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This paper covers a series of tests of the basic geometrical
quality of photographs obtained from aerial camera calibrations in
a multicollimator and from aerial photography obtained under opera-
tional conditions. The elements of the interior orientation and the
most important regular (systematic) errors of the image coordinates
are determined as parameters in least squares adjustments, and the
remaining irregular errors of the image coordinates are estimated as
standard errors of Unit weight of the image coordinates. In the
multicollimator tests, film and glasRs plate negatives were tested
and compared concerning the geometrical quality. A criterion for
tangential distortion is developed, and some correlation effect
between residual image coordinate errors is studied.

A variation of the geometrical quality (weight) of image co-
ordinates was found, and some possible reasons 'for this variation
are more closely investigated. The resolving power, the thickness
variations of films, and the locations of developed grains (details)
within the emulsion were preliminarily studied. Some tests of dia-
positive printers were made.

This paper concludes that:

a. The method of least squares is of great value for the
calibration of aerial cameras in multicollimators and for additional
tests of aerial photographs after photography of regular test fields.

b. The basic geometrical quality, expressed as standard
errors, of the elements of the interior orientation, of regular
errors of the image coordinates, and of other functions of the image
coordinate measurements can be expressed uniquely in terms of the
standard error of unit weight of the image coordinates.

c. The basic geometrical quality of image coordinates in
glass plates and in films have proved to be approximately identical.
The standard error of unit weight of the image coordinates increases
with the radius from the prcipa! po-nt. The average was found to

be about 3 to 4 microns.

d. Among the reasons for the weight variations of the image
coordinates are variations of the resolving power, lacking flatness
of the image plane (caused by variations of the thickness-of films
and emulsions among other things), and varying location of the de-
tails within the emulsion.

e. More attention should be paid to the basic physical quali-
ties of the Image material.
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f. Grid test fields should be arranged in the terrain for
tests of the basic geometrical qualities of vertical and oblique.
photographs from different flying altitudes.
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IIVESTIGATIONS OF BASIC GEOMTRIC QuAL TY-OF

AERIA PHOTOGRAMHS MD SOMETh RELATED PROBLEM4S

Io IRODUTION

The quality of a photograph can be defined with respect to the
intended use. if the primary application of the photograph is the
interpretatiomn of the contrasts and contrast differences, the
interpretative quality in particular connected with resolving power,
etc., is of' basic importance. However, if the use of the photograph
or photographs shall serve the purpose of determining geometricqualities such as size, for, and position of the photographed ob-

ject, the geometrical quality of the photograph is of fundamental
importance. In fact, the geometrical quality of the photograph
must, together with the influences from the measuring instruments
and the operator, determine the quality of the final product of the
photogrammetric procedure. Therefore, it is most important to de-
termine the basic geometrical quality of the photographs for all
photogrammetric activity and to express this quality in a well-
defined and clear way. Some experiments performed for this purpose
are described below, and some applications of the results of the
experiments to actual photogrammetric problems are treated.

There is evidently a certain connection between the interpreta-

tive and the geometrical quality of the photograph in fact, all
measurements in a photograph must be preceded by an interpretation
of the detail to be measured; for many applications of photo inter-
pretation, the geometrical qualities of the actual objects are of
great importance. Further, there may be a close relation between
certain concepts of the interpretative quality (resolving power,
sharpness, acuity, etc.) and the geometrical quality of image coord-

inates. However, the primary purpose of this paper is to show the
results of certain research concerning the geometrical quality of
photographs and some applications of the results.

II. INVESTIGATION

1. Definition of Geometrical Quality of a Photograph. In
general, a photograph shall be a mathematicaly correct-ple
central perspective of the photographed object. This means that
all pints n the object sha be geometrically imaged by rays or

straight lines which all pass one point, the perspective center.
The elements of the interior orientation of a photograph shall pri-
marily define the position of the perspective center with respect

to the coordinate system of the photograph, which usually is phys!-
cally defined by fiducial marks. This relative position is usually



defined by the principal point and the principal distance. However,
since there are always two perspective centers in a lens and since
it is not possible to make the physical realization exactly coincide
with the mathematical concept, there must also be information availm
able on the systematic (regular) disturbances of the image coordi-
nates with respect to the ideal, mathematical positions as deter-
mined by the strict central projection and usually described as
ideal image coordinates. Such regular errors of the image coordi-
nates are primarily radial and tangential distortion. Further reg-
ular errors of the image coordinates are caused by affine deform--a
tions of the image, primarily caused by different shrinkage in dif-
ferent directions. Even if these regular errors are determined,
however, the image coordinates will always be affected by errors
which individually do not follow any specific law concerning magni-
tude and direction and which, therefore, are denoted irregular
errors. These errors may have many causes as for instance residuals
after the determination of the radial and tangential distortion and
the affine deformation, irregular shrinkage, blur, the errors of the
measurements of the coordinates due to the settings and readings of
the scales, etc. According to the central imittheorem, the irreg-

ular errors may be expected to be at least approximately norally
distributed; this is an important condition for the correct treat-
mant of such errors, in particular their propagation.

In sumary, the geometrical quality of a photograph is
here defined by the regular (systematic) errors and the irregular
errors which affect the image coordinates for a given set of values
of the principal point and the principal distance. The principal
point is assumed to be defined in the photograph by the intersection
of fiducial lines, the principal distance by a number referring to
the distance between the principal point and the interior perspec-
tive center. The radial distortion is defined by a radial distor-
tion curve for a certain principal distance (camera constant, cali-
brated focal length), the tangential distortion by the deformation
of straight lines in the image through the principal point, and the
affine deformation by the scale factor differences in two orthogonal
directions in the -mage. Finally, the irre ar errors are ex-

pressed statistically as the standard error of unit weight of the
image coordinates after an adjustment according to the method of
least squares with a well-defined set of par ters.

Evidently, all these data must refer to the photograph as
obtained through real photography under operational conditions.
Therefore, tests under such conditions are most desirable. Since
there may be factors that influence the geometrical quality of the
images differently depending upon the outer circumtances, it is
necessary to test photographs repeatedly and under different condi-
tions concerning for instance the flying altitude in aerial photog-
raphy. On the other hand, it is also of great interest to
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investigate the geometrical quality of the image coordinates in con-
nection with the calibration of the camera in order to dete mine
possible differences in the geometrical quality of the photographs
from the stage of calibration to the real photography. The regular
and irregular errors from the calibration procedure may be of par-
ticular interest for the Judgment of the quality of the lens while
the corresponding errors from aerial photography are of the greatest
interest for the entire procedure and for the establishment of speci

fications and tolerances. it is also quite evident that good results
of tests of photographs obtained under operational conditions neces-
sarily mean that the quality of the -lens is satisfactory. Good re-
sults from laboratory lens testing do not guarantee the quality Of
the photographs which are used for the photogrammetric measurements
and, consequently, are deciding for the quality of the final results.

The results of performed tests of aerial and terrestrial
photographs will be briefly summarized below before a description of
some recent tests of photographs from a multicollimator procedure
for camera calibration. Further, some recent tests of basic quali-
ties of negative material, in particular film, will be described
and some applications of the results of detailed geometrical tests
of aerial photographs will be discussed.

2. Quality_ Tests of Aerial Photographs. In two publications
(references 1 and 2), the results of a series of tests of aerial
photographs have been presentedi A test field in the terrain, con-
sisting of a set of very accurately sur-veyed and signalled points in
the corners of a big grid, was photographed from the air with the
aerial cameras to be tested. The image coordinates of the points
were measured and compared with the ideal image coordinates of the
same points if a strict central perspective had been available. The
discrepancies which necessarily must occur were interpreted as
caused by regular and irregular sources of errors. The possible
regular sources of errors are primarily the approximations of the

elements of the external orientation of the photographs, which were
used for the computations of the ideal image coordinates, the radial
distortion, the tangential distortion, and the af fine deformations,
For the determination of the radial distortion, the adjustment of
the discrepancies was made separately for each set of points which

are located on a circle around the principal point. The affine de-
formations were expressed as different scale factors in different
orthogonal directions in the photographs or as different principal
distances or flying altitudes. If the first approximat-ions of the
elements of the external orientation were too large, an iterative
procedure was applied. Further, corrections were applied for the
elevation differences of the terrain points. Trough these investi-

gations, the radial distortion effects of the aerial photographs and
the affine deformations were determined and, furthermore, the irreg-
ular errors were estimated for each circle as a standar' error of
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unit weight from the adjustment according to the method of least
squares which was applied throughout. A closer investigation of
these standard errors proved a considerable regular variation from
circle to circle. This means that there is a considerable variation
of the geometrical quality of the image coordinates within the image.
In publication (2), this variation has been computed and expressed
in terms of weights, which are defined as inverse proportional to
the squares of the standard errors of unit weight. If the weight
unity is chosen for the principal point of the photograph, the
points in the corners of the photographs proved to have Weights of
the order of magnitude 1/20. Similar results have also been ob-
tained for terrestrial photographs as treated in publication (3).
For each individual terrain point, the residual image coordinate
errors after the adjustment were computed and graphically presented

(see (1) and (2)). The residuals were referred to the adjustment of
one of the circles containing eight points in addition to the center
point. The radial distortion and the affine deformations were also
corrected in the residuals which consequently can be regarded to be
of mainly irregular nature. The possible tangential distortion is
included, however, and one of the problems to be treated below is to
find a method to determine possible tangential distortion from the
residual coordinate errors and to establish a general criterion for
this purpose. A further problem to be treated is the correlation
between the residual errors within the photograph. It is evident
that this correlation must become stronger the closer the points are
located since the shrinkage of the films and emulsion certainly is
one of the most important reasons for the correlation. Therefore,
investigations of the correlation between the residual errors in the
corners of the squares of the grid may give important information
about, for instance, how dense a grid in the camera should be for
the correction of systematic image coordinate errors. There are
several other problems .the solutions of which may be facilitated by
statistical information about the correlation between image coordi
nate errors.

Aerial cameras have also been tested from high towers
through photography of test fields on the ground. These experiments
were mainly made in order to find the specific influence of certain
sources of error upon the image coordinates as, for instance, vary-
ing temperature, different types of filters, vibrations, and differ-

ent types of film in comparison with glass plates. From the resid-
ual errors of the image coordinates, detailed -investigations of many
interesting problems can be performed in a similar way as has been
indicated above. So far, investigations of the weight variation of
the image coordinates have been performed and have proved similar
variations as were found from the tests of the image coordinates in
aerial photographs from high altitudes.



3. Quality- Testrs of Jm~ge-Coordintates from Calibration- of
Aerial Cameras with Mu-ticollimators. In the calibration of aerial
cameras with the multicollimator procedure, a set of targets is
imaged on the negative of the camera through collimators which are
directed through the outer perspective center of the camera lens.
The collimators are arranged in two orthogonal planes which also
contain the diagonals of the image. In addition, there are also

some collimators between the diagonals (see (4)).

Since the collimators are adjusted in certain angles,
there are evidently several perspective conditions which can be used
for determinations and adjustaients of discrepancies and which will
give very good information about the accuracy of the image coord±i
nates of the negative. The procedure is identical with the test of
aerial photographs after photography from the air as described in
paragraph 2 and in the references. From the angles between the cola
limators and an approximate principal distance, the "given" image
coordinates are computed and then compared with the corresponding
measured image coordinates from the photographs taken in connection
with the calibration. The discrepancies are then interpreted as
caused by the approximative principal distance, the approximations
in the remaining five elements of the external or internal elements
of orientation, radial distortion, and affine deformations. The ad
justment can be performed according to the formula systems derived
in the publication (5).

For practical application of these principles, a set of
photographs was received from the U. S. Geological Survey. One
photograph was on glass plate, and five were on film. The adjust-
ment experiments have been applied to the glass plate and to two of
the films selected at random from the strip. Later, another set of
glass plates and films from a second camera was received and tested.

a. Determination of Given -Image Coordinates. The posi-
tions of the targets in the image plane -- d-the notations and the
angles between the central collimator and the surrounding colima-
tors are shown in Fig. 1. In Table I, the computation of the given
image coordinates is shown. From preliminary computations, two dif-
ferent principal distances were found, one for the plate - 152.079 mm
and one for the films = 151.941 mm. With these two data and the
given angles between the collimators and between the planes of the
collimators, the coordinates of Table I have been computed as easily
can be seen from the figures of the table. In other cases of tests
of glass plate or film negatives, slight changes of the given coord-

-nates might be necessary due to shrinkage and other causes. In

order to avoid too large figures in the computations, it is always
advisable to use such a preliminary principal distance that the dis-
crepancies between measured and given coordinates become as small as
possible.
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Fig. 1 . ]Positions and notations of the targets in -the image
plane. The angles between the central collimator and all other
collimators are also shown, of Table I.



Table I. Determination of Given Coordinates of Image Points

.......A_ esa...... tana 151.941tana xfim Yfilm 152.079tna Xlate Y l1t
Bexdges._ Cente,. ... ... .. . (m) - ( ... .-m) . . ae

70301 813333 0.131652 20.003 14.144 14.144 20.022 14.158 14.158:

15000' 166667 0.267950 40.713 28.788 28.788 40.750 28.815 28.815

16631'26" 18.3599 0.296667 45.o76

22645138"1 25.2895 0.419552 63.747 45.071 45.076 63,805 45.11 45.117

300 333333 0.577349 87.723 62.030 62.030 87.803 62086 62.o86

30040'54" 340907 0.593323 90.150

350 3868889 0.700208 106.390 75229 75.229 106.487 75.298 75.298

400 44.4444 0.839098 127.493 90.151 90.151 127.609 90.233 90.233

450 5040000 1.000000 151.941 107.439 107.439 152.079 107.536 107.536

The image coordinates according to Table I obtain their signs according to the location of
the points in the image.

b. Measurements of Image Coordinates and Comutat:ons.

