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N p ABSTRACT
(/7N M;‘L“ — Pt @l cE-
Firivreporinve 2 the variability of lethal area as a chance

quantity, in repeated use, as well as the variability of estimate s that can
be made of mean lethal area by coaventionul methods. Mathematical state-
ments for rhe standard deviation of lethal area as a chance quantity, and
of the stasdard deviations for estimates of mean lethal area, also as a
chance cuantity, are derived in terms of the mean and standard deviations
of such factors as: Rix : the average presented area of a human target;
the avraber of hits ner squate foot and the breakdowe of such hits into
mass groups; the initial vedocity and che massto-presented-area ratio of
fragments; and the terrain limitation. By neglecting all such vaziatioas
except the variation in PH‘. the effect of this factor alone, as a function
of burst height, is illustrated (by numerical examples). In addition, a
method is given for comparing the lethal areas of two nrlrads.‘\

CONCLUSIONS

 Numerical examplex were computed to estimare the adequacy of available
Py data for the controlled feagmentation case. The computations indicae
that che two-standasd-deviation percentage error_of the estimate of the
@ean lethal srea can be as much as 70% due to P g dlone.

The two-standard-deviation perceatage error of the estimated mean
lethal area is smaller than the two-standard-deviation percencage error of
lethal area as i chance quancity. It is indicated, therefore, that the vari-
ability of lethal area as a chaoce quantity is quite catensive. Therefore,
it seems that oot much reliance can be placed upon the concept of lethal
area for predicting the number of tcoops inc apacitated in any one case,
from knowing the mean lethal arca of a weapon; i.e. not much reliance
can be p'aced on absolute values. It does not necessacily follow, however,
that the cGcepe of mean lethal area is of no value in comparing weapons.
Computation s are contemplated for furure ceports to determine the effect
of the vari -z'percentage errors when comparing different weapons for
boch controlied uad unconttolled fragmentation cases.
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INTRODULTION

One of the most important problems in Ordnance is to measure the cf-
fectiveness of weapons. For this purpose, the concept of "'lethal area’
is curreaily used. The idea underlying this coacept is that when the lethal
area is multiplied by the density (assumed to he uniform) of troons an the
ground, the expected number of incapacitated troops is obtained. It will
be observed, however, that in practice the aumber of such incapacitations
will differ each time the weapon is used, no matter how carefully an attempt
is made to hold conditions fixed. Accordingly, the numbe:r of incapacitated
troops may be regarded as a chance quantity (random variable); it follows
that lethal area will have a corresponding meaning.

A critical examination of relevant literature iniicates that the term
“lethal area’ as commonly used is actually meant to be the mean value
of the chance quantity just menioned. (This mean value must be esti-
mated from experimental dara.) This observation leads immediately to
two important questions heretofore neglected. These questions are:

(1) What is che variability of lethal area as a chance quamity when the
weapon is used rcpeatedly? (2) How adeguate is the available data used
in estimating said mean? This is che first of a series of reponts concerned
with examining these questions.

In the present report the basic equations necessary to answer the ques-
tions raised ae derived. These basic equations include the cases of con-
trolled and vncomrolled fragmemation.

The basic equations derived include the variations of:

(a) Terrain limitation (R)

(b) Fragment deasity (p)

(c) Probability of incapacitation (Pyy)

(d) Presented area >f a human target (S)

(e) Initial velocity of fragmests (V)

(f) Mass-to-average-presented-area ratio of a fragment (m/a).

The rxamples given in this repor: deal with controlled fragmencation and

include the variations due to (b}, (c), and (e). The examples furthermore
are concerned wizh the second yuestion raised previously.

CONFIDENTIAL



CONFIDENTIAL

An important use of lrthal area is ia compariag ooe weapon with aaother.
It would be desirable ta kaow how much arger oae lethal area should be
thian asother lechal ares ia ocder to say with coafideace that one weapoa
is moce effective than naother. ls the present report, & method for testing
the difference betwees the lethal aceas of two weapoas is detived.

SOME PERTINENT CONCEPTS IN PROBABILITY AND STATISTICS

In performing cerrain experiments a sumber of times, it may not be pos-
sible to predict s particular outcome. For example, in rossiag a coin, the
outcome of s bead or a tail cannot be predicted with certainty on aay given
toss. However, the results of exteasive sequences of such experiments
have often showa certain stacistical cegularity, as in the avecages of the
cesules, aad in the loag-rua stability of frequeacy tarios. Such expetimeats
are ususlly called random experiments. ln the mathematical theory con-
structed to serve such situatious, the fact of statisiical regularity is
idealizcd by assumiag the existence of mathemacical probabilities as coa-
ceptual counterparts of the frequency ratios, sad expected vaiues as
cousterparts of averages.

