond to small

values of 'A, inasmuch as they are adjacent to the lines 'A = 0), then

one observes for all p and b the tendency of the curves to approach

the line ( = 1T/4. Thus, in first approximation we can say that inde-

pendently of the delay in the combustion zone (0) and the quantitative

dependence of the flame-propagation velocity perturbations on the

stream-velocity perturbation (b), the oscillating system will strive

to excite a harmonic corresponding to q = 7r/4.

The value q - 7r/4 corresponds to oscillation amplitudes *l and 'I
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corresponding, as can be seen from (45.7), to the condition 1

This means that the cross section Z should lie approximately halfway

between the pressure and velocity nodes.

The physical meaning of the result obtained is sufficiently clear.

It was already shown above that when'! is completely independent of

the amplitude and phase of the gas oscillation in the sections ahead

of Z, the optimum value of 9 which the oscillating system will "choose"

will be 9 = 0. This corresponds to a velocity node "I = 0 or, what is

the same, to a pressure antinode. If we assume ' differs from zero be-

cause of the existence of a nonvanishing perturbation velocity vi t 0

(I'5I = b-l), then it becomes immediately clear that the previous result

no longer applies in the present case. We have here a struggle between

two tendencies, on the one hand the Just-mentioned tendency of bring-

ing the heat-supply plane Z close to the pressure antinode, and on the

other hand a new tendency of shifting Z to the velocity antinode so as

to increase (for a given value of b) the amplitude of Y. Calculation

shows that this brings the plane Z approximately halfway between the

indicated antinodes (or, what is the same, nodes). From the point of

view of this argument the distribution of the curves corresponding to

different b, shown in Fig. 89, is quite regular. The larger b, the

lower the curves, i.e., the closer the plane Z to the pressure anti-

node (9 = 0), for with increasing b the same values of'! can be ob-

tained for sipaller absolute values of the perturbations in the veloc-

ity v 1 .

A perfectly analogous analysis applies also to the case when the

amplitude ' depends not on I but on _I" This can occur, for example,

when the fuel is supplied by low-pressure devices, which change the

amount of the fuel introduced into the combustion zone in accordance

with the back pressure of the surrounding medium. Without describing
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this process in specific detail, we assume that 1l7 -'p, and that the

delay is characterized by an angle a (Fig. 88). Then the mode corres-

Sponding to the maximum positive values of "A is determined by the fol-

lowing conditions:
S'b sin f*•2•.=.-d,,a,b co. u+.sb' 'tg (pb djd+s~bnai 1 (45.3.4)

(a,- a, - aab cosa-a b')cos2tp-a 4 bsin a sin 2If<O,

An analysis of the conditions (45.14), which are analogous to the

corresponding conditions considered somewhat earlier, is also best

carried out on the basis of numerical calculations. For the same exam-

ple (M1 = 0.1; M2 = 0.25) the relationships obtained are so simple

that it is not necessary to plot curves similar to those shown in Fig.

89. Irrespective of whether 1 = asgor or = * is assumed, and irre-

spective of a, the numerator of the first relation in (45.14) turns

out to have an absolute value much smaller than that of the denominator

and if the second relation of (45.14) is taken into account, the angle

( turns out to be very close to zero. This indicates that the oscil-

lating system tends in such cases to excite harmonics at which the

heat-supply plane will be situated in a pressure antinode.

Thus, if the essential parameter Y which characterizes the com-

bustion is perturbed by velocity oscillations, then the plane Z tends

as it were to lie between pressure and velocity antinodes, but if it

is perturbed by pressure, then the plane Z tends as it were to be sit-

uated in a pressure antinode. These general results can be traced suf-

ficiently readily by comparing the experimentally obtained pressure

standing-wave patterns with the position of the heat-supply region

relative to these patterns.

§46. Experimental Verification of the Hypothesis Concerning the
Maximum Acoustic Energy

Although the consequences obtained in the preceding section from
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the hypothesis of the maximum acoustic energy radiated by the heat-

supply region can indeed be confirmed by many qualitative considera-

tions, it is desirable to have a more clear-cut confirmation of this 4
assumption.

With an aim toward such an experimental verification it is pos-

sible, for example, to delay the vibration-combustion process during

the second stage (inasmuch as oscillations with limited amplitudes are

easier to investigate experimentally), and then register the ampli-

tudes and phases of the oscillations and compare them with those pre-

dicted by the hypothesis advanced.

If an experiment is carried out in accordance with the scheme pro-

posed here, then even an affirmative result will not yield, of course,

full confirmation of the hypothesis advanced above. This follows al-

ready from the fact that, as indicated in §45, the hypothesis concern-

ing the maximum acoustic energy points to a selection of the excita-

tion mechanisms in accordance with the attribute -A = max in the

course of the buildup of the oscillations. At the same time an experi-

ment based on the proposed scheme will give all the relations for

steady-state oscillations. It is therefore necessary to assume an ad-

ditional hypothesis, that in the steady-state oscillations, when the

flux of acoustic energy is determined by the losses, the mechanism re-

taining its dominating significance is the one corresponding to the

condition.-A = I.a. in steady-state oscillations this will mean that

the oscillating system will strive to realize under the specific ex-

perimental conditions a process which results in maximum oscillation

amplitudes.

It is quite obvious that by measuring experimentally the ampli-

tudes of the oscillations of the pressure, velocity, and other para-

meters when necessary, it is impossible to state that they are the
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largest of all the possible ones under the specific experimental con-

ditions. Therefore the hypothesis can apparently be verified in a some-

what less general formulation.

After first observing vibration combustion with a fully defined

feedback mechanism and carrying out the required measurements, it is

then possible to establish by theoretical calculations whether the os-

cillations observed were such that the amplitude-phase relationships

satisfied the condition - = - x" Thus, in this form.ulation of the

problem it is possible to establish only the extent to which the amp-

litude-phase relations of the vibration-combustion type that has oc-

curred correspond to the hypothesis concerning the maximum of but

it is impossible to establish whether the oscillating system has

"chosen" the very type of vibration combustion (the type of feedback

mechanism) corresponding to the indicated hypothesis.

Consequently, the hypothesis advanced above concerning the max-

imum of 'A, as applied to the proposed experiments, must be replaced

by its corollary: the magnitude and phase of the perturbation of the

essential heat-supply parameter Y which is realized in the experiment

is such that for the perturbations Pl and vI registered in the experi-

ment it yields a maximum value of -A.

In order to verify this theoretical assumption, special experi-

ments were set up. The experimental installation usually consisted of

a tube 8 meters in length and 100 mm in diameter. Preheated air, in

which a required amount of gasoline was evaporated beforehand, was fed

into this tube. The combustion took place at relatively short lengths

of the combustion chamber, amounting to about 800-900 Mn. The flame

was maintained by a stabilizer in the form of an angle element with

the vertex facing the stream.

As can be seen from this short description, no feedback mechanisms
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due to mixture production could occur in a setup of this type. One

could expect the principal feedback mechanism to be the one brought It
about by periodic vortex production behind the stabilizer, and conse-

quently the essential parameter of the heat-supply, the perturbations

of which by the acoustic oscillations close the feedback loop, will be

the effective flame propagation velocity UI.

In order to verify this, the walls of the combustion chamber were

made of quartz glass, and high-speed motion picture photography of the

vibration combustion yielded the typical patterns of periodic powerful

vortex formation behind the stabilizer. A colored flame, which was

photographed with a motion picture camera, made it possible to record

the integral luminosity of the nearest vicinity of the stabilizer on a

loop oscillograph, on which the pressure oscillations were simultane-

ously recorded. The oscillograms obtained showed that the luminosity

oscillations had a frequency coinciding with the pressure oscillations.

The high-speed motion picture photography has verified that the afore-

mentioned luminosity oscillations are connected with the change in the

volume occupied by the hot (glowing) gases, which, as is well known

from Chapter 4, can be reduced to a change in the effective flame

propagation velocity U1 .

To calculate -A from the experimental data it would be necessary

to determine first of all the phase and the amplitude of ' = 'UI and

the other quantities necessary for the calculation of the flux of

acoustic energy.

As'can be seen from (45.1), the conditions relating the oscilla-

tions on the left and on the right of the heat-supply zone contain six

coefficients and five variables. All six coefficients are obtained in

final analysis if M1 and M2 are specified. The first of these quanti- *
ties can be readily measured directly, and the second is Just as easy
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to determine, provided the gas temperature behind the heat-supply zone

is measured. Thus, the determination of the coefficients all, a 1 2 , ... ,

a 23 from the experimental data entails no difficulty. Measurement of

the pressure oscillations directly ahead of the combustion zone and

immediately behind it (ý1 and f2) also entails no difficulty. Of the

remaining three quantities, namely .VI v2 and 7 = 'a,, only the former

can be measured with the aid of a thermoanemometer. But as soon as

P2, and v, are measured, the other two quantities, '2 and Ui can be

calculated, inasmuch as only two unknowns remain in the system of two

equations (45-1.). The calculation of A. is best carried out then in

accordance with Formula (19.7)

S--L
2- (nmp,; -

Thus, measurement of the corresponding quantities makes it pos-

sible to determine the energy flux . observed in the experiment. In

order to decide whether this energy flux 'A satisfies the condition

a= xa, it is possible to carry out the following supplementary cal-

culations. Inasmuch as during the course of determining the experimen-

tal value of 'A we determine also the experimental value of I'U we can

analyze how ' would change were Ul to be characterized by other amp-

litudes and phases at the same values of Pl and 'I" In this case the

variation of 'Ul must be carried out in the vicinity of values ofig,

obtained from the processing of the experimental data.

The results of the corresponding calculations are shown in Figs.

90 and 91. These plots show the variation of 'A. for different experi-

mentally observed frequencies, as functions of H or 0 (the amplitudes

and phases of the flame propagation velocity perturbation relative to

the tube walls, 1). The quantity I i + U1 determines uniquely (for

specified values of vi) the perturbation of the flame propagation

velocity D1 . The connection given above between R andU, shows that,
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for the purposes of the present section, the transition fromi to T

does not change anything: it is necessary to verify whether the experi-
mentally recorded mode corresponds to the equality ' = e

whether K. obtained for 1• other than those calculated from the experi-

mental data is lower than A. registered in the experiment.

'• " ~ ''~' 4 o,• /oJ•,,,..,,,,

4 ,

/b*,

.J4'

Fig. 90. Position of experimental points(A0) on the curves 7A, = 'Z()" 1) cps.

Figures 90 and 91 show curves showing the variation of A.: as func-

tions of H =I and of the phase of ], denoted by 0; the~se curves

show the points A0 corresponding to the experiment. An estimate of the

accuracy of the experiment has shown that the phases were registered

by the oscillograph with an accuracy--15°0, while the accuracy with

with H was calculated, determined by the accuracy of the measurements

of §1, "il and 32, in of the order oft_3 of the arbitrary units with

which the abscissas of Fig. 91 are graduated.

If we take into account the accuracy with which 13 and H are de.-
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Fig. 91. Position of experimental points(Ao) on the curves = -H)" 1) cps.

termined in the experiments, we can state that for all the frequencies

observed and actually realized by the oscillating system, the vibra-

tion-combustion modes lie in the vicinity of the maxima of the XZ ==

- Z•)and lZ= •2(H) curves, something that can be regarded as a

confirmation of one of the corollari.es of the hypothesis that the os-

cillatg system strives toward realization of a mode corresponding to

the maximum of acoustic energy radiated by the heat-supply region.

In order to estimate the degree of reliability of the diagrams

shown in Figs. 90 and 91, let us present some additional data. The

curves on these diagrams were plotted in the following fashion. From

the experimentally measured I'§ VI arnd 321 the values Of 2 0 • --

and of the energy flux • were obtained with the aid of equations of

the type (45.1). Then the amplitude of R (designated R) and the phase

of I (designated p) were varied f6r constant values of PI' •1' and the
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energy flux -A was again determined for these modified values of 17,

and this, as already mentioned, turned out to be less than for the ac-

tually realized mode. Consequently, the essential parameter ?, charac-

terizing the combustion zone, turns out to be realized every time in

such a way that all other values of 7 (for the same values of Il' VI)

yielded smaller values of 'A It is perfectly clear that the results

of these calculations could be influenced both by the accuracy of the

measurements of PI' •i' and P2 and by the accuracy with which the coef-

ficients all, a1 2, ... , a 2 3 in Eqs. (45.1) were determined. As regards

the first source of errors, the lowest accuracy was fo-r the measure-

ments of *i;"the measurements of P1 and p 2 were practically perfectly

accurate. The coefficients of Eqs. (45.1) could be determined from the

formulas of Chapter 4 from the known values of M1 and M2 and by assum-

ing that there occur in the combustion zone oscillations of a plane

flame front behind which the temperature reaches the theoretical value

inskanta.neously. One could, on the other hand, refine both the flame

configuration in the combustion zone (from the motion picture photog-

raphy data) and take into account the gradual nature of the tempera-

ture buildup in the flame. This approach would yield, of course, some-

what different numerical values of all, a 1 2 , ... , a 23 than the simple

method mentioned above.

Numerical analysis has shown that although the error in the meas-

urement of"Vl and the possible differences in the coefficients of Eqs.

(45.1) greatly influence the calculated value of -A, it cannot change

the conclusionsdrawn. Although the numerical values of 'Z did change,

the _A = -A(H) and -, = _A(P) curves retained their form and, in

essence, the points A0 hardly shifted on these curves relative to

their maxima. Consequently, the conclusion that the oscillating system

strives toward realization of the mode *, -max would not be changed
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by more careful measurements and by more precise processing of the ex-

perimental data.

9 With respect to the calculations performed, we must make still

another remark. As can be seen from the procedure used to plot the

curves in Figs. 90 and 91, in the variation of Y = 'N it was not re-

quired that the boundary condition be satisfied at the outlet end of

the tube. The calculations performed must be regarded as a disclosure

of a tendency rather than exact computations.

The experiments considered here should be viewed as an experimen-

tal illustration of the hypothesis concerning the maximum of "A, and

their scope is clearly insufficient to be able to speak with full as-

surance of a confirmation of the hypothesis. Therefore any new experi-

ments in this direction are of undoubted interest.

It must be stated that many phenomena observed in vibration com-

bustion can probably be treated from the point of view of the tendency

of the oscillating system toward realization of modes characterized by

'A max"

In particular, the Jump-like change in the oscillation frequency

with displacement of the combustion zone along the tube, described in

the preceding chapters, can be explained also from the point of view

of the hypothesis advanced. The experimental data do not contradict

the assumption that transition from one frequency to another is con-

nected with the fact that at the new frequency the amount of acoustic

energy generated in the heat-supply zone exceeds the amount generated

at the old oscillation frequency.

§47. Exoitation and &uppression of Vibration Combustion

We have already mentioned earlier that vibration combustion (the

excitation of acoustic oscillations by heat supply in general) can,

depending on the specific circumstances, be a process it is desir-

- 417 -



able to produce or else an undesirable phenomenon which must be com-

bated. Therefore both formulations of the problem can be of practical

interest, either a purposeful excitation of vibration combustion or a

decisive struggle against it.

A detailed examination of vibration combustion from these oppos-

ing points of view would hardly be meaningful, since the solution of

one of these problems determines to some degree also the opposite

problem: all the measures which are useful for the suppression of os-

cillations will be harmful for their excitation, and vice versa.

As regards measures which contribute to the excitation of oscil-

lations we can, starting from the results given in the preceding chap-

ter, present the following general recommendations.

The tube in which it is proposed to excite the oscillations must

not permit large losses of acoustic energy. In particular, if this

tube is open on one or both ends, it must be made sufficiently "long,"

i.e., it is necessary to choose a sufficiently large ratio of the

length to the tube diameter. This ratio is desirably of the oeder

L/d = 30-50, although vibration combustion can be observed also in
"shorter" tubes. In addition to the L/d ratio, a very important factor

is the construction of the tube itself. One must avoid in any way all

gaps (for example in the junctions between the elements comprising the

tube), holes in the body of the tube, etc. If the gas in the tube is

capable of interacting with the surrounding medium not only through

the end sections but also through various holes and other faults in

the body of the tube, this will lead to strong damping of the oscilla-

tions.

Depending on the character of the proposed heat-supply process

(whether gas, pulverized coal, or some other fuel will be ignited;

whether it is possible to install poorly streamlined bodies in the
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stream, etc.), it is possible to produce conditions that favor to the

greatest extent one of the feedback mechanisms listed in Chapter 7. If,

q) for example, it is proposed to obtain vibration combustion in a stream

of previously prepared gas-fuel mixture in a tube open on both ends,

then it is most natural to generate the vibration combustion by produc-

ing conditions favoring the development of a combustion mechanism con-

nected with periodic vortex formation. As is well known, this can be

attained by organizing the combustion process behind a poorly stream-

lined body (stabilizer). It is merely necessary to recognize that the

location of the stabilizer along the tube must be chosen in optimal

fashion. This means that it is necessary to find that position of

the stabilizer along the tube at which the largest amount of acoustic

energy is generated in the combustion zone and the tube boundary con-

ditions are simultaneously satisfied. It is best to seek this position

by experiment. For this purpose it is possible to use a mobile stabil-

izer construction (for example, to displace the stabilizer with the

aid of a rod which emerges through the "cold" end of the tube, but

without any longitudinal slots in the body of the tube itself which

would communicate with the external medium). If a movable stabilizer

is available, it must be displaced in a way as not to.interrupt the

combustion process, and its position along the tube should be set such

that the oscillations of the most desirable amplitude and frequency

develop. If such a construction is impossible, then the stabilizer can

be displaced during the intervals between startups of the installation.

After choosing the stabilizer position along the tube it is necessary

to seoure the stabilizer finally in the chosen seotion of the tube.

In those cases when the vibration-combustion mechanism is differ-

ent, the entire search for optimal excitation conditions must be reor-

ganized in suitable manner, using as a guide the description of the

- 419 -



feedback mechanisms given in Chapter 7.

A more complicated process is to suppress vibration combustion

once it has arisen. In some cases it is sufficient to break the feed-

back loop in the oscillating system. This break can be carried out in

the case when the feedback mechanism which has given rise to the vibra-

tion combustion is known. In Chapter 7 above, in the description of

the possible feedback mechanisms, examples of this type were already

presented. In particular, if vibration combustion arises as a result

of interaction between acoustic oscillations and the vortex production

ahead of the combustion zone, then to suppress the vibration combus-

tion it is sUfficient to install rectifying grids between the place

where the vortices are formed and the combustion zone (see §36). In

other cases it is necessary to use certain other methods which make it

possible to break the corresponding specific types of feedback loops.

The method indicated here for combating vibration combustion en-

tails the overcoming of very great difficulties. The point is that the

number of possible feedback mechanisms is quite large, and these can

have entirely different physical natures (see Chapter 7). Therefore

the desire to open the dangerous feedback loop may in practice impose

the requirement that all possible feedback loops be open. If it is

recognized that it is impossible to guess always the most dangerous

feedback loops under given specific conditions, one is left only with

advancing the most general requirement, namely attaining constancy of

the fuel flow, seeing to it that all the passages in the tube are

smooth in the inlet portion, etc. However, even the satisfaction of

all these requirements makes it possible for processes to occur, con-

nected with the action of variable accelerations on the flame front,

etc.

