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Chapter I. INTRODUCTION

1.  Outline

We shall presen%uniﬁed treatment of boundary vaiue prob-
lems involving a system of ionized particles (i.e. a plasma) whos'e
singlet phase-space density is presxfmed to sat;isf{ the linearized

., AR K

form of the Landau-Vlasov equation}\s g;;;uﬁcany.,.me.xhallmke
wAnormal mode expansion in the singular eigenfunctions >f the
coupled Maxwell and Landau-Vlasov equationsy # '~ // 7y

This first chapter, by way of introduction, contains a descr{p

tion of the nonstatistical approach to plasma oscillations, foilowed by

an outline of the ideas of various writers who have derived the Vlasov

©N

equation using a variety of approaches. In the last section of this
chapter we explicitly present the basic equations to be considered in
the remainder of the text.

In chapter II we exhibit normal mode solutions of the coupled
equations for the case of transverse waves of fixed frequency. The
spectrum and orthogonality properties of these modes are discussed
and a fundamental completeness theorem is proved.

In chapter III we treat the problem of reflection of electromag-
netic radiation from a plasma half space and slab, and discuss the
modifications necessary when the plasma is located in a steady-state

magnetic field.
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Chapter IV includes an assortment of topics. The initial
value problem for transverse modes is considered from the stand-
point of both the singular eigenfunction expansion and the more
conventional Laplace transform treatment. Since thisis the most
familiar problem is plasma oscillations, only the results are pre- -
sented and these only in outline form. The long-time ""Landau' damping
that results is discussed along with the corresponding damping in the
transverse mode initial value problem., The normal modes for fixed
frequency longitudinal oscillations are derived and the corresponding-
completeness theorem is proved. The eigenfunction expansion is then
used to solve longitudinal mode boundary value problems, resulting in
expressions for the penetration of an oscillatory longitudinal electric
field into a plasma half-space and the impedance of a plasma-filled
parallel plate capacitor, Finally, we mention a rather indirect applica-
tion of the singular eigenfunction method to the problem of electron

migration in a discharge tube.

2. The Plasma as Dielectric

The most well known theory of plasma oscillations is Langmuir's
characterization of a plasma as a collection of mobile electrons at zero

temperature, and essentially immobile ions,* According to this very

*In fact, Langmuirz was the first to use the term ''plasma’ to denote
a region in an ionized gas containing equal numbers of ions and electrons.
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rudimentary model, an electron, normally at rest, moves under the
influence of the electric field which arises from the displacement of
all other electrons from their equilibrium positions. From this
interdependence of electric field and electron positions originates the
characteristic collective behavior of the plasma. In particular, in
this simple model the plasma behaves like a homogeneous dielectric
medium (with respect to sinusoidal disturbances of frequency & )

with permeability

3
4rme
m w*

E=1-—

(1.1)

e and m are the electron's charge and mass respectively, and n

is the electron density.
It follows that the plasma can support longitudinal oscillationge=«

"plasma oscillations'-~of the frequency

2\ 2
W=, = (Qt);qn.e) (1.2)

for which the permeability vanisﬁes. That is, Maxwell's equations
2 1B 3 | E
- -
VXE=""—'~" VXB: £ - —
2 ¢t

(1. 3)

wd  oh

Z-V‘E = VB =0

are satisfied for disturbances of the form
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o A (kT t
2(it) = E ket (*TEY

-é{_;l.’t) =0 (1. 4)

for any wave vector .

These oscillations can never be utilized to propagate a signal
(the group velocity 8wp/8k vanishes identically), but a plasma can
be caused to oscillate in such a manner that surfaces of constant
phase will move forward - "a situation like the familiar barber poles
which appear to move steadily without rising"l.

The characterization of a plasma as a dielectric medium whose
dielectric properties are determined by relating electron positions to
the electromagnetic field and vice-versa, places plasma problems on
an equal footing with problems of the electromagnetic behavior of more
familiar materials. In this approach, the plasma is characterized
entirely by its permeability, and its unique behavior stems from the
peculiar frequency dependence of the permeability.

For example, consider the case of an electromagnetic wave
normally incident on a plasma half space, The familiar formulas of

electromagnetic theory yield

n (w) - "f(w) (the index of refraction) (1. 5)

and
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4 Re n(w)

| 1+l

dew‘-w‘ wyw
(w +W)

(the transmission coefficient) (1.6)

i

T(w)

0 w g W,

A complete exposition of the applications of this approach to
problems of wave propagation in ionized atmospheres may be found
in the review article by Mimno3. Also, Ford4 exhibits the various
modes of oscillation of a zero temperature plasma under the influence
of a constant magnetic field, and utilizés ‘them in the solution of
boundary value problems in the transmission and reflection of electro-

magnetic radiation from a plasma half space.

3. The Vlasov Equation

A more nearly rigorous description of the plasma as a collec-
tion of charged particles with random motions demands a statistical
treatment. This is given through the Vlasov, or ''collisionless-
Boltzmann' equation.

' ? (;: _\:. t) denote the phase space single particle density.
It obeys the Boltzmann equations

7F avy (¥
ot * u' aT T (Dt eollision .7
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where a is the local acceleration produced by external forces

(if any) and the right-hand side may be evaluated explicitly by
examining the binary collision mechanisms in detail. Vlasov6

noted that if the plasma is sufficiently ionized and not too dense (as

is the case, for example, in the ionosphere), the individual electron
collisions via both short range and Coulomb interactions occur with
frequencies far lower than the plasma frequency. On the other hand,
the long-range effects of the electromagnetic forces due to every other
charged particle (''many-particle" collisions) may be taken into account
a

through the . Vu term. Thus Vlasov asserted:

7
U collision

A = E-[E +-c':7ax§] (1.9)

m

112

0- (1.8)

where the plasma particles themselves serve as the source of the
electromagnetic fields E and B . Hence the electromagnetic fields

are made self-consistent through the coupling of the Vlasov equation

W LoavT + —‘"—’—[E +é'ﬁxﬁ]-'V'J’ =0

21 m (1.10)

and Maxwell's equations.

4. The Vlasov Equation (continued)

Vlasov's heuristic ""derivation', despite its aesthetic appeal,

is actually quite unrealistic. The Boltzmann equation rests on the



-7

hypothesis that the particles spend a negligible fraction of their time
colliding, whereas the electrons are constantly interacting through
the Coulomb force. On the other hand, the separation of Coulomb
effects into binary collisions and an "external" interaction via the sel -
consistent field possesses no rigorous meaning. In actual fact, the
“smearing' of an electric field produced by a collection of point
charges into a smoothly varying self-consistent field must be viewed
as some sort of an approximation.

The nature of this approximation appears directly from con-
sideration of the Liouville equation for an N particle system with

binary interactions:

N N

- = A - = 1 Y/ =2 v

REA g *LRRT, -0 GHRANLT, <0
13 tEjel :

Qe

where ¢ is the binary interaction potential.

Integration of this master equation over position and momentum
coordinates of all but s particle_s (s=1,2, ... N) leads to a
hierarchy of equations, the familiar B-B-G-K-Y hierarchy. If we

define reduced distribution functions

N
'};(ﬁ,ﬁ.-----‘r,,u,,t) = VSS?L“- J-s’-': daﬁ‘; (1.12)

t=$¢1

and set

(1)

(1.13)

(1%, -7) =
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we obtain the equation for Tl :

'0 A - Ry, ne 32, 132, e Ly, FR T
'otT(T’u’t) +W-VF = DE{Lpdg V‘,?_F,,'Vu&:(r. 6,508 (1.14)

and similar equations expressing Ts in terms of ?s-H

'b S R el S, o ) .-s
3% tLERE - & L g

(1.15)

In order to close the hierarchy, some statistical assumption
is necessary. In particular, if we assume that there are no correla-
tions between particle motions, then the two-particle probability

distribution is the product of the respective single-particle probability

distributions
F@af i = FELYT, (41, 1) (1.16)
and the ?1 equation decouples from the rest of the hierarchy:
W, 2337 =-2&[% y me ?’(wa':)a’#-a’a- a
n + Wy, il %

This is just Vlasov's equation with the self-consistent field obtained
L7 :
through the solution of Poisson's equation. Harris , starting from

Liouville's equation withthe correct (retarded) electromagnetic inter-
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action, instead of (1.13), shows that the resulting Vlasov equation
containg the Lorentz force term as well, as might be expected.
Intuitively, the assumption of no correlations breaks down
is two particles spend much time ''close" to each other. Hence,
the factorization (1.16) rests on the assumption that the density is
low enough so that individual particle effects may be neglected with

respect to long-range effects. The criterion for this may be taken

to be
3
ni, »| (1.18)
where
e \h
)\D = ( e z‘) the Debye shielding length.  (1.19)

Equation (1.18) implies that the long-range effects predominate, since
a) it insures that many particles lie within the range of the
shielded potential of a single electron, and

b) Dby virtue of the relation

1/, {2
w () = 5

@ (1. 20)
it has the effect that the average potential energy of a binary
interaction is much less than the average kinetic energy of
a particle.

Laboratory plasmas and plasmas of astrophysical interest (solar corona,
gaseous nebulae, etc.) satisfy the criterion (1.18) with several orders of

magnitude to spare.
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Rosenbluth and Rostocker8 have developed a consistent
expansion of the hierarchy (1.15) in powers of g = 1l/n A 3

similar to the Mayer cluster expansion. Write:

?S’(i,ar' ) ot) = .ﬁ— ‘J—’(v;.‘u"'t) + Z P(Vj,u’,l“*‘um*)-”- T(
[ poirs FHik
G,% =

llt

(1. 21)

“'Z: T(J,k,t)ﬂ' Fi) + Z PGIPamTl Fe)s----
frinds bt i dm
Gjaky2) J' Of pqtrs

where the pair, tnplet ..... correlations are defined recursively.

For example:

L)
PELFLL) = FdwFut) « FEANT (#1d¢) (1. 22)
Then if dimensionless units are chosen in terms of the basic length

AD and the basic time 1/ wp , (1.15) becomes:

=

3 3 -l b
-?" -r'Z “;_a‘?; __‘%Z’ V‘_'_...Q‘

t iz iijtl 'r"f‘i' )
(1.23)
1 5 34 S, _L~.. 5
~— 3 .
] Z j\d"sﬂdusn Vclﬁ-ﬁwl Vu. '};fl
=}
and one may assume an expansion of the form
(
¢ =‘3-';')... ’};’"M‘};“H (1.24)
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where Ts(n) is of order gn . To order go. the third term in
(1.23) may be neglected and a solution ii_aeen to be:

(o) 3 (o)
F?2=M7F (1.25)

. |
t=)

where ?1(0) satisfies the Vlasov equation.

Alth;)ugh this is enough for our purposes, it should be noted
that the expansion may be carried to higher orders in g quite
straightforwardly. In particular, Rosenbluth and Rostocker obtain,
but do not solve, the integro-differential equation for P in terms of
’}'1 » correct to order g1

Bo::goliubov9 treats the deeper question of whether or not a
kinetic description is even possible. That is, under what circumstances

does the single particle distribution obey an equation of the form

,';b-t?: = A(‘i'l,‘ﬁ”:) (1. 26)

In this notation, A(;’, :I Tl) is an expression which depends upon
time functionally through '}'1 , i.e. 9 Tllat is completely deter-
mined by the distribution F | at time t.

Bogoliubov notes that after a time t, after the system is set
into motion the correlations become synchronized with the single
particle diltribution; to the extent that the s-particle distributions

depend upon time only through F )
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y - = 1.27
F o) = T k] T) .27
Of course, for long times, the particle motions become entirely
uncorrelated.
)
S ‘"- [ U &) (1' 28)
-t -—P 00 iz

an expression which is indeed of the form (1.27). However, Bogoliubov
argues that this process of synchronization takes place very rapidly,

in the time it takes an electron to travel a Debye length

( O/m )'/z

t, ~ T o (1. 29)
D
and it is from this time onward that a kinetic description exists.
Granting this assumption, one then expands
(0) AL o AL AT
FL@ b t) = FOE o WIT) + gIE BT 4  a
= A (£31%) + gA (RUIT) +9 A+ - (1.3

'0t

and requires that (1.23) be satisfied to all orders in g. This results
in a set of differential equations for the functionals ?a(n) subject to
the boundary condition (1.28). The zeroth order result is again
lo ‘”-
) T (1. 32)
]

along with the Vlasov equation.
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Guernsey10 extends Bogoliubov's treatment to a detailed study
of the approximation to order gl . He obtains an integral equation
for sz “in terms of Tl » and solves it by means of the technique
described in Chapter II, section 5 of this work. The result when gub-
stituted into (1.14) yields a correction to the Vlasov equation in the
form of an additional collision-'like term. In fact, he shows that the
presence of this collision term insures that an H-theorem is satisfied

and the system is driven to equilibrium. I.e.

% K&ﬁ&a T LY T EAY 20 (. 33

with equality only when Tl is Maxwellian.

