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AN HYPOTHESIS ON THE UNIVERSALITY CF EJECTICH PROP-

ERTIES CF TURBULENT GAS JETS AND ITS APPLICATION

0. V. Yakovlevskly

Moscow

/

Transforming the Navier-Stokes equations for the
case of turbulent fluld motlon by replacing the ac-
tual parameters of the moving medium by a sum of some
average value anc¢ by a pulsation component leads to an
extremely complir-~ed system, the solution which is
usually attempte. "= two methods: with the aid of a
statistical ensenitie or by using certaln semi-empirical
relationships. The semli-emplrical theory of turbu-
lence allows some results to be obtalned, in partic-
ular, the solution to the problem of the propaga-
tion of a free turbulent Jet of incompressible fluld
in a qulescent medium. However, thls problem had
remained unsolved until recently because of the ab-
sence of the appropriate seml-emplrical relationships
needed to close the system of equations which describe
the propagation of a gas Jet in a moving medium. And
only after the work of G. N. Abramovich [1], who, by
developing L. Prandtl' s 1dea, found a seml-empirical
equation relating the intensity of the turbulent ex-
pansion of the Jet to the values of the flow velocity
at the boundaries of the mixing zone, were the prob-
lem of the propagation of a fluid Jet in a flow with
the same physical properties and the problem of gas
Jets in moving and qulescent media [2-4] solved.

A comparison between obtalned solutions and the
experimental data of different authors [3] has shown
that seml-empirical theory properly reflects the
general outlines of the actual process of gas Jet
propagation. The systematic discrepancy observed
between the theoretical and experimental results when
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mo(= uoo/u°)> 0.35 Lo guai.iacively exploined by

the effect of the 1nitlal turbulence of the inter-
mixing flows, which 1s not accounted for in the
theory. However calculations show that the inil-
tial degree of this turbulence should be very high,
of the order of 10-15%. Since for steady-state flow
in different channels the degree of turbulence does
not usually exceed 1-5% (these same values charac-
terize the turbulence of a Jet and concomlitant flowL
it 1s clear that the abovementioned gualitative
explanation 1s gravely in need of experimental
groundling.

Calculatlion of the acqulred flow rate of a gas Jet
belng propagated in a qulescent or moving medlum
has shown that in the reglon where the throretlcal
and experimental characteristics of the Jet colnclde
the ejectlion properties of the Jets remain the same
as for a corresponding submerged jet (wilth the same
initial momentum and cross-cectional area of the
exhaust nozzle) of incompressible fluid. .

This fact suggests the 1ldea of the unlversality of
the ejection properties of a turbulent Jet under what-
ever external conditions 1ts growth occurs. The
expressed hypothesls permlits us without particular
difflculties to use the well known and extensively
tested fheory of a submerged turbulent Jet of in-
compressible fluid to find the laws for the propaga-
tion of a Jet under more complicated conditions (non-
isothermic state, off-design efflux, dynamlc com-
pressibility, longitudinal pressure gradients, etc.).

We note that thls hypothesis 1s based on the
followlng considerations: since the basic character-
istic of a Jjet 1s 1ts momentum; and its chilef property,
the eJection of substance from the ambient medium, it
is natural to assume that when the momentum of the Jet
18 kept constant, 1ts ejJection propertlies remain un-
changed.

Analytically, the hypothesis concerning the universality of the
eJection propertles of turbulent jets 1s formulated in the following
~way. If a given Jet propagating under ordinary conditions (subseript
1) and a standard submerged isothermic free Jet (subscript a) issue
from identical nozzles and have equal momenta at the initial cross

" ‘section .
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then these Jets also possess the same ejJectlon properties. In other
words, the laws for the increase in the mass of a Jet due to the
substance drawn into it from the amblent medium coinclde for the

given and standard jets when condition (0.1) 1s fulfilled:

d6, _ dG,

dx dx

(0.2)

Here G 1s the gas flow rate in an arbltrary cross section of
the Jet, and x 1s the longitudinal coordlnate referred to the nozzle
edge. |

It 1s easy to show that when condltion (0.1) 1s opgerved and
when the areas of thé outlet apertures are equal (besides having the
same geometric shape) the ratio of the flows of the standard and

arbitrary Jet 1s expressed by the formula

c‘...=_i/f£"i=V'p'° (0.3)

'where, by assumptilon, pae is the density of the amblent medium into
7

which the jet 1ssues.

Let us use formula (0.3) to reduce relationship (0.2) to dimen-

slonless form:

daG,.* R ° x
ax \G°=EC—' * =’rT) (0.%)

“ Ve

dz°

where ro 1s the initial radiﬁs of an axiaily symmetrical Jet or the
initial half-wlidth of a plane-parallel Jet.

The hypotheslis proposed above may be formulated in yet another
way: the intensity of the accumulation of mass by the jet (the Jet's
eJection'capacitj is proﬁortional to 1ts initiai momentﬁm dG/M = idem.

If there are twq_Jeta .flowing out from geometrically similar
nozzles, it is not difficult to show that the ratio of the reduced

increments (4G° = dG/Go) in these jets may be expressed by the formula

PTD-TT-63-222/1+2+4 -3
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When the initial momenta and outlet aperture areas are 1denti;a1
we have dG} = ’VE:dGE , which 1s analoéous to relationship (0.4) ob-
tained above.

Finally, it 1s possible to show that the proposed hypothesis for
the case of a submerged gas Jet conforms 1n the first appreximation
to the assumption regarding the universality of the profile relative
to the transverse component of velocity: v/u_ = ldem.

This assumptlion together wilith the fact, established by many
researchers (cf.[3]), of the similarity o£ the profiles of the
longitudinal velocity component (u/um = idem) 1s equivalent-to a hypotﬁ-
esis regarding the universality of the kinematlc flow pattern in
gas Jets.