In addition to the foregoing, it must also be remembered that in
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accordance with the hypothesis that the system "strives to realize a

process with maximum radiation of acoustic energy from the heat-supply

' region, a break in one or several feedback loops which assume the

principal roles does not always lead to the suppression of vibration

combustion. Some other feedback mechanism, which hitherto was perfectly

insignificant, may become principal. In this case the oscillating sys-

tem should "correct" in suitable manner the frequency and the phase of

the oscillations in such a way that the new mechanism produces the

amount of acoustic energy which is the maximum possible for it. This

probably explains also the difficulty of combating vibration combustion

by measures of this type. Effective suppression of vibration combustion

is possible by using universal methods, which act in equal fashion on

all or at least the majority of feedback mechanisms, or else on the

oscillating system as a whole.

The most natural universal method of combating vibration combus-

tion is to increase the losses of acoustic energy. Structurally this

can be realized in the form of some devices placed at the end sections

to absorb the acoustic impulses. Such a measure is not always realiz-

able, since it can involve hydraulic losses or it can violate other

requirements imposed on the construction. If it is not desirable to

include absorbing devices in the construction of the end sections of

the tube, it is possible to suggest, for example, such a radical meas-

ure as the introduction of a longitudinal cut in the body of the tube

(or frequent holes on one of the generatrices), so as to allow the

gases inside the tube to communicate with the space outside in addi-

tion to the end seotlona. To be sure, this measure is practically im-

possible if the pressure inside the tube exceeds greatly the pressure

in the surrounding space.

In some cases it is possibly useful to equip the internal walls
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of the tube with acoustic dampers similar to those used to improve

the acoustics of buildings. It must be noted, to be sure, that whereas

direct experimental data are available concerning the damping influ-

ence of acoustic-energy absorbers in the end sections and in holes in

the body of the tubes, experiments using acoustic damping walls for

the tube are still unknown.

The foregoing methods of directly damping the oscillations are on

the whole quite effective and universal (they do not depend on the

specific type of feedback mechanism). Among their shortcomings is their

imposition of severe and sometimes impossible requirements on the

construction of the tube and the devices associated with it, since

they involve the introduction of additional hydraulic resistances, dis-

turbing the sealing of the tube between its ends, deterioration of

conditions under which the tube is cooled, etc. It is desirable there-

fore to develop where possible universal methods for suppressing vib-

ration combustion by direct action on the combustion zone, without

changing the construction of the tube and without devices ass6ciated

with its ends.

A methodof this type, which probably may prove useful in many

cases, is to stretch out the combustion over the length of the tube.

So far we have considered only those cases in which the extent of the

heat-supply zone a was small. To be sure, in Chapter 4 we gave a gen-

eral method of reducing the process of nonstationary combustion in a

certain extensive heat-supply zone a to a process of heat supply on an

effective strong-discontinuity plane Z, but this method was not used

from the point of .view of finding such properties of the combustion

process as would make impossible the self-excitation of the oscillat-

ing system.

Starting from the hypothesis that the oscillating system strives
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to realize a process that yields a maximum flux of acoustic energy 'A

radiated by the heat-supply region, we can draw the following important

. cQnclusion. The excitation of oscillations is connected with a proper

relationship between the amplitudes and phases of the perturbed heat

supply 1* and the perturbations of the flame propagation velocity '1

on the one hand, and the acoustic oscillations on the other. Therefore

in principle the struggle against vibration combustion can be carried

on both by disturbing the phase relationships and by changing the rela-

tionships between the amplitudes of 1* and U1 and the amplitudes of

the acoustic oscillations. However, the former of these ways can prac-

tically never attain the purpose. Indeed, assume that there exists in

an excited self-oscillating system of this type a certain phase rela-

tionship which can be modified in the required direction. Then the ex-

cited oscillations will attenuate, but at the same time there are cer-

tain to be excited others which are characterized by a different fre-

quency at which this change in parameter cannot interfere with the

excitation of the oscillations. In addition, the combustion process

has in real furnaces such a large number of "degrees of freedom" that

a forced change in the phase of any one of the links of the complicated

chain of causes and effects still leaves sufficiently many possibili-

ties for the spontaneous change in phase of the other links in accord-

ance with the hypothesis that the system strives to realize the mode
•Z= max"

The foregoing can be illustrated by means of the following simple

example. In the excitation of vibration combustion in a stationary gas

contained in a tube which has one end closed, the main feedback mechan-

ism is the one connected with the action of the periodically varying

accelerations on the flame front. It is quite obvious that as the

"flame front is slowly displaced along the combustible mixture, it wil_
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gradually pass from a region where the phases of the acceleration are

in suitable correspondence with the phases of the pressure oscilla-

tions into a region where this correspondence is violated (this is

connected with the fact that on different sides of the pressure anti-

node the oscillatinZ .on-. onesns of "',e ":e-o"itt ,ae d'et . cI-o-

site directions). Were the assumption concerning the decisive role of

the phase relationship to be correct, then the oscillations should

stop. Actually, oscillations are excited at a different frequency.*

Consequently, even from general considerations it becomes clear

that little promise is offered by fighting vibration combustion by dis-

turbing the proper relationship between the phases of '* and 'l and

the phases of the acoustic oscillations.

Another possible way, as indicated above, is to violate the re-

quired amplitude relations. We can use here the following results, ob-

tained in the preceding chapters. If the excitation of the system is

connected only with 7Q*, then when -* = 0 the oscillating system is

stable; if the excitation is connected only with 'i, then when 'U = 0

the oscillating system is stable or neutral. Inasmuch as both results

were obtained neglecting the energy lost to the surrounding medium,

for real systems the following statement will hold true: when a* = 0

and 'Ul = 0 the oscillating system is always stable. Thus, the prin-

cipal factor in suppressing vibration combustion is the utmost reduc-

tion in the amplitudes •* and 'Ul. One of the methods fulfilling this

purpose is to stretch out the combustion. Let us illustrate this with

two examples which have a qualitative character.

Assume that the combustion occurs in a mixture prepared directly

ahead of the combustion zone. We suppose that the main feedback

mechanism is one connected with the formation of a mixture of inhomo-

geneous composition as a result of oscillations in the flow of air
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Fig. 92. Scheme for calculat-
ing a combustion process that
occurs at two cross sections
shifted by a distance es"

through the cross section in which the nozzles which inject the fuel

into the flowing air medium are located. This mechanism was described

in detail in §35. Formula (35.4) shows that when the combustible mix-

ture .moves along the tube the excess-air coefficient a does not remain

constant. A periodic perturbation 6a is superimposed on it. This per-

turbation is carried by the stream like any other inhomogeneity which

is inherent in a medium that moves along a tube when the inhomogeneity

is stationary relative to the gas particles. Therefore at one and the

same instant of time a will be different at different sections of the

tube. Figure 92 shows schematically the flow through a part of the

tube. The wavy line oscillating relative to the tube axis shows arbit-

rarily the perturbation of the excess-air coefficient 6 a. In section

aa a certain part of the mixture is burned, and in section bb the re-

maining part of the mixture is burned. Between these sections, in the

segment ab, no combustion of the mixture takes place. The distance be-

tween sections aa and bb is equal to s . The wavelengt~h of the per-

turbation 6a is denoted by X. Let the section e = 0 coincide with the

section aa. Then the oscillations 6a in this section will occur in ac-

oordance with the law

a = 471)

where 6a0 is the value of 6a determined by Formula (35.4) for the in-

stant of time T = 0.
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The oscillation 6a in section bb can be determined by starting

from the fact that it was observed in section aa during some preceding •

instant of time, differing from the present instant by an amount nec-

essary for the portion of the mixture to move through a distance ab =

M 4s. This time is Ts = ts/Ms, where M. is the average value of the

flow velocity between sections aa and bb referred to the velocity of

sound in the cold stream. Consequently, in section bb the oscillation

6a will be determined by the following formula:

(47.2)

Assume that in each of the sections under consideration part of

the mixture is burned, the fraction C in section aa (where 0 < ( < 1)

and the fraction 1 - C in section bb. If we take the boundaries of the

heat-supply region a such that both these sections lie inside a, then

the total heat release in the region a will be

- Q6 It ~+0 -) Q (47.3)

Let us find the values of es and C such that 6Q = 0 for a speci-

fied frequency w. Writing (47.3) in trigonometric form and equating

the real and imaginary parts to zero individually, we obtain

Sifl(O t .0.O

snQ COBae M 0.

From this we obtain directly

ce t - kx (k = 1; 3; 5; ... , ( 7. )
AC0,5. (

Mhe values of k in the first of these equations are chosen odd,

since for even values of k we obtain • = m, whereas by definition 0 <

< <1.

.The perturbation wavelength 6a, like the entropy perturbation
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wavelength, is (in dimensionless variables) X 27rM s/c and consequently
we obtain from the first equation of (47.4)

toA (47.5)
The smallest value of s is obtained when k = 1.

Thus, if it is desired to reduce the amplitude of the heat-release

perturbation to zero, it is necessary to break the combustion process

up in such a way that it occurs in two planes which are separated by

half the wavelength of the entropy perturbation and, in addition, it

is necessarily required that equal fractions of fuel be consumed in

these sections. The result obtained is perfectly natural, for this is

precisely the type of combustion process required in order that at

each instant of time the excess heat (relative to the average value)

released in the section where the mixture is rich be compensated by

the deficit in the heat release in the section where a lean mixture

crosses.

It must be stated that the foregoing calculation cannot pretend

to be more than a crudely qualitative scheme. However, it does enable

us to point to the principally new factor contained in the properties

of a combustion chamber which is stretched out in length. Indeed, let

the combustion occur in only one plane (and not in two). Then by dis-

placing this plane along the tube axis, it is possible to change the

relations between the phase of the heat-supply perturbation and the

phase of the oscillation of the medium. It is then possible to obtain

those positions of the heat-supply plane at which the self-excitaticr

of the system becomes unavoidable. The situation is different if the

combustion occurs in two planes corresponding to the conditions (47.4).

Then excitation becomes impossible for any position of the heat-sup-<'

region along the tube axis, since the phase relations cease to p1
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any role whatever, inasmuch as the amplitude of the heat-supply per-

turbation vanishes. This indicates the great universality of the sec-

ond method of suppressing vibration combustion (by reducing the rela-

tive amplitudes, and not by changing the phase relations). The reduc-

tion of the amplitude of the heat-release perturbation to zero is

equivalent to breaking the feedback loop. In this case acoustic oscil-

lations cannot cause oscillations of heat release, which are capable

of maintaining the former.

Of course, exact satisfaction of Conditions (47.4) is difficult

in practice. However, even a crudely approximate realization of these

conditions is capable of yielding a noticeable effect. This can be

verified by examining what results from a change in the entropy per-

turbation wavelength X for a constant value of .•s Variation of X leads

to a violation of the first equation in (47.4), written in the form of

Relation (47.5). Let us find the absolute value of the heat-supply

perturbation 6Q, using the equation (47.3):

16Q od 5 a /'+2 I- )cs2 +( (47.6)

Let the modulus of (6Q/ýa)a60 be arbitrarily assumed equal to un-

ity. Then the relative amplitude of the perturbation 16QI will depend

on two parameters, C and es/X. The character of this dependence for

values of C equal to 0.25, 0.5, and 0.75 and also for the entire range

of variation of t /A (0 < s/Xk < 1) is shown in Fig. 93. As can be

seen from the curves, compared with combustion in one plane (t. = 0)

the amplitude of the heat-supply perturbation oscillations 16QI is re-

duced on the average to one half, and near the optimum value ts/S = 0.5

it amounts to 10-20% of the value characteristic of concentrated com-

bustion. A plot made for ( = 0.25 and ( = 0.75 shows that even such

a•preciable deviations from the optimum value ( 0.5 continue to re- ()
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tamn noticeable advantages for decentralized combustion. Thus, the dis-

tribution of the combustion between two centers may turn out to be use-

ful when an attempt is made to suppress vibration combustion.

All the considerations advanced above remain valid also for other

feedback mechanisms, for which the transport of some inhomogeneity by

the stream is essential. In particular, the foregoing remains in force

for the feedback mechanism due to periodic perturbation of the fuel

supply (it was already stated earlier that this type of feedback is

characteristic of low-pressure fuel-supply systems, for example the

supply of coal in pulverized-coal furnaces). One can say literally the

same for mechanisms connected with oscillations in the character of

the atomization of the fuel by nozzles, resulting from the oscillations

in the velocity head in the region -.here these nozzles are located, etc.

Fig. 93. Variation of the amp-
litude of the heat-supply per-
turbation as a function of the
relative distance between the
sections in which the combus-
tion takes place, and as a
function of the fraction of
combustible mixture burned up
in the first section.

One must not think that the distribution of combustion between

two centers is useful only when the feedback mechanisms are included
f

in the group which was characterized in Chapter 7 as being connectX'
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with mixture production. One can assume that even such phenomena as

vortices that advance on the combustion zone will perturb the combus-

tion process to a lesser degree, inasmuch as they will not act simul-

taneously on the entire combustion zone, which in the case under con-

sideration is greater in depth. 0'

The foregoing analysis, as was already indicated, was more qual-

itative than quantitative in character. Essentially, the distribution

of the combustion between two centers was merely a crude model of a

combustion model which stretches out along the direction of the flow

axis.

On the basis of the foregoing considerations we can state that

the spreading out of the combustion influences favorably the reduction

in the heat-supply perturbation amplitude. It is known, however (this

can be seen at least from System (16.15),

which describes the process in the heat-

supply zone), that self-excitation of acous-

(7Y'•T7 !tic oscillations can occur both for nonzero

perturbation of the heat supply, and for

nonzero perturbation of the effective flameFig. 94. Scheme show-

ing the combustion of propagation velocity. The influence of the
a homogeneous mixture
(the batches of combus- spreading of the combustion on the latter
tion products are
shown as shaded). quantity must be considered separately.

If we speak of combustion that stretches out over a certain depth,

we cannot confine ourselves to the notion of a thin flame front which

separates the tube into two regions, namely the region of cold mixture

and the region of the combustion products, in which the combustion

process has terminated. Actually, in the case of extended combustion

there will be located in the zone of the chemical reactions suffi-

ciently large batches of cold mixture, in contact with batches of corn-
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bustion products; on the boundaries between them there will occur the

combustion process. Schematically this is shown in the upper part of

Fig. 94 (the batches of combustion products are shown shaded). At the

end of Chapter 7 we presented a description of a rather effective feed-

back mechanism due to the influence of variable accelerations (con-

nected with acoustic oscillations) on a thin flame front regarded as

a surface separating two media of different density. It was shown

there that this reduces in final analysis to a perturbation of the ef-

fective flame propagation velocity, due to wave formation on the sur-

face of the front.

In the case of extended combustion, if the combustion zone has

the structure shown in the upper portion of Fig. 94, the mechanism men-

tioned here for the perturbation of the effective flame propagation

velocity, owing to wave formation on the separation surfaces, will be

noticeably weakened. This can be verified by examining the two dia-

grams shown in the lower part of Fig. 94. In the left and the right

halves of the figure is shown the behavior of one and the same batch

of combustible mixture surrounded by combustion products. The boundary

of the batch is the front of the flame. The instants a (left-hand dia-

gram) and b (right-hand diagram) are shifted in time by one-half

cycle of the acoustic oscillations, and therefore the directions of

the accelerations acting on the batch during these instants are oppo-

site. It is easy to visualize (this is clear from the general considera-

tions given at the end of Chapter 7 and can be seen on the right half

of Fig. 75) that if at the instant a the maximum wave production is

observed on the left boundary of the batch, then on its right boundary

there will be a minimum of wave production. This follows from the fact

that on one of these boundaries the acceleration acts in the directionl

from the cold gas to the hot one, and on the other it acts in the alx-
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rection from the hot gas to the cold one. It is obvious further that

half a cycle later, when the direction of the acceleration is reversed,

the character of the wave formation will also change (instant b). The

boundary on which there was a strong wave formation becomes unper-

turbed, and the previously unperturbed area is covered with waves. Let

us now take into account the fact that the effective velocity of com-

bustion is proportional to the overall surface of the flame. As a re-

sult of the fact that the left and right boundaries of the batch are

covered with waves alternately, on the average the total area of the

surface of separation remains constant for all instants of time. We do

not take into account here, of course, the unavoidable reduction of

this surface as a result of the combustion of the fresh mixture. An

account of this phenomenon is inessential, since it has no periodic

character. Inasmuch as the total area of the boundaries of the batch

ceases to vary periodically, the effective velocity of flame propaga-

tion will not have a periodic component and this means that the per-

turbation of the effective flame propagation velocity is equal to zero.

Consequently, self-excitation is excluded. Of course, these arguments

are only a crude approximation to reality, but they do show that the

structure of the combustion zone is capable of influencing appreciab2,

the possibility of excitation of acoustic oscillations, and combustic:

that is stretched out along the tube axis should be characterized by

reduced tendency toward self-excitation of acoustic oscillations.

Summarizing the statements made concerning the properties of ex-

tended combustion, we can state that such a scheme of the combustion

process has a tendency to reduce the amplitudes of the perturbations

both in the heat supply and in the effective flame propagation veloc-

ity, and is in a certain sense a universal method of combating vibra-

tion combustion.
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As will be shown in §52, excitation of acoustic oscillations in

liquld-fuel Jet engines is connected not with perturbations of the

. heat supply or the effective flame propagation velocity, but with a

perturbation in the gas production in the combustion front. Nonetheless,

the general conclusion that,in the case of extended organization of

the combustion, the excitation of acoustic oscillations is less likely

than in the case when the combustion is concentrated in one section

is to a certain degree valid also for liquid-fuel Jet engines. This

was demonstrated by Crocco and Cheng,* who considered the stability of

longitudinal acoustic oscillations in liquid-fuel Jet engines under

the assumption that the combustion is concentrated in two combustion

fronts that are separated by a finite distance. In the case when the

indicated two fronts were suitably placed (one at the head of the com-

bustion chamber, i.e., in a pressure antinode, and the other in a pres-

sure node), this has led in the calculations of these authors to a re-

duction in the probability of system excitation. Consequently, in liq-

uid-fuel Jet engines the extended combustion (combustion in two fronts)

can also exert a damping influence on the self-excitation of longi-

tudinal acoustic oscillations.

Extended combustion differs from ordinary combustion in that in

place of one heat-supply plane there are produced two or more. This

violates, as it were, the customary picture of heat supply in the lon-

gitudinal direction (along the x axis). An equally conceivable change

in the organization of the combustion is one in the transverse direc-

tion, along axes normal to the x axis. One can, for example, arrange

it so that only part of the gas crossing the heat-supply region is sub-

.'..ted to hest snd the other re-a_'.s c lo-. in ti-.s case there is

formed behind the heat-supply zone a flow of parallel Jets, some of

which are heated and others are at the temperature of the gas ahead
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of the heat-supply zone. If these Jets do not mix in the direct vicin-

ity of the heat source, then such a stratified construction of the

swrea.-., zehrd - ... . -t . -. he *.•.-

ance of damping effects.

A detailed theoretical analysis of this problem cannot be carried '

out here, inasmuch as we have studied above only one-dimensional flow.

However, general considerations show that in such a stratified con-

struction of the stream the excitation of acoustic oscillations becomes,

less probable. It is known, for example, that when heat is supplied

uniformly to all jets of the gas crossing the heat-supply plane, the

thermal resistance becomes largest compared with cases when this en-

tire amount of heat -s Lmnarted to only part of the Jets that cross

this plane. Consequently, the oscillation excitation Mechanism con-

nected with the perturbation of the thermal resistance cannot manifest

itself here to its fullest extent.

