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UPPER AND LOWER BOUNDS IN PROBLEMS OF
MELTING OR SOLIDIFYING SLABS

by

Bruno A. Boley

Columbia University

ABSTRACT *

The problem studied is that of a siab, heated in an arbitrary manner
on one face and insulated on the other, which melts (or solidifies), the mate-
rial being allowed to remain stationary after change of phase. Variable ma-
terial properties are taken into account., After preliminary general consider-
ations, it is shown that the solution to the stated problem is unique. It is
then proved that higher rates of melting and higher temperatures will result
from certain combinations of the magnitude of the applied heat input and of
a fictitious heat source traveling with the solid-liquid interface. From this
result a method is developed for the construction of upper and lower bounds to
the solution of the problem; an example is also presented., It is also shown
that, under the same arbitrary heat input, the rate of melting in the present
problem is always lower than that in the companion problem in which the mate-

rial is instantaneously removed after change of phase.

* This work was performed as part of a project sponsored by the Office of
Naval Research.
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l. Introduction

The solution of heat conduction problems of t-~lting or solidification
often presents considerable mathematical difficulties, and is therefore often
approached cither by numerical or approximate techniques., A different approach
was described in {1], in which a method of constructing upper and lower bounds
for the tempcrature and for the unknown lecation of the melting front in this
type of problom was devised., The problem considered there was that of a slab,
initially solidl, insulated on one face and subjected to an arbitrary heat input
on the other; after welting starts, the known heat input is applied directly
to the moving boundary of the solid, In the present work the same type of ap-
proach is extended to include the problem of a melting slab, in which the melted
material is not removed, but remains stationary,

Many of the theorems proved in [1]) will be needed in the course of the
present proofs, and are therefore restated here (with some minor extensions) for
the sake of convenience, at the beginning of Section 2, The principal results
required for tlie establishment of bounds in the present problem follow in the
same section, while a statement of this particular melting problem and a proof
of uniqueness of its solution are given in Section 3. Two types of upper and
lower bounds are established in Section 4: the first compares melting rates and
temperatures in the preseunt problem under certain combinations of the magnitude
of the applied heat input and of a fictitious variable heat source traveling
with the liquid-solid interface, while the second compares the solution of the
present problem with that of (1]. The construction of the first type of these
bounds and their use in obtaining estimates of solution is discussed together

with an illustrative example, in Sectiom 5.

! The work of (1], as well as the present one, apply equally to the problems
of melting and of solidification; for convenience, however, only the former
type of problem will henceforth be referred to,



2. Bagic Theorems

The first two of the following theorems are listed here for ease of ref-
erence; their proofs may be found in [1],

Theorem I  Let u(P) be a solution, in class C(a), of the equation

2u

a(l")axa

+b(P)%-%;'-Oj az0 (1)

at all points P(x,t) of a domain D in the xt-plane where a and b are real fi-

nite continuous functions, and let

g

= £(B), P onB-B_, (2a)

b

u = k at some point P, on B-B_, (2b)

where n denotes the direction of the component parallel to the x-axis of the
interior normal to the boundaxry B, k is a constant,and where B-t is that part
of B which includes all points P such that (a) the interior normal to the
boundary exists and is directed in the negative t direction, and (b) each
point P is an interior point of B-‘t‘ Then:

(a) if £(P) = 0, u = k throughout D;

(t) if £(P) is prescribed throughout B-B_,, then u is uniquely deter-

mined throughout D,
Theorem 112 Consider a simply connected domain D in the xt-plane,

whose boundary is (Fig. 1) formed by segments of the straight lines x = x., and

0’

2 This is a slight extension of Theorem II of [1].



t= t2 and by a line defined by a continuous single-valued function x = F(t)

satisfying Lipschitz conditions for ty <t<«< t2 and intersecting the line

t =t at a point P5 : (xl,tl). Let u(P) be the solution of Eq. (2) in D with

% = Q on X = xo
(32)
u = uo(x) on  t=t
and
cither 22« -£(t) or uw=£(t) on x = F(t) (3b)

