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Volume V deals with the following topics: 

1) Passive detection in an anisotropic noise field 

Earlier stuaies of passive detection in an anisotropic noise 

environment were only concerned with the anlsotropy caused by a 

single plane wave interference (Volumes III and TV).  The present 

volume presents analyses of detection in a noise field dominated 

by several plane wave interferences or by a single spatially 

distributed interference.  Conventional as well as optimal 

detectors are considered. 

2) Passive tracker accuracy 

a) One study examines the effect of a plane wave interference 

on the performance of a split beam tracker.  Conventional as 

well as null steering types of beaiu-formars are ar iyzed. 

The contribution of the interference to the measutud bearing 

error is decomposed into a systematic and a random component. 

Factors which affect the relative magnitude of these components 

are discussed. 

b) A second study initiates an effort  to set absolute lower 

bounds on the bearing accuracy attainable with a given array 

in a given noise environment.  Only the simplest case (two 

element array, independent noise) Is discussed here. 

3) Active receivers usinp; replica correlation 

The performance of a simple replica correlator is compared with 

that of a similar instrumentation using clipped (binary) hydrophone 

outputs.  Detection as well as range and Doppler measurement are 

in s. *:•■■'' 



examined. One finds that large clipping losses can occur when 

the target is moving rapidly.  In most other situations the clipping 

loss is small. 

4) Adaptive Signal Processing 

In situations where processor design is hampered by lack of adequate 

knowledge concerning signal or noise statistics one can employ 

stochaetic approximation techniques to cause the processor to approach 

an optimum configuration. This procedure is used to adjust a tapped 

delay line filter for operation in a noise environment with unknown 

spectral properties.  Conditions of convergence and rates of conver- 

gence are examined. 
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I.  Introduction 

The following is a summary of work performed under contract 

8050-31-55001 between Yale University and the Electric Boat Company during 

the period, 1 July 1966 to 30 September 1967.  More detailed discussions 

of the results as well as their derivations are -;ontalned in a series of 

six progress reports which are appended. 

Several studies reported in earlier volumes of this series were 

concerned with passive detection in the presence of strong interference from 

a point source.  The general subject of passive sonars operating in an 

anisotropic noLse environment is pursued further in the present volume. 

The effort reported here has taken two new directions: 

1) Anisotropien are no longer attributed to a single interfering plane 

wave.  Environments containing several point sources of interference 

or a spatially distributed interference are studied. Conventional 

as well as optimal detectors are analyzed. 

2) The effect of a single plane wave interference on tracking accuracy 

is examined. 

The problem of tracking accuracv is also considered in another context. 

An attempt is made to divorce the accuracy problem from particular instru- 

mentations and to set absolute bounds on the bearing accuracy attainable by 

processing the outputs of a set of hydrophones operating in a specified noise 

environment.  Only the simplest iossible case (two hydrophones, noise 

independent from phone to pliune) is presented here. 

In addition, this volume continues the study of active sonar systems 
is 

Initiated in Volun.c IV.  The specific problem considered here/the effect of 

clipping on the performance of replica correlators.  Results are obtained 

for a wide class of signal waveshapes and for environments dominated either 

by reverberation or by ambient noise. 

•:U 
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Finally, an effort is initiated to deal with the signal detection and 

extraction problem in a noise environment whose statistical properties are 

largely or wholly unknown.  This leads to the study of adaptive processing 

procedures. Only preliminary results, based on the method of stochastic 

approximation, are presented in thli volume. 
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II.  Detection In an Anlso_tropic I!olae Envlronmfcnt 

Report Mo. 30 deals with the performance of a conventional detector 

operating in a noise- environment dominated by several point sources of 

interference or, as a limiting case, by an intarference source spatially 

distributed over some finite angle. The results indlrate that the 

performance degrodation due to such complex interference sourcen is less 

serious than that caused by a single point source of Interference with the 

same total power.  For a linear array of M equally spaced hydrophones 

the maximum differential amounts to 10..los  /2K/3 db of equivalent input 
in 

signal-to-noise ratio,  .'.ils is precisely the performance differential 

between a conventional array operating in a noise environment independent 

from hydrophone to hydrophone and a similar array operating in a noise 

environment of equal j-uwer but originating largely from a point source of 

interference.  One therefore suspects that a smooth transition will take 

place from the caee of a single point source of inicrference to that of 

Isotropie noise as Mie number of interferences increases and their locations 

become more uniformly distributed In space.  Numerical computations 

generally conflnn this inference.  For several closely spaced Interferences 

all relarjvtly remote from the target in bearing one finds, not surprisingly, 

that the configuration 1s equlvclent to a single interference. As the 

spacing between interferences incren.'P? the performance index rises quickly 

to its asymptotic value.  For the situar ons considered in the computations 

the asymptotic improvement is somewhat less than the figurs of 10.log  /2M/3 db 
10 

quoted above  One major reason for this discrepancy is the fact that the 

postulated spectra (falicff with second power of frequency above 5000 cps) 

are not sufficiently broad to yield noise independent from hydrophone to 

hydrophone in the Isotropie limit. 

-. 



Qualitatively siiallnr results are obtEiined for the case of a distribute'! 

interference.  Again one finds that the performance Index quickly approaches 

its asymptctic raaxiraum as the interference spread grows.  This approach 

becomes more rapid as the number of hydrophones increases (and hence the 

beam-v.'idth decref.ses, since fixed spacing between hydrophones is assumed). 

Report No. 3? studies a likelihood ratio detector operating in an 

anisotropic envirorjnent similar to tht one Jnst discussed.  It had been shown 

in earlier work (Volume III) that interference from a single plane wave 

resulted in e performance degradation noi exceeding the degradation caused by 

the loss of one hydrophone in the absence of the interference.  A similar 

statement remains true in the presence of several interferencca, i.e., the 

effect of  R interferences can be eliminated at a cost not exceeding  R 

hydrophones.  Howevct , it appears that this bound on perforiiance degradation 

is often quite pessimistic.  Thus interferences in close angular proximity 

of each other have the effect of a single interference and can be dealt 

with at a sacrifice of only one hydrophone. Only when all interferences 

are widely separated from each other and from the target can the loss figure 

approach R hydrcphoues (and then only in a strongly interference dominated 

environment).  A spatially distributed interference may again be interpreted 

as the limiting version of a large number cf closely spaced individual 

interferences. These may then be grouped into clusters more or less 

equivalent to single point sources of interference so that serious losses 

occur only if the number of clusters, i.e., the total angular spread of the 

interference, U- large.  Since analytical evaluation of the likelihood ratio 

detector ie':ds to expressions that are formally simple but practically 

difficult to evaluate and interpret, many of the conclusions are based on 

numerical computations  Arvays of different geometries (circular and linear) 

-.nd a variety cf interferen c configurations are considered. 

1 
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III.  Tracking Accuracy 

F.eport No. 29 analyzes the performance of a ppllt beam tiacktr operating 

in an environment consisting of ambient noise (assumed independent from 

hydrophone to hydrophone) and a plane wave Interference.  Signal, noise and 

interference are assumed to be stationary Gaussian proc-sses with similar 

power spectra.  Trfc types of beam-formers are considered: 

1) Convcntinr.nl beara-fomers (in each array half: delay for alignment 

with target, then add). 

2) Null steering (in each array half:  steer on interference, subtract 

hydrophone outputs pairwise, then beam-form on target and add). 

In each case one cf the bvams is shifted 90 in phase relative to the other, 

after which multiplication and smoothing completes the tracking procedure. 

In the conventional tracker plane wave interferences (or other spatial 

asymmetries in the noise field) contribute to the tracking error through two 

distinct mechanisms. 

a) The null of the average tracker output is shifted away from its 

nominal location by an amount depending on the proximity, strength 

and spectral properties of the interference (systematic error), 

b) The output fluctuation is Increased by an amount depending primarily 

(except for interferences close to the target in bearing) on the 

interference power (random error). 

The null steering tracker eliminates the complete time function of 

interference (at least ideally) and therefore removes both sources of error. 

Whether tracking problems caused by noise field asymmetry warrant the 

use of instrumentations more complex than the conventional split beam 

tracker clearly depends on the total additional error [ a) plus b) ).  However, 

the choice of remedial measures (spectrum shaping, null steering, more 



powerful adaptive proccduri-s, etc.) might depend to a considerable extent 

on the relative magnitude of errora a)  and b) .  The following 

consideratior.j appear relevr.nt: 

1) Only when the noise field is interference Uofiincted does the 

interference contribute significantly to the random error.  (With 

a linear array of 2M equally spaced hydrophones the environment 

is interference doninatea when the interference to aooient noiae 

ratio exceeds  /(4/3)M ). 

2) Even when the noise field is interfcrenc«. dominated the systenatic 

irror tends to exceed the. random error in nany practically 

interesting situations. 

3) A certain amount of control can be exertfd over the systematic 

error by shaping the spectrum of each channel  prior to 

multiplication. 

If the primary source of difficulty is systematic error, only 

statistical properties of the asymmetrical noise component are required for 

corrtction.  These may not be known a priori so that measurement and at 

least a  primitive form of adaptation may be indicated.  However, if one 

wishes to deal with thu random component of error, one must obtain an 

estimate of the actual Interference tine function and the need for adaptation 

becomes more fundamental.  Even in that case one should, of course, still 

use all available a priori information.  Thus, if one knows that the noise 

field asymmetry ia caused by an interfering plane wave, one need only 

measure thu interference bearing.  Then the relatively flimple null steering 

procuduri. solves the problem.  In the absence of such strong infotmation 

concerning the cause of r:ois<j field asymmetry one may be forced into more 

elaborate adaptive techniques. 

"UtKt 



Report No. 32 consldtirs the tracking problu: froi.i a much nore general 

point of view. The basic nin is to detemine the bust passive bearing 

accuracy attainable with a given array in a given noise environnent, without 

making any prior assumptions about data processing procedures.  Report No. 32 

deals only with the simplest possible case, that of a two element array with 

noise independent f-oa hydrophone to hydrophone.  In that situation a simple 

crosscorrelator attains the CrariCf-Rao lower bound of bearing error and is 

therefore an optimal bearing estimator.  A two element split bean tracker 

using differentiation to achieve the 90  phase shift between channels is 

equivalent in performance to the autocorrelator.  If a pure 90  phase shift 

is used in place of the differentiation there is a slight degradation of 

performance.  The rms bearing error of the optimal instrumentations varies 

as  (S/N)   for S/N << 1 [S/N = input signal-to-noise ratio]  and ss 

(S/N)-^ for S/N >> 1 . 



IV. Clipped Ri-pllcr. Corrt-lacors 

Report No. 31 uxaciricS the p^rfonriaucL of an  active sonar receiver 

using replies corrc'^tlon.  Detection r.s well as range md Doppler measure- 

ment ore  consldertc.  Thi. output: of each array element is clipped prior to 

conventional bcanfonning and the subject of primary interest is the 

performance degrndation due to clipping.  Ambient noi.«c as well as reverbera- 

tion limited environments are studied, with primary emphasic on the latter. 

The reverberation model is the one developed in Volume IV (stationary, 

independent, Poisson distributed point scatterers) . 

The general conclusions may be summarized as follows:  Serious clipping 

losses can arise In a reverberation limited environment when the target is 

moving rapidly enough to shift the target return almost entirely out of the 

reverberation band.  In such cases the undipped detector has an output 

essentially free from reverberation in the signal band, whereas the clipping 

opeiation transfers part of the reverberation power into the signal band. 

In other words, clipping destroys much of the potential signal-to-noise 

advantage of a rapidly moving target.  With this exception the clipping loss 

appears to be quite small in most practically interesting situations.  If 

one defines the clipping loss  R as the ratio of the output signal-to-nolse 

ratios with and without clipping, one can show under fairly general 

conditions that  R > C.89  (equivalent to a loss of about  1 db of input 

slgnal-to-noist ratio).  The primary requirement for this statement to be 

true is that the transmitted signal be narrowband in some meaningful sense 

(in a reverberation United environment it is sufficient - but by no means 

necessary - that the wavelength of the highest modulation frequency be large 

compared with the array dimensions).  In the absence of such minimal 

requirements one can construct pathological examples which yield values of 

R arbitrarily close to zero. 

^ 
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V. Adaptive Slsnal Processing 

The structure end performance of the optimun detectors discussed in 

earlier volumes of this series depends critically on prior knowledge of 

signal and noise statistics. It has been pointed out that such knowledge la 

likely to be Incomplete at best.  Several reports have postulated that certain 

noise parameterf. (.e.g. total noise power) were unknown and have studied the 

resulting detection problem, arriving at primitive forms of adaptation to 

the noise field. 

Report No. 3^1 represents the first attempt in this series to deal with 

a truly adaptive situation, one in which there ia an absolute minimum of 

available a priori Information. The report is of an introduc'.ory nature. 

It seeks to define the problems and create the mathematical framework for 

later studies.  Specific results are obtained only for a signal processor 

using a single hydrophone, but the procedures discussed generalize without 

difficulty to array processing problems. 

In the situation analized here the output of the single hydropnone 

is passed through a tapped delay line filter whose tap weights are adaptively 

adjusted to minimize the mean square error between the filter output and 

the signal component of the input.  Stochastic approximation is used as 

the basic technique of adjustment. 

It is clear that detection is Impossible in the total absence of any 

information concerning signal or noise.  Three cases short of such total 

ignorance are considered: 1) The signal waveshape is known, the noise 13 a 

stationary stochastic process with unknown statistical properties 2) Signal 

and noise are stationary stochastic processes, the signal spectrum is 

known, the noise spectrum is not 3) Signal and noise are stationary stochastic 

processes, the noise spectrum is known, the signal, spectrum is not. 

9 
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In each case one finds that proper use of the stochastic approximation 

technique generates a filter whicn converges to the optimum Wiener filter, 

Conditions of convergence and rates of convergence are similar for the 

three cases. A convenient choice of the gain parameter in the stochastic 

approximation algorithm causes the mean square error to converge to its 

minimum with the approximate first power of time. Certain preliminary re- 

sults dealing with the application of stochastic approximation techniques 

to non-stationary noise fields are also presented. 

