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ABSTRACT

This report presents results from theoretical and experimental
studies on random signal estimation and measurement pertinent to
flight vehicle vibration problems. The report is divided into two
self-contained parts corresponding to the theoretical and experimental
programs.

Part I, Theoretical Studies of Random Signal Estimation, develops
new basic mathematical ideas for nonstationary data analysis. The
discussion includes methods for estimating mean values and mean
square values of nonstationary data, correlation and spectral properties
of nonstationary data, and various input-output relations for passage
of nonstationary data through linear systems. These results are
illustrated on examples of physical interest. Other theoretical material
discusses sampling formulas for gathering a minimum amount of sampled
data for flight vehicle vibration problems. Analysis of variance pro-
cedures are explained for carrying out accurate statistical calculations
of an over-all vibration environment at many points on an extended
structure using sampled data obtained from one or many flights. A
summary review is given of known technical results dealing with the
response of nonlinear systems to random excitation.

Part II, Experimental Studies of Random Signal Measurements,
investigates previously derived theoretical expressions for expected
measurement uncertainties in zero crossing estimates, power spectra
(mean square) estimates, and amplitude probability density estimates.
These uncertainty expressions are tested experimentally by a properly
designed statistical program vAiich demonstrates how significant and
accurate information can be obtained with a limited amount of data.
New theoretical uncertainty formulas are derived which are subjected
to experimental and statistical check. From these uncertainty formulas,
the remaining experiments establish new statistical procedures for
determining the fundamental properties of randomness, stationarity,
and normality.

PUBLICATION REVIEW

This report has been reviewed and is approved.

FOR THE COMMANDER

Chiefs Dynmuics Ermich
Flight Dynmica Laboratory

ASD-TDR-62-973 iii



CONTENTS

PART I

THEORETICAL STUDIES OF RANDOM SIGNAL ESTIMATION

i. Introduction and Summary of Main Results .................... i-i

t. i Review of Previous Contract .......................... 1-t

t. 2 Objectives of Present Contract .......................... 1-3

1. 3 Personnel of Contract .................................. 1-5

1. 4 Summary of Main Results ............................... 1-6

1. 4. 1 Theoretical Program ........................... 1-6

1.4. 2 Experimental Program .......................... 1-7

2. Mathematical Methods for Estimating Mean Values
of Nonstationary Data ........................................ 2-1

2. 1 Introduction ......................................... 2-i

2. 2 Mathematical Model .................................... 2-2

Case i. Independent Samples .......................... 2-5

Case t, Signal-to-Noise Ratios ....................... 2-6

Case i. Confidence Limits ............................ 2-9

Case 2. Dependent Samples ............................ 2-15

Case 2. Signal-to-Noise Ratios ........................ 2-17

Case 2. Confidence Limits ............................. 2-19

Case 3. Correlated Samples............................ 2-20

Case 3. Exponential Correlation Function .............. 2-24

2. 3 C onclusion ......................................... 2-25

3. Estimation of Nonstationary Mean Square Values ............ 3-1

3. 1 Introduction ........................................ 3-1

3. 2 Three Mathematical Models ........................... 3-3

3. 3 C onclusion ......................................... 3-t6

4. Spectral Decomposition of Nonstationary Processes .......... 4-1

4. 1 Power Spectral Density Functions for
Stationary Processes ................................... 4-1

4. 42 Correlation (Covariance) Structure of
Nonstationary Processes ............................... 4-3

4. 3 Spectral Decomposition of Nonstationary Processes ..... .4-6

4. 3. 1 Stationary Random Processes .................. 4-8

4. 3. 2 Nonstationary Random Processes ............. 4-j0

4. 3. 3 Separable Case ................................ 4-12

4.3.4 Slowly Varying Nonstationary Random Processes 4-14

4. 4 References ......................................... 4-15

ASD TDR 62-973 iv



CONTENTS (Continued)

5. Input-Output Relations for Nonstationary Processes .......... 5-1

5. 1 Introduction .......................................... 5-1

5.2 Time-Varying Linear Systems ......................... 5-t

5. 3 Stability and Realizability ............................. 5-3

5.4 Bandwidth Properties of Constant Parameter
Linear Systems ....................................... 5-5

5. 5 Bandwidth Properties of Time-Varying Linear Systems .. 5-6

5. 6 Linear Transformations of Random Functions ........... 5-8

5. 7 Integral Transformations of Random Functions .......... 5-10

5.8 Derivative Transformations of Random Functions ....... 5-11

5. 9 Input-Output Relations for Time-Varying
Linear Systems ........................................ 5-15

5. 10 References ........................................... 5-19

6. Example. Nonstationary Process Resulting From
Amplitude Modulated and Filtered Stationary Process ........ 6-1

7. Sampling Considerations for Flight Vehicle
Vibration Problem s ....................................... 7- 1

7. 1 Introduction .......................................... 7- 1

7. 2 Random Sampling ..................................... 7-3

7. 3 Periodic Sampling of Random Data ..................... 7-12

7.4 Uncertainties in Estimated Parameters ................. 7-13

7.4. 1 Lowest Frequency of Interest ................... 7-13

7.4.2 Mean Square Estimates ......................... 7-14

7.4. 3 Power Spectral Density Estimates ............... 7-17

7.4.4 Probability Density Estimates ................. 7-18

7.4.5 Correlation Function Estimates ................. 7-20

7. 5 Tests of Fundamental Assumptions .................... 7-21

7. 5. 1 Test for Randomness .......................... 7-21

7. 5. 2 Test for Stationarity ........................... 7-25

7. 5. 3 Test for Normality ............................. 7-26

7.6 Sample Length Determination ......................... 7-27

7. 7 Statistical Evaluation of Data from Single Experiment .... 7-30

7. 7. 1 Case 1. No Consideration of Uncertainty
in Measured Sample Values .................... 7-31

7. 7. 2 Case 2. Consideration of Uncertainty in
Measured Sample Values ....................... 7-36

7.8 Statistical Evaluation of Data from Many Experiments .... 7-38

7.9 References ........................................... 7-39

ASD TDR 62-973 v



C O N T E N T S (Continued)

8. Analysis of Variance Procedures for Evaluating
Vibration Data from Many Points ............................. 8-1
8. 1 Introduction . ........................................ 8-1
8. 2 One-Way Analysis of Variance .......................... 8-3

8. 2. 1 Mathematical Models . ........................ 8-3

8. 2. 2 Computational Procedure ...................... 8-5

8. 2. 3 Numerical Example ........................... 8-10

8. 3 Two-Way Analysis of Variance, One Observation
per Combination ...................................... 8-13

8. 3. 1 Mathematical Models .......................... 8-13
8 3. 2 Computational Procedure ...................... 8-17

8. 3. 3 Numerical Ex:ample ........................... 8-23

8. 4 Two-Way Analysis of Variance, Several Observations
per Combination ....................................... 8-27
8. 4. i Mathem ,tici Models .......................... 8-27

8. 4. Z Computational Procedure ...................... 8-29

8. 4. 3 NTumerical Example ............................ 8-35

8. 5 R efe rences ......................................... 8-46

Appendix 8-A .......................................... 8-47

9. The Response of Nonlinear Systems to Random Excitation ..... 9-1

9. 1 Introduction ......................................... 9-i

9.2 H~id dening Spring - Single Degree-of-Freedom System.. • 9-1

9. 2. i General Theory .............................. 9-1

9. 2. 2 Linear System .. ............................. 9-3
9. 2. 3 Nonlinear System, Wide-Band Excitation ...... 9-9

9. 2. 4 Nonlinear System, Narrow-Band Excitation . . .. 9-18

9. 3 Hardening Spring - Continuous Structures ............. 9-23

9. 3. 1 General Theory .............................. 9-23

9. 3. 2 Linear System ................................. 9-24

9. 3. 3 Nonlinear System ............................. 9-26

9. 3.4 Fatigue ...................................... 9-29

ASD TDR 62-973 vi



CONTENTS (Continued)

9. 4 Other Types of NonlineF.rities .................... 9-36

9.4. 1 Set-Up Spring .. .......................... 9-36

9. 4. 2 Dead-Zone Spring ......................... 9-42

9. 4. 3 Nonlinear Damp:.ng ........................ 9-43

9. 4. 4 Instrumentation Nonlinearities ............. 9-44

9. 5 Conclusions and Recommendations ................. 9-51

9. 6 References .. ..................................... 9-52

10. Conclusions and Recommendations from

Theoretical Program ................................... 10-i

10. I Review of Theoretical Program .................... j -I

10. 2 Recommendations for Further Theoretical
and Experimental Work from Part I ................ 10-5

PART II

EXPERIMENTAL STUDIES OF RANDOM SIGNAL MEASUREMENTS

i1. Introduction to Experimental Program ................... 11-1

ii. I General Background ................................ i-i

1i. 2 Uncertainties of Vibration Response Measurements . . I-2

11. 3 Fundamental Characteristics of Vibration
Environments ...................................... 11-4

11.4 Definitions of Fundamental Characteristics ......... 11-6

11.4. 1 Random Vibration .......................... i -6

11.4. 2 Stationary Random Vibration ............... 11-7

i . 4. 3 Normal (Gaussian) Random Vibration ........ i-i2

11.5 Mean Square Vibration Response ................... i-12

12. Uncertainty of Zero Crossing Estimates ................ 12-1

12. 1 Theory of Zero Crossing Estimation .............. 12-1

12. 1. 1 General Rem arks ........................ 12-1

12. 1. 2 Review of Basic Concepts .................. 2-1

12. f. 3 Development for Vibration Signal Record . 1. 2-2

12. 2 Design of Experiments and Procedures .............. 1-5

12. 2. 1 General Design and Procedures ............ 12-5

12. 2. 2 Sample Size Calculations for
Equivalence of Means and Variances ...... 12-7

t. 2.3 Acceptance Regions for Hypothesis Tests • 12-11

ASD TDR 62-973 vii



CONTENTS ( Continued)

1?. i.. 4 Procfdu--,e: fort Experiments in Are-a A ...... 12 -14

1Z. Z 5 Proceduze fo! Experiments in Area B........1- 2-14

12. 2. 6 Procedure for Experime=nts in Area C..... .. 1Z-,15

12Z, 3 Instrumnentation ..................................

12. 3. 1 instzumen,- and Test Se?.-Up...............12i

12. 3. 2 Evaluation and Calibration of Variable
Band Pass Fiiter ........................... 12- 19

12. 3. 3 Characteristics of Shaping Filters........... 12-:S4

12. 3. 4 Other Instz-ument Evaluations and
Calibration Errors........................ 12-24

12. 4 Results of Experiments............................. 12-28

12. 4. i Zero Crossing Data........................ 12-28

1 2. 4. 2 Statistical Estimates from Zero
C:.ossing Data............................. 12-30

1.4. 3 Expected Values for Random Signal
Zez-o Crossings............................1i2-31

iZ. 4. 4 Statistical Testing of Zero Crossing Data .. . 12-31

12. 5 Discussion of Resu.'ts..............................

1.5. i Results for Experiments in Ar-e a A...........12-3 3

1 2. 5. 2 Results for Experiments in Area B...........1 3 4

12. 5. 3) Results for Experiments in Area C..........12-3 4

12. 6 Conclusions....................................... 12-35

12_7 References........................................ 12-36

13. Uncertainty of Power- Spectra (Mean Square) Estimates - -. 13- -1

13. 1 Theory of Power Spectral Density Estimation.........13-i

1 3. i. i Revil'ew of Mathematical Relationships........13-1

13. 1. 2 Theoretical Evaluation of Estimation
Uncertainty...............................13-3

03. f. 3 Application of Estimation Uncertainty.........13-5

13. 2 Design of Experiments and Procedures...............13-9

13. 2. 1 General Design and Procedures..............13-9

i3. Z. 2 Deta'iled Test Procedure . ........... 13-11

13. 2. 3 Statisticai Hypothesis Tests................. 13.-i?

1 3.3 instrumentation....................................1f3 - i5

13. 3. 1 Instrum-nts and. Test Set-Up...............1i3 -1i5

13. 3. A" Characterist..cs of Narrow Bandpass Filter . 13- 17

13. 3. 3 Determination of Averaging Time Constants. . 03-17

ASD TDR 62-973 viii



CONTENTS (Continued)

13. 4 Results of Experiments ........................... 13-18

13. 4. 1 Power Spectral Density Data .............. 13-18

13. 4. 2 Sampling Statistics for Power Spectral
Density Estimates ........................ 13-18

13.4. 3 Results of Statistical Tests ............... 13-24

13. 5 Discussion of Results ....... ...................... 13-24
2

13. 5. 1 Variability of Estimates for E ................ 13-24

13. 5. 2 Uncertainty of Mean Square Estimates .... 13-25

13. 5. 3 Details of Experimental Error Analysis .... 13-27

13. 5. 4 Normality Assumption for Power
Spectra Estim ates ....................... 13-29

13. 6 Conclusions ..................................... 13-29

13. 7 R eferences ....................................... 13-30

14. Uncertainty of Probability Density Estimates ............. 14-1

14. 1 Theory of Probability Density Estimation .......... 14-1

14. 1. 1 Review of Mathematical Relationships ...... 14-1

14. 1. 2 Theoretical Evaluation of Estimation
Uncertainty . .......................... 14-2

14. 1. 3 Application of Estimation Uncertainty ..... .. 14-6

14. 1.4 Frequency Range Considerations .......... 14-7

14. 1. 5 Averaging Time Considerations ........... 14-8

14. 2 Design of Experiments and Procedures ............. 14-10

14. 2. 1 General Design and Procedures ........... 14-10

14. 2. 2 Detailed Test Procedure .................. 14-12

14. 2. 3 Statistical Hypothesis Tests .............. 14-14

14. 3 Instrumentation .. ................................. 14-18

14. 3. 1 Instruments and Test Set-Up .............. 14-18

14. 3. Z Characteristics of Band Pass Filters ..... 14-23

14. 3. 3 Probability Density Analyzer ............ 14-25

14. 3. 4 Other Instrument Evaluations and
Calibration Errors ...................... 14-27

14. 4 Results of Experiments ........................... 14-29

14. 4. 1 Probability Density Data ................ 14-29

14. 4. 2 Frequency Bandwidth and Zero Crossing
Data .. .................................. 14-29

14. 4. 3 Sampling Statistics for Probability
Density Estimates . ..................... 14-29

ASD TDR 62-973 ix



CONTENTS ( Continued)

14. 4. 4 Experimental Values for the
Coefficient and Test for Equivalence.....14-38

14. 4. 5 Test of Normality for Probability
Density Estimates......................... 14-41

14. 5 Discussion of Results. .............................. 14-44

14. 5. 1 Evaluation of' Estimation Uncertainty.........14-44

14. 5. 2 Estimation Uncertainty and Measurement
Parameters for Different Signals...........1t4-47

14. 6 Conclusions...................................... 14-48

14. 7 References......................................... 14-49

15. Tests for Randomness....................................1t5-1

15. 1 Theory of Tests for Randomness.....................1i5-1

15. i. I General Remarks........................... 15-1

i5. t. 2 Review of Randomness Test A...............15-6

1 5. 1. 3 Principles of Randomrn-ss Test B............15-9

15. 1.4 Bandwidth and Averaging Time Consider-ationsl15-18

15. 2 Design of Expetiments and Pr-ocedures...............15-20

1 5. 2. 1 Gener&I. Design and Procedures..............i5-20

15. 2. 2 Procedure for Verifying Randomness
Test B.................................... 15-20

15. 3 Instrumentation................ ....................

15. 3. 1 Instruments and Test Set-Up................ 15-22

15. 3. 2 Calibration of Test Sell-Up .................. 15-22

1B. 4 Results of Experiments. ................. ...... 1B-24

t5. 4. 1 Mean Square Data.................. ...... 15-24

i5 4. 2 Sampling Statistics for Mean Square
Value Estimates.......................... 15-24

15. 4. 3 Results of Statistical Tests................. 15-26

15. 5 Discussion of Results..............................15-27

15. 5. 1 Randomness Test A ... I ............ 15-27

15. 5. 2 Randomness Test B................... .... 15-33

15. 5. 3 Relative Effectiveness of Randomness Tests B5-34

15. 6 Conclusions......................................15-36

15.7 References....................................... 15-36

ASD TDR 62-973 x



CONTENTS (Continued)

16. Tests for Stationarity . .................................. 16-i

16. 1 Theory of Tests for Stationarity .................... 16-1

16. 1. 1 General Rem arks ........................ 16-1

16. 1. 2 Review of Stationarity Test A .............. 16-2

16. 1. 3 Principles of Stationarity Test B ........... 16-7

16. 1.4 Principles of Stationarity Test C ........... 16-il

16. 1. 5 Bandwidth and Averaging Time Considerations 16-14

16. 2 Design of Experiments and Procedures .............. 16-16

16. 2. 1 General Design and Procedures ............ 16-16

16. 2. 2 Procedures for Verifying Stationarity
Test A . ................................ 16-16

16. 2. 3 Generation of Nonstationary Data .......... 16-19

16. 2. 4 Procedures for Comparing Stationarity
Tests A, B, and C . ...................... 16-20

16. 3 Instrumentation ................................... 16-23

16.4 Results of Experiments ............................ 16-23

16. 4. 1 Verification of Stationarity Test A ......... 16-23

16. 4. 2 Results for Stationarity Tests A, B, and C .. 16-26

16.4. 3 Comparison of Stationarity Tests A, B, and C 16-26

16.5 Discussion of Results .............................. 16-40

16. 5. 1 Relative Power of Stationarity Tests ....... 16-40

16. 5. Z Application of Analysis of Variance
Techniques . ............................ 16-40

16. 5. 3 CombinedStationarityandRandomnessTest.. 16-43

16. 6 Conclusions ....................................... 16-46
16. 7 References ........................................ 16-47

17. Tests for Normality .................................... 17-1

17. i Theory of Tests for Normality ..................... 17-1

17. 1. 1 General Remarks . ...................... 17-1

17. . 2 Review of Normality Test A .............. 17-2

17. . 3 Principles of Normality Test B .......... 17-2

17. Z Design of Experiments and Procedures ............ 17-9

17. 3 Instrumentation ................................... 17-10

17. 4 Results of Experiments ............................ 17-10

17.4. 1 Probability Density Data ................... 17-10

17.4. 2 Test for Normality ....................... 17-11

ASD TDR 62-973 xi



CONT EN TS (Conti nue d)

17, 5 Discussion of Results............................... 17 12

17. 6 Conclusions. ....................................... 17-12

17. 7 References............... ........................ i17-t3

18. Conclusions and Recommendations from
Experimental Program.................................. 18- 1

18. 1 Review of Experimental Program.................... 18-1

18. 2 Recommendations for Further Experimental
and Theoretical Work from Part 11.................. 18-6

ASD TDR 62-973 i



LIST OF ILLUSTRATIONS

2. 1 Ensemble of Functions ................................. 2-2

2. Z Plot of P0 (t)/A(t) as function of N for various a n(t)/T s(t). .. 2-8

2. 3 89% Confidence Limits for Arbitrary Distribution ........ 2-9

2.4 Confidence Bands for (t)/m(t) as function of po(t) ........ 2-12

3. 1 Plot of P 0 (t) as function of N for given (m/as) and(a-n/ s).. 3-8

3. 2 Confidence Bands for p. (t)/v(t) as function of Po(t) ....... 3-il

7. 1 Over-all Recommended Procedure for Selection of
Sampling Scheme ........................................ 7-5

7. 2 Example of Random Sampling ............................ 7-6

7. 3 Plot of Equation PN = a .............................. 7-10

7.4 Recommended Procedure for Analyzing a Set of
Values from a Single Experiment ........................ 7-32

9. 1 Single Degree-of-Freedom System with Force
Applied to the M ass m .......................................... 9-2

9. 2 Single Degree-of-Freedom System with Motion
Applied to the Base ...................................... 9-2

9. 3 Typical Input Power Spectrum and Frequency
Response Function vs. Frequency ........................ 9-5

9.4 Response of Lightly Damped System to Random
Excitation ............................................. 9-8

9.5 Cubic Elasticity Force - Deflection Curve
3

F(z) =kz+ rz......................................... 9-12

9. 6 Ratio of Linear Natural Frequency to Nonlinear
"Average Resonant Frequency" vs. the Normalized
Linear Mean-Square Displacement Response, 43d ......... 9-15

9. 7 Waveform of Nonlinear Carrier Compared to a Sine Wave 9-15

9.8 Ratio of Nonlinear to Linear Mean-Square Response vs.
Linear Mean-Square Response ........................... 9-16

9.9 Comparison of Exact and Approximate Solution of
the Mean-Square Response .............................. 9-19

9.10 Comparison of Exact and Approximate Solution of the
Ratio of Linear Natural Frequency to "Average
Resonant Frequency" .................................... 9-19

9.11 Response of Nonlinear, Damped, Single Degree-of-
Freedom System to Sinusoidal Excitation ................. 9-20

9.12 Comparison of Theoretical Response for Sinusoidal
(Solid) and Narrow-Band (dashed) Excitation for

a - 100 (filter very narrow) where a = w n ....... 9-22

B1 /2

ASD TDR 62-973 xiii



LIST OF ILLUSTRATIONS (Continued)

9. 3 Pinned-Pinned Beam ............................... 9-26

9. 14 Comparison of Experimental Response Amplitude
with Theoretical Calculations ........................ 9-28

9.15 Density of Peaks of a Linear and Nonlinear
Single Degree-of-Freedom System for I =8 .......... 9-30

n

9. 16 Damage Density vs. Normalized Displacement
Response .......................................... 9-32

9.17 Density of Stress Maxima ........................... 9-34

9.18 Density of Stress Minima ........................ ... 9-35

9.19 Nonlinear Load-Deflection Curve of Set-Up Spring . 9-3b

9.20 Probability Density vs. Normaized Displacement
Z /0 . .. ................................... ..... 9 -4 0

r
9.21 Ratio of Nonlinear to Linear Mean-Square

Response vs. Nonlinearity Parameter fo'/ 2...... 9-40
9.22 Ratio of Nonlinear "Average Frequen-y to Linear

Natural Frequency vs. Nonlinearity ParameterE / -N 2 ......................................... ? -4 0
r

9.23 Probability Density of Peak Amplitudes ............ 9-41
9.24 Probability Density for Envelope of Peaks z r(t) ...... 9-41

9.25 Load-Deflection Curve of Dead-Zone Spring .......... 9-42

9.26 Output Probability Density Function as Function
of Two Different Nonlinear Transfer Characteristics
(Uniform Input Probability Density Function) ........ 9-47

9 27 Output Probability Density Function for Various
Nonlinear Transfer Functions for a Gaussian Input .... 9-49

it. I Vibration Amplitude Time History Records ........... 11-8

12. 1 Sample Vibration Amplitude Time History Record .... 12-2

12. 2 Illustration of Type I, Type II Errors ............... 12-9

12. 3 Block Diagram of Test Set-Up ........................ 12-18

12. 4 Variable Band Pass Filter Characteristic ........... 12-21

12. 5 Variable Band Pass Filter Characteristic .......... 12-22

12. 6 Variable Band Pass Filter Characteristic ........... 12-23

12. 7 Narrow Band Shaping Filter Characteristics .......... 12-25

13. 1 Estimation Uncertainty Versus BT Product ........... 13-6

13. 2 Block Diagram of Test Set-Up ........................ 13-16

13. 3 Examples of Actual Power Spectral Density Data ..... 13-22

14. 1 Sample Vibration Amplitude Time History Record .... 14-1

14. 2 Block Diagram of Test Set-Up ....................... 14-20

ASD TDR 62-973 xiv



LIST OF ILLUSTRATIONS (Continued)

14. 3 Measured Probability Density Function for
Random Noise Generator ................................ 4-21

14. 4 Measured Power Spectkal Density Function for
Random Noise Generator ................................ 14-22

14. 5 Variable Band Pass Filter Characteristics ................ 14-24

14. 6 Examples of Actual Probability Density Data .............. 14-35

14. 7 Frequency Histogram for Probability Density Estimates .... 14-42

15. 1 Power Spectral Density Functions ....................... 15-3

15. 2 Autocorrelation Functions ................................ 5-4

15.3 Amplitude Probability Density Functions ................. 15-5

15. 4 Acceptance Regions for Randomness Test B ............. 15-15

15.5 Analysis of Continuous Mean Square Levels ............... 15-19

15. 6 Block Diagram of Test Set-Up ........................... 15-23

15. 7 Typical Amplitude Time History Records ............... 15-32

16. 1 Sample Amplitude Time History Record .................. 16-3

16. 2 Acceptance Regions for Stationarity Test B .............. .16-10

16. 3 Acceptance Regions for Stationarity Test C .............. 6-13

16.4 Analysis of Continuous Mean Square Levels .............. 16-15

16. 5 Condition of Nonstationarity .............................. 16-20

16. 6 Acceptance Regions for Combined Randomness and
Stationarity Test ........................................ 16-44

17. 1 Probable Type I and Type II Errors for
Normality Test B ........................................ 17-4

ASD TDR 62-973 xv



LIST OF TABLES

2. 1 Data for Figure 2. 2 ..................................... 2-8

2. 2 Data for Figure 2. 4 .................................. 2 i3

2. 3 Related Sample Sizes for Unknown Versus
Gaussian Distribution ................................... - 14

2. 4 Value of po , )/A(t) as function of N for various

(a t) (t).. . . . . ...) ................................... ..... 2-18

3. i Data for Figure 3. 2 .... ................................ 3-jo

7. 1 Prob[L -?,-< X < + o .. ..................... ............ 7-I1

7. 2 Confidence Intervals for Mean Square Measurements ..... .7-15

8. 1 Arrangement of Vibration Data ........................... 8-5

8. 2 Analysis of Variance Table, One-Way Classification ..... 8-7

8. 3 Paling of Flights and Vibration Levels .................. 8-10

8.4 Analysis of Variance Table, One-Way Classification ..... 8-ii

8. 5 Pairing of Flights and Vibration Levels ................... 8-14

8. 6 Table of Expected Values of Vibration Levels ............. 8-14

8. 7 Analysis of Variance Table, Two-Way Classification
One Observation per Combination ....................... 8-18

8.8 Pairing of Flights and Vibration Levels .................. 8-22

8. 9 Analysis of Variance Table .............................. 8-24

8. 10 Arrangement of Data for Two-Way Analysis of
Variance. n Observations per Combination ............... 8-28

8. 11 Analysis of Variance Table, Two-Way Classification,
n Observations per Combination .......................... 8-30

8.12 Pairing of Locations and Measurements ................. 8-38

8. 3 Pairing of Locations and Measurements, Pooling the
Data of Four Flights for Each Combination ............... 8-39

8.14 Analysis of Variance Table .............................. 8-40

8. 15 Pairing of Measurements and Locations for Phase I ...... 8-43

8.16 Analysis of Variance Table .............................. 8-44

Table of Factors k (5% Significance Level' .............. 8-47

1?. 1 Instruments Employed for the Experiments .............. 12-17

12. 2 Results of Expeyiments with a Random Signal ............ iZ-Z8

12. 3 Results of Experiments with a Nonrandom Signal ......... 2-29

12. 4 Effective Frequency Band Pass Limits ................. 2-30

1Z. 5 Estimated Mean and Variance of Sampling Distribution... 12-30

ASD TDR 62-973 xvi



LIST OF TABLES (Continued)

12.6 Expected Values for Mean and Variance of Zero Crossings 2-31

12. 7 Tests for Equivalence of Variances 12-32

12.8 Tests for Equivalence of Means 12-32
1Z 9 Summary of Results for Experiments in Area A 12-33

12. 10 Summary of Results for Experiments in Area C 12-35

13. 1 Instruments Employed for the Experiments 13-16

13. 2 Power Spectral Density Estimates for Different
Averaging Times 13-19

13. 3 Power Spectral Density Estimates for Different
Center Frequencies 13-20

13.4 Power Spectral Density Estimates for Different
Filter Bandwidths 13-21

13. 5 Sample Means and Variances for Power Spectral
Density Estimates 13-23

13. 6 Statistical Tests for Equivalence 13-23

14. 1 Instruments Employed for the Experiments 14-19

14. 2 Probability Density Estimates for Different
Averaging Times 14-30

14. 3 Probability Density Estimates for Different
Amplitude Levels 14-31

14.4 Probability Density Estimates for Different
Frequency Ranges 14-32

14.5 Probability Density Estimates for Different
Center Frequencies 14-33

14. 6 Probability Density Estimates for Normality Test 14-34

14.7 Effective Bandwidths and Expected Zero Crossings 14-36

14.8 Sample Means and Variances for Probability
Density Estimates 14-37

14.9 Experimental Values for the Coefficient C0  14-39

14. 10 Computations for Chi-Squared Goodness of Fit Test 14-43

14.11 Experimental Value for the Coefficient C0  14-46

14.12 Record Length Required for 10% Standard Error 14-47

15.1 Instruments Employed for the Experiments 15-23

15.2 Mean Square Value Estimates for Various (plr) Ratios 15-25

15.3 Sample Means and Variances for Mean Square
Value Estimates 15-26

15.4 Statistical Tests for Equivalence 15-26

ASD TDR 62-973 xvii



LIST OF TABLES (Continued)

16. 1 Mean Square Estimates for a Stationary Random Signal ..... 16-24

16. 2 Number of Failures from Table 16. 1 ..................... 16-25

16. 3 Mean Square Estimates for Stationary Random Signal -
C a se 1 . .............................................. 16-27

16. 4 Mean Square Estimates fo7 Nonstlaioary Random
Signal - Case 2 .......................................... 6-28

16.5 Mean Square Estimates for Nonstationary Random
Signal - Casc 3 . .................. ................... t6-29

16. 6 Results for StationarityTestAAppliedto Case I .......... 16-30

I6. 7 Results for Stationarity Test A Applied to Case Z ......... 16-31

16. 8 Results for Stationarity Test A Applied to Case 3 ......... 16-32

i6.9 Results for Stationarity Test B Applied to Casi t.......... 16-33

16.10 Results for Stationarity Test B Applied to Case 2 ......... 16-34

i6. 1i Results for Stationarity Test B Applied to Case 3 ......... .. 1-35

i6. I2 Resuits for St-tionarity Test C App-ed to Case i........... 16-36

16. 13 Results for Stationarity Test C Applied to Case 2 ......... 16-37

16. 14 Results for Stationarity Test C Applied to Case 3 ......... 16-38

i6. 15 Summary of Stationarity T'.st Results .................... 16-39

16. 1 One. Way Analysis of Variance Table .................... 16-41

17 1 Limits of Accep'ance Region for Normality Test B ....... 17-8

17. 2 Probability Density Data for Normality Test B ........... 17-10

17. 3 Results of Tetsts for Norm dhty ........................... 17-11

ASD TDR 62-973 xviii



GLOSSARY OF SYMBOLS

b(q) binomial probability density function

B realizable bandwidth in cycles per second

c physical definition: damping coefficient

c number of columns in analysis of variance

C i  total of ith column in analysis of variance

C. F. 'correction factor" due to mean in analysis of
variance

e length of unexpected event

E expected value

f physical definition: frequency in cycles per second

f statistical definition: number of observations in a
class interval

f center frequencyc

f 0 frequency of a sine wave

F variable with F distribution

Fma x  ratio of largest to smallest variance in a set of
several variances

F i  expected number of observations in class intervali

g acceleration due to gravity

2
g mean square acceleration

G(f), G(), S(f), S(w) power spectral density functions

h(t) weighting function

h(a, t) weighting function

H0  null hypothesis

H(f), H(w), '(f, t) complex frequency response function

I moment of inertia
j,iV

k physical definition: spring rate (spring constant)

k* upper percentage point of "studentized range"

k statistical definition: number of groups of experi-
ments or Tukey k-factor

K physical definition: time constant of RC circuit,
K=RC

K statistical definition: tolerance factor

ASD TDR 62-973 xix



GLOSSARY OF SYMBOLS (Continued)

K n  generalized stiffness

mean time between samples

I twice the radius of gyration of a beam's section

m physical definition: mass

m statistical definition: sample mean value

Mn generalized mass

M physical definition: concentrated mass

M statistical definition: number of experiments
7q expected number of maxima per unit time

/7?Z4 x V mean square value

n number of degrees of freedom

N sample size

P percent value
PI(t) input signal-to-noise amplitude ratio at time t

Po(t) output signal-to-noise amplitude ratio at timet
P.(t) input signal-to-noise power ratioi

P (t) output signal-to-noise power ratio
p(x) probability density function

P physical definition: period, (1/f)
P statistical definition- proportion, probability
P(x) (cumulative) probability distribution function
q probability of failure for binomial distribution

Q mechanical Q, (1/Z Q
Q (t generalized input force
n

r number of runs in "run test"

r number of rows in analysis of variance

R. total of ith row in analysis of variance

R(T), R('r, T) stationary correlation functions
R(t i , t 2 ), *f(t, T) nonstationary correlation functions

2s sample variance (s = sample standard deviation)

S physical definition: stress level

SS sum of squares
S* unbiased variance estimate computed using SS

S. R. sweep rate or scan rate
S(f), S(M), G(f), G(W) power spectral density functions

ASD TDR 62-973 xx



GLOSSARY OF SYMBOLS (Continued)

S(f, f2),f, g) generalized (nonstationary) power spectral density

t physical definition: time

t statistical definition: variable with student's "t"
distribution

T physical definition: time interval

T statistical definition: sample length(record length)
or over-all total in analysis of variance

T r  transmissibility

T I averaging time

v,,p x  sample mean square value

Var (x) variance of x (second moment about the mean)

W. "within cell" totals in analysis of variance
ij (the cell in the ith row, jth column)

x any variable

x(t), y(t), zt) amplitude as a function of time

x(t) mean value of x(t)

x sample mean value

x (t) mean square value of x(t)

x2 sample mean square value

z standardized normal variate (zero mean, unit
variance)

Z(W) mechanical impedance
aphysical definition: damping factor a =

a statistical definition: level of significance
(i. e. , probability of Type I error); or arbitrary
level crossing of a random process

(i - o) confidence coefficient

Pprobability of Type II error

( - P) power of test

y 2(f) coherence function at frequency f

Yn structural damping coefficient

6 Dirac delta function
2 normalized variance (normalized mean square

error)

normalized standard deviation (normalized
standard error)

E strain
S

ASD TDR 62-973 xxi



GLOSSARY OF SYMBOLS (Continued)

damping ratio (c/cr)

E phase angle
A, number of standard deviations
N(f) spectral bandwidth

population mean value

Lv population mean square value

0 0  number of zero crossings

T7O expected number of zero crossings

generalized variable
P covariance function2

population variance
o- population standard deviation, + tT2

T time difference
2 variable with chi-square distribution

wangular frequency, 2irf
W n natural angular frequency
A estimate of

) ensemble average

distributed as

{I ensemble (collection) of. functions

deflection

ASD TDR 62-973 Xxii



PART I

THEORETICAL STUDIES OF RANDOM SIGNAL ESTIMATION~

ASD TDR 62-973



1. INTRODUCTION AND SUMMARY OF MAIN RESULTS

1.1 REVIEW OF PREVIOUS CONTRACT

The present contract is a continuation of a previous contract spon-

sored by the Aeronautical Systems Division, Wright-Patterson Air Force

Base, Ohio, on "The Application of Statistics to the Flight Vehicle

Vibration Problem," ASD TR 61-123, December 1961, Contract AF33(616) -7434,

(ASTIA No. AD 271 913). The general problem indicated by the title of the

first contract is covered from several directions, and results are developed

which are applicable to many other classes of physical data besides vibration

data. A brief summary of the objectives and results of this previous work

will be given here.

The objectives of the above contract were to determine the vibration

environment at an arbitrary single point on a structure of a flight vehicle

during its entire operational life history. No limitations were placed on the

nature of the structure, whether linear or nonlinear, whether it had a

complicated geometrical configuration, or whether there were complicated

feedback loops and interconnections. Also, no limitation was placed on the

nature of the various exciting forces that were acting upon the structure,

either as to their location, or statistical nature. Some of these exciting

forces might be transient, some might be localized, others distributed,

-some with stationary characteristics, others quite random or completely

nonstationary. The main objective of the analysis is that on the basis of

empirical information, a complete scientific statistical evaluation of the

important characteristics contained in the data has to be made. It is re-

quired to predict the actual vibration environment that is encountered or

that could occur under similar conditions so as to assist future fatigue and

reliability investigations.

Engineering aspects of four different categories of aircraft and

missiles were considered, namely (1) short-term missiles, (2) space vehicles

and probes, (3) long-term missiles, and (4) rocket or jet powered aircraft.

Each of these types were broken down into significant flight phases, and

analyzed as to their dominant vibration and acoustic sources. Results were

Manuscript released by the authors 31 October 1962 for publication as an
ASD Technical Documentary Report.
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developed for the response of structures to periodic and random disturbances,

and a survey was made of known experimental data obtained by various

investigators.

Principal theoretical activites of the contract were divided into three

phases as follows:

Phase I Development of sampling techniques for decreasing
the amount of data to be gathered for later detailed
analysis.

Phase II Development of statistical techniques for testing
fundamental assumptions in data of (a) randomness,
(b) stationarity, and (3) normality.

Phase III Detailed examination of desired measurements for
different applications such as amplitude probability
density functions, correlation functions, power
spectral density functions, etc.

During the course of the investigation, many mathematical and

statistical ideas were explored in a broad way so as to be applicable to

physical problems, such as occur in structural design problems. Various

statistical concepts, tables, and curves were presented, including the

normal (Gaussian) distribution, Chi-square distribution, 't" distribution,
"F" distribution, quality control procedures, analysis of variance techni-

ques, multiple regression techniques, etc. Detailed procedures were

developed for carrying out: (1) a complete analysis on results that would

be obtained from a single experiment, and (Z) a complete analysis of

appropriate results from a collection of experiments.

In addition to the theoretical work, the contract also involved carry-

ing out an instrumentation study of equipment available today for making

desired measurements, with emphasis on their practical physical

limitations and accuracies. An experimental program was outlined for

verifying the statistical procedures that were developed and the various

instrumentation accuracies.

Many physical results on the response of structures under various

conditions were also obtained during the course of the contract. These

physical applications include response of structures to various types of

random excitation, modification of response due to loadingyanalysis of

fatigue properties, and nonlinear effects. All of these results are

discussed in detail in the final report ASD TR 61-123, December 1961.
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1.2 OBJECTIVES OF PRESENT CONTRACT

The present contract, "Advanced Concepts of Stochastic Processes

and Statistics for Flight Vehicle Vibration Estimation and Measurement,"

Contract AF33(657)-7459, was sponsored by the Aeronautical Systems

Division to extend and continue the work discussed above. This new contract

was divided into both theoretical and experimental programs.

On the experimental side, a complete laboratory program was to be

carried out to verify the analytical techniques developed for decreasing the

amount of data to be gathered, testing fundamental assumptions, and

making desired measurements from single experiments and from repeated

experiments.

This experimental program was deemed to be of great importance

for establishing practical limitations to be attached to previous theoretical

work. A major objective was to show how an experimental program should

be designed along statistical lines so as to obtain significant information

with a limited amount of data. The tests for fundamental assumptions

involved new concepts which had never been tested experimentally before.

It was expected that further theoretical refinements and improved

procedures would be found. It was desired to determine the accuracy of

various vibration measurements for a wider range of operating conditions

than had been considered elsewhere.

The experimental program waa divided into three main areas:

(1) Verification of statistical accuracy of measurements.

(2) Verification of fundamental assumption tests.

(3) Verification of statistical procedures for repeated
experiments and sampling techniques.
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On the theoretical side, greater emphasis was now to be placed on

joint statistical estimation procedures for obtaining area (multiple point)

information of a vibration environment as opposed to single point infor-

mation. Measurable results expected from point to point on an extended

structure, as obtained from one or many flights, were to be studied

theoretically so as to lead to appropriate mathematical methods for

evaluating this information. Practical limitations in these procedures,

sampling considerations, and statistical accuracy of the results were

important requirements of the analysis.

Another theoretical objective was to investigate effects of nonlinearities

on structural vibration responses. In particular, a survey was desired of

known technical work devoted to these nonlinear matters so as to expose

existing problem areas.

A final theoretical objective was to study characteristics of non-

stationary random vibration processes and to try to develop appropriate

methods for their analysis. This topic was not studied daring the first

contract. It was recognized that the whole subject of the nonstationary data

analysis was a major unsolved problem, and that considerable effort might

be devoted here without achieving significant results. The importance of

nonstationary random processes, however, made this topic worthy of

special attention.

The theoretical program was divided into four main areas:

(1) Mathematical methods for analyzing nonstationary data.

(2) Statistical procedures for evaluating data from many
points.

(3) Survey of methods for predicting the response of nonlinear
systems to random vibration.

(4) Further study on sampling techniques with consideration to
results from experimental program.
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1.3 PERSONNEL OF CONTRACT

The same RW personnel worked on this contract as in the first con-

tract with Dr. J. S. Bendat acting as project manager. He was responsible

for promoting mutual awareness and joint participation on different problem

areas, and for assigning and reviewing work performed by the other personnel.

The theoretical program was of particular concern to him, and his main con-

tributions there were devoted to developing the methods for analyzing non-

stationary data which are discussed in this report.

The experimental program was directed by Mr. A. G. Piersol.

Mr. Piersol carried out many parts of the experimental program by himself,

from initial statistical design to instrument calibration to final evaluation,

and he was responsible for formulating several new theoretical improve-

ments to previously suggested tests which made the tests more precise and

more practical.

Two other men from RW contributed greatly to the project:

Mr. G. H. Klein and Mr. L. D. Enochson. Mr. Klein was responsible for the

theoretical section in this report which discusses analysis of variance pro-

cedures for evaluating vibration data from many points, as well as for origin-

ating some of the basic material discussed under sampling considerations. He

conducted also the review study on the response of nonlinear systems to ran-

dom excitation. Mr. Enochson worked on the statistical design of experiments

that were carried out for the experimental program, and assisted in the re-

duction and interpretation of the collected data. He studied also the statistical

problems relating to the analysis of variance procedures.

A small subcontract was given to the Norair Division of Northrop

Corporation to provide laboratory facilities for parts of the experimental

program. The assistance of Mr. Warren L. Tribble of Norair in performing

the experiments was of great help to the success of these experiments.
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1.4 SUMMARY OF MAIN RESULTS

1.4.1 Theoretical Program

Significant new theoretical results are developed in Part I of this

report for analyzing nonstationary data by appropriate mathematical

models and formulas. Starting from first principles, the investigation

includes:

Explanation of differences in analysis required for nonstationary

data versus stationary data.

* Formulation of essential parameters required for statistical

confidence in nonstationary data measurements.

* Methods for evaluating mean value estimates and mean square

value estimates of nonstationary data.

, Formulas for defining correlation functions and spectral density

functions of nonstationary data.

4 Procedures for determining input-output relations for non-

stationary data through linear systems.

* Illustration of these techniques on various examples of physical

interest.

Other important theoretical material in Part I, which extends

previous work carried out in the first contract as well as complie3 with

the objectives in the present contract, is concerned with:

- Establishment of sampling considerations for flight vehicle

vibration problems.

* Evaluation of vibration data from many points on an extended

structure as obtained during one or many flights.

4, Application of analysis of variance procedures to a wide class

of problems.

* Review of various known results on the response of nonlinear

systems to random excitation.
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1.4.2 Experimental Program

The experimental program is discus'sed fully in Part II of this

report. Significant results of the experimental program include:

* Greater understanding of application areas for previous

theoretical work.