Then, in either of these cases, if f(t) 2 O and uo(x) 2 0, u 2 0 throughout D,
and 1f £(t) £ 0, and uo(x) £ 0, then u £ 0 throughout D.
Theorem III  Let ul(P) and ua(P) be solutions of Eq. (1), respectively

in the domains D, and 02 of the xt-plane defined in Fig. 2, and let

1
du. (x,,t)
-a;-l- 1 = -f(t) , ty<t<t (ka)
du, (x,+L,t)
-a-x—ll’ =0, ty<t<t, (4b)
A, (xq,t)
s_xg 1’ --f(t), t<t<t, (4¢)
ul(x,to)-O, x) <x<L (4d)
o
Max V&

onx=F(t), t, <t<t, (4£)
u1-u2
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where M(P) > O and N(P) > O and where F(t) is a given Lipschitz continuous
single-valued function of t, Then

(a) 1f £(t) m 0 in ty <t <ty u; ®O0andu, =0 throughout their

domains of definition;

(b) 1f £(t) is arbitrarily prescribed in t, <t <t,., then u, and u

0 2 1 2
are uniquely determined throughout their respective domains;

(c) if £(t) €0 in t, <t <t,, thenu; £0 and u, %0 in their re-

spective domains, and

(d) 1f £(t) 2 0 in £y <t <t,, thenu, 20 and u, 2 0 in their re-

spective domains of definitiom,
Statement (b) is a corollary of statement (a), and it will be apparent
that the proof of (c) requires only obvious modifications to apply to part (d)
as well, Hence only parts (a) and (c) need be considered below.

Proof of (a) Clearly (Theorem I) u, =0 for t, <t <t,, For

0 1
tl <t < te, ;a_’_l_. and E“_a have opposite signs or vanish on x = F(t). If

Oy (™

they are both zero, Theorem I again applies and Uy = 0, u, 2 0, If they were

not identically zero, then on x = F(t) one could find values t'(2 r.l) and

8 > 0 such that

du &,
= ot w0 mlese (54)
x x
and
du &,
eithers;:>0,'&;i<0
t' <e<t'+ 8 (5b)
du du
« Heo, a0



Then, by Theorem II, for the first of these possibilities u, <0 and u_ 2 0 in

1 2

t' <t <t'4+ §; therefore, on x = F(t), u; ®u, %0 in this interval of time,
and similarly for the second of the possibilities in Eqs, (5b). But then
Theorem II [applied first to the domain t' <t <t' + §, Xy < x <F(t) and then
to the domain t' <t <¢' 4+ 8, F(t) <x < x, + L] shows that in either case

u, *u, =0 at any point within this time interval, so that neither of (5b) can
exist, Hence part (a) of the theorem is proved.

0 158t
two possibilities can arise, depending on whether initially ?_u__l_ is negative or

Proof of (c) From Theorem II, Uy L0int, <t = tys for t

positive on x = F(t) in this interval. In the former case Eqs. (4f) give

&12
-a—n; 2 0 on x = F(t) and hence u,

Hence, by Theorem II, uy is non-positive throughout, as was to be proved. Sup-

<0 in domain 2, and thus u; £0 on x = F(t),

pose now that a later time t' exists, at which 3“_]_. o x = F(t) changes sign,

or, in other words:

[}
u1=u2$0 t1<t <t throughout
- du,
1 —a '
5= = 3~ = O t=t (6)
onx-F(t)
du qu
—a—x—l>o;&3>o t'<e<t'+8, 8§>0

2
time interval on x = F(t)., Now if u, were non-positive on x = xy0 Theorem L

Then (Theorem II) u, £01in t' <t <t'4+ 8 for all x and so u, £ 0 in this

would insure that it be non-positive throughout, as was to be proved; 1f, on

the other hand, u,

then some time within t' < t < t'" the condition ;2 > 0 as well as (to avoid

were positive on x = x; at some time t" (¢' <t" <t'+8),
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an interior maximum as required by Picone's theorem [1,2]) the conditions