Balescu and Prigogine1 2 obtain the same results as Guernsey
by means of a direct expansion of the full Liouville equation using dia-

gram techniques to evaluate the complicated sums that arise.

5. Linearization

Our starting point then is 'the Vlasov equation which represents

the effect of the Loorentz force on the electron distribution function,

L)

+aVF = - % [E(#t)+ éﬁ@l?"ﬂ)]-vu'}‘ (1. 34)

Q)|°‘
~+ivg

and Maxwell's equations, with the charges and currents being given

explicitly in terms of the velocity moments of the electron distribution.
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TxE =--'C-?b—% V.E = uwe[fﬂ% -N‘.]
- c oo (1.35)
.2 _ LOE L HRCL S i ‘B= O
=3t °ffu?alu VB

We have assumed that the ions, by virtue of their greater mass, are
relatively immobile and simply comprise a uniform background of
density Ni . This restriction is relaxed in chapter IV. These equa-
tions may be linearized under the assumption that the electron distri-
bution does not deviate substantially from its spatially uniform steady-

state value. Il.e.

F(Rdt) = nE @) + f(F4,1)

( n is the electron density)

(1. 36)

f (;., —\;, t) is to be regarded as a ''small' quantity.

Since n = Ni for a neutral plasma, and since we will be deal-
ing with situations in which the steady-state electron distribution does
not contain currents, the charge-current distribution will be due entirely

to £(z u,t).
e#t) = e[ foaitdid .37)

-l
.

j@t) = 61‘11‘:(#,“,*)“‘"7\‘ (1.38)
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Thus the electric and magnetic fields are also '"small' quantities

and to first order in small quantities we obtain.

’b E 2 2 ne - P o
a,f(":‘*»'t) +WVf = -2 [E(F,t)-réuxB(",tﬂ-VJ;(ﬁ) (1. 39a)

oE - 12 2 1 . 4we[ap a
VxE = ¢ 2t vXB =C 3 + ——C-fufd’u (1_39},)‘
-
V-E = 41teffol’d VB =0
(1. 39¢)
6. Separation into Longitudinal and Transverse Modes
It is easy to see that for isotropic '}; (G.) , i.e.
F(d) = F (I4)) (1. 40)

(the Maxwell-Boltzmann distribution is such a function), the equations
(1. 39) may be separated into three independent sets of equations. First

note that in view of (1. 40)

- ~d

(@t = B {BRT@] =0,

We shall seek plane wave solutions of the coupled equations (1. 39).

Set 9/8x = 8/8y = 0 , write 9 = (ux, uy, u) and define

3i(2,u,t) =I.°°s.m du,du) 'u‘ f(z,a)t) (1. 42)
-o
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Now for isotropic ’;’o
% o0 - ol
| f wE.T, % dudy = E()F () (. 43
-00'-00

(no sum convention implied)

where

-0

= (1. 45)
R = (g B = - Fo) ‘
Ewy = W -y dE a6
2 (W) Log du, duy L (1. 46)

We obtain three equations satisfied by the gi(z. u,t) by multiplying
(1. 392a) by u, and integrating over du duy . These three equations,
together with Eqs. (1.39b) written componentwise, comprise the three

independent sets of equations to be considered in the next chapter,

;
09, (z,u}t ? e
_‘%x Z,ut) 4+ U 5_92" =N Ec(2,t)F(w)

E_ mode ’QE‘ =..--|- %t) (1. 47x)
* D2 ¢ 2t
By _ _1 0% _ ‘mf d
\‘oz ] Ix Au



e T s B oy |

E mode
Yy

longitudinal
or 'plasma'
mode

%, _ L 2B(=t
2 ¢
9B _ 4 2F *
% st 9l
:Q (zzut 3 - n
Dtgi ))'ruz_gi__;;,eu%
W o
-5?3=4Iefg du
-00
B,=0

-17

ne
= ™ EJ(Z,t) F(u)

(1. 47y)

(1.47z)
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Chapter II, THE NORMAL MODE EXPANSION FOR FIXED
FREQUENCY TRANSVERSE WAVES

1. Introduction

In this section we present the complete normal mode decompp-
sition for transverse disturbances of fixed frequency. This speciali-
zation is made in order to illustrate the main features of the method
which is actually quite general. It will be seen that a normal mode
decomposition is feasible provided we do not restrict ourselves to
“functions' in the ordinary sense of the word, but allow generalized
function513 or ""distributions'' as well. Except for this, the normal
modes of the Vlasov equation are similar in character to the normal
modes of any nonsingular problem. They are orthogonal to the solu-
tions of the corresponding adjoint equation, and they form a completa
set in that any well-behaved function may be expanded in terms of them
with the expansion coefficients determined through the orthogonality

relations.

2. Matrix Notation, the Adjoint Equation and Orthogonality

We choose the electric field to be plane polarized in the x-direc-

tion,

-18-
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and take the Fourier time transform of Eqs. (1.47x). Il.e. we seek

~iwt
e

solutions whose time dependence is of the form ~ through-

out. Dropping subscripts we have

~iwga + gz N E@F)

It is convenient to combine the coupled Vlasov and Maxwell
equations into a symbolic matrix equation for the '"state function'
¥ , where ¥ is written in the form of an array containing the three

field quantities. g (u)

¥ -
B (2.2)

{the z-dependence is suppressed)

Equations (2.1), when combined,
w ne o
o o)\ [9 eF) o\ [

E E 2.3)

]

(o]

B o
olg’
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become, in this notation
’_b:_y = H (2.4)
02

(the operator S is defined by

fg = {awds ) @

The scalar product is defined in a natural manner. l.e. if

T
t +

x = &‘(‘M) C ’e'f (2.6)
then
(x ¥) = .(ma»*(u)gtu)du +e'E +4'B (2.7)
) - 00

In this notation, the adjoint equation for the row matrix \I'* corres=-

ponding to ¥ becomes

(2.8)

2

with the adjoint operator H‘r defined by the requirement

(U HY) = (VH! ¥)

By direct computation we find that ut is given by

ne
Lw ™ SF ©
Hf = ) o) LW
c (2.10)
yre LW
by pdhenng O
C C
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where the operator IF is defined by

m .
j gf = j‘ F(u)g(u) du (2.11)
F - 00
The reason that we write the adjoint equation is that solutions of
Eq. (2.4) and the adjoint equation (2.8) are complementary in the
following sense: If we seek solutions t[/y , IPI to Eqs. (2.4) and

{2.8) with spatial dependence ~ em)z/u , then 8/8z = i w/v and

_
HY, =2 ¢V, (2.12)
Tyt _ Wyt
Y, H = T%' y (2.13)
Using (2.9) and the fact that p is self-adjoint, we obtain

P, 0%) = ¥, %)

('\P;,’ g ‘\Vv) =0 v#v' (2.15)

This is the basic orthogonality relation.

The orthogonality relation will turn out to be of practical value
in computing expansion coefficients. That is, the composite quantities
WV are to be thought of as the normal modes of the plasma, and will
serve as the basis for normal mode expansions. The orthogonality

relation implies that



=22~

(‘\er. V) = Nw) Sw-v)

(2. 16)
(it will be necessary to make precise the meaning of the 8- symbol).

Then if

V=2 A,

> (2.17)

(the sum may run over continuous as well as a discrete range of

values of the variable ¥), we immediately obtain

|
Alv) = N ("V;*,? "P‘) (2.18)

In the following sections we shall discuss the spectrum of allowed
values of the wave velocity ¥, and obtain explicit expressions for the
normal modes ’Vy and the normalization function N (). Finally, we

shall prove that the ¥/

4 form a complete set--that an expansion of the

kind considered in Eq. (2.17) is, in general, possible.

2. The Form of the Normal Modes

Let us choose:

B = 4TCLeVC

v w (2. 19)
This choice is quite arbitrary inasmuch as Eq. (2.12) is linear and
homogeneous in the three field quantities, and is made for convenience. ¥

The three rows of the matrix equation (2. 12) then become, after rearranging:

*It is simple to see that there can be no non-trivial solutions with B,, = 0
(cf. eqs. (2.20)).
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E,, = 472;“); (2.20a)
w 2
(u-v)g,(w) = L Vi F(w) (2. 20b)
/0]
f %(u)a(u =ct-p? (2.20¢)
-0

1/2

(wD = (41rne2/m) is the plasma frequency.) For a given value of v
Eq. (2.20b) determines gV(u) . Eq. (2.20c) then serves as a sub-
sidiary condition restricting the possible allowed values of y . The
solutions are similar in form to those exhibited by Case14 for the
longitudinal electric field problem. It is convenient to classify them
in four groups:

Class 1.

These are solutions for complex v . We have

2 u
g = By FO
i w* u—lj- (2.2m

where, as required by Eq. (2.20c), Vj is one of the roots of the
characteristic equation

2 ® F(wdu
R | 2 w, Jf =
Av)= c*-v?- -;,E,V | oo UV ° .o

It is not difficult to show that there are only a finite number of such
voots. Note that the characteristic function A (v) is analytic in the

complex v-plane cut along these parts of the real axis where F (V) #0.
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Class 2a.
For these solutions v is real and F(y) # 0. Then the solu-
tion represented by (2.21) is indefinite until we give a prescription for

treating the singularity in the denominator. The general solution of

(2.20b) for real v is

)
gy (u) = v’? P2+ A §u-v) (2.2
1)
The P indicates that in integrals involving gy(u), the Cauchy prin-

cipal value is implied. A (V) is arbitrary and is chosen so that (2.20c¢)

is satisfied. This condition becomes:

)\(v): ._.v —_ v3'PI F(u)du = z‘[/\l‘.(l))‘f'/\-(ﬂ] (2.24)

A+(V) and A (V) are the boundary values of A(y) as v approaches
the cut from above and below respectively. |
Class 2 b,

Here we have vV realand F(v) = 0. The results are essentially
the same as above: gV (u) is given by (2.23) and A{y) by (2.24). In
this case A+(v) and A" (v) take on the same value, since the integral
contained in the definition of A () is continuous across the real axis
when F(y)= 0. Also, the principal value sign is not now necessary,
but it is carried along as a reminder that when integrating with respect

to v we are to omit points of class 2 c.
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Class 2 ¢.

For these solutions v is real, F(y)=0 and A(y) =0 as
well. Just as in class 1, there are only a finite number of v,
satisfying these conditions. The solution for g, (v) is

Wy F(w)
gv‘.(u) = —‘fz ‘U‘SW (2.25)

If F(u) vanishes at least linearly as u — ¥, then gu(u) is a per-
T

fectly well-behaved function. We shall agssume this to be the case.

At any rate, the (possibly improper) integral [ g, du is well

i
defined.

To recapitulate: the fundamental equation (2.12) possesses

solutions

% (W

I‘\k;) = Ev : (2.26)
BV

of two basically different types. There is a discrete set of values

V., VY, ith eith a v. complex, —
;o ¥y With either ) f .p /Y’/j)"o

or b) v, real, /\(‘V‘) =F{)=0

The respective gu_ {(u) and gy {(u) are well-behaved functions. The
J i

remaining (continuum) real values of 1y are associated with solutions

for which the gy(u) are singular and are interrreted as distributions

in the Schwarzian sense.
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3. Solutions of the Adjoint Equation

For every allowed eigenvalue of the fundamental equation (2.12),
there is also a solution Wy of the adjoint equation (2.13). The decom-
position into classes is eﬁsentially the s.ame.

Classl: v complex

We take, for convenience

L
: nev.
el = 1&4¢ (2.27)
Y miw

Then the three columns of the matrix equation (2.13) read

t newv.’c
B, = —— (2.28a)
-0 miw
| - a_)i 'IJ-3 2.28
(u"vj) 91{‘(‘“) - w* | (2.28b)
0 2
[ Fo0 gy = c*-y (2.28¢)
f J
-
The bsolution of (2.28b) is
2
gy (W = “—’% v3 - (2.29)
f W' u-y
which when substitutéd into (2. 28 c) yields the condition
N"j) =0 (2. 30)

as before.
Class 2a. v realand F{y)# 0

Again we choose
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_ nevc®

c +

which implies

S e— (2.28a)

Bf nevic
v miw

Equations (2.28Db, c) are also still valid, but the solution for this case

is
w2 | Y
9:(14) = ZJK‘ V’ P1_l—-_17 + X(V} S(u"v) (2.31)
with .
oy _ AW (2.32)
) = F(v)

Class 2b. wvreal, F(y) =0, but A(y) # 0

Here we must take

et =0 (2.33)
vy

A nonzero choice for Ey must be avoided. It would lead to solutions
of the same form as those of class 2a. But this is impossible, since

Eq. (2.32) cannot be satisfied. The matrix equation (2.13) becomes:

B: =0 (2.34a)
?
(u-1)3, (W) =0 (2.34b)
©0
1 =
[ Fowgioadu=o .
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The solution of Eq. (2.34D) is
gp(u) = §(u-v) (2. 35)
which when substituted in Eq. (2.34c) yields an identity.