10 
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Summary 

The report analyzes the effect of a plane wave interference on the 

performance of a split beam tracker.  The performance of a conventional 

tracker is compaied with that of a tracker designed to null the interfer- 

ence prior to beam forming on the target. The receiving array is assumed 

to be linear with equally spaced hydrophones.  Signal, ambient noise and 

interference are assumed to be statistically independent Gaussian random 

processes with power spectra of the same form.  The observation time T 

is assumed to be large compared with the correlation time of signal, 

ambient noise and interference, but short enough so that target and inter- 

ference bearings do not change significantly in T seconds.  For computa- 

tional simplicity the ambient noise is assumed to be statistically inde- 

pendent from hydropho.ie to hydrophone.  The following results are obtained 

1) Fhe tracki-g error consists, in general, of two parts: 

i)  Systematic error is measured by the displacement of 

the target null of the average tracker output from the true 

target bearing.  It is due to asymmetry in the noise field, 

caused here by the interference, 

b)  Random error is the fluctuation of the tracker output about 

its average value.  It is due to the finite smoothing time  T 

2) The nulling tracker completely eliminates the interference.  With 

the spatially symmetrical ambient noise postulated in the analysis, 

its output is therefore free from systematic error and exhibits a 

random error depending only on the ambient noise. 

A-i 
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3) Th,. conventionr.l tracker has both systematic and nndoo error 

components.  The ratio of systematic to random error is greatest 

for spectra whose Fourier tr-nsfonns decay slowly (e.g., white 

spectra) ai  smallest for spectra with rapidly decaying Fourier 

transforms,  However, even in the latter case the systematic error 

tends to exceed the random error (often by a large factor) under 

most reasonable operating conditions, as long as the environment 

Is interference dominated.  For Interferences well separated from 

the target the borderline between interference dominated and 

ambient noise dominated operation is reached at an ambient noise 

to interference ratio of J (^/3)M .  M  is the nymber of hydro- 

phones in each half of the array. 

4) At low interference to signal ratios the systematic error of the 

conventional tracker rises linearly wich the interfevence to 

signal ratio.  The slope of this rise depends strongly on the 

spectral shape, being largest for spectra with slowly decaying 

Fourier transforms.  Spectrum shaping can be accomplished by 

Insertion of appropriate filters into each channel of the tracker. 

When the interference to signal ratio increases beyond a certain 

point the systematic error increases rapidly.  Soon thereafter 

the target null disappears entirely and tracking becomes impossible. 

This may happen at interference levels at which the random error 

is not at all excessive.  Even at interference to signal ratios as 

low as 5 the systematic error can easily amount to a major fraction 

of a degree. 

.S)     With  fixed hydrophone  spacing   the  rms  random error  of   the  conveu- 

tional  tracker varies  as     T       u        ' M I     in an  interference 
o 
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doininatiid  environment  and  as     Tu M      N    in  an ambient 
o 

noise dominaf^ü environment.  ID  is the bandwidth of the spectrum, 
o 

I  the average interference power and K the average noise power. 

For fixed .irray length (hydrophone spacing inversely proportional, 

to H ) the M dependence is M   (Interference dominant) and 

M   (ambient nois  dominant) respectively. 

6) The rns error of the nulling tracker is approximately the same as 

that of the conventional tracker in an ambient noise dominated 

environment.  In an Interference dominated environment the rns 

erTjr of the conventional tracker is larger by the factor 

/s/y /M (I/N) . 

7) It is apparent from 2)  and 6)  that one might employ interfer- 

ence nullIng for two reasons 

\)     To eliminate systematic error 

b)  To reduce random error 

Since nulling achieves significant random error reduction only in 

a strorply interference dominated enviroriment, one must inquire 

whether such r:n environment occurs sufficiently often to justify 

the added complexity of Instrumentation.  if Jt does not, one must 

further inquire whether one cannot eliminate systematic error by 

procedures much simpler to Implement than nulling.  This appears 

distinctly possible because systet.atic error depends only on 

average parameters of the interference (bearing, power, etc.), not 

on details of the interference time function. 

A-iii 
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1.  Introduction 

This report is concerned with the effect of interference from a point 

source on the performance of split beam trackers.  Instrumentations with 

and without provisionß for null steering on the interference are analyzed. 

Because interest centers on the intei.r?rcnce problem, the simplest poasible 

assumptions are made concerning ail other aspects of the system. Thus 

interference, ambient noise, and signal are assumed to be independent 

Gaussian random processes with sptctra identical over the processed frequency 

band.  The ambient noise is regarded as statistically i.'.deper.dent from 

hydrcThone to hydrophone.  The processing array is linear ar.d -onsi-ts of 

equally spaced elements. 

Varii : possible instrumentations differ considerably in their detailed 

characteristics, but each axhibits an average output z which varies with 

sto.. ;ing angle 6 roughly in the manner outlined in Figure 1, at least for 

values of 0 close to the target bearing 9 and reasonably remote from C:he 

interference bearing P..  In the absence of systematic error, z passes 

throw'.,  zero at  6 = 6    The instantaneous tracker output is the value of 
o ' 

6 near J at which the random variable z(t-0)  (whose mean value is  z) 

passes through zero.  The rmä trackin,; error is therefore the standard 

\ 
X     i     / 

\ 

Figure  1 
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deviation of this ztro location.  As long as this standard deviation is 

small compared with 6  there is no serious danpcr that the target will be 

lost.  On the other hand, if the mis error becomes comparable to 6 

(i.e.. if z(t) can exceed z with a probability that is not negligible), 

sustained tracking is no longer practical. 

Formal computation of the sero distribution of a random process such 

I 
as z(t:e)  (considered as a function of 6) is an extremely difficult 

problem.  However, a simple approximation can be obtained foi: the situation 

of primary interest here, the case of trackers employing smoothing times 

large compared with the correlation time of the tracker input.  The 

assumption of large smoothing times lias two important consequences: 

1) The tracker output z(t-, 9), considered as a function of t, is 

an r.pproximately Gaussian random process.  Furthermore,/ z (t • 6 ) , z (t • Ö.) ; 

may be regarded as Gaus&ian in two dimensions. 

2) Smoothing over ■; long period of time results in relatively small 

scattering in botli amplitude and slope of 2(t;6)--considered as a function 

of 6—about the averages specified by z.  Sensitivity considerations 

sir 9 z 
require the slopu r-r to be reasonably large near  6=0  .  But if r—- 

d ü '      " O ov 

is a sizable positive number (rs suggested by Figure 1) and the scattering 

3'Z' 
in slope is small, the probability of ~ assuming a negative value near 

d c 

6  is extremely small.  In other words, with a probaoility close to unity, 
o 

z(t.;6)—considered as a function of 8--has one and only cne zero in the 

neighborhood of 8 . 

For a detailed statement of the required conditions, see M. Rosenblatt, 
"Some Comments on Narrow Band-Pass Filters," Quarterly of Applied Math., 
15, No. 4, January 1961. 
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As soon as the possibility of multiple zeros in the 8 range of 

interest can be ruled out, it becomes a relatively simple matter tc 

calculate the zero distribution by computing the closely related 

probability that z(t;6) has a zero in (6,9+00).  Designating the latter 

probability by P(0) dQ one obtains 

P(e) d9 - Pr{z(t;e+d6) > 0} - Pr{z(f9) > 0) 

Kenco 

(1) 

P(6) =1? Pr{z(t;0) > 0} 
J 

(2) 

In view of   the Gaussian nature  of  z(t:e) 

2a2 

Pr{z(t,6)   >   0) dz (3) 
2TI  o 

where o  is the standard deviation of z.  Both z and a are, in general, 
z z 

functions of 8.  Substituting into (2) one obtains 

fz-z 
-.2 

la 
via) 

38 
/27I 0 

dz 

(z-zT 

2o 2 

/2TT o 
dz 

__  ,   _, 2 3o 
3z  (z - z) z \ 

2     ya 3  38  ' 3 8 o J 

(A) 

Straightforward evaluation of the integral leads to the result 

2o 
P(8) 

V
/
'2TTO 

z  3z 

39   0 

_  3o z    z 

38 

1 
2o 

I + erf 
, f? a 

da 

36 
(5) 

S 
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where 

erf x = 1 o ^ dy (6) 

If the standard deviation of z is constant over the 9 range of interest. 

3o 
 2 

36 
0 and Eq. (5) reduces to 

_2 
z 

P(e) ■   e      — 
/2n o 99 

(7) 

Sustained tracking is clearly feasible only if the typical fluctuation in 

indicated 9 is small compared with  |9 - 8 |  (see Figure 1).  In that 

case o must be small compared with z,.  and one can approximate 

-  - ,3z z =f z  + — 
0  39 

(6 - 9 ) o 
(8) 

,  3z 
z and — 
o     39 

are the values of z and its derivative et 8 = 

Substituting Into Eq. (7) one then obtains 

ax i 
2A 

P(6) 
1 

/% 
-xp<- 

z + 
o  3t (9 - e0) 

3£ 
3 6 

o    3T 
36 

exp/ 

"    'zl 
3z 
39 0_ 

(9) 
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Thus the zero location (the indicated bearing) has an approximately 

normal distribution with neen  e 
Hi 
39! 

and standard deviation 
15.1 
36 

The latter is, of course, the ratio of fluctuation to sensitivity at the 

null, the figure of merit frequently used to measure the accuracy of null 

seeking devices. aj;, 
36 

is a systematic error in indicated bearing due to 

0 

such factors as asymmetry in the noise field or imperfections in the 

instrumentation. 

If the standard deviation of  z  varies with 6  one must revert to 

I-.c, . (5).  However, for most cases of interest in the present study it will fat 

found that the contribution to Eq. (5) of terms involving —— is small, so 

that Eq. (9) gives a reasonable approximation.  This is almost evident by 

inspection of Eq. (5), for if one multiplies thin eauation by 36  it readp 

-2 

P(ö) 36 = --—-■- e 
-/2'n o 

1 + erf 
/T 

3o (5a) 

Consider values of ?.     satisfying  | z | <_ o  , the range in which the 

exponential function has a value significantly different from zero. 

3o   requires that the change of o  be much 
z   M z 

.'mission of the term 

smaller than the change of  z .  Sut since  z = 0 at some point near 

it follows that 3z = z .  Tha maximum z bcinp considered is o 

o 

Henci 

2 1 
the term  — 3o  can certainly be ignored if the variation  3G   of the 

* z ' 
standard deviation is a small fraction of o  over the  6  interval 

z 

cortespondinp to 0 < z < o  .   To eliminate the last term of Eq. (5a) 

The argument has been conducted for the finite interval 0 < z <_ o 
To derive from it the point-wise condition required for the simplification 
of Eq. (5a) one need only postulate linearity of "z(e)  and o (6)  in thi 
neighborhood of  6 

o 
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one need only recognizu that thu error function has a maximum value of 

unity. Hence variation of a by only p. small percentage over the 6 ratine 

of Interest makes the term negligible compared with the term in Sz  for 

z < o 11 — z 

It appears reasonable—and numerical examples worked out confirm 

this by an ample margin—that the variation of o over the operating 6 

range of a functioning tracker should indeed be a small fraction of o . 

Hence Eq, (9) is a good approximation to Eq. (5) for all 6 such that the 

condition  izl < a  Is not violated drastically.  Under these conditions 
i i _ z 

the 6 rang«, for which Eq. (9) ifl satisfactory has p. cumulative probability 

very close to unity. 
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II.  Conventional Tricke rs 

A. General Relations 

An elementary version of the conventional split b^an (phase) trackci 

is shown in Figure 2.  Suppose that the delay of the signal from 

hydrophone to hydrophone is t whiJe the delay of the interference from 

hydrophone to hydrophone is A.  Then 

and 
signal   -yt) - Sl[t+(j-l)t ] 

interference   i (t) = ij [t+(j-l)A] 

S1(t)+TJ1(t)+i    (t) 

(10) 

(II) 

sM(t)+nM(t)+I>i(t) 

w^w^w^ 
lt,   ,,       ( \'\ y(t)   low pass multiplier  \  A   ] 1'x'' \ „,,.' 

M+l 

filter 

\ 
V 

%. 

MO 
HB(jW) xB(t)| 

UiO 

W^2M^Hl2M(t) !"; 
2M 

summer 

Figure  2 
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If the delays tj ere ndjusted so that 

t • (j-l)t 
j 1 

(12) 

then the summer outputs are 

(13) 

and 

vB(t) • t {s1 [t+(j+M-1) (t
0 
-t1 ~ + i 1 [t+(j+M-1). (6-t 1~ + 'lt+j [t-(j+M-l)t1J} 

j•l 
(14) 

If t 1 • t
0 

the array is ste~red on target. The ttme delay t 1 is related 

to steering angle e (e • 0 corresponds to broadside) through the equation 

t • i sin e 
1 c 

d is the spacing between hydrophones and c is the velocity of sound in water. 

HA(jw) and HB(jw) in Figure 2 are lin~~r filters whose transfer 

functions remain unspecified for the moment. For proper functioning of 

0 the tracker they should, of course, differ in phase shift by 90 over the 

entire frequency band processed. The syobols hA(t) and hB(t) will b~ used 

to designate the weighting functions (tmpulse responses) corresponding to 

the transfer functions HA(jw) and HB(jw) respectively. In terms of thi s 

nomenclature the output y(t) of the multiplier is 
ao ao 

y(t) • J do hA (o) v A (t-o)f do hB(o) vB(t-p) 

0 0 

(15) 

Assuming, without loss of generality, that the low pass filt~r has a 

transfer function with unity gain at zero frequency, the average tracker 

output z is given by 

A-8 
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z = y(t) -  do li (o)  dp h_(p) R   (o-p) 
j I V/ B 

(16) 

0 0 

where R   (i) = V Ct) v (t+i) , the crosscorrelation between v and v . 
AB'"" 

If one defines the cross-spectral density by 

G   (to) —--  R   (t) e'^1 di 
VB     

2t VAVE 
(17) 

then 

R   (T) 
VAVB V/VE 

(a)) eJ   du (18) 

and Eq. (16) becomes 

z =   do. H (jw) H (ja,) G   (a)) 
j AB 

(19) 

The fluctuation of the tracker output is characterized by the variance 

o  . Postulating a low pass filter with the weighting function 

h(t) 

0 < t < T 

0      t ■- T 

(20) 

and assuming T large compared with the correlation tine of y(t), one 

obtains <0 

2  1 
i  = — 
z   T R (T) - R i°°) 

y    y 
di (21) 

R   (T),   the  autocorrelation  of  y(f),   is  given by 

R   (T)   = y(t)  y(t+T)   = xA(t)   x/i(t+T)   xB(t)  x^t+r)       (22) 

Report  No.   10,   Eq.    (9) . 
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Since x (t) and x (t) arc Gaussian random processes, this fourfold 

average can be expressed in terms of corrulrtion functions. 