ILet us 1llustrate thls by the example of an axlally symmetrical
jet for which the flow increment in an arbitrary cross section of the
submerged Jet dG = 2ngp, vo 7dx. 1s represented in dimensionless form:

As will be shown below [cf. formula (2.4)], the relationship

Vd r Uy _ 1
e U YV pr®(u,, /g P7)

is valid for the case under consideratlon, where the function ¢ may
be replaced by the constant ® (u./ u, p°) =const. for not too high values of
p°. Then

‘de*
d_:: ,/;i

= const%ﬂ

The approximate conformity between the statéd hypothesis
‘[ef. formula {0.%)] and the assumption regarding the kinematic uni-
versality of the Jets v/um = idem and u/um = idem also follow from
this,

Analysls of known experimental and theoretlcal data of various’
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authors shows that the accumulation of mass élong the submerged Jet
ofvincompressible fluld 1s satlsfactorlly described by the following
generalized relatlonships: ‘

for the main segment of an axlally symmetrical Jjet

G« = ay (£ = By) (0.5)
for the maln segment of a plane-parallel Jet
Gy =2V T+ (0.6)
for the initlal segment of a planar Jet
Co () = v2° + 1 (0.7)

This formula may also be used for calculating the initial portion
of an axially symmetrical Jjet in the first approximatlion.

In talking about the formulas describing the ejection of sub-
stance from the amblient medium by a turbulent jet, 1t should be noted
that they are noticeably dissimilar for different authors although
they are similar in structure and 1ln their general shape satlsfy
relationships (0.5)~(0.7). For example, for the maln segment of an
axlally symmetrical jet of incompressible fluld the coefflclent a4,
according to the data of several authors,‘varies from 0.11 to 0.20,
although the most frequently encountgred values of a,, according to the
data in some papers [3-9], lie in the interval 0.13-0.16. The main
reason for sucy discrepancies as well as for the lack of conformity
among the formulas for determinlng the attenuatlion of the axial velocity
of the Jet lies, in our oplnion, in the carelessness ol the analysis
of the experimental data. Thus authors rarely pre§ent data on the
distribution of velocity and other flow parameters in the initial
cross section of the Jet, 1.e., initial turbulence, but relate the

“axial velocity usually either to a maximum, or to an average (with

respect to rate of flow or momentum) value of the velocity in the
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initial cross section besiaes nou stallng which o0 these methcds is
being used, As wlll be clear from what follows, taking into account
the nonuniformity of the flow at the outlet from the nczzle (charac-

terized by the coefficients ny Noys and ni) introduces important

u’
corrections into the calculation, and 1t should necessarily be
carried out when analyzing experimental data or when comparing
experimental and theoretical results.

Let us present values of the coefficlents i fcrmulas (0.5) -

A

(0.7) according to available cxperimental data
a, = 0.135, % — —43, 2,=0376, 3=0 71=0.0362

We note that with the accunulation of experimental material and
after careful analysls of already known experimental data pertaining
to isothermic submerged jets under filxed conditions in the initial
cross section, 1t may become necessary to alter thesc values some=-
what (in particular, the coefficients in formulas (0.5)-(0.7) may prove
to be dependent upon the initial degree of turbulence in tre let).
Therefore to preserve the generality of future calculations we shall
for the time belng use the ejection laws In the fcrm of generallized
relationships (0.5)-(0.7).

It 1s not difficult to obtaln the ejectlion law for an arbitrary
Jet from formulas (0.4)-(0.7). Thus we have for the initisl segment
of the Jet

GC=Vprsr+1 (0.8)
while for the maln segment of an axially symmetrical Jet we obtain
C = Vs (s + 8, (0.9)

In the derivation of these relationships the constants of inte-

gration were determined from the conditlon that the obtained
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relationships coinclide with the sjecticn law for an iscthermic sub-
merged Jet when p° = 1. Generally speaking, these integration cun-
stants may be functions of the initial parameters of the Jet (e.g.,p°),
but here we shall consider them to be constants.

As may be noted, no gquantities characterizing the kinematics of
the amblent medium enter intc the right sides of Eq. (0.8) and (0.9).
This means that, in accordance with the adcpted hypothesis, the rela-
tive velocity of the concomitant flow has rno effect on the value of
the acquired mass of the let, The fact ‘ust rnoted is rather curlous
and may be of interest in problems having to do with mixture and
combustion in a stream. In particzular, 1t follcws from this that
mixing of the jet with the ambient medium, evidenced by the 1increase
in the mass ¢f gas drawn into the 'et, will alsc occur when the ve=-
locities of the et and concemitant flow are equal, Hcwever, iIf the
mementum of the cconcomitant flow 18 greater than that c¢f the Jet,
the flow will be determined by <he characteristics of the concomltant
flow, since in thils case the dominant role is played by the ejectlon
capacity ( proportioral, acccrding tc the adcpted hypothesis, to the

initial momentum) of the corcomitant flow, rather than of the Jet.

Fig. 1. Flow pattern in mlxing zone of
initial section of Jet.
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The hypothesls put forth above, expressed by Eg. (0.4, 1s an ’
alternative to the eguation of turbulent gas Jet propagation suggested
by the author together with G. N. Abramovich in an earlier monograph
[3], and together with the equatlons of conservation of momentum and
excess heat content forms a closed system for calculating a gas
Jet in . a moving medium.

In the individual examples below we shall show what results
are obtalned in the practical use of the proposed hypothesis, and
also a comparison will be made between these results and corresponding
experimental data.

1. Initial segment of a Fluid Jet 1n a Concomltant Flow.

let us consider the initlal segment of an lsothermlic turbulent jet
being propagated in a moving medium.
As shown in the literature [1], on the basis of an assumption

of the universality of dimensionless excess veloclty profiles
3

Au°=£%=(1_n:): (n:".j____”i.' yl._y2=b)

Yi— Vs

it 1s possible to obtain from the equations of conservation of
momentum, flow rate and transverse fluld equilibrium for the circult
Ky.y20M (Fig. 1) the following dependence of the relative ordinate

of the Jet boundary layer on the parameter m = uz/u,:
b = 0.416 + 0.134m (1.1)

In order to sdlve the problem it now remains to find the varia-

tion in the thickness of the free boundary layer b along the length of

the jet. For this purpose G. M. Abramovich has suggested [1] a rela-

tlonship derlved from L. Prandtl's theory on the mechanism of

mixing in the Jet. But, as noted above, this relationship gives
incorrect results when m > 0.35. Instead of this relationship we

-8~
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shall try to’hake use of our hypothesis on the unlversality of the

ejection properties of a turbulent Jjet. For this we shall compute
" the amount of fluild in an arbitrary transverse cross section of the

inltial section of a plane-parallel Jet

Y
G=2ywd%—wo+2g3mdy
‘Mg

For thils case P° = 1 we obtailn from this

c°=6€-= +-i—(0.55+0.45m—-—yb’—- (1.2)