(i) djusment AssmingOne Scale Factor ofIae
Coordinates. The image coordinates of the plate and of the films
were measured in a Mann comparator after approximative orientation
of the images in the instrument. All measurements were repeated
twice independently, and in opposite sequence. The precision of the
settings was separately determined from 20 repeated settings, and
the average standard deviation of one measurement was found to be
2.4 microns. This value is larger than was obtained from grid meas-
urements and is probably influenced by the photographic quality of
the targets. From the two independent series of measurements in
each image, the root mean square value of the differences was found

to be 3.3 microns. Since each difference consists of two settings,
the standard deviation on one setting can be computed from the root
mean square value in dividing by L.414. We then find 2.2 microns
which agrees well with the standard deviation from repeated settings
in one point only. In connection with the measurements of image
coordinates, the coordinates of fiducial marks were also measured.

Usually, the image coordinates of these points became determined
with less precision than the coordinates of the co" imator targets
due to the lower definition of the fiducia! marks,

The results of the measurements in the imaes were next

translated to a coordinate system, the origin of which was located
in the center point 5. This translation was made in subtracting
-the measured coordinates of point 5 from all the other coordinates.
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The translated coordinates were then directly compared with the
given coordinates of the image points as defined by the preliminary
principal distance and the angles between the center collimator and
the other collimators according to Fig. 1. The discrepancies be-
tween the measured and the given coordinates were then determined
as errors of the measured coordinates and were consequently defined
as dxi Xmeasured xgiven and dy Ymeasured Y Ygiven' A complete
example of these computations is shown in Table II The errors dx
and dy of the measured coordinates were next interpreted as caused
by the six elements of the exterior orientation of the camera in
relation to the multicollimator system. One of the elements, the
scale of the photograph, however, was interpreted as depending upon
the principal distance of the camera, which was chosen rather arbi-
trarily in connection with the computation of the given coordinates.
Since the further computations were made for point combinations into
circles around the center point 5, systemtic variations of the
scale in relation to the different radii caused variations in the
principal distance from circle to circle. This variation was then
interpreted as caused by radial distortion. As will be shown by
the formula systems below, the radial distortion can be obtained
and expressed very conveniently directly from the errors of the
image coordinates after using the above mentioned relation between
the scale variation and the variation of the principal distance.

The general procedure for the computations is entirely
founded upon the method of least squares and has been published
earlier by the author. Therefore, only a brief summary will be
given here in order to explain the background of the scheme to be
used for the practical calculations. Referring to publications 6

and 7 where the entire procedure is described in details, we start
with the basic correction equations for the errors dx and dy as
functions of the elements of orientation of the photographs:

Vx dx -d +  d + (I+()!4)- -
C c

vy- . dyo-(+ 40 - a (2)

dx -x=easured - xgiven dy = Ymeasured Ygiven

If affine deformations are present, for instance due to different
shrinkage in the x" and y-directions, two different expressions are
introduced for dc -- dCx and dcy. Also other possible systematic
errors can be intrQduced in this basic differential expression. In
each combination, the measured coordinates in five points are to be
taken into account. Since there are six unknowns in the expressions
above, there are four redundant observations to be adjusted. In case

8



Table iI. Measured and Transformed Image Coordinates,
Given Coordinates and Discrepancies
(c (preliminary) = 152.188 mm Film ii)

Point: Measured Coord. Transi. Coord. Given Coord. D A~e
x y x y x y .... F 4y

5 78.072- 41..2 0.000 0OO0 0.000 0O00
101 163.896 227.05-1 14.176 -14.171 i41i68 -14i168 - 8 - 3
102 149.-232 2.383 m28.840 -28.839 -28.836 28.836 4 - 3
103 132.912 196.061 45.i60 -45.161 -45.149 -45.149 11 -12
!04 115.934 179,088 -62.138 -62.134 .-62.13i -62.131 - - 3
105 10.711 165.873 75.361 -75 -49 -75352 -75.352 9 + 3
106 087.770 150.928 90.301 90.294 .90.2-98 90.298 m 3 + 4
1 071.516 135.870. 16,.556 -105o352

142 178.066 150.910 -0.006 -90.312 0.000 -90.298 6 i4
i2 s283.420 134.645 +105.348 -106.577

201 192243 2427.045 +14.171 -14.177 +14i168 -i4.i68 + 3 - 9
202 206.912 212.375 +28.8,40 -28.847 +28&836 -28.836 + 4 -l
2-03 223.220 196.057 +45.148 45i165 +45.149 -45.149 -i -16
204 20.196 179.083 +62.124 -6'2.139 +62.131 -62.13i1 - 7 8
205 253M408 165.871 +75.336 -75.351 +75.352 -75.352 -16 + 1
206 268.356 150o917 +9o.284 a90.305 +90.298 -90.298 -14 - 7

301 163.900 255.401 -14.172 +14.179 -14.168 +14.168 4 +11
302 149.229 270.072 -28.843 +28.850 -28.836 +28.836 -7 +14
303 132.914 286.389 -45.i58 +45.i67 -45.149 +45.19 - 9 +18
304 115.942 303.368 m62.i30 +62.146 -62131 +62.131 + 1 +15
305 102.728 316.586 -75.344 +75.364 m75.352 +75.352 + 8 +12
306 087.785 331.530 -90.287 +90,308 -90.298 +90.298 +11 +10

3 072.736 347.787 -105.336 +106.565
4 284.650 346.559 +106.578 +105.337

143 o87.766 241.231 =90.306 +0.009 90.298 0.000 - 8 + 9
123 132,907 241.225 -45.165 +0.003 -45.149 0.000 =16 + 3
423 178.072 286.390 o.ooo +45.168 o.ooo +45,149 0 +19
443 178.076 331.544 +0.004 +90.322 0.000 +90.298 + 4 +24

401 192.245 255.399 +14.173 +!4.,177 +!4.168 +14.168 + 5 + 9
402 206.916 270.064 +28.844 +28.842 +28,836 +28,836 + 8 + 6
403 223.228 286.381 +45.56 +45.159 +45.149 +45.149 + 7 +10
404 240.207 303.359 +62.135 +62.137 +62.131 +62.-31 + 4 + 6
405 253.426 316.578 +75.3-54 +75.356 +75.352 +75.352 + 2 + 4
406 268,372 33L.521 +90.300 +90.299 +90.298 +90.298 + 2 + 1
122 178.068 196.053 -0.004 -45.169 0.000 -459149 - 4 -20
422 223.232 241.218 +45.16o -o.oo4 +45.149 0.000 +11 -4
442 268.376 241.219 +90.304 -00.003 +90.298 o.ooo + 6 - 3

Note: Points 1, 2, 3, and 4 are fiducial marks. Given dista ces 212.000 mm.
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of' af'fine adjustment, there are seven unknowns and, consequenitly,
three redundant observations. According to the method of' least
squares, the corrections of' the preliminary elements of' orientation
shall be dete'-mined under the condition that the sum of' the squares
of' the VX and the vy becomes a minimum. This leads to the nora
equations whi ch are to be formed together with the equationls for the
determ- inations Of' the sum of' the square, xvv x yy and the

weight and correlation nunibers. Since this procedure ought to be
very well known, only the results of' the solutions of' the norm!l
equations will be shown here (see (8)). For a given circle with the
radius r, the corrections of the elements of' orientation ar~e as
f'ollows-

.0 2  + -r 5c2 N53
3r2 1r

2+

3r2 12r2

dx - N5 (6)

cli 4. (st dxl )(7)

d2 (5 "d5 -53i,. 8
12r2

Radial distortion dr' =- N5  (9)

The symbols are defined as f'oll~ows:

(dxl dxl + U2 + dx3 + dx 4 + dx5

Cay) dy1- + 4y2 + dY3 + dY14 + dy 5

W51 -dx 1 + dx2- "dx3 + dX4-ydyyd 2 + dY3 + dy4

N52 + dxl + dx 2 m-dx 3 -dx 1  - dy + dy2 - dy3 + dY41

10



N5 3  =d-xl+U 2 + dx3 + dx4 + dYl %2  dY3 + d

X54 + (dX dx] mdX d + [ddy +d] % +dy]2 d410

120

The standard error of' unit weight:

o (12)V

The standard error of -the standard error of' Unit Weight:

s O 035s0  (13)

The confidence limits of' the standard error of' unit weight:

on the 5-percent level: 0. 6 so -2.8

on tne 1-percent level: 0.5s0 - 4.s (14i)

The weight and correlation numbers:

Qxox Ir4+ 5C4 +1i4r 2cP
~o~o~o6r4__

Qe4 r 2

2r

=5c 2

=x 4p P (2r 2 + 5c 2 )

Qdrdr~ (15)



In order to facilitate the practical calculations, forms were made
in which the basic data conveniently could be transformed into cor-
rections, radial distortion, and standard error of unit weight.
Such a form is shown in Table III. An example taken from Table II
(circle 6) is completely treated in the scheme (Table III). In this
way, the two above-mentioned sets of test photographs from the
multicollimator instrument were treated. In the first series, one
glass plate and two films were completely measured and the results
were computed and will be shown below in tables and diagrams. In
the second series of test photographs, two glass plates and three
films were treated similarly and the results will be shown below in

concentrated form. It should be noted that the films in the two
series were of different manufacture and that one of the tasks of
the tests was to compare the geometrical qualities of the image co-
ordinates in the glass plate and in the films.

(2) Adjiust et of Affine Dleformations Of Imgq
Coordinates As was mentioned above, film negatives ometimes be-

come affine, deformed due to different shrinkage in orthogonal direc-
tions. This affine deformation is a systematic error which can be
determined in connection with the adjustment procedure. In the
basic correction equations (1 and 2 above), the terms for dc are

substituted by ;d-cx and ydy in the expressions for x and y, respec-

tively. This procedure has been treated in detail in publication
(1) and will, therefore, not be repeated here. Only the expressions
for the dcx, dcy, drx, and dry will be given in addition to the ex-

pression for the determination of the standard error of unit weight.

We find:

dC -- - N5lx (16)

dcy ?- N 5 (17)

"7 51y

drIP - N5lx (18)

dry N N51Y (19)

2 2 2
[vv] = [dxdx] + [ydy] - x+ y]2 - - N -

0-21 t [dx] WN53)2 + ( -a[dyl N54)'J (20)
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Table III. Grid Tests of Central Perspectives, 5 Points

H-t

302 - 402 Circle: 6 (Points 5, i06, 206, 306, 406)
Radius r - 128 mm dr .- 0.177N51 = -s0.001 mm

301 ' y .j01 Camera const.(appr,)ct= mm0

f r2+K ~ 003 017 0.210
_ 3 11c

t4c x- 0-803
3r~~ 2r &0016

101 .201 3 r2+5d-- 14888 = 0.177 0 . 0.00i16i1-2 .o2 2 19 c 0,-
0 1r 0.0833 - 0.000773

12r2

dx Xmeas " XgiVen dy = Ymeas. Ygiven

Point dx N 1 ,52N53 Ntr -s,

___ k kdx k kdx k kdx k kdx k kax

5' 0
a 3 -1 +3 +1 -3 +1 1 3 +1 -3 +31 m9

2 -i14 +1 -i+4 1 i4 +1 -l 1 i4 +3 -42

3 +11 1 -11 - -11 +1 +11 ml all -" -11

t51 5o
4 +2_ +1 +2 -1 -2 +1 +2 +1 +2+ +6 -

(dx ~ N51x _-2,0 N52x -. 0 -Ax~ N

dy
0

1 +4 -1 4 -1 4 +1 +4 +1 +4 +i +4
2 T7 -1 +7 +1 -7 -1 +7 +1 -741 +-7
3 +10 +1 +1.0 -1 410 -1 -0 +1 +10 +1 +10
4 + + +1 ++_ +1 +1 +1 + +

ly 48 N51y +I - N52Y -20 N'53 A 4 -N-'54y

]-N51x -20 +N52x -30 +N53x -4 N'Ix +2 - -

____ N51_ -6 -N52 -,53 ~ -2 54

Corrections:

3r2 +c + -r-+ c ' 0.83 4 - 0.154 x 2 4; + 1.7 microns

dyo  -" [d] + " N54 - -0.803 x 8 + 0.754 x 10 +1.1 microns

d- - N51 = 0.210 x 6 + 1 3 microns

U - N52 = 0.00o16 x 5o0- +0-000058 rad. = 0%0.37r .. .1.x000 000. 8

(-IQ + 16) 0,000773 r 6 _ 0 o00o r.

do = (€d(5N 3 5N54) = .0773 (.0) g..000773 x 0.0..8 -o..ooo rad. v
o,0007

jvv] tdx2j + [iY2l 2 Odd dl ~ ~ (N53"4 (dXl )2+55-4Ed M2
5 -5 120

4~96 -_- - 496 m-16-31-7- 3=12.60

S0 = 2 ] =-0.0063tmm Conf.limits (5 per c.): 0.6s .-2.gso-O.O04 - O.O.8iin

13



Sso 0.41so  (22)

From Table III, we find the following data.

drx 7 microns

dry = -4.9 microns

Ev]= 496 - 16 - 149 W 312 - 4 15

so  V-5 2.2 microns

Consequently, in the chosen circle (6) of the actual film, there is
a certain affine deform-ation. Te stadard error of unit weight is
considerably reduced through the affine adjustment. In this manner,
all measurements in the films were treated and, mainly for compari-
son, also the measurements in the glass plates. Next, the results
obtained from the measurements and discrepancies of Table II will be
shown (see Table IV).

Table IV. Radial Distortion and Transformed
Radial Distortion; Standard Errors of Unit
Weight Before and After Affine Adjustment

Prel. Final- Standard- Afte r
Radius Rad. Oorrections Radial Error of Affine

Dist. Dist. Unit Weight Adjustment
__ _(m~cr). (microns) (cr) ,(micr) (Mier)

20 9.2 -1.4 7.8 2.5 1.6
41 10.1 -2.9 7.2 3.3 3.2
64 14.5 4510.0 5.4 1.4
88 6.2 -6.2 0.0 5.2 1.3

106 0 -7.5 -7-.5 6.6 5.6
128 -1.1 -9.0 -10.1 6.3 2.2

The transformation of the preliminary radial distortion
ao~Muts was made to the 88-mm radius in order to facilitate the
comparison with the radial distortion curves from the glass plates

and the other films, which all were referred to the 88-mm radius as
zero radius for the distortion. The transformation was made pro-
portional to the radii,

14



order to increase the reliability in the determination of the stand-
ard error of unit weight, it is desirable to use more redundant ob-
servations. For this purpose, nine points seem to be suitable since
a considerable increase of the number of redundant observations is
obtained but yet the work is relatively limited,, if one of the
points is located in the neighborhood of the principal Point and
eight points are symmetrically located on a circle around the center
point, the solution of the normal equations becomes rather simple
and can be made in a general algebraical way.