2 e 2

> ™ 0 and > £0, all on x = X5 would have to prevail. The conditions
ox

are however in contradiction with Eq. (1), and therefore u, must be non~posi=-

2
M oonx= F(t) once

tive again, Now it may happen that at a later time
more changes sign: then the first part of this proof applies once again, and
similarly for any further changes in sign., There now remains the second pos~-
sibility alluded to at the beginning of this proof, namely that _ﬁ is ini~
tially positive on x = F(t); in this case the second part of the E:We proof

applies first, and any later changes in sign of this derivative can be taken

care of as above. Then proof is thus completed,

3. Statement of the Melting 1’1:obl|.eln3

Consider a slab, initially {i.e. at t = 0) solid at zero temperature
and occupying the regiom 0 < x <L, and insulated at x = L. An arbitrarily
prescribed heat input Q(t) is applied at x = O, so that the temperature in the
slab rises and at x = 0 reaches the melting temperature Tm at the time t = tm.
Melting continues to take place thereafter, and a portion of thickness s(t)
is taken to have melted at any time t 2 :m, while the prescribed heat input
Q(t) still continues to be applied at x = O, Thus at any time t > t,s the
portion of the slab within s(t) < x <L is still solid, while that within
0 < x < s(t) is liquid; the subscripts S and L will be used in what follows to
distinguish quantities pertaining to the two phases of the material. The math-~

ematical formulation of the problem is as follows for the temperature

5 A statement and discussion of this and of the analogous solidification prob-
lem were given for example in [3]. An approximate solution of this problem
was presented in [8],



Ts(x,t) £ T_ ia the solid:

- -} —S .

3x (kg 33 ) = Pseg 3g 5 e(e) <x <L, 0<t<g
'rs(x,o) = 0; 0<x<L

s

's;'(l.,t) = 0; 0<t<tL

al:S
ks 3% (0,t) = Q(t); o<t<t,

and for the temperature TL(x,t) 2T in the liquid:

- arx. L
kL 3 =P e s 0<x<s(t), g <<y

o
& 3—I=(°") = Q(t) ; e <t<t

x L

with the following interface conditions:

T (s(t),t] = T [s(t),t] = T
s' ), Ls )’ Y cm<c<t

ar T
- Em(t)'t] gy _ﬁ[-(c),tl - Q*(t) =pg L %:.(t)

and with

s(t) = 0; ost =S¢t

The times tm and tL are respectively defined by the equations

L

(1)

(8)

(9)

(10)

(11)

(12)

(13)

(1%)
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T(O,cm) =T, and s(tL) = L (15)

The thermal diffusivity % = k/(pc), the conductivity k, the specific heat c,
and the density p are assumed to be functions of the temperature and therefore
vary with both x and t. The subscript m, affixed to any quantity, indicates
that the value at the melting temperature Tm must be used. The latent heat

of melting is denoted by £,

The heat input Q¥(t) appearing in Eqs. (13), has the physical meaning
of a variable heat source traveling with the interface, and is identically
zero in the problem whose solution it is desired to find; nevertheless it will
be included in all the derivations because it is a convenient quantity to deal
with in the calculation of bounds for the solution of this problem. Q* has
not been defined for t < tm; it will be convenient to take it as zero in this
range.

It can be readily shownh by means of an overall heat balance that

8(

t t) L
é [Q(t) + Q*(t)] dt = ‘é Hodx + / Hodx + (p5mz + um) 8 (16)

s(t)

where the heat contents Hs and H.L are defined as

T
Ho(r) = éps(T')cs(T')ﬂ" (17a)

% The derivation is very similar to that of [4], (5] or (6]; the extension to

the present case of variable properties presents no difficulty since in terms
of the heat contents Ho and H, the right-hand sides of Eqs. (7) and (11) re-

duce respectively to (&lslat) and (HlLlat).
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and

T
H(T) = Loy re, @t (170)

Note that the integrands of Eqs. (17) are positive and therefore both Hs and

HL are monotonically increasing functions of T(x,t). The symbol Hm stands for
Hs(Tm).

Theorem IV: Unigqueness of Solution It will now be proved that there

5

exists at most one solution” to Eqs. (7) to (1l4), corresponding to prescribed

functions Q(t) and Q*(t)., To prove this, assume that two distinct solutions
exist, and denote them by the subscripts 1 and 2; then Theorem III insures
uniqueness if 8 % g, , Only the possibility LY # s, need therefore be con-

2
sidered, or, without loss of generality, we may set

8, = 0stst!
(18)

s, >s t' <tst'+8, 8>0

2 S

Since the solution is known to be unique before melting starts (4,7] tm is the
same for each solution; hence t' 2 tm. After the start of melting, write Eq.