Substituting into here the function G°(x°) according to
formulas (0.8) when p° = 1 and replacing the quantity*y,/b in

-vaccordance with Eq. (1.1), we obtain

It follows from this when ¥y = 0.0362

0.27 o

b= 1 +236m z (1.3)
OE‘ . A S
. : b= —l’b"_);::- Ty 230m
(1.4
i IR
: j
v 7 .
: 4 B

Cy ]
B 2\5\7\. ;
o4 - -- ? 2

\\ N .
‘; N . ]
: ~ oL
i i ! \\ N .
o (74 .04 sn o

Fig. 2. Dependence of reduced thickening
coefficient for the mixing zone of an iso-
thermic Jet (p® = 1) on the parameter m:
curve 1 is' drawn according to Eq. (1.47;

‘ curve 2, according to Eq. .(1.5); points

! 3) pertain to O. V. Yakovlevskiy's ex-

' periments [2); points 4)to B. A. Zhestkov's
experiments [4]. '
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In Fig. 2.functlon (1.4) is compared with the corresponding
experimental data obtained by the author [2] and by B. A. Zhestkov

{4], as well asgywith a similar functional relationship obtained by

G. N. Abramovich [1]:
T (1.5)

As follows from the comparison of the theoretical and experimental
results, Eq. (1.4), which has been constructed on the basis of the
adopted hypothesis, corresponds to the experimental points better
than Eq. (1.5) 1in the range 0.35 < m < 1, while when m < 0.35 both
theoretical curves agree satisfactorily with the experiméntal values.

2. A Turbulent Jet of Heated Gas (with Variable Thermodynamic

Properties) in a Concomitant Flow. Consider the main segment of a

turbulent jet of heated or cooled gas issulng into a quiescent or moving
medium of the same compositiorn as the substance of the jet (Fig. 3).

We note that recently in connection with the development of a differ-

ent kind of system the interest in jets of 1ntensely heated

(10,000-20,000°K) gas has increased considerably.

Fig. 3. Diagram of flow over the main i
segment of a Jet belng propagated in a ' ;
concomitant flow. i

) |

.- s
At these temperatures physicochemical transformations
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(dissociation, ionizationj are observed in the.gas, wnich lead to a
significant change 1n 1ts thermodynamic properties, particularly in

the heat capacity, which must not be consildered constant under these
conditions anyway, as 1t usually 1s in the calculation of non-iso-
thermic Jjets [3]. Analysis of prepared data on the tre rmodynamic
properties of’@arious gases, such as air [10], shows that from 0.001

to 1000 atm.(abs.) and from 1000 to 12,000°K (this 1imit may apparently
be ralsed to 20,0006K) the equatlon of state may be written irn the

form |

LAV RIN,
- ke P,(.’v . : (2.1)

where 1 1s the enthalpy, and the exponent a has the value 0.83 for
air. According to preliminary calculations this exponent 1s of the
same order of magnitude for other gases: thus for hydrogen a = 0.92.
In the future we willl use the eguatlion of state written in the form
(2.1) when P = Po, assuming that free turbulent jets are isobariec.
Experimental data on heated air Jets [3] allows us to assume
that the relative excess velocity profiles in them, Just as in iso-
thermlic Jets, are unlversal and.satisfactorily described by the

following equgtion:

U N

M === (1=2) (2.2)

un = upn u,
In addition, we assume that the relative excess enthalpy profiles
are universal, since at gas temperatures no higher than IOOOfK'they
conform, on account of the constancy of the specific heat, to the
relativg excess temperature profiles of the Jet, which, as we khow

[3] are universal. We wlll consider the epthalpy profiles to be
described by the equation

L SN (2.3)



In order to determine the kinematic and tﬁermodynamic parameters
at an arbitrary point in the Jet of heated gas taking into account
relationships (2.2) and (2.3).1t remains to find the variation of the
axial velocity and enthalpy, as well as of the thickness of the Jet as
a function of the distance to its 1nitial cross section. For this
purpose we have avallable a system of three equations.

The first two equations express the laws of conservation of
momentum and excess heat content in the Jet and after simple trans-

Vd
formations (cf., for example, Abramovich [3]) may be reduced to the

following form:

o . F, Doy =—mgn., - .
Aup’ lng Ay + (1 — my) 1407 = - __i__"‘:“_'_ (2.’4)
Aim®(moB, + (1 — mg) ByAu, 6] = Fo Foti— "
Bl = =T - (2.5)
Here 1 oF 1 iF
=\ _P 09l = \ P(Aunr &
‘41 - S pom Au F ' 1’ S Pm (Au’) F
] [ ]
1 1
- 2 o 9F = P 3 oi{_
B=\;tar%, B =\ G- srdue
o
3 o 1 - (2.6)
[ _%a Ua ° —\ P [ _¥a el W
The= & Pom  Yom Fo ' o= \ Pom ("om ) Fy
o °
1 .
v Uy ig dF, _ Yoo _ lom
Sl Pedre el S B e S
o .

the subscript 0 pertains to the initial éross section of the Jet;
®, to the amblent medium; and m, to the Jet axis. '

Let us point out that the equations written above are qf a general
nature and only the assumption of the universality‘of the profiles of
‘Au® and AL° was used in their derivation. In addition these relation-
*;hibé are suitable for both plane-parallel and axially symmetrical

Jets; for these cases

d’_d.v__ d’ ! v ¥\ -
- = =d, T""-?'Td(";‘ =Rd:
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respectively.

The parameters Ny’ nau, and ny introduced above characterize
the nonuniformity of the velocity and enthalpy (or temperature)
profile in the initlal cross sectlion of the Jet; in a Jjet with
absolutély uniform veloclity and enthalpy they have the same value,
equal to unity.

It should be emphasized that the difference in ncnuniformity
parameters from unity 1s often neglected 1n calculaticns of turbulent
Jets; as this fdves results which differ significantly from
actuality. This is especially true for the calculation
of a Jet in a concomitant flow, since, as 1s apparent from an analysis
of Eq. (2.8), the effect of the coefficients Ny, 2nd nyy (when they
are different from unlty) increases rapldly as the parameter m,
increases from its zero value,

As an 1llustraticn we shall point cut that for a steady-state
turbtulent veloclty profile in the initial cross secticn of the Jet
(1.e., when the thickness of the boundary layer is equal tc the radius
of the ocutlet aperture) satisfying a power functicn with an exponent

of 1/7, the parameters n._ = 0.815, n._ = 0.680.

lu 2u

We shall use Eq. (0.9) as the third relationship to close the
system of equations, 1.e., from now on we shall consicder only an
axlally symmetrical Jjet as it is the most frequently encountered in
practice., The method of calculation for & plane parallel Jjet 1s analo-
gous and based on relationships (2.4)-(2.5) taking into account the
ejection law for a plane-parﬁllel Jet described by formulas (0.4) and
(0.6).

