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ABSTRACT (IR T 4 £

Volume V deals with the following topics:

1) Passive detection in an saisotropic noise field

Earlier studles of passive cdetection in an anisotropic noise
environment were only concerned with the anisotropy caused by a
single plane wave interference (Volumes II1l and 7TV). The present
volume presents analyses of detection in a noise field dominated
by several plane wave interferences or by a single spatially
distributed interference. Conventional as well as optimal
detectors are consiaered.

2) Passive tracker accuracy

a) Ore study examines the effect of a plane wave interference
on the performance of a split beam tracker. Conventional as
well as null steering types of beam-formers are ar lyzed.

The contribution of the interference to the measurcd bearing
error is decomposed into a systematic and a random component.
Factors which affect the relative magnitude of these components
are discussed.

b) A second study initiates an effort to sct abeolute lower
bounds on the bearing accuracy attainable with a given array
in a given noise environment. Only the simplest case (two
element array, independent roise) is discussed here.

3) Active receivers using replica correlation

The performance of a simple replica correlator is compared with
that of a similar instrumentation using clipped (binary) hydrophone
outputs. Detcction as well as range and Doppler measurement arc
§hts
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4)

examined. One finds that large clipping losses can occur when
the target is moving rapidly. In wmost other situations the clipping
loes 1s small.

Adaptive Signal Processing

In situaticns where processor design is hampered by lack of adequate
knowledge concerning signal or noise statilstics one can employ
stochaetic approximation techniques to cause the processor to approach
en optimum configuration. This procedure is used to adjust a tapped
delay line fillter for operation in a anoise environment with unknown
spectral properties. Conditions of convergence and rates of conver~

gence are examined.
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| This report is the fifth in a series describing work performed by Yale University
under subcontract to Electric Boat division of General Dynamics Corporation. The
report covers the period from 1 July 1966 to 1 July 1967. An unclassified supple-
ment to this volume has been bound as a separate document (U417-68-079). Electric
Boat is prime contractor of the SUBIC (Submarine Integrated Control) Frogram

under Office of Naval Research contract NOnr 2512(00), LCDR. E.W, Lull, USN, is
Project Officer for ONR; J W, Herring is Project Manager for Electric Boat division
. under the direction of Dr, A.J. vanWoerkom,
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I. Introduction

The following is a summary of work performed under contract
8050-31-55001 betwcen Yale University and the Electric Boat Company during
the period, 1 July 1966 to 30 September 1967. More detatled discussions
of the results as well as thefr derivations are -ontained in a series of
slx progreas reports which are appended.

Several studies reported in earlier velumes of this series were
concerned with passive detection in the presence of strong interference from
a polnt source. The general subject of passive sonars operating in an
anisotropic noise eaviromnment 1s pursued further in the present volume.

The effort reported here has taken two new directions:

1) Anisotropies are no longer attributed to a single interfering plane
wave. Environments containing several poiat sources of interference
or a spatially distributed interference are studied. Conventional
as well as optimal detectors are analyzed.

2) The effect of a single plune wave interference on tracking accuracy
is examined.

The problem of tracking accuracy 1s also considered in another context.

An attempt is made to divorce the accuracy problem from particular instru-~
mentations and to set absolute bounds on the beavring accuracy attainable by
processing the outputs of a set of hydrophones operating in a specified nolse
enviromment. Only the simplest possible case (two hydrophones, noise
independent from rhone to phune) 1s presented here.

In additicn, this volume continucs the study of active sggar systems

tnitiated in Volume 1V. The specific problem considered here/the effect of
clinping on che perrormance of replica correlators. Results arc obtained

for a wide class of signal waveshapes and for environments dominatcd either

by reverberation or by ambicnt noilse.




Finally, an effort is initinted to deal with the signal detection and
extraction problem in a noilse environment whose statistical properties are

largely or wholly unknown. This leads to the study of adaptive processing

L e s Lol

procedures. Only preliminary results, based on the method of stochastic d

approximation, are presented in this volume.
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1I. Detection in an Anisotropic Noise Environment

Rcpert No. 30 deals with the pezformance of a conventional detector
operating in a noise environment dominated by several point sources of
interference cr, as a limiting case, by an interference source spatially
distributcd over some finite angle. The results indirate that the
performance degradation due to such complex interference sources is less
serious than that caused by a single point source of interference with the
same total power. For a linear arvay of M equally spaced hydrophones
the maximum differential amounts to 10-19210/§ﬁ7§ db  of equivalent input
signal-to-noise ratio. 21s is precisely the pe¢rformance differential
betwcen a conventlonal array coperating in & noise cnvironment independent
from hydrophone to hydrophonc and a siwmllar array operating in a noisge
environment of cqual power but originsting largely from a point source of
interference. One therefore suspects that a smooth transition will take
place from the case of a single point source of interference to that of
isotropic noise as rhe number of intevferences incrzases and thelr locations
become more uniformly distributed in space. Numerical computations
generally ronfirm this inference. For several closely spaced interfercnces
all relactively remote from the target in bearing one finds, not surprisingly,
that the configuration 18 equiveclent to a single intcrference. As the
spacing botween inverferences increaces the performance index rises quickly
to its asymptotic value. For the situa! ons considered in the computations
the esymptotic improvement is somewhat less than the figure of 10-loglo/5§75.db
quoted above One major reauson for this discrepancy is the fact that the
pustuleted spectra (fallceff with second power nt frcquency above 5000 cps)
are rot sufficiencly broad to yield noise iadcpendent from hydrophone to

hydrophonu in the isotropic limit.
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Qualitatively similar results ere obtained for the case of a distributed
interference. Again one finds that the performance index quickly apprcaches
its asymptctic maximum as the interference spread grows. This approach
becomes more repld 2s che number of hydrophones increases (and hence the
beam-width decreeses, since fixed spacing betweea hydrophones is zssumed).

Report No. 33 studies a likelihbocod ratio detector operating in an
anisotropic envirorment similar to the cne just discussed. 1t had been shown
in earlier work (Volume III} that interfecence from a single plane wave
resulted in ~ perfommance degradation nor «xceeding the degradation caused by
the loss of one hydrophone in the absence of the intcrference. A similar
statement remains true in the presence of several {aterferences, 1.c., the
cffect of R interfcrences can be eliminated at a cost not exceeding R
hydrophon:s. However, it appears that this bound on perfornuance degradation
is often quite pessimistic. Thus interferences in close angular proximity
of each other have the effect of a single interference and can be dealt
with at a sacrifice of only one hydrophone. Only when all interferences
are widely sepcrated from each other and from the target can the loss figure
approach R hydrcphones (and then c¢nly in a strongly interference dominated
environment). A spatially distribu*ed interference may again be interpreted
as the limiting version of a large number cf closely spaced individual
interfevences. These may then be groupced intc clusters more or less
equivalent to single point sources of Interference so that serious losscs
occur only 1f the number cf clusters, i.c¢., the total angular spread of the
interfereace, fe¢ large. Since analytical evaluation of the likelihood ratio
dutcetor lezds to expressions that are formally simple but practically
difficelt to eveluate ard int.rprct, many of the conclusions are based on
numcrical computations. Arvays of different geometrics (circuler and linear)

~nd a variety cf interferen e configurations are congidered.

!
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III. Tracking Accuracy

Feport No. 29 analyzes the perforwance of & eplit beam tiracker operating
in an environment consisting of amblent noise (assumed independent from
hydroplionc to hydrophonc) and & plane wave interference. Signal, noise and
interference are assumed to be stationary Gaussizn proc-sses with similar
power spectra. Twc types of beam-formers are considered:

1) Conventiorzl beam-formers (in each array half: delay for alignment

with target, then add).

2) Null stecring (ia each array half: steer on interference, subtract
hydrophone outputs pairwise, then beam-form on target and add).

In each case one 7£ the b-ams is shifted 90o in phase relative to the other,
after which nultiplication and smoothing completes the tracking procedure.

In the conventional tracker plane wave interferences (or other spatial
asymmetries Iin the noise field) contribute to the trecking error through two
distinct mechanisms,

a) The null of the gverage tracker output is shifted away from its
nomingl location by an amount depending on the proximity, strength
and spectral properties of the iaterference (systematic error).

b) The output fluctuation is increased by an amount depending primarily
(excuept for interferences close to the target in bearing) on the
interference power (random error).

The null steering trecker eliminates the complete time function of
interference (at least ideslly) and therefore removes both sources of error.

Whether tracking problems caused by noise field asymmetry warrant the
use of lnstrumentations more complex thau the conventional split beam
tracker clearly depends on the totel additional error [ a) plus b) ]. However,

the choice of remedial measures (spectrum shaping, null steering, more

bl




powerful adaptive proccedures, ctc.) might depend to a considerable extent
on the relative megnitude of errors =2) and b) . The following
congiderations appear relovoant:

1) Only when the noise field is interference Zomincted does the

interference contribute significantly to the random error. (With

a linear 2vvey of 2M equelly spaced hydrophones the environment
is interference doninatea whes the Iinterference to apvient noise
ratio exceeds J(4/3)M ).

2) Even when the nolse field is interference dominated the systematic
trror tends to exceed the random error in many practically
interesting situations.

3) A certein amount of control can be excrted over the systematic
vrror by shaping the spectrum of vach channel prior to
uultiplication.

If the primary source of difficulty is systemctic error, only
st.tistical propertiecs of the asymmetrical noise component are required for
correction. Thesu mzy not be known a priori so that measurement and at
leest a primitive form of adaptation may be indiceted. However, if one
wisbes to deal with the random component of error, one must obvain an
estimate of the ectuzl interfercence time function and the necd for adapteotion
becomes more fundamental. Even in that case one¢ should, of course, still
use all available a priori informetion. Thus, if onc knows that the noisc
ficld asynmutry 135 ccused oy an Interfering plane wave, one nced only
ncasure the interference bearing. Then the reletively aimplce null steering
procucure solves the problem. In the absence of such strong information
concverning the cause of noise {1eld asynmctyy one may be forced into more

claborate adaptive techniques.
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Report No. 32 considers the tracking probler from a much more general
point of view. The Lasic ain is to deternine the best passive bearing
accuracy atteinable with 2 given urray in a given noise enviromnent, without
mzking any prior assumptions about data procussing proccdures. Report No. 32
deals only with the simplest possible case, that of a two element array with‘
noise independent f-um hydrophone to hydrophone. In that situation a simple
crosscorrelator ecttains the Crancr-Rzo lower bound of bearing error and is
therefore an optimal bearing estimator. A two clement split beam tracker
using diffcrentiation to achicve the 90° phase shift between channels 1is
equivalent in performance to the autocorvelator. If a pure 90° phase shift
is usud in place of the differentiation there 1s 2 slight degradation of
perfornance. The rms bearing error of the optimal instrumentations varies

es (S/N)“l for S/N << 1 [S/N = input signal-to-noise ratio] and es

b

(S/N)"? for S/N >> 1.




IV, Clipped Replice Correlators

Report No. 31 cxanines the porformauce of an active sonar recelver
using replica corre’~tion. Detection es well as range 'nd Doppler measure-
nent are considerec.  Thoe output of each array clement is clipped prior to
convintional beamforming and the subject of primery intercst 1s the
performence degradation due to clipping. Ambient nolsc as well as reverbera-
tion limited environments ore studied, with primary emphasie on tho latter.
The reverberation model is the one developed in Volume IV (stetionary,
independent, Poisson distributed point scatterers).

The gencral conclusions may be summarized as follows: Serious clipping
losses can erise In & reverberation limited environment when the target is
noving rapidly cnough to shift the target return elmost entirely out of the
reverberation band.  In such cases the unclipped detector hns an output
essentinlly free from reverberation in the sigrnzl band, whereas the clipping
opuration transfers part of the reverberation power into the sigonal vand.

In other words, clipping destroys much of the pozential signal-to-noise
advantage of o rapidly noving target. With this exception the clipping loss
appedrs to be quitce small in most practically interesting situations., If
onc defines the clipping loss R as the ratio of the output signal-to-noise
ratios with ond without clipping, one can show under fairly genvral
conditions that R > (.89 (equivalent to a loss of o2bout 1 db of input
signal-to-noisc ratio). The primzry roquirement for this statement to be
true is that the tronsmitted signal be narrowband in sone meaningful scnse
(in a reverberation linmited environmant 1t is sufficient - but by no ueans
necessary - that the wavelength of the highest modulation frequency be large
compared with the eorray dimeasions). In the abscnce of such minimal
requirenents one can construct pathologicel exazmples which yicld values of

R ~rbitrarily close to zero.
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V. Adaptive Signal Processing

The structure end performance of the optimum detectors discussed in
earlier volumes of this gerles depends critically on prior knowledge of
signal and noise statistics. It has been pointcd out that such knowledge 13
likely to be incomplete at best. Several reports have postulated that certain
noise parameters(e.g. total noise power) were unknown and have studied the
resulting detcction problem, arriving at primitive forms of adaptation to
the noise field.

Report No. 34 represents the first attempt in this series to deal with

a truly adaptive situation, one in which there s an absolute minimum of
avallable a priori informaticon. The report is of an introduc‘ory nature.
It seeks to define the prcblems and create the mathematical framework for
later studies. Specific results are obtained only for a signal processor
using a single hydrophone, but the procedures diescussed generalize without
difficulty to array processing problems.

In the situation analized here the output of the single hydrophone
is passed through a tapped delay iine filter whosc tap weights are adaptively
adjusted to minimize the mean square error between the filter output and
the signal component of the input. Stochastic approximation 1s used as
the basic technique of adjustment.

