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2 This paper is written in-the language of mthematical statistics. Expo-
. sitions for pz-eic't,ition':rs in Monte Carlo will appear elsewhere.
=) '
gt Let §
2 (1) . Cly ---;Cn: and ¢

be indenendant vorirblzs (the discussion applies 1f these t's are random vectors,
and in applications we are intercsted in vectors, but for ease of exposition we

shall speak of random variablea). We consider tho real function of n+l real

{
MR .
(2) - Y= y(xl,...,xn;x).

variables

_ We are 1n£ez;estec1 in

(3) E(y),.
the expected velue of y oo a function on the probabilitf space of the {'s.
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be random variables such that for every mensurable eet A, the probability that
gi is in A is zero if and only if the probﬁbility that gi is in A is aleo zero.
Thus with probability 1, s sample value from either of §y and ;i could have arisen
as a sample valua from the othor.
We shall define weight functions
'i(xl""'xn’x)' i=1,...,n

such that
(5) E(y) = & (yill i ) -

vhere E' denotes expected value under the probability measure of gi,...,xé,x.

If pu, and ui are the provability mesgures for the unprimed and primed random

i
wariables, respectively, we take

d411
(6) wi ® —— .
dui

let us nov indicate what we are trying to do. We are given (1) and ().
We wish to estimte (3). This estimate could be made by Monte Carlo analysis,
that is, by meens of siumlg random sampling from the joint distribution of the
random variables (1). However in the light of (9), we would like to define random
varisbles (4) such that the variance of y{&i over the probability space of the
primed random variables is less than that of y over the space of the unprimed
variables. We shall speak of the ;i us the distorted variables and the 4 88 the
undistorted variables. Thus, in estimating E(y) ve distort distributions of

random variablcs to achieve greater ci'ficiency.
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Lel us indicate further the motivatlion of the anslysis to be developed below.
Suppose that the probahility density of gl is A gxp(-kx), with x nonnerative.

Suppose that y is practicelly zero unless x, is very lurge., Then in undistorted

1
pnmpling one wowisl require a larse sawple because only sample values in the taid

of the dlotributiqn of ¢, glve much information. This suggests that one misht

1

introduce {J with probability demsity At exp{=A'x) with A' smnller than A; in

this way onc would ret more scwple values located in the tall of the distribution

of Fut the choice of A' 18 not easy. Let us assume that a value of A' vas

lt

selected and o geuple drawn from the distorted distributions, and that this selection

and this sampling were done prior to the discussion of ihe present memorandum.
Our objJective below is to use the sample data to deternmine a new A', say A" which
will yleld cpreater efficiency than A'.

Let us write (still disressing) .
¢r) A =k + (L) (W'e)).
We shall seek a pood value to use for 0. We note that (6) with the subscript i

deleted specializes to

" A e =AX
® v pelis

and that there is a similar cxpresseion with primes in place of the double=primes.

For purposes to come to light below we celculate using (7) and (8) that

W o= X+?l+0i) ()'r_hj exp [(k"-).) X]

L e () (') )
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! ~=—  cup [(Lw) (A'=r) x],

0 A -r ds sulficlontly cmmll,

« {'2'7 exp [(A'-\) x) }1«:

= (w)Me

(see (8) with priwes 1in place of bhe double primes).
The difference A'«r

The simificance of this relation is the followin:.
If the amount

neacures the amount of distortion in the use of X' in place of A.
of the digtortion is increased by a emall awount O(A'~\), the weight function

i rauieed to the power 1l approximately, This same approzimate power lav holds

for distortions oi" other commonly used distributions.
Let up now roturn to the serious development of the roper. We assume ﬂmt

corrzsponding, to cach set (0'J ;o ..,rxn) of real numbers ncar (0,...,0) there 18 =

seb of randow varliobles
Q” ’ j.’l,-ot,n,
such that for a 1:0, i=1,...,0, the double-primed variables.reduce to the 4 i ,

and such that the corresponding weloht funcetions satisfly

Lo
(9) e (wy)

where, as shove, the wi' are¢ the wei-ht functions for the ¢! .
-~
Taring lato.account (5), we write

We shall estimato ().
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\J

E(y) - fvﬂ w; du'i
irl

where u; ig the probability neasure Cor g;‘. From (6) and the similar relation
with priwes replaced by double-primes, we obtaln

[T . " 1"
wi dui = w1 dui

which toruther with (9) ytdves
-y
"o [} ] .
dui = (wi), d.ui
The above integral for E(y) reduces to
-~
' i
E(y) =fy [Twien) *oaug,

which with further use of (9) becomes

E(y) =fyﬂwi g
Pul. this is nothing dut (j).
What we are interested in is the variance of t = y'I[v; , which by calculations
like those just completed is obtrined from (we introducs notation used below)

=B (F) B B [(yﬂ “"1')?]‘ f y”n<.,,1>? (.."D-ai dug

o) - T

Since the expected value of t 1s constunt with respect to the ai, our objective
w11l be to minimize B"(t°). The utility of the lost expression results from

the fuet that 1t Involves the welchts ond mensures of random veriables which
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have already been anmbled. Thus using the sample from the gi,we shall be able

to pick out a good values of the o, to be used in further sampling.

1
In practice the relation (9) is only usable when the ai are small. Hence

the same 18 true of (10). We shall calculate the derivatives of (10) with respect

to the @) at @, = 0, 1=1,...,n, and use & quadratic approximtion for (10).
Differsntiation under the integral sign leads to the following derivatives

which have been evaluated at aiao. Let T denote‘E"(t2).
. or 2 . W2 4
cJ = ﬁd = y 10{{ wJ I-[ (wi) dui ’

i 3%

e
JJ 2
an

- f}_fe (1og w';)_2 1l (Vi)e duy

ar .
Cjk - i{}& “ = fyg log w‘; log w]z H (wi)? dui .

We have
i | - _]_ el
T o ena) = (0000,0) Z 20543 ), Zch % %

The minimum of T occurs at the solution ol

(-
CJ+Z.CJkOkgO’ Jal,o.o,n
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