':' Establishment of new improved theoretical and experimental

procedures to test fundamental assumptions of randomness,

stationarity, and normality.
* Verification of theoretical statistical uncertainty formulas for

experimental measurements of zero crossing estimates, power

spectra (mean square) estimates, and amplitude probability

density estimates.
* Accuracy of these statistical uncertainty formulas proved experi-

mentally over a wide range of practical center frequencies, band-

widths, and record lengths.

Demonstration of the importance of the statistical design of

experiments to obtain maximum information from a limited

amount of data.

* Appreciation for the improvement in statistical conclusions that

can be drawn from repeated experiments over single experiments.

1.5 THE TWO PARTS OF THE REPORT

This report is divided into two parts corresponding to the separate

theoretical program and experimental program, respectively. During

the course of the experimental program, new theoretical results were

obtained pertinent to the experimental work which are included with the

experimental material. Previous theoretical formulas for the experi-

mental program are summarized with the experimental material. Thus,

Part II, Experimental Studies of Random Signal Measurements, is self-

contained and may be read completely independent of Part I, Theoretical

Studies of Random Signal Estimation.
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2. MATHEMATICAL METHODS FOR ESTIMATING

MEAN VALUES OF NONSTATIONARY DATA

2. 1 INTRODUCTION

Consider a single record k(t) which is a member of an arbitrary

random process (x(t)) whose statistical properties change with time t.

This single record is not required to be representative of any other record

except itself. Time averages computed over this single record do not have

to agree with corresponding ensemble averages computed over the entire

collection of records. Detailed statistical analysis of this single record,

therefore, will yield little information for predicting the behavior of the

ensemble of records to which it belongs. Such a single record x(t) is said

to be nonstationary and the ensemble (x(t)I is said to be a nonstationary

random process.

This description of nonstationary data fits many physical problems.

Examples in the flight vehicle vibration area include data gathered during

take-off phases, during transition zones between missile stage separations,

and during rapid deceleration landing periods. Shock phenomena and other

transient phenomena would also be considered nonstationary.

In order to analyze nonstationary data properly, it is necessary to

gather many samples of the data and to compute appropriate ensemble

averages over these records. The results will be, in general, a function

of the particular times at which these averages are taken, and will also be

a function of the number of available records. The accuracy of the quanti-

ties being estimated will depend also upon the underlying signal and noise

properties at these particular times.

Material in this report for evaluating nonstationary data is developed

in five sections. Statistical concepts for measuring mean values of non-

stationary data are covered in this section. Section 3 extends this treat-

ment to problems of estimating nonstationary mean square values. This is

followed in Section 4 by theoretical material devoted to nonstationary

correlation functions and spectral density functions. Section 5 then dis-

cusses input-output relations for nonstationary random processes through

linear systems, after which a special important physical example is

developed in Section 6 to illustrate the various derived formulas.
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2. 2 MATHEMATICAL MODEL

Consider a random process f(t) which is composed of the sum of

a signal process s(t) and an independent noise process n(t). Let

fi(t), i :, t2_.. P N) O- t L, be N samples of f(t). The time t

in each fi(t) is required to be measured from a well-defined origin.

The fi(t) represent an ensemble of functions over which ensemble

averages will be taken at fixed values of t. Thus, results will apply

to nonstationary data where these ensemble averages change with time.

See Figure 2. i.

f. (t)

f 3 (t)

f 2 (t)A

f(t

t L

Figure 2. 1 Ensemble of Functions
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Assume that the noise process (ni(t)3 at any time t has an ensemble

mean value of zero and a variance of 02(t). Let the signal process aM
n Is. )

have a population mean value of 4(t) and a variance of a- (t). Then since
5

f.(t) = s.( + t) where Isi(t)) and Ini(t)) are independent, it follows1it " it)"+ ni.t, s~) n()

that the ensemble averages, denoted by angular brackets, are

Kil(t)) = silt)) = p(t) (2. 1)

T2(t) = (f 2(t)) - 1
2 (t) = 2 (t) + r 2 (t) (2. 2)

For stationary data, these quantities would be independent of time.

The problem at issue is to determine how closely one can estimate

t(t) by averaging a sufficiently large number of the fi(t) so as to

reduce the interfering noise effects.

At any time t, an average response computer calculates a sample

mean value m(t) from a sample of size N as given by

Mt) fit) =  (2.3)

N -N ZJ

The quantity m(t) is a random variable which differs over different

choices of the N samples ffi(t)) , i = 1,2, . . , N. These different

choices of the N samples Ifi(t)) might be denoted by (fik(t)J I

k = 1, 2, ... , M. Then, for a fixed index i, ensemble averages over the

index k as M approaches infinity yields

M i(-to "m f iklt) =  t

(2.4)

f(t) lirn

M--oo M fik(
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The mean value of the sample mean m(t) over all possible choices of

N samples is now

K(tit) = Z 4t) = 4(t) (2.5)

This result is independent of the sample size N, but is a function of time

for nonstationary data. Thus the expected value of m(t) as calculated by

an average response computer is the desired value 1 (t). In statistical

language, m(t) is an unbiased estimate of (t).

The next problem is to estimate the variance associated with this

measurement.

The variance of the sample mean is defined by

T2 M(( 2 22 6

where

2 12= 2

Z(t _K[ fi(t) N N- i (-t + Kf i(t)fj (t))j (2. 7)

ii j

Further analysis is now governed mainly by the nature of the

second summation above. Three cases will be distinguished here accord-

ing to whether or not f.(t) and f.(t) for i# j are (i) independent, (2)

dependent through a common signal si(t) in both fi(t) and f.(t) by the

condition fi(t)f (t)) = (si 2(t)) for i j, (3) correlated in a manner to

be defined later.
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CASE i. Independent Samples

If f.(t) is independent of f.(t) for all i * j, then there are

(N - N) terms in the second sum where i j j of form

(f-i(t) fj(t) = (f i(t)>f(t) "- 2(t), while there are N terms in the

first sum of form f( Hence,

<ML/ 2 -t 2 [N (f.i2 (t) >+ (N2 - N) 2t
N[ J

= 2 [ (t) - 2 (t) + N 4 2lt)

S- 2 (t) + ±2 (t) (2.8)
Nf

Then,

21 t )  2t) 2s t) + - 2(t) (2.9)

In words, Eq. (2. 9) states that the variance of the sample mean

at time t equals the variance of the original random process divided by

the sample size. The quantities o- (t) and or (t) are the variances in
sn

the signal and noise, respectively, at time t. For large N, the variance

o Z(t) approaches zero. Hence, m(t) is a consistent estimate of gL(t).
m

This result, it should be emphasized, is only for the case when the

records fi(t) = si(t) + ni(t) and fj(t) = s.(t) + n.(t) are statistically

independent for i i j. To be specific, for i i j,_ fi(t)fj(t)) must be

given by (fi(t) ) fj (t)> or one would not satisfy the requirements here.

More general formulas to handle situations when fi(t) and f.(t) are

dependent will be developed later.
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CASE 1. Signal-to-Noise Ratios

In terms of signal-to-noise ratios, define

(fit))
Pi(t) - - input signal-to-noise (amplitude)

of(t) ratio at time t (2. 10)

Define

port) = mYt). = output signal-to-noise (amplitude)
nn4t) ratio at time t (2. 11)

From Eqs. (2. 1), (2. 2), (2. 8), and (2. 9), one proves

Po(t) = \If - pi(t) (2. 12)

showing that for a given input ratio, the output ratio improves directly as

the square root of the number N of samples. The relation of p0 (t) to

he input variance ratio nt) /2(t) is expressed also in Eq. (2. U).the s

By definition

Pi(t) = - ±t) p.(t)/as(t) (2. 13)
[a- 2 (t) + 2[ 1 / 2  1 + (a t 2 (t) 2 t)) 1/2

assuming as(t) * 0. If a- (t) = 0, then the following equations would have

to be modified by using Pi(t) = [ It)/an(t)]. Let

M(t) A(t), a dimensionless quantity (2. 14)
-s(t)

SM

A(t) is the ratio of the signal mean value to its standard deviation.

It is clear that if p.(t) B 0, then Eqs. (2. 12) to (2. 14) all equal zero

for all t so that no improvement occurs. Thus, results derived here

show that an average response computer will give a zero output when the

desired signal has i (t) =_ 0. For these situations, a more sophisticated

analysis will be required such as, perhaps, the analysis of autocorrelation

functions if other signal properties are desired.
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Assuming L(t) f 0, substitution of Eqs. (2.1 3) and(Z.14) intoEq. (2.12)

yields for the output signal-to-noise ratio

P(t A(t) - (2. 15)+ o() tM)I=

A(t) -V_ (t) N if a 2(t) M2(t) (2.16)
[ n(t) I a' s(t)] 01n(t )  n s

These last two equations show that the output signal-to-noise ratio is always

directly proportional to -FNi, and inversely proportional.to cr(t) /a (t) when

2 s
the noise variance a- n2(t) is large compared to the signal variance a-5 8(t)

In order to compensate for a large expected input ratio of -n(t)/sa-(t), it

is required to increase N accordingly.

For example, suppose (a- n/a- ) = 10 at some particular time and one

desires (p 0 /A) = . Then,it is necessary that N = 100 samples. For a

case when N = 25 samples, if (an/a-s) = 10, it follows that (p 0 /A) = 0. 5.

In order to have (po/A)= I when N = 25, the maximum allowable ratio for

(a-n/a) would be 2 4. 90.

Equation(2.i5) is one of the important results of this section. Table 2. t,

plotted in Figure 2.2, shows the quantity p 0 (t)/A(t) as a function of N for

given values of orn(t)/s (t). In actual practice, the quantity A(t) will in

many situations be larger than unity. The output ratio p 0 (t) itself

will be A(t) times the values shown on the vertical scale.
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10n Ws 7 20 30 40 50 60 70 80 90 10011 I10 120

0.5 2.8 4.0 4.9 5. 6 6. 3 6.9 7.4 7.9 8.4 8. 9 9.4 9.8

L.0 2. 3 3. 2 3. 9 4. 5 5.0 5. 5 5.9 6. 3 6. 7 7.1t 7.4 7. 7

2.0 1.4 2.0 2. 5 2.9 3. 2 3. 5 3. 8 4. 1 4. 3 4. 5 4. 7 4.9

5.0 0.63 0.88 1.08 1.24 1.40 1.52 1. 65 1. 75 1.87 1.97 2.06 2. 15

10.0 0.32 0.45 0. 55 0. 63 0. 71 0. 77 10.84 0.89 0.95 99 1.04 1.09

Table 2. t Data fol- Figure 2. Z from Eq. (2.15)

9

AWt

4

22

10 20 30 40 50 60 70 80 90 100 110 120
N

Figure 2. 2 Plot of po(t)/A(t) as function of N for variouso-n(/0a(t

from Eq.(Z. 15)
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CASE t. Confidence Limits

A knowledge of the mean value and variance for the random variable

rn(t) at any time t enables one to answer questions concerning the range

of the results at any time t without knowing the exact probability distri-

bution function for m(t). From the Tchebycheff Inequality, which applies

to arbitrary general situations, one may state with 89% confidence, for

example, that an observed measurement for m(t) lies inside the range

p(t) - 3ar(t), g (t) + 3r (t)] In equation form, for any constant X, the
m~ M.

Tchebycheff Inequality is

Prob [Im(t) - I'(t) Xo m(t)] - (2. 17)

Thus, for X = 3, the probability is at most (1/9), giving the above 89%

confidence limits. See Figure 2. 3.

m(t)

t)

t

Figure 2. 3 89% Confidence Limits for Arbitrary Distribution

A stronger statement can be made if one can justify an assumption

that r(t) follows a normal (Gaussian) distribution at any value of t. For

this special case, a 95% confidence band is given by the range [ p(t) - Zcv(t),

(t) + 2o-r~t)]. Thus, an observed measurement for rit) in the Gaussian

case yields a greater confidence of being close to the theoretical mean

value p(t) than before.
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Consider the range for m(t) as given by

Irn(t) - bjt) ka M(t) (2. t8)

where k is a constant. Solving for r(t) yields the two extreme range values

rn(t) =i(t) ± k- (t) (2.19)

Upon substitution of the general expression for a- (t) from Eq. (2.9),one finds

- s(t)+a0 n'(t)
re(t) MO -(t\+[N

I[i +( n 2 (t) /a- s2 (Q)] /
- X(t) ± M-s(t) (2.20)

Hence, by increasing N, one may guarantee that re(t) will fall close to

i(t), regardless of the magnitude of the other variables.

Equation (2.20) can be put into another equivalent form by using Eq(2.15).

This yields a new interesting expression

m(t) = (t) +X (2.21)
Pot)

Now, on solving for L(t), one derives

p.t M o(t) for Po(t) .k

I[xopp()] (2.22)

which shows how range values for m(t) are related to the output signal-

to-noise (amplitude) ratio p0 (t), and to the constant k determining the

confidence limits. Clearly, for good results, po(t) should be as large

as possible relative to X in order for m(t) to approximate (t).

Equation (Z.Z2), like Eq. (2.15),is a major result of this section. From

Eq 2.22), for example, if X = 3 and p0 (t) = 6, then for an unspecified

probability distribution function associated with m(t), the Techebycheff

ASD TDR 62-973 2-10



Inequality yields 89% confidence that 4(t) lies in the range bounded

by

I ± ( 1/2)

Thus, one measures xn(t) and then applies the above bounds to estimate

(t). If a Gaussian distribution is assumed, then for X = 2 and p0 (t) = 6,

one can state with 95% confidence that 4 (t) lies in the smaller range

bounded by

i t) M-M(t) =[3z t), 3
S± (/3) [ -rn(t)

Figure 2.4 based on Eq. (2. 22) is a plot of the ratio p(t)/m(t) as a

function of p 0 (t). Two cases are considered. Case I applies to arbitrary

probability distributions and sets X = 3, corresponding to an 89% con-

fidence band as given by the Tchebycheff Inequality. Case 2 applies to

a Gaussian probability distribution and sets X = 2, corresponding to a

95% confidence band. The lower and upper limits used for Figure 2. 4 are

shown in Table 2. 2.

Substitution of Eq. (2.12) into (2.22) yields a useful general result

M= i.[xit ( for p(t) (2.23)

which shows how, for given values of X and pi(t), one can make m(t)

fal'l arbitrary close to 4.(t) by proper choice of N. Note that if pi(t)

is assumed to be unity, then po(t) = V-N. For this case, the numbers

shown in Table 2.2 andFig. 2.4 can be interpreted quite simply in terms of

sample size N. For example, p0 (t) = 10 would correspond to N = 100

and po(t) = 20 corresponds to N = 400.
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4.

Figure 2. 4 Confidence Bands for ii(t)/rnmt

as function of p0(t)

3.

Case 1: 89% Confidence Band for
Arbitrary Distribution______

Case 2: 95% Confidence Band for
Gaussian Distribution -----

3. C.

2.01

m(t)
( t)J

1.0

0. 5
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Case i Case 2

Po(t) Lower Upper Lower Upper
Limit Limit Limit Limit

2 0-- 0. 50 OD

3 0.50 0 0.60 3.00

4 0. 57 4.00 0. 67 2.00

5 0.63 2.50 0.71 1.67

6 0.67 2.00 0. 75 1. 50

8 0.73 1.60 0.80 1. 33

10 0.77 1.43 0.83 1. 25

12 0.80 1. 33 0.86 1. 20

15 0.83 1. 25 0.88 1. 15

18 0.86 1. 20 0.90 1. 12

20 0.87 1.18 0.91 1. i

25 0.89 t. 14 0.93 1.09

Table 2. 2 Data for Figure 2. 4

Equation (2. 23) indicates also how a sample size N1 required

in arbitrary non-Gaussian cases is related to the sample size N 2

required in Gaussian cases. To illustrate this point, for an

arbitrary distribution and arbitrary input ratio pi(t), the parameter

X = 3 corresponds to an 89% confidence band. For the same input

ratio and the same 89% confidence band, a Gaussian distribution has

associated with it the parameter K 2 = 1. 60. From Eq. (2. 23), the

corresponding sample sizes N, N2 must satisfy

3 1.6

T - - or N1i = 3.5 NZ

Thus, for example, an acceptable sample size of N 2 = 30 for an

89% confidence band with a Gaussian distribution would need to be

ASD TDR 62-973 2-13



increased to N1 = 105 for an unspecified distribution in order to obtain

the same 89% confidence band. Consider a different case when X = 2,

corresponding to a 75% confidence band from the Tchebycheff Inequality,

The associated Gaussian parameter value is k2 = i. 15. This leads to

2 1.15
- or N = 3N

TNT VN 2  t

Now, N 2 = 30 would need to be increased only to N1 = 90 to obtain a

75% confidence band.

Related sample sizes for N 1 and N 2 as a function of confidence

band are summarized in Table 2. 3. The sample size N 1 is the sample

size for an unknown distribution while N 2 is the sample size for a

Gaussian distribution

Confidence
Band N I / N 2

75% 3. 0

89% 3. 5 N1 = sample size required

92% 4.1 tfor unknown distribution

95% 5N = sample size required
for Gaussian distribution

98% 9. 2

99% 15 0

Table 2. 3 Related Sample Sizes for Unknown
Versus Gaussian Distribution
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CASE 2. Dependent Samples

For this case, assume that f (t) and f.(t) have the form

f .(t) s (t) + n 1(t)

(2.24)

f i(t) s.(t) + n.(t

where s.(t) is a common random signal in both f.(t) and f.i(t), while

n.i(t) arnd n.i(t) are noise terms independent of each other and of s i(t).

As in Case 1, the ensemble averages are given by

Kf i(t))= (s5(t )) =

Kf2~ ( = si t) + Kn i 't) = a r2(t) + p.2'(t) + o- n (t) (.5
2 2 2 (.5

a'f(t) = O*s (t) + Gon (t)

The change from Case I is in the term

Kitf(0) =s 2t) for i i j (2.26)

Previously it was assumed that f .(t) and f.i(t) were independent for

i j,~ so that fQt) f i(t)) = p. 2 (M).

Return now to Eq.(2.7). Substitution from Eqs.(2. 25) and (2.26) into

Eq.(Z4.) yields

KM 2(t~ 4 [N (s(~t) + Kn i2tj + (N2 - N) (2(t))]

=(
2() + ± ni2(0\ (2.27)

From Eq.(2,,5) and Eq.(2.26 ), the ensemble average

(Ot) 9 (s(t)) = 00(t (2.28)
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Thus, a- 2(t) becomes
rn 2

T0n(t) 2, 29)
m- st) a t) + N . 2g)

which is quite different from Eq. (2. 9), the result derived for Case i.

In words, Eq. (2. 29) states that the variance of the sample mean at time t

equals the variance of the signal portion at time t plus (i/N) times the variance

of the noise portion at time t. For large N, the variance a- 2 t) approaches
m

a- 2(t) which is not required to be zero. Hence m(t) is no longer a consistent

estimate of gLt). Eq. (2. 29) shows that m(t) is still, however, an unbiased

estimate of }i(t).

Example 1: Sine Wave process with dependent amplitudes.

s.(t) =a. cos (wt + b) a. variable, (a a) = )/a- (ai)
1 1 1 \13 \I

Ksi(t)) = (t) = Kai)cos (wt + )

(S2t0) = (a? cosZ (Wt + 0)

2 2 222
0- Mt= a- cos (wt + 0) where a- ( - as a a

0-r(t) -- (t) as N---co

Here, one is not able to uncover xkt) as closely as desired since a- (t) does not
m

approach zero for large N. If the amplitudes were independent, a- 2(t) would
m

approach zero.

Example 2: Sine Wave process with variable phase angles.

s.it) = a cos (ct + a constant, 0i variable

(it))= pt) 0 for allt

(s(t) = (a2/2)

a- (t) (a/)

Since i±(t) 0 here, an average response computer will not uncover any prop

erties of this signal except for this fact.
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CASE 2. Signal-to-Noise Ratios

For the following discussion, assume that p(t) 0 0. From Eqs.(2. 10)

and(2..i),one finds for Case 2 that the input ratio

i ( t )  = -_= (2.30)
o- Of(t) 2 s5 (t) + o 2 M I(t)ji/2

while the output ratio

P (t) = p (2.31)

0mt [ 2(t)+ n (t)/N) I2

Thus,

p(t) [ 2 (t) + an 2 (t) 1 /(2.32)
Po(t) 2 (t)+( 2(t) N)] 1 /2

Eq(Z.33) proves that po(t). p(t) for all N -t since nZ(t) M-[crn 2(t) /N,

assuming that -n 2(t) 1 0.

As in Eq(2.14), assuming pL(t) and o s(t) to be different from

zero, let

A(t) = p(t) (2-33)
0s(t)

In terms of A(t), Eqs, (2. 30) and (2. 31) can be written

Pi(t) [~ + A(t) (2.34)
(n 2(t) / rs 2 1t)] /2

Po(t) = A(t)"V (2.35)[N+ (T n Mt)/ a'sZ t M IZ(Z

The latter important result should be compared with Eq(2L.15). Note that

in Eq(2,15), the denominator contains "I" instead of'"N".
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Consider a few special properties of Eq. (2. 35). Always

p(t) -(2.36)

A(t) [N + (r 2 (t) / s2(t) ]/(2

since (n2 (t) /a- s2(t)) - 0. For large N,

PO(t)- A(t) as N -- co (2.37)

In order for p 0 (t)_-_ 1, it is necessary that

[N + ( (t)/ 
2 (t) ] 1/2

A(t) _ - (2.38)

To consider some numerical examples, suppose (a-n/n/a)= 10 at some

particular time and N = 100. Then p. = 0. 7A. In order to have

Po = 0. 5A when N = 25, the maximum allowable ratio for (a- n/a- s) would

be V75 -8. 66. For this latter example, if (a- in/a- s) = and A = 10,

then p, 1. 15 and po = 5.

Table 2. 4, shows the quantity po(t)/A(t) as a function of N for given

values of o- n(t) /-s(t). The actual output ratio p 0 (t) will be A(t) times

the value shown in the table. It is instructive to compare Table 2. 4 with

Table 2. I to appreciate the difference between Case i and Case 2.

N

to / 10 20 30 1 40 50 60 70 80 90 100
n S I I

0.5 0.98 0.99 10.99 0.99+0. 9 99 0.99+0.99+0.99 0.99
+ +

1.0 0.95 0.97 0.98 '0.99 0.99 0.99 10.99 0.99 0.99 0.99

2. 0 0.85 0.92 0.94 10.95 0.96 0.97 0.97 0.98 0.98 0.98

5.0 0.54 0.67 0.74 0.78 0.82 0.84 0.86 0.88 0.89 .90

10.0 0.30 0.41 0.48 0.54 0.58 0.61 0.64 0.67 0.69 0.71

Table 2.4 Value of pct)/A(t) as function of N for various (o-n(t)/0"s(t))

from Eq. (2. 36).
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CASE 2. Confidence Limits

Confidence limits for Case 2 can be calculated by using Eq.(Z. 19)

with the new a (t) from Eq.(2.29). This yields
m

m(t) =MX(t) X [O 2 M(t) + (On2 (t) / N)] 1/2

IN + ( 2n 1(t)/as ]/2

= (tt)/o- (t))
a (t)(2.39)

Po(t )

upon substitution from Eqs. (2. 33) and (2. 35). Hence

o .for P(t) - (2.40)

Eq. (2.40) is precisely the same form as Eq. (2.22), and like Eq. (2.22) is a

major result of this investigation.

Further analysis of Eq.(2.40)would proceed exactly as was done

in Case i. All results derived there, including Figure 2.4, Table 2.2, and

Table 2.3 apply here without exception. In using Figure 2.4, for example,

the only precaution is to be sure that the output ratio for p0 (t) is given

by its correct form for Case 2, namely, Eq.(2.35) instead of Eq.(2.15)

which holds for Case 1.
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CASE 3. Correlated Samples

Consider now a general situation where

fi(t) = si(t) + ni(t)

(2.41)

f.(t) = s.(t) + n.(t)

such that the ensemble average is defined by

<fi(t)fj(t)) = si(t) sj(t) = Rss(k, t) where k = j - i (2.42)

The quantity Rss(k, t) is a nonstationary spatial cross-correlation func-

tion at time t between the ith record si(t) and the jth record s.(t) such

that j - i = k. It follows from the above definition by interchanging i and

j that

R ss(k, t) = R ss(-k , t) (2.43)

To illustrate, this quantity, for N records, one would set

sZ(t) + s2(t) + + s 2(t

R(O,t)= <si2 (t))= U2(t) + (t "' 2  .
S N

s (t)s 2 (t) + s2(t)s 3(t) + ... + sNl(t)sN(t)
* s(1, t) = \ s i (t ) s i + I( t ) t 23 -

_
N t

N-I

* 2= t's 8i+s2(t)s 3 (t)+ s (t)s 4 (t)+ ... + sN.z(t)SN(t)
Rs(2 ,t) = __i___t__si+2(t)_ ___ __

N-2

and so forth. The true values are obtained as N becomes large.

If the records have been collected at regularly space time intervals

L apart, and if t is measured from a well defined origin in each case,

then R ss(k, t) can be interpreted as the correlation existing at time t

ASD TDR 62-973 2-20



between records which are kL apart. Thus, R ss(k, t) can be used to

define adaptive changes (such as structural fatigue effects or physiological

learning patterns) in the records as a function of repeated stimuli which

produce the records. Refer to Figure 2.1 and consider f (t) to have a time

scale 0_t=L, consider f 2 (t) to have a time scale L_ t_=2L, and so forth.

The precise form of R ss(k, t) determines whether one has a Case I

situation, a Case 2 situation, or something in between. To be specific, it

will be shown shortly that

(1) R ss(k,t) = t2 (t) for all k- i yields Case I

(2) R ss(k, t) = R ss(0, t) for all k -i yields Case 2

For the subsequent discussion, assume as before that ni(t) and

n.(t) are independent of each other and of si(t) and s.(t). As before,

the ensemble average

<fi 2 (t) = s i(t)) + n i(t)) = Rss(0, t) + a'n2 M (2.44)

Consider now Eq.( 2.7) and the value of (m2(t) for this case. Equa-

tion (2.7) states that

NN

Km2 (t)) = fm(t) + * Kfi(t)f (t)] (2.45)

N2 i, j= I
ii j

Substitution from Eqs. (2.44) and (2.42) yields

Km2 t M - [(Rs(O, t) + a n2 (t)) + Rss(k, t) (2.46)

k=j -iiO

ASD TDR 62-973 Z-21



The problem of concern is the interpretation of the double sum over

i and j. The index k = j - i takes on values 1, 2 ..... N-I Altogether,

there are N"- N terms. Since R s (k, R ( the (N -N) terms

in this sum can be arranged so that there are two terms where k = N - I
of form R s s (N - 1, t), four terms where k = N- 2 of form R ss(N- 2, t), .

and 2(N - 1) terms where k = I of form R ss(1, t). Thus, one derives

the simplified expression

N N -i
Rss(k,t) = 2 (N-k)Rss(k,t) 12.47)

k=j -ii 0

As a check, note that the sum

2 (N-k) = (N2 -N) (2.48)

k= I

Equation(2.47) is a key analytical result. Substitution of Eq. (2.47)

into Eq. (2.46) shows

2 (t) = Rss(0, t) + 0(t)] + . (N - k) R 5 5 (k, t) (2.49)

Finally, since R ss(0, t) = s (t) + L 2(t), with the aid of Eq. (2.48), the

variance 2 t \ - p.2(t) becomesvalaceOm(t) = \~

2 2 -
2 snt) +N -(t) ( z

rm(t) = N + N (N-k)1R(kt) - it) (2.50)
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Equation (2.50) is a major result of this investigation. From it may be

derived confidence statements and curves, similar to those found

previously, where Eq. (2.50) takes the place of Eq. (2.9) or Eq. (2.29).

Two cases of Eq. (2.50) are worthy of special mention

(A) Rss(k, t) = i 2(t) for all k-1 (2.51)

From Eq. (2. 50), it follows that

2 2 (t) + (2lt)2r(t) = (2.52)
N

which is precisely Eq. (2.9) of Case i. This situation assumes

no dependence between the signals in the different records.

(B) Rs(k, t) = Rs(0, t) = cr2 (t) + 42 (t) for all k - 1 (2.53)

From Eqs. (2.50) and (2.48), it follows that

2 2 "n (t)

a- 2t) 2 t) + n (2.54)
m N

which is precisely Eq. (2.29) of Case 2. This situation

assumes complete dependence between the signals in the

different records.

For physical situations where neither Case i nor Case 2 apply,

Eq. (2.50) gives a more general expression to analyze nonstationary

problems where a partial correlation exists between signals in the

different records.
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CASE 3. Exponential Correlation Function

An exponential form for the nonstationary cross-correlation func-

tion R ss(k, t) will now be assumed so as to obtain some quantitative

results to characterize different degrees of correlation. This particular

form is known to fit many physical situations and it is therefore deemed

appropriate for consideration here. To be specific, it will be assumed

that

Rs (k,t) = p.2(t) + a-2(t) e-IkIc (2.55)

where k and c are positive constants. Observe that an extremely

large value for the correlation coefficient c corresponds to Case I while

an extremely small value for c corresponds to Case 2. Equation (2.50)

now becomes

m (t) + a -(t) +20 s2(t) -kc (2.56)
N N

To evaluate the sum above, let

N-I

f(c) e -kc= e (N-)c(2.57)
c-

Then

f'(c) = - kekc Ne -(N - )e- (N- )c e c

V()k ec - 2 (2.58)J~=L(e_ I) z

Now

F(c) - (N - k)e kc = Nf(c) + f'(c)

(N - 1) ec - N + e-(N- i)c

c 2 (.9

A (e 62)9 (359)
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Substitution into Eq.(2.56) gives

2 (t) = 2(t)+a-2(t) 2a 2(t) (N 1)eC - N+ e (N- )c (2.60)

a'm MN + N [ (eC c0Z (260

Equation (2.60) can be used to generate a set of curves for different

values of N and c. For a given value of N, and for known values of

T- 2(t) and o 2 (t), actual experimental results would enable one to esti-

mate the correlation coefficient c.

2.3 CONCLUSION

Results obtained in this sectionmaybe applied in many ways. These

results are valid for nonstationary data since all averages are ensemble

averages and the various statistical quantities involved are allowed to change

with time. Three cases are distinguished according to whether or not the

sample records are (1) independent, (2) dependent, (3) correlated. If
input signal and noise variances are known, and if the input signal-to-noise

ratio is known, then one may calculate the output signal-to-noise as a

function of the sample size. The same formulas enable one to decide in

advance how large the sample size should be to achieve a desired output

ratio. Knowledge of the output ratio permits definite confidence bands to

be associated with measurements from an average response computer.

Working backwards from the derived equations, if one can estimate

the output ratio for a known sample size, then one can infer properties

about the input ratio, and, thus, about the underlying input signal and

noise variances. Similarly, the ability to estimate the confidence band

associated with average response computer measurements enables one to

estimate the output ratio. Changes in sample size are tabulated to achieve

a given confidence band for measurements following an unknown arbitrary

distribution, as compared to measurements following a Gaussian distribution.

Estimates of an underlying noise variance alone can sometimes be

obtained experimentally when no signal is present, and of combined signal

and noise variances when the signal is present. This variance information,
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together with a corresponding mean value estimate would provide data

for estimating an input signal-to-noise ratio.

The Case 3 situation of correlated samples includes Casesi and 2

as 4pecial cases. This case enables one to analyze adaptive changes in

records as a function of repeated stimuli. A quantitative technique is

described, using an exponential correlation function, which may help to

characterize different physical situations.
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3. ESTIMATION OF NONSTATIONARY MEAN SQUARE VALUES

3. 1' INTRODUCTION

The previous section described methods for analyzing the accuracy

to be associated with average response (mean value) computations on non-

stationary data, The present section continues this line of analysis so as

to determine the accuracy to be associated with mean square computations

on nonstationary data. One reason for the interest in mean square values

is that it describes the "power" contained in the data at any time and thus

shows how the power change with time. Another reason is that the mean

value is commonly zero when analyzing random phenomena so that one is

forced to consider higher moments such as mean square values in order

to describe the data.

For the present treatment, it will be assumed that one has available

a set of N stationary or nonstationary records I(f i(t)J1, i = t, 2, . . . , N.

This set of records is assumed to have a well-defined time origin in each

case, such as the closing of a switch, the opening of a door, the start of

an impact, etc. A mean square computer takes each sample record fi(t),

squares it to obtain f. (t), and then averages the set of N different f (t).

This provides an estimate of the true mean square value which would be

obtained if one had available an infinitely large collection of records. The

problem of this section is to determine how closely one can estimate the

true mean square value.

At any time t, a mean square computer calculates a sample mean

square value from a set of records If.(t) of size N as given by

V M)= i fi2 (t) (3. 1)
i=1i
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The sample records [fi(t)) will be assumed to be additive mixtures of

independent signals fsj(t)I and noise [nit) . Pairs of records fi(t) and

fI(t) where i j j will separate into three cases according to whether or

not they are (1) independent, (2) dependent through a common signal si(t)

in both fi(t) and f.(t), (3) correlated in a manner to be defined later.

These three cases are precisely the same three cases as were considered

previously when analyzing the accuracy to be associated with average

response computers for nonstationary data.

The quantity v(t) is an unbiased estimate of the population mean square

value v (t) over (f i(t) at any time t since the ensemble average over a set of

estimates (v(t)}) is

N

(t M V(t)> <I1 f i t() = (f 2(t)M a KsZ (t) ) + Kni 2tM (3. 2)
N L

It should be noted here that v.(t) is an estimate of the mean square value

of the signal plus noise. A cross-correlation procedure is required to

estimate the mean square value of the signal alone.

The main problem here is to determine the variance associated

with the set of estimates Iv.(t)I for the three cases of [fi(t)I to be con-

sidered. In general, the variance is defined by

Sv 2 (M KV t - (v.(t)) (3.3)
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From Eq. (3.1), the mean square ensemble average K v2(t)) , the first

term on the right hand side of Eq. (3. 3), is given by

N<2(-t) = z f = -t f,(
1 (3.4)

S4 + Z i 2t) f 12 (-7 , I,
i~i i,j=i

i* j

Thus, the problem reduces to evaluation of the two ensemble averages

() and Kf 2(t) f 2(t)) where i 0j

3.2 THREE MATHEMATICAL MODELS

Results will now be developed for three mathematical models of

physical problems: Case 1. Independent Samples; Case 2. Dependent

Samples; and, Case 3. Correlated Samples.

Case 1. Independent Samples

For this case, it is assumed that the records

fi(t) = si(t) + ni(t)
(3. 5)

fj(t) = s.(t) + n.(t)

are such that <ni(t)) = 0 and

f(t)) = Ksi(t)) = i(t) (3.6)

2 7(t)) =s s2t) + Kn 2(t)>
For i / j, the independence assumption requires

<fi(t) fj(t) = Ksi( ) Ksj(t)) 2 ±
2 (t) (3. 7)
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It follows that the variance

2(t M 2(t)\ k1(t) =sT (t) + (T(t) (3 8)

where

S(t) = it)M  M 2 (t) and 2 (t) = ni2t) (3. 9)

In order to obtain reasonable closed-form quantitative expressions

in the following analysis, and also because it describes fairly closely a

wide variety of situations, it will be assumed now that the set of values

Ifi(t)]at any time t follows a Gaussian (normal) distribution with mean

value p.(t) and variance orf (t). One can then derive for the higher moments

(0) 3 [ (t) + 2 (t) 2 (3. 10)

while, for i i j, for Case 1,

f i(t)f j(t)) : [of2t) + 2 (t)j (3. 11)

Eqs. (3. 10) and (3. 11) follow from the Gaussian relation

Sfi(t) fm(t) fj(t)fPt) = <fi(t)f 3(t)) <fm(t) fn(t)) + Kfi(t)fm(t)) <j(t)fn(t)>

+ <f i(t) fnP) < f j(t)f MMt) - 2 4(t) (3, 12)

as applied to the two cases when j = m = n = i, and when m = i, n = j,

i i j. In deriving Eq. (3. 11), use is made of the independence relation of

Eq. (3.7).

From Eqs. (3.8) and (3. 10), the variance of the input squared values

AS 2(M < (f(0) - [f (tM 2 = Z 4 (t) + 2 3-4 (t)2(M (3. 13)
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Substitution of Eqs. (3.10) and (3.11) into Eq. (3.4) yields

v2 t) 1~..N3(-2t + p 2 (t)) ? *p4(t)] + (N 'N[af(t) + i(j2
[N [3zf'(t)(+) (N - N) [ f

T[2 t + t 2 (t) ] 2 + 2. [[T 2(t) + j± 2?(t) ] -_ 1(

fN
V~t) 2 + 2 [ 4() + (t)f,2(t)]

= K~))2 +-- fa~ Zf~t (3. 14)

Thus, the variance

= ) [T 4(t) + Za- (t) (t)]

v N

Note that Tv 2 (t) approaches zero as N becomes large so the estimate

v(t) is a consistent estimate of v().

Case 1. Signal-to-Noise Power Ratios

In terms of signal and noise variancesa- (t) and a- 2(t), Eqs. (3. 2) and

(3. 14) become

Svt = Kv(t) = s 2 (t) + p. 2 (t) + T 2 (t) (3. 16)

a 2 t M [{[T2(t) + T-2(t)]?+2p ((- 2 + +r a2(t)] (3. 17)

An output signal-to-noise (power) ratio P 0 (t) will be defined by

± (t)

TV 3. 18)
a- (lt)

It follows that

P 0 (t) = N Pi(t) (3. 19)
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where Pi(t) is the input signal-to-noise (power) ratio defined by

2 2

P.() [f 2(}-[o.(t+ 2 t) (3. 20)

a1 2 (t) 2[o0-f(t) + 2 M G(t)cf2 (t)]
f

The input quantity P .(t) -I whenever [ 1 IL)/ Tf Mt)] 2 ..c +-V7). The output

quantity P 0 (t) is directly proportional to the number N of available

records.

Three special examples of Eqs. (3.15) through (3.20) will now be

examined. It is assumed in all examples that o 2 (t) 0.

Special Examples of Case 1:

(i) M(t = 0, a- 2 (t) j 0
n

For this special example, results are

ILv(t) = (2 t) + r n2 (t)

Ov2 [= 0- [ (t) +0

NI
P°(t) 2 ' P(t) = 2 (3. 21)

Equation(3.2i) shows that Po (t) is a function here only of N.

(2) (t) 10, a- 2 (t) = 0

For this situation

F~v(t) = or2(t) + FL2(t)

a2 =(t) I[_4(t) + 2 2t(t) G(t)v N s

N [I + 2 (t)/-s(t) )2 +1 p.(t)/o(t)) 4 ]
P olt) = _ _ _ _ _ _ _ _ _

0 z[i + (t)/as(t)

(3. 22)
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which shows that P (t) here is a function of N and the dimensionless

ratio (p.(t)/os(t)).

For small (p. I P (t) (N/2)

22

while for large (iIT 0s) Po0(t) - (N/4)( L /as 9

(3) (t) j 0, T- 2t) 0
n

Upon dividing Eq. (3.1.7) by - 2(t), one obtains the general result

N[ + 2(o- + ( s)4 + 2( jL T s)2 + 2( /a-) 2 (a-nl- + ( 8 /s ) 4 j
Po0(t) +( / ) anO ( 0s2T/ )

2)1 +2((onas) T-ns)4 + 2( I/o )2 + 2( / )-2[ +Zo-/o s + (a s)2 9) n/ s)2

(3. 23)
using the simplified notation

(- 41- ) = - t
n /- ) = t)/o-s(t)

Equation (3.23) shows that P 0 (t) is a function of N, (-n/-s and ( 4/ITs).

Note that Eq. (3.23) reduces to Eqs. (3.21) and (3.22) for those situations.

Various calculations can be made from Eq.(3. 23) based on assumed

values for N, (T-/-s), and ( p /Ts). These are left as exercises when needed.

Example: Assume (. /a-) = 1. 0

Then

N[4 + 4(o-nT s ) 2 + (T-/-S)4]
2 [3 + 4(o-n / S)2 + (o-n/-)4]

2 28N
For (-n I-s ) = 0, Po = 23 N For (- n/- ) = 2, Po = -8N

n 0 3T 54
9Z

For(Tn /T)=, P=9 N For (T- /- ) = 5 P =729n s 0 16 n s' o 1456

Thus, for fixed (p1Ts ) and fixed (T-n/a-s), P0 is a simple linear function of

N as pictured in Figure 3. 1.
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Figure 3.1. Plot of P (t) as function of N for given (m/o ) and (o/S)

Case 1. Confidence Bands

From Eqs. (3.16) and(3.17) one can obtain confidence bands which will

indicate how closely a measured mean square value will approximate the

true mean square value at any time. This is accomplished as follows,

For an arbitrary distribution associated with the measurements

Iv(t, 11from the Tchebycheff Inequality, for any constant X

Prob[,v(t) - iv(t)_ k Xv(t)] i. (3. 24)

where . v (t) and -v(t) represent the true mean value and standard

deviation associated with Iv(t)]3 Now, consider the range for estimating

ly(t) from v(t) as given by

Iv(t) - Irv( X or t) (3, 25)
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Solving for v(t) yields the two extreme range values

v(t) = 1 v(t) ± xav(t) (3. 26)

Now for X = 3, Eq. (3.24) shows that there is 89% confidence that v(t)

lies in the range [Pjt) - 3O-'(t), v(t) + 3o0v(t)]

Equation(3.26) can be put into another equivalent form by using

Eq.( 3 .18). This yields

M v(t)
v(t) -pit) X /po(t)  (3. 27)

Hence

v( t) provided Vio(t)"-X (3. 28)

From Eq. (3.28), one can state at any desired confidence level how closely

a measured mean square value v(t) will approximate the true mean

square value fV(t).

For example, if k = 3 and P (t) = 25, then there is 89% confidence

that 4v (t) lies in the range bounded by

11 (t) = v(t) = [0. 625 v(t) to 2. 5 v(t)]v I j 0. 60

For P (t) = 100 and X = 3, the 89% confidence range becomes

(t) _ v(t) - [0. 77v(t) to 1. 43v(t)]
SDI T - 0. 30

ASD TDR 62-973 3-9



Figure 3.2 based on Eq. (3. 28) is a plot of the ratio ±V(t)/v(t) as a

function of P (t), Two cases are considered. Case i applies to arbi-

trary distributions for v(t) and sets X = 3 corresponding to an 89%

confidence band as given by the Tchebycheff Inequality. Case 2 applies

to a Gaussian probability distribution for v(t) and sets X = 2 corre-

sponding toa95% Gaussian confidence band. The lower and upper

limits used for Figure 3.2 are shown in Table 3. 1.

