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1. Introduction

Suppose some quality of a product varies ascording to some monotonic
function of n numbers Li’ whiech we ghall call for convenience lengtha.
The problem is to determine which of these n langths to stock (hencs-
forward called standards), given phab we can stosk only mn different
lengths, such that the loss incorred in radxicing or cukting or suppiying
standards to the demandsd lengths is minimized. It is assumed that:

A. The part of ths product that is left after reduing, i.e., Lhe

scrap, cannot be used again.

B. The loss is & function of the scrap only.

C. A1l the lengihs are demanded equally.
Assumptions B and [ are assumed to hold only in Ssctions 1 and 2.
For instance if we ars given three lengths of stesl baams of 4 ft., 3 ft.,
and 1 ft. at a cost of $1 a ft. so that the loss in reducing Li to I‘j
is just the c?at of LinL 3 and tecld to choose two standards, we will pick
L ft. and 1 fi. as our lengths. To ses this, note that 4 ft. must be
chosen as a standard, since it is the iongest, must be supplied, and any-
thing longer ia just wasted (if other than demanded lengths were pernitted
as standards). For the other siandard either 3 ft. or 1 f%. must he vho-
sen, since again, not choosing a demandsd length as a standard jJust wastes
the difference between its length and the greatest demanded length less
than it, at least. Now it can be seen that 1 ft. must be chosen as a
standard since its waste is only $1 (= 34 - $3) and the waste with 3 ft.
is $2 (= $3 - $1). As another example suppose we had square box tops
with sides of lengths 4 ft., 3 ft., and 1 ft. demanded and the cost is $1

a square foot, and we could stock but two standard lengths. The loss in
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riet stoeking the 1 £E. hop would he $32 - -‘tlz = 38, ant the loss in not
ctouking the 3 ft. top wordd be $4° - $3° « $7. Therefore we would stock

tha 4 ft. and 1 ft. box tops.

2. The Solution

With the given lengths Li we associate the transitive, complets,
asymmetric graph G, to ba defined. The graph G will also be irreflexive
in this section but not in Sections 3 and 4. Bach vertex in G cerresponda
to one of the Li , and one more vertex is added to serve as a sink. The
vertex corresponding to the longast length, Ln’ is the source. Assune the

dumanded langths are crderad, i.e., L for all Ixnn. Call the

1 €15
addad vertex (the sink) L. Now draw an arc from L, to I‘;j if 1) and

assoclate with this arc ths loss incurred in assuming that ALi and L‘1 are

standards and that thers are no standards batwesn them, and counting only
tinat part of the loss incurred in supplying the lengths intermediate be-
“ween Li and LJn Arcs from L1 4o I'a count ths loss incurred in sup-

piying Li in assuming that Li is the smallest standard. Thus the arc

{rom Li to Lj’ )

( LysLy ]~ ﬁ;mf (L,,1)

where f(Li,Ln) is the loss from L, in eupplying L . Using the steel

bsam example the grayh G is:
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How let u be a set of m of the Ly, and C(um) be the cost
incurred in assuming that sach of the u, are all standards and 4,B, and
£. Alsc lst ux;x be the L; obtained from G, defined as above, which
correspond to the shortest m step path from L to L . Let Li'.um) be
the length of the path in G corresponding to u - Then,
Theorem: Givan Llf.,Lz....,gLn and n?in, and assuming 4, B, and G, then

a. Cfw )~ L{w) and hence
b, m&z G(um3 - C(u;l)

where tha mrnimum is teken over all u
Proof: It is clear from the nature of G that each w. corresponds to a
wiique n step path from Ln to Lo’ and that C{um) is the laengih of
that path since the length of each arc is the loas incurred from each stand-
ard assuning A, B, and C. Therefore u;l incurs the least cost and m‘i{: CCum)*C(u;?.

There are several ways of finding the shortest m step path from Ln to
Lo' In [4] the shortest path iz found using matrices, and it can be seen to
be sxtendablie to the shortest m step path. Another more efficient msthod
iz to labsl Ln = 0 and all the other L1 = o, then reluabsl each Lj n
times starting with Lo and taking them in order each tims. The label on
Li each time is 3;2 fIJ “ [ngLi]) whers [LJ’Li] as before is the length
of the arc from L‘1 to Lio This is equivalent to remembering only the nth
row or column from A2 to A” whora A is the matrix associated with G as de-
seribed [1]. Now in order to find the path we at the kth step assoclate
with sach vertex Li the k step path used to obtain the labels of Lj_.
When Li is being relsbeled J amd the path used to get to Lj is the
new path associated with Li > whera J 1is detarmined by the minimum

function. It can also be seen that we need only use n-m locations at
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a time for remembering pathe since the path associated with Lk on the

kth step is just Ln’“”l‘x and sinca the path assoclated with L, for

J

Jm-k need not be remembered since it will never be used or needsd.

Similarly only n-m Jlocations need be remembered for the labels of the
) 1 . L N

Li since as before we czlceuwlate the label for mel’ . “sz-2’ than

L

] wagl
I LA

N3 ate., until I..m is labaled.

3. Generalization

Now et us relax assumpiions B and C. In their stead we will zay
that thare arw given probabilitisy of demand, P s for each Lio Wa alsc
have a funstion c(Li.L j) of the endpoints that could correspond to in.
ventory or space costs of kespinga supply of stundard 1engtha,1.i g of ths
product in order to meet the expected demand for lengths greater than L 3
and less than or equal to Li during a period of time, where Li and
L 5 are assumed to be standards with no standards between them. It could
aleo corrasspond io the initlsl cost of building a container for the
5 "n:?;lp"fui’l‘n)'
Now using this graph we generalize a number of ways. First, if the prob-

standard length L,. Thus in G let [L,,Lj] ~ c(Li,L

lem, as before, requires that we use exactly m s_tandards s We let

[Li’Lj] “ ® and Gxum) - L(_um) and m‘ii: G(um) - C(ug‘) using the notation
of the Theorsm. Second, if we require the uss of m or less standards,
i.e., ﬁ-ﬁ C(uk) ws then let [Li,Lj] =0 in G and use the same algorith
as befoise for the m step path only permitting thess loops to be used.

Then 1f u' denotes the shortest m or less step path, @C(uk) - C(ul;).

Third, if we rid ourselves entirely of m and just require that the cost

be minimized regardless of the number of standards, [Li’L J] = 0 and the
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Last squation becomee min ¢{u) = n{u') where the minimum is taken over
«ll uw ané w' 4is the shortest path and nuy be found by any of the

standard msthods. Fourth, if space or inventory costs are due to just
the number of standards ragardlass of which of the Li are standards,
we lat [Li,Lj} = o again in G and caleulas min G(um) for each m.

Then C{u) = mlinn(C(ué) « Em) ) whers u 3s the szt of standards

incurring the least total .ostb.

L. Bxappie

It L -1 p = 1/L K, =2 and w(Li,Lj) S I I ¥
L, =3 p. = 1/8 k, =1 ( - .
< < 2 f..Li;LJ) Li : Lj
L, = L = 1/8 « §
3 py = W8 Ky
Lr. = § P, ..».)_/2 kl& = D
S0 the graph is i
fry
I
L 4
Ly

Th:refore tha shortest path is I‘L’LB ’Lz’Lo and the cost is 5 1/2.
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