Seppose a random experiment is repeated & sumber of times uader uni-
formly comtrolled conditioas. Suppose futthermore that the outcome of an
expetiment is described by a aumber X (2 measuremeat, reading face of a
rolled die, etc.). The value which the outcome X takes on may vary for
each pacticular experiment. If X can take oo a finite sumber of values,
say x,,...,%5 (1,..., 6iothe rolling of the die) with probabilities
Py, ..., Py (0<P;<1; IP;= 1) thea X is called a discrete raadom vari-
sble, with probability distribution (P,, .. ., Py).

If X csa cake oo 2 continuous set of values such chat:

Probizci<cz<dxlaf(x)dn
where £ (x) 20 20d ["f(x)dx =1
~an
thea X is called a cootinuous rapdom variable with deasity functioa € (x).

it should be noted that any measurable function of a random variable,
G (X, . .. Xg), is again a random v ariable.
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Sonderd Dov.hnol, Expected Velue and Yerience, Coverienco ond
Corralation -

(A) Discrete case: Suppose ¥ is a discrete random varisble which caa
take on values 7, ... , xy with probabilities P, . <o Py respectively.

Def Al . ,
m.-l-.(X)sx,l,' - vkak
my is called the espected value of X

Def A2
oy’ » V(X)) = ¥ (X; -mx)’ P;= EL(X - mx)'|
i

¥(X) is usually called the variaace of X. The standard deviation of X is
delined by

°ox = VXY
Let X and Y be two discrete ranjom v ariables.
Def A3
Cov (XY} siZ Jl (Xiv-mx)(Y]-rny) Prob {X = xi; Y -yl
Cov (X,Y) is usually called the cova:iaacf.- beeween X and Y.

Def A4

Cov (X

AX ) o XY
%% %y

p (X,Y}is usually called che correlazion betweea X and Y.

(B) Continuous Case: Suppose X is a continuous random vagiable with
density function f(x). Thea: :

Def BI

m = B0 = (xf{x)dx

-0
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Def B2

..,'.vr)().ﬂx-.x)'u-) dz

-
The espected value, m,, snd the vacisace, V(X), of a rsndowm variable
X are numbers describing some aspect of the density fuaction of X. Tke
wean, my: describes the ceatcal teadency; V (X) desceibes the varistion
or spread of the disttibution (decsity).
Let X and Y be 1wo continuous random variables.

Def B3

Cov (X,Y) » -f!.'(x A -n')P X, Y)d«x dyr- EWX ~n (Y - ny)l

where P (X.Y) is the joint distribuion feaction of X aad Y.

Tiei B4
aX.Y) » 21
a o
x Y
Szmpling

Consider » rsadom experiment, E, with associzted raadom varizble X
(with my, "x.) and density fuactioa f (3). Suppose the random experiment
is repeated o times and the valuesof X observed are x,, . .., 1, (x,,

., Kgq) is thea called a sampls of size o from populaion (dewsity) £ (x).
Aay fuactioa of (x,, - . ., K), F (x,, . . ., %) is called & ssmple function.
F can be considered as a random variable associated with the experiment
(repeatiag E o times). [n terms of an appropriste choice, F may sometimes
" be wed to estimate centain propetties ~f the deasity fuaction f (x).

Ezemple

Let X have a density function f (x) with mecan oy Let Fiz,...,
)~ | UL IS M
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£ i3 usually called the avetage of che sample (23, ..., 20)
The average ¥is often used to estimate my. Oae propeny of I is:

Eiftenm,
s therefore is called aa uabiased estimace of L

The study of statistics consisty partly of studyiug the disteibution of
F for various F's with the view to drawing infetences abow {(x), such as
its mean 7arisace.

Testing Mypethesls

Coasider two random varisbles, X and Y with means m, aod my, re-
spectively. It is often desitable to deduce from data abow X and Y whether
"y >m, A critetion which can be used to do this is the (ollowing:

nx)mY

wheg T -5 > ko_  _ (k chosea appiopriately) where o _ _

X x X v
is the standard deviation of the tandom varisble 77 and 3 and y e
uabiased estimates of my a0l m,-

The value of k is chosen such tha a given value is obtaiaed for the
probability of deciding that my > My when sctually m = m, This probabil-
ity is koowa as the type 1 error. Two useful lemmas (Rei 1, pp 183 - 184;
Ref 3, p 198) to aid in choosiag k whea there is little information about
the distribution of ¥ -y ae the following:

Lemma

Coasider a continuous random varisble X with meag m and standard
deviation o; thea:

PoblX -m>kol<
- T1le+k?

Lemma 2

Let the value of S be defined as follows:
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where xq 15 the moue of the Jistribution fuaction of the rasdom variable
X. Then:

_ 4 pe{1esY) )
P H PR v | —
bl !X ~mi_ kol Sol = Tsr |

Assuming ouly contiagily tos the distribution function of X, the type i
ecrot (of h = 24n leas thaa 22%, foc k < 3, it is less than abewt 1D%. This
can be scec from Lemma 1. For moderate valyes of |5, the above esti-
maier can be improved. It can often be assumed that the mode equals the
mean, 1 0f dhich casc, S~ o, aaJ when k « 2 the type I error is less chan
19%.