Case t Case Z

P M Lower Upper Lower Upper

Limit Limit Limit Limit

4 ---. 0.50 O

9 0. 50 o . 60 3.00

16 0. 57 4.00 0. 67 2. 00

25 0.63 2. 50 0. 71 1.67

36 0,67 2.00 O 75 1,50

64 0.73 1.60 0.80 1. 33

t00 0. 77 1. 43 0.83 1. 25

144 0.80 1. 33 0. 86 1. 20

225 0. 83 1.25 0. 88 1. 15

324 0.86 1. 20 0. 90 f. 12

400 0. 87 1. 18 0. 91 1. i1

Table 3, 1 Data for Figure 3. 2
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Case 2. Dependent Samples

This case differs from Case I in that Eq. (3. 7) where i j is

replaced by

K f(t) f.(t)) Ks 2(M s o 2(tM + 1 '(z) (3.29)

It follows that Eq. (3. 11) where i I j is then replaced by

K£~(t[0_t =[cr(t) + ~i2 (t)] +2[0 4 (t% + 2 t.±2 (t)a s2 (t)] (3. 30)

Substitution of Eqs. (3. 10) and (3. 30) into Eq. (3. 4) now yields

all that was obtained before in Eq. (3. 14) plus an additional term, namely,

Kv 2 (0 = (KV(t))) 2 + [f 4(t) + 2 i (t) I(t) + Z(N -N)[4(tQ + 2 (t)o2M

(3.31)

It then follows from Eqs. (3. 3) and (3. 8), that the variance

a"- (t) T - t + 2 2M + - 2(t) a-(t) + 2M

(3.32)

Equation (3. 32) should be compared with Eq. (3. 17) from Case 1. Note

that if - (t) 1 0, then a- 2(t) no longer approaches zero as N becomes

large so that in Case 2 the estimate v(t) is not a consistent estimate.

As in Case 1, an output signai.-to-noi.se (power) ratio P (t) will

be defined by

Po(t) v (3. 33)a z(t)

For Case 2. iv(t) is given by Eq. (3. 16) and a-v 2(t) by Eq. (3. 32).
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Two special examples of Eqs. (3.32) and (3.33) will be examined.

Special Examples of Case 2:
2

(I) 4(t) = 0, a-n2tM 1 0
n

For this example p. (t) = a2(t) + O(2(t), and

(t) =2 tM + a- (t)N[N T (t) + (t)JN n

Hence

N[i + Z /02+4
Po(t) n (3. 34)2 [N + ( -n /s) 4 ]

Thus, P (t) is a function here of both N and (on /O s).

For small (a-/a-), P(t) -0. 50

while for large (a-11 sa-), P 0 (t)-(N/2)

2

(2) p2(t) 0, a-n(t) = 0
n

For this example, p.v(t) a (t) + 1 2(t), and

a- (t) = 2a-2 (t)[0-2 (t) + 2 M

Hence 1 + 2( /)Z + ( /-)

P (t) 2 (3. 35)2+ 4(p./-s)Z

For small ( t/o-), P (t)a- 0. 50

while for large ( / s , P 0 (t)-z0, 5( 8/ ) 2

ASD TDR 62-973 3-13



Case 3. Correlated Samples

For this case, it will be assumed that

f1 (t) fj(t)> = s(t) s(t))= Rss(k,t) where k =j-i (3. 36)

The quantity R ss(k, t) was defined previously in Eq. (2. 42) dealing with

the measurement of average responst. values for correlated data. Equa-

tion (3. 11) where i / j is now replaced by

f 2 (t ) = f2(f2 2 2 + 2[R 2 (kt) - p. (3. 37)

When i= j, Eq. (3. 36) reduces to

(t) s (t)>= Rs(0, t) = (t) + 2(t) (3. 38)

From Eqs. (3.37) and (3.38), Case I and Case 2 are thus seen to be special

cases of Case 3, namely,

(1) R (k, t) = 2 (t) for all k- I yields Case Iss

(2) Rss (k, t) = R ss(0, t) for all k -I yields Case 2

A procedure for handling Rss (k, t) was developed in the previous

material on average response computers. A similar analysis carried

out here yields the result

N-I
[(t A r 2(t) ] 4Z -[Rs(k ' t) - 4(t)

V(t) N 4 (t) + 2(t) + 4 (N -k) R t t) (3. 39)

Equation (3.39) is a major result of this investigation. It includes

Eqs.(3.17)and(3.32)as special cases. Asdiscussedpreviously R ss(k, t) can

be interpreted as a measure of adaptive changes in records occurring from

repeated stimuli. Thus, R ss(k,t) may be useful for analyzing such items

as structural fatigue effects, or learning patterns in physiological systems.
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Exponential Correlation Function

In order to obtain some quantitative expressions corresponding to

Eq.(3. 39) which will characterize different degrees of correlation, assume

that R s(k, t) has the exponential form

R (k,2t) t (t) e (3.40)

5 s

where k and c are positive constants. The parameter c, called the

correlation coefficient, is such that a large value of c corresponds to

Case I while a small value for c yields Case 2. Thus the value of c

may be used to compare different physical situations.

The sum inEq.(3.39) may be evaluated as follows:

Let N-I -(N- 1)c.

f(c) = N7 e kc c ( (3. 41)

Then

- .. kc (N - t) e c  -N+ e - ( N - i)c

F(c) '=N- k) e = Nf(c) + f'(c) (N eC N4e

From Eq. (3. 40), the term

R 2(k, t)- L (t) 07 (t) i (.t)e - c+ a 2 ()e- kc(3. 43)

Hence

N-4 2

N-4 (N-k) R 2s(k, t)- t4t - N (N-k) 2 2 (t)le + 2' (t)e - 2k c

4Z t 2 (t) F(c) + 0-2 (tF(Zc) (3.44)
N

where F(c) is given by Eq. (3. 42).
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Equation (3. 44) can be used to generate a set of curves for different

values of N and c. For a given value of N, and for known values of

p. (t) and a- (t), actual experimental results would enable one to esti-S

mate the correlation coefficient c.

3. 3 CONCLUSION

This material on mean square value measurements, together with

the previous material in Section 2 on average response (mean value)

measurements, provides basic formulas for analyzing a wide class

of nonstationary data occurring in physical problems. For given input

conditions, one can decide in advance how large the sample size

(number of records) should be to guarantee a desired confidence in

final results. Conversely, for a given sample size and for given

input conditions, one can determine confidence bands about measured

results.

Various special techniques are developed here which may prove

useful also for other problems. In particular, the mathematical

model which has been considered for correlated samples offers a new

procedure for analyzing fatigue effects or other adaptive physical

changes.
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4. SPECTRAL DECOMPOSITION OF NONSTATIONARY PROCESSES

4. 1 POWER SPECTRAL DENSITY FUNCTIONS FOR STATIONARY
PROCESSES

For a single stationary record x(t), the power spectral density

function defines the rate of change of the mean square value of the

record with frequency. The mean square value inside any frequency band

is found by merely summing the power spectral density function across

the band. In equation form, if S x(f) is the stationary two-sided power

spectral density function of x(t), defined over (-co, oo), then the mean
2(

square values x (f I'f) inside (f 1 ' f 2 ) is given by

xf f) = ffz S(f) df (4. f)

fi

where the factor 2 is due to the two-sided nature of S x(f).

The same formula describes the average power inside (f,f )for

a stationary random process (x(t)I by interpreting Sx(f) as the ensemble

average of all the individual stationary power spectral density functions

in the random process.

One should note that the result of Eq. (4. 1) is independent of t

since the random process is assumed to be stationary. For a stationary

process, one can prove that S (f) is the Fourier transform of theK

stationary autocorrelation function Rx(r), namely,

Sx(f ) f Rx(T) e -jZ rfT dT (4, 2)

where Rx (T) is defined by the ensemble average

R(T) = X(t) x(t + T)> , independent of t (4. 3)
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In terms of S (f), the inverse Fourier transform to Eq. (4. 2)

yields 0o

Rx(T) = Sx(f) ejzWfT df (4.4)

The total mean square value is independent of t and is given by

Rx ( 0 ) = Kx2 t)) = Sx(f) df = f SX(f) df (4.5)

When a random process is nonstationary, the nonstationary auto-

correlation function is no longer a function of a single time variable

but instead is a function of two time variables. The corresponding

nonstationary power spectral density is also no longer a function of a

single frequency variable but instead is a function of two frequency

variables. By proper definitions and interpretation, one can show that

nonstationary autocorrelation functions and corresponding nonstationary

power spectral density functions are double Fourier transforms of one

another, which reduce to the above formulas in the stationary case. A

similar correspondance exists for nonstationary cross-power spectral

density functions and nonstationary cross-correlation functions. This

procedure will now be carried out, and appropriate expressions will be

derived which describe general nonstationary processes.

A separate section will consider special situations of nonstationary

random processes which are locally stationary. These represent impor-

tant physical cases, such as turbulence, where the average instantaneous

power may vary slowly with respect to the correlation time.
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4. 2 CORRELATION (COVARIANCE) STRUCTURE

OF NONSTATIONARY PROCESSES

For general real-valued nonstationary random processes, [kX(t),

kyMtI, the mean values at arbitrary fixed values of time t are defined

by the ensemble averages

N

x(t) lim k - x(t) t fixed
Avoverk N-.oo N

N 
(4.6)

I~yt =\~)/~=lir- 1___ky(t) ;t fixed1y~t M kyMt > Av over k N-mk M fxe

The record index k is averaged out in computing these ensemble averages

which are indicated by angular brackets For simplicity in notation, the

index k will be omitted in future equations. However, t must be retained

since, in general, these mean values will change with time.

The covariance functions at arbitrary fixed values of t 1 and t2 are

defined by the ensemble averages

P y t t ta) = Y(tj) - p.(t1 )] [y(t 2) - kLy(t2)1) (4. 7)

PxyIti t ) = (t ) - 4xIt )] [y(t2) - 4Iyt))Pxy' 1' 2z =  1 X y2

For stationary random processes, these results would be a function of the

difference (t I - t 2 ) or (t 2 - t) rather than t, or t. , In general, however,

these quantities will vary with both t 1 and t 2 . At the special point

t = t I = t 2 , the covariance functions px(t,t) and py(t,t) represent the

ordinary variances of (x(t)J and.I y(t)3 at a fixed value of t, while p xy(t, t)

represents the cross-covariance between (x(t)I and Iy(t).
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The correlation functions for nonstationary processes are defined

by

Rx(ti ,t 2 ) = Kx(t)x(t2 ))

Ry(t 1 t 2 ) = Y(ti)Y(t) (4.8)

Rxy(tipt 2 ) = (X(ti)Y(t 2 ))

where R is introduced instead of p to agree with engineering usage.

Note that for zero mean values, the correlation functions are the same as

the covariance functions. The quantities Rx(ti t 2 ) and Ry(t It 2 ) are non-

stationary autocorrelation functions, while Rxy(tit t2 ) is a nonstationary

cross-correlation function. The cross-correlation function R includesxy

the autocorrelation function as a special case when x = y.

For arbitrary values of x(t) and 4y (t) the covariance functions

and correlation functions are related by

Px(ti , t 2 ) = Rx(t, t2) - 4x(ti) 4x(t2 )

Oy(t i p t2 ) = Ry(t , t 2 ) - } y(t1 ) 4 y(t 2 ) (4.9)

Pxy (ti t 2 ) = Rxy(t i P t2 ) - 4x(ti) y(t 2 )

An upper bound for the cross-correlation (or autocorrelation)

function is given by the inequality

IRxy(ti, t 2 ) 2  R=(tl, t ) Ry(t2 , t 2 ) (4. 10)

From the original definitions, one sees that the following symmetry

properties are satisfied.

x (t 2  t i ) = Rx(tipt 2 )

Ry(t 2 , ti) = Ry(ti, t2) (4. 11)

Rxy(t 2 , t I ) = Ryx(t i p t 2 )
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The correlation structure of nonstationary random processes IXt

[y may be described by the four functions R(tip t2 ), R(ti) t2 ))

Rxy(t, t2) and R yx(t I t These need be calculated only for values of

ti t 2 since the symmetry properties of Eq (4.1) yield results for t 2 . - t I

When the mean values are zero, for arbitrary t, Rx(t, t) and R y(t, t)

represent the variance associated with rx(t)j and y(t) , respectively,

while R xy(t, t) represents the cross-covariance between fx(t)j and Iy(ti.

Consider the problem of measuring Rx(ti, t 2 ). By definition

Rx(tpt 2 ) = (x(tI)x(t2))

Theoretically, all possible combinations of the two times t 1 and t 2

should be used in computing Rx(t 1 , t 2 ), a tremendous task. To lighten

this work, a special cross-section can be studied.

A recommended procedure is as follows. Hold t 1 fixed and vary

t 2 . Let t = t I + T with TO. This yields

Rx(t 1 , tI+T) = Kx(t)x(t + T))

For fixed t, this result is a function only of T. By varying t I in small

steps, the dependence on t I will be exhibited. For stationary random

processes, there would be no dependence on t V Clearly, if Rx(t i , t I + T)

is determined for all possible t I and all possible T'_ 0, then one should

be able to state the general form of Rx(tI) t 2 ).

Example: Suppose Rx(tip t i +T) = cos QT + cos (2t I + T), By letting

T" = t 2 - tY one finds from a trigonometric identity,

Rx(tipt 2 ) = 2cos O2tt cos Qt 2
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4.3 SPECTRAL DECOMPOSITION OF NONSTATIONARY PROCESSES

To obtain a spectral decomposition for a pair of random processes

{x(t) I and IY't) I, it will now be assumed that each particular member of

either random processes has a complex Fourier transform

X(f)= x(t) e - ff f t dt

(4. 12)

Y(f) = y(t)e -jZwft dt

The parameter f denotes the frequency (usually cps) while j

Inverse Fourier transforms yield

x(t) =i-o X(f) eJZ ft df

(4. 13)

y(t) = Y(f) eJZwft df

Thus, an original pair of real-valued nonstationary random processes

{x(t)3 , fy(t)3 may be described in terms of two new complex-valued

random processes IX(f)j, Y(f)j

When x(t) is real-valued, it follows that the complex conjugate

X(f) is given by

= f) x(t)e j w f t dt = X(-f) (4. 14)

Also, since x(t) is real-valued,

x(t) = j e -JZ rf t df (4. 15)
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Consider now the nonstationary correlation function Rx(t I ,t 2 ).

From Eqs.(4. 13) and (4. 15), one finds

o= J I )e _2 df J X(f 2 )e df 2ooix~2 = X-jw df!ijlr~2

using a variable f 2 instead of fI in the second integral to avoid confusion.

The ensemble average yields

_fj "21f(f I -f 2 t2)
R =K x(ti )) 00t2) = Sx(f 1 , f.) e df i df 2

(4. 16)

where

sx f 1, f 2) F(x-'t) xlf 2)  (4. 17)

By inversion,

SxJ(fi, f ) f Rx(ti, t2) e 2 2 dti dt2

(4. 18)

The quantity S x(f , f 2 ) is called the generalized (nonstationary) power

spectral density function of the random process Ix(t)J.

For general cases, from Eq. (4. 16),the variance

2f f t(f2-f1)
RX(t, t) =<x(t)) = J j Sx(f1 ,f 2 ) e dfI df 2

-CD (4. 19)

Similarly, one derives for the nonstationary cross-correlation function

Rxy(t , tI) = J Sxy(fi f2) e df Idf 2

and Co (4. 20)

Sxy(fI f2) j Rxy(tt , t2) e dt i dt 2
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where

S ,(f, If 2) =X(f1) Y(f 2 )) (4. 21t)

The quantity S (fit f 2 ) is called the generalized (nonstationary) cross-

power spectral density function between the pair of processes [x(t)) and

I{Y ). One should note t!Le basic symmetry between R xy(tit 2) and

Sxy (fit f 2) as exhibited by Eq.(4. 20).

From Eqs. (4. 14), (4. 197), and (4. 21),

S (fif 2 ) = Sx(f 2 , f) x (-f I ,-f 2 )

______-~(4. 22)
S (f1 , f2 ) = S yx~ 2' 1 = S xy~ f f 2 )

For the special point t = t I = t 2 t Eq.(4. 20) becomes

R xy(t t) =(<x(t) y(t) T o f- j0 J S (f'f2 ) e j~tf - )df I df 2  ( .3

Note that, for nonstationary random processes, the dependence on t is

shown in the exponent in Eq.(4. 23).

4. 3. 1 Stationary Random Processes

For stationary random processes, Eq. (4. 23) would be independent

of t, namely,

R xy(t, t) = R x(0, 0) = f 0To S ( f I,'f 2 ) df idf 2

(4.24)

It follows that, for stationary random processes,

R (0,0)= f x(f ?) df 2  (4. 25)
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where

SNy (f 2 =f-oD Sxy(' f 2 ) d f l  (4.26)

Hence, for stationary random processes,

Sxy(f) f 2 ) = S y(fi)6 (f 2 - fi) (4. 27)

where 6(f 2 - fI) is the usual Dirac delta function at f 2 = fI' In geometri-
cal terms, S ±y(fi t f 2

) is concentrated only on the line f2 =f in the

(fIPf 2 ) plane. Note also that Sxy(f, , f z)=0 for f 2  f1 . The delta function

is an even function, so that one can replace 6(f) by 6(-f) whenever desired.

Conversely, suppose that a generalized cross-power spectral

density function has the form

Sxy(fIff2) = Sxy (fi) W2 - f 1 ) (4.28)

One can derive from Eq.(4. 20), letting T = t 2  t

Ryl(t1 , t 2 ) = Rxy(t 2 - t 1 ) = Rxyl(T) = Sxy(f)e j2fdf (4. 29)

where

SX(f) = J Ry(T) e jWfdT (4.30)

Thus the cross-correlation function Rxy(ti t2 ) corresponding to Eq.(4. 28),

is stationary.
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4. 3. 2 Nonstationary Random Processes

Return now to the consideration of general nonstationary processes.

Through a change in variables, let

ti+t 2

T=t -t t t -+ 2 (4.3t)
2 1 2

Then

ti t T t + T (4.32)
1 2 22

Thus, through the above change,

Rxy(t't 2 ) = Ry(t - . t + Z ) = /?X (t, T) (4. 33)

The reason for introducing this transformation from the (t, t 2 ) plane

to the (t, T) plane is to separate, if possible, the nonstationary portion

of the process from the stationary portion of the process. For

stationary processes, there would be no dependence upon t. Note that

R xy (t, t0 = pf xy(t, 0).

From Eqs. (4. it)and (4. 33)one obtains

x(t, --T) jx (t, T)

(4. 34)
6 (t, -T) (t, T)

xy yx

Substitution of Eq.(4. 32) into Eqs. (4. 19) or (4.20)yields (omitting the sub-

scripts x or xy)

S(f l ,f 2 ) = tT) exp {j2W (f -fY)t +(fi4)j dt dT

f fi)( =J(f'g) =  Sfg g + )14.35)

[2 + 6-4 2 2
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through a change in variables where

fi +fz

f f2 i g - 2
2

(4. 36)

f = g  fZ g +
g2

Thus S(f i f 2 ) in the (f pf2 ) plane is transformed to J(f, g) in the (f, g)

plane, and

J(f, g) = f (t, T00 ( jtft+ g) gt dT (4. 37)

By inversion, o)

A (t, T) = T(f, g) eJZW(ft+ gT) df dg (4. 38)

This transformation to J(f, g) is required in order to bring out

intrinsic frequency properties of the transformed nonstationary corre-

lation function X'(t, T). It will be shown shortly that for a stationary

random process -J(f, g) must be zero everywhere in the (f, g) plane

except along the line f=0.

Corresponding to Eq. (4. 19), the variance

0 ) = <x (t) 0o f00i x(f, g)e j w f t df dg

Note also that

Rx(0, T) = ( x-T/2)x(T/2)) = f Jx(f, g)ejZW gT df dg
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4. 3. 3 Separable Case

Assume that the nonstationary correlation function/f(t, T) can be

separated into the products

X(t, T) = RI(t)R 2 (T) Ri R2 t 2  t ) (4. 39)

where R 2 (T) = R 2 (t 2 - t1 ) is a stationary correlation function, and

R (t) = Rt [(t 1 + t 2 )/2 ] is a variable scale factor defined at the midpoint

(average) of the points t i and t2 . For stationary random processes,

R,(t) is a constant.

The process is said to be locally stationary, see Ref. [2], if RI(t)

is a non-negative function of t. Although, in general, RI(t) is an

arbitrary function of t, it may be possible to break up a random process

into a number of smaller samples such that these smaller samples are

stationary or locally stationary. For example, a physical process (such

as turbulence phenomena) is locally stationary if its average instantaneous

power is varying slowly with respect to its memory (correlation) time.

Substitution of Eq.(4. 39) into Eq. (4. 37) yields

Y(f, g) = f R(t)R2(T) e -jZw(ft+ gT) dt dT

= SI(f) S 2 (g) (4.40)

where

SI(f) =J RI(t)e - jZlft dt f = f2 -f

-O (4. 41)

S2 (g) = R,(r) e d g = 2
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By inversion

Rt(t) = f Si(f) ejZWft df

(4.42)

R 2 (T) f Sz(g) e j 2 r g T dg

For a stationary random process where Ri(t) is a constant, say

Ri(t) = c, the corresponding SI(f) is a delta function given by S1 (f) = c6(f).

Thus, for a stationary process,

A(t, T) c RZ(T)

with (4.43)
J (f, g) = c65(f) S2 (g)

In words, when R(t, T) has no dependenLe on t and is a function only of

the time difference T = t 2 - t i , the spectral density functioni(f, g) is

concentrated on the line f = 0 in the (f, g) plane.

For the special case of stationary "white" noise where R.(T) = 6(T),

a delta function, the corresponding S,(g) = 1, a constant. Now,

,'t(t, T-) = c 6 (T)

with (4.44)
J (f, g) = cb(f)

Thus, for this case, and this case alone, the spectral density function

, (f, g) is itself stationary since there is dependence only on the frequency

difference f = f 2 - fiF Equation (4. 43) shows that for general stationary

random processes, the corresponding spectral density function is not

stationary since there is dependence on g = (fi + f 2 )/Z.
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4. 3. 4 Slowly Varying Nonstationary Random Processes

Suppose A'(t, -) as defined by Eq. (4. 33) varies slowly with respect

to t. Then a single record, or a pair of records, can be broken up into

a number of shorter records such that $(t, T) is essentially independent

of t over the shorter records. Define

Ag't) = f4(t,T) e'j 2WgdT (4.45)

When /(t, T) is independent of t, then-a(g, t) is the power spectral density

function of a stationary random process whose accuracy can be estimated

by well known procedures.

The nonstationary generalized spectral density function J(f, g) can

now be determined from J(g, t) by taking its complex Fourier transform

with respect to t. This follows from Eq. (4. 37) by noting that

J(f, g) = f [0f04(t, T) e j 2w d e j'wft dt

f 0(g, t) e - j 'wf t dt (4.46)

Further discussion of this idea and related matters concerning

the analysis of nonstationary processes appears in Ref. [ 1].
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5. INPUT-OUTPUT RELATIONS FOR NONSTATIONARY PROCESSES

5. 1 INTRODUCTION

The subjects covered in this section are of considerable theoretical

and practical importance for many problems of predicting output effects of

nonstationary random processes from knowledge of input properties and

system characteristics. For other problems, the input conditions, or the

system behavior, can be predicted from measurement of the output proper-

ties. Optimum systems can also be derived from certain input-output

information [N]

In the present discussion, emphasis will be placed on time-varying

linear systems, and methods will be developed for describing such systems

both in the time domain and the frequency domain. Physical situations of

constant parameter linear systems are treated as a special subclass of

time-varying linear systems.

After reviewing some of the basic properties of time-varying linear

systems, linear, integral, and derivative transformations of random func-

tions are considered in a general way. This is then followed by the main

material in this section dealing with input-output relations of nonstationary

random processes through time-varying linear systems.

5. 2 TIME-VARYING LINEAR SYSTEMS

A time-varying linear system is characterized by a weighting function

h( a, t) which, by definition, represents the response of the system at time

t to a unit impulse function applied at time t - a , that is a time units

earlier. If the system response is independent of the particular time t

at which the system is being observed and is a function only of a, namely

h(a, t) = h(a), then the system is said to be a constant parameter linear

system. Thus, a constant parameter linear system is a special case of a

time-varying linear system.

In order for a time-varying linear system to be physically realizable,

it ig necessary that the system respond only to past inputs. In equation

form, this implies

h(a, t) = 0 for a- 0, independent of t (5. 1)

Also, since there should be no response to inputs occurring in the infinite

past,
lim h(a, t) = 0 (5. 2)

a--. oo
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If x(t) is an input to a time-varying linear system characterized

by h(a, t), and if y(t) is the output, then the output is given by

y(t) = h(a,t) x(t - a) da (5.3)

which is a weighted linear sum over the entire past history of the input.

For a physically realizable system, the effective lower limit is zero

since h(a,t) = 0 for a- 0.

STime-varying

x(t) p. linear system Ny(t)
h(a, t)

Instead of using h(a, t), a time-varying linear system may be

characterized by a time-varying frequency response function V/(f, t)

which is defined as the Fourier transform of h(a, t), namely,

)/(f, t) h(a, t) e -j2wfada (5.4)

For a physically realizable system, the effective lower limit is zero,

This quantity )'(f, t) is a complex-valued function of f and t such that

V(f, t) = I (f' ol jo(f, t0 (5. 5)

whre the absolute value/fmI measures the amplitude response of the

system to a unit sinusoidal input function at frequency f, while O(f)

measures the corresponding phase shift. For a constant parameter

linear system *(f, t) is replaced by *(f) since h(a, t) is replaced by

h(a), and there is no dependence on t.
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5. 3 STABILITY AND REALIZABILITY

The system h(a, t) is said to be stable if every bounded input func-

tion produces a bounded output function. From Eq. (5.3),

ly(t)I h(at)x(t - a)da I h(, t)lIx(t - a)I d a (5.6)

When the input x(t) is bounded, there exists some finite constant C

such that

Ix(t)I n C for all t (5. 7)

Now,

yc ) _-c 1 h(i, t)( da (5.8)

Hence, if the time-varying weighting function h(a, t) is absolutely

integrable, that is, if

fI h(, 0 1da -c (5.9)

then the output y(t) will be bounded and the system will be stable. Thus,

Eq. (5.9) is a sufficient condition for stability.

The condition of Eq. (5. 9) is also a necessary condition for stability.

The proof of this statement is quite simple and can be shown as follows:

Suppose Eq. (5.9) is not satisfied, and suppose x(t) is a bounded input

defined by

x(-t) = I for those a where h(a, 0) a 0

= -I for those a where h(a, 0) -C 0

Now, the output

y(O) = 'h(a, 0)x(-) da = I h(a, O)I da-..coo

by hypothesis, and the system is not stable.
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When considered in the extended complex frequency domain, the

condition for physical realizability of a time-varying linear system takes

an interesting form Let

H(s, t) e h(a, esC da ; s = y + j2wf (5. 10)

By definition, the frequency response function

V(f, 0 = H(s,t) when y = 0 (5. 11)

One can show. Ref. [2], that h(a. t) will vanish for aIc0, (hence, the

system is physically realizable) if the domain of convergence of H(s, t) is

at least a half plane y-0. When a system is stable, the domain of con-

vergence H(s, t) must include the imaginary axis y = 0. Hence, if a

system is both stable and physically realizable, then the domain of

convergence for H( s, t) is at least the entire right-half plane y = 0.

It should be observed that stability and realizability are independent

properties. For example, a system defined by a weighting function

h(a,t) = e - Ia l is stable for

h(a, t)I d e da = 2WO
Coi

However, since h(a, t) is not required to vanish for a-0, this system

is not physically realizable. The frequency function H(s, t) for this

example is given by

H(s, t) = e lale - s a da 2 2 if Isl-i

I -s

which has a pole in the right half plane at the point s = t, and hence is

not realizable. If this h(a, t) is made to vanish for a-c0, then H(s, t)

becomes 1/(s+ i) with a pole in the left half plane at s = -f, and the

system is now realizable.
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5. 4 BANDWIDTH PROPERTIES OF CONSTANT PARAMETER

LINEAR SYSTEMS

Some bandwidth properties of constant parameter and time-varying

linear systems, as developed in Ref. [4], are worthy of mention. For a

constant parameter linear system, Eq. (5.3) becomes

y(t) h(a) x(t - a) da (5. 12)

where h(a) = 0 for a-0 when the system is realizable. When

h(a) = 6 (a), a delta function,

x(t) = 6(a) x(t - a) da (5. 13)

The nth derivative of y(t) with respect to t is

y (n)(t) =j h(a) x (n)(t - a) da (5. 14)

Suppose x(t) is sinusoidal with frequency f. Then

x(t) = A sin (Zrft + 0) (5. 15)

where A and 0 are constants. Now the second derivative

x ()(t) = -4w 2Af 2x(t) (5. 16)

It follows that

y (2)t) = -4w2 Af 2 y(t) (5. 17)

Thus, y(t) is sinusoidal also with the same frequency f. This result

shows that a constant parameter linear system cannot cause any

frequency translation but can only modify the amplitude and phase of an

input signal. In particular, there can be no bandwidth increases with

such systems.
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5. 5 BANDWIDTH PROPERTIES OF TIME-VARYING LINEAR SYSTEMS

For time-varying linear systems, Eq. (5. 3) states

y(t) = h(a,t)xlt - a) da (5. 18)

where h(ci, t) = 0 for a.-0 when the system is realizable. If an input x(t)

is sinusoidal with frequency f, it no longer follows that the output y(t)

will be sinusoidal with frequency f. The factor t in h(a, t) causes

frequency translation to occur in addition to amplitude and phase changes.

Suppose h(a, t) is periodic in t with frequency F. Then, by expand-

ing h(a, t) in a Fourier Series,

h(a,t) = h 0 (a) + hn( a.,t) (5. 19)

n=l

where h (a, t) is sinusoidal in t with frequency nF. Now,
n

y(t) = YO(t) + Yn(t) (5. 20)nO)

where

Y0 lt) =f h 0 (a)x(t - a) da

(5. 21)

Yn(t) hn(a, t)x(t - a) da

The quantity ho (a) represents a constant parameter linear system while

hn(a, t) represents a time-varying linear system.

A general form for hn(a, t) is

hn(a, t)= An(a) cos [2nFt + *n(a)] (5. 22)
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Yn(t) =f 0A (a) cos[ZirFt + 0 n(aL)]x(t - )da

= coo 2wnFt An(a) [coo 0n(a)] x(t - a) da

f2' (5. 23)
- nwnFt An( ) I si n(-)x(t a) da

For each sinusoidal component of frequency f in the input signal x(t),

say, x(t) = sin 2nft, one can now verify that the output yn(t) will have

sinusoidal components of frequencies nF + f and InF - f . This

follows from the trigonometric expression

A(a) cos 2wFt sin Zrf(t - a) - B(a) sin 2unFt sin 2wf(t - a)

A( a) [sin Zir(nF + f)t - sin Zw(nF - f)tl

A() sin 21rfacos Zw(nF + f)t + coo 2w(nF - f)t]
2 (5. 24)

(a) cos ifa[cos Z(nF - f)t - cos 2w(nF + f)t]
- B a sZrfsn wn+ft+sn 2wfna - ~t2
+ B(a) sin 2wf arsin 2w(nF + f~t + sin 2wr(nF - f)t]

Thus, a time-varying linear system produces in the output y(t) a higher

bandwidth than the bandwidth of x(t). This result provides a theoretical

explanation for some situations where an output noise bandwidth is

greater than the input noise bandwidth.
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5. 6 LINEAR TRANSFORMATIONS OF RANDOM FUNCTIONS

An operator A is said to be linear if for any set of admissable

functions x , x  ,. ,,Xn and constants a1 a 2, .... ,a , it follows that

A(alx, + a x 2 + .. , + anxn ) = a1A(x i ) + azA(x 2) + .. . + anA(xn) (5. 25)

The operator A can take many different forms. For a given value of x,

it can determine a function y(x). For a given function x(t), it can

determine a function y(t) as the result of carrying out a certain opera-

tion, e. g. , differentiation. The process of integrating x(t) between

definite limits generates a quantity which depends on the given function

x(t) and on the integration limits.

An arbitrary linear transformation At of a random quantity x(t)

may be represented symbolically by

y(z) = A tx(t) (5. 26)

where the argument z may or may not be the same as t. In the case

of differentiation z = t, while in the case of a definite integral z

would be different from t.

For any linear operation, the process of averaging of the data

(taking expected values) is commutative with the linear operation,

namely,

E[y(z)] = E [Atx(t)] = AtE[x(t)] (5. 27)

where E denotes the expected value. This property will now be

applied to moments of y(z) at different z.

The first moment of y(z) at z = z is defined by

Y =(z Y(Z (5. 28)

which is the ensemble average of the process (z)) at z z From

Eq. (5. 27), if t I corresponds to z,

iL1 (Zj) = At R±x(t,) (5. 29)

where 4(t) = E[x(t)].
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The second moment is defined by the ensemble average of the

squared values of y(z) at z = z1, namely,

LIT(z ) = E y 2 (z (5. 30)

From Eqs. (5. 26) and (5. 27),

,.LY(z EA 2 x 2 (t A z x(t 1 ) (5. 31)

The mixed second moment is defined by the ensemble average

(z, z ) = E [y(z 1 ) y(zZ)]

If tI and t2 correspond to zI and z., then Eq. (5. 27) yields

Y(z ,zz) = At1 At 2  x (tilt 2 ) (5. 32)

where x '(tit 2 ) = E[x(t )x(t2 )] This result can be extended to prove

that n-fold moments of the image of x(t) under a linear transformation

At equals the n-fold iteration of At applied to the n-fold moment of

x(t). In equation form,

4 zz. .(Zn) =A A " At n x(t' t 2 ) Itn) (5. 33)
12 n

where

nY(z z=E[y(z 1 ) ) y )] (5. 34)
n n 1....Y Zn) ... Zn).

These results will now be applied to arbitrary linear integral

transformations of random functions. Time varying and constant

parameter linear systems are merely special examples of such integral

transformations.
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5. 7 INTEGRAL TRANSFORMATIONS OF RANDOM FUNCTIONS

An integral transformation of any particular random function

x(t) from an arbitrary random process x(t) is defined by

fb

F = x(t) (t) dt (5. 35)

where 0(t) is an arbitrary given function for which the integral exists.

For any given @(t) and limits (a, b), the quantity F is a random

variable which depends on the particular random function x(t).

In order to investigate statistical properties of the random variable

F, it is customary to break up the integration interval (a, b) into sub-

intervals At and consider the approximation linear sum

N

F Aa_ x(iAt)0(iAt) At (5. 36)

In general, the probability distribution followed by a sum of

terms does not equal the probability distribution of the individual terms.

If x(t) follows a normal distribution, however, one can show that F

will then be normally distributed. As a consequence of the central

limit theorem, the random variable F will approximate a normal

distribution if x(t) is such that values arbitrarily near in time are

mutually independent statistically. One can prove also that if F is

considered as a superposition of a large number of small effects,

none of which contributes significantly to the sum, then F will approxi-

mate a normal distribution for arbitrary x(t).

Consider now the transformation of moments of x(t) due to the

linear integral operation. Since the average of a sum equals the sum

of the averages, from Eq. (5. 36), the first moment

F (537M~i ~i(i At) 0 (i At) At (5. 37)

On passing to an integral, one obtains

b

F i $(t) dt (5. 38)
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This result can also be obtained directly from applying Eq, (5. 29) to

Eq. (5. 35).

Similarly, by considering finite sums and passing to integral

form, or directly from Eq. (5, 32) applied to Eq. (5. 35), one derives for

the second moment

= E [F2 J X(t t )0(t )0(t ) dt dt (5. 39)

Eq. (5. 39) shows that the second moment of F requires knowledge of

the mixed second moment of x('t). Extensions of Eq. (5. 39) to higher

order moments of F of order n requires an n-fold integration of

mixed nth order moments of x(t). For example,

b b b

-1I3 = E [F 3 1 = f f (ti) t2, t3 ) (t ) 0(t2 )0(t 3 ) dt dt tt
fa fa fa 33 123

5. 8 DERIVATIVE TRANSFORMATIONS OF RANDOM FUNCTIONS

The derivative of a random function x(t) from an arbitrary

ransom process x(t) is defined by the linear operation

lim [ x(t+ At) - x(t)1 = x'(t) (5.40)
At-O At J

when this limit exists. Conditions for the existence of this limit will

be found shortly. For any given x(t), the derivative x'(t) is a random

variable which depends on x(t).

Consider the general class of problems where f x(t)} follows a

normal distribution with zero mean value for any t. Assume that there

is a statistical dependence between values of [x(t)3 and [x(t+At)

when At is sufficiently small. The difference [x (t+ At) - x(t)] as a

linear function of two random variables will be normally distributed

when x(t) and x(t+ At) are normally distributed. Assume that the

joint probability density function of x = x(t) and x 2 = x(t+At) is given

by the joint normal distribution [1, p. i20],
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(0 2p ~o- "x x2 + 0j 2 Z
P(xox 2 ) = 1 T exp . 1 1 2t 2 (5, 41)

1 2 (1 -

where the mean values and V2 equal zero and

a' 2 ( - ) 2 ) x 2 2(t)

=r K(x2 -z) <x K 2 x2 (t + At)) cr 2 (t + At)(542

a' I Cp 2P X O x, )(x 2 -'2~) < xix?. ) x(t) x(t + A0 -t)) 1 2 P(t, t+- At)

As usual, the angular brackets denote ensemble averages. For nonstationary
processes, the variance quantities o 2 T (t), T 2 = a2 (t + At), and the

normalized autocorrelation function p = p(t, t +At) are functions of t and
2 2

At. For stationary processes, o2 = T'2 , independent of t, and p = p(At)

alone.

The remainder of the discussion will prove that the derivative x'(t)

exists in the mean square sense if the (nonstationary) normalized auto-

correlation function p'(t, t) = 0 where

p'(t, t) d p(t, t + At) at the point At = 0, t fixed (5. 43)
d(At)

Existence in the mean square sense is defined here by having a finite value

for the variance of the quotient of Eq. (5. 40) as At--0.

To prove this claim, make a change in variable

x I = X ; x x+ Ax (5.44)

This yields a new joint probability density function

(a- + T 2- 2p- a' )2 + 2(o 2pj o)x A

1
p(x,x+Ax) exp-

Zro 1 o 2 Y1pL2o 1 o-2 (1 -p)

times exp . (5.45)
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In order to compute the one-dimensional probability density function

for Ax, it is necessary to evaluate

p(Ax) = p(x, x + Ax) dx (5.46)

After some manipulation, one can verify that Ax follows a normal

distribution with zero mean value given by

p(Ax) = 1 (5. 47)

Ax

where
2 x +T2 - (5. 48)

This result proves that the derivative of a normally distributed random

variable will also follow a normal distribution since the derivative,

Eq. (5.40), has the equivalent definition

x'(t) lim ( Ax'- (5.49)

At--0--I

when this limit exists.

From Eq. (5.47). the variance of the cuotient (Ax/At) is given by

2 2 2
2 - AX + r. 2 p o-
- x/At - 2 (5. 50)

(At) fAt)

where p = p(t. t+ At) is a function of t and At. As At--0, the numer-

ator expression of Eq. (5.50) becomes(c -r?) Z since p(t, r) = I

for any t. To evaluate Eq. (5.50) in the limit, one should expand

p(t, t+At) in a power series about At = 0, holding t fixed, namely,

p(t, t+ At) = I + p'(t, t)At + .-- p,,(t, t)(At) 2+ .. (5. 51)
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Thus,

z (a- 0' 2) - 2c 1cr2  
1p (t,t) At + p"(t,t)(At) + (

6KIAt 2 (5. 52)

The existence of the derivative x'(t) in the mean square sense is

defined by the existence of Eq. (5. 52) as At--+O. Now, as At--0, the

standard deviation a-2 --o tr . Thus, for small At,

20- 1[P'(t, t) At + . p"(t. t)( At) 2 + ]
A/At (At) 2

One can now see that if p'(t, t) 1 0, then Eq. (5. 52) does not exist as

At---0, and hence the derivative x'(t) does not exist. However, if

p'(t, t) = 0, then as At---O, Eq. (5. 52) becomes

2 2
aAx/At = - 2 p"(t, t) (5. 53)

where t is considered as a constant, and

t(t,0 d pit, t + At) ] at the point At = 0 (5. 54)

Now, the derivative expression of Eq. (5. 49) will exist in the mean square

sense. Since Eq. (5. 53) must be positive, the second derivative p"(t, t)

must be negative. For stationary random processes, p"(t, t) = p"(0),

independent of t.

Consider next the transformation of moments of x(t) due to the

linear derivative operation. Since the operations of averaging and differ-

entiation are interchangeable, the first order moment of the derivative

E [x'(t)] = Eflim [X(t + At)Xt

= r fim E [X(t + At)] E E[x(td1 1 = d I (t) (5.5)

At -, L At dt

where

:tL I(t) = E IX(t)]

For a stationary random process, since : L I(t) is independent of t, the

first order moment of the derivative must equal zero.
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Consider the mixed second-order moment of a joint derivative.

Here, one obtains the extended result

E IXI(t1) Xt(t)] limE([[ x(t + At) -x(tj)][x(t 2+ At) -X(t 2)]1At 1-410 At At 2

At 2--+0

2x

E) 2 L (t i ) t 2 )
2 

(5. 56)
at1 at 2

where

(t1,t 2 ) = E[X(tj)x(t 2 )]

Extension of Eq. (5. 57) to higher order moments of n derivatives of x(t)
requires an n-fold partial differentiation of mixed nth order moments of

x(t). For example,

a 3 La x (t, I t2 t3
E X ( x '(t? t 3)] 3J

at 1 at 2 at 3

Further discussion of these ideas and material in the preceding

two sections appears in Ref. [3]. Many practical applications of these

operations for electrical and mechanical systems are developed in this

reference.

5. 9 INPUT-OUTPUT RELATIONS FOR TIME-VARYING LINEAR

SYSTEMS

Consider a nonstationary random process [x(t)) acting as inputs to

a time-varying linear system with weighting function h(a,t) and frequency
response function V(f, t). For an arbitrary record x(t) belonging to

[x(t) ), the output y(t) belonging to [y(t)) is

y(t) = h(a, t)xlt - a) d a (5.57)

It is clear that, in general, ( y(t)) will be a nonstationary random

process since its statistical properties will be a function of t.
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For a pair of times t 1 ,t2, the product y(t I ) y(tz) is given by

Y(t )Y(t 2 ) h(a, t 1 ) h(P, t2 ) (t 1 - a) x(t 2 - P) da dP (5. 58)

where different variables of integration a, P are used to avoid confusion.

Upon taking ensemble averages, one obtains

Ry(t 1 , t 2 ) =j j h(a, t 1 ) h(P, t2 ) Rx(t i - a, t2 - P5) da d13 (5. 59)

This general result shows how an output nonstationary autocorrelation

function may be determined from the input nonstationary autocorrelation

function and the system weighting function. The operations in Eq. (5. 59)

all take place in a real-valued time domain.

By transforming to a complex-valued frequency domain, one can

derive the equivalent relation,for nonstationary power spectrum transforma-

tions,

Sy(f 3 , f 4 ) =jP S(fl,f2)J(fi,fl - f 3 )J(f , f 2 - f 4 ) dfIdf 2  (5.60)

where f t

J(f' If 0 ) = _ f, t) e 0 dt (5.6i)

The quantity J(f Vf 0 ) is the complex conjugate of J(fI.f 0 ). Equation

(5. 60) results from applying Eqs. (4. 17),(4. 19); and (5. 4) to Eq. (5. 59),

For a physically realizable system, one uses the fact that h(ci, t) = 0 for

c- 0 so that the effective lower limits in Eq. (5. 59) can be changed to

-o without changing the result.