-43

3 4

IrI

2

12

Fig. 2. Locations and notations of the nine points for adjust-
ment. Different radii r can be used. Note that point 13 is
located between 1 and 3, 42 between 4 and 2, etc.

For the locations of the points as indicated in Fig. 2,
the following corrections of the elements of orientation are ob-
tained from the coordinate errors d and dy, defined as measured
minus given values.

15



r 2 4r d29
2

5r2  + 40r2  92

5r 140r 92
aIy = c +

5r2

dx= 2 N92

= (N93 -8 tdi)

c - - (8 [a]d 9N94)
6~r 2

The radial distortion

dr = 91

(v = [dxdx] + [dydy] [ ( ;2 + 1dY4 2  N _JY +_N-22
9 16

(9N93 - 8(dx )2 + -(9Ni9i (dl)
720

The standard error of unit weight

The standard error of the standard error of unit weight

so
s ~-=0.20s0-So O.O0

The confidence limits are

16



for the 5-percent confidence level: Q.7so m 1.7so

for the 1-percent confidence level:. 0.65,90 - 9.060

The symbols are defined as follows:-

dx =dx 1  + d x + + dX4~ + dx5 + dxj2 + dX1 3 + dx42 + dXj4'

dy dyl + dyg + d-y3 + dy4~ + dy5 + dy12 + dy13 + dy4.2 + dy4 3

N91 =-dxl+daX2  - 2x 1 3 + V2 dX d-x-3 + d- ~/dY1 2 -

Sdy1 m dy2 + dy3 + dIy4 + V2 dYi43

L92 Vd 1 +ax. 1 + dx2 -dx 3 -dx04 2- C&dx43 -dy 1 +y

V2'~/ dy1 3 + V2 dY42  dy3 + dy4

N93 a xi + dx 2 + 2dx1  + 2dx 4 2 + d-x3 + dlx 4 + dy1  dy2  dY3 + dyj 4

N94I =x " dx2 m dx3 + dX41 + 2dy1 2 + dy1 + dyp + dy3 + dy1 + 2dy4 3

The Weight and correlation numbers are:

=4r +OY 9C4 + 4Ir2 , 2

Qxoxo QY.o2O2r

2

1al
~8r2

0 = %~o20r 1

17



A form for the computation of the symbols and the correc-
tions has been worked out. in Table V, an example of the computa-
tions in the form is shown. The figures have been taken from the
Table II. As indicated above, the nine-point combination is pri-
marily to be used for a more reliable determination of the standard
error of unit weight and for the determination of residuals in
other points. For the routine work in connection with calibration
procedures, the five point combination is the most suitable one.

It would also be possible to treat all five-.point combina-
tions and the nine-point combination simultaneously. All elements
of orientation except the dc should be identical for all solutions
and a normal equation system should be set up, containing the five
parameters dxo, dyo, dk,, de, and do) and in addition the del dc 2 o..
etc. for the individual circles. If affine solutions are to be
made, the dc etc. would be substituted by dcxi and dcyI etc.

c. Results of Multicollimator Tests of Two Different
Camras, Using Glass _Plates __&idTwo, Different Makes of Film.Th
cameras are called A and B. Each of them was calibrated in the U. S.
Geological Suey multicollimator. From each camera, one glass
plate and one strip of film were received. The image coordinate
measurements were mde in the Man Comparator Nr 62 10 05 at GFFLOA,
Fort Belvoir. The computations were made according to the principles
treated above. The results of the measurements and computations are
shown below in tables and diagrams.

(1) Nggtives- fromk Camera A.

(a) Tests of GlassPlate and Films. The ob-
tained radial distortion curve from the glass plate negative is

shown in Fig. 3. Also, the two affine radial distortion curves were
determined and are shown together with the average curve. There are
minor differences between the curves, of the order of magnitude of
one to two microns. Even if a certain systematic tendency can be
found, the differences are too small for a significant affine deform
mation. Local shrinkages of the emulsion and minor creepings from
the drying procedure might be the explanation.

In Fig. 3 also, the standard errors of unit weight are
shown for the different radii and also before and after the affine

adjustment. There are minor improvements of the accuracy from the
affine adjustment but they are very limited.

in Fig. I, the radial distortion curves from the glassplate and from the two film negatives are shown for comparison. The

agreement is very good, The maximum deviations between the results
from the plate and from the films is of the order of magnitude of
2 microns. The corresponding principal distances as computed from

18



Table V. Grid Tests of Central Perspectives 9 Points

•45 Circle: 4 dr & O.088N91 = 95 microns

'3 .4 Aadius r 88 mm ..020
Camera cont. c= 1592 mm 08Z 1-

'5 x .42 .2. = 0.7967 O0.088

5r2  
M1

kg _*9q2  O .000491
.2 4or2  =0.7713

dx x _ _ ___ _

Point dx 21 8_NN ~ ~ _

microns k k"x k kdx k kdx k kdx k kdx

5 0
1 -7 -1l +7 +1 -7 +1 -7 +1 -7 +3 -21
2 -7 +1 -7 q +1 -7 al +7 +3 a21
3 +1 al -1 MI m4 +1 +1 -1 -1 -1 -1
4 +4 +1 +4 -1 -4 +1 +4 +1 +4 +3 +12

12 M6+1.4 -8.4 +4.4 -14.4
13 -8 -1.4 +11.2 2 -16 +1.6 "12.8
42 +6 +1.4 +8.4 +2 +12 +4i. +26.4
43 +4 -1.4 -5.6 -0.4 -1.6

(dx] -J 69x~ 2? 3-0~9x N94x. ;L- Sx# -33.4

(Ax~l 267 ......- 33.4
-dy

5 0
1 -3 m1 +3 -1 +3 +1 -3 +1 -3 +1 -3
2 -8 -i +8 +1 m8 -1 +8 +1 -8 +1 -8
3 +15 +1 +15 m1 -15 -1 -15 +1 +15 +1 +15
4 +6 +1 +6 +1 +6 +1 +6 +1 +6 +5 +30
12- -14 -1.4 +19.6 +2 -28 +1.6 -22.4
13 +9 1.4 -126 -0.4 -3.6
42 -3 +1.4 -4.2 +2.4 -7.2

Idyl +26 N91 j+85 .2 N92 308N3 -4 1194 +30 +106.4

.......... N9 -22-.6 N921- -33.0 N93x ;13- N 4x +3
[d] 1196 N1 1+107. 8 9 -63.8 93 -17 1 N9 +33 ....

Corrections:
dxo  -2.8 micr. [vv] = M2 + y -

Y0  - 1" I Y] + " N94 = +4.7 micr. - [dxl + __d_

dlc - c N91- 16.4 microns -N92

S(d N4 = +4 -(dxl
2 + 94-8[dyl )

- 37 11Nc

0 c (9N93 - 8 (dX]) 1 5 cc
40r

c~ca (8(dyl - 94) .28c s0= ,/T4 = 5.6 microns

19
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Fig. 3. Results of' tests of' image coQrdinte from. multi-
colimator photographs. Camera A. Glass plate negae.

Radial distortion curves and standard errors of' unit weight
for varying radi.
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identical circles show considerable shrinkages of the films in com-
parison with the glass plate, however. The standard errors of unit
weight of the image coordinates from the films proved to be very
large and increased with the radii. Adjustment including correc-
tions for the affine deformations proved that very pronounced affine
shrinkages were present in the film negatives. The results of these
computations are shown in Fig. 5. The two film samples agree very
well and show that the affine shrinkage probably is consistent
throughout the strip. Prom the standard errors of unit weight after
the affine adjustments, weights were computed for the different
radii as inverse proportional to the squares of the standard errors.
The weight in the principal point was chosen as unity and was determ
mined after extrapoltion of the standard errors of unit weight.
The weight distribution as a function of the radii is shown in Fig.
6. For the glass plate as well as for the two films, there is a
clear decrease of the weights with increasing radii. it is of great
interest to find that this weight variation, which has been found
in tests of aerial photographs, is present also in laborator tests.
The lacking flatness of the negative surface is probably the main
cause of the weight variation. It is of great interest to find that
the geometrical quality of the glass plate negative and the two film
negatives after affine adjustment is nearly identicali This con-
firms earlier experience from high tower tests, where the accuracy
of glass negatives and films proved to be approximately the sa
after affine adjustment of the film negative discrepancies.

Finally, a summary is made of the corrections to the ele-
ments of orientation of the camera for the glass plate and film
tests (see Table Vi). in the summary, the standard errors of unit
weight of the image coordinates before and after the affine adjust-
ment are also shown. The accuracy of the determination of the ele-
meats of orientation varies considerably with the radius of the
actual circle combination, in order to show the theoretical stand-
ard errors to be expected in the determination of the elements of
orintation, the following figures are computed for the largest
circle (radius 1 152 mm) and for the standard error of unit weight
0.01 m. The expressions in equation (15) were used.

- o =0 .... -1.8333 s - s = 0.013 mm(aoxo QYo - Xo YO

Q - -- 0.000033 rad. 0 o.00214r- 2r

9 s- s = 0.000060 rad. 0 o0038

22



414

+4

Ti ~ ~ t~ I L~j~41

Ht.5 fierdaldsoto uvs rmFlsIadI
andt th Ivrgs Caer A.L

, 23i



-~-- --------fl~

- I

10 Is 'mai

i jt 17-1i

J10 :1 LT

VA A ft-

I ~44
J47

10 ~1

t 4

4 
i-Tjj 

-T

- I 

Fig 6.OiR aitoso teiaecodnts



From Table VI, the great variation Of the corrections from the
small circles is evident. When the circles become larger, the
values stabilize clearly. There is a pronounced difference between
the corrections dq, do from the plate and from the fulm, respec-
tively, it seems possible that the camera orientation has become
somewhat changed when the film magazine was inserted.

Table Vi. Corrections of Elements of Orientation of Camera
from Treatment of Glass Plate P and Film Negatives F! and FI

o sAfter,_ d _y- C3K d6 d--( ans- im c . Ad u t
Neg. Radius, y -- --O Affine

(m) (microns) (radians 10-6 (radians (mir.) Adjustment'

P 20 +196 0 +32 - 3 i44 1.2

FI +24 -168 +71 +126 4138 3.7 1.4
FII 80 -48 -247 -505 -252 3.0 2.4

P 41 +45 +23 -234 -121 -286 3.5 4i5
Fl +3 +10 +91 +23 -68 6.6 0.9
FII -26 +i -267 -158 -23 5.1 2.5

P 64 0 -3 -3 +15 +3 2.8 2.8
FI +29 -38 +78 +197 +59 10.4 3.4
FII +4 -'44 -248 +59 +257 11.0 6.o

P 88 +6 +6 -148 +57 -51 2.0 1.8
FI +2 -2 +41 +131 +151 15.0 2.9
FII +6 - -~74 +57 +70 14.5 2.5

P 106 0 +6 -160 +18 -47 4.3 3.5
F! +20 -33 +100 +135 +212 18.6 3.5
FII +15 -21 -292 +115 +135 14.6 2.4

P 128 +4 -4 -155 +29 +i 4.3 4.0
Fl +3 -37 +73 +33 +274 19.3 7.0
FII +6 -20 -286+5 +31 9.37

P 152 .-1 -7 -14 + +26 8.8 7.7
FI 0 -54 +39 +38 +318 27.5 6,2
FII +6 -31 -279 +53 +201 23.0 10.1

(b) Comparison Between Image Coordinate Measure-
ments in Two Film Samples. In order t see the satisticl d i-tribu
tion of the differences between two independently measured film
samples, the two sets of measurements were transformed into one and
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the same system via the measurements in the center point 5 and the
four fiducial marks. After this transformation, which was made in-
cluding parameters for affinity and lacking orthogonality between
the coordinate axes, the residual coordinate errors were computed
for all points in the two coordinate directions. The statistical
distribution of these errors or differences was then tested with
the usual normal distribution test. (See the Appendix.) The re-
sults are shown in Fig. 7. The differences are evidently very well
normally distributed and can consequently be regarded to be of irm
regular (accidental or random) character.

differences-between t:- Iis f:om a mticoI Ai_ -!;! 1 -- 1 1 1

i-i A i A,_

1 1 - . _ _ A _i_._
!7-! ~ ~ ~~ ---:!-- !:-

.... ..... LLL 1 7

I "1- J ! -

soFi i Histogram and norma ditrib ion curve of coordinate
wndifferences between two films from a multicollimator test and
cafter a coordinate transformation with the aid of the fiducia

marks. The diffenre ate very well nocmaly distributed.

coud x ee fmetyes from CMera B. !The results Of thefroi thedfils.tin thiscasethonr fmheglass plate negative are

shown t Figp. A determination of affne radi t edstortion urves
was also made as shown in the figure. The differences between the
curves are small. however, and no significant affine deformtion was

!;;found. The cures are somewhat irregular in comparison with what
~coul:d be expected from the actual type of lens, The standard errors
~of unit weight will be presented together width corresponding data
: froM the fi! S . In this case, th~ree :film nexatives were selected

from the strip. Two negatives were chosen in the ends of the strip
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SFig. 10. Multicoiiimator Tests. Camra B (Cronrar film.).
SAffine radial distortion curves. Film II (middle of the strip).

standard erors of unit weight are 3.3 and 4.6 microns for the
actual circles in the glass plate and film, respectiel,_e
standard errors of the distortion am!~~ from the glass plate and_

the ilmare conequnty, 1.6 and 2.3 microns, respectively. For
the test.., the following expression i~s next cowputed (see reference 9):

2 2 62 Sljl 1  6) + s2(N2-_6

For N1  N 2 1 0, s ! = 1.6 and 82 =2. 3 microns, we find sd =1.95
microns. Futer,

From a table of the tdistributiopn, we find the level t~o be between
0.1 and 0.2 perce . This means that tLe difference 4, microns uner
actual circumtaces is to be regarded as si nifi ciant. There ar
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Next, comparisons between the standard errors of unit
weight from the glass plate and the film negatives will be made,
In Table VII, the standard errors of unit weight before the affine
adjustments are summrized. The corresponding weight distribution
of the image coordinates is shown in Fig. 13. From Table VII, it
is evident that the film samples from camera B are of very good
quality in comparison with the samples from camera A as shown in
Table VI. The film quality is not much lower than the quality of
the glass plate.

