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ABSTRACT

This report presents a specific method of programming a digi-
tal computer to construct and evaluate codes suitable for use in a
burst-error correction decoding scheme described in the Tenth Scienti-
fic Repor't.l ™o (100,50) codes of this type have been constructed
using the methods described. One is found capable of correcting
uniquely all bursts of length 21 or less.

The method used to evaluate burst-error correcting capabili-
ties 1s applicable to any group code, not just the class under con-
sideration. Memory limitations have restricted the present program
to code lengths not exceeding 105 digits, of which at most 63 may

be check digits.
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GLOSSARY

set of error burst sequences

maximum correctible burst length

number of check digits per code word

ith check digit

partial error sequence

error sequence

5% information digit

number of information digits per code word

matrix relating information digits to check
digits

submatrices of [M]
number of digits in a code word
record of column under consideration

record of columns already considered, including
present

1B parity digit

parity check, or coding, matrix

submatrices of [P], all of which have inverses
parity sequence

number of decoding matrices

decoding matrices

random number

ith recelved digit

submatrices used in second construction method
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recelved sequence

it'h set of columns

first part of set of columns
amount of overlap of two matrices

gecond part of set of columns

initial second part of set of columns



AR

ABSTRACT

GLOSSARY

- vl -

TABLE OF CONTENTS

MATIN BODY OF REPORT

A. INTRODUCTION AND BASIC THEORY
B. SPECIFIC CODES
1. Coding and Decoding Matrices for a
Particular Code
2. Error-Correcting Capabilities
3. Implementation of the Decoding Procedure
C. CONSTRUCTION OF THE CODE
1. First Method
2. Second Method
D. EVALUATION OF THE ERROR-CORRECTING CAPABILITIES
OF THE CODE
1. Object and General Approach
2. Underlying Principle of the Evaluation
Procedure
3. The Method
4. Best Codes
E. CONCLUSIONS
APPENDICES
A. Characteristics of the pb 250 and Conventions
Used
B. Code Construction Program - First Method

Page
111

iv

12
13

15

18
18

18
19
22

24

25

a7



C.

- vii -

Code Construction Program - Second Method

D. Details of the Code Evaluation Program
E. List of Programs
F. Adaptibility to Other Code Sizes
G. Verification of Computer Accuracy
H. An Additional (100,50) Code
REFERENCES

DISTRIBUTION LIST

49
61
76

83



RO S s s 0 8w oL L L

il

A. Introduction and Basic Theory

The Tenth Sclentific Report® described a coding and decoding

method for burst-error correction. The coding and decoding processes

are fairly simple, but the actual construction and evaluation of a code
is difficult. The purpose of this report is to give a specific method
for constructing such a code and evaluating its correction capabilities,
and to illustrate codes actually constructed by this method.

The theory of the burst-error correction procedure for ran-
domly chosen group codes was given in the Tenth Sclentific Report:.l
Only the basic ideas needed for an understanding of the results will
be repeated here.

In an (n,k) group code,” the n-k = c check digits c, may be

computed from the k information digits 1, by the matrix equation

J
" cl1 -:l.l‘1
c2 i
. = [M] - . ’ (1)
| e | ]

vhere [M] is a ¢ x k matrix of ones and zerces, and addition is modulo two.



Ist the last ¢ digits in a transmitted code word be the check digits.
When & sequence of binary digits r, (4=1, 2, «.., 1) representing mes-
sage plus noise is received, a parity sequence can be formed:

- qu [~ i - -r_J
pz : rz
L J ' L)
|
o 1S B ¢ 4 o (2)
L 4 l L J
L) : >
LP"J - : o .rn-

vhere [I] is a ¢ x ¢ unit diagonal matrix. In abbreviated form, (2)

may be written as
1] = [Pl[r] . (3)

The received sequence can be considered as the modulo two
digit-by-digit sum of the transmitted sequence and a noise (or error)
sequence. The group of 2t possible error sequences can be partitioned
into z° cosets of the group of code words. All the sequences in each
coset have the same parity sequence and no two sequences in different
cosets have the same parity sequence.2

The error correction procedure is based on a set of hypotheses
that the errors are all within given blocks of ¢ positions of the re-
ceived sequence. A set of ¢ x ¢ matrices [PI]’ [PZ]’ voey [Pq] is
chosen, such that [Pl] consists of the columns 1 to ¢ of [P], [le

consists of the columns ¢ - x + 1 to 2¢ - x (x > b), etc., so that q



i
%

is the smallest integer for which each matrix overlaps the preceding
one in at least b positions, and every position is included in at
least one matrix. The value of ¢ is the smallest integer equal to or
greater than (n-b)/(c-b).
Let B be the set of error sequences consisting of bursts of

length b or less. Assume that:

1) no two elements of B appear in the same coset and

2) each matrix [P1] has an inverse.
The decoding procedure can then correct uniquely every element of B.

The quantities

[e,) = [P,17" [P] [r] = [q,] [r] ()
are calculated. The error sequence corresponding to [ei] is [ei] A
where [ei]A is obtained from [ei] by augmenting [ei] with c zeroes

corresponding to the positions hypothesized to be error-free. If one

of the [e ¢ B, the procedure 1s to add that [e i] A to [r]e If no

i]A
[e il A ¢ B, the code word is rejected and a repeat is requested.

.
[ P Py



B. Bpecific Codes

T™wo (100,50) codes were constructed in a random manner with
the aid of a Packard Bell pb 250 computer. The better of the two codes
is illustrated in this section. The other is shown in Appendix H.
Additional codes could be constructed and evaluated at a rate of about
one every 4-5 hours.

Methods of construction are described in Section C, and further
details of the construction program are given in Appendices B and C.

The method of evaluation is given in Section D and Appendix D.

B-1. Coding and Decoding Matrices for a Particular Code

The coding matrix [P] for a particular (100,50) code is shown
in figure 1. The digits of the matrix are represented octally, each
octal digit representing three successive binary digits in a row of the
matrix. Since 100 is not a multiple of 3, the last octal digit in a
rowv represents only a single binary digit, being a 4 or a 0, according
a8 the binary digit is a 1 or a 0, respectively. The + signs should
be ignored.

Three decoding matrices are required, covering the sets of
positions 1-50, 26-75, and 51-100, respectively. These matrices are

of the form:
Q)= el (s)
[q,] el (6)
and [0,5]

[P

]
(1™ [P] = [P] (7
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30102430102  30103$30103  30104$30104 30105830105 30106$30106

T AT e et

et ver

D+7650103 D+4226222 D+4150000 D+0000000 D+0000000
+0000000

+6026515 D+7632523 +4304000 +0000000
+2073145 +3567264 +2522000 +0000000 40000000
+17035543 +7122033 +6521000 +0000000 40000000
+1047617 +6336432 +1500400 +0000000 40000000
+1450526 +2016664 +4160200 +0000000 +0000000
+3340014 +2560623 +0500100 +0000000 40000000
+0732456 +1177552 +2040040 +0000000 +0000000
+1151523 +1247332 +7560020 +0000000 +0000000
+3332160 +0141464 +5760010 +0000000 40000000
+4730620 +2047633 +5660004 +0000000 +0000000
+1043562 +5717040 +2140002 49000000 +0000000
+5612152 +2067673 +3400001 +0000000 +0000000
+0746154 +5346121 +3400000 +4000000 40000000
+46370T1 +52443N +0040000 42000000 +0000000
+6572605 +5123643 +1300000 +1000000 +0000000
42576237 +4544251 +2560000 +0400000 +0000000
+6204066 +1712676 +7340000 +0200000 +0000000
+6771731 +7404122 +4100000 +0100000 +0000000
+5274760 +2405260 +0000000 +0040000 +0000000
+6335700 +4400366 +0460000 +0020000 +0000000
+4776712 +1752202 +3320000 +0010000 +0000000
+6470220 +5617650 +7560000 +0004000 +0000000
+0622164 +5707TT21 +2700000 +0002000 +0000000
+5264424 +2310460 +1220000 +0001000 +0000000
+1104771 +5206123 +2340000 +0000400 +0000000
47536347 +7254276 +2520000 +0000200 +0000000
+0653760 +0307347 +4260000 +0000100 +0000000
+7515446 +6322055 +4200000 +0000040 +0000000
+4515122 +5435675 +4500000 +0000020 +0000000
+0157712 +2032431 +0200000 +0000010 +0000000
+3023503 +6025552 +2720000 40000004 +0000000
+4051431 +1704437 +3220000 +0000002 +0000000
+7660354 +7464577 +5120000 +0000001 40000000
+2501316 +0163264 +2360000 +0000000 +4000000
+4350454 +1002101 +3100000 +0000000 +2000000
+3320706 +4061557 +2040000 +0000000 +1000000
+6770605 +4772551 +3700000 +0000000 +0400000
+3257041 +4041441 +7360000 +0000000 +0200000
+2312161 +4327236 +6760000 +0000000 +0100000
+4302121 +2007713 +3640000 +0000000 +0040000
+0242560 +6367475 +6460000 +0000000 +0020000
+5556700 +1412400 +2060000 +0000000 +0010000
+I5M T4 +0017715 +1200000 +0000000 +0004000
+1040433 +2275346 +2020000 +0000000 +0002000
+0353252 +4107564 +2060000 +0000000 +0001000
+1214722 +3322517 +1040000 +0000000 +0000400
+3212635 +4420066 +3060000 +0000000 +0000200
+4004100 +2530000 +1460000 +0000000 +0000100
+5400273 +2512507 42100000 +0000000 +0000040

Figure 1 - Coding (and Decoding) Matrix [P] for & (100, 50) Code

(key = +3574263]
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Since [1’3]'l = [I], the third decoding matrix is just [P] itself. The
other two are shown in figures 2 and 3.

(Actually, any one of the three matrices in figures 1, 2, and 3,
can be chosen as the coding matrix. The only difference would be in the
check digit locations. If figure 2 were the coding matrix, the check
digitswould occupy positions 26-75, while if figure 3 were the coding
matrix they would occupy positions 1-50).

Although the above code appears to be random, and can be con-
sidered to be random for its intended use, it was actually generated by
the computer in a deterministic manner by successive multiplications
and retention of the minor product.3 The entire code can always be re-
generated by means of the key number + 35T4263. How this is done will
be explained in Appendix B. The code described in Appendix H was not
generated in this manner, but was constructed from random numbers taken
partly from a table of random numbers,h and partly from digits selected
from the decimal expansion of the natural logarithmic base e. It is
recommended, however, that any future codes be constructed by the much

simpler process of computer generation.

B-2. Error-Correcting Capabilities

It was found that the code whose matrix is shown in figure 1
is capable of correcting uniquely all error bursts of length 21 or less,
dut not including all bursts of length 22. The other chosen code was
found capable of correcting all error bursts of length 18 or less, but

not all bursts of length 19.
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30102 30103 30104 30105 30106
0+4000000 D+0000000 D+0006103 D+6322465 D+2303300
+2000000 +0000000 +0017121 +2245415 +2022200
+1000000 +0000000 +0016766 +1245101 +5361540
+0400000 +0000000 +0015546 +6040247 +2340300
+0200000 +0000000 +0003475 +2123674 +6653040
+0100000 +0000000 +0011624 +1453546 +7651740
+0040000 +0000000 +0015463 +7560105 +3772040
+0020000 +0000000 +0003053 +6655232 +2473200
+0010000 +0000000 +0013317 +1426420 +1255600
+0004000 +0000000 +0010624 +0403022 +4464340
+0002000 +0000000 +0000350 +6501514 +4017300
+0001000 +0000000 +0000114 +5115146 +6173300
+0000400 +0000000 +0007427 +1644737 +7205300
+0000200 +0000000 +0012674 +5363242 +5351700
+0000100 +0000000 +0001503 +3061475 +0225400
+0000040 +0000000 +0012750 +6273072 +5747700
+0000020 +0000000 +0001000 +6216235 +4206140
+0000010 +0000000 +0001703 +6672427 +6777600
+0000004 +0000000 +0002303 +2625124 +5606100
+0000002 +0000000 +0000402 +2063250 +7325400
+0000001 +0000000 +0013525 +2472766 +2647700
+0000000 +4000000 +0010231 +0142716 +4003000
+0000000 +2000000 +0006327 40471633 +4271700
+0000000 +1000000 +0000432 +6375440 +5007200
+0000000 +0400000 +0015214 +6473312 +0035740
+0000000 40200000 +0007033 +6436304 +6561200
+0000000 +0100000 +0017502 +0605744 +0335640
+0000000 +0040000 +0015367 +5641033 +4141600
+0000000 +0020000 +0000066 +0052601 +4433440
+0000000 4+0010000 +0006011 +6362537 +1423440
+0000000 +0004000 +0000562 +0531153 +4326540
+0000000 +0002000 +0002766 +2671542 +7050400
+0000000 +0001000 +0006223 +6677363 +4361100
+0000000 +0000400 +0011015 +3051023 +7413600
+0000000 +0000200 +0013247 +1445447 +0361440
+0000000 +0000100 +0012504 +4156510 +4430340
+0000000 +0000040 +0013713 +3313627 +1043300
+0000000 +0000020 +0014035 +0225213 +3410400
+0000000 +0000010 +0003656 +0337470 +6547240
+0000000 +0000004 +0004174 +1750457 +4441000
+0000000 +0000002 +0015252 +7101135 +3766540
+0000000 +0000001 +0000042 +7524566 +0320200
+0000000 +0000000 +4011440 +7401210 +1552600
+0000000 +0000000 +2011411 +3652532 +7170400
+0000000 +0000000 +1010453 +1326050 +0753300
+0000000 +0000000 +0402733 +753107 +6514340
+0000000 +0000000 40216363 +7302015 +4500100
+0000000 +0000000 +0115501 +5776422 +3371100
+0000000 +0000000 +0056426 +4507675 +1320340
+0000000 +0000000 40031124 +7167735 40544040

Figure 2 - Decoding Matrix Q, for the (100, 50) Code
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30102 30103 30104 30105 30106
D+3713536 D+6200000  D+0000000 D+0000016 D+6451500
+7774554 +1500000 +0000000 +0000114 +6323340
+15516T1 +1440000 40000000 +0000171 +2672440
+5355132 +0420000 40000000 +0000733 +7027300
+1137304 +5010000 +0000000 +0000757 +7543100
40402050 +2004000 +0000000 +0000466 +5230340
+1557221 +2002000 +0000000 +0000335 +4366640
+5670T12 +5001000 +0000000 +0000102 +5063040
+7733445 +5400400 +0000000 +0000324 +4561500
+7611022 +4000200 +0000000 +0000310 41434300
+6771365 +5000100 +0000000 +0000320 +3004040
+5441063 +7400040 +0000000 +0000041 +0703200
+1523136 +2000020 +0000000 +0000553 +7771640
+6467554 +6000010 +0000000 +0000616 +2743140
+4427670 +6400004 +0000000 +0000515 +5454540
+77€2060 +4000002 +0000000 +0000243 +5230200
+1407TT41 +2000001 +0000000 +0000277 +0601000
+5764352 +0000000 44000000 +0000526 41376340
+5601145 +1400000 +2000000 +0000034 +5063240
+3565222 +0000000 +1000000 +0000231 +7565040
+3073765 +400C0CC +0400000 +0000433 +3015000
+4412063 +6000000 +0200000 +0000157 +5550640
+4615136 +5400000 +0100000 +0000067 +7065400
+1273554 +0000000 +0040000 +0000406 +1315400
+027767 +2400000 +0020000 +0000374 +3022400
+7411132 +5000000 +00100C0 +0000531 +4453100
+3367304 +1000000 +0004C00 +0000232 +4235140
+0762051 +34C0000 +0002000 +0000504 +6460100
+4126272 +4400000 +0001000 +0000451 +6726200
+3101204 +0000000 +0000400 +0000272 +6136500
+712065C +2400000 +00C0200 +0000204 +5142440
+0332620 +6000000 +0000100 +0000651 40713240
41324640 +500C000 +000004C +0000672 +4563200
+5112101 +C000000 +000002C +0000205 +7013700
+5560252 +6400000 +00CC010 +0000722 +2471200
+6023745 +5400000 +0000004 +0000164 +1270740
+3010623 +1400000 +0000002 +0000410 +0714240
+4366037 +7400000 +0000001 +0000521 +5026100
+7667426 +3400000 +0000000 +4000512 +6431300
43266635 +0000000 +0000000 +2000044 +7606040
40310702 +0400000 +00C0000 +1000750 +5236240
+4102725 +3400000 +0000000 +0400021 +1630240
+7515363 +3400000 +0000000 +0200313 +3107240
+7732736 +3000000 +0000000 +0100517 +2466C00
+3775155 +4000000 +0000000 +0040366 +6615440
+4005742 +4000000 +0000000 +0020135 +4104040
+7447425 +0000000 40000000 +0010503 +6130000
40617562 +1000000 +0000000 +0004376 +7405140
40262265 +5400000 +0000000 +0002654 +132530C
+46656€2 +4000000 +0000000 +00010T +5735400

Figure 3 - Decoding Matrix Q, for the (100, 50) Code
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It was shown in Section V.B of reference 1 that of the (100,50)
codes for which all [Pi] have inverses, at least 79 percent can correct
all bursts of length 19 or less, and at least 18 percent can correct
all bursts of length 20 or less. The bound does not guarantee that
any (100,50) code could correct all bursts of length 21 or less. The
fact that one of two selected codeg could correct all bursts of length
21 or less Buggests that the bound is somewhat pessimistic. A defi-
nite upper bound on the maximum burst length is ¢/2, or 25 in this
case.