It is not difficult to show that for the assumptions regarding
the universallty of the proflles of Au® and A1° introduced above the

-13-




relative rate of gas flow 1n an arbltrary cross section of the jet 1s

determined by the equation

G°=—CE.- ;’——F [moAy + (1 — my) A,Au,,°) (2.7)
Here
) 4 F. : 1
G = & pudF, Gy = \ pttF,, \ ; (2.8)
° ‘; om

By solving Egs. (2.4), (2.5), and (2.7) together we easily

obtain the dependent varlables in which we are 1lnterested Aum', Aim

and F/Fo as functions of the relative rate of flow G°, the variation

of whilch as a function of the dimensionless distance x° is described

by Eq. (0.9). We have

o Moty + (1 —my) A8 ” 1 Ry — MRy,
U medy = (T—my A Au® G n {1 —omg) ) (2.9)
Ain® = kiBun® ' (2.10)
. Pt R 1—m,  myA + (1 —m)A,8u,’
}n - PO— ] g =1 A, "'OBX <+ (i -—Ino) UzAumo ( 2- 11)

As will be clear from what follows, the quantity k1 varies slightly :
along the length of the Jjet, and when the velocity and enthalpy pro- '

files are uniform in the initial cross section (nlu =n, =n; = 1)

this quantity has. a value close to that for an lsothermic submerged
Jet ky; = 0.753 (in the case of a plane-parallel isothermic Jet

k, = 0.860). Thus Eqs. (2.10) and (2.11) correspond to an almost

1
linear relationshlp between the excess axlal enthalpy and excess axial
velocity of the jet. o

To find the functions Aum°(x°) and Aim°(x°) it is required to
4 and Bi‘
" in transverse cross sections are known as functions of ¢, while the

know the values of A Since the profiles of Au® and A1°
quantity p/pom when (2.1) 1s used as the equation of state may be

represented in the form



P‘I
Fom [V (py—=1) B1°Bip") (2.12)

after integration it is possible to find the coefficlents A1 and B1
as functions of the quantitles po and A1m°. But, for the fractional
values of a glven above, the integrals in Egs. (2.6) do not yield
elementary functions when relationship (2.12) 1s substituted into
them, and therefore numerlcal calculatlions were made for their
determination in the range of variation of the quantity (po - 1)A1m°
from 0.75 to 20.0 when 0.5 < a < 1. An empirical analysls of the
results of these calculations has shown that in sald range the values
of Ai and Bi can with an accuracy sufficlent for practice be computed

using the followlng formulas:
/ Po 0.257 p,*

Ao = U020 (5, — 1) b1l =5 1060 (pg— 1) Bi,1°
Aa= 0.134 po" ( 2. 13)
T 110760 (p,— 1) Aiy)*
B 0.428 p,* B.= 0,178 p.*
1= 11+ 0.500 (py— 1) 8ip,?)" 2T 1+ 0.730(p,— 1) Ai *)°

Substitution of relationships (2.13) into Eg. (2.9) by taking
formula (2.10) into account and replacement of the quantity G°
according to formula (0.9) using the obvlious equality

P° = poe (2.1%)

allows us to obtain the relationshlip between the excess axlal

velocity and the distance from the nozzle 1n final form

Au,’ 1.92%ape+ Au,® 192y, . '
Vi 5B Vaps T AU T (2.15)
P.: Cl (:' + Bl)
Here . ,
1 0.630 (py — 1) Au,,® e 1= 0.760 (py— 1) k,Au,® e
= 5 _— == . i
Vo [1 +0.280(py— 1) k,Bu° } o Ve [1 U5 (py— 1)k‘Au:° ] (2.16)
o Mo = T Moty
i PO T TRy

The variation 1n the enthalpy Aim" along the axls of the Jet

-15-



1s determined with the ald of Eq. (2.10). The coefficlent k,
contained in the theoretical equations may be determined in the first
approximation using formula (2.11), into which are substituted the
quantities A,, Az, B,, Bp compu:ced from relationships (2.13) using
the approximation

o g PA AL 1—m,
Alm = 0-153 ——})—0—_:7— e — 0,7 Auwm®

(2.17)

As calculations show, the values cf ki determined in this way
are extremely close to the values cf ki fcund in tre second approxi-
mation.,

The axial temperature cf the let Tm {or a particular value of
Aim° is determined from tables cf thermodyrnamlic functions for the
given gas (in the case of air - the tables cited at the end of the

article [10])) as a function T, = Tm(im), where
im = (ie — ) Bin ¥ iw (2.18)

The thickness of the Jet =r'r,=1F F,) in an arbitrary cross
gection is fourd from Eq. (2.4) using the function Aum°(x°), de-
termined by Eq. (2.15).

Thus the eguations obtained above permit the variation in axial
veloclty and temperature and also the thickness of the jJjet to be
determined as furnctions of the dimensionless coordinate x° in terms
of the parameters of the Jet and concomitant flow in the initial
cross section. The value of the velocity and enthalpy at an arbitrary
point in the Jet 1s determined from their known values at the axis
with the aild of Eqa. (2.2) and (2.3).