Table VII. 8tendard Errors of Unit Weight,
from Films and Glass Plate before Affine Adjustment

(All data given in microns)

Radius
Film I Film II Film III Average Plate

20 13 2.5 2.1 2.0 2.5
i 2.6 3.3 4i14 3.i4 3.6

64 36 5.4 5.5 4.8 2.2
88 7.2 5.2 6.3 6.2 2.8

106 3.1 6.6 5.3 5.0 3.8
128 _ 4.8 _1 5.2 __ -4.,

Averages__ 4.6 3.3-

Table VIII. Standard Errors of Unit Weight
from Films after Affine Adjustment

(AlU data given in microns)

Radis Film I Film II Film III Average

20 1.5 1.6 2.2 1.8
-41 2.1 3.2 2.4 2.6
64 2.2 1.4 2.0 1.9
88 8.4 1.3 1.8 3.8
106 2.2 5.6 3.4 3a7
12867: 2. _.3 _

Average 3.0

In general, a certain decrease of the standard errors of unit weight
is found after the affine adjustment (see Table VIII). In some in-
dividual cases, however, a pronounced increase was found, in partic-
ular concerning film I. This may be explained by the comparatively
low reliability of the determation of -the standard error of unit
weight. There are only three redundant observations (degrees of
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freedom) in the adjustment procedure and, therefore, the reliability
becomes rather low. This is also expressed by the concept standard
error of the standard error of unit weight which in this case be-
comes about 41 percent Of the standard error itself (see expression
22 above). More detailed information about the importance of the
degrees of freedom can be obtained from a calculation of the confi-
dence limits according to the t- and chi 2 -distributions, The weight
variations of the image coordinates after affine adjustment are
shown in Fig. 13.

It is evident from Tables VII and VIII that the basic geo
metrical quality of the films after afifne adjustment is practically
the same as that of the glass plate. in both cases, the standard
error of unit weight of the image coordinates is of the order of
magnitude 3 microns.

Table IX summarizes the corrections of the elements of the
exterior orientation from the glass plate and the films and for the
different circlesi it is evident that the corrections become more

stabilized for the circles with the larger radii. This is in good

agreement with the expressions for the weight ntmbers (15) where the

(Coa) eor n fe affieiadu-imnts

I I I L- L j1I-- - - I-

A]_I I:

I I .A f

A- I J _. . .. -

I- -I T- -:T -1 13.

:! !0-1-AL

PIT :

.i ...." ...

1-- FL : H_

Fig. 13, Multi€o!!i-mator tests. Investigations of the weighS

of the imae coordinates of the glass plate and of the films
(Cronar), before and after affine adjustments,.
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Table IM * Corrections of Elements of Exterior Orientation

circle
Negative Radius ddo d9 6

_________ - micr (mcr) J-L. (d2l f1
Glass plate 20 68-36 +10-1 -322 +200

41 +26 +5 86 +91 -15
614 +16 -l +53 M98 +36
88 -9+13 +68- -51 -59

106 -11 +10 +74 -58 m6P2
128 -8 +9 +67 ~43 -43

Film I12 +72 m12-4 +39 +300 +495
141 +51 +51 +49 +210 -10
64 + 2,5 -17 +37 +104 +72
88 +7 +11 +18 +15 -37

106 -20 -3 +26 M71 -1
1288 -4 +18 -29, +12

Film II 20 +80 -496 +78 +325 +400
41 +1 +4,7 +47 +5 +196
64 -i4 +15 +39 M67 +59
88 .6+5 +4 ~3O

106 -36 +1 +51 -33 +18
128 +2 +2 +44 +3 +9

Film 111 20 +92 -52 -45 +480 +320
41 +5 +3 49 -28 +0
64 +28 +4 -25 -1 -16
88 -63 +15 -18 -51 -60

106 -38 +16 -29 -16 -12
128 +1 0 -21 11 -4

radius appears in th deoiao. h egt numbers become conse-
quently smaller for increasing radii, and the standard errors de-
crease with the square root of the weight numbers. For comparison,,
the standard errors of -the actual elements of orientation are shown
for the largest circle r = 128 m. and for the standard error of unit
weight 0.005 .

SBK =S-y00 6nm

=K 1 2 CC (centesimal seconds)

Sp sC = 2-7c i
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For the smallest circle (r o_ 20 mx) and the standard error of unit
weight 0.002 Wum, we find

sByo ey-: 0.l108 m

yo

(a) Addition&! Test of a Glass Plate Negattive.
in order tLuo investigate closer the significant difference in the
radial distortion curve from the glass plate and the film negatives,
another glass plate negative was Made at the 1%. S. Geolog ical Survey
and was put at disposal. The test procedure was identical with
those applied and described above. The results of the test are
shown in Fig. 14 and in Table X. Fromh the :figure, it is evident

-~- - _T-

.- ... ... .. ..

/V------------- H_.1..4.
AOL_ -

4 - - -,- ~ ------ - .-7

5-4t

j,-4 -- 4 1
I7v

Fig. lii. Multicollimator tests. Aviogon 115f c 152 Me.
Radial distortion curves from glass ploat and :film negatives
There is a significn dfference which may be due to a. curved
supporting back.
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that the two ,glass plates agree very well mutually and that the
difference between the distortion curves as found above is confirmed.
Since it is hardly possible that two glass plates would have identi-
cal deformtions, the most probable reason for the differences is a
curved supporting back of the film magazine. The standard errors of
unit weight within the six circles as shown in Table X are of the
same order of magnitude as from the test of the first glass plate
negative (see Table Vii).

Table X. Standard Errors of Unit Weight
from Adjustment of Measurements in

Second Glas-s Plate

Radius (mm) so (microns)

20 1.8
41 7.0
61i 1.1
88 4.4

106 2.0
128 4.8

(b) DgtermintooI Principl Distace of

PhoQtpgrphs with Some Different Methods. The -nminal camera con-
stant is 152.24 c for the zero-radius 75 mm according to the manu-
facturer of the camera. From the measurements of the coordinates of
the fiducial marks and computations of the distances between these
marks and comparison with the nominal distances, the following
values (Table XI) of the image constants are obtained from the glass
plate and the films.

Table XI. Determinations of Image Constants

i- Gass A-Kve rag e-
Direction Plate Film I Film II Film III Films

Length 152.25 152.24 152.18 152.17 152.19
Across 152.24 152,25 152.18 152.17 152.20
Average 152.24 152.24 152.18 152.17 152.20

The films show a minor overall shrinkage as an average, No informa-
tion concerning the standard error of the noma camera constant is
ava lable from the manufacturer. From the multicollimator test and
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the adjustment, the following values of the principal distance were
found for the circle r = 88 mm as zero-radius.

Glass plate 152.26 mm
Film I 152.27 mm
Film II 152.20 mm Average 152,22 mm
Film III 152.19 mm

The standard error of the determination can be obtained from the
standard error of unit weight and the weight number according to the
expression

=c

(see (15) above). From Table VII, we find the standard errors of
unit weight to be 6.2 and 2.8 microns for the radius 88 mm and for
the films and the glass plate, respectively. The standard errors of
c become: for the glass plate: 5c = 0.003 mm; and for the film-
ac = 0.005 m. For the radius 75 mm, we finally find: a
152.25 Mm; and Cfilm 152.21 mm. The agreement with t =~nufac-
turer's value of c is rather good.

(3) 0-Aparir.Q4 between Geometrical Qua ity-andPhOogrphic R esolving Power of Testd Negtves. Each of the tar-

gets for the geometrical calibration in the multicollimator is com-
bined with a target for a test of the photographic resolving power.
It is a full-contrast line-pattern of the usual type where the
thickness and the density of the lines is gradually changed. The
resolution is defined in ines per mm according to the last figure
where the lines still can be distinguished. Such a test was applied
to the films and plates, which were used for the determination of
the geometrical accuracy in order to find possible a relation be-
tween this quality and the photographic resolution. The averages of
the values for the results from camera A are shown in Table XII.

Table XII. Comparison between Geometrical Accuracy
and Resolving Power (Camera A)

- Rsolving __Stanir Erroar Qf-
Circle Radius Power Unit Weight (microns)

(M) (lines/mm) Average

1 20 24 1.7
2 1i.1 24i 2.6
3 64 20 4.1

88 20 2.4
5 106 20 3.1
6 128 20 -'.9
7 152 17 8.0
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In Table XIII, the corresponding values are shown for camera B.

Table XII Comparison between Geometrical Accuracy
and Resolving Power (Camera B)

Resolvin g Standard Error of
Circle Radius Power Unit Weight (microns)

---- (Iinaes/;4) - Average-

1 20 44 2.2
2 41 48 4.8
3 614 42 1.7

88 38 3.6
5 106 35 2.9
6 128 27 4.8

in the results from both the cameras, there is a clear
correlation between the resolving power and the standa d error of
unit weight. The resolving power decreases and the standard error
of unit weight increases with the distance from the center of the
image. In other words, the decrease of the weight of image coordi-
nates with the radius, which has been discovered earlier and which
has been confirmed in these investigations, is closely related to
the decrease of the resolving power. Therefore, it seems probable
that the decrease of the weight to a certain extent may be caused
by the decreasing resolving power but there are doubtless many more
causes of the weight variation. The most important one might be the
lacking flatness of the image surface which always will have the
mentioned effect when the observations and measurements of the image
coordinates are made orthogonally.

It is evident from the tables above that there is a con-
siderable difference in the resolving power between cameras A and B.
The averages of the standard errors of unit weight of the two cam-
eras are also different.

(4) S9-mary of ,4u!t!collimator Tests of Negativesfrom Aeril Camleras. The appl -iednthod for the determination of
the-geometrical quality of the negatives in connection with the
camera calibration procedure in the multicollimuator has proved to
be very convenient and to give valuable results. Again, the method
of lea squares has shown one of its most importa properties- to
distinguish between regular and Irregular errors in discrepancies
between given and measured data. In particular, a well-defined pro-
cedure for the determination of the elements of the interior orien-
tation has been established. The geometrical quality of the elements
of the interior orientation can be defined and expressed theoretica ly
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correctly as standard errors in terms of the basic standard errors
Of unit weight of the observations and the corresponding weight and
correlation numbers. This is of great importance for all functions
of the elements of the interior orientation, i.e. practically all
results of photogretric measurements. it is, however, most im-
portant to remember that the standard error of unit weight of the
image coordinates as determined and shown above refer to laboraoy
conditions and that the corresponding data from operational
conditions certainly are different. Above, the standard error of
unit weight of the image coordinates was found to be of the order
of magnitude of 3 microns for each of the two image coordinates and
as an average for the entire photograph. A certain Variation of
this standard error was found for different parts of the photographs
indicating a weight variation of considerable amount and very sizi-
lar to what has been found through tests of aerial photographs from
operational conditions.

Prom such tests, the basic standard error of unit weight
has been found to be of the order of magnitude of 6 to 8 microns in
film negatives and as an average for the entire photograph. A very
pronounced variation of the standard error of unit weight with the
radius has been found and, consequently, a considerable variation
of the weights of the image coordinates (see publication 2). This
weight variation has been confirmed from the calibration tests above
and has, consequently, been found to be present already in the cali-
bration stage of the aerial camera, Some possible reasons for the
weight variation will be treated in more detail below.

So far, it is important to use 6 to 8 microns as a realis-
tic value of the standard error of unit weight of the Image coordi-
nates in aerial wide-angle photographs instead of the obtained value
3 to microns from the calibration tests. The tests of the aerial
photographs, however, are rather limited up to now and have been
performed exclusively with film negatives. Such tests should be
performed much more frequently and should be applied to different

types of cameras and to film and glass plate negatives. The proce-
dure for the tests is very similar to what has been applied to the
collima-tor tests. It should also be noted that the same procedure
can be applied to tests of all kinds of central perspectives, in-
cluding photographs for non-topographic applications, micro-
photographs, X-ray photographs, and television images.