The choice of k 1» deteemined from econom ¢ considerations. If the cype
1 etroe peoved costly, then k would be chosca large, aad vice versa,

USEFUL THEOREMS
(a) Propeties of expecied vaiue

Suppose X,, . .., X, are m tandom vatiables. Thea:

El X, «. .. «Xgle2E(X) )]
1

Ef aX]« aE(X} 2)

Fla)~a »

.wbere a is any coastaar.
From (1), (2), aad (3), it is coacluded:

E{XaX,je2daE(X) 4;
' i ! ! .

Suppose the-e are 2 independent random vasiables, X and Y.

Thea: E (XY) = E(X) E(Y) (%)
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{b) Praperties of variance

CHEX, .o\ g Me i indepenient random variables, (h_t!l!r

VX, ... a.\‘.)r}VtXJ ) - m
ViaXio sV R
Vra)yed : L))
wheee 3 15 any constant.
From (1), (Z); and (3), it is concluied:
VitaN |l LafVviY) 4)
: ' .
{c) Prapeortices of covui..mce
(1) Fhea N ans ¥ are two yndependont ranjom variables, then:
Cov t-X.Y) -9 '
(N, oo Ngand Y, 000 Yy are two sets of tandom variables.

then:

) ¢ av ll‘_ a.‘:,. %h)\'Jl E |= }ia.b’ (.ov(\l .YJ)

whete o anl b, are ux)" coustants.
1) Yuea X and ¥ ar twg paadom variables, then:
VX =Y =V (X} eVIYV)=2Con (X, Y)

and
VY .Y) VIXIL.V(Y). 2 CouiXY)

The properties in fa), {b), an1(c) are stated without proof and can be
found in many texts on probability theory (Refs 1,2, and 3).
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Theotem 2.1
Let X be « variable with wean m and varisace "x' .

Consider a function of X, G(x). G is again » random viriable. The tirsr apptoximation
. 10 the expeeted value and vatiance of G cag be gotten from the following:
me, » F 1G5 Glm)

oot VIGRN 3§ o)
S
Pcoo! Let G (X) be expaaded in a Teylot scries atound m, up to aad utludnu the
lineat term. Thus!
&G
GiX)- G « (X =&
{X) < G{m) :2. X -
Thus :
. ' 4G
EJGIX) 2G(m) o {:‘i"‘; E)X=m) = Glm)
. on
Siace:
ElX em)aF(X)=ma=0
Funibermore:
VIG(X) « EUG(X) - EGNY

(G{X) - E(G))* =(‘° ¥ o(X-m*

X'-
and thus: -

o v BGR - EGHT SUSVEX - ) e (42) o
G ; X ke Xyem

Better approximations to E{G(X)| and VIG(X3! can be obtained by goiag further ia
the expaasion.
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Exsmply:

sm:c(g).(fﬂx;)(x-a)m(ﬁ%)(X-m’
“n

xew
Thus: - . .- N o
EIG(X)] &G(m) « % (4] y o 3
X°m
In the Qpllcuten of the above theorem, the extent of possible errors due to aeglect-
ing pirt of the Taylor cxpansion should be iavestigated. This has been doac for the
special application in this report (Appendiz &, p 26). '
Theorem 2.2

Let X and Y be indepeadear ragdom variables with means m, and myand variances
ta0d OY" respectively, '

%
Then:

VIXY{ - ax' a,r' . mx' aY‘ . mv' ﬂx'
Proof: From the inieﬁendence asvumption:

FIXYl - ™y
By definition:

VIXY! = EKXY - mxm?}’i
Thas:
VIXYI =BV - 2n m XY o m_ tn M

X'y Xy
= EIX'Y3 - memymxmyo_ mx‘my‘

¢ E{Xiys) - m gm *

- CONFIDENTIAL -~ —— =
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Furthermore, from iodepeadeace:
EiX'YY » E{XDE(YY)

Now: ) : - )

Thas:

E(Xh) - ox‘ + mx‘
Simitarly:

E{Y1) - oy’ . mY‘
Combining:

VIXY! = E(K0) E(YY) - mx' mY‘

" (ax‘ . mx‘) (ay‘ + mY‘) - mx'my'

ag g 1, 1 2,1
a o, 'mxcy 'mrﬂx

APPLICATION TO LETHALITY CALCULATIONS

The Cuiql of Lathal Arse
It was igdlcared in rhe inrroduction thas lethal srea is a aumber, Ay, sush tha; when
a uniform deasity, u ‘of troops are situated on the terraia, thea Ny = uhMy is the aumber

of troops iscapacitace ). Siace experirace has shown (har Nyis o tasdom variable, Ay
bas & comresponding meaning. o

Consider 2 racdom varisble, Y {6, 1 ), associmed with a poiui 60 siwu?d on the
terrain, The randoa variable, Y (3, 1), is defined an follows:

Y{6,1) = §, whea the tesget as (6,1) is isvapagitied;

Vo ~Fodereise,

'The term 'iscapacitation’’ is weed in & particulss sense {Ref 4}
11
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Let the probability that Y is equal to 1 be Py, (prob (Y = 1) = P,)#ad the pmbabimy
thar Yis equal to D be 1 =~ Pylprob (Y = 0) = 1 = P.).

