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THE CALCULATION OF SEARCH AREAS RELATING TO D.F. FIXES

by
Beryl Kits
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Defense of the U.itcd & i, 4.¢rnin the meaning of the
EBspionage Law., Title 15, L. 3. 2., Section 793 and

794. 1lts transzession or tone revelation ef its coateats
in any mamner to & uneutiiorized porson iy wrehibited -
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SUMMARY

Formulae are deduced to enable the dimensions of a rec-
tengular regicn which has a 90% probability that the target
lies inside the region, to be caloulated. For the special
case in which N stations are equi-spaced along an arc at a
constant distance, 8, from the target and have the same
variance, V, the imgth and breadth of the search area are
proportional to sin 6 and W,

If ¢ is the angle subtended by the wing stations at the
target then the length of the search regiom is proportional

) »(K,$) -[l - | gp e l]'*

If¢{90°,thnlon¢thofthnnarohrogionhnot
decreased vhen the mmber of stations is inoreased from 2 to 3;
P (N,4) docreases as N increases for N greater than 3, For
small values of ¢

e § [ﬁ,)]i

Small values of ¢ should thus be avoided if possible,
The width of the search region is proportional to

G (N,¢) =|%e | %&Zﬁ; I]%

This functign maul!incr-eue £ < 120°; 4f
¢ {12006211, ; decreases ulimre:aegrigu >3 and
¢ (2

") =G (3.’) .

The search region of least area and also the one t? o
the smallest major axis for constant N occurs when ¢ = 1
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1. INTRODUOTION

¥hen bearings on a target are taken from a number of stations it is
not sufficient to plot the bearings and estimate the Best Point for the
target. It is common practice to calculate the dimensions of a rectan-
gular region which has a 90X probability that the target lies inside it,
in order to estimate the precision of the fix., Various methods have
been produced for doing this (of References 1, 2 and J and the method
desoribed in References 1 and 2 has been programmed for a muber of
computers, The method is extremely tedious to compute by hand and it is
not clear from the formilae employed how the various parameters of the
fix, namely, the mumber of stations, the variance of the bearings, the
distance from the station and the angle subtended by the wing stations at
the target, affect the size and shape of the region.

It is important, when the disposition of the stations and the require-
ments for new apparatus are being studied to consider the way in which
various factors affect the size and shape of the region, since this vitally
affects the performance of the system in practice, In this report formilse
are produced to ensble the sigze and shape of the search region for certain
theoretiocal arrangements to be quickly deduced and the way in whioch each
parsmeter affects the dimensions of this region is disoussed. A compari-
son of the results obtained using the formulae given in this report with
those obtained using the method described in References 1 and 2 is given
in the Appendix.

2, DERTVATION OF THE FUNDAMENTAL FORMULAE

The form of the search area under consideration is a band of width
W/2 on either side of the arc of the great circle passing through the
estimated position of the target and joining two points S, and Sy . The
arc 8; S is called the major axis of the search area and the points
S, and Sy will be referred to as its "end points”. In order specify
the search area completely it is necessary to f£ind the angle which the
major axis makes with the northerly direotion at the estimated position

o;the target, the distances of S, and § from this point and the half-width
w2 .

Let bearings be given from a muber of stations A, .

Suppose that 84(n) is the angle which the bearing from the station An
makes with the great circle AnS ; 85(n) is called the angular error of
the station Ap at the point 8, Suppose also that the station Ap has
variance Vp measured in (degrees)® . The sm :

E,=% 5 (=),

is called the weighted sum of the angular errors at the point S and has a
value for every point S on the earth's surface., The estimated position

of the target is the point P at which the weighted sum of the angulaxr errors
is a minimun, the major axis of the required region on the sphere is the
‘major axis' of the contour on the sphere for which

z, = xpu.-“ /1ed
and the width of the region is determined as stated below, These defini-
tions are in accordance with those used in References 1, 2 and 3.