It 18 clear that detection is impossible in the total absence of any
information concerning signal or noisa. Three cases short of such total
ignorance are considered: 1) The signal waveshape 1s known, the noise 1s a
stationary stochastic process with unknown statistical properties 2) Signal
and nolse are stationary stochastic processes, the signal spectrum is
known, the noise spectrum is not 3) Signal and nolse are stationary stochastic

processes, the noise spectrum is known, the signal spectrum is not.
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In each case one finds that proper use of the stochastic approximation
technique generates a filter which converges to the optimum Wiener filter.
Conditions of convergence and rates of convergence are similar for the
three cases. A convenient choice of the gain parameter in the stochastic
approximation algorithm causes the mean squarc error to converge to its
minimum with the approximate first power of time. Certain preliminary re-
sults dealing with the application of stochastic approximation techniques

to non-stationary noise fields are also presented.
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Summary
The report analyzes the effect of a plane wave interference on the
performance of & split beam tracker. The performance of a conventional
tracker is compared with that of a tracker designed to null the interfer-
ence prior to beam forming on the target. The receiving array is assumed
to be linear with equally spaced hydrophones. Signal, ambient noise and
interference are assumed to be statistically independent Gaussian random
processes with power spectra of the same form. The observation time T
1s assumed to be large compared with the correlation time of signal,
ambient noise and interference, but short enough so that target and inter-
ference bearings do not change significan.ly in T seconds. For computa-
tional simplicity the ambient noise 1s assumed to be statistically inde-
pendent from hydropheae to hydrophone. The foliowing results are obtained
1) The tracki-g error consists, in general, of two parts:
Systematic error is measured by the displacement of
the target null of the average tracker output from the true
target bearing. It is due to asymmetry in the noise field,
caused here by the interference.
b) Random error 1z the fluctuation of the tracker output about
its average value., It 1s due to the finite smouothing time

2) The nuliing tracker completely eliminates the interference. With

TR

the spatially symmetrical ambient noise postulated in the analysis,

its output 1s thereforc free from systematic error and exhibits a

random error depending only on the ambient noise.
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3)

4)

5)
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The conventional tracker has both systematic and random crror
y

components. The retio of systemetic to random error is greatest
for spcctra whose Fouricr trrnsforms decay slowly (u.g., white
spectra) a1 smallest for spectra with rapidly decaying Fourler
transforms. Howcver, ecven in the latter case the systematic error
tends to e¢xceud the random error (often by a lerge factor) under
most reasonable operating conditions, as long as the environment
is interference dominated. For interferences well scparated from
the target the borderline between interference domineted and
ambient noise dominated operation 1s reached at an ambicnt noise
to interference ratio of /?2737ﬁ—. M 1is the mymber of hydro-
phones in each half of the array.

At low intcrference to signal ratlos the systematic crror of the
conventional tracker rises linearly with the interfcuwence to
signal ratio. The slope of this rise depends strongly on the
spectral shape, being largest for spectra with slowly decaying
Fourier transforms. Spectrum shaping can be accomplished by
insertion of appropriate filters into each chennel of the tracker.
When the interference to signal ratilo increases beyond a certain
point the systematic error increases rapidly. Soon thereafter

the target null disappears entirely and tracking becomes impossible.
This may happen at interference levels at which the random error
is not at zll vxcessive. Even at interfcrence to sipgnal ratios as
1ow as 5 the systematic error can easily amount to a mejor fraction
of a degree,

With fixed hydrophone spacing the mms random error of the conven-

-4 w-3/2 M-3/2

tional tracker varies as T I in an intcrforence
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6)
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-4 . -3/2 M-Z
o

dominated environment and as T N in an ambient

noise dominafze cnvironment, 9y is the bendwidth of the spectrum,
I the average interference power and N the average neise power.
For fixcd array length (hydrophone spacing lonversely proportional.

-k

to M ) the M dependence is M (intcrference dominant) and

M_l (ambient nols. dominant) respectively.
The tms error of the nulling tracker 1s approximately the same as
that of the conventional tracker in an ambient noise duminated
¢nvirvonment., In an interference dominated environment tho rms
¢vror of the conventional tracker is larger by the Zoctor
/8/9 M (1/N)
It is qpparent from 2) and 6) that one might employ intorfer-
ence nuiling for two reasons

1) To ellminate systcmatic crror

b} To ruduct random error
Since nulling achieves significant random error reduction only in
2 strorgly interference dominated environmment, one must ingquire
whoether such »n environment occurs sufficlertly often to justify
the addvd cowmplexity of instrumentation. If ft does not, onc must
further inquirc whether one connot eliminate systematic eicor by
procedurcs much simpler to Implcment then nulling, This appears
distinctly possible because systeratic error depends only on
average parameters of the Interference (bearing, power, etc.), not

on detalls of the Interfercice time function.
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1. Introduction

This report is concerned with the effect of interference from a point
source on the performance of split beam trackers. Instrumentations with
and without provisions for null steering on the interference are analyzed.
Because interest centers on the inte.[2rence problem, the simplest possible
agsumptions are made ccncerning all other agpects of the system., Thus
interference, ambient noise, aud signal arc assumed to be independent
Gaussian random processes with spectra fdentical over the processed frequency
band. The ambient noise is regarded as statistically i.deperdent from
hydrcnhone to hydrophone. The processing array is linear ard -~onsi‘ts of
equally spaced ceiements.

Varl. - possible instrumentations differ considerably in their detailled
characteristilcs, but each oxhibits an average output z which varies with
ste.cing angle € roughly in the manner outlined in Figure 1, at least for
values of 0 close to tte target bearing 00 and reasonably remote from Che
Interference bhearing BI. In the absence of systematlc error, z passes
throuvel. zero at 6 = 80 The instantaneous tracker output is the value of
€ near jo at which the random variable z(t:8) (whose mean value is Z)

passes through zero. The rms tracking error is therefore the standard

Figure 1

-1
A-1 "*ﬂ“?“ ”‘; ”\}‘)




deviation of this zcro location. As long as thils standard deviation is

small compared with 8, there 1s no serious dangcr that the target will be

M

lost. On the other hand, if the rms error becomes comparable to GM
(i.e., £f z(t) can excced 2y with a probability that is not negligible),

sustained tracking is no longer practical.

Formal computation of the zero distribution of a random process such

——_—

as z(t;08) (considered as a function of 8) is an extremely difficult
problem. However, a simple approximation can be obtained for the situation {
of primary interest here, the case of trackers employing smoothing times
larpge compared with the correlation time of the tracker input. The
assumption of large smoothing times has two impcrtant consequences:

1) The tracker output z{(t:8), considered as a function of t, is

|

an approximately Caussian random process.1 Furthermore, {z(tlzel),z(tl'ez);
(
J
may be reparded as Gauscian in two dimensiong.

2) Smoothing ovcr o long period of time results in relatively small
scattering in both amplitude and slopc of z(t:8)--considered as a functicn

of 6--about the zverages specified by z. Sensitivity consideratlions

N

J

|

require the slope %% to be rcasonably large near 6 = 68 . But if
1%

L=
[ee)

is a sizable positive number (os suggested by Figure 1) and the scattering

in slope is small, the probability of %% assuming a negative value near

60 is extremely small. In other words, with a probaoility close to unity,

z(t;0)--considered as a function of $--has one and only wune zero in the

neighborhood of 60.

1

For a dctailed statem:nt of the required conditions, sce M. Rosenblatt,
"Some Comments on Narrow Band-Pass Filters," Quarteriy of Applied Math.,
15, No. 4, January 1961.




As soon as the possibility of multip.e zeros In the 8 range of
interest can be ruled out, it bicomes a relatively simple matter te
calculate the zero distribution by computing the closely related
probability that z(t:0) has a2 zcre in (8,6+d8). Designating the latter

prcbability by P(f) d8 onc obtains

P(8) d8 = Pr{z(t;6+d6) > C} - Pr{z(t-3) > 0} (N
Lence
= B8 . 1 2
P(O) = 3 [Pr(z(t,e) > ol (2)
In view of the Gaussian nature of z(t:8)
] ek
1 2022
vr{z(t,8) > 0} = | —— ¢ dz (3)
Y21 o
0 2

where 9, is the standard deviation of z. Both Z and 5, are, in gencral,

functions of 6. Substituting into (2) onec obtains

=)
& o lzz2)
2
3 1 20z
P(g) = ﬁ /_Z_T?g—— w dz
0
g _fz-z Z
2
20 [ —_— . _ =2 30
= ——TL——- dz e he -22 aory (& §) — (4}
/27 o [ G a6 o 36
z 9 2 2

=)
_ 1B
) 20 2 . = N B[ 1 - 302
P(8) = e ZRNI e TR I + erf|— = (5}
o 38 9, 26 o8 /2 g || 96
z z
A-3
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where
9 .2
erf ¥ = ——| o7 dy (6)
r
0
If the standard deviation of z is constant over the 6 range of interest,
y 30,
3" 0 and Eq. (5) reduces to
-2
__z
1 20, 3z
P(B) = —— e 2 £% N
VT o, 38 i

Sustained tracking is clearly feasible only if the typical fluctuatioa in

indicated 6 is small compared with IGM - 60| (sce Figure 1), 1In that !
case g must be small compared with z,, aond one can approximate E
7% +&| (5-0) (8) -
o 0 i
0 d
Eo and %é- are the values of 2z and 1ts derivative at g = eo. E
0
]
Substituting into Eq. (7) one then obtains
(e I
— _aZ' _
{ {zo taal (8 eO)J
¢ B ]
L L
P(g) = — ¢xp{- %E
V27 o, 9 2
Oy ! 0
) 1.2
/ Eo
- +
f 80 2z
39
1 G \
o ey — P 9
o CXpK f 5 9)
/T ) | %2
az 9Z
a8 e
0 1o
\
)
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Thus the zero location (the indicated bearing) has an approximately

z a

normal distribution with meen § - -0 and standard deviation —7:5—
[0} a_Z _dll

3n 0 38 Ol

The latter is, of course, the ratio of fluctuation to sensitivity at the

null, the figure of merit frequently used to measure the accaracy of null

z

secking decvices. »5§§L— 1s a systematic error in indicated bearing dne to

36,0
such factors as asymmetry in the noise field or imperfections in the
instrumentation.
If the standarc deviation of 2z varies with @ one must revert to

Eg. (5). However, for most cases of interest in the present study it will be
do
found that the contribution to Eq. (5) of terms involving 562- is small, so

that Eq. (9) gives a reasonable approximation. This is almost cvident by

inspection of Eq. (5), for if one multiplies this cquation by 36 1t reads
-2

Z

|| _ i -
P(4) 96 = ~ B e la: - a0 |- " 1+ erf ——-| 3¢ (5a)
=— \ a a z

2n o z z /2 o
z J z

Consider valucs of z satisfying l?l RO the range in which the
cxponential function has a value significantly diffcrent from zero.

) 2
wmission of the temm (;—')Boz requires that the change of G, be much

smaller than the chanpe of 2 . But since z =0 at some point near 60

it follows that 3z = z . Tha maximum z beiny considered is °, Hencc

r4

the term (;E')BO" can certainly be ignored if the variation 30 of the
. z

gtandard deviation is a small fraction of a, over the 6 interval

c

corresponding to 0 5_;>§ o .1 To eliminate the last term of Eq. (5a)

1The argument has buen conducted for the finite intcrvael 0 < z < o,
To derive from it the point-wise condition required for the simplificatidn
of Eq. (5a) one necd only postulate linearity of Z(8) and 07(8) in the
neighborhood of eo i




F-wr W

o

ii" -

one need only recognize that the error function has a maximum value of
unity. Hence variation of I, by only & small percentage over the 8 range
of interest makes the term negligible compared with the term in 8% for
lz] < o,
It appcars reasonable--and numerical examples worked out confirm
this by an ample margin--that the variation of o, over the operating 6
range of a functioning tracker should indeed be o small fraction of o,
lence Eq. (9) is a good approximation to Eq. (5) for all 6 such that the
condition |zl < o, is not violated drastically. Under these conditions

the § ronge for which Eq. (9) is satisfactory has a cunulative probability

very close to umnity.
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II. Conventional Trackers

A. General Relations

An elementary version of the conventional split beam (phase) tracker
is shown in Figure 2. Suppose that the delay of the signal from
hydrophone to hydrophone is to while the delay of the interference from
hydrophone to hydrophone 1s A, Then

signal Sj(t) = sl[t+(j—l)t0] (10)

and

interference ij(t) = il[t+(j—1)A] (1)

sl(t)+n1(t)+il(t) J

L

; v (6) T x 1)

s(m+%gm+%(w {__
K

summecr

low pass|z(t)

mulciplter fi] ter

Spy (DFmy ) ()41 (6)

AN

- —<\\ v (t) H (jw) t

summer
. [
ZM(t)+n2M(t)+i2M(t)ﬁ T
———— 2M e e’
Figure 2
A-T7




If the delays 1, are adjusted so that

3
Tj = (j-l)t1 (12)
then the summer outputs are

-

M
vA(t) = Z !le [t+(j-1)(to-tl)] + 11 [t+(j-1)(.‘.\-t1)] + “j [t-(j-l)tl]} (13)
j=1 )
and
M

vB(t) = Z s, [t+(j+M-1)(to-t1)] + 11 [t+(j+M-1)‘(A-t1):| + “M+j [t-(jm-l)tl]
j=1
(14)

If t, =t the array is stecored on target. The time delay t, is related

1
to steering angle 6 (6 = 0 corresponds to broadside) through the equation

t, = £l-sin (¢]
c

1

d is the spacing between hydrophones and ¢ is the velocity of sound in water.
HA(jm) and HB(jw) in Figure 2 are linear filters whosec tramnsfer

functions remain unspecified for the moment. For proper functioning of

the tracker they should, of course, differ in phase shift by 90° over the

entire frequency band processed. The symbols hA(t) and hB(t) will be used

to designate the weighting functions (impulse responses) corresponding to

the transfer functions HA(jw) and HB(jw) respectively. In terms of this

nomenclature the output y(t) of the multiplier is

-] o©
(
- - - 1
y(t) do h, (o) v, (t o?j do hy(p) vy(t=p) (15)
0 0
Assuming, without loss of generality, that the low pass filter has a
transfer function with unity gain at zero frequency, the average tracker

output Z is given by



bt

St

CERERES

o«

z = y(t) = ( dc hA(o) dp hB(o) Rv " (o-p)

J VB

0 0

where Rv v (h) = v\(t) vA(t+rf , the crosscorrelation butween v, and v
4

AVB A

If one dufines the cross-spectral density by

©

o -jut
Cv o (w) = o» Rv v (1) e dr

A'B AR
then h
G.:
R, , (O = |5, o @ e
46 B i B
and Eq. (16) becomes
Z= | ded Jw H (o) G . ()
e - A\Jm) B Ju vAvB w

-0

The fluctuation of the tracker output is characterized by the variance

ozz. Postulating a low pass filter with the welghting function

% 0 <t <T
h(t) =
0 @E T

and assuming T large compared with the correlation time of y(t), one
obtains1 ®
2 1 d
o, =7 [Ry(r) - Ry(m)J dr

Ry(T), the autocorrvlation of y(t), is given by

Ry(T) = y(t) y(t+r) = xA(t) xA(c+r) xB(t) xB(t+1)

1Repnrt No. 10, Eq. (9}.

(16)

B’

(17)

(18)

(19)

(20)

(21)

(22)




Since xx(t) and xB(t) arc Gausgsian random processes, this fourfold
&

average can be expressed in terms of corruletion furctions.

