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1, Introduction and Summary.
The problem of reflection ail refraction of electro-

magnetic waves by a dielectric medium is an old subject,
which first attracted inierest in optics, Later on the
well known refraction laws, found by Snellius and Fresnel,
for a plane boundary, were applied to radio waves, espe-
cially short ones, The treatment of these problems can be
found in any text book on electromagnetic theory, e,g.
Stratton [1].

In the above mentioned cases the dielectric is assumed
to be independent of space and time, The interaction between
an electromagnetic wave and a medium, the electrical proper-
ties of which are varying with space and time has become of
growing interest during the last years. The dynamics of non-
linear wave propagation in ionized media has been studied
in detail by Rydbeck in a number of papers [2], where among
other things the complicated case of a magneto-ionic mediunm
is discussed. Wilhelmsson has treated related problems in
two reports [3]. Interaction phenomena of similar types has
also been investigated by Simon [h] for a dielectric medium,
embedded in a wave gulde,

The purpose of the investigation, presented im this
report, is to study the interaction between an obliquely
incident, plane electromagnetic wave and a plane, semi-infinite
dielectric medium, the dielectric constant of which contains
a space- and time-varying component. The problem of the pos-
sible creating such a forced variation, or disturbance, lies
outside the scope of this report. In this connection refe-
rence is mande to Rydbeck [2].

Let us first consider a medium, the dielectric constant
of which is periodically fluctuating only in time. It can then
be shown that one gets parametrioc resonance when the angular
frequency, Wy of the incident electromagnetic wave is equal
to half the angular frequency, W,, of the forced, or pumped,
variations in the disturbed medium. However, when the dis-
turbance is propagating, this resonance condition becomes
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altered, We find, that in order to get resonance effects
oertain relations depending on the angle of incidence and
the phase velocities of the incident and "pump"-wave, pre-
dioted by Rydbeck [2]. must be fulfilled, The harmonic tii;
variation of the dielectric medium produces transmitted

and reflected waves ("non-limear" modes) on the characteris-
tic frequencies w, s+ n w,, vhere n = 0, 1, 2 ,., The angles
of reflection and transmission will be functions of the
propagation parameters of the two waves as expressed by a
generalisation of Snellius's law, The investigation, final-
ly, also includes the case vhere losses are taken into
account,

I wvant to express my sincere gratitude to Professor
0.E.H.Rydbeck, Head of the Research Laboratory of Electro-
nics, Chalmers University of Technology, Gothenburg for
suggesting the prodlem and for encouraging advioce.

The work has been done under U,S.Air Force Contract
AP 61(052)-451, through the Furopean Office of Aerospace
Research,



2, The interaction betw () : ]
ot a tic wave and a - [
with the dielectric constant E,.m € ¢ A€ !!l‘ﬂg! =PBx).

Consider a medium in which the dieleotrie congtant €,
varies like

€, = €, + A€ cos(w,t - fx) (2.1)

where ¢, is the permittivity of free space and At:/e° <1,
This medium (medium 2) will form the upper half-space in a
ocoordinate system explained im Fig. 2.1, The lower half-
space is assumed to be vacuum (medius 1), It should be add-
ed, in this conneotion, that it is outside the scope of the
present communication, which only deals with the principal
interaction saspects, to discuss the physical realizability
of medium variations of the nature desoribed by (2.1).

In order to find out im which way a plane TE-wave,
with the angular frequeamoy w, and propagsation constant k‘()o)
obliquely incident from medium 1, [the angle of incidence
1s o,°)]. will be coupled to the "pumped” medium 2, the
wave equation must be solved and the boundary conditions
satisfied,

Medium 2 Eg= €g* AL cOB (Uip? - fx)

ExEy exp jlw)t-nky sin )% k¥ cos )

Fig. 2.1. A plane electromagnetio wave obliquely imoident
upon an oscillating, dieleoctric medium,
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Maxwell's equations in medium 2 can be written

VxRe -a-; 2 ) (2.2a)
V!‘--po-a-a?a (2.2b)
Ve, | ) (2.20)
VR = 0. ‘ (2,24)

Assuming that 3/dy = O, E, «E, = 0and putting E, = E, ve
get from equations (2.2) and (2.1) the following wave equa-
tion

62

g , % _ o %,
ox 0!2 ei ot
(2.3)
-%-A-s-ﬁi (2 cos(w,t - Bx)]
L eo at
wvhere
. . w, (w, + nwg_)_ (2.38)
R OO

The solution of (2.,3) can be written as a series, namely

ot - kig) X - kio)l]

2

Ese . r(mzt - Bx), (2,4)

where

l‘(mzt - Bx) = :-z*: A(n) .Jn(wzt - Bx).