It is therefore necessary to find the function Is. When this is
known the form of the contour

Z, =2 4o /18

can be ascertained and the direction of its ‘major axis' found., The
points 8, and §; are points on this great ocircle for which

z‘ = 2p+ kﬂ’/180'

and thus the length of the search area can be computed, Similarly, the
width of the search area can be caloulated by finding two points Sg and 8,
on the great circle which is orthogonal to the major axis at the point P,
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BomIed /180" also holds,

In Fig, 1 let P be the estimated position of the target, N be the
Rorth Pole zit is assumed that the target lies in the northern hemisphere)
and A be a typioal station oontributing to the fix. Let the bearing
from A meet the great circle through P and N in C and let 8 be a point
that the great circle SP makes an angle V¥ with the great oircle PN
the angular distance SP = | . Let the great circle through P whioh
ts the great circle AC at right angles meet AC in D,

Let angular distance AP = 6

BE

" d As:e.
" " CPxa
. . IP=d

Let angle ACP = B
nnglccAP-bp
angle OAS = &
Using the sine formula in spherical triangle ACS we have

sin & - 212458 ain 08 (1)

Using the sine and cosine formulae in spherical triangle CSP we obtain

008 0S = CO8 @ 008 L + ain @ sin L cos (180 - ¥) (2)
lmﬁn% (3)
a L - & [oF:]
- con o« 220 bz conre e 0O
-M%M

using (2) (&)
Fow sin ACS = sin (p-SCP)
-lmﬂoo-aa!r-ooaﬂ sin SCP

Tras using equations (3) snd (4) we get

8in ACS 8in CS = sin L [sin B cos ®© oos ¥ ~ cos B sin ¥}
+oos Leinfsina (s)

Using the cosine formula in spheriocal triangle APS we have

T e i
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-3=
oo.e..oo-eoo-nme.utouﬁs
-1:"6.-1-(00-60'«!.4-.15'6-1:\!.00-11.'8).

8156 [1-2 cot 6 sin L cos L oos APS + sifl (cot®® - coe® APS)) (6)

From equations (1), (5) and (6) we £ind

' ]
I:-:mt.(ampoo-ooo-t-oo-.p-mvhmtu.np-m.]
il o

81’0 [1-2 cot 0 sin L ocos L cos APS + sid®l (pot’O-ooo' 155)]

sin'0 [1-290t0.:lnl ouloonmod.n.l (eot'O-ooo

WM%M
ain®e [1-2 oot 6 ain L cos L oos APS ¢ sixl’l (cot"® - cos® AFS)] (7)

If L is small, we may replace sin L by L and cos L by (1-1*) on the right-
hand aide and’cbtatn

sinb-
* s1n0 [1-2 L cot 6 cos ABS + L* (ocote - cos

[ 2 -
8in%6 [1-2 L oot 0 cos APS + L° (cote - oo-’ afs))
lin‘! sints

sin’o

'Rel:nnD.inc(-inBoo-aoo-t cos § ain ¥)

+uinlnin‘aooteoo.ﬁs:|

s
—Line lin'pooanoost+sintoo-9-Zoo-csinﬂmanin'm'
8

-sinﬂsino

8in°8 sin’ (cot”6 - cos' AFs)

ol 0ot O oos APS ain § sin @ (sin P cos 2 008 ¥ = oos B sin §)

L

& 0ot™8 cos® APS ain®f sin 'o] (8)
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Using the sine formula in spherical triangle DCP we have

sind = %} = sin@ginp

Substituting this in equation (8) we get

picd 55 S Q
* sin® @

ztc-l}ind(sinamcoolt-cocbuint)odn‘dooteoolAFB] ;
sin

+

* [-u $ cos 800!*0.1!"00! f-200s 2 sinfP cos P sin ¥ cos ¥

l:.n 6
- o1n® & (1 + cot® 6 - cos® APS)
+un:|.ndooteoo-AfS(steoauoost-coualin')

+ 4 sin® 4 oot® 8 ocos® Af’s:l (10)

rmbmingmiumtawndbemng (which must be excluded
from the fix ) §, gnnd 1 be small. Expanding both sides of equatim
4 and

(10) in powers of 5, we obtain, to the second order of small
quantities,
# et . 28 (4108 con ¥ -o0nBatny)
81!! (-] -]
s
+——"'e nin'poou'tarm'toos'B-Z-mﬂoonﬂuintoost
sin .