2 ) 1
Ry(T) = RXAKB(O) + R“A(T) RXB(T) + RXAXB(I) RxA B(—1) (23)

Recognizing that

R, (O =R (=) (24)
4%p e/
one obtains from Eq. (21)
o 2 de R (1) R (1) + L dt R (1) R (-1) (25)
z T j xA XB T XAXB XAXB

Now invoking Parseval's theorem

-] [+
dw G (w) G (w) + il dw
@ xA w XB & T

Finally, ewpressing the result in terms of the auto- and crosscorrelation

2 2
g =

2n |2
z T

G (w) (26)

X% |

{+0]

functions of vA(t) and vB(t),

o«

5 2 [N I B l \%
o ) i A + w) H jw v
T ]t ’J)\i}{]\(jw) I ]H}l(jm) I G ((-U) CV ( ) ”A(j ) ( )“ : A B( )

A B
o (27)

Equations {(19) and (27) are the fundamental relations describing the
operation of the tracker. Note that they derend only on the spectral
properties of the summer outputs. They will therefore hold esqually well
when the beam-forming system contalns provisions for nulling an interference

or for discriminating against an anisotropilc noiee. The effect of such

1R with a single subscript denntes the autocorrelation of the
subscripted variable. A doubl. subscript indicates the crosscorrelation
between the two subscripted variables.
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provisions on tracker performance 1s completely described by their
influence on the spectral rroperties of (vA,vB).
The simplest possible choice of HA(jw) and HB(jw), retaining only

the feature essential for tracking, (the 90° relative phase shift) 1is

HA(jw) .49 (28)

lwl

By(Jw) = 1 (29)

It will shortly become apparent that changes in the filter functions
can be treated as equivalent changes in the input spectra (see p. 15,
so that Eqs. (28) and (29) are nc. restrictive in any important sense,

Using Eqs. (28) and (29), Eq (19) becomes

= j 1
T = 2 (4w G , ) (30)
Va's
1 0
: while Eq. (27) reduces to
2 2n 2
o, == diw Gv (w) Gv (w) - Gv v (w) (31
1 L A B AB
Equations (30) and (31) will form the basis for most computations in this
report,

B. Average Tracker Qutput

According to Eq. (30) the average tracker output depends only on the
cross-spectral density of vA(t) and vB(t). This quantity is easily
computed from the corresponding autocorrelation function. Using Egs. (13)
and (14) and assuming independence of the ambient noise from hydrephone
to hydrophore (as well as the independence of signal, interference, and

ambient noise from each other)

! j( ) stands for the imaginary part of the bracketed quantity.
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M
=
VAVB(T) = E 2_‘ L{ [c+(2- D (e -t))] + 11|t+(2—1)(A t )J+ nlLt (-1t ]
g=1 k=1~

x {sl[t+r+(k--m—1)(co—cl)] 1, et Get-1) (a-e ] + ) [k Ocitt-1 e |

A

M M M M

TS —

=S > > po[1H(k=2aM) (& -t )] + 1 ? ) [1+(k-24M) (8-t )|
NS o 17 /-
g=1 =1 g=1 k=1
1
(32)
(1) and p.(1) are the normallized autocorrelation functions of signal and
intcerference respectively. S is the average signal power and I the average
interference powcr.
applying Eq. (!7) to Eq. (32} onc obtains
Ll Julk-y+M) (t -t ) " i Julk=24+M) (4=t )
W =5 Y g e oL e D :
AVB w L /)__, 2q w) e e (W]
2=1 k=1 g=1 k=1
(33)
(w) and g.(w) are the normalized spectral densities of sigial and
interference respectively, i.e.
w
5

?
g (w) dw = i g () do =1
S 20
J J

— —on

1t is clear from Egqs. (19) and (33) that modification of H,(jw) and
ﬁB(jm) by the same factor H(jw) i

cquivaleut to modification of g_(w)
2
and gI(u) by the factor |H(juw)|

As enticipated on p.ld one can therefore
study the cffect of filtering operations

, such as prewhitening, simply by

el
considering appropriate modifications in the input spectra

1
l ﬂ designates the cxpectation of the bracketed quantity

2/ similar statement holds concerning the effect of filters on the
output fluctuation [sec Eq

(307,

A-12




Substitution of Eq. (J2) inteo Eq. (30) yields

o

|

Moo
D ]
Z = L >_J [dw Sy (w) sinfu(-tnn (e =t )+ 1 g () stafu(ke24) (5ot )) | 1

.

o\_

(34)

Equation (34) will now be evaluated for var.ous signel and interfercnce
spectra.

1) White Spectra. Consider first the case of sigra) and interference

spectra white (or prevhitened) over the entire processed frequency band.

Then 2:)0 Iw' ’ ldo
) = 8y () = (35)

| 0 el > w

© - 0

Equation (34) 1s now casily integrated, with the result

M M - i, 7
T I - cos[(k—Q+M)uo(to~tl)J 1 - cos{k-2+M) wo(A-fl)J
) ,

a_ —

S + 1 (36)
(k=2+M) o (t -t ) (e-04M) w (A-t. ]
o ¢ 1 o 1

i J

E:

Pl

=i =]

>~

Since the iundices k and £ occur only in the combination k-g, it is
cor -ent to introducc the notation
k-2=r (375

Then Eq. (36) becomes

M-1 :
= 1 - cos[(r+M)m (t -t )J 1 - cos[(r+M)w (a-t )]
) 5 : o o 1° . e b b =)
LJ , B s
rem (H-1) (rM) o (c -t)) (et o (8-¢,) |
(38)
Introducing _h:. notation
- _ v = _ (384a)
X, mo(t0 tl) and 7y uo(h tv)

one can rewrite Eq. (38) in the fornm

A-13




M= 1l - cos(r+M)x1 1 1- cos[(r+M)(xl+y1)]
z= S E: +

(x| 5 T (ea0(xHy)) M- xh

r=-(M-1) a5
39

Here X is a measure of the array steering angle relative to the target

bearing while Yy is a measure of the interference bearing relative to the
target bearing. The relation of these two quantities to the actual target
bearing eo, interference bearing OI, and steering angle 6 is specified by

the expressions

d

L sin eo (40)
d

A =—sin @ (41)
c 1
d

= . sin 6 (42)

Figure 3 shows Eq. (39), normalized with respect to S, plotted as a
function of X for % =5, M = 20 (40 element array), and v, = -5.1 With
a broadside target, w, = 2n x 5000 rad/sec, and 1 ft hydrophone spacing,
= -5 corresponds to an interference bearing of about 53° from the
target. Figure 4 gives a similar curve for v, = -2, corresponding to an
interference bearing of about 19° under the same assunmptions. Figures 5
and 6 give equivalent curves for M = 10 (20 element array). In each case
the plot exhibits generally the expected form (see Figure 1) near the
target bearing. It shows a similar functional behavior, greater in
amplitude, near the interference bearing. Perhaps the most striking
feature of the curves is the offset in the axis crossing caused by an
interference only 7 db above the signal level, even when the interference
is relatively remote in angle from the target. If the tracker indicates
a bearing corresponding to the zero of Z, then this effect can lead to

appreciable systematic error in indicated bearing. With M = 10, y = =2

1The curve on the right gises the complete pattern, while that on the
left shows the neighborhood of che origin in expanded form (target response).
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the zero occurs at x, = 0,078 . With a broadside target, o, - 2n x 5000

1
rad/sec, and d = 1 ft, this is equivalent to ¢ systematic error of 0.71°,

Even with M = 20 and y = -5 the systematic error is still about 0.06°.
The importance of the problem clearly depends on the relative strength
of target and interference. To exhibit this effect more clearly, Figure 7
shows the offset in the zero (systematic error) as a function of %- for

M=10 and M = 20 and various values of Yy+ With the numerical values

of W, and d used previously, the vertical scale can be converted to degrees
57.3

w_ = cos 6
oc¢

of systematic error through multiplication by = 9,1 ., The

curves for - -1 and v = -2 terminate within the range of the graph
because larger values of %-cause the zero near the true target bearing to
d isappear entirely. An instrumentation attempting to track this zero
would therefore fail,

2) Algebraic Spectra. The relatively large systematic errors

introduced in the zbove calculations by rather remote sources of interference
are due at least in part to the slow decay of Eq. (39) away from x =0 .
That effect, in turn, may be attributed to the sharp decay of gs(w) and

gI(m) at w . One suspects that gradually decaying spectral functions would
produce rore favorable results. More precisely, since the integrals in

Eq. (34) are closely related to Fourier transforms of gs(u), less

systematic error can be expected from spectra whose Fourier transforms
(autocorrelation functions) decay rapidly away from the origin. An

analytically convenient function with these general properties is

gg(@) = g () = w? sl “n!

2
2 2
(w +ma)

1Note that this spectral function falls to zero at w = 0 , a feature
generally prcsent in practical systems.

A-19



& et Ba T T T T T s -
3 13 o Haarhn
E : st pennsceate s i 3 ! e
3 I -]
T
T 3 T
HT 3 aaa! : 3 I 8
T T ¥ pe m
; ok : i ] @
+
28 pries 0204 T 134 §3284 passs Biong -
% o nss t o
T T 37 3 T ¥
. T
[{eXe]
7
T 1
3 1

FESES 100

bas;

IRRoS Bt

e
o]

e

v NVHNHOQ

Eesspiact og

S3esTve yEsTess

et e taces ot oe
~H
T 1

i

T

S BT R
e s apeags saset

'AHOLVN%

g

tH

Il
Eeaoq b
i

&

i

il

ALISHIAINN 3VA

bli'Q

210




Substituting Eq. (43) into Eq. (34) one obtains

M M

zZ= zuazz Z dw — ’ = " «Is sin[w(k-l+ﬁ)(to-t1)]+ 1 stn[m(k-z+M)(A—t1)]}
L=1 k=l (W™+u_ ")
0 a

MM

= -] (k-24M) (-t Dw_|
- %L >__‘ S(k-2#D)u_(t -t)) e o 17a
g=1 kel

- (k-zm)ma(A-tl)}

+ I(k-t4M)w (8-t)) e (44)
Now changing the index, as before,
k-2=r (45)
M-1
-l (e (e -t )|
z= 3 Z S(x#)w_(t_-t)) e & e
r=-(M-1)
-| x40 (A'tl)“’all
+ I(riD) (A=t w_ e i ™ -] (46)
Finally, introducing the notation
x, = wa(to-tl) . v, = wa(A-to) 47)
one obtains
. v -| (e, | -] (40 (x,y,)|
z = = > S(r+M)x., e + I(r#M) (x +y.) e - ]
2 L ] 2 272
r=-(M-1) \ ; 4
(48)

Figures 8 and 9 present plots of z equivalent to Figures 3 and 6. In both
cases the plots show a much smaller influence of the interference on the
behavior of Z near the target bearing than was the case with white spectra.

Some caution must be used in comparing the systematic errors directly,
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because the physical meaning of " is not exactly the same as that of .
Since a substantial amount of the total power of the algebraic spectrum
lies above wys @ fair comparison clearly demands that Wy be chosen smaller
than . One basis of comparison with a certain intuitive appeal is the
following: Suppose that the spectrum is shaped primarily by the filters
HA(jw) and Hn(ju). Then it is reasonable to assume that the ambient noise
has the same spectral form as the signal. We choose w, such that the
detection index1 for both types of spectra is the same in the absence of
interference. A straightforward computation yields w, - %-wo .

Figure 10 presents information analogous to Figure 7, the systematic
error for the case of algebrair spectra, plotted as a function of %-for
various values of ¥ %-yz . Also shown for the sake of comparison are
two of the curves from Figure 7 (white spectra). The vertical scale is

the displacement of the zero measured in units of x, = %-xz . Hence for

1
w, = 27 x 5000 rad/sec (wa = 21 x 1960 rad/sec) and d = 1 ft , the vertical
scale must be multiplied by 9.1 to obtain systematic error in degrees

(exactly as with Figure 7).

3) Exponential Spectra. Another analytically convenient spectral

function, intermediate in its cutoff properties between those of Egs. (35)

and (43), is
|w|
1Yy
gs(w) = gI(u») =g e (49)
b

The resulting expression for z is

M-1
2—' s Xq . (x4%y5)
2 2 2
1 + (r+¢M) x3 1 + (r+M) (x3+y3)

Tw 3 M- DM + 1) (50)

r=-(M-1

lReport No. 3, Eq. (49).
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where
x, = wb(to-tl) and ¥y = ub(A-to) (51)

Figure 11 shows the systematic error plot corresponding to Figures 7
and 10. For proper comparison under a criterion requiring equal detection
index in the absence of interference, one finds here that Wy, = %?-. As
expected, the systematic error is intermediate to that produced by the
other two spectta.1

C. Output Fluctuations

According to Eq. (31) one requires the spectra &y (w) and G, (w) in
A B

addition to the already computed Gv " (w) [Eq. (33)]. Computing first
A'B

the autocorrelation functions, one obtains from Eqs. (13) and (14)

R, (v) = R, (1) = vA(t) vA(t+t) = vB(t) VB(t+t)

A B
¥ B -
..
= szl >_.. ps[r+(k-z)(to-:1)] + IZ ,>__, pp[r+(k=2) (8-t )] + M N 0 (1)
k=l g=1 k=1 =1

(52)
pN(t) is the normalized autocorrelation of the ambient noise and N is the
average ambient noise power.

Fourier transforming to obtain a corresponding expression in tcerms of

spectral functions,
M M

(w) = SZ ng(w) e
k=1 %=1

M M X
ok G (k=) (b-t,)w

4 IL )d g (W) e " s MmN gy (@) (53)
k=1 2=1

1= (£t )0
G (w) =G *
Va Vp

Inserting Eqs. (33) and (53) into Eq. (31) and using the index

r=k -2 (54)

—— - ————— o —

1Note, however, that the curves for exponentizl spectra consistently
terminate at smaller I/S than those for the other spectral types.
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Al B -

one¢ obtains

= | M-l =
3 2 = 2_” d S T ( ) jr o] tl =
'/ 7 T w\ /—/ X;S w) e

e L r=-(N-1)

(M- )

42
b\ii.l Jr(a-t u
A, polw) ¢ M-|c]) + MU g (w)
C— i N
r=~(}M-1)
. -2
?ﬁl Juwlr+M) (t —cl) !:} Jwlr+M) (A—tl) [
- | 2 ' gs(m)c o (M—Iri)+1 24 gl(m)c (M—[r[)

| r=-(i-1) r=-(M-1) | l

(55)
In the cascs of primary interest here the signal power is much srmaller
than the interference power. (S may or may not be small compared with N.)