If Sx(f, f 2 ) = Sx(f1 ) 6(f 2 - f1 ), a stationary process, then Eq. (5. 60)

becomes

Sy (f 3 f 4 ) = Sx(f 2 )J(f 22'f 2 - f 3 )J(f 2 ,'f 2 - f 4 ) df2  (5. 62)
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When the system is a constant parameter linear system, where

/(f t) =* (f 1 ) independent of t, Eq. (5. 61) becomes

J(f1 fo ) = M(fi) fe dt = W(ff)6(f O ) (5.63)

where 6(f 0 ) is the usual Dirac delta function. Now, Eq. (5. 60) yields

Sy(f 3 , f4 ) = 3) Y(f4 ) Sx(f 3 , f 4 ) (5.64)

where

V(f) = a) e da (5.65)

For the special case of stationary random processes where

4x(f3 ) f 4 ) is nonzero only for f = f 3 = f 4 ) Eq. (5. 64) reduces to the

familiar result

Sy(f) [7(f) 12 SX(f) (5. 66)

The change in form exhibited by Eqs. (5. 60), (5. 62), (5. 64), and (5.66) is

worthy of note.

Further interesting input-output relations can be found by examining

the nonstationary cross-correlation function, and nonstationary cross -

power spectral density function between the input process [x(t)I and the

output process Iy(t)J. From Eq. (5. 57), the product of x(t,) by y(t 2 ) is

x(t1)y(t2 ) = h(P, t2) Xlt lXlt 2 - P) dP

-00

The taking of ensemble averages now yields

Rxy(tit t) = h3, t2) Rx(ti , t 2 - P) dP (5. 67)
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Equation (5. 67) is a general result in the real-valued time domain

between the nonstationary input autocorrelation function, the time-

varying linear system weighting function, and the nonstationary input-

output cross-correlation function.

When Eq. (5. 67) is transformed to a complex-valued frequency

domain, there results from Eqs. (4. 20) and (5. 4) after a certain amount

of straightforward manipulation the nonstationary cross-power spectrum

relation

Sxy(f 3 ' f4 ) = Sx(f 3 f2 ) Jlf2' f2- f 4 ) df 2  (5. 68)

The quantity J is defined by Eq. (5. 61). Observe that the form of

Eq. (5. 68) is simpler than the form of Eq. (5. 60).

If S (f3 ,f 2 ) = S (f 3 )6(f 3 - f 2 ), a stationary process, then Eq. (5. 68)

becomes

Sxy(f 3 ' f 4 ) = Sx(f 3 ) J(f 3, f 3 - f 4 ) (5. 69)

For the important class of constant parameter linear systems,

Eq. (5. 68) becomes with the aid of Eq. (5. 63),

Sxy(f3 , f4) = /(f 4 ) Sx(f 3 , f 4 ) (5. 70)

Upon further reduction to the special case of stationary random processes,

Eq. (5. 70) becomes the stationary cross-power spectrum relation

Sxy(f) = ,/(f)Sx(f) (5. 71)

This result, like Eq. (5. 66) is well-known and provides a required check

on this work.
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6. EXAMPLE

NONSTATIONARY PROCESS RESULTING FROM

AMPLITUDE MODULATED AND FILTERED STATIONARY PROCESS

The following example is taken from Ref. [i ] of Section 4. The nota-

tion has been changed to agree with the present material, and additional

expressions have been calculated to illustrate special formulas that have

been derived in Sections 4 and 5 which do not appear in Ref. [t ]. Knowledge

of the spectral changes occurring in this system may be useful to designers

of spectrum simulators, in addition to helping to explain certain observed

physical phenomena.

St ationar y T ime -var ying Bandpas s
Random x~):No Memory y t) 0. Filter --- , z(t)
Process- Operator A(t)- H(f)

F:-A(t) = cos ZirFt 1i[4Jz]0 I

(1) Assume that the amplitude modulated time-varying output

y(t) = a(a, t) x(t - a) da = A(t) x(t) (6.1)

Hence the time-varying weighting function

a(a, t) = A(t)6(a) (6. Z)

where 6(a) is a delta function. Note that a(a,t) = 0 for a -c0 so that

this time-varying operator is physically realizable. In fact, the output

y(t) depends only upon the input x(t) at time t and is not effected by any

of its past behavior. For this example, let A(t) be a cosine wave

-V4/C A(t) = cos ZwFt where F = constant (6. 3)

(2) Assume that the filtered constant parameter output

z(t) = h(a) ylt - a) da (6.4)

where h(a) is described by its frequency response function V((f) as an

ideal bandpass filter.
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S (f)= h(a)e j * f a d a
I

f = I f If f H  (6.5)
fH "fL 0 fL fH fL -

- 0 otherwise

Now, from the inverse to Eq. (5. 65), the constant parameter weighting

function of a bandpass filter is given by

h(a) = f /(f) e j 2wfCI df

(6. 6)

wa IV H - L)Qcodw(fL

The case of a lowpass filter where fL = 0 is given by

2 sin 2wf H a

h(a) = -L sin wf a cos wf a =

-a H a (6.7)

Note that h(a) 1 0 for a- 0 so that constant parameter bandpass or low-

pass filters are not physically realizable unless this restriction is imposed.

(3) Assume that the stationary random process x(t) has zero mean value

and has a constant power spectral density function corresponding to band-

width limited white noise, namely

SK( I Sx(f) = I ,flfc

f (6.8)
-f 0 f =0 otherwise

c c

The corresponding stationary autocorrelation function from Eq.(4.29)

is is f oosin Zwf T

Rx(T)  Sx(f) eCj 2 w f df = c (6.9)

WT

which is the same form as the weighting function of a lowpass filter.

Note that the variance R (0) = 2f
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Problem: Compute the various stationary and nonstationary corre-

lation functions and spectral density functions corresponding

to the output records Iy(t)} and Iz(t)3' individually, pair-

wise, and relative to the input records X(t)j

1. Properties of f Y(O)

First of all, consider the intermediate random process I y(t)}.

From Eqs. (4. 8), (6. 1), and (6. 3) the autocorrelation function

Ry (ti t 2 ) = Ky(ti) yt)) = A(t 1 )A(t 2) Rx(t 1 , t 2 )

= cos ZWFt i cos 2wFt 2 Rx(t 2 - t )

I x2 Zow2Flt 1 It1 + cos '.nFlt 2 - tiIJ Rxltz - t i ) (6.1i0)

where Rx(T) = RX(t 2 - ti) is given by Eq.(6. 9). From Eq. (4. 33)

A'y(t, T) = cos 4wFt + cos 2wFT R(T) (6. It)

Thus, y(t) is a nonstationary random process since its autocorrelation

function is not independent of t. Note that R y(t, T) is locally stationary

since it is separable into the product of functions of t and r, namely

R y (t, T) RIA(t) RZA(T) + RiB(t) RZB(T) (6. 12)

where

RIA(t) = I cos 4wFt R A(T) = R (T)IA T2A x(6. 13)
RI(t) = RZB(T) = I F]R ()

The mean value of y(t) is zero when the mean value of x(t) is

zero because of the linear operation involved. Hence the variance of

y(t) is given by O y(t, 0) = (1 /2)(i + cos 4wFt).
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From Equations (4. 40),(4. 41), and(4.42), the nonstationary power

spectral density function corresponding to Eq.(6. 12) is

y (f, g) = SIA(f) s A(g) + S1B(f) S 2 B(g) (6. 14)

where

S A(f) = i 6(f - 2F) + 6(f + ZF)] S A(g) = Sx(g)

(6. 15)

StB(f) = 16(f) ; S 2 B(g) = Sx(g - F) + Sx(g + F)

Relative to the (fiIf 2 ) plane, from Eqs. (4. 35),

Sy(f isf 2  J (f 2 - f (f+ f2)] (6. 16)y i 2

Equations (6.14) and(6. 15) show that the function J y(f, g) exists only

along the lines f = 0 and f = ± 2F in the (f, g) plane. Consequently,

since f = f 2 - fY, the function Sy(fIf 2 ) exists only along the lines

f2 = f Iand f 2 
= fI ± 2F in the (fIIf 2 ) plane.

2. Joint Properties of (x(t)J and ( y(t)]

Consider next the pair of random processes Ix(t)j and [y(t)}

From Eq. (5. 69), since x(t) is stationary, the nonstationary cross-power

spectral density function Sxy(f 3 , f 4 ) is given by

Sxy(f3' f4) =Sx(f 3)J(f 3 ' f3 4 ) (6. 17)

where
fo J J Zwfot

J(f 1 Vf 0 ) =  A(f 1 It) e 0 dt (6. 18)
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For the present example, from Eqs.(6. 2) and(6. 3),

A(fV tt) A(t) = cos ZwFt (6. 19)

Hence

J(fiIf 0 ) = J(f0 ) = cos 2,Fte j'f 0 L dt

6 (f° - F) + 6(fo + F)] (6. 20)

Equations (6. 17) and (6. 20) now yield

Sx (f 3 P f 4  1 sx(f 3 )[6(f 4 - f3 + F) + 6(f 4 - f3 - F)j

(6. 21)

Thus, the delta functions in Eq. (6. 21) show that the function Sxy(f 3 o f4 )

exists only along the lines f4 = f3 ± F in the (f3'f 4) plane. From

Eq. (4. 35), by a change in variables to the (f, g) plane, one derives

"..'f g+.) I Sxg-'fr i
2(f, g)= Sy(9± = -) 1 6(f+ F) + 6 (f - F)

(6. 22)
1 S gF FI S g + 6(f + F) + Sx(g - )6(f - F)

(6. 23)

The nonstationary cross-correlation function is given by

Rxy(t3,t4 ) = <x(t3) Y(t4)) = (x(t3)A(t4 )x(t4 ))

= A(t4 ) Rx(t4 - t 3 ) = [cos 2wFt4 ]Rx(t4 - t3 ) (6. 24)

From Eq. (4.33)this is equivalent to

/x(t, T) = cos 2rF (t R )R(.0

= cos 2,rFt[R (T) cos irFT] + sin 2wFt[R (T) sin irFtj

(6. 25)

Thus R xy(t, T) is of a separable form. The cross-covariance Rxy (t,O) = cos ZwFt.
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Transformation of Eq. (6. 25) as was done previously in obtaining

Eqs. (6. 14) and (6. 15) will yield (6. Z3), providing a necessary check on

the work.

An alternative method which gives another check on the validity of

Eqs. (6. 14) and (6. 15) can be obtained by substituting Eq. (6. 20) into

Eq. (5. 62). This yields

S y(f 3 P f 4) Co S (f 2) [1~ 6 £3 - F) + 6 (f f 3 + F)] [6(f 2 - f4 - F)

+ 6(f2- f4 "4 F) ]df2

' [Sx(f 4 + F)S(f 4  f3) + S (f + F) 6(f 4 - '3 - 2F)

(6. 26)

+ Sx(f 3 - F)6(f 4 - £3 + 2F) + Sx(f4 - F)6(f4 - f3)]

In deriving Eq. (6. 26), there is need of the fact that S x(f) and 6(f) are

both even functions of f. The reason for writing Eq. (6. 26) in this form

is to bring out the fact that S y(-f 3 , - f 4 S y £(f3,f4). Now, from Eq. (4.35),

by substituting f3 =  T - = g +  ,one obtains

f fJy(f, g) = Sy(g - f g + )

' [ S(g + f + F) 6(f) + Sx(g - f. + F) 6(f - 2F)4T
(6. 27)

f
+ S (g - - F) 6(f + 2F) + S (g + F) 6(f)

= i[Sx(g + F) 6(f) + Sx(g) (f - 2F) + Sx(g) 6(f + ZF) + Sx(g - F) 6(f)

(6. 28)

which is precisely Eq. (6. 14).
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A check on Eq.( 6 . 2 4 )is provided by substituting Eq.( 6 . 21) into

Eq. (4. 20). The result is

Rxy(t = Sxy(f 3 , f4 ) e 3t3- 4 4) df 3 df 4

S x(f 3) [6(f 4 - f3 + F) + 6(f 4 - f3 - F)e -j2w(f3t3-f4t4)df4 d 3

.. 1 Sx(f 3)e 3 3[e + e ] df 3
2 3_f

- R(t 4 - t 3 ) cos 2WFt 4

using Eq. (4. 29)to obtain the Rx(t 4 - t 3 ) term.

Similarly, one can derive Eq(6. 10) from Eq. (6. 26) by substituting

Eq. (6. 26) into Eq. (4. 16) and carrying out the various manipulations

that are required.
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3. Properties of z(t)

The problem of determining properties of the final output process

Iz(t)I is more difficult because of the filtering effects and will now be

considered. From Eq. (5. 64), the nonstationary power spectral density

function Sz(f 3 f4 ) is given by

( f4  (1)7/(f4) Sy(Vf3 f 4 ) (6.29)

For this example, Sy(f 3 'f 4 ) is given by Eq. (6. 26), whereupon it follows
that S z(f , f 4 ) exists only along the lines f4 = f3 and f4 = f3 ± 2F in

the (f 3 1 f 4 ) plane.

From Eq. (6. 5), the frequency response function )V(f) equals

unity only for fL - IfInfH' and is zero elsewhere. Hence the product

3) /(f 4) equals unity only within the four squares in the (f 3 f4 ) plane

bounded by f L-- f I-f H f ::f J=fH and is zero elsewhere. See

sketch.
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From Eq. (6. 29), it now follows that the function S z(f 3 f ) is equal

to zero except along the portion of the lines f4=f 3 and f4 = f3 2F

which lie inside one of these four squares. In particular, f4 = f3 will

always cross the two squares in the first and third quadrants, while

f4 = f£3 ± 2F will cross these same two squares if and only if 2F- (f H-fL)

There is no crossing of the two squares in the second and fourth quad-

rants unless 2F-f H
. It will be assumed that ZF"fH so that only the

crossings in the first and third quadrants need be considered.

Thus, if f£H 2'(fH - L), from Eqs. (6. 26) and (6. 29),

z £4) = -[Sx(f4 + F) 6(f4 - f3) + Sx(f4 - F) 6(f4 - f3)] (6. 30)

while if 2F'-(fH - fL )' then in addition to the above,

Sz(f3P f4 ) = -[Sx(f + F) 6(f4 - f3 - ZF)+ Sx(f3 - F) 6(f4 - f3 + 2F)]

(6. 31)

Note that Sz(-f 3 P -f4) = Sz(f3 f£4).

From Eq. (6.8), the terms Sx(f4 + F) and Sx(f 4 - F) are zero for

all f4 except when

S (f4 + F) = i -f F-f4--f F

(6. 32)
S (f4 - F) = I -f + F-f 4

- fc + F

Assume that f f4 + F so that the terms of Eq.(6. 32) are positive

inside the square bounded by fL f3fHO fLn f4 f H ' A similar

condition exists for Sx(f 3 + LF) when fc = f3 + F.
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By Eq.(4. 16) and the remarks following Eq. (6. 29), the autocorre.-

lation function R z(t 3, t 4 ) in the present example is now given by

z 3 0 cc 1'34
Rz(t , t4) = Sz(f 3 P f 4 )e df 3 df 4

H H

= 2 Sz (f 3 f 4) cos 2W(f 4 t4 - f 3 t 3 ) df 3 df 4  (6. 33)

L L

since Sz (-f3'-f4) = z(f3'f4 )

If fH!ZF(f H-fL) , then substitution from Eqs.( 6 . 30) and(6. 32)

yields

Rz(t3 , t = JrJ 6(f4  f3) cos 2w(f4t4 - f3t3 ) df3 df4 (6. 34)

L fL

On setting f = f 4  f3 df = -df one obtains

f H f 4-fL
R z (t 3t4) = I4 6(f) cos 2w[f4 (t 4 - t 3 ) + ft 3 ]d df 4

f t tC=s2 f 4 (t 4 - t 3 ) df 4

L cos-f H twf4 t )t) f

= (H- fL ) cos[. (fH + fL)(t4 - t 3 )] sin IW(f H L)(t4 - t3 )]

(f H- fL)(t 4 - t3 )

(6.35)

Since R z(t 3 ,t 4 ) is a function only of (t 4 - t 3 ), the output process (z(t)

is stationary here.

The mean value of z(t) is zero when the mean value of y(t) is

zero because of the linear nature of the bandpass filter. Hence the

variance of z(t) is given by R z(t, t).
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From Eq. (6. 35),

Rz(t, t) = (fH - fL) when fH=2-t(f£H fL (6.36)

which is seen to be independent of t here.

If ZF"(fl. - fL), then, from Eq.( 6 . 31), in addition to Eq.( 6 . 35),

the autocorrelation function R z(t , t 4) includes the term

Rz(t3) t 4 ) = i [ 1  f3 + ZF) + 6(f4 - 23 -F)] cos 2W(f 4 t 4 - f 3 t 3 ) df df
f3 4

L L (6. 37)

tf~f 4-L6[( F) + 6(f - 2F)]cos z,[f(t,- t3 ) + 2tW] df df,

I H

on setting f = - f df = -df 3. In order to interpret and evaluate this

expression properly, it is now necessary to change the order of integration

between f and f The sketch below shows how to find the new limits,

and shows that for this case one must break up the integration into two

parts when the limits are reversed.

f

f~ 4-f 4=

HLf

f4

D 69f f ff

7-1 4-H

f ff

£-f
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Thus, the result of changing the order of integration gives a pair of

double integrals, namely,

R z(t 3 , t 4 ) = Az(t 3, t4 ) + Bz(t 3, t.4 ) (6. 38)

where

(I H +f

J- 6(f + 2F) + 6(f - 2F) Icos 2W f4 (t 4- t 3) + ft 3 df 4 df

L-fH fL
(6. 39)

Of H-f L f H

Bz (t 3 't 4 ) jfH= H [6(f+ 2F) + 6(f -2F)]Cos If4 (-t 3) +ft 3Idf 4 df
of ~f L + f

If desired, one can now carry out these integrations for the general case

of arbitrary t 3 and t4 . The result will be fairly complicated.

For the special point where t 3 = t4 = t, one obtains for the

variance of z(t), in addition to Eq. (6. 36) the term

R z(t, t) = A z(t, t) + B z(t, t) (6. 40)

where

A (t, (f+2F) + 6(f - 2F) cos 2wft df df

f T,3L-fH fL

I (f - f + f) 6(f + 2F) cos 2wft df

(f - f - 2F) cos 41rFt (6.41)
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and

B (t,t) f (f + 2F) + 6(f - 2F) cos 2Wft3 df 4 df

"0 H- f L f

= (fH - f - f) 6(f - 2F) cos 2wft df

S (f H - fL - 2F) cos 4wFt (6.42)

Hence, the additional variance when 2F (fH -fL) is given by

R z(t,t) = (fH - f - 2F) cos 4wFt (6.43)

Since this term is not independent of t, Eq. (6. 43) proves that the

autocorrelation function is nonstationary when 2F- fH - f L Note that

Eq. (6. 43) becomes zero when ZF = (fH - The complete variance

for cases when ZF-(fH - fL) is the sum of Eqs.(6. 36) and (6. 43),

namely,

Rzz(t, t) = (fH " fL + (fH - fL - 2F) cos 4wFt

(6.44)

when 2F-(fH - fL)
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4. Joint Properties of [x(t)) and Iz(t)]

Substitution of Eq. (6. 1) into Eq. (6. 4) gives

z(t) = f [h(a) A(t - a)]x(t - a) da (6. 45)

which shows how z(t) is related to x(t). From Eq. (5. 69) the non-

stationary cross-power spectral density function Sxz(f3' f4) is given by

Sxz(f 3 1 f 4) = Sx(f3) J(f 3 f3 - f4) (6.46)

where

J(fl 9 f 0 ) f /(fI, t) e dt (6.47)

It follows from Eq. (6. 45) that

/(ffpt) = [h(a)A(t - a )e da (6.48)

From Eqs. (6. 3) and(6. 5), using a complex form for cos t,

/(f' .t) [ [h(a) e ZwF(t-a) + e -j2wF(t-a)]e j2Wfida

1 [eJIWFt,/(f, + F) + e-JZwFt/(f- F) ] (6. 49)

Substitution of Eq. (6. 49) into Eq. (6. 47) yields

J(fff0 ) [l/(f, + F)6(fo + F) + *f, - 6f0 - F)]

(6.50)
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Hence, from Eqs. (6. 46) and (6. 50),

Sx (f 3 P f) 4~ S x(f 3) / (f 3 + F)6( f4 -f 3 -F) + *(f 3 -F)6( f 4 -f 3 + F)]

(6. 51)

From Eq. (6. 5), the terms *(f 3 + F) and *(f3 - F) are zero except

when

+(f3 F) = fL - ' £3 + F(6.52)

(f3 - F) 1 1L: f3F- FIfH

The delta functions in Equation( 6 .51) now show that Sxz(f3,f4) exists only

along the line f4 = f3 + F in the (f3 f4) plane where 2/(f 3 + F) = 1, and

the line f4 = f3 - F in the (f3'f 4) plane where /(f3 - F) = 1. Note that

Sxz(-f3' -f4) = Sxz(f 3 , f4). If F- fL , then in the first quadrant,

(f3 + F) = I when fL F-- f3 -E f H -F and /(f3 - F) = 1 when

fL+ FfEf3-EfH + F.

Assume that fc - (fH + F) so that Sx(f3) will be unity inside the

regions covered by Eq. (6. 52). From Eqs. (4. 16), (6. 51), and (6. 52),

the cross-correlation function R xz(t , t4 ), assuming F:fL' is now

given by

Rxz(t 3 P t 4 ) = 2 Sxz(f 3, f4) cos Zw (f 4 t 4 - f 3 t 3 ) df 3 df 4

(6. 53)
fcxffH- F

=-0 -fL- F 6 ( f 4 - f3 - F) cos Z (f4 t4 - f 3 t 3) df 3 df 4

L (6.54)

00 ffH +F

+f- f+F6(f4 - f3 + F) coo Zw(f 4 t 4 - f 3 t 3 ) df 3 df 4

Cases where F-fL are slightly more complicated and will not be

considered.
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See sketch below for fir st. quadrant t ea

. f

4 3

F f 4 fK F

Sf 30 f r , f f,4 3

On reversing the order of integration in Eq. (6. 54) and then

integrating with respect to one obtains

R (t..~t 4  cos 1i f3t4 - t ) + Ft jdf3

L (16. 55)

H +F

+ cos ZWI[f 3 (t 4 - t3 ) - Ft 4 ] df 3

f L+F

It is a straightforward exercise to now determine R xz(t 3 , t 4 ) for

arbitrary t.3 and t 4 . For the special point where t = t3 = t4 , one

obtains the cross-covariance term.

Rxz(t, t) =f cos ZiiFt df 3 +f cos 2wFt df 3 = 2(fH - fL) cos 2wFt

L-F f L+ F  
(6.56)

when F:=-f L' This result is nonstationary since it is a function of t.
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5. Joint Properties of [ Y(t)j) and I{z(tj

From Eq, (5. 70), the nonstationary cross-power spectral density

function S YX(f 3'f4)is given in this example by

S yz(f 32 f 4 ) = *(f4) Sy(f 3 f 4) (6. 57)

where .W(f 4) is defined by Eq. (6. 5), namely,

(f4 ~ L :EI f nfH
(6. 58)

=0 otherwise

and S y(f 3 f 4 ) is derived in Eq. (6. 26). It follows that S yz(f V f 4 ) exists

only along the lines f 4= f 3and f 4 f 3 _+ F in the (f 3 P f 4 ) plane where

X (f 4 ) = 1, and S x(f 4 ± F) =1, S (f 3 ±F) = 1, see Eq. (6. 26). The

sketch below assumes that ZF~f f L-For simplicity, other cases will

not be considered.f 1

f MA
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It will be assumed that f (f H + F) so as to have Sx(f 4 ± F) =

inside the region f4-Z fH" From Eqs. (4. 16) and (6. 57), for

2F.f f the cross-correlation function R(t. 3 , t4) becomes

S00
Ryz(t3 , t4 = 2 Syz(f 3 f4 ) cos 2w (f 4 t4 - f 3 t 3 ) df 3 df 4

IfHf 00o

I 21f 4 - f 3 ) +6(f 4 -f 3 + 2F) +6(f 4 -f 3 - 2 F) (6.59)

fL

Cos 2w(f 4 t 4 - f 3 t 3) df3 df4

of H1. f Pif(4 - Y3 + cos COB [f 4 (t 4 - t ) + t

+ .cos 2wf 4 (t 4 -t 3 ) - cos 3  dft

(1 + OB 4~t3 )4 COB2wf4 t 4 -t3) Ft3 6.60
+W L

1 f4(t4- 3 t3 1.1 df 4

-"(I + cos 4,wFt 3 )1 f cos 2f 4 (t 4 - t 3 1) df 4  (6. 60)

which is integrated easily if desired.

Finally, the cross-covariance term is given by

Ry(t, t) = (f - f ) ( I + cos 4wFt) when 2F If (6.61)

This concludes the cases of the example that will be treated here.

Further work is required to cover other possible parameter relations

that might be considered. The results carried out here illustrate the

application of formulas derived in preceding sections for analyzing

input-output relations of nonstationary random processes through

time-varying linear systems.
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7. SAMPLING CONSIDERATIONS FOR FLIGHT VEHICLE

VIBRATION PROBLEMS

7.1 INTRODUCTION

When measuring the vibration environment in a flight vehicle,

the flight is usually much too long to record in its entirety. With available

tape speeds of 30 or even 60 inches per second, often only a small portion

of the vibration flight history can be recorded. It is easy to arrive at the

conclusion that in order to obtain a representative picture of the vibration

environment for the entire flight, samples should be taken during the

various phases of the flight, each sample being only a few seconds long.

However, it is more difficult to arrive at a quantitative conclusion as to

how representative these samples are for this flight, and how accurately

the vibration environment of another flight can be predicted.

A considerable amount of work has been done in developing

quantitative results for procedures used in quality control and inspection

sampling plans. Generally a sample is drawn from a population, measure-

ments are made on the sample and sample parameters are calculated,

which then provide an estimate of the corresponding population parameters.

In addition, confidence limits can be established for the population para-

meters, providing a quantitative measure of the risk of having made a

wrong estimate.

It would seem that such a procedure could also be established

for measuring the vibration environment in flight vehicles. However, there

are a number of difficulties that have to be resolved. For example, the

vibration samples are not from a population of discrete items, but from a

time-dependent function. Often this time dependent function is considered

as random. Even the concept of "population" is not clear. It could be the

vibration record for one complete flight or for several flights or maybe

just for a particular flight phase. One very important requirement in in-

spection sampling is that the population parameters, which are to be

estimated, do not change with time. Yet, for example, the rms accelera-

tion level in a missile does vary considerably throughout the length of the

flight. This requires the consideration of "nonstationarity" concepts.
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Another question involves a choice of sampling at random or

periodically. Then the "optimum" length of the sample has to be

determined, taking into account the effect of sample length on the accuracy

of the parameters to be estimated. It is the purpose of this section to look

at the various aspects of "sampling of a time-dependent process" and to

propose methods that will result in obtaining the maximum amount of in-

formation from a minimum amount of vibration data with a known confi-

dence in the results.

The collection of vibration records under consideration may be,

for example, different samples of the vibration amplitude response at a

particular point on the structure of a given flight vehicle during a long

mission. Other examples might be a collection of vibration records as

obtained from many different locations on the structure of the given flight

vehicle during one flight; or the collection of records might be obtained

from the same location but over many different flights of the given flight

vehicle. A number of different flight vehicles might also be involved.

Clearly, there are a large number of possible physical variations that

might be considered.

Regardless of thephysical origin of the samples, the main

problem is to analyze over-all statistical properties associated with the

collection of samples. In some situations, prior analysis will have been

made of statistical characteristics of each sample by itself.

A second problem, where it is applicable, is to determine in

advance an appropriate number of samples which should be gathered for

later analysis. A properly selected finite set of samples can reproduce

the underlying population such that more samples provide little additional

information. Attention to this matter can result in substantial savings

both in gathering data and subsequent processing. This matter is dis-

cussed in Section 7.2 under the heading of Random Sampling, a review of

material from Ref.[i ]. In Section 7.3, periodic sampling of random data

is shown to lead to equivalent results if data is both random and stationary.

From a collection of vibration records (samples), many parameters

may be calculated for comparison with one another, such as mean square
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values, power spectral density functions, amplitude probability density

functions, extreme values, et cetera. Assume the records are obtained

with instrumentation that has no DC response so that the mean value of

each record is automatically zero. This agrees with much physically

observed random data. For definiteness, assume for the present dis-

cussion that the individual mean square values are calculated. A single

number, the mean square value, now represents each record. Each

such number will have associated with it a statistical uncertainty, based

on the number of degrees of freedom involved in its measurement. Two

cases arise according to whether or not one has available and utilizes

quantitative information of this uncertainty. Formulas for estimating

uncertainty in measured sample values are discussed in Section 7.4, and

methods for testing fundamental assumptions are discussed in Section 7. 5.

The collection of sampled values can originate either from a

single experiment (e. g. , vibration data from a single point during one

flight), or from a number of different experiments (e.g. , vibration data

from one or many points during one or many flights). For the sake of

having a convenient summary of appropriate formulas in one place,

Section 7.6 reviews material from Ref llfor carrying out a statistical

evaluation of data from single points (single experiments). This leads

naturally to the next Section 8 of this report devoted to statistical pro-

cedures for evaluating data from many points (many experiments).

7.2 RANDOM SAMPLING

A major consideration in any data analysis is the extraction of

the maximum amount of information from the minimum amount of data.

Selection of an appropriate sampling scheme (random or periodic) can

both decrease the volume of data required and still reproduce the popu-

lation with desired precision. Knowing the mean time between samples,

the distribution of these times, and the length of each sample, quanti-

tative results can be obtained allowing the predictian of any given

(vibration) level occurring, how often this level might occur, how well

the samples represent the entire range of (vibration) levels, and the
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minimum number of samples required for a given confidence in the

results.

For reasons of simplicity both in instrumentation and in later

statistical analysis, the sample length should be of fixed duration. In

a random sampling scheme, only the time interval between samples

should be random. Prior knowledge of the sample length, and of the

frequency range being recorded, enables one to make valid statistical

estimates about the accuracy of various measurements of interest,

such as power spectrum measurements or probability density measure-

ments. On the practical side, instrumentation problems of recording

such data appear to be simplified if it is decided in advance that each

sample length should be of a certain definite duration.

Figure 7. 1 is a block diagram of a recommended procedure

to follow in the selection of a random sampling plan. The blocks will

be discussed in order and illustrated by examples. Ref. [i3 may be

consulted for more detailed comments.

Block A Experiment Specification and Equipment

Reference [I 1 gives detailed procedures to follow for specifying

equipment for the flight vehicle vibration situation. Some similar

analysis would be necessary in other physical problems.

Block B Sample Length Determination, Mean Time Between Samples

Several physical constraints exist such as, for example, the

length of a sample should be at least as long as the period of the lowest
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frequency of interest. Besides the physical constraints, engineering

and statistical considerations are required to resolve interrelations

existing between the sample length and the mean time between samples.

These matters are reviewed in the text for Blocks C and D, and extended

in considerable detail in Sections 7.4, 7.5, and 7.6.

A,

Experiment

Specification
and Equipment

B. C. D.
Sample Length Detection of Number of Samples
Determination, Unexpected Events 0,o Contain Fraction

Mean Time of Population
Between Samples

G. F. E.
Analyze Data Implement Scheme; Select Over-all

- Collect Data Sampling Scheme

Figure 7.1. Over-all Recommended Procedure for
Selection of Sampling Scheme.

Block C Detection of Unexpected Events

Certain important unexpected events might be missed in sampling

from a random process. It is of interest to know the probabilities of

missing these events for a given sample length and a given mean time

between samples. Considered from the other direction, if a probability
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is prescribed, then the mean time between samples, and the sample

length will be partly determined. For the subsequent discussion, let

e = length of unexpected event in seconds

T = length of each sample in seconds

L = mean time between samples in seconds
(measured from center to center)

Fig. 7.Z. shows a possible sequence, given that e will occur once during

time L.

r time

Figure 7.Z. Example of Random Sampling

The average probability of missing all parts of e, denoted by
P, is

P(missing e) = L- (T + e) = - T + e (7.1)
L L

assuming e > 0 and (T + e)< L. This equation does not apply to situ-

ations of predetermined fixed sample lengths and fixed time between

samples. For predetermined fixed sampling times,

0 if e occurs inside sample length
P(missing e) =i if e occurs outside sample length

The average probability of recording any part of e is

P(recording e) =T+e (7.2)

L
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For example, if L 1 i00 seconds, T = 5 seconds and e = 10

seconds

5 + 10P(recording e) - _ 0 0. 15
100

This might appear to be quite low, but if e occurs only once, it might

not be of too great interest. If e occurs, for example, 10 times during

a iOOO second interval, a much higher probability would be desired and

in fact does exist. Using the same values for e, T, and r the average

recording probability is now

P(recording e) = I -( T + e )10 = 0.84

A more pertinent question than that of recording any part of e

would be; "What is the average probability of recording at least i second

of a 10 second event?" Let e r be the minimum portion of e to be

recorded. Then Eq.(7. Z) becomes

15(recording at least er (e - er (7.3)

If the probability density function for the time between samples

is known, then a confidence interval can be established for the probability

of missing e. Assuming, for instance, a normal (Gaussiar distribution

for L with mean value f and with standard deviation o-, the proba-

bility of missing all of e is estimated by

(-') - (T + e) < P(missing e)( (f + kXa) - (T + e) (7.4)
E. - kc. 1; + xo-

where X is the number of standard deviations required for a given

confidence. The interval for the probability of recording any part of

e is

T + e < P(recording e) < T+ e (7.5)
US+ kTR E--7 "
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and for recording at least a portion e r of e is

T + (e - e r ) T + (e - er
r < P(recording at least e d -(7.6)

L+ Xo-- - ko-

For example, if L is normally distributed with = 100 sec,

o- = 5 sec, T = 5 sec, e = 10 sec, er = I sec, and X = 2, it can be

said with 95% confidence that the probability of recording at least I

second of the event e falls in the interval

5(10 - 1) 5 i1 )
< P(recording at least e r ) < 5 + (10

I00 + 10 100- 10

0. 127 < P < 0. 156

The above equations can assist in determining a desirable

sample length and mean time between samples. Of course, judgment

is necessary here in determining how long an unexpected event should

be to be considered important, and what is the permissible miss proba-
Reference [jcontains further discussion and examples.b i l i t y . R e f e r e c ee sI.

Block D Number of Samples to Contain Fraction of Population

Another criteria to help determine the sample length and mean

time between samples is the number of samples required to predict the

total (vibration) life history from these samples, namely the total range

of possible events.

If one is concerned about deviations in only one direction, (i. e.,

below the sample maximum value), the proportion of the population

occurring below the maximum sample value can be calculated with a

known confidence from the equation, see Reference A,

(p)N = r (7.7)
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where

P = proportion of population

i - a = corfidence coefficient

N ;: sample size

If deviations in both directions are of concern, the proportion of the

population occurring within the maximum and minimum sample values

is given by

NP - ( - ) P N= a (7.8)

where N, P and a are defined as above.

Figure 7. 3 gives a plot of Eq.(7 .7) for P = 0.85, 0.90, and 0.95.

This curve clearly demonstrates, that for P = 0. 90, very little

additional confidence would be gained by taking a continuous record,

no matter how long, rather than approximately 50 samples. An

assumption made here is that the population is infinite, which is

generally considered valid if the population is at least ten times as

large as the number of samples taken. Given values for P and a,

N may be obtained from Figure 7. 3. For example, if P = 0. 95 and

(i - a) = 0.90, then N = 45. Corversely, if N = 45 and a = 0. 10,

then P = 0.95.

It may be of interest to know the probability of a sample

value x occurring between . j ko- where p is the mean value, a- is

the standard deviation of the population, and X is a constant. Making

no assumptions about the population distribution, the Tchebycheff inequal-

ity may be applied. This gives

Prob 4 -, ko-<2x < + >1-2 (7.9)

If a normal (Gaussian) distribution exists,t,.e following relation holds

which yields a higher probability value, namely,,
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rob -- k- < exp < +(x )2J dx (7.10)

Thic distribution is well tabul.ated and widely used.

Table 7.1 below gives a comparison of probability results about

the sample values based upon the Tchebycheff inequality and the assumption

of normality.
Table 7. 1

'~~II17 2 3
Normal 0. 6827 0. 9545 0. 9973

Tcheby -heff 0 0. 7500 0.8889

Prob[Ii - Xc<< A L + Xo-]

Block E Select Over-all Samplingl Scheme

After the above steps have been accomplished, an over-all

sampling scheme may now be devised. This again will require some

judgment in adjusting the samp]e length, mean time between samples,

and number of samples to fit togr;ther as a meaningful whole. See

Reference [ 1] and Section 8 here for detailed examples for the flight

vehicle vibration situation.

Block F Implement Scheme; Collpect Data

Again one is referred to Reference[i] for a discussion. of many

of the problems, such as instrumentation., which are involved in final

implementation of a random sampling scheme.

Block G Analyze Data

At this point one begins the analyses presented in Reference [i]

and in other parts of this report.
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7.3 PERIODIC SAMPLING OF RANDOM DATA

If data is assumed or verified to be truly random, as opposed to

being periodic or even containing some periodicities, then one can choose

a fixed time L = L between samples. When L is in seconds, the period

of the samplings is (I/L) samples per second. Now, Eqs. (7.4), (7.5),

and (7.6) have o= 0, and Eqs. (7.2) and (7.3) with L = L state the prob-

ability of recording unexpected events for periodic sampling. The

validity of this procedure is dependent on the data being random. If

the data has periodicities, then periodic sampling can confuse the results

through aliasing effects wherein high frequencies appear as low frequencies.

With periodic sampling, rather than random sampling, it is easier

to detect underlying linear trends in the data such as may occur, for

example, in ballistic missile flights. Once detected and analyzed, these

trends can be removed so that further analysis can be devoted to the

other data characteristics. The most important of these is the question of

stationarity of the data.

If the data is both random and stationary, then the data can be collect-

ed at arbitrary random starting times, and sampled periodically thereafter,

without introducing any errors. However, if the data is nonstationary, then

results are dependent upon the particular times of observation and should

be analyzed by special methods as discussed in Sections 2 through 6 of this

report. For nonstationary data, one should impose a fixed starting time

requirement and express the results as a function of this starting time.

Whether sampling randomly or periodically, Eqs. (7.7) and (7.8) which

predict the range of expected events are valid only when the data is

stationary.

For these reasons and others, it is clear that it is important to

verify that the data is both random and stationary. Where possible,

Table 7. 1 shows that it is desirable also to test for normality so as to

improve the statistical confidence about the range of sample values.
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7.4 UNCERTAINTIES IN ESTIMATED PARAMETERS

This section and the next section deal with the problem of

coordinating all of the various requirements that must be satisfied in

the determination of the length T of each of the samples. The reader

will note that sample length requirements vary widely depending on which

parameter one desires to estimate, even if one choses the same confidence

limits throughout. The primary purpose in designing any experiment is to

obtain the "maximum' amount of information from a ''minimum'' amount

of data. The 'maximum' amount of information is defined here as that

required to satisfy a predetermined confidence in the results. The

"minimum" amount of data is interpreted as the shortest sample, and

the least number of samples, needed to meet the predetermined confidence,

resulting in minimum cost and manpower expended.

First, a brief review will be presented of the various formulas

between sample length and the associated statistical errors for each of

certain desired basic parameters to be estimated. This is followed by

discussion of tests for fundamental assumptions, and then by a summary

of the sample length relationships.

7. 4. 1 Lowest Frequency of Interest

In order to make sure that the lowest frequency of interest can be

detected, at least one full cycle of this frequency has to be recorded.

Based on engineering judgment it is recommended that at least two cycles

be recorded. This will avoid possible loss of this frequency, in case

minor variations in sample length occur. In equation form

2
T = f (7. 11)

min

where fmin is the minimum frequency of interest.
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7. 4. 2 Mean Square Estimates

When estimating, for example, the mean-square acceleration

levels during a flight, the confidence in the measurements can be

determined from knowledge of the equivalent number of statistical

degrees of freedom n

n 2BT 1  T 1 _:!T (7. 12)

where B is the bandwidth in terms of an idealized rectangular filter,

and T 1 is the integrating time(or averaging time) of an ideal integrator.

It should be noted here that unless the filter has an attenuation of at

least 60 db per octave, an equivalent noise bandwidth B has to ben

computed for B in Eq. (7. 12). See Ref. 1 1, p. 4-84] and Section

12.3.2 of this report.

Equation (7. 12) shows also that the maximum number of

degrees of freedom for a sample of length T occurs when the inte-
gration time T 1 is equal to T . This in turn would then result in

the maximum statistical confidence that can be obtained. In other

words, if the integration time T I is less than the sample length T

the number of degrees of freedom is determined from T 1 . If the

integration time is equal to or greater than the sample length T , the

number of degrees of freedom is limited by the sample length T

Using an averaging time that is longer than the sample will therefore

do nothing to improve the statistical accuracy of the data, but will only

result in a waste of time and effort.

Now consider a signal with a Gaussian distribution and a true
2

mean square acceleration of a- . From a mean square measurement
2

of s from a sample of length T , a confidence interval for the true

mean square value can be determined based on a knowledge of the

number of degrees of freedom n , Ref. [1, p. 7-10 ] and Section 13 of

this report.
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A limited table of confidence intervals for a mean square

measurement of 1. 0 as a function of the degrees of freedom is presented

in Table 7. 2.

No. of Degrees of 2 10 20 40 60 120
Freedom n 0

80% Confidence Lower Limit 0.43 0.62 0. 70 0. 77 0.81 0.85
Interval Upper Limit 9.48 2.05 1. 67 1.37 1.29 1.19

95% Confidence Lower Limit 0. 27 0.49 0. 58 0.67 0. 72 0. 79
Interval Upper Limit 39.20 3.07 2.08 1.63 1.48 1.31

Table 7. 2. Confidence Intervals for Mean Square Measurements

To illustrate Table 7. 2, assume that a sample is two seconds

long (T=2) and is analyzed using an ideal filter with a 30 cps bandwidth,

and with a true integrator having an integration time T 1 of two seconds.
2

If this results in a mean square acceleration reading of 10 g. , one can

be 95% confident (see Table 7. 2) that the true mean square acceleration

in the aircraft during this two-second time period was between 7.9 and

13.1 g 2 , since n = 2BT I = 2 (30)(2) = 120 (or that the tirue rms

acceleration was approximately between 2.81 and 3. 62 g's). It should

be noted that in order to obtain the overall mean square value of a

sample, the integration time T 1 of the instrument has to be exactly

equal to the sample length T .

Often RC filters are used to perform the integration. It has been

shown in Ref. [1 , p. 7-12] that this results in a different number of

degrees of freedom, namely

n = 4BK (7. 13)

where K = RC is the time constant of the integrator. Now, since the

output voltage of an RC integrator will reach the input voltage after
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approximately 4 time constants have elapsed, the record should be at

least 4 times as long as the time constant of the integrator. For a two-

second sample, this would require a time constant of 0. 5 seconds.

Often the vibration signal is recorded on magnetic tape which

makes it possible to form a continuous loop for each sample. In this

case the time constant of the RC integrator is limited only by Eq. (7. 13).

This equation limits the maximum number of degrees of freedom obtain-

able from a record length T Combining this with Eq. (7. 12) one

finds

1
K T (7. 14)

as the optimum value of K. Increasing the value of K beyond that

indicated by Eq. (7. 14) will do nothing to improve the statistical

quality of the measurements.