Suppose that N stations contribute to the fix under consideration and
that the parsmeters defined above with suffix n refer to the nth station
and that this station has variance Y The weighted sum of the angular
oxTors at S is given by

z i 5n®
s " o
n=

i; ;n._:_:;:r.;;-o 21[0011 i :nnin.ﬁn - uhti d?a”'.‘n :l

n.!.n On v-ue .
N .
+.':[m”' """n ,ml'z;ooa D: _Z.m'oo.’Zdnﬁm]
v, s’ o V, sin” 6, v-mo
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Using the sine rule in spherical triangle ACP we have

me « HpEgnt. 4og :

which becomes, if we ignore terms of ordarhighzrthmb;andd'

Coy

and thus the weighted sum of the square of the angular errors at the
Best Point P is given by

Nal N

2
z; Pn. dn ?
P Z‘ Vo ;v' ’e

n n s

O
oo

S8ince P is the Beat Point corresponding to the fix the weighted sum
of the square of the angular errors is a minimum there and thus the
coefficients of the first power of L in equation (11) must vanish.

We have therefore

X 8
t=2+l[eo| t;"‘n’ +|i.n.t cos 'n
AL v, sid' e

- 2sin ¥ cos ¥ """n“"nj

v sin’ L
(12)
Since, by Schwars ‘s mqnuty
Lo, i aasn ]

unless tan Bp ia constant for all the stations, that is, unless all the
bearings are parallel when they cross the great circle ﬁ! the ourves t' =
constant are in general ellipses for small values of L . If tan ’

is constant for all the stations, the curves I_ = constant are pu-u'bolu.
In either case thebelring!otthe search arel is that of the major axis
of these conics and is given by

tm2!=[ Z; '”":“: sil’ B, ;
sin® 6 n-1v s:u:e Vlhle
[ lin29 / LoooZD (13)
Vsin 9 lin 0




T4 I S R L

‘6-

The four end points of the axes of the search region are tustwhioh
¥ s Y, where ¥ is one of the four angles given by equatiom (43), and

!l = lp where Ly is given by the equation

5

1f the variences are measured in (degrees)® .

We thus have

L'[ LA 'h’ 28in Y Y *in By o8 Py
OO. - 008
-u'o r r v‘.m"an

soin® ¥ ; e, J. :}-’ where r = 1,2,3,4

(o)) Bt g sy Ft
(% %“‘2')::&::” f;..f-’- (14)

"[%Zv Ty *“'“Z,—ﬁ‘-““’é%.%'_

&k

nmzr

. B . T
[;v aid® o -ma'z‘v ..m"o

{_ being measured in radians. The length of the search region L is given
b;ln-l. where ¥, and Y, are the values of ¥, given by squation (13) for
mucsoo 2y

r

and
00323
have the aame sign and thus
V a:.n 6
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‘ ‘ 2k0 Y2
L : — : neuticsl miles
[i vn“"'%- |m2'§nm‘.’.‘]

Simdlerly the width of the search region, W, is

2‘00!/2
Ya nmtical miles
CR | 1 ”y oole i
: sec
[Z'n"'“ : Z
3. DERIVATION QP FOR SYOMMETRICAL or