Let the terrajn be divided into areas equal to AA (AA chosea to be apptollmuely‘
equal to the area of an average targer),

The number of troops Tacapacirared, Ny, on the terrala s the following:
Ny =uX Y AA

rhere the summaion is taken over all AA on terrain, Thus, fethal area in detined as
- % random varlable as follows:

7 A L-)i; Y,A A B
" s foliows chat: 7 o -

FOAL) « ZE(Y )AA <X P AN [ [P (s.00did g

Tuuu
and
. V(AL) a ;V(Yl) (AA) «(AAY & V(Yi)
i i

It is kaowa ths-{

VY =B, (1-Py)

aasd thus

V(ALY =(AAPZP, (1-P, )

The value of Py can e cémpuz.ed' from the foﬂu-ic;g. (assuming conirolied frag.
mentation): |

P_z1- e ®s=p= Py

shere S,p, PH& are random variables, and

! Approzimation msy not be adegusse whee a‘SpPH} 15 relatively Lazge. Sew pags 4

2
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E (S) - ms
Ef{p) = mp
E(Pﬂk )= mth .

Th:iuefpuwloerol—s. # Pﬁgil asfollows: o o R

S is the presented area of targes a2 (6,1
p ivthe deaalry of fragments s (6,r)

Py, the probability thae a biz wiilre:uki fosa locapacitaiion & (6,1)
Lemaa 1 {cootrolied (ragmeatatio)

Py il-e""g%p "y

Froof:

Lot chere be a fragmeats Ritiog & targer situsied a (6,0), with 8 bit-disabienent

probability Pui, und let o) be the aumber of chose o (ragments which are lethal,

Theo:

e X, 0. . 0%,

where
X, = Lwnh peobability Py
= 0 with prodasility 1 =P,

X, = L whea ebe 4®® fragment is leihal, aad 0 osbervive.

The target 2t (8.1) is tncapaitated if one of m fetha! fragmeats &its it {i.¢.,

Y sl .

Prod 1Y o HaProb IN, > =1 - Prab N, = OL

From a theorem oo coaditiona] ?robability it is kaowg that:

13
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Prob IN; = 01 E | Pob (N =01, Py ) R

whete prod (N[ « 0 | 8, Py ) means the prodability that Ny = 0, whea sdere e a
{rageerra, asd & target with Py

N" N, =0 if, aad only it a o N's we o,

Assusiog 1z the fragmenty are ladepeadent with respect ro tbeir lethality,! it is
coacluded:

Prob IN = Ofg, Py, 1aProbiX, =0, X,%0,... X =0 n Py lu(l- Pm) 2P H
=l .
“EIProb{N; = Ofn, Pyy )} 3Ele *FHE | 5o E@E®RD)
(heorem 2.1)
Now, siece
a =Sy E(a8) = E(S)E(p) = e,

deo, E(Pyy ey

Combigiog terms:
P, =Probi¥ellat-e 576" Pus
which proves the leama,

I should be soted thar swo approximations were {nvolved in the dorived expressicn
of Ph above, These are .

By e i
(2) Ele ~*PHgze ~E{}E(Pyy)

The approzizmation in (2) can be izproved Sy iacluding furher terms in the Taylor
expagsion of e8Py around E(eP,, ).

}/T‘lé I;Bllll ;o disregasdiag ¢he complicatioss of cumulitive damage.

" 14
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For example:
=E{n)E(Py,)

Bty Lt (1. )

LTI

(example, page 10)

Pk ol Y

oot~ ey,

It should be sr1ed xtat when 0""ut is comparatively lasge, the approxis

~men mb R
matica By «Tne °F HE zay be insdequate.

A similar proct canbe given {of the caue of vncontrolled fraginensation:
that is, )

N Y s “Pa,"Vyra,
whete: p.‘ in the deavity of fragments a2 (65) wich mass s

ead Py, in the prodability thar a it by a fragment with mass m, will
-
incapacitale s target a2 (6,r).

Suppose there are available unbiased estimatesn of mg, M, ,m

- Uke‘
dezoted by S-, p-.‘ . F?H“‘ . Let the vatiacces of §.
o, P ybediraoted by ol sod 0 s tespactively,
Puy? :h‘- '_ ¥es OP-: pun‘ ¥
(or V(3), Vize,), ViPy, )
Let: - oS g
1 —s%’ﬁ; P’“-i
Pi €
Thea:
- --5!-‘, ap
E(F)al-¢ = “hHiey; 2 R
) T (theorem 2.1) )
15
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Thus i is an approximately unbiased estimate of P,. The previous notation can be
temembared as follows: The - (bar) cenores unbiased estimaten of expected values.