In order to appraise the effect of the parameter pg, which
characterizes the difference in the thermodynamic propertles of the

Jet and the ambient medium, on the propagation of the jet, let us

(iJ\




consider the simplest case of the escape qr a heated gas into a

quiescent medium (mp = 0). In this case from Eq. (2.15) when jo = 0
we obtain the following formula for the axlial veloclty of the Jet

after replacing the coefficients a; and f,; by thelr respective

numerical values:

. o[ 1= 0630 (py— 1) ku " ]2 124 v,
Y ’-f-(',?lﬁl(,._’)ktu“v J - \:’_4'3))/;,:. (2- 19)
where
PR L i IOV B B BT} PR B 7L 2
L, = 0. Rl R IR R A . T {
0.%53 A (Po—1) l. U050 gy — ) ks ] (2. 20)
or approximately -
ki== 0,753 L0t (2.21)
. .n ‘h— ‘)

From an analysis of the law for the damping of the axlal veloclty
of an-isothermic Jet (2.19) it follows that in a jet heated relative
to the ambient medium the axial velocity drops off conslderably faster
than in an isoé%ermdc Jet, with the value of u; for a given value of
x°® being inversely proporticnal to the square root of the ratio of
the areas of the ambient medlum and Jjet. As an 1lllustration the
calculated functions u;(“°) are presented in Fig. 4 for an isothermlc
(po = 1, or p°® = 1) and an intensely heated (po = 26, or p° = 15)

Jet of alr escaping into a quiescent medlum. -

Also presented are experimental polnts characterizing the axlal
veloclty in an intensely heated zir ot according to data obtalned
by V. Ya. Bezmenov and V. S. Borlisov.* As 1s apparent from the results
in Fig. Y4, theoretical formula (2.19) obtained on the basis of the
hypothesis regarding the universality of the ejection properties

*The data of thls unpublished work was obligingly made available
to the author for the preparation of the present article.

-17-



of turbulent Jets agrees satisfactorily with the experimental data
right up to very high values of the parameter po.

The damping curve for the excess axlal temperature AT; in a non-
isothermic et 1s also presented in Fig. 4, and the corresponding
experimental values, which, as can be seen, are close to the theoreti-
cal, are alsc shown there. This fact, 1n our opinion, attests the
negligibly small effect of radiant heat transfer, which has not been
taken into acczunt in the present calculations, ¢n the thermodynamic
properties of intensely heated turbulent Jets.

The theoretlical and experimental values of the thickness of a Jet
of intensely heated air are ccmpared in Fig. 5, and there 1s also
presented a curve characterizing the varilaticn in the thickness of an
i1sothermic et along 1its length, I¢ 1s apparent that the theoretical
thickness of a heated Jet whlch conforms well t¢ experimental data
markedly exceeds the thickness of an isothermic ‘et for the same values
of x°,

Fig. 4., Variation in the axial
veloclity um° alcng an isothermic
(p® = 1) and a heated (p° = 15)
. iy alr let; curves are calculated;

- small circles pertain to ex-
_ ) 705 periments performed by V. Ya.
| i??:zj%\~i,\i Bezmenov and V. S. Borisov

r i = = for p° = 15; variation in
5

' i 1 ¢ °
i ; axial temperature ATm along

the axis of a heated (p°® = 15)
alr jet; curve 1s calculated;
polnts pertain to experiments
at p° = 15,

Fig. 5. 1Increase in the thick-
ness of an 1sothermic (p* = 1)
and a heated (p° = 15) air

Jet along the x-axis; curves
are calculated, points per-
tain to experiments at p' = 15,
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Fig. 6. Variation in the velocity heat
bp® = pmumz/pouO’ alcng the axis of heated

(p° = 15) and isothermic (p°® = 1) air Jets;

curves are calculated, pcints pertaln to
experiments at p° = 15,

The thecretical and experimental data presented 1n Fig. 5 permits
us to draw the conclusion that, in splte of the difference in thick-
nesses of isothermic and heated submerged lets, the angle between
the boundary of the main section of the Jet and the x-axis, apparently
does not depend on the parameter p®, and its tangent has a constant
value equal to 0.22.

Pinally, in Fig. 6 there 13 shown a theoretical curve character-
izing the attenuation of the velocity head along the axis cf a heated
(p° = 15) alr Jet, and experimental polints obtained by V., Ya. Bezmenov
and V. S. Borisov are plotted there also. A thecretical curve for
the axial veloclity head in an 1sothermic alr Jet 1s shown for compari-
son in the same figure. As we see, the coincidence between the
theoretical and experlmental results 1is entirely satisfactory for the
case under consideration (p° = 15).

A comparison of data concerning the velocity head at the Jet
axis for p* = 1 and p° = 15 does not speak well for L. A. Vulis'
hypothesis [11] regarding the universality of velocity head distribu-~
tion in gas Jets.

Theoretical relationship (2.19) satisfies the experimental data




well alsc for small values of p°. It must be noted however than when

p‘ <3 (Lt.e., when the temperature of the Jet does not exceed 1000°K)

the equation of state must be used in its usual form
P Te

;J =
s

by T

and the specific heat c_ must be consldered constant. Then in all

p
relationships obtained above it is necessary to set a = 1 and,
consequently, po = p°. Calculations perfcormed by this method for a
warmed (p° = 2), submerged (mo = O) Jet are ccmpared with the
corresponding experimental data [7] in Fig. 7. As we see, a quite
distinct colncidence between the experimental and theoretlcal results
is cbserved in thils case.

A comparison of curves for the attenuation of the excess axial
veloclty of a ron-isothermlic Jet (p° = 2.04) prcpagating in a con-
canitant Oluw (0< Mo < 0.5 with experimental data [12] obtaired for analogous
conditions is presented in Fig. 8, where neu/nlu is taken eq1al to
0.95 for all values of mg. It follcws from an analysis of this figure
that the hypothesls regarding the unlversality of the ejection
properties of turbulent Jets 1s Justified in the general case of the

propagation of a non-isothermic Jjet in a moving medium.

Fig. 7. A comparison of theoretical and
experimental data on the axial velocity of
a warmed up (p® = 2) and an isothermic

$p° = 1) Jet in a concomitant flow

ny,= 0.888 and Ny, = 0.806) ; curves are

calculated; points pertaln to experiments
conducted by Yu. V. Ivanov and Kh. N. Suy
[{7] for the values: 1)p*® = 2, mo = O;
2)p® = 1, mo = 0; 3)p° = 1, mo = 0.65.
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Fig. 8. Varilaticn of the excess axlal
veloclity Au; in a non-iscthermic

(p® = 2.04) Je: propagating in a con-
comitant flow (n2u/n1u= C.95); curves

periments conducted by O. Pabst [12].