Class 2 c. A real, F(ui) = 0 and A(u.l) = 0

As before, we take

1 ney.c*
E"; = s (2.27)
which implies
t _ nevic
B”c = = (2.28a)
wl
fu-u) g, (0 = S ¥ 2. 280
o0 d 2 N
w U= -V
J:wF( ) G (W) ‘ (2.28¢)
The solution for 8, {u) is
1
w2 1 2. 36
9y (W = & V' Pa, (2-36)

4. The Normalization Coefficients N (p)

The general orthogonality relation (2.15) may be verified by
direct calculation, using the solutions obtained in the preceding sec-
tions. It remains to define precisely and determine the normalization
coefficients N(p) referred to in Eq. (2.16), It is simplest to consider

the discrete spectrum first.
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Suppose we have a Vj » Then the orthogonality relation implies
(e ew)=0  alvsw
V) vJ ) (2.15Y)

and since

.54) = [ Braglu (S 5o+

) u-lj- w* ) u-y
} M | 9 2 .
.C wie v nev. \ 2.37
+ m‘f! 4 L+ e.l C pmevc ( )
mio: w miw w

2 2 P Fw)du
= E’_L 3 _w—P-V-3 —e +ZC1]
w [w‘ VL (w-17)"

which becomes after a little algebra,

wp .4 d
= -2 v =
(", ® V) L, OW/\(V) (2. 38)
} ! 1/-.:11,-
Thus we say
?
(qp; S Q’ij) = ij)s"ﬂ'j (2.39)
with
Wet 4 d
(wy= - =2 v' = Al (2. 40)
N )) w* J dv V=
GV. v is the Kronecker § -symbol. Since Uj is, by assumption,
J

a simple zero of the characteristic equation, N(vj) will not vanish

(cf. (2.18) ).
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The result is essentially the same when we consider a v

io

('\YJ'?%;) = N) Sv,q (2.399

2 2 L
Nw) = 28 w[‘ﬂe p( UFtddy +zc*l

. w?* 00 (u-—l))‘
(2.41)
AT L
w? &‘V y-pif-i,e y:v..-ie € ->0o*

When v belongs to the continuum, the situation is somewhat
different. The corresponding normalization integrals are undefined.

- We write, however,

("";1: S Wv) = Nb&(v-v) (2. 42)

where the (Dirac) §-symbol is nothing more or less than an abbrevia-

tion for the following statement: if

b
'\P‘ =( A(v')'\P;. dv' ~wgacbgoo (2.43)
a
then

A(vIN(v) a<v<h

t _
(6,6 ¥) = 0 otherwise e

- It is a simple({and familiar) matter to calculate N( ) when v belongs

[Sep—

to class 2b. Tixen ¥ is of the form

g pef
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b
§(w) [ 9,00A(v)dv'
(\Y = E = j‘: EV.A(V') dv! (2. 45)
B Sb B, A(v)dv!

But since EV = BV = 0 we have

' 00 A
(“{);7,9"{1‘) = f ﬂv*(“)uﬂ‘“)d“ =,( gj(u)udufbgw(“)A(V')dv'
-00 - 00 a

(2. 46)

] L b '
= f“g(u-v)du{ % Fw pj Awndy! [k(u)A(u) a<u<¢,}
- B0 w? a u"'ll'

0 otherwise

The first term in the braces does not contribute to the final result

since F(v) = 0. Thus

VAW A(v) a<v<hb

1 =
(w") ?"Ir) 0 A otherwise (2.47)

which implies

Nw) = VA®) v in class 2b, (2.48)
The preceding result is little more than a partly rigorous justification

of the often used symbolic relation

[
f-” feu) S(u-v) S(u-vydu = f)dv-v) (2.49)

but it is important to make precise the meaning of the normalization

for the continuum functions. This requires that we consider not the
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functions themselves but "wave packets''--superpositions of the IIJV
where v varies over a continuous range. Equations (2.43) and
(2.44) follow immediately. It would be tempting to conclude (incor-

rectly) from (2.42) that

b
N(v) =L(1{,r,?'%)dv' a<v<b (2.50)

but in fact this is just Eq. (2.44) with the orders of integration inter-
changed. This point is emphasized because when v belongs to class
2a, we come upon one of the rare instances that care must be taken
to perform the integrations in the correct order.

In calculating N(y) for v in class 2a, we note that there is
no objection to letting a =- %, b= % in (2.43), just so long as we
make sure to choose A (p') so that all the integrals exist. Assuming

this to be done, we have,

AwWINw) = ('\If,*, ¢ j:A )Y, dv)

uvp'

T Y Prup F(w)
‘-’-f [%‘v’ P;’:-; + Mv)S(u-v)]uduJ [E)B* V3P —— + A (v (u-V)[AWw)av'
-0 -~ 00

+ “21{‘-_." f“miev"A(V')JV' '_'__ nevic (¥ 4niev'c Aw)dv’
mw » w miw J w

L 00 00
- w243 u F(w)du J v'3A(y)dv!
= _K_&’{)v P — P R +

-0
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. %g:vspjwuk(u)A(u)du %y ”I v Awydy

oo U=V t -y

2 2 ®
+ 20 Ay + 2 le (vt vv?) Ay dy!
= | » _ (2.51)

The first term,containing the iterated principal value integrations,
is the only one that presents any difficulty. Here we use the Poincare-

Bertrand £ormu1a15 to obtain

@\ 3 uF(u)clu j V'3 A(vh)dv!
P -0 oo V' =W

(2.52)
2 2 2,2 L 0
o SAw)dy pf wFwdu
(—“%f; v’) v Fv) AWw) +(w1) vsP[ v Aw)dv PJ:Ju-v)(u-V')

The integration over u may now be performed using partial fractions
and the definition of A(y) . The result exactly cancels all the remain-

ing integrals in Eq. (2. 51) leaving

)\l( V) + u‘(—i—’,@”’)zF *w)
F(v)

{(2.53)
Vv in class 2a.

5. The Normal Mode Expansion and the Full Range Completeness Theorem

Here we prove that the normal modes tl/v form a complete set,

in the sense that an arbitrary state function ¥ may be expanded in terms
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of them.

- 00
= . 2.54
r _E 0. Y, *Zaj‘\n’_-rj‘mv)%dy (2.54)
‘ J -0
Once we know that the expansion is possible, then the expansion

coefficients are determined using the orthogonality relation (2.15)

and the known normalization functions. viz.

N‘V)(‘\P;’ ,?(Ir N(u)[ w . Pjgm-“+“euckf+v B] (2.55)

with N(Vi) given by (2.41)

| ot =1 wpf M (wdu + meuc
%= N (‘%j,e'll‘) Nw [w ] Pj "«%’-_v," ["E ”l_ 56)

me

with N(Vj) given by (2.40). When v is in class 24,

1uq(w)d
b Mg «Fo BT o

'tc‘( ) F'o) + ')

Aw) = N( ) (2.57)

and this expression is also correct for vy in class 2b, since in this

)
Aw) = ;',;;,fﬂ:(“)“ﬂ‘“)d“ = %(’;) (2.58)

which is just Eq. (2.57) with F(y) =
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The full range completeness theorem can be simply stated as
follows:
THEOREM .
Given a state function ¥ with g(u) everywhere well-behaved,
[ glu)du < © but otherwise arbitrary, ﬁen an expansion of the
form presented by Eq. (2.54) exists, and the expansion coefficients
a,, a.j and A(v) are unique.

In the proof ''well-behaved' will be taken to mean ''satisfying
a H8lder condition''. That is there exists a pair of numbers M and

v (¥ > 0) such that for any g

[g(u)- glun]| < M lu-u,f¥ (2.59)

Actually, the theorem holds for a much wider class of functions g(u).
For example, g(u) may itself be a Schwarzian distribution. In the
same spirit we shall assume that F (u) also satisfies a Holder condition.
The proof of the theorem involves an actual construction of the
expansion coefficients. That is,. we show that (2.54) possesses a solu-

tion by solving it. Write

'\F.:: fY—.‘Za."\j{,‘ —,qu v, (2. 60)

with ai.a.j given by (2.55,56)

We note that the expansion of ¥' in terms of the continuum functions

alone

V' = S A Y, dv (2.61)

- 00

is equivalent to the expansion (2.54) of ¥ in terms of all the wv .
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¥' must satisfy

(% %) = (v, e¥)=0 (2. 62)

as well as the conditions imposed on \I'_ in the statement of the theorem,

but is otherwise arbitrary. The three components of Eq. (2.61) are

. w? 3
g = S Far] TR L jwAm

w -V  (2.63a)
. [ ]

' = ‘”“..e_.g DIAW)AY (2.63Db)
w - OO

' 00
R = ‘il‘:e_c_g VAWV

) e (2.63¢)

Equation (2.63a) is a singular integral equation of a type treated
extensively by several Russian mathematicians. The solution closely
follows Muskhelishvili.ls We shall make use of the following properties
of singular integrals of the Cauchy type:

Suppose M (x) satisfies a Hélder condition and ]‘BM(x') dx' < «

'Y
then

b
def yex!
a) m) = z_..:u'( Mllx)dx
A X'~-2

is an analytic function in the complex z-plane cut along the
real axis form a to b, vanishing as z —= % at least as
fast as l/z .

b) ')’V\_+(x) and M (%), the boundary values of M (z) as z
approaches the cut from above and below respectively,
each satisfy a Hoélder condition.
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¢ M*(x) = M) = M(x) (2.64a)

b
(! () = P Mxddx 2.64b
T (M0 + M) PL L (2. 645)

(the Plemelj formulae)

a m)¥ L _x_x_'rﬁ_r_;zix vanishes as z — %

The converse also holds: if ’)’Yl(z) satisfies a) and b), then it may be

represented as a Cauchy integral of the form

b Mex)dx’
Mm@ = | o1 (2. 65)

M (x) will, of course, be given by the first Plemelj formula.

We combine (2.63a-c) into a single equation for A (v).

wgly= - 2 uF(u)[—- (' gedpir "M)&j AW UAM) (g 4

Now define

“ augq'(wdu
6(2) i L’ ug_; (2.67)

00
d F(u)du
T@Ex S,m w-2 (2. 68)

“ yAw)dv
(2 )““ : f v AW (2. 69)

e V-2
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g (z) and ?(z) are analytic in the cut plane and vanish at infinity.
Their boundary values ai (u) and g * (u) satisfy a Hélder condi-
tion. If a solution A (y) to (2.66) exists, then (Q(z) will have those
same properties. We shall show that such an A(y) exists by con-
structing the appropriate (] (z) and showing that it does in fact possess
the properties we require it to have. We would then find A (y) by

using the Plemelj formula

Aw) = .1'; [C{*(v) - a‘(v)] (2. 70)
if we didn't already have the orthogonality relations. In terms of the
boundary values of the functions g , ’f’ and A, Eq. (2.66) becomes,
after some rearranging and dropping primes

+ el w & C 2t + 2 v
60 + e (rty # At QT3 - (') B
(2.71)

2
= §w+ %‘&%(H 4g)+ 2mt a'(u)} F (w) = (c?-uw?) O (W

Now consider the function

JG) dof g(i) t+ "-‘:f:&%;(& 2 )+ ami a(aﬂ Fz) - (¢*-2) A(z)  (2.72)

J(z) is analytic in the cut plane, since F and 9 are, and A is
assumed to be. But according to (2.71), J(z) is continuous across
the cut. Therefore, J(z) is an entire function, and may be found

simply by observing its behavior for large values of Izl . We note

that
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G(zg) — o (2.73)
J2l —» o0
F(‘*)du L Flu)du |
z —— — 2.74

(v)d
25 Qx) = zm f.,va vi = "LU_:‘AMJ” 'HJ yA(v)d::]

0 3
+£|;g AWy _ Lo (E+3B)+—- Vawdv |, L2759

-z T T o2 tie i mie(E+2B)

(the fact that [ vz A(v) dy < © will be verified later). Thus

J®)

We conclude, from Liouville's theorem

> - LW 2
(2l —>e0 K ,*“(E+CB) (2. 76)

= -1 ©w_ 2
J® ARi 47ie (E B) (2.77)

which gives the solution
+ @ (et L @
G (2 me(E*°B)[zwi fﬁ??‘(tﬂ

Az) = - (2.78)
cl-z% ~ami %23 F(z)

Now we must examine the function (] (z) and see if it has the proper-
ties demanded of it. We note that (] (z) vanishes as Iz | —+ ® and
is analytic in the cut plane except possible at the zeroes of the denom-
inator, where (} (z) could have simple poles. But these points are
just the Vj' and when py = uj , the numerator may be shown to

vanish. viz.
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U=y
)

1 3
[ numerator] X‘V‘-,Z‘lti %& j.u ‘“)‘.iu ol [EV 4.5_‘_][.” + 1?[ F(u)du]
J . -0

S P

)
et

(4 ¢%) =

Thus the singularity is removable, and ({(z) is analytic in the cut

plane. We need look only at its boundary values. As z approaches

above

the cut from { below

} the denominator becomes

2
2 et = Y3
[denominator] = C*-V*— l:':',:z Vi Fwm=nF %,mv F(v) (2.80)
The boundary values are well-defined except possibly where the denom-
inator vanishes, so the points in question are just the v And, at

these points, the numerator also vanishes, since by direct calculation

[ numerator] X v b3 .41 u—)e (% ) ?T) 0 (2.81)

Finally, we must show that the various integrals involving A (y) actually

exist. By direct calculation, we find

L _wb 1 1 (2.82)
a(i),;,_m’ 4RiQC 2Ki #

This implies (cf. condition a), page 36) that [y A(y)dv <.
(It is, in fact, given by wB/4miec.) Moreover, by condition d), the

Cauchy integral

® prAwdy

-2 (2.83)

Ou(z) =



L e e e

poand ey

B o

=
¢

o
H
i

e

bt

-41.-

converges, and another straightforward calculation yields
0
a=) = 20(z) + -'—-[ VAW dy ——p WE 11
A J_ oo 12)—pe Ixiec XL Z

which implies that | vz A(y) dv converges and its value is
WE/4mwie . Finally, we note that this means that the Cauchy
integral fu3 A(v/(v-2)dv converges. Hence A(z), the
golution of (2.71) does indeed possess the properties we assumed
it had. This completes the proof.