A question of grcar {nicrest in connection with B, 18 the following: ¥hat is the
stepdard deviation, o, @l B ? (The value of a-,;,tgives a method for estimating how

elnse the valye P 15 10 Py Ef!’)).‘

fo the literavure on dsrbal area there in ofien a cuafusion berween Py und By By as
usually called the kill probability; actually ic ie only an uabiased estimate of Pi-'

Computatien of Varicnos of ;g (2.0

Theorenm 3,1

-18%7,

AL T(P yiTe d TIN5
CARME

whe &

P - - C e e

T IVE) e STIRVIE VIR, e B, Vil g 3 e Py L Ve, )

Y G (E T '
)prl.'.‘ ‘Hl'mi "

Peroof
, = . - -2
Let the cxpression for B {9.7) be rewrittenas P =1 - ¢

where:

-

7 =8 :_p"‘ pllkn"
+

To vefore: F (P )21 2™ 2 2P {thesrem 2.1)

The variance of Py is now caiculated appresimately as:

. D = m 24
V(P ze Y(7) (thearem 2,1)

_ 'Fipetrad valuss x5 Ssed sw—bers fof & gives pofilancs, viile uohikedd estimstva e tandon

varibles.

16
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V{7) is caicalated as £:llows:

Let X-§ Eh’Y-f;.‘ E?H.-[

Then:  ¥2) = V(XY)

Thus: V(7) = ¥V (33 V(Y) ¢ MLV (¥) + oy’ VIX) (theorem 2.2)

Now: V(X)a V(\E‘)

and V(Y) e w‘zp‘:‘ PM-‘ je 'T v(%‘ Pm'.‘ )trroperty (1), p 8)

1t is in tua compuied that:
V(P-‘ pﬂin‘) = v'?ﬁ‘ ) V(Pllini) ¢ m’i’giv(qdiﬂl Yo ”'Puy-; WP-‘}
Combiniag the various expreasions:

)i

-. - "3-7 e Pl b , A= 5 It y
V(F!) ie '\(QH)“V(p.‘p’u-i »n .m;(u(p_‘qm‘» . V‘S)":"“’-a 4.,,'“"

which io turn hecomen

Cae za . = & Sy (%
9, % s b4 e (s d
Vo b ze {()t.omn’ pm-‘))(\rlv) 'ma" v(s) ‘% ﬁ!’,;n"'m-x

Sv}bstir.uinq foe Vifa, pmq )
Py 02 (v ovis viP ; Py ' v f
19 t) ry ';(“pui) “k") * mp i"(pllin ) mvHia; (P.‘ "

R i
x i/(q) . m' Je V(S -:- P.‘mpﬂl .“

Te qet 23 approtimate wubiased emimace of V(Py) subsiiture the unbizeed estimites
for the vasious quanmles, and the resuls as quoted in the starement of the theores
folloss directly.

Ag expiessisy for the approximate estimsted variance of P, wes derived as a fuaction

of "‘F;.). v(s), V(PH‘- >y 7 a ) and V (5) can be computea from direct expermeczal

‘daza. The value of V(Pu; )caunm oe compuled dmccly from daza as it stands.
8§

17 -
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.~

P xm; der€ads oo the value of o V/a (momentum per prescmed area for a fragment

mass m;). ;V/a can be considered ay a random variable for wlich dua is available,
For a fizxed value of m;V/a, Pukm is a random variable for which daza i» available,
Compuiation of Verlnnce of FHE

To cozpute the variance of 'ﬁ‘“‘l. & theorem in conditional probabilities is uved.
Theorem 3.2 For any random variab’es, X and Z,

V(X)s EAV(X (Z) |« V | E(X|Z) | (Ref 7, No. 2, p-326)

where Y(X{2Z) s ke cunditional vadiance of X foe fixed 2 and E(X{Z) is the conditional

expected value of X for (i xed 2. V(X|2) and E(X|2) cegbe coansidered as random -
variables siace they depend on the value of Z2:

Theotem 3.2 can be applied to compuing V(B ) as follows:
Let: X o By, (@)

Furthermoc: fesster
*", -k

L andlezV-V,'-T-Voe =
a

Thes: ?-' o v

Theorem 3.3
1- n=D)lm 1ol
vi E; (z) iz mpjjk(-z { SPHi(mz) ] D1 (__) y(n2z) 3 I
He l mPHh(I:?)”-mPHl(QZ)
where:
e TR

g: ic ”u}{(""}"’(a’. ’m‘)oa'jfo_’omlllom-,"ol

z =eoF ¥V, Yo 7 MRS 5

-4

Tyte,) is the mean slope of EHH (5_) am,

18
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To get the estimated V "y, (7)1, namely V { Py, (Z)), subscitate bass lor means
in the above formula. '