Not being able to consider here the theoretical aspect of the

problem, we shall refer to an experimental fact confirming the fore-

going considerations. In Lehmann's*experiments on excitation of sound

in a Rijke tube, which will be considered in detail in the next sec-

tion, the air was heated by passing electric current through thin wires

(0.2 m-m in diameter) located at distances 2 mm apart in a certain sec-

tion of the tube. The excitation of the acoustic oscillations occurred

only when a dense wire net was placed at a distance of the order of

1 mm from these wires along the stream. This net was heated by the in-

candescent wires located nearby and transferred the heat to the flow-

ing air. Removal of the net interrupted the sound even in the case

when the total amount of heat supplied to the air stream remained the

same as before. A possible explanation for this effect is that after

rweu.val of the dense net the stream behind the wires became stratified,
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Inasmuch as the heating wires were not sufficiently densely placed,

and the distances between them exceeded their diameter by ten times.

Manu-
script (Footnotes 1
Page

No.

404 The latter follows, for example, from Eqs. (45.5). When ( = 0
we have I = o and consequently 'yO= 0, i.e., t~e direction

of the vector 7 coincides with the direction of Ti.

424 See the experimental plots in Fig. 50. A more detailed dis-
cussion of this phenomenon will be given in the next chapter.

433 Crocco, L. and Cheng, S.I., High-Frequency Combustion Insta-
bility in Rocket Motor with Concentrated Combustion, Journ.
of the Rocket Society 23; No. 5, 1953.

434 Lehmann, K.O. Uber die Theorie der Netzt~ne (The theory of
line hum], Annalen der Physik [Annals of Physics], 5,
Series 29, 1937.
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Chapter 10

CERTAIN PARTICULAR CASES OF

SELF-EXCITATION OF ACOUSTIC OSCILLATIONS

§48. Excitation of Sound in a Rijke Tube

While the vibration combustion processes considered in the preced-

ing sections were connected to some degree or another with the mobility

of the flame front, a classical example of a system in which the mo-

bility of the surface of the heat conductor is completely excluded is

the Rijke tube. In addition, the grid installed in such a tube is so

thin, that its dimension in the direction of the tube axis can be neg-

lected so that the volume V in Eqs. (15.5) can be equated to zero. This

eliminates also the appearance of the mobility of a certain effective

flame front, which is sometimes introduced to advantage out of formal

considerations.

Consequently, the Rijke tube is the most outstanding example of

the excitation of acoustic oscillations by the heat conductor. This

circumstance makes it advantageous to consider the process of excita-

tion of sound in such a tube, although it is not connected with any

combustion process.-

As already mentioned, a Rijke tube is a vertically mounted tube,

in which a weak flow of air is produced. Usually this flow is connected

with the fact that a heated grid placed in one of the cross sections

of the tube heats the layers above it and thus produces a draft. A can-

tral factor in the analysis of the excitation of.sound by a Rijke tube

Is the question of the transfer of heat from the heated grid to the
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air flowing past it, and the connection between this heat transfer and

the acoustic oscillations. Based on the results obtained in the pre-

ceding chapter, it is easy to carry out an analysis of these problems.

Let us consider the properties of the heat supply surface Z. In

the case described, the heated grid and the heat supply surface Z,

which is introduced in purely formal fashion, will coincide. This is

perhaps the only case when the heat supply surface Z has so clear-cut

a physical meaning. Inasmuch as under ordinary conditions the grid can

heat the air flowing past it only slightly, we shall assume that M=

= M2 , n = 1, and therefore the equations for the connection between

the parameters of the oscillations to the left and to the right of Z

assume in the simplest case the form (20.3):

- -- x-1|- 1

2(-'Al+l . (48.1)

-- - 2(1-Al') --

Attention should be called to the fact that the only parameter on

which the self-excitation of the system can depend is the dimension-

less perturbation of the heat supply •, which can be written (on the

basis of Formulas (15.8) and (20.2)] in the form

2 i -Q.. (48.2)

Let us examine in greater detail the perturbation 6Q* of the heat

supply. We shall assume that the wires making up the heated grid are

sufficiently thin. In this case, to calculate the heat transferred per

second from the grid to the air we can use one of the known formulas,

for example, the King formula*:

Q*u M.ja(r, - F)1, (48.3)

where X is the heat conductivity of the air, D is the wire diameter, 1
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its total length, Tp the wire temperature, and T the temperature of

the medium.

The factor 1/F is introduced in the first of these formulas to

reduce the heat flow ner second -o a un. area of 'ube :ross se-._on.

If the oscillation frequency is low then, as can be seen from the

second formula of (48.3) the perturbation of Q*, i.e., the change 6Q*,

will be in phase with the change in the stream velocity 6v:

6Q*~(ru - T) 6VQA. (48.4)

At high oscillation frequencies, the picture is radically changed.

The processes in the boundary layer become essentially nonstationary,

and consequently the heat transfer also becomes nonstationary. A the-

oretical analysis of this phenomenon, and incidentally also its exper-

imental investigation, entailed tremendous difficulties. Relatively

recently, Lighthill obtained an approximate theoretical solution of

such a problem for laminar flow past an infinitely long wire in a gas

stream normal to the wire, the stream velocity in which had a small

sinusoidal component.* The result obtained by him reduces, in short,

to the following: if the oscillation frequency is quite large, then

the phase of the perturbation in the heat transfer will start lagging

the phase of the velocity perturbation by an angle 7r/2, independently

of the frequency. The amplitude of the perturbation of the heat trans-

fer decreases monotonically with increasing oscillation frequency.

Figure 95, which is borrowed from the cited paper, shows two curves.

One yields the value of *, which is the phase delay of 6Q* relative to

the stationary value 6 Q*'t (the value of 6Q* which would be obtained

*n the case of infinitesimally low oscillation frequency), while the

.econd shows the ratio of the amplitudes I6Q*I/1SQ*stj, equal to n.

3oth curves are plotted as functions of the parameter 2rMD/v, where n
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is the frequency of the acoustic oscillations in cycles per second,

while D is the diameter of the wire. The curves presented show that

O the attenuation q of the perturbation in the heat supply can become

appreciable at sufficiently large values of Q, while the phase delay

increases with the frequency sufficiently rapidly and in practice

reaches its limiting value, equal to w/2, at the instant when the at-

tenuation of the amplitude of the heat supply perturbation is of the

order of 0.15. If we estimate the order of magnitude of the parameter

27D/v, which can be observed in the Rijke tube, then we find it to b•

close to 30 when D = 1 mm, Q = 500 cps, and v = 0.1 m/sec. This indi-

cates that one can expect in the Rijke tube an appreciable attenuation

of the heat supply perturbation amplitude (by approximately a factor

of ten compared with the corresponding value for the quasistationary

process), and a limiting phase delay equal to 7T/2.

VO

Fig. 95. Attenuation rj of the
amplitude and the phase delay
in the transfer of heat from a
wire to a stream of air which
has a harmonic component.

While the attenuation of the heat supply perturbation amplitude

has only a quantitative influence on the excitation of sound in the

Rijke tube, the phase delay is the most important factor in the pres-

ent phenomenon. It is easy to verify that in the absence of a phas-o

t delay no sound would be ever excLted in the Rijke tube. Indeed, w.•
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the phase of 1 and the phase of •1 to coincide [Formula (48.4)], then

on the basis of Formulas (17.1) and (48.1)

-2(-i,= ' , 1(48.5)
6E would also have a phase that coincides with the phase of V1 . while

6X would have an opposite phase. Assuming that there are no losses in

the external medium, we could write the condition for the excitation

of acoustic oscillations in the form of the inequality

X> 0.
At the same time, according to Formula (19.2),

7 11-( R + ~6X + 6i Eax).

Inasmuch as there are no external losses, p, i v, and consequently

the first of the three components of A Z is equal to zero, while the

two others are negative (63tis in phase opposition with 7i and 6).

Consequently, AZ < 0, and excitation of sound is impossible. Thus, the

delay in the phase of the velocity perturbation is a necessary condi-

tion for the self-excitation of acoustic oscillations in a RiJke tube.

One must not think that the use of Lighthill's theoretical curves

always yields a limiting phase delay equal to 7T/2. The numerical exam-

ple given above corresponded to some degree to the extreme case. A

more real cade would be the excitation of sound in a long RiJke tube

with the aid of a grid consisting of relatively thin wires. If we put

S= 100 cps, D = 0.3 mm, and v = 0.3 m/sec, then 2,irD/v "- 0.6, i.e.,

the phase delay * will be on the order of several degrees, and the at-

tenuation in the amplitude of the heat supply perturbation will be

practically nil in general (n M 1). Thus we can expect the parameter

.27nDD/v and the phenomena associated with it to have a rather wide

range of variation in the Rijke tube.
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It is appropriate to emphasize here that the use of Lighthill's

theoretical results for the calculation of self-excitation of sound in

9 a Rijke tube can hardly be recognized as a valid operation without a

further investigation of this problem.

The wires making up the grid operate under entirely different con-

ditions than those which Lighthill used as the basis of his calcula-

tion. He considered a single wire in infinite space, whereas in a grid

the distances between the wires are of the same order of magnitude as

their diameters, and the mutual influence of neighboring wires is un-

doubtedly appreciable. In addition, Lighthill assumed that the sinus-

oidal component of the stream velocity is small compared with its av-

erage velocity, whereas Lehxmann's exoperirents have shown* that in a

Rijke tube the amplitude of the velocity oscillation actually exceeds

the average stream velocity by 2-6 times. It is quite clear that such

a change in the conditions of flow past the wire should noticeably

change the curves of Fig. 95.

Lehmann's experiments confirm the assumption advanced here indi-

rectly. Were it possible to apply the Lighthill curves directly to

grids in the Rijke tube, then the variation of the wire diameter would

greatly influence the self-excitation of the sound. The aforemen-

tioned experiments show, however, that there is practically no such

influence.

At the present time there are no data on the nonstationary heat

transfer from heated grids, so that a quantitative analysis of the

sound produced in a Rijke tube is factually impossible. In order to

present a qualitative idea of this phenomenon, we can use Lighthill's

curve, which makes it possible to take into account the most important

factor, namely the presence of a phase delay between the perturbation

of the heat supply and the perturbation of the velocity.
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Before we proceed to a numerical analysis of the excitation of

sound in a RiJke tube, we must make more precise the first-approxima-

tion formulas (48.1), which were used up to now as relations describ-

ing the process on the heat supply surface Z. It is necessary to intro-

duce refinements into these relations. ?irst, they can be refined by

taking into account the fact that the temperature of the air passing

through the grid is higher than the temperature of the air approaching

the grid. In the already-mentioned experiments by Lehmlann It vras shown *

that in normal conditions the air is heated by 100-1500 past the grid,

i.e., relatively little. Therefore an account of the heating (i.e., an

account of the fact that M, L M2; n P 1) cannot noticeably influence

the results of the analysis.

More significant is an account of the hydraulic resistance of the

grid. In considering the combustion process in furnaces or in combus-

tion chambers it is usually possible to neglect hydraulic losses,

since they are small. In describing the excitation of sound in a Rijke

tube, it is always indicated that the grid must be dense, and this in-

volves noticeable hydraulic resistances. The general equations obtained

in Chapter 4 enable us to take this factor into account, too. If we

start from the system of equations (20.1) and assume that all the

terms connected with the perturbation of heat supply are equal to zero,

with the exception of • = 2M3Q*, then we can obtain in place of the

relations (48.1) the following equations

V2 24-1 -=--1 (48.6)

P,=p 1- M -- 1 , -m, -,"
S 1 2(1-AMe) i-Mr- TJ

Accordingly, in place of (48.5) we must write

O 2 (1.-M g)'). ,_',. , (48.7)

"6X "'-M.-l2"•(1 -Mr t-,A "
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The quantity 1x can be readily related with the hydraulic resist-

ance coefficient C, if it is assumed that the steady-state hypothesis

"is applicable in this case. Indeed, denoting the pressure losses on

the grid by pC' let us write down the ordinary hydraulic equation

The perturbation of this quantity will be

8p - CQv 6V1 .

The quantity Px = - 6p, will characterize the force action of the

grid on the stream. By changing to the dimensionless variables (15.8)

we obtain

Q- (48.8)

We determine the quantity - by starting from Eqs. (48.2) and

(48.3). We assume that the root entering into the expression for a

(48.3) is appreciably larger than unity*:

I/ ,_ v (48.9)

We can then write

-A VV

where A is a certain constant.

Accordingly
A

or

8Q,-v. (48.10)

Using Formula (48.2), we write

(48.11)

where Q* corresponds to the heat supplied from the grid in the absence

of flow perturbations.
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Formulas (48.7), (48.8), and (48.11) define completely the proc-

ess on the discontinuity surface Z, if we regard as known the heat sup-

ply Q*, the hydraulic resistance coefficient of the grid C, and the

parameters n and *, which characterize the deviation of the process of

heat transfer from the grid to the air from the steady rtate.

With all the foregoing data available, one could solve the cor-

responding boundary problem, similar to what was done in Chapters 5, 6,

and elsewhere. However, it is simpler to obtain a sufficiently com-

plete notion of the excitation of sound in a Rijke tube by using the

energy method, developed in Chapters 3 and 4. In the case under con-

sideration, the use of the energy method is suggested because the fre-

quencies of the excited oscillations can be regarded as known. All the

researchers who have investigated the sound produced by a RiJke tube

always indicate that the oscillations excited have frequencies deter-

mined by the usual acoustic relations (i.e., they can be determined

without account of the constant component of the stream velocity along

the tube or an account of the properties of the heat supply zone). In-

asmuch as the only important parameter of the oscillations, namely the

frequency, the determination of which is impossible from energy con-

siderations, is known, the use of the energy method is perfectly nat-

ural.

By way of typical numerical data we shall use those realized in

Lehmann's experiments. This makes it possible to compare the calcula-

tion results with experiment. In the experiments cited, the bulk of

the tests were made on a tube with diameter d = 67 mm and total length

L = 1140 mm. Oscillations at the fundamental frequency were usually

excited in the tube (165 cps), and sometimes also the second harmonic

(frequency 330 cps). The flow velocity in the tube was varied at the

experimenter's will, since it was produced not by draft but with a-fan
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which fed air to a large receiver, to which the tube was connected. A

thin wire located at some cross section of the tube (diameter 0.2 mm,

pitch 2 mm) was heated with electric current. A dense metallic grid

was placed in the direct vicinity of the incandescent wire, received

the heat from the latter, and transferred it to the air. As already

indicated, the incandescent wire itself (without the dense grid) could

not excite sound. The diameter of the wires of which the dense grid

was made up exerted only a slight influence on the process of sound

excitation (in Lehmann's experiments, the number of meshes per square

centimeter was varied from 1115 to 46.8, which apparently corresponds

to a variation in the diameters of the wires making up the grid from

0.1 mm to 0.5 mm). The average flow velocity in the tube changed from

0 to 0.7 m/sec. The strongest sound was obtained at velocities 0.3 to

0.45 m/sec. The amount of heat transferred from the grid to the air

varied from 272 to 480 watts.

We shall assume for our calculations certain average values of

the parameter, with which the Lehmann experiments were characterized.

Let the stream velocity be v = 0.35 m/sec, the average heat supply

Q* = 432 watts, the average velocity of sound in the tube 376 m/sec

(determined from the observed oscillation frequencies), and the diam-

eter of the wire of which the grid is made up D = 0.35 mm. For the

fundamental tone (P = 165 cps) this yields 27rD/v M 1 and accordingly

S-= I and a delay * 60 .

Although the latter quantities were obtained on the basis of

Lighthill's plot (Fig. 95), the validity of which is subject to legit-

Imate doubt, they will be used here as certain first-approximation

parameters, which probably are of the correct order of magnitude, par-

ticularly since there are no other data at present. The principal fac-

tor introduced here is a certain delay in the perturbation of the heat
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supply * relative to the perturbation of the velocity ;.

We now use the well-known energy condition (19.3) which is valid

for the stability boundary

X2 -N-O. (48.12)

Let ur calculate both quantities contained in this equation. As

already mentioned in the present section

i': - ( i1 E+V1,8X•-+ 6E8XI

Let us determine the phase shifts be-

tween the vectors contained in the equation

4 - written out. We first consider the position

of the vectors in Fig. 96. The vectors • and

V have the customary directions, the first

ft along the positive x axis and the second

along the y axis (it is assumed here that 'R

is small). The vector x, as follows from Eq.
Fig. 96. Phase shift (48.8) is always directed opposite to the
of the vector 4 re- -
sulting from the de- vector The vectorQ has at very low fre-
lay, as a function
of the position of
the heat supply sec- quencies the same phase as v, and in general
tion relative to the
standing wave of the its phase is shifted relative to *I by an
pressure oscilla- angle *, as a result of the delay. In order
tions.

to determine in which direction relative to

the y axis to draw the angle *, it is necessary to take into considera-

tion, in order to find the phases of •, the direction of rotation of

the entire vector diagram with angular velocity (. It is easy to vis-

ualize that this direction will be different for different portions of

the standing pressure wave. In the upper part of Fig. 96 is shown a

standing wave of the pressure oscillations, covering half of a com-

plete wavelength. The half wave shown in this figure is. broken up into

sections a and b, lying on both sides of the pressure antinode. In
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section a the perturbation of stream velocity reverses sign on going

through the pressure maximum, and changes from positive (directed

toward the pressure antinode) to negative. The reason for it is that

upon gradual compression of the gas by the masses moving toward the

pressure antinode, the pressure increases, reaches a maximum, after

which the oscillatory component of the stream velocity reverses sign,

since the gas acquires a component of motion to the left, toward the

lower pressures. And exactly the same process in section b causes the

oscillatory component of the stream velocity to reverse sign when the

pressure perturbation goes through the maximum, and to change from

negative to positive. This is why the direction of w will be different

in the vector diagram of Fig. 96 for sections a and b: for section a

it will be counterclockwise and for section b clockwise. In general,

for the assumed measurement directions, the portions of the standing

wave lying between the node and the antinode of the pressure and those

located to the left of the pressure antinode, will be characterized by

the direction of the angular velocity wa' while the remaining sections

will be characterized by angular velocity wb. Inasmuch as the phase

shift * is due to delay, the position of the vector " will be differ-

ent: for section a • will be shifted by an angle * to the right of 7i.

while for section b it will be shifted to the left.

Let us consider now the expression for

Using (48.7) and neglecting the small term tcM3•/(l- N12 ) and the

quantity 14 compared with M42, we can write for sections a

'T M- I P , I19 IO• (0 ,l ") +

- 3 +12' ~ ~+ CosII a (18V~*4
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For section b, the expression for "A will be exactly the same,

except that the signs in front of * must be reversed.

Let us simplify the expression written out by putting 1 -- M2 . 1,

(x - 1)/2 = 0.2, and assuming the angle * to be small in absolute

value. We then have for sections a

-. M21 P 0 II1 I-O,O4l - 0,2'-O ,2 1ll P11. (48.13)

As follows from this equation, at small absolute values of * all

the terms except the first yield negative quantities, i.e., they sup-

press the oscillations. Only the first term can be positive when * > 0,

which is possible only for the sections a. For sections b we have < <

< 0 and consequently excitation is impossible, as follows from this

formula. This result can be expected, since it was indicated above

many times that when the vector of the perturbed heat supply is in the

second quadrant, excitation is impossible (see, for example, the sta-

bility diagrams in Fig. 29).