Concerning the detailed results from the performed multi-
collimator tests, the obtained accuracy must be regarded to be high.
The standard errors of unit weight contain error influences from the

adjustment of the multicollimator itself, from the imaging procedure,
from the measurements in the comparator, and from the operator. In
this case, the operator was not very well trained. The different
qualities of the two tested film types could be well distinguished
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and proved a very pronounced affine shrinkage in one of the films.
The standard error of unit weight after correction for the affine
deformation became of nearly the same order of magnitude for both
the films and does not differ considerably from the corresponding
standard error of unit weight of the glass plate negative coordi-
nates. This is a remarkable fact, indicating that the basic accur-
acy of film-s and glass plates in these experiments has proved to be
nearly the same. It would be most interesting to investigate the
corresponding relations after aerial test photography and also under
different conditions concerning the photographic treatment Of the
films and glass plates. It seems very possible that, in particular,
the drying process for films and glass plates may have considerable
influence upon the geometrical qualities of the image coordinates.
It would also be of great value to make similar tests using differm
ent focussing settings of the multicollimator for the determination
of a possible correlation between the resolving power of the optical
system and the photographs on one hand and the basic geometrical
accuracy of the image coordinates on the other. It seems that such
an empirical procedure is the most effective method for treating
this very important but difficult problem, at least in the intro-
ductory stage. Later, when the general relations between resolving
power and geometrical precision and accuracy are experimentally
tested, more detailed studies of the relation between individual
causes of the changes in the resolving power and the geometrical
qualities can be made in a similar way.

it would also be very interesting and valuable to use the
derived methods for investigations of the relation between different
makes of glass plates and films where the graininess, thickness of
emulsions, spectral sensitivity, exposure time, and development are
varied. In this way, certainly valuable information on the relation
between the basic geometrical qualities and the mentioned factors
would be obtained. Next, some applications of the derived method
for the test of the interior orientation are treated,

4. Determination of Standard Errors of Elements of Interior
Orienta4ti-on__The elements of the Iir orientato ar ie p I V
the pincipal point and the principal distance. Further, the dis-
turbances of the central projection must be known for the purpose of
the reconstruction of the bundle of rays on the object side of the
lens. Such disturbances are generally identified with regar errors
of the image coordinates such as the radial distortion, the tangen-

tial distortion, affine deformations, and other possible coordinate
errors which follow a certain well-defined law. Fina lU, the irreg-
ular errors of the image coordinates, defined and expressed as the
standard error of unit weight after a we1-idefined calibration pro-

cedure should also be determined and shown. For all elements which
have been determined through the calibration adjustment procedure,
i.e. those elements to which corrections have been computed from the
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adjustment in terms of the measured quantities (the discrepancies of
the image coordinates), the accuracy den be determined and expressed
as a standard error. A summary of the standard errors of the cor-
rections from the normal equations was given for the radius 152 mm
above in paragraph 3c(i). The figure 0.01 m was used as standard
error of unit weight. It is evident that, due to the weight varia-
tion of the image coordinates within the photographic iae, the
standard error of unit weight increases with the radius but the
weight numbers decrease with increasing radius. Therefore, there
must be a certain radius which is the most favorable to use for the
determination of the correction of the actual element. There is, in
other words, a problem to determine that radius which gives the
smallest standard error of the element in question. For an applica-
tion of this principle to the calibration in practice, the weight
variation within the photograph has to be determined more completely
than up to now and more tests of the same type as shown above are
necessary. in order to show how the principle would work in prac-
tice, we will use a preliminary expression for the weight variation.
In publication (2), the standard error of unit weight of the image
coordinates was found to follow this equation:

s o = -1 + 0.008r + 0.00028r2

where so is the standard error of unit weight in microns for the
radius r in millimeters.

The weight number of the correction dc of the principal
distance is as shown in (15)

c
2

The standard error of r can, consequently, be written

sr SO  or2rr

r  (1 + O.o8r + 0.00028r) or

Sr= + 0.004c + 0.00014rc

Next, such a value of r is to be determined which makes sr a mlnl-
mu-. Applying the usual procedure in such a case, we find



derdar _ 0.0001-c = 0
dr 2r2

Since the second derivative always is positive, there is a minimum
for

r 59mm

In other words, for the radius of about 60 m, the best value of the
camera constant would be determined under the mentioned conditions.
Similarly, other elements of orientation can be treated. As already
said, however, more determinations of the weight variations of the
image coordinates are necessary before this principle can be applied
to practice. For a determination of the dtandard error of the co-

ordinates of the principal point, the following procedure is applied.
We assume the camera to be adjusted very carefully in the multi-
collimator and the image of the central collimator target to coin-
cide with the intersection of the two fiducial mark lines or with
the point halfway between two of the opposite points. The image of
the central collimator target is, consequently, to be regarded as a
preliminary position of the principal point. Through the adjustment,
corrections will be found to this point in the x and y-directions.
The corrections are to be determined from the differential formulas
(1) and (2) where x and y are put 0 0. Hence, we find

dy dyo + cdm

The weight numbers of the corrections can be found from
the general law of error propagation

Qxx = roxo + cW - 2CQX040
=7 y + c2 Qc + 2Qo

After substitution of the corresponding expressions from (15), we

find after some simple computations

1

To this weight number, the influence of the original measurements in
the prel!nry principal point in connection with the coinciding
operation has to be added. The standard error of this operation is
assumed to be of the same magnitude as the standard error of unit
weight of image coordinate measurements and, consequently, the num-
ber 1 is added to the weight numbers of the corrections Qxx and Qy.

Hence, the weight numbers of the corrected position of the principal
point become
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and the standard errors of the final coordinates of the principal
point become

That value which refers to the 4rcle which is used for the cletermim
nation Of the corrections should be used as standard error of unit
veight., The standard error of the radial distortion amounts is
found from the expression (5

The standard errors of the affine deformations can be found from

(16) and (17).-

We derive

02
OCY r2

and

Qdrdr

Hence -

a 5c Or
ax Q

sdr Ba V0

an s are the standard errors of the cae aostants in the

x- and. Y-irecti.ons,, respectively, as determned from the affine
adjustment, and sdrx and sdry are the standard errors of the radial

distortion amounts -in the two directions.
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5. Criterion for_ Tagntial Distortion in Photogra~phic_ Image.
Tangential distortton in photographs was first discovered by

PePIngton, and a report (10) On this type of regular error in image
coordinates was published in 1947. According to this paper, tangen-
tial distortion is characterized by the circumstance that a straight
line in the object through the camera axis (image of the principal
point) becomes imaged as a curvs in the photograph. The simplest
way to test if tahgential distortion is present in a photographic
system is, therefore, to image points on straight lines through the

camera axis and then to test, through measurements, if the point
sequences in the image are sufficiently curved for a statement that
tangential distortion is present. Evidently, since such a decision
must be founded upon measurements, the geometrical quality of the
measurements is of importance. For large amounts of tangential dis-
tortion, the basic quality of the measurements may not be very crit-
ical since the irregular errors of the measurements may be complete-
lY covered by the regular error but the smaller the tangential dis-
tortion becomes, the more critical will the distinction be between
the two types of errors. Here, some investigations will be made for
the decision whether or not tangential distortion can be said to be
present in the results of image coordinate measuzements of points
which are expected to formu a straight line through the principal
point or, which is the same, if there are sufficient lateral devia-
tions between two sets of point sequences in the Object and in the
image passing through the principal point.

The test for possible tangential distortion in a photom
graph can, therefore, first be concentrated to the test of the
straightness of a line through coordinate measurements of points
along the line. This problem is of importance for photogremmetry
in general since straight lines play an important role in several
connections. It is sufficient to mention the requirements on
straightness of the rods of photogrametric plotters which must be
checked in some way.

a. Petermination4 of -Str4igh-tness .of a ALine throu -h
Meaeuregmuts. We-assume- t poihts 6n an asemed straght -ine to
belocated at approximately the same distance from a check line, for
instance the x-axis of a comparator of high quality (see Fig. 15).

1 2

Fig, 15. The coordnates x and r of points alon the line t

are measured as i ndicated. The distance between the point 1
and 2 is denoted £.

i44~



The coordinates x and r of the points can be measured with
replicated settings in each point in order to increase the precision
of the averages of the results of the settings. The standard devia-
tion of the averages of the settings in each point are assumed to be
equal. Two points 1 and 2 are used as reference points and the
straightness of the line E is to be deteriined with respect to the
deviations of the points from the line def'ined by the two points.
it must be remembered that this line is defined by points which are
deter-mined by measurements too, and that, therefore, the line itself
cannot be regarded to be free from errors. These errors have to be
taken into account when the question of straightness is to be
treated.

in order to make the two points 1 and 2 coincide with the
control line, one translation dro and one rotation 4 are introduced.
The influence upon the coordinates r of these two parameters can be
expressed by the equation

dr - dro  (3)

From the coordinates dri Ad dr2, which are assumed to be of differ-
ential order of magnitude and the expression (23), the corrections
-dro, -dT can be obtained according to the two equations

dri = - dr0

dr2 =-dro

where E denotes the length between the points 1 and 2.

From these two expressions, the two corrections are im-
mediately found:

dro = - dr1

drI  dr2

Next, all the r-coordinates of measured points along the line f are
corrected according to (23). The correcton to an arbitrary point
becomes

drcorr - dr 1 + X (dr! - dr2) - dr - dr 2 A

If the original r-coordinate in a point to be corrected
was drx the corrected value or the residual drr becomes

drr = drx + dr( - )- dr 2
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Next, the errors of all measured data are substituted by
their statistical values or the standard error of unit weight so of
the measurements of the coordinates r. The special law of error
propagation then gives

tr o \ /2so \ E2 0

Hence, the standarA error of the residual drt after the corrections
is

This expression has a mininmi for x L i.e. halfway between the two
points 1 and 2. The minimun is

Srman 1.22s0

it is also evident that the standard error increases for a constant
x with decreasing f i.e, when the two point 1 and 2- approach each
other. Expression (2-4) is graphically shown in Fig. 16.

'Sr

,b1

Fig. 16. Variation of the standard error of a corrected devia-
tion. so M 1.

The root mean square value of the standard errors of the residual
deviations within a certain interval can be found with well-known
procedures. Between two points x* and x2 we find

rmSv =SO 2~-~~



After integration, we find

rmsv = so 4 ( +xlx2+X i ) (25)

For x,2 1 and x1_ 0 is found

rmsv aVT

Next, the procedure for the determination of the standard
error of unit weight of the measurements is briefily shown.

Measurements of the straightness are assumed to be applied
to a line (rule) of very high straightness. The straightness can
also be measured in identical points after rotating the rule through
1800 around the straight edge. After the two sets of measurements
are averaged, the results will represent a line of high straightness.
From the inevitable deviations due to the errors of the measurements,
the standard error of unit weight is to be determined. For this
purpose, the method of least squares is applied, as follows. The
differential expression (23) is applied to all measured points.

Therefore, it is written in the following manner

v d r o  Xdq dr

It should be noted that X refers to the point of gravity of the
measured points.

The normal equations are next formed for n points

ndr o + [dr] = 0

[XX] 4 + [Xdr- 0

Hence dro = n ....]

4 I Xdr I
F -h

Furter, according to well-known relations

vv] [dr] -d[ -] EXdr] 2  (26)n [476



The standard error of unit weight is then found from

b. Application to Coordinate Residuals in Test
PhotQgr phs. We assume that the geometrical quality of a photograph
has been determined according to the grid method, for instance in a
multicollimator, and that the residual coordinate errors have been
computed for the test points. The problem is then to determine if
the residuals indicate presence of tangential distortion. It is
necessiry that residuals can be studied along a line through the
principal point, &nd it is. preferable that the line is a diagonal.
Since the residual errors usually are given as X- and y-components,
they must in such a case be transformed into amounts orthogonal tO
the diagonal. The standard errors of the residuals are then to be
determined in order to see if the residuals are significant.

it is first necessary, however, to determine the standard
errors of the residual coordinate errors after the adjustment of the
calibration. For this purpose, the procedure used for the calibra-
tion and for the computation of the residuals must be carefully
taken into account. We assume here that the procedure derived above
in this report has been used for the calibration (see paragraph 3).
The adjustment has, consequently, been made with the aid of one
point in the center of the photographs and four points on a circle
around this point with the radius r. The residuals are then com-
puted from the expressions:

v= - -dc + y d + 1 + - -

c C 2\ C

In order to determine the standard errors of the residuals, the gen-
eral law of error propagation is applied to these expressions.

2( C2

-~ 2 ( 1 + 1
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Q+ 0-e+ =~ ++2
Qvyvy = +2 e2

Next, the weight- and correiationlnumbers are to be substituted by
the expressions from the solution of the normal equations. These
have been given above in paragraph 3 (15). Hence, we find after
some computations:

xvx - 10X  + 10x2 y- 5x2 r2 + r + 16r4
QVXVX12r4~

v l __~+_10x - 5y~r _ r 2 + 16 r~
Q.Y vY 12r4

The correlation number is Qv x y (5x2  5y2-4r2)

X y 3r4

The standard errors of the residuals are then found from

= S0SVX  V 4Xv

S V y s 1 ; V V

where so is the standard error of unit weight of the image
coordinates.

From these expressions, the standrd error of arbitrary
residuals can be found after substituting the coordinates of the
location of the residual (Fig. 17).

If the residuals are located along the diagonals of the
photograph and the x- and y-directions as usual are parallel to the
sides of the photograph, a certain simplification can be made as
follows.

It can easily be shown that if the residuals in a point
along a diagonal are vx and vy the corresponding length of the

residual, orthogor ' to the diagonal, is of the form d - X y
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y

2.552.0 4 .5 5 2.0

Pig. 17. Graphical representation of sv, for so  1. The

corresponding graph for cvy can be obtained from rotating this
Figure through 90.

In order to find the standard error of the distance d from
the diagonal, the expressions for vx and Vy above are substituted
into the expression d and then the general law of error propagation
is applied to the obtained expression. After rather comprehensive
computations and after substitution of the expressions (15) for the

weight and correlation numbers, the weight number 04 is found as
follows

Sd-(x2 + y2 ) fox-y)2 - 2r~i + 16Aror y

2 4

The standard error sd is then found as usual

Sd s SO

is the standard error of unit weight Qf the i e coordinates,

referred to the adjustment of the circle with the radius ro .

50



For an arbitrary point on the corresponding diagonal with
the radius r from the principal point, the x- and y-coordinates can

be written as \ After substitution into the expression d bove,

we find:
r2

Qdd= +2
0

Because of the symmetry, this expression must be valid for points on
all diagonals with the corresponding radius.

For rO = 88 mm, we f'ind the following standard errors for
other used radii.

Sd20 l. 14s o  sd88 .l50s0

SSd4l =143so  Sdlo6  1-54s0

Sd = l'46So = !.59s5O

For so = 3 microns, the standard errors sd vary between i2 and 4.8
~micronsi

In a problem of this nature, it is always suitable to de-

termine the confidence limits of the residuals. Assuming a normal
distribution (at least on the 5-percent level) of the residuals
behind the determination of the standard error of unit weight, 4
degrees of freedom, and the 5-percent confidence level, the
t-distribution gives the factor + 2.8 with which the standard error

X is to be multiplied in order to find the actual confidence limits.
For the average 4.5 microns as standard error, this gives the value
0.012 microns or with some approximation 0.01 mm. In other words,
on the chosen level the individual residuals should be of the order
of magnitude of 0.01 mm in order to be regarded as caused by sources
of errors other than irregular ones. In addition to this criterion,
it is possible to use some condition concerning the direction of the
resides. Such a possible criterion will be treated next.