(2.5)

In equation (2.4) k,(‘o) and kg 0) are the x- and s-components
of the propagation conntant in medium 2 for the wave with
angular frequency ®,. Similarly kgo)unq(o). and k(o) 008 9‘0)
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are denoted ki?) and ksg). respectively, etoc. Since we have
assumed Ae/e <<1, we neglect second and higher order terms
in Ac/b . Tho first order solution will then consist of
three oo-ponont- with the amplitudes A(o) A(*‘) and A('1)
In the first orderx A( 0) is determined by the incident wave
only, A(") and A(") are then found from equation (2,3) to
be

2
alet) | Le {og + 2g) - al9) (2,6)

° c:B[B . 21:1:)] - 0y(w, + 201)

(=1) Ag (w, - “’2)2 (o)
A - Tm— ¢ ey *A 0(207)

2¢, o:B[B - Zk,(‘:)] - wy(w, = 2m,)

Vhen the disturbance is not propagating, i.,e. when
B = 0, parametric resonance will ooour for w, = 2w,. In our
oase, with B £ 0, the ocondition B = 21:x 0) must also be
fulfilled in order to get a resonance of A( ) in equation
(2.7) at v, = 20,. Ve will discuss related questions in
some more detail in the next paragraph.

The boundary conditions are (index 1 refers to medium
1, eto)

B, =E,
"‘ “. i (x = 0) (2.8)

ok, 3%
TR

In order to satisfy equations (2.8) we write the total
fields in the two media, considering contribusions of all
orders ia Ac/co, in the following way, vis.
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Ey = Bno °’p{5[mxt"Xk£0)‘1“ ¢5°) - Zkgo) cos ¢$°)]1+
¢ | — )

— ~ .
kx?)» ki?)

+ n?m R(n) exp <,1{(m1 + nmz)t - +(2.9)

Ns=00

- 3[1‘5,0) sin <P$°) + nBl + 2 k‘(:n) cos fpsn)}>

and ki?) ’
E, = F(wzt - Bx) m'gmb(“')ex;;{a [(uu1 + mw, )t -xkim)-zkim)]l .
Mue 00 2 2
(2.10}

In equation (2.9) cpgn) is the angle of reflection for the

wvave with angular frecuency W, + n w2. k(n) [with compcnenis

1
k£2) and k,(,f‘,‘)] denotes the k-value of the Wy, +.n w2 wave in

medium 2, and k1n = kgn) [with ~omponents k,(‘?) and k,(z?)
the corresponding quantity in medium 1,
Inserting the expressions (2.9) and (2,.,10) into (2.8)

yields

(0) ,(0) 2(%) cos 9{%) 2
A ® ) Einc kgo) cos Qso) + k(Of ) Eino m’
z

+

2 24 2
(2.110)
(O) k‘(’o) cos (Dso) - ksg) kS?) - kig)
R = E = E '(_T'-—'-( ’0
ine kgﬁ cos ¢$°) + k’g:’ ine kz? + kz:

(2.115)



These expressions we recognize as the well-known Fresnel

formulae, The first order coefficients are found to be

SO0 L, e (0w

inc 2¢

1 0 0
ki: ). kﬁz) 2k£1)
* e D '
;E: R kiz ) ki?) + kigj
(w,+w, )2
Ae 1
R(+1) - Einc T . 2

= x
o wy(w,e2 )-ciB[Bo-Zki:T]

kio) - kiz') 2k£?)
RO N O B () B (O &
21 22 21 22
(w -qz)z
A0 (=) _ o ae )

wz(m2+2w,)-c§B[B+2k£:)] )

x
inc 250 uz(w2_2w1 )_;36[5_2427]

-t 0 (0]

k(1 ) + k( ) Zk(1)

-1 -1; * (o] O"
k(1 ) + k( k(') + k(

2
(=1) Ae (wy=wp)
R = E > x
120 76, | ooz o2Ab-al]

k(o) - k(-1) 2k(°)
s, 5, 3,
R I G O BN O b

bl | 22 Z4 %2

(2.122)

(2.12p)

(2,13a)

(2.13m)
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The sign of the k£;1)-term- must sometimes be changed.
This is discussed on page 9.