The method by which the error-correcting capablility of the

codes were determined is described in Section D and Appendix D.

B-3. Implementation of the Decoding Procedure

Although the selection and evaluation of a code is difficult,
its actual implementation is not difficult. The matrix decoding opera-
tions can be carried out by means of a very elementary type of magnetic
core matrix, as shown in figure k.

A core is placed at an intersection if and only if the inter-
section of row i with column J of the matrix is a one. (Dummy cores
can be placed at other intersections, if necessary). The cores are
originally set in their zero state. When the first diglt is received,
the first vertical wire is energized if and only 1if the digit is a one,
and a pulse passes along all horizontal wires which intersect with the
first vertical wire at a core. ILater received digits act in a similar
manner. Flip-flops on each horizontal wire record zero or one according

as an even or odd number of impulses have occurred on that wire.
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FIG. 4
A MAGNETIC CORE DECODING MATRIX
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A total of three such matrices are required for the (100,50)
code. The contents of the 50 flip-flops in the :I.th matrix represent
[eil, and if one of the three [ei] corresponds to a burst of length b
or less, that [eil is added to the appropriate 50 digits of the 100-
digit received sequence. Otherwise, the sequence 1is rejected and a
repeat requested.

The matrix requires only two wires through each core instead
of the usual three and in this respect is easier to construct than
standard core matrices. On the other hand, the fact that genuine cores
are placed only at fairly random intersections may make the matrix

somevhat more difficult to construct.

S R e -



C. Construction of the Code

If [P] is the coding matrix of a (100,50) group code, it is
required for the burst-error correcting procedure that the following

sets of columns of [P] be linearly independent:

columms 1 to 503
columns 26 to T5;

columns 51 to 100.

One of these sets may be chosen to correspond to the parity check
digit positions and is thus a unit diagonal matrix. The remaining 50
columns, which are designated as [M], may be chosen in a random manner,
subject to the restriction that the appropriate sets of columns of [P]
be linearly independent.

One method of finding a suitable matrix [M] is to select ma~
trices at random until one is found which satisfies the linear independ-
ence conditions. Approximately one matrix in twelve is suitable for
codes of rate 1/2 (see p. 31 of ref. 1).

A second method of finding a sultable code 18 to begin with
a diagonal matrix and then form random combinations of rows. This
method has the advantage that the linear independence requirement is
automatically satisfied without an indefinite number of successive trials,
but the disadvantage that the coding matrix is not constructed in one
vhole unit, but must be built up from the random matrices with inverses

vhich have been constructed.
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The first method is preferadble given the present programs,
because it is more compatible with the evaluation program and requires

fewer manual operations.

C-1l. First Method
Figure 5 shows the gereral block diagram for this procedure.

The connectors@ ,@ » etc., refer to more detalled diagrams given
in Appendices B and D.

First, a random (100,50) code is generated by constructing
the matrix [P] of random numbers except for a unit diagonalized 50 x 50
matrix in columns 26-7S. Then, the linear independence of columns
1-50 is investigated (1=1) with the aid of the code evaluation program.
(This program is described in Section D and Appendix D). If they are
linearly dependent, & new code is generated. If they are linearly
independent, columns 51-100 are tested for linear independence, (i=3).
If these are also linearly independent, a sultable code has been found.

Immediastely after a code has been found suitable, the form of
the coding matrix is such that a single one appears in each of columns
51-100. Rowe are then interchanged so that columns 51-100 form a unit
diagonal matrix, thereby ylelding the matrix [P]. By setting 1 = 1 and
a = 0, a8 shown in figure 5, columns 1-50 can be diagonalized, forming
the decoding matrix [q1]. The other decoding matrix, [Qz], is obtained
by setting { = 2 and a = 0. It 1s always possible to return to the
coding matrix [P] (which is also decoding matrix [qsl) by setting

i=3and a =0,

P e ol
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The first method was used to construct the code described in
Section B. Detalls of a program utilizing the method are given in

Appendix B.

C-2. Becond Method
The procedure used here for finding a suitable code is to
begin with a diagonal matrix and then form random combinations of rows
as follows. Replace the first row by the sum of the original first
rov with a random selection of the other rows. Then replace the second
rov by the sum of the second row with a random selection of the other
rows, using the new first row if this row should be included in the sum.
Continue until all rows have been changed. The resulting matrix has an
inverse.
In order to use the above procedure, the unit diagonal matrix
was chosen to occupy positions 26-75, and the matrix [M] wvas partitioned

into 25 x 25 submatrices as follows:

- —

Ry K

R R , (8)

o Ry

=9

vhere the matrices [)|1] and [)(z] are chosen in a random manner, but
subject to the restriction that they have inverses. The matrices
[Rll and [RZ] can be selected entirely at random.

The matrices [Pll’ [le, and [Psl are then

N T ———
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|
Ry } Ios
Byl =f-—— =l === } (9)
w oo, o
— | —
: 0
] = |-——-—- i 3 (10)
o i ¥, _]‘
[p,] = —————:——-——; (11)
I ' !
| Tes | R, M, |

The submatrix 125 is a 25 x 25 unit diagonal matrix. The inverses of

these matrices are

0 ; n'il
|
[p, 17 - ————-|L-—--- ; (12)
Ls } R
B, = [r] (13)
R i T2s
[P3]‘1 e [, S (14)

-1 |

oo °
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(BN i Ios
Q) =[BT  [Pl= |--—-—-—
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IRE, + 1D |
[Qg] = [B,J™ [P1 = |--——- —— _i_

G mg |

One method of finding [Q,l], [Qzl, and [Qsl is to construct

Dyl 1, DI, [)Iz]'l, and the other various matrix products and

sums involved in (12), (13), and (14).

for performing all these operations is included in Appendix C. However,
once [Qz] is known, it was found to be more practical to use the code
evaluation program to find [Ql] and [93], a8 11lustrated in figure 5.

The second method was used to construct the code shown in

I
[ §

This can be done, and a program

|
|
b e
|
[
|

3

Appendix H. Further details about the program for carrying out this

second method are given in Appendix C.

(1s)

(16)

(17)
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D. Evaluation of the Error-Correcting Capabilities of the Code

D-1. Object and General Approach

It is desired to find the largest value of b for which the
code corrects uniquely all bursts of length b or less. For this purpose
it is necessary and sufficient to show that each burst of length b or
less 18 contained in a different coset of the group of code words: 1i.e.,
that each burst of length b or less 1s assoclated with a different
parity check sequence.

There are two possible approaches. One is to generate each
error burst and observe the decoder outputs. The other 18 to investigate
the structure of the decoding matrix.

The first approach would be practical if a fast special-purpose
decoder for the code were already available, but would require a pro-
hibitive length of time for most general-purpose computers. For example,
if b = 19, there are about 22 million bursts of length b or less. Since
it would be optimistic to assume that the pb 250 could check more than
one per second, the procedure would take at least 6000 hours of computing
time. Moreover, each additional unit increase of b would approximately
double the required time. The second approach is the one used here.

A procedure is found which requires about 3 hours of computing time

for b = 2l.

D-2. Underlying Principle of the Evaluation Procedure

If the colums of & submatrix [S] consisting of certain

columns of [P] are linearly independent, then no two bursts which together
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cover positions included entirely in [8] can have the same parity se-
quence. To prove that a code is capable of correcting uniquely all
bursts of length b or less, it is sufficient to show that the follow-
ing sets of columns, each containing 2b elements, are all linearly
independent:

[8 ltob, b+1to2b

LI
[82]= ltob,b+2to2b+1

opsp)t ltob,m-b+lton

: 2tob+1, b+2to2b+1

l:sn- 2b+2 )

[SZn-hb+1]: 2tob+1l,n-b+1ton

[s(n-zm)(n-zb+1)]’ n-z+lton-b,n-b+lton
2

These sets are sufficient because any two bursts must be both included

by at least one of the sets.

D-3. The Method
The linear independence of the sets [Si] is investigated

in the order presented above by adding rows of the [P] matrix to other
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rows of the [P] matrix. 8uch operations do not change the linear in-
dependence or dependence of any set of columns of the mtrix.s The
method used is described below with reference to the five parts of
figure 6.

A Gauss-Jordan reduction type of opera.tion6 is employed to
determine linear independence. Thus, the first column of the set is
searched for a non-zero element (search for pivot - part 3). When
one is found, the (pivot) row of [P] containing that element is added
modulo two digit-by-digit to all rows whose first column has a non-
zero element (perform pivot operation - part 4). Then, a search (search
for pivot) is made for a non-zero element in the second column of the
set (select new column - part 1), excluding from consideration the pre-
vious pivot row. This process 18 continued until either:

(a) all members of the set of columns are searched and a non-
zero pivot is found for every column, in vhich case the set is linearly
independent; or,

(b) a column is found with no acceptable pivot, in which case the
set 1s linearly dependent.

If [81] is found to be linearly independent, [82] is next in-
vestigated. (Change set of columns - part 2). Since [Sl] and [82] are
identical except in one column, it 1s only necessary to investigate
one column of [SZ] to détermine its linear independence once [Sl] has
been found linearly independent. (Change one part of set - transfer

to cl). After [8 ] has been investigated, however, a large number

n-2b+l
of new columns must be investigated, so that it is most convenlent



- 2] -

e =Y

@ CHANGE ONE Lm

INVESTIGATE

|
|
|
|
1
|
SET OF
ol
|
|

FOR HIGHEST
POSSIBLE b

of

RELUCE BUKST
LENGTH b BY I,
CONSIDER SAME SET
OF COLUMNS, REDUCED
BY 2 COLUMNS

r——T:_———;ﬂ
[

FiG. 6

MAIN EVALUATION PROGRAM - GENERAL DIAGRAM

L R

o 1 i SR A B



- 22 -

to investigate all columns of the new set, even though there is a
slight duplication of effort. (Change both parts of set - transfer
tos J.)°

If some set [81] is found to be linearly dependent, then not
all bursts of length b or less can be corrected for the chosen value
of b. The value of b is then reduced by one (reduce burst length -
part 5), the number of columns per set by two, and the search is con-
tinued (transfer to fz). It is not necessary to begin all over again®
vhen the burst length has been reduced, since all sets found linearly
independent include sets for smaller values of b. If, for example, the
set.jto'bo +J3-1, ktob°+k- 1 was the last to have been found
linearly independent, the search can continue starting with j + 1 to
bo +J -1, k+1tob, +k- 1 Actually, for convenience, some
duplication has been permitted, and the search continues starting with
J+ltoby +J -1, b+ Jto2bg+J- 2

The total number of submatrices to be investigated increases
a8 the square of the code length. This property ensures that the
computer does not have to compete with an exponential growth of com-
putations with code length, as would be the case if each error burst
had to be individually generated and checked.

Further detaills of the code evaluation procedure are given

in Appendix D.

D-4. Best Codes

A program which permits both construction and evaluation
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is capable of finding a "best” code. For example, to find a code
capable of correcting all bursts of length b or less, the computer
could generate a code, test its capability to correct bursts of length
b or less and, if it could not, generate another code. However, the
Pb 250 program is too slow (about 2-4 hours per code) to make this
procedure practical if the fraction of codes correcting all bursts up
to length b is very small.

R i R R
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E. Conclusions

Two programs have been described for the comstruction of
codes suitable for the burst-error correction procedure described in
reference (1). Also, a program for evaluating the burst-error
correcting capabilities of the constructed code has been presented.

The general logical procedures described are valid for any code length,
n, and number of check digits, c. The specific pb 250 programs were
written for n = 100 and ¢ = 50, but with minor modifications they could
be used for any n < 105 and ¢ < 63. (These modifications are explained
in Appendix G). Larger codes could also be handled if additional
memory lines were available.

The first method of construction is preferable given the present
programs, because it is more compatible with the evaluation program and
requires fewer manual operations.

The evaluation program permits determination of the burst-error
correction capabilities (maximum value of b) for any group code, not

Just the class under consideration.
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AFPENDIX A

Characteristics of the pb 250 and Conventions Used

The Appendices to follow contain various descriptions of the
programs constructed. Some of the discussion is general, but other
parts will be intelligible only to someone familiar with the Packard-
Bell pb 250 computer, and are presented chiefly for reference value.
However, a few basic pb 250 characteristics and conventions used are
explained here as an aid to understanding the principal ideas.

The pb 250 stores data or commands in a number of lines,
each containing 256 sectors numbered {octally) from 000 through 377
(400 octal = 256 decimal). The lines avallable on the particular
machine used are numbered 00, 01, 02, 03, Ok, 05, 06, and O7. Each
command location stores 21 bits plus a sign bit. There are also three
arithmetic registers, labelled A, B, and C.

The following conventions are employed in the pb 250 logic
diagrams to follow:

(1) Parentheses signify "contents of".

(2) A long dash, as (A) (B), implies contents of A replace

contents of B.
(3) Three-figure numbers, as 002, signify octal sector numbers.
(4) Two-figure numbers, as 02, signify octal line numbers.
(5) The number at the upper right corner is the address of the
first instruction in the box - sector number followed by

line number.
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The words "(A) and (B)" signify the logical product of (A)

and (B) a8 binary sequences. A one 1is placed in every posi-
tion of "(A) and (B)", where both (A) and (B) contain a one.