(16) for each solution (at some time t" in the interval where s, > ll) and sub~

2
tract the results to get

.l(tll) ‘2(tll) L
0= 2‘; (W =M, )dx +.{(t")(1'|12-lisl)dx *.i(t..sﬂsa'“sl)d" +

+ (pggt + Hy)lay(t™)-ay(e*)]  (18a)

2 That is » & twice continuously differentiable function T(x,t) and a Lipschits
continuous function s(t), Except in the special case of Eqs. (24), this char-
acter of the solution is assumed throughout the remaindexr of this paper.
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= < - 3
On x =s,(t), T, = T and T, 2 T, while ou x 32(:), T, ST and T, = T ;

hence Theorem III, applied in turn to the regioms 5, <x <L and 0 <x < oY)

insures that T2 2 T1 in these regions, so that the first and third integrals

in (18a) are non-negative. Furthermore

8
j’ H,dx 20 and faﬂsld.x s H [sy(t")-8,(t")] (18b)
31 8

Hence the right=-hand side of (1B8a) cannot be zero, this equation cannot be

satisfied, and uniqueness is assured,

4. Upper and Lower Bounds

Theorem V  Consider two solutions of Eqs. (7) to (1k), denoted by the
subscripts 1 and 2, corresponding respectively to heat inputs Ql(t), Q:(t) and

Qa(t), Qg(t) such that

Q} 2 Q) 5 Qy(e) + Q3(r) = q;(e) + Qj(t) (19)
Then

s2(t) 2 sl(t) ; tz0 (19a)

T2(x,t) z Tl(x,t) ; 0=sx=1L (19b)

It is understood, in Eq. (19b) and elsewhere, that for the temperature T ome
must read the pertinent one of the functions Ts and TL'
The case in which in both Eqs. (19) the equal signs hold throughout is

covered by Theorem IV a1d need not be considered further. To prove the present



theorem in the general case, it may first be assumed, without loss of general-

ity, that a time t' exists such that

Q,(t) + qj(t) = Qa(t) + Q;(t) for 0st st

(20)
Q(t) + Q‘{(t) <Qu(t) + QX(t) for t' <t st'+8,6>0
It will now be shown that a time t"(t' < t" S t' 4+ §) exists such that
sy(t) > (t) for ' <ese" (20a)

Assume in fact that this is not so; then the situation is that showm in Fig.
3a (aote that it is immaterial in the proof whether t' > t or t' < tys though
only the former case is shown in the figure), Eq. (16), written for each so-
lution at t = t", gives after subtractiom,

¢ . . 8-(t") al(cu)
0< é‘ [(Q, + Q3)~(q; + Q})ldt = ! (B =Hy ; Jdx +'£(t.,)(“s2'"u)d"

L
+J Sﬂsa-ﬂsl)dx - (pggt + H o (e")-8,(c")] (21)
‘l(t"

However, on x = 8,, Tl. = Tm and T2 s Tm, vhile on x = 85 1'2 = 'rln and 'l:1 2 Tm;
hence the first and third integrals on the right-hand side of (21) are negative,

Furthermore,

31 81
/ W ,dx 2 0 and ! Ho dx % nm(.1 - -2) (21a)

%2 82
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Hence the right~hand side of (21) cannot be positive as required, and (20a) is
proved. Note that the validity of inequality (19b) for the range of times con-
sidered has also been proved.

It has been thus proved that initially 8, camnot exceed 8., and it mist

2

be shown next that no later time can exist at which s exceeds 8. Indeed, 1if

there were such a time, there would have to be at least one instant at which
s, = 8,; let the first of these instants be t" (>t'), as shown in Fig. 3b.
Note that then

T, =T

1 ]

1-92;;‘_‘_2_‘_?_; atPa (22)
t

=T H
2 m It

The second of Eqse. (15), written for each solution at t™, gives, after subtrac-

tion
L™ '%“12””1.1) “kgm %(Tsa"rn) = (@ - Q) ~pgt(dyed;) (22a)

where dots indicate differentiation with respect to time, Now TLa-TLl 20

on x = 8, and hence also to the left of P,; in view of (22), then,

-

(T p-T,) 50 at P, (22b)
Similarly, Tsa"’rsl 20omxw= 8, and hence also to the right of Pa, so that