When determining the b~ and R-values we have considered
only the amplitudes of the different waves. The relevant
transverse phase terms, however, must also be equal for the
various n-values in order to completely fulfil the boundary
conditions. This yields the following relations between the
k-values

k,(‘:) - k‘(,o) sin @So) + nB | (2.142)
: (n =0, +1, +2,..)
ki‘z‘) - k‘(,n) cos cpén) J (2,14b)

(

where vzn) is the angle of refraction for the W, + nw, wave,
(Note that in this case mln) = ¢£n) because the mean value
of €, is equal to eo.)

It is important to note that in the first order the
coupling between the incident wave and the disturbed, or
pumped, medium gives rise to two different waves of the same
angular frequenoy, @, + 0, OFr W, - W,, in the disturbed me-
dium, If we restrict the discussion to the difference fre-
quency, W, = w,, wave, we find that both waves must have
the same k-component in the x-direction because of the doun-
dary conditions at z = 0, In the z-direction one wave will
have the k-value kg, = kiZ" and the other one kg, = kgg).
The amplitudes of the two waves are A(o b(") for the
former and A('1) b(o) for the latter, Thus both wave compo-
nents travel with the same phase velocity in the x-direo-
tion, which is a characteristic feature. The angles of re-
fraction, as well as the phase velocities in the direction
of the wave normals, are different. These angles are deter-
mined by the following relations 8

(o) _ (o) _
e o) sin 9, = k,‘ B (2.150)
(' ¥2 )x (1) © w, Y G A




sin cpso) - ;&7

(=1) o
sin @ - =
( 2 >k -kio) {1 -8 [21‘50) sin q,1(OY - B]}*

z, 2 [kgo)]i:
l‘,(‘c:) - B k,(‘:))_ 8

2 %2
The kzz-valuos are
2 .
[k£;1)]2 - (w, = w,) ) [k,(::) -8R (2.168)
and
02
[k,(,:)]2 - -% - [k,(‘g)lz- (2.,16b)

In this conneotion it must be pointed out that the
sign of k£;1) must be changed whem W, > w, in order to des-
oribe the "'2 - W, waves properly. This change must be made
in equations(2.13) and in all the following formulas of the
same kind.

The value of [sin q:(") 1) will become > 1, if
2 K )

L
_ein 9$°)> B/k,(,o) +1 =0,/ a or <21, 4f ein cp$°)< a/k§°) -
= (1 = wp/w,). Equation (2,15a) can in these cases be satis-

fied only by complex values of [¢2'1 ]k (=1 vhen this
M

2 ¥



is the case, only surface waves, exponentially decreasing
in the z-direction, are produced in the pumped medium at
the difference frequency. In the disturbed medium the
field will decay like

kio) -8
exp{- z k£-1) ((-—;m-)z - 1]i}. . (2.17)

o

It should be noted in this connection, that the abso-
lute value of

(.m I )>k’ w(©)

2 2
can never become > 1 for l¢$°)|<90°.
In the reflected field there is only one component
for each frequency. The amplitudes are given by the corres-
ponding R-values. The angle of reflection for the w, - mz

wave is [k(o) _ B]
sin ¢$o) _ RFLT *;(o) kio) -8
sin (’S-') ) wp - o“’z i g}-‘) )
LTy LTy ° (2.18)

Let us assume that B = 0, It is interesting and impor-
tant to note that we, in the (degenerate) parametric reso-
nance case w, = 2w1. then get a reflected wave travelling
in opposite direction to that of the incident wave, When
B £ O we again obtain a wave in the opposite direction, if
W /0, = 2 B/kﬁ?). The amplitude of this wave is finite
whereas in the resonance case the amplitude is infinite
in the first order if we neglect losses [-oo equation (2.7)].

