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Lie Groups Associated with Pseudo Groups

H. H. Johnson

The transformations of a pseudo group which leave a given
roint invariant induce a group of transformations on the space
of k-jets with that point as source and target. This group is
a subgroup of a Lie group. When the pseudo group contains all
translations, this group, for k sufficiently large, uniquely
determines the pseudo group, at least under smoothness assump-
tions common in the older literature.

1. Definitions. All functions, manifolds, etc., are
assumed real analytic. 'Transformation means analytic homeo-
morphism. Let G be a pseudo group [5] of local transformations
on a neighborhood Q of the origin 0O in En, Euclidean n-space-
If £ is in G, U(f) and V(f) denote the domain and range of
f, respectively. Let G %be the set of all elements of G
containing O in their domain which leave O invariant.

Jk(Q) denotes the set of all invertible k-jets jkx(f) of

Q into itself [1]. It has coordinates (xi,yi,pid ,...,plj v ),
. 1 17" Yk
where (xi) are those of the source x, (yl) those of the target
g, j
f(x), and pijl...jh - Ca%yhy/Caxlii 3x™®)(x). a and B

denote the source and target projections, as usual. If g is in

6, let P(E)I (1) = F (8o ) for ald F (£) in B H(U(g))-



-2-
Let gk be the set of all jko(f) where f(0) = 0.
gk is a Lie group under the natural product
Jko(fl)'Jko(f2> - jko(fl o £5). Let 6K be the set of elements
in gk coming from G-
1r

Investigating relations ﬁetween G* and G 1is the main
concern of this paper. Conditions will be imposed on G of two
types. The first is special and imposes a restriction on the types
of pseudo groups studied. The rest are regularity conditions and
seem to have been assumed or proved for the pseudo groups studied
by S. Lie and E.- Cartan.

2. G

and G-

Condition (A): G contains all translations, i.e., given any
two points bAY and Yo in Q, there exists a translation in G
defined on a neighborhood of ¥y which carries ¥y into ¥y,

Proposition. If G satisfies (A) then G completely deter-

mines G.
Proof. Let ty denote & translation in G carrying y to
0. If f 4s in G, y in U(Z), then t;%y) ofot

y isin G,

-1

so the pseudo group generated by all elements ty
1

t
oG o 7o

generates G.

There is a natural analytic homeomorphism e: Q x Q X §k

-~ 3%(Q)

defined by e(xl,yl,Jko(f)) = ka (t;l ofo t, Y+ In coordinates,
1 1 1
i 1 i i i1 i
e(xlyyl’oaoop Jl""‘ seybp ’j‘l.'.‘jk) = (xl’yl’p jl’”"

pijl...Jk)- The statement that a function F on Jk(Q) is
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independent of a(Jk(Q)) or B(Jk(Q)) will mean F o e is
independent of the first or second Q in Q x Q x gk, respectively.
Condition (B): For some k there exist independent real-~
valued Yl,---,Y£ on Jk(Q) such that f Dbelongs to G if and
only if Y o pk(f) = Yr, r=1,..., £ Since any function depending
only on a(J¥(Q) is trivially invariant, it is assumed that the
YT are independent of a(Jk(Q))~
This regularity condition, which asserts that G is defined by
'differential invariants', was proved by S. Lie for his transforma-
tiop groups [2]. 1In some examples the bl may not be defined or
independent except on some open subset U of Jk(Q) where PB(U) = Q.

The arguments should be modified in this case.
T

Proposition. If G satisfies (A) and (B) the functions Y

are independent of B(Jk(Q)), r=1l,.¢., -

-1
o f o tx )) =

Proof. YF o e(xl,yl,Jko(f)) = Yr(jkxl(tyl 1

k,, -1 k r, .k
t E .
Y o p( yl)(J xl(f 0 txl)) Y (3 xl(f J txl))
Let q be the projection of Q x Q x §k onto gk. If

(A) and (B) are satisfied there exist natural real-valued functions

z% on gk such that Y o e = 2¥ o q, * = 1,.-., r. By definition

X acting on B¥ by left-multiplication leaves each 2z invariant.