Let us substitute the values of • and 1x obtained a little while

ago into Relation (48.13). For the chosen numerical quantities we get

VLI, iUz. (48.14)

where v must be taken in m/sec. To determine the value of Px we specify

= 5, which corresponds approximately (at small Reynolds numbers) to

a wire grid with a ratio of live cross section to the tube cross sec-

tion on the order of 0.4-O.5.* Carrying out the necessary calculations,

we obtain the following expressions

Azm=O,021V 1 1p11--O,00351v11' for section a, (48.15)
X.-,-O,021;11j 1p-,-O,0351;I'•l for section b.

The variation of 1711 and I131 as a function of the position of

the grid along the length of the tube can be assumed to be
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it I - Icoo•lo 14-: I - Isin(P I C> 0),

where cp . knr, as follows from Formulas (6.3).

SA plot of A,/c2  as a function of

ON A 4 "the parameter 9 is shown in Fig. 97. As

4X can be seen from the plot, positive val-

&* ' • ues of X, extend from p = 100 to 9 = 90°.

61~ Equation (48.2) enables us to calculate

the energy losses due to radiation from

the open ends of the tube. In the pres-

ence of radiation losses, the vectors P1
Fig. 97. Flux of acoustic -

energy as a function of and 7 cease to be mutually perpendicular
the position of the heat a
supply plane along the and therefore Formula (48.13) should in-
length of the tube. -.

elude in addition the rotation ofI

relative to pl, but inasmuch as this rotation will be small for small

losses, we shall not introduce here a corresponding correction, and

assume that the expression for X., given by Formulas (48.15), is cor-

rect.

For specified values of d and L, the end impedance of the tube

(30.8) will be equal to

z - 0,0002t6ws + 0,0187mi,

where the dimensionless frequency of the oscillations w is w = 7r for

the first harmonic and w - 2w for the second.

Using the obtained value of z, let us determine the radiation

losses from both ends of the tube. This can be done by doubling the

flux of acoustic energy from one end cross section

It must be taken into account here that IVI M c and the quantity 1PI

and the angle between p and • can be readily obtained from the equation

-zv.
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Calculations yield for the first harmonic

_ = 0,00t4.

and for the second

-- R, .0,0056.

The line I/O2 is drawn on the plot of Fig. 97. It makes it POS-

sible to separate the instability region, corresponding to R- I > 0,

which extends from T -q 140 to (p = 870. A perfectly analogous construc-

tion can be made also for the second harmonic. If it is recognized

here that doubling the parameter 2irQD/v increases the delay by approx-

imately the same factor, and that the losses are I/2 0.0056, the

instability region is found to extend from P = 130 to T = 83°.

Using the relation r4) k: which was already given above (k = 1

for the first harmonc and' k i 2 for the second), let us plot the in-

stability regions for theŽ fIrst two harmonics as functions of the rela-

tive position of the fgr~d along the lcngth of the tube (Fig. 98). The

diagram presented is in rood agreement with the experimental data.

First, we see that the fundar•,3ntal tone of the tube can be excited

only if the coordina,e • - O.-, i.e. if the grid is in the lower part

of the tube. Moreover, i:f we turn ,o Fig. 97, we see immediately that

the difference A - 7 reachez ni maxlmum value at approximately q = 7r/4

i.e., when ý = 0.25. This is in complete agreement with the indica-

tions made by the experimenters, that the strongest sound is produced

when the heated grid is located at a distance equal to 1/4 of the

total length of the tube, measuring from the lower end. When t < 0.25

the second harmonic also becomes unstable. In Lehmann's experiments

this circumstance was registered in the form of a superposition of the

two harmonics at t < 0.25, and with decreasing t the second harmonic

started to play an ever more noticeable role. The corresponding oscil-

logramt are shown in Fig. 99.
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An analysis of the diagrams constructed explains why, in the ex-

periments of Bossch and Reiss, sound was excited only when 4 > 0.55,

j) i.e., with the grid in the top of the tube. Inasmuch as the grid

w produced cooling in these experiments,

-- the phase of the heat supply, determined

in accord with the steadystate hypothesis,
'U

differed by 7T from that in the case

when the grid is heated. This is seen
41)

from Formula (48.4), inasmuch as the signs

Fig. 98. Distribution of
the instability regions of the difference Tp- T are different
along the tube for the
first two harmonics. i) for the cooling and heating grids. Then,
0, cps. when the phase of the heat supply lags,

the vector 4 falls in the fourth quadrant

if the grid is located in region b on Fig. 96, and this corresponds to

the best excitation conditions. At the same time, the position of the

grid in region a moves • to the third quadrant, in which there are

practically no excitation regions at small values of M, inasmuch as

the stability diagram approaches the form shown in Fig. 29c.

Sunmarizing, we can state that even the use of a scheme of non-

steady-state heat transfer which is crude under the conditions consid-

ered, as is the scheme that follows from Lighthill's theoretical cal-

culations, yields all the most essential properties of the RiJke tube.

In addition to the already known properties of the Rijke tube,

Lehmann made use of the fact that he was able to regulate the average

flow velocity at his convenience, detected a new property of this tube:

with Increasing average stream velocity and at a constant average heat

supply, the sound produced by the Rijke tube first increases, reachesa

a maximum intensity, and then decreases and ceases completely after

reaching a certain velocity, depending on the average heat supply.
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The fact that the Rijke tube ceases

to produce sound at a certain suffi-
1 Am'/ ciently large velocity can be understood

from the formulas written out above. In-

• deed, let the average heat supply remain

constant: Q* = const. Then, as follows

from (48.11), 1[1 will decrease and con-

sequently the only term of the expres-

sion (48.13) which gives a positive flux

of acoustic energy 1. will also decrease.

A A A \ At the same time, the main term which

Fig. 99. Oscillogram of produces a negative component of '
pressure oscillations in
Rijke tube in accordance namely M2 IP Iii I, will increase because,
with Lehmann's experi-
ments. The upper oscillo- with account of (48.8), we have
gram corresponds to g =
= 0.25; the central one MIP1.,tiI=CMI, 1i.
to t = 0.125; the lower
one to t = 0.0625. 1) In the case considered above, at
Time marker (50 cpa). the optimum grid position (t = 0.25,

i.e., PI = 1li = 0.707c), the indicated two terms in the sum (48.13)

will yield

i.e., an expression that decreases monotonically with increasing v. If

a more accurate numerical analysis is made, then, without taking ac-

count of the possible change in *, */c 2 becomes equal to j/c 2 at a

velocity on the order of 0.75 m/sec. Experiment yielded for this quan-

tity a value 0.6 m/sec. For so complicated a phenomenon, we must admit

that such agreement between the theoretical calculation and the exper.

imental data is good.

In addition to the cessation of the sound from the Rijke tube
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when the average flow velocity is increased, we also observe the same

effect when it is reduced to values of the order of 0.15 m/sec. This

is in all probability linked with the fact that when the average flow

velocities are reduced while maintaining the same heat-supply value,

sharp heating of the air occurs in the neighborhood of the grid (in-

cluding in advance of it) and preheating of the oncoming air is effect-

ed to a considerable degree by the natural turbulence of the flow, as

a result of mixing of the moles of cold and hot air even before the

former have crossed the first section in which grids are positioned.

To the extent that turbulent mixing of the cold and hot moles takes

place, in first approximation, independently of acoustic vibrations,

this results in breaking off of the feedback in the oscillatory sys-

tem. It must be noted that the assumption made here has not been sub-

jected to quantitative verification and that it should therefore be

regarded as only one of the possible explanations for cessation of

sounding in the Rijke tube at low values of the average flow veloci-

ties.

§49. Vibrational Combustion in Propagation of Flame in Stationary Gas

One of the first carefully designed experiments with vibrational

combustion was that of Coward, Hartwell and Georgson, who have already

been mentioned in earlier Chapters. It will be recalled that this exper-

iment studied the propagation of a flame front along a tube filled with

a stationary combustible mixture, with one end of the tube closed and

ignition supplied at the open end.

The basic feedback mechanism was determined almost unequivocally

in this experiment, permitting quite complete analytical examination

of the problem. Actually, since we deal with combustion in a prepared

homogeneous mixture, all feedback mechanisms that are based on mixture

formation are excluded at once, and mechanisms in which the basic role
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is played by vortex formation and other hydromechanical factors are

likewise eliminated. From among the phenomena connected with the com-

bustion proper, we eliminate immediately the entire group of processesA

whose realization requires the presence of an igniting source (such as

an acetylene torch, etc.). The dependence of the rate of flame propaga-

tion on the parameters of the stationary medium in which the front of

the flame moves is more or less known. However, neither the pressure

oscillations, nor the temperature oscillations in the stationary gas,

which were observed in experiment, can cause so strong a change in the

rate of propagation of the flame as to cause the system to become ex-

cited. For this reason, the inclusion of various types of considera-

tions connected with the period of induction, due for example to oscil-

lations of pressure, can likewise yield no convincing results. Appa-

rently the principal feedback mechanism, which plays a decisive role

in this experiment, is the mechanism connected with the periodic wave

production on the surface of the flame, which was considered in the

second half of §38.

Unlike the principal analysis of this problem, which we considered

above, we shall give here a solution for several simplified conditions,

but the solution will be carried through to conclusion.

As was indicated in §38, in the case of acoustic oscillations of

the medium, the flame front situated in it experiences the action of

periodically varying accelerations. In this case the deviation of the

perturbed flame front from its steady-state position x = 0 in the x di-

rection (for a certain specified value of the coordinate Y) is described

by the Mathieu equation (38.25) (here z is a quantity proportional to

the time t):
A(s) - 2qcos (s) - o. (49.1)

Inasmuch as the tubes in which the experiments were made by Coward,
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Hartwell, and Qeorgson were positioned horizontally, the coefficient a

in Eq. (38.25) was assumed equal to zero. With this, in order to maws

a solution of this equation possible in terms of elementary functions,

we introduce the following assumption. We replace the periodic func-

tion coo 2z by an approximate function made up of sections with con-

stant values of the function, as shown in Fig. 100. In addition, we

shift the origin of the argument z by 7T/ 4 , introducing the variable

Zi = z + 7r/4. We can then write in place of (49.1)

,A" (,,) +,T (,,) At (.) - 0. (49.2)

where tp(zl) = +m2 for the intervals 0 < zI < w/2, ir < zI < 37r/2, etc.,

and 9(zl) = -m 2 for the intervals 7r/2 < z1 < 7, 3w/2 < zI < 27r, etc.

The value of m2 is determined here by the formula
ml. t 6 ho (el -Q)

P(QI+Q,) (49.3)

Cos 2

-1 .

Fig. 100. Replacement of the cosine
function by a discontinuous square-
wave function.

The expression presented here for m2 has been derived by comparing

Eq. (38.25) with Eq. (49.2). It is taken into account here that the

average value of coo 2z has an absolute value 2/7r over the interval

where this function does not reverse sign.

Equation (49.2), like the Mathieu equation, is an equation with

periodic coefficient (the coefficient of A(z,) varies as a function of
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zI in accordance with the law shown in the lower plot of Fig. 100). In

the appropriate branches of mathematical analysis it is shown that an

equation of this type has a solution in the form E
A (,;) - Ce',/, (z,) + Ce%"/, (&,), (49.4)

to which the solution (38.26) also belongs. Here the functions fl(z 1 )

and f 2 (zl) are periodic and the characteristic exponents sl and s2 are

constant quantities.

On the basis of the foregoing we shall seek a solution of Eq.

(49.2) in the form
A (z,) -Ce'" (z,). (49.5)

We break up the entire z axis into segments of length n/2; we

shall designate as segments of the first type those in which P(zl) =

= m2 and of the second type those where p(z.) = -_m2 . Let us consider an

aggregate of two neighboring segments of the first and second types.

Assume, for the sake of being definite, that these are the segments

0 < z _< 7r/2 and 7T/2 < z < 7r. Then the solution of the differential

equation (49.2) will be, for the first segment,

Al . CI, mt, + Ce-,IM (49.6)

and for the second segment,

A, = cM'2, + c 4e,-m . (49.7)

These solutions must be Joined together in suitable fashion. For

this purpose we must stipulate that on the boundaries between the seg-

ments the quantities A1 and A2, as well as their derivatives dAl/dz 1

and dA2 /dzI coincide. In addition, it is necessary to take into con-

sideration the requirement which is the consequence of the periodicity

of the function f(zl) in Eq. (49.5). We denote the period of this func-

tion by T; it is then natural to assume that this period will coincide

with the period of the function 9(z,) which is contained in Eq. (49.2), *
or else be its multiple. The period of the function qp(zl) is, as fol-

- 456-



lows from Fig. 100, = 7r; we can therefore write two more conditions

relating the start and the end of the interval corresponding to the

* aggregate of two neighboring segments of the first and second types:

aAI(0) = A2 (7r); a(dA1 /dzl)(0) = dA2/dzl(7T), where a = es . We thus

have the following four conditions:

di(0) 2 2 1 (49.8)
_I A, .);a±!- (0) dA, (A.)

Substitution of Solutions (49.6) and (49.7) into the conditions

(49.8) yields the following system of equations:

C -e 2  2 C 2 
+ Ce 2 0O

aC, + aC, Cse"' - Ce-mx 0,
iuC, - iaC, - Coe"'l + Ce-'n" 0.

The system (49.9) can have nontrivial solutions only if its deter-

minant vanishes. If we write this condition, then after simple but

rather cumbersome calculations we obtain the following equality:

or

o'-2cosm --ch m -1a+ "O. (4.02 2 (49.10)
Using the equality written out here, we can find two values of a

for which the system (49.9) has solutions that differ from zero. These

two values (a1 and a2 ) determine two values of the characteristic ex-

ponents a, and s2, which enter into the general solution (49.4). Even

without finding the numerical values of a1 and a2, we can point to

several properties of these quantities. From the forzm of the coeffi-

cients of the quadratic equation (49.10) it follows that ala2 - 1.

Consequently, if the modulus of one of the numbers is larger than unity,

"then the modulus of the second is less than unity, and vice versa.
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Thus, the difference between the modulus of one of the numbers aI or

a2 from unity is evidence that the wave motion on the flame surface is

unstable, for then there must exist lal > 1 between al and a2 , which

corresponds to s > 0, i.e., to an instability [one must not forget

that the independent variable zI in the solution (49.-4) is proportional

to the time t]. Consequently, a stable process (without a growth in

the oscillation amplitudes with time) is possible only when a1 = a2 = 1

or for complex values of a1 and a2 . Indeed

a,.=Cosm-t Xchm-.I ± i P/1- Cos' M-'chlm X (49.11)

When cos mn/2 ch mir/2 < 1, the modulus of the number al or a2 (the

square of which is equal to the sum of the squares of the real and im-

aginary parts) is exactly equal to unity. This shows that the charac-

teristic exponent s has a real part equal to zero, i.e., the amplitudes

of the waves on the surface of the flame will not start to grow with

time zI.

Formula (49.11) shows that the quantities a 1, 2 depend on the num-

ber m. Let us analyze this influence of the number m on stability in

greater detail. Such an analysis will be analogous to the problem con-

sidered in §38, concerning the influence of the coefficient _ on the

character of the solution of the Mathieu equation. Comparing Eqs.

(49.1) and (49.2) we can establish between these two parameters a nu-

merical correspondence which approximately corresponds to the essence

of the phenomenon:

4-Wq (49.12)

(it is assumed here that the average absolute value of cos 2z is equal

When the number m is varied continuously, the roots a1 and C12

likewise vary continuously. By virtue of the fact that ala2 = 1, it is
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sufficient to follow the variation of only one of these roots. Before

we proceed to the analysis of the dependence of a on m, we recall that

the function ch x is even, always positive, monotonically increasing

in IxI and reaches its lowest value ch x = 1 when x = 0.

Let m increase from zero to infinity. When m = 0 we have aI= 1.

With increasing m, a, becomes a complex quantity until cos 2 nmT/2 ch 2 m7r/2

begins to exceed unity (owing to the monotonic increase in ch 2 m7r/2).

At this instant, a, becomes a real root. Further, as a result of the

approach of cos 2 mr/2 to zero, al again assumes a complex value, etc.

Consequently, al will alternately become real and complex, and as m

increases the intervals of the values of m where a1 is complex will be-

come narrower and narrower owing to the rapid growth of ch 2 m7r/2.

The alternation of the intervals of the values of m where the

root a1 is real or complex, as described here, corresponds to an al-

ternation of the regions of stability and instability of the wave

formation on the flame front. A similar alternation of the stability

and instability regions was described also above, in the analysis of

the Mathieu equation (see §38).

Numerical analysis yields in this case the following results:

when 0 < m2 < 1.39 al is complex

when 1.39 < m2 < 9 a1 is negative real

when 9 < m2 < 25 al is positive real

when 25 < m2 < 49 a1 is negative real

In writing out these inequalities we disregarded the narrow in-
tervals of m2 near m2 - 9, m2 - 25, m2 - 49, ... in which al is complex

(the continuous transition from negative aI to positive a, and back

occurs via complex values of a1 ).

If we compare these intervals with the corresponding intervals of
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the values of the coefficient _ in the Mathieu equation (see §38) then,

by using Formula (49.12), we can set up the following comparative

table of the values of _: 41

Intervals of Values of _ Corres-
ponding to the Instability Re-
gions

1 no 7pa,,e.." 10 2
(19. 1 ) no 7pMaameJa-o (49.1)

o.91<V<7,3 1 ,09<9<7.05
7,5<9<21 7,05<q<19.6
21<<42 09,G<q<38.4

.. . . . . . . . . . .. . . . . . . . . . . . .

1) According to the Mathieu equa-
tion (49.1); 2) according to Eq.( 49.2).

As can be seen from the foregoing table, the numerical correspond-

ence between the two series of regions is much better than could be

expected from so crude an idealization, namely replacement of a sine

wave by a square wave. This circumstance gives grounds for hoping that

other aspects of the investigated phenomenon will also be correctly

represented by the approximate equation (49.2) not only qualitatively,

but also with fully satisfactory quantitative correspondence.

As is known from §38, where the Mathieu equation is considered,

the period of the functions f(zl) in the solution (49.4), of which the

solution (38.26) is a particular case, is equal to 27r in the first and

third intervals listed in the table, whereas in the second interval it

is one half as large. The same property is also possessed by the func-

tions f(zl), obtained by solving Eq. (49.2). In fact, for the first

and third intervals a, is a negative quantity, while for the second

interval it is positive. Consequently, in the latter case the function

f(Al) returns to the same phase (more accurately, the phase changes by *
:r) when zI changes by ir, while in the first case (a, < 0) the phase
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of f(tl) will differ from the initial phase by 7T (since the amplitude

of f(zl) reverses its sign). Therefore when ca < 0 two steps are neces-

sary in order to return to the initial phase, with each step changing

the phase by 7r and both together changing it by 2n. This proves the

foregoing statement.

At the end of §38 above we already mentioned that in.order for

the oscillations of the flame front surface to play the role of a feed-

back mechanism maintaining the acoustic oscillations of the medium the

period of this wave production should be twice as large as the period

of the acoustic oscillations (which is equal to 7r in terms of the vari-

able zl). Therefore, for an analysis of the interactlon of the wave

production on the flame surface and of the acoustic oscillations it is

necessary to consider only those ranges of values of m2 , for which a1

is negative real. Of greatest interest here is the first of these in-

tervals 1.39 < m2 < 9, which corresponds [as follows from Formula

(49.3)] to the smallest amplitudes h0 of the displacements of the

medium during the acoustic oscillations.