Taking into account higher order terms in A c/e° e
get n+ 1 (n =1, 2, 3,,.,) wave components in the dis-
turbed medium for the field with angular frequencies

W, & Wy, Each one of these components will have a phase
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velocity and angle of refraction, determined by the k-
components kig) ¢ nB in the x-direction and kizl) (1 =0,
1, 2, ssee B) in the z-direction. The ky,~values are de-
fined by

2
K(22) _{(‘“' 2 2 0a) ) m]"}*. (2.19)

The reflected field contains only one component for
each frequenoy beocause no coupling takes place in medium 1,
The angles of reflection become

ki?) + np
sin ¢$°) + j-?,-y —o

ain ,stn) - X . °“,z (n > 0) (2.20)
B S By

1

The transmission and reflection conditions are die-
ocussed in more detail in the mext paragraph,
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3. Th teraction between an oblique incident ane

electromagnetic wave and a plane semi-infinite medium
with the dielectrioc constant €, = € + Ae cog‘wat -Bx),

Now consider a medium with the same properties as be-
fore but with the mean value of the dielectric constant
€, # €, Using the same technique as in chapter 2 and with
the same assumptions, we obtain the following wave equation

2 2 2 2
d I°E 1 3 1 Ae 3d
¢ —_—= - = 2S£ L. [E cos(w,t = Bx)]
5:2 282 of ot? o2 € a2 2 '
2 2 (3.1)

vhere

02 = Fl 52

= € + Oc cos(w,t -Bx)., £ A4E .,
€
-]

o

The solution of equation (3.1) will be a series of
the same form as (2.,4) and the A-values are now found to
be

2
(*1) . S‘E ((91#0)2) A(O)g (3.2!)
A 2¢€ .:gB[B‘*zki:’] - (I)z (w2+20’1)
2
al=1)  fe (91-05) A(0), (3.2b)

o38(8-26{0)] - 0, (aym20)

The b= and R-values will formally be the same as in
the case € = ao' the only difference being that the factor
Ac/c replaces Ac/c  and o, replaces c .

The kevalues in medium 2 are

-

ki:) - kﬁo) sin ¢$°) + nf (343a)

F(n = 0,21,42,040)
ki:) - kén) cos an) (3.3b)




(Dl + nw2

(u)\[‘"

The angles of reflection for the different waves ar:

independent of € and the expression for them is given in
equation (2.20). The angles of refraction, however, will
change depending upon the different phase velocities. e

obtain for the W, wave

sin w(o) V—: sin q>(o)

(3.4}
and for the Wy =~ W, waves (0)
0
sin L2
Ve (—‘) \‘;‘Q ;?67
Qin b2 =) =\ w, =
12 82 1 = .UT;
(k,(::’) B)
ZOS
o e (3.50)
€ mz [ ] .
'
(o) _{LT
sin ¢,
<1 ¢('11 koo
oin -
P Al T [, #al om0 Blr
€ = [kgo)]2 J
x5

T - T UMY

(3.5b)

where we have used the same notations as in ohapter 2,
In Pig. 3.1 is sketched the direotion of the wave
normals of the reflected w1 - “’2 wave for different va-

lues of “’2/"’1' Ve have assumed ¥,

(0) = 300. B = wz/c2 and



e/e° = 1,44, (Note that in this case (PS") depends on &,,
because B = °’z/°2') '

Mediurn 2 x
Medium /

/2038 | P30
A= wy/co

/€= a4

Fig. 3.1, The direction of the wave normal, ¢= '1). for the
reflected wave of angular frequency Wy - Way assuming diffe-~
rent values of wz/w1. when €/€° = 1,44 and ¢1°) = 30°.

A reflected wave of angular frequency w, - W, oan
exist as a travelling wave only if wz/w1<[-:ln (psd + 1)/
(1 + V—SF:) (vhen P = mz/oz). In other cases we get svanes-
ceat,or surface waves. The Wy + W, wave, however, exists
as a reflected, travelling wave for all values of 02/0)1 <
[1 - oin ¢$°)2/(VWE: = 1), and the angles of reflexion
1ie between 010) and +90°.