A zero is placed in all other positions.

The words "(A) or (B)" signify the logical sum of (A) and (B).
A one is placed in every position of "(A) or (B)" where either
(A) or (B) or both contain a one. A zero is placed in all
other positions.

A con.nector has a subscript i which indicates it is in

the ith section of the program.



- 27 -

APFENDIX B

Code Construction Program - First Method

1. Generation of a Random Code

The process of generating a random code consists of selecting
n - ¢ columns of the [P] matrix as random sequences of zeroes and ones,
and of selecting & unit diagonal matrix for the ¢ columns corresponding
to the positions to be occupled by check digits. The key as to which
columns are to contain the unit diagonal matrix is contained as a set
of numbers in sector 277, lines 02, 03, Ok, 05, and 06. The location
of zeroes in these numbers corresponds to the ¢ columns of the matrix
[P] (located in the first n columns of sectors 300-3T7T, lines 02, 03,
O4, 05, and 06), which contain the unit disgonal matrix. For the
(100,50) code with check digits in position 26-75, the key numbers

are, 1n octal form,

277 028  +TTTTTTT

277 038  +7400000

277 Ok$  +0000000

277 05%  +0000TTT

27T 068  +TTTT74O
The columns corresponding to ones in the 277 sector numbers are filled
with random numbers. The manner in which this is done is illustrated
in Figures 7-8. Conventions used are as described in Appendix A.

Part 1 of the Random Code Generation Program (figure 7) con-

sist of filling in the random numbers. Initially, some randomly-chosen

positive 21-bit number is placed in (R). The first random number
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genersted in the minor product of (R) with +7303425 (octal) which is
the highest power of five capable of being placed in one lr:>ca.t'.ion.:5
This minor product then replaces (R) for use in generating the second
random number. The digit-by-digit logical product of the first random
number with the contents of 277 02 are placed in 301 02 to form the
first 21 bits in the first row of matrix [P]. Similarly, all the
addresses from 301 through 362, line 02, are filled with random num-
bers. The program then moves to line 03, etc. The initial, or "key"
random number R is stored in 240 O5.

Part 2 of the Random Code Generation Program (shown in figure 8)
is for the purpose of inserting the unit diagonal matrix. Beginning
with +4000000 (octal) in (d), the contents of 4 are shifted and com-
pared with the contents of sector 277 (first line 02, then line 03,
etc.) until the single one in (d) corresponds in position to a zero in
(277,x). Then the binary digit-by-digit logical sum of (d) with (301,x)
is stored in (301,x). The contents of d are shifted once more and the
new contents stored in (302,x) (unless, just previously, (d) = +0000001,
in which case +4000000 would be stored in (302,x+01)). Each time (d)
is stored, the sector address key S is incremented by one, but each
time (d) has a one in a position corresponding to a one in (277,x)
the key S 1s not increuented, and (d) is not stored. After line 06

has been passed, the construction is complete.

2. Suitability of the Code

The above discussion has described the details of the

PUPR
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"Generate Random Code” box in figure 5, Section C.1l. The following is
a description of the remaining parts of figure S.

A key 1s first set up to indicate for which sets of columns
linear independence i8 to be searched. For the (100,50) eode this is

set up as follows.

line = 02 03 ob 05 06
sector
$

267  =TTTTTTT  -TWO0000 40000000  +O00000O +0000000
270  +0000000  +O3TTTTT  -T760000  +0000000  +OO0OO0O
271 +0000000 +0000000 +00LTTTT =TT77000 +0000000
272 +0000000 +0000000 +0000000 +0000TTT -TTTTT40
For other codes, sectors 273, 274, 275, and 276, are also avallable
to permit linear independence search over more sets of matrices. 1In
the present case, keys 267 and 270 are used to search for linear
independence of columne 1-50, while 271 and 272 are used to search
columns 51-100. In the program, the keys to be used are expressed
as 267 +(p), 270 +(p).

Figure 9 shows the logic diagram. Initially, p = 0 is set.
Most of the logic shown is for the purpose of adapting the main evalua-
tion program to the present requirements. The number +7000000 is placed
in & key position in the main program to cause it to branch differently
from its normal procedure. (The dashed lines indicate the paths ncr-
mally taken by the main program. See Section D and Appendix D for
a description of the main program).

The section beginning with Ol4 Ok places the contents of

267 +(p) and 270 +(p), lines 02 through 06, in that part of the main
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program which determines the set of columns to be searched for linear
independence (quantities X and Y in the main program). In order that

the code be suitable it is necessary that columns 1-50 be linearly
independent and that columns 51-100 be linearly independent. (Columns
26-75 are already linearly independent by.constructi'on). Thus, the search
is first run through for p = O, then for p = 2. If the set for p =0

is found linearly dependent, a new code 1s generated.

The time required to generate a code is about 15 seconds.

It requires 3 or 5 minutes to determine if the code 1s suitable. The
time required to find a sultable code is variable, usually between
1/2 and 1 hour for a (100,50) code.

The coding matrix obtained in the above manner appears in a
mixed form, To obtain a usable form, it 1s necessary to interchange
rows such that the ith row represents the ith check rule of the code.
This is done by the procedure illustrated in figure 10.

Again, the main evaluation program is used for the bulk of the
operations. A key of +7700000 is placed in (Y 0,02) to obtain proper
branching. Then, the main evaluation program is entered. Suppose
that columns 51~100 are the ones under consideration. These columns
already each contain exactly a single one, but the one 1s generally
not in the desired position. The first column considered is
column 51, and (1) is set equal to 00l. The search for pivot (see
Appendix D) discovers a one in row J of column 51. The key then
causes the program to branch to 325 07 instead of proceeding to "perform

pivot operation". The portion of the program following 325 O7 interchanges
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rov 1 and row j of the matrix. Column 51 now contains a one only in
rov one. The number (i) is then increased by 0Ol, and the main pro-
gram re-entered at vhere the column under consideration is shifted
to 52.

After fifty interchanges have been made, (1) - 063 (octal)
will be zero, and the program will halt. A unit diagonal matrix now
appears in columns 51-100. To observe the decoding matrix with columns
1-50 diagonalized, the program is entered at @, where (p) and (x)
are both set equal to 000 (see figure 9). The code suitability program
is then run through for just (p) = 000, ylelding single ones in each
of columns 1-50. The rows are then interchanged by the "Interchange
to diagonal" program. Similarly, to observe the 26-75 diagonalized
decoding matrix, is the entry, and (p) = 00l is used. Entry at
will return to the 51-100 dlagonalized matrix.

Once a suitable code has been found, it can be regenerated at
any time by inserting the key number for that code in 201 05 and per-

forming the random code gemeration program.
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APPENDIX C

Code Construction Program - Second Method

The matrix [M, ] may be considered as defined by the product of

matrices

(] = [Toe Tl oo [T4]

where

( 1 . O

0 "1

[Ti] = d.j’l ssevsecs di,i-1 1 di,i-’-". esessse di,'s
0- - 0

L 1 .
and the dij’ for all j except j = i, are chosen at random. The matrix
th

[Ti] represents the operation of replacing the 1
th

row by the modulo

two sum of the i row with a random selection of the other rows. It

cen readily be shown by teking the product that
(ryllT] = (1] (18)
From (18), it follows that the inverse of M, is given by

(417 = (T )T,] ... (Tee] (19)

since

{[Ti ][Ta] e [TQS]}{[TQSJ (XX [Tg][TI.]} = [I] . (20)

o0 A i N
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Thus, if a matrix is formed by using a set of row combination
rules as above, its inverse is found by performing the combinations in
reverse order. This allows the use of practically the same computer
program to obtain both a matrix and its inverse.

The product of two matrices can also be found with only a

th

slight change in the basic program. The 1" row of the product [A][B]

is the modulo two digit-by-digit sum of those rows of [B] such that the
J‘t‘.l:\

This operation is very similar to that performed in constructing [M, ].

row is included in the sum if and only if digit 8y of [A] 15 a one.

If [A] replaces the row combination rules, [B] replaces the diagonal
matrix, and if the sum of rows is stored in a new location instead of
replacing the old row of [B], the program used for constructing (M, ]

can be used to find the product [A][B].

2. Description of the pb 250 Program

Although only 25 x 25 matrices are being constructed, the pro-
gram permits construction, inversion, and products of matrices of any
size up to 63 x 63 without modification. The key which tells the pro-
gram vhen to stop is a negative number placed after the last combination
rule. The combination rules were stored in sectors 201 through 231,
lines 02 and 03, the first 21 digits of a row being stored in line 02,
and the remaining 4 in line 03 (with a + sign). If a larger matrix
vere used, sectors 201-276 are available, and each combination could be
stored in lines 02, 03, and Ok, making up to 63 (decimal) dimensions

possible.
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Figure 11 shows the basic outline of the matrix construction
Program. Random numbers are generated to form the combination rules.
To find & matrix and its inverse, a unit disgonal matrix is initially
stored in sectors 301 through 377, lines 02, 03, and O4., The resultant
matrix or inverse will appear in these locations upon completion of the
program. The program is divided for convenience into five separate
parts, vhich are individually described in figures 12-17. Conventions
are as described in Appendix A.

Part 1 (Figure 12)
This section describes the main program. The three boxes in-

dicated by asterisks are modified accoxding to whether the purpose is
to construct a matrix, find its inverse, or find the product of two
matrices. An index (i) specifies the sector address of the combination
rule (or row of matrix A in the product AB), while (Jj) corresponds to
the ¥ aigit of the combination rule. If the ™ digit is & one, row
J of the matrix stored in 301-377, lines 02-O4, is added digit-by-digit
modulo two to the basic row 1 of that matrix, or of the product matrix
in the case vhere the product is taken.

The program initially picks up line 02 of the combination rule
corresponding to (ip). This is tested to see if it is negative, since
a negative number indicates that all combination rules have already been
considered. If it is positive, the rule is stored in (T), and the num-
ber 25 (octal) = 21 (decimal) is stored in (s) to specify the number of
dlgits of this part of the combination rule which are yet to be consid-
ered. The number (T) is then placed in register (B) and shifted left,
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vhile simultanecusly (s), which has been placed in register (C), is
decremented by one. The number (C) is then tested for sign. If it
were negative, this would indicate that all 21 digits of the combina-
tion rule had been considered. In this case, however, the number is
positive. Then, (B) is tested for sign. If the first digit of the
combination rule were a one, this digit would be shifted into the sign
position of (B), yielding a negative number. If the first digit were
a zero, the shift would yield a positive (B). Thus, if (B) is negative,
rov j 1s added to row 1 to form a new row i. (This never happens for
i = J beceuse the combination rules are generated such that the ita
digit of rule i is always a zero.) Then, the program proceeds to/ &
and J 1s incremented by one. If (B) is positive, the program proceeds
directly to( g;). The number (J) continues to be incremented once per
loop and (s) decremented until (s) is negative.

Then, the line address increment (q) of the combination rule
is incremented by one. If the resulting (q) -03 is then non-negative,
the entire combination rule has been considered, in which case a new
rule is selected. This is done by incrementing (1) by 00l for matrix
construction or product formation, or by decrementing (1) vy 001 if
the inverse is being sought.

In performing the addition of rows i and j, basic sector
numbers (Sy) end (£,) are inserted. For matrix construction or inver-
sion, (Sy) = 300 and (4,) = 02, while for product formation (Sy) = 200

and (£,) = 05.
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Part 2 (Pigures 13-1k)

To construct & matrix given the combination rules, the prograa
is started at 000 Ok. The section m@ w@-«unu the main
program for the ressons explained in Part 1. 'meprogrnfollov.l.ng@
inserts s diagonal matrix in sectors 301-377, lines 02-Ok. The section
m@ unl@ clears to zero the contents of sectors 301-377,
lines 02-Ok. Ones are then inserted slong the diegonal in the section
rollowing. First, the number (d) = +4O00000 is stored in (301 02).
The number (4) is then successively shifted right one unit at a time,
each time storing the new number in the next successive sector,nmumber
location of line 02, until (d) is shifted to zero, in which case (4)
= +4000000 is stored in line 03 of the next sector number. This con-
tinues until lines 02, 03, and O4 have all been completed. The program

then proceeds to@.

To find the inverse, the program is started at 000 05. The

section from to modifies the main program for reasons ex-

Plained in Part 1. The remainder of the program is then the same as

for constructing a matrix.

Part 3 (Figure 15)
To find the product AB of matrices A and B, the program is

started at 000 06. Previously, matrix A is stored in sectors 201-277,

lines 02-O4, and B is stored in sectors 301-377, lines 02-O4. The pro-
duct appears in sectors 200-277, lines 05-07. The section from@ to
@ clears to zero the contents of sectors 200-277, lines 05-07. The

main progrem is then entered.

IR
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Part & 16
This section generates the random combination rules needed to
construct a matrix. This procedure is much the same as the one described
in Appendix B (Figure 7 and associated explanation). A key mmber in
sector 177, lines 02, 03, and Ok, tells the program vhere random numbers
should be placed. For a 25 x 25 matrix, the key is:

177 028 +TTTTTTT
177 03$ +7400000
177 O4$ +0000000

The columns corresponding to ones in the 177 sector numbers are filled
vith random numbers. The other columns are filled with zeros. After

the random numbers are generated, the progrem proceeds to.

Part 5 (Figure 17)
It is necessary to remove the diagonal ones from the set of

rendom numbers in order to ensure that the 1B digit of combination
rule i is always a zero. Initially, (W) = -3777777 1s set, and the
contents of 201 02 are replaced by the digit-by-digit logical product
of (W) with the previous contents of 201 02. The mumber (W) is then
successively shifted right one unit at a time (the nimus sign causes
ones to be introduced from the left), each time taking the logical
product of (W) with the contents of the next successive sector mumber
location of line 02, until (W) becomes equal to -TTTTT77, in which case
the line address is incremented to 03, and (W) is returned to -377T7T7.
This continues until all sectors through 277 have been included. The

progran then halts.
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bers Lo, (t) in commands

1

(8o + (1), (4o + (t))
®
(300 + (3), 02 + (t)}—(8,+(1),2,+(t))

AL 02 - (t) negative?
s - ne )

[ 112 02

(£)]

[(t) + o1

Second Method of Code Construction - Part 1 -
Main Progranm



construct matrix @ find inverse

[

000 Ok | 000 05
|Bet 8 = 300, £, = 02 in commands | [ Bet 8 = 300, 4 = 02 in cosmands|

]
[ ool ———o—(1) | [Sl———(1]]

[Insert add command to increment (1) IInlert subtract command to decrement (1

I

[Insert negative number in (232,02) | [Insert negative number in (200 02)]

3

o1k o}
o1 ()]
[ oor———(s) |

2

[Insert (s),(£) in address of command |

0- (300 + (8), O1 + (2))
s (8) - OTT negsuver)_ﬁ»-@ + 001 (-)I_@

no

4
@ (2) - (03) negative?h-».'(z) n 01-———-(4

no

(continued on next page)

Figure 13 - Second Method of Code Construction - Part 2a -
Construction of a Matrix and its Inverse



GP 114 ok
|001 1.5 |
T
{ oL (£)]

(a)|

|Insert (g),(£) in address of command |

[ 141 ob
(18 (a) seror Y22—{(a) ——————(3500 + (s), 01 +(4))]
| Yes '
152 ok [snirt (@) rignt|
[(£) + o1 (1)}

((s) + 001——————(8)]

@ [(e) - Oslonegative Gg
(%)

Figure 14 - Second Method of Code Construction - Part 2b -
Construction of a Matrix and Its Inverse



Insert add command to increment (1)

| Insert negative mumber in (232 02) |

[o———()]

[ooi———(s)]

022 06
[Insert (s),(£) in address of commands |

I

o (200 + (s), O + (£))

(%= K(e) - o7 negative? }X2%{(s) + 001

y ©

G [(2) - o2] negsuver)-lnﬂg) To—

no.

to maln program

Figure 15 - Second Method of Code Construction - Part 3 -
Finding the Product of Two Matrices
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@ generate random numbers

(R) = random number

000 07
ool .(8), 02 (£)
006 07

{Insert (s), (£) in address of commands|

(R)

(B)

+7303425.