The quality of the estimate can also be expressed in terms of
2

the "standard error" E or normalized variance 1 of the measurement

as follows:

2 12 1; T =T (7. 15)BT T1-
1

This equation is useful for confidence interval estimation if it can be

assumed that the measurements are normally distributed. Also,it is

often used by itself as a measure of the error in the results. The

assumption of normality is a good approximation if the number of

degrees of freedom exceeds 120. Then the square root of E =-\I/BT 1

is equal to one standard deviation of the measurement and a 95%
2

confidence interval is given by s + 2c . For example, if B = 60 cps

and T 1 = T = 5 seconds, then n = 600 and E =V1/300= .058. For a

measurement of 10 g2 the 95% confidence interval is then approximately
2

9.88 to 10.12 g
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7. 4. 3 Power Spectral Density Estimates

The basic measurement performed for power spectral density

analysis is the mean square value determination. Therefore the same

arguments apply here as those developed in Section 7. 4. 2 above. For

example, assume a sample record is six seconds long and the band-

width of the analyzer filter from resolution considerations is determined

as 10 cps, resulting in n = 120 degrees of freedom. The maximum

statistical quality attainable in the power spectrum measurement has

now been fixed by Eq. (7. 12). Analysis techniques employed from this

point on cannot increase the statistical accuracy of the measurement

beyond that defined by the 120 degrees of freedom. However, the

statistical accuracy can be further degraded if the analyzer filter scans

the frequency range at too fast a rate. This problem will now be dis-

cussed for constant bandwidth power spectra estimates and for constant

percentage power spectra estimates.

(a) Constant Bandwidth Power Spectra Estimates

From Ref. [1, p. 7-29], the maximum scan rate,(S.R.), below

which the statistical accuracy will not be affected has been established

as

S. R. B TI' T (7. 16)
1

Another problem that must be considered is the transient response of the

analyzer filter. On the basis of proper filter response the scan rate

should be limited to

B2

S. R._ n -B--(7. 17)

If an RC integrator is employed, the scan rate should be limited to

B
S.R. B 4-(7. 18)

A-4K
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(b) Constant Percentage Power Spectra Estimates

For constant percentage analysis, the analyzer filter bandwidth

increases in direct proportion to the center frequency of the filter.

Here B = Pf where P is the resolution (some constant fraction less
c

than one) and f is the center frequency. For constant percentagec

analysis, Eq. (7. 12), (7. 16), (7. 17), and (7. 18) become respectively

n = 2 Pf T (7. 19)C 1

Pfc
S. R T(7. 20)

(Pfc~

S. R. - (7. 21)

Pfc
S.R. -4K (7. 22)

7. 4. 4 Probability Density Estimates

The uncertainty for probability density estimates is expressed

in terms of a normalized standard error .. Experimental results yield

the following expression (see Section 14 of this report) for a probability

density estimate p (x)
00/2

E 0. 7 ; TIl T (7. 23)6 p x ) 0 T I

The quantity 6 x is the amplitude window width, L) is the expected

number of zero crossings per unit time, and T1 is the averaging time.

(This is usually equal to the record length T). It is assumed here that

the bandwidth B is not narrow with B<< 20, see Section 14. For analog

instruments which take time averages by smoothing with a low pass RC

filter, T 1 = 2K (for TI' T), where K is the filter RC time constant.
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The value for 0 is a function of the signal's frequency

characteristics. For signals having a uniform power spectrum between

two effective cutoff frequencies f and f the term 020 is given by

Ff2 + a b + b z  1/2

= 2 L a b j (7. 24)

If the low frequency cutoff is at fa 0 the term )0 is given by

) =  . 15 fb (7. 25)

In applying Eq. (7. 23) for cases where the signal is a repre-

sentative record from a stationary random process, confidence

intervals are found by using [1 + X. ] p (x) where Xis a normal deviate

(for n>120). For example, X = I gives a 68% confidence interval, and

X = 2 gives a 95% confidence interval. For n <120, instead of X , the

t statistic should be used.

Solving Eq. (7. 23) for Tl, gives the equation for the required

averaging time for any desired standard error c. This also becomes

the expression for the record length T if the averaging time is equal

to the record length, namely

2

T = T = 0.0 (7. 26)
1 0.07

Hypothetical cases based on Eq. (7. 26) appear in Section 14 of this

report. These cases show the record lengths which are required for

typical vibration and acoustics problems. For example, from Table

14. 12 in Section 14, one sees that a record length of about 16 seconds

would be required to obtain estimates with c = 0. 10 out to + 3 rrns,

assuming 0 = 1000, Ax = 0. 1, and p(x) follows a Gaussian distribution

with an rms value of 1.0.

So far it has been assumed that the averaging time T is equal

to the record length T . In reality, sample records are often available,
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which are longer than the maximum averaging time of the analyzing

instrument.

If the analyzer averages by linear integration, a series of

estimates will be obtained over a single record length T. If these

estimates are then averaged, the normalized variance of this average

will be equal to e IN, where N is the number of estimates obtained

from a single record T, each of length T 1 = (T/N).

If the analyzer averages with a low pass RC filter, the

effective averaging time T 1 is equal to 2K (for T-= T), where K is

the time constant of the RC filter.

Many probability density analyzers estimate p(x) by continuously

sweeping the amplitude window ZSx. Here the Sweep Rate (S.R.) must

be slow enough to permit a given amplitude level to be viewed by ix

over the entire averaging period: that is

S. R.=_ 6x (7. V7)
T 1

If this condition is not met, the uncertainty of the estimates will be

increased. Specifically, if S. R. is greater than &x/T l , the effective

record length will be

T = (7.28)
eff 97K

Here, if an RC averager is employed, the scan rate should be limited

to

S. R. = &x (7. Z9)
4K

7. 4. 5 Correlation Function Estimates

For correlation function estimates, the normalized mean square

error is also a function of the ideal bandwidth B and the record length T.

The exact expression for this mean square error is quite complicated and
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is also a function of the signal to noise ratio. In the vicinity of R(0),
2

approximately up to the first zero crossing, the mean square error f

is

( 1 (7.30)

2.

At R(0), E is a conservative estimate of the time error of the

correlation function estimate and this error becomes progressively

worse as the time difference T increases.

If T is varied continuously an additional error is introduced.

This is given by Ref. [1, p. 7-68] for large BT (say BT-100) as

(2 X2 BT (7. 31)

where A 1 = tAT/T and ILTis the smallest increment in T to be

distinguished.

7.5 TESTS OF FUNDAMENTAL ASSUMPTIONS

Statistical tests for randomness and for stationarity are in-

vestigated experimentally in Sections 15 and 16 of this report.

Appropriate theoretical material is included with the experimental

results. One of the tests for randomness and one of the tests for

stationarity are based on measurement uncertainties in sample mean

square values. These tests are as follows.

7. 5. 1 Test for Randomness

Consider a sample record of length T obtained from a

vibration response x(t) with an equivalent ideal bandwidth B. Assume

x(t) is stationary over the sample record length T (to be verified by

other procedures discussed in Section 16), and that x(t) has an

approximately Gaussian amplitude probability density function with a

true mean square value of/wvna.. If the vibration response is actually
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random, a mean square measured value x from the sample record

will have a sampling distribution with a variance given in normalized

terms as follows.

2 Var x2
E 2 -B= ; T aT (7.32)

a/reL4./ a
x

mhere T a = averaging time. For RC averaging with time constant K,

one sets T = 2K when 2K-T, and Ta = T when 2K -T.aa

If a periodic component is present in the otherwise random

vibration response, the normalized variance for a mean square

measurement becomes

2 Vrxr 2
2 -2 E 0 (7.33)

where

p = mean square value for periodic portion

r = mean square value for random portion

rrtz/x ,(periodic) +,m- (random) = p + r

From Eq. (7. 33), the variance of a mean square measurement will be

reduced as the level of the periodicity is increased relative to the

random background (as p/r increases). This relationship lays the

groundwork for a statistical hypothesis test for randomness.

Assume a collection of N independent mean square values, x.

(i = 1, 2, 3, ... , N), are measured from a stationary vibration response.

This collection may be obtained from a single sample record by

averaging over each of N equally long segments with an averaging time

T = (T/N). The variance of the mean square measurements can bea 2 -z
estimated from the sample variance s for the measured values x. as1

follows.
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2

S 1 x - (7.34)
S = N i -l

Nx x

2.
Here, x is the mean square value average over the collection length

2
T = NT a . The expected values for the sample variance s and the
sample mean x are as follows.

E [s']=(4Ni Var x) (7. 35)

Then, the normalized variance for a mean square measurement may be

estimated by

2 2
S s (7. 36)

2 2
In Eq. (7. 36), both s and x are random variables. However, it is

2
shown in Section 13 that the variability of x is negligible compared to

the variability of s 2 if the quantity 2BT - 40N or 2BT -40. If this
-2 a

requirement is met, it may be assumed that x = for the problem

at hand.
2

The sample variance s from Eq. (7. 36) will have a distribution

associated with the chi-squared distribution as follows.

2 2
s x (N-i1) (7.37)

Va rx2) N

where ",." means "distributed as", and x 2 (N-l) is a chi-squared distri-

bution with (N-i) degrees, of freedom. From the relationships in Eqs. (7. 33)

an.d (7. 36), it follows that
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2 2
E (N ) 2BT :-40 (7.38)N aC

From Eq. (7. 38), the following probability statement may be made.

Prob F :. (N-I); (i-a) = 1 -) (7.39)

2" N I
where a is the level of significance, and (1-ay) is the confidence level.

Let it be hypothesized that a sampled vibration response is
2 2

random. If this is true, e = e0 , and the hypothesis H0 is

H0 :f = E (7.40)

If a periodic component is present, 2 will be equivalent to some c2
2

less than e as defined in Eq. (7. 33), which is why a one-sided

probability statement is used in Eq. (7. 39). Then, N may be tested by

computing c from a collection of mean square measurements, computing

E from the BT product for the measurements, and comparing the ratio

of E/ to the X limit in Eq. (7. 39) at any desired level of significance

a. The region of acceptance for H 0 is

E = X (N-i); (1-a) (7.41)
2- N

E
0

f / 2.
if E /E 0is greater than the above noted limit, H is accepted and theo 20
vibration response is considered random. If E /C is less than the0

noted limit, H0 is rejected and there is reason to suspect that a periodic

component is present in the vibration response. The appropriate values

in Eq. (7. 41) for any desired level of significance can be obtained from

most statistics books.

Further discussion of this test for randomness, and other tests,

appears in Section 15.
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7. 5. 2 Test for Stationarity
2

Assume a collection of N independent mean square values, x i 2

(i = 1, 2, 3, ... , N), are measured from a random vibration response.

This collection may be obtained from a single sample record by

averaging over each of N equally long segments with an averaging

time T a (TIN). If the vibration response is stationary with a meana 2

square value of , each measurement x. will be an estimate of
1

/ and, thus, will be equivalent to one another. One procedure forx
testing the collection of measurements for equivalence is as follows.

This procedure is identical in concept to the statistical test

for randomness described earlier. If the vibration response is random
2

and stationary, the mean square measurement x. will have a sampling
2'I

distribution with a normalized variance of E , as defined in Eq. (7. 32).

For a collection of N mean square measurements, the actual normalized
2variance e may be estimated by ^E , as defined in Eqs. (7. 34) and (7. 36).22

The ratio of / will be distributed as shown in Eq. (7. 38).

The following probability statement may be made.

2 ×2 
Prob E " (N-i1); =0(-a)L2- XN (7. 42)

Let it be hypothesized that a sampled random vibration response
2 2

is stationary. If this is true, E = 0o , and the hypothesis H 0 is

2 2

2^
H 0:E = E 0(7. 43)

If the vibration response is nonstationary, E will be equivalent to
2 2

some undefined F greater than , which is why a one-sided (upper

tail) probability statement is used in Eq. (7. 42). Then, H 0 may be
^2

tested by computing f from a collection of mean square measurements,2
computing E from the BT product for the measurements, and com-

0 Z "2 a 2
paring the ratio of fE/C to the X limit in Eq. (7. 42) at any desired
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level of significance a. The region of acceptance for H0 is

2

N(7.44)

2 N
0

AZ2 2
if C /E is less than the above noted limit H0 is accepted and theAZ2
vibration response is considered stationary. If /2 is greater than

0
the noted limit, H0 is rejected and there is reason to suspect that the

vibration response is nonstationary.

Further discussion of this test for stationarity, and other tests,

appears in Section 16.

It is clear that the above test can be combined with the test for
randomness discussed in Section 5, by using a two-sided x test. If
it is hypothesized that the vibration response is random and stationary,

the region of acceptance for the double hypothesis H0 is

2 X2
( -) ; i . a / 2 ) A 2 ( -l ; /
(N - .....E2__1 ;a/ (7.45)

N E N
0

In Eq. (7. 45), since (a/Z) replaces a, the lower limit is less than the

limit for the randomness test alone, as given in Eq. (7. 41). Similarly,
the upper limit is higher than the limit for the stationary test alone, as

given in Eq. (7. 44). Thus, a test of the double hypothesis will involve a
wider region of acceptance for a given confidence level (I - a). To
maintain a desired Type II error, more measurements are required for

the combined test than for each individual test.

7. 5. 3 Test for Normality

Section 17 of this report contains results from an experimental

study which develops a test for normality based on expected measure-

ment uncertainties in amplitude probability density estimates.
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7.6 SAMPLE LENGTH DETERMINATION

From the results of Section 7. 4 and 7. 5, one can see that there are

five basic parameters and three tests of fundamental assumptions that

involve the sample length. These are listed below in order of increasing

sample length usually required for a given mean square error or

confidence in the results.

Parameters:

t) Lowest Frequency of Interest

2) Mean Square Value

3) Correlation Function

4) Power Spectral Density

5) Amplitude Probability Density

Tests of Assumptions:

f) Randomness

2) Stationarity

3) Normality

Qualitative reasons for stating that the necessary sample length

T increases in going from parameter (f) to parameter (5) are as

follows. The lowest frequency of interest gives a bound for T which is

not dependent upon a measurement error E. However, in order to

reduce a mean square value measurement error, one must increase T

appropriately. Uncertainties in mean square measurements and

correlation function measurements have the same error formula for

the maximum point of the correlation function at zero delay. This is not

true for non-zero correlation delays. For these correlation points, T

must be increased to maintain the same error. Next, bandwidths used

for power spectral density function measurements are generally smaller

than for mean square value measurements since one desires to resolve

sharp spectral peaks. To maintain a given error, these bandwidth

reductions must be compensated for by longer record lengths. Finally,

amplitude probability density estimates require the longest sample

lengths because one desires to measure these probability density func-

tions out to values of extreme amplitudes.
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In order to arrive at the minimum sample length, based on some

predetermined maximum allowable error, the following steps should

be considered.

Step I. Since the estimation of the vibration environment is of
primary importance, the sample length should always be based on a

minimum acceptable mean square error for any of the four statistical

parameters desired. (Note that f min is not a "statistical" parameter. )
Using this sample length, one can then determine the confidence in the

tests of fundamental assumptions.

Step 2. All instrumentation that will be used in the estimation

of the various parameters should have an ideal averaging time equal to

or greater than the sample length determined from the appropriate

equations. If the ideal averaging time is less than the sample length,

the error will increase and the confidence will decrease in the results.

If RG averaging is employed, the minimum time constant K = RC should

satisfy
I

K : - T (7.14)
2

Step 3. No matter which parameters are to be estimated,

Eq. (7. 11) should be used as a check to determine if the requirement

for the lowest frequency of interest can be met, namely,

T --f2 ,(7. 11)f
min

For example, if f = 2 cps, then T should be : I second.a in
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Step 4. If the amplitude pr.bability density is one of the

parameters to be estimated, the sample length should be determined

from Eq (7, 26). It will usually result in the longest sample for any

given mean square error as compared to the other parameters.

A Sx
T = E AXp(x) F70  (7.26)

0.07

If the amplitude window Ax is swept continuously, the maximum

allowable sweep rate that can be used, without increasing the error

decided upon should be calculated from the appropriate Eqs. (7.Z7) or

(7.29).

Step 5. If the amplitude probability density is not required, the

power spectral density will now usually govern the sample length

which should be determined from Eq. (7. 15). By solving for T,

one obtains

1T = 2 (7.46)

In order not to increase the error decided upon, the maximum allowable

sweep rates should be calculated from the appropriate Eqs. (7. 16),

(7.17), or (7.18).

Step 6. If only correlation functions and/or mean square values

are desired, Eq. (7. 46) can again be used for sample length deter-

mination.

For correlation function estimates, one also has to consider the

rate of change of T. The maximum allowable sweep rate should be

calculated from the appropriate Eq. (7. 31).
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7. 7 STATISTICAL EVALUATION OF DATA
FROM SINGLE EXPERIMENT

When the sample length has been decided upon, one has to

determine the effect of the number of samples on the over-all confidence

of the experiment. The "experiment'' might be the measurement of

vibration levels at a particular point during a certain flight phase or

during the whole flight.

By sample size will be meant here the number, N, of samples

to be obtained in any one experiment. The term number of experiments

will denote the number k of repetitions of a particular experiment

(e. g. , the number of flights) in each of which N samples are taken.

Altogether, there would be Nk samples. It is important to select N

and k, if possible, so that one can make good statistical predictions

both with data from within a single experiment, as well as with data

from experiment to experiment. If N and k are merely given values,

and not at one's choosing, then it is important to be able to calculate

the stat.stical accuracy to be attached to predictions based on the

given values.

Estimates of a true population mean p. and a true population
2

variance T2 as calculated from a sample of size N will be denoted
2 2

by 3 and s , respectively. The estimate's x and s will be

random variables, differing for each sample of size N, while the true
2

values . and a are constants. The standard deviation a is, of

course, the positive square root of the variance.

The discussion in this section is devoted to the case of a single

experiment for which k = I. Cases of multiple experiments (e. g.

simultaneous data from many points or from many flights) are

analyzed in Section 8.
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7. 7. 1 Case i: No consideration of uncertainty in measured sample values.

Suppose N independent parameter estirrates (e.g. , mean square

values), denoted by xj, j = 1,2, ... N, are obtained in a single experiment,

and suppose the statistical uncertainly in each sample value is unknown or

ignored. The first problem is to obtain estimates of the sample mean and

sample variance to be associated with the N parameter values from this

single experiment.

By definition, the sample mean is obtained by calculating

x- j=1 (7.47)N

and the sample variance, that is, the mean square value about the mean

value, by s x -2

2 (xi - x)

s 2 j=IN (7.48)

One can now show that the expected value of x is

E(x) = (7.49)

2.
and the expected value of s is

F(s 2 ) =(N -) a2 (7.50)

where i and a, are the true population mean and variance, respectively.
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A block diagram for analyzing a set of parameter values from a

single experiment is drawn in Figure 7.4. The various confidence intervals

and tolerance intervals in Fig. 7.4 can be determined in parallel as shown.

Confidence Interval

Case 1. for

No consideration of Population Mean
uncertaintyin measured "

sample values

Compute
Sample Mean Confidence Interval

and forSample VarianceSample_ Variance _Population 
Variance

Case 2. 1
Consideration of

uncertainty in measured Tolerance Interval
sample values for Containing

Proportion of
Entire Population

Figure 7.4.Recommended Procedure for Analyzing a
Set of Values from a Single Experiment

Confidence Interval for Population Mean

If the N parameter values are assumed to originate from anunder-

lying normally distributed population (a hypothesis which can be tested

by statistical methods discussed in Reference[']. then a confidence

interval can be formed around the sample mean value R so as to contain

the true population mean value L within any desired level of significance

a. The interpretation of confidence is that if the experiment of esti-

mating 3 and a from N sample values is repeated many times,

ASD TDR 62-973 7-32



then the probability is (1 - a) that the true mean . will lie in the interval

bounded by R + t/ 2 ) s/N- I , that is

Prob [E t(:/ 2 ) < R- + - 0 ( a)

(7.51)

where a is some desired proportion (0: a 1) and t(a/2) is taken

from the tables of the t distribution with (N - 1) degrees of freedom

at the (c//2) percent value.

For example, assume a = .05 and a sample of size N = 6 with

= 12. 3 and s = 2. 19. In the tables of the t-distribution one finds for

5 degrees of freedom t2 .5 = 2.57. Using Eq. (7. 51),

2..519 2. 19]_.9
Prob 12.3 - (2. 57) 2. 1 .1 2 . 3 + (2. 57) .95

=Probf19. 85 & 14.8] .95

Confidence Interval for Population Variance

A confidence interval may also be computed around the sample
2 2

variance s so as to contain the true population variance o- within

any desired level of significance a. This is given by

Prob [! Ns <-2 s ] 1- a)

(a/2) I -(a/2) (7.52)

where Xp2 is taken from tables of the distribution with (N - 1)

degrees ot freedom at the p percent value. Above, p = (a/2) and

I - (a/2).
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As an example, assume the same sample values as above, Then

from Eq. (7.52),

Prob [6(4.80) a- 2 6(4.80)] 95L 12.8 0.4]

- Prob[2.2 <c 2<67.O] = .95

where =25 = 12.8 and X9 . 0. 4 are found from a table of X 2

with 5 degrees of freedom.

Large Sample Size

For large values of N, say N _30, confidence intervals for IA
and a- can be approximated closely using tables of the normal distri-

bution. The results for large N are

Prob[3r- X s ~+~ X 8 =(1 a) (7.53)

Prob a- X . c<5) ]- a (1- 8) (7.54)

where X is the a-.percent value of the normal distribution, as defined

by considering deviations in both directions from the mean value. The

previous percent values for the t and X2 distributions considered

deviations only in one direction.

Assume 5= 12. 3 and s = 2. 19 but with a sample size N = 36.

Then for a = .05, X 05 = 1.96 is found from a table of the normal

distribution. Using Eq. (7.53)

Prob [Z. 3 -(1..96), <' 1 <R_2.3,(1..96).-9]= .93

= Prob[ I.6-_IL _13.0 = .95
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and from Eq. (7.54),

Prob [2. 19 (1.96) Z. 19 <cr<Z. 19 + (1.96) 2.19.] 95ProbVT - 69 -\.9' .g

- Prob [. 7Sao Z.7 .95

Tolerance Intervals

A tolerance interval around a sample mean value 2 , calculated

from a sample of si.ze N, is defined as an interval that will contain at

least a proportiorn (1 - a) of the underlying population a desired percentage

P of the time. This percentage P is called a confidence coefficient.

The tolerance interval is bounded by the values

E + Ks (7.55)

where K is a numerical coefficient depending upon N, c, and P, which

is tabulated in Ref. [1].

For example, assuming an underlying normal distribution, for a

sample of size 100, the tolerance interval that will contain at least 90%

of the population with 95% confidence is given by

'+ 1.87 s

Considered another way, the above example states that the probability is

0. 95 that at least 90% of all population values will lie in the interval

shown.

If the true population mean, R, and true standard deviation, a-,

were known precisely, then regardless of the size of N, there is 100%

confidence that at least a proportion (I - a) of the population lies inside

the interval

IL+ X a (7.56)
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Where X is the a,-percent value of the normal distribution. For example,a
i00% confidence exists that at least 95. 5% of the population will lie inside

the interval t + o--. On the other hand, for K = Z. 0, only 75% confidence

exists that at least 90% of the population lies inside the interval S + 2s,

if R and a are calculated from 15 samples.

For large N, where L and o- are approximated closely by R

and s, the coefficient K approaches the normal a-percent value X anda
the confidence coefficient P approaches t00%. In the previous example,

where K = 2. 0, there is 90% confidence that at least 90% of the popula-

tion, based on calculating ? and s from 33 samples, lie inside the

interval 9 + 2s; there is 95% confidence that at least 90% of the population

using 50 samples lie inside this same interval and 99% confidence for at

least 90% of the population using 90 samples.

The main point of this discussion is that, for a proportion

(1 - a) = 0.90 and a constant K = 2.0, little increased confidence (i.e.,

higher P) is gained by choosing N larger than, say, N = 50. In the

example above, changing N from 50 to 90 increased the confidence only

from 95%6 to 99% that at least 90% of the population would fall in the

interval 7 + 2s.

7. 7. 2 Case Z. Consideration of uncertainty in measured sample values.

Suppose N independent parameter values, denoted by xj,

j = ,2, ... , N are obtained in a single experiment. Suppose also that the
2

variance associated with each of these values is estimated to be s. ,2 J
where a are assumed to be the same from experiment to experiment.

2
None of the s. are permitted to be zero. How should the sample meanJ
and sample variance be calculated now for the N parameter values of

the experiment?

For this situation, define the sample mean by

x A a xj (7.S7)

where

a- 2 (7.58)
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Define the sample variance fcor the N values by

z N a 2 j z N (7.59)

Since s. 2 is an estimate of the true variance 032, the

coefficients

I
aj 2  N 27.60)

Ja-..

To allow Eq.(7.60)to replace Eq47.58)would require prior information
2

of the true variances o , usually not known.

In view of the assumption that s. 2 is a fixed estimate of o 2

J
from experiment to experiment, the coefficients a. are constants'fromJ

N
experiment to experiment. Now, from the fact that . aj = 1. it follows

that the expected value of the sample mean is

N

E i)- .R aj E(xr) = ( a = (7.61)

and the expected value of the sample variance is

N

E(s Z) = N = N aj 2  (7.62)

If s 2 equals the same value for all J, then aj = (i/N) for

all J. For this special situation,

N

X = -9 _ X iwith E() = L 7.63)

a _ =I a 2 with E(s2 2 (7.64)
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2 2
when a = E s ) is assumed to be the same for all j.

The remainder of the analysis for Case 2 now proceeds as in

Case 1, with E and s defined by Eqs. (7. 57) and (7. 59) instead of

by Eqs. (7. 47) and (7. 48). For example, if N = 2, with x1 = 16,
2 2

X2 = 20, and s I = , s2 = 3, one calculates a1 = (3/4), a. = (1/4).

Then R = 17 and s = i. 5.

7.8 STATISTICAL EVALUATION OF DATA FROM MANY

EXPERIMENTS

The most useful statistical analysis for evaluating a collection of

experiments comes under the general heading of "analysis of variance.

The object of this analysis is to test the hypothesis that the mean values

of some particular parameter from experiment to experiment are not

significantly different. If this hypothesis can be verified, the results

of the several experiments may be combined. Then, the resulting

large sample size may be used for more precise estimates of the

parameters of interest. One has thus simultaneously verified an

important assumption and has a large amount of data for parameter

estimation

For instance, in the case of vibration in a flight vehicle, one may

take a large amount of data from a single flight and make precise

estimates of parameters for that single flight. However, it is obviously

of value to be able to use the results to make predictions to other

flights conducted under similar conditions. Clearly, one is on some-

what tenuous grounds making predictions to other flights no matter how

large the sample from the single flight. However, when some con-

sistency from flight to flight has been verified, predictions may be

made to other similar flights with much greater confidence.

These matters are discussed in the next Section 8 of this

report.
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8. ANALYSIS OF VARIANCE PROCEDURES FOR EVALUATING

VIBRATION DATA FROM MANY POINTS

8. 1 INTRODUCTION

In the prediction of the over-all vibration life history of flight vehicles,

analysis of variance techniques can be employed to determine if significant

differences between vibration measurements exist, and, if they do exist,

the magnitude of the variance of these measurements can be estimated.

The general hypothetical problem is as follows. Samples, each of

the same length, are taken at random for the entire flight of a given flight

vehicle at several points within each flight vehicle. These measurements

are then repeated for several flights of the same flight vehicle or for other

flight vehicles of the same general class (i. e. , B-52's, F-105's, etc. ).

Before the complete set of vibration measurements can be pooled to predict

the over-all vibration environment, it has to be determined if these

measurements are statistically equivalent. Specifically, the vibration

engineer has to know: (1) are all the measurements within each flight at one

particular point equivalent; (2) are the measurements between the various

points within each flight vehicle equivalent, and (3) are the measurements

from flight to flight equivalent.

If the measurements within each flight are not equivalent, the data

can be said to be "nonstationary. " One solution would then be to break up

each flight into various flight phases, within which the measurements are

equivalent, i. e. , within which the environment is "stationary. " If the

measurements between the various points are not equivalent, a separate

prediction will have to be made for each of the points.

Finally, if the measurements from flight to flight are not statistically
equivalent, the data cannot be pooled, and an over-all prediction cannot be

made. The vibration engineer will then have to look for the physical cause

of these differences and may have to design a new experiment. For example,

assume that four flights were made, and one particular flight shows a con-

siderably higher vibration environment than the other three and an analysis

of variance indicates a significant difference between flights. If the

vibration engineer decides that the higher vibration levels were due to bad

weather during the one flight, possibly the new experiment should consist

of more flights, several of which should be made during the bad weather, so

that a more representative sample is obtained.
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It is realized that time and money may make it difficult to repeat

such a program and, therefore, the engineer should do his best to obtain

a representative sampling on the first go-around. The analysis of

variance cannot help the engineer in many aspects of the experimental

design. However, it can be of considerable assistance in indicating

proper methods of data collection such that the maximum information may

be obtained from the minimum amount of data.

Another possible use for the analysis of variance techniques is to

determine if a single vibration specification could be written for a general

type of aircraft (e. g. ,al fighters, o- all bombers, etc. ). If data is

available for a number of different a.rcraft, all of one type; this data can

then be tested to determine if it is statistically equivalent.

The following sections will describe the simpler analysis of variance

technl4ues that can be employed to a-rrive at the appropriate decisions.

The primary portion of this discussion has been taken from a book by

A. H. Bowker and G. J. Lieberman entitled 'Engineering Statistics,"'

published by Prentice Hall in May 1961. For additional information, the

reader is referred to this text, Ref [2].

The subsequent discussion for the one-way analysis of variance is

for a large part a repetition of a portion of Section 5. 4, 'Statistical

Results from Repeated Experiments", of Ref. [ 1]. The subject is

directly extended here to the more complicated two-way analysis of

various procedures. Also, the two different interpretations of the analysis

of variance procedures are presented here which were ignored in

Ref. [ I I in the interest of simplicity. The discussion in Ref. [ i]corres-

ponds to the random-effects model (model II) one-way analysis described

here.

The repetition of material in Ref. [ i] Is given in the interest of

completeness, and also for the introduction of different notation and com-

puting procedures which are highly useful in extending to two-way (and

higher) analyses. At certain points in this section, the notation will be

reconciled with that of Ref. I - in order that one may cross reference

with a minimum of confusion,

The material here does not tell one how to go about interpreting the

data if the analysis indicates pooling may be allowed. However, this

subject is discussed in some detail in Ref. [i] and the reader may refer

to that report for extensions in that direction.
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8. 2 ONE-WAY ANALYSIS OF VARIANCE

Before any predictions can be made, the vibration engineer has to

determine whether or not the various flights are statistically equivalent.

For this purpose alone, a one-way analysis of variance may be used.

Since measurements may be taken at more than one location within each

flight vehicle, this procedure should be applied separately to each of the

points. For the measurements at one point only, if one desires to make

a decision about the within flight and between flight measurements simul-

taneously, then the two-way analysis of variance procedure discussed in

Section 8. 3 should be used.

8. 2. 1 Mathematical Models

For one particular point on the structure, let x.. be the jth

measurement for the ith flight. It should be noted that x represents

one sample. It could be the mean square acceleration for one sample, or

the rms acceleration, or represent velocity, displacement, stress, or

any other unit of measurement.

(a) Fixed Effects Model

This mathematical model is written as

xij = i +  i j  (8. 1)

where i is the fixed effect due to the ith flight and Eij is a random

effect assumed to be independently normally distributed with mean zero
2

and variance T

i can be further subdivided into , + 0, where , is a component

common to all flights and 0i is a fixed effect peculiar only to ith flight.

The dot (. ) in place of a subscript indicates averaging over that subscript.

This subdivision is accomplished by defining as the average of all

the i , i.e.,

(8. 2)r
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and defining Oi as the deviation of the i from the average, i. e.

0i -(8. 3)

r

Thus, 01 has the property Z 01 0. The x j can then be written as

X j = + 1 + E ij (8.4)

where x . is assumed to b, normally distributed with mean +

and variance a

The purpose: here is to draw some conclusions about whether the

flights are equivalent. This is the same as making statements about the

equality of the 9.. If the 0, are equal, they all must be equal to zero.

This model is called the "fixed effects" model because the 0 are fixed

effects and conclusions derived from the expe-iment will apply only to

the flights made. Conclusions about other flights cannot be made with

the intErpreta~t.n afforded by this model.

(b) Random Effects Mode]

If it is desired to extend the. conclusions to other flights (which

is usually the case) a "randorn effects" model has to be used. Here the

experimenter has to make sure that the flights during which he takes

measurements are chosen at random from aU possible flights.

The: mathematical model is still written as

S + +  (8. 5)

but the interpretation of the 0 is different. Here 9i is a random

variable having a p~robabiiity distribution which is the distribution of

flight effects. The E. * = :, .. c, are assumed to be normally distri-

buted with zero mean and common variance o (A test for this assump-

tion is given in Re f. [ i] . ) If the experiment were to be repeated, a new

random sample would be drawn and different flights might be included.
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In the fixed effects model, repeating the experiment would mean using

the same four flights. Therefore, for the random effects model, all the
2flights are equivalent if a- = 0. This model is called the "random

effects" model because 0 is a random variable, and the conclusions

derived from the experiment will be extended to all flights from which

the random sample was drawn. In this model the x. are normally
2 2 2 j 2.

distributed with mean and variance o7 + a =a" since a- is

hypothesized to be zero.

8. 2. 2 Computational Procedure

Assume that the following data has been taken for one particular

location (see Table 8. t).

Measurements

2 3 j c

x 1 1  1 2  13 x1 X Ic

gl x22x2.3 _2_ __

2X x 2 2  x 2  x x2

xr1  i xr Kr,
i3I x.i

I I

- r. KZX. Xr

Table 8. 1 Arrangement of Vibration Data

An analysis of variance table, such as that shown in Table 8. 2, will

now have to be completed. This is done by following the computational

procedure described below.

(I) Calculate totals for each flight

Ri, R 2 $ ... Rr
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(2) Calculate over-all total

T = R + R + ... + Rr

(3) Compute crude total sum of squares

r c
2 2 2 2EX. =L I +x +... +x1= _ =1J 1 12 rc

(4) Calculate crude sum of squares between flights

Z1R2 r2

C C

(5) Calculate correction factor due to mean

C.F. 
-T

rc

Then, 2

(6) SS 3 = (4) -(5) T

1=1 c rc

t2 2
2 T

(7) sS =(3)-(5) .
i=1 j=i 13 rc

(8) SS 2 = (7) -. '6) = SS - SS3

The mean square values SS , SS 2 , and SS 3  can now be calculated by

dividing by the appropriate degrees of freedom as shown in Table 8. 2.

In the above computational procedure SS* and SS correspond to
2 2

the between. group variance, N s , and the within group variance, s

of Ref. 1 i with c and r replacing N and k respectively. The major

difference is that SS* and SS* are the unbiased estimates while
2 2

Ns- and s are biased. That is,x

* k 2 * Nk 2SS3 - Ns-. and SSZ - ____s

3 k-, x k(N- i)
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The F test is
* k 2 2

SS3  k Ns s . (Nk -k)
* Nk 22

SS s s 2(k- i)Nk- k

which shows that the tests here and in Ref. [ i]are equivalent. Other

equivalences are easily seen. For instance, the so called "correction

factor" (using the terminology of Ref. 2 j ) is the term (Ex)2 /Nk in the

formula

EX (21x)
2 Nk

Nk

for computing a sample variance.

(a) Decision Procedure, Fixed Effects Model

The hypothesis that all the flights are equal can be written as

H : 01 = 02 = ... = 0r (8.6)

In fact, if the hypothesis is true, each 0 must equal zero. It can be

shown (Ref. [ 2 ], p. 295) that the hypothesis (8.6) is true, if the ratio

SS3 /SS2 (see Table 8. 2) is distributed as an F random variable with

r- ) and r(c - i) degrees of freedom. Therefore, the hypothesis (8. 6) is

accepted if
SS3

F - r - (8. 7)
SS2

where a is the level. of significance and Fa;r-l, r(c-i) is the upper a

percentage point of the F distribution.

If the hypothesis (8. 6) is rejected, it is possible to make statements

about which flights differ. Tukey and Scheffe' have developed a method which

is described in Reference[?], page 295, where the average vibration level of

each flight can be compared. "A factor k is calculated as follows.

k= k2 (8.8)

c

where k* is obtained from the table in Appendix 8.-A.
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The appropriate degrees of freedom are those corresponding to the degrees

of freedom of the within flight source in the analysis of variance table,

i. e. , r(c - 1). Then any two flight averages differing by more than k, are

said to differ significantly. The average vibration level of the ith flight is,

of course, defined as c
x" Y x i /c

1" =1

(b) Decision Procedure, Random Effects Model

Testing the hypothesis about the homogeneity of flights is now

equivalent to testing the hypothesis

Z
H: 0 =0 (8.9)

Just as in the fixed effects model, F = SS 3 /SS 2  is distributed as an F

random variable with (r - ) and r(c - 1) degrees of freedom. Therefore,2
the hypothesis that a- = 0 is accepted if

SS 3

- Fa;r-i, r(c-i) (8. 10)
SS2

In order to determine a measure of how much the flights differ, the quantity

Tr can be estimated. An estimate of is given by (Ref[2]. p. 30 7)

2 SS 3 -SS2
- = (8.1 t1)

If this quantity is negative, the estimate is taken to be zero. The proba-

bility of Type II error, P, i. e. , the probability of accepting the2 2

hypothesis 0,= 0 or 2 = 0 when in fact 0i 1 0 or a- 2 0, can also be
estimated from a set of Operating Characteristic Curves. However,

it is beyond the scope of this report to do so and the reader is referred

to Ref. [2].
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8. 2. 3 Numerical Example

Assume that from a series of flights made by a particular type of

aircraft, four flights were selected at random and during these four flights,

vibration measurements were taken at several points. These measure-

ments were made at random during the take-off, cruise, and landing

phases of the flight consisting of samples, each two seconds long. For

each of the two-second samples, an. over-all rms acceleration level was

determined, resulting in the following data for one particular point:

Flight 1: 7, 8, 9, 8, 8, 5, 2, 1. 5, 2. 5, 2, 4, 4. 5, 5, 4. 5, 4

Flight Z: 8, 7, 9, 7, 8, 6, 2. 5, 2, 1.5, 2, 4, 5, 4, 4. 5, 4.5

Flight 3: 8, 9, 7, 9, 7, 5, 2.5, 2. 5, 1. 5, 2, 3. 5, 4, 4.5, 4, 5

Fhght 4: 7, 9, 8, 7, 9, 5, 1.5, 2, 2, 2. 5, 4, 4, 3. 5, 5, 3. 5

Arranging this data in tabular form as that shown in Table 8. 1,

results shown in Table 8. 3 are obtained.

Vibra:ion Levels

_ 1 3 4 5 7 q I0 it i?, 0 14 15 Totals

1 7 8 9 8 8 5 2. 1.5 2.5 2. 4. 4.5 5. 4.5 4. 75.0

2 8 7 9 7 8 6 2.5 2. 1.5 2. 4. 5. 4. 4.5 4.5 75.0

3 8 9 7 9 7 5 2.5 2.5 1.5 2. 3.5 4. 4.5 4. 5. 74.5

4 7 9 8 7 9 5 1.5 2. I 2.5 4 4. 3.5 5. 3.5 73.0

Grand Total 297. 5

Table 8. 3 Pairing of Fliht8 and Vibrat:.on Levels

Following the computational procedure of Section 2. Z yields

(1) R R2 1R3 , R4 = 75.0, 75.0, 74.5, 73.0

(2) T =297.5

(3) x 2 1, 822.25
i= .j j 13
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Ri 22, 129. 25
(4) -. = = 1, 475.28

i=i c 15

T( 88, 506. 26
(5) - = = 1,475. 10

rc 60

-' R.2  T2

(6) SS3= E - - 0.18
i= c rc

r c 2

(7) SS = ij - =347.15
4 ifi 3 rc

(8) SS 2 = SS- SS 3 = 346.97

The completed analysis of variance table is shown in Table 8. 4.

Degrees of
Source Sum of Squares Freedom Mean Square

Between SS3Flights SS3= 0. 18 r-I = 3 SS 3 = - = 0.06
3

Within * SS2
Flights SS2 = 346.97 r(c-l) = 56 SS 2 - =6. 2056

Total SS = 347. 15 rc- i = 59 SS = _SS - 5.88
59

Table 8. 4 Analysis of Variance Table, One-Way Classification
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(a) Random Effects Model

Since the four flights were selected at random, and conclusions

are to be drawn about all other simija.r flights, the random effects model

should be used.

In Section 8. 2. 2(b), it was shown that testing the hypothesis about row

effects (between flights) is equivalent to testing H:o 0 = 0 and is accepted

if

SS 3

- a;3, 56

SSL

from Eq. (8 10). Choosing a level of significance a = 0. 05 and looking

up F 0  5;3, 56 in the F tables (Ref. [ 21, p. 560) one obtains

SS3  0.06
F = - - - Fa;3, 2 2. 76

* 6, 20 56

2and, therefore, accept H: 0 = 0,

An estimate of o- was given by Eq. (8. 11) and is

,,Z 0 06 -6. Z0
0" =~15

2
which is taken to bE. zero since a- 2, 0.

This procedure should now be repeated for the other locations and

if for all these locations the hypothesis H: a- = 0 is accepted, the

procedure discussed in Section 8. 4 should now be applied to make the

decision about the within flight variations and the between locations

variations.

(b) Fixed Effects Model

2
If the hypothesis H :0 = 0 had been rejected, the fixed effects

model could have been employed to find out which of the four flights differed

significantly. The result of the hypothesis H: i = 0 is the same for this

example, but the change in concept now allows one only to draw conclusions

about the four flights that were made. But now, that is all that is necessary.
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One could now compute k from Eq. (8. 8) and any two flight averages

(e. g. , the average vibration level of Flight I is 75. 0/t5 = 5 g's rms)

differing by more than k are said to differ significantly.

Although this procedure of switching models may be somewhat

useful in practice, one is on dangerous theoretical ground. Note that the

switch to the fixed effects model concept is made if and only if H:0i = 0

is rejected. But consider the situation if an error of the first kind has

been made. This would mean that sampling error is being accepted as

fact, and further tests are applied. It is clear that the same level of

significance and power (i - P) for these subsequent tests cannot be what

they seem on the surface. The sample being worked with has been
"conditioned" by the first test, but the probabilities on which this second

test is based do not take this into account.

8.3 TWO-WAY ANALYSIS OF VARIANCE, ONE OBSERVATION

PER COMBINATION

As discussed previously, this procedure applies when measurements

during several flights were made at one single point within the flight vehicle.

8.3. 1 Mathematical Models

(a) Fixed Effects Model

Again, let x.. be the jth vibration measurement of the ithij
flight. This measurement can be in terms of mean square acceleration,

rms acceleration, peak amplitude, or any other type that may be required.