Omawﬁomtiodomummﬁoltnummw
along an arc at the same angular distance O from the target and hawe the
ssme variance V., The practical case frequently approximates to this when
dltho-tntimmuina-inihreq&mtudthntmothuloum
away, Assume further that all the bearings pass through the point P, The
bearing of the search region Y is given by the equation,

e[ 20 1|0
SRS XN

and the length and breadth of the search region in nautical miles are given
by the formula v
20 ¥2

LY ] .
[Z‘vn.m' en’
240 v2¥W sin @

[n: | seo 212«» 29, |:|ﬁf

Suppose that the stations A g0 A. o Anm arranged as in Fig, 2
so that

OOIZ'
sec 2 ¥ l]

ABA aA BA A BA = by BAay

. e



mmtmbmtmlturnhomwouviﬂxﬂ. Then
’n-180°-n’A‘- 180°-('”°J"0(ﬂ'1)7)

or pn-n-(ud)y ns1, 2.. X8

Thus imzon-z;-u[zn-a(w)v]

.m[zn-(l-ﬂv]dnlroomr

- Zmu,-i‘m[zn-amn]

= 008 211-(!-1)7].1::!700“07

Thus if sin N vy $ 0 the bearing of the search region is given by the
equation

tan 2 ¥ = tan [2 1 - (¥1) v]
ama |50 2Y | u|ses2m - (N1)¥]|

The length and breasdth of the search area in nautical miles are tims
given by the formula

240 ¥2 W sin ¢

¥

[lzlm[2n-(n-1)ﬂoo-[2n-(n-1)71-1nlvooue'f]

240 Y2 W sin ©
[n;l-inl'roomfl]i

I£ A P Ay = § then v = #/%-1 and the bearings of the axes of the
search region are given by

!-n-¢/2

ad ¥=n-¢/24+9°
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of the major axis being that value of ¥ for which cos 2¢ and
2n=¢) sin (Wg/N=1) oosec (¢/N-1) have the ssme sign. The length
\(:renazhcts.ho uu)'ch rouc(minx)xmtiodlﬂ-mgimbytb
ormala .

aReE

20 v2 W gin 0
(6 5 | sin (%/N-1)/stn (4/5-1) |T¥

(15)

If oin Ky = O then vy = #w/N . In this case the stations are symme-
trically placed with respect to P and the elliptiocal contours become
circles. The length and breadth of the search region mey " 2 obtained
directly from equation (14) since

)2, ) om0

and thus
N

Bk ) T - e

The length and breadth of the search region are equal, as is
spparent from the symetry of the configuration, and

L-':Zkofzﬁsine/ﬁmmuduhl.

mrmrmmmmmmummmtma
! higher than |, where |l is the arc length of the axis under consideration
measured in radians, may be neglected. Thus thelol?rmuxufho
groater the error beoomes. &mmda,dm
second and products of these terms are also neglected, the caloulated
values of the lengths of the axes of the search region are
Af the fix contains insocurate bearings. Since in general,
containing inaccurate bearings will also have a large search area the
length of the axis can be used as a guide in all cases.

2

A mmber of caloulations have been made comparing the results obtained
using formula (15) for stations arranged in the symmetrical way described
in section 3 with the results cbtained using the snalysis desorided in
References 1 and 2. In all cases the values obtained for the width of
the search region agreed exactly, When V = 1 (dsgree)® no arror in the
length of the search region excesded 2% and when the angle subtended at
the target by the wing stations was 40P or more no length differed from
thmwmmmummmhrmnmzbymm
1 nautical mile. When V= 5 (degrees)®, the angle subtended at
by the wing stations = 20°, the diatance of the stations from the
=1 and three stations contribute to the fix there is a discrepancy of
108 . The method used for comparison is not aocurate for fixes of this
nature which increases the difficulty in assessing the situation. All
the computed results are given in the Appendix,

If terms of higher power than I* are ignored the resulting equation
gives values of L which are equal in modulus but differ in aign for the
two enda of the search region, It is loown that in fact the estimated
position of the target is nearer to the stations than the mid-point of
the major axis of the search area., If the position of the end points of

the axes of the search region are required, additional powers of | must
be included in the expression for 2' . I;t us assume that

s o



to
search obtained by putting § and

is I, whilst the value of this funoti
search region for which L = <L 15 3 . Ve tims have

o’ « /188 from equation (14)
P = 2p + o o &0 2t (16)
L aeol -t nt (17)

Aaaing (16) and (17) we obtain
iz x.) -z, - w” /188"

and mubtracting (17) from (16) we get
ot .} (x‘- z.)

