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FOREWORD

The tables presented herewith were prepared by the Rocketdyne Division of North
American Aviation, Inc., as a part of the work performed under Contract No.
AF 33(616)-7372 ("Research on Statistical Design of Complex Experimental Programs")
for the Aeronautical Research Laboratories, Office of Aerospace Research, United
States Air Force. The work was docvuented on Task 7071-01, Research in Mathematical
Statistics and Probability Theory, of Project 7071, Mathematical Techniques of
Aerodynamics.

These tables differ from existing publications of the noncentral t distribution

in two major respects: ’

1. There is broader coverage of the middle and lower ranges of values of the
noncentrality rarameter 5 than is now available from existing tables with
comparable detail.

2. Additional modifications are ] incorporated so that these tables can be
used easily for statistical inferences in prcblems of simple linear

regression.

The preparation of these tables is primarily the work of Mitchell O. Locks and
Madeline J. Alexander who wrote the introduction and performed the mathematical
analysis, and Bernyce J. Byars who programmed the computations for the IBM TO90
Cumputer. Albert Madansky, now of the Rand Corporation, prcvided valuable
consulting assistance. H. Leon Harter of the Aeronautical Research Laboratories was
the contract monitor, and ‘the members of the staff at Rocketdyne extend their thanks

to him for his constant encouragement.
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ABSTRACT

Thié monograph presents new tables of the probability densities and cumulative
probabilities of the nohcentral t distribution. These tabulations differ from
éxisting ones primarily in the treatment of the range of values for the noncentrality
parameter . Values of the distribution are given for both & = Kb J/rEf;—i and
5 =\Kb / £+ 2 vhere Kp is the nomal deviate corresponding to probability p and f
is the degrees of freedom. The distribution functions a~ - ven in two different
sets of tables: {1) the probability integrals (cumulative probabilities associated
with many values of the noncentral t statistic), and (2) percentage points (values

of t assocliated with relatively few fixed probability levels).
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INTRODUCTION

I? we define

t o 2t+0 , (1)

Ve

- vhere z is normally distributed with zero mean and variance unity, w has the Xz/f-
distribution with f degrees of freedom, and § i¢ the noncentrality parameter, then

the noncentral t function is
£+l

e L - g B o) S
zT]"[-g-j /—n—f

vhere

£
Hhe(y) =f ;’,,. exp [- -—;—(V+y)2] v . (3)
o

A well known reference for the th function is the British Association tables

with discussion by Airey and R. A. Fisher, Ref. (1).

Several tabulations have been made of the noncentral t distribution. In chrono-
logical order they are: Neyman (193%5), Ref. (2); Neyman and Tokarska (1936),

Ref. (3); Johnson and Welch (1940), Ref. (4); Resnikoff and Liebermsn (1957),

mm FEN wel s s e fn
Rei. (5); Merrington and Pearson {155 . (5) ; Owen (1958) Ref. {7); and

o~
y AL

~~

Resnikoff (1962), Ref. (8).

The tables in this monograph employ notation similar to that used by Johnson and
Welch, and Resnikof< and Lieberman (R-L). The format and style of presentation are
similar to the latter. A conipa.rison of the present tables to R-L is given in the
next section. Subsequently brief descriptions are given of the other tabulations.

Manuscript released by the authors on December 10, 1962 for publication as an ARL
Technical Documentary Report.



SUMMARY AND COMPARISON

THE RESNIKOFF AND LIEBERMAN TABLES (R-L) AND OTHER TABULATIONS
In these tables transformed arguments are utilized to make possible a uniform
and cempact tabulation of the noncentral t. R-L employ for & & relationship

5= Kp / £+ 1, with f the degrees of freedom and KP the corresponding unit normal

deviate defined by

©

-:—L-; f e X/2 gy - P,
v ¥p

and instead of t tabulate the variable t/ /_f . The present tables employ the same
relationship for &, but cover the range of values of p and Kp more extensively by
employing a uniform grid for KP Thus, lower values of the noncentrality parameter
are obtainable than from R-L. Furthermore, the present tables can be entered
directly with the value of t rather than t/ /_f— As a result, our tables are less

compact than R-TL, but permit finer interpolation.