In order to obtain a clear idea of the function A(zl), which is

the solution of Eq. (49.2), we present here a numerical example. Let

the initial perturbation on the surface of the flame be sufficiently

small and assume that prior to the instant under consideration a suffi-

ciently long time interval has lapsed, to permit one of the terms of

the solution (49.4) to decrease to a negligibly small value. Inasmuch

as we are considering here the case of instability, lull > 1, we find

by virtue of the condition a1a2 = 1 that lc2j < 1, i.e., the second

term will decrease with time. We choose the value of m2 near the bound-

ary of the first interval characterized by a, < 0. Let, for example,

im2 = 1.46. Then al -- 1.6. We choose as the start of the time z2 the

"instant when A(zl) is real and equal to unity. Then, putting z, = 0,
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e.'e ob.a.n fro. (49.6) C1 1 C2 = 1. The constants CI, C2 , c3 , and 04

contained in the solutions (49.6) and (49.7) are generally speaking

complex. Therefore, putting Ck = Bk + iDk (k = 1, 2, 3, 4), we can

write B1+B,- , 1

,+Do. 0. (49.13)

Let us introduce the notation

a + b i; 2 in C.
(49.14)

Then

e .=a..-bi; ea •

At the end of the first interval the function Al(Zl) is equal to

"A, ( !!) = - (B, + BI) - 2bD, + ib (8, - B,).

It is easy to visualize that the imaginary part of AI(7r/2) is

equal to zero. Indeed, at the end of the second interval the function

A2 (zl) should be real, since AI(O) = alA2 (7r), and a, and AI(O) are

real quantities. But the change in the function A2 in the second in-
mzI -mz1

terval is connected with factors e and e _ , which are also real.

Congpquently, the function A2 (zl) is real on the entire interval, in-

cluding the start of the interval. But then, by virtue of the contin-

uity of the function A [the first "Joining" condition (49.8)] we can

state that Al(zl) is also real at the end of its interval. The condi-

tion that AI(r/2) has no imaginary part leads to the equality

B1 = B2 ,

which in conjunction with (49.13) yields B1 = B2 = 1/2.

The Just mentioned requirement that the function A2 (zl) be real

everywhere enables us to find two more quantities, D 3 = D4 = 0. Taking

into account the obtained values of B1, B2 , D 3, and D4 and also the

condition D1 =-D 2 (49.13), the equality of the quantities Al(zl) and
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A2(zl) when z, -r/2 is expressed in the following fashion:

e -2bDi -cB. + ••

f The condition A2 (7r) - cLA 1(0) yields

Bnct + -W age

while the condition for the equality of the derivatives (the last con-

dition of (49.8)] yields

84 . -a,2D,.
Boo - iir ~

A system consisting of the last three equalities enables us to find D1,

B3 , and B . Simple calculations yield the following (we give the val-

ues of all the Bk and Dk):

D1 =0,5, D,- -- 0,A; 8,--0,0392, Do0.

Bl-0,5, D,-u0,6; B, 7,4, D, 0.

6 2,

-t

Fig. 101. Variation of the amplitude A
of the flame-surface perturbation as a
function of the dimensionless time z1 .

Thus, the function A(zl) has been determined. The corresponding

plot is shown in Fi6. 101. The same fIgure shows the dependence v(x1).

If we disregard the increase of the average amplitude A(zl) with in-

creasing time z1 (the consequence of the instability), we can say that

A(z,) is a periodic function of the time, and reaches absolute maximum
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values at approximately the centers of the intervals characterized by

the positive values of q(zl) = m2 . This means that the most positive

perturbation of the summary flame surface will occur at these instants

of time.

The perturbation of the effective flame propagation velocity

6Usgor (we recall that 6Usgor is positive when the absolute rate of

combustion increases and differs in sign from 6UI) can be written on

the basis of Formula (38.29) in the following manner:

6UC"o pUK.cr (U..r -U. > 0). (49.15)

Consequently [see (38.20), (38.24), (38.30), (38.31)], the maximum

value of Usgor, like that of A(zl), will be attained at instants cor-

responding to the centers of the sections 9(zl) = +m2 .

The function q'(z1) is the result of a crude idealization of the

function 2q sin 2zI = 2q sin wt. We recall [this is easiest to see

from the inequalities (38.22), (38.24), and (38.25)] that _ is propor-

tional to the accelerating acting on the flame surface. This enables

us to relate the oscillations in the rate of combustion 6Usgor with

the velocity oscillations. Indeed, let the velocity oscillations in

the cold part of the stream ahead of the front of the flame be

6vI =- (60,)o cos wt, (49.16)

where ,v-). -�-s the =.•tude of the oscillations •v-. Then the per-

turbation of the acceleration acting on the flame front is written in

the form
8b - w (6v,), sin wt. (49.17)

It can be assumed that in the schematization employed this law is

represented, accurate to a scale factor, in the form of the function

P(Zl) on Fig. 101, and with this the maxima of 6b correspond to the

centers of these sections 9(zl) = +m2 . Inasmuch as the maxima of the
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absolute values of A(z1 ), i.e., the maxima of the wave formations on

the surface of the flame, and consequently also the maxima of the per-

, turbations of the surface of the flame 6S, also coincide with the cen-

ters of the sections 9(zl) = +m2 (with the maximum values of the ac-

celeration perturbations 6b), the phase shift between 63 and 6b is

equal to zero and consequently

68 = (aS) iAn Col. (49.18)

Here (6S)O is the amplitude of the oscillations of the flame surface.

We note that in accordance with the plot of the function A(zl) on Fig.

101, there exist instants when A(zl) becomes equal to zero, and the

flame front ceases to be perturbed. Obviously, in this case S reaches

a minimum, i.e., these instants correspond in the present notation to

6S = -(6S) 0 (the minimum of 6S). Consequently, the "natural" state of

the flame front is regarded to be one with some average curvature, and

the maximum perturbations (corresponding to 6S = +(6S) 0 and 6S =-

-(6S)O0 are such as to either double this average curvature, or reduce

it to zero. In the former case the flame surface increases compared

with the average value, and in the latter it decreases.

If we denote the value of the relative change in the flame sur-

face contained in Formula (49.15) by 73 = 6S/F, then, by using Eqs.

(49.16) and (49.18), we can establish the phabe relation between 6Usgor

and 6vl:
6Uc,W- U..,(S),sin u,

8vaui W91).IX~~) (49.19)

As can be seen from the foregoing equations, the phase shift be-

tween 6Usgor and 6v1 Is ir/2.

Let us consider the question of the excitation of acoustic oscil-

lations in a tube closed on one end, when the perturbed-combustion

process is described by the first equation in (49.19). On the closed
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end of the tube there can exist no average flux of acoustic energy

other than zero. Therefore the oscillations of the velocity 6v1 and of

the pressu:,e 6p1 will be shifted in phase by 7r/2 in the case of steady-

state oscillations. This means that the oscillations in the rate of

combustion 6Usgor will be in phase or out of phase with the oscilla-

tions of the pressure. We have already mentioned above that the condi-

tions under which excitation is produced by heat supply oscillations

and by oscillations of 6Usgor are the same in their main outlines, and

it was shown in §45 that the near equality of the phases of Y = 6 Usgor

and 6p, is the most favorable for the excitation of acoustic oscilla-

tions. In those cases when 6p, and 6Usgor are in phase opposition, the

excitation of acoustic oscillations is impossible. The foregoing fol-

lows, in particular, also from the form of the typical diagram for the

stability boundaries, shown in Fig. 27.

j ' - Let us consider in greater detail the

question of when the phases of 6Usgor andb so

EE• 6p, will coincide. Figure 102 shows the mo-

Fig. 102. Perturba- tion of the gas in the vicinity of the
tions in the stream closed end of the tube at the instant when
velocity in the vicin-
ity of the closed end the pressure perturbation 6p, goes through
of the tube.

a maximum. At the instant directly preced-

ing the maximum compression of the gas, the air masses still move

toward the closed end (scheme a), while at the instant directly follow-

ing the maximum compression of the gas at the closed end of the tube,

the masses begin to move toward the open end of the tube (scheme b).

This character of motion indicates that the gases are acted upon by an

acceleration in the positive x direction. Inasmuch as the velocity per-

turbation 6vy goes through zero at the instant of maximum compression,

the acceleration 6b reaches at that instant its maximum absolute value
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[see (49.16) and (49.17)].

Thus, at the instant of maximum compression at the closed end,

the gas located near this compression region is acted upon by maximum

positive acceleration. Physically this result is almost self-evident.

The maximum of positive acceleration corresponds to the center of the

section T(zl) = +m2 , i.e., to instants when 6S and consequently also

6Usgor reaches a maximum. Consequently, in the nearest vicinity of the

closed end, an agreement between the phases of 6p, and 6Usgor will al-

ways be observed, i.e., the excitation conditions will always be satis-

fied. As regards the other portions of the tube, the possibility of

self-excitation of oscillations upon passage of the flame front

through them depends essentially on the number of the excited harmonic.

To consider this question in somewhat greater detail, let us turn to

Fig. 103.

Figure 103 shows standing wave patterns for the oscillations of

6p and 6v for the first three harmonics, with the patterns of 6p and

6v arbitrarily drawn in one plane. As was indicated Just now, at the

closed end (when x = 0) the excitation conditions are satisfied always,

i.e., for all harmonics. It is clear from the foregoing that in final

analysis the question of the possibility of excitation reduces to the

question of the relationship between the phases of the pressure and

the acceleration; if positive 6b corresponds to positive 6pj, then the

oscillating system is capable of excitation. Let us consider from this

point of view the second harmonic (the middle diagram of Fig. 103). In

the vicinity of x = 0 the excitation conditions are satisfied, and

when the pattern of Op goes through sero they are violated. Indeed, in

this case 6p reverses sign, i.e., its phase changes by 7r, whereas the

phase of 6b remains the same [it is seen from Formula (49.17) that a

change in the phase of 6b is possible only when the phase of (6v 1 )0
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Fig. 103. Standing wave patterns
for the first three harmonics
(tubes with one closed end); Ax
are the intervals inside which
the flame front should be situ-
ated in order for excitation to
be possible.

changes, while the pattern of 6v in Fig. 103 indicates that upon going

through the section corresponding to 6p = 0 the phase of 6v remains

the same as before]. Consequently, whereas in the section adjacent to

the closed end of the tube the phases of 6 p and 6b were the same, in

the vicinity lying to the right of the section where 6 p = 0 they turn

out to be shifted by w. This means that 6 p and 6Usgor are in phase op-

position and the acoustic oscillations will be damped out.

Further motion in the positive x direction leads to a section

where the perturbation 6v changes sign (i.e., changes the phase by 7r).

As regards the phase 6p, it remains the same as before. Thus, to the

right of the node of 6v, the phases of 6p and 6b will again be such

that the excitation of acoustic oscillations becomes possible. Conse-

que4iy, whereas the first harmonic shown in the upper part of Fig.

103 admitted of excitation of the system for any position of the flame

pt inside the tube, for the second harmonic there exist two regions
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in which excitation is possible, one in the vicinity of the closed end

and the other in the vicinity of the open end of the tube.

In the lower part of Fig. 103 are plotted the standing wave pat-

terns of 6p and 6v for the third harmonic. We can apply precisely the

same arguments to these patterns and show that for the third harmonic

there exist three regions inside of which the excitation conditions

are satisfied, and two regions where they are not. The intervals of

the values of x within which the flame front should be located in or-

der to permit excitation of acoustic oscillations are designated in

Fig. 103 by Ax.

1 1

Fig. 104. Comparison with experiment of
the obtained theoretical intervals Ax
within which the flame front should be
located to make self-excitation possible.
1) cps.

The result obtained here on the basis of a theoretical analysis

is in good agreement with experiment. By way of an example, Fig. 104

shows the results of the experiments of Coward, Hartwell, and Georgson,

which were already shown in Figs. 49 and 50. Along with the experimen-

tal points, the diagrams show the zones Ax, constructed in the-follow-

ing manner. Since the cold mixture used in the experiments under con-

sideration was stationary, one quarter of the length of the standing

wave of the pressure and velocity perturbations is equal to al/40 (a 1

is the velocity of sound in the cold gas and Q is the oscillation fre-
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quency in cycles per second). The first quarter wave, reckoned from

the closed ep.d (from the origin in the figure) was regarded as a zone

_. ,.e.. -_*. ,_'. "_-------•s ,.s e .o':. second a.nalogcus region-

(Fig. 103). The oscillation frequency 0, which was substituted in the

expression derived somewhat earlier, was taken from experiment.

As can be seen from Fig. 104, the excitation of acoustic oscilla-

tions occurred only when the front of the flame was inside the zones

Ax.* This is a good confirmation of the assumption made at the start

of the present section, that the main mechanism for feedback is the

interaction between the acoustic oscillations and the wave production

on the flame front and the action of this wave production on the ef-

fective velocity of flame propagation.

Figure 104 gives grounds for making a few other remarks concern-

ing the mechanism of oscillation excitation. It is first necessary to

point out that the ends of the Ax zones correspond to the following:

the left to a velocity node and the right to a pressure node. There-

fore the system cannot be excited on the ends of the Ax zones. The

fact that there is no excitation in the pressure node can be seen from

the right-hand diagram on Fig. 30 (it is merely necessary to recall

that in this diagram the amplitude of the perturbation 6vI is directed

upward, and consequently 67 will be directed along the abscissasgor
axis). When 67 is turned through 7r/2 relative to 6vl, the diagramsgor
of the stability boundaries does not show in this case that the end of

the vector 6V. falls in the instability region. In the vicinity of
sgor

the velocity node, the oscillation system is not excited because along

with the decrease in the amplitude of the velocity oscillations the

amplitude of the displacements of the medium, ho, which is contained

in the expression for mi2 , also decreases (for a given frequency) [see *
Formula (49.3)]. If it is assumed that the wavelength X on the flame
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front retains the same order of magnitude, then m2 w 0 near the veloc-

ity nodes. At the same time it was shown above that the excitation of

the wave production on the flame front is possible only when m2 > 1.39.

Consequently, the oscillating system cannot be excited not only when

the flame front is located in the direct vicinity of the velocity node,

but also when the flame moves a certain distance away from this node.

The experimental points lie, in full accordance with the fore-

going, inside the intervals Ax, and the tendency of the experimental

points to shift toward the right ends of the intervals Ax indicates

that the oscillation excitation is more influenced by the velocity per-

turbation than by the pressure perturbation. Particularly instructive

in this sense are the experimental points corresponding to the position

of the flame front directly at the closed end. At that instant the os-

cillations occur with the second-harmonic frequency, and as the front

of the flame approaches the closed end of the tube the oscillation

process clearly begins to break down. This is externally manifest in

the disappearance of regularity and the rapid decrease of the oscilla-

tion frequency.

Were the feedback mechanism to be caused by some physical proc-

esses which depend on the pressure (for example, the variation of the

period as a function of the pressure etc.), then as the flame ap-

proached the closed end there would be no breakdown observed in the

oscillation process. The observed deviations from the expected charac-

ter of the phenomenon become understandable if the feedback mechanism

is based on the "dragging" of the flame front by the oscillating medium.

Then the closeness of the closed end of the tube should greatly dis-

turb the entire hydromechanics of such a "dragging" and cause devia-

tions from the theoretical pattern.

In SS28 and 29 above, we considered the question of the Jump-like
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change in the oscillation frequencies for a continuous variation of

the length of the hot part of the tube. The corresponding results were

obtained there on the basis of formal considerations and were not con-

nected at all with the concrete mechanism of oscillation excitation.

The analysis given here of a oonorete phenomenon leads to the same

regularity, but we now understand the internal essence of this phenom-

enon. If we consider the gradual motion of the flame front from the

open end of the tube (abscissa equal to 5 meters on Fig. 104) then in-

itially (as follows from the scheme on Fig. 103) all the harmonics

will be unstable (we disregard losses here). However, the oscillating

system will start to be excited not by the first harmonic but by the

highest possible one (with account of the losses). The reason for it

is that for the higher frequencies the motion away from the node 6 p

located at the open end of the tube will occur earlier than for the

lower harmonics. As soon as the motion of the flame front toward the

closed end of the tube causes the amplitude of the velocity oscilla-

tions 6v to decrease (as a result of the approach of the flame front

to the 6v node) to a suitable value, a "Jump" to the next harmonic oc-

curs, for which the 6v node is located farther away from the open end.

From this point of view, the second transition to oscillations with

the second-harmonic frequency at the closed end of the tube becomes

understandable. It occurs when the transition to the second harmonic

"removes" the flame front from the 6v node (which coincides with the

end of the tube), and this removal must be understood as a displace-

ment relative to the standing wave pattern: whereas the extreme left

experimental points, corresponding to the fundamental tone, lie at a

distance of approximately 1/3 of the quarter wave length of the stand-

ing wave from the velocity node, for the second harmonic the entire

VWter wave length lies within the same distance from the closed end,
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i.e., the front of the flame is situated at the 6v node.

The concrete analysis of the experiment considered explains also

why the experimental points on Fig. 50 agree better with the theoreti-

cal instability regions than the points on Fig. 49. In §29 we could

state in this respect only that the characters of the perturbed combus-

tion process during the instant of occurrence of the instability and

during the instant of its vanishing were not completely the same. We

can now make this general remark more specific: the occurrence of the

instability is connected with the removal from the pressure node,

whereas its vanishing is connected with an approach to the velocity

node. These external causes have a very deep physical meaning. At the

instant of occurrence of the instability, the wave production on the

surface of the flame can gradually occur and the limiting factor is

that as a result of the closeness of the flame front to the pressure

node a nonvanishing 6Usgor cannot cause a positive influx of acoustic

energy. At the instant of the disappearance of the instability, the

flame front approaches the pressure node and the conditions for obtain-

ing a positive influx of acoustic energy are quite favorable, but ow-

ing to the decrease in 16vl the feedback mechanism ceases to function

(wave production on the flame front stops). It becomes clear from the

foregoing that the reason for the start and end of the instability is

quite different; this is why no agreement between the theoretical and

experimental boundaries of the disappearance of the instability should

be obtained on Fig. 49.

The results obtained in §§28 and 29 have the advantage of greater

generality, sinoce they do not depend on the concrete type of vibration

combustion. But being quite general, these results cannot explain many

particulars of the observed phenomenon. One must not forget likewise

that the deductions of §28 are based on the assumption that the insta-

-473 -



bility region exists. The deductions of the present section are more

complete in this respect and state that an instability region should

exist for the combustion mode under consideration.

In conclusion it is useful to return again to an analysis of the

experimental data, so as to analyze them from the point of view of gen-

eration of acous :ý energy in the heat-su;ply zone.

Inasmuch as the principal role in vibration combustion of the

type considered here is played by the perturbation of the effective

rate of propagation of the flame, the condition on the discontinuity

surface Z, which represents the region of heat supply, must be written

in the form of the system (16.12). Taking Eqs. (15.9) and (15.10) into

account, and also assuming that the average rate of displacement of

the flame front along the tube is quite small, and consequently MI and

M2 are close to zero, we can readily reduce the system of three equa-

tions (16.12) to the form

(49.20)

In place of the three equations (16.12) we have obtained the two

equations (49.20), because the first and third equations of (16.12)

become identical after the assumption Ml = M2 = 0 is introduced.