In thot cnase the signal contribution to the output variance is negligible

a~d Eq. (55) rcduces to
p s M=-1 M-1 ‘ . ; .
4 : — JuCr+q) (4t ) Jw(rigi?2Ma-t,)
.112 = %J T Z X 7,12(“.) e e A (M—%rb (M-4a)

- == (M-1) g=-(M-1)

%0 !
P i'-f(ﬁx'tl) D
I BN fy () () e M-lr]) + MNTg

| () (56)
re-(i1-1)

N

Lquation (56) must now be evaluated for the various spectra considered

previously.

1) White Spectra. Consider first the spectral functions

'—l_ w W
2“)0 o}

!
'u| Tw

A-2S




Substitution into Eq. (56) yields

“o J M-l M-t '_jw(r+q)(A—t ) 4julrhq2M) (bt )_
_"22“ ! d 12 2, S 'e 1 - 1 e
e "(uo 'L r=-(M-1) q:’;‘(i"ﬁ‘l) )
]
M-I
u jur{s-t.) ,
+2MN1 24 . Y g e]y + MZNZL
r=-(-1) J
pl M-l [/ 7 P , ' =
i JIZ 3 G elnd(malnE) Jugl ) sin[(rtqram) {a-t)u | (M-fr]) (M-{qa})
T L, L_: (r-l—q) (A"tl)-_po (r+q+2M)(A'tl)mo g
r=-(4-1) q=-(-1)
M-1 = -
5 sirl[r(A_t )w } L
_ 1SS 2 2
FatEL Z (At u, (M=[r]) + uN -

r=-(M-1) I

With the change of indices r' = r + M, q' = q+M, Eq. (58) becomes (the

primes have been omitted for simplicity of notation):
(1-|r=¥]) (M-{q-11])

M-1 M-1 . . ; ; i

R — Sln[(r+q—2h)(x]+yl)l 51nl(rwq)(xl+y111‘
°2 T 2737' /s 2_ (req-2 (xpby) (R (xpty))

r=1 gq=1"
— sin r(x. +y.) .21
2y |2 "7;%71—““) cr &
SN I
L

The symbols x, and v, are defined in Fq. (38a). x]+yl = (A—tl)wo is

1

clearly a measure of steering angle. relative to the interference bearing.

Figure 12 shows a normalized version of 9, the square rnct of Eq. (59),

+y1for M = 10, 20 and several values of H’. De-

plotted as a function of x 1

1
pendence on the latter parameter is small, as one would expect in an

interference-

A=
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dominated environment. If the tracker is to function properly, L must
certainly be small comparcd with the pcak value of z near the target
bcaring. 4&According to Figures 3 and 5 hovizontzal excursions must
therefore be confined to a range small compared with 0.1 and 0.2 for

M = 20 and 10 respectively. Over such a range Figure 12 exhibits changes ’
equal to no morc than a small fraction of the value of o, at any point

wvithin the range. Thus the approximation leading to Eq. (9) is amply

justified.1

For remote interference Eq. (59) reduces to
0.2 a2 L 12dnaPa) +38 1% 43 §)? 2 (60)
4 3 Tmo 1 2|1

If M > 1 one can therefore write approximately
~

4 132 N ofs
3 Tmo M~ I for 1 << 3 M

0, = 9 (61)
T u2 52 N -‘/i
\Two M N for 1 >> 3 M

Much as in the case of detection one finds the fluctuation power varying

with H3 in an interference-dominated enviromment and with M2 in an ambient-
noise-dominated enviromment. The dividing line between the two, again

as in the case of detection, depends on M, s t even a relatively

weak interference can dominate the output fluctuation if the array is

sufficiently large.

2) Algebraic Spectra. Next consider again the algebraic spectra

g (@) = gy(@) = o ? el (62)
2, 2
(w” + w, )

1'l‘he approximation is poorest for very small x1+y1. This is the

condition of steering angle very close to interference bearing, where no
satisfactory tracking performance would be expected in any case.
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| o dna o X i A dinan comgnd

2m-1 24-1 ||
! , 22 I\il L (regqe2) (x+y,) | N 3
L v ) (r+q-2M - =| (r+g-2 +y. )
3 T ((_, , e 1+|(r+q 2P)(x2+y2)! 3|(r q M)(x2 yi)i 1
a
l:l q:l
=~ (ren) ey ,) o 1 4]
-e - 'J+l(r+q)(xz+yq)] - '3-|(r+q)(x2+y2)| u (M- Je-t]) (M= |q-ti])
L & b
_ i
y Zb\? g “rlrgtyl I 3 I‘ 2 v o
4ok = e + - = + - + M=
M|t /e L1+IT(X2 y2)| 3|r‘x2 yz)l . (M-1) 12 (6
] r=1
For {x2+y2; >> 1 (stcering angle remote from interference) and
w == Eq. (63) becomes identical with Eq. (60).
a 8 "o
Plots of Eg. (63) for several values of M and % are shown in Figure 13,
licre, as in Figure 12, the approximation leading to Eq. (9) i¢ c’early
‘ satisfied.
i
' D. Random bLearing £rror
According to I'q. (9) the random componeut of bearing error i<
o
——E— (v 4)
e
099
!
evaluated at the target bearing. Ounly the slope of the averaye response
curve (the sensitivity) remains to be calculated. For white spectra one
obtains from Lq. (39)
IR PRI TR
Ay :xl e -
0 0
i N-1 {
) S, o) cos 0 ok MJ " i \—‘ Sin(M‘iY‘i :M (H_Ir')(}'.\\.,-)}
! ‘o ¢ ey 2 s l (M+r)_v1 (M+r)2 2 sl '
r=-(M-1) - 1 |
N s
' A5)
| A-32
i
i
L
B it 3 o 4 a]

Substitution into kq. (56) vields, after the usual algebraic

simplifications,
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A similar computation for the casc of algebraic spectra yields

az| ez T2l _
= 3 = =
38 0 Xy a0 0
J L3 o -0t [y, | \
Sw 2 ocos @ { = A - (M 2 M- M+
8w T cos 6 (5 M7+ 25 §:/ [l \I+r)}y2|Jc (=) ( r)f
r=-(M-1) (66)
For remote interfeircnce and s %‘wo . Lgs. (65) and (66) are
related by
. 2 —
daz n dz!
L ) o omgldley, 7
a0 8 a0l S
lalgeb. white

< 1
Normaiized plots of Eqs. (€5) aund (66) for various values of M and 5

are showr in Figures 14 and 15 respectively. In cach case, but particularly
for the algebraic spectrum, the sernsitivity quickly approachaes its
asymptotic value once the separation of interference and target exceeds
the basic beamwidth of the array.

Normalized plots of random bearing error [Eq. (b4)] ar. shown i

N

Figuircs 16 and 17. S.nco the ralues of 1 all correspond to an interforence-
dominatud crnvironment, the dependence on this paramcter is quitc weak.
Since S/I appears o', in the expression for sensitivity it is clear from
Figures 14 and 15 that this parameter has little influcnce on the random
bearing er-or cxcept for interfervnces within 2 boem width of the tavget -
in which cas. "iscussion of the fluctuation crror bucomes an academic matter
because the postulated tracker can no longer distinguish betueen target and
interference.  Conversion of the vertical scale of Figure 16 into deprees

of rms vrrer 1. accomplished through multiplicacticn by

v, I 1 i
AN SR SRS R : 68
57'3b/;m S a ) (68)
0 . 5 eos %
oF & :

L. . : . .
YNote  N/I = 1, =12  is falrly close to th. borderline of
mbivnt nois. domination, hence the deviation is great: <t in this casc.
A=




DUNHAM LABORATORY. YALE UNIVERSITY

3
-

EE-1

Form

St




DUNHAM LABORATORY. YALE UNIVERSITY

1

rm EE-12

.E.n

A-36



PETus ppoey o R T
PeSn bbamt 4B0s S0 BAees gumes bodes boed = es bae 13

e T 224 . 2 :
b go Snbge bEve copes sooe 3 [Pass ppene e ey .uall..
s o o=
gz o sies Boes = a3 b= z o
T =3 3
o : == =i ——
t
T t 1 o
55 e e
T I3t 5% 80 59s 1 o, * 1t
onas b 1 T o pases
o 225 1
<
00 saose oot 1 <13 T T : T 1
1 99 Sana: i oss b4 I3
pos s et
.
= iy
> $
T P o T 13
1T o 3 1
T 1
13
2bet T}
13

3

3
f
+

4

YALE UNIVERSITY

oo
it

[ as ase

DUNHAM LABORATORY

Saaafelt

i

|902g ESgos sob e
S SR

o

Jeesapet oy Sodey s

?;“1 oz o

e pades hed

poe

T
SN

faoh eeses

T e

ve
1
T
I3
IS

Sy

Form EE-12

A-37



DUMHAM LABORATORY, YALE UNIVERSITY

4
: i 14
b 1 334
b 1 1221 i1y
31 1 11
: 1 ;w .J,m
+ a I
G 3 it £330 ‘:r
31 : 8! s 14
i 5 i i i
. i of Soed -
= 1t 7 1 vy
3 1 $ Shs $
ide i mn 1] HiHt i
T, ] 553 : rEps s
i 4 Hi i &
i 3 T H T
m et hadiidss
- e ot 4 4 4 1
41 H 4 i
13 ﬁ,ﬁ « m
Fe pre Ty $ -
a3 i
i TH i
T3 . )
1iedls | w i
148383 gt i
1 E3gs! $ i
28 AR + SRR
. Tes 175
3 =31 Hi
1 Hi i1
i i

Sqent

338 tH 1]
.. - 43d
g HIHE g i
8 01

1

s

g

e

133233
ey
s
i

531 oI ERTSE M
1

133 I3
B2 as

recal &S

Form EE-12

= i R
S5 1 1 1Y
it it : i sEt:
i3 i i
i HY
o
15 i
b b §+

Hii

A-38



VWW

Of considerable proctical importance is the question whether the random
component of error currontly under discussion is larger or smallor than the
systematic verror investipgoted in Scction II.B. In order to zvoid tcdious
comparisan of o l:rge nunber of cascs; the following npproximate analysis
is curriud out:

If tne tracker is to function properly the shift in the null (systematic
crror) should be confined to a region sufficicntly close to the true bearing
so that th  average bearing responsce pettern (Figure 1) may be regarded as A

Hinear osver the region in question.  In that casce cne can write

1
Systuratic ervor (in rediang) = — (69)

DI} I N
o

[V} -]

where Eé is the on-target value of the average boaring response. Hence
from Fgs. (64) and (69)

systematic vrror o 2
_X ema & = D (70)
rms random crror 20

Eo is obtainud by sctting X, = 0 in Eq. (39) and X, = 0 in Eq. (49, .

Stmilarly Nquations (57) nd (#3) yield v, - Flgures '3 and 19 show
normalized plots of Eq. (70) on a lognrith;ic scnle for white and aigebraic
spectra respectively. An interfercnce-dominated environront Is ~ssumed,

so that dupendence of the noise level on N may be igno-ed. Except for

the neighborhood of v, = 27 the curves for white sp.ctra (Figure 18) d
arc essentinlly straight lines with a slope of (—-%) , once the Interference
is separatud from the target by mor. than the width of the bean pnttcrn.2

This behavior has important practical implications. The abscissn Y1 is

related to torget and iaterference bearing through the equation

Tuls s clearly equivalent to the appreximation of Equation (9).

Lach of the curves exhibits a sharp downward excursion near Y, = 27
To avoid confusion on . h= graph this has been shown only for M = 5
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d
Yy = uo(A-to) w, c(sin 6, - sin 6.) (71)

1
The error ratio [zq. (70)] is related to the normalized R plotted in

Figure 18 through

—

tematic e Ty
systematic grror o o 17
ms random «rror his

fw's= Kmo , the corresponding yl' i3 Kyl. Because of the (- %) slope i

o
i
q ] _1/2 N
thig results in R' = K R . Hence
i
Y L}r' ,/im §
._..._--:"_.. R' = o R (73)
/ﬂ. VrTT

50 that the error ratio remains unchanged. In other words, the error ratio

is independent of the cutoft frequency w, as long as Y1 lies cn thc lincar &

portion of the curves. Furthermore, note that the horizontal spacing between

curves 1s essentially constant at a value corresponding te a factor of 2.

An increcase in the number of hydrophones decreases the error ratio if all
other parameters remain fixed. This implies that the total array length
increases linearly with M. In practice, it may be more realistic to
consider the array length fixed and to vary the hydrophone acing d
inversely with M. Assuming that phone-to-phone independence of the ambicnt
noise is maintained during these changes one finds that to double M implices
cutting Yy in half. Hence the error ratie is unaffected by the change.

One concludes that for fixed overall array length the (zror ratio is

independent of the number of hydrophones as long as Y1 lies on the lincor

portion of the curves.

The next questicn 1is cleavly whether ¥y does or does not lie on the
linear portion of the curves in situations of practical interest. Onc

nced rot be greatly cencerned with the nonlinearity for small i for one

A-12
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would hardly expect to opcrate the system with interfercuces separated from
the target by less than a beam width. To obtain an upper bound on Y1
consider d = 1, W, = 2m x 5000 rad/sec. With a broadside target (BT = 0)
Eq. (71) yields a maximum Y1 of 2n . Thus all but a small rangc of
interfercnce bearings near endfire produces values of v1 within the linear
portion of Figure 18.

It is now possible to determine the valuc of the error ratio in the
linear region, shich is independent of all parameters except overall

array length, smoothing time, and bearing angles.

systematic error _ ﬂ\/i? 1
rms random crror - O L |sin 6, - sin @ |% (74)
I ]

where L is the array length in feet. For smoothing times of the order of
seconds and moderate arrzy length this ratio is clearly larger than unity.
The error ratio curves for algebraic spectra [Figure (19)] do not

exhibit all of the invariance properties present in the white noise casc.
Confining attention to the region ¥y, £ 2 (corresponding to vy, - %9) one
still finds a horizontal spacing roughly proportional to M and hence approxi-
mete invarience of the error ratio relative to M (for fixed arracy length).
However, the slopc of the curves below ¥ = 2 exceeds % . The reasoning
of Equatiens (71) - (73) therefore leads to the conclusion that the error
ratio 1s a monotone decreasing function of w, . The conversion from the
normalized R plotted in Figure 19 to actucl error ratio is accomplished

through the relation:

systematic error _ 2/ 2 o
rms random error T 6, R (75)

With a 40 ft. array, 1 ft. hydrophone spacing, and 0, = 10,000 rad/sec
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this leads to

gystematic error
ros random error —

4 0T, forl g & 2 (76)

Thus the error ratio is still in excess of unity for most reasonablc

smoothing times. Only with larger arrays or wider bandwidth is the random

error likely to become dominant.