For future reference we note that by virtue of the Plemelj
formulas N(y) may be expressed in terms of the boundary values

of the analytic function A (z)

| F(v)
Nwy V[Aw)+7iv X rw))[ Ao -Kiv? EFw)
F(v) N () - At(v)

v Attv) A (V) = ani %e; AT WAV)

= T - T (v

where

l
axi 2 N\ (2)

T(z) =

6. Specialization to the Boltzmann Distribution

We consider now the particular case where ?’o(ii) is the

Boltzmann distribution for electrons at temperature T = ©/k,

(2.84)

{2.85)

(2.86)
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4 m Vb - M
3;(1#-) = (2,——1(6) e 26 (2.87)
Then
o _ mul
Fw = (;75) e =@ (2. 86)

Some of the results of this section will depend only on the general
shape of F (u) and not on its exact functional form.
It is possible to ascertain the number of elements in the dis-

crete spectrum; i.e. the number of roots of

by o0
F(w)du
Nz)= ¢*-2*- %323—00?-2—- =0 (2.89)

First note that since A(z) is a real function of z, the roots occur
in complex conjugate pairs. But since F{(u) is an even function, A (z)
is also even and - z is a root along with z Thus in general, the
roots occur in groups of four: z, and -zo* in the upper half plane,
symmetric about the imaginary axis, and -z, and zo* in the lower
half plane. We shall show that there is at most one root in the upper
half plane. This root, when it occurs, must then lie on the imaginary
axis.

We seek to find the number of zeros of A (z) in the upper half

plane, using the argument principle. Consider the contour C in the

upper half z-plane. (See Fig. 1.) Let us follow the behavior of A(z)

as z traverses the contour C. The change of argument of A (z) will be

equal to 27 X (number of zeroes of A(z) inside C). The semicircle
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1-2-3 is large enough so that A(z) assumes its asymptotic behavior

along it.

Fig. 1 The contour C

For z on the large semi-circle
L 3
2
Az = — ( - %.)Z (2.90)

and when z = x+ i€ is just above the real axis, we have

= At = ai Y xS EC
Alz) = AT(0) = AT ZEXTFix) (2.91)

Ao = ¢*

(2.92)

Since F(x) is positive and nonvanishing, when z is on the upper lip
; positive negativeq .

of the real axis, ImA(z) is {negative} for {pouitive} x and

vanishes only when z =0. Thus, as z traverses the path 3-4-1,

A(z) crosses the real axis only once. There are, then, only two

possibilities.
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N w> wp The image of the contour C is shown in Fig. 2.
A arg A(z) = 0 and there are no zeroes of A(z) inside the

contour C; hence no zeroes in any finite part of the upper half plane.

A@)

3

[
Fig. 2

2) w< wp The image of the contour C is shown in Fig. 3.

A arg/A(z)= 27 and there is one zero in the upper half plane.

€

Thus, for Boltzmann F (u), the set of allowed values of p

Fig. 3

includes the entire real axis (class 2a) and sometimes the two dis-

crete roots + iuo . (class 2Db)
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We may also obtain an estimate of the value of the discrete

root ivo. We have, from Eq.(2.89) dsing the explicit form of F (u)

(B - (B - B -Lmno

X -I_!l.z
® 28
Assume, for the moment, that |z | is large enough so that the
asymptotic expression
00 -
I A
Ve = . (2.
T -0 X 20 2 \fZ; z
is valid. Then
o) W \(/E 2} (2
(B o) -(1-%)(Ee) =0
or
2
w
2 C
2 = —— Y= m=n (.
’ — w;/wz , 0 wPl__wl
This result is correct so long as (2.94) holds, which amounts to
,l.’!'_ z l 2
2.0 > 3 (2.
or
mc'/o @ 9
&} 2“ {2.
o
which, for T & 6000°K. becomes
-3
w> 4x10 W (2

-93)

94)

95)

96)

97)

98)

.99)
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Below this frequency, we may try to approximate the result by assum-

/zzl

1
ing that |(m/2©) turns out to be small. Then we may use

the power series expansion
o0 -x? m2
' e dx ~ ' _z@
r= = \rr @ ..24.'2.2 J4 0 }
T _m 20 (2.100)
X V26 2

2

To lowest order, this yields

2 Y3
o -n_-w;- mc* (2.101)
valid (at T = 6000°K) when w £ 4 X 10.5 wp , and an iteration
gives
¥,
2 3
w /zvr@
9 = L Twp Vmer (2.102)

o = | _(_a_:} mc* s
Wy 28

We note that except at extremely high temperatures or very low fre-
quencies, the location of the two modes with imaginary wave number
is correctly given by the zero temperature treatment.

Finally, we may obtain an approximate expression for the

normalization coefficient N(+ i Vo) defined by

1 = - ..@E ) é_ 'U)
N (£1y) RE (1) o{v/\( et (2.103)

By direct calculation, for Boltzmann F (u), this becomes



L R e T

2

N(2in) = - 2 (£in)

Except at very low frequenc

AN
N(ti) = Fai =5 [l
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{ _g'_[(‘gf - Q(ag)",»ciwg)u[(gzg'- 3 Cﬂ} (2.109

ies, to first order in 2 G/mcz we get

Wy 20 2
%ﬂq“mﬁmJg
4w met (,:,ta I)%' (2.105)
wt

—




Chapter llI. BOUNDARY VALUE PROBLEMS
FOR TRANSVERSE WAVES

1. Introduction

In this section we shall utilize the normal modes of the Vlasov
equation in the solution of some typical boundary value problems. The
method is straightforward: we write the state function of the me dium
under consideration as a superposition of normal modes, and apply the
boundary conditions to determine the expansion coefficients. In certain
cases (the degenerate problem) the expansion to be performed will utilize
the full set of normal modes, and the orthogonality relations may be used
to determine the coefficients. In any event, we will arrive at an integral
equation for the expansion coefficients, part of which (the so-called
"dominant" part), by virtue of the singular nature of the g, (u), will con-
tain singular integrals.

We shall consider the reflection-transmission problem. An electro-
magnetic wave of frequency w is incident on a plasma. What is the strength
of the reflected wave ? It will be convenient to ignore the fact that the
actual plasma oscillations are 'forced' by the impinging wave. This avoids
the problem presented by the presence of an external force field whose
effect has not been taken into account in the linearization of the basic equa-
tions. The electroma gnetic fields throughout the plasma, in particular at
the boundary, are to be viewe-d as '"small" in the sense of the original linear-

ization (Chapter I). We simply construct a solution representing a plasma

-48-
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configuration consistent with the presence of an incident and reflected
wave, and only afterwards do we interpret the plasma motions as the

effect and the impinging wave as the cause.

2. Boundary Conditions

The boundary conditions for the electromagnetic fields are simple.
Since all disturbances are small, there can be no surface changes or
currexnts and the fields must be continuous.

E (z=09= E(2=0-)

(3.1)

B(z2=0+ = RB(2=0-)

We must specify, in addition, the behavior of the electron distri-
bution function at the boundary. It is simplest to assume, with La.mi;-m',6
that electrons experience specular reflection back into the plasma at the

boundary. This automatically implies that at the boundary the distribution

function is symmetric in the normal component of the velocity

f(“x; ujaua"‘:o) = 7[(“'; uy," 4, 2 =0) (3. 2)

or

glo,u) =9g(o,-w (3.3)



-50-

This is the degenerate case, and the solution may be written in terms
of the normalization integrals using the orthogonality relations.

The opposite extreme, one might term the "diffuse absorber."
In this model, the elegtrons are returned to the plasma at the boundary
in a manner essentially. independent of the velocity distribution of the

electrons which leave. This implies:

9(ulz =°) , = G—(u) (a given function) (3.4)
u»o

This boundary condition leads to a singular integral equation which is
equivalent to the inhomogeneous Hilbert problem.

The intermediate case, too complicated to be considered here,
allows the distribution function of the incoming electrons to depend on the
outgoing electron distribution in an arbitrary (but linear) manner. This
leads to a singular integral equation for the expansion coefficients which

contains a Fredholm term as well,

3. The Electromagnetic Fields at the Boundary

We consider a plane polarized Ex electromagnetic wave impinging
from the left on the surface of a plasma (interface at z = 0)., In Chapter I
it was pointed out that the transmission and reflection coefficients for an
ordinary dielectric medium may be written in terms of the index of refrac-

tion of the medium. (cf, Eq. (1.6).) Of course in this general treatment,

the plasma is not simply a dielectric medium, For a given frequency, waves
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of all wave numbers can propagate. Nevertheless, it is an easy
matter to define a quantity which plays the same role as the index of
refraction.

The incident wave is of the form

iw(-f —t)

w({--—t)_ c (3.5)
= b

Ex =Ei €

(
iy ¢
The reflected wave is of the form

E_ =E, e-éw(%-!-t)
ex

: F3
Brg = Bre-Lw(_E +t) = -Erx e-e
Hence, by (3.1) the electric and magnetic fields at the boundary are
given by
wt ~twt
E‘x(Eso)sEoe‘ (E +E)€
AT -twt (3.7)
By(2=0)=B,e = (E,-E.)e
Thus
E. 1-n
E. T I+n (3.8)

E, (3.9)



Woen L

B

-

-52-

Note that this is a reasonable analogy to the index of refraction of an
ordinary dielectric medium, since if we assume a disturbance in such

a medium to be of the form

(W
By ~ ¢ (3.10)

E,

)

then it follows from Maxwell's equations that n represents the ratio of

magnetic and electric fields throughout the medium.

4. Reflection From a Plasma Half Space

We consider the state function of the plasma to be expanded in

terms of the normal modes

g
tvé

'\Y(i,t) = Q-Lwt SA(”) v, ¢ (3.11)
Vv

The summation incorporates an integral over the continuum modes and

a discrete sum. The boundary condition

9(o, u) = 5(0,"“)

(3.12)

implies that

SA(V)[QVU&)—Q,,('MZ]‘—‘O (3.13)
4
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We will deal here only with the case treated in Chap. II, sec. 6,

where Fo(u) is assumed to have such a form that there are either

no discrete eigenvalues (when w >wp) or two imaginary eigenvalues

vy = & i ve (when <wp). In this case

g, (-w) = 9-p (W

for both the discrete and continuum modes, and hence from (3.13)

S [Aw)-At-v)]g, ()= 0

14

Moreover,
S [Aw) A€, =0
v
simply because Evis even in v. Also, since Bv is odd in Vv

S[A(v)—/-\(-t))] B, = 2B,
v

Therefore, if we define

C(v) = Atw) —ALY)

we obtain the concise relation

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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o

Scwy, = [0
y

28, (3.19)

which implies that C (v) is the coefficient in the expansion of

0

2B, X = 2B, | o

(3. 20)
in terms of the \pv . Hence, by the orthogonality relation (2. 18)
C(v) = 2B —-—————(qu'? 2)
)= 4% "Nw
(3.21)

Having obtained C (v), in order to obtain the desired coefficient

A (v) we make use of the fact that the system must be well behaved as

Z —~»00.

a) A(+iy,) =0

(3.22a)

b) Aw)y=~0 wv<oO

(3.22b)

Condition a) insures that we exclude the exponentially growing modes,

and b) may be thought of as a radiation condition ( no incoming waves) or
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a regularity condition which results if we assignto « a small imaginary
part. This last point will be discussed in section 7 of this chapter.
Combining (3.18), (3.21) and (3,22), we obtain the expansion

coefficients:

28,8}

v v>0
N(w)

Al) = | ((v)

V<o
O (3.23)

’
A-iv,) = ((-iy,) = 2B.B.uy,
Aliy,) =0

from which g (z, u), and E (z), and B (z) may be computed. In particular,

since

Eo = S AWE, (3. 24)

v

we obtain for the index of refraction n

t " E.
_‘_ = ED _ f B E dU B—av, E-w., (3.25)
n . N(v) TONG)

where the discrete term is to be included only when appropriate (i.e. when

W Je
w<p

o
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Using (2.85-6), the integral term in (3.25) may be written as

a contour integral.

o0 r (- 2
zf B,E, dv =ZCJ w,z.quv
o NW) p W

N(V)
(3. 26)

o0
- 2cf(i+_-_i_ dv = 3£ :'_*_)
2 |\ Aw) Toami ) Az
AT ) inq—_-»_:_
Moreover, in view of (2.40), the discrete term become s simply the

residue of [- 2¢/A(z)] at z=-1i vy This leads to the compact expres-~

sion
oo oac [ d=
n o Zmi A=) (3.27)

In the zero temperature limit

F(w) = S(u) (3.28)
This implies

A(zZ) = Cl-(l-%f;)zz (3.29)

and the contour integration may be performed easily, to yield the

familiar result
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w>w
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The zero temperature result, which predicts a purely imaginary

3

il
n
ERE

(3.30)

index of refraction (and corresponding complete reflection) for frequencies
below the plasma frequency, has well-known experimental consequences.
It provides the explanation for the ''plasma blackout'" which inhibits
communication with a reentering space vehicle. It is evidenced also in
the relative ease with which the low frequency AM signals may be trans-
mitted over large distances by reflection from the ionosphere, whereas
transmission of the higher frequency FM signals is limited by the curvature
of the earth. Nevertheless, at finite temperatures, since the integrand in
(3.26) is explicitly positive definite, there will be a small contribution to
the real part of the index of refraction at frequencies below the plasma
frequency, the real expression (3.26) serves as a slight modification to
the zero-temperature result n = (1 - wpz/ w z)1/2.