The summary flux of acoustic energy radiated by the heat supply

zone can be determined from Eq. (19.7), putting in it m = 1. Then,

taking Conditions (49.20) into account and noting that PivI = 0, we

obtain

-j ) (49.21)
As already indicated, 6T and 67 differ only in sign. Conse-

1 sgor

quently, going over to dimensionless variables, we can write
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If we take the equations in (49.19) into account and assume that for

the section of type b in Fig. 96, which corresponds to the flow adja-

O cent to the closed end, we have
t, = (spi)*n c.t,

then we can state that

-- eI P(7

Let us substitute the obtained value of 1 in (49.21). Then

S,- I (nt ,- -!) f ( P o1( . (49.22)

For sections of type a in Fig. 96, the sign of IX will be the opposite

of that given by Formula (49.22). Inasmuch as n > 1, the system will

be excited only on the sections of the type b.

Formula (49.22) obtained here is an analytic way of writing down

the fact already discussed somewhat above, namely that the excitation

of the vibration combustion (i.e., the attainment of positive work I

per second) is connected both with the presence of a nonvanishing per-

turbation of the pressure P,' and with a nonvanishing wave production

on the flame surface (69)0. Whereas this conclusion was based previously

on purely qualitative considerations concerning typical configurations

of the stability boundaries, it has now acquired a quantitative charac-

ter, indicating that both these factors play an equally important role.

It should be recalled that in the derivation of (49.22) the required

phase relations were already assumed, so that they did not enter into

the final expression for 'A"

In order for wave production on the surface of the flame to be-

come possible, as already mentioned, the parameter m2 must exceed 1.4

but be smaller than 9. If we turn to the expression (49.3) for m 2 , we

obtain after changing over from h0 to (6vl) 0 = hoo the condition for

the wave production in the form of the inequality
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1.4 < 16(~,(r~ < 9. (49.23)

from which it follows that the velocity oscillations 6v should exceed

a certain limit. Therefore (6")0 can be different from zero only at a

certain distance away from the velocity node. It must be noted that a

more accurate numerical estimate of this circumstance based on experi-

mental results is difficult, since no data are obtained in this experi-

ment concerning the wavelength X on the flame surface.

A second difficulty in the analysis of (49.22) is the fact that

the quantity (63), which is contained in it as a factor is not deter-

mined by the parameters of the acoustic oscillations. If Condition

(49.23) is satisfied, then at constant oscillations of the medium [con-

stant (6vl)O] the quantity (69)O can vary with the time. In §38 this

circumstance was already emphasized, and it was pointed out there that

such a property of wave production is connected with the fact that the

formation of waves on the boundary surface constitutes parametric res-

onance. Consequently, although the amplitude (6vl) 0 will monotonically

decrease as the flame front moves away from the pressure node (dis-

placements from the right to the left inside the interval Ax on Fig.

104), the amplitude (63)0, which characterizes the wave production,

can increase. Consequently, the product (6Z)01oli, contained in For-

mula (49.22) can also increase not only because of the increase in

1'51, but also as a result of the increase in (62)O. The increase in

-Z with increasing distance from the flame front to the pressure node

will cause the amplitudes of the acoustic oscillations to start in-

creasing. This increase in the over-all level of oscillations will in

turn act on the quantity mi2 , so that the change in the oscillation amp-

litude with motion of the flame front along the length of the tube

w*?l not be as regular as the change in the frequencies.
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150. Occurrence of Oscillations in Pulverized Coal Furnaces

As the rating of various types of commercial furnaces is in-

. creased, the excitation of oscillations connected with vibration com-

bustion in such furnaces becomes more and more probable. As already

mentioned in the introduction, in some cases these oscillations are

useful and the designer attempts to produce them by suitable means. In

other cases the occurrence of vibration combustion is extremely unde-

sirable and the appearance of such modes in furnace operation causes

damage to the structure, premature wear of individual units, etc.

Recently V.V. Solov'yev observed and described vibration combus-

tion in a furnace operating on pulverized hard and soft coal,* with

these oscillations localized in the preliminary chamber of the furnace,

which we shall call henceforth the combustion chamber. V.V. Solov'yev

pointed out that during the operation of highly loaded combustion cham-

bers vibrations were produced, accompanied by strong noise and con-

siderable pressure oscillations. The experiments described below were

set up by the aforementioned author.

Figure 105 shows schematically one of the combustion chambers, in

which the experiments described below were set up. The combustion cham-

ber constituted a vertically placed cylinder 2 m in diameter with a 900

turn in the lower part. From the point of view of acoustics, such a

combustion chamber can be regarded as a tube with one closed end (on

top) and one open end (at the bottom), and the length of such a tube

must be measured along the broken axis ABC. If we estimate the tube

length in this fashion, we find it to equal 12.5 m. In the upper part

of the combustion chamber Is located a burner consisting of two pipes.

The inner pipe, which is provided with blades at its outlet, serves to

supply the pulverized coal and the primary air. In Fig. 105 the supply

of air and pulverized coal is indicated by the arrow vI. The outer

- 477 -



:ri~e, which serves for the supply of the secondary air, is also pro-

a.- S -.--

arrow v2 . In addition, the air necessary for the combustion is sup-

plied along the periphery, tangentially, through suitably installed

nozzles (v3 on Fig. 105). The interaction between all these devices

results in twisting of the flame torch, and this contributes to better

combustion. Although, as can be seen from the description, there are

several openings in the upper part of the combustion chamber, this end

can be regarded in first approximation as "closed" since the total

area of these openings and the general character of the way they are

obstructed makes them less effective by an order of magnitude than the

opening in section C in the lower part of the combustion chamber. As

regards the lower end of the chamber, an essential factor is that lo-

cated to the left of section C is a large volume, which greatly ex-

ceeds the volume of the combustion chamber; this allows us to regard

the section C as being an open end of the tube, communicating with an

unbounded space.

Fig. 106. Oscillogram

of pressure at the
burner (in the upper
part of the combustion
chamber).

The relatively small ratio of the

.tube length L to its diameter d (L/d =

= 6.25) indicates that the combustion

Fig. 105. Schem- chamber will be characterized by rela-tic. represhent-
ation representaof the om- tively large radiation losses (see
bustion chamber. Chapter 6), and consequently only the
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excitation of fundamental (first-harmonic) oscillations is likely in

it. In order to estimate these frequencies we assume the simplest for-

mula, based on the fact that the first harmonic in a tube with one end

closed and the other open corresponds to its supporting one quarter of

the perturbation wavelength

S= a/4L,

where Q is the frequency in cycles per second and a is the velocity of

sound.

At the average temperatures, and hence sound velocity, observed

in the experiments the frequency calculated from the fqregoing formula

turns out to be 16.9 cps, whereas measurements made in the vibration

combustion modes yielded values ranging from 16.1 to 17.2 cps.

In another furnace, which was similar in construction to that de-

scribed above, and which was characterized by L = 7 m and d = 1.4 m,

the calculated frequency turned out to be 28 cps, while the measured

value was 25 cps. Oscillograms obtained in vibration combustion show

that the pressure has an almost exactly sinusoidal variation at the

closed end of the tube. An example of such an oscillogram is shown in

Fig. 106. Although the agreement between the calculated and experimen-

tal frequencies gives rise to almost complete assurance that the ob-

served oscillations had an acoustical nature, an additional experiment

was set up, which finally confirmed this assumption. The experiment

consisted of plotting the standing wave patterns of the oscillations

produced in the combustion chamber. By aligning the origin with the

closed end of the tube, we obtain as a boundary condition "V = 0 (• = 0).

Another condition will obviously be " - 0 (4 - 1). Disregarding the

combustion process for the time being, let us calculate the standing

wave pattern for the pressure in such a tube.

From Eqs. (4.13) and (4.14), putting A p =0, we obtain
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Fig. 107. Comparison of the the-
oretical curve (continuous line)
and the experimental points of
the oscillation amplitude dis-

tribution along the combustion
chamber. 1) mm water pressure;
2) meters.

I --

P' ==" PO e + e"l -,,--l)

Here we already put p =Wi. The transition from dimensional to

dimensionless variables is in the usual manner, using Formulas (4.8).

If we make the suitable calculations and take the pressure oscillation

amplitude at the closed end from experiment, and furthermore use the

experimentally obtained oscillation frequency, we can compare the

theoretical and actually observed configurations of the pressure pat-

tern. Such a comparison is shown in Fig. 107. As can be seen from the

figure, the experimental points fit the theoretical curve quite well.

What attracts attention is only a slight disparity between the theoret-

ical boundary condition at the open end (6p = O) and the course of the

curve. This is explained by the fact that the real oscillating system

has without doubt radiated acoustic energy from the open end (and con-

sequently could not have a pressure node), and is explained in addi-

tion by the "open-end effect" which wastalready mentioned at the end

of §wm. If we allow for this effect by adding to the open end of the
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tube a length on the order or 0.3 diameters, this will yield on Fig.

107 the point A. Then continuation of the theoretical curve, deter-

mined from the measured frequency and amplitude of the pressure oscil-

lations at the closed end, shown dashed in the figure, will pass quite

close to the point A. Consequently, not only the value of the oscilla-

tion frequency, but also the existence and the configuration of the

standing pressure wave confirm that the observed phenomenon has an

acoustic nature.

In the analysis of the described process it is necessary to take

it into account that the combustion occurs at the closed end, i.e., in

sections where large pressure oscillation amplitudes and relatively

low stream velocity oscillations are observed. If the acoustic oscilla-

tions lead, via some feedback mechanism, to oscillations in the heat

release, then the diagram of the stability boundaries will have the

character shown in the left part of Fig. 28. The vector Y shown in

this diagram will represent in this case the oscillating component of

the heat release (we recall that on diagrams of this type the pressure

oscillation vector is directed along the x axis while the velocity os-

cillation vector is directed along the y axis). If a feedback mechan-

ism exists in the system, causing the appearance of an oscillating

component in the heat release, then in order for such a perturbation

in the heat release to be capable of exciting acoustic oscillations it

is necessary that the relative magnitude of this perturbation exceed a

certain minimum value (the circumference of the stability boundary

does not touch the Z axis) and, in addition, that it be approximately

In phase with the pressure (the aforementioned circle lies in the re-

gion of positive values of x symmetrically about this axis).

The first of these conditions is realized relatively easily; the

realization of the second is not so simple a matter. In order to con-
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sider this problem in greater detail, let us turn to a study of the

possible feedback mechanism. In §35 above we already mentioned that as

a result of the relatively small pressure head under which the primary

air with the pul'ierized coal and the secondary air are fed, tpe pres-

sure osoillations in the upper part of the combustion chamber can

cause periodic oscillations in the supply of fuel and air. This makes

possible the realization of a feedback mechanism based on mixture

formation.

The pulverized coal was fed to the combustion chamber by the

primary air under a pressure of 200-250 mm water pressure, while the

remaining air was fed at a pressure of 100-150 mm water. As can be

seen from Fig. 107, the oscillations of pressure at the closed end of

the tube (at the burner) were on the order of 125 mm water. Conse-

quently, at the instant of maximum increase in pressure the supply of

air should be almost completely stopped, and the supply of pulverized

coal should be noticeably reduced. If it is assumed that the combus-

tion of the fuel occurs instantaneously, immediately after it is fed

to the combustion chamber, then the increase of pressure in the cham-

ber will correspond to a reduction in the heat supply. Consequently,

excitation of the oscillations is impossible. In the described scheme

of the phenomenon one important circumstance was not taken into ac-

count: inasmuch as the fuel ignites not instantaneously, the phase re-

lation between the pressure and heat release oscillations may change.

Furthermore, a phase shift is possible between the perturbation of the

pressure and the supply of the fuel, owing to the deviation of the os-

cillations in the fuel supply from the quasistationary scheme adopted

in the preceding very simple analysis.

The delay in the ignition of the fuel-air mixture may be connected@

with a number of factors. First, it must be recognized that for coal
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dust to ignite it must be heated to a suitable temperature. This heat-

ing is produced both by the heat radiated from the combustion zone

(i.e., from the very instant of entry of the dust into the. combustion

chamber), and by contact with the combustion products (this necessi-

tates a certain time, since the zone of intense combustion lies at a

certain distance from the burner and the dust must take time to reach

it). Second, the heating of the dust is in itself insufficient if the

small dust particles are not surrounded with air, the bulk of which,

as can be seen from the schematic diagram of the combustion chamber in

Fig. 105, is supplied independently of the pulverized coal. Conse-

quently, the combustion must be preceded by a mixing of the dust with

the air, which also necessitates a certain time. The qualitative de-

scription of the ignition of the dust presented here shows that the

delay in the ignition is quite unavoidable and that its magnitude can-

not be negligibly small. This can lead, under certain conditions, to

an agreement between the phases of the pressure and heat-release os-

cillations, i.e., to self-excitation of the system.

In the discussion presented at the end of Chapter 9 of the in-

fluence of the "stretching out" of the combustion zone on the proba-

bility of self-excitation of acoustic oscillations it was established

that the more extensive the combustion zone (in the direction of the

tube axis), the less likely is the excitation of the oscillations.

Consequently, a factor contributing to the occurrence of acoustic os-

cillations is the relatively narrow localization of the intense-com-

bustion zone: the combustion process must occur vigorously and in a

sufficiently narrow combustion front. In the case considered here, the

factor contributing to intense heat release at the top of the combus-

tion chamber is, in particular, the excess of the pressure under which

"the coal dust is supplied over the pressure under which the remaining
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air is supplied. Then after the pressure goes through the maximum the

first to enter into the combustion chamber is the dust, which begins

to be heated and to become gasified, and is mixed with the remaining 4
air already prepared for the ignition. This should be accompanied by a

vigorous reaction in a relatively narrow zone (along the length of the

tube).

The zone of intense heat supply will be shortened also if fuels

rich with "volatiles" are used, i.e., gaseous substances released during

heating of the fuel and representing the easily ignited part of the

fuel. The bulk of the "volatiles," and also the small fractions of the

coal dust, should burn in a relatively short zone at a small distance

from the burner. Therefore the use of rapidly igniting fuels should

also contribute to the possibility of occurrence of vibration combus-

tion.

1 ,i&mAmu*#a&r

Fig. 108. Oscillogram showing
simultaneous recording of pres-
sure and luminance oscilla-
tions (the record of the pres-
sure oscillation amplitude is
distorted in the lower parts
of the oscillogram because the
pressure transducer operated
beyond the linearity region).
1) Pressure oscillations; 2)
luminance oscillations.

The delay in the ignition and the possibility of relatively nar-

row localization of the combustion process was actually observed in

pulverized coal furnaces. V.V. Solov'yev set up a special experiment

to determine the phase shift between the pressure and heat-release os-

cillations actually obtained in vibration combustion in a pulverized
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coal furnace. For this purpose a photocell responding to the glow of

the flame was installed in the upper part, in the burner zone (i.e.,

where the most intense combustion was localized). If it is assumed

that the instants of most intense combustion (heat release) coincide

with the instants of most intense glow, then the oscillations of the

latter yield an idea of the variation of the heat release in the in-

tense-combustion zone. In this case it is simplest to fix the phase

relations. Figure 108 shows the result of such a recording. As can be

seen from the presented oscillogram, the phases of the glow and of the

pressure coincide, indicating the realization of a phase relation be-

tween these quantities that is most favorable for the excitation of

the oscillating sytem.

The fact that the oscillating system realized the required phase

relationships can be explained, as already indicated, only by the fact

that the process of mixture production and ignition requires a certain

time. Of particular interest, however, is the circumstance that the

curves recorded by the oscilloscope indicate not merely the realiza-

tion of one of the necessary phase relations, but the realization of

the one and only relation which guarantees the most favorable excita-

tion conditions. As was already shown in §45, the coincidence of the

heat-release and pressure phases is optimal from this point of view.

Thus, the presented experimental facts can be regarded as one of the

confirmations of the hypothesis that the oscillating system has a ten-

dency to realize that process, which is characterized by a maximal of

radiation of acoustic energy from the heat-supply zone.

151. Vibration Combustion in Ram-Jet Engines

Among the various types of Jet engines used by modern technology,

ram-Jet engines have a certain range of application. Such an engine is

shown schematically in Pig. 109. The distinguishing features of these



Fig. 109. Diagram of ram-Jet en-
gine.

engines are as follows: first, air is used to ignite the fuel and,

second, the pressure of this air is not increased by some cmnpressor

that is mechanically driven. When the ram-Jet engine moves in air

(from right to left in Fig. 109), the opposing air enters an inlet

nozzle a, where it is slowed down and consequently its pressure in-

creased. Behind the inlet nozzle is located the combustion chamber b,

which terminates in an exhaust nozzle c. Inside the combustion chamber

is placed a set of fuel inlets d and a flame stabilizer e. As can be

seen from this brief description, the idealized ram-Jet engine scheme

can be represented by a tube, inside of which, particularly in the

stabilizer zone e, intense combustion takes place. A more detailed de-

scription of the construction, operating principle, and other charac-

teristics of such engines can be found in special texts, for example

the book by M.M. Bondaryuk and S.M. Il'yashenko.*

a) b b c

Fig. 110. Typical oscillograms
of the pressure in a ram-Jet
engine (a - normal, b - hard,
c - pulsating combustion).

These authors point out in their book that in tests of ram-Jet

engines oscillations are sometimes observed at the acoustic frequency

that is characteristic of the engine as a whole.
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The small and irregular pressure and velocity oscillations which

are unavoidable in technical combustion are customarily not singled

out and such a process is called quiet combustion. If the amplitudes

of the pressure oscillations increase by a factor of several times but

remain essentially smaller than the relative pressure in the chamber,

while the frequency remains regular, the comb-stion is customarily

called "hard." If the pressure oscillations reach the order of magni-

tude of the average relative pressure in the combustion chamber and

these oscillations retain a regular character, the combustion is called

pulsating. M.M. Bondaryuk and S.M. Il'yashenko present typical pres-

sure oscillograms for these cases (a, b, and c in Fig. 110) and indi-

cate that hard and pulsating pressure cannot be tolerated in engines,

since they can cause failure of its structural elements.

It is obvious that in the case considered here one observed ex-

citation of acoustic oscillations by the combustion. The zone of in-

tense heat supply located in the stabilizer region can excite longi-

tudinal acoustic oscillations of the gas column between the front sec-

tion of the inlet nozzle and the rear section of the exhaust nozzle.

As is well known from the preceding chapters, for this purpose it is

necessary that the phase of the combustion (which now includes in its

definition both the heat supply and the displacement of the flame

front) be tied in a definite fashion with the phase of the oscilla-

tions of the gas column. In addition, a certain feedback mechanism

must exist, capable of perturbing the combustion process at the same

rhythm as the acoustic oscillations.

in experiments especially set up by Penn, Forney, and Garmon us-

ing a model of the combustion chamber of a ram-Jet engine, aimed at

studying oscillatory processes in these experiments, several types of

oscillations were recorded.* One of these types owes its existence to
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longitudinal acoustic oscillations of the gas column inside the ram-

Jet engine. The authors of these experiments have shown that the fre-

quency of the produced oscillations agrees in general with the fre-

quency determined by the simplest formula of the type of (5.4), and

they observed only excitation of the fundamental tone.