The mathematical model can then be written as

x j= t ij +  ij (8. 12)

where ij is the jth mean vibration level during the ith flight (the
expected value of xii) and E ij is a random effect which is assumed to be

independently normally distributed with mean 0 and unknown variancez
T (See Tables 8. 5 and 8. 6. )

From Table 8. 6 one can write for the mean ;ij

;ij = ;. + i + yj +7ij (8. 13)

where ij = ;ij - ;i" - . j + . and is known as the interaction term.
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Vibration Levels
Totals

x1i X12 X j X c "=R

J=1

22x 2 1  x 2 j X2c . zj 2

' C
x. x.. x. =.it xiz __j Fj 2

r. Xi Xr2 Xr X rc '= rJ R Rr

I =

= C 1 = Ij = C c  R

r r r r c
X3, I i2 i c E Z

S =M i=1 j=i

Table 8. 5 Pairing of Flights and Vibration Levels

Vibration Levels Avei age
over Differencesc L evels

' il 22 'Zj c 1. 01 = 2. -

i 1 2i Ii =  2.

r -1 1
r :ri r2 rj rc r l r = r -

Average Over -all
over2 Average

Flights . 1  . .2 ..

Differ- Y1 = . i z' 2 = ; f.2" yj = ;. j " Y -c-
ences ..

Table 8. 6 Table of Expected Values of Vibration Levels
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An interaction between two effects Oi and y. is said to exist if the joint

effect of the two taken together is different from the sum of the separate

effects. For example, assume there are five machines and four opera-

tors, and it is desired to test whether the machines differ in the number

of units produced per day. It is possible that the second operator works

much better on the third machine than on the others. The resultant in-

crease in production of the third machine, therefore, cannot be assumed

to be a characteristic of the man only or the machine only, but is due to

the 'interaction" of that particular man with that particular machine.

From Eq. (8. 13) one sees that the mean for the ith flight and jth

measurement is written as a constant r plus an effect due to the ith

flight which is constant over all vibration levels, plus an effect due to

the jth vibration level which is constant over all flights, plus an inter-

action term .ij " Testing whether the flights are homogeneous is

equivalent to testing

H : 01 =  2 O''" r = 0 (8. 14)

Testing whether the vibration levels from time period to time period are

homogeneous is equivalent to testing

H : y, = Y 2 
= ... = ¥c =0 (8.15)

and testing for no interaction is equivalent to testing

H : =ij = 0 (8. 16)

for all i and j.

It should again be emphasized that the inference drawn from the

above tests only apply to the particular flights made and the vibration

levels measured. Inferences about other similar future flights or

vibration levels not measured cannot be made using the above model.

One other comment must be made concerning the interpretation of

the analysis as a test for stationarity. Every flight must be, in concept,

broken down in advance into a finite set of time periods. For example,

if two-second records are being collected from a two-hour flight, think

of the flight as 3600 time periods. Then certain of these time periods are

selected(the same for all flights) and samples are drawn from these specific

time periods for each flight. In the fixed effects model, no very satisfactory
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interpretation of the test for equivalences of data from these different

time periods is available. However, in the random effects

models to be described, a subset of these time periods

would be randomly selected. (These time periods would correspond to

the random sampling plan which would of necessity be the same for

every flight to allow this model to make sense. ) Now, the test for equiva-

lence of measurements from the various time periods can be interpreted

in some cases as a test for stationarity. This is described in Section 16.

It should also be noted that since only one measurement is avail-

able for the ith row and jth column (as shown in Table 8.5), one cannot

test for interaction and it has to be assumed that interaction does not

exist.

(b) Random Effects Model

As indicated above, more useful results would be obtained if

inferences could be drawn about all other similar flights and all possible

measurements. Here it will be assumed that the four flights of the

previous section were selected at random from many possible flights and

that the measurements were made at random throughout each of the flights.

The mathematical model can still be written as (combining Eqs. (8. 12) and

(8. 13))

xij + y + +ij +Eij (8. 17)

but the interpretation is different. The Oi (between flight effects), the

y (within flight effects) andqij (interaction effects) are now independent
S2 2 2random variables all having mean 0 and variance T0" , Y , and cr"

respectively. The random variable E is assumed to be normally

distributed. The random variables, 0, y, and are also often assumed

to be normally distributed if further inferences abo t these components

are to be made.

Here the inferences about row effects (between flights), column

effects (within flights), and interaction is equivalent to making inferences

about r , , and 2 respectively. For example, if 2 = 0, all the
0 Y '0

flights are homogeneous.
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(c) Mixed Effects Model

The previous two sections dealt. with the two-way analysis of

variance when both the Flights and Measurements were considered as

fixed effects, or when both were considered as random effects. A third

possibility is to consider the Flights as fixed effects and the Measure-

ments as random effects, or, to consider the Flights as random effects

and the Measurements as fixed effects. This model is denoted the

"mixed effects model. "' It should be emphasized that the decision as to

whether the flights or measurements are fixed or random effects is a

practical one and is not up to the statistician. If the vibration engineer

wishes to draw conclusions only about the measurements that were made,

and does not want to generalize the results, the measurements are then

considered fixed effects. This would be equivalent to making inferences

about yj . If the engineer then wants to extend his conclusions to other

flights not included in his experiment, the flights are then considered as

random effects, but he has to make sure that the flights chosen were

selected at random from all the possible flights. This would be equiva-
2

lent to making inferences about a The usefulness of this model will

become clear in Section 8. 3. 3.

8. 3. 2 Computational Procedure

In order to keep track of all the calculations that have to be made,

it is recommended that an "Analysis of Variance Table" be constructed

similar to that shown in Table 8. 7. To complete this table, the follow-

ing computational procedure can be employed. The subscripts r and c

will be used to denote the number of rows and columns, respectively.

The relationships between the computational procedure and the individual

measurements x.. of Table 8. 5 are shown in Table 8. 7.ij

(1) Calculate row totals

R , R 2 1 .... Rr

(2) Calculate column totals

CC, C , ...8 C c
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(3) Calculate over-all total

T = R I + R 2 + ... + Rr = CI + C2 + + Cc

(This also provides a check for row and column totals.

(4) Calculate crude total sum of squares

r c

1 . 2 = Z+ x 2+ +x_ _ ij ; 11  12 rc

(5) Calculate crude sum of squares between rowsr R+ ... + R 2
i c ccc

(6) Calculate crude sum of squares between columns

cC 2 2 + + 2

j=1 r r

(7) Calculate Correction Factor due to mean

C .F. 
-

rc

(8) SS-c-i ¢j C.2ss =  (6)  - (7)  =  T- - - -
4Z r rc

J=1

R. 2 T2

(9) SS3 = (5) - (7) = I c/.. c rc

r c 2T2

(10) SS =(4)-(7= (7 E x. -1=1 =j ij " rc

(i) ss 2 = (10) - (9) - (8) = SS - SS 3 - SS 4

Now the Analysis of Variance Table can be completed by calculating the

vale ofSS* * and S
values of SS 4 , SS3  2  as shown in Table 8.7.
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(a) Decision Procedure, Fixed Effects Model

Before applying the decision procedure for the fixed effects

model with only one observation per cell, it should be noted that the inter-

action term must be zero. As mentioned in Section 8.3. 1, a test for

interaction cannot be made; therefore, the designer of the experiment

should make sure that the interaction can be assumed to be zero.

It was shown in Section 8. 3. 1 that testing the hypothesis about the

homogeneity of flights is equivalent to testing the hypothesis

H: 1= =...= Or

It can be shown (Ref. [2], p. 323) that this hypothesis is true if the ratio

SS*/SS* is distributed as an F random variable with( r - 1) and

(r - i)(c - 1) degrees of freedom. Therefore, the hypothesis of the equality

of the O's is accepted if

553

F*- , c a;(r- 1), (r- 1)(c-1) (8. 18)
SS2

Similarly, the hypothesis of equality of the y's (no flight effects) is

accepted if

SS4

* - Fa;(c-1),(r -)(c-1) (8. 19)
SS

2

If the hypothesis that there are no between flight effects or no

within flight effects or both is rejected, the Tukey k factor can again be

used to determine which row or which column averages differ signifi-

cantly. The equations are

k (for rows) = k (8.20)
c

k(for columns) = k* 2 (8.21)
r

Again, k* is read from the tables in Appendix .8-A.The proper degrees of

freedom are those corresponding to the degrees of freedom of the residual

source in the analysis of variance table, i.e. , (r-i)(c-1).
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(b) Decision Procedure, Random Effects Model

For this procedure, no assumption has to be made about the

interaction being zero. In the random effects model, it was shown that

testing the hypothesis about the row effects (between flights) is equiva-
2

lent to testing the hypothesis H:o" = 0. It can be shown (Ref. [2], p. 327)

that the ratio SS 3 /SS 2 is distributed as an F random variable with

(r - i)and (r - i)(c - 1) degrees of freedom when the hypothesis is true.
2

Therefore, the hypothesis that T9 = 0 is accepted if

SS 3

F= -= F (8. 22)
* - a;(r-f), (r-1)(c-1)(82)

SS 2

Similarly, the hypothesis of no column effects (within flight effects),
2

i.e. , the hypothesis that o = 0 is accepted ifY

SS 4
F - F (8. 23), -a,(c- 1), (r- 1)(c- i)

SS 2

in order to obtain a measure of how much the row effects or column2 2
effects differ, the quantities a2 and o can be estimated. These

0 Y
estimates are given by

^2 SS3 SS2
=Z 3 (8.24)

^2 SS 4 -SS 2
T 2 (.8. 25)

If any of these quantities is negative, the estimate is taken to be zero.

(c) Decision Procedure, Mixed Effects Model

In the mixed effects model, the row effects will be assumed as

the random effects and the column effects will be assumed as the fixed

effects. Therefore, testing the hypothesis about the homogeneity of row

effects (between flight effects) is equivalent to testing the hypothesis2
H:a- = 0. Equation (8. 22) can now be used to test the hypothesis and

Eq. (8. 24) can be used to estimate a-
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Testing for homogeneity of column effects (within flight effects) is
equivalent to testing the hypothesis H:Y = - - = Yc = 0. Equation

(8. 19) can therefore be used to test for the hypothesis of equality of the
y s and if the hypothesis is rejected, Eq. (8. 21) can be used to determine
which columns differ significantly.

There is one important difference here from the fixed effects
model. Even though the column effects are fixed, no assumption has to
be made about the interaction, i. e. , the presence of interaction does
not invalidate the decision procedure for the mixed effects model.

8. 3. 3 Numerical Example

For simplicity, the same data will be used here as that used for
the example in Section 8. 2. 2. This data is reproduced in Table 8. 8,
showing the row totals, column totals, and the column averages.

4 15 2
E E x.. = 1,822. 25

i=1 j=1 i1

R. 22, 129. 25
i= c 15 = 1, 475. 28

15 C. 2

E 7, 217.25 = 1,804.31
j=1 r 4

T 2  88,506. 25 = 1,475. 10
rc 60

15 C. 2  T 2

SS = I . =329.21
j=1 r rc

i i T 0.18
=3 c rc

15 2 T 2

SS LX.. - - = 347. 15
i=1 j=i ij rc

SS2 = SS - SS 3 - SS4 = 17.76

The completed Analysis of Variance Table is shown in Table 8. 9.
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Source Sum of Squares Degrees of Mean SquareFreedom

SS 4
Within SS4 = 329. 21 (c..) = 14 SS - = 23.52Flights f4

S
Between SS3 = 0. 18 (r-i) = 3 SS -S 3 0.06Flights 3 3

Residual SS2 = 17. 76 (r-1)(c-.1)=42 SS* -S - 0.4242

Total SS = 347. 15 !.rc-1) = 59 SS* =- SS 5.88
59

Table 8. 9 Analysis of Variance Table

(a) Random Effects Mode.

Since both thf. flights and the measurements were made at ran-

dor, and inf;rences a.!e to be drawn about all the flights and the entire

vibration environment of a.il these flights, the random effects model will

be used. Choosing a ],ee] of s-.gnificance a = 0. 05, the between flight
2homogeneity is tested by Eq. (8. 22), namely the hypothesis H:or = 0 is

accepted if

SS 0.06F = = = - -- F0.534
SS2  0.42 0

From the F ta.bles (Ref. [Z] ,p. 560) one obtains F0.05;3,42 = 2. 83 and

therefore accept the hypothesis, i. e. , there are no significant differences

between flights, since F = 0. 14.

The homogeneity of the within flight vibration levels is tested by
2Eq. (8. 23) Namely, the hypothesis H:0" = 0 is accepted ifY

SS4 = 23.52 F0 0 5 ;14 4 2

SS* 0.422
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From the F tables one obt~iins F0. 05; t4,42 = 1. 93 and therefore reject.;

the hypothesis, 1. e. , there is a significant difference of vibration levels

-within flights, since F = 56. 0.

Another interpretation of this result was mentioned in Section 8. 3. 1.

That is, the vibration flight history ofthese flights from which these

samples were taken is a nonstationary process. Therefore, the above

analysis of variance technique provides one with a test for stationarity.

A measure of how much the within flight data varies is given by

Eq. ,8. 25)

^ 2 S4 "S2 23.
= S- 5.78

Y r 4

Therefore an estimate of the standard deviation of the within flight data

= =2.40 g's rms
Y Y

It should be noted that bV looking at the. original data the within

flight variat:ons cippear to follow the flight phxses. Very high vibration

levels w,-rp recordea during the ':ake-off phase, low tevels were recorded

during the, cruise, phase, and intermediate levels were recorded during the

land.ng phase. The above procedure tested whether the d:fferences of

vibration levels between phast;-s were significant. Since they were signifi-

cant. no conclusions can now bE. dizawri abou.t the. within flight vibration
.leveis as a whole.

However it appears tha:t if a sepay ate analysis of variance is per-

formed for each fligbt phase, thi hypothesis of homogeneity might be

accepted. The problem now arises to deernne where one flight phase

leaves off and the next one begins. A quantitative method is available to

do this. Since the division is to be made only for the vibration levels

that were recorded, a mixed effects model can be assumed.

ASD TDR 62-973 8-Z5



(b) Mixed Effects Model

The hypothesis now has become H:yj = y 2  = = Y  = 0. As

previously discussed, the F statistic is the same. However, the change

in concept allowis us now to determine (with the cautions previously

mentioned) which particular vibration levels of the 15 differ significantly.

The Tukey k factor given by Eq. (8. 21) can now be used. For this

example k = 5. It (from the tables in Appendix .8-A), and

k = 5. 11 0 . 4 2 = 1. 66
V4

From Table 8. 8 one can see that measurements I through 5 can be con-

sidered as one phase, measurements 7 through 10 as one phase, and

measurements II through 15 as one phase. Measurement number 6

should be lumped with numbers I through 5 since it is closer to the take-

off phase than the cruise phase. The analysis of variance can now be

repeated for the four flights, using only one flight phase at a time. To

draw conclusions about each particular phase for all flights, the random

effects model should be used.

A note of caution is due at this point. From the data in Table 8. 8

it would appear that the flight phases could have been separated just by

inspection. However, many times, data that appears to differ actually

does not differ significantly in the statistical sense, or data that appears

to be uniform may be rejected as homogeneous by the proper statistical

techniques.
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8.4 TWO-WAY ANALYSIS OF VARIANCE, SEVERAL
OBSERVATIONS PER COMBINATION

In the previous section, vibration measurements were made only

at one point within the flight vehicle for each of the flights. However, it

may be desired to make measurements for each flight at several points

simultaneously. For example, electronic equipment is to be installed

in the pilot's compartment, in the mid-section, and near the tail of the

aircraft. Vibration measurements would then be made at each of these

locations. The question now arises, can one establish an over-all

vibration specification for all three locations or will a separate specifi-

cation be required for each of the three locations. This will require a

decision whether or not the vibration levels at the three locations can be

considered as statistically equivalent.

First, a one-way analysis of variance has to be made for each of

the three locations separately, as discussed in Section 8. 2, to test for

between flight differences. If the between flight measurements for each

of the locations turns out to be not statistically equivalent, obviously no

further analysis is required since conclusions about other flights cannot

be drawn. If, however, flights can be considered as equivalent, one can

now determine if the locations and the within flight differences are

statistically equivalent.

8.4. 1 Mathematical Models

A table should be constructed as that shown in Table 8. 10. In

Table 8. 10, x_. is the ith measurement, at the jth location for the vthijv
flight. It should be noted in Table 8. 10 that the symbols r, c, and n

always refer to the total number of rows, columns, and observations

per combination, regardless of what they represent.

The reader should also note that if, as discussed above, the three

locations were deliberately chosen, they will always have to be considered

as fixed effects, and all inferences drawn apply only to those three loca-

tions. If the flights and the measurements were chosen at random, it

should be clear that a mixed effects model should be used. For

convenience in the mixed effects model, the columns are usually designated

as the fixed effects. Of course, if the locations were chosen at random,
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Locations 0

1cX ii xiz xl~ lji X lcl

X 112 X 122 xtjz XIcz

xtnX 12n ij n x Icn

x2

cni

2 --

I
x

U2 n g n Xjn ic

Xit I
I IZ

xXi1 2

,ijv

X.n

Xr i I X rc i

r II c

Xrin x rcn

Table 8. 10 Arrangement of Data for Two-Way Analysis of
Variance, n Observations per Combination

the random effects model would apply and conclusions could then be

drawn about locations where measurements were not made. It should

also be noted that. since more than one observation is available per com-

bination, the experimenter can now test for interaction.

The general mathematical model now is as follows:

x.. = . + 0i +  E +ij ; i = i, 2,..., r (8.26)

j = i, , . ,

V 1, 2, ,...,n

where ,.. is the general mean and c.. are the experimental errors1.jv

which are assumed to be independently normally distributed each with

mean 0 and variance a •
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(a) Fixed Effects Model

In the fixed effects model, Oi is the effect of adding the ith

r
fixed measurements E 0 i = 0, yj is the effect of adding the jth fixed

c
location z Yi = 0, and ij3 is the fixed interaction of the ith measure-

j=n

ment with the jth location.

(b) Random Effects Model

In the random effects model, Oi is the effect of adding the ith

measurements and is a random variable and is usually assumed to be
2normally distributed with mean 0 and variance a-, -y is the effect of

adding the jth location and is a random variable usually assumed to be
2

normally distributed with mean 0 and variance -

ij is the interaction of the ith measurements with the jth location

and is also a random variable usually assumed to be normally distributed
2

with mean 0 and variance ;

(c) Mixed Effects Model

Here Oi is the effect of adding the ith measurement and is a

random variable assumed to be normally distributed with mean 0 and
2

variance a ' ~c

is the effect of adding the jth fixed location, yi = 0Yi Z Y
j=1

ij is the interaction of the ith random measurement with the jth

fixed location and is a random variable usually assumed to be normally
2

distributed with mean 0 --nd variance -2

8.4. 2. Computational Procedure

An analysis of variance table as shown in Table 8. 11 will now have

to be completed. The following computational procedures can be used

for this purpose:

(1) Calculate row totals: R i , R 2 , .... Rr

(2) Calculate column totals: CV, C2 , ... C, C
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(3) Calculate within combination totals: W W, W 1 2 .... Wrc

(4) Calculate over-all total:

T = R i + R 2 + ... + Rr = C I + C 2 + ... + Cc

(5) Calculate crude sum of squares:
r c n 2 2 2 2E TE x..j = x i i + x i z +.. + x

ii Ji vi

(6) Calculate crude sum of squares between columns

2
C 2 

_. (C + C?+.. +cc)
i=j rn rn

(7) Calculate crude sum of squares between rows

r R R 2 + ... +R )

cn cn

(8) Calculate crude sum of squares between combinations

r c __ 2 ( 1+ W 2 +. + W2 )3.j 11_ rc)

Z= I n n

(9) Calculate correction factor due to mean

C.F. 
T2

rcn

From the quantities above compute:

c C.2 T2
(10) SS 4 = (6) - (9) = =

jirn rcn

2

i=i cn rcn

r c n r c W.i.
1i2) SSi=(5) -(8)= iE E' E x  E= " =  =l x

I = 1 I =I ijv i" W-
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r C' n T 2

(13) SS =(5) -(9) = r = T
i= j v=1 li v  rcn

(t4) SS 2 = SS SS I - SS 3 - SSl

The mean square values SS , SS i , SS 2 , SS3) and SS 4 can now

be calculated by dividing by the appropriate number of degrees of

freedom as shown in Table 8. it.

(a) Decision Procedure, Fix:ed Effects Model

The first hypothesis that should be tested, when the fixed

effects model is used, is for no interaction. This is equivalent to test-

ing H: i j = 0 for all i and j. It can be shown (Ref. [2] , p. 336) that if

the hypothesis of no interaction is true, SS 2 /SS i is distributed as an

F random variable with (r-i)(c-1) and rc(n-.I) degrees of freedom.

Therefore, the hypothesis = 0 is accepted if

ssz
F .- * a;(r- 1)(c- 1), rc(n-1) (8. Z7)
ssl

If this hypothesis is rejected, the tests for significance of the within

flight effects (row effects}: and between locations effects (column

effects), are now meaningless. If the hypothesis that there is no inter-

action is accepted, tests for row effects and column effects can be made.

It can be shown (Ref. [2] , p. 338) that if the hypothesis about no

row effects is true, SS* /SS is distributed as an F random variable

with (r-t) and rc(n-i) degrees of freedom. Therefore, the hypothesis

S:Oi = 02 Or = 0 is accepted if

SS 4
F - _W Fa;(r-1),rc(n-i) (8. 28)

Similarly the hypothesis of no column effects, i. e. , H: = Y= " Yc = 0

is accepted if

SS
4

F- -- Fa;(c-1), rc(n-1) (8. 29)

SSI
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If the row or column effects are significant, the Tukey k factor can

again be used to determine which rows or columns differ significantly.

k (for rows) = k* - (8. 30)
nc

k (for columns) = k (8.31)

The factor k is read from the table in Appendix 8-A. The proper degrees

of freedom are those corresponding to the degrees of freedom of the

within combination source in the analysis of variance table, i.e. , rc(n-i).

(b) Decision Procedure, Random Effects Model

2
In this model, a test for interaction, i. e. , H: = 0, is also

available. The hypothesis of no interaction, i. e. , the hypothesis that
2

T.2 = 0 is accepted if

F F (8. 32)F - <-- a;(r- 1)(c -i), rc(n- 1) (.

SSi

In this model, even if interaction is present, one can still test for

row or column effects. The hypothesis of no row effects (within flighta
effects), i. e., the hypothesis that a- = 0 is accepted if

SS3
F = S Fa;(r - ), (r - )(c - ) (8. 33)

ss2

The hypothesis of no column effects (between location effects), i. e. , the
2

hypothesis that 0- = 0 is accepted if
Y

F - 4 F (8.34)

AD2
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2 2 2
As before, the quantities a , a- , and T- can be estimated, namely-0 Y

^2 SS2 -SS 1
(8. 35)

n

^Z SS 3 - SSz
AZ = (8. 36)

~cn

AZ _SS4 -_SSZ
a' = (8. 37)

Y rn

If any of these quantities is negative the estimate is taken to be zero.

(c) Decision Procedure, Mixed Effects Model

In the mixed effects model the row effects will be assumed as

the random effects and the column effects will be assumed as the fixed

effects.

In this model a test for interaction is also available. The hypothesis
2that there is no interaction, i. e., H:0"r = 0 is accepted if

ssIF = S- F (8. 38)
* a;(r-i1)(c -1), rc(n- 1)

Again, even if interaction is present, one can still test for row or column
2

effects. The hypothesis of no row effects, i.e. , H:ar = 0 is accepted if

F='3F (8. 39)SS 3F - a;r-t, rc(n-i) 839

An estimate of a- is obtained from

^ SS3 SSI
T SS (8.40)
6n
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The hypothesis of no column effects, i.e., H:yj =Z = '" =c = 0 is

accepted if

S4
F = S4 F(8. 41)

* a;(c-i),(r-1)(c-i)SS 2

The Tukey k factor is given by

kS= k*I Z (8.42)
nr

and can again be used to determine which columns differ significantly.

The proper degrees of freedom are those corresponding to the degrees

of freedom of the interaction source in the analysis of variance table,

i. e. , (r-i)(c-l).

8.4. 3 Numerical Example

It will be assumed that all measurements were made at random

during four flights which were selected at random, at three specific

locations within each flight vehicle. Location I is near the tail of the

aircraft, location 2 near the middle of the aircraft, and location 3 in the

pilot's compartment. During each flight and at each location, 15 samples

were taken at random. Three main flight phases could be identified by

visual inspection of the data and were taken to be i) take-off and climb,

2) cruise, and 3) descent and landing. It is desired to predict the over-all

vibration environment at those three locations since electronic equipment

is to be installed. Before making this prediction, the following questions

have to be answered:

1. Were the four flights statistically equivalent so that the data
can be pooled?

2. Can one over-all prediction be made or should a separate
prediction be made for each of the three locations?

3. Can the prediction be made for the entire flight or will the
flight have to be divided into flight phases, and if so, how?

If the answer is "no" to the first question, one can go no further. If the

answer is "yes", questions 2 and 3 can now be answered.

The data is in terms of g's rms, each:number representing the

over-all rms value of one sample, two seconds long. The bandwidth

of the analyzing instrument was 2000 cps so that the assumption of
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normality for the distribution of the rms values is a good approximation,

since the number of degrees of freedom for each sample is quite large.

The data is as follows:

Location I:

Flight 1: 7, 8, 9, 8, 8, 5, 2, . 5, 2. 5, 2, 4, 4. 5, 5, 4. 5, 4

Flight 2: 8, 7, 9, 7, 8, 6, 2. 5, 2, 1. 5, 2, 4, 5, 4, 4. 5, 4. 5

Flight 3: 8, 9, 7, 9, 7, 5, 2. 5, 2, 5, 1. 5, 2, 3. 5, 4, 4. 5, 4, 5

Flight 4: 7, 9, 8, 7, 9, 5, 1. 5, 2, 2, 2. 5, 4, 4, 3. 5, 5, 3, 5

Location Z:

Flight t: 5, 6, 7, 6, 6, 3, 1, 0. 5, 1. 5, 1, 2, 2. 5, 3, 2. 5, 2

Flight 2: 6, 5, 7, 5, 6, 4, 1.5, 1. 0.5, 1, 2, 3, 2, 2. 5, 2. 5

Flight 3: 6, 7, 5, 7, 5, 3, i.5, 1. 5, 0. 5, 1.0, 2. 5, 2, 2. 5, 2, 3

Flight 4: 5, 7, 6, 5, 7, 3, 0.5, 1, 1, 1. 5, 3, 2, Z. 5, 3, 2.5

Location 3:

Flight 1: 4, 5, 6, 5, 5, 2, 1, 0. 5, 1. 5. 1, 2, 1. 5, 2, 1. 5, 1

Flight Z: 5, 4, 6, 4, 5, 3, f.5: 1, 0.5, 1, 2, 2, 1, 1.5, 1.5

Flight 3: 5, 6, 4, 6, 4, 2, 1.5, 1.5, 0.5, 1.0, 1.5, 1, 1.5, t, 2

Flight 4: 4, 6, 5, 4, 6, 2., 0. 5, 1, 1, i. 5, 2, 1, 1. 5, 2, . 5

For convenience, the data for location I is identical to the data used

in the previous example. In Secrion 8. Z. 3 it was shown that the between

flight differences were not significant. A similar one-way analysis of

variance has to be performed for locations 2 and 3. This analysis will

not be shown here, but the reader c:an verify for himself that the

between flight difference for locations 2 and 3 are also not significant.

The next step is to determine if between location and within

flight: differences are significant. Since the measurements were made

at random but the locations were picked deliberately, a mixed effects

model will have to be used.

(a) Mixed Effects Model

The data has been rewritten in tabular form and is shown in

Table 8. 12. Table 8. 13 was prepared from Table 8. 12, first computing

within combination totals, then. computing row and column totals. Using

the computational procedure of Section 8. 4. 2 results in the following:

ASD TDR 62-973 8-36



(1) Row totals are shown in Table 8. 13

(2) Column totals are shown in Table 8. 13

(3) Within combination totals are shown in Table 8. 13

(4) Over-all total is shown in Table 8. 13

(5) Crude sum of squares is obtained from Table 8. 12

S x  i j v 3,322.75

(6) Crude sum of squares between columns

c C. 2
c C = 151,692. 75

T L 1= 2,528. 21
j=1 rn 60

(7) Crude sum of squares between rows

r R 1 36, 861 25
Z - = 3,071. 77

i=1 cn 12

(8) Crude sum of squares between combinations

r W.z C 13,085. 75 = 3,271.44
i=1 j=1 n 4

(9) T 2  423, B0. 25
C. F. = 3 - 0 = 2,350.83rcn 180

(i0) SS 4 = (6) - (9) = 2,528. 21 - 2,350.83 = 177. 38

(11) SS 3 = (7) - (9) = 3,071. 77 - 2,350.83 = 720.94

(12) SS1 = (5) . (8) = 3,322.75 - 3,271.44 = 51.31

(13) SS = (5) - (9) = 3,322.75 - 2,350.83 = 971.92

(14) SS2 = SS- SS I - SS3 - SS4 = 22.29
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Locations

12 3

7 8 5 6 4 5

8 7 6 5 5 4
8 7 6 5 5 4
9
9 9 7 7 6 6
9 9 7 7 6 6

3 7 8 5 6 4 5
8 7 6 5 5 4

4 9 7 7 5 6 4

8 8 6 6 5 5
5 7 9 5 7 4 6

5 6 3 4 2 3
6 5 5 3 3 2 2

W 2.5 1 1,5 1 1.5
2.5 1.5 1.5 0. 5 1.5 0.5

1.5 Z 0.5 1 0.5 1
8 2. 5 2 1.5 1 1.5 1

2.5 1.5 1.5 0.5 1.5 0.5
i.5 2 0.5 1 0.5 1

2 2 1 1 1 1
10 2 2.5 1.0 1.5 1.0 1

4 4 2 2 2 2
11 3.5 4 Z. 5 3 1.5 2

4.5 5 Z.5 3 1.5 2
12
_2 4 4 2 2 1 1

5 4 3 2 2 1
13 ~4.5 3.5 Z. 5 2 . ..- 5. 1-.5

4. F 4.5 2.5 2.5 1.5 1.5
14 4 5 2 3 1 2

4 4.5 2 2.5 1 1.5
15 5 3.5 3 2.5 2 1.5

Table 8. 12 Pairing of Locations and Measurements
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Locations Totals
Averages

1 2 3

1 30.0 22.0 f8.0 70.0 5.83

2 33.0 25.0 21.0 79.0 6.58

3 33.0 25. 0 21. 0 79. 0 6. 58

4 31.0 23.0 19.0 73.0 6. 08

5 32.0 24.0 20. 0 76. 0 6. 33

6 21.0 13.0 9. 0 43. 0 3. 58

7 8.5 4.5 4.5 17.5 1.46

8 8.0 4.0 4.0 16.0 1.33

9 7.5 3.5 3.5 14.5 1. 21

10 8.5 4.5 4.5 17.5 1.46

1t 15. 5 9.5 7. 5 32. 5 2. 7t

12 17. 5 9.5 5. 5 32. 5 2. 71

13 17.0 10.0 6. 0 33.0 2. 75

14 18.0 10.0 6. 0 34.0 2. 83

15 17.0 10.0 6. 0 33.0 2. 75

Totals 297.5 197.5 155. 5

Averages 4.96 3.29 2. 59 --- ---

Table 8. 13 Pairing of Locations and Measurements, Pooling
the Data of Four Flights for Each Combination
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From these values an analysis of variance table as shown in Table 8.1 1

can be constructed. The completed table is shown in Table 8. 14.

Source Sum of Degrees of Mean Squares
Squares Freedom

Between columns , SS4
(between locations) SS4 = 177. 38 (c-1) = S 4 = --T = 88.69

Between rows SS 3
(within flights) SS3 =: 720.94 (r-i) = 14 SS3 = r- 5.49

(r-1)(c- t) SS 2
Interaction SS2 = 22. 29 =28 SS 1)(c- ) =0 80

: SS t
Within Combinations SS I = 51.31 rc(n-i)= 135 SS I -c__ = 0.38
(between flights) rc(n- 1)

* 55
Total SS = 971.92 rc:n-I = 179 SS - - 5.43

rcn- i

Table 8. 14 Analysis of Variance Table

Choosing a level of significance a =: 0. 05, the hypothesis of no inter-
2

action, 1. e. , H: O = 0 is a: ceptrd if (f.om Eq. 8. 38)

S . 0.80
F = -- - F 05;28, 135

SS i  0. 38

From the F tables, F 0528 135 t. 57 and therefore the hypothesis is

rejected. In other words, there is interaction between measurements and

locations within the aircraft.

The hypothesis about between location effects, i.e., H: y = Y 2
= Y3 = 0

is accepted if (from Eq. 8. 41)

SS4 * 86
F- 88.69 = 110.86 = F

S * 0.80 
05;2,28
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From the F tables, F 052 28 = 3. 34 and, therefore, reject the hypothesis.

In other words, there are significant differences between locations within

the aircraft. To determine which locations differ, the Tukey k factor is

calculated from Eq. (8. 42)

SS2  80 .4
k =-k 3. 50

nr 60

Comparing the column averages shown in Table 8. 13 results in the con-

clusion that all three locations differ significantly since all the column

averages differ by more than 0. 4. Therefore, a separate prediction

should be made for each location.

The hypothesis about the between measurement effects, i. e.2
H:a- = 0 is accepted if (from Eq. 8. 39)

SS3 51.49

F - - .38 .05;14, 135

From the F tables, F 0 135 = 1. 77 and, therefore, reject the hypothesis.

In other words, there are significant differences in the within flight measure-

ments.

The variance a* can be estimated from Eq. (8. 40) and is

Z= ss3 - SS 51.49 - 0.38 = 4. 6

0 nc 12

An estimate of the standard deviation of the within flight measurements

would be

a =-r. 27 = 2.07 g's rms

Since the measurements for each entire flight are not equivalent,

each flight should be broken up into flight phases. Since this discussion

will be made using only the particular measurements that were taken, the

rows will now also be interpreted as fixed effects. This change in concept

will allow the use of the Tukey k factor to determine which rows differ

significantly.
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The mathematical model has now become a fixed effects model and,

therefore, Eq. (8. 30) should be used. From Eq. (8. 30)

* S O. 038
k =k - 3 = k0iV nc 1 12

From Appendix A, since 15 effects are being studied and SS has 135

degrees of freedom, k * 4. 90. Therefore

k = (0. 18)(4. 90) = . 88

Any two row averages differing by more than 0. 88 are said to differ

significantly. From Table 8. 3, rows i through 5, 7 through 10, and ii

through 15 are therefore equivalent. A judgment will now have to be made

as to what to do with row 6. This row will be considered as part of

flight phase 2 (cruise).

The analysis of variance, should now be repeated for each of the

flight phases. For purposes of illustration, phase number i will be

chosen. The data for phase I is shown in Table 8. 15.

The computationdl procedure yields the following:

(1) Row totals shown in Table 8. 15

(2) Column totals shown in Table 8. 15

(3) Within combination totals shown in Table 8. 15

(4) Over-all total shown in Table 8. 15

(5) Crude sum of squares

x -2 n: 2,5 .0
i=1 i i V=1~

(6) Crude sum of squares between columns

c C.2
C _ 49,243 _462 15

j=1 rn 20

(7) Crude sum of squares between rows
r R.2  8,8
r R -28,4 = 2,373.92

i= cn 12
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Locations
Totals Averages

3

7 8 5 6 4 5
8 7 6 5 5 4 70 5.83

130 22 z 18 _____ ____

8 7 6 5 5 4
2 9 9 7 7 6 6 79 6.58

EnF33 [25 21 ______

9 9 7 7 6 6

3 7 8 5 6 4 5 79 6.58

:5 33 25 2 _ _ _ _ _ _ _ _ _ _

8 7 6 5 5 4

4 9 7 7 5 6 4 73 6.08
31 [23 [19 _ _ _ _ _

8 8 6 6 5 5

5 7 9 5 7 4 6 76 6.33

r324 2o

Totals 159 119 99 377

Averages 7.95 5.95 4.95

Table 8. 15 Pairing of Measurements and Locations for Phase I

(8) Crude sum of squares between combinations

r c W. 2.r. T._ 9,869
n =---'8-- = 2,467.25

i=i j=l

(9) T

C.F. = - 142, 129 = 2368.82
rcn 60

(10) SS4 = (6) -(9) - 93. 33

(11) Ss3=(7)-(9)= 5.10

(12) SS 1 = (5) -(8) = 33.75

(13) ss =(5) -(9)= 132.18

(14) SS2 =SS- Ss i -SS 3 -SS 4 = 0
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The completed analysis of variance table is shown in Table 8. 16.

Sum of Degrees of Mean
Source Squares Freedom Squares

Between columns SS4 = 93.33 (c-i) = 2 SS, = 46.66
(between locations)

Between rows SS 3 = 5. 10 (r-t) = 4 SS 3 = 1. 28

(within flights 
3

Interaction SS2 = 0 (r-1)(c-1)=8 SS 2 = 0

Within combinations SS1 = 33. 75 rc(n- 1) = 45 SSi = 0. 75
(between flights)

Total SS = 132. 18 rcn- =59 SS = 2.24

Table 8. 16 Analysis of Variance Table

Again using the decision procedure for the mixed effects model, the
2

hypothesis that there is no interaction, i. e. , H: cr2 = 0 is accepted if

SS2*
F- -

* - a;8, 45SSI

from Eq. (8. 38). Since SS* = 0, the hypothesis is accepted, i.e. , there

is no interaction.
2

The hypothesis of no row effects, i.e. , H: = 0 is accepted if

SS 3 1.28
F- - = 1.71_ - F

SS 0.75 a;4, 45

Choosing a level of significance a = . 05, the F tables show

F 05;4, 45 = 2. 58. Therefore, the hypothesis that there is no significant

difference between rows is accepted.
2.

An estimate of T is given by Eq. (8. 40), namely,

A 2 SS3 " SSI 1. 28 - 0. 75
T= =0.044

nc 12
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An estimate of a- is

T=o 0. 044 = 0. 21 g's rms

The hypothesis of no column effects, i. e., H:yi = Y2 = Y3 = 0 is accepted

from Eq. (8. 41) if

SS4  =46.66
F- S -4 0 . O6 0 - C F a ;2 , 8
SS 0

(Note that the term SS 2 is actually very small but only zero due to com-

putational round-off. The number 46. 66/0 is, of course, undefined.)

Obviously this hypothesis is rejected. The Tukey k factor from Eq. (8. 42)

is

k=k - =k - =0
nr n r -

Therefore, all three columns' averages differ significantly.

The ovF.r-a~l result is that 1) the flights are equivalent, 2) the

measurements for phase I are equivalent, and 3) the locations are not

equivalent. Therefore, a separate over-all prediction for each location

can be made, pooling the data from all flights for phase 1. The reader

should verify for himself that similar conclusions can be reached for

phase 2 and phase 3.
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Appendix 8-A.

2 3 4 5 6 7 8 9 10

No. of Row r Column Efects Being Studied

1 17.97 26-98 32.82 37.08 40.41 43"12 45.40 47.36 49-07
2 6,08 8'33 9'80 10'88 11.74 12'44 13"03 13"54 13"99
3 4'50 5'91 6.82 7"50 8.04 8.48 8"85 9.18 9.46
4 3.,: 5'04 5"76 6.29 6"71 7.05 7"35 7.60 7"83
5 3,6,1 4.116 5.22 5.67 6.03 6.33 6.58 6.80 6.99

6 I-4" .3.4 4.90 5,30 5.63 5.90 6-12 6.32 6.49
7 33.. 4. i6 4.68O 5.06 5.36 5.61 5.82 6.00 6.16
S '6 4,0-1 4.53 4.89 5.17 5.40 5.60 5.77 5.92
9 3-1, 4 .5 4 41 4 76 5 02 5 24 5 43 5.59 5 74

1,1 3. .5 3.8h 4.33 4.65 4.91 5.12 5.30 5.46 5.60

11 :.11 3 .,, 4.26 4,57 4.82 5.03 5.20 5.35 5.49
12 3.08 3.77 4.20 4.51 4.75 4.95 6.12 5.27 5.39
13 3.06 3.73 4.15 4.45 4.69 4.88 5.05 5-.A 5.32
1.1 3'03 3.70 411 4"41 4.64 4"83 4"99 5"13 5'25
15 :1.11 3.17 4.08 4"37 4'59 4.78 4.94 5.08 5'20
16 3. (t, : 1 4.05 4.33 4.56 4.7.1 4.90 5.03 5.15

0- 17 3 63 4 02 4 30 4-52 4.70 4 86 4 99 5.11
18 2..7 361 4.00 4"28 4.49 4'61 4.82 4.96 5'07

W
1) 2.96 359 398 425 447 465 4.79 492 504

0 20 2"95 3'58 3"96 4.23 4.45 4.62 4.77 4.90 5.01

24 2'92 3.53 3'90 4.17 4.37 4.54 4'68 4.81 4"92
a) 30 -89 3'49 3'85 4'10 4"30 4"46 4"60 4.72 4.82

40 2.86 3"44 3"79 4'04 4'23 4.39 4"52 4-63 4.73
60 2"83 3'40 1374 3"98 4.16 4"31 4.44 4.55 4"65

I 120 !"SO 3'36 3.68 3"92 4"10 4.24 4'36 4"47 4"56
2.77 3.31 3"63 3"86 4"03 4"17 4"29 4.39 4.47

I.

S 11 12 13 14 15 16 17 is. 19 20

No. o r Coli mn Effects eing tudied

,,.,,: 51'901 53.20 54.33 55.36 i 56.32 57.22 58.04 . 58.83 59.56
2 14-3!, 1.175 15'08 15'38 15"65 15'91 16.14 16.37 16"57 16-77
3 .7 .. 95 10'15 10'35 10-52 10"69 10"84 10"98 11-11 11-24
4 .3 .21 8.37 8.52 8.66 8.79 1 891 9-03 9.13 9-23
5 7.17 7.32 7.47 7-60 7.72 7.83 7.93 8.03 8.12 8-21

6 6.6.. 6.79 6.92 7,03 7-14 1 7.24 7.34 7.43 7-51 7.59

0 7 63 643 655 666 676 685 694 702 710 717
,a 8 6.05 6.18 6.29 6.39 6.48 6.57 6.65 6.73 6.80 6.87

9 5'87 5'98 6'09 6"19 6'28 6'36 6.44 6.51 6"58 6-64
4) 10 5.72 5'83 5'93 6'03 6"11 6"19 6.27 6'34 6"40 6.47

1 5"61 5"71 5'81 5"90 5"98 6"06 6"13 6"20 6.27 6"33
12 5.51 5.61 5.71 5.80 5.88 5.95 6.02 6.09 6.15 6.21

0 13 5.43 5.53 5.63 5.71 5-79 5.86 5.93 5,99 6.05 6.11
W 14 5.36 5.46 5.55 5.64 5.71 5.79 5.85 5.91 5.97 6.03

15 5.31 5.40 5.49 5.57 5.65 5.72 5.78 5.85 5.90 5.96

16 5.26 5.35 5.44 5.52 5.59 5.66 5.73 5.79 5-84 5.90
17 5.21 5.31 5.39 5.47 5.54 5.61 5.67 5.73 5.79 5.84
IS 517 527 535 5.43 550 5.57 563 569 5.74 5.79

19 5 I 5'23 5'31 5.39 5"46 5.53 5.59 5'65 5"70 5'75
20 5' 1 I 5'20 5"28 5.36 5"43 5.49 5.55 5'61 56"6 5.71

24 5'01 5'10 5"18 5'25 5.32 538 5.44 5.49 5.55 5.59,
30 . ,92 500 5'08 5'15 5.21 5.27 5'33 5'38 5.43 5.47
40 4.82 1 4'90 4'98 5.04 5.11 5"16 5'22 5"27 5.31 5.36
60 4.73 4.81 4.88 4.94 5.00' 5"00 5"11 5.15 5"20 5.24

120 4"64 471 4'78 4"84 490 4'95 5.00 '5.04 5.09 5"13
1 50 4'62 4"68 4"74 4'80 4"85 4"89 4'93 4.97 5-01

Table 8A-I Table of Factors k *(5% Significance Level) i ([i], p. 29 6 )
iThis table is adapted with permission from' Biometrika (1959, p. 465),

"Upper 5% Points of the Studentized Range" (London: Biometrika Office)
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9. THE RESPONSE OF NONLINEAR SYSTEMS

TO RANDOM EXCITATION

9.1 INTRODUCTION

The subject of response of nonlinear systems to random

excitation has received some attention in the literature only within the

past twenty odd years. Because many physical systems exhibit non-

linear behavior and the assumptions of linearity often produce large

errors, this subject is becoming more and more important. Most of

the recent results are scattered in many different technical journals

and cover several fields of application. This report assembles some

of this material in one place and presents the reader with an outline

of what has been accomplished to date, where he can find additional

information, and those areas that still need considerable attention.