L ..o,YE. These Y©

Under condition (B), G is defined by Y
define a system of partial differential equations which all elements
of G must satisfy. The remaining conditions are regularity condi-

tions on these equations.



e
In [5) it is shown that there exist on JX(Q) 1l-forms fi’

vljl"'jh; i, jl""’dh = 1l,¢++yn; h =1,...,k -1, such that a

transformation F: Jk(Q) - Jk(Q) is locally a restriction of some
pk(f) for f: Q@+ Q 4if arnd only if F* leaves each of these
l-forms invariant and a o F = a. (In [5] pk(f) is defined to
act on jkx(g) by jkx(g ) f'l), so the theory there is dual to
that used here.)

Let fl and P2 denote the projections of Jk(Q) = Jk(Q)
onto the first and second factors, respectively. Consider on
Jk(Q) >< Jk(Q) the exterior differential system > (Y) generated
by

Fop,-Top,

ao pL-ao Py
Piet-popt
P;?ijl...,;h - P \’ial---ah '

T o= lyeeeyB3 4y Jyaccoady = Loeceyny b= 1yeeek - 1,

and their exterior derivatives. The second factor of Jk(Q) b Jk(Q)
.will be taken as independent variables. Then any solution Y has
the form 1’(ka(f)) a (pk(s)(ka(f)), jkx(f)), where g 1is in G.

Condition (C): > (Y) is involutive at all integral points.
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Proposition. If (A), (B), and (C) are all satisfied, then

Zl,---,Z£ constitute a full set of invariants for Gk- That is,

k

it must be

if Z 1is any invariant resl-valued function on B

locally a function of Zl,---,ZE-

k and satisfy

. Kk -k
Proof: If O(fl) and j O(f2) belong to B
k k .k .k
Zr(J O(fl)) = Zr(J O(f2))$ r = l""’£9 then (J O(fl))’ J O(fz))
is an integral point of E:(Y)- Hence there exists g in G such
rea PRI (3%0(£)) = JFo(£) . simee £(0) = £(£,(0)) = £;(0) = O,
g is in G, and hence jko(g) is in GX. It follows that
.k ~ .k r, .k r, .k
2(37(£1)) = 2(375(£,)) whenever 27 (3 (£1)) = 2°(J o(f5)),
r = l’..',z‘.
From this one may say that Gk determines G unigqueiy, since
its invariant functions determine the differential invariants of G.
In conclusion a condition will be given under which Gk is charac-

k

terized by this property, i.e., G contains sll transformations in

gk which leave Zl,-c-,Z£ invariant.

Suppose jko(g) is in gk and leaves each Zl,...,zg

invariant. The manifold

V(%)) = {38 0 ), I () | () 1s in BF

is an integral submanifold of > (Y). If one can find an integral
of > (Y) of maximal dimension containing V(jko(g)), it would
arise from some pk(g) where g is in G. Then jko(g) ='jk0(5),
so jko(g) would belong to GX.



-6~

Condition (D): Every V(jko(g)), where §¥ (g) leaves

1

Z ,-o-,ZE invariant, has its tangent space at each of its points

contained in a regular flag of E:(Y). (For this terminology, see [3!

Theorem. If G satisfies (A), (B), (C), and (D), then G¥

consists in all transformations of the Lie group §k which leave

invarient a finite number of real-valued functions, and G¥

uniquely determines G-.




Bibliography

1. C. Ehresmann: Introduction a la theorie des structures
infinitesimals et des pseudogroupes de Lie, Colloque Internaticnal de
Géométrie Différentielle du C.N.R.S., 1953.

2. S. Lie: Gesammelte Abhandlungen, B. €, Zweite Abteilung, S. 362.

3. M. Kuranishi: E. Cartan's prolongation theorem, Amer. J. Math.
79(1957) 1-47.

4. M. Kuranishi: On the local theory of continuous infinite pseudc
groups I, Nagoya Math. J. 15(1959) 225-260.

5. M. Kuranishi: On the local theory of continuous infinite pseudo
groups II, Nagoya Math. J. 19(1961) 55-92.