It must be stated that these experiments were of interest because

the boundary conditions at the inlet to the combustion chamber and at

the exhaust (the chamber included not only a combustion zone behind

the stabilizer but also a large section for the flow from the fuel noz-

zles to the stabilizer) were typical of supersonic flight velocity. A

special compressor raised the pressure of the air in the combustion

chamber with a cylindrical mixture-preparation zone ahead of the flame

stabilizer to 2.5 atm abs. As a result, critical velocity (i.e., the

local velocity of sound) was reached in the exhaust nozzle. At the

inlet to the tube, in the zone where the nozzles were located, the

cross sections for the flow of air were so small, that from the acous-

tic point of view the inlet cross section of the tube should be re-

garded as "closed." As was already mentioned above (see, for example,

§26), the existence of critical velocity at some section of the tube

causes the velocity oscillations in this section to become impossible.

Thus, the boundary conditions in both the inlet and outlet cross sec-

tions of the experimental setup had the form v = 0. These boundary

conditions are in some sense the opposite of those realized in the ex-

periments on vibration combustion described in Chapter 5. Inasmuch as

the flow at the inlet and outlet of the tube was subsonic in the exper-

iments previously.described, the boundary conditions realized there

were of the form § = 0. Although changing from boundary conditions of

the form V = 0 to boundary conditions of the form • = 0 barely pro-

duces any theoretical changes (except for the distribution of the in-
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stability regions along the length of the tube), an experimental con-

firmation of this fact is of undoubted interest.

From the point of view of the previously obtained deductions we

now understand why the fundamental tone was excited in the described

experiments. The total length of the tube in which the experiments were

made fluctuated between 1525 and 1780 umm, while the length of the hot

portion had in this case an order of 350 mm, i.e., it was relatively

short. It might appear that one of the higher haTmonics should be ex-

cited in the system. Indeed, in the experiments reported on Figs. 50

and 51, at the same relative length of the hot portion, approximately

equal to 0.2, the third and fourth harmonics were excited. However, in

experiments with critical exhaust, the boundary condition at the outlet

end of the tube has the form * = 0 and not = 0, as was the case in

the experiments whose results are shown in Figs. 50 and 51. Conse-

quently, the vicinity of the open exhaust end was in that case the

vicinity of an antinode and not of a node of pressure. But then the

excited frequency should be those characterizing tubes in which the

heat supply is effected near a pressure antinode. Under ordinary con-

ditions, with both ends of the tube open, this corresponds to locating

the heat supply zone in the central portion of the tube or, for a tube

with one closed end, at the closed end. In both indicated cases, as

follows in particular also from Figs. 50 and 51, the fundamental tone

(the first harmonic) should be excited.

Unfortunately, the authors of the experiments described here did

not consider the feedback mechanism, which causes the combustion proc-

ess to become perturbed in rhythm with the acoustic oscillations. In

order to present an example of one of the probable feedback mechanisms

in ram-Jet engines, we can refer to the opinion of Nicholson and Rad-

cliffe, who investigated analogous processes in booster chambers of
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turbojet engines.* They attribute the excitation of acoustic oscilla-

tions to the occurrence of alternating heat supply, resulting from the

dependence of the completeness of combustion on the excess-air coeffi-

cient and on the stream velocity ahead of the combustion zone. If one

agrees with that point of view, the entire analysis of vibration com-

bustion can be built up in analogy with the problem considered in

§§23-25. The only difference will be other boundary conditions, but

this cannot Justify the repetition of all the derivations of the pres-

ent section.

§52. Longitudinal Oscillations in Liquid Fuel Jet Engines

During the course of operation of a liquid fuel Jet engine, pres-

sure oscillations are always observed in the combustion chamber, and

the flow of fuel, etc. This leads to oscillations of thrust, which are

transmitted to the structure on which the engine is mounted in the

form of some mechanical vibration. It must be stated that this vibra-

tion presents no danger whatever to the structure, norbdOc-they reduce

the engine efficiency, so that they should be regarded as Just' a nat-

ural phenomenon as vibration and noise in an automobile engine. It was

noted, however, that under certain conditions the irregular oscilla-

tions referred to here change their character sharply. They increase

appreciably in amplitude, become strictly periodic, and by the same

token become quite dangerous to the engine structure. Therefore the

demands for successful advance in rocket technology have led to the

necessity of investigating in detail the self-oscillations in combus-

tion chambers of liquid fDuel Jet engines. It is not surprising that

many articles were. published in the periodic literatxfe dealing with

this problem, and recently a very valuable book was published by

Crocco and Cheng.**

The authors of this book, in full agreement with many other re-
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searchers who have published papers in the journals, distinguish be-

tween two types of self-oscillations in liquid fuel jet engines. One

of those types is customarily called low-frequency self-oscillations

(chugging) and the other high-frequency self-oscillations (screaming).

The difference between them reduces to the folldwing.

Low-frequency oscillations are caused by the fact that the system

consisting of the combustion chamber and the heat supply devices be-

comes unstable with respect to small perturbations. In this case the

mechanism whereby this instability is produced is due to the influence

of periodic pressure oscillations in the combustion chamber on the

supply of fuel and on the delay time of the ignition. A characteristic

of this type of self-oscillations is that it is possible to neglect in

their investigation the length of the combustion chamber, which can be

regarded as a certain volume in which the pressure variation is the

same at all the cross sections.

High-frequency oscillations are also brought about by the fact

that the system becomes unstable with respect to small perturbations,

and in this case the interaction between the pressure oscillations in

the qombustion chamber and the preparation and ignition of the combus-

tible mixture also plays a definite role. However, unlike the preced-

ing case, one can no longer neglect here the length of the combustion

chamber and one cannot assume that the pressure and other parameters

change in like fashion in all the cross sections of the combustion-

chamber volume.

From the mechanical point of view, the former case is analogous

in many respect* to ordinary dynamic systems (described by means of

ordinary differential equations), while the latter case is connected

with the propagation of perturbations in a continuous medium, i.e.,

with phenomena of the acoustic type (described by partial differ -ez.
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equation systems). Inasmuch as the pres-

ent book is devoted to a study of the

cfprocesses involved in the excitation of

longitudinal acoustic oscillations, it

-\Z is natural to consider here only the

Fig. 111. Diagram of liq- question of longitudinal high-frequency
uid fuel jet engine.

oscillations. Although the exposition of

the problem presented below differs somewhat from that given in the

book of Crocco and Cheng (this being due to the desire to stay close

to the content of the preceding chapters), the main ideas and results

have been borrowed from the cited book. Those who wish to become ac-

quainted in greater detail with low-frequency oscillations in liquid

jet engines are advised to turn to the work of Crocco and Cheng.

Before we proceed to a discussion of this question, let us pre-

sent a brief description of the liquid Jet engine. As is well known,

this type of engine comprises a cylindrical tube a, with a supersonic

nozzle b installed in one end and a device for the injection of fuel

into the combustion chamber installed on the other (Fig. 111). The

latter includes, in particular, devices for the supply and atomiza-

tion of the fuel (pipe d in the figure) and of the oxidant (pipe c in

the figure). It is necessary to supply continuously to the closed vol-

ume of the combustion chamber, as is well known, the combustible mat-

ter (for example alcohol) and the oxidant (for example liquid oxygen).

The combination 'of combustible matter and oxidant is customarily called

the fuel. The fuel need not always consist of two components, as in

the example Just considered. There exist so-called single-component

fuels, capable of self-ignition when entering the combustion chamber

of the engine. In this case only one of the two pipes c and d in Fig.

111 is retained. The closed end of the combustion chamber, together
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with the nozzles located there, used to atomize the fuel, is custom-

arily called the head, while the opposite end ii called the exhaust

nozzle.

Combustion in the engine depends most strongly on those processes

which occur at the engine head. Inasmuch as liquid components are in-

jected into the combustion chamber, the mixture formation plays a very

important role. The efficiency and speed of combustion of the injected

liquid depend on the quality of the atomization and mixing of the com-

ponents (if the fuel is not of the single-component type), on the

speed of evaporation of the fuel droplets, and on the speed with which

the .combustible mixture is heated. The aggregate of all these proc-

esses calls for certain time for its completion, and only after this

time has elapsed can the intense chemical reaction take place.

Being unable to present to some degree a clear-cut quantitative

description of these processes, we introduce by way of a certain sum-

mary characteristic the delay time which we take to mean the time

elapsed from the instant of injection of the fuel to the instantaneous

conversion of the fuel into the combustion products.

We assume that the induction period ti satisfies Relation (37.5),

which states that the induction period is connected only with the pres-

sure. It was indicated in §37 that many aspects of the physical and

chemical processes that are idealized by introducing the induction

period ti are actually connected with the pressure. But Relation (37.5)

can be ascribed a more general significance. If other factors (for ex-

ample, the relative velocities of the fuel droplets and of the combus-

tion products) also play an appreciable role but their variation is

connected in regular fashion with the variation of the pressure, then

the influence of these factors can, in f"-al analys',s, be expressed ::

terms of the pressure. On going over to dimensionless variables Rela-
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tion (37.5) assumes the form

S- (52.1)

Let us use the formula obtained to write down the conditions on

the heat supply sur•ace (the cross section of the stream in which the

fuel drops are instantaneously converted into combustion products).

We assume that the amount of fuel supplied to the combustion cham-

ber is constant, i.e., entirely independent of possible pressure fluc-

tuations inside the combustion chamber (this corresponds physically to

the supply of fuel at very high pressures).

If the consumption of fuel mass per second is denoted by m and

the mass of fuel combusted per unit time is denoted by meg then the

relative perturbation in the mass combustion rate can be defined as

(52.21

If the combustion of the fuel is characterized by an induction

period Ti, then the mass of fuel combusted within a time dT should

equal the mass of fuel injected during the time d(T - i)

now di - imd (v - Q.

or

(52.3)

Going over to the dimensionless perturbation B, we can rewrite

the last equation in the form
-- dw.,

"mm-w'" (52.4)

Let us find an expression for the derivative dTi/dr in terms of

known quantities. For this purpose we turn to Relation (52.1). Dif-

ferentiating it with respect to r and assuming that ' depends only on

the. integration variable if but is independent of the instantaneous 0
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value of r', we obtain the sought-for quantity by using the rule for

differentiating an integral with variable upper limit.

- To make use of this rule, we break up the left half of (52.1)

into two components

S t+ ) t (I + I d#- S( I ) d

where a is a certain arbitrary constant. In differentiating with re-

spect to T we recognize that T. is a function of T so that the second

component must be differentiated in accordance with the rule for dif-

ferentiating a complicated function, multiplying the derivative of

this integral with respect to the expression used as the upper limit

of integration by the derivative of this expression with respect to T.

ThusdI 
v

I-T,

Inasmuch as Eq. (52.1) has a constant in its right half, the ex-

pression obtained is equal to zero. From this we readily obtain dmi/d¶

The second component of the equation obtained can be simplified,

since " << 1, and consequently the deviations of the induction period

from a certain value 7i averaged over the cycle, resulting from the

pressure oscillations, are relatively small. This enables us to write

We have left out here the symbol for the dependence of • on 'r,

and the expression 3(7i) indicates only that the quantity'§ is taken

only at a oertain Instant preoeding the present instant by an amount

equal to the average induction period 7iV Thus,

"a'=-rli- p(r)j. (52.5)
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By combining the equation obtained with the previously derived

expression (52.4) we obtain a relation capable of serving as the basis

for the formulation of the heat supply region properties (
- r Ip - p(r)J. (52.6)

The relation obtained should be used in writing down the equa-

tions connecting the perturbed flow parameters on the left and on the

right of the discontinuity surface Z, which, as is well known, is the

idealized immobile heat supply plane. In order to write down the prop-

erties of the surface Z, we make use of the relationships given in

Chapter 4. It is clear from the foregoing that in equations describing

the combustion process in liquid fuel Jet engines one must not neglect

the fluctuations in the supply of the gaseous mass to the combustion

chamber, for-Lven if the supply of the liquid fuel is at a constant

rate the combustion (i.e., the conversion into gas) can occur at a

variable rate. Neglecting the volume occupied by the fuel drops, we

can assume that the instant when the mass enters the combustion cham-

ber is the instant when the fuel goes over into the gaseous state. We

therefore write down the equations for the combustion region a in the

form (15.5), without neglecting the term 6M*.

In the case under consideration we can make the following simpli-

fications in the equations (15.5). We shall assume that in the steady-

state process the gas temperature is the same on the right and on the

left of the region a (Fig. 111), i.e., a1 = a2 . This is connected with

the fact that on the left and on the right of a the volume of the com-

bustion chamber is filled with the combustion products. In addition,

to the left of a the gas can be regarded in the mean (in the steady

state> as immobile and isentropic, i.e., we can put vi = 0 and 6s5 = 0.

If we take this into consideration, then by dividing the first equa-

tion of andp2v a the third by p2  , and
(15.5) by P2 v2  the second by 2
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recognizing that P2 v2 - M*, we can obtain the following system of equa-

tions, written out in the dimensionless variables employed in the pres-

ept book

2 + (.,1+ A,-. + My,,.
+ (! +- ~. -: (52.7)

(3AM+J(g)g+AsŽ)Afm

- 2 1, + 2M' 7 + 2A'P.

Here

V
7;. - QI !"1

V

-"- (52.8)

- 6 .m. -fi

Comparing the system (52.7) with the previously obtained system (15.7)

we can see that the relations on Z for a liquid fuel Jet engine are

appreciably simpler than the relations valid for the combustion of

moving gases. Some of the simplifications are connected with the fact

that v1 = 0 and others are connected with the constancy of the gas

parameters in the steady state for the entire combustion chamber. The

latter, in particular, lead to a1 = a2 , p1 = p2 , and T which in

turn yields V'SedVO10 and 4 v$Q(c.T+q)dV0 . The value of q can be set

equal to zero, since the entire gas medium in the chamber consists of

the combustion products (we disregard in this idealization the pres-

ence of gaseous fuel components in the combustion chamber).

Let us introduce another simplifying assumption. We assume that

the spatial distribution of the combustion does not change under acous-

tic oscillations. Then •'2 = 0 and •'3 = 0. In addition, we take ac-

count of the fact that the heat supplied directly to the zone a is



uniquely related with the mass supply

Q= QMM*

or
• •"=Qf,-.; (QV-Ql). (52.19)

Then, eliminating j2 from the system (52.7), we can obtain the

properties of the plane Z in the form of the following two equations:

- I•- - I+- ,-M

[+ -(52.10)
= [ ,(2-,) -] v, +MS--5, j

If we add to these the relation (52.6) and assume further that

the value of 3 contained in it coincides with 'l (this is natural,

since the induction period should depend on the parameters of the

medium through which the fuel drops move toward the combustion zone a),

then the number of variables in the system (52.10) can be reduced to

four. The difference • - '(7I) in the right half of (52.6) can be ex-

pressed [see (4.13)] in the following fashion:
p - p(i•) - (1- ehl-).

Finally, the expression for the properties of the surface Z in

the case under consideration will assume the appearance

M+, (52.11)
"-[ f -_A];,+M,2•-- i- #.,_-lox) .

It is now necessary to specify two boundary conditions.

One of the boundary conditions is obtained immediately: there can

be no velocity oscillations at the head, i.e. (taking the origin of

on the plane X),

1 = 0 when ( - t1i (52.12) 0
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In order to formulate the second boundary condition, let us turn

to examine the character of the flow at the exhaust nozzle. If we as-

sume that the engine has a "short" nozzle, i.e., the distance from the

crose section corresponding to g = g2 in Fig. ill to the critical sec-

tion of the nozzle (section ee) is small compared with the length of

the combustion chamber IiI + t2 (more accurately, compared with the

length of the standing wave of the oscillations excited in the combus-

tion chamber), then in accordance with the arguments presented above

for an analogous case (page 214) we have

V-2 =0 when e = EV (52.13)

Let now ti = 0 and t2 = 1, i.e., we shall consider the combustion

occurring in the direct vicinity of the head. We can then put v. = 0

in the equations of (52.11) and reduce them by simple transformation

to the form

u= (a,, + a•r + a1,r-6'u) pa,. |

j- (as + a+r + a,,4-'7) j..* (52. 14)

Here aik are certain constants which are determined during the course

of transforming Eqs. (52.11) to the form (52.14). The variables are

marked with a zero subscript to emphasize that they correspond to 0 = 0.

The relations obtained coincide almost literally with Eqs. (26.4)

which were considered above. Recognizing that the boundary condition

(52.13) coincides with the boundary condition used in §26, we can im-

mediately, in analogy with (26.5), write down the following expression,

which is the characteristic equation of the problem under consideration

(a÷+anr +IaWrd0") +.zP .+
+(,+av',~) texi-riuPumO (52. 15)

Hence
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t+oxp riJ+aasr(-SP

= A (,, 0) + iB (r, 0).

Here A and B are the real and imaginary parts of the fraction in

the central part of the equation.

We shall seek the stability boundary. As is well known, on the

stability boundary 0 = iw, and consequently

1 Co, W?. =A (r, -).
r cio. -A (r, ). , (52.17)

from which we get

r'- A*A(r, w)+ BP,(r. ,). (52.18)

By specifying different values of w we obtain r from Eq. (52.18), and

then T. from (52.17).

The actual satisfaction of these operations is simplified by the

fact that, as can be seen from the system (52.11), the numerical co-

efficients of r and of re differ only in sign. Therefore, we can

state the same with respect to the coefficients of the corresponding

terms in (52.14):

a14 ' -. 4•. ds4" --..

But then we can rewrite (52.16) (with 13 iw) in the form

rexp (-i.),+ b +ic, (52.19)

where

b c I3..-- ++,!'

a, =(a,,+ as) + (41, - on) Cos t-MI o)

04= (a,, - a,,) si t - M.

Changing over then to the equation of the type (52.18) we obtain

a relation that is linear with respect to r
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b (52.20)

After determining _r from (52.20), we obtain immediately 7i" From

a comparison of the imaginary and real parts of (52.19) it follows that

7 cosor.- + ~ b(52.21)

For a theoretical analysis of the high-frequency oscillations in

liquid fuel Jets the system of equations (52.7), which describes the

properties of the heat supply region, is usually replaced by an approx-

imate system. Writing down only the first equation, which is a conse-

quence of the law of the conservation of mass flow, one supplements it

with the two equations 1 =2 and =2 = 0, which' are used in lieu

of the second and third equations of (52.7).

Physically this is connected with the fact that the combustion

products in a liquid fuel Jet engine chamber have essentially the same

temperature on both sides of the combustion front. This essentially

distinguishes the process in engines of the type under consideration

from processes in furnaces and other devices, in which the heat is sup-

plied to a stream of cold gas which crosses the flame front usually

without a noticeable increase in the mass of the flowing gas.

If we make this assumption, we can write in place of the system

(52.7) the following:
I- - Io . I .

MV H+P,- rJ, +. (C- e-, (52.22)

Equations (52.14) assume the very simple form

v. u,,+M.(t-e-P')- ,. 1 (52.23)

and the coefficients of Eq. (52.19) can be written directly in explicit

form
KIr



s in -1 2

b--I; Cin-(52.24)

Before proceeding further, let us estimate the validity of the

simplification introduced here. To this end we oonstruct the instabil-

ity region for the fundamental tone of the tube using both methods,

the exact and the approximate. For this purpose we take the following

numerical example: K = 1.2, M = 0.213, and the calorific value of the

fuel is assumed to be 2000 kcal/kg. It must be noted that there is no

need for knowing the calorific value of the fuel if the approximate

procedure is used.