9.2 HARDENING SPRING -
SINGLE DEGREE-OF-FREEDOM SYSTEM

9. 2. 1 General Theory

Before discussing the response of nonlinear systems to random

excitation, a brief review will be given of the response of linear systems

to sinusoidal and random excitation since much of the discussion that

follows will refer to these cases.

The general equation of motion for the system shown in

Figure 9. 1 is:

m' + cx + F (x) = f (t) (9.1)

where m is the mass, V the acceleration, i the velocity, c the

viscous damping coefficient, F (x) the restoring force in the spring,

and f(t) the excitation force.
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f(t)

F(x) c

////! 1 !/ / /1 ! !1 /

Figure 9. 1 Single Degree-of-Freedom System
With Force Applied to the Mass m.

If the motion is applied to the base, as shown in Figure 9.2, the equation

of motion becomes

m-+ c.+ F(z) =-mU (9.2)

where z = x- u is the relative motion between the base and the mass m.

x

Z----X -U

. Flz c u

Figure 9. 2. Single Degree-of-Freedom System
With Motion Applied to the Base.
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where ()li is the magnitude response function, or magnification factor,

as defined by Ref. [15, p. 2-9].

IH(W 2 2(9.6)

n

If the input is given as an acceleration u =u 0 sin wt, then the accelera-

tion of the mass m is

= T i (9. 7)

and the relative acceleration is

2
= ( ( W U9.8)

Wn

If it is desired to obtain the relative displacement z when the input is

given in terms of the acceleration 'd then the relationship becomes

z= A {w (9.9)

where JA(w)j is given by Ref. [15, p. 1 1-9]

JA(w)I = __ ='IHw (9. 10)
Wn wftw Gn

n n)

It should be noted that for the system shown in Figure 9.1 the absolute

amplitude x of the mass m is equal to the relative amplitude z since

the base is stationary (i. e. , u = 0). If a force f(t) = F i = F 0 sin wt is

ASD TDR 62-973 9-4



The system described by Eq.(9. l)will be a linear system if and

only if F(z) = k z where k is a constant, and m and c are also con-

stants. In the next section 9. 2. 2, F(z) will be assumed to have this

linear form. In the following section 9. 2. 3, F(z) will be assumed to

3
satisfy a nonlinear relation F(z) = k z + r z

9. 2. 2 Linear System

Sinusoidal Input

If the restoring force in the spring of the system in Figure 9. 2 is

given by F(z) = kz and the motion of the base is a displacement

u = u0 sin wt, then the absolute displacement x of the mass mn (ignoring

phase) is given by

x = Tru (9.3)

where Tr is the transmissibility as defined by Ref. [I5,p. 2-13].

In

Tr = 2 7- (9.4)

nn

Here

2 and Cn =

The relative displacement z is given by

z = H() u (9.5)
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applied to the mass m in Figure 9. 1, the force transmitted to the foun-

dation FT is given by

F T = TF. (9. li)
r

where T is as defined in Eq.(9. 4). The displacement x will then be
r

x= F - IH(w)I (9. 12)

and the acceleration k will be

2
= F. ! I H()I (9. 13)

'here IH(w)l is as defined by Eq.(9.6).

Random Inputs

When the input u in Figure 9. 2 is random, the output displace-

ments x and z can be calculated easily if t is small (t < 0. 1) and

the input power spectral density Gi (w), defined for positive frequencied

only, is relatively constant in the neighborhood of the natural frequency

of the system. See Figure 9.3, Ref.[l 1, p. 85].

G 10 

(w)

wn

Figure 9. 3. Typical Input Power Spectrum and Frequency
Response Function vs. Frequency.
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If one lets Go (w) be the output power spectrum, then the general

relationship is Ref. 1 8, p. 82].

G(OM = IH(w)I Gi(w) -u H(w~I Gi(uin) (9. 14)

where Gi(w) has been replaced by Gi(Wn), a constant. This is justified

when IH(hw} has a sharp resonance at wn as shown in Figure 9.3. If the

input is an acceleration power spectral density, then the output is also

in terms of acceleration density and represents the power spectral

density of the relative acceleration.

If the displacement output power spectrum is desired, when the

input is an acceleration power spectrum, then the transfer function IA(wj)I

as defined in Eq.(9. 10)has to be used. In place of Eq(9. 14), one obtains

God(W) = iA(w)i 2 G a(Wn) (9. 15)

where G od(w) is the output displacement power spectral density and

Gia(t.) the input acceleration power spectral density.

The mean square output displacement (relative) is now given by

z G od(w0) dw = A( w) 2 dw
0

(9. 16)
wGia ( n )

4 w 3
n

If the input power spectrum G. is given in terms of cps rather thania

radians per seconds, let G ia(f) = 2wG ia(w ) , aid Eq(9.16) becomes

2 G ia(f ndz 3 ( (9. 17)
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The mean square output acceleration is obtained by the use of IH(w) in

Eq.(9.16), which results in

- ~ irG(W ~ G(f)
n ia n n ia fn

z = f (9. 18)
4 8t

If the input is given in units of force squared per radian [GiF(a)] applied

to the mass m in Figure 9. 1, the output displacement power spectral

density is

God(W)= IH(w)I' GiF(W) (9. 19)
0 k1

2
The mean square output displacement z is then

2 w n G (Cn) wnG iF(fn)

z = n nC (9.ZO)

Another parameter of interest is the probability density of instan-

taneous amplitudes. If the input is Gaussian, the output will also be

Gaussian and the density function is given by

2 2p(z) = I e 2  (9. 21)

where a = z and the mean response I is assumed to be zero.

The response of a lightly damped (Z-O. 1) single degree-of-freedom

system when subjected to random excitation is shown in Figure 9. 4. The

response curve represents a quasi-sine wave with frequency at approxi-

mately w n and a randomly varying amplitude. The average number

of zero crossings per unit time would then be

n= (9.22)
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and the average number of zero crossings with positive slope Z0 is

-+ Wn
2, (9. 23

p_---TIME

Figure 9.4. Response of Lightly Damped System
to Random Excitation.

The distribution of the envelope is given by the Rayleigh probability

density function Ref. [2].

-z 2/2 2
z m m

p(z) -- - e (9. 24)
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The probability that z will exceed a specified value z1 is determined by

Ref. [2.

-z 2 /2-:  + . . { . 5
pf[jZ zd1 = erfc -2 e 1 - + (9. 25)

L i--f - l T  Z IIjZ

where erfc denotes the complementary error function and the approxi-

mation holds for z 1 > o-. Equation (9. 25) can be used to determine the

probability of exceeding some ultimate stress (in terms of zld, whereas

the Rayleigh distribution can be used for fatigue studies since then the

probability distribution of peaks is of importance.

9. 2.3 Nonlinear System, Wide-Band Excitation

The previous discussion has shown that the analysis of linear

systems can usually be made without simplifying restrictions and exact

solutions can be obtained for many parameters as long as the physical

system is governed by the assumed equations of motion.

For nonlinear systems the situation is much less satisfactory.

Even when a nonlinear system can be described exactly by its differential

equation of motion, exact solutions cannot usually be obtained. One is

therefore saddled with two levels of approximation. First, the differential

equation represents an approximation to the actual system under study,

and second, one has to use approximate methods to solve the equations.

Prior to obtaining any analytical solutions one can deduce in a

qualitative manner what characteristics the response amplitude should have.

Considering the single-degree-of-freedom system as a narrow-band

oscillator, the response of a linear system is essentially that of a modulated

sine wave oscillating at the natural frequency of the system. For a

9-9
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hardening spring one would therefore expect an increase in this fre-

quency and a decrease in the probability of large amplitudes by

flattening of the peaks due to the continuous increase in stiffness of the

system for increasing deflections. The discussion that follows will

bear out these intuitive results.

To date, mostly two methods have been applied to the single

degree-of-freedom system with a nonlinear restoring force. They will

be discussed below, followed by a comparison of the two methods.

(a) Exact Solution

The first method uses the Fokker-Planck equation to obtain

the joint probability density for the response velocity and displacement

Ref. [ 20oJ

From Eq. (9. 2),

m'i + c i + F (z) = -mu
c

Dividing by m, letting a = 7 , and -u = A (t)

+ 2a + - F (z) = A(t) (9.26)
m

If the random input A(t) is considered as an infinitely dense super-

position of independent infinitesimal impulses, the joint probability

density of displacement and velocity of the response, p (z, i), can be

obtained by solving the Fokker-Planck equation, Ref. [20].

-8 1
P + [ p E - 2ai + I_ F (z) p = _ ia (fn) L (9. 27)

at a z 8i m 1 2 ai

where S ia(f n) is the acceleration power spectral density of A(t) over

both positive and negative frequencies in terms of cps. Assuming the
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input has been present since t = -co,one can let 8p/ 8 t = 0 and obtain,

Ref. 1 201.

p(z, ,) = C exp (9. 28)

'ia~f

where C is a normalizing constant which can be determined by

requiring

p(z, 1) dz di = 1 (9. 29)

Nonlinear Cubic Elasticity Case (Hardening Spring)

Mindhn, Ref. [28], has given equations for several types of

hardening springs. The main type analyzed to date has been the cubic

elasticity equation which is

3
F(z) = kz + rz (9. 30)

where k is the initial spring constant and r determines the rate of

increase of z. Both Mindlin, Ref. [28] , and Klein, Ref. [171,

have given examples for the evaluation of k and r from experimental

data. Equation (9.30)is plotted in Figure9.5. Since F(z) is an odd func-

tion of z, even powers of z are not present.
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F(z)

k (INITIAL SLOPE)

-z 00z

Z)r

- FIz)

Figure 9. 5. Cubic Elasticity Force - Deflection Curve
3

F(z) = kz + r z

The material to follow in Section 9. 2. 3 applies only to this

special type of nonlinearity exhibited by Eq. (9. 30).

Letting r = k and w = k one can write

n m

Z) 2 z+ z 3  (.3t
nZ

Substituting Eq(9.31) into Eq.(9.Z8) and integrating the exponent one gets

p(z, -) = C exp 2 + _ n z z+ 19

L ia n

The parameter I was chosen for convenience since for the analysis of a
pinned beam, I is equal to twice the radius of gyration of the beam's
section.
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Since S ia(f) was defined such that both negative and positive

frequencies contribute to the total mean square (i.e., Gia(f) = 2Sia(f)),

one obtains from Eq. (9. 17)

2 Sia (fn)
r 4 w 3

n2.
where ar is the mean square displacement if the system were linear,

(i. e., o-r2 = z ). It is often convenient to use a dimensionless response.

Let
2

2 °'r a
ord - and -

d 2 n

Eq(9.33) becomes

2 Sia (fn)=r (9. 34)
2 2

4cuA 22
n

Substituting for S ia(f n) in Eq.(9.32), and since p (z, i) can be factored

in terms of z and z making z and i statistically independent, one

can write .2 -Z
p(z, plz) p(i) = C exp -Z -ex[-z + +2cr d 2  2 2 e 2 2u d Z Z

(9. 35)

It is convenient to express the displacement z in terms of a

normalized displacement y .- z . Equation (9. 35) then becomes

r r 2 it + y2)]p(y) p(y) = C exp [ 2 exp -y7 + (9.36)

1 (1, d)
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After solving for C (involving numerical integration), it has been

shown that the velocity is then normally distributed with mean value

zero and variance (-dW) 2 , Ref. [20], namely,

Pd n e x p[ 4d 2 ] 9 . 3 7 )

The displacement y, however, has the distribution, Ref. [24]

_ -Z 0 _+ - y 2 -

p(Y) exp (9. 38)

n d 2T d

where 0 is the number of zero crossings with positive slope and

defined by the equation, Ref. [9].

0S ia(fn)
- p(O, z) dz C 4 (9.39))0 - 4

if it is assurred that maxima occur only for values of z -0 and minima

occur only for values of z- 0. The quantity 1+ can also be interpreted as an

"average resonant frequency" for the nonlinear system if C is small.

The ratio f / TI0 + , where f = w /2w is the linear natural frequencyn 0n n

obtained by letting f(z) = kz, has been evaluated by Lyon, Ref. 124] ,

for various values of the linear mean-square response and is shown by the

solid line in Figure 9. 6, obtained from Ref. [Zo].

Figure 9 . 6 indicates the expected increase in with an increase

of the input. The increase of the resonant frequency of such a nonlinear

system when subjected to sinusoidal excitation is indicated by the

dashed line in Figure 9.6, obtained from Ref. [zo
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Figure 9.6. Ratio of Linear Natural Frequency to Nonlinear
"Average Resonant Frequency" vs. the Normalize
Linear Mean-Square Displacement Response, T'd.

N4LIMEAR CARRIER

'-gt WAVE

/ I .PHASE
ANGLE

2

Figure 9. 7. Waveform of Nonlinear Carrier Compared
to a Sine Wave
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Lyon, Ref. [ 20], has also calculated the shape of the carrier

wave and the general result is shown in Figure 9. 7 which indicates the

expected flattening of the amplitude peaks. It is beyond the scope of this

report to discuss the analytical solution and the reader is referred to the

references. For a discussion of probability density of peaks, see

Section 9.3.4.

A curve of the ratio of nonlinear to linear mean-square response

versus the linear mean-square response (which is a function of the input

power spectrum) is shown in Figure 9.8, Ref. [213.

1.0

0.9

0.8

710.7

d 0.6

0.5

0.4

0.3 I =
0 0.5 1.0

n
Figure 9. 8. Ratio of Nonlinear to Linear Mean-Square

Response vs. Linear Mean-Square Response

This result is obtained from the exact solution of y using the

probability density of p (y) of Eq. (9. 38), namely

y y .p(y) dy (9.40)

As can be seen from Figure 9. 8, a considerable reduction occurs in the

nonlinear mean-square displacement response compared to the linear

response even for small values of the input.
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(b) Approximate Solutions

In order to avoid the tedious job of numerical integration,

approximations can be made in the original differential equation which

result in much simpler methods of solution. One of the most widely

used is the method of "Equivalent Linearization!' See Ref.[4].

Substituting Eq.9.31) into Eq.(9.26), one obtains

3
"i+ 2a. +t W (z+ z-)=A(t) (9.41)

n 2

Normalizing z by letting y = -- , one can writeI

Y+ZGY+ n (y + y 3. A'(t) (9.42)

Adding the term Ay to both sides, Eq. (9.42) can be written

"+ Z i+ Ay = A'(t) - tn (y+ y3 )+ Xy (9.43)

where
2 y31

-W2 (y+y + Xy=R e  (9.44)

is called the remainder term.

If the remainder is neglected, one has a linear equation which

results in a mean square response.

Si(f) 2
Y = n (9.45)

It will now be assumed the Re can be neglected if the expectation

E [Re 2 ] is minimized by a proper choice of ;. Lyon, Ref. [a|] , gives

the proper chpice as

wn2 (1 + 3y 2 (9.46)
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Substituting Eq. (9. 46) into Eq. (9. 45) results in

S(i + 12)
y 6 - ' (9. 47)

The ratio y is plotted versus the linear mean square response -d2

(which is a function of the input power spectrum) in Figure 9. 9 and is also

compared to the exact solution. As can be seen from Figure 9. 9, the

approximation is quite good resulting in errors of less than 10%.

Lyon, Ref. [211, also calculated the "average resonant frequency"

using this approximation and the results are shown in Figure 9. 10.

Figure 9. 10 shows that even for small values of the input, the

approximation is quite poor and it would be better to estimate the

"average resonant frequency" of the nonlinear system by fn"

Crandall, Ref. [9, has recently used a different approach in

calculating 1)0 by approximate methods which agrees much more closely

to the exact solution. He uses the method of equivalent linearization to

obtain the free vibration-amplitude relation and then finds the average

frequency of the random response by statistically averaging these

frequencies using the probability density of the amplitudes.

9. 2. 4 Nonlinear System, Narrow-Band Excitation

One of the well known characteristics of nonlinear single

degree-of-freedom systems subjected to sinusoidal excitation is the

"Jump Phenomena." This is illustrated for the case of hardening

spring in Figure 9. 11.
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Figure 9. 11. Response of Nonlinear, Damped, Single Degree-
of-Freedom System to Sinusoidal Excitation.

As the frequency is slowly increased from zero cps, the trans-

missibility increases from t to D and to A and then "jumps" out of

resonance to point B. If resonance is approached from the region

above resonance by slowly decreasing the frequency, the transmissi-

bility increases from B to C and then "jumps" into resonance to point D

and then decreases to t at zero frequency. It should be noted that the

region CA is unstable and therefore cannot represent the trans-

missibility of a physical system at any time.

Such a behavior does not seem to appear when the input is

described by a wide-band random process and it can be demonstrated

that such multi-valued behavior cannot exist when the excitation is wide-

band. What is required is a source that can exchange energy with the

system over several cycles in order that more than one stable state

can exist consistent with the equations of motion. This argument

suggests that a random input that correlates with itself and therefore
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with the response over several cycles would produce the same effect.

That this is so, has been shown by Lyon, Heckl, and Hazelgrove,

Ref. [23], and a brief discussion of their method follows.

First, the magnitude response function of the nonlinear system

is calculated by the use of Duffing's method, see Ref. [36]. Then it is

assumed that the nonlinear system is driven with the output of a narrow

band linear filter which in turn is driven by a wide band random process.

The power spectrum of the response can then be calculated as follows:

Go(Wn) = IH( )LI2 IH(w)H' Gi(wn) (9.48)

where IH(w)LI is the magnitude response function of the linear narrow-

band filter and IH( )NI is the magnitude response function of the non-

linear system.

The results are plotted in Figure 9. 12 and compared to the response

curves for sinusoidal excitation. The symbols are defined as follows:

Wn = linear natural frequency of single degree-of-freedom system

I = center frequency of narrow-band filter

B 112 = half bandwidth of narrow-band filter

2
a'L = mean square value of output of filter (input to nonlinear

systern), normalized

y = mean square value of response, normalized

TN2 = y2/aL2

The fraction of critical damping in the system excited by sinu-

soidal excitation is .05 and in the system excited by narrow-band random

excitation is "very small" (i. e , << . 05) but not specified.
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Figure 9. 12. Comparison of Theoretical Response For
Sinusoidal (solid) and Narrow-Band (dashed)
Excitation for

- = 100 (filter very narrow)

where a = w J.

The similarity of the curves in Figure 9. 12 to the curve in

Figure 9.llcan be seen immediately. Their shapes differ somewhat

mainly because Figure9. 12isa log.log plot, whereas Figure 9.11 plots

the relationship of T and f directly. However, an interesting

question arises here, namely, how much time is spent in each of the

three possible amplitude regions during random excitation. For the

sinusoidal case it is known that the region CA (Figure 9. 11) is unstable

and the system can spend all of its time either along DA or CB, depend-

ing on how the operating point is approached. For the random input, the

operating point probably changes constantly but how this change takes

place, or how much time is spent at each operating pont is not known

at this time.
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9.3 HARDENING SPRING -

CONTINUOUS STRUCTURES

When considering the results of analyses for the response

of continuous structures, one observation can be made immediately,

Namely, even for sinusoidal excitation the analytical results are often

poor appr..ximations when compared to experimental data, This is

due to the very limited knowledge about the mechanism of structural

damping. It is known that for many structures the damping is of a

nature which results in coupling of the various modes of vibration,

i. e. , the participation of the structure in one mode is dependent upon

its participation in all other modes. The nature of this dependence is

not known and unless simplifying assumptions are made, the equations

of motion cannot be solved. The usual assumption made for struc-

tural damping is that it is in phase with the velocity and proportional

to the generalized displacement of each mode.

9.3. 1 General Theory

Before discussing nonlinear structures, a brief review will

be given for the analysis of linear structures. Such a structure has

certain normal mode properties and because of the orthogonality of

these normal modes it can be assumed that the response of each

individual mode is independent of the response in all the other modes.

The total displacement response, using the principal of super-

position, is then simply the sum of the individual mode displacements.

In terms of the normal modes, the total response is

u(x, y, z, t) = Z qn(t) n(x ' y, z) (9.49)

n
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where qn(t) is the generalized displacement as a function of time and

On(x, y, z) the mode shape of the nth mode. To obtain 0n(X, Y, z)

several approaches can be used. One of these is the Rayleigh-Ritz

method, Ref. [15, p. 7-3] , where a mode shape is assumed initially,

and written in the form of a series with arbitrary constants. Solution

of the Lagrange equations using this assumed mode shape will then

result in values for these arbitrary constants that will give the best

approximation to the actual mode shape.

9.3.2 Linear System

Making the assumption for structural damping as dis-

cussed above, let

2 (9.50)Yn W0
n

The Lagrange equations of the system will then have the form, see

Ref.I 15,p. - 1]

n 2 2 Qn(t)
n + n q+ = n (9. 51)

n

where

Yn = structural damping coefficient

W n = nth normal angular frequencyn t

Mn= n(x, y, z) m(x, y, z) dx dy dz = generalized mass

Qn(t) = fiF(x y, , z,t) 0n(x, y, z) dx dy dz = generalized input force

The generalized mass and input force can be obtained by integrating over

the structure.
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If a sinusoidal force is applied, one obtains

Qn(t) ey tfF(x, y, z) n(x, y, z) dx dy dz = e j Wt w w(952n on

where

w = fF (x, y, z) dx dy dz = amplitude of total applied force

and

w n F (x, y, z) On ( x, y, z) dx dy dz = mode
w0f

participation of the applied force

The steady-state solution for Eq.(9. 51)is straightforward, resulting in

jWt je
w w e eo n

q n =2 2 2(9-53)
Mn Wn W iI +

Substituting into Eq.(9.49) results in a total displacement of the structure

n

u we -- Wn~(x,y,z)e

n nCn2 [I - (t)o 2+ n

The square of the magnitude response function, defined here as the ratio of

output displacement to input force can now be determined from Eq.. (9. 54),

and one obtains

2 2

A(w) F 24Wnn (x, z)955)

o n Mn

The solution for the response to random excitation can now also be found

very easily by the use of Eq. (9. 16). This results in a mean square dis-

placement response
2 V w n 2 n (x, y, z) GiF (Wn)

u =i E (9.56)
n YnM n n
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Eq 9.56) will reduce to Eq.(9.20) if only the first mode is assumed to

participate in the response and the structure is considered as a lumped

mass with an equivalent spring constant k. Since, then, w n (x, y, z) =1,

2 2 k2 4
Mn =m y 2/ n , and c 1

9.3.3 Nonlinear System

As has been shown above, a set of independent uncoupled

modes can be used to describe the response of linear structures. This

is not the case for nonlinear structures. For example, consider the

case of a pinned-pinned beam.

Q(t)

0 no

Figure 9.13. Pinned-Pinned Beam

First, Eq (9. 51)can be rewritten as follows:

Mnq*t + Rn t + Kn q = Q n(t) (9. 57)

where R is the generalized damping resistance and K the generalized
n n

stiffness. The particular Lagrange equation for the pinned beam can be

derived from the kinetic and potential energies just as in the linear case.

However, the generalized stiffness K derived from the potentialn

energy will now exhibit some major differences. The stiffness for the

ith mode will now have the foilowing form, see Ref. 34, p. 5]

- n q n

Ki = Ki ° I + n 2 2  (9. 58)
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where I is the characteristic length equal to twice the radius of

gyration of the beam's section. This clearly indicates the coupling

of the modes and that the response of one mode will require considera-

tion of the response in all other modes.

The damping term Rn also adds to this problem. As for the

linear case, insufficient knowledge exists as to the exact nature of

the damping mechanism. In addition, in the nonlinear case, even if

the damping mechanism is linear, the damping resistance Rn is non-

linear, see Ref. [35]. The result of these difficulties is that the

equations of motion for an exact, or even almost exact, mathematical

model for a damped nonlinear structure have not been solved to date.

Therefore, most analyses made in recent years usually assumed

1) linear damping, and 2) response only in the first mode using a lumped

mass and equivalent spring constant. This type of system has been dis-

cussed in Sections 9. Z. 3 and 9. 2. 4. However, some experimental results

are available and will be discussed below.

Lyon recently published data from an experimental study of a

clamped-clamped beam subjected to narrow-band random excitation,

Ref. [23](also, see Section 9. 2. 4 for theoretical discussion). The funda-

mental resonance was placed at 75 cps, the bandwidth at resonance was

10. 5 cps, and the Q of the beam was 7. 15. The output of the random

noise generator was filtered using an 8% bandwidth setting. The

experimental results are shown in Figure 9. 14(a), (b), and (c), and are

compared to theoretical results based on the single degree-of'-freedom

model. It should be noted that the damping for the theoretical curves

was small (i. e. , , < -. 05) However, all other parameters were the

same as those for the experimental model.
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(Lyon, Ref. 23)
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The agreement with theory, as indicated by Figure 9. 14, is not good.

Particularly the jump phenomena (Figure 9. 14(c)) occurs at a much lower

frequency than that predicted by theory. This may be due to the large

difference in damping between the two cases or other factors, such as

nonlinear damping, and/or higher mode participation.

9.3.4 Fatigue

Another topic of interest in the analysis of response of structures

is the fatigue characteristics of the structure. There are three additional

parameters which now have to be considered. These are the probability

density of peaks, the displacement- strain relationship, and the probability

density of stress maxima. In order to determine these parameters it was

assumed that the response occurred only in the first mode and the beam

was replaced by an equivalent spring constant and a lumped mass.

Therefore, the accuracy of the results should be eyed with suspicion.

The probability density of peaks is given by Ref. [20] "

p (y) = '. exp I -, 12 (9.59)

d d

remembering that y and a d are normalized with respect to the character-
a'z r

istic length I (i. e. , y = z and ad -7- ). It now is convenient to normalize

the characteristic length I and the displacement z with respect to the
z 21

root-mean-square response a. Defining z - and =-,r n a n
- -r r

Eq. (9.59) becomes, Ref. j32!,

z I ( z 2  2 1 2n ~ , _n2 ( n2

p (z) I + 4 -- jexp zn 7 ---- (9. 60)
n L n J

The probability density of peaks p(zn) for I = 8 is shown inn

Figure 9. 15, obtained from Ref. [34].
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As discussed earlier, Figure 9. 15 also indicates that the probability

of high peaks occurring with a relatively large input is less for the non-

linear than for the linear system.

The following assumptions are made inRef. [321. Fatigue damage is

cumulative and the fractional damage contributed by any one response

peak is a function of the peak amplitude of strain only. The damage

contributed by a single peak of strain e s is proportional to (cS where

P is the negative of the slope of the log e5 vs. log N curve obtained

from fatigue tests made with constant amplitude peaks.
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Two relationships are now assumed between the strain i s and

the response displacement z. First, a linear relationship, Es= c 1 z,

second, a nonlinear relationship, st = c2 z( i + z/21ZVI) where c1 and

c 2 are constants. Of course, other relationships also exist, each

depending on the particular structure in question.

The strain E t for instance, is the total strain in the surface

fibers at the center of a rectangular pinned-pinned beam, vibrating

at its fundamental mode and is due to a bending component sb
2

proportional to z and a membrane component esm proportional to z

For the first relationship the damage rate, or fractional damage

per cycle is proportional to, see Ref. [32]

RA =j0 (Zn) P P(z n ) dz n

RA p (9. 61)

Since E is proportional to z, z can be interpreted as the strain

normalized to a "r , the linear rms response.

The estimate of the damage rate for a linear system is given by

Eq. (9. 62) for comparison

S z

R0 = e dz 2P2 rn1p + (9.62)n n

For the second relationship, the normalized strain is given by

C stn = Zn (I + Zn/I n-') (9.63)
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Here the damage rate is proportional to

R B = F (stn (Zn)] P p(Zn ) dz n  (9.64
(.64)

The integra:ids for Eqs. (9. 61), (9. 62), and (9. 64) can be called "Damage

Densities" and are plotted for P = 8 and I = 8 in Figure 9. 16, Ref. f32].
n L j
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ff r I a .

2o EAR-AF
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03
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VTi I

4I
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NORMALIZEO DISPLACEMENT 2; - z
n Orn

Figure 9.16. Damage Density vs. Normalized Displacement Response

Figure 9. 16 indicates that for large values of zn the density of peaks

is considerably less for the nonlinear system than for the linear case

which agrees with the previous discussion in Section 9. 2. 3. Similarly

for both cases of the strain relationships the probability of damage for
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large values of z is less for the nonlinear system than for the

linear system for given values z n

However, in addition, one should also consider

the probability of exceeding some arbitrary level of stress. In the

previous discussion it was shown that the probability of high ampli-

tudes was reduced for the nonlinear system. However, one can almost

predict intuitively that at some given large displacement, the stress in

the nonlinear system will be higher than in the linear system. Lyon,

Ref. [22] made an approximate analysis for determining the probability

density of stress maxima and minima for a simply supported bar

excited in the first mode by random noise and assuming the hardening

spring law. The qualitative results are shown in Figures 9. 17 and 9. 18.

Figure 9. 17 shows clearly in the expanded scale that the probability

of large stresses occurring is much higher for the nonlinear system

than for the linear system. A numerical example worked out by Lyon

shows that the fatigue life could be cut by as much as a factor of 2.

Recent experiments by DA. Smith and R. F. Lambert, Ref. [31],

have resulted in qualitative agreement with this prediction.

Experiments conducted with cantilever beams, Ref. [14], also

resulted in an actual fatigue life which was shorter by as much as a

factor of 2 when compared to that predicted by linear theory when

subjected to random vibration. However, an explanation for this

result was not given and it may or may not have been due to non-

linearitie s.
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9.4 OTHER TYPES OF NONLINEARITIES

9.4.1. Set-Up Spring

Recently Crandall, Ref. [101, made an analysis determinitlig

the response of a nonlinear system with a set-up spring. The load

deflection characteristics of this system is shown in Figure 9. 19.

spring force

k

F 0

F
0

kT

Figure 9. 19. Nonlinear Load-Deflection Curve of Set-Up Spring

The equation describing this characteristic is

F(z) = k(z + 4 sgn z) (9. 65)

where 4=F /k.
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2
Letting k = mw o'ne can write

~2
L F(z) = to (z + t sgn z) (9. 66)

m n

Substituting Eq. (9. 66) into Eq. (9. 26) one obtains

+ Za + o n(z + sgn z) = A(t) (9.67)n

it should be noted from Fig. 9. t9 that when the mass m passes

through z=0 a jump occurs in the relative acceleration of magnitude

ZF /m but that its relative velocity is continuous. If initially z
0

and z are zero, they will remain zero until the magnitude of A(t)

exceeds the value F /m. It will be assumed that A(t) is large
0

enough so that the possibility of z and z being zero occurs very

rarely. The spectral density of A(t) is defined in units of accelera-

tion squared per radian/sec over both positive and negative frequencies

with i = 0

Solving Eq (9.67) exactly by the application of the Fokker-Planck

equation (as discussed in Section 9. 2. 3) results in the following

probability densities for z and i, Ref. [t0].

exp - + z sgn4

p (z) = r exp - (9. 68)

r r r

and

S
p (i) exp 2 Z (9.69)

AD Tn r n r
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where arZ = Ziw [see Eq.(933) is the mean square response if

r r [ .

the system were linear.

The "average resonant frequency" is

C& eKp[-4i2/ 2 cr'l2
+ - n (9. 70)

2w erf OkI' rrY)

The mean square displacement from Eq. (9.68) becomes

-~ ~2 ~ d i2/2 excp( kP/2r' 2 ]
'r  1 erfc (/4rr)_) + '_1F-0r r

(9. 7t)

An approximate solution to Eq49.67) can be obtained by the application

of the "equivalent linearization" technique previously discussed in

Section 9. 1. 1. 3.

Similar to Eq.(9.43)one can write

Yi + 2c. + Az = A(t) + Re (9.72)

where the remainder term R now is
e

Re = Az - wn2( z + J sgn z) (9.73)

Solving Eq.(9.72) as discussed in Section 9. 2. 3.(b) by minimizing

E(Re2,), one obtainE, Ref. [101.

z Trr142)/ (9. 74)

and

V - 1 +12-1/(9. 75)
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Figure 9. 20 shows the probability density p(z) obtained from the exact

solution for various values of the nonlinearity parameter P/Or T' -T
Figure 9. 21 plots the ratio of nonlinear to linear mean-sqtlare response

vs. the nonlinearity parameter and compares the approximate and exact

solutions. Figure 9. 22 plots the ratio of nonlinear "equivalent resonant

frequency" to linear natural frequency fn vs. the nonlinearity parameter

for both the exact and approximate solutions.

For fatigue studies the probability density of peaks p(z n) is of

interest. Using the result of Eq. (9. 68), Crandall, Ref. (10] shows this

to be ( +4'2 '4
p(z) z exp zM)] (9.76)

r r

The probability density of the envelope connecting the peaks is given by

Z Zm m + exp 2m 2 cos-I

'r ar erfc (tP /a I rVz+4)

(9.77)
Equations (9. 76) and (9.77) are plotted in Figures 9. 23 and 9. 24

respectively for various values of the nonlinearity parameter /r j.

It should be noted that the distribution of Eq. (9. 76) relates to the

relative frequency of peaks of zm in the population of all peaks whereas

Eq. (9. 77) relates to a smooth continuous envelope zm(t) which joins

succeeding peaks.
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9.4.2 Dead-Zone Spring

In a report written by R. E. Oliver and T. Y. Wu, Ref. [29],

Part II, under contract No. AF 29(600)-1338, sponsored by the Air Force

Missile Development Center, Holloman Air Force Base, New Mexico,

the problem of random excitation of a dead-zone spring is solved. The

general load deflection curve for this spring is shown in Figure 9. 25.

Force

Deflection

Figure 9. 25. Load-Deflection Curve of Dead-Zone Spring

The analysis is quite extensive and it is therefore beyond the scope of

this report to go into the detailed solution of this problem, and the

reader is referred to Ref. [ 29].
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9.4.3 Nonlinear Damping

Two types of nonlinear damping (combined with linear

stiffness) are most often assumed for various physical applications.

The first is combined linear and displacement-cubed damping some-

times referred to as hysteresis or material damping. The equation

of motion would then be from Eq. (9. 26)

3+ 2~+2cjc Iz + Wnz = A (t) (9.78)
In

3.
where ct is a constant of proportionality and c i z is positive when

* ~3.
z is positive and c I z is negative when z is negative.

The second considers combined linear and velocity-squared

damping often referred to as air damping.

The equation of motion is

+ 2ai+ c2 I + wnz = A t) (9.79)

where c. is also a constant.

As far as is known, exact solutions to Eqs. (9. 78) and (9. 79),

when A(t) is a random process, do not exist. McIntosh, Ref. [26],

however, made an analog computer study resulting in approximate

solutions for both equations for the root-mean- square acceleration

response. Caughey, Ref. [6], obtained an approximate solution for the

special case of Eq49. 78) where the hysteresis loop is bilinear through

the application of "equivalent linearization." The reader is referred

to these two references for a detailed discussion since it is beyond

the scope of this summary to do so here.
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9. 4.4 Instrumentation Nonlinearities

In addition to the considerations of the response of non-

linear mechanical systems to random excitation, is the response of

instrumentation used for measuring and analyzing random phenomena.

The folloi.iing discussion is taken from Reference [2].

Consider first the case of nonlinear amplitude transfer charac-

teristics (nonlinear gain) which might be associated with transducers

and data processing instrumentation. Included in this category is the

problem of limited dynamic range. When a random signal is passed

through an amplitude transfer characteristic which displays ampli-

tude linearity, the probability density function of the signal will not be

changed. If, however, an amplitude transfer characteristic is not

linear, the probability density function of the signal will be altered

by the transfer characteristic. If the probability density function of

the signal is altered, the mean value and the mean square value

(and other statistics) of the signal will probably be changed also.

The effect of nonlinear amplitude transfer characteristics on random

signals is briefly discussed with illustrations in Section 9, Ref. [.].

A related general treatment of the effects of nonlinear transfer

characteristics on the statistics of random signals is available

from Reference[1Z], Chapters 12 and 13.

The term "limited dynamic range" might be interpreted in two

ways The first interpretation is a transfer characteristic (gain

function) with a gain of one for amplitudes with absolute values below

some specified level, and a gain of zero for amplitudes greater than

that specified level. In other words, an instantaneous input
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amplitude with a value outside the dynamic range limits would result

in an instantaneous output amplitude of zero. Such an interpretation

of limited dynamic range has little physical significance. In reality,

limited dynamic range usually implies a transfer characteristic

which limits amplitudes with absolute values above some specified

level to that specified level. This second interpretation is more

representative of such phenomena as clipping, magnetic saturation,

and similar physical limitations on amplitude linearity.

The specific effect of both interpretations of limited dynamic

range on a random signal with a uniform input probability density

function will now be developed.

Consider the general case of a stationary random signal with

an amplitude probability density function pi (y) when passed through

an amplitude transfer characteristic H(y) with limited dynamic range.

H(y)

Y - " (b) _ _ _ _ _ _ _ _

yly
Yj Y2

Hypothetically, two interpretations of limited dynamic range are

possible. The amplitude transfer characteristic H(y) may be

such that amplitudes. of y less than yi or..greater than y. are:

(a) excluded (equal to zero)

(b) limited to values of y, or Y2
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Case (a) would occur in a device which "open-circuits" when input

signals are above a level Y2 or below a level y,.

Case (b) would occur in a device which clips or limits when input

signals are above a level y2 or below a level y,.

The transfer characteristic H(y) associated with each of the

two interpretations for limited dynamic range may be thought of

graphically as shown above. The vertical dashed lines labeled

(a) complete the transfer characteristic for case (a) and the dashed

lines labeled (b) complete the transfer characteristic for case (b).

The two transfer characteristics may also be presented in the form

of input-output plots as shown below.

z z

y = input Case (b)
Case (a) z = outputY --- Y2 -..--

Y_____l I ___ _7_',Y 1  ___
0 y? 0 Y y

y-- I' y

If the input has a uniform probability density function, Reference [2) has

shown that the output probability density will have the characteristics

shown in Figure 9. 26 for cases (a) and (b) discussed above.

Since for case (a) all amplitudes larger than y are zero, one

would intuitively expect a clustering at z = 0. For case (b) all ampli-

tudes larger than y are equal to z = Jbi and one would expect cluster-

ing at z = Nb . The theoretical results substantiate these expectations

resulting in delta functions at z = 0 for case (a) and at z = I for case (b).
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INPUT: A uniform probability density function with a
mean value of zero.

AMPLITUDE
TRANSFER A gain of one with limited dynamic range of two

CHARACTERISTIC: types as shown.
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Figure 9. 26. Output Probability Density Function as Function of
Two Different Nonlinear Transfer Characteristics
(Uniform Input Probability Density Function)
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Pastel, Ref. [30 , has given the output probability density

when the input is Gaussian for the case No. 2 discussed above. This

is shown in Figure 9. 27(A). As in Figure 9. 26 (case 2), delta functions

appear at the tails of the output distribution. In addition, various

output distributions are shown for several other types of transfer

functions for a Gaussian input probability density function.

Of the above types of nonlinearities, limited dynamic range as

represented by Figure 9.27(A)constitutes the most common problem

in vibration measurement work. Even with the highest quality

instrumentation, a test engineer may unduly limit the dynamic

range of random signal measurements by improper use of the

measurement equipment. A common example is the improper use

of instruments which were designed primarily for harmonic signal

work

Many instruments used in association with vibration measure-

ment and analysis are equipped with input attenuators and signal

level meters which permit input signals levels to be appropriately

adjusted for the dynamic range limits of the particular instrument.

To keep the signal to noise ratio as high as possible, it is not un-

common for the test engineer to adjust the input attenuators so that

signal levels are near the upper limits of the instrument's dynamic

range. If the input signal level meter is a conventional average

sensing voltmeter calibrated in rms for sine waves, the maximum

input level to the instrument as defined on the meter would probably

correspond to that voltage level where the instrument begins to clip

sine waves. In other words, the instrument would clip voltage levels
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of about t. 4 times the maximum rms voltage input as defined on

the meter.

For the case of input signals which are random and have a

Gaussia. amplitude probability density, the rms value of a Gaussian

signal (t a) would be (2-si) or approximately t. 3 times the reading

of an average sensing voltmeter calibrated in rms for sine waves,

Ref. [ ]. Then if a Gaussian input signal was adjusted to the maxi-

mum indicated input level for such an instrument, clipping would

occur for signal amplitudes above only I. 25o-.

Sometimes the problem of limited dynamic range is unavoid-

able as in the case of the engineer who has no control over sensitivity

or gain settings of the instruments during the actual measurements.

For missile vibration measurements in particular, unless the test

engineer has some prior knowledge of the environment, he often must

estimate what the vibration levels will be and pre-set the gain of the

measurement instruments accordingly. If the estimate of the

environment is poor, the data may be obscured by background noise

or distorted by clipping. The problem is further aggravated when

the desired vibration response measurements are to cover several

different flight phases characterized by different sources of excita-

tion producing widely varying response levels.
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9.5 CONCLUSIONS AND RECOMMENDATIONS

The foregoing summary has shown that much effort on

analyzing nonlinear systems has been expended during the last few

years. It also indicates that some areas appear to be almost com-

pletely unexplored. It is realized that a number of investigations exist

which contain material not known or discussed herein. Also, many

of the references that have been noted contain more material than

presented here. However, some general conclusions will be stated

as to where considerable work remains to be done.

The area of structural damping particularly appears to need

attention. Several companies and universities are presently studying

this problem. Exact and approximate analytical solutions are needed

for systems with nonlinear damping, different types of stiffness non-

linearities, and combined nonlinear damping and nonlinear stiffness,

when these systems are subjected to random forcing functions.

Further experimental study of idealized types of structures is also

required to determine which analytical models best fit particular

types af nonlinear structures when the input is of a random nature.

The following specific recommendations are therefore made

for future work.

1. Further experimental study to find proper analytical

models for systems with structural damping.

2 Theoretical study of equations of motion with random

forcing functions for syste ms with combined viscous and

displacement-cubed damping, and for combined viscous

and velocity-squared damping.

3. Theoretical study of equations of motion with random

forcing functions- for systems having different types of

nonlinear stiffness characteristics.

4. Theoretical study of equations of motion with random

forcing functions for systems with combined nonlinear

stiffness and nonlinear damping.