In addition, a separate set of tables is presented for & = Kp / £+ 2. This
not only increases the number of different values of the noncentrality parameter
vhich can be employed, but also simplifies certain types of computations in problems
of simple regression, as will be shown below in an example. The characteristics of
both the new and R-L tables are given helow in greater detail. Following this

comparison, summary descriptions are given of the other tabulations.

o0



COMPARISON OF PRESENT TABLES WITH R-L

PROBABILITY DENSITY h(ty|f,8) AND
%o
PROBABILITY INTEGRAL f n(t|£,8)dat = P(t < tg)
-0

ARGUMENTS R-I, TABLES PRESENT TABLES
f | 2(1)24(5)49 | 1(1)20(5)k0
t - Incremeats of .2
13/ /T Increments of .05 -

.25, .15, .10, .065, .0k
P ‘ .025, .01, .00k, .0025, .001L

675,1.03%6,1.282,1.514,1.751
¥  1.960,2.326,2.652,2.807,3.000 | 0(.25)3.0

. o fir o firi fire

#Not used, but may be determined from the values of KP by reference to the tables of

the normal probability integral.

t,
PRIMATNMA AT DATNMA - " O vlrlo eVas
LLdvolu N Ll LVAINLLD < —J AN B A
-00
ARGUMENTS i R-L TABLES PRESENT TABLES
f,t, t/ﬁxp,s Same as above Same as above
€ 1995, .99, .95, «90, .75, .50 .995, -990, .95( .05) .65, .C1
‘ .25, .10, .05, .C1, .CO5 *

* The .025 and .975 percentage points appropriate to R-L were tabulated by
Scheuer and Spurgeon, Ref. (lO) , to facilitate the computation of 95
percent confidence intervals.




SUMMARY OF NONCENTRAL t TABULATIONS

Prip(x <X + ks
> Pln 7

= .70, .75, .80, .90,
9%, +99, .99,
999

PUBLICATIONS DESCRIPTIONS ARGUMENTS AND COMMENTS
RANGES
Neyman, Ref.(2); [ Percentage points |a = .Cl, .C5 Both tables cover the
and Neyman and stated in terms ".01, .05, .1(.1) .9 | same ground, but each
Tokarska, Ref.(3) | of standardized € =| 1in Ref.(3) employs a slightly dif-
Type II error (p) Variable in ferent form of tabula-
Ref.(2) tion.
£ = 1(1)30, =
'Johnson and Percentage points [ f = 4(1)9,16, 36, Except for € = .05, the
‘Welch, Ref.(h) in terms of ® 14, calculation of percen-
Pr(t > te|f,8)= € |e = .005, .01, .025, tage points requires a
.05, .10(.1} .9, complicated interpola-
.95, .975, .99, tion process.
and .995
Owen, Ref.(7) Percentage points |n has various values | Designed to facilitate
in terms of k P = .70(.05).85 constructing tolerance
9995 ' intervals for normal

populations. ¥ corres-
ponds to the percentage
point, and p the propor-
tion of the normal
population covered.

Resnikoff,
Ref.(8)

Compact and
extensive tables
of percentage
points

6(1)9,16, 36,
14k,
.005, .01, .025,
.05, .10, .20, .3,
A5

The percentage points
are found for a wide
range of values of §,t,
and f through a compact
interpolation process.
Uses a technique similar
to that Ref.(4) uses for
€ = 05.

Merrington and
Pearson, Ref.(6)

Approximation of
percentage points
by a Pearson Type
IV curve

Provides a good approxi-
mation over a wide range
of values of f and t, by
graphical methods.