The transmitted components of the W, = W, nvo(:t;?w
somewvhat different properties. The one with k.z - k.z
behaves similarly to the reflected wave and exists only

for
€
2( 1 + qf sin cpso)
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provided that [ = “’z/°2° Fig, 3.2 shows the direction of
the wave normals for these waves,

% lwy w2008 :,"‘-ao'
%'OJD &/6, nl.?;'
Medium @ x keg "kag

a@¢&4cayv Medium |

NS0

Fig. 3.2.The direction of the wave normal, q;( 1) for the trens-
mitted wave of angular frequency 4, = W, “and ky, = k(’1),
assuming different values of wz/b‘. vhen e/e = 1,44,
.Méo) - 30

For the %, - W, wave with k’z = kig) we get trans-
mitted waves for every value of wz/b,, and we have in Fig.
3.3 shown the direction of the wave normal in this case.

="
A=cip/c

Fig. 3¢.3. The direotion of the wvave normsal, ;"‘). for tho
transsitied vave of angular frequency @, - o, and k,, =

. kxz ’ nmin, dttfomt values of W,/w,, whem 8/6 -

e 1,04, and Q‘
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As far as the amplitudes of the different wave compo-
nents ars concerned we restrict ourselves to the most inter-
esting ones, namely those with angular frequency Wy = Wye
For the simplest case, namely when the mean value of 62
is equal to eo and the forced disturbance in medium 2 does
not propagate (8 = 0), the first order amplitude R('1) of
the reflected w, - w, wave is shown in Fig. 3.4 as a func-

tion of wz/u, .

R

2 -~
&=
B=0
,’MIJD.
€/egnt
Jo “fw

Fig. 3.4, The first order amplitude R('1) of the reflected

©w, =w, wvave as a function of wzﬂn1,vhcn B = 0, and ¢$° =
o

.300

In the region 0.5 < wz/w‘ < 1,5 |lsin ¢1")|> 1, 1.0, only
a surface wave exists in the same, and the amplitude of
this wave is shown by the dotted curve in Mg. J.4. The
figure shows that we get regular parametric resonance
(which 1s finite in the second order theory) whem w,/w, =
« 2, as expeated. Ve also get two other resonances, namely
when w2/0>1 s 0,5 and 1,5, These resonances, vhioch take

place when “PS"')' = 90°, 1.0, when kg;” - I:S,"‘) cos QS") -
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a0 = k( ), or in the general case of 8 £ 0, when + k( 1)

(O) (0)(1 - 27), if € = £ ("travelling wave ro-
sonnnco'. Rydbook [2]), are also of parametrioc nature. In
this case, ¢1° = 30° and B = 0, they ocour when Wy - W, =
.+ w,/z. whereas the "ordinary" parametric resonance oc-
curs when w, - W, = - w2/2.

2 -n
=&

10 4 | ﬂ'a@ﬁ?
| ¥™'=30
I

|

&/8g=1

|
|
!
fm[w“?o—~‘+——~~e B‘""] 0
) | P f-ll o

QJS. _

Fig. 3.5. The first order amplitude R('1) of the reflected

- 0, wave as a function of wz/w1. when B = wz/c and
10) = 30°,

In the next case we still assume that the mean value
of €, is € but assume that B = /o + The first order
amplitude R(") of the reflected W, = W, wave nov varies
with ® /w as shown in Fig. 3.5. The "drastio” influence
of a dnifting disturbance (B £ ©O) is evident; the pre-
vious “travelling wave" resonance point wz/b1 = 0,5 now
is changed to wz/w1 = 0,75, mcoording to the relation
wy = wy = = (1)/2 - 0p).

Finally, in order to demonstrate the influence of
the 8/8 -ratio, we have in Fig. 3.6 plotted the first or-

der nnplitudo ('1) of the reflected v, - W, wave as a



function ofc»zﬁn1, when s/to = 1,44 and B = w2/°2’ It is
interesting to note that in this case the amplitude always
remains finite.

2% R(-Il

4 IEinc p= “/g/ca

10 4 ¥%¥=30°
G/Co = /44

O49

038 ]
030

20 “/“

Fig. 3.6, The first order amplitude R(°1) of the reflected
wy = wp wave as a function of w,/w,, when f = w2/°2'
€/, = 1,44, and ¢,(°) = 30%,

In Figs. 3.7=3.9 are sketched the amplitudes of the
different refracted w, - W, waves for the same values of
B and £ as for the reflected waves.