(c)

| Multiplyl

(B)

(R)

'

(R) and (177,(2)- (200 + (8), 00 + (2))

C(s) - 077 nega.tive}——y—](n) + 00— (s)j—)—‘

Y
Q3 07

@ (2) - ok nega.tiveD—y-&I (4) + Ole———————(4) |

1™ [oo1 (s) |

commands

Set 8 =201, £ =02 in
of part 5 @

Figure 16 - Second Method of Code Construction - Part 4 -

Generation of Random Numbers

. sl

vt T



@ remove diagonal ones

000 03
I ey €51

L(8,4)———(0)]

[ [(w) ana (€) }———i(5,2)]

Change in commands:

8 + 001 8

Shift (W) right

(If [(W) + 0000001] negstive

]

no
020 05
Change in commands:

4 + Ol 2
1
(e 8 - 2 metiret)—o (3
| no
Halt

Figure 17 - Second Method of Code Construction - Part 5 -
Removal of Diagonal Ones



Details of the Code Evaluation Program

Figures 18-22 show the logic of the various parts of the eval-
uation program in greater detail. The five parts are the same as refer-
red to in figure 7. The notation used is similar to that described in
Appendix A with an additional special convention. Since some guantities,
as Y and X, represent contents stored in more than one location (the
same sector, but different lines, the notation (Y, 02) will represent
the contents of line 02 of the sector address of Y, while the notation
(Y) will represent the contents of all lines in which Y is stored.

The 50 x 100 matrix [P] is stored in sectors 301-362, lines 02
through 06. The addresses in lines 02, 03, O, and 05 each contain 21
bits of a row of the matrix, while only 16 bits from the addresses in
line 06 are included. (Since 4 x 21 + 16 = 100).

The operation of the program is best understood by considering
the various parts and their purposes.

Part 1 (Figure (18)
The purpose of Part 1 is to select the colum for which a pivot

sesrch is to be carried out. Before this can be done, the set of columns
currently being searched for linear independence must be specified. This
set is defined by the quantities X and Y. The quantity X is a 100-digit
number stored in lines 02, 03, O4, 05, end part of 06, sector 260, and

consists of zeros except for a sequence of b guccessive ones. The

L ep e s h b



quantity Y is another 100-digit mmber, stored in lines 02, 03, Ok, 05,
and 06, sector 261, and also has ones only in b successive positions,
but none in position corresponding to omes in X. A given pair X, Y de-
fine some set [8;] of columns of the type described in Section D-3.

The part of the progrem beginning at 000 02 sets X, Y, and Y, (vhich
will be discussed later) to the initial values corresponding to (8, ]
and the value of b.

A number is required to keep a record of the column under con-
sideration. This is provided by (P), together with line eddress (x).
The binary mumber (P) contains but a single one, that being in the posi-
tion corresponding to the column under consideration, and (x) gives the
line address of the column under consideration. A convenient related
quantity is (Pg), vhich is & 100-digit mmber stored in lines 02, 03,
04, 05, and 06 of sector 262. This number is to contain a one in all
those positions up to, and including, the column under consideration.

Fb].lowing@, (P) and (Pg) are set to their initial values,
which corresponds to consideration of the first column. To determine
if the column under consideration 1s in the set, it is necessary only
to compare (P) with line x of X and of Y. If it is, & search for pivot
is made on that colum (proceed to@). If not, there are two possi-
bilities: either the set to be investigated has not yet been reached,
or it has been passed (in which case all columns have been investigated.
These alternatives are separated by determining whether (Pg) has any
ones in comnon with Y. If it does, all columns have been investigated,
and & new set of columns 1s selected (to@ ). If not, (P) is shifted
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right one space to consider a new column. If the right shift causes

(P) to be zero, the new column should be the first in the succeeding
line sddress, 50 that x is incremented by Ol and (P) is reset to
+4000000. Also, line x of P, is set to -4000000. The negative sign

is used for Pg because the minus sign is represented in the computer

as a one, and this one is shifted right on a right shift command, vhile
retaining the minus sign. Thus, successive right shifts change -4000000
to -6000000 to -T7000000, etc. When (P) is not zero after shifting, line
x of (Pg) is shifted right one space. In the latter case, the progrea
then retwns to@. In the former, however, vhere x has been changed,
thereturnmustbeto@ in order to change x in certain commands.

Part 2 (Figure 19)
Tis section provides a change in the set of colums for which

linear independence is being searched. The order of searching is as
follows: begin with X covering columms 1 to b, and Y = Yo covering
columns b + 1 to 2b. Then shift Y one space right until the last colum
covered by Y is the one-bhundredth. The next step is to shift X and Y,
one space right and set ¥ = Yo. The number Y is then shifted, and shift-
ing -continues in this manner until Y, covers the one-hundredth columm
position.

The test fol.‘l.oving is to determine vhether Y has reached
position 100. If not, a key V is set for shifting Y. If it is, the key
is set for shifting Yo. Shifts of X, ¥, and ¥y all share the same sub-
routine.

Sndacadne o v T

%
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The process of shifting X, Y, or Y, is somewhat complex because
each occupies five separate addresses. However, advantage can be taken
of the fact that the non-zexo elements appear in succession. First, a
search is made for the lowest line-numbered sddress £ of V for vhich
the contents of V, (£) are non-zero. This number in V, (£) is placed
in register A. If (A) is now negative, the sign must be made positive,
in order that the subsequent right shift of (A) will introduce a zero
from the left. The contents of registers A and B are then shifted right
one position. The new value of (A) is then stored in (V, (£)). If the
last digit in the original V, (£) were a zero, the shift will cause (B)
to become positive. In this case, the shifting of V is complete. If
the shift causes (B) to become negative, there are two possibilities:
ir (v, (£) + 01) were zero, it should now be made +4000000, and shifting
18 then complete; if (V, (£) + O1) is non-zero, the remainder of the
shift can be accomplished after observing the highest line-mmbered ad-
dress q of V for which the contents of V, (q) are non-zero. When such
& non-zero V, (q) is found and stored in (A), it is shifted right cme
place, and the new (A) replaces (V, (q)). If (B) is now negative,
-4000000 is placed in (V, (q) + Ol). The shift of V is then complete.

After the shifting has been performed, it is necessary to ob-
serve the key to determine the proper branch. If the key is Y,, it is
still necessary to shift X, so that the key X replaces the key Y, end
mrmmw@. If the key is X, shifting of both parts
of the set are campleted by (Yo) — (Y). If the shifted (Yo) now
covers the 101°% colum, the program is completed and the computer halts.




S

Bmt,thcpmnhmto@ and begins considering colums,
starting with the first. If the key is Y, only one new colum is
mmdmmm-u,wmtmmuw@tomm
Just that new colum.

Part 3 (Figure 20)

The purpose of this section is to search for a pivot element
in a particular colum; i.e., & non-zero element preceded in its row
by all zexos in the colums of the set under investigation. The first
step is to set up a quantity 2, stored in lines 02, 03, Ok, 05, snd 06
of sector 121, vhich contains ones just in those positions of columns
of the set under investigation which have been considered, including
the pregent cne. A one is placed in a position of Z if and only if it
appears as a one both in Py and in either X or Y.

Using the quantities (P) and (x) which specify the columm, the
rows are next searched to £ind one with a one in that colum. If one
is found for some sector address (300 + j), a comparison is mede to see
if there are any non-zero elements in row J corresponding to non-zero
elements of Z, exclusive of the particular pivot column. If there are
none, this row is a suitable pivot, snd the progrsa proceeds to@
(perform pivot operation). If it is not a suitable pivot, J is incre-
mented by one, and the search is repeated for a new row. If all rows of
the matrix have been searched witbhout success, it is known that the set
of colums is linearly dependent. The program then proceeds to@
(reduce burst length).
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Part & (Figure 21)

The purpose of this section is to perfomm the pivot operation;
i.e., to add the pivot yow (row J) digit-by-digit modulo two to all
other rows vhich contain a non-gero element in the column under consider-
stion. The parameter (k) specifies the row to vhich possible additiom
of row J is being considered. The case k = j is eliminated from consid-
eration at 003 06. Otherwise, if a non-zero element is found in the
proper column, row J is added to row k, the sum forming & new row k.
The addition must be carried out for line eddresses 8 = 02, 03, O4, 05,
and 06. Computer speed is most critical in the section from O17 07
(@) through 143 06. Emch command in this section must be excuted
about 250,000 times in the course of the program. For this reasom all
but 3 of the 24 commands in this section are sequence tagged for rapid

operation.

This section causes the maximm burst length b to be reduced
by one mit if a linearly dependent set of colums has been found using
the previous value of b.

Suppose that the set found to be linearly dependent consists of
colmms x to b+ x - landy tob+ y- 1 (ve must have y > b + x). All
colum sets previous to this set were found linearly independent for the
value b. It is then only necessary to begin the search with b - 1 at
thegsetof colums x + 1 tob+x - landy+1tobd+y- 1, because
all previous sets of columns for burst length b - 1 have been included
in the search with burst length b. For convenience, however, some Aupli-
cation is permitted, and the new seaxch sterts withx + L tob+x - 1

o - B
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and b+ x to 2b + x - 2. The program shown removes & single one from
the right of the sequence of ones in X and Y,. (Previous to the change,
the sequence of ones in Yo vas from b + x to 2b + x - 1.) It is actual-
ly desired to have a ocne removed from the extreme left of X rather than
thendlt,-mthisilwmctedvhmthepmmpmcmto@m
shifts X (but not Y,) right one place. Then (Y;) —— (Y), and the pro-
gupmceedsto@.

The ones are removed in the following manner. First the sector
address key 264 is set, vhich is the address of Yo. Then, a number K
containing a single one, initially +0000001 in line 06, is shifted left
and compered with the contents of 264 having the same line address until
the two compared numbers have a one in common. If K is shifted left
until it becomes -0000000, the line address is reduced by Ol, and K is
again replaced by +O000001. When a common one is formed, K is subtracted
from the contents of 264, line £, and the key 260 is set, which is the
address of X. After the process is repeated for 260, the program proceeds

w.rormrtmsxu@tm(!)——(r).

‘o,
B e
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000 02

Set initial values
ofX Y, X

026 02
-4000000 (Py,02)
+0000000 (Ps,03) ,(Pg,04) ,(Pg,05) ,(Ps,06)
+4000000 ——— (P)
02 (x)

[Insert line address (x) in comsands|

106 02

(Compare [(X,(=)) wad ()] vith zeroT
o search

1= 117 02 for pivot
(Compere T(¥,(x)) aad (] vith z.ero

127 02
(Compare [(1) and (Pa)] vith zero et
161 02
Shift P
e 204 02
zero? es (x) + 01 ()]
v Mo
t (Pg,(x [+4000000 - (B
| ~k000000 (Pg,(x))

oy,

Figure 18 - Code Evaluation Program - Part 1
Selection of a Column for Pivot Search
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@onp&re [(Y,Oé)‘a.nd 40000077] with zero)-é,lY,, = ¥ in sector address of c_nd.ll

Ee

[Y V in sector address of camancﬂ
.25 0 =07

(2)
(2) X v

@ 4in sector address <@.:;G'mn ; with 1)
Mueert Tine eddress () in comends] (:: )+ Campare ¥ with X)

[(v,(2)) : (A)] @ o Y3010
—_2(%' (Yo) Y)]

(Compare (A) with zero )——{(4) + 01

1# L2 g Coapare [(Y ,06) and
[[(V,(#)) and "'77{77777] —— (A) 37] with zero
¥

02

Shift (A),(B) right one place
BALT (07)
[ v, (4))]
157 07
(s (B) negative?
r Yes
161 O 222 0
@ [V, (2) + 01) zeroD)—>yg;—1~4000000 —— (lL(z)»e—oi]-—»-@
¥ No

06 (q)

200 O7
[Insert line address (q) in commands|

|
m:(Q)) 1_ (i)]
C (A) with shift (A),(B ht lac
Compe.re zero)——»i—{ ) ,(B) rilg one p eJ

.

Y- [(a) v,(@)]
(Q - o1 — (q)] T
yes
[ -4000000 (v,(g) +01)
&2

Figure 19 - Code Evaluation Program - Part 2
Selection of Set of Columns for Linear Independence Search

Snni e

R e



Insert line address (m) in commands] Insert line ss ¢

{[(X,(m)) and (Pg,(m))] [(z,(a)) ana (300 + (3),(q)) ~—— (B)]

or @ # R witi.a} 03
ompare (x) - zero
{(Y,(m)) and (Pg,(m))]} —— (Z,(m)) )

'y
[(m) + o1 (m)] @;—@m (B) with ((P) and (300 + (a)’,&(x)ﬁ)
No -
I - ?
e (x) - (n negg.tive é (Perform pivot

Yes operation)

| ool

(3)|

[ Insert sector address (J) in commands |

Compare [(300 + (J),(x)) and (P)'J
with zero i 12 03
W (B) with zero )

V

201 [(@) + 01— (a)
161 9]

((J) +001
CIE (3) - 063 negative?)—vab—@
No
ag ) (Reduce
burst length)

Figure 20 - Code Evaluation Program - Part 3
Search for Pivot
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001

001 05

[Tnsert sector address (k) in coomands|

@ggre(k)
;
Compare [(P) and (300 + (k),(x)) =
C : with zero - D_'@

017 07
{Insert line a.ddress (8) in commands|

) 02l 06

(300 + (k),(s))
L

(300 + (3),(s))

(300 + (k),(s))

112 06
[(s) +01 (8)]
(Is (8) - O7 negative?)—m—>-@
No
(dy
i 146 06
[(x)_+ ool (k)|
205 06
(Is (k) - 063 negative ?}——¥3§+®
No

( d1\ (to selection of
new column)

Figure 21 - Code Evaluation Program - Part L
Perform Pivot Operation
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[Insert sector address (S) and line address (£) in ¢

o

| 0000001

(x|

(e L(0) and ((8),(2))] uro

Y
no

((8),(£)) - (K)

((8),(2))

(15 (v) -

Yes
[ 252 06

=

(w)
(s)

2 negative? to shift X right

()

4 QD

Shift lLeft (X)

Gs (X)

negative ?}L—@

}Yes

(2) - 01

(£)

Figure 22 - Code Evaluation Program - Part 5
Reduce Burst Iength
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APPENDIX E

List of Programs

1. Evaluation Program and First Construction Method

The programs described in Appendices B and D can all be stored
in the computer at the seme time. The commands are listed in figure 23
as read out from the computer. All locations containing a number with
a line through it need not be read into the computer. Some of these
locations are not used, while others are filled in the course of the
program.