For purposes of computation, it is convenient to write (3.27) in

the form

2V dz

| A
-

(3.31)

—
—

1
n
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where U is the velocity of light in units of (2 Q’m)l/z. and

o0 x a
/\ (2) = v*-2* ZJV:'E x—dx =u-z- a?o!z‘zsz‘(!)
~eo (3.32)

Z (z), the '"plasma dispersion function, " is ta.bular.ted.17

5. Reflection From a Slab

We consider the reflection of an electromagnetic wave of
frequency w incident on a slab of thickness a. As in the case af
a half space, we write the state function as a superposition of normal

modes and apply the boundary conditions. We again obtain:

.r
C(v)?. A(V) A(-V) = 280 N

(3.33)

We must also apply the condition of specular reflection to the far side

of the slab.

= (Cl,-'u)
gla,w) =7 (3, 34)

This gives
_i%a 5 Bf
~-A(-v)@ = 2B -2
b= A(v)e A( "N (3. 35)

where B is the magnetic field at the surface z =

-
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Combining (3.33) and (3. 35) we obtain the expansion coefficient

2iwafyy~! iway,
Ay =(1—) 2(8 - B,e ") 2 6
(3.36)

which we use to obtain the electric fields at the boundaries in terms

of the magnetic fields

r
¢ B E . B E
= = —le - y v
’?A(D)E" L'§ N(v) tan 5 + B ‘)q? N(w)sin &2
= *B +BEq (3.37)
,S’A(v)e‘: =B SBED S B'E,
( i
v N()sin ‘i‘i B“ v Nw)tan 5;!7;-
= ~-pB -« B,
(3.38)

The above expressions have been simplified by the use of the fact that

B y and N (v) are even and odd functions of v respectively, The
last boundary condition to be applied follows from the requirement that
the electromagnetic field in the space behind the plasma slab represents

an outgoing monchromatic wave

4 (3, 39)

Combining the lagt three equations, we obtain the result

-_ﬁf_} |
[.o‘ i-= | B (3. 40)
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The singularities in the integrals defining o and p are to be resqlved

by ascribing to w a small positive imaginary part, as will be discussed

later.

Therefore, with respect to a normally incident plane wave, the

slab behaves like a half space with index of refraction given by

-Lz[o(.'—lﬁ_o(

n (3.41)

The coefficients a, B may be simplified via contour integration

&

i

{
e
i
- 4

..
o
Iy
&

(3.42)
. Do n
LwaZ (-1)
R = cTT* n* A*(2%)
Nz~
(3.43)

For the zero temperature model [ A(z) =¢? . ¢ 2z%] , we obtain

-1
X = 1T tan (e ) ¢ Ve sfES)

which is in agreement with the result obtained by elementary methads.
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6. Reflection From a Half-Space: The Diffuse Absérber

The problem of the diffuse absorber is of interest because it
illustrates a situation where the eigenfunction expansion must be per-
formed without the aid of an orthoganality relation.

We assume that

. -2
4(() {::) = (12_. Jkle"q%%%
! 31(@) (3.45)
which implies

Then with w > w_ so that there are no discrete vj » the eigenfunction

expansion becomes

o] o0
E, | = .[A(v)"lf,,dv uy0
B ]

Thus, we are presented with a "half-range'' expansion--the expansion

o (3.47)

of § (0 < u <®) intermsofthe y (o < , < ®). The resulting
v

integral equation is

o
vJ

A(v)dv + )(u) A('A) u>0
-Wn

0

subject to
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)
wB
VAl ol -——.—?-‘
L Joy = hxieC
(3.49)
- ]
weEk,
f VIAWdy = —=
() 4iTie
(3.50)
Now define
; @) = - f°° VI Ady
L iy v -2
(3.51)
- a(z) should be analytic in the complex plane cut from 0 to o (the

" {_ "eut plane")p vanishing as Iz I_’ 0. (3.48) becomes
QN =AU WA =0 w>o
To solve this, we construct a function X (z) which is analytic, and,

along with its boundary values X* {u), non-vanishing in the cut plane,

such that

XHw) _ AW wuyo
x(w AN

[ [o—
r - L]

(3.53)

Consider the function

e TN o |
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o g (LT

A%i | U-2
(3.54)
1n ( A¥/ A ") is that branch which vanishes as u —p®. Then
er(z) satisfies (3.53), since
p +
r - g
(") e wem] A
(‘éfu-)- = € = ¢ = -/-\-_'_
(3.55)
However, since 1n[ A 7(0)/ A7(0)] =2 wi, we find
o' L
z (3.56)

in the neighborhood of z=0. Thus an appropriate X(z) is given by

X(z) = 2 ef’(z)
(3.57)
Combining eqs. (3.52) and (3.53), we find
X'wa'w) = X (wWa(w
(3.58)

which shows that X (z) a (z) must be an entire function. But since

()

¢ "=l ) A(®) =0 | (3.59)
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X(z) a (z) must be a bounded function. Thus
‘ g
X(®) (Liouville's theorem) (3. 60)

We may obtain the index of refraction from this general result

simply by noting that

“23A0) dv
L[ dfl ,
i [ (v-2)* _ alz(xa) - _ X2
€ [" V3A(v)dy (_1__) X(z2)
FY 1 i, V-2 X(2)
(3.61)
Thus
00
m < B CfVA(v)dv - ¢ X (0)
= -E— = ° =
° _O/MV'A(v)dv X(o) (3. 62)
This may be simplified by means of the idem:ity18
/
X@)X(-2) = o \2)
(3.63)

which is most easily verified by noting that in view of (3.53), R(2)

defined by

N(2)
R(z) = e X()X-2) (3. 64)
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is an entire function. But

Az) 0 f'(i). e..l"(-z)=

_eza_. "I"='

m R@)= lizlimm
’
12—+ (3. 65)

Hence,

R(z)=
(Liouville's theorem) (3.66)
It follows that
-C
X(o) =
Te, (3.67)
(the phase is easy to verify). Thus
Y[ = X’(O)fé
(3.68)

which is just the zero temperature result with the correction factor

X'(0). X'(0) may be approximated through the use of the identity'®

. 0 -
z Atw) =N (W)

X(2) = X(0) +Z t 73i¢ w(u-2)Xcw clu

o

(3.69)
To prove this second identity we make use of the fact that [X(z) -z - X(0) ] z=!

is analytic in the cut plane, vanishing as |z | = ®. Hence, by Cauchy's
theorem:
X(2) -2 — X (o) - X(i’)-Z'—-Xlo)dzc =L “xﬂu) -—X’(u)du

2 xR (2'-2) zxic u(u-2)
—==

(3.70)



Py et

[ov——
, 3 1

-66-

But

. Atw) -
XHw) <X T(w) = ( ; ‘(“’) ;)x (w) =(m)-l)x (w)

Y + - ’
- [/\ (w) = A"(u ) X () [A (w) = A (u).-)eX(-'A) (3.71)

from which the identity follows.

Using (3.69), we obtain the result

YAt w) -A"(W)
ORI | du

A ‘j”‘uF(u)du
u? X(-w) € w) X(-u)
(3.72)

-mu ]2©

Since F (u)~ » it is reasonable to approximate X (-u) = X (0)

in the integrand. Thus

a a
XI°)=‘I*m%7n-=’+mwz mce
(3.73)

1/2

to first order in (2©/mc?)"'", Higher order corrections may be

obt ained by iteration.
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7. Digression on the Outgoing-Wave Boundary Condition

In treatment of half-space problems in this chapter, we have
somewhat arbitrarily i-equired that there shall be only "outgoing waves"
(section 4) or that the frequency should be considered to contain a small
positive imaginary part (section 5). The second prescription actually
incorporates the first, and both are the results of attempts to correct
the mistake made in posing the problem of a wave which has been in
existence for an infinite length of time, rather than treating the -actual
build-up of the wave as an initial value problem. |

By way of illustration we solve the initial value problem for the
zero temperature plasma, a case where the results are well-known,
The plasma fills the half-space z > 0 and for t < 0 the electromag-
netic fields are confined to a finite region on the vacuum side. In general,

for x-polarized disturbances

1 E(z}‘t) = - Z'-D-t B(zlt)

2
% B(z,t) = - cL %D(?-,f) (3.74)
D(gt) = E(2t)  2<0

Taking the Laplace transform with respect to time, we obtain

2w, (z)  _1f -
"5'2_ = CLPBP(Z) B(z/°§’

28,(2)
B - L[pD,(2)-E(z0)

(3.75)
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We need, of course, the constitutive relation between D and E. As

a rule one writes

b 3
Dy = (l + %@_)Ew
(3.76)

The rationale for this is well known. If we consider a disturbé.nce

t

of time dependence et » then the equation of motion for each electron,

-d
—h
# -
r = -wr= En-?
(3.77)
automatically yields as a solution for the polarization
-b 1_‘
PE V)e-rl‘k = _’2.2‘
mw (3.78)
and hence
-h -l -t -‘9; b
D=E+uxp =(1-2)E |
(3.79)

This, of course, assumes that the oscillation was initiated far enough
in the past for the polarization to build up to its final value.

In the initial value approach we write

Y = £ j‘td'[ S TE(f')dt'

m Jo o
= _%'_ t(,t _tl)'E'(t') dt' (Euler's identity) (3. 80)
(]
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Dit) = E(t) +4rmeT i)

¢
=B+ f (t - ) E t')dlt!
0

(3. 81)
and V
wa.
(3. 82)
where we have used the convolution formula to write
©_ .t [
f e dt f (t-t)E()dt’ = 5
[} o (3. 83)

Thus the expression (3. 76) is valid if it is interpreted as the
complex Fourier time transform of Eq. (3. 81) where we have the
usual correspondence w = ip. As an indication of what we can expect,
we note that for p on a typical Laplace inversion contour, (parallel to
the imaginary axis in the right hand plane) w will have a positive imag-
inary part.

In order to avoid loss of generally, we shall write instead

of (3. 82)

DP = Zr EP

(3. 84)
We now take the Fourier transform of (3. 75) with respect to the

spatial variable z.
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-ikEy (k) = - £ { PRy - Biko))

~ik Bk = - £{ PDp(k) —Elk,0)}

(3.

where the Fourier transform is defined by
. L ‘K
E,(k) = J E,(z) e"**de
P J o F

Eliminating Bp(k). we obtain

& P = ik 3 ‘ oy
KE + oD = EEo) + EBko) = £(k-1£)E(k o)

(3.

where we have used

.E( k, 0) = E (klo)

(3.

which represents the fact that the initial disturbance consists of
waves traveling towards the interface with velocity c. Now make

the separation
i 4 o .
k) = k) +Ep(k) = (2)e'"*dz + (2)e'“%d
By (k) = Ep(k) +Ep (k) [E,, [ Frmeds
By (k) = Dy (k) +Di0) = §EL +E (k)
This yields |

(¢ + B)EF 0 + (' B)EFW = 2 (k- )BT

(3.

etc. (3.

(3.