3. A Jet of Incempressible Fluid in a Ceonccmitant Flow., In

order to more clearly isolate the role of the parameter mo in the
propagation cf turbulent Jets, let us conslder the special case of an
1sothermic (p° = 1) Jet issuing into a fluid flow parallel to 1t.
Under these conditions (p° = 1) using formulas (2.2) and (2.6) we
obtaln

Ao = 1, A, = 0,257, Az = 0,134 (3.1)

and the flnal equaticn determining the law for the attenuation of the

axial velocity assumes the form

(R IT VL 18 4y, (3.2)

o _teRETT St L ;
At 3500 0y — Au o o —43

The thickness =f the Jet (r° = r/ro s‘J;;Gis for a given value
of x° 18 found from equation (2.4), the values of the coefficients
entering into 1t are determined by equalities (3.1).

In order to 1llustrate the characteristics of the spreading of
an isothermic fluid jet in a concomitant flow (when Ny = Dpy™ 1)
curves of the attenuatlion of the excess axial velocity Au; and of the

increase in the thickness of the Jet r° when 0 { mo < 1. As also
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follows from G. N Abramovich's theory [3], the presence of concomitant
flow leads tc an Iincrease in the long range nature of the Jet, but as
the parameter mo approaches unity the displacement of the axial ve-
locity attenuation curve becomes weaker and weaker until the curve
finally reaches its limiting position whenmg = 1 . Moreover, the
thickness of the Jet increases along 1ts length in this case, Just
as when mo £ 1, whereas according *c a theory put forth in the
literature [3] the Jet does not mix with the ambient medium when
mo = 1.

A comparison of the theoretlcal values of the axial velocity of
an isothermic Jet in a concomitant flow (0 < ma < 1) with the
corresponding experimental data taken from the literature [7], 1s gilven
in Pig. 7. Moreover, we have taken into account the initial non-
uniformity of the Jet, which according to Yu. V. Ivanov's supplementary

information, 1s in keeping with n., = 0.888 and n, = 0.806. As we

1u 2u

see, the hypothesis regarding the unlversality of the ejection prop-
ertles of turbulent Jets is also correct for the spreading of an
isothermic Jjet in a concomitant flow the velocity of which does not ex-

ceed the initilal velocity of the Jet.

Filg. 9. The effect of the parameter
mo on the attenuation of the axial
veloclty of a Jet of incompressible fluid

in a concomitant flow (nlua n,=- 1) .




Fig, 10. Thre effect c¢f the parameter
Mo on the thickrness of a jet of in-
ccmpressible fluld in a concomitant

flow (nlu =n,, = 1) .

L, A Supersoric Je% in tne Desigrn and Cff-Design Efflux

Regimes. Let us stop to ccnsider the case of a submerged supersonic
et = 0) . The prcpagation cf a supersonic let in a concomitant
m .

flow can be analyzed 1n a similar way. The mcmentum equation may be

presented in the form [3)

I /
HmSoly= o R e eyt

(4.1)

Here P; and P* are the actual and deslgn pressures in the
receiver; Ao 1s the velocity ratio; a, is the critical sourd velocity;
and cp and c, are the speciflc heats., The quantity Az depends upon
the value of aixo? and the axial velocity u; ; this functional
relationship was presented in the literature (3].

The relative flow‘of the gas in an arbltrary crcss section of

the Jet 138 expressed by the formula

- F A 0
G=ﬁ nlA Um (4'2)

iu

Here the coefficlent A; 18 a known [3] function of aA& and u;.
By combining relationships (4,1) and (4.2) we obtain:

S N PSR P
H...——A' P L",-\.-r ‘k:" \1——");] (4.3)




If we substitute ini~ her< the function G° = G°(x°,0°)

according
to formula (0.9), where
SR E (4.%)

and introcduce tl.c notatlion

A

ar = 1928 (U, ek (4.5)
formula (4.3) assumes the form

e 1 r _ 1ifi‘i o a ';1'.’./. Yiu, 0 aket)

In the first approximation the functicn S(um°, axg?] when

0 € axg® ¢ 0.7 and um' < 1 may with an accuracy acceptable for
practice be consldered as a constant S(um°, axoﬂ ~].

The theoretical curves for the attenuaticn cf the axial velocity

1 supersonic alr Jets when ard= 0.311(Mg = 1.5) 1s presented in

Fig. 11 for several values of the off-design parameter n, while in

Fig. 12 theoretical curves are given fcr design efflux with supersonic

velocity when aie? = 0.644 (Mg = 3.0)

Fig. 11. Theoretical and experimental data on the velocity
variation at the axis of supersonic air jJets (Mg = 1.5) for
design and off-design efflux regimes; curves are theoreticsal,

points pertaln to the experiments conducted by B. A. Zhestkov
et al. F)].

Fig. 12. Theoretical and experimental data on the velocity
variation at the axis of supersonic (Mg = 3.0, p° = 0,356)
air Jets: curves are theoretical; pocints pertaln to
experiments conducted by B. A Zhestkov et al. [3].

Als0 presented here are the corresponding experimental pcints borrowed
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from the papers published by B, A. Zhestkcv et. al. (cf.[3]). A
curve of the attenuation of axlal velocity for an iscthermic air Jet

with small initial velocity (Mg ~ O, p® = 1) is presented in Fig. 12

for the sake of comparison. As we see the supersonic Jet is of

considerably longer rarge, i.e., for a given value of x® itg axial
velocity um’ is higher than that of a Jet with small initial veloclty.
Analysis of this material indicates that the calculations made on

the basls cf tre hypothesls aktocut the universallty of the election
properties of turbulent Jjets also agree satisfactorily wilth xncwn
experimental data for superscrnic {including off-design) alr Jets
right up tc a gas velccliy corresponding to a Mach number Mg = 3.

5. Gas Liquld Jet. 1In ccnclusicrn we shall ccensider the efflux

of a gas Jet into a medlum filled with atcomized liquid, The theory

of such a ‘et, developed on the basis cf the author's formula
[
‘?/',._°~“o§ rdy [ pudy (5.1)

was first published in Abramovich [3].

We shall try to apply our hypothesis in this case as well.
As has been shown in the aforementioned article [3], the mcmentum
equation leads to the following relationship between the axial
veloclty and the area ¢f a lateral cross section of the gas-11iquid

Jet:

UL=N%

(5.2)
where N = 3,85 for an axlally symmetrical jet. From the equation for the
¢onservation of the initlal amount of gas we obtain the following

relationship between the gas concentration at the axis of the jJjet and
the axlal velocity:

(5.3)




In addition, 1t 1s not difficult to show that the flow rate of
the gas-1liquid mixture in an arbltrary cross sectlon may be expressed
by the formula

G’-_()./»?.R—Ex—"‘ (5.14)

Fig. 13. A comparlson of the theoretical
curves for the attenuation of the axial
velocity head 2/ =im? u”"‘ in an air Jet
1ssuing into water (p° = 650), and in a-
Jet with constant density (p° = 1) with
experimental data for a gas-liquid Jet

[13].