The contents of sectors 301-362, lines 02-06, which are not

shown, contain the coding matrix.

2. Second Construction Method

Figure 24 lists the commands for this progrem. These commands
cannot be stored in the computer at the same time as the evaluation

program.

DRI
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00002 00003 00004
000 €263 05023 €00150503; CO00 45003
261 1102; 000 0002; 010 1104;
264 1102; 006 1103; 00350504;
263 0503; 00450503; 160 0000;
261 1103; 262 0400; 264 1102;
264 1103; 006514033 00650504 ;
263 0504; ©06-0063; 267 0500;
261 11043 024 1103; 010514043
010 264 1104; 011350503; 6080660603
01254502; 260 4200; 024 1104;
00754500; 006 1403; 126 050T;
261 1105; 025 1103; 015 1104;
261 1106; 01550503; 01550504;
264 1105; 261 4200; 60000073
264 1106; 006 1403; 01751404;
260 1104; 030 1103; 260 1100;
ca0 260 1105; 02150503; 032 1104;
260 11063 121 1000; 052 1403;
265 0502; 006 1403; 034 1104;
260 1102; 040 1103; 02450504;
265 0503; 262-0402; 86705003
260 1103; 26040684 015 1404;
02750502; 02751203; 031 1104;
300 0000; OHI5T4663 052 1403;
T30 565 1102; 2614200, 033 1104;
032 4502; 032 2403; 26706064
032 4502; 03350303; 2601106
262 1103; ©3356903; -£70-0506;
262 1104; —63350363; 26111064
262 1105; 027 0403; 015 0504;
262 1106; 03750003; 160 1403;
04050502; 037800034 015 1104;
Cac 100 00003 33+-10083 363 1507;
056 1103; 006 0503; 014 3504;
011 1106; 04351403; 02653702;
001 0503; 000 0001; 000 0000;
124 1103; 006 1103; 04550504 ;
124 0503; 124 0503; 300 4202;
04751402; 006 1503; 04751400;
300_4200; 051 3503; 4TS 1H4003
TEC 002 1105; 00353703; T05751103;
124 05033 05250503; 60060003
05351402; 001 0000; 960060063
260 4200; 007 1100; ©60-60003
107 1102; 04453704; 66060003
124 0503; 056504033 000 -0000;
05751402; 00004004 000 -0000;
261 4200; 303 4202; -000 00003

Figure 23a - List of Combined Evaluation-Construction Commends

Lines 02, 03, Ok



060 17 11025 061503033 061505043
130 1102; 064803033 300 42003
124 0503; 06380303; 067514003
07781402; 064556033 060-0060;
; 000-0000; 000 0000; 90060003
g 0000660+ 201 7503; 00060003
0600060+ 240 1103; 00000003
; £60-6000; 07080503 06000003
i H 1 1053
: 0606660, 07651100; 00000003
006-0000; 00600003 000-0600;
06006063 ©00-0000; 00000663
60660003 960-6000; 00000003
00600603 000-6000; ©06-0000;
00000603 0600600 006-6000;
262 0400; 05383705; 96660003
1 11023 ‘ 666
124 0503; 0060060 00660003
10351402; 600-0000; 00660603
300 4200; ; 10750500;
045 1104; 006-0600; 000-0000+
045 1104; 006-0000; 00600003
056 0403; 060-0000; 96000603
260 4202; 0060000+ 00666003
T 111503023 0000008 006 1106;
+156308; 0606000+ 11251404;
111503023 0006-0600; 300 0500;
114556023 06060603 020 11073
000 0000; 000-0000; 05553703;
241 7502; 000-6000; 006-6600;
000537033 000-0000; 900-6000;
261 4202 00000005 00600003
720 121WM
047574003 376-06000; 60660003
+2+50308; N3 4202; 960-0000;
12455602; 12450503 ; 0600 90003
000 0000; 000 0002; 060 -0000+
127 7502; 13651500; 126505043
00053703; eee—eeee- 301 0000;
146 1104;
—T—_—% coo-zmﬁ 31505043
000 0302; 000-occe; 000 0002;
156 5602 90000003 141 1104;
135 7502; 00000003 134505043
24353702; 000-0000; 100 0000;
124 0503; 000-6000; 155 1104;
140 1102; -666-0600; 13750504}
14050502; 140S5603; 277 4200;

- 6% -

Figure 23b - List of Combined Evaluation-Construction Conmands
Lines 02, 03, Ok
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140 00600043 000 0000; 141514043
14251502; 234 7503; 5404
000 0001; 14350303; 156 1104;
140 1102; 43663633 144505043
14581502; 143603633 000 0400;
000 0002; 146S5603; 14651404;
161 3502; 000 0000;  +4651404;
150S0502; 151 7503 141 1404
R 261 0500; 20183703; 210 _61111 :
140 1402; i 15650500; 15251404;
154 1102; 666660003 000 0400;
000 2402; 66660603 213 1104;
-EG-!—OSOS- 560606003 15550404 ;
15655602- 06600603 $+5550404;
000 0000; 660660605 +5550404;
137 7502; 16051403; 160S0304;
160 24353702; 000 0001; 1+6650304;
056 0503; 17651100; 16650364;
164 2210; 66060003 16355604;
16455602; 60000063 000 0000;
000 0000; 066-0606; 207 7504;
204 7502; 000-6000+ 155 0504;
056 1103;° 00000003 170 2210;
011 1106; £06-6600; 17055604
10 266 0502; 60500003 000 0000;
124 1403; 6666000 174 7504;
200 1102; 66060003 155 1104;
17450502; 660060003 143S3704;
262 1100; 606-6000; 141 0504;
124 1403; ©66-66000; 17651404;
202 1102; 00060003 000 0001;
215 1102 05353705; 141 1104;
200 262 0502; m 20151504;
203 2210; 207S0500; 000 00073
26L-+102; 006000005 133 3504;
10653702- 999-0999; 204S0504;
124 0503; 06060004 004 0000;
160 1403; 08660003 254 1102;
124 1103; 00000004 000S3704;
174 1402; 60606003 155 0504;
210 21 3 3 3
040 0502; 001 0000; 212500043
056 1103; 227511003 £+£560004;
011 1106; 999—9999; 242500043
027 0502; 66666005 146 0504;
262-1102; 999—69991 21651404;
04553702- 66660663 001 0000;
261 0406; 0060660+ 146 1104;

Fgure 23¢ - List of Combined Evaluation-Construction Commands
Lines 02, 03, Ok
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€0360309; 660-60604
22655602; 066-6000; 606-6066;
000 0000; ©66-6000; 660-6000+
_— .__2233_4 7ii5023 g{;—o%ez 000-0006;
239 1 3 1303; 660-6660;
264 0500; 063 0000; 060-60004
131 1107; 044 3504; 000-0000;
12553707; 250S3703; ©06-6666;
23550502; 23550303; ©000-00004
261 0500; £3550963; 96666004
131 1107; -238560303; 06000003
12553707; 240556033 0666006
240 5050000 OO 5 1000; 6 550500
056 0403; 243 7503; -580-00604
117537023 20153703; 66000004
264 0502; 264 0502; 906-6000;
24551502; 24551503; 000-~-00004
160 0000; 176 0000; ©60-0060;
217 3502; 000 3506; 00600004
010 0504; 32553707; -©60-6006;
H 3 ]
002 0000; 245 1502; 60660003
010 1104; 254 3503; 0060000
25451502; 160S3705; 000-0600;
000 0000; 21453706; 6606006004
005 3504; 000~-0002; s
000S3707; 6+6-0000; ©00-00004
0006000 ©66-6600+
60 -066-6060;
666-6600; 0035 FH- 37760603
FFT5T400; ©00-0000; -006-0060;
000 0000; OO1S7777| 377500003
60666003 003511 H a:n-eeee,
17757777! 370 0000; 000 0000;
262 0500; 6066600 ©00-0000;
377S7777| 370 0000; 000 0000;
; »
000 0000; 000 0000; 000 7777t
000 0000; 000 0000; 000 0000;
099—-9909; 006-66603 00660004
8005000+ 0060000+ 06600004
06066603 00000064 06600003
0660000+ 00666603 06000004
1771877771 170 0000; 000 0000;

Figure 23d - List of Combined Evaluation-Construction Commands
Lines 02, 03, Ok
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00005 00006 00007

000 CO00-0000; €052 0303; C001S0507;
002505033 004 11003 176 0000;

90042003 001S3705; 264 11023

00451400; 004505003 052 0503;

-0045+4004 064605603 366 11073

012 11063 00655606 3 251 1407;

00TS0505; 00300003 254 1107;

300 05003 146 75063 02653702

010 02451400; 053 000 0000;
000 4500; ©00—-0400; 000 0500;

010 1104; 36842023 264 0000;

03083705; 000 0300; £60-65603

01550505; 01555606 ; 000 3100;

001 0000; 000 0000; 000 00001

010 1104; 146 75063 260 0000;

030S5370! 020505063 02050507

29 021505053 00 O00%; — 308-0835;
002 0000; 02251100; 02251400;

010 1104; -0£251160; 002514003

03053705; 01753707; 024511063

66066605 -332-05063 s

02651107; 026511003 02650507;

0268110%; 026811003 36095004

04250505; 04453706; 04251400

U0 000 4500;  O95-0000; 660—-6666;
2%4 1102; 000-6000; ©66-66600;

00253704; 00000004 666-66003

©00-0600; 00086003 066—66003
-006-06000; 060—-0600; 06666063

©06-0600; 666000603 60606004

96660603 66660003 060-6000;
——000-0000; 900-6600; 000 0400;
040 600-60004 6060-0600; ©60-6000;
066-6000+ 906—-6060 660-0660;

300 1200; 9606060 600-0000;

04451400; 600-6006; 04451106;

Od5+H400; -361-050664 S H063

04651107; 05051100; 04650507;

: 080844004 :

003S3706; 3 06251400;

050 -666-06003 58051100; 00600003
900~06004 052505063 906—0060;

000-60004 177877171 60066003

05450505; 06651500; 666-666073

12150400; 966-0600; 00000004

05651400; 600-06004 00060603

05681+4004 0000000 ©60-6000;

10051103; ©66-0000+ £60-0000+

Lines 05, 06, 07

Flgure 23e - List of Combined Eveluation-Construction Commands
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060 000 0000; 00060603 66000003
06250509%; 66666604 00000003
000 0003; 0060~60004 -660-60004
255 1103; 90600004 111511063
065S0505; 08000603 0606000
205 0507; 060~-60003 066-00003
241 11063 660-6600; 66000004
037 1407; 070801063 66660004

3
014 1407; 106506003 06060003
234 1106; ; 3
233837063 3 00000004
6600-6600; ©66—60003 50000004
0606060006 00060003 00600004

......

....... : :
10250505; 00000003 960-0000;
303-4800; 600-60003 50660003
11651400; 000-6660; 80000003
106 2110; 00600003 ©66-6000;3
110 3605; -©06-66603 06000003
000 0200; 00000003 000-0000;3
23453706 11054600; 060-00603

: 3 006—00003
142 1502; 361 1206; 00000004
257 1103; 12250500; 02453706
22453706; 000-0000; 00000603
000-0660; -660-6600; 60060005
000~00003 -©00-6000; 000-0060;
06660603 00000003 966-60003
12251103 0606—-00004
Tor m - O0e-0000; m
606-00FH STT3TTI0; 060-6000;
©900-0060; -006-0000; -000-0000;
100S3703; 12451406 00060003
06660003 000 0001} 060-0060;
000-6000; 14251100; 12650507;
©60-6600; 000-0000;3 000 oogs;
000-00003 90006005 133 1107;

T 000, 00000003 13150507
©00-0000; -900-0060; £60-0500;
066-6000; 90060003 13351407;
006-0006; 066-6000; -060-0002;
060-0006; 900-0000; 146 1107;
06000007 -000-0600; 13651407;
60000603 500-6000; 000 0400;
966-6000; 00600060 156 1107;

U I - aon

Figure 23f - List of Combined Evaluation-Construction Commands
Lines 05, 06, 07



140 000-0000; 000-6000; 14151407;
00000003 00000003 000 0001;

©00-0060; 00000003 224 1107;

000-0000; 144815063 14451507;

06606003 000 000T; 000 0400;

-606-0000; 017 3507; 161 1107;

-£00-6000; 164505003 eae—eses;

000-6060; £00—00003 150556073

50 o00-0B00; 86600003 000 0000;
©66-0000; 06060003 215 7507;

060-6660; 90000003 000 0100;

-906-6060; 00000603 246 4207;

000-0000; 06660003 000 0307;

900-0000; 96000003 157 22105

066-0600; 660-0000; 26011083

000-0000; 00060003 161_3607;

960 236 0%05; 6600660 225537073
212 1105; 20600003 £60-05633

237 0505; 00660003 16355607;

172 1105; 000-0000; 000 0000;

201 0505; 90600003 22 7507;

240 1105; 166514063 166S0507;

212 0505; 001 0000; 000 00063

_ 17051405; 20451100; 172 1107;
70 3 680—-6600; 131 0507;
17251405; 86660003 17251407;

HIE51405; -600-00003 90060634

210 1105; 00600003 201 1107;

172 0505; 80000003 136 1407;

17651405; -000-0060+ 206 1107;

277 4200; 6060060+ 17751407;

207 1105; 90680064 000 0001;

00 20150605; 00660603 213 1107;
RANDOM NUMBER 90600005 £60~0503;3
20350405; 66606003 20355607;

166 1605! -966-6000; 000 0000;

233 3200; 96000003 241 7507;

201 1205; 206515063 207 2210;

000 0200; 063 0000; £60—+103;

©06-0800; 210556063 211 3607;

570 ST, 000 00003 25553707
21250505; 161 7502; 21250507;

21£60505; 00153705; 300 0000;

21451505; 000 0000; 26011044

062 0000; 142 0502; 22553707;

232 3505; 255 1103; 133 0507;

172 0505; 011 0507; 21751407;

22051505; 012 1407; 000 00013

Figure 23g - List of Combined Evaluation-Construction Commands
Lines 05, 06, O7
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220 000 00063 013 1107; 133 1107;
223 3%08; 22250506 3 130537073

125837043 000 00063 22380507;

172 0%03; 257 1103; 300 00003

22551408; 013 0507; £66—+1033

000 0001; 257 1403; 131 0507;

172 1105; 241 11063 227556073

—_— 6 037 1407 264 0500
230 212 1105; 243 11063 235 15073
16683705; 014 1407; 23285607;

212 0505; 234 1106; 260 0500;

236 1405; 015 0407; 301 7507;

212 1105; £60—4£03; 10653702;

166537053 000 0300; 236505073

001 0000; 226 5602; 260 0500;
000021 104 T508; 131 1107
OF3664544 256 1103; 125583707;

000-0000; 172 0507;

606—0060; 256 1503; 177 1507;

©60-60003 172 1107;

60660003 255 0503; 170S3707;

660-6000; 001 1503; 12553707;