5. Experimental studies to determine which analytical model

best fits various types of nonlinear structures subjected
to random inputs
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10. CONCLUSIONS AND RECOMMENDATIONS

FROM THEORETICAL PROGRAM

The objectives of the contract and a brief summary of main
results are stated in Section i. Part I of this report deals with the
theoretical studies on random signal estimation. To terminate Part I
of this report, a section-by-section review will be given here of the
theoretical material in Sections 2 through 9, followed by recommenda-
tions for further theoretical and experimental work. A review of the
experimental work carried out for this contract appears in Section 18
of Part II, together with its own conclusions and recommendations.

10. i REVIEW OF THEORETICAL PROGRAM

Section 2. Methods for Estimating Mean Values of Nonstationary Data

Results are derived in this section for the accuracy to be associated

with mean value (average response) computations on a wide class of non-

stationary data as a function of underlying signal and noise vibrations,

and the sample size used by the mean value computer. Input and output

signal-to-noise ratios are defined in terms of these quantities. Confidence

bands are determined for both arbitrary probability distributions and for

Gaussian probability distributions, which indicate how closely a measured

sample mean value approximates the true mean value at any time. A

special result shows the increase in sample sizes required for arbitrary

distributions as opposed to Gaussian distributions in order to achieve a

desired confidence band. Three cases are developed according to

whether or not the sample records are (1) independent, (2) dependent,

(3) correlated. The last case includes the other two as special cases.

Adaptive changes in records as a result of repeated excitations or

stimuli, such as produced by structural fatigue effects or physiological

learning patterns, may be analyzed by the mathematical model discussed

herein. A quantitative technique is described using an exponential

correlation function which can characterize the extent of the correlation

between samples of nonstationary data, and thus compare different

physical situations.

Section 3. Estimation of Nonstationary Mean Square Values

This section considers the problem of measuring mean square

values of nonstationary data. Mean square values represent an important
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physical characteristic for describing the "power" contained in the data.

Also, mean square values are useful to analyze data where the mean

values are zero, a fairly common occurrence with random phenomena.

Results are developed along lines similar to the previous section.

Three cases are discussed according to whether or not the sample

records are (1) independent, (2) dependent, (3) correlated. The variance

associated with measurements of mean square values of nonstationary

data is determined as a function of underlying input signal and noise

variations, and the number of records (sample size) available for the

calculations. From these formula, for given input conditions, it is

possible to state in statistical terms how well one is able to measure

the true mean square value at any time as a function of the sample size.

The case of correlated samples provides a method for analyzing fatigue

effects or other adaptive physical changes.

Section 4. Spectral Decomposition of Nonstationary Processes

After reviewing the known Fourier transform correspondence

between power spectral density functions and autocorrelation functions

for stationary random processes, this section extends these concepts

to nonstationary random processes. It is shown by proper definitions

and interpretation that nonstationary power spectral density functions

and nonstationary autocorrelation functions are double Fourier trans-

forms of one another, which reduce to the known formulas in the

stationary case. A similar mathematical correspondence is shown to

exist for nonstationary cross-power spectral density functions and non-

stationary cross-correlation functions. Special situations are considered

of separable nonstationary correlation functions and of locally stationary

correlation functions where the desired formulas assume simpler forms.

Locally stationary processes may be used to represent important

physical problems, such as turbulence, where the average instantaneous

power may vary slowly with respect to the correlation time. Estimation

problems in measurement of nonstationary power spectral density func-

tions are discussed for cases of slowly varying nonstationary random

processes.
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Section 5. Input-Output Relations for Nonstationary Processes

This section derives mathematical formulas to analyze input-

output relations when nonstationary random processes pass through time-

varying or constant parameter linear systems. Stability and physical

realizability conditions are noted for these systems, as well as certain

bandwidth properties. General relationships are found between input and

output nonstationary autocorrelation and/or cross -correlation functions,

and between input and output nonstationary power spectral density and/or

cross-power spectral density functions. The results presented here

extend simpler well-known results which apply to stationary random

processes. In order to place later material devoted to nonlinear systems

on a proper foundation (Section 9), a discussion is given of (1) general

linear transformations of random functions, (2) integral transformations,

and (3) derivative transformations. In particular, input-output moment

transformations are treated. For certain problems, the existence of

the derivative of a nonstationary (stationary) random process is shown

to depend upon the existence of the first derivative of its nonstationary

(stationary) autocorrelation function.

Section 6. Example: Nonstationary Process ....

With the aid of formulas derived in the preceding two sections, an

example is treated of a nonstationary process resulting from amplitude

modulation and filtering of a stationary random process. Besides help-

ing to explain certain physical phenomena which may be generated in

this way, this example provides some analytical results which may be

applied towards evaluating spectrum simulators. Calculations are

carried out of the various stationary and nonstationary auto and cross-

correlation functions, and power and cross-power spectral density

functions, which occur within the time-varying linear system of this

example.

Section 7. Sampling Considerations for Flight Vehicle Vibration Problems

This section begins by reviewing certain material in the previous

contract devoted to choosing an appropriate random sampling scheme for

decreasing the amount of data to be collected for later analysis.
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Considerations involved in periodic sampling of random data are then

discussed. For either random sampling or periodic sampling, it is

noted when the data must be both random and stationary if the prediction

formulas are to be useful. The uncertainty in measured sample values

is another factor that should be considered. Thus, one sees the impor-

tance of certain experimental results in Part II which have accurately

determined expected measurement uncertainties, and which have

developed practical statistical tests for randomness and stationarity.

Some of these experimental results are summarized here. Examples

are given showing how to choose appropriate sampling procedures for

different applications. In order to prepare the reader for material in

the next Section 8, this section closes by reviewing certain statistical

procedures in the previous contract, as well as some other statistical

techniques, for analyzing a set of sample values from a single experi-

ment (e. g. , data from a single point). Two cases are developed

according to whether or not one includes in the analysis the measure-

ment uncertainties in the sample values.

Section 8. Analysis of Variance Procedures for Evaluating
Vibration Data from Many Points

This section presents a direct extension of the basic analysis of

variance techniques discussed in the previous contract under the heading

of "Repeated Experiments. " These procedures supply a classical

statistical method of attack for investigating vibration data collected at

several points of a structure simultaneously, during one or many flights.

Three basic cases of analysis of variance are described. They are:

(a) the fixed effects model, (b) the random effects model, and (c) the

mixed effects model. In the one-factor or one-way variance analysis,

only the first two cases have meaning since only one variable is con-

sidered. However, for the two-factor (two-way) variance analysis,

two variables are considered which gives rise to the third case. The

two-way variance analysis is further broken down into two special

cases corresponding to cases where only one observation is available

per combination, or where several observations are available per

combination. Several comprehensive computational examples are
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given illustrating all the fundamental variations. Emphasis is placed

upon the proper decision procedures and proper interpretation of

results. It should be noted that, for even relatively small amounts of

data, the computations involved can become quite extensive. A digital

computer is thus seen to be an invaluable tool for carrying out these

computations.

Section 9. Response of Nonlinear Systems to Random Excitation

The material presented in this section summarizes and reviews

much of the analytical and experimental results available to date on this

subject. The response of the "Hardening Spring" to random excitation

is covered in considerable detail. This is followed by a discussion of

other types of nonlinearities such as the response of nonlinear structures,

fatigue of nonlinear structures, the set-up spring, the least-give spring,

nonlinear damping, and instrumentation nonlinearities.

10. 2 RECOMMENDATIONS FOR FURTHER THEORETICAL
AND EXPERIMENTAL WORK FROM PART I

For nonstationary data analysis and applications to vibration

problems, as well as to other physical problems, there are three main

recommendations for further work:

1. Development of special statistical procedures and design of

appropriate experimental programs for analyzing nonstationary

data according to formulas derived in Sections 2 through 5 of this

report. This should be followed by an experimental program for

experimental verification of the validity and practical nature of

these techniques, which will yield final improved theoretical

methods for measuring desired properties of nonstationary data.

2. Further investigations of different examples of physical systems

leading to nonstationary processes as per example in Section 6

of report. Unifying principles should be sought to describe non-

stationary response behavior and transfer characteristics for

special categories of systems, both linear and nonlinear. This

should lead to better predictions of expected nonstationary

environments, with more accurate design and simulation require-

ments for systems which must operate in such environments.
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3. Studies on accuracy in estimating nonstationary cross-

correlation functions for different mathematical models, and

research on suitable physical applications of these methods.

These applications should yield improved detection methods for

separating signals from noise, and should yield improved tech-

niques for predicting desired properties of the data being

analyzed.

To advance other work in Sections 7, 8, and 9 of this report,

concerned with estimating various flight vehicle vibration properties,

and nonlinear systems, the following recommendations are made:

i. Design and carry out an appropriate experimental program to

verify the sampling methods of Section 7, and analysis of

variance techniques of Section 8, as applied to vibration data.

This would mainly be for establishing the suitability of random

or periodic sampling, and the appropriateness of underlying

mathematical variance models.

2. Design and develop necessary digital computer programs for the

data reduction associated with the sampling methods and with

the analysis of variance procedures. The input and output

features of the program should take into account special charac-

teristics of vibration data.

3. Perform further theoretical work aimed at simplification of the

sampling methods and the analysis of variance procedures. This

simplification should be guided and influenced by the experi-

mental investigations.

4. Develop and experimentally verify appropriate mathematical

models,as suggested in Section 9, for analyzing continuous

structures with nonlinear stiffness and/or nonlinear damping

characteristics.
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PART II

EXPERIMENTAL STUDIES OF RANDOM SIGNAL MEASUREMENTS

Special
Notice

The experiments discussed herein involve
many different types of commercial instruments.
In order to accurately and completely describe
the details of the experiments performed, the
instruments employed for each experiment are
identified by manufacturer and model number.
It is to be clearly understood that the actual in-
struments used for each experiment were selected
solely on a basis of availability. These instru-
ments should not be regarded as either superior
or inferior to any other commercial instruments
which will accomplish the same desired functions.
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ii. INTRODUCTION TO EXPERIMENTAL PROGRAM

i1. I GENERAL BACKGROUND

When flight vehicle vibration data is gathered and analyzed, the

usual objective is to obtain information concerning the vibration environ-

ment to be expected during future missions for that and all similar

vehicles. Given a sample vibration response amplitude time history

record obtained during the flight of a given vehicle, one may readily

measure various descriptive properties of the recorded vibration

response, such as amplitude probability density functions, correlation

functions, power spectral density functions, etc. However, these

measurements describe only the vibration response in that vehicle for

that interval of time in the past when the sample record was obtained.

If the measurements are to be of value for predicting the vibration

environment during future missions of that and other similar vehicles,

certain fundamental characteristics of the vibration environment must

be considered. Three such characteristics are randomness, stationarity,

and normality.

If the vibration environment is random and stationary, the descrip-

tive properties measured from recorded samples of the vibration

response will constitute estimators for the true properties of the

response. The sampling errors for these measurements, that is the

uncertainties of the estimates, are vitally important to the accuracy of

conclusions which will be drawn from the data.

These matters have been considered theoretically in the document

ASD TR 61-123, "The Application of Statistics to the Flight Vehicle

Vibration Problem. " Quantitative procedures for testing sample vibra-

tion response records for randomness, stationarity, and normality are

suggested in Section 6 of that document. The techniques for estimating

the descriptive properties of a vibration response, such as power spectra

* Vibration response amplitudes are usually obtained in the form of

voltage signals from transducers, and may be a measure of any physi-
cal response parameter (acceleration, velocity, displacement, stress,
etc. ) depending upon the nature of the transducer employed. The
particular response parameter being measured is of no direct importance
to the analysis procedures discussed herein.
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and probability density functions, and the uncertainties associated with

their estimation are discussed in Section 7 of that document. Many of

these theoretical ideas are now to be studied experimentally.

11. 2 UNCERTAINTIES OF VIBRATION RESPONSE MEASUREMENTS

When the descriptive properties of a vibration response at some

point on the structure of a flight vehicle are determined from a sample

record, an important question arises. How accurately do the properties

determined from the sample record represent the actual properties of

the vibration response being sampled? The expected deviation of deter-

mined properties from actual properties of the vibration response may

be generally thought of as the data analysis error.

When a vibration response is periodic in nature, a sample record

with a length of only one period is theoretically sufficient to define the

exact vibration amplitude that would exist at any time assuming identi-

cal conditions. Thus, the only limitations upon the accuracy of periodic

vibration response measurements are the errors associated with the

instruments and calibration procedures employed, which will be called

measurement errors. Measurement errors consist of all factors in

the translation of a vibration response into final data which produce

deviations from an exact or mathematically precise translation. Included

are amplitude nonlinearities, imperfect frequency response, sensitivity

drift, etc. , in the data acquisition and analysis instruments, as well as

observation errors in any visual readouts. The manufacturers of

vibration transducers, transmission systems, recorders, and analyzers

usually publish the accuracy limits that their instruments are designed

to meet.

For a random vibration response (assumed to be stationary), the

amplitude at any instant of time in the past or future supplies infor-

mation concerning the properties of the vibration. Even if the measure-

ment procedure employed were mathematically precise (no measure-

ment errors), the exact properties of the vibration response could be

established only by investigating the amplitudes over all time. The

data obtained from sample records of finite length constitute only

statistical estimates of the properties of the vibration. The expected
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deviation of the estimated properties from the actual properties of a

random vibration response may be thought of as an error, which will

be called the sampling error or uncertainty. The accuracy of the

estimation, as well as the accuracy of the measurement, must always

be considered in the analysis of a random vibration response from

sample records.

Measurement errors are determined by the specific instruments

and calibration procedures used. On the other hand, sampling errors

or estimation uncertainties are a function of the length of sample records

selected for analysis and inherent properties of the vibration response

being analyzed. It is the sampling errors or uncertainties that are of

concern in these experimental studies.

The simplest property used to describe a single random vibration

response is the mean square or root mean square value. However, this

yields only a rudimentary definition of the vibration amplitude. A more

detailed description is given by two important properties, the power

spectral density function and the amplitude probability density function.

A third important property is the autocorrelation function which, for a

stationary vibration response, is the inverse Fourier Transform of the

power spectrum. A fourth property of interest is the expected number

of zero crossings per second.

The power spectrum of a stationary random vibration response

is a measure of the relative power per cps versus frequency and has

the units volts /cps; i.e. , g /cps, inches /cps, psi /cps, etc.

Analytically, the power spectrum of a stationary random signal is the

Fourier Transform of the autocorrelation function of the signal. Hence,

the power spectrum can theoretically be obtained either directly by

filtering in the frequency domain or indirectly by filtering in the time

domain (autocorrelation) and determining the Fourier Transform of

the results. These studies are concerned with the estimation of power

spectra by direct frequency filtering. Autocorrelation analysis is

considered only in qualitative terms.

The probability density function of a stationary random vibration

response defines the likelihood of given amplitude occurrences. It

gives a complete description of the vibration amplitude as opposed to
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the mean square value which yields only a rudimentary measure of

vibration amplitude. The expected number of zero crossings per

second for a stationary vibration :.esponse presents interesting impli-

cations concerning the random nature of the vibration.

Sections 12, 13, and 14 herein are concerned with the uncertain-

ties of zero crossing, power spectra, and probability density estimates

resulting from sample record measurements. Section 12 deals with

zero crossing estimates, Section 13 with power spectra estimates,

and Section 14 with probability density estimates. Estimation un-

certainties are discussed before the tests for fundamental character-

istics because uncertainty considerations form a basis for these tests.

1 1. 3 FUNDAMENTAL CHARACTERISTICS OF VIBRATION

ENVIRONMENTS

Given the task of analyzing a flight vehicle vibration environ-

ment, the first question which should be answered is as follows. Is the

vibration response being measured random in nature as opposed to

periodic? Perhaps both random and periodic components are present.

The desired procedures for analyzing and describing the vibration

environment may be quite different for each case. The techniques for

applying the end data to design problems are also affected. Periodic

vibrations can be described by explicit analytic functions while random

vibrations must be described by statistical functions. As a result, the

length of sample records to be gathered for analysis is more critical

for random vibrations due to inherent statistical uncertainties or

sampling errors in the resulting measurements.

If a vibration environment is random in nature, the next funda-

mental characteristic of interest is stationarity. Is there reason to

believe that the vibration response being measured will exist in the

future under conditions identical to those which existed when a sample

record was obtained for analysis? Clearly, the problem of predicting

future events is directly dependent upon the stationary characteristics

of the vibration environments being measured and analyzed.

The third fundamental characteristic to be considered is

normality. For a random vibration, do the instantaneous vibration

amplitudes have a Gaussian probability density function? If the
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amplitude distribution for a random vibration environment is found to be

sufficiently Gaussian to justify the normality assumption, the application

of the resulting data to design problems is greatly simplified. Further-

more, the existence of normality will greatly increase the power of

conclusions concerning the stationary characteristics of the vibration

environment.

During the measurement and analysis of a flight vehicle vibration

environment, the characteristics of randomness, stationarity, and/or

normality are often assumed without quantitative justification. In many

cases, strong qualitative arguments can be developed which tend to

justify any or all of the assumptions. For example, if one can substantiate

that the exciting forces to be expected during a mission are basically

stochastic processes (such as aerodynamic boundary layer turbulence

and jet exhaust gas mixing), it appears appropriate to assume that the

vibration responses will be primarily random in nature. If it is known

that at least certain phases of a mission will occur under reasonably

constant conditions (airspeed, altitude, thrust, etc. ), there appears to be

no reason to question that the vibration responses will be stationary during

such phases. If the vibration environment is random, the practical

implications of the Central Limit Theorem in statistics tend to support

an assumption that the instantaneous vibration amplitudes will be distri-

buted in a Gaussian manner.

On the other hand, unknown or overlooked factors may destroy the

validity of these assumptions. For example, a flight vehicle may carry

equipments which generate intense periodic vibrations in local areas.

Unexpected events may occur during a mission which produce extreme

vibration levels for short intervals during a period of assumed stationary

conditions. Lack of normality in the exciting forces and/or nonlinear

characteristics of the structure may result in vibration response ampli-

tude distributions which deviate significantly from the ideal Gaussian form.

It is important that fundamental assumptions such as randomness,

stationarity, and normality, be confirmed when possible by investigation

of the sample vibration response records gathered for analysis.
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Sections 15, 16, and 17 herein are concerned with the determina-

tion of fundamental characteristics of a vibration response by tests

applied to sample record measurements. Section 15 deals with tests

for randomness, Section 16 with tests for stationarity, and Section 17

with tests for normality.

I1. 4 DEFINITIONS OF FUNDAMENTAL CHARACTERISTICS

It is appropriate here to define the terms random, stationary,

and normal as they are used in these studies. The definitions presented

are limited and not necessarily rigorous. More discussions and

definitions of these fundamental characteristics are available in ASD

TR 61-123.

I1. 4. 1 Random Vibration

Random vibration is that type of time-varying motion which

consists of randomly varying amplitudes and frequencies such that its

behavior can be described only in statistical terms. No analytical

representation for the motion is possible. The motion does not repeat

itself in finite time periods. In this report, a vibration response will

be considered as random unless vibratory motion with a periodic form

is present. There are, of course, other types of vibratory motions

that are neither random nor periodic. Included would be those motions

which can be represented by nonperiodic analytic functions, such as an

exponential-sine function. However, it is usually more suitable to

consider and analyze these motions as shock phenomena rather than as

vibration.
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ii. 4. Stationary Random Vibration

The term stationary is often applied to random vibration data

in a context that is slightly different from its classical statistical

meaning. Because the concept of stationarity is so vitally impor-

tant to vibration environment prediction problems, some general

discussion of its meaning is included here.

Any particular random vibration response, whose amplitude

time history has been recorded for analysis, represents a unique

set of circumstances that are not likely to ever be repeated exactly.

A single random vibration record, in actual practice, is merely a

special example out of a large set of possible records that might

have occurred. This collection (ensemble) of records may be

thought of as a random process, as illustrated in Figure iI. I.

Hypothetically, the number of records in a random process

would be infinitely large and each record would exist over all time.

The properties of the random process may be computed by taking

averages over the collection of records at any given time t. Such

averages, called ensemble averages, will be a function of time.

For example, at time t, the mean value ix(t), the mean square

value ,m~x(t) , and the autocorrelation function Rx(t, T) would be

given by

k

xlt) = lirn Xklt) (i I. 1a)x k--oo kt

i=1

.4n.. Jit) = li t) (1i. Ib)
i= k

k
R x  t , T ) =lira. xk(t)xk(t+-r) (it. Ic)

x k--D
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Figure it. I Vibration Amplitude Time History Records
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For the general case where the properties defined in Eq. (Ii. 1)

vary with time, the random process is said to be nonstationary.

For the special case where the properties defined in Eq. (It. 1) do not

vary with time ( xtx', and Rx(T) are time invariant), the random

process is said to be weakly stationary. If all possible moments

of the random process determined by ensemble averaging are time

invariant, the random process is said to be strongly stationary.

In its broadest meaning, stationarity is a characteristic of ensemble

averaged properties.

The properties of individual records within the random process

can also be computed by averaging over time. These time averages

will be a function of the specific record in the collection. For the

ith record, the mean value I.x(i), the mean square value, x(i),
x x

and the autocorrelation function Rx(-, i), would be given by

L()= lim IL x.(t) dt (It. 2a)
X T-c Z T J T

-T

/x~i) = lirn - 5 x(t) dt (iI. Zb)

T-o

-T

R(T,i) = liM S xd(t) dt (I. 2 c)

x T--o 2

-T

Let the above time averaged properties be determined for all possi-

ble records of a random process which is at least weakly stationary.

If each property is the same for all records and equal to the corres-

ponding property determined by ensemble averaging, the stationary

random process is said to be weakly ergodic. If the random process

is strongly stationary, and the above requirements are met for all

possible moments, , the stationary random process is said to be

strongl) ergodic. Thus, ergodicity is a characteristic of time

averaged properties for a stationary random process.
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For the flight vehicle vibration problem, a single record

could represent the vibration response at some point on the struc-

ture of a given flight vehicle. The collection of records (ensemble)

would then represent the vibration responses at that point occurring

during simultaneous flights of all vehicles of that type. The pro-

cedure of measuring descriptive properties of the vibration response

by ensemble averaging is clearly undesirable. In order to mini-

mize the statistical uncertainty (sampling error) in the resulting

measurements, a relatively large number of simultaneous flights

of different vehicles (or repeated flights of the same vehicle) would

be required. If data is reduced by analog instruments, the instru-

mentation required to ensemble average a large number of sample

records simultaneously is far more complex than is required to

time average the individual sample records. It is for these reasons

and others that the vast majority of vibration data analysis, in

actual practice, is accomplished by time averaging individual

sample records rather than by ensemble averaging a collection of

sample records. A slightly different concept for stationarity is

required when one deals with vibration response data by time

averaging individual sample records.

An individual vioration response is often referred to as being

stationary or nonstationary. In this case, the term is used to mean

that the properties of the vibration response, determined by time

averaging sample records of finite length, do not change "signifi-

cantly" for samples covering different time intervals. The word

significantly means that variations in the sample values are greater

than would be expected from sampling errors. This concept of

stationarity will, for the moment, be referred to as self-stationarity

to avoid confusion with the definition presented previously.

To clarify the idea of self- stationarity, consider an individual

vibration response x(t). Assume a sample record of length T is

obtained at some starting time t o . In general, the properties

determined by time averaging over the sample will be a function of
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the starting time t0 That is, for time tO, the sample mean value R(t),

the sample mean square value x (t 0 ), and the sample autocorrelation

function R(, t o ) would be given by

to+ x(t) dt (I I. 3a)

to

x2 (t 0 ) f x2 (t) dt (II. 3b)
to

T+T

R(T, t0 ) = f x(t)x(t+ T) dt (II. 3c)

to

For the general case where the sample properties defined in Eq. (11. 3)

vary significantly with the time t0 that the sample was obtained, the

individual vibration response is said to be self-nonstationary. For the

special case where the properties defined in Eq. (11. 3) do not vary signifi-

cantly with time to , the vibration response is said to be weakly self-

stationar. If the above requirement is met for all possible moments,

the vibration response is said to be strongly self-stationar .

It should be noted that if a vibration response is normally distributed,

the first two moments (mean value and mean square value) will define all

higher moments. Thus, if it can be shown that the vibration response is

weakly self-stationary, this fact plus the existence of normality makes

the response strongly self-stationary.

There are many possible associations between the self-stationarity

of individual vibration responses, and the stationarity and ergodicity of a

collection of vibration responses. The most important of these associa-

tions is as follows. Assume the vibration responses in many different

vehicles of the same type are each found to be self-stationary, at least

during some phase of a common mission. Also assume the properties

of the vibration responses determined by time averaging sample records

obtained during a self-stationary phase are equivalent from vehicle to
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vehicle. Then, the vibration response during that phase is stationary

and ergodic. The properties determined by time averaging a short

sample record from one vehicle will be estimators for the vibration

response to be expected in all vehicles of that type during the entire

phase.

I. 4.3 Normal (Gaussian) Random Vibration

A random vibration response x(t) is Gaussian if it has a specific

instantaneous amplitude probability density function given by

P (x) e (1. 4)

_V 2i2
x

Here, L is the mean value for the response, and a" is the mean squarexvalue about the mean (variance) for the response. Random vibration

responses which are described by any other probability density function

will be called non-Gaussian.

It. 5 MEAN SQUARE VIBRATION RESPONSE

For any random signal, the mean square value, Irn46, and the
2 X

mean square value about the mean (variance), T , are related by

a-x 2=II,~ - ." Thus, if the mean value x is zero, the two quantities

are equal, and o defines the mean square value of the signal. The

positive square root, a- , is the root mean square value of the signal.

It will be assumed in all discussions to follow that the mean value,

4xI for the vibration response is zero. The mean value of a vibration

response is a measure of the steady state magnitude for the physical

parameter being measured (such as steady state acceleration), and would

appear as a DC voltage in the output of the vibration transducer. Because

of the limited low frequency response of most vibration data acquisition

and analysis equipment, the mean value of the vibration response is

usually rendered zero whether the mean value of the actual physical
2

parameter being measured is zero or not. Hence, the term a2 will bex
used in these studies to denote the mean square value of a vibration

response, as is done in ASD TR 61-123, where it is understood that the

mean value of the vibration response is assumed to be zero.
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12. UNCERTAINTY OF ZERO CROSSING ESTIMATES

12. 1 THEORY OF ZERO CROSSING ESTIMATION

12. 1. 1 General Remarks

A procedure for testing the randomness of vibration amplitude time

history records is suggested in Section 6. 1. 5 of Ref. [ i]. The proposed

test for randomness involves the application of statistical run theory to the

prediction of zero crossings for continuous vibration signal records. Before

that test can be considered in more detail, it is necessary to confirm the

validity of theoretical predictions for zero crossings of random signals.

The actual proposed test for randomness using zero crossing data is studied

in Section 15 of the report.

1Z. 1. 2 Review of Basic Concepts

Consider an event which can occur in only two mutually exclusive ways;

that is, the outcome must be either A or B. For example, the event may be

the flip of a coin where the outcome will be either a head (A), or a tail (B).

As another example, the event may be a gage pressure reading where the

outcome will be either a positive pressure (A) or a negative pressure (B)

relative to gage reference. Now assume the experiment producing the event

is repeated n number of times in sequence, such as a coin being flipped 20

times in succession. The outcomes of the sequence of events might be as

follows.

AA B A BB AAA B A BB A BB A BBB

1 2 3 4 5 6 7 8 9 10 it 12

A run is defined as a sequence of identical outcomes which are followed or

preceded by a different outcome or no outcome at all. In the above example

the sequence of 20 events resulted in 12 runs. The total number of runs in

any observed sequence of events gives an indication of whether or not the

events occur randomly.

Given a sample of n number of events, let n I be the number of

events with an outcome A, and let n2 be the number of events with an out-

come B. Clearly, n = n, + n2 . Also, let r be the number of runs which

occur in the sample. If the events occur randomly, and if n I and n2 are

greater than 20, it is shown in Ref. [ 3 ] that a good approximation for the
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sampling distribution of r is a normal distribution with a mean of L r and
2

a variance of o r given by,

/ nL ) + 1 (12.1f)

2 2nin 2 ( 2 nin 2 - n)

r n2 (12. 2)
r nn2(n- I)

12. 1. 3 Development for Vibration Signal Records

Consider a sample vibration amplitude time history record of

length T, as shown in Figure 12. 1.

+ 1 2 3 4 5 zero crossings
" 1-- -4" "- ""1

I I

1 2 3 4 5 6 runs

•* 0

time

Figure 12. 1 Sample Vibration Amplitude Time History Record

For simplicity, the mean value of the vibration signal being sampled is

assumed to be zero; i. e. , no DC component is present. This is usually

the actual case in practice.

Assume that the total number of events represented by the sample

record of length T is some number n, still to be defined. Let the two

possible outcomes of each event be either a positive amplitude value or a

negative amplitude value. Then, a zero crossing constitutes the end of one

run and the beginning of another, as shown in Figure 12. 1. The total

number of runs r in a given sample record will always be one greater than

the total number of zero crossings ) 0 That is,

r= Zo +i (12.3)
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Furthermore, the total time that the signal has a positive amplitude value

will be approximately equal to the total time that the signal has a negative

amplitude value. Then, it may be assumed that

I
n I n 2 % -jn (1Z. 4)

When applying these ideas to actual vibration signals, one would

determine the number of runs in a sample record by counting the number

of zero crossings that occur over the record length. Thus, it will be more

practical to work directly with zero crossings rather than runs. Noting

Eq. (12. 3), the mean and variance of zero crossings are related to the mean

and variance of the runs as follows.

o = r-) =± - 1 (12.5)

2 2 2 (26= a' (12.6)
Z)O (r-1) 0 r

If the vibration signal being sampled is random, by substituting Eqs. (12. 1),

(12. 2), and (12. 4) into Eqs. (12.5) and (12. 6), the sampling distribution

for zero crossings will have a mean and variance given by

n (2. 7)
2

2o 2(n - I (12.8)

It now remains to define the number of events n that are represented in a

sample record of length T.

In Ref. [ 1], the number of events n was considered to be the number

of degrees of freedom of the sample record given by n = 2BT, where B

is the frequency bandwidth in cps after filtering by an ideal low pass filter

with an infinitely sharp cutoff. However, this definition for n is not con-

sistent with the results of theoretical studies of zero crossings for random

signals. From Ref. [ 2], the expected number of zero crossings for a

random signal record of length T seconds with a low pass frequency band-

width of B cps is given by

SVo i . 15 BT (12.9)
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If the number of events is defined as n = ZBT, from Eq. (12. 7) the expected

number of zero crossings would be

V0)o I. 00 BT (12. i0)

Because the problem at hand is directly concerned with zero crossings, the

results presented in Ref. [2], as stated in Eq. (2. 9), will be accepted as

a basis for defining the number of events n. The validity of this decision

will be substantiated by experimental results to be presented later.

Again referring to Ref. [2], the general equation for the expected

number of zero crossings per second, j) , for a random signal with a
0

frequency bandwidth between the limits fa cps and fb cps is given by

Vo = 2 a b b (12. I1)
3

where it is assumed that the random signal has the following properties.

(a) an infinitely sharp cutoff at frequencies fa and fb'

(b) a uniform power spectral density function over the frequency

range between f and fb '

(c) a Gaussian amplitude probability density function.

If the random signal being investigated does not possess the above character-

istics, the equation for expected zero crossings per unit time becomes some-

what more complex. However, Eq. (12. if) may still be an acceptable approxi-

mation for practical purposes. The importance of the above assumptions

will be considered in more detail later.

From Eq. (12. 11), the expected number of zero crossings in a

sample record of length T is

= T (12. 12)

0

Comparing Eq. (12. 12) with Eq. (12. 7), the number of events n in a sample

record of length T may then be defined as

n-2oT (12. 13)

where o is given by Eq. (12. ii).
0
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12. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

1Z. 2. 1 General Design and Procedures

The experiments to be conducted are, designed to investigate the

sampling distribution of zero crossings and confirm the validity of the

theoretical results given in Eqs. (12. 7) and (12. 8). Experiments are also

designed to study the practicability of the theoretical results in terms of

simulated vibration data. The sampling distribution of zero crossings are

investigated for random and non-random signals in three basic areas.

Area A. random signals which have approximately Gaussian
probability density functions and uniform power
spectral density functions.

Area B. random signals which have approximately Gaussian
probability density functions and non,-uniform power
spectral density functions.

Area C. non-random signals composed of a sine wave mixed
with a random signal.

For all three areas of study, the basic procedure is to gather some

large number N of sample records from a simulated vibration signal of

interest. The number of zero crossings, Z}o , in each of the N number of

samples is counted. The mean value and variance of the sampling distri-

bution are then estimated as follows:

N
A b (12. 14)

N N_ )zU * (2. 15)

ASD TD 6097 12-5
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A biased variance estimate is employed here so that all statistical
procedures to follow will be consistent with procedures outlined in Ref.[ HJ.
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For experiments in Area A, if the theoretical expected value of the

sampling mean 'L U defined by Eq. (12. 7) is valid, the estimated sampling

A0
mean Lo given by Eq. (12. 14) should be statistically equivalent to o

0 . ~2 0
Likewise, the estimated sampling variance ^o from Eq. (12. 15) should

be statistically equivalent to the theoretical expected value for the sampling
2

variance 0-Yo defined by Eq. (12. 8). The equivalence of the experi-

mentally estimated and theoretical expected values are studied by testing

the null hypotheses, H ( 2) and Ho (ga), where

2 ^,2 2
--0"

NH () A

H 0 (4) 4 L O

The null hypothesis, H (-2 ), is tested by a chi-square test of variances.
2) 2 2

If H (a2 ) is accepted, there is no reason to question that ^o =o ,

02

and the theoretical value for o- defined in Eq. (12.8) is considered
vald.If 2 )i reete 2  =2

valid. If H o(a-2) is rejected, there is reason to question that 2 = 2

2 (a 2~
and the theoretical value for a- is questioned. Assuming H (- ) is

accepted, Ho ( ) is then tested by a Normal test of means. The theoretical

expected value for i0 defined in Eq. (12. 7) is considered valid if H ()

is accepted, or questioned if Ho (p) is rejected. Note that the variances

must be tested first because the Normal test of mean values requires a

known variance. However, if Ho(a ) is rejected, Ho (.) can still be tested

by a student's "t" test which uses the sample variance.

Assuming the validity of Eqs. (12. 7) and (12.8) are confirmed by

experiments in Area A, the procedure for testing the null hypotheses is

continued for the results of experiments in Areas B and C. The practicability

of the theoretical ideas will be indicated in part by whether or not the
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null hypotheses are accepted or rejected when applied to results in Area B.

Clearly, it is hoped that the null hypotheses will be rejected for results

in Area C.

The Type I and Type II errors associated with the null hypothesis

tests are, of course, a function of the number N of samples gathered and

tested. For all experiments the number of samples gathered is chosen to

be N = 31. The hypothesis tests are applied at the 10% level of significance,

giving a probability of a Type I error of' a = 0. 10. The associated proba-

bility of a Type II error is P = 0. 10 for detecting a 6% difference in means

and 2. 4 to I difference in variances (50% difference in standard deviations).

The development of these probable errors and the sample size of N = 31 is

presented in Section 12. 2. 2.

12. 2. 2 Sample Size Calculations for Equivalence of Means and Variances

In any situation where one knows or hypothesizes a mean and variance

of a distribution, one may compute sample sizes necessary to properly test

sample values against these theoretical values. Certain constraints must

be imposed on the problem, such as specifying the level of significance and

probability of Type II error, which will be explained below. The sample

size may then be calculated which maintains these probabilities.
2

A theoretical mean i. and variance To can be computed for a

distribution of zero crossings from Eqs. (12. 7) and (12. 8). Using these

theoretical values, one can then test obtained sample values against these

to determine if the observed distribution of zeros can be considered to be

the same as the theoretical distribution. That is, the statistical hypothesis

will be: there is no evidence to conclude that the sample values are not the

same as the theoretical values. These will be two-tailed tests since

deviations may occur in either direction

Two types of errors can be made:

Type I error - rejecting the hypothesis when it is
really true with probability a

Type II error - accepting the hypothesis when it is
really false with probability P

In addition to specifying a and P, one must impose an additional

restraint on the problem to allow the sample size to be calculated. That is,
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one must specify what particular deviation from the hypothesized parame-

ter will allow the hypothesis to be accepted with probability P3. In some

specific situations one might have suspicions about the theory involved

and anticipate some particular value other than the hypothesized value.

In other cases, one must use judgment in selecting values somewhat

arbitrarily.

For the experimental program, a ten percent difference in means

and a fifty percent difference in standard deviations will be selected as

the values at which the probability of Type II error will be held. Of

course, other deviations from the theoretical values may be chosen, and

have a specific associated probability of the hypothesis being accepted.

Also, for simplicity, a and b will be chosen each equal to 10%.

(a) Sample Size for Equivalence of Means

The calculation of the required sample size for the test of equivalent

mean values is as follows: Let p be the mean value of the distribution

which is to be detected with a probability = 10%, and Zia/2 a normal

(Gaussian) deviate such that

Prob( Z Z a/2) = a/2

The reason for using a/2 instead of a is to allow for two-sided devia-

tions so that the Type I error here is a.

The following relations now hold where xc is the critical point

(see Figure 1). That is, xc is a value such that if x2xc , the hypothesis

is rejected, and if R. x , the hypothesis is accepted where 5 is the

calculated sample mean.

Figure I is not quite complete in the sense that deviations in either

direction are considered. However, the symmetry is implied by using

a/2 and P/2 rather than a and P. In terms of a/2,

x -

z I = - -c (12.16)

while, in terms of P/2,

= P/ xC (12.17)
0- TR 6
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where (T2is the theoretical variance, Eq. (12. 8), of the distribution of

zero crossings "the subscripts l'~0 are being omitted for simplicity).

Prob (x-x) = a/2 ;Type I error

Prob (x x ) c Type II error

cC

Figure 12. 2 Illustration of Type I, Type II Errors

In the special si~uation where one sets a = P, it follows that

Z a2- Z P2'Also, due to the symmetry of the normal distribution,

Z ICL/2 =-Z a/2 .Hence, from Eqs. (12. 16) and (12. 17),

xC C -

Solving for xCone obtains

C, F (12.18)

Then substituting back in Eq. (12. 17), replacing by a,

Za/ 2  Z F' _____
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Letting Ali= i - i' and solving for N:

0_ 2N- a/ 4 4 "ZL (2 g

( A 4/Z) 2 ( A.9

Eq. (12. 19) is a general result which is applicable to many problems.
2 2

Note that the implicit assumption has been made that c = (o<) where

(0-') 2 is the alternative variance. Therefore this test would be per-
2

formed after the alternative variance (o-) had been determined to be
2

statistically equivalent to the theoretical value T-

(b) Computational Example

The calculat.on of N based on the test for equivalent means is as

follows. For n = 00 effective events, one obtains from Eqs. (iZ. 7) and

(12.8) the theoretical values

= 50

2
T = 25

The required sample size to detect a 10% difference in means (namely

A i. = 5 here) with a Type II error of P = 10% then is calculated by

applying Eq. (12. 19). For a = 10%, the term Z = -. 645. Thus,
.05

from Eq. (12. 19),

N 42 5) (1.645)2 i
\Z 11

This sample size of N = i will be compared later to the sample size

required for equivalent variances.

(c) Sample Size for Equivalence of Variances

The reasoning for obtaining a formula to compute the sample size
2

for the variance equality test proceeds in a similar manner. Let s

represent the critical point. Then, since N s / a- has a x distribution

with (n- i) d.f. , one has

2 a 2 (12.20)
c N a/2

and

2 - ') (12.21)
c N -P/2(

ASD TDR 62-973 12-10



22 2

where Xp 2 and X /2 are points of the x distribution with (N - t) d. f.

Equating (12. 20) and (12. 21) and rearranging terms, one obtains the

general result
2

( (12.22)

2.
for the case when a zP. Although the N cancels out, X is a function

of (N- 1). Therefore, when a-2 and. (o-')2 are specified, a trial and
2 2

error inspection of a X table will give values of X for some number

of d. f. such that Eq. (12. 22) holds true.

(d) Computational Example
2

For example, for (N - 1) = 30 d. f. and a = 10%, one finds in the X

table
2

X. 05_ 43.8
-- - =2. 37

2 18.5
X
.95

For all practical purposes this corresponds to the desired ratio of

standard deviations of 1. 5 to 1. 0. Therefore, a convenient sample size

for the experiments is 31.

Note that the variance equivalence test has a larger required

sample size than the mean equivalence test, namely N = 31 as compared

to N = 11, and therefore determines the over-all sample size for the

experiments. Since N = 31 instead of N = Ii, from Eq. (12. 19) one

finds that the experiment will now detect a 6% difference in means

(A = 3) while still maintaining a Type II error of 10%.

12. 2. 3 Acceptance Regions for Hypothesis Tests

(a) Chi-Square Test of Variances
s2

For N = 31 sample records, the estimated sampling variance

will be distributed about the true sampling variance a as follows.
Vo

2 2

3o X (30)

2 31
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where )2(30) is a chi-square distribution with (N - 1) = 30 degrees of

freedom, and the symbol - means "distributed as." From Table 5. 3

of Ref. [ I], for a 10% level of significance

x (30) X (30)
0.050 = 0.412 0.95 = 0. 5965

31 31

Then the acceptance region for testing the null hypothesis H0(0 2 ) will

be as follows: 2

0. 5965 = -r~ _ L.412 (12.23)
2

0- 22

If the variance ratio falls within the limits stated in Eq. (t2. 23), H0 (a)

will be accepted. If the variance ratio falls outside the limits stated,

H(a 2 ) will be rejected.

(b) Normal. Test of Mean Values

A
For N = 31 sample records, the estimated sampling mean Ro

will be distributed about the true sampling mean o as follows.

22
0"V

GL O ) tVo Norm (01 0)1

where Norm (0 ; a- 2 / 31) is a Normal distribution with a mean of zero

and a variance of V2 /3 From Table 5.2 of Ref. i], for a 10%

level of significance

2 2 j(o = + 1.6452 °

Norm 0; =-Norm 0; ±1.

Then the acceptance region for testing the null hypothesis Ho (iL) will

be as follows.

1.645 1.645 (12.24)

31 T DRo -o7 13- Vo
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If the mean difference falls within the limits stated in Eq. (12. 24), H ()

will be accepted. If the mean difference falls outside the limits stated,

H0 (L) will be rejected.

(c) Student's "t" Test of Mean Values

Consider the case where the variance test (a) rejects the null

hypothesis H (a- ). It is still of interest whether or not the estimated
sampling mean is equivalent to the expected sampling mean for a random

signal. However, in the absence of a known expected value for the
2 A 2

sampling variance a- , the estimated sampling variance a must be
I) o 2o

used to establish a region of acceptance for a hypothesis test.

For N = 31 sample records, the estimated sampling mean p., will

be distributed about the true sampling mean Lo as follows. 0

( o - o) t 0; -

0 030/

where t(0 ; d- / 30) is a "t" distribution with N - I = 30 degrees of

freedom, a mean of zero, and a variance of'? / 30. From Table[21
5.4 of Ref. [ I for a 10% level of significance,

2 (0 ) A2

0 ; 3 -t 1.70A
S30/-3o

Then, the acceptance region for testing the null hypothesis Ho (L) will

be as follows.
1. 70 A A 1. 70 A

-T (I4 - 4 ),=(12.25)
-V170o 21o -o 723- L

If the mean difference falls within the limits stated in Eq. (12. 25), H ()

will be accepted. If the mean difference falls outside the limits

stated, H( L) will be rejected.
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i2. 2. 4 Procedure for Experiments in