-

-a-x-('rsa-'rsl) 20 at P, (22¢)

This means that the left-hand side of (22a) is non-positive; however the right-

hand side of this equation is non-negative in view of (19) and (22) and there-
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fore this implies a contradiction if at least one of the inequalities s

or Q; > Q'i hold. In the special case
% * . 4 g -t
Ql'Qz’ 8, =8,; 8, =8, at t = t
the above proof fails since then
3 3( )

T, T .) T_,.-T
kL——%ax——L-l—.ks—-%ax—s—l—.o at P

In this case, assume that

S(t) - LS_;%“_'E ;(t") + _(t_;_t,_':ﬂ :(t") 4 s

Q*(t) = (t-t") Q*(c") + 1‘;—‘,")3 Q*(E™) 4 ooo
where clearly

Q™) = d3(e™)

s,(e") = 8, (")

Differentiation of the second of (13) along s gives6

<s

1

(23a)

(23b)

(24 )

(24 a)

6 In the equations which follow, all quantities must be evaluated at x = s(t).
The similarity of this portion of the proof with that corresponding one of

Theorem IV of [1] will be readily noted.



r
s;§ 8 + 3 L 0 (26a)

with (7) and (11), Eqs. (26a) can be rewritten as

’zé"' Iri(axY*ks Ba'rs] =0
"s s e
{26b)
ﬁ 1 [ aer]
> aT ax N

Writing each of Eqs. (25b) for solutions 1 and 2 and subtracting the results

in each case one obtains, with the ald of (23b),

*(r

2
(T, ,-T, ,)
432 LI . 0 at P, (26¢)

sz Ts1)
2 =
ax ax

The same process, applied to Eq. (25) now gives7 at Pa, with the aid of Eqgs.

T After use of Eq. (7) to give aaTS 3T 3T ar
ot ps S (g ax)] =g 5+ £ o2 e

and similarly for Eq. (11) and 32 .
axat



(23) and (26):

33(1‘”-1' ) P (Tg,"Te,)
“a M e - “*sn *sm _gax-B—s-L = (G -pgptEy-8,)  (21)

In view of Eq, (23b) and (26c), the argument immediately following Eq. (22a)
now requires that the left-hand side of (27) be non-positive; this again leads

to a contradiction unless both equality signs hold in Eqs. (24b). The case

G- 4.

at t = t" (28)

sy =8, 8;=8,; 8 =4,

must therefore still be investigated, as well as subsequent special cases of
this type. These are treated by means of further differentiation of Eqs. (25),
(26a), (7) and (11), along s; but inspection reveals that, in general, the

result will be (at Pa):

32“+1('rm-'ru) 32““1(182-1:3!) d“(g*a-Q*{)

ko Mo a2+l Ksm *sm N = 4P -
dn"'l(s --1)
Pt —_&——d il (29a)
t
(T, T, ) M -T..)
~.—a’%_.1‘_1—-——a—i-§—-&-o; m-0,1,2, ooo’an (2%)
when
d™(Q%-q})
'—2';—-0; m=0, 1,2, **syn-~1 (29¢)

de
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d™(s_-s,)

—=2 1 _0; m=0,1,2, ces, n (294)
ac™

Choose n as the smallest integer for which at least one term of the right~hand
side of (29a) does not vanish, and then note that, just as before, this leads
to a contradiction with the non-positive character of the left-hand side of
(29a). The proof of the theorem is thus complete.