6666000 252 3506; 177187711

.o

0000603 23553707 000 00003
250 T0-0000 ; W, 2515050T;
90000003 06060003 300 05003
-©00-0060;3 000-66007 366 1407;
900-6000; 06060603 25451107;
90000003 060-06003 36005003
00600003 06666603 16153702;
666-6000; 000-00603 300 0400;
-©606—0660; 66000002 -900-0000%
bolstyl m; W m m:
06006003 06060603 060~66603
-600-6600; ©00-6060; s
000 0000; 000 0000; H
900-0000; £06-60003 00600003
000 0000; 000 0000; 60000003
-900-06004 -666-6000; 9000000

000 0000 000 0000;

000 00003 000 0000;
37757400; 000 0000; 06060003
000 0377I 377577130; ©06~0000;
60066605 666-0000; -900—66003
00066003 000 6600; 000-60603
00060003 00600003 600-00004
60060003 90066003 90000603
000 0377) 17757730; 004 00003

Figure 23h - List of Combined Evaluation-Construction Commands
Lines 05, 06, 07
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300 00660003 340 341514073
264 0502; 000 0400;
261 1102; 355 1107;
264 0503; 254 0507;
261 1103; 334 1407;
264 05043 350 1107;
261 1104; 341 1407;
264 0505; 354 1107;
3
264 05063 36004064
261 1106; 35350107;
000 01003 35360109
31554207; 362-11664
000 00471 36010063
317503073 334 0507;
34750367 36051407;
3% 3175630%; S — N
32255607; 334 1107;
000 0000; 36351507;
026 7502; 000 0007;
000 0007; 333 3507;
256 0507; 36650507;
32751400; ©63-60003
387514063 052 1403;
330 336 11073 370 366 1107;
145 0502; 37251507;
334 1107; 063 0000;
33450507; 250 3507;
060006067
33651407;

362-6406;
351 1107

i

Figure 231 - i.ist of Combined Evaluation-Construction Commands-Line 07
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000024134 0502; 030 102 1102;
011 1102; 06251402;
00380502; 000 0700;
001 0000; 077 1102;
03t 1102; 06550502;
00634500;
06751402;
016 1102;
010 011%0502; ok (g 055 1402;
104 1102;
01381402; 07351402;
000 3400;
065 1102; 103 1102;
01651402; 07650502;
+T777777
020 1102;
020 700 TOT50100;
133 3602;
02330402;
+0000025
034 1002;
036 1202; 055 0502;
02750502; 10751502;
300 0602; 000 00C2;
030 03151402; 110 TTZ2 3502;
04453702;
057 1102; 055 0502;
03450402; 11451402;
000 00C1;
03650602; £S5 1102;
05453702;
, 041 2100; 016 0502;
040 117 3402; 120 12151402;
034 3002; 00C 0001;
036 1202; 016 1102;
051 3602; 12451502;
031 0502; 000 00C3;
04651402; 010 35C2;
€01 0000; 011 C502;
231 1102:
050 02633702; 130 001 0000;
052545003 c11 1102;
00253702;
055 1102; 000 00063
05550502;
05751402;

Figure 2ha - List of Second Construction Method Commands-Line 02
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Figure 24b - List of Second Construction Method Commends-Lines 03, 05

000 00003$100 0503; 00005$00150504 ;
077 1103; ©01+50564;
366-0465; 067 1102;

077 4203; 00450505;
966—1205; 031 0000;

‘ 002 0503; 134 1102;
101 1403; 007S0505;
002 1103; 13051502;

010 004 0503; 127 1102;
101 1403; 01250504;
004 1103; -61£50564;
077 0503; 200 1102;
016 2210; 014S3704;
077 1103;

102 1403;
002 3503;
020 002 0503;
103 1403;
002 1103;
004 0503;
103 1403;
004 1103;
104 0503; 100054000 0005;
002 1503; 100038-3777777

030 100 3505; 001 0000;

000S3703; +0000001
000 0001;
277 0404;
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000 00004$00150504 ;
100 0400;
067 1102;
00450504 ;
001 00003 11404$11550504;
134 1102; 001 0000;
00750504 ; 130 1104;
13051402; 12080504 ;
010 127 1102; 0000 0007;
01250504 ; 132 1104;
300 0000; 12350504;
232 1102; 100 0000;
01550504 ; 135 1104;
000 00013 12650504 ;
027 1104; 300 1101;
02050504 13051404;
020 001 0000; 130 46606003
025 1104; 13251404;
02350504; 000-0064;
300 1101; 141 1104;
02551404; 13550504 ;
07700003 606-6600;
02751404; 13755604 ;
0060—0603; 000 0000;
030 033 1104; 140 152 7504;
03254500; V00—1+10%;
-03£645004 14452210;
1043 +44508404
025 0504; 135 1104;
03651504 ; 130 0504;
077 0000; 14751404;
045 3504; . 001 00003
040 027 0504; 150 130 1104;
04251504; 12553704;
000 0003; 132 0504;
052 3504; 15451404;
114S3704; 000 0001;
025 0504; 132 1104;
047S1404; 15751504;
001 00003 000 _0005;
050 025 1104; 160 122 3504;
02253704; 000S3702;
027 0504; 000 0000;
05451404;
000 00013
027 1104;
01753704;

Figure 2ic - List of Second Construction Method Commands-Line Ok
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000 00006$001S0506 ;
000 0402;
067 1102;
00450504 ;
V0450504 ;
134 1102;
007S0504;
L
010 127 1102;
01250504 ;
612505604
232 1102;
01550506 ;
000 0001;
027 1106;
02050506 ;
020 001 0000;
025 1106;
02350506 ;
200 1104;
02551406
©77-6660;
02751406;

)

03254500

i

025 0506;
036515063
077 0000;
045 3506
040 0BT OB08;
04251506;
000 0003;
052 3506;
00053702;
025 0506;
04751406;
001 00003
050 025 1106;
02253706;
027 05063
054514063
000 0001;
027 1106;
01753706

Figure 244 - List of Second Construction Method Commands-Line 06
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‘
000 00007$0015S0507; 040 000 0004;
001 0000; 043 3507;
032 1107; 05653707;
004S0507; 012 0%07;
000 0002; 04551407;
012 1107; 000 0001;
032 0507; 012 1107;
010S1407; 001 0507;
016 200 1200; oS0 TI0T;
01251407; 008$3707;
V00-0004; 032 0507;
030 1107; 001 1407;
012 0507; 032 1107;
01651407; 00653707;
177 4200; 057505073
027 _1107; 201 _0402;
020 021S0607; 060 002 1103;
RANDOM NUMBER 06250507
02350407; 201 1202;
166 16051 004 1103;
052 3200; 00053703;
021 1207;
000 02003
1374004
T eeEtEek; 1770287777777
03250507; 17703%4 7400000
06£-0000; 17704$40000000
03451507;
077 0000;
052 3507;
012 050T;
040S150T;

Figure 2ke - List of Second Construction Method Commands-Line O7 and
Sector 177
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APPENDIX F

Adaptaebility to Other Code Sizes

The following is an enumeration of the changes which must be

made according to the value of n and ¢ chosen.

1. Number of Rows of Matrix

372 07$ OXX 0000;
206 06% OXX 0000;
231 03$ OXX 0000;
214 05 OYY 0000;

X =1+ (Cloctals TY = (C)octal
The above quantities specify when the last row has been reached.

2. Number of Columns of Matrix

for n = 100,
217 02$ 267 OLOX; 217 02$ 261 046 ;

221 02¢ +X0000% 221 02$ +0000077T

This command and number tell the program if the set of columns
Y has reached inclusion of column n. If one writes n= 2lp + q + 1,
where q < 21, then the line address of the command in 217 02 should be
02 + p, and the number in 221 02 should contain zeros in the leftmost
g positions, and ones in the remaining positions.

Also
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313 O7% 264 OuOX;
315 O7$ +X000XXXX

This command and number tell the progrem if the set of columns

forn-m,

313 OT$ 264 0406

315 074 +0000037
or
+0000077

Yo has reached inclusion of colum n. (Logically,

the program that n + 1 should be used instead of n, but the search for
linear independence over the last set of columns is redundant because of

the method of code construction.)

3. Key for Generating Code

277 02§ —
277 03% —
277 Ok$ —
277 05% —
277 06% —

The first n digits of those begimning with the leftmost in
277 02 end ending with the rightmost in 277 06 correspond in position
to the n columns of the [P] matrix. A set of c consecutive digits of
these are made zero, and the other n - c are each set equal to one.
The ¢ zeros correspond to the positions of the check digits.
generstion program fills the colums corresponding to ones in 277 with
random numbers, and places a ¢ x ¢ unit diagonal matrix in the check
digit positions. In certain cases it will be necessary to use a sector

+TTITTTT
+ThO0000
+0000000
+00007T7

+TTTTTHO

address other then 277, as explained below.

;1=100,c=50

it would-appear from

-l
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4. Key for Decoding Matrices
267-276, lines 02, 03, Ok, 05, 06

In order for a code to be sultable, certain sets of colums of
(P] must be linearly independent, nemely [P ], [Bg), ..., [Pg]. Sectors
267, 270 are filled such that each position corresponding to a colum of
[Py ] contains a one in either 267 or 270, and ell other positions are
zero in both 267 and 270. The contents of 267 and 270 replace the gquan-
tities X and Y in the main program to provide a test of the linear in-
dependence of [Py ]. For the (100, 50) code, the following were the

contents:

line 02 03 ok 05 06
267  +TTITTTT  -T74O0000  +0000000  +0000000  +0000000
270 40000000 +O37TTT7 -T4OOO0O  +0000000  +0000000

Similarly, 271 and 272 can represent [P,], etc.’ (In some cases, 270 and
271 together can represent one of the matrices as well.)

An additional charge needed is
254 02$ OXX 0000;

vhere XX = (2q)octal, and q is the number of matrices which must be lin-
early independent in order to make the code suitable. In case g¢ > 4, it
18 necessary for the deocoding matrix key to occupy sectors 277 and some
suceeding sectors. This will only happen 1f c¢ is considerably below the
maximum, in which case the first row of the [P] matrix can be stored

further down then sector 301. The key for generating the code would also
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have to be moved to a sector other than 277. This would require the
following changes.

Replace 300 4200; by XXX 4200; in

ok7 02
103 02
061 Ok

Replace 300 0500; by XXX 0500; in
112 Ok
007 05

251 07
Replace 300 1200; by XXX 1200; in

ok2 05
170 05 .

Replace 300 O4OO; by XXX O400; in
256 07 .
Replace 300 0000; by YYY 0000; in
126 ok .
Replace 277 4200; by ZZ2 4200; in
137 Ok .
The quantity YYY is the secior locatlon of the first row, and

XXX = YYY - O01l. The address 2ZZ is for the new key location.




Checking the Computer Result

In the course of the main evaluation program, the computer
executes more than ten million commands. While it is very unlikely
that a computer error would occur without being coupled with a pre-
mature halt in the progrem, it was felt that some check was needed
to ensure that the computer performed the program correctly.

An error committed in performing the various additions of
rows to the matrix could reedily be detected by operating on the
final derived matrix after computer halt so as to re-diagonalize
colums 51 - 100, This is done simply by starting the program at
017 05 {| in Figure 9, Appendix B). If the resulting matrix is
not identical to [P), then some error has been made, while if it is
identical, then it is virtually certain that no error has been made
in performing the additions of rows to other rows. No such error was
ever observed.

An sdditional check on errors is to run the program through
twice and compare the two final derived matrices. This wes done for
the code described in Section B, and the same result was obtained in
both cases.

The code shown in Appendix H was checked in a different manner,
in sddition to the check by return to [P]. Instead of the "reduced
burst length" portion of the program, the computer was caused to halt
vhen search at that burst length yielded a set of linearly dependent
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colunns. The program halted for bursts of length 21, and visual ob-
servation showed that the set of columms (3-23, 53-73) were indeed
linearly dependent (see figure 25, especially colummn 73). As e fur
ther check, a retm'n to the original matrix was made, and this same
set of columns was checked for linear independence. Again, the set
was found linearly dependent. The same was done for b = 20, and

b = 19. Finally, the program ran to cowpletion for b = 18. This
finel result was checked further by return to the original matrix
[p].

© 3 e e v S e R

sk
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30102 30103 30104 30108 30106
D46000000  D+3123755  D+0200000 D+0004343 D+7044800
+4000000 +5437434 +1300000 +0004116 +5625400

+2100000 40152407 +1040000 +0004250 +5T54000
+0200000 +1553110 +0200000 +0004143 +6250400
+0040000 +1760000 +1300000 +0000004 +6107040

+0002000 +1546072 +0300000 +0000130 +2273600
+T000000 +1116422 +0000000 +0004620 +0037640
+0010000 +0374173 +0340000 40000236 +3727600
+0020000 +0347370 +0340000 +0004451 +6111200
+0000400 +0110467 +1140000 +0004012 +1563440
+6001000 +0434726 +0140000 +0004672 +3251200
+0400000 +1443272 +1000000 +0004623 +00T4640
+4000200 +0515526 +1340000 +0000725 +1565240
+6000100 +1230125 +1000000 +0000304 +2345600
+4000004 +0372530 +1300000 +0000310 +3504200
+2004000 +0414202 +0240000 +0004716 +6272440
+0000040 +0475606 +0040000 +0000265 +5512040
+6000002 +1773564 +1300000 +0004637 +1553400
+2000020 +0272635 +1240000 +0000502 +5305200
+6000000 +1331364 +1200000 +0204152 +1207640
+2000000 +0715112 +0240000 +0040540 +2500400
+0000010 +1370320 +1300000 +0000437 +2015400
+4000001 40420711 +1340000 +0000774 +2666600
+0000000 +0177070 +0050000 +0000447 +2133240
+6000000 +0225726 +1000000 +1000401 +7040200
+2000000 +0417775 +1304000 +0000067 +3204400
+2000000 +046M177 +0101000 +0004427 +6037640
44000000 +1554667 +1340040 +0000320 +4254240
44000000 +0437343 +0340400 +0000560 +4627040
+0000000 40221321 +1100020 +0004750 +6204440
+6000000 +1245370 +1140000 +0010543 +5767640
+6000000 +1210437 +1040200 +0000017 +2765040
+0000000 +1253475 +0000010 +0004741 +2571400
+6000000 +1106734 +0340004 +0000004 +3364640
+4000000 +0221601 +1140002 +0000670 +4637400
+2000000 40525740 +1240001 +0000200 +4720200
+4000000 +0657630 +0240000 +4000536 +3125240
+2000000 +0465001 +0300000 +2000001 +6325600
42000000 +0671553 +0240000 +0404717 +5753240
+4000000 +1023124 +0040000 +0020546 +7660240
+6000000 +1757257 +2300000 +0000312 +6237440
+4000000 +1633240 +4200000 +0000432 +7072040
+2000000 +1605224 +0300100 +0004706 +3400600
+2000000 +0136200 +0540000 +0000260 +1146200
+2000000 +1713424 +1140000 +0000715 +5251340
+4000000 +0515350 +0302000 +0004175 +1100600
+6000000 +1102650 +0360000 +0000177 +4016200
+0000000 +1042665 +1140000 +0104255 +6655400
+4000000 +1067006 +0200000 +0002615 +0517640
+0000000 40473303 +1200000 +0001102 +2570040

Figure 25 - Transformed Code of Appendix H Showing Linear Dependence of
Columns 3-23, 53-73