If we substitute into here G° as a function of x° according to
formula (0.9), relationships (5.2) and (5.4) form a closed system of
equations, which permits us to determlne the velocity and concentra-
tion of the mixture at the axls of the Jjet, and also the Jet's
thickness. ‘

In some cages the dynamic propertles of a gas-liquid Jet, deter-
mined by its velocity head, are of interest. As has been shown 1n
the literature [3], the velocity head of the mixture at the axis of
the mali segmcny of the Jet, relative to the initial veloclty head of
an ailr Jet may be expressed by the followlng approximate relationship:

Pt~ Kun® (5.5)

Substituting here um° as a function of x°, determined by relation-
ships (5.2) and (5.4), we finally obtain for an efflux of air into

water with a high subsonic velocity (p° =~650)
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T = x¥§i3 (5.6)

A compafison of the thecretical curve for the attenuation of the
veloclty head along the axis of the Jet according to formula (5.6)
with experimental data borrowed from the literature [13) shows
(Fig. 13) acceptable agreement between the method of calculation de-
veloped here and experiment, especilally if the ccnsiderable spread
of the experimental points and the approximate nature of relationship
(5.5) are taken intc account. The dotted line in Fig. 13 joins
the curves for the attenuation of the velocity head in the initial
(x®~2) and main (x° > 5.5) segments of the jJet and 1s drawn ideally.

A compariscn of data on the variation in the velocity head along
the axis of a gas-liquid Jet with the corresponding curve for a
submerged turbulent Jet with censtant density (p° = 1), Just as in
the case of Jets of intensely heated air, shows L. A. Vulis?
assumption [11] on the universality of velocity head fields (flow
of momentum) 1n turbulent jets to be invalid.

It must be emphasized that in the case of an isothermic jJet,
propagating in a concomitant flow, the results of a calculation based
on the hypothesis regarding the universality of ejection properties
when mg < 0.35 1s very close to theoretical data obtained on the basis
of G. N. Abramovich's theory [3]. Moreover, both the one and the
other set of results agrees well with experimental material. However,
at the same time that G. N. Abramovich's theory, for the reasons
pointed out above, begins to differ noticeably from the experimental
data as the value of me approachea unity, the hypothesis regarding
the universality of the jet's ejection properties entirely agrees

with experiment even 1n this range of variation of the parameter mq.




We add that the results of calculation according to the proposed
method when mg < 0.35 agrees satisfactorily with the theory of gas
Jets, Adeveloped by the author and published in monograph form ([3].
This 18 true both for Jjets issulng from the nozzle at high velocity
and for gas-liquid Jets. However, 1In the tneory Just mentioned non-
isothermic gas Jets are considered undzr the assumption that the
specific heat ¢_ 1s constant, which 1s not true when the temperature

P

of the gas 1s considerable (c® > 3). If the deperderce cof ¢y On
temperature is taken into accourt in the theoretical formulas, as

was done in the present work, the abcve-noted cornfcocrmity between the
calculatlions using the new method ard using the gas Jjet thecry [3]
in which the widening of the Jet 1s determined from the relationship

9
b uy— /

b
; R A :
by w IR \ jguar / \ _r,(j_,/J

will probably also be observed in the case of strongly non-isothermic
gas Jets.

If we take into account the fact that the hypothesis regarding
the universality of ejection propertles agrees satisfactorily with
the results of experimental 1lnvestigations of Jets with a
essentlally varlable density (plasma, gas-liquid, ard supersonic
Jets) then the method of calculation based on this hypothesis may
be recognized as being sufficiently reliable.

Analogous problems for plane-parallel gas Jets may also be
solved by the method proposed here. In addition the method of calcu-
lation based on the hypothesls regarding the universality of the
ejection propertlies of turbulent gas Jjets will apparently alao prove
applicable to the case of Jets propagating in a space bounded by

so0lid walls (e.g., in the mixing chamber of a Jet pump) 1in analyzing

~-28-
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gas Jets growing in a drifting side [low as well as in examining the
problems of turbulent ccmbustion in a flow,

In conclusion the author takes the opportunity to thank G. N
Abramovich for his extremely useful advice in the ccmpletion of this
work, and also to express his gratltude to Ye, Ya,

Firsova who partil-
cipated in the calculations.

Reccived July 21, 1360C.
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MIXING TURBULENT CJETS CF DIFFERENRT DENSITY

G. N. Abramovich

A number of papers [1-4] have dealt with the problem of the turbu-
lent mixing of Jets of difflerent density. Hcwever, the contradictory
results of the theoretlcal papers cf <ilferent euthors and the signif-
icant discrepancles in a number of cases tetween the theory and experi-
mente force us to return again to this probviem. Untill recently the
following two cardinal questicns in ‘et thecry had remained vague:

1) Are the same dimensionless velocity prcfiles retained in a
gas Jjet as in a Jet of inccmpressible fluid?

2) How does one density fleld or another influence the shape of
the Jet boundary?

The material presented in the authorts monograph [3] and in
articles by Vulis [4], Yershin [5], and Glikman [6] show that the first
question may be answered in the affirmative, 1.,e., 1t 13 possidble to
consider the velocity profile in different cross sections of a jet of
essentially variable density (1nc1ud1ng a combustion torch and a two-
phase gas-1liquid jJet) to be expressed by the same universal law as in
the case of an incompressible fluid,

- -
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The same may be sald oo ooning oot unliversallity of the profile
of the stagnation temperatwre and addlitive concentration for a jet of

moderate velocity (subscnic or low supersonic) and for a moderate

temperature difference; hie problem ol the temperature profile in a
Jet of high supersonilc vesooliug o Whea Lhe Adi{Terence In the Tempera-
turea at the boundarics of the mixing zone 1s great regulres further

experimental study.

The results pertalning t: the 3€cond guestio: pu;:d SOV il
less distilnct,

In the authorts peper {1] the thnlcwkness of the mixing zone of
two Jets of different density was ovaluated on the assump-
tion that the degree of tﬁrhulencc In a ccmpressible gas 1s character-
1zed by the ratio of the veloclty head of the pulsation veloclty to
the veloclty head of the average veloclty.