I11. Nulling Trackers

A. General Relations

Figure 20 shows onc possible implementation of a split beam tracker

with provisions for nulling a plane wave interference. The block diagrem
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Sl+nl+il 0 —«1?I]m112~—--——1611— \

32+n2+12 o~~—f?£‘ ...... ’k) ) N{ 21‘\‘
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Figure 20

represents a split beam version of the simples: configuration analysed in
Report No. 21 (~ve Fiyure 1 ot rhat report). The delays Yy are adjusted

in accordarce with the inte:ference delay from hydrephone to hydrophone,




so that the subsequent subtractions achieve lo principle complete elimina-

tion of the interfurenc~. The delays 61 align the remaining signal com-

ponents. From this poilnt on the instrumentation is identical with that of
the conventional tracker (Figure 2). Thus, as pointed out prcviously,

Fquations (}9) and (27) ior, with the previous assumptions concerning HA

and HB , Equations (30) and (Bl)J remain valid. The spectral functions

A g A'B

From Report No. 21, Equation (27)

G. (0) , G (w) and Gv . (¢) must now be computed.

M-1 .
Y i f ' . _ - l
v, (6) = kgl{sl‘ht-i»k(to—tl)J— s, (B4R (e =t )=(c =p)| 4n ) Cemke ) ony (emke 40)

k+1 )
(77
M-1 [ " . )
and vp(t) = kgl j8yit + () (co-tl)j = 31|Lt + (ktm) (€ -t )-(t +a) |
- 1. e 1 (
+ “m+k+1|.t (“‘“‘)tl.‘ L O AJ} {8

It follows that

M-1 M-1 . - N .
(xy & ey e ie=t) e =6 ) | ol sy (e =te) =(c =
SCERSCEE {20 {thk-0) (ep )] - o [0 (et +(e 0]

" ]
- QHLT+(R—Z) (to—tl) —(to-ﬁ)]j

—A)]J (79)

+ N(Lz(m-l) oy (D) = (1-2) o {r+(t1—A)] ~(M-2) ON[T-(CI J

Fourier transforming:

M-1 ¥-1
= . ) ) VT
Gv (w) Gv (w) =S gs\u) S |

iz Jull-2) (L -ty ejw[(k—l) (to—t1)+(to‘Aﬂ
& B k-1 g=1

_ el ket ot -ie-n)]

Ju(t -a) -Juw(r, ~A)
o 1 } (80)

+N g (w) {2(:';-1) =0-2) e —(M-2) e
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Furthermore,
M-1 M—l ¥

(v) =s ) lt+(M+k-l) (t -t )]
AR Ll 2-1\ B

1

= ps[1+(M+k-z) (to-tl) + (to-A)J - pslt+(H+k—l) (:o-tl) - (to-A)] ¢/ (81)

)

i 2 ejm(bH-k-!.) (to-tl) - ejwl(lﬁk-l) (to-tl) + (to-A)J

Hence
=1 M-1
(W) = S g_(w) )_

v,V

A'B k=1

=

=1

.
\

_ ejwl(mk-l) (to-tl) - (t:o-A)J[L (82)

As in the case of the conventional tracker, it is clear from Equations

(19), (27), (80) and (82) that multiplication of hA(jm) and HE(jw) by
E(jw) 1is entirely equivalent to multiplication of gs(m) and gN(w) by
|H(jw) F o

Substituting Equation (82) into Equation (30) one obtains the ex-

pression for the average tracker output

_ M-1 P{;l ®
zZ = 2§ , do g (w) \ 2 sin w(M+k-2) (t -t.)
g:l é:l Jo 4 1 &
- sin w[(M'l-k-l) (to—tl) + (to-n)] - sin w[(mk-n) (to-tl) - (to-A)] (87

with the change of index k-2 = r this becomes

M=2
z = 2§ z( J dw g (w) /2 sin [w(rﬂ) (t -t )J
r=-(M-2) \
- sin w[(r'H{) (to-cl) + (to-A)] - sin w[(r-ﬂ‘!) (to—tl) - (to-o)] M-1-|r|)
(84)

The corresponding expression for the output variance is obtained formally
by substituting Equations (80) and (82) into Equation (31). However, in
the cases of primary interest here the signal power will be small compared

with the ambient noise so that one can ignore the signal contribution to
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1
the output fluctuation. Then the variance of 2z becomes

2 .o [ _]u)(t ‘A)
022 = Z;N / dw gi (w) © 2(M-1) - (M-2) ¢ .
B3 —jw(tl“ﬂ)gz
- (M-2) « (85)
J
Equations (84) and (85) must now be evaluated for the various spuctral
functions under study.
B. Averape Tracker Output
Consider first the white spectrum specified by Equation (35).
Integration of Equation (84) yilelds afcer some algebraic simpliification
R -2 ; l-cos(M+r) x l—cos[(M+r) X, -y ]
I = 5 \ .9 1 i 171
r=-(-2) )\ L] S )
l—cos[(M+r) x1+y1]f
CoM-1-lr)) (86)

(M+1) Xl+yl i

X, and y, are defined in Equation (38a).
The equivalent expression for the algebraic spectrumlfquntion {43)]
is

_ M-2 ) -] @t+r) x
z =25 (2(M+1) x

(=3

r=-(M-2) L

2| - (M+r) xz—yzl

5 ¢ - ‘(M+r) xz—yZJ s

~| (M+r) xo+y2[1
- [oern) x4y, ] e SUEY w-i-le (£7)

J

X, and y, are defined in Equation (47).

Plots of Equations (86) and (87) for sclected parameter values arc
given in Figures (21) and (22) respectively. Only th. neighborhood of
the target is shown, because the average output elsewhere 1s too small

to te significant on the scales of the two graphs. The most important

“With S > N there is presvmebly very little difficulty in tracking
once the interfarence has been climiratod.
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aspect of the curves is the complete absence of any offset in the null
(systematic error), a conclusion also apparent from the equations upon
secting X = 0 in (86) and x, = 0 in (87). In comparing Figures (21)
and (22) one must, of course, keep in mind that ¥y = ( % )y1 for equal

detection index, so that Yo = - 2 corresponds very nearly to v = - 5.

C. Output Fluctuations

Substitution of the white noise spectrum [ﬁquation (57)] into

Equation (85) yilelds after algebraic simplification

2 sin(x,+y.)
2 4N 2 2 171
oz - Tuo {(M-l) + %(M-2)" - 2(M-1) (M-2) _(x]_—"'y-;)_
2 sin 2(x1+y1)
+ L(M-2) --2?)?3—17—- (88)

The equivalent expression for the algebraic spectrum is

2.2 - |xy4y, |
2 _n'N 2 2 272
%2 " T {(H—l) +5M-2)" - 2(-1) (4-2) e

~2| x4y, |
&=2 [l+2|x2+y2|

- %Ix2+y2l3] } (89)

Figures (23) and (24) show the standard deviation o

1 3 2
[1+|x2+y2| - 3|x2+y2| } +5M-2)" e

z plotted in
normalized form as a function of (x1+y1) and (x2+y2) respectively.
(x1+y1) and (x2+y2) are, of course, measures of steering angle relative

to the interference bearing.

D. Random Bearing Error

The sensitivity of the tracker is obtained by differentiating
Equations (86) and (87) with respect to 6 and evaluating the deriva-

tives at the target bearing. The result is:
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For the white spectrum

o sin y l-cos y
35 =w 59 cos 0 [1-2 L4z 3 1] M(M-l)2 (90)
0 o ¢ o Y1 y
o 1
For the algecbraic spectrum
Crm r -y,|
z d 2 2
39 "o S < COS 8 [l~(l-|y2|) e ] M(M-1) (91)
o

For remote interference and w, = (n/8) mo (the basis of comparison

used before) Equations (90) and (91) are related by

93— 2 3—

.2 U | (. -
3 8
9 algeb.

e

(92)
ae|
white

exactly as in the case of the conventioral tracker. For bearings renote
from the interference and w, = (nls)mo, o, approaches the same value
for both types of spectra [?ee Equations (88) and (89?]. Eence the
asymptotic ratio of fluctuation errors is

rms _error with algebraic spectrum
rms error with white spectrum

j% for remote interference (93)
m

Plots of normalized rms error versus interference bearing relative to
target bearing (measured by Y1 and yz) are given in Figures 25 and

26. The qualitative differences between the two sets of curves is due

in large measure to the very rapid approach to the asymptotic value of

the sensitivity for algebraic spectra. In other words, oace the inter-
ference is separated from the target by more than a small minimum angle,
the sensitivity at the target bearing is almost independent of the in-
terference bearing (for algebraic spectra). This is, of course, precisely

the lack of influence of the interference on average response which
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motivated the investigation of algebralc spuctra in the first place.

Ag a final point of interest, 1t may be useful to compare the rms
crror of the conventional tracker with that of the nulling tracker.
from Equaticns (59), (65), (£8) and (90) (white spectra) or (63), (66),

(89) and (91) (algzebralc spcctra) ove vbtains for rcmote intorference

rms_crror of nulling tracker
rms error of conventioral tracker

=

/ 5
AN W - Gi-1)" + X u_’.—2)2 (9i
A /7 L) I N2, 3 5 R R
(M-1) oM (2MTHD) 4 S M Gy M
7 4
With M > 1 this rcduces to
rms crror of nulling tracker _ on il £45)
rms crror of conventional tracker \/Eii //*‘“'”“—““-——‘T
3w 3 N
VALSR X )

In the limiting cascs of ambient neolue dgominate ] and iatorference

dominated environments onc obtains [inal!

o ' /A
SIS e

rms_error oy nullinp toacker
rms error of con ntional tiacker

(96)
s N N V/ZT
(X/B M 1 for L 3.1

It is interesting that the supcriority (if any) of the nulling tracker

LN .
over the conventional tracker fs meesvred by M ° = the parametcr which

il
also measurcs directly the cxtent 1o which the envitonment is interfer-
enc2 dominated. Only in a stronply i{nturference domirated environment is
there a significant rveduction in rms crror due to nulling. The slight
inferiority of the nullinpg tracker in an ambient nolse dominated environ-

ment is, of course, duc to the suboptimal nature of the primitive inter-

ference nulling scheme employed tn the postulated instrementation.
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L1V. Concluding Remarks

The report has analyzed the perfermence of split beam (phase) trackers
with and without prcvisions for null stecering in an environment composed of
plane wsve interference s well as isotroprlc ambient noilse. Two types of
error can arise,

1) Systamatic error. This i1s a displacement in the 5:11 of the

average tracker output {rom the true target bearing. It is

ceused by the asymmetry in the noise firld due to the interferences
2) Random error. This is the rms fluctuation of the instantaneous

tracker output abcut its average value. Its cause 1g the in-

ability of a filter with finite smoothing time to ¢liminate fluc-

tuvations completely.

In the conventional tracker the interference coitributes to both types
of error. 1ln the nulling trackcer 1t contributes to ncither, because the
null steering feature totally eliminat.s (at least in prineiple) the inter-
ference at the very beg.nning of the data processing procedure. Thisg dual
effect of nulling tends to obscure questions of crucial importance to the
ultimate decision whether the benefits of null ateering are sutficlent to
Justify the added system complexity. To clarify this point, consider the
following conclusions from the rconventicnal tracker analysis:

1) The interfereace contributes significantly to the random error

orily if the environment is intcrference dominated [N/I << V/% “I
2) I{ the environment is interference dominated, the systematic error
cxceeds the random crror undor most reasonable operating condi-
tious, often by a very substantial amount.
According to 1)  the use of nulling to reduce random error car b

justificd only 1f cperatinn tn o strongly interference dominated environment

o

-




is a common occurrence. If this is not the casc one is interusted primarily
in elfminating the sysct.-.atic error. Since the latter depends only on in-
terference bearing and such averuge propertics as interference power (but

not on the decailed intcrfercnce time function) one can cnvision much simpler
schemes than nulling to achi.ove the nccessary correction.

Even when the environment is incerference dominated one miy be con-
cerned primarily with the simpler problem of systematic crror correction.
According to 2) the largest error compoucnt is likely to be systematic
and failure to track may well be duc lairgely to this component. Eliminatien
of the systematic crror zlonc may then result in satisfactory operation,
even though random error reduction through nulling or related schemes might
achlcve furthcr improvements In accuracy. In view of the inhcrent complexity
of all schemes duesigned to climinate time functions of inturfurence or other
spatially coherunt compouents of the noise field, it appears desirable to
study further whether simpl. modifications of the conventionsl tracker,
utilizing only statistical information about the interfercnce, may not
achieve satisfactory performance.

The bnsic diffcerenace between systemat ic and randon error compensati n
appears in a somewhat different guise in the detection problem.  The ave: -
age buaring response of & conventional detector operating in the prusence

of interference might assume the form sketched in Figure 27, The proximity

AT
i
i’
.x-u/
N S
| —
[ 1 6
'!.'r':"'..E Intorference
Figure 27

A-T4




of the interference imposes a sloping background on the target peak. De-
pending on the method chosen to display the information this may or may not
atfect the ability of an operator to detcct the target. Ignoring such dis-
play problems, however, a fundamental difficulty arises only when the rms
fluctuation becomes comparable with the target peak, i.e., when the "on
target' signal-to-noise ratio at the detector output falls to the neighbor-
hood of unity. If the interference-free output signcl-to-noise ratio is well
in excess of unity, then the introduction of an interference separated from
the target by more than a beamwidth can achieve reduction of the output
signal-to-noise ratio to a level of unity only if the interference is strong
enough to dominate the environment. In such cases nuliing can clearly be
beneficial. Otherwise the problem is primarily one cf display, and while
this counterpart of the systematic error problem is clearly resolved as a
by-product of any nulling procedure, one should recogrize that simpler
techniques may be available to compensate for the average effect of the in-

terference.
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Summary

A straightforward extension of the methods of Report No. 17 is employed
to obtain general expressions far the index of performance of a conventional
detector when multiple independent point source interferences are ﬁresent.

- T
As 1n Report No. 17, autocorrelation functions of the form e : I are
assumed for the noise and interfercnce processes, and the index of performance
is derived for cases where all interferences differ at least several degrees
in bearing from the target.

An Interference distributed over an arc of severai degrees is represcnted
as a limiting case of a large number of closely spaced point interfcrences.
Computer calculations relevant to determination of the index of performance in
cases of multiple or distributed interferences are presented.