- 83 -

i e o G BT

APPENDIX H

An Additional (100, 50) Code

Figures 26-28 illustrate the coding and decoding matrices for
a (100, 50) code which is capable of correcting all bursts of length
18 or less. ‘This code was constructed by means of the second method
of code conmstruction, as described in Section C.2 and Appendix C. The
individual 25 x 25 matrices from which the code was built are shown in
figure 29, and related matrices are shown in figure 30. Octal digits
represent three binary digits in a row, except the last octal digit,

vhich is either 4 or O according as the last binary digit is 1 or O.
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30102 30103 30104 30105 30106
D+1260240 D+3737210 D+2550000 D+0000000 D+0000000
+4223705 +1320204 +0704000 +0000000 +0000000
+5105507 +5474222 +5342000 +0000000 +0000000
+2573477 +5141607 +2641000 +0000000 +0000000
+3174122 +2112216 +1720400 +0000000 +0000000
+4422412 +6702652 +2340200 +0000000 +0000000
+1674110 +1404760 +0340100 +0000000 +0000000
+6327013 +6277332 +0620040 +0000000 +0000000
43225022 +4232132 +4520020 +0000000 40000000
+1377231 +4021544 +7420010 +0000000 +0000000
+0471331 +4040047 +6T700004 +0000000 +0000000
+4710510 +1121032 +6060002 +0000000 +0000000
+5070603 40566612 +6420001 +0000000 +0000000
+7452661 +5726531 +3460000 +4000000 +0000000
+4566667 +7350465 +6260000 +2000000 +0000000
+4070055 +2436127 +1420000 +10C00C0 +0000000
+4105317 +2565753 +5160000 +0400000 +0000000
+6545073 +0041113 +4440000 +C 200000 +0000000
#5111 +2005355 +5400000 +01000C0 +0000000
+5576223 +0714010 +5300000 +0240000 +0000000
+4175114 +1203171 +5200000 +5020000 +0000000
+7235466 +2215070 +5300000 +0010000 40000000
+4633410 +0307372 +1740000 +00040C00 +0000000
+3420610 +T343671 +3240000 +0002000 +0000000
+3552244 +3245307 +6T740000 +000100N +0000000
+4265341 +6304561 +1620000 +00C04n0 +0000C00
+6310004 +7025035 +1640000 +000C200 +0C00000
+2£20000 +2515710 +3500000 +0000100 +0000000
+3560354 +1575322 +5720000 +000CC4AC +0000000
+0311377 +6426076 +1040000 +0N00020 +0000000
+4621413 +6372367 +0640000 +0000010 +0000000
+6060175 +5107103 +1160000 +00000C4 +0000000
+4654602 +3426564 +3620000 +0000002 +0000000
+5150766 +6322633 +3160000 +N000CO1 +00C0000
+7566725 +7617451 +6140000 +0000000 +4000000
+1461347 +4407562 +4660000 +0000000 +2000000
+2467523 +7373620 +6300000 +0000000 +1000000
+1524636 +2510027 +2640000 +0000000 +0400000
+6112305 +5443117 +2520000 +0000000 +0200000
+6015777 +6473743 47620000 +0000000 +0100000C
+4722463 +7120367 +5200000 +0000000 +0040000
+4322236 +0527262 +4160000 +0000000 +0020000
+4243514 +3042413 +1360000 +0000000 +0010000
+3721266 +5551473 +7640000 +0000000 +0004000
+7017526 +2547631 +5040000 +0000000 +0002000
+5431021 +0636051 +1500000 +0000000 40001000
+4503030 +5601257 +3340000 +0000000 +0000400
+3107150 +1676127 +3540000 40000000 +0000200
+7235541 +1651233 +2440000 +0000000 +0000100
+7235501 +6624560 +6060000 +0000000 +0000040

Figure 26 - Coding (and Decoding) Matrix [P] for a (100, 50) Code
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30102

+0000000

+0000000
+0000000
+0000000

-85 -~

30104
D+0017016
+0010754
+0006412
+0012700
+0002530
+0003777
+0004660
+0005410
+0006064
+0001546
+0015053
+0015500
+0000310
+0004676
+0016115
+0012257
+0011775
+0000110
+0016420
+0007644
+0000672
+0014551
+0014314
40012523
+0017023
+0C05036
+0005027
+0015562
+0002562
+0016032
+0014016
+0013322
+0004425
+0002614
+0004036
+0007441
+0003060
+0006316
+0006505
+0005170
+0003050
+0007645
+4004425
+2005725
+1011670
+0406653
+0217304
+0110605
+0054177
+0033655

30108
D+4240676
+4520014
+1111176
+0433105
+1142055
+3217530
+361501S
+6261044
+7043324
+6334523
+5207141
+3506431
+3665476
+3734705
+7461442
+6350673
+3437243
+6072217
+4456022
+5430314
+3570325
+2271330
+1544354
+2433305
+2761032
+4160540
+0427557
+7055743
+6120337
+1305225
+7260577
+2612543
+0354357
+6726646
+4256365
+2600751
+1326262
+0655012
+4135001
+0757406
+1065323
+1776247
+3171166
+5074405
+5403717
+2257053
+3710354
+0266360
+0537653
+4644523

30106

D+6651300
+0422140
+6250400
+3336440
+2251300
+3211600
+6466700
+3432340
+7261340
+1261500
+1615500
+4653300
+5107340
+2732600
+1515140
+1176540
+7370200
+6274400
+0216240
+7123240
+2256240
+1534300
+0245400
+4640540
+6576700
+6405040
+5141300
+4046340
+4775040
+7046740
+2032640
+4102540
+6456440
+3670740
+0621540
+2611640
+7453140
+7200400
42431140
+4042140
+4213140
+4630600
+1407700
+3664040
+1336200
+1610440
+2502440
+2214300
+2003640
+3340049 -

Figure 27 - Decoding Matrix [Q, ] for the (100, 50) Code



- 86 -

30102 30103 30104 30105 30106
D+2646200  D+5600000 D+0000000 D+0000771 D+0062600
, 46572085 +5100000 +0000000 40000445 +0671540
42756776 +6040000 +0000000 +0000620 +7277740
+2430716 +6020000 +0000000 40000732 +5322240
+6646050 +4410000 +0000000 +0000606 +6000000
+4275144 +0004000 +0000000 40000320 +1440100
+1027542 +1002000 +0000000 +0000274 +3740140
+4327442 +4401000 +0000000 +0000240 +2542240
+6401365 +7400400 +0000000 40000233 +6540700
+5006434 +5000200 40000000 +0000432 +1735300
+71631360 +3400100 +0000000 +0000150 +4607200
+1406572 +3400040 +0000000 +0000317 +3571440
+4031714 +2400020 +0000000 40000757 +7020540
+6420207 +2400010 +0000000 +0000352 +5024340
+6337063 +1400004 +0000000 +0000304 +2440000
+7560350 +1000002 +0000000 +0000475 +1426240
+4416270 +6400001 +0000000 +0000306 +3005740
+2475136 +2400000 +4000000 +0000656 +4503740
+5433721 +5000000 +2000000 +0000272 +7634700
+1511221 +0000000 +1000000 40000344 +3267240
+0134217 +7000000 +0400000 +0000540 +3527540
+1745436 +7000000 +0200000 +0000330 +3677700
+4246452 +6000000 +0100000 +0000256 +4251340
+4622114 +2400000 +0040000 +0000561 +6756040
+4255433 +5000000 +0020000 +0000505 +7577100
+6712124 +5000000 +0010000 +0000671 +1276200
+4221412 +5000000 +0004000 +0000716 +2745300
+3142664 +6400000 +0002000 +0000231 +4232100
+4656160 +1400000 +0001000 +0000330 +3160440
+0365574 +6400000 +0000400 +C000241 +2057440
+6162650 +3000000 +0000200 40000504 +5711040
+5121773 +2000000 +0000100 +0000436 +7613200
+1256162 +0000000 +0000040 +0000516 +5442700
+4420645 +6000000 +0000020 +0000154 +3127300
+3757663 +5000000 +0000010 40000127 +#0516700
+111412 +6000000 +0000004 +0000142 +3553740
+6035312 +7400000 +0000002 +0000507 +6525000
+7256475 +0000000 +0000001 400001 44 +4134100
+7752202 +5000000 +0000000 +4000520 +2622440
+3321772 43400000 +0000000 - +2000213 +3751340
+6265227 +4000000 +0000000 +10001 11 +5451540
+5270652 +7400000 +0000000 +0400370 +4436C00
+4130135 +3000000 +0000000 +0200766 +7247300
+1123185 +3400000 +0000000 +0100417 +5363240
+3236066 +5400000 +0000000 40040134 42135040
+2425315 +0400000 +0000000 40020222 +4271400
+6717022 +7400000 40000000 +00103T1 +4757640
+7036352 +5400000 +0000000 40004426 +4400340
+5301721 +3000000 40000000 +0002052 +2411400
+2335153 47400000 40000000 +0001447 +0726700

Pigure 28 - Decoding Matrix [Q,] for the (100, 50) Code



2645200 54
6572025 50
2758776 60
2430716 60
6646050 44
4275144 00
102754210
4327442 44
6401365 74
5006434 50
7631360 34
1406572 34
4031714 24
6420207 24
6337063 14
7560350 10
4416270 64
247513624
5433721 50
1511221 00
0134217 70
1745436 10
4246452 60
4622114 24
4255433 50

6712124 50
22141250
3142664 64
4656160 14
0365574 64
6162650 3C
5121713 2C
1256162 0C
4420645 6C
3757663 50
N1114260
6035312 74
7256475 00
7752202 50
3321772 34
6265227 40
5270652 T4
4130135 30
1123125 34
3236066 54
242531504
6717022 74
7036352 54
5301721
2335153 14

- 87 -

R M =

771006260
4450871 54
6207277 74
7325322 24
6066000 00
320144010
2743740 14
2402542 24
2336540 70
432173530
1504607 20
3173571 44
1577020 54
3525024 34
304244000
4751426 24
306300574
6564503 74
272763470
344326724
5403527 54
3303677 7C
2564251 34
5616756 04
50575771¢

671127620
7162745-30
231423210
3303160 44
2412057 44
5045711 04
436761220
516544270
154312730
1270516 70
142355374
507652500
144413410
5202622 44
213375134
111545164

370443670

766724730
417536324
134213504
222427140
3N4T57164
426440034

052241140

44707267C

Figure 29 - Individusl Components of [P]
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-1

241720700
2413421.34
667134264
127130500
701505424
600735300
555113050
221241660
130633530
201721270
362053000
1430055 30
314703264
3242605 64
2474036 T4
142404324
37224771Q
2212547 44
2752643 60
473426014
332551274
7542174 40
4302413 30
6077425 74
5726632 20

740721200
436622500
320504444
534002154
125404610
177755074
233017064
260431304
303234214
066331560
542565034
664016430
014417324
233717560
704676304
512771640
477656174
004430350
721022270
3722261 40
033516740
626451344
614606620
525152154
741153704

[\

-1

6764205 30
6404101 60
170445270
303416550
2244343 64
6055244 70
011740070
5766641 44
4642651 24
043311704
100117560
2420654 14
355425504
6552627 14
7211534 54
074256304
353727234
1022271 10
012733300
630021260
407763240
432161260
616764370
7075626 S0
512617570

£11342344
052072350
233620720
372345364
054174210
754756150
216206234
055350744
6454656634
437123430
017345154
767441460
220056550
106236524
167707744
240757240
256545034
105026274
323167750
317463210
474122320
4025366 70
574256730
522466510
451341414

Figure 30 - Related 25 x 25 Matrices



1.

2.

3.

L,

Se

Metzner, J.J., "Two Classes of Codes for Improving Feedback Com-
munication Efficiency,” New York University, Tenth Scientific
Report, Contract AF 19(604)-6168, June 15, 1962 UNCLASSIFIED.

Slepian, D., "A Class of Binary Signalling Alphabets," Bell Sys.
Techo Jo, Vol. 35 (1956), pp- 203-23]"'.

Ledley, R.S., Digital @uter and Control Engineering, McGraw-
Hill Book Co., New York (1900), p. 213.

Williams, J.D., The Compleat Strategyst, McGraw-Hill Book Co.,
New York (19516 » PP. 219-225.

Hildebrand, Methods of Applied Mathematics, Prentice-Hall, Inc.,
Bglewood Cliffs, New Jersey (1952), p. 21.

Hildebrand, op. cit., pp. 1-2.

Wt i i A . N P bt 3R



-
oy

Ar 2

o 3th

o s

ar 0

o &7

9

® 29

ne

A 5%

Gy

LI

[ 4]
Samatishise
AREC (ABEC Sosh Library-#0-135)
Patrick AP, Pla.
-~
Mawll AP, Ala.
QAR (WNB, Col. Jol R. Pewler)
Hrgd Tndmpontense Ave., Wmshisgton 23, 0.C.
APOSR, AR (BNYP}
g1 Indspondonse Ave., Yashington 5, D.C.

8D (ASAPRD - Bist)
Wright-Fattarece AVS, Chic

e (mnd
Griffiss AP, Bov York
M Ioowments Librery

AP Miseils Dnvvelopment Oester {HDOWT)
Tllaws A7, B Mexiso

M. OM (WICSP, MaS. Richard ¥. Nslsoa)
Vashington 33, 0.C.

‘.'m.-y( A, a09e, Relldlug V5O
Sright-futtarson AP, Ohio

Omtiding Qemarel

UL

m,u(m-mw)
L. %, Esnecom Plald
Bedfurd, Mass

Tectmical Iuformation OFfice

Attnt Jibruriss

DISTRIBUTION LIST

iU

33

LR

U LS

c9

2]

Ar 20

LN ]

a1y

o

APCHL, QMR (anm. J . Marple
L. 0. Mamccas Pie:
Badfo 2, Hace.

Off1co of Neval Research
Branch Officc, London
Mavy 100, dox 39

P.F.C., Hew York, Wev York

Institute of
Nilding 26, Room 527
Cupbridee 39, Sussachusetts
Atnd Jun H dewitt

Alderwen Lidrary
Univeraity of Virginis
Cuarlottesville, Virginia

Defence ‘wsearch Member
Camadiw: Joint, Starr

A0 Massachusatis Avome, NN,
aakington 8, D.C.

Office of the U.5. Mesearch and (evelommnt Coordimator
SMAPE Alr Dfense Techmical Comter

P. 0. Mo 1T, The U-. Metherlands

Mctar We. B Derrew

Mins W U Teermem

LDt RE
ADC { AIKAN-G)
Hat AFS, Coloredo
e (

Beott APS, Nlimots
sac
Offutt AP, Bebrasks

™
Langley AP, Virginia

Sowmization
D (WoLK)
Wright-Tattarsen APS, Ghic

Atr Provieg Oroust Commsst
SAGR Project Off1ce (Muildisg §)
/e RAND Oerperation

. Rox
tagten T3, Wassackuseits
'-u.m.um-u- Ilmu- (wnor)

i

[
Attat Wr. 3, Oreewmm

Caiaf, U. 5. ieuy Sowurity Agency
Arliagton Ml Station

Arlingtem 12, Virgiais
Mtat  ADDS, Ob, ¥5. Section

L4

7]

a3

i s otk ol

s



:
}
f
i
¢

128

1476

T by

1961

I 6T

167>

xrapization

Direcior

Langley Hesearch Centar

National Acronestics and pace Admintstration
Langley Plera, ¥imginia

ADOM

238 Main “treet
Cembridge, Masa.
Attnt Phillip fetlo

Stmatron, Inc.