Subsequent experiments have shown that the evaluation of the
influence of compressibility on the thiciness of the Jet obtained in
thls case 1s not even rellable with respect to the sign in a number
of cases (for example, according to this theory 1t Lurns ouvt Lhnat aos
the density lncreases in a submerged Jet the Jjetts thilckness Increases,
while the opposite effect 1s observed in experiments [3]}).

In 0. V. Yakovlevskivt!s paper [2] another method was suggested
for taklng into accouni uie iniluence of the compressibliity of the
medium on the thickness of the Jjet, which method agrees satisfactorily
with exberimental data when the degree of compressibility for submerged
Jets 1s not very great, and also in cases when the veloclty heads 3in |
the mixing Jets are conslderably different. In the authors monograph
[3] 0. V. Yakovlevskiy's method was extended for large density gradi-

ents.
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However this method of taking into account the compressibility
also proves not accurate enough for very high degrees of compress-
ibility (plasma Jets) and altogether unsuitable for the mixing of
Jets in which the veloclity heads are commensurate.

It follows from theoretical considerations that the instabllity
of the tangential discontinulty surface, leading to turbulence, 1s
due to the dif}erence in the velocity heads cn either side of this
surface, 1.,e., when the veloclity heads are the same the discontinuity
surface 1s most stable and, consequently, the mixing zone has minimun
thickiess in this case,

Experiments performed by L. A. Vulis [4] and I. B. Palatnik [7]
bear out these ccnsiderations by shcewlng that regardless of the dif-

ference in the densities and velccitles of the adjacent jets their

O. V. Yakovlevskiy's method of accounting for compressibility [2] is
found to be in contradiction with these results,

Proposed below is a2 new method for taking into account the influ-

ence of the compressibility on the thickness of jet mixing zones, which

doesa not contradict the experimental data for any of the possible
mixing regimes,

As in all the above-menticned methods, we will consider the rute
of increase in the mixing zone along 1ts length to be proportianal to

the degree of flow turbulence

LI L (1)

dx L ul

Furthermore, we may assume that the momentum acquired (or lost)
by the instantaneous mass of a Jet in connection with turbulent pulsa-

tions 1is proportional tc the difference in the velocity heads at a

3



distance equal to the mixing length
. d(put
() v :""‘-(:':") (2)

Here pu 1s the local value of the flow denslity of the forward
(along the x-axis) stream; lv'], the average value of the lateral
pulsation velocity (along the y-axis); 1, the mean value of the mixing
length; and b, the thickness of the mixing zone at a distance x from
the beginning of mixing.

But the laferal velocity head gradient 1s proportioﬁal to the
difference in the velocity heads at the boundaries of the mixing zone
and inversely proportional to the zane's thickness;

dinut)  pnd — ppny
[)

Jy
Hence
"_'! ‘_ P11 — poars?
L 6 (pu) (m) (3)

Subscripts 1 and 2 pertain to the two mixing Jets,

It 18 necessary to give a definition of the characteristic values
of the flow density (pu) and velocity (u), which must be substituted
into the denominator of the right side of the last expression. We :
shall assume that some velocity, which is averaged for the zone i
(characteristic velocity) 1s defined in the following ways l

T = 9 |

while the characteristic values of the density of the flow and the i
density of the medium are obtained by averaging these quantities with ?

respect to the thickness of the mixing zone
»

[4

(w) = 5§ pudy. ()= 5| oy
[
Then if the relative values of the mixfng length are universal
in different cross sections of the mixing zone (1/b) = idem) we have
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db P14y = pau !
-~

7’ dx' K] "———. ("‘)

h b
‘f}'; = c,.l'. (o1, — ou3%) S ody / (\ pudy /]’ (u)
v

u

The values of the lntegrals are calculated for given velocity and
density profiles [3]. The four was inserted into the denominator of
the right side so that the coefficient of proportionality (c) would
have the same value as 1n the authorts monograph [3] for the special
cases of the mixing of Jjets of lncompressible fluld and for submerged
gas Jets. If the density in the Jets does not differ greatly (by less

than a factor of two), then it 1s possible to assume

b b
1 o+ p 1 LUy + paus
Tgpdyz xz Ll _b_Spudyz mlzhu.
Then ° o
ib_._.. ¢ o —nau.t , f—m3® {o.°
dr, " 2 (ou; + pugp (P '7“ p)=c¢ m—"‘)’— “3 = (5)
Here
m _ Mz , p° = ::.

uy “
In a jet of incompressible fluld (p©® = 1) this new expression

reduces to the expression previously [3] recommended by the author
db {—m

iz i5+m
In the case of concomitant jets of equal velocity (m = 1) we
have from {5) '
db

x

-

p.
E

o]

For a submerged jet (m = 0) when the degree of compressibility
is not very great, we obtailn from (5) the same expression as was

obtained in the literature [2]
/
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However, when the difference in the density of the Jet and the
amblent medilum is large the new expression for the thickness of the
mixing zone diffeﬁs significantly from the old one [3]. For a sub-
merged jet (m = 0) 1t follows from (%)

b b
b [4 o dy C o0 u dy \?
=V (%) (6)
v v
whereas the previous expression had the form
b

b
b e o ] \ » u dy
w=T\e Y/ ¥ (7)

u

)

The integrals in both of these expressions have been computed for
any value of p© in chapter 7 of the author's above-mentioned monograph
[3]. For example, when p® = 10 the mixing zone according to new
expression (6) turns out to be almost twice as thick as by former
expression (7), which agrees with the experimental data.

For equal velocity heads (m?p° = 1) there 1is no mixing (db/ax =.0)
in accordance with (5). This can be true only when the initial turbu-
lence in the Jets is small; 1f such turbulence is sufficlently high,
then for values of m?p® close to unity the mixing is determined not
by the difference 1n the velocilty heads of the jets but by their ini-
tial turbulence. The proposed new method for accounting for the effect
of the compressibility of the medium on the thickness of the mixihg :
zone requires careful experimental verification and, possibly, furthef'
refinement, However the fact thét this method agrees with all avail-
able experimental data in the limiting cases of a submerged gas Jet,
of mixing of Jets of incompressible fluid, ahd of mixing of Jets of
different density but nearly equal velocity heads speaksd well for it.

Recelved March 13, 1961
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