R (T) - R'  (0) I- R  (T) R  (T) + R   (T) R   (-T) 
y    VB    X

A   
X
B    

X
A
X
B   VB 

(23)' 

Recognizing that 

one obtains from Eq. (21) 

R   (0) = R (") 
XAXB      y 

(24) 

■I az2  = T / dT Rx (T) Rx (T) + T / dT Rx y  (T) Rx x (-T) 1 '    XA    XB     T /    VB    XAXB 
(25) 

-co 

Now invoking Parseval's theorem 

o  = -TT 1 du G  (ui) G  (OJ) + ~ / du 
Z    T i    XA    XB      T / 

G    (w) 
XAXB 

(26) 

Finally» expressing the result in terms of the auto- and crosscorrclation 

functions of v.(t) and vn(t), A D 

2  271 
3.  - - I UM(JH (jto)!  |H (iu.)!' G (w) C (u) + 
z 1    \' A        i'       v     v 

A     B 
"A(» H8(ju) G   (u) 

"- A B 
(27) 

Equations (19) and (27) are the fundamental relations describing the 

operation of the tracker.  Note that they defend only on the spectral 

properties of the summer outputs.  They will therefore hold equally well 

when the beam-forming system contains provisions for nulling an interference 

or for discriminating against an anisotropic noise.  The effect of such 

R with a single subscript denotes the autocorrelation of the 
subscripted variable.  A double subscript indicates the crosscorrelation 
between the two subscripted variables. 
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proviBions on tracker performance is  completely described by their 

influence on the spectral ^ropei-ties of (v&.
v
n)- 

The simpleiit possible choice of H (ju) and H (ju) , retaining only 
A B 

the feature essential for tracking,(the 90 relative phase shift) is 

H (ju) -f-r 
| to | 

HB(JU) = 1 

(28) 

(29) 

It will shortly become apparent that changes in the filter functions 

can be treated as equivalent changes in the input spectra (see p. 15). 

so that Eqs. (28) and (29) are no^ restrictive in any important sense. 

Using Eqs. (28) and (29), Eq  (19) becomes 

while Eq. (27) reduces to 

(30)J 

2  2TT
  ; az - T  d,. G  (ui) G  (üJ) 

V        V 
• A     B VB'I 

(31) 

Equations (30) and (31) will form the basis for moat computations in this 

report. 

B.  Average Tracker Output 

According to Eq. (30) the average tracker output depends only on the 

cross-spectral density of v.(t) and v (t).  This quantity is easily 

computed from the corresponding autocorrelation function.  Using Eqs. (13) 

and (14) and assuming independence of the ambient noise from hydrophone 

to hydrophone (as well as the independence of signal, interference, and 

ambient noise from each other) 

ji  )   stands for the imaginary part of the bracketed quantity. 

A-Il 
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R   (T) = E 
V V 
A B 

H  M 

«,«=1 k=l 

h   L Sl't+U'1)(to'tl)^ + i
ir.t+(Ä-l)(A-t1)|+n^^-Cd-Dt^ 

s1[t+T+(l<-M-.l)(to-t1)j + i1|t+T+(k+M-l)(A-t1)] + nM+k[t+T-(k+M-l)tl 

MM MM 
r1 

S )  )' ps[T+(k-it+M)(to-t1)] +1 V )  pI[-i + (k-il-f+l)(A-t1); 

1=1   ..=--l il=l k=l 

(32) 

P0(T) and p.d) art the normalized autocorrelation functions of signal and 

interference respectively.  S is the average signal power and I the average 

interference power. 

Applying Eq. (17) to Eq. (32) one obtains 

G    (u)) v v 
A B 

M  M 

L L 6s 
l=\  k=l 

M  M 
jtu(k-X.+M)(t -t )      r-i .—, 

(u) e 0  1  + : ) ^ ^ gi(tJ) e 

ü-l k=l 

ju(k-il+M)(A-t ) 

(33) 

g_(u)) and g.(u) are the normalized spectral densities of sigyal and 

interference resoectively, I.e. 

gc(u)) du = j g (..) dw « 1 

it is clear from Eqs. (19) and (33) that modification of H (ju) and 

h (,ju)) by the sane factor H(jw) Is equivalent to modification of g„ (w) 
2 

and gT(j) by the factor |H(JLJ)| .  i\s anticipated on p.14 one can therefore 

study the effect of filtering operations, such as prewhitening, simply by 

considering appropriate nodiflent ions in the input spectra.'" 

designates the expectation of the bracketed quantity. 

^A similar statement holds concerning the effect of filters on the 
output fluctuation [see Eq, (31)]. 
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Substitution of  Eq.   (33)   into  Eq,   (30)   yields 

as 

M       M 

z ■»       2^     )      I du    S^gs(u))   sin[u;(k-2+M) (t  -t])]+ 1 p  (u)   sin[w(k-£+M) (A-tj)] 

i-1   k«l -^ I 

(34) 

Equation (34) will now be evaluated for various signal and interference 

spectra. 

1)  k^iite Spectra.  Consider first the case of 6igr'«J and interference 

spectra whitr. (or prcuhitened) over the entire processed frequency band. 

Then 1 
2u 

hM  = gli.)  =. (35) 

-  0 

Equation (34) is now easily integrated, with the result 

M  M i 
1 - cos (k-£+M)w (t -t.)J 1 - cos|(k-J+M) w (A-t.) 

s b 0 ü  ^ + I  ■ 2 UJ (36 - V x 
, , ,     (k-C+M) oj (t -t.) Cv-i-m)   u (A-t.) 

i=i k=i o c  1 o   1 

) 

Since the indices k and i  occur only in the combination k-i,   it i& 

cor   „ent to introduce the notation 

k - £ = r (37) 

Then Eq. (36) becomes 

M-l 
1 - cosr(r+M)a) (t -tjl     1 - cosr(r+M)uj (A-t,)] L     o  o  1 J , T       

L     o   1 -* 
+ I 

r=-(M-l)|    
(r+M) woaa-tl) 

Introducing -hu notation 

(r+M)u) (A-t.) 
o   1 

u   (t -t.)     and    v, = u (ü-t ) 
o o 1 1   o   _ 

(M- Irl) 

(38) 

(38a) 

one can rewrite Eq. (38) in the form 

A-13 
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z -
~1 

{1 - cos(r+M)x1 
S r•-(H-1) --,(,.....r-+M""")_x_1_...::. + 

1 
l 
s 

- cos [(r+M)(x1+y1)]} 
( r+M)(x +y ) (M - I r I ) 

1 1 

(39) 

Here x1 is a measure of the array steering angle relative to the target 

bearing while y1 is a ceasure of the interference bearing relative to the 

target bearing. The relation of these two quantiti·es to the actual target 

bearing eo, interference bearing el, and steering angle e is specified by 

the expressions 
d 

9 (40) t •- sin 
0 c 0 

tJ. 
d 

ei (41) • - sin c 

d 
tl • - sin c 9 (42) 

Figure 3 shows Eq . (39), normalized with respect to S, plotted as a 

1 function of x1 for S s 5, M • 20 (40 element array), and y • -5.1 with 
1 

a broadside target, w s 2n x 5000 rad/sec, and 1 ft hydrophone spacing, 
0 

y1 • -5 corresponds to an interference bearing of about 53° from the 

target. Figure 4 gives a sicilar curve for y 1 • -2, corresponding to an 

interference bearing of about 19° under the same assucptions. Figures 5 

and 6 give equivalent curves forM a 10 (20 element array). In each case 

the plot exhibits generally the expected fore (see Figure 1) near the 

target bearing. It shows a similar functional behavior, greater in 

amplitude, near the interference bearing. Perhaps the most striking 

feature of the curves is the offset in the axis crossing caused by an 

interference only 7 db above the signal level, even when the interference 

is relatively remote in angl~ from th~ target. If the tracker indicates 

a bearing corresponding to the zero of z, then this effect can lead to 

appreciable systematic error in indicated bearing. With H • 10, y • -2 

1 The curve on the right gi·1es the complete pattern, while that on the 
left shows the neighborhood of che origin in expanded form (target response). 
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the z~ro occurs at x1 • 0.078 • With a broadside target, (I) • 21r )( 5000 
0 

rad/sec, and d • 1 ft, this is equivalent to c 0 systeoatic error of 0.71 • 

Even with M • 20 and y • -5 tht.: systematic error is still about 0.06°. 

The importance of the probleo clearly depends on the relative strength 

of target and interference. To exhibit th~s effect nore clearly, Figure 7 

I shows the offset in the zero (systematic error) as a function of S for 

M • 10 and M • 20 and various values of y1• With the numerical values 

of w
0 

and d used previously, the vertical scale can be converted to degrees 

--~57~·~3- 9 1 d • • • 
w -cos e 

0 c 0 

of systematic error through multiplication by The 

curves for y1 • -1 and y1 • -2 terminate within the range of the graph 

I because larger values of S cause the zero near the true target bearing to 

disappear entirely. An instrumentation attempti ng to track this zero 

would therefore fail. 

2) Algebraic Spectra. The ~elatively large systematic errors 

introduced in the above calculations by rather remot~ sources of interference 

are due at least in part to the slow decay of Eq. (39) away from x • 0 • 

That effect, in turn, may be attributed to the sharp decay of g5(w) and 

g1(w) at w
0

• One suspects that gradually decaying spectral functions would 

produce l!:ore favorable results. MorE precisely, since the integrals in 

Eq. (34) are closely related to Fourier transforms of g5(w), less 

systematic error can be expected fro~ spectra whose Fourier transforms 

(autocorrelation functions) decay rapidly away from the origin. An 

analytically convenient function with these general properties is 

w 2 _...~l~w..._l __ . 
a 2 

(w2 + w 2) 
a 

1Note that this spectral function falls to zero at w • 0 , a feature 
generally present in practical systems. 
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Substituting Eq. (43) into Eq. (34) one obtains 

z • M M !"" 2~ ~ w 
2w / . / , dw - 2 S 

a :.......~ ~ 2 2 
l•l k•l (w ...., ) { 

0 a 

• 
-l(k-t+M)(t -t1)w I 

e o a 

Now changing th~ index, ~s befor~, 

1T ~1 
{ -I (r+M)(t -t1)w I 

z • 2 L S(r+M)wa(to-t1) e o a 
r=-(M-1) · 

-l(r+M)(6-t )w I~ 
+ I(r+M) (6-t

1
)w e 1 a > (M- I rl) 

a . J 

Finally, introducing the notation 

one obtains 

y • w (A-t ) 2 a o 

(44) 

(45) 

(46) 

(47) 

z • 
-I (r+M) (x2+y2>1l 

+ I(r+H)(x2+y2) e f(l-t-lrl> 
J 

(48) 

Figures 8 and 9 present plots of z equivalent to Figures 3 and 6. In both 

cases the plots show a much smaller influence of the interference on the 

behavior of z near the target bearing than was the case with white spectra. 

Some caution aust be used in comparing the systematic errors directly, 
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because the physical meaning of w is not exactly the same as that of w • 
a o 

Since a substantial amount of the total power of the algebraic spectrum 

lies above w • a fair comparison clearly demands that w be chosen smaller a a 

than w • One basis of comparison with a certain intuitive appeal is the 
0 

following: Suppose that the spectrum is shaped primarily by the filters 

HA(jw) and H8 (jw). Then it is reasonable to assume that the ambient noise 

has the same spectral form as the signal. We choose w such that the a 
1 detection index for both types of spectra is the same in the absence of 

interference. 
. 1r 

A straightforward computation yields w • -
8 

w 
a o 

Figure 10 presents information analogous to Figure 7, the systematic 

I error for the case of algebrA!~ spectra, plotted as a function of S for 

various values of Also shown for the sake of comparison ar~ 

two of the curves from Figure 7 (white spectra). The vertical scale is 

the displacement of the zero measur~d in units of Hence for 

w • 2n x SOOO rad/sec (w • 2n x 1960 rad/sec) and d • 1 ft , the vertical 
o a 

scale must be multiplied by 9.1 to obtain systematic error in degrees 

(exactly as with Fiy.ure 7). 

}) Exponential Spectra. Another analytically convenient spectral 

function, intermediate in its cutoff properties between those of Eqs. (35) 

and (43), is 

gs(w) • gi(w) 
1 •-e 

2wb 
(49) 

The resulting expression for z is 

z • 
M-1 {' \' x3 
~ S . 2 2 + I 

r•-(M-1 1 + (r+H) x3 1 
(SO) 

1 Report No. 3, Eq. (49). 
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and y • Cil. (t.-t ) 3 e o (51) 

Figure 11 shows th~ systematic error plot corresponding to Figures 7 

and 10. For proper comvarison under a criterion requiring equal detection 
w 

index in the absence of interference, one finds here that wb • :f . As 

expected. the systematic error is intermediate to that produced by the 

1 other two spectra. 

C. Output Fluctuations 

According to Eq. (31) one requires the spectra G (w) and G (w) in 
VA VB 

addition to the already computed G (w) (Eq. (33)]. Computing first 
VAVB 

the autocorrelation functions, one obtains from Eqs. (13) and (14) 

M 

L Ps [t+(k-t)(t
0 
-t1>] 

t•l 

M 

Z: Pr [ t+(k-t)(t.-t1 >] 
t•l 

(52) 

pN(t) is the normaliz~d autocorrelation of the ambient noise and N is the 

average ambient noise power. 

Fourier transforming to obtain a corresponding expression in terms of 

spectral functions, 

(53) 

Inserting Eqs. (33) ond (53) into Eq. (31) and using th~ index 

r = k - 2. (54) 

~ote, however, that the curves for exponenticl spectr~ consistently 
terminate at smaller 1/S than thos~ for the other spectral types. 
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one obtains 

2  2 
-  dM( 

M-l r 
83(w) c    0    (M-M) 

r=-(K-l) 

M-l 
. Jr(A-t )ai 

+ I  )     )' (u.) a 
(_j     I 

r=-(K-i) 

(M-|r|) + M N gj^Cu,) 

jw(r+M)(t -t ) ^       jw(r+M) (A-t) 
^   gs(w)e        

u   (M-|rj)+I  2_   Zi^')L 

r=-(M-L) r=-(M-l) 

(M-|r|) 

(55) 

In the cases of primary interest he-re the signal power is much smaller 

than thu interferenci power,  (S may or may not be small compared with N.) 

In that case IIK signal contribution to the output variance is negligible 

ard Eq. (55) reduces to 

2   2; 
du. I 

M-l 
2  ^ 

M-] 

r=-(M-1) q=-(M-l) 

((..) 
^(r+q) (/ tj)  Ju(r-tq + 2M,l(A-t1) 

(M-|r|) (M-jq|) 

r^1 l-r(A-t ) ,, 
+ 2 M .; I  2    g^w) gN(o) e        ;M-|r|) + M"N 8N (u) 

r—(H-l) I 

(56) 

Lquation (56) must now be evaluated for the variouf spectra considered 

previously. 