85)

86)

87)

88)

89)

90)
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Besides enabling us to express D conveniently in terms of E,
the separation (3. 89). places our equation in a form suitable for treat-
ment by standard complex variable techniques. The function i; {k)
may be analytically continued into the upper half k-plane, and is, in
fact, analytic throughout the upper half plane and vanishes as k—»i ®.
Similarly, 5; (k) is the boundary value, as k approaches the real
axis from below, of a function analytic throughout the lower half k-plane,
vanishing as k—p- i 0. Since the initial disturbance is confined to the
region z < 0, E (k,t = 0) is a boundary value in the same sense as ﬁ; (k).
and the ( - ) superscript on the right hand side of Eq. (3. 90) sexrves to
remind us of that fact.
Equation (3.90) is of the form
AR Ey () + N (9ES ()= Gr(k)
(3.91)

which may be solved by the same technique used in section 8. We must

factor the function
A*(K) _ k'+ 25 _ XK
Ak kre B =XT(K)

C

I

(3.92)

where Xi (k) is the boundary value of a function analytic and nonvanishing

upper
in the[)ywer | half plane. In this case, the result is obtained by inspection:

ee B (ke BE)(k ) X'
B (k-2)/G-2F) X

(3.93)
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(It is assumed that we may define the square root in such a manner
that (p « p)I/Z lies in the right half plane whenever p lies in some

appropriately chosen half plane Re p >p°.) Then

) E-(k o)

x* (k)E (k) =X (k)F_ (k):.-_.._ Gk) = L (k-

A~ (k) < (k¢ L)k-
-£) 'E“' (3. 94)
from which
T (- p) E(it,0)dlk
0 E; () = dim i IL '
X or RS C O+ BY k= B) (k- kFin) o
B = LA L E e
Eplk) = 2 1+V%, “‘,%@E .0 (3. 96)
E-(k)a.t 2 k- = “-'L'~'
P ) c..+f'p(k+’£)(k {) (QO) Tek ‘fE(kJO)

Inversion of the Fourier-Laplhce transform is straight-forward:

= (L2 p-w N E(au§ Lyt
E(zt) pos CLHW)E (-2 0)e o w

(z20)
(3.97)

where

- . (the dielectric coefficient) (3.98)
Ew = E_,
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throughout to indicate that whenever

and where we have written w,

w appears in the integrand, it should be thought of as having a small
imaginary part which is allowed to tend to zero after the integration
is performed.

We interpret the different terms in E (z,t) as superpositions
of transmitted, incident and reflected waves respectively. Having done
this we see that the transmitted and reflected electric field amplitudes
for waves of a given frequency are given in terms of the amplitude of
the incident field, viz:

Ezt
E = | =Vew) g _ 1-NWg

r |+ Vel | +nw)

{n{w) is the index of refraction)

2 2

T+ E@m b 1 tnw)

(
(3.99)

Note that the solution to the initial value problem automatically satisfies
the condition that the electric field inside the plasma does not contain
incoming waves. This condition is usually introduced ad hoc.

We have shown that the initial value problem has a unique solution,
without the imposition of arbitrary subsidiary conditions. I.n’_ fact, we have
constructed the solution. This, therefore, is the "correct'" way to solve
the problem, or rather, it is the correct way to pose the problem. What
then is meant by a solution to the artificial problem, which specifies

' ~iwt

steady-state time dependence e ? Nothing more than the interpre-

tation of the above result as a superposition of steady-state solutions.
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Working backwards, we will agree that we have a correct solution for

the reflected and transmitted amplitudes Er(u). Et(w). if a superposition
of such solutions yields the correct salution to the well-posed initial value
problem. This, of course, is a general criterion which should be applic-
able to the case where the medium fills a slab rather than a half-space,
or even if the medium does not satisfy phenomenological equations of the
form (3. 74);

The above result (3.97) suggests the assertion that in considering
more general problems from the steady-state (time dependence e~ iw t)
point of view, a}l ambiguities will be correctly resolved by assuming that
w has a small positive imaginary part and requiring that the fields vanish
as z—>®. Of gourse, in any particular practical case, one would use
this prescription to solve for Er(w) and Et(w). and then justify it a
forterio;i by examining the solutions so obtained in the light of the corre-
sponding initial value problem.

The preceeding remarks may be seen in a more general light by
understanding that causality lies at the root of all these considerations,
Suppoge we restrict our attention to the vacuum side of the interface, witb-
out any restriction on what lies beyond, except that it be a linear system,
Then, quite generauy

® s _jwt © 9 ot )
E(2,)t) = [ E; (w) e e “dw +| Ejw)e ¢ aw 40
" - (3.100)

S VW T
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first

8ecoad] term represents a disturbance which is

Mathematically, the{
traveling to the [z;igl:t] without change in spatial form. The condition

that the initial disturbance consists entirely of waves propagation towards
the interface from the left and is localized to the left of the interface
requires that at t = 0 the function F, (z - ¢ t) is non-vanishing only

for z <0, and the function F; (z + c t) is non-vanishing only for z> 0.
(Of course, the expression (3.10) is valid only for z <0.) Hence, Ei(u)
and Er(w) are boundary values of functions analytic in the upper half
plane,

As before, we shall interpret the functions F;, and F, as
incident and reflected fields, the reflected fields being caused by the
response of the medium behind the interface to the incident field. Caus-
ality then, is simply the requirement that there can be no reflected field
until the incident field distrubance has reached the interface. Moreover,

in this interpretation, since the medium is linear, the reflected field F,

must depen d linearly upon the incident field F, which causes it. Thus

E,(w) = R(w)E; (w) (3.101)

where %(w) the ''response function' depends only upon the properties of
the medium, and is the boundary value gf a function analytic in the upper
half plane.

All this serves as a justification for including a small imaginary

part in w when solving the steady-state problem--tirne dependence e

-iwt
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Since all field amplitudes are boundary values of analyt‘ic functions,

we may seek steady-state solutions with w in the upper half plane,

with the assurance that the resultingR‘(w) will be the analytic contin-
uation of the desired response function. In other words, we insure

that the field amplitudes will possess the required analytically properties
by working in a region of the w plane in which they are known to be

analytic.

8. Propagation Along a Constant Magnetic Field

If the plasma is located in a steady magnetic field (not assumed
"'smallj, then the Vlasov equation takes on an added degree of complexity--
in particular, it becomes a differential equation in the velocity variable,

| The general treatment may be approached through the "Fessel"

transformation, 19

which transforms away the magnetic field term at the
start. However, in the special case of wave propagation along the steady-
state magnetic field, the problem becomes almost identical to the case of

zero field. We sketch the results here.

In the linearization of (1. 34) we require

TenR(@) » fF40) «

"small" (3.102)
-h - Y
E = E(F 1)
\_ "gmall!
as before. On the other hand, now:
,‘é = B ﬁ "’B(’:)t)
() N~ 'small" (3.103)
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PS ' :
where k is a unit vector in the z-direction. Note that if I-‘o (Q)
l is a function of energy alone, it will be independent of Bo since
l ' there is no magnetic potential energy. Hence, if Fo is isotropic
in the zero field case, it will also be isotropic in this case. The

linearized equations are then

%{_lﬁuﬁ) + UFF + Lo (ixk) Nuf - 2R,
- | BIEY SR = n
VxE(r,‘l)--'--E 'Tb"t:""- V-E Mte'ffd-‘u. (3,104)

8B = JOE , 4fe(ifhi TV-B=0
ik =7 t ch

We have used Eq. (l.41) to simplify. Otherwise, except for the
i Bo term, these equations are identical with Eqs. (1. 39). Because
of the presence of the Bo term, the Vlasov equation does not separate
into plane polarized modes. The equations corresponding to (1.47x)

and (1.47y) are

W9x(2,ub) u’% + 0L Gz ut) = BLE, (2H)F(w)

| ot (3.105 x)
? _ he t) F(u
| % . _gg = HEGVFE
ot 0z (3.105y)
. where we have introduced @ = - eBo/mc (the cyclotron frequency).

- fiowever, these do separate into right and left circularly polarized

modes: writing




(3.106)
| 9 = 9x %19,
we get
? 2 -102q, = -':'-S-E F(w)
circularly ) \ (3.107+)
polarized 1 _ ? B
i ) modes 22 + '2‘ .ﬁ‘, 7S
1
: 25 =L2c + %fqd
( .
T left 2 2 . "
I circularly =9, tuwu—-9_+ tq. = _SE_F(u (3.107-)
polarized 'M 9 %z 9 . m )
P modes 2 E - _ L 8.
| ® - c 3
2 o o 1, 4Re
‘ - ( Ibz B_ C ?t + C ‘(9_ dl&

The plasma oscillations are the same as in the zero field case, since
electrons undergoing longitudinal vibrations ( “-ﬁo ) do not eicperience
any U x'-B.o forge.

The normal modes may be exhibited by reproducing the zero fiéld
treatment of chapter II, in fact, the remaining equations in this section
will be seen to be almost identical with corresponding equations in chapter II.
- Fourier analysis in the time variable yields (the z - dependence and

the £ subscript is suppressed)
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ww ©° o gw) (wef) MFw o\ /g
? - )
2 c (3.108)
' )
o o | B ;'Lg_e_cj_ 2 o/ \B
or:

2 F -
?,&"F =HY

The corresponding adjoint equation is:

(3.109)

VS t ot

CRGIIL A
o | .110)
o o

or:

2
(3.111)
The solutions of (3.108) and (3.110) with space behavior of
the form e w/v 2 will satisfy the orthogonality relation (2.15). In
this case, discrete solutions will exist whenever vj is a root of
oo
2
= 2 2 Flw)dw _
Av)s ¢ -v*- ‘i’avﬂ Foade —p
w w-o (3.112)

-0

where

« = |-‘t% (3.113)
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The continuum includes the entire real axis. The solutions to (3.108)

are 4ReVC
B, =% ~&

v
E = 4Tiev?
v “w

wi_ 3 Flw
GQolw) = 2V 3w

for the discrete modes. For the continuum modes

(3.114)

i Gy(w) = %’:U’P %"’ Aw) E(u-otv)
I AW) = 'Lz. [/\*(V) +/\°(Ui| (3.115)

{‘ The adjoint solutions are

t _ nevtc
Bv = ¥ m W

gl - meuct (3.116)
4 miw

g = Fv'y

for the discrete modes, with

2
-

ﬁt(u) = %v’ PQ'—uv + () E(u-uv)

V) F@y) = Aw)

(3.117)

- for the continium modes. By direct calculation, we find
2 afuy 53\ 2
X)) + (R V3 Fiav)

F (xv) (3.118)

[~ N(v)=|%'|v

i which may be written in the form (cf. (2. 85))

et R A 1 4
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| [ | |

NO) ~ 2ri 2ot | ANy A) (3.119)
The discrete spectrum also is modified by the presence of the magnetic
field. Conoidm;;;twti\mer" +'" or "ordinary" moduv.“ o
2 3 “Food
2 2 Wy 3 u)au
AV w* Lot ~Y(1+8) (3. 120)
)
At zero temperature ( F (u) = §(u) ) we find
wp e

which yields
a) nq complex roots: two real roots, when «»7((»)1:’z + (ﬂ/Z)z)l/z «fL/2

b) two complex roots at V= % iy , when < (wpz + (..Q./Z)z)”Z 02

+

@ )

Yow w(whﬂ-)_/

with f ‘

(3. 122)
At finite temperatures, the situation is similar. There will be { :}discrete
modes when “’2(“’; + (f/2)%) -£2/2. The real roots have wandered off
the real axis to the other sheet of the double-valued function A (V). In other
words, if we consider the expression (3. 120) for A(u) with ¥ in the upper

half plane, we will find no zeroes, but if we analytically continue it into the

lower half plane, we find (among othe:.'s) two zeroes which, at low temperatures
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at any rate, are near the real axis, Of course, these zeroes do not
represent actual discrete modes because the expression (3. 120) for A( v)
does not represent its analytic continuation across the real axis. This is
no different from the case when there is no magnetic field.

The " - " or "extraordinary' modes are somewhat different. ‘At

zero temperature

w
b P R
< - ww-n) = C
(3.123)
I.e
l/Z+.ﬂ../2

a) no complex roots; two real roots, when w >(w 2 + (01/2)?)
1 Y
b) two complex roots at v=x1i 1 _ when N <ow<w?+ (“ﬂ,/z)z)”2 +£2/2
P

with
-

]
Y. = (_‘_".Lz___ - l) C
0- 7 \w(w-0)
(3. 124)
c) two real roots when w < f

In cages a) and b), the situation is the same as for the ordinary mode. There
will be 0 and 2 discrete modes for cases a) and b) respectively. In case c),
something new develops. The real zeroes of the zero-temperature A( v)
become complex at finite temperatures and give rise to four complex roots,
two each in the upper and lower half planes, of the dispersion relation
A ( v) = 0 with corresponding discrete modes. In fact, if we were to apply

the argument principle to obtain the number of roots in (say) the upper half
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plane, we would find that the curve corresponding to figure 2, p. 44, would

look like

which encircles the origin twice, so A argA =4 w. The discrete roots
are symmetrically located at t Ver & Ve*' and at low temperatures, near

the zero-temperature values

S /9
Wp
We find
o~ : '
Ve Veo *1Y 1Yl < Yy (3.126)
with
& wp Y -x*
~ €0
r = 73 TA)%' — X xe (3.127)

ok -2
X = [&%L(l + —03':)] (3.128)
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The presence of these discrete modes has led to some confusion in

the literature, 20

For example, in the transmission of electromagnetic rad-
iation through a half-space (in the extraordinary mode with ¢.f) ), the spatial

dependence of the amplitude far from the boundary will be given by the slightly

damped discrete modes. In the paper cited above, this behavior is incorrectly

attributed to Landau damping, a phenomenon discussed in the next chapter.