A pair of values of r and -r is obtained from (52.20) and (52.21)

and are marked on the plot shown in Fig. 112. Curve 1 corresponds to

the exact calculation and curve 2 to the approximate one. As can be

seen from the plot, both stability boundaries (the instability region

is shown shaded) are quite close to each other and therefore the usu-

ally employed approximation can be regarded as fully Justified. We

shall henceforth obtain all the results by the approximate procedure.

If we turn to the diagram of Fig. 112, for purposes of understand-

ing the main properties of a liquid fuel jet engine as an oscillating

system in which longitudinal acoustic oscillations can develop, we can

state that at small r (r < 0.5) the self-excitation of acoustic oscil-

lations is impossible at all. This is connected with the fact that at

small values of r the induction period depends little on the pressure.

The smallest value of r, at which self-excitation is still possible,

is r = 0.5. This can be verified most simply in the following fashion.

Using (52.23), we obtain an expression for the flux of acoustic energy

radiated by the heat supply region. We take account here of the fact

thatVi0 =' 0 in accordance with the boundary condition, and that the 0
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t6mperatures and pressures of the gases on both sides of the combustion

front are the same. Then, following Formula (19.7), we can write

S- = M [(r - 1) -, .Cos T52. 25 )

Inasmuch as we are considering the self-excitation of a system

that loses no acoustic energy at the ends of the tube, the stability

boundary will correspond to "A= 0, self-excitation will correspond to

'A > 0, and the damping of the oscillations to "z < 0.

It is easy to see that the expression in the square brackets is

negative when r is small. To make this expression a maximum for a spec-

ified value of r, we must choose Ti such that cos Tr =--1. We then ob-

tain 2r - 1 in the square brackets. This expression vanishes when r =

= 0.5. Thus, the smallest value of r at which the condition 'A = 0 can

be satisfied is r = 0.5, and when r < 0.5 we get 'A < 0, i.e., self-

excitation is impossible.

This result was obtained in this case not on the basis of a nu-

merical example, so that the statement that when r < 0.5 the oscillat-

ing system cannot be excited under any conditions, assumes the charac-

ter of a general law.

When r > 0.5 a region of values (r, 71) appears, at which the os-

cillating system becomes excited. The interval of values of ri which

admit of self-excitation increases with increasing r. These are the

general laws which follow from Expression (52.25) and which are repre-

sented in Fig. 112.

In order to make this diagram even clearer, let us give the order

of magnitude of the experimentally observed values of r and .T. Accord-

ing to data obtained in the experiment of Crocco, Grey, and Harrije,*

r has an order of magnitude 1.3-1.7 (depending on the relation between

the amounts of the oxidant and combustible matter supplied to the ch:•-
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• / .2 r

Fig. 112. Instability regions
obtained by the exact (1) and
approximate (2) methods.

ber), while the measured value of the induction period lies in the in-

terval 0.15-0.22 milliseconds. Consequently, the actually observed

values of r make the excitation of longitudinal acoustic oscillations

quite probable.

The type of acoustic oscillations considered here differs prin-

cipally in some aspects from the excitation of oscillations by the

heat supply, which was investigated in the preceding chapters, and it

is therefore advantageous to plot for this case the stability bounda-

ries similar to those plotted in Chapters 3 and 4. Let us write down

(52.23) in the form

On - Ap, +M;;,

With this notation, the perturbation of m can depend not only on

lO but also on vi 0 "

Let us take the scalar product of these equations and recognize

that v2 0 p2 0 = 0, vlopo 0 because there are no losses of acoustic

energy in the system. Then the quantities PlO and B will be related by

p1*m~ - R

which is represented graphically in Fig. 113 for lyiOl = 1 in the form

of the vertical line x - 1. As can be seen from this diagram, the ex-
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citation of the system becomes possible

/ only when the projection of the dimen-

sionless perturbation of gas production

"fi on the x axis (on the PI0 direction)

exceeds the absolute value of O Since

"under the assumptions made above the ab-

-/ *: solute value of E is directly propor-

tional to the absolute value of p10
m r (t - e-(52.26)

Fig. 113. Diagram of sta- the conditions for excitation depend on
bility regions in the
self-excitation resulting their relative magnitude and on the
from perturbation of gas
formation. phase shift, i.e., in final analysis, on

r and Ti.

The principal difference between the case considered here and those

previously investigated lies in the fact that in place of the perturba-

tion of heat supply or of the rate of flame propagation we deal here

with a perturbation of gas production. Inasmuch as the gas production

must generally speaking not necessarily be connected with the heat sup-

ply (combustion), this type of excitation of acoustic oscillations is

conceivable in devices in which combustion or heat supply are com-

pletely excluded, but in which gas production takes place(for example,

evaporation of strongly heated liquid, which is injected into a cham-

ber with reduced pressure) if, of course, this gas production will de-

pend in one manner or another on the oscillations of the pressure or

velocity.

It must be pointed out that in place of construoctng the approxi-

mate stability boundary shown in Fig. 113 in the form of a vertical

line, we can construct also the exact boundary, making use of (52.10)

and not (52.22). In this case, as in Chapters 3 and 4, we can obtain a
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family of circles, the centers of which move [depending on the varia-

tion of the quantities P§0 andVI0 which are mutually interrelated by

(19.12)1 along part of an elliptical arc. The corresponding construc-

tion is shown in Fig. 113 for the already mentioned numerical example.

All the plotted circles lie to the right of the approximate stability

boundary and are sufficiently close to it. Thus, the line x = 1 on the

diagram of Fig. 113 can be regarded as an approximate configuration of

the stability boundary for arbitrary position of the combustion zone

along the axis of the combustion chamber of the engine. The distance

between the stability boundary and the x axis is equal in this case to

the square root of the constant in the right half of (19.12), which

coincides with Ii01 in the pressure antinode (in the example con-

structed here this constant was taken equal to unity).

From an examination of the stability diagrams it becomes obvious

that the system cannot become excited if the combustion front lies in

a pressure node even in the case if (for example, under the influence

of velocity oscillations) the gas production has a nonvanishing oscil-

latory component. This is seen from the fact that the instability re-

gion does not encompass even one part of the Z axis; a more detailed

analysis shows that, for example when PI0 = 0; "l0 = 1, the circle

corresponding to that shown in the right half of Fig. 28 has an imag-

inary radius.

Having made these remarks, let us turn to a discussion of the di-

agram shown in Fig. 112. This diagram shows not all the instability re-

gions, but only one of them, corresponding to oscillations of the fun-

damental tone and characterized by the smallest values of ri for this

harmonic. To be sure, we must mention that the very concept of a har-

.,onic can be applied to a system in which the properties of Z are vi-

able only under certain stipulations (see §27 for more details on this
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subject). If we agree to define the natural frequencies of the system

as those which would be obtained in the case of acoustic oscillations

in the same combustion chamber and at the same gas flow, but without

interaction with the combustion zone, then these frequencies are de-

fined by Formula (5.4)
t -=(I-A ll)K x (K s 1; 2; 3; ... ). (52.27)

In the case under consideration, such frequencies occur when r =

= 0.5 and
.rL n (N- t, 3. 5, ... ). (52.28)

It is simplest to verify this by using the first equation of

(52.23). Recalling that a = iw on the stability boundary, we can easily

see that when r = 0.5 and Wi are defined by Relation (52.28), we get

V2 0 = 0, since the boundary condition yields V10 = 0. Consequently, in

this case the boundary conditions can be written in the form v2 = 0

when g = 0 and "2 = 0 when t = 1, i.e., they can be formulated for the

ends of the tube in such a way that there is no combustion front be-

tween the end sections (when 9 = 0 the boundary condition is now ex-

pressed in terms of V2 and not V1). Formula (52.27) which was obtained

in §5 was derived under precisely this approximation, namely that on

the ends of the tubes we have identical nodes (either both pressure or

both velocity), and.there are no discontinuity surfaces between them.

Incidentally, the frequencies given by Formula (52.27) can be obtained

also directly from the relations obtained in the present section. When

4;L are determined by Formula (52.28) (which can be regarded as a con-

sequence of Eq. (52.21) for b = -1 and r = 0.5), the value of the im-

aginawy part of (52.19) should be equal to zero. This corresponds to

c - 0 or, in accordance with (52.24), to sin 2w/(l.- M2 ) = 0, which

yields 2w/(l - 2 ) = 2Mr, i.e., Formula (52.27) (2w/(l - M2 ) = Ki is

not a solution for odd k, for in this case the denominator in the ex-



- .u -'~.24) for c ve.nishes and c

ýcnsequently, those frequencies which are customarily called the

natural frequencies, are excited only under definite values of r and O

ii. In Fig. 112 this corresponds to only one point on the stability

boundary, namely the one for which r - 0.5. It is easy to verify that

this point is obtained when K = I and N = 1 in Formulas (52.27) and

(52.28).

For other points lying on the stability boundary, the frequencies

w differ from those defined by Expression (52.27). If we stay within

the limits of the values of r shown in Fig. 112, then these frequen-

cies for the extreme points will differ from the frequency correspond-

ing to r = 0.5 by +10% (for the upper branch of the stability boundary

they will be smaller and for the lower branch they will be larger).

Inasmuch as the excited frequencies, as can be seen from the foregoing

example, are close over a sufficiently wide range of variation of r to

the values given by Formula (52.27), the latter expression can be used

for an approximate estimate of the oscillation frequencies.

The curve shown in Fig. 112 is not the only stability boundary in

the plane of the parameters (r; 7i). Indeed, If we turn to Expression

(52.19), we see immediately that if there exists for it at least one

solution Ti; w*, then it is possible to construct on its basis an in-

finite set of solutions using the following two methods.

First, without changing r and making no changes whatever in the

right half of the equation (including w*), we can immediately state

that if a solution exists for a certain Ti, then it will exist for all

, _-.(, 2(,-N- 1 (1

Second, we can proceed as follows. Putting N = const and retain-

ing r, we change the arguments of the trigonometric functions contained

- 508 -



in the coefficients b and c in the following manner:

ST* , =sI.,2 ,_ m. ,2 ,...+ 2( - ,)x (52-30)

(K =- 1, 2. 3 .(52.30

Here, as in the preceding case, w* is the frequency corresponding

to K = 1 (the first harmonic) and w are the frequencies for all the

harmonics.

The arguments presented here can be applied to each point of the

stability boundary shown in Fig. 112. Consequently, we can reconstruct

the entire boundary and obtain an infinite set of instability regions

for all the combinations of K and N.

The corresponding construction for several combinations of the

values of K and N is shown in Fig. 114. As can be seen from the pre-

sented diagram, an increase in K lowers the stability region, whereas

an increase in N raises it. If we take all the possible combinations

of the values of K and N, then practically the entire region lying to

the right of the cross-hatched line r = 0.5 will be filled with insta-

bility regions. Consequently, when r > 0.5 and for arbitrary 7i (ex-

cept, of course, when 0= ) the oscillating system is capable of ex-

citation. Depending on and r, this will concern some particular har-

monic or several harmonics simultaneously.

So far we have considered almost exclusively the case when the

combustion front is located in the direct vicinity of the engine head.

The only exception was the construction of the stability diagram on

Fig. 113, which remains valid for an arbitrary location of the combus-

tion front along the length of the combustion chamber.

In discussing the foregoing diagram we stated, in itarticular,

that no excitation of the system is possible in a pressure node. It is

therefore necessary to analyze in greater detail the question of the
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Fig. 114. Instability regions
for two harmonics of the sys-
tem. A) Region of stability of
all harmonics.

tendency of the oscillating system under consideration toward self-

excitation as a function of the position of the combustion front along

the combustion chamber of the engine.

In order to make such an analysis, we must use the exact rela-

tions (52.11) for the combustion front, and not the approximate ones

(52.22). The reason for it is that as one moves toward the pressure

node (i.e., with decreasing absolute values off, and §2 and with in-

creasing 1 and v 2 ) it is not legitimate to neglect the term which con-

tains 2 as a factor in the second equation of (52.7). Indeed, the con-

dition P j 2 1 which replaces the second equation of (52.7) in the

relations (52.22) (in which, in addition, we put il -- 12 = 0) can be

regarded as an approximate notation for the second equation of (52.7)

when s2 = 0, inasmuch as 1/ 44 1. However, when §2 -0 and f1 -0

such a statement becomes erroneous.*

It was shown above that the excitation of longitudinal acoustic

oscillations in liquid fuel Jet engines is essentially related with

two parameters, r and Ti" Proceeding to the analysis of the influence

of the relative distance from the combustion front to the engine head,
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f,, on the self-excitation of the oscillations, we must agree on th(-

assumptions that will be made relative to r and ;," The value of r

Swill be specified and maintained constant. The parameter - will beSi

assumed variable and chosen such as to make coB 4i = -1. If we choose

on the basis of the foregoing condition, this will ensure the best

conditions for the excitation of the oscillations. This is seen, for

example, from the fact that when cos ri =-1 the vector Wi on the di-

agram of Fig. 113 is horizontal (the phases of E and p will coincide),

so that excitation of the system is possible at a minimum absolute

value of E. If the foregnAr, •ondition is satisfied and r = 0.5, then

the oscillation frequencies are given by Formula (52.27), i.e., they

coincide with the "natural" acoustic frequencies. Since we shall con-

sider henceforth values of r that are relatively close to 0.5, the os-

cillation frequencies should also be close to the frequencies (52.27).

Thus, we shall consider below oscillations with frequencies close

to the ordinary acoustic frequencies, and for such values of as

will contribute the most, to a certain degree, to the occurrence of

self-oscillations.

Let r > 0.5. Then when the combustion front is located at the

head, the oscillating system will become excited (this is seen from

Fig. 114). We start displacing the combustion front away from the head

and find a position at which self-excitation becomes impossible. We

write out the expression for the flux of acoustic energy radiated by

the combustion zone and set it equal to zero. Under the assumptions

made it will be equal to

X. T,(1 -S P,,;V ,) - ,71,+ 0, (52.31)

where a1 and a 2 are numerical coefficients that are readily obtain? !

by taking a term by term scalar product of Eqs. (52.11), after fir,'
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reducing them to the form (52.14), with account of the fact that when

the values of_•i = iýir are taken in accordance with the condition

mentioned above, we get 1 - e"O'i = 2.

The quantitiesp 0 and v10 are related by Eq. (45.6) and there-

fore the absolute values of 310 and VI0 can be written with the aid of

Formulas (45.7). Then Eq. (52.31) reduces to the following equation in

the parameter T which determines the position of the cross section Z

along the standing wave of the acoustic oscillations:

41 Coll (f + as sins 4M 0

or

at + (42 - aj sins go 0,

hence
Silym 1 /..2L(52.32)

£IV

Fig. 115. Pressure and veloc-
ity standing wave patterns in
the instability region for dif-
ferent values of r.

Let us construct for the numerical example mentioned above the

dependence of 9 on r (the coefficient a1 is a function of r). The re-

sults of the calculations can be represented by the following table:
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Fig. 116. Diagram showing the
distribution of the instability
regions for the first four har-
monics as a function of the
position of the combustion
plane along the combustion
chamber.

I 0.o o._ I 1 1.26 2& 0o

0 01• 0o,59 0,712.79 2.55 2.43
o 0 -,0,35 -0.59 -0.71

• -2,79 -2,53 -2.43

In order to clarify this calculation, Fig. 115 shows a pressure

and velocity standing wave pattern as q varies from 0 to 7r, and of the

position of the determined sections on the pattern. As can be seen

from the diagram, with increasing r the instability regions in the

vicinities of T = 0 and T = 7r increase. For the Iirst harmonic this

means that the instability will occt, r in two cases: when the combus-

tion front is at the head and when it is at the exhaust nozzle. Using

the obtained values, we can plot the distribution of the stability

zones and the distribution of the unstable process, as a function of

the position of the combustion front along the tube, similar to the

diagrams of Pig. 48. Inasmuch as the gas temperature is the sawe on

the left and on the right of the combustion zone, the frequency of the

harmonic will not change when the combustion plane is displaced along
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the engine chamber. On each standing wave we can note the points cor-

responding to the values of the parameter q given in the table. In

this case, denoting as in the preceding chapters the instability re-

gions by means of straight lines, we can readily construct the diagram

shown In Fig. i1E for any fixed value of r.

It is seen from the diagram on Fig. 116 that if the process in

the combustion chamber has a tendency toward vibration combustion,

then it should occur independently of the position of the combustion

zone along the combustion chamber. The only difference will be that,

depending on the coordinate of the combustion front 0 < 1, a par-

ticular harmonic will become excited.

To clarify this question still further, we recall that we con-

sider in the present section a lossless system. If we write down the

boundary condition at the exhaust nozzle more rigorously, with account

of the velocity gradient in it, then, as shown in the book of Crocco

and Cheng, the damping influence of the exhaust nozzle will increase

with increasing oscillation frequency. Consequently, the excitation of

higher harmonics becomes a little probable, something characteristic

of vibration combustion of gas combustible mixtures in tubes (see Chap-

ter 6).

The diagram shown in Fig. 116 recalls analogous diagrams in Figs.

48, 49, etc. In both cases one considers the change in the number of

the excited harmonic as a function of the position of the combustion

zone along the tube. At the end of Chapter 5 the inverse problem was

considered, that of tracing the influence of a change in the total

length of the tube on the character of the oscillations for a fixed

length of the hot portion and for fixed properties of the combustion

zone. It was shown there that a general lengthening of the tube while )
maintaining the hot portion constant causes the system to go over to
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higher harmonics, with the dimensional oscillation frequency remaining

approximately constant.

An analogous conclusion should hold true also for liquid fuel jet

engines. This phenomenon was actually observed by Crocco, Grey, and

Harrije.* By gradually lengthening the combustion chamber, they regis-

tered a transition of the oscillations from the fundamental tone to

the second harmonic, and from the second to the third, in full agree-

ment with the point of view developed at the end of Chapter 5.

In the present section we have presented only an elementary dis-

cussion of the theory of high-frequency longitudinal acoustic oscilla-

tions in liquid fuel jet engines. Those interested in a more complete

exposition of the problem are advised to turn to the already mentioned

book by Crocco and Cheng and to the corresponding articles in the

periodic literature.

To conclude the present section we make one more remark. In all

the preceding sections it was emphasized many times that in final anal-

ysis the reason for the excitation of vibration combustion is the per-

turbation in the heat supply or in the effective flame propagation

velocity. In the case of excitation of acoustic oscillations in liquid

fuel jet engines, the main perturbation is that of gas production (the

perturbation in the consumption from a certain source of mass located

in the combustion zone). Consequently, vibration combustion can have a

highly varied nature. In the general case its excitation may be due to

any term contained in the system (15.5) and describing the process

within the zone a. This may be 6M* (the case just considered), 6Q*

(Rijke tube), the mobility of the flame front, I.e., the nonvanishing

of the partial derivatives of the integrals over the volume V in all

three equations (the case considered in §49), perturbation of the cal-

orific value of the mixture 6q, or of the completeness of combustion
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6q, - 6q2 (example given in §25). Finally, the excitation of acoustic

oscillations may turn out to be connected with the nonvanishing of the

term 6Px . This process is realized, for example, in those cases when a

periodic cessation of the vortices (without combustion) occurs in the

zone a. Then the interaction between the vortex formation and the

acoustic oscillations can lead to self-excitation of the oscillating

system. Inasmuch as this case is not at all related with the combus-

tion process, it is not considered in this book.

Such a variety of causes for the excitation of longitudinal acous-

tic oscillations calls for a most careful analysis of all the vari-

ables contaited in the system (15.5) prior to adopting a particular

scheme for the idealization of the process of perturbed combustion.
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