We assume the residual coordinate errors to be determined
for points along a diagonal and that the residuals orthogonal to the
diagonal are shown. Next, the residuals in the end points of the
diagonals are made zero through rotation and translation of the en-
tire point sequence as treated under paragraph 5a. The residuals
after this operation are next used for a criterion whether or not
there is a significant curvature of the diagonal. Each residual is
first multiplied by the distance to the nearest end point, and the
sum of the products is computed. The center point in the sequence
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is multiplied by both distances to the end points. The sum of the
products is evidently an expression for the curvature, the signifi-
cance of which, however, must be tested in some way. For this pur-
pose, the standard error of the sum of the products will be deter
mined and the deviations of the sum from zero will be tested with
respect to the standard error.

We assume the test points to be located symmetrically with
respect to the principal point. if the distances of the test points,
including the principal point, from the end points of the diagonal
are denoted x,x 2 ,..., xp and the corresponding residuals are denoted
d,&,..., ad cd dd d,... d respectively (see Fig. 18), we have
the following expression for the sum of the products S

s = xa( l  d.1 ) + x2(42 + d.2) + ... + 2 pdp

Assuming the standard error of the residuals d to be at least approx-
imately the same as was shown above (the magnitude 1.5so is a good
average value), the standard error of S can with some approximation
be determined from the special law of error propagation .

8 o -.5(xx + 24)

The confidence limits of S can then be found, again with some approx-
imation, with respect to the standard error sS and with the aid of
the t-distribution. If so was determined from 4 degrees of freedom,
the factor 2.8 is found for the 5-percent level. Consequently, if
the product sum S exceeds the value + 2.8sS, tangential distortion

can be regarded tO be present. There are some approximations in
this derivation, in particular neglected correlations. The confi-
dence level is, further, a choice. Therefore, this criterion should
primarily be understood as a guidance. Next, a practical example of
the application of the criterion will be shown. From the pubication
(1), Diagram 13, p. 35, the following ex-mple is taken. After a

test of an aerial camera Wild R.C. 5a, Aviogon c - 152 m through
photography of a grid on the ground from a high tower, he residual

coordinate errors along the two diagqnals 108 - 08 and 208 - 308

0 1 2 p -2 -1 0

x

Fig, 18. Schematic illustration to the computation of the sum
of the products of the residuals dl, d2 , etc. and the corres-
ponding distances xl, x2 , etc.
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were computed as shown in the mentioned diagram. The adjustment was
made with the aid of the center point 5 and the four mentioned
points, located on a circle around the center point with & radius of
118.6 mm in the image. The residual coordinate errors were first
transformed into residuals, orthogonal to the diagonals. These re-
siduals are shown in Table XIV. in the same table, the procedure of
the translation and rotation of the diagonals for reducing the re-
siduals in the end points of the diagonals to zero is also shown.
The principles of this procedure were shown above under paragraph 5a.

Table XIV, Residual Image Coordinate Errors Along Two Diagonals
before and after Translation and Rotation of Diagonals

d- d
after after

Point r x d transi. Point, r x d transi.
(mm) (m) (micr) and rot. (m) Wm) (micr) and rot.

108 119 0 +2 0 208 119 0 -0 0
107 104 15 +3 +1 207 104 15 +2 +3
106 90 29 +8 +6 206 90 29 -2 -i
105 74 45 +4 +3 205 74 45 +8 +10
104 59 60 +6 +5 204 59 60 +3 +5
103 44 75 +4 +3 203 44 75 +1 +3
1o 30 89 -3 -4 202 30 89 +7 +9
101 15 1O4 +8 +8 201 15 104 +7 +9
5(p) 0 119 -3 -3 5(p) 019 +5 +8
4oi 15 1O4 +2 +2 301 15 104 +5 +8
402 30 89 +3 +3 302 30 89 +6 +9
403 44 75 +4 +5 303 44 75 -2 +1
404 59 60 -3 -2 304 59 60 -0 -7
405 74 45 +9 +10 305 74 45 +7 +10
406 90 29 +10 +11 306 90 29 -3 +1
407 104 15 -3 -i 307 104 15 +1 +5
408 119 0 -2 0 308 119 0 -4 0

The parameters for the translation and rotation are

for the diagonal 108 408: dro  .- 2-, d and

" " " 208 - 308: drt =- + 1,23

From the table: [d + 2 90428; S 408 .408 + 2095; S208.30 = + 647
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in this case, the standard error of unit weight is so a 4.4 microns.
Hence, sS = 2807 microns. The confidence limits become: ±7860
The conclusion is, therefore, that tangential distortion is not re-
garded to be present in any of the tested diagonals. In Fig. 19,
the residuals are shown graphically. According to Table XIV and
this figure, there is a tendency of tangential distortion in both
diagonals, in particular in 208-308, but the aUnts are too small
according to the test.

0

+10

11

-7

8 +3

I3

Fig. 19. Residuals along the diagonals, and orthogonal to the
diagonals, after adjustment and after making the residuals zero
in the points 08-m08, 208308 through translations and rota-
tions of the diagonals All data in microns.
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It should again be emphasized that there are certain
approximations in the procedure, which may be regarded as necessary
for the practical treatment of the problem. For the practical ap-
plication of the test for tangential distortion, it is necessary to
test at least two sets of diagonals. In the camera calibration,
therefore, at least two photographs should be taken between which
the camera should be rotated through 45 around the camera axis.

6. Emprical Determination of Correlation between Residual
Image Coordinate Errors. For several purposes, the correlation be-
tween the residual image coordinate errors after the adjustment of
the calibration procedure is of great interest. Two types of corre-
lation can be distinguished, viz, 4the "algebraical" correlation from
the adjustment procedure and the "physical" correlation. The former
correlation can be determined theoretically from the basic differen-
tial formulas for the residuals in terms of the elements of orienta-
tion and the normal equation systems, but the latter correlation
must be determined empirically from real residuals in connection
with numerical adjustments of the calibration procedure.

Here, the basic ,expressions for the algebraical correla-
tion will first be derived and then the empirical correlation will
be investigated with the aid of a series of performed calibrations
of aerial cameras.

The basic differential expressions for the determination
of the algebraical correlation are for two points 1 and 2:

xl YdK + \ x1y
Vxl = - dxo X -dC + +2l +,4 c )d x l

2

V - -xo  !?c +y 2dK(+ + c4 C dr- dX2

2
xyy yi)J

Vy dY 0  dc xdK TX ' -(1 + ~cdo d

vy2 ~ ~ ~ y /-o a_2K+

The correlation between vxl an V can be expressed with the aid of
the correlation number which is oefained after determining the sum
of a cross product between the coefficients of the differentials in
al cobinations. The corresponding weight and correlation numbers
of the elements of orientation have been shown above, (15). We find:
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2x 2Xi + 2-2 c2

0~X2 O0 C2  cc 2Y 2%t 2(1 c2+ Q

2xlxgylyg 2 2 2)Q
+ -- 2 (x1 + -+ 2c )-.

2 1Y2 + 2xiXQl + 1 +

+ +(y 2- +- - 2-Y ( + --2+ 2.2) rc

After substitution of the ex(pressions for the weight and correlation
numbers from (15), we find:

1 - (4ir4 + 1Qc4 + 4r c2 + 3r 2 xI-x2 + 3r: yly2 + -2 -22

2 2 2 2 2 2
+ 5x c + 10xjx2yjy2 m 2xjr- - 2x2 r)

Qv 1 I ('4~r4 +i 1004 + 4Irc 2 + 3r 2xlx2 + 3r23 y + 1Oy2y + 5y

2 2 2 2 2 2
+5y~c + !0xlx2yly2 - 2y~r- 2y2r)

The correlation coefficients can then be found from the ratios:

xlxl x2vP

The exprsin o and Qvvhave been derived above (se

paragraph 5c).-
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In these expressions, attention has been paid to the in-

fluence of the elements of orientation only. In practice, there are
many more sources of errors influencing the residuals of the image

coordinates. Therefore, an empirical investigation of the correla-

tion relations between the residuals must be more reliable than the
theoretical derivation founded upon the elements of orientation only.
Such an empirical determination of the correlation has been made
with the aid of residual image coordinate errors after a series of

adJustments of camera tests from the air, i.e. under real operating
conditions. The primary purpose of the determination of the correla-
tion was to investigate the mutual relations between the residuals
in the corners of squares located in different parts of the phnto-
graphs and of different size. The results of the correlation tests
are to be applied to practice for the following tasks.

A regular point (grid) pattern is to be superimposed to a
photograph and is to be geometrically connected with the image co-
ordinate system of the photograph (defined by the fiducial mark sys-
tem). The coordinates of the grid points in the moment of exposure
are assumd to be known with high quality and are also assumed to be
measured with high quality again in the film when the image coordim
nates of arbitrary details are to be determined for the photogram-

metric procedure. From a comparison between the two sets of coordi-
nates of the pattern points, possible film deformations can be
numerically determined and corrections can be applied to simultane-

ously measured coordinates, of imae detils before -hese coordinates
are used in the photogrammetric procedure. This procedure evidently
assumes that the point pattern is so dense that the errors to be
corrected within the corresponding areas (squares) are caused by the
same sources, primarily film deformations, or that these errors are
correlated to a high degree. In this case, the concept of correla-
tion is evidently closely related to the concept of regulaa errors,

in particular the special case constant errors within local areas.
The correlation between the residual imae coordinate errors and the
disnces between the corresponding points in the image is, there-

fore, of basic importance for the determination of the most suitable
density of the point pattern. From the point of view of high relia-

bility of the corrections, the point pattern should be very dense
but there are also factors involved which require a sparse point
pattern (the photographic quality and primarily the time consUmlption
and the costs for the construction and measurements of a dense grid).

Therefore, in this case as so often in photogrametry, a compromise
between reliability and ecQno_ y has to be used.

For further treatment of the problem of density of the
point pattern, it is necessary to get some information about the
correlation between residual image coordinate errors in aerial photQ-
graphs on film and in particular about the relation between the de-
gree of correlation and the distances between the actual image points.
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As indicated above, such an investigation has to be of empirical
character, i.e. the residual image coordinate errors in aerial
photographs on film after a determination and correction of the most
important regular image coordinate errors (primarily the radial dis-
tortion and general affine deformations) must be investigated closer
with respect to their mutual correlation. it is of importance that
the photographs have been taken under real operational conditions
since all possible sources of errors during the photographic proce-
dure must be taken into account. Residual errors after laboratory
tests of cameras are also of interest, however, but mainly as addi-
tional checks of the correlation pattern from the real aerial photo-
graphs. Shrinkage tests of films from laboratory experiments are
also of interest if the pattern of residual errors is determined
according to an adjustment with the aid of least squares. in this
investigation, primarily the residual image coordinate errors as
shown in publication (21), p. 555 through 565, Diagrams 6, 9, and
12, will be used. The aerial photographs were in this case taken
with three different cameras and on three different rolls of film.
The flying altitude was about 5,000 meters (15,000 feet) above the
ground and the image coordinate residuals were obtained after ad-
justments of the space resections according to least squares. The
photographs may, therefore, be representative of that type of photog-
raphy which is of actual interest. For convergent photography, for
instance, oblique photographs of suitable test fields (perspective
grid arrangements) should be used for the correlation determination.

a. Statistical Distribution of Residuals. First, the
normal distribution of the residuals was tested. Although the num-
ber of residuals for each image is rather limited (50 residuals in
x and y), the images were tested individually. Also, all residuals
were tested together. (See the Appendix.)

No detailed description of the tests will be given here
since it is satisfactory to show the histograms and the correspond-
ing normal distribution curves in addition to the chi2 tests of the
discrepancies between the two curves (see Figs. 20 through 23). The
following results were obtained.

Photograph 1 (Hec 59 Oia 08): Well normally distributed.
2 (Hec 59 01q 15): Very well nor l dstributed.
3 (Hec 59 02b 05): Not normal distributed.
1 + 2 + 3: Normally distributed.

b. Determination of Correlation. The residuals were
determined in image is which- were located and denoted according
to Fig. 24. The point figure was divided into squares of different
sizes. The largest square is evidently the figure 22-62-66-26.
There are then nine squares the sides of which are the half of the
sides of the largest square; there are further 16 small squares.
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62- " .66

22. • .'26

Fig. 24. Location and notation of image points with residual
coordinate errors.

The correlation was investigated for the corners of all 26 squares
in each of the three photographs or together for 78 squares. For
each of the squares, the sum of the products of the residuals in the
x-coordinates was computed from all the possible six combinations.
Then, this. product sum was "normalized" through division by the sun
of the squares of the x-residuals. In a similar way, the residuals
of the y-coordinates were treated. In formulas, the mentioned em-
pirical expressions for the correlations in the x- and y-directions
are defined as follows:

I(p,q cyc[ag.) yr (pq cycl.diag.)
i rxrx] tryr y)

It should be noticed that these expressions are no correlation co-
efficients according to usual definitions. If the residuals in the
four corners of the squares are equal in magnitude and direction,
the expressions above obtain the value or 1.5. Consequently If

the squares become smaller and smaller, the correlation values can
be assumed to approach the value 1.5 since the residuals due to film
deformations must become more and more equal. The irregular errors
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of the measurements will, of course, to a certain extent have in-
fluence upon these relations.

The dimensions of the largest square are 200 x 200 mm and
of the two other sets of squares 100 x 100 and 50 x 50 mm, respec-
tively. It would, of course, be desirable to have still smaller
squares available for these investigations, but so far only the
mentioned dimensions are at disposal. It seems possible, however,
to use some kind of extrapolation between the smallest square and
the limit value 1.5. Further, some additional tests aay possibly
be applied from residuals in connection with multicollimator tests.

In Table XV, the results of the COmpUtations from the re-

siduals of the three test photographs as mentioned above are sum-
marized. Only the absolute values of the computed correlation data
are used since the sign of the correlation is of no importance for
the actual purpose.

Table XV. Correlation Expressions for Test Photographs

--Squares Yhotogr h 1- __Photcga 2 -Photo a---- Aver-
_______ y I Aver. Aver. x Aver.