From Fig. 3.4 we noted that the reflected
wave experienced parametric resonance when W, = 2u5, ifr
B = 0. As far as the refracted waves are concerned this
resonance effects occurs only for the wave with k,z =
- kgo) as shown in Fig. 3.7. The other two resonance paints,
o.\z/o)1 = 0.5 and 1,5, will occur only for the wave with

kg, = k.;1) as also shown in PFig, 3.7.
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220
ﬂ"”“’

lll

</

F:QL

Note Hhov ol
(o
& .(hw)k.'-kcr

o 20 30 %M

Pig. 3.7. The first order amplitudes A(o) b('i) and
A('i) b(o) of the transmitted w, - “2 waves as functions

of W,/w,, vhen B = 0, and ¢( o 30°.
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Pig. ).8. The first order amplitudes A(o) b(") and
A"' 1'% of the transmitted (oz - ®, waves as funetions

of oz/o,. wvion B = 02/0.. and ’10) - 30°o
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10 4

=21=

58 4%)

O /o 20 3o 40 50

Mg. 3.9. The first order amplitudes A(o) b(") and
A('1 v'9) of the transmitted ®, - W, vaves as funotions
of w,/w,, when B = wy/0y, E/€, = 1,4k, ana ¢$°) = 30°%,



L, The interactian between an obliquely inoident, plane
slectromagnetic wave and a plane semi-infinite nedivum

with the dielectric constant 62 n € - 10‘& +
4+ A€ cog‘wzt -Bx),

We have s0 far cnly considered media without losses.
In many practical cases, however, we must also take into
account the conductivity of the medium, If we denote the
conductivity by 0 and the dielectric constant by € the
ocomplex dielectric constant €' of the medium is defined
by the formula

E' = g jo/w.

Our calculations can now be done in the same way as in
the lossleess cnse, oniy replacing € by ¢'.

Using the same notations as before the complex dieleo-
tric constant of madiun 2 (see I'dg. 4.1) can be written

z

€12 Exjofo) + & Ecostupt -Ax)
} Mdittm @

IIIIII IV I
Medium | x

&%

Pig. 4.1. 4 plane clectromagnetic wave obliquely imcident
upon an coscllleting, lossy, dielectric mediunm,

€' m £ = 15/w + A€ ooo(wzt - Bx) (k,1)

where w is ths argular frequency of the wave under oon-
sideration i.e. w,, w, + Woy Wy = Wy, @tC,

The weve oquation in medium 2 is found to be, if we
assume 3/0y = O
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2 % gy 9°E
SELIE_ L (1.5 9
6:2 bzz :f we ;:! -
2 b (4,2)
1 A
= 1; 415 [E cos(wyt - Bx)]
¢, ot
where
02 = Wo—t

Using the same technique as in chapter 2 we expand
the solution of equation (4,2) in a series and get with
our previous notations ‘
2
REL Y Y- (0g +wp) . A(o).

2 ow
2 0 2
T 805 + 2] - wgley + 50y) + 5

(4.3a)

2
A(°1) . %5 . (m1 - wz) - -A(o).
Cg B[a - 2k£:)] '(nz(wz - 2w1) -J _;E
(4.3v)

It 18 interesting to note that the imaginary term in
the denominator will depend on the pump frequency w, only
and not on the frequency w, of the incident wave as might
be expected,

In order to obtain a solution, that satiasfies the
boundary conditions,we introduce the same series as in the
lossless case, namely the expressions (2.4) and (2.5).