If the total interference power substantially exceeds the ambient noisc
power, the magnitudc of the total interference power determines the order of
magnitude of the index of performance. If a fixed valuc of total interferencc
power 1 is considered, the case of a single point interference of power I may
be compared with the cases of distributed or multiple Interferences of total
power I. Assuming the average bearings of interferences to be comparable, one
finds that the index of performance Is somewhat higher for multiple or distri-
buted interferences than for a single point source of interference. The factor
by which the index of perfcrmance with multiple or distributed interferences
may exceed that for onc point interference 1s found to have a hypothetical
maximum of approximately /§§75-, where M 1s th¢ number of hydrophones. The
computed results indicate, howcver, that the improvement factor in most real-
istic situations is no greater than 2 or 3 for multiple point source in-
terfercnces and between 1 and 2 for a distributed interference.

Finally the report points ovt thc omission of a term in the basic ex-

pression in Report No. 17 for the varlance of the output of a standard detector

" CONFIDENTIAL
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in the presence of ambient noise and a point source interference. The term

in question involves the product 1IN of interference power and ambient noise
power. Calculations are performed which indicate that the error introduced in
the output signal-to-noise ratio (index of performance) by neglecting this
term is at most a lew percent for the values of N/I and number of hydro-
phones M considered in Report No. 17, The effect of the term is found to

decrease as either M or 1I/N 1increases.
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I. Introduction

The present report is essentially an amendment and extension to tic por-—
tion of Report No. 17 which treais the conventional detector. The expression
in that report for the variance of the detector output is modified, and the
case of a single interference is extended to consider any number of interfer-
ences,

This report considers only a linear array of M equally spaced omni-
directional hydrophoues. Processing consists of summing the ourputs of the
hvdrophones, squaring the sum, and lov-pass .1lltering the square. The target
signal, the ambient noise, and the one or many interferences are taken to be
mutually independent random processes.

The amblent noise components from different bydrophones are assumed to be
irdependent. We shall also assume signal and interference wavefronts to be
plane. Consequently, at any giveéitime the signal and interference components
of the M hydrophone outputs represent samples of these random processes at 1l
different points in time. If the array Is steered on target, the M signal
components are identicsl at any time., The signal, ambiunt noise, and inter-
ference compenents of voltage at each hydrophone are all assumed to be zero-
mean Gaussian variablus. The average power of a-y of these distinct processes
is assumed not to vary from hydroptone to hydrophone,

The nomenclature of the present report is adopted from Report No. X7, and
where specific assumptions are made regarding magnitude or functional ferm of
varlables, the assumptions are those of that report. The casce of an inter-
fercnce very close In bearing to the target is not discussed in detail.

I1. Output Variance with Ambicent Noisc and a Single Interference Present

It is desired to calculate the output variance Dz(output) for the sit-
uation depicted in Figure 1. The variables Li(t) and n1(t) represent the

interference and noise compoments, respectively, of the jth hydrophonce output.
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This report follows the procedure established in Report No. 3, section IV,
Under the assumption that the array is steered on target but that sig-
nal power is negligible compared with ambient noise or interference power,

the autocorrelation function of the output is
M M
R (1) = E £ 1 (t) +n (¢) L 1,(t) + n,(t)] X
z hel h "h _ j=1 h] 3

M M
£ i, (t+1) + n, (t+1) L 1, (t41) + o (t+7)] ) =
|:k-1 k e ] L_l % b }

M M M M

hil jfl kfl nil E < [ih(t) + n.h(t)] [ij(t) + nj(t.)] [ik(t"'” + “k“*‘)] x

[i£(t+t) + nﬂ(t+r)]} 1)
Since all variables zre Gaussian, the products may be grouped as foliows:

M M M M
Rz(T) = I [ I I

o o {<[1h(:) + nh(t)] [11(:) + nj(c)]> X
= = =] o=
<[ik(:+1) + nk(t+1)] [12(t+r) + nl(t+1)—|> +
<[1h(t)+nh(t)] [ik(t+'r)+ﬂk(t+t)]> <[1j(t)+nj(t)] [il(t+r)+ng(t+x)]> +
< [ln (4 (0] [ig(:+1)+n£(:+r)]> <[1j(t)+nj(t)] [ik(t+1)+nk(t+1)]>} 2

s(t) + il(t) + nl(t)

s(t) + iz(t) + nz(t)

3 |
o
"
rt

summer [~ squarer (- — z(t)

s(t) + 1.M(ti + nH(t)

Fig. 1
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The last two of the three expressions in brackets above are identical ex-
cept for indexinp. Since noise and interference are independent, the suto-
correlation function may be written
BOES i B ) 3
Ro= 11 1 1 {00 () + {n (0 n (:)}] (L) 1, (e+0)
'3
z hel j=1 k=1 g=1 { <: h j " i l . 4
. I NV .
+ (:nk(tkt) nl(t+wl>] + ~[ ih(t) lk(t+TL> + <<nh(t) nk(t+rl>]
\ (3\

[<1j(r) iQ(t+T)> + <nj(c) ng(t+1)>]f

One may define the following normalized correlation functions with N the
average nolse power at any hydrophone and 1 the average licerference

power:
1 qi (1) = E Li (0) 1 ¢ +1)] N qn (t) = E [n (t) n (t+1)] (4)
hj h 3 g hj h ]
In terms of the ¢ function, the autocorrelation functioneis

M M M M 4' . .
. n
(O)J [T g ) +Naq, (0)}

R (1) = ¥ by b 3
Z

[1 ay,(0) + N q:
h=l j=1 k=1 2=1 | 1

3

L

MOEEEAO] k (5)

J

The q terms with zero argument represent DC power. Define

= 2 {1 qik(X) + N qu(x)} [1 :

R ‘(1) as [RZ(T) - (DC terms)]

M H M M
z 2 2
Rz (1) = T ) L T J 21 qék(T) q%l(r) + 2 N q;k(T) q? (1)
h=1 j=t kel :=1 | J : g

0 q;km q?l(r)} (6)

From Eqgs. (39) and (40) of Report No. 3, we cbtain the following for-

mula for the variance of the output-

@ =17 wo e CONFIDENTIAL o
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Now let pn(r) and pi(T) repregent the normalized autocorrelation function
of the ambient noise and inte rence components of hydrophone output, re-
spectlvely. Since the nolse components of different hydrophones are assumed

to be independent, the following relation results:

(8}

[l o
o o
oo
[ Sy

n
th(T) - 6hj on(T) 6hj N

At a given instant, the interference components at hydrophones h and

respectively reprcsent samples of the same random process taken at ao interval

of lhj seconas apart, where Thj 1s the delay from hydrophone h to hydro-
phone k . It is therefore true that
qi (1) o, (1, .+ 1) (9
hj® i" bj

By Eq. (6) through Eq. (9},

2M M MM

7) 21 o
D" (z) = S o R 2 {1,, + 1) o,(7,, + 1) dt
< bt
Thel §=1 k=1 ge1 @ hik 13t
2 o MM
+ i NZ [ 0 Z (1) dt + Sl roL o fp, (1., 1) Mp (1) dr (10}
T @ T T el =i ~oo | hi n

The term above containing the product IN does not appear in Eq. (2}
of Report No. 17 For situations where the ratio I/N 1s substantially
preater than unity, this term does not significantly affect the valuc of
Dz(z) . Even with I/N rear or less than unity, the term has little effect
for sufficiently large M . Some calculations appear in Table 1 of Scc-
tion IIT which indicate the relative magnitude of terms in the expression
for Dz(z) when exponential p functions are assumed.

IIL. Detector Performance with Ambient Noise and Two Intcrferences

If two uncorrelated interferences of power 11 and I, are ptresent at

2

different bearings, one way infer the expression for D2(z) from Eq. (10).

" CONFIDEN AL
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Ambient noilse power 1s assumed small in comparison with both 1, and 12 5

212 M M M M

Dz(z) = —fl I I I b {:pl (Téi) + 1) £y (T(i) + 1) dt
hel §=1 kel fe1 ]
212 M M M M 2
+ —Eg R T i £:°2 (Téi) + 1) Py (1(;) + 1) dt + 2%-M2 {:pi (1) dr
hel j=) kel g=1 ]
AT, I, M M M M e LIGID) (2)
+—+2 0y 1 1 1 lh (g el o O ol
hel j=1 k=1 g=1
411N M M - (1) 41N M M
+ T L £ {wpl (Th + 1) Mg (1) dT + T % b
h=1 j=1 3 i h=1 j=1
= (2)
£m92 (1hj + 1) Mon (1) dt (11)

In general terms, DU (Tég) + 1) refers to the normalized autocerreia-
i

tion of rhe uth 1interference.

The procedure of Report No. 17 will now be followed to obtain specific

N : 4 (DC cutput) . 1
regsults for the figure of merit D (output) . The following normallzed

autocorrelation funcrions are assunmed:

w1 ~w, |7} ~w |1}
ol(r) = e ! oz(r) = g e pn(r) =e ° (12)

As explained in Report No. 17, for the cases of interest, the frequencies

Wos b are comparable. Because the array is linear and the iluterfer-

10 %2

ence wiavefronts plane,

(1)

ARSI 2L ) ant

hk 2

lAssuming the delays ¢, and ¢, to be positive numbers provetc conven-
lent in writing many subseqilent expréssions, even though Fy. (13) actually
permits negative ('s . In all expressions derived, no error 1s incurred by
assuming the 1t's positive, even 1f Eq. (13) indicates that one or both are
negative for the geometry and indexing of a psrticular situation.
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For convenlence, dofince the coefficients

(v)
ke

uv @ {u)

! ou(thJ

T L + 1) dt (14)

+ 1) p (1
v

The fact that autocorrelation functions arc even functions leads to the

results

,_'UU = CUU o CUU cl\\/ = CVU = CUV (15)
rs st -r, -s s ST -r, -s
Con=z.deration of Eq. {7} through Lg. (10) in Report No. i7 and the above
Eq. (15) leads ts the result
MM Mo 2 M-1 -1 uv
IE Dk €Y, sMCou+MI (-s) CoU 4+ M I (M) C
h=1 j=1 k=1 7=1 > s=1 as r=1 :
oD Couv uv
+25% L (M-r) (M-s) [ C__+C J (16)
S 4 -r8
r=1 ,=1
By analogy with Zq. (14), define the coefficients
u 2 . (U) sy
. = dv 1
Dh—j Lfy (14 + 1) o, (1) dv 1N
Ueging the fact that D? = Dfr, one may show that
b M u u M-1 u
I L D =MD +2 I (M-r) D (18)
hel §=1 3 r=1
The coefficlents are calculated from Fq. (12) through Eq. (I%). Details
of the calculation appcir in Appendix A.
) |T+r1 l W |r+sr |]
uv u u v v
rs =~
w b w A w b w4
e e Ve
¢ + (19)
w +w w - w
u v v u
where, by definition,
b=]rt -8 1 | (20)
u v
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If woom e, the coefficient takes a simpler form,

w et -8 |
- u u v

uv 1
Crs = ™ 1+ mulrru - srv!)e (wu = wv) (21)
From Eq. (1l4) of Report No. 17,
uu 1 ~‘r-8| “uu
Cog =0 (1 + |r—s{wuru)e (u=v) (22)
u

By settling LIS equal to zero in Eq. (19) one may infer the value of the

D coefficients, defined in Eq. (17)

W |rr | W er | w lrr | w |rT
- u u -0 u Sh u -0 u
u e + e e - e ;
(23)
r w o+ w w - w
u [}

1f wyE e the result simplifies.

. o frr |
Do = —— (1 +w |rt |e b (24)
r o w u'u
u
The following gencral expression for output variance in terms of
the C and D coefficlents reprcsents a combination of Eqs. (11), (14),
(16), (1%), and (18):
12 f A -1 w E-LE 1 ; L
D (z) = M + ML (M-8Y C +21 M-r) (M-s) [ —rs}
e s=1 08 al s-xl J
M-1 22 M-1 -1 ‘2 22
+ ML M-8) S+ 2% I (M-r) (M-3) l s C_rs
axl fo8 ) el
41,1 -1 [ 10
2N 172 2 12 12 12
== 4+ IM L M- ¢ + C
e M f (T) Al M©C_o qul (M-q) L o -
‘L
M-1
M-1 M-1 1 4I.N 21 1
MD™ +2M T (M- D
+ 2 T I (M-r) (M-s) [ 12 + C12 ] + =L o (G=5) r
) rs -rs J T r=1
r=1 s=1
4 L
417N M-1 ' .-
2 2 2 2 |\ = ST As
= MO+ zril(M r) D_ ECON!-IDE‘\ R ¢ 1))
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For the assumed exponential autecorrclation functions, by Eqs. (19) and

(22} through (25),

2
21 2 M-1 8w, T
2 g -
p°(z) = A2y 4y i”—s’l(1+swlTl)e 11,
“1 s=1 “1
H~1 -1
25 ot (M—r)(M-sz —'r—slwlrl
=] g=1 wy (|+]r—slwlrl)e +
-(r+8)w111
(l+|r+s|wlrl)e
2122 :
+ < {terms like those for Il, with Wity replaced by wzrz} +
0’ fl
T uJOJ
. - ~w, ST ~w,ST -wosT - st
4IlI2 2 2 -1 o 1772 = 272 . 1 @& _ 5 2 2
L 5., t g (U-s) = ‘L + - —
o e s=1 1 Y1 A J
M-1 TR, S, N o
+2M 1 (M-r) | & - + - J
r=1 Sy WaTuy
y-1 M-1 ‘wlA N Tuwyb Twy b Twyd
+ 27 I (M-¢) (M-s) [e A +u} + £ W :wc
r=1 g=1 1 2 2 1
_w L _w L _w I _w I
1 2 1 2
e + e - e
+ T @ = 0w
1 2 2 1
411N 7M2 M-l mlrrl N wOIIO -wlf1l ) ~w rro]
+ T ‘:_‘;'— +2M § (M-r) | E T + = = J
Y v=1 “1" %% S
412N
+ o terms like thos for I] , with wy Ty replaced
gy T
by uyry oy e
2 g:-“ LS.