Froof:

From the ti_ueorém ot conditional variance:.
V Py (20] = B IV(P, (2) | D)o ¥ IEGR,(2) § 21
Now:

Vitg (217} e B0 e )]
n

This follows from the fact that Py, (7_) for fired Z was gezten from binomial data
with sample vize n (Ref 4),

Farthermore:

EAWP () 170 - E

{mpun 2y U-mpyy @) ] }
- a

” -am hl‘
mp,..,(mz)“'”‘PHk (az)] . I MPHy (ny) Phg (mg) TPgyplm,)
8 l 28

3
z

by ()]
2a e

(by including second order term in procedure illustrared by theorem 2.1)

Now:
E B, (D|Z1=n Pux (Z)
and
- 1 .
vi oy balmt,- o2 (theore 2.1
TPy () [mpuk tm 'z - )
By aséumiug thar m"‘;&u mg)” 0 2ad combianing, chetg re;@rs;
19
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m {lem }
- - (o i {=
V‘p"g(z)l i__gih.-m-zlm—.mﬁLj..’._ + (Q‘;J!(m;’ 3 (7:
a HE (=2) z

Letting m), " it can be concluded:

=y Ty
E -;H_?"r.‘h“‘z‘“%"m“‘z’ b (ool .y, Mol ]
e (21 a7 TR

" PR WO ]

The of is compured as follows:

Z .
od = V(Z) w V(:V-) ~odad+ olm coima = (olsmBem? o !
P2 O AT v S d v

Now .

- o 4 & 1 3 - j'
vV e Q)r-v‘,e g “VYae
Let

e % -tithenV ufl-az

Thus!
2 p- %4
ke ~% SE
o Ay digtemiyro’te
v “ I ° \
Now:
0 2¢ B (ke ) o © (theorem 2.1}
o, 1
Also;
o T __‘:L T
r ze [
Thus e &

otz(ki)ie Mot (olemt)eot e ™o ™ K0 em Yot
oy o v v v e V¥V

-] ] o -3 _ o o °
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Combiniag, it can be cacluded:
-2k
Ta ky F}
ot re T LN od e ng s il o emNengod
Conpvintion of the Vartanco of Lothal Ares Whan Py (6,1) Dopeads Orly ene

1. in zeneral, mean lethal wea, 24 2R be srpisesed as:

my 23 RD (60) edrdo
I e o &

where B denotes the tercain limitatien,

Shea ) doos not depeaden 2

®
niag 22 f, B (e) rde
Let:
A, -2 5
i " [:P.(l)ldf
Then KL is an unbiased estimate of mAl: (property ald), p 7 ).
Theotem 3.4
R A T S T RS AT N PP Tt
AL f(n) €1 pk"a-l)“- Pi(rg)
where: t,a_"‘l. Jo0, ..., nh R

Prool:
By the trapezoidal tule for numerical integeation:

HKL-:.Z- hle, I_’g(r‘) LI N At -li (ra-1 2} o%’; !r,ﬁ,(ro) or.;\. (ra )}

Thus, by tules on variance:

a=1"3

. 'uV(x s4nThfir P ? s .00 20' lesgthlrto.* |
°K, h YRw Pi(igey) & Py

21
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To gct the dexited result, naie thar T, = 0, and thy uslizesd sutimace for

0y Pancly 5! 1n genen by putting bats ever the o's

L AL
2 Insectien 1 it wan asaumed thae R {the terrain Lialiation) sas afie-d
aumber. In teality, howrver, R canonly be emtimated 10 be typlcal of an

o annueed tacideal slewation (Ref 6), 1a this section, therfore, R will be
considered as a random vanatle, with standard deviation oy " Thus o8
must be re-estimated to include the elfect of the erear fa uning R instead
af the (tie axan of R,

Thenreis 1.8

o TR R (e et ATt
“L - H 3

[ © R
t
white,
h = f/a
wae O /R
R R
Fepig .“~;-x ,{"x
o taa aﬂ,‘(H)‘ ;e Bt
Proof.

XL 5243 lhri(ft) Paasw 'ﬂ-lr’i ('6'1” * ’-B ! r'Tz (r.).

S N R NPT - RURR RL . TR
2

If the quantity in the bracket is denoted by 7 it is computed:

VA V@b 2y sdr 1o og Ry o200 (theorem 2.1)
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Siuce: h = R/n
it iv compured

-
L .
Rin

rl'

(Property b (2), p 8)

-

Uy op 7hsdy IR
The denired result is obcained wher it in aceiced thar:

g

e W, etk * /e Atand o /b + 5,£/§
v ik

Nk

Camparinen of Tws Latha) Aranr {Contrallnd Bragmametion end Rarmal
Agprasch)

& important use of lechal srea calculaticas is the comparison of sae
weapon with ancther, It would be desirable to finow whether it could be
said with conlidence chat one veapon is mare effective thag snother, ln
this section a method for such comparison is given. If the same criterion
of incapacitation iv used in tbe comparison, the two lechal areas computed
will be depeadent, The dependence arises from the fact that the same
P, data is used for both calculations .