The b~ and R-values are then, in the first order approxima-

tion, found to be (o) (o)
A©) (o) Ly e PRl )
ne k£ ) cos ¢, + k,z

(0)
.t (4.4a)

kgo) cos ¢$°) - kio)

(0)
R = B -
inc kSO) oos ¢$°’ . x£°)

k(o) _ k(o) i , (4.4b)
2, %2
z, z2
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z, s, 24 L)

. x
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(=1) . . (0) (o)
. kg, |t Ky, . e, (b.6a)
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(0) = wy)?
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R - 31 2¢ ° x
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The k- wid R-values are formaliy the same as in the
lossless ¢ 53, be:ides the Jow,/E term. The k-values in
medium 2, however, are in goneral complex quantities, The
disperaion reletioas for thne w, and Wy ~ Wy Waves in the
pumped medium can now be written [ccmpare (2,16a) and
(2.161b) ]

(8.7)

2
(0)32 . r,(0)72 D4
[k‘z ¥+ 2, ] =

and

((® - 12 - k7172
xz 22

(WI

2
e (1 -3 Ta;ff%;;yg]. (4.8)

©2

Since we ha';e, in this case too, assumed medium 1 to
be a vacuum, the boundary conditions require k;g) =
- k(o) sin q’g ). This means that the imaginary part of k
in -ed"um 2 must be equal to the imaginary part of k!2’
i.e. the wave, £7 expescted, w'll te attenuated in the =-

direction only. Introducing

kK =k - Uk . (4.9)

ey, - zimz

we get for the w, wavn

2
(O) -{-;— [:—;- kgo) sin cp(o)] +
2

zroz
(4,10a)
2 AT
3 -0 an? o0 -i'—!}
L2 L2 €
2
S { %[7 - k(0 11a? 9 (0],
(4.10p)

m 2 )
* i- [:é- - kgo) nin (p(o)] 02 cz}



For the Wy =Wy wWave we get similar expressions which are
obtained from (4,10); w, is replaced by w, -~w, and

k‘(,o) sin ¢( ) by k(o) sin (9( ) . B
The E-field 1n medium 2 now ocan be written
= (0) a9 ginal®)ugx (0)
., « a0 (00, % JloqtomkoTetan Tengg, 1
o, {2}

k(" ) J {(w +m2)t-x[k(°)o:l.a (o)q.ﬁ]-.k(")

* A(o)b(*1) sre,

(-1),(0), ﬁf-)- J {(“ ~up) tox{k{) a1n¢f ) Bl a0 }
AV 'y )

(=) e ) tex[k(?) (0) gl a(~1)
‘(o)b(_’) ™o, J {(w ap) t-x[k "/ s4ng; )< p] e,

(4.11)

Since the angles of reflection are independent of g!
these angles will be the same as in the lossless case.
The angles of refraction are determined by the following
expressions, using the same notations as before, for the
0y and Wy = Wy Waves, vis,

(o)
in
sin ’£°) » : ’ (o) i' (6012)
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(Ein ¢£'1i>k -kigl -
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(0)
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zre, re,
4,13b)
(o) g (
sin @
1 k 0
o

The expressions for the transmission and reflection
coefficients will formally be the same as in the lossless
case,but the R-, A-, and b=values given in (4.3)=(4.6)
smust, of course, be used,

Finally we want to study the values of conductivity
and frequencies for which the losses must be taken into
account, For the simpler case B = 0, and ¢ = €, We °an

write RC=1) 11ke
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(1 - 22)° (0)
an  oom— 0
(=1) w 2 cos ¢
AEE RE *w ™ : W ¢ 1
o “inc 2 (22 2, _0 (0) V 2 (o) o
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2 (0) Q wz 2 2 (o) (Dz o
V"” TR V("q> - atne e (1305

w22 2 (0) V wa 2 2 (o) TR
+ (1-75%) ~sin cp1 * (1-0)—1-) -sin (p1 +J(1-F;-) (-.0_‘.5-

(bo14)

where the upper sign is valid when w,y> wy and the lower
when w, >w,. In Fig, 4.2 are shown some curves of R("1
for different values of d/w, (cf Fig. 3.4)

é -0
ot
inc

[N
Mo

Fig. 4.2, The first order amplitude R(d) of the reflected
W, = Wy wWave as a function of m,‘,/w1 when B = 0, and q>$°) =
= 30°, assuming different values of J/w,.
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Vith the exception of the frequency range at or near
the resonance points, where the O-term is the remaining
part of the denominator in (4,14), the influence of the
losses is small if 0/w, €,<< 1. For a value of O of 107
mho-/luter,d/w1 €, will be less than 0,01 for frequencies
above 200 Mc/s. On the other hand,if O is not greater
than § » 10713 mhos/meter the same term will be < 0,01
for frequencies > 1 ¢/s.
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