1)  White Spectra.  Consider first the spectral functions 

ßj^) - SN(w) = ( 

1 
2:.. 
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Substitution  into Eq.   (56)   yields 

M-l M-i 
V 

r 

c2 = -4- d.,;i 
o    -iiJo r--(M-l)   q=—(M-l) 

jw(r+q)(A-t   )     +ju/r+q+2M)(fi-t.) 
(M-|r|)(M-lq|) 

K-l 

+  2  M N  1      ; 

r—CM-l) 

jur(a-t  ) 2  , 
(M-|r|)   + M N 

M-l H-i 

-ll2     \ \ 
sin[(r+q)(fi-t1)t1)  j       sin[(r+q+2M) (A-t1)uJ 

L. (-, (r+q)(a-t )üü 
" i  r=-(M-l) q=-(M-l) 

(r+q+2M) (A-t,)üj 
1 o 

(M-jr|)(M-jq|) 

^—, sin|r(A-t )uj J           22 
+ 2 M N I  )     : ——9- (H- I r I) + M N 

iL_ r(A-t )u 
r=-(M-l) 1  0 

(58) 

With the change of indices r' = r + M, q' = q+M, Eq. (58) becomes (the 

prinuTg have been omitted for simplicity of notation): 

(H-|r-M|)(M-|q-r|) 

2   _   TTl    _ 
z u T 

o  o 

2M-1  2M-1 r    \ ' 
r=l      q-i 

M-l 

3in[ (r+q-2H) (x  +y   ) ]        sln[ (r-*q) (x1
+yi ^ 

(r^q-2M)(x1+y1) (r+M)(x1+yJ ryi;   J 

+ 2 H f M-i- 2 

sin  r(x   l-y   ) 

)   -~7   / r   ^-^ 6-.        r(x +y   ) 
r=l 

^ 
(59) 

The symbols x and y  are defined in Eq. (38a).  x-i+y-i "   (^-t. )üJ is 

clearly a measure of steering angL. relative to the interference bearing. 

Figure 12 shows a normalized version of a , the square root of Eq. (59), 

N 
plotted as a function of x t-y for M = 10. 20 and several values of ~ .  De- 

pendence on the latter parameter Is small, as one would expect in an 

interferencc- 
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dominated environment. If the tracker is to function properly, az must 

certainly be small compared with the pcok value of z ncar the tnr&et 

b.:.aring. Accordin:; to Figures 3 and 5 horizontal excursions must 

therefore be confined to a range small compared with 0.1 and 0.2 for 

M • 20 and 10 respectively. Over such a range Figure 12 exhi~ita changes 

equal to no more than a small fraction of the valu~ of az at any point 

within the range. Thus the approximation leading to Eq. (9) is amply 

1 justified. 

For remote interference Eq. (59) reduces to 

a 2 • .! _!L., 12 {M(2M2+1) + 3 }! M2 + 1(!)2 
M2 } z 3 Tw 1 2 1 

(60) 
0 

If M » 1 one can therefore write approximately 

.!!. _!L., M3 12 for !« ·v! ~ 3 Tw 1 
2 0 

a = (61) z 

...:L M2 N2 
Tw for !» 

I -vr;: 
0 

Much as in the case of detection one finds the fluctuation power varying 

with M3 in an interference-dominated environment and with M2 in an ambient-

noise-dominated environment. The dividing line between the two, again 

as in the case of detection, depends on ~. sr ·t even n relatively 

weak interference can dominate the output fluctuation if the array is 

sufficiently large. 

2) Algebraic Spectra. Next consider again the algebraic spectra 

1Tbe approximation is poorest for very small x1+y1• This is the 

condition of steering angle very close to interference bearing, where no 
satisfactory tracking performance would be expected in any case. 
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Substitution into Lq. (56) yields, after the usual algebraic 

simplii icatlons , 

22 B^:1 '^ 
.2 c i_I_/\ 

(r+q-2H)(x2+y ) 
l+|(r+q-2M)(x +y2) |- i| {r+q-2M) (x2+y2)-| 

lr=l  q=l i 

|(r+q)(x2+y2)\ 
j J + l (r+q) (x„+yj | - -| (r+q) (x9+y7) | 

2 '2' 
(M-|r-tl|)(M-|q-H|) 

r-      -r)x +y   |   i 1,3 
>■   .     t'+2/      e "    -      l+|r(x2+y2)|   "  31 r(x

2
+y2) I (M-r)j + M

2 \ (63) 
I2 

Fur jx„+y j >> 1 (steering angle remote from interference) and 

= — UJ Kq. (63) becomes identical with Eq. (60). 
a   "  o 

N 
Plotr. of Eq. (63) for several values of M and — are shown in Figure 13. 

Fere, as in Figure 12, the approximation leading to Eq. (9) i? c'early 

satisfied . 

D■  Random bearing Error 

According to Fq. (9) the random component of bearing error '^ 

(t.4) 

a b ; 

evaluated at the target bearing. Only the slope of the average response 

curve (the sensitivity) remains to be calculated. For white spectra one 

obtains from L,q. (39) 

- 3x1 :.o 

Su) ■-- cos 0 ( -- M 4 ~ 
o c     o\ 2     S  t_ 

|sin(M+r)y   l-Cüs(M+r.) y 

r=-(M-l) 
1    (H+r) y 

(.M-|ri)(f+r) ' 

'vZ^ 

A-:i2 
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3_z 
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A similar computation for the case of algebraic spectra yields 

0 = 3x2  30 'o = 

M-l 

•■      / ! M3. 1  S TTS'.O — COP u ( —  M + -—  ) 
a c     o\ 2     2S  /__, 

r=-(M-l) 

-(M+r)|y 
l-(M+r)jy. 

2 
(M-|r|)(M+r)) 

(66) 

For remote interference and  w 

related by 

8 o 

2 - 
IT a z i 

Lqs. (65) and (66) are 

8 36 
(67) 

lalgeb. 1wh i c e 

Normalized plots of Eqs. (6j) and (66) for various values of M and — 

ere shown in Figures 1^ and 15 respectively.  In each case, but particularly 

for the algebraic spectrum, the sensitivity quickly approaches its 

asymptotic value once the separation of interference and target exceeds 

the basic beamwidth of the array. 

Normalized plots of random bearing error [tq. (64)] arc shown 1;. 

N 
Figmes 16 and 17.  S.'ncv the 'alucs of — .ill correspond to an inter! erence- 

1 
dominated environment, the dependence on this parameter Is quite weak. 

Since S/I appears oi.'y in the expression for sensitivity it is clear from 

Figures 14 and 15 that this parameter has little influence on the random 

bearing er-or except for interferences within a hi. am width of the target - 

in which case discussion of the fluctuation error becomes an academic matter 

because the postulated tracker can no longer distinguish between target and 

Interference.  Conversion of the vertical scale of Figure 16 Into degrees 

of rms error 1,. accomplish«, d through multiplication by 

>7.v^ 
i  1 1 

d 
— CO; 

0 c 

(68) 

iJote       N/I  =   2   ,       ;' =   10       is   fairly  close   LO   t.h.   borderline  of 
imbient   noisi   domination,   hence   the  deviation   Is  greatest    in   this  casi 

u 
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Of considerable practical inportancc Is the question whether the randcra 

component of error curri-ntly under discussion is larger or smaller than the 

systematic error investigated in Section II.B.  In ordtr to cvoid tedious 

cor.iparlüon of a large nui;;ber of cases, the following approximate analysis 

is carried out: 

If cne tracker is to function properly the shift in the null (systematic 

error) should be confined to a region sufficiently close to the truu bearing 

so that th average bearing response pattern (Figure I) may be regarded as 

linear jv^r the region in question.  In that case one can write 

Systeratlc en or (in radiaru"-) = ~  

del 

(69) 

10 

where z  is the on-target value of the average bearing response.  Hence 

from Eqs. (64) and (69) 

systematic error 

rms random error 
(70) 

'£     is obtained by yetting  x  = 0  in Eq. (39) and  x„ = 0  In Eq, (AS, . 

.Similarly Iquat.lons (bn) aid ('-3) yield -■  . Figures !0 and 19 show 
o 

normalized plots of Eq. (70) on a logarithmic scale for whit«, and algebraic 

spectra respectively.  An Interference-dominated envlronrent is assumed, 

so that dependence of the noise level on N may be igno'ed.  Except for 

the neighborhood of  y. = 2T     the curves for white sp ctra (Figure 18) 

are essentially straight lines with a slope of (- -r) , once the interference 

is separated from the target by nor« than the width of the bear, pattern. 

This behavior has important practical implications.  The abscissa y. is 

related to target and interference bearing through the equation 

ihlj is clearly equivalent :o the approximation of Equation (9). 

Each of the curves exhibits a sharp downward excursion near  y  = Zn . 
To avoid confusion on eb^ graph this has been shown only for M = 5 . 
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y = u (A-t ) " u -(sin 9T - sin 6-) (71) 
1   p   o    o c     I       T 

The error ratio [tq. C/Q)]   is related to the normalized R plotted in 

Figure 18 through 

/Tw 
systtmal,ic error ^-^ / o R /,»> 
nns raridom firror  V TT 

If (J ' ■= Kin  , the corresponding y. ' is Ky .  Because of the (- y) slope 

-1/2 
this results in R' ° K   R .  Hence 

/TU '        y^T 
o  „ i      o 

R' -  R (73) 

so that the error ratio remains unchanged.  In other words, the error ratio 

is independent of the cutoff frequency w as long as y. lies on the linear 

portion of the curves.  Furthermore, note that the horizontal spacing between 

curves is essentially constant at a value corresponding to a factor of 2. 

An increase in the number of hydrophones decreases the error ratio if all 

other parameters remain fixed.  This implies that the total array length 

increases linearly with M.  In practice, it may be more realistic to 

consider the array length fixed and to vary the hydrophone  )acing d 

inversely with M.  Assuming that phone-to-phone independence of the ambient 

noise is maintained during these changes one finds that to double M implies 

cutting y  in half.  Hence the error ratio is unaffected by the change. 

One concludes that for fixed overall array length the ^rror ratio is 

independent of the number of hydrophones as long as y. lies on the linear 

portion of the curves. 

The next question is clearly whether y. does or does not lie on the 

linear portion of the curves in situations of practical interest. One 

need not be greatly concerned with the nonlinearlty for small y , for one 

1 



would hardly exp~ct to operate th~ system with interferences separ~ted from 

the target by less th~n a beam width. To obtain an upper bound on y1 

consider d • 1, w
0 

• 2w x 5000 rad/sec. With a broadside target (eT • 0) 

Eq. (71) yields a maximum y1 of 2w • Thus all but a small rang~ of 

1nterfer~nce bearings ncar endf1re produces values of y
1 

within the linear 

portion of .Figure 18. 

It is now pos~ible to determine the value of the error ratio in the 

linear region. 1hich is independent of all paramet~rs except overall 

erray l~ngth, Sllloothing time, and bearing angles. 

sxs.tematic error "' 53 - fT 1 
rms random error Vt lsin 

61 
_sin 90 1~ 

(14) 

where L is the array length in feet. For $mooth1ng times of the order of 

seconds and moderate array length this ratio is clearly larg"r than uni.ty. 

The error ratio curves for algebraic spectra [Figure (19)) do not 

exhibit all of the invariance properties present in the white noise case. 

16 Confining attention to the region y2 ~ 2 (corresponding to y1 • ;-> on~ 
still finds a horizontal spacing roughly proportional to M and hence approxi-

mete invariance of the error ratio relative toM (for fixed array length). 

However, th~ slop~ of the curves below y2 • 2 exceeds ~ • The re~soning 

of Equations (71) - (73) therefore leads to the conclusion that the error 

ratio is a monotone decreasing function of w a 
The conversion from the 

normalized R plotted in Figure 19 to actual error ratio is accomplished 

through the relation: 

systematic error • 2/:f ~ R 
rms random error w a 

(75) 

With a 40 ft. array, 1 ft. hydrophone spacing, and w m 10,000 rad/scc a 
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this leads to 

aystematic error 
nns random error 

>. A /T , for y  < 2 (76) 

Thus the error ratio is sfll in excess of unity for most reasonable 

smoothing tim(;s.  Only with larger arrays or wider bandwidth is the random 

error likely to becomt, dominant. 

>, H 

i. 
illr  " " IAM nil' 
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III.  SuUlng Trackers 

A.  General Relations 

Figure 20 shows one possible implementation of a bplit beam tracker 

with provisions for nulling a plane wave interference.  The block diagram 

Sl+nl+i.i     0   "fl -o—I6 

s2+n2+i2     o—   ;T2|—V.^ 

I'll \ 

,—,       V     VA(t)    I  s 13  7 —^il 
x,(t) 

h 

/  sunmer 

VM-1 
fi 

/ J 

S +n +i       o IT    | 
M    M    M I  Ml 

multiplier       X 

SM+l
+T111+l+iM+l  0   )T_M+ll ^>- 

SM+2+V2+iM+2   HTM^2J-^ 

o 

0 

6 
M+l 

"mz 
\\ v_(t) 

h{^ 
summer 

x„(t) 

.Sil-1_ low pass i2(t) 
; filter 

J 

s2M+n2M+i2:i 0'IT2M|-- 

2M-1| 

Figure 20 

rep'esenLs a split beam version of the simples; confipuration analysed in 

Report No. II   ( •. e Figure 1 of that report).  The delays  T  are adjusted 

In accordar.ic with thi interference delay from hydrophone to hydrophone, 

A-if. 