It should be noted that the converse of this theorem is false, that is,
the validity of Eqs. (17) does not necessarily imply the validity of (16). As

a corollary of this theorem, the statement
s
‘2 ¥ tu (30)

follows directly, where t, is (cf. Eqs. 15) the time at which the entire slab

L
has melted,

Another type of bound on the solution will now be established, namely
one obtained by comparison of the rate of melting in the problem defined in
Section 3 (in which the melted portion remains stationary) with that in the
companion problem in which the melted portion is ingtantaneously removed. This
is done by mecans of the following:

Theorem VI  Consider two pairs of functions Tl(x,t), sl(t) and Ta(x,t),
32(:), such that the pair T,, s, is a solution of Eqs. (7) to (14) with
Q*(t) = 0, and the pair T,, 8, satisfies Eqs. (7), (8), (9), (10) and (14) in

sa(t) < x <L as well as the following two equations:

Te[sz(t),t] =T
./ ds_(t) (51)
o 2 (e, (e0e] = (e) - g B



vhere the same function Q(t) is used in Eqs. (10), (12) and in the second of

(31); then

s,(t) Se(t) , t2t (32a)
and

T (x,t) ST (x,t) , t2t , sy(t) <x <L (3eb)

This theorem therefore states that, under the same heat input history, a more
repid advance of the interface occurs when the melted material is instantane-
ously removed (problem 2) than when it remains stationary (problem 1). This
conclusion was already reached in [3] for the special case of Q = constant; it
was also noted there that for very short times after the onset of melting the
solutions to the two problems are identical,

To prove this theorem, we start with the heat-balance equatiom (16) for

problem 1 (with Q¥ = 0) and the corresponding equation for problem 2, namely

t L
é Q(t) dt .s{(t) Hg, dx + (pgyt + H ) 8,(t) (33)

Assume now that s, 2 5, (Fig. 4); then subtraction of (33) from (16) gives

1

si(t) L sy(t)
é H g, dx +s{(t:()H81-Hsa) dx -si(:)ﬂsa dx + (pSmme)[sl(t)-sa(:)] =0

(33a)

Now, on x = sl(t), T, =T, and T, ST, so that T 2 0 (and therefore

2 1T

“31'“32 2 0) for the entire range sl(t) £ x £ L, by Theorem II, Furthermore
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s)(t) .

sj(t)Hse dx s 1 [s,(t)-sy(t)] (33b)
2

Therefore the left-hand side of (3%a) is composed only of non-negative terms
and as a consequence this equation cannot be satisficd. Hence the differ-
eace 5,S, cannot be positive (and thus neither can Tl-Tz), and the theorem

is established.

Problem 2 is thus seen to provide an upper bound to the solution of
problem 1; a fortiori, upper bounds to the solution of problem 2 are also upper
bounds to the solution of the present problem, A method for comstructing bounds
for problem 2 was developed in [1],

Betwcen the two extremes of instantaneous removal and of stationary melt
there may be defined intermediate problems corresponding to finite rates of
ablation. It may be conjectured, as an extension of the lagt theorem, that a
monotonic reclationship exists, in the problems, between the rate of ablation
and the ratc of advance of the solid-liquid interface; this question is however

not examined hecre.

5« Construction of Bounds; Example

The procedure for the use of the bounds previously derived, in estimating
the solution to an actual problem, consists essentially of constructing a solu-
tion of Eqs. (7) to (14), with a heat input Q(t) at x = O which may or may not
equal the prescribed input Q(t), disregarding however the last of Eqs. (13).

The latter equation is then used to calculate Q*(t), and Theorem V insures that
either an upper or a lower bound has been found in a range 0 < t < tl’ according

to whether the relations
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Q*(t) 2 0; Qt) + Q*(t) a Q(t) (34)

are always satisfied or always violated in that range. It will be noted that,
though a little more complicated in practice, this procedure is quite anslo-
gous to that described in [1] for the problem in which the melt is instantane-
ously removed, and therefore will be discussed only briefly here.

It is convenient to split the solution in two parts, the first pertain-
ing to the solid portion and the second to the liquid portion. The solution
for the solid is easily derived by considering a fictitious extension to a slab
of the original thickness L, under an arbitrarily chosen fictitious heat input
Q(t) at x = 0. It is shown in [1,3] that the relation Ts(l,t) = T taen leads
to the following equation for s(t), for the case of constant properties in the
solid:

y £(yy,) g  ~lealE(0Ply, (e <E(n)1Pry,
L7 L - o

yl £(y-y, » -lealE(y) Py, -le(anl' <SPy, .
+

=20 - [ == Lle e y (35)
0 Y1  ne0 1
with the following dimensionless notation:
t kT
t 1 Sm/fx
yafol; oy s gy - ol 2Rl
cm ’ 1 t'm uscm, 2Q0 "'Stm’
. . Qt) . Ty) e AL)
L - H0) =S Hy) =T (350)