In the above ex ression, A and 1 are defined as
p
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] |rTl - 312] I = rrl + 87, @27
If neither interference is near the signal in beating,l the products
Wity and w T, are much greater than unity, and most of the terms in
Eq. (26) may be neglected,
2 2
21 2 . | 21 2 i \
02 (z) = Tl M—+L(-§-MJ—M2+-§'M) +T2— M—+‘l\—(%m3-mz+%n/‘
Y1 Y1 SN
2 2 41 1
N [ Mo 172 2. (&l s 2 l)
Pl | T TG w,) [2M+(3M SR X12J
o 172
4T.N 3 4TN E
+ E?ETIE—T [ 2M ] + T?a:;:‘y lZM ] (wlTl, w2T2 >> 1) (28)
1 0o 2 o
The "interaction factor" XlZ measures the effect on output variance of

the intermodulation of the two interference processes which results from
the squaring operation in the standard detector. If both interferences are
remote in bearing fror the target, the factor X12 has a maximum value of
2 . This value is reached when both interferences have the same bearing.
The factor is discussed in detail at the end of this section.

The effect of a signal having power S when the array is steered on

target 1s demonstrated in %q. (33) of Report No. 3. That effect is
2
A {DC output) = M“S (29)

From Eqs. (28) and (29), cne may calculate the following figure of merit

lFor the essumed values W) 27 x 5000 and hydrophone spacing d = 2
Wy Ty
feet, calculatiorns show tnat the term e 1’1 {g less than .1 for bear-

‘ngs greater than about 10o relative to the target. $‘¥Qyi

13- ;CON\%"{; 5




4 (DC output) _ CONFEDENT‘AL

D (output)

(.2 2.

I L\ r 2 LI, [ .
T (I T (2, 0], 8, bk (31 + L ]
\/;MS"\(w TS Jti“*am}“”«,)*g(wm) 2+’§“1+3M.]X12
\ 1 2 o 127 -
AY
IN IN |

1 2 \
+ | — + 2 (30)
8(m1+w0) %(w2+wo) /

The above equation may be rewritten as

A (DC output) =

D(output)
. - -
1.1 2 ¢ . 1N 2
T J[l 2} 172 1 2 N
7 WS = A E e B + CRR— (31
0 ) +
2 L 0y wz l&(wl+w2) [%(wl+nv %(uz mo) W J
where the following definitions are implied:
2 1 [ 2 1)
- i - - e > 2
A= S o B 2+[§Ml+3M X; 5 C =2 (32)

The factors 4, B, and C measure the relative contributions of different
intermodulation effects to the magnitude of the output variance Dz(z)
Specifically, A measures the impcrtance of intermodulation of an inter-
ference process with itself; B pertains to the intermodulation of the
tvo interferences, and C determines the contributions of interference-

noise intermodulation. If it happens that 1 and T

1 , are roughly

equal, then B {s approximetely 2A for large M ; otherwise B is smaller.

Pr i
roperties of X12

From Eqs. (26) and (28), X12 is implicitly defined as follows:

M-1 M-1 "‘UL)IA ‘wzﬂ "wlA ‘sz
2 L L (Mr) (Mes) | E—E 8 =1 -
r=1 s=l Wiy !
‘”11‘”2 -%' M3 = M2 + %- M] X12 , where (33)
L
&= |r1, - stf CONF\DENT\A (34)
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For simplicity, assurc w, = sl B then Lq. (21) indicates a sim-
4

plification in the form of the terms involving & .

¥-1 M-1 1 R A iz %
2 - i-8) “— + ] e 1 =
I I (M-r) (M-s) " (1 wOA) ¢ 2u j H +~1 12 (35)
r=]l g=] 0
Assume that T, = le , where k > 1 . The double sumnation may be
written
NEI ) ) ~u 1, |r-ks]
21 1 (M=) (M) = (e T, (r-kel) e ° (36)
w ol
r=] s=1 o]
—w T
o1 w12 -
Censistent with the assumption that e T e z 0, one nay
neglect terns in the summation except thoce for which |r—ks| <<| . For

concreteness, one may require |r—ks] < 1/2 as the condition for a term

to be significant.1 For a particular integer s” , suppose that the in-
teger 1 satisfies the relation r°-ks” w 1/2 . Then (r’-1) - ks” =
- 1/2 . 1Ir this cas¢, for each s there are two values of r such that
;r~ks| < 1/2 . Except for a discrete set of values of k , no r will
be found for whichk r-ks = 1/2 exactly. Howcver, as long as k < (M-1) ,

some one value ¢f r can be found for sufficientity small valuvs of s
suctk that |r—ks| <1/2 . Fence, in peneral, a rcasonable assuiption is

that for ecach value of s only one value of r need be considercd.

Note that by definition 1 = (d sin 0)/c , where d 1s hydrophone

spacing and ¢ {s sound v¢locity. Hence, k = 1, / 4= sin 0, / sin C

2 2 1
“Yoh1
Since the basic assunption e "= 0 18 poor for anples Jess than about
1 —worl(l/Z)
The assumption being madc is that {l+w011(l/2)J e is
<t 1, on the order of .01 , for instance. ‘+is condition 1is truc for

woly 2 3.5 - for ) 2n x 5000, d = 2 ft., the incquality holds for any

. o
relative bearing greater than about 15

=11 r,ﬁmﬂﬁ‘TNT‘,légﬁ
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157,7 the minimun value of sin el for which the analysis is valid is
about .25 . lence, k 1is not more than 1/.25 = 4

In the expression (36), s values greater than (M-1)/k tind no
corresponding r satisfying the requirement |r-ks| < 1/2 . Hence, the
maxirur value of s which is significant is the integer nearest (M-1)/k

(or M/k for simplicity). The value of r corresponding to cach s

is the integer nearest ks . The expression (36) 1s then roughly

[m/k] i GRS |r-ks|
2 I (M-ks) (M-s) = (l+worl lr-ks|) e ° ,
0

s=1

where {‘M/k] denotes the largest integer smaller than }/k . Investi-
gation reveals that for a given s , the value of |r-ks| 1s the Jif-
ference between sd and the nearest inteper, wherc d 1s the fraction-
al part of k . In general, the above expression cannot te significont-
ly simplified. The expression has local mexina with respect to & when
k 1s & multiple of 1/2 ; locel minima occur approxiretely where the
fractional part of k 1is 1/4 or 3/4
4 rough estimate of the summation may be obtaincd for the cases

whcre ki3 an integer. For all vnlues of s yilelding significant

terns in the surmatior, |r-ks| = 0 . Hencc, by (37) the summation ru-
duces to
L/k] 12w/t
2 L (M-ks) (M-s) =~ 5 — q (M-ks) (M-s) ds =
s=1 Yo Y

- n/k
2 2
- f LS o = M(k+1) s + ksz ds = 2. [ M23~M (k+1) 52 + L 53
) 1 Wy 2 3

lFor the product wod on the order of 4n x 5000 .

“ CONFIDENTIAL
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[ k) 3
o | 2k 3k
2 [3 1 kil 1 2 O 1
LTM (I—_2+_E)—M oo 7(k—%(k+l)+§)
o L 2k 3k o | k
3
2 Mk 1
- w 2 (2 - E) (38)
ok
For large M , the above expression, where powers of M 1less than the

third power are ignored, should be reasonably accurate. Referring to
2
(B3), and zssuming M <<I~13 , one obtains an apnroximation for X12

.
X.. =6 (sz ~ l/6) = :—l' (k = 2 integer) 39
12 k2 12 3

1t appears impossible to obtain a simple analytical expression for

the factor X12 in terms of the bearings Gl and 02 and the para-

weters of the system. For this reason, extensive computer calculations
have been performed. For the calculations, it 1s assumed that both
processes have the same bandwidth. The precise form of the expression

for X12 , derived from Eaq. (35) is:
M-1 M-1 ~w |rt,-st, |
X St LaT Ty £ (M-r) (M-2) (1+wolrrl—sT?|) e °© Lo

12 33w r=1 s=1

5 MelH-l wd
= ——=— [ I (M-r) (M-s) (14-%- ¢ sin 0 -5 stn 0,1)x

2M3—3h“+M r=1 s=1
w d

o |r sin O
c
€

[ sin 02| (40)

where M 1s the number of hydrophones, 4 1is hydrophone spacing, and
c sound vclocity. For calculation, w was taken to be 27 x 5000,

d two feet, ¢ 5000 feect per second. Results were obtained for M = 40

and M = 20.
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In Figure 2 curves of X12 versus @ , the arithmetic mean of th=z

bearings of two point source interferences relative to the target, are
plotted for different constant values of A@ , the difference in bearing
between the interferences; for these curves M 1is taken to te 40 hy-

drophones. In Figure 3 curves of X12 versus breadth pp , for fixed

values of center angle @ , are plotted for toth M = 40 and M = 20
to permit comparison of the results for different values of 1 .
In Figure 4 contours of constant delay-time ratios are plotted

on the Ol = 02 plane.

A striking feature of the X, ,-versus-0 curves (Figure 2) is that

12

for a given value of 0O in the range of abcut 25° to 65° R X12 is l

nearly independent of the breadth (anguiar separation) AQ for values 5
of 40 between about 5° and 40° (.1 radian to .7 radian). Exceptions ?
to this statement do occur in certal. ranges where one or more curves have z
sharp relative minima or maxima with respe:t to © . The limited calcu-

lations for 40 on the order of one radian iadicate t at X12 does dip z

nearly to zero for at least omne range of o .

The curves may actually be somewhat more irregular than the plots
indicate, since the points picked for calculation did not include all the
combinations of angles ylelding delay-time ratios which correspond to
relative maxima or ninima of Xl2 . It seems reasonable to conclude, how-
ever, that unless 0 1s fairly near 90° or 60 is on the order of a
radlan or greater, detector performance is relatively insengitive to the
value of A0 . It must be noted that for M set equal to 20 , the
curves separate appreciably at a smaller value of O than for M equal

to 40 . Evidently a larger number of hydrophones increases the range

of O over which performance is insensitive to 40 .

The comparative flatness of the curves of X12 versus A0 (Figure 3)

illustrates the above remarks. CONF!DENT“&‘L
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On the basis of the durivations in the previous section, 1t will

1V. Amendments vo Report Number 17

ncw be indicated where {n report No. 17 terms nced to be added to ex-
pressions. For direct comparison with the results «f the earlier re-

port, it must bu assumed that the intcrference "cutoff" frequency wy

is the same as o By Eqs. (11), {(17), (18), (24), and (25), Eq. (16

of Report No. 17 is amendcd as Zellows:

A(DC output) .
D(output)

Tug 1S

s 2 6ol

= (M-8)" [i%(l+25m 1 )e J
00

\

]

2 2 .2 -1 - TR ¢ 5 i
NHIT (14 L (M-s) (l4sw 1 e O %% 55
M o' 0 2

s=1 M s

[ |

4 -1 -1 ‘I "(‘.“'S)LLCIO I— -(I‘{‘S)‘\.voro
il —= T (M-r) (M—s)([l+(r—s)w 1 e +H+(r+s)w 1 ]e j
BES 22 =) . ] L o
1
+ IN{2 += § (M-r) (l4rg 1 )e °©°° (41)
M =1 [e o] Jl !

Accordingly, Eq. (17) of Report No. 17 is amended to

L(DC output) _ / ) S !
2

D(output) = (42)
2 2 e 7
B+ 10 |1 & = 8 @-s) J + 21N ,
M os=1 :

Eq. (18) of Report No. 17 bccomes

4 (BC output) L//Ifg
2

MS

D(output) 5 (43)
2] 1 1 A
b//h + o (2M + ﬁ) + 2IN

In terms of the factors d<fined in Eq. (32}, the above equation reads

o T

L

A(DC output) V//Tdo MS — (44)
D(output) 2 V["‘i“ 5
N +A1 +21IN

Fg. (43) reveals that the term 2IN is relatively unimportant unless

‘-:'\'fl’-s-’."- e e

S

N and I are comparable and M s not larpe. To determine precisely

the ¢ffect of this term, one may assume 1 = N and, using Eq. (44},
calculate a correction factor as a function of M which will convert

Eq. (18) of Report 17 to agree with Eq. (43) above.
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Table 1 (N =7)

M Correction factor
10 .89
20 .94
30 .96
40 .97
50 .97

Since some of the curves in Report No. 17 take M as 40 and allow

N/1 to vary, a correction factor as a function of N/I may be useful.

Table 2 (M = 40)

N/T Correction factor
.1 .99
1 .97
4 .92

V. Detector Performance with Ambient Noise and Several Interferences

Without further derivation, one can infer the expressions for output
variance and figure of merit for k interferences from Eqs. (25), (28),
and (30). Using the C and D coefficients defined in Eqs. (14) and

(17), the general expression for output variance is

Dz(z) = .
k M=1 M-1 M-1

2 s c™arars es) 422 & (M-r) (M-s) [c““ + c““]

T u Q0 oS rs -rs
u=1l a=] r=1 s=1

gt & 2 v Se4 v, .uv Mol uv,_uv
+- L £ ITI(M c:: + 24 L (M~q) [C“ +C } +2:r I (M-r)(M-s)[;rs+grs]

Tu-l vaubl UV q=1 °q qe r=1 s=1
k M-1
+ 5%E b u%p" + 2 r (M-r) DY)+ : 5 sz” 92 (1) dt (45)
wl] ° el B * e

CONFIDENT' AL
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If autocorrelaTiTn functions are assumed to be exponential functions of
-w |1
the form e ° and all products w,T, are much greater than unity,

the index of performance becomes

A(DC output) -
D(output)

L/r%;vm

3

f vk12 k  k I1I - 1 K I 2\
1 u uv 2 1 u N S
4==| L —+ ¢ E = l?+(~ﬂ-l+—~ X J F 2N L g oy =
( 37M) 1 Y uml veutl? Py 4 ) Xav u=14(eg*e,) woJ
(46)
where xuv is the same function as Xl2 of Section III, involving the
uth and vth interferences.
It seems instructive to compare detector performance in the presence
of several independent point source interferences with the performances
in the presence of a single interference yielding the same average power
as all the independent interferences together, If I represents the
total asverage interference power in both situationms,
k
I= 535 I (47)
u
u=1
In Eq. (46) the coefficient of the qu terms is the factor A de-
fined in Eq. (32), and the coefficients of the Iu Iv terms arc like B
1

of Eq. (32). B ranges from 2 to 2A as X;, varies from 0 to 2.
In the limiting case where angular displacements between interferences are
small (or bandwidths are narrow), the B factors in Eq. (46) approximately

cqual 2A . If all the wu's roughly cqual wy Eq. (46) then becomes

1Note that 2.0 is the maximum value of X,, for interferences remote
in bearing from the target. For less remote interferences X12 exceeds 2 .

Sy =
Wherever the assumption e Yo'l . o s valid, X., (6 81) = 2.0 .