DESCRIPTION OF PRESENT TABLES
The table format is similar to that of R-L. The major change is in the coverage

of the range of & and the fact that t itself is used as an argument rather than
t/ /£

For the Hhe function, the following recurrenze relation (Refs. (1) and (5)) vas
used

fﬂhf(x) = th-z(x) - xHhe 3(x).

An approximation from Hastings (Ref. (9) - Sheet 63) was used to evaluate

o
Hho(x) =f e'uz/zdu .
x

The probability integrals were computed by six-point, Newton-Cotes numerical
integration. For & = O, and £ = O, 1, ..., 6, the procedure for computing h(t|f,5)
converges slowly as t - ®. Therefore, exact formulas were used to evaluate the
integrals for these values of f. These formulas also provided a useful check on
the accuracy of other computations for small values of & and f. For £ = 40, a

method of steepest ascent was used in evaluating the integrals.

The percentage points were obtained by using six-point Lagrangian interpolation
polynomials together with the calculations performed for the tables of the probabil-

ity integrals.

The tables were prepared on the IBM 7090 Computer and are the direct computer
output as printed by the peripheral equipment with very minor intermediate editing.
Numerous checks were made with R-L for the &, f, and t values used in those tables,
with the tables of Student t for & = O, and with Resnikoff (Ref. (8)), who presented

a comprehensive table of percentage points in compact form. In no case where



comparison was made with a published standsrd is the disagreement more than one unit

in the last decimal place.
THE POWER OF THE t TEST IN SIMPLE REGRESSION

Tn simple regression one is freguwently interested in testing hypotheses con-
cerring thz values of the intercept and slope parameters in order to make inferences
about the relationship between the independent variable x and the dependent variable

y. Given r observations each of x and y, we employ the model
Yy = a+bx+e, (1)

wvhere a and b are the intercept and slope, respectively; € is the random normally-

distributed error having an expected value of O and variance o2 . When the x values

are scaled to have a mean of zero, the computations for this model are as follows

i 2T =) 5 Xy,
estimates of parameters: a =y =-.Z_J n b= Z sz

2 o ~ T
2 2 Zy - a Zy -b ) xy
estimate of © : 8% = {~ , n - 2 degrees of
n-=2 ‘ freedonm
estimates of variances 2 SZ 2 52
of the parameters T =T‘; Sy = , n - 2 degrees of freedom.

I

For the intercept a, we state the following hypotheses:

Hy: a = ag: Reject Hy in favor of Hy with risk & (also known as the
probability of Type I error or level of significance)
vhen a = 8
Hy: a=a, for any a) > ag: Reject Hy in favor of H, with risk g (also
" known as the probability of Type II error

or l-Power) depending on the value aj.



For given f, @ and the one-sided alternative (Hl: a) > ao) , the Student t test
is performed as follows:

Select t, from the table of the Student t such that P(t < ty|f,6 = 0) = &. The sta-

tistic tg =2~ %0 = /28 - 80) poc the Student t aistribution with n - 2 degrees
Sg, s
of freedom. If t < ty, we accept Hjy, otherwise Hj.

For each 8 > 8, the corresponding noncentral t statistic is

oo [Ll-w), s /s (5)

o

Equation (5) is of the same form as Eg. (1): / :ii; 21) , vwhich corresponds to z, is
normally-distributed with mean zero and standaid deviation unity; the noncentrality
parameter, 5, is _@}_E:__ai) ; and s/o has the xz/f distribution with f degrees

of freedom.

A little reflection will show why & is usually expressed in tables as the
product of /,—n_ and the unit normal deviate KP For this form of tabulation,
.(al_;i@_ which is independent of n, corresponds to Kp and thereby becomes a measure
of the standardized difference between the alternative and the null hypothesis. By
this representation of 8, the noncentral t function is tabulated on a standard grid

of values of l%

Given t,, f, and &, the power is the probability of rejecting H,, or
P(t > tolf,a) . By using the current tables and R-L jointly, one can obtain these
probabilities for over 30 different values of & for many of the smaller values of f.