where Qo is a constant reference heat input, In deriving this equation, the

convenient choice a(t) = Q(t) for t < t, was oade,
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The solution for the liquid portion now requires the determination of
the solution of Eq. (11) in the region 0 < x < 8(t), t > t,» satisfying the

conditions

T, [s(t), t] = T,

o tzt (36)
-kl.. _a.x_l‘ (o,¢t) - Q—(t) "

where the function s(t) is given by Eq. (35). Since s(t) will be in general
known only numerically, a numerical solution of the problem for the liquid is
probably the most gppropriate; the needed solution of the heat-condition equa-
tion for a domain bounded by boundaries moving in a prescribed manner can in
fact be conveniently carried out by such methods., For the purpose of illus-
trating the bounds, however, analytical expressions valid foxr short times will
be derived by the integral-equation method of [3]. According to that method,
TL(x,t) can be obtained as the temperature in the regiona 0 < x < @, under the
heat input Q(t) at x = O and initially (i.e. at t = tm) at an initial tempera-
ture distribution TL(x,tm) = &me(x), where 8(1) = 1 and X = xla/i;E: The first
of Eqs. (36) then gives the following integral equation for 8(X), for the case
in which the properties of the liquid are uniform but not necessarily the same

as those of the solid:

8 This is a special case of the n:thod of [3); more generally, one may take

the region 0 <x <L, (LL z L), under the conditions listed above and in
addition under a heat unput at x = LL to be suitably specified,
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foe(x) [e-(g'X)alby N e.(=+x)2/DyJ o -
0

y - -Poly, dy
-j%?[l - 5‘;575 j(; f(y-yl) e ! 7;1‘ } (37)

with the following additional dimensionless notation:

) o
Deids kegds H) LR (57a)

Once Eq. (37) is solved, the last of Eqs. (13) is used to determine Q*(y).
Consider now, for simplicity, the problem corresponding to Q(t) = Qy
a constant, 80 that @ = 1 and so that the exact solution of [3], for short

times, is:

5(y) = 25% P2 - Y+ o(y>/2)
Hy) = - 2512, 2y, 072 (38)
8(X) = 1 - K /x X + 0(x°)

To establish the bounds, let then

) =-3y2 2y (39)

vhexre a is a constant to be discussed presently. Substitution of this and of

£f(y) = 1 into Eq. (35) gives

§() = 2 oy'2 4 0(3) (390)
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so that clearly for short times this is an upper or a lower bound according to
vhether a > 1 or a < 1, the exact result corresponding to a = 1, The short-

time solution of (37) is, with ¥ = 1,

9(x) = 1 + O(x) (39v)

and finally the last of Eqs. (13) gives

%{)ﬂ - 8 (a-1) y12 4 o(y) (39¢)
Clearly, for y << 1, Q* = 0 if a = 1, as it should be for the exact solution;
furthermore, Q* > 0 or Q* < 0 according to whether a > 1 or a < 1, Since here
Q(t) = Q(t), the former of these possibilities corresponds to an upper bound,
and the latter to a lower bound, according to relations (34); this is plainly
in agreement with the melting rates found in Eq. (39a).

In conclusion, it may be remarked that a simple bound to the solution
of the problem defined by Eqs, (7) to (1) is easily found in the special case
in which the properties of the solid and liquid are uniform and equal, If
again Q(t) = QO and for a semi-infinite solid, one may take the temperature
both before and after melting as

2Qy/ut
T(x,t) = o ierfe ﬁf” 0<x<w (40)

It is then easy to show that the relation T = '1:m gives

1 = /a(1+y) ierfe (g//Ty) (40a)
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and -that
-8</(1+y)
@ 2 48(y) e ¢
Q" m dy " /Ty erfc (s Tiy) (oe)
where
Vet cT
IR LA™ (51)

This can be readily shown to correspond to an upper bound (except in the case,
here trivial, of m = ®, in which it is an exact wolution with Q* = 0): for
example, for y << 1, Eqs. (40a) and (4Ob) give

L 2m 3/2

(k)

() L
Q, 'm/x>o

in agreement with the conclusions of Theorem V.
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