Willer Builiing

59 Marret Noad

Lextagton 75, Mass.

drwt O, Jultes Russpey

State College, Pa.
Maonest
910 E. Inperial Highwmy
Bowmey, Caltfornis
Attnt Technical Library, $)i=2
Sandis Corporation
Sendis Nase, P, 0, Box 00
v

Albuguergue, Mexico
Mttnl Classified Document Divicion

Convalr, A Division of Cencrul Dymamics Corn
Fart Worth, Texas
Attas X. 6. Brown, Division hecearch hidrertan

Parke Mathesstical Labs, Inc.
Redford Road, Carlisle, Mass,
Avtnt Tr, Nethan Grier Parke, [T

Motorola, Inc.

Froentx Research fabors ory
5100 Mo, "Gith fureet
fhoentx, Arizons

Attt Technical Librarien

1a
Attt Dr. A L. Hiebert

Phileo Corporation

Research Division, Plant M. "4
4700 Wissehickon Avemar
Philede W, Pu.

Attt . Zebrowit

onpmization

Gemeral Klectric Company
Kaclls Nesearh Laboratory
1 Rtver Road

Schenec! Nev York
Ateas . R, L. ey

ITT Pederal Laborstories
Techmical

900 Mashington Avemse

atley 10, New Jersey

Andic Corporstion of America
Deferme Electronic Prodicts
milding 10, Floor 7

Casslen

2, New Jersey
Attnal  Mr. Herold J. Schreder, Staff Kogineer
Or-enization of Chief Techaical Adwinistrator

STL Technical Library

Document Acquisitionn
Space Tec Laboratories, Inc.
r.o. Box

95001
Los Angeles b'., Californta

Huighes Alrcraft C
Culver City, cnuornu
Attt Dr. S, 0,
c—muuon md Mintaturization Department

11 Calen Street
Vatertown, Pusachmetts
Attns  Libra-ian

Stanfard hescarch Inat{tute
Menlo Park, Californis
Attaz W. R. fincent

Laborstery

Wal
Atunt  Or. Seymour Stain

w1

03

L3~

(¥

57

Y

Yy

20

G411

L2 4

Scaaliakios

Litton Dystems, ac.
@1 Crescsst, Gtrest
at

thun, Nssashuestts
Mtat O, Derid Yan Meter
The Mitre Gory.
diddlons

Smdford, Wass,

Alton 7. Rutoon

2030 109«-! Screet, N.B.
Wilsves, Yeskington

WD (MARIC, Directerste of Technology)
Ressarch Division

L.G. Nemsean ¥ield
Iodtord, tes

oMuorI-dnnnreh
Dupartment of the Newy
Wahiagton 25, D.C.

Actat Code k27, Hlectrontes Mrasch
Cuat, Barea of Shipe
Department of

dashington 2, o

Attat Wr, D, feat, Code 883

U.3. Nevel Alr Dyvelopmest Ceatar

Pennsylvania

Attt Librarim

Comanding Officer amd Direc

u G, Sery Klsctronics m (Librery)
San Diego 52 Califarnis

Messachusetts Inetitute of Teehnalony
wory

.0, Box 73

Lextneton T3, Mass

Attnt Hary A. Gramese, Litrariso
Untversity of Wich!

B ineering Reseurch Inetiuute
Willow Mun laboretor:

Attnt  Librerise

Northows tarn Usiversity
¢lectronics Mesearch Laborstory
Soston, Messachusetts

Attnt M. ¥, Exsigman

Ouganization

Mow York Unfversity
Collesr of Huineering

t of Rlectrical Mginccrin,
Unfvereliy lielrhta, Bromx 55, Mew York
Attns  Dr. Robert P. Cotelles:

Jet Propulsion Leboratory
Caltiirnis Instltute of Technolecy
4100 DAl Cruve Driwe

Panadena !, Calffornia

Attnt  Or, Rerbardt Reshtin

Calffornia Inatftute of Techanlory

Jot Provuleion Laboratory

G0 Oak Grove Drive

Pasairna o, California

Attn: Mr, [, &, Newlan, Manaer
Trchnieal Heportu dection

Univernity of Michigan

Offfee of Heocarch Adminiotration
North cespuc, Aan Arbor, Hichiran
Attnt “ordon Roberus

Folytechnic Inatitute of W

Fierwave fesearch Tnutltule

'+ Johnzon .itreet

Brooklyn, Hew York (Attnt Prof. E.J, Jmttn)

Syracuse Unfverstly
Syracuse 10, New York
Attns  Prof, F. feta

Tepartment of
Combrld ¢, Muo

stitute of '
lectrical Englneerin:
{Attnt Rr, Jack Cowen)

John, Hopkino "'ﬂvvr-tv.y

school of Faw ineering

hth and Charles

Maltimore IR, Marylend (Attn: W, H, Hugains)

Montans State College

Laboratary
Bosewmn, Yostams (Attat Dr. ¥. Kilmer)
Mdvenced Klectronica Ceater st Cornell Unlwrstty
General Klectric
Ithaca, New York (Attni Dr. Robert Tumer)

. AFCHL, 0ifice of Aerospace Awsessch (CARC)
L. G. Hanscom Fioli, Bedford, Mass,

Hq. AFCRL, Office of Mnm-e k-e-'ch {crae)
1.C. Henacom Pield, Wedfopd, Mas

13

us

ur

121

12,

=

120

120

129

m

152

133102



’:8 nu«lo:-a R0 Ay

519~ (%09)6TilY 12anm0
£00T9Y XweL ‘OT9y Iveloxd
TP

sEely 907390 TunEmn)
szmndegy

O

“SIIPTD AONND A Lem £9 1908 39 WOTGR JO ‘M 1ITP COT PuTpeecEs jou
sndueT spod 03 Wardord jussard &y POIDTIISAI MAW; $UOTIMTTY Kzowey
*UOFIWIPIIUOD ISPUN SEULSO MY ION{ 300 ‘apod dnoaP Auw 03 eTqeTTade
ST a3 TIIqedee FUTIDAIZI00 JOLIS~I8ING MPNTEAS O3 PeIm POYI 8 Sl

*s88T 30 12 WPUIT Jo sjeInq T(w
TUMOS ST 0 POQIISNIP FPOYINE A3
n..«!. 38:»-80 a.‘ sawy odf3 STYI JO SepOO (0 ‘00T) oay “axodey

21JT3U8TIQ MUAL 43 Ty S|y Josxe
~38ING ¥ UT SN JOJ STQVIINE SIPOD SIWNTEAS PUE JONIFNTCD 03 Jend
-0 [eytitp v uTmmmgBoxd Jo poyism O131oads v sjuessid jxodar eTql

IHOJW QNI IISOVIONON

“ISTL GOTAIMIIAOTD  fOSORAIINL g ‘eaInPTI OF
Parpaious 4 TTA + 6g ‘E96T Arsnuep Tf ‘saodmd DIITIUNIOR WNRITAL

SE00
MIIDIMS00 VAT~ LANI 0T 20 NOLLVITIVAR GRY BOLIS(MISNCO HEILDDO

[t oy <71
*#IIMENYOVENEN ‘PIOTDY
‘80x04 ATY SMIMG peiTY) ‘gosssesy sowdsoley Jo 831330 ‘seiolmio
-qQW] YIIedesy MTPrIQERD ANOL ITY ‘#IWIOJDAIL YDIWAS SOTUOIIDSTE

“off BOTERESDY av

UOT3AITOD VIIEY Y1
focp ‘IsuzIM

‘RI0X Aag ‘£C

MOL A ‘#IUITOR A3[maBATUn
‘Putasaaidug 921410873

Jo juamaedag ‘SuiisaulBuz Jo
287100 ‘A3ysIaatun RIOX Ad

89T9-(n09)E1dY IdwI3u0)

£00Tgy AswL ‘OTon I03foxd
uTpod

SMaskg GOTIED TUNEO)
sx3ndmoy

I S

E

jpoes

O

*$113TP ADIGD 3Q Awx £0 180N 19 YDOTHA JO ‘®IFITP COT FOTPREOXS 00
oI Jpos 03 mexBoxd qussard sy3 PRIDTIISAI SAWH STUCTIWITEYT Lrowey
*UDTAWISPTRUOD JIPUN SSBTO AP} 1sn 30U ‘Ipod dnoxd fue oF srqedrrdde
ST SATITTIQUdED FUT08LI0D JOXIS-3ISING IIINTUAS O3 PISN PONISE KL

"898 Jo T2 WIPUIT Jo sisamg TTW

A7enbIum FUTIOALI0F JO ATAWIWD PUNOJ ST SGG  PAQTIOSIP SPOMIeE ST
FUTEN PRIONIISUOD UIIQ AW adh3 $TYI JO SMpoD (0C00L) onl -asoday
9TJIIUSTIE TITAL aU3 UT PAQLIINEp WSS Fupodsp UOTIOBLIOD JOLIS
-18aTq ® UT PN JOJ ITQEIINS SIPOD MNUNTRAS PUR JINIIMOD 03 IMynd
-0 TWIIBTP ® Futmmadord jo poursm dTJIoads w sjuseaxd Jodax SIWY

JHOID aATIISSYIONN

"ISIT UOTANQILISTR  fseousxajar 9 ‘samPty of
wnd!au:u “dd [Ia ¢ 6g ‘CO6T Axwramp TE “roday STJTIUSTIR MIAFTEAL

SREO
ONIIOBMO0 HOHYI-ISHNA ONOT 20 SOIIVIYIVAY MV NOLLMISNOD HELNINO
g2-€9-BIDAVY
*$3798TUIRESEN ‘BI0FPeE
‘30104 ITY sMIWIE pRITUn ¢ od y JO #1330

~qU] UOJIBISH ISPTIQEND DI04 ITY ‘IMWICIDNITT UYOIWISW SOTUCKIDOTE

-of uoIssIDY av

ABNTT0 ‘A3T838ATUL WIOX AN
919 (403)6T4¥ Aowr3m0D
£00T9y XP&L ‘OT9% I°8foxd ©

PO
s uly wo}Ie> junmng
axendmog

O

‘S IFIY Ao #q Aew £g 1808 W YITHR Jo ‘SITITP LOT Buppessxs o0
sqmdusy apod 03 waadoxd jusesad agy gognl sASY FTOTIN IWTT Axowen
‘BOTIRISPTIUCD IWPUN SEETS M3 IS0 300 ‘9Pod dnoad Kae o0 srqeorTdde
ST SATATTIANIED FUTIOALI00 J0II8-18ING S3INTEAD O] PasT PoRIIm QL

#8987 a0 12 WBUST Jo sysanq (W

Aysnbiun Furidarzos Jo STQWESD PINOJ ST U0 “PIQIIEIP FPOUIIE M3
UISN PRAONIIEN00 UG aawy #dA3 STEI JO Sepod (0 ‘00T) oal ‘woday
9IJTIUAIOR QIUSL U3 UT PEQTIVNP IWH(OS Fuipodsp UOTIOIIOD IOXIB
-38INq ¥ UT 88N JOJ ITQUIINE EIPOD MINTWAS PUS JONIZPUCD 03 INN
-m00 Mt v Furmmadord Jo poyism S1JToads v sjusesrd jyodax STUL

JNOIN QATAIISVIONN

-38TT UOTINQIIISTP fsecuarIsies g ‘saundr) of
FoTpntour "dd FTA 4 6g “£96T Asermmp (E ‘iIoday OTIIIUSTIOE WIITMAL

830
ONTIOMNC0 YONHE-ISMNG O80T 40 SOLIIVIYIVAZ QXV NOILOMHISNCO ¥EININ0

92-€9-DodV
‘91328nydREswy ‘PIOJDH
‘30104 ITY PMIME DM TUN ‘GOIEIEA] 0WdOISY JO IOTJO ‘SITIOIRLO
—q¥] yoIweedy ITPIIGWE) IO ATV ‘#MWICIDAII UDINIEM SOTUOIIIITY

——
“Off BOTNSEOIY av

WOT3OITT00 VIISY ST
ocr ‘dausiy

“nok ey ‘EC

WOX A ‘suFreg Lyjessatun
-FurIesuriug (WO L190T

Jo yusmgasdeq ‘Puirssuifug jo
FITT0D ‘AIrsrsatun XIOX A%y

9919~ (%09 )61V 39wI3u0D  *

€00Tgn AweL ‘Ot9n 3o8foxd
Buypop

mpyedg UOTIUD fUNEEDD
saendwngy

A NS e

>

‘IIT

O

*$3327P X08> 9 Lww £9 Jeom I WOTUR Jo Bii <OT JurTpescxe jou
sduey 9pod 03 o P T Asosmsy
*UOTIRISPISTOD JSPUM SSUTD Q3 IS 300 ‘8pod a-.bnn Aae o %
ST SOTATTIqQWINC FUTIOEIIOD JOLIS-IBING FIENTEAD O3 POST Pomsm oqL

‘sseT Z0 [z MY JO BImnq TT®

ATonbrun SuIIoALIOD Jo STANAED PUNO] ST SUO PQIIORIP SPOWISN O3
FaIsn PEISNIISUOD TEq sAW adfy ST JO S8POS (0C‘00T) oal “Isodey
OTJFITAION TIVAL &3 UT PIQIIISD su>e Jurpodsp UOTIHELIOD IOLIS
~18a7Q ¥ UL #8N J0J IQAWITNS SPOD MUNTWAS [UW JONXISWCO 03 Teynd
~m00 TWMIBIP ¥ ButmmmrBosd Jo poyiem 91 Ioeds wu sjussaxd jxodex SIQL

THOJW CAISSVIONN

1414 9 o€
Surpnrout “dd T1a + 6g ‘E36T Aiwnrep TE ‘3codsy STSFITRTOE WASTEAL

L od
MIIOWHOO HODIT- TSN ONOT B0 NOILVITIVAT QUMY ROIJOCHISECO NEIADDO

92-£9~DdV

‘30104 ITY sMIEIg PAITUN
-qUT YoIuasA SIPLIQEE]) SII0F ITY ‘#IRICIORITG TIITEAE BOTUCIINSTY

“of UOTESIOY av




e g

The Research Division of the College of Engineering is an integral part of the educational
program of the College. The faculty of the College takes part in the work of the Research Divi-
sion, often serving as co-ordinators or project directors or as technical specialists on the projects.
This research activity enriches the educational experience of their students since it enables the
faculty to be practicing scientists and engineers, in close touch with developments and current
problems in their field of specialization. At the same time, this arrangement makes available to
industrial and governmental sponsors the wealth of experience and special training represented by
the faculty of a major engineering coilege. The staff of the Division is drawn from many areas of
engineering and research. It includes men formerly with the research divisions of industry, govern-
mental and public agencies, and independent research organizations.

Following are the areas represented in the research program: Aeronautical Engineering,
Chemical Engineering, Civil Engineering, Electrical Engineering, Engineering Mechanics, Indus-
trial and Management Engineering, Mechanical Engineering, Metallurgical Engineering, Mathe-
matics, Meteorology and Oceanography, and Physics. In addition, an interdisciplinary research
group is responsible for studies which embrace several disciplines. Inquiries regarding specific
areas of research may be addressed to the Director, Research Division for forwarding to the appropriate
research group.
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