12 7 1°
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4(DC outpvt) . 2 -
D(output) SR ” i "
,/ AT Ii + 2A ¢ T IuIv + 2N I + N2
V usl u=]l veutl u=l Y
A MS (s MS

o ey = M5 (48)
/7 / Tw |2 ' VT —

k 2 2
S R Vo AI® + 21N + N

‘/A 1| 42
' u=]l i tu=1 o

This result is the same as that obtained in Eq. (44) for a single inter-

ference of power 1. It seems reasonable that 1f multiple interferences
span only a small arc, on the order of the beamwidth of two adjacent hy-
drophones, the ¢ffect on the detector 1s scarcely distinguishable from
that of a single point source interference.

The opposite limiting case occurs in the very improbable event that
the interferences are all located at critical bearings which make ail the
X approximately zero. In this situation, the B factors roughly

uv

cqual 2 . Now Eq. (46) yiclds

oy
A(DC output) . B MS
D(output) /’ v — 5 ) 5 — 73y
AL 12 + 2 I I I 1 +28% 1 -+ N2
V usl Y u=l v=y+l UV u=1 Y

The best performance Lsmallest D(output)] occurs if all the I arc

1

1
equal to T/k. Iu this event,

lThis conclusion results from minimizing the denominator of Eq. (49)

CONFIDENTIAL

ith the constraint EIU = 1 .
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A(DC output) . 2 .
D(output) =3 2
y Mq_f +2k12"1 [%J + 2 NI 4 i
/T“o MS s Tw, MS ‘
2 T . oy 2 (50)
Z(A 1 2 2( A \ 2
ITf=+ L ~= + NI + =
\/ N 7 N /1(k+1)+2N1+N ‘ ‘7
For a ratio N/I »> ! | this result is, of course, about the same as that

for a single intcerference. If I >> N, however, the figure of merit in {

A

this case is greater than that for a single interference by a factor of

about J/ %%%~ . If ke 10 and M = 40 , for instance, this factor is i
roughly 3 . 1In practice this performance would virtually never be .
achieved, since it depends on a freak distribution of the interferences r
in space.

A crude but hopefully more meaningful estimate of the best perfor- }

mance for » fixed total interference powe: 1s obtained by assuming that
all the XUV in Eq. (46) take on the minimum calculated values for

X12 (page 17) with a@ 1in the range of about 5¢ to 40° . This mini-

mum value, for M = 40 or M = 20 , is about .6 . From Eq. (46),
\/ Tw
2 Ms
4(DC outputr) » )

D(output) // 3 ;
v Ak(lj + [2+.6(A—1)] —k—(;—‘—ll(%{) + NI + N

i

k

Sl MS (X = .6, all u, v) (51)
/ 2 A N 2 uv
i [?.JAJ + 2NI + N

With large I/N , this figure of merit is greater than that for a singlc

interference by a factor \/ 1+k32 . For k =10, this figure is

about 1.6 ; for large k , it is about 1.8 .
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A crude estimate of average performance 1s obtained by letting all

the xuv in Eq. (46) take on the average calculated value of X

12 for
46 1in the range of 5° to 40° . The average 1s close to 1,

/ Tw
0
] A(DC output) »/ 2 e

D(output) ~ ,—
Ay

The 1mprovement f{actor here is V/l+%5k , which i{s about 1.2 for

k = 10 , and about YV 2 fer large k .

5 (Xuv = 1., all u, v) (52)

NYFS

]+2N1+

VI. Detector Performance with Ambicnt Noise and a Distributed Interference

An interference distributed concinuously over a finite arc may be

treated as a limiting case of the multiple interference problem. The

i distributed interference 1s represented as an infinite number of elemental

point source inturferences spaced an infinitesimal angular distance apart

throughout the arc. The derivatien in the previous sections of this re-

port have assumed the several interference processus to be statistically

e p—————— "

independent, and the results to be derived herc will not reflect depen-

dencies among diffcerent points along the arc of the distributed interfer-

cnce.  These dependencies may be expected to degrade peoiformance somewhat

more than the subscquent results of ihis section will indicate. The

assumption of exponcatial autocorrelation functions for intcrference and
noisc 1s inherent in these derivotious, and the "cutorf” {requuncicvs for
interference and noisc are assumed cqual,

Angular power density functions may be defined as follcwe to cor-

respond to the terms of Eq. (46):

I(8 ) de =1 I(6) do6 =1 (53)
u u u v v v

IRGaA
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The first two expressions in the denominator of Eq. (38) may be combined

in one double sum. With all w, set tqual to © by Eq. (46),

A(DC output) -
D(output)

’

Tmo max “max 2 ox
— i — - — +
JoTES I 10 ds 100, da [z HEISEE TR ev)]

2
x e 3
u v
8
min u
O nax 2 L-%
2N I 1{6 ) d8 + N . (54)
u u
A =8
u min
6 and 8 define the extent of the interference, and X(6 , 6 )
min max u v
is X of Section IIl with 6. =6 and 6, = 8 . (55)
12 1 u 2 v

In the limit as deu and dev approach zero, the equation reads

4{DC output) -

D(output

»//EEQ MS J/remaxd femaxd I(e ) I(o ) [é + (3 M-1 + 1 X( 8 )| +
{ 8 8v eu ev L ' J 8 Oy

1
2 \L Omin u eu 3 3M
5 L-sj
"o ) 46+ N2 |\ (56)
{1 u
min

If I(Ou) is fairly constant over the arc of the interference, the fol-

lowing approximation is useful:

8 8
[ maXg4 [ max . [ (g _ 1l 3 "
Lo 3 T(0) I(6) [2+|FH-1+ 55 XK@ , e )l =
2 2 1 =
3 {é + (3-H—1 LT RS G emaX)J 5 (57)
)
where Ie/ maxl(eu) de (58)
min u
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end _ 2 maX . max
i (emin’ emax) - 2@ deu o dev X(eu’ ev)
i (8 -0 ) nin u
max min
l Now Eq. (46) 1s approximately
Tw
4(DC_output) ~§9 MS

! D(output)
p//Lz {1 +(-§ M-1 + l—) iﬁsﬂiﬂl—fgﬂﬁz J + 2NI + N

The factor X may be calculated numerically, but analytic approxima-
tion does not appear feasible, Computer calculations have been perforaed,
using the parameter values CH 2n x 5000, d = 2 ft., and both ™ = 40
and M = 20.l The results are shown graphically in Figures S and 6 in the
same format uszd earlier for X12 . The curves of X resemble those of
Xl2 , except that the X curves show mo significant irregularities, and
X doecs not approach 0 even for large values of the perameter 46 (full
angular spread of the interference). It must be emphasized that the
factor X and the corresponding detector performance are quite insensi-
tive to the bruadth of the interference if tne centcr of the interference
is closer to the target than about 59°,

The results are not drastically different for the two values of M ,
the number of hydrophones. For a fixed center angle 6 , the X curves
for M = 20 1lie above those for M = 40 at small values of A8 and then

approach the curves for M = 40 at larger values of 46 , The diffcrence

in results for tbhe different values f M 1is seen to be more pronouncud

1D\:tails of the program in Appendix B.

s CONFIDENTIAL
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for iarge values of breadth 46 . The implication of thesc results is

that an increase in the number of hydrophones effccts a small improve-

Py ts o)

ment in relatlve performance as measured by the figure of merit. For

URERNST

the smaller number of hydrophones, as compared with the larger number,
performance is degraded more seriously by angularly narrow interferences
than by broad intorferences.

As in the previous section, one may compare performance in the

ISR

presence of a distributed interfercnce of total power I with that ob-

tainced for a point source interference of the same power. For the casc

B ]

where I/N >>1 | comparison of Eqs. (44) and {60) indicates that the

/ ——
"{mprovement factor" for a distributed interforence is roughly ¥ 2A/B ,

where, by analogy with Eq. (32),

il = 2 L=
b B-2+t-3—1~1—1+3MJX (61)

w

Table 3 below displays sample results for 40 hydrophones.

Table 3 (distributed interfcrence)

Center Improvenment
Angle 8 Breadth 46 X B/2 A Factor vV 2A/8
(degrees) (degrecs)
25 5.7 1.60 22.4 26.7 1.09
11.4 1.58 22.1 1.10
22.9 1.58 22,1 1.10
40.0 1.58 22.1 1.16
50 5.7 1.18 16.8 1.26
11.4 1.02 14.6 1.35
22.9 .95 181, 7 1.40
40.0 195 13.7 1.40
75 5.7 1. 21t ATINZ 1.13
11.4 1.21 7.2 1.25
H' 22.9 1.00 Tk 1.36
’ 40.0 .97 6.0 1.38
| CONFIDENTIAL
j-2u
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The "improvement factors' indicated in Table 3 do not reflect a great dif-
ference in performance between the two cases of a point source interfer-
ence and a distributed interference. Yet & {ac’or of 1.3 or 1.4 s

not entirely trivial, because of the fact that even if X approached
zero, B could be no smaller than 2 , and hence the improvement factor

uld v no larger than /;m, which in this case 1s 5.2 . The meaning

¢ Lhe hypothetical {mprovement factor /A becomes clear when one con-

siders Egq. (64) the single interference case, which reads,
£(DC output) _ t// MS (62)
D(output) +AI +qTN

The improvement factor was defined by the fact that in the distributed in-

) 2 -
terference case, the coefficlent of I 1in an equation of the above form

is divided by che square of the improvement factor. As the improvement

factor approacheds *A , therefore, the coefficient of I2 approaches

unitymiP_Ebe above equation. The denominator then becomes V/N +1 +°IN

= V<N+I)2 . The term 1 enters into the equation in the same manner

as N , because thr distributed interference is now so widely distributed
that it has become simply ambient noise. The hypothetical maximum im-
provement factor for the case of multiple interferences 1is also Va , as
indicated by the discussion following Ea. (50) The calculations reported
here, however, indicate that even a very broad interference causes a
degradation in perfoimince far more severe thau that caused by ambient

noise independent from hyavophone to hvdrophone. Note that the smallest

calculated value of X 1is .87 , for which the improvement factor is

only about 1.5 . The fact that all ¢f the curvee in Figure 5 approach
their asymptotic values for relativery smal! ' sugpests that the equiv-
5 alent of isotropic noise distribution has actually been reached. The

CORFDENTIAL
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iscrepancy between L!.5 and /K would then have fo be attributed to the
phone to phore nolse coherence whicl exists even in the isotropic case with

the numerical parameters considered.

VI1. Ccncluding Remarks

Althcugh calculations of cdlls ol pii)) for multiple c¢r distrivuted in-
D(output)
terferences may become quite complicated, the upper and lower bounds may
always be quickly determined 1if the total interference power 1 is known.
The upper and lower bounds correspond respectively to treating I as

‘sotropic ambient noice independent from hydrophone to hydrophene and as a

print source. The following inequality must be satisfied.

/—_- , —
,/ _Tjjg ) MS A(DC output) \/“’o MS (63)
v 2 ’ 5 S D{output) z T+N
2 _x_“(,, LY

The numericul results of this report indicate that in most realistic situa-
tions the iudex of performance will be much closer to its lower bound than
toc its upper bouad.

The major failing of the treatment given in this report ies that the
results are inaccurate for interferences near the target in bearing.
Approximate computations and the results of Report MNo. 17 suggest that the
error will be small if all interferences are separated from the target by

appreciably more than the beamwlidth of the arvay.

COMMLLN AL
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Appendix A: Calculation of

Initially one may assume r Y

C Coefficients

grea'er then

, both

r

ard s

(al)

are positive. Now Eq. (19) may oe expressed
] r
- T+rt -0 T+s1 . + Y + . (t+s1
uv. IO o Ul Ul v | V‘dT = I("I'Tu "U(T r-lL V( v)
1s e T e ® i
-ST ~w {(1+r1 ) + w (tksT ) - —w (TtrT ) = mv(1+srv)
) v u u v v u u
+ e dr + [ e dt =
“Tr -8
u W
o rT +w s1 -t (w+w )1 ~w r1 tw §T -sT (-w 4w )T
u u v . u v u u v v v u \Y
C J I dt + ¢ ¥ ey dr
- —i@T
u
-w rt - & st -w Fw )
u v A u v
+ @ ) e dr =
-5
v
W rT 4w 8T - rT 4 §1
uou vov “(w 4w ) 11 Wu vy (v -w )sT (w = )rT
C = 1 Vv U + e v o tl /
Clam SO B 5 -
w +w -w tw
u v i \r
—W T = s7T
u u Vv v (w +w yst
e u v v
+ —————— - =
~W =G
u
w (87 -rt ) w {(-r1 +s7T ) w st -rv ) (-r1 +s71 )
o v A u 3 u u AY) a 7 u s u u v
+ — — & =
w to w =W w tw
u Y v u u v
-w (rt -s1) -w (rt -st ) ~u (rv ~-st ) -w (rv -st )
u Vv v u u u v v u v
e + e _4 8 - e
w +w (AR A
u v v
This result generalizes to
\ "
=Wl lr. =S ; Sl rt =s “w |YT =sT —w. | LT —81
u TU TV' ‘UV TLl 1V' Lll u v v u VI
uv e + e C i
C = ——c +
s W T wo—w
u v u
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Appendix B: Computation of x12 and X

The computer program .mployed to calculate X and X embodies a
sub-routine which calculates xlz as a function of 91 and 02 according
to Eq. (40), with the minor exception that the term M 1is neglected in the
constant factor.

The factor X 1s a two-dimensional integral over a square in ea-eb
space with Oa and Bb running from 91 to 92 « The main program por-
tions the square region into one hundred small squares of equal size. The
value of xlz at the center of each small square, calculated by the sub-
routine, is used as the value of 112 over the whole square. The approx-
imation to X 4is then just a Riemann sum based on one hundred squares.

This method of approximation yields results which one expected to be
slightly larger than the correct value of X because of the fact that at

the center point of ten of the one hundred squares, 6a = 0 When

b .

ea = Bb s x12 (ea,eb) has a value of at least 2.0 . For small differ-

ences (9a - eb) X falls fairly rapidly from its value of 2.0 or

12
greater. Hence, the approximation to X 1is too large on these ten squares.
In fact the result of the approximation to X cannot be less than

.1 (2.0) = ,2 ., All of the calculated results cited in this report are
substantially greater than .2 , and it is believed that the error in
approximating X is at most a few percent. Spot checks were made using a

higher precision method which partitioned the ea - 8, space into squares

b
.01 radian on a side. The results obtained in this way were lower by about
five percent. Since the higher precision calculation required a long ex-

ecution time, only a few calculations were made with it.
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