PR



Chapter IV. OTHER APPLICA TIONS

1. Initial Value Problems

In the initial value problem, the boundary values specified are the
values of all field quantities for all points in space at a fixed initial time, ¢t .
It is desired to determine the complete behavior of the system for later times.
There is, then, a bnic difference between the initial value problem and
boundary value problems of the kind considered previously, where the data
was specified for all times at a finite number of space points. The nature of
the iqitial value problem boundary conditions requires that the problem be
Fourier analyzed in the space variable rather than in the time variable as
previously (cf eq. (2.1)). Also, as a rule, in the initial value problem, the
plasma is taken to be an infinite medium.”* Nevertheless, in terms of the
resulting equations to be solved, these differences are pureiy formal. Actuglly,
the singular eigenfunction method we have been uiing has been applied more.
often to the initial value problem than to other types of boundary value prob-
lems. In fact, the initial value problem was the subject of van Kampen's

;:.apc:rzl in which singular normal modes were introduced.

2. The Initial Value for Transverse Modes

This is by far the most often treated problem in plasma oscillations.

The discussion in this section is included as background material, and contains

w

Montgomery and Gm'man22 have shown that in certain cases, slab geometry
may be treated by using the method of images to convert the slab problem into
an infinite medium problem.

-85.
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only an outline of the results in the quoted papers.

Consider the spatial Fourier decomposition of eq. (1.47s), I.e.

let
g{mut) = ug(ut) ¢'ke
E(z,t) = E(t)e'*®
¥ 4.1)
Then
%g(u,t) +ikug = - 2L E(t) F'w) w2
and |
ikE = 4mp = 41I'€jgc|u
-0 (4.3)

The coupled equations (4.2, 3) were first solved by I..a_ndau16

transform. The result for the Laplace transform of the electric field is

m = 9(u0)du

neJ,, u+Pi

we % F/tuwydu .
I — % - : 4. 4
k 00 Uu+plik . 4)

L [E(t)] = I”(Pt Et)dt =

Van Kampen21 utilized the normal mode approach. Under the ansatz that

-ikvt

the solutions have time dependence e eqs. (4.2,3) reduce to

= Wp =
(w-v)g,w = 72 Fl(u)[“gv(u)du

s

using the Laplace
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The normal modes are then

P !
qv(“)-" %P uF_‘;) + AW Sw-v) (all real V) (4. 6)

with

2 -
- u-v 4.7)

2 00
A0 = 4K+ Aw) = | - S p[ Eluds

Discrete modes would also exist for those y which are roots of

A b s g a o

00
- k* u-v
=0 {4.8)
but for the case when ’}'o (1) is Maxwellian, the discrete spectrum is empty.
Note that the denominator in eq. (4.4) is just A (-:EB).

Van Kampen proved that the g, (u) formed a complete set, by means
of the singular integral equation technique discussed in chapter II. He proved
completeness by constructing the solution to the integral equation implied by

o0
9(14, 0) =j A(V)ﬂy(u)du
i) -~ 00 (4- 9)

where g (u,0) is an arbitrary function, (the initial perturbation in this

instance). The solution is

+

_ & G W)
Av) = AV AW (4. 10)

where

* gtu,0)du

-

G(z) = zlm'.‘
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The solution to the initial value problem is then simply

E(t) = 4L A(v)e""”’olv
(4.12)

14

Case " ° placed the normal mode treatment on a more formal basis.

He showed that the g (u) are orthogonal to the solutions of the adjoint -equation:
v .

(uvv)g,,(u)- k*f (u)q,,(u)du

(4.13)
That is
ot
f 9} wg,du = Nw)S(w-v)
L o (4. 14)
The adjoint solutions are
tey = @2 Pl +A()Sw-v
9,0 = & Pp +AIOM-Y) (4. 15)
with
¥ A (V)
)= —; (4.16)

Then an arbitrary initial perturbation g (u,0) may be expanded in terms of

the g, (u} with the expansion coefficient given by

Al) = N(,,)f 9v<u>9<u o du

(4.17)
The normalization coefficient is found to be
a E 3
| % Fl) + AW
N(v) = / (4. 18)

F'(v)
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which may be written

o Lo
Nw) Ml:i“-l!g A AW) (4.19)

Case also pointed out that in view of the Plemelj formulae, these
apparently different approaches to the initial value problem are actually
equivalent. That is, it follows almost by inspection, that the normal mode
expansion (4.12) for E (t) t >0 and the Laplace inverse of (4.4) are actually
the same contour integral taken along two equivalent paths.

This last result is quite general, and is valid even when the steady-

state distribution function '}:) ('\;) gives rise to discrete modes.

3, Stability and Landau Damping

It is clear that if there is a c.omplex root v of the secular equation
(4. 8), the system will be unstable, since (at least for some initial perturba-
tions) the electric field will contain a term e~ ikvgt which grows
exponentially either for k or - k. It has been pointed out that for Max-
wellian ?; (Q) there are no discrete roots. In fact, it is simple to show that

the discrete spectrum will be empty if F (u) represents any '"single-humped"

distribution. I.e.

N
<
)

w $ o u
Filiw) 5 (4. 20)

YA I A DR e B s s e s S o b e
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Single-humped Distribution

We prove this by applying the argument principle to A (z) as z

traverses the contour C

The contour C

Along the large semicircle

N(z) =~ |

-

(4.21)
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Along the real axis

»

E'S L] 2
At = | - S p | Bl i & pl
- & (4.22)

and since F (u) is single-humped

S A(x) 20 X2 u,
(4.23)

below

34
Thus the image of the path lies entirely
4]

] the real axis.
above

The image of the path 3 - 4 - 1 will then cross the real axis only once, at

the point A +(uo). But

‘l)l" {
A+(u0) = |‘ k. * [F‘u(g'l:iu > l

(4.24)
F (u)

u-uo

since is negative definite. Thus the image of the contour C looks

some thing like

. S A*(uy)

which does not encircle the origin, and there are no discrete roots.
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When there are no discrei:e modes, the system will be stable. This
follows from the normal mode representation (4. 12) of the electric field,
For any g (u, o), the function G (z) will be analytic {n the cut plane, and
if (as we will assume) g (u,0) is reasonably well behaved, the boundary values

G* (v) will be non-singular. Thus, for t > 0

_ 4xe f‘” ') ikt
E(O = Tk Lo NT(V) (4.25)

(the term involving g—_—L‘-')- gives no contribution, since -E-: is the boundary
A (v) A
value of a function analytic throughout the lower half plane).

The asymptotic behavior (t—>o0) of E (t) is governed by the singularity
+
nearest the real axis of the analytic continuation of -G—+— into the lower half
plane. ILandau showed that if To (’\;) is Maxwellian, the integral expression

(4. 8) with sz >0 when continued into the lower half plane, has a zero (for

small k) given by

w,. =w -l"i.w L
° or o (4.26)

where

W, w,,. = wW* + 3k"—g—

P P (4.27)

and
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23
Jackson has shown thai a slightly better approximation is given by
F R 2
Wor = Wp +3k* %

iar=3a _ WM
wy = -wpfE(49) ¢ 7

(4.28)

At any rate, a non-singular initial disturbance gives rise to an electric
field which after long times undergoes damped oscillations ~e'i"° ort ¢“oil,
This "Landau'" damping may (in keeping with the van Kampen singular normal
mode picture) be thought of as the result of the phase-mixing of an initial

disturbance composed of oscillations which propagate with a continuous spectrum

of velocities.

4. Landau Damping of Transverse Modes

The initial value problem for transverse modes may be treatec in the

same manner. The discrete modes of the system would have space-time

ikz -ik y,
behavior ~v e - e Jt, where the v, are the zeroes of the dispersion func-

tion A ( v). In this case, however,
0 .
Wp' du

% u-v (4.29)

with fixed, real k and complex v = w/k,and it is easy to show that there are
no discrete modes. Hence, for positive [_negative] k the long-time behavior

of the system is of the £corm~elkz e lkvot. where Yo is the zero lying
nearest the real axis of the analytic continuation of A +( v) [A “ V)‘] into

the lower [upper half plane.
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P Samn s

We note that the analytic continuation of (4.29) from the upp;r half

plane into the lower half plane is given by

2N VF (V)

Y 00
vf Fwdu _ w?
Lo UV k? (4.30)

At V)= c'-v*- 2%

Then, if we assume that k vV, lies near to its zero-temperature value of

2 2 2 1/2
(wp + k ¢ ) / » We may compute k Vo by me ans of successive approx-

imations. In particular, the attenuation decrement Im (k Vo) is found to be

oty T ﬁ£.+(:‘
'mfa) 0 zo(k* )(4.31)

Im (“IQ) = - L"P( Py

5. Longitudinal Oscillations: Fixed Frequency Modes

[o——

The longitudinal oscillations, like the tranverse oscillations, may be

analyzed into fixed frequency modes:

9alz,wt) = ng(zu) (2"‘“)t

Ly - iwt
Ea(i't) =E()e (4. 32)
The equations corresponding to (4.2-3) are

[

u o 9(2,u) w -2l [g

2 -
o 1 /%\ E 41tef o £ (4.33)
or

?%z (T = HQF (4. 34)

The adjoint equation is

%)_2 f\y-ff — f\Ierf (4. 35)
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where
LW -né
H1- _ m j;l
4T o

(4.36)
Here we must modify the procedure used in the transverse mode

case, Zero is an eigenvalue of the operator H. I.e.

HY = o= ¥t

(4.37)
with
m [}
¥ = o P (4 R T t Wi
° 1 T w o (BF¥)=1-Tn
(4. 38)

Thus the set of solutions of (4. 34) contains the spatially uniform solution o
as well as the modes obtained by the separation =¢v et ',V. These last
solutions are obtained in exactly the same manner as the transverse modes

derived in chapter 1iI.

The continuum modes are

Wp- Fltw)
e = E{vlp — + A §u-v)
1%
E, = 4mev (4.39)
Lt

1 gvf(u) = %iv’- Ph_l:T) + :\'(v)b‘(u.-v)

Ef — hew (4.40)

. S

4 mw
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with

AW) = AW Fl)=| — ‘L’By pf F(u)du

(4.41)
Whenw > W tl;ere are no roots of
o0
Az) = |- Wpae _Flwdu
w* o, uU-2# (4.42)

and when w < wp' there are two imaginary roots i Vo and corresponding

discrete modes. Note that

w2
/\(oo) = |- £
W (4.43)
Asg before, we have tne orthogonality relation
(“VT ¢V ) = N iv-v)
vhl v (4. 44)
where
2V F“’) + A (v
Nv) = LTE LA w__)_
Fi(v)
(4.45)
which may be written
N NS 0 I o
NO a3 | Mw) AW
N(v) ani K Y 1/\() A 16

Of course, the discrete modes, if any, are orthogonal to the continuum modes

and to each other.
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The set {4, } (discrete and continuum) is complete when supplemented
v
by the spatially independent solution y o The completeness proof is straight-

forward. We attempt to expand a state function ‘Y in terms of the continuum

modes.
"oy d
= ¥y
v - [""’A(V)% (4.47)
or
V*Aw)dy
glu) = —1 Flw )PI-——-——;—- + Aw) Al
(4. 48)
4 Aw)dy
E = __—LS—J: V,
(4.49)
Combining:
w( g + B i) = Awa’e) - N oitw)
(4. 50)
where we have defined
aE) = 'f*vAwnh
axl - o0 V-2 (4.51)

A(z) is, by assurmption, analy... in the cut plane, vanishing at least as fast
as 1/ )2z} as |z|—» ®. In fact,
Ww

AT | - 'U/; Z"tl 41ce
2] 00 " lale (4.52)

which i{s a subsidiary condition that a(z) must satisfy in order that A ( v)
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given by

vAR) = ATWw) - W)

(4.53)
shall be a solution of (4.47;.
} The solution of (4.50) is clearly
a(z) = [ | j?ﬂﬁmrfmiEFm»du
AT Az) ). 0o u-2 (4.54)

which is, in fact, analytic in the cut plane provided that

| (¥, w?”if)

(cf. eq. (2.79)) (4.55)

i The subsidiary condition (4.52) becomes
. ‘ w .
- nie !
| 1w =.__T_§uau(%uyfﬁmEFmv
: bre | - %2
wr 0