Asscme two weapens, with-mean Jerhal areas M, and M, reapectively.
N, and N, are unkacwa quantities, which are estimated by the calculated
values XM aod £ . How much targer should K37 be than AP 1o
make it possible to say with confidence that N, > M,? The test which will
be used is the k srandard deviation criterion. Let 9 ) and o B

denote the cstimared standard deviations of Ar** and X (¥ respectively,

and cov (AL, A1) denore the covatiance berween ALY and A'¥
{see page 4 for definition of ¢ovariance). It is kaown that the estimared

standard deviation of Ay ~-&; @ g
W@

(g% +7 - i
Ao 2av AL, AL w?
1, L

(properzy 5 (¢), p 8). The k standard deviation criretion states:

N, is significantly greater thaa N, whea:
23
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"

U SRR CE- Faw + T2 G L HA HO WY
L AL

&

The {ermula and proaf espressing Lav (AL \ A‘ }ate gi\'t’ﬂ in Appendiz B,
A

It »haut s be noted that the extinared standard deviation of A‘ <A s
an approximately unbiased estivate, The substitution of the unbiased

estimate o o fat . ~ wiil ¢hange the prabability of

l(l‘_Al(’Jl A[n A
type Lerear as doseribed 20 p 6 (Tosting Hypathesis) b seees redsanable

17
Lkt futther intareatian ahaie the disttibution tunctisn of AP - K7 stould

Fe nbeained o qot o mote accutate prohability statcment far type 1 v,

In futare reports the abave questions oy well as the Aaenarmal approach
t v
and e gncenttalled fragmentation case widl be stedied.

The copativan of tao acapons Hyweaas of the Jifteteace M - M, may
et have sufficient dntuitive appesl, & Janviacing <ase «aght be made {or
consitering the telative values of o, (h oand aAmi-y atdition, since theee

L L

Sreflect the reliability of the weapans, A rmore intuitively appealing eriterion
y y 4 4

for compating acabuns wmay possilly be:

vy,
£3 (Z)
" O -

Sore $implified Exarplas

Tre vxamples comyuted in ttis report ate for the controlled fragmencation
case. A normal approach to the ground was assumed for simplicity (py

depends unly on o).
{
The exanple assumed the following:
3-inch «diameter spherical warheads with zero terminal velocity

20.6-graiﬁ cubical fragments

230 fragments (total}

340 {5 initial fragmet velocity (V) -

W

24
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The wuuad ballisticw data for the Srminue dicablement criterion #aa
taken from Refervnce 4.

AS' °Z were compwed for the variarion & B alose, as well a8 with
L Hi

sssumed values for c'%/zand Eba/vo . Values of 11% and 25, avsumed
for these fuactions, ate beljeved eypical for & warhead of chis size baned
apon daza availeble for the TASEGS hand grerade (Ref 8), The vartiations
dueto § and terrain limitstion were assumed as 2ete. The basic formulay
simptify appreciably for this case, The computations were made for three
diflerent burst heights: b » 3, 10, and 20 feet. The results oi these compu

tations are shown = Trblc { and Figure 1(pp 39 aud 36) (See Hef 5 20ad
6 for methug 5t calculsling'S, p)
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APPENDIX A
Extert of Errar in Use of Tepler Exgiasion
'g the discussion of che approrimate vatiance of By which appears in
this tepost (p 12), only the Linear terms of the Taylor expansion wete used,
In this appeadix, the extem of possible error in this procedure iy investigated,
Some preliminary statements in probability theory will be required,
Let X be a rarnfom vatiable with mean m, and denote:
g, s E4(X-mf}
S A A

Fore = 2 a, = u, = 0¥ algp, whea ¢ is an even integer, a, - gy,

The folloaing will be stated without proof:

Lemma l lal <h, (See Ref 3, p 264)
Lemma 2 #,t<pup c0'® (See R2f 3, 3 267)

-With these lemmas, the main tesult can be proved.

Theorem 4.1 Let X be a random variable with mean m and variance
- o, Then:

N -1
Vil~e“%lsne a'rA

with

folag e““’a:(em- 1-o0. 01

i3i<2fe-2= (e’
Peeof:

Coansider any function of the random vaiiable X such as G(X). Expand
G around m in 3 Taylor expansion.

26
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Thus:
M2y ) S
! 'szrlr} L [H

Let (M, oM. forr=2
_ Then:

kol 1
PAs2MI (L a ) oMo (o) = 2M1AY L 24A
=2t £ 'y

Since
5 ot
RS B RS
L
and
A. T X

Lonsider the case where:
G(X)=1-¢""
in ge neral:
G O(m) = (- e ™
Thus:

L ~-m
G (m=e

Thus: M can be taken as equal to e -

Thus:

Oy

- I3 . e ’ [+ - e
A<t e T e ~i-g it eo €T (e Ri-0 3
= x

which is the result as srated in the theorem.