An example of these calculations 1s given in the next section.

Although the tests for hypotheses concerning the value of b are conceptually
similar to the one described above, the computations involved in using the tables

are somevhat more complicated because & cannot conveniently be factored into the



product of two terms, one a function of n, and the other independent of it, as 1is

i
i the case in testing hypotheses concerning a.
|
|

As before, the hypotheses are:

&
"

b

= bl’ for w bl > bo-

)

W
-
!

The noncentral t statistic is of the same form as Eq. (1) and is

PRy, SIS
sfo

The noncentrality parameter in this case is (bl ; bo) Z 2, since Zxa usually ¥
not an integer, it is necessary to specify the noncentrality parameter, and inter-
polate in the tables. When the values of x have been scaled so that Zxa =n, as
can often be done in experimental designs, then additional interpolation is not

necessary.

EXAMPLE

Consider the testing of hypotheses concerning ths parameters a and b of a
linear regression of the form of Eq. (4). Sa.y“the data consist of eight observa-
tions, each having an observed value of the dependent variable y associated with a
given value of the independent variable x, which has been coded at alternating +1

and -1 values, so that sz = n.

For the intercept a, the hypotheses to be tested are:

Ho: a=0
El: a>0.



For the slope b, the hypotheses are:

HO: b =0

gl: b >C.
Taken together, both null hypotheses are a statement that the regression func-
tion is satisfied.by‘the origin. It is not possible to test this statement as a
null hypothesis against both of the alternate hypotheses simultanecusly with the
noncentral t function. But we can test each of the null hypotheses against its own
alternate separately. For both sets of hypotheses, let us choose an G of .05.
Since there are eight observations and two parameters, f = 6, and the critical value

of the Student t at the five percent level of significance is 1.943 in both cases.

The table below gives the power of the test for 19 different values of &.
Although th? number of values considered is larger than one would normally need in
practice, the multiplicity of cases is given to show how both sets of tables
(6 = K, /F+_1 and & =K, /f+ 2) can be combined with R-L to supply probabili-
ties for a wide range of values of 5. All probabilities given Lelow were obtained
from the appropriste table for £ = 6. Where interpolation was performed, it was

done harmonically (see footnote) .



POWER OF THE STUDENT t TEST
tg = 1943, £26, n=28

K 5= /1K 8= K, P(t<1.945|f=6,8) Pover = 1-P
* 0 0 0 .95C0 .0500
.25 6614 8543 AL5T
425 L7071 Slhg 1551
.50 1.3229 6813 3187
.50 1.41482 6520 3480
675 1.7845 5254 RN
15 1.98u3 4569 5431
.15 2.1213 4100 5900
1.0 2.6458 2h73 oAl
** 1 .04 2.7421 .2201 <7799
1.00 2 .8284 .2001 27999
1.25 3.,3072 .1050 .8950
** 1 .28 3.3907 .0912 .9088
1.25 5.5355 0736 9264
1.50 3.9686 .O3hY 9656
** 1,51 4.C059 L0313 9587
1.50 L.2h26 .0200 9806
1.75 4.6301 .00E6 991k
1.75 L.ohoT .C0L4C 9960

* From table of Student t. The .95 probability can be approximeted from the Ffirst
column (& = C) of the table of probability integrals for f = & using harmonic
interpolation between t = 1.8 and t = 2.0 as follows: -

1/1.8 - 1/1.943

1/1.8 - 1/2.0 (.9538 - .9390) = .9499.

P = .959
fhus, in this case there is an error of 1 wnit in the last place.

#* Obtained from R-L.

These probabilities can then be used in making inferences regarding the coeffi-
cients a and b in simple regression. The larger the true value of the paraxnetex-'s
estimated by these coefficients, the greater the probability of rejection of the
null hypothesis in favor of the alternative. The table constructed above applies to

the testing of hypotheses either for a or for b.

10
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