C 
-J* ■. - - ■• -*   - * > ■* i ^. JL 



so that the subsequent subtractions achieve in principle compleLe elimina- 

tion of the Interference. The delays 6  align the remaining signal com- 

ponents.  From this point on the instrumentation is identical with that of 

the conventional tracker (Figure 2).  Thus, ae  pointed out previously, 

Equations 0 9) and (27) I or, with the previous assumptions concerning H 

and H  , Equations (30) and (31)l  remain valid.  The spectral functions 

G  (oi) j G  ((,))  arid G   (m)  must now be computed. 
V V V V 
A       B VA B 

From Report No. 21, Equation (27) : 

M-I  .        .    f 

v0 - Xhi^v^i- M^W-V^J 
+\+i(t-kti:>'\(t-kti+^ 

(77) 

M-l 
and v  (t)   «   y   (s  It +  (k-im)   (t  -tjl   - sjt +  (k-hn)   (t  ~t1)-(t +A) 

B /-?,   I   11 oil lu olo 

^m-fk+ll^  "  (*+k)tl\-%+d
t-(m+k)tl + t\ 

(78) 

It follows that 

M-l M-l 
R VT) - R 

A       B 
(T) = S T  r i2p \T+(k-i)   (t -tjj - p JT+(k-JO (t -tj +(c - 

k«l A I  sL        o 1 .   sL        o 1    o 
L) 

p  |T+(k-a) (t -tj -(t -L) 
H L        o  1    o 

+ N[2(M-1) PN(T) - (H-2) oN [T+(t1-A)] -(M-2) PNI T-( t1-/\) j j 

Fourier transforming: 

(79) 

VA      VB       s   k^l k  l 

.1to(t -A)        -ju(t -A) 
+ N gN(w) j 2(11-1) -(::-2) e       -(M-2) e 

jwUk-Jl) (L0-t1)-(t0-A)J 

(80) 
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Furthermore, 

M-1 M-1 f l-
R (t) • s L ~- \ 2p t+(M+k-1) 

VAVB k•l t~l l 8 

(81) 

As in the case of the conventional tracker, it is clear from Equations 

(19), (27), (80) and (82) that multiplication of l!A(jw) and HI! (jw) by 

l: (jw) is entirely equivalent to multiplication of g (w) 
s 

l•~(jw)l2. 
Substituting Equation (82) into Equation (30) one obtains thE ex-

pression for the average tracker output 

z • 
M-1 ~1 

2S L L 
k•l 1•1 

~ f J 
0 

dw g
8 

(w) 12 sin w(M+k-.t) (t
0 
-t1) 

- sin w[(M+k-2.) (t
0 
-t1) + (t

0 
-•>] - sin w[(M+k-t) (t

0 
-t1) - (t

0 
-6)] } 

of index k-.t • r this becomes with the change 

M-2 ~ f 
25 f : J dw gs (w) \ 2 

r•-TM-2) o l 
z • sin [w(r+H) (t

0 
-t1) J 

by 

- sin w[(r+H) (t
0
-t1) - (t

0
-li) J} (M-1-Irl> 

(84) 

The corresponding expression for the output variance is obtained formally 

by substituting Equations (80) and (82) into Equation (31). However, in 

the cases of primary interest here the signal power will be small compared 

with the ambient noise so that one can ignore the signal contribution to 
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the output fluctuation.  Then th^ variance of z  becomes 

2  2.N2  '"   2    i J^Ct^A) 
a  = i—- / da) g,. (w) ' 2(M-1) - (M-2) e 

^ -j^Ct.-A)!^ 
- (M-2) L        ) (85) 

J 
Equations (84) and (85) must now be evaluated for the various spectral 

functions under study. 

B.  Average Tracker Output 

Consider first the white spectrum specified by Equation (35). 

Integration of Equation (84) yields afcer some algebraic simplification 

M-^    ,  l-cosC-l+r) x,   l-cos[(M+r) x -y, I 
z =  S   ^    • 2 - ' 1     1 

r=-TM-2) [     (M+r) Xl      (M+r) Xryl 
l-cos[(M+r) x +y ]I 

-   ,,.x K ■——-'     (M-l-|r|)    (86) (M+r) x]+y1    (. 

x  and y  arc defined in Equation (38a). 

The equivalent expression for the algebraic spectrum Equation (43): 

is 

Z = 2 S 
M^2   j -|(M+r) x2| -|(M+r) x2-y, 
L    { 2(M+r) x, e -  (M+r) y.^-V-l   e 

r=-(M-2) |       2 L      2 2J 
I 

-|(K+r) x +y | 
(M+r) x +y J e )  (M-l-|r|) 

'2-2J ^ ,'  — '-        (87) 

J 

x   and  y  are defined in Equation (47). 

Plots of Equations (86) and (87) Cor selected parameter values are 

given In Figures (21^ and (22) respectively.  Only tlu neighborhood of 

the target is shown, because the average output elsewhere is too small 

to be significant on the scales of the two graphs.  The most important 

With  S > N  there is presumably very little difficulty in tracking 
once the interfsrence has been eliminated. 
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aspect of the curves is the complete absence of any offset in the null 

(systematic error), a conclusion also apparent from the equations upon 

setting x1 • 0 in (86) and Y.2 a 0 in (87). In comparing Figures (21) 

11 
and (22) one must, of course, keep in mind that v = ( - )y J2 8 1 for equal 

detection index, so that y2 • - 2 corresponds very nearly to y1 s - 5 

C. Output Fluctuations 

Substitution of the white noise spectrum [Equation (57)] into 

Equation (85) yields after algebraic simplification 

The equivalent expression for the algebraic spectrum is 

2 11
2N2 f 2 2 -lx2+y21 

az • ~ (M-1) + ~(M-2) - 2(M-l) (M-2) e 
a 

[ 
1 3] 2 - 2 1x2+y21 

l+lx2+y21 - 3lx2+y2 l _ + ~(M-2) e 

-11x2+y21
3
] } 

(88) 

(89) 

Figures (23) and (24) show the standard deviation az plotted in 

normalized form as a function of (x
1
+y

1
) and (x

2
+y2) respectively. 

(x1+y1) and (x2+y2) are, of course, measures of steering angle relative 

to the interference bearing. 

D. Random Bearing Error 

The sensitivity of the tracker is obtained by differentiating 

Equations (86) and (87) with respect to e and evaluating the deriva-

tives at the target bearing. The result is : 
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For the white spectrum 

For the alg~braic ~pectrum 

0 

• 11W 
a 

1-cos y1] 2 
2 

M(M-1) 

yl 

(90) 

(91) 

For remote interference and w a (11/8) w (the basis of com?arison 
a o 

used before) Equations (90) and (91) are related by 

a
-~ 
ae 

algeb. 

112 az-l 
- s -a, 

e white 

(92) 

exactly as in the case of the conventional tracker. For bearings re~ote 

from the interference and w = (n/8)w , a a o z 

for both types of spectra [see Equations (88) 

approaches the same value 

and (89) J. Eence the 

asymptotic ratio of fluctuation errors is 

rms error with algebraic spectrum 
rms error with white spectrum 

8 .. 2 
11 

for remote interference 

Plots of normalized rms error versus interference bearing relative to 

target bearing (measured by y1 and y2) are given in Figures 25 and 

26. The qualitative differences between the two sets of curves is due 

in large measure to the very rapid approach to the asymptotic value of 

the sensitivity for algebraic spectra. In other words, o~ce the inter-

(93) 

ference is separated from the target by more than a small minimum angle, 

the sensitivity at the target bearing is almost independent of the in-

terference bearing (for algebraic spectra). This is, of course, precisely 

the lack of influence of the interference on average response which 
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motivated the invtsti^ation of algebraic spectra in the first place. 

As a final point of interest, it nay be useful to compare the  rme 

error of the conventional tracker with that of the nulling tracker. 

From Equations (59), (65), (88) and (90) (whit- spectra) or (63), (66), 

(89) and (9.1) (algebraic spectra) ore obtains for remote interference 

rms error of nulling tracker 
mis error of conventional tracker 

/3 N 
" 1  I 

M 

(M-l) 

(M-i) + \ w-iy 
\  N(2M/+1) + ^7M + f (-■) M- 

/I     hi 

(94) 

With M •> 1 this reduces to 

rms ^rror of nullin;; tracker   '9 K 
rms error of conventional tracker  V 8 I 

^IM(f. 
(9b) 

In the limiting cases of ambic^ut notfee dominatcJ ant 

dominated environments one obtains finill' 

nt i rferencc 

(    1/ 2 
for l/t -;/■! 

ras error of nulling t.'acker _ 
rras error of con 'ntional ti.ick'.r 

(V8M 
''4  -% K    N 

r for Y 

(96) 

It is interesting thai the superiority (if any) of the nullinp, tracker 

over the conventional tracker is measured by M ' ~   . the parameter which 

also measures directly the exti.'nt to which the environment Is interfer- 

ence dominated.  Only in a strongly interferencf. dominated environment, is 

there a significant reduction in rms error due to nulling,  The slight 

inferiority of the nulling tracker in an ambient noise dominated environ- 

ment is, of course, due to tht suboptimal nature of the primitive inter- 

ference nulling scheme employed in the postulated instrunentation. 
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IV.  Concluding Remarkg 

The report has analyzed the performance of split beam (phase) trackers 

with and without previsions for null steering in an environraent composed of 

plane wave interference es well as Isotropie ambient noise.  Two types of 

error can arise, 

1) Systematic error.  This is a displacement in the cill of the 

average tracker output from the true target bearing.  It is 

caused by rhe asymmetry in the noise field due to the interferencefc 

2) Random error.  This is the rms fluctuation of the instantaneous 

tracker output about its average value.  Its cause is the in- 

ability of a filter with finite smoothing time to eliminate fluc- 

tuations completely. 

In the conventional tracker the interference co itributes to both types 

of error.  In the nulling tracker it contributes to neither, because the 

null steering feature totally eliminates (.at least in principle) tht inter- 

ference at the very beginning of the data processing procedure.  This dual 

effect of nulling tends to obscure questions c£  crucial importance to the 

ultimata decision whether the benefits of null steering are sufficient to 

justify the added system complexity.  To clarify this point, consider the 

following conclusions from the conventional tracKer analysis: 

J.)  The interference contributes significantly to the random error 

only if the environment is interference dominated  N/l <<V'T'''i 

2)  If the environment is interference dominated, the systematic error 

exceeds the random error under most re.asonable operating condi- 

tions, often by a very substantial amount;. 

According to  1)  tht use of nulling to reduce random error car be 

justified only if operation tn c   strongly interference dominated environment 

A o 



is a common occurrv-'nce.  If this is not the case one  is interested primarily 

In eliminating the syst ■itic error.  Since the Intter depends only on in- 

terference bearing and such .rvxruge properties as interference power (but 

not on the detailed interference time function) one can envision much simpler 

schemes than nulling to achl-'Ve tho necessary correction. 

Even when the environment is interference dominattd one m.'.y be con- 

cerned primarily with the slraplei probleni of systematic error correction. 

According to  2)  the largest error component is likely to be systematic 

and failure to track may well be due largely to this component.  Elimination 

of the systematic error alone may then result in satisfactory operation, 

even though random error reduction through nulling or related schemes might 

achieve further improvements In accuracy.  In view of the inherent complexity 

of all schemes designed to eliminate time functions of interference 01 other 

spatially coherent components of the noise field, it appears desirable to 

study further whether slrapK modifications of the convention.-.l tracker, 

utilizing only statistical information about the interference, may not 

achieve satisfactory performance. 

The b.~.sic difference between systematic and random error compensati n 

appears in a somewhat different guise in the detection problem.  The avt;- 

age bearing response of a conventional d«. teetor operating in the presence 

of interference might assume the form sketched in Figure 27.  The proximity 

Figure 2 7 
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of the interferenct imposes a sloping background on the target peak. De- 

pending on the method chosen to display the Information this may or may not 

affect the ability of an operator to detect the target.  Ignoring such dis- 

play problems, however, a fundamental difficulty arises only when tVie rms 

fluctuation becomes comparable with the target peak, i.e., when the "on 

target" signal-to-noise ratio at the detector output falls to the. neighbor- 

hood of unity. If the interference-free output signcl-to-noise ratio is well 

in excess of unity, then the introduction of an interference separated from 

the target by more than n beamwidth can achieve reduction of the output 

signal-to-noise ratio to a level of unity only if the interference is strong 

enough to dominate the environment.  In such c^ses nulling can clearly be 

beneficial. Otherwise the problem is primarily one of display, and while 

this counterpart of the systematic error problem is clearly resolved as a 

by-product of any nulling procedure, one should recognize that sinpler 

techniques may be available to compensate for the average effect of the in- 

terference. 
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Summary 

A straightforward extension of the methods of Report No. 17 is employed 

to obtain general expressions for the index of performance of a conventional 

detector when multiple independent point jource interferenxes are present. T 
As in Report No. 17, autocorrelation functions of the fonn e       are 

assumed for the noise and interference processes, and the index of performance 

is derived for cases where all interferences differ at least several degrees 

in bearing from the target. 

An interference distributed over an arc of several degrees is represented 

as a limiting case of a large number of closely spaced point interferences. 

Computer calculations relevant to determination of the index of performance In 

cases of multiple or distributed Interferences are presented. 

If the total interference power substantially exceeds the ambient noise 

power, the magnitude of the total interference power determines the order of 

magnitude of the index of performance.  If a fixed value of total interference 

power 1 is considered, the case of a single point interference of power I may 

be compared witli the cases of distributed or multiple interferences of total 

power I.  Assuming the average bearings of interferences to be comparable, one 

finds that the index of performance is somewhat higher for multiple or distri- 

buted interferences than for a single point source of interference.  The factor 

by which the index of perfennance with multiple or distributed interferences 

may exceed that for one point interference is found to have a hypothetical 

maximum of approximately  /2M/3 , where M  is the number of hydrophones.  The 

computed results indicate, however, that the improvement factor in most real- 

istic situations is no greater than 2 or 3  for multiple point source in- 

terferences and between 1 and 2  for a distributed interference. 

Finally thi_ report points out »"he omission of a term in the basic ex- 

pression in Report No. 17 for the variance of the output of a standard detector 

0-1 CONFIM^"1^1 



in the presence of ambient noise and a point source Interference. The term 

in question involves the product IN of interference power and ambient noise 

power.  Calculations are performed which indicate 'hat the error introduced in 

the output signal-to-noise ratio (index of performance) by neglecting this 

term is at most a lew percent for the values of N/l  and number of hydro- 

phones M considered in Report No. 17,  The effect of the term is found to 

decrease as either M or I/N  increases. 
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I.  Introduction 
ßM a De^OM S »^fa 

The present report is essentially an amendment and extPnBlon to t:  por- 

tion of Report No. 17 which treat's the conventional detector.  The expression 

in that report for the variance of the detector output is modified, and the 

case ot a single interference is extended to consider any number of interfer- 

ences . 

This report considers only a linear array of M equally spaced omni- 

directional hydrophones.  Processing consists of summing the outputs of the 

hydrophones, squaring the sum, and lov-pass liltering the square.  The target 

signal, the ambient noise, and the one or many interferences are taken to be 

mutually independent random processes. 

The ambient noise components fom  different hydrophones are assumed to be 

independent.  We shall also assume signal and interference wavefronts to be 

plane.  Consequently, at any given time, the signal and interference components 

of the M hydrophone outputs represent samples of these random processes at M 

different points in time.  If the array is steered on target, the M signal 

components are identical at any time.  The signal, ambient noise, and inter- 

ference components of voltage at each hydrophone are all assumed to be zero- 

mean Gaussian variables.  The average power of a'.y of these distinct processes 

is assumed not to vary from hydrophone to hydrophone. 

The nomenclature of the present report is adopted from Report. No. 17, and 

where specific assumptions are made regarding magnitude or functional form of 

variables, the assumptions are those of that report.  The case of an inter- 

ference very close in bearing to the target is not discussed in detail. 

II.  Output Variance with Ambient Noise and a Single Interference Present 

2 
It is desired to calculate the output variance   D (output) for the sit- 

uation depicted in Figure 1.  The variables  i.(t)  and n (t)  represent the 

interference and noise components, respectively, of the jch hydrophone output. 

COWFIDEMTiAL 



.CONFIDENTIAL 
This report follows the procedure established in Report No. 3. section IV. 