28
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AFPENBIX B

Conprration of Cov (:I.‘,"; |:§) {Contrelied Frogmentution and Noermal Appraseh)

It is known that:

.K,-“)- S a, ﬁm
[ S i 1 'i

and
" =(2)
LY
Lephhy
where
: a
2, = Z'éhri NI A U |
s aund,
W Tt
by = 2¢ h""fj‘” S T
by = = b0l

Now:
Cov (K{_‘} Xf5 =i‘.' j; a bycov (Ei‘” VB jm )

O

Pk and Pk( ) can be writtzn as follows:
i J :

_g(l)-(l)ﬁ(l) 7

Ph(“-l—e i Py TG ] -

1

JR

- 2) 425 @)
P cl-e 17 T

-~
&8
&
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(1 (2}
‘\Fj a0 oY

b‘lh
1%

= -
<
Pa

Thust Pl o o
i

ﬁk}“ el o™

Now:

R Y P=& e T e ™ ™ o - x-ew'(z’w; )

1 2

Simitarly:
SP P yal e T2
}.(Pk; Fyel-e 2 o,ﬂ')
Thus:
POLER ) ce Bl o) - e
“ b —— e

2

P*r”- E,‘E’;m) se~=,m (2, 07: Y oY

) ! 7
fet
A e Ty,
o= 7 {2 ol
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Bes 2o )

Naw: S

T _EFM ) ea L
P‘i ERVI=A-R
P*, Fm’ }5B~§

From the deliaitlos of covarinsce:

Cov (§, ¥, F}, ) SE(A-N)(B~5) =AB-E(BR) -E(AS) ~ F(RS)

]

Now:

E(BR G Qoo ) (26 5% 2gTln ot ]a MWL o 102002
2 2 H ] b

Sisiaity:

E(AS) =.:-":T_"_.’_..').lioo ) (2+0 t)
= e

Finally:
E(RS)s 4e-ﬁ“¢~‘~) ‘26'(‘“4%) 0
4 T 4 -yt
~ftEm, » 3 '
.e___wH.Zp‘;'" ; B

Combicing, it is ccacluded that:
= by Ry ;)
Cov(Pk(“,p“))=.‘(-,l., 4420 (240 2 )(2+0 %)}
i k'g ~_"‘——’ zubyy (11 ye
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« Oy

- g
Cov (?ﬂ' R.“’) 4 2e) 200 =
3

. Ve - '
dcovide Ye) =4 =20 - 25’1! vl: o |

"(u‘ﬁ fa )
= AJ.‘,‘t_H:cv(ku,\ura'n'l
b

Slace Xand Y, Xandw, Xand v, ¥ aud o, Yand vare indepenlear,

Cov (X, Yu) - Far Ty Ty
Thus! L fom)

Coy \'5‘“’ Pkl“/ «s"“—r"‘_ tép s 7,m, m c/n' qﬂ' |
H

Letting the correiation P,y - it s concluded chat:

Cov (Pﬁ“ I:" b ate -‘F‘;,,,) e T }
Xy . sn,
(e7R1%0 o 1y (e 51
2

To get the estimated covariance put-in bars for true valuss smd it is
conciuded that:

E5v BUPE ) stem X2 34e ™ 558 (T THEeT R
LTINS 3 W - TV
g 2

The desired result can be amained by remembering thet:

efsri{ogtimi - m2g !t
= x. s u T u
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af _olad, by bt
oy o o Ty
Siece:
. gt
X )
.ﬂqth 1
V=S

ey 5
1% (g1 A f
al=d i P } (dsjlh Bp‘m' 3:311 ﬂ?}u’

3 ac‘?;,".e,\}fﬁo ' . L M P T
P 1) @qh swdy =@ 1
4 ‘Y j f’ g, ’i, Fy

G LN Py Tk
Further:

il
Ys Ny

&1
4
v "EJ

SR 0By ) g,
M v

shen my/a {or p'.' mmi F\.‘m ste thy same.

23} =i
v =X - LS I s
Xooe  =(t=R Mgmpm L TTHT (0
[ ]
¢ o D3 B Ked
Ye,o l-¥ i rjnp] Rij {i= }”7) ty
-]
ga-glly o
X (1-Fn) - AL [EUNA
i — n = 1
2 K an- ‘ / ‘
' P -P
{qhq-{h' /L.h)t a,..u)) +f 5(”-(‘1)) Lﬂ-l.z—-ﬂ |- “
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A siesilar exprossion is gotten tot ﬂ‘,”.

Taus: ) (2
Cov (AD, ATy 2(x 2, 80y (’?-Hm-(}ﬁw(;-hm;
]

shere the sumnatisn {s taken over valios of i and 1 with the sarme v/ a,

34
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