200 x 200 mm 0.32 0.50 064i 0.11 0.40 0.26 0.4i 0.59 0.50 0.39
100 x 100 mm 0.31 0.30 0.30 0.49 0.4-2 0.45 0.50 0.51 0.50 0.42
50 x 50 m 0.52 o.44 o.48 0.75 0.71 0.73 0.42 0.61 0.52 0.58

If the three averages are referred to the sides of the squares and
the relations are plotted in a diagram, Fig. 25 is obtained. The
relation between the correlation amounts and the sides of the
squares agree mutually rather well and also with the limiting value
1.5. The analytical expression for the curve has been computed by
Dr. D. Harkin as follows:

u = 0.0000795v3 - 0.026025v 2 + 2.2125v + 1.5

Evidently, the point from the square side 200 mm is rather
weak since there are only six determinations behind the value but
this value is of very limited value for the practical application.
The important part of the curve and numerical expression refers to
square sides less than 50 Mm. For the 50-mm side, there are 96 de-
terminations of the correlation amount. In the graphical represen-
tation (Fig. 25), the results of a similar correlation investigation

from residuals after adjustments of multicollimator tests of aerial
cameras have also been shown. The tests were made in using films
also. The agreement with the existing curve is evidently rather
good.
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Fig. 25. Graphical representation of the relation between cor
relation amounts and sides of the squares. The dots are corre-

lation amounts from residuals in film negatives after multi-
collimator tests.

Hence, it has been found from these empirical investiga-
tions that a certain correlation exists between the residual image

coordinate errors and that this correlation increases wheii the dis-
tances between the points decrease. A numerical expression for the

correlation amounts when the points are located in the corners of
squares has also been determined. These results are of great Inter-

est for a number of applications. It is possible, as was mentioned
above, to determine the necessary density of a grid pattern to be

superimposed in connection with the photography In or der to correct
certain regur errors of the image coordinates as caused by, for

instance, shrinkage of the film, etc. in such a case, the best re-
sults are probable when the correlation within the squares of the
grid reaches a certain level. Evidently, this cor relation becomes
stronger the smaller the squares are made according to Fig. 25. The

choice of the density of the grid must, therefore, be a co mprose
between the correlation and the economic conditions concerning the
manufacture, calibration, and measurements of the grid. For such
purposes, the determined correlation amounts are of Importance. It

must be emphasized, however, that the performed tests are compara-

tively limited and that there might be differences between different
film makes and that the correlation also might be dependent upon the
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photographic treatment, in particular the drying process. Further
correlation tests are, therefore, much needed.

Among further applications of results of correlation tests,
the construction of specifications for distance measurements in
photographs and photogrametric models can be mentioned. For the
determination of the accuracy to be expected in the measurements of
distances between points, the correlation must be taken into account
and attention must evidently be paid to the possible variation of
the correlation with the distance itself.

7. Tests of Some Basic Geometrical Quaiies of PhotQgraphiq
Materia!. The basic material in all photogrammetric activity is the
photographic negative. In general, photographc qualities such as

speed, sensitivity, graininess, resolving power, etc., are very
carefully investigated and tested; this is of importance primarily
with respect to the interpretative applications of the photograph.
The problem of how to define and measure the resolving power of a
photograph is, however, not yet completely solved and in particular
the relation between this quality and the geometric qualities of the
image coordinates is not clear.

Certain of the geometric qualities of the photographic
negative material, primarily the shrinkage of different film bases
and the flatness of glass plate negatives, have been tested and are
still continuously being investigated for the purpose, among other
things, of establishing tolerances. There are, however, more geo-
metrical qualities of the negative material which are of basic im-
portance for the photogrammetric application and which have been
comparatively little tested. In particular, the flatness of the
negative surface in the moment of exposure is evidently of the
greatest importance for the accuracy of the image coordinates if
the measurements or observations in the image are to be performed
orthogonally to the surface. Orthogonal measurements and observa-
tions of image coordinates are used mainly in modern photogrammetric
instruments, as for instance all stereocomparators and in al in-
struments with mechanical projection as the Wild and LSanton instru-

ments. There are several factors which can affect the flatness of
the negative surface in the moment of exposure and which, therefore,
are of importance for the accuracy of the iiage coordinates in ortho-

gonal measurements. First of all, it is necessary to define and ex-
press the concept of flatness clearly. In this respect, there are
different expressions in use which sometimes may be very difficult
to interprete. It is, for instance, not clear if the expression

"flatness of ..... microns" means a root mean square value of the ele-
vation differences of the surface or some kind of maximum elevation
differences between the lowest and highest points or if the expres-
son refers to deviations from an average plane. It seems necessary
that such basic definitions be standardized and that the figures
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concerning flatness in each individual case be clearly expressed.
It is always important to remember that flatness has to be deter-
mined with the aid of measurements and that, consequently, the
quality of the measuring device and procedure is of basic importance
and must be well defined. The plane, to which the flatness varia-
tions are to be referred is also to be determined with measurements
and the quality of the measurements will, therefore, also deermine
the position of this plane and the geometrical quality of the devia-
tions from the plane. A method to determine and express the flat
ness of a surface without touching the surface (the microscope
method) and a well defined procedure for expressing the flatness and
the quality of the measurements has been published in reference (11).
Significant deviations from flatness are defined there as confidence
limits in terms of the basic standard error of unit weight of the
measurements. Attention is paid to the fact that the reference
plane also is determined with measurements and, consequently, is
affected with errors too.

Concerning flatness of photographic negative material,
distinction must be made between glass plates and films. The flat-
ness of the image surface in a glass plate negative is primarily de-
termined by the flatness of the glass plate itself. Further, the
thickness variations of the emulsion is of importance and also the
location of the image details within the emulsion. Concerning the
glass plate, there are sometimes specifications given by the plate
manufacturers but these usually refer to the glass plate without
emulsion and to measurements made in connection with the selection
of the plates. These measurements must for natural reasons be made
quickly and with the aid of standardized methodS, sually based upon

the Newton rings. It is possible and very probable that the emulsion
is affected with certain thickness variations and that the tensions
of the emulsion may cause certain bendings of the glass plate, de-
pending upon the thickness of the plate. In some photogrammetric
organizations (for instance, Institut Geographique National (!. G.N.)
in Paris, France), therefore, the glass plates are coated on both
sides. Further, it is most important that no additional deformations
of the glass plates are introduced in connection with the exposure.
Serious defects of photogrammetric cameras have been detected in this

* respect as reported in reference (12). This is also an illustration
of the necessity to test equipment and material under operating con-
ditions before acceptance and application to practice. In regard to
the thickness variations of the emuls~on, no investigations seem to
have been performed or published. Some experiments concerning the
location of the image details within the emulsion will be reported
below.

Concerning film negatives, there are certaIn sources of
* disturbances of the flatness in the moment of exposure which should

be much more noticed. First of all, the supporting back can never
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be made exactly flat and the deviations from flatness may change
considerably with the time and other circumstances as, for instance,
temperature, mechanical pressure, etc. The supporting plates of the
cameras are usually tested in the laboratory only nd there under
rather special conditions. The important question is how the flat-
ness is maintained under operating conditions, in other words during
the exposure time in the air. it is evidently difficult to test
this in the air; laboratory tests where operating conditions are
simulated as closely as possible should, therefore, be arranged.
Further disturbances of the flatness of the film surface can be
caused by variations of the thickness of the film base and the emul-
sion. Finally, the location of the details within the emulsion is
also of importance as already mentioned above in connection with the
glass plate. in particular, the thickness variations of the films
and emulsion are of interest. No investigations seem to have been
made or reported. Therefore, a series of tests of the variations of
the thickness of some different films of different manufactures has
been made and the results will be briefly reported below. Further,
some investigations concerning the distribution of the details with-
in the emulsion will also be reported.

a. Investigationp- of Thicgkness,_ Va.riat ions of Aerial
Films. The thickness variations of the films were measured with a
measuring ga&uge where readings could be made in units of 1 micron
(0.001 mm). The gauge was placed in a stable stand which was fast-
ened on a surface plate. On the same surface plate, a glass plate
of high flatness was placed and fastened. The film was moved over
the glass plate into well-defined positions and the surface was
touched with a measuring gauge with a constant pressure. In certain
points, a great number of replicated settings were made in orer to

determine the precision of the measurements. The points in the
films where the measurements were made were defined with the aid of
holes in masks of paper which were fastened on the film. in certain
cases, particularly when unexposed film was to be measured, the film
was kept flat with the aid of a steel wire frame. The locations and
notations of the points for the thickness measurements are shown in
Fig. 26.

Eighteen samples from seven different makes of 9- by 9
inch aerial camera film were tested. Four samples were taken from
undeveloped and 13 samples from developed film. One sample was
measured before and after the development procedure. The measure-
ments were made according to four different systems (Fig. 26):

(1) Measurements in 25 Regularly Located Points.
The points were measured in three independent series. In each
series, one settng was used per point. The standard deviations of
the settings and the root mean square values of the thickness varia-
tions were computed.
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Fig. 26. Locations and notations of' the points in which mea-
sure'~ents of' the thickness Variations were made.

(2) Measurements along the Diagonals. Here, three
independent series of' measurements were also made . - The standard
deviation and the root mean square value of' the thickness variations
were computed.

(3) Me asuements along One Diagonal Only, but Usin
Five Settings in Each Po.int. This riment waS made 7in or!er to0
test the-peri0dicit-y of' the thickness variation.

(u.) Measurements in a G reat Number (about 500) of'
Reguj.arly ocated Points t& Coi-strut a Contour Lin& agram~ of'
Thickness Variations .. In each point, one-settn was mae. About
25-points were independently checked with independent, replicated
measurements.

(5) Res ults. The results of' the tests c an be sum-
marized_ as follows. -he procedure of' measurements gave a high pre-
cision. The standard deviation of' one measurement, computed accord-
ing to us ual formuas, was found to be of' the order Qf' magnitude 0. 5
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to 1.0 micron. For each measured film, the average of the thickness
was determined from the measurements in all points. The deviations
between the average thickness of each film and average of the mea-
surements in each point were deternined; the root mean square value
of the deviations was then determined. These root mean square
values are used as expressions for the variation of the thicknes.
For the 13 samples where measurements were made in 25 points, the
root mean square values varied between 0.8 and 2.1 microns. Samples
taken within the same film roll showed approximately the same thick
ness variations. No significant difference could be found between
undeveloped and developed film. From measurements along the diago-
nals, periodic variations in the thickness were found. From special
measurements of the thickness variations along the diagonals in many
points (see Fig. 26), considerable variations of the thickness were
found, which did not show up in the 25 pointmpattern because of the
periodic variations.

From the contoUriine diagram of one of the samples, the

periodic variation is clearly visible (see Fig. 27). in the same
sample, the diagonals were measured. In Fig. 28, the results of the
measurements along the diagonal are !shown. In the same figure, the
thickness variations along the diagonal from the contour line dia-
gram (Fig. 27) are also shown. The agreement between these two com-
pletely independent sets of measurements is evidently very good.

(6) %; r. The tests have proved a certain varia-
tion of the thickness of the films. There is a considerable differ-
ence from one film make to another. The thickness variations seem
to be of a periodic nature similar to "waves" in the length direc-
tion of the film rolls. The period is of the order of magnitude of
40 mm, and the differences in thickness have been found to amount to

about 0.01 mm or more. The reasons for the variations can possibly
be found in irregularities of the machine. The average thickness of
the tested films is 0.13 to 0.15 m.

More tests of this type should be made in order to deter-
mine if specifications for the thickness variations are necessary.
Under all circumstances, such variations will have influence upon
the geometrical accuracy of the image coordinates after orthogonal
measurements. The influence will increase with the distance of the
actual image coordinate from the center of the photograph; tis is
obviously one of the reasons for the weight variation of image co-

ordinates within the photographic image.

b. Investigations of Location of Image Details in
Emulsion. The thickness of -he emulsion in - aerial films is about
0.0 i . The location of the details within this range is evidently
of certain imporce for the determination of the ±mage coordinates

in instruments with orthogonal observation. If there are considerable
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variations in the location, there must be radial displacements of
the individual details depending upon the distance from the center
of the image and, consequently, influences upon the image coordi-
nates. A complete treatment of the problem concerning which factors
affect the location of the details in the emulsion must certainly be
very comprehensive. So far, no experiments with respect to photo-
grammetric principles seem to have been made or reportedi It seems
that primarily the exposure time and the developing time may be of
importance and that, consequently, experiments should be made in or-
der to see if there is some relation between these factors and the
distribution of the silver grains within the emulsion. Some empir-
ical experiments have been made in connection with these investiga-
tions of the basic accuracy of image coordinates, and a brief summary
of the results will be made. The experiments have been reported in
reference (13).

The principles of the experiments are founed upon re-
peated photography of high-contrast signals with a phototheodolite
using seven different exposure times. Three series were photographed
without filter and one series with a yellow filter. The three first
series were developed during three different timesi Glass plates
were used in order to facilitate the detaching of the emulsion. The
emulsion was then cut in thin slices (about 5 microns thick) ortho-
gonally to the surfaces and through the images of the signals. The
distribution of the silver grains in the image was then determined
through measurements in a microscope. The results of the measure
ments were treated statistically, and the relations between the
factors of illumination, development, and filter on one hand and the
point of gravity of the grains were determined.