Under the assumption that the array is steered on terget but that sig-

nal power is negligible compared with ambient noise or interference power. 

the autocorrelation function of the output is 

R (t) • E { [.!l th (t) + .. (t)l [ ~ tl(t) + nl(t~ X 
z j•l 

[ ~ .. (t+,) + '\(t+,)l 
k•l 

[ ~ ., 
1•1 

(t+,) + '\(t+,)l \ • 

.J 
M M M M ~- [ ih ( t) + ~ ( t)] [ ik(t+t) + ~(t+t>] X I: I: I: I: E [ ij (t) + fi/t>] 

h•l j•l k•l 1•1 \ 

[i1 (t+t) + n1 (t+t)] J (1) 

Since all variables ~re Gaussian. the products may b~ grouped as follows: 

, 

Rz(t) • I: I: I: I <[ih(t) + nh(t)] 
M M M M ~· 

h=l j•l k•l 1•1 

< [ik (t+t) + ~ (t+t)] [_11 (t+t) + n1 (t+t) l) + 

< [ih (t)+~ (t) J [ik (t+t)+'1t (t+t>]) < [ij (t)+nj (t)] [i1 (t+t)+n1 (t+t) J) + 

( ['. (t) .... (t) j ['• ( t+')+u1 (t+') ]) ( [' ;<tl+nl ( t) j ['• ( t+,)+'\ ( t+>) J)} (2) 

s(t) + i (t) + n (t) 
1 1 

s(t) + i
2
(t) + n

2
(t) 

. . . 
s(t) + ~(t) + ~(t) 

s\.lllllller f-. 

Fig. 1 
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The last two of the three expressions in brackets above are identical ex- 

cept for indexinp. Since noise and interference are independent, the euto- 

correlation function may be written 

R  (T;   *    Z       l       l      T    I   |Yi.(t)   IftA   +/n.(t)   n   rt)\] f/i. (t+T)   i„(t+T)) 
h-1 j = l k.l ^l[ LXh j     /       \^ j     ^JL\k *        / 

+ <\(t+T) n
Ä
(t+^>]    + 2[<1h(t)  \it+^>   + <nh(t) \(t+Tl>) 

[/i.(L)   i£(t+T))    +   ^Ct)   n^t+T))]   ■ (3) 

One may define the followinp normalized correlation functions with N  the 

average nolst; power at any hydrophone and  I  the average ir.ierference 

power• 

Iq^Ct) =E[ih(t) i^.+x)];  Nq^t) =E[nhU) .vCt+o] 

In  terms  of   the    q     function,   the  autocoirelation function^is 

M      M      M      M 

(4) 

FT       i n ,„J  i\    1 
R   (!)   =     r        £        1        Z^     I   q;   (0)   +  K   a '   (Ö)     I I   q;   ,0)   +  N   q        (0) 

z h=l j = l k=l i=l j L      hJ hj      J   L       k.e kx 

hk^H1 v^ + ''v(T)l| +  2  [I  qhk(i)   + N  q (5) 

The    q     terms  with  zero  argument  represent     DC power.     Define 

R '(T)     as    [R   (T)   -   (DC  terms)]   : 

M      H      M      M    < „ , . 
R '(T)   =     I        I       I       Z   <2l'  q1   (T)   q     (x)   +  2  N     qj  (T)   q     (x) 

h=l j = l k-1 i«! J Jii 

+   4   IN   q,1, (x)   qn„(T) ) 
%k'T>   C'j£' 

From Eqs. (39) and (40) of Report No. 3, we obtain the following for- 

mula for the variance of the output- 

(6) 

2 1 00 /^ 
D   (Z)   =  T  ^    Rz(T)   dT 

B-3 

CONHDBMhAL (7) 

L 
±SS^S^^JS7C^±±^=2i^=^!££l 



iCONFIDENTf 
Now let p (T)  and p (T)  represent the normalized autocorrelation functlor 

of the ambient noise and intc.  fence components of hydrophone output, re- 

spectively.  Since the noise components of different hydrophones are asaumed 

to be independent, the following relation results: 

q, . (T) «= 6 . p (T) 
IIJ      hj n ■hj 

1 h - j 
0 h ^ j 

(8) 

At a given instant, the interference components at hydrophones h and J 

respectively represent samples of the same random process taken at an interval 

of  i.   seconds apart, where  T   is the delay from hydrophone h to hydro- 

phone k .  It is therefore true that 

VT)   pi(Vi + T) (9) 

By Eq. (6) through Eq. (9) , 

2     TJ
2
 M  M  M  M 

D (z) = ~ I  7.       I       I    /"P.  (T.. + T) D (T  + T) dT 
1 h=l j=l k=l 1*1-  -m     hk      1 Jl 

2N2 2 ™  2 AIN M  M  oo 
+ — " U % (T) dr + -^ ;: i   /(xjpi (T  f r) M pn(T) dr   (io) 

h=l j=] 

The term above containing the product  IN does not appear in Eq. (2) 

of Feport No. 17  For situations where the ratio  I/N is substantially 

greater than unity, this term does not significantly affect the value of 

2 
D (z) .  Even with I/N near or less than unity, the term has little effect 

for sufficiently large M .  Some calculations appear in Table 1 of Sec- 

tion III which indicate the relative magnitude of terms in the expression 

2 
for  D (z)  when exponential p  functions are assumed. 

III.  Detector Performance .jjth Ambient Noise and Two Interferences 

If two uncorrel.ated interferences of power I, and I. are present at 

different bearings, one may infer the expression for D (z)  from Eq. (10). 

i, -»— *. 
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Ambient noise power Is assumed small in comparison with both I  and I_ 

2     21^ M  M  M  M        ,n n, 
D(z) .-^    Z       L       Z       £ Ul   (t^ + T) p1 (T^ + T) dT 

h-l J-l k°l £-1 J 

2Io M  M  M  M        . .,. 2    ^ 
+ -T h^ /, u\     *    Ü2   (Thk + ^ p2 (V ^) dx + f- M Lpn (T) dT 

h«l j=j. k=l £=1 J 

«I, I0 M  M  M  K  .»  , (1) ,  s   / (2) ^ . , 
+ -f-^ i;  E  z  L ^pi (;hk + T) p2 (V + T) dl 

h=J J-1 k=l e=L 

41 N  M  M 41 N  M  M 
+ -~- Z       I     /"p. (T^^ + T) Mp  (T) dr + -—- I  Z 

1  h-l j-1 -" 1  hJ        n T  h=l j=l 

A, (T.(f + T) MP  (T) dT (11) 
-00 ii  nj       n 

In general terms, p  CT   + T)  refers to the normalized autocorrela- 
V nj 

Cion of ('.he pth interference. 

The procedure of Report No. 17 will now be followed to obtain specific 

1 ^   r    ,-u   /-.i r j*.        &     (DC OUtpUt)      r~, r     I-, j 1 ,   J results for the figure of merit ■  v , ^—^ .  The following normalized 
D   (output) 

autocorrelation  functions  are  assumed: 

P1(T)   =  e 

-üJ1|I 

P 2 ( T )   "  e Pn(T)   = e 
-.JTI 

(12) 

As explained in Report No. 17,   for the cases of interest, the frequencies 

w , u,,   u_  are comparable.  Because the array is linear and the interfer- 

ence w.ivefronts plane. 

4* - (h-k) \i 
C2"' 

i^,' - (h-k) i 
hk 2 

(13)- 

Assuming the delays  T  and  T   to be positive numbers proves conven- 
ient in writing many subsequent expressions, even though Eq. (13) actually 
permits negative x's .  In all expressions derived, no error is incurred by 
assuming the  T'S positive, even if Eq. (13) indicates that one or both are 
negative for the geometry and indexing of a particular situation. 
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For convenienct, define the coefficients 

h-j, k-i      -m u hj      v ki 
(1A) 

The fact that autocorrelation functions an even functions leado to the 

results 

..uu 
rs 

,uu  „uu 
sr 

C ■r, -s 
cuv = cvu = cuv 
rs   sr   -r, -s 

(15) 

Consideration of Eq. (7) through Eq. (10) in Report No. 17 and the above 

Eq. (15)   leads to the result 

M  M  M  M T        M-l H-l 
Z       I       I       I     C^       ,   = M2 CUV + 2K I     (M-s) CUV + 2M T.     (M-r) CUV 

h^J-lk^l i*l    h~J' k-e     00    s=l r=l 

M-l M-l ,- 
+ 2 E  I (M-r) (M-6) i CUV + CUV I 

,   , '■ rs   -rs J 
r=l „=1 

(16) 

By analogy with iq. (14), define the coefficients 

D" A    =   /"p    (T^^ + T)  p   (l) dT 
h-J  -" u   hj       n 

(17) 

Using the fact that  D - D  ,  one mav show that 
r   -r 

M  M M-l 
I       E D" . = M DU + 2  L  (M-r) DU 
11-1 ""J 0             T               r li=l 1 = 1 J r=l 

(18) 

The coefficients are calculated from Eq. (12) through Eq. (i'i).  Details 

of the calculation appc .r in Appendix A. 

cuv = A 
rs  -BJ 

ü T+rT  -to T+sr 
u     U    V     V 

ui A    w A    uA   OJA 
- u    - v    - u   - v 

+ e      e -e 
m    + u 
U     V 

ai - u 
V    u 

(19) 

where, by definition, 

r T  -ST 
u     v 

(20) 
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If w ■ to  , the coefficient takes a simpler form, 

u   v 

, u ri -BT 

C  -  (1 + u) rt - ST )e rs  to      u  u    v 
u 

(ui " w ) 
u   v 

(21) 

From Eq. (1A) of Report No. 17, 

1 
C  « (1 + r-s u T )e 
rs  w       '    u u u 

r-s u T '  u u 
(u-v) (22) 

By setting T  equal to zero in Eq. (19) one may infer the value of the 

D coefficients, defined in Eq. (17) . 

win w rx     u) rx 
- u'  u'   - o  u' 

„u  e +_e   e 
r       u + ui a)  - w 

u   o o 

w rx 
u'    - o  u 

- e (23) 

If u' = a;  , the result simplifies, 
u   o 

ui rx 
D "   (l + o) rx )e 
r  u       u  u' u 

(24) 

The following general expression for output variance in terms of 

the  C and D coefficients represents a combination of Eqs. (11), (14), 

(16), (IV), and (18): 

2     2I1  I  2  U    M-1       11   •'■1 M""1 
0^(7.) - —-< M 0" + 4M I     (M-B) C  + 2 I  I   (M-r) (M-s) 

S"l t"! s^l 
c11 + c

11 

rs   -rs 

21'   2  22    M-l      22   "-1 M-l 
+ —r- {  M C  + 4M I   (M-s) Z      +  1  I       I   (M-r) (M-s) 

T    |      OO       _,        08 a"! r^l s^l 

,22 22 
C  + C 
rs   -rs 

H 2C M2 rp   2    ^^Ip-h  c12 + 2M"^
1 (M-q) [c12 + C

12 

V    -»^n T  1   oo    __!     [ oq   Q0 q^l 

M-l M-l 
+ 2  1:       l   (M-r)   (M-s) 

fl s=l 
c12 + c12 

rs -rs 
1      V/MV +  2MKr1(M-r)   D1 

,+—\       ° r-1 

C 

4I2N    I    ,   ? M-l 
H -=—   ( M D    +  2   I   (M-r) 

T       ^        0 r^l r 
o2l 
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For the assumed exponential autocorrclctlon functions; by Eqs. (19) and 

(22) through (25), 

D\z) -2-h-jl. J:1 cM-s SU, T, r^T'1^'^ 11 + 

H-l M-l 
2   I       r     (M_r)iMzsl 
r-1 s-1 ^1        (l+k-sl^Tj^) 

(l+|r+s|uj1T1)e 
■(r+s)^,!. 

/ 

21, 

2N2       M2 

+ ~ {terms  like  those  for ^  wlth    ^^  rc,plnced by ^^j    + 

0 

>M2 «"I 
-.      + 2H  Z   VAs) 

>■      J- 8 = 1 i- 

'\\ 2M' 
to. ^liT^+/il^:"2 J 

ijj^+aij 
'J2  ■   ul 

+ 2M  E   (M-r) 
r=l 

-0)^1, -u)0rT urii u2rTl ^ir'i -^ri 

wl+a,2 o2   Wj 

!-r-l M-l f     M -üü?A -a),A -U,A 
g       n ±e     ^ P     i     - e     2 

ETTTO +  B u  
1    2 2"  1 

+ 2   E       I   (M-r)   (M-s) 
r=l  s=l 

i ?        " i        _ i 
+ -e    +tL___ .  e    J-    - e    2 

ü +w + a—n  
1    2 2    1 

4I.N 2 
1 2M M-l -WITT, 

1    o r=l L ul wo "(T^l 

4I2N 

+ —-^ terms   like   those for    I.   ,   with T      ^ „   _._   .l,u^iul     ^   )   Wltn     a)^T^     repiaced 

by   W2,2 

In the above expression,  A and i    are defined 
toWflut tK,.: (26)i. 

i-0 

nn-niiitrW-     " - -'■i Kftni I 1 in     fn i     (Hiiiln 



|rT1 - ST2| T.  - n + ST (27) 

If neither Interference is near the signal in bearing,  the products 

U)..T  and w.T. are much greater than unity, and most of the terms in 

Eq. (26) may be neglected. 

2     2I1 
DZ(z) =• —±- 

rM2 ^ 1 12  M3  u2 ^ 1 J — + — v M  - M + - K | 
21. M   1/23   2  11 

ü2  "2  I J 

2N M_ 

41 N 

T(un+a, ) 
i o 

"l^ 
T(ü):.+w2) 

2M2 + f f M3 M2 + -j M 12 

2M 
4I2N 

T(Lü^+OJ ) 
2 o 

2M' (Vl, V2 » 1) (28) 

The "interaction factor" X . measures the effect on output variance of 

the interroodulation of the two interference processes which results from 

the squaring operation in the standard detector.  If both interferences are 

rcnote in bearing froT the target, the factor X „ has a maximum value of 

2 .  This value Is reached when both interferences have   the same bearing. 

The factor is discussed in detail at the end of this section. 

The effect of a signal having power S when the array is steered on 

target is demonstrated in £q. (33) of Report No. 3.  That effect is 

A (DC output) -MS (29) 

From Eqa. (28) and (29), one may calculate the following figure of merit 

For the assumed values ui "■ 2TI S  5000 and hydrophone spacing d = 2 

feet, calculations show mat the term e   ^ is less than  .1 for bear- 

'ngs greater than about 10  relative to the target. 

B-VJ 
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A (DC output) 
D (output) 

2    2 

2   ■ i tu    u 

I 

1^ 

2M + ^- 
L r    3M. 