. and thua

oty 2y (1) 3 -2) (1) ()

5 () o

A better WﬁmtothopouuvovdmofLtorvlﬂ.oht..tpo !8%
1

is given by




52 +%-62-8d/1"
- —t 2
b x.[ 7202,-8%-16 /188"

by using Newton's formula. Similarly a better approximation to the negative
value of L for which

z.- ZPQ & u'/180'

is given by
- x.[‘5 Z,+2,-62-8 < /18d*
7Z,02,-82-16 /18

i

The aocurady of the new values of | mt.maummwmum
them in equation (18 and cheoking that I, is equal to t’oL'_.. .

18d®

The values of | mt.whwwmrqpmatmdm'l
fozmlam:\ngtkooqutm

, (u". ol vt -4 -’/180‘)
L omi-

<z ol + 3 Dl-:o I w")

As a final check the value of Iy at the end points should be computed
using equation (7) . If these are not satisfactory more terms must be

taken in the series for Ig and a procedure similar to that outlined above
adopted,

It will be seen from the Appendix that formula (15) is sufficiently
aoccurate to enable it to be used to study the way in whioh the various
paramsters of's fix nemely, the mmber of stations, the variance of the
stations, the distance from the target and the angle which the wing
stations subtend at the target affect the sise of the search ares. A few
salient points are given below:-

5¢1. The length and breadth of the search area are both proporticnal
to the sine of the angular distance of the stations from the
target. Yor amall distances the dimensions of the search
area are proportional to the distance from the target.

5¢2, The length and breadth of the search area are both proportionsl
to the square root of the variance of the stations. If the
variance is not known precisely, as is usually the case sinos
it often depends on physical factars such as propegation condi-
tions which cannot be controlled, then the percentage error in
the dimensions of the search area due to this inexactness is

otthoueuohmgoomcttomthmmmumtﬁm-
this corresponds to a 2% error in estimating the variance. i
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The length of the search area is proportional to

? (%,9) = l-l{-ﬁ-}}%—lf

where N is the mnber of stations and ¢ is the angle subtended
at the target by the wing stations. If ¢ ¢ 90°

~ R
? (2,4) = a--uz,/uni:l = £ oosec ¢/2

?(3,4) = [3 - ain x/z/un gs/zj-1r =3 ooseo ¢/2

Thus, if all the other parameters of the system remain the same,
mimwmuuchmnilmtmdbym:l.uh
ounber of stations from 2 to 3. It is obviocus from physical
oonsiderations that this must be the case since, if

3
provided that ¢ remains constant.
of the dimensions of search areas for various fixes given in
the Appendix,

The width of the search area is proportional to

=4
o (ne) < (x| S2BA |

This function decreases as N increases for values of ¢ < 120° .
If 180° 3 ¢ > 120°, G (2,4) = G (3,9)

For amall values of ¢

fro/n-1 - & (1)t

’(N.¢)l R - :I toO(")
{981 - & (o/8-1)")

B

Thus P (N,#) increases as 1/¢ as ¢ tends to sero, For this
reascn & small value of ¢ (which is equivalent to a narrow
base line) should be avoided if possible sinoe it is not easy
to mitigate its effects by varying the other parsmeters of the
system. It is necessary to increase N from 2 to 22, or to
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APPENRDIX