From these preliminary investigations, it was found that
the exposure time has considerable influence upon the location of
the details within the emulsion. FOr a short exposure time, the
same details were found to be located closer to the surface of the
emulsion than for !onger exposure times. The light intensity is
also of importance for the location. The found variations were

about 3 to 4 microns. Concerning the development time, no sjgnifi-
cant influence could be found. The filter caused a minor transla-
tion of the details toward the surface of the emulsion, less than
one micron only. It must be emphasized that these investigations
are of introductory nature and that they have been made primarily in
order to find a suitable procedure for further investigations. The
conclusions are that the applied procedure works well. It is 1m
portant to mention that glass plates seem to be necessary for the
tests because of the difficulties in detaching the emulsion from the
film base. The numerical results of the tests indicate that there
may be considerable influence upon the location of the image details
within the emulsion from the intensity at the exposure and
that, consequently, another reason for the weight variation of the
image coordinates has been found.
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8. Tests of Central-Projection in Dia4positie Printers. The
central projection of a diapositive projection printer can be in-
vestigated with the same procedure as has been applied above to the
aerial camera. in particular, if the printing device corrects cer

tain regular errors of the photographs (as for instatce radial dis-
tortion), it is desirable to test the results of the printing in
order to determine that the actual regular errors really become cor-
rected. it is also suitable to determine the basic accuracy of the
image coordinates of the diapositive and of the regular errors.
Sometimes, dodging procedures are also applied in order to adjust
density variations. it seems important to determine that such pro-
cedures do not change the basic geometrical qualities of the diapos-
itives. The most effective and convenient procedure for such tests
is the grid methodi A grid of high and known geometrical quality is
imaged through the actual device, and the image coordinates of the
projected grid (diapositive) are measured in a comparator, also of
high and known geometrical quality. The formula systems of the grid
method can then be directly applied to the computations. The re-
sults of the procedure shall primarily be determinations of the
ordinary six elements of orientation between the original grid and
the copy, radial distortion, and estimation of the standard error of
unit weight. Aff ine deformations and tangential distortions ca- be
determined as shown above. Investigations of possible weight varia-
tions within the diapositive can also be made. A series of experi-
ments in a diapositive printer has been made and a sumary of the
results is given here.

An ordinary 9- by 9-inch grid on glass with 20-mm spacing
to be used for tests and adjustments of photogrammetric instruments
was copied by contact printing on a glass diapositive. The coordt-
nates of the copy were measured in a Mann comparator, the geometri-
cal quality of which had been tested carefully and where the stand-
ard error of unit weight of the coordinate measurements can be
expected to be about 1.3 microns. The grid was then reduced in the

reduction printer to be used for the experiments. The grid was
first printed in instrument without correction devices for radial
distortion. The printed copy was measured in the Mann comparator,
and the grid method was applied for the determination of the geo-

metrical qualities of the central projection. Some small radial
distortion tendencies were found, but these were not significant

with respect to the standard errors of unit weight. The distortion
and the standard errors of unit weight are shown in Fig. 29. The

standard error of unit weight is about 2 microns. This indicates a
very good ,quality of the printing and measuring procedure, Another
print was made, including the correction device for Metrogon radial
distortion. The results of the computations are shown In Fig. 30
where the radial distortion curve of the camera lens is also repro-
duced according to available information. The deviatIons between
the two curves are hardily significant with respect to the standard
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error of unit weight shown in the figure. The standard error of the
radial distortion is about half of the standard error of unit
weight, and about the same amount must be assumed also in the lens
distortion curve. A third example is shown in Fig. 31. The correc-
tion device of the radial distortion of a Superaviogon lens was used
in connection with the printing. Two independent measurements and
computations were made. The agreement between the two results is
good, and the comparison with the nominal curve of the lens also in-
dicates a rather good agreement. It is apparent from the standard
errors of unit weight as shown in the Figs. 29 through 31 that the
devices for the corection of the radial distortion introduce cer
tain disturbances. This is to be expected since such aspherical
devices are very difficult to manufacture perfectly.

In this experiment also, the corrections to the individual
elements of the orientation of the copy were computed together with
their standard errorsi The results are shown in Table XVI.
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Table XVI. Corrections and Standard Errors of
Elements of Orientation

(micrns1 -(centesimal seconds))_-

1 -73 447 -36 -252 -81
So -4.7

s 126 126 53 518 518

2 -33 +78 -6 -155 -21
32 22 17 85 85

3 +8 +14 -6 +10 -11
SO = 3.1 10 10 11 38 38

+5 2 -2 -1 +10
so=2.9 6 6 8 20 20

5 +4 +1 -6 -2 +12
go  3.4 0.5 0.5 8 15 15

To determine whether or not the corrections are signifi-
cant, the t-test is applied. For 4 degrees of freedom and on the
5-percent level, the factor t is 2.8. In no case, is a significant
correction found on this level.

in summar-y, the test procedure has been found to be con-
venient and reliable and to give good information about the geo-
metrical quality of the printing procedure, which is a very important
detail in the photogrammetric procedure.

III. DISCUSSION

The investigations reported in this paper have been primarily
concerned with the determination of the geometrical quality of the
image coordinates in pictures from aerial cameras. The quality has
been defined with respect to the conditions of the central projec-
tion and has been expressed in terms of re ar and irrelar errors
in the positions of image details in comparison with the ideal posi-
tions according to the central projection for a certain set of ele-
ments of the interior orientation. The method of least squares has
beegn applied throuout. The regular errors have primarily been

radial distortion and affine deformations bt tang ential distortion
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has also been treated, primarily in order to determine whether or
not this type of distortion is present in the results of a calibra-
tion procedure. The irregular errors have been estimated in connec-
tion with the adjustment procedure. The possible weight variation
of the image coordinates as a function of the positions in the image
has been investigated. The weight distribution as determined
through earlier experiments with aerial photographs has been con-
firmed. Suitable forms for the computations have been worked out
and have been applied to practice. Some relations between the geo
metrical accuracy of the image coordinates and the photographic re-
solving power have been studied empirically, and a certain correla-
tion has been found. The well-defined procedure for the calibration
of the aerial camera and the photographs has made determination of
the accuracy of the elements of the interior orientation possible.
The accuracy is expressed in terms of standard errors and as a func-
tion of the standard error of' unit weight of the image coordinates,
it is now possible to establish tolerances for the regular errors of'
the elements of the interior orientation and also for the standard
error of unit weight as confidence limits for certain confidence
levels. In this way, a well-defined procedure for tolerance tests
of aerial cameras and photographs in connection with the delivery
and during practical work can be worked out. It is necessary, how-

ever, to determine the standard error of unit weight of the image
coordinates more completely through repeated tests with different
cameras according to the principles derived and under operating
conditions.

Furthermore, some questions concerning the correlation between
residuals of image coordinate errors have been treated and, finally,
some empirical tests of geometrical qualities of the photographic
negative have been reported. These tests have been made primarily
in order to find an explanation of the considerable weight varia-
tions of the image coordinates. It is evident that much more re-
search should be devoted to these basic problems in order to deter-
mine the geometrical quality of the image coordinates under operat-
ing conditions. All photogrammetric activity is founded upon such
data.

IV. CONCLUSIONS

9. Conclusions. Based on the results of the performed theo-
retical and practical investigations as reported above, it can be
concluded that:

a. The method of least squares is of great value for the
calibration of aerial cameras in multicollimators and for additional
tests of aerial photographs after photography of regular test fields.

77



!I

b. The basic geometrical quality, expressed as standard
errors, of the elements of the interior orientation, of regular
errors of the image coordinates, and of other functions of the image
coordinate measurements can be expressed uniquely in terms of the
standard error of unit weight of the image coordinates.

c. The basic geometrical quality of image coordinates in
glass plates and in films have proved to be approximately identical.
The standard error of unit weight of the image coordinates increases
with the radius from the principal point. The average was found to
be about 3 to 4 microns.

d. Among the reasons for the weight variations of the
image coordinates are variations of the resolving power, lacking
flatness of the image plane (caused by variations of the thickness
of films and emulsions among other things), and varying location of
the details within the emulsion.

e. More attention should be paid to the basic physical
qualities of the image material.

f. Grid test fields should be arranged in the terrain
for tests of the basic geometrical qualities of vertical and oblique
photographs from different flying altitudes.
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APPENDIX

TESTS OF ASSUM NORMAL DISTRIBUTIONS

Abstract

in theory of errors for measurements the normal distribution
(normal law, error law, Gaussian law) is of importance. As a matter
of fact, the results of an adjustment procedure are dependent on
whether the errors of the fundamental measurements are normally dis-
tributed or not. The laws for error propagation from the observa-
tions to various functions and various significance and confidence
tests are also usually founded upon the assumption of a normal dis-
tribution. in reports on phOtogrammetric research, the distribution
of the errors, discrepancies, or residuals is seldom given and sta-
tistical tests of the normal distribution are hardly ever to be
found in photogrammetria literature. An example of such a test will
be Shown below. The procedure is borrowed from H. CramAr: Mathe-
matical Methods of Statistics, Princeton l946. The practical exam-
ple is taken from actual photogrammetric research concerning funda-
mental operations.

The prinqiples of the test

The actual errors, discrepancies, or residuals can be regarded
as a sample from a population, the distribution of which is expected
to be normal. This hypothesis is to be tested.

The sample cannot be expected to be exactly normally distributed.

There will always be deviations from the theoretical normal distribu-
tion. These deviations must be used for the analysis, and certain
limits for the deviations must be applied. The chi-square test is
generally used for such p oses and will be discussed below. The
limits must be determined in relation to certain predetermined proba-
bilities (levels). If the upper limit is exceeded, the normal dis-

tribution hypothesis is rejected. On the other hand, very small
differences between the theoretical and practical distributions

(below the lower limit) cannot be accepted, for obvious reasons.

For the test, first the actual statistical material Is grouped,
see the table below. The interval which contains all values is di-
vided into a certain number of class intervals. It is desirablethat about ten values fall within-smt of the Class intervals and
the number of classes should if possible not be less than ten.
Sometimes, classes can be pooled -n order to increase the number of
values. The number of class intervals is denoted k. The class mean
(class midpoint) of the class i is denoted ti and the corresponding
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number of values (the class frequency) fi' Evidently, the sum [f]
is the number n of all values. The mean value of the Sample is
found as

n

The standard deviation s is found from

where [vv:- [ftI - n

The class limit between the class intervals i-i and i is denoted bi.
Next the expressions b1 * x can be computed for all class limits.

s

This expression means the deviation between the class limit bi and
the average Y of the sample expressed in units of the standard de-
viation S. The expression is denoted standardized class limit. In
the practical computation of the standardized class limits, at least
two decimals usually are required. The standardized class limits
are then used for the determination of the ideal number of values
that should fall within the class intervals if a theoretically strict
normal distribution were present. Consequently, the mathematical ex-
pression for the normal distribution must be used for further

calculations.

If the class limits of the class interval i are denoted a and

b, the number of values that theoretically should fall within this
interval can be expressed as the product npi where n is the total
number of values in the sample and pi is a probability which can be
determined from the normal distribution function as follows:

b b 2

Pi 2s2 dt d V-j g
f S

This function is tabulated in most textbooks on statistics and theory
of errors. From the tables, the values of Pi can be determined for
each class interval as the differences between the upper and the
lower limits. The theoretically correct number of values which should
fall within the actual class interval for a strict normal distribution
is then found as npi.
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Next the differences between the theoretical class frequencies
and the actual class frequencies are computed as fi m npl.

Further, the sum) is computed. This function
npi

expresses the standardized sum of the squares of the differences
between the actual distribution and a theoretical normal distribution
and shall have a chi-square distribution if the assumed normal dis-
tribution of the sample is presenti The sum is, therefore, compared
with the corresponding value of the chimsquare distribution for a
certain number of degrees of freedom and for a certain level. in
other words, the goodness of fit between the ideal normal distribu-
tion and actual distribution of the sample is tested with respect to
the differences between the two distributions as expressed by the
last function above, If the differences are too large, the noma
distribution hypothesis cannot be accepted. If the agreement is too
good, the, reliability of the sample distribution can be doubted from
other points of view. The levels for both cases are usually chosen
5 and 100 - 5 = 95 percent, respectively. The degrees of freedom
are in this case determined as k-3, where k is the number of class
intervals. From a table of the chi-square distribution, which also
is to be found in most textbooks on statistics, the values for the
percentages 5 and 95, with k-3 degrees of freedom, are determined and
computed sum as indicated above. If the sum is located between the
two values from the chi-square distribution, the hypothesis that the
sample distribution is normal can be accepted.

Finally, a histogram should be made from the distribution of
the sample. in the histogram, the corresponding normal distribution
frequency curve can be demonstrated simply, but with a certain ap-
proximation, through plotting the computed values of the npi.

A complete practical example of the c mputations is demonstrated
below together with the histogram and normal distribution curve. The
example refers to a published set of figures, see Table 1, page 8
in acommunication (2) to the International Congess of Photograme-

try in London 1960, Commission I. The figures are the differences in
the x- and y-coordinates from two independent determinations of con-
trol points on the ground for tests of aerial cameras from high towers.

The complete computation procedure according to the principles

described above is demonstrated in the following the dia-

gram, the actual histogram and normal distribution curve are
demonstrated.

The chosen example is not entirely perfect since there are com-

paratively few values. It is, however, of importance to use a pub-
lished set of figures so that all details of the procedure can be
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checked by those who may be interested. in the actual ease, the
normal distribution of the difference is also of importance for the
camera tests.

Sometimes, the skewenss and the excess of a sample are of im-
portance in conection- with a normal distribution test. See for
instance reference 1.
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Computations for a normal distribution test

ClassiNumber Class 2
maeans' of ft ft2 limits Stanjdardized p np f-np; 2

t valueis b ci-. li.mits n

10 1 1100
9 3.33

80 0:
7 2.59 0.00418 0.4 0.6 0.,90

6 2 1 72 0.0274 2.14 .Q.4' 0607
5 1.85

41 7.5 30 120 0.1013 8.9 -l . 0.22a
3 1.11

2 21 14.2 84. 0.222gO2 19.6 1.4 0.-10
1 037

01 20.5 0 0 0.2886 25.41 11.9 0.95
4, 2-1 -37-4

-2 2 58 116 0.2222 19.6 9.i 11.51
-3 -1.11

-Ii 5 -20 80 0.1013 8.9,-3.9 1.71
M5 -85

-6 2 -12 72 0.0274 2.4 Q.4 0.07
-7 -2.59 0.0018 0.14 -o.41 0.4o.

-8 0 0 0
-9 -33

-10 0 -0 -0

14
x = 0.5 mm Degrees of freedom =9-3 =6

/7-- =27i m ci 2 =1.6-4.

s 7 - m5 = - 8 .9 3
Note that if a value coincides chi 2  = 12.59
with a class limit it is-
counted with halt a unit to
each of the two adjacent Hence, the normal distribution
classes. hbypothesis is accepted,
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