? This may be written, using (4. 38)

f _
(v, s¥)=o0 o

Thus, any function which is orthogonal to \POT as well as to the

luT may be expanded in terms of the continuum {’L]J } . This completes
ti Vo v

the proof, since an arbitrary function '\If may always be written

W\ %, § I) (QEI% ¢ V)
(\F QP‘ 0)?'1‘{;) W‘; * ;((\Vt‘;%,e%iv)rﬂw“

(4.57)

where ¥’ is orthogonal to ot and to the uT
0 ti vo

b1 Ve R 44T e e ke e
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6. Boundary Value Problems (Longitudinal Oscillations)

By virtue of the completeness proof of the last section, we may
use the representatian
oo - W
I (2,u) =J. A(v) e‘ﬂ"{fv dv + AY,
=00 (4.58)
and apply the houndary conditions appropriate to the problem under consid-
eration to evaluate the expansion coefficients. We have assumed W > W,
only to avoid the necessity of carrying the discrete terms along in the calcu-
lation,

One consideration may be applied to the distribution function at the
start, Regardless of the nature of the reflecting surface, there will be no
net current carried by the electrons across a plasma boundary. Hence, at

[

a boundary z = a, Jug (a, u) du must vanish, which implies
-0

(¥, ¢ Ve=a) _ | =t t }
A =2 = T (w)u (a,u)du +E, E(a)
° (/q;of’ § "Vo) - %" ['”go 9

E(a
| — Ot (4.59)

On the other hand, if the plasma fills a half-space, then

Ao SE(OO) (4. 60)

"
(o)

which follows from

E(z) = f A(v)EVC‘ v +A,

(4.61)
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since the integral term vanishes as z —p ®, by virtue of the Riemann-

Lebesque lemma. Thus, the familiar result

E(o)

f - %; (4. 62)

for a half-space with boundary at z = 0,

E(s0) =

Now consider the boundary condition for the electron distribution.

If the boundary is perfectly reflecting

gla,u) = g(a,-u) (4.63)
This condition, together with the relations
~u)= q_(
g"(u) g.” u)(auuming F(u) s F(-u)) (4. 64)
9, (w) =-9,(-w '
Ey =-E,

yields

m[A(v)e"#“—Aév)e'w“]'{r dv +AV, = i
o v ° 2E(a) (4. 65)
which is of the form of an expansion of the function (2;(.)) in terms of

the  and ¢ , and the expansion coefficients may be found by means of
v [+] '

the orthogonality relations:

i$a -i%a 34
Alv)e Acv)e 2E() N w5

Thus, if the electrons reflect specularly at every boundary, we have
immediately:

a) For the half-space, boundaryat z =0

TSR A e A Il b e i BT | e ey L
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i AG) -AlY) = 26O 2L ¥

$

| Aw) = 0 (v<o) (outgoing wave condition)

; - _ _Ew)

i{ A, = E(w0) = o (4.66)

- which yields

E@ etel = g-tt{ [ ?lv)e,e""’*du +A)

= e-wt [ (“260) wp 2 cvt El9) 4.67)
= { N(V) w‘ oy +|+“,‘/w’ (

- E(o)e“‘"t{ = I L

b) For the slab

L A = _EO _ _E@)
o _wf |- 25

w*

41 i-“—’l
A A(v)] Vv + ':me'}

. . W .
AW) =AY = Ame' P-A)e ' 7%= ’~E‘°)7"L'¢'&’FIIJT5) (4.68)

Thus,
A | _¢i¥a nei v
(v) ZE(o ——— —
~g*ta mw N(v) (4.69)
and

. © fa
<wt —iwt - 1 ,
E@e'” =E@¢™ {ZL_ez. e gi,,Nw)duef‘Jg:}
(4.70)

Of particular interest is the impedence Z of this '"plasma capacitor, "

defined by:

o
27T -"f E(2)dz (4.71)
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where J is the net current flowing into the condenser, and is given entirely
by the displacement current at z = 0, since there is no net electron transport

across the boundary, i,e.

J (w
X = HE(O)

(4:72)
Hence a
_ 1 fEwde
twC, E(da (W, €y (4.73)
with
C = A
° 4%a (4.74)

the capacitance of the condenser without the plasma.

€ o the "effective dielectric coefficient'' may be written in terms
eff’

of the function A(z), since

a a Y 1-cosY Wy
E(2)d =E(°){ ,+zf. “ v d}
.‘; (2)dz =% Lot ¥ “5‘"%‘*' w* Nw) (4,75)

where the singularities in the integrand are to be avoided by ascribing to

w a small positive part. Thus, we may apply (4. 46) and write the result

as a contour integral, which may be evaluated in a residue series:

5 4Ll
= + 5 'Y 2
€ =12 e ™4 mLAGR) -G (4.76)

Note at at zero temperature, the term in braces vanishes identically,

Finally, we may treat the half-space with diffuse reflecting

boundary. In this case

go,u) = CE(QF(W) u>9 (4.77)

it N e T
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which represents the fact that the wall remits the electrons in a thermal
distribution at the same temperature as the plasma. C is a normalization
constant to be determined. (4.77) and (4.59), along with the outgoing wave

condition A (v) =0 (v <0), imply

E(0) br(w) = E (o) {C.F(u) - ?%} :.-.f A“’)ﬂu(“)“'” u>o
Tw °

which amounts to a half-range expansion of the left hand side in terms of

(4.78)

half of the continuum modes. This is of the same form as the expansion

treated in Chapter III, sec. 6 , and we only sketch the results. We define

| “vA@)dy
Az) = - j AL, o

Then (4.78) combined with (4.59) and (4.61) gives

E() w[CFw) ~ 4,0 = O WA - A WA u>o
(4. 80)

(A(z) is to be analytic in the cut plane (cut from 0 to o along the real

axis). A(z) does not have this p"rOperty. but we may write

At _ X

A (u) N X" (u) (4.81)
where X (z) is analytic and non-vanishing in the cut plane. An appropriate
X (z) is N

® fn (N W)/p-
re) i J‘ (N W)) olu
X@)=¢ "=¢"% u-2
(4.82)
Note that
Jm  X(2) =1 (4. 83)

b )
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In terms of the X function, (4.80) becomes

X7(w) + t+ . -
E(o)w| CF(W) = g (w)} == = X (WA ) -X" WA u>0
[ ; ]AM (4. 84)

Thus J (z) defined by

u[CF(u) o) X () '
J(2) = X@)AE) - ik Elo )f (u- z? A (v du (4. 85)

is an entire function. But since we require that a(z) vanishes as z —»®m,

J (z) must also vanish at . Hence

J(@)=0 (4. 86)

and

“(w, u)
o - £ sk [ L,

A" (w) u-2
(4.87)
with the desired expansion coefficient A ( v) given by
+ .
VAW = ATw) -4 (W) (4. 88)

The normalization constant C may be obtained by letting z —p® in (4. 87)

_'\l"_)..- - \ : X(u)
e L‘ "%J f/\()[CF(u) g(uJudu (4. 89)

The integrals in (4. 89) may be simplified through the use of the

18
identity
- |
— L[ X(w=X"(w)
X@) - AN "'ﬂ'l"z'_d“
(4. 90)
f x[No-Ae w f X oy,
] Aw) (u-2) w* | At - 2)
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which follows from the fact that X (z) - 1 is analytic in the cut plane,

vanishing as [z|-—4 ®. For our purposes, we need only

oW X
X(o) - | E:[ XL uFcodu o

- - wy (P X7(w wd
X' (0) f MF u)au .o

Then, using the definition of go(u) (4. 38) and the fact that
& !
U = - = (wu
wF ) m F (W (4. 93)

we may obtain the normalization constant

C= :\uf®[ - Xt )] X'e) (4. 94)

which could be further simplified slightly since we know (cf. eq. ( 3.67)

t A
X(0) = (1— 2%) (4. 95)

7. Conclusion - General Considerations

We have carried out the eigenfunction expansion and its application to
boundary value problems in plasma oscillations. It is seen that the equations
treated contain a continuous spectrum of allowed values with associated singular
normal modes. In other, more fundamental respects - completeness and ortho-
gonality to the accompanying normal modes of the adjoint problem - the eigen-
function expansion for plasma problems does not differ from the eigenfunction

expansions that arise in all branches of physics. Thus the main effort in this
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dissertation has been the attempt to place boundary value problems in plasma
oscillations on an equal footing with other, perhaps more familiar, boundary

value problems.

The existence of a continuous spectrum with singular normal modes is
not peculiar to the plasma problem. Actuallyitis a éharacteriatic outgrowth of
the Bllt- or "'streaming" c;perator that appears in the equations governing a
wide variety of trinsport phenomena. Along this line, Case and Dyson 24
have presented the continuum modes for the Euler equations of hydrodynamics
(linearized about a linear velocity profile). Also, Cerc:ignani25 has obtained
. the solutions to certain boundary value problems in gas dynamics through an
) expan‘sion in the (singular) normal modes of the linearized Boltzmann equation
’f’ for a gas after appraoximating the scattering kernel by a kernel of finite rank.
Finally, Case26 has provided a comprehensive singular-normal-mode treatment
of one-velocity neutrim transport theory, and his results have been applied and
generalized. 27-30
In Case's treatment, the time-dependent homogeneous neutron transport
equation with plane symmetry and isotropic scattering
s 402 =<
Y RRY ¥ = £ Ya o

! under the ansatz

,‘V{x,f‘/t) = ¢

takes on the familiar io_rm

. !
(-p) G () = 3:752[1 Z,k(f‘)"l/“

tkx _~(1+isk)t
¢ Z,"(”) (4.97)

(4. 98)

AREE
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wistances are measured in unit of the absorption mean free path, )', time
in units of Xa /v and c is the average number of neutrons emerging from a
sca ttering event,

The solutions to (4. 98) are

a) for any k, a continuum - 1< & < |
Tl = P+ A0
3"(«) = | .,. pf__tl.. - _.[/\ («)-r/\ («ﬂ

= " dp (c
/\(") '+2k | o-x = -—-‘k tanh™«
(4. 99)

b) for |k{ < CM/2 one discrete mode

L4

ek 1T 2k A -p (4. 100)

with “0 the root of A( No) =0 or,

= tank (%)

(4.101)

The orthogonality relations are

/
[’ Gk P %k P = Ny S -t)
g - O
N«,k =2k(d) T 4Kk

Cl

L I[ﬁ’,“f"]z"’/‘ =Nk = 2kit-43 (4. 102)

The normal mode expansion may be used to obtain the general time

dependent Green's function - the neutron distribution due to a source
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S(t -t ) 8(:: x ) 8(,‘ ’4 ). For our purposes, it luﬁicel to state
a less general result: the total neutron density P(x. t) = f'\r d,‘ produced

by an isotropic plane source q = 8(1: - to) 8 (x ~ x ) is given simply by

x 1<) = ¢ "y, g~ ixk(t-t)
£,00-%,,1-4) » | e‘ dk):

(4. 103)

(here ; means adding the discrete term to an integral over the continuum).
There is a;a interesting connection between this neutron transport

problem and the transport problem of thelgaseoul cliu:hnrge.31 Let 'V(v, Ivz. z, t)

be the distribution function for electrons in an electric field diffusing among gas

molecules. The electric field is in the z direction and plane symmetry and

elastic isotropic scattering is assumed. Then ’\V satisfies
?
¥ tuly + %%{V + VG Y
= %%g’f‘v"dﬁ, +Q (4.104)

where o'a and (¢ are the absorption and scattering cross-sections. If,
s

finally, we assume that the cross-sections are proportional to 1/v and choose

-1
units in terms of the mean free time (v o'a) and the basic acceleration e E/m,

we get

2 ? 2 L
'Dt'\r M V‘zz? +W1‘v 41[‘%1'&" "% (4.105)

where ¢ = 0"'/0;.
We seek a Green's function solution q = S(V) 8 (z) S(t) corresponding

to the injection of a pulse of electrons at rest. Since the solution will contain
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a factor S(V - Jz'_z), by conservation of energy; no information is lost by
integrating (4. 105) over z to obtain
Dowub+ 24+ d=£§d, +q
] ’ A 4x 4 ( 4.106)
where

§s )= [ ¥unatide g by ¥eLESv-m)
0

J (4.107)
Now if we use instead of v, Vg the veloc‘ity variables v and ,4 = vz/v
the transport equation takes on the form
@-Q(v‘ t)-l- -a-ff'—'ﬁzz é:.g- %d" +
7 ;r: ,‘W v 3,; 2 ., ‘b

which is identical, under the transcription v —sr to the neutron transpo:.

( 4.108)

equation in spherical geometry. Thus, the solution § corresponding to a
point source in velocity space is obtained immediately by transcription from
the neutron transport point source Green's function. Thus, the results of
the eigenfunction expansion in neutron transport may be applied directly to the

gaseous discharge problem.
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