In the following tables let

“-'r‘..I"C-‘O

angular distance of the atations from the target
angle subtended at the target by the wing stations
muber of stations

variance of the bearings

length of search area as oalculated by formala (15)

length of search area as caloulated by the method
described in References 1 and 2

width of search area as calculated by formmula (15)

width of search area as caloulated by the method
desaribed in References 1 and 2




LS s AN S RS S0 I 4

v X o ¢ L I v, v,
1 2 15° 2° 253 258 AS &5
1 2 15° 80° 128 129 &7 &7
1 2 15° 60° 88 88 L) 5
1 2 %° 20° A9 495 8 ('3
1 2 »° »0° 28 %9 90 9%
1 2 3° 60° 170 17 98 9
1 2 30° 80° 132 132 14 14
1 3 15° 20° 253 258 36 36
1 3 15° 80° 128 129 7] 37
1 3 15° 60° 88 88 39 »
1 3 15° 8o® 68 68 A2 a2
1 3 15°  q100° 57 57 ¥ ¥
1 3 152 120° 51 51 51 5
1 3 15°  0® 56 56 a7 47
1 3 15°  160° 60 60 A5 I\
1 3 15° 180° 62 62 V% A
1 3 3° 2° a9 95 7 7
1 3 5° & 28 29 72 72
1 3 30° 60° 170 170 7% 7%
9 3 30° 80° 132 132 84 8
1 3 30° 100° 114 11 ) )
1 3 50°  1° 98 98 98 98
1 3 30° 140° 108 - 108 90 90
1 3 30°  160° 117 117 86 8
1 3 30°  180° 120 120 85 85
1 3 ss° 20° €91 696 99 9
1 3 as° a0° 35 3% 102 102
1 3 as° 60° 240 20 107 107
1 3 45° &° 187 187 115 15
1 3 5°  100° 157 157 126 126
1 3 IO 139 139 139 139
1 3 a5° 1w 153 153 128 128
1 3 45°  160° 165 165 122 122
1 3 a°  1&° 170 170 120 120
% 3 60° 20° 846 846 121 121
1 3 60° %0° 430 430 125 125
1 3 6° 60° 29 294 131 134
1 3 60° 80° 229 229 Y] 1Y
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e sk L R, B S S T

v N [ ] ¢ L’. L. " l.
1 1 3° 180° sk 54 A9 A9
5 3 15° 20° 566 621 81 81
5 3 15° Ww° 287 294 84 8
5 3 15° 60° 196 198 88 88
5 3 15° 80® 153 15 % %
5 3 18° 100° 128 129 103 103
5 3 15° " 120° 113 13 113 13
5 3 30° 2° 1092 1167 157 157
5 3 30° ° 558 56k 161 161
5 3 3° 60° 3% 382 170 170
5 3 3° 8° 295 296 182 182
5 3 3° 100° 28 248 199 199
5 3 30° 120° 219 219 219 219
5 3 &bs° 20° 15 1593 221 224
5 3 45° w° 788 el 228 228
5 3 u° 60° 537 538 240 20
5 3 s° 80° M7 418 257 257
5 3 ¥s° 100° 3% 3% 281 281
5 3 48° 120° 310 310 310 310
5 3 60° 20° 1892 1888 M 2n
5 3 60° w961 960 1p) M
5 3 60° 60° 657 657 29k 294
5 3 60° 80° 51 514 315 35
5 3 60° 100° 429 429 3l TV
5 3 60° 120° 379 3 31 9
5 b 15° 60° 186 187 75 75
5 5 15° 60® 176 66 66
5 3 15° 60° 165 166 60 60
5 » 3° 6° 3% 361 145 s
5 5 3° 60° 33 33%9 128 128
5 3 3° 60° 38 319 17 17
5 Iy as° 6° %07 508 205 205
5 5 85° 60° a7 AT8 182 182
5 6 &s° 60° 4% ) 165 165
5 IS 60° 60° 621 621 251 251
5 5 60° 60° 58 584 222 222
5 6 60° 6° 5% 550 202, 202
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