I2N 

a)   4(w +aj ) 
o     i / 

2 v I |M-1 + 1 

-h 

1  O        2  0 

The above equation may be rewritten as 

3M ' X12. 

(30) 

! 

A (DC output) 
ü(output) 

f MS 
I 2 I 2 

"l U2 
A + 

hh 
^(aj.+ü^) 

I1N 
I2N 

5i(iD +w 1   ^(u„-f-a) ) 

-'1 

C + — N   (31) 
w o 

where the following definitions are implied: 

A x: -=M + — 
r  3M ^^(f"-1^]^ C (32) 

The factors A, B, and C measure the relative contributions of different 

2 
intermodulatlon effects to the magnitude of the output variance D (z) . 

Specifically, A measures the importance of intemodulation of an inter- 

ference process with itself;  B pertains to the intermodulatlon of the 

two interferencesj and C determines the contributions of interference- 

noise intermodulntlon.  If it happens that  T  and  T  are roughly 

equal, then B  is approximately 2A for large M ; otherwise  B is smaller. 

Properties of X 

From Eqs. (26) and (28), X „  ie implicitly defined as follows: 

M-l M-l 
2 I       I     (M-r) (M-s) 

r=l s=l 

-u) A   -IJJ«A   -w, A 
e "' + e     e - e 

Up An 

Cu-i+U^ Un-U), 

uji^Uo 

2M3 
3 " 

2   1 
M + y M 

A => |rTi ST, 

12 
where 

CONf5 

(33) 

(3A) 
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For simplicity, assui..., w1 = w  " '-  ■  then Eq. (21) Indicates a sirr- 
1    z    o 

plificatlon in the fom of the tema involving A . 

H-l M-l -in A 
2 I  I     (M-r) (M-s) — (I+OJ A) e 0 

r^l S"l o 

1 i2 M3 „2 L, 

OL 
12 

(35) 

Assume that  t. »= kx  ,  where k ^ 1 .  The double summation nay be 

written 

M-l M-l -w T  |r-ks| 
2 I       I    (M-r) (M-s) — (1+u T., ir-ksl) e  0 (36) 
r=l 3=1 o 

-W T 
o 1   -('JoT2 

Consistent with the assunption that e     ? e     s 0 ,  one nay 

neglect tern.'; in the summation except thoce for which  |r-ks| <-<\    .     For 

concreteness, one nay require  Ir-ks] < 1/2 ar, the condition for a tern 

to be significant.  For a particular integer s' , suppose that the in- 

teger r' satisfies the relation r'-ks' « 1/2 .  Then  (r'-l) - ks' = 

- 1/2 .  In this case, for each s  there are two values of  r such that 

jr-ks] _£ 1/2 . Except for a discrete set of values of  k , no r will 

be found for which,  r-ks ■= 1/2  exactly,  however, as long as k < (M-l) , 

sore one value cf  r  can be found for sufficiently small values of s 

such chat  Ir-ks j < 1/2 .  Hence, In general, a reasonable assumption is 

that for each value of  s ,  only one value of  r need be considered. 

Note that by definition  T = (d sin 0)/c ,  where  d  is hydrophone 

spacing and c is .'sound velocity. Hence, k -- T  / T = sin 8_ / sin 0 . 

Since the basic assumption  e 
o 1 

0 is poor for angles ]ess than about 

The assumption being made is that  l+u T (1/2)  c 
-OJ 1,(1/2) 

o 1 
is 

<: 1 ,  on the order of  .01 ,  for instance. ".'is condition is true for 

UJ u > 3.5 •  for u. - 2TI x 5000. d = 2 ft., the inequality holds for any 0 1 -            o           ' H           J                             J 

relativt bearing greater than about  15 

B-.ll 
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15 ,  the minlnun value of sin 8  for which the analysis is valid is 

about  .25 .  Hence, k is not more than 1/.25 = A . 

In the expression (36),  s values greater than (M-l)/k find no 

corresponding r satisfying the requirement  jr-ks| < 1/2 . Hence, the 

naxlr.urr value of s which is significant is the integer nearest  (M-l)/k 

(or M/k for simplicity).  The value of r corresponding to each s 

is the integer nearest ks .  The expression (36) is then roughly 

[m/k] 
2  I     (M-ks) (M-s) — (l+o) T, I r-ks I) 

, 0)    '   o 1 ' 
s=l 0 

"o ' 1 
Ir-ks I 

(37) 

where ■ M/k  denotes the largest integer smaller than M/k .  Investi- 

gation reveals that for a given s ,  the value of  jr-ks|  is the Jlf~ 

ference between sd and the nearest integer, where d is the fraction- 

al part of k .  In general, the above expression cannot be signlfici.nt- 

ly simplified.  The expression has local mfxir.ia with respect to k    when 

k is a multiple of 1/2 ;  local minima occur approximately where the 

fractional part of k is 1/4  or 3/A . 

A rough estimate of the summation nay be obtained for the cases 

where  k is an integer.  For all values of s yielding significant 

terms in the sumnatior,  |r-ks| = 0 .  Hence, by (37) the summation re- 

duces to 

Lm/kJ 
2 I  (M-ks) (M-s) 

s-l 

1   2   m/k 
-- X —  /, ' (M-ks) (M-s) ds 
a'   (J  i o   o 

m/k 

%J1 
i - M(k+1) s + ks ds = —  M s-^r (k+1) s + % s 

u  L    ^ J   J , o 1 

n/k 

For the product w d on the order of Aw x 5000 1        o 
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M2 _ M^Jk+il ^ ,1 (k+1) + Mjk _ k 
2k 3k 3  3 

h3 (i _ i±l + .L, _ „2 
k  2Vl      3k2 

\ (k - Sj (k+l) + i) 
k J 

u ,2^2  b' 
o k 

(38) 

For large M ,  the above expression, where powers of M less than the 

third power are Ignored, should be reasonably accurate.  Peferring to 

(12 • 

T 
1 

2  3 
(B3), and assuming M <<H  ,  one obtains an approximation for X 

Y  - , ,k/2 - 1/6,   3k 

12 k2 kZ 
(k = — = integer) 

''l 
(39) 

It appears impossible to obtain a simple analytical expression for 

the factor X „  in terms of the bearings  0  and Q      and the para- 

meters of the system.  For this reason, extensive computer calculations 

have been performed.  For the calculations, it is assumed that both 

processes have the same bandwidth.  The prrcise form of the expression 

for X . , derived from Eq. (35) isr 

12 
M-l M-l 

I      I     (M-r) (M--2) (l+u |rT -ST |) e 
o  1  ? 

-a) rr. -ST., 
o'  1  I 

12    3  2 
2M -3M +M r=l s=l 

M-l M-l üj d 

= —j-^~- "-     l   (M-r) (M-s) (n-2- 
2M -3M"+M r-1 s=l      ,        C 

u d 
 |r sin 0, - a sin 0„ 

c  '       1 2 

r sin 0-6 sin 02 I) X 

(AÜ) 

where M  is the number of hydrophones,  d  is hydrophone spacing, and 

z     sound velocity.  For calculation,  w  v;as taken to be  2T X 5000, 
o 

d  two feet,  c  5000 feet per second.  Results were obtained for M = 40 

and >! = 20. 
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In Figure 2 curves of X   versus 0 , the arithmetic mean of tha 

bearings of two point source interferences relative to the target, are 

plotted for different constant values of  AO , the difference in bearing 

between the interferences; for these curves M is taken to Le 40 hy- 

drophones.  In Figure 3 curves of X „ versus breadth  ^0 > for fixed 

values of center angle  0 , are plotted for both M = AO and M " 20 

to perroit comparison of the results for different, values of M . 

In Figure 4 contours of constant delay-time ratios are plotted 

on the  0 - 0  plane. 

A striking feature of the X „-versus-S curves (Figure 2) Is that 

for a given value of 0 in the range of about  25  to 65  ,  X.»  is 

nearly independent of the breadth (angular separation)  AO for values 

of  A0 between about 5  and  40  (.1 radian to .7 radian).  Exceptions 

to this statement do occur in certal ■ ranges where one or more curves have 

sharp relative minima or maxima with  respe:t to 0 .  The limited calcu- 

lations for  AO on the order of one radian Indicate t at Xn„  does dip 

nearly to zero for at least one range of o • 

The curves may actually be somewhat more irregular than the plots 

indicate, since the points picked for calculation did not include all the 

combinations of angles yielding delay-time ratios which correspond to 

relative maxima or T..inima of X . .  It seems reasonable to conclude, how- 

ever, that unless  0 Is fairly near 90  or A0 is on the order of a 

radian or greater, detector performance is relatively insensitive to the 

value of AO .  It must be noted that for M set equal to 20 ,  the 

curves separate appreciably at a smaller value of 0 than for M equal 

to A0 .  Evidently a larger number of hydrophones increases the range 

of  0 over which performance Is insensitive to A0 . 

The comparative flatness of the curves of X   versus  AO (Figure 3) 

illustrates the above remarks. x« .«, tv n IT» p ir"*. p-Ci IT I LONFIDENn 
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iCONRDEMTfAL IV.  Amendments i.o Report .'■■'umber 17 

On the basis oi: the aurlvations in the previous section, it will 

now be indicated whcr'.j in Keport No. 17 terms need to be added to ex- 

pressions. For direct comparison with the result«; of the earlier re- 

port, it must be assumed that the interference "cutoff" frequency ui1 

is the same as OJ . By Eqs. (11), (17), (18), (24), and (25), Eq. (16) 

of Report No. 17 is amended as follows: 

A(DC output) 
D(output) 

/ -i2 
MS 

,n-i M-l 
|N

2
+I

2
 (I-H- I   (M-s)   (1+stü -.   )e      0  0+ --    I   (M-s)' ! Mi o  o .,2 1 s=l M  s=l 

H (l+2su) T ^e 
o o 

-2sa) T i 
c o 

] 
4 ■•-1 r-l (r 

+~    I       I (M-r) (M-s)  l+(r-s)( 
M r=2 «,=1 {I 

[ .   M-l 
+ IN /2 + ^ i     (M-r) (l+ru T )e 

M  , oo 
r^l 

1  -(r-s)L . 
c o 

j T e 
o oj 

+ l+(r+s;(ij T e 
[ O 0 ' 

-(r+s)ui r \ 
o   o I 

-ru; T 
o o 

Accordingly, Eq. (17) of Report No. 17 is amended to 

■(DC output) 
D(output) 

Tu 
HS 

N2 + I2 ll 
2  '''-1     ol 

+ — L     (M-s) ■ + 2IN 
M  s = l      -1 

Eq. (18) of Report No. 17 becomes 

A(DC output)    ' ' 
D(output) 

MS 

i/ N2 + v- (2M + h  +  2IN 
V      3       M 

In terms of the factors defined in Eq. (32), the above equation reads 

A (DC output) _  /^o   MS      
D(output)  " V      2       i—j ^  

\l   N +A1"+21N 

Fq. (A3) reveals that the term 2IK is relatively unimportant unless 

N and  I  are comparable- and M is not large.  To decennine precisely 

the effect of this term, one may assume  I = N and, using Eq. (44), 

calculate a correction factor as a function of M which will convLrt 

Eq. (18) of Report 17 to agree with Eq. (43) above. 
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..11 

10 

20 

30 

40 

50 

Table 1 (N • !l 

Correction factor 

.89 

.94 

.96 

.97 

.97 

Since some of the curves in Report ~o. 17 take M as 40 and allow 

N/1 to vary, a correction factor as a function of N/1 may be useful. 

Table 2 (M • 40) 

Correction factor 

.1 .99 

1 .97 

4 .92 

V. Detector Performance with Ambient Noise and Several Interferences 

Without further derivation, one can infer the expressions for output 

variance and figure of merit for k interference s from Eqs. (25), (28), 

and (30). Using the C and D coefficients defined in Eqs. (14) and 

B-19 
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If autocorrelation functions nre assumed to be exponential functions of 

-w ltl 
the form e u and all products 

the index of performance becomes 

A(DC output) • 
D(output) 

{fMs 

w t 
u u 

are much greater than unity, 

l ~·3~J E : + E 
{

I \ k I 2 k k I 2 \ ~ u N 
+ 2N E ~(w +w ) + ;-

u•l u u•l u=l o u o j 

where Xuv is the same function as x12 of Section III, involving the 

uth and vth interferences. 

It seems instructive to compare detector performance in the presence 

of several independent point source interfer~nces with the performznces 

in the presence of a single interference yielding the same a·1erage power 

as all th~ independent interferences together. If I represents the 

total average interference power fn both situations, 

In Eq. 

fined in Eq. 

of Eq. (32). 

(46) 

k 
I = r 

U'"l 
I 

u 

the coefficient of the 

(32) , and the coefficients 

D ranges from 2 to 2A 

I 2 i.:e rms is the fac t r 
u 

of the I I terms arc 
u v 

as x12 varies from 0 

A 

like 

to 

de-

B 

2 . 1 

In the limiting case where angular displacements between interferences are 

(46) 

(47) 

small (or bandwidths are narrow), the B factors in Eq. (46) approximately 

equal 2A • If all the roughl y ' qual w , Eq. (46) then becomes 
0 

~ote tha t 2.0 is the oaximum value of x12 for inte r ferences remote 

in bearing from th~ t arge t. For l ess r emot e inte rferences x12 exceeds 2 • 
- w t 

Wherever the assumption e 0 1 ~ 0 is valid, x12 (e1 , e1) = 2.0 . 
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A(DC outpi't) ^ 
D(output) 

MS 

/■ k-      k 

AI  I +  2A l I       I I + 2N I  I + N 
V    ucl U"l V"U+1 U"l 

/ Tu 

/ 
MS 

Tu 

/ A 
/ 

k 
I   I 

2 
+ 2 

k 
I   I 

u=l 

V 
MS 

N + N 
V AI2 + 2IN + N2 

(48) 

This result is the same as that obtained in Eq. (AA) for a single Inter- 

ference of power I.  It seems reasonable that if multiple interferences 

span only a small arc, on the order of the beamwidth of two adjacent hy- 

drophones, the effect on the detector is scarcely distinguishable from 

that of a single point source interference. 

The opposite limiting case occurs in the very improbable event that 

the interferences are ail located at critical bearings which make nil the 

X   approximately zero.  In this situation, the B  factors roughly 

jqual  2 .  Now Eq. (46) yields 

A(DC output) 
D(output) 

fw 
r^MS 

/  k       k k k 
■' A E I + 2 I I  I I  + 2N E  I  + N 

1/    i u     i .i i u v i  u 
v   u=l     u=l v=u+l u=l 

(^9) 

The best performance I smallest  D(output)I  occurs if ail the  I   are 

equal to  I/k.   In this event, 

This conclusion results from minimizing the denominator of Eq. (A9) 

.ith the constraint Zl    "   I 
u 
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A(DC output) 
D(output^ 

MS 

y Aklr, 
kl (I) 

W PI H) h IIH tmm 

. ^ k(k-l) | If . „ ...  .2 
+ 2 NI + H 

M: 
Tu MS 

I f- + 1 - f I + 2NI + N 1 k      k 
y  l2ß  + ij + 2NI + N2 

For a ratio N/l >>   i , this result is, of course, about the same as that 

£or a single luterferenTi .  If  I >> N , however, the figure of merit in 

this case Ir. greater than that for a elng.Ve Interference by a factor of 

/ ^V 
about  / -r—-  ■  If  k " 10 and M » 40 , for instance, this factor is 

v    A^k 

roughly  3 .  In practice this performance would virtually never be 

achieved, since It depends on a freak distribution of the interferences 

in space. 

A crude but hopefully more meaningful estimate of the best perfor- 

mance for a   fixed total interference power is obtained by assuming that 

all the X   in Eq. (A6) take on the minimum calculated values for 
uv     ^ 

X   (page 17) with A0 in the range of about 5  to 40  .  This mini- 

mum value, for M = 40 or M " 20 , is about  .6 .  From Eq. (46), 

A(DC output) ^   
D(output)  "   r 

(50) 

MS 

Ak 

MS 

,2 
2+.6(A-l) 

V 
2f A 

kJ 

(X  = .6, all u, v) 
uv 

(51) 

.3A + 2NI + N 

With large I/N , this figure of merit is greater than that for a single 

interference by a factor W   - , r;  .  For k = 10 , this figure is 

about 1.6 ; for large k , it is about  1.8 . 
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A crude estimate of average performance is obtainud by letting all 

the X   in Eq. (^16) take on the average calculated value of X,„  for 
uv     ^ 0 12 

&e in the range of 5  to 40  .  The average is  close to 1. 

/Tu 

MDC output) 
D(output) 

V MS 

I2f^ + 4] + 2NI +N
2 

I. k  2 J 

(X  - .1. , all u, v) 
uv 

(52) 

/ k The improvement lactor here is ,/~—r— , which is about  1.2  for 
V 1+.5k 

k = 10 s and about  V Z     ice  large k . 

VI. Detector Performance with Ambient Noise and a Distributed Interference 

An interference distributed continuously over a finite arc may be 

treated as a limiting case of the multiple interference problem.  The 

distributed interferenct: is represented as an infinite number of elemental 

point source interferences spaced an infinitesimal angular distance apart 

throughout the arc.  The derivation in the previous sections of this re- 

port have assumed the several interference processes to be statistically 

independent, and the results to be derived here will not reflect depen- 

dencies among different points along the arc of the dis tributt.;: interfer- 

ence.  These dependencies may be expected to degrade pciformance somewhat 

more than the subsequent results of Lhic section will indicate.  The 

assumption of exponeatial autocorrelation functions for interference and 

noisu is inherent in these deriVr.tlous, and tht- ''cutoff" frequencies for 

interference and noise arc assumed equal. 

Angular power density functions may be defined as follewt to cor- 

respond to the terms of Eq. (46); 

1(6 ) dB « I 
u   u   u 

i(e ) de ■= i 
V     V     V 

(53) 
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The first two expressions in the denominator of Eq. (38) may be combined 

in one double sum. With all w  set ^qual to w , by Eq. (46), 

A(DC output) 
D(output) 

Tu 

1/ "T MS 
max max 

z      E Ke ) de KG ) de 
U    U     V    V 

2 + f|M-l + ^7) x(e . 6 ) V 3      3M ^   u  v 

o , e 
l  min u 

max 
2N I   1(6 ) de + N" ) 

e ^e ,  u  u 

u min 

(54) 

6 ,  and 6    define the extent of the interference, and X(6 , 6 ) 
min       max u  v 

Is X10  of Section III with  6, = 6  and  e„ ° 6 
1/ 1   u       2   v 

(55) 

In the limit as d6  and de  approach zero, the equation reads 

M'DC output) _ 
D(output 

Tu o a 
 o wo   /   r max,       r max,       _.     , -r- MS \ /      de   i      de   Ke ) 

I 
0   .     _lu  6 ""v u vl 13 mln u L 

Ke..)  [2 + CIM-I + —) x(e , e ) 

2N / maxi(e ) de   + N' e . 11      u 
min 

3M;        U'     v 

(56) 

If     1(0  )     is   fairly  constant  over  the  arc  of  the  interference,   the  fol- 
u ' ' 

lowing approximation is useful: 

/Gmaxda    /emaxdg 

emln       u   0u v u       ^ 
■   ; 1 |- M-l + i- :X(e   ,   f)  ) 

3 3M u       v 

+ IAM-I + 1: i        ■  -.u   x (e . , e     ) 13 JM j min      max 
(57) 

where 
9 

T       r maxr,„  . I " i       Ke ) de 6   . u u mln 
(58) 
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. ö    e 
and _ max.       .  max 

x (e , , e ) r {  de ^  de x(e , e )   (59) 
min  max   ,„       .26,  uö    v   uv 

(6  -6 , )   min    u 
max min 

Now Eq. (A6) is approximately 

Tu) 
^(DC output) i/ -~ MS 

D(output)  "   ■  ■ ■  . .■    ■        ■■ ■■ (60) 

/ r2 TT J2 M i . ! 1 X(9min' emax) + 2NI + N2 

The factor X may be calculated numerically, but analytic approxima- 

tion does not appear feasible.  Computer calculations have been perforjied, 

using the parameter values w ° 27r x 5000, d ■• 2 ft., and boi:h M - 40 

and M " 20.  The results are shown graphically in Figures 5 and 6 in the 

same format us'id earlier for X „ .  The curves of X resemble those of 

X „ , except that the X curves show no significant .irregularities, and 

X does not approach  0 even for large values of the parameter AB  (full 

angular spread of the interference).  It must be emphasized that the 

factor X and the corresponding detector perfominnce are quite insensi- 

tive to the breadth of the Interference if tne center of the interference 

is closer to the target than about  50 . 

The results are not drastically different lor the two values of M , 

the number of hydrophones.  For a fixed center angle  0 , the X  curves 

for M » 20 lie above those for M = 40 at small values of  Ae and then 

approach the curves for M « 40 at larger values of A0 .  The difference 

in results for the different values of M is seen to be more pronounced 

Details of the program in Appendix B. 
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for large values of broadth A6 . The implication of these results is 

that an increase in the number of hydrophones effects a small improve- 

ment in relative performance as measured by the figure of merit.  For 

the smaller number of hydrophones, as compared with the larger number, 

performance is degraded more seriously by angularly narrow interferences 

than by broad interferences. 

As in the previous section, one may compare performance in the 

presence of a distributed interference of total power I with that ob- 

tained for a point source interference of the same power.  For the case 

where  I/N >>1 , comparison of Eqs. (44) and (60) indicates that the 

'improvement factor" for a distributed interference is roughly V  2A/B , 

where, by analogy with Eq. (32), 

A = fM+^ B = 2+[f M-1 + ^JX (61) 

Table 3 below displays sample results for A0 hydrophones. 

Table 3  (distributed interfcrence) 

Center 
Angle     0 Breadth    Aö X B/2 A 

Improvement^ 
Factor    / 2A/B 

(degrees) (d agrees) 

25 5.7 1.60 22.4 26.7 1.09 

11.4 1.58 22.1 1,10 

22.9 1.58 22.1 1.10 

40.0 1.58 22,1 1.10 

50 5.7 1,18 16,0 1.26 

11.4 1,02 14.6 1.35 

22.9 ,95 13.7 1.40 

40.0 ,95 13.7 1.40 

75 5 . 7 1 .51 21,2 1.13 

11.4 1.21 17.2 1.25 

22.9 1.00 14.4 1.36 

40.0 .97 14.0 

'CONF 
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The "Improvement factors" indicated in Table 3 do not reflect a great dif- 

ference in performance between the two cases of a point source interfer- 

ence and a distributed interference.  Yet a ! ?.c' jr of  1.3  or  1.4  is 

not entirely trivial, because of the fact that even if X approached 

zero,  B  could be no smaller than  2 , and hence the improvement factor 

^ i\ild h ' no larger than  A , which in this case is  5.2 .  The meaning 

i'(   the hypothetical improvement factor  A becomes clear when one con- 

siders &;. (^6) :.  'he single interference case, which reads, 

£(DC output) 
D(output) 

' Tu 
(62) 

+AI +2IN 

The improvement factor was defined by the fact that in the distributed in- 

2 
tcrfcrence case, the coefficient of  I  in an equation of the above form 

is divided by Jie square of the improvement factor.  As the improvement 

factor approacheds  ±A , therefore, the coefficient of  I  approaches 

\/~n. 
unity in the above equation.  The denominator then becomes  v N +1 +21N 

/    2 
=  /(M+l)  .  The term  1 enters into the equation in the same manner 

as N , because the distributed interference is now so widely distributed 

that it has become simply ambient noise.  The hypothetical maximum im- 

provement factor for the case of multiple interferences is also  ^A , as 

indicated by the discussion following Eq. (50)  The calculations reported 

here, however, indicate that even a very broad Interference causes a 

degradation in perfotm inco far more severe than that caused by ambient 

noise Independent from hydrophone to hydrophone.  Note that the smallest 

calculated value of  X  Is  .87 , for which the improvement factor is 

only about  1.5 .  The- fact that all of the curve'- in Figure 5 approach 

their asymptotic values (or relatively stna^!   ' suggests that the equiv- 

alent of Isotropie noise distribution has actually been reached.  The 

ll-;.!! i .<,  V-O.Ü 
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discrepancy between i.5 and /&   wou.ld then have fo he attributed to the 

phone to phone noise coherence which exists even in the  isotropic case with 

the numerical parameters considered. 

VII,     (.'Gncludinp,  Remarks 

A^I. u i -,      ^ • r        & (DC    OULpUt) , i      j       , Jj      ,.     JV     ..     J     .1 Althcugh calculatioiu  of    —^r-,  IN       for multiple or distributed  in- 
D(output) ' 

terferences may become quite complicated, the upper and lower bounds may 

always be quickly determined if the total interference power 1 is known. 

The upper and lower bounds correspond respectively to treating  I as 

'^otropic ambient noice independent from hydrophone to hydrophone and as a 

pcint source.  The following inequality must be satisfied. 

/T-r. MS Tt, A(DC output)    / ^o  MS_ 
<  D(output) <   ]/      2     I+N 

(63) 

3 1  M j 

The numerical results of this report Indicate that in r:ost realistic situa- 

tions the ik.dex of performance will be much cloner to its lower bound than 

to its upper bouad. 

The major failing of the treatment given in this report is that the 

results are inaccurate for interferences near the target in bearing. 

Approximate computations and the results of Report No, 17 suggest that the 

error will be small if all interferences are separated from the target by 

appreciably more than the be&mwldth of the array. 
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CONFIDENTIAL 
Appendix A:  Calculation of C Coefficients 

Initially one may assume  r   erea'er than sr  , both  r  ard  s 
u v 

are  positive.     Now  Eq.   (19)   may  oe  expressed 

uv -     " ,iiT+rT,.l   ~\   iT+ST
vl _rT        ■   (T + r-    )  *    ■    (T+ST   ) 

CUV =  /    e     U U v v dT   =   /  "u ,.   u ^ v v  dT 

-ST       -u  (i+n   ) + u  (T+ST   ) -üj  (T+ri   )   -  u   (T+SI   ) 
,    ,        vu u V Vj" u u v v. 
+  j e dT  +  / e di 

-rr -si 
u v 

L.J   n   +u   si -rr      (u +u   )T -U   rT   +U)  ST -ST (-UJ +aj   JT 
U       U       V       V     .. U U       V , U       U       V       V     , V U       V , 

ü j e d 1  +   c . ._' d t 

u 

•-. -u  rT     -  tu st -,,UJ +ui   ) i 
U       Li V       V     r ' U       V        , 

+  e / e dr 
-s i 

v 

J  n +aj ST 
u     u     v     v 

0)   +ÜJ 
u     w 

-(u +u! )   r-T 
n    v        u 

-u   rT +!_ si 
U       U       V       V 

—hi   +W 
I! V 

(:.     -L)    )S1 (tu    -.0    )rT 
U       V V 11       V u 

-U)    rT    -I.)   ST 
u     a     v     v 

-UJ   ~u 
U       V 

(U  +0)   ) ST 
U       V V 

to   (s-.   -rr   ) UJ  (-rT +ST  ) u  (si   -rr   ) .   (-ri  +ST   ) 
V V U U U V V V U U U V 

e + e ^e. + o_ 
tu   T(;J 

U       V 
uj   —UJ 

V     u 
u   flu 

U       V 

-u  (TT  -ST  )         -u  (rT  -ST   )          -tu   (ri   -s t   )         -td  (n   -ST   ) 
uuv               vuv                uuv               vuv 

e + e  i   ^  -  e  

UJ +UJ a)   ~L) 
U      V V      u 

This   result  generalizes  to 

(AD 

-UJ    ri   -ST             -UJ    ri  -si -UJ    rT  -si              -tu     ri   ~Si 
U I        U          V'                    v'll           V' LIU          V                       V I        U          V I 
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u     V V     u 
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Appendix B: Computation of x12 and X 

The computer program ~ployed to calculate X and X embodies a 

sub-routine which calculates x12 as a function of 61 and 62 according 

to Eq. (40), with the minor exception that the term M is neglected in the 

constant factor. 

The factor X is a two-dimensional integral over a square in 6 -6 a b 

space with 6 a and running from e1 
to The main program por-

tions the square region into one hundred small squares of equal size. The 

value of x12 at the center of each small square, calculated by the sub

routine, is used as the value of x12 over the whole square. The approx

imation to X is then just a Riemann sum based on one hundred squares. 

This method of approximation yields results which one expected to be 

slightly larger than the correct value of X because of the fact that at 

the center point of ten of the one hundred squares, 6
8 

• 6b • When 

6
8 

• eb , x12 (6
8

,6b) has a value of at least 2.0 • For small differ

ences (ea - 6b) x12 falls fairly rapidly from its value of 2.0 or 

greater. Hence, the approximation to X is too large on these ten squares . 

In fact the result of the approximation to X cannot be less than 

.1 (2.0) • .2 • All of the calculated results cited in this report are 

substantially greater than .2 , and it is believed that the error in 

approximating X is at most a few percent. Spot checks were made using a 

higher preciaion method which partitioned the e. - eb space into squares 

.01 radian on a side. The results obtained in this way were lower by about 

five percent. Since the higher precision calculation required a long ex-

ecution time, only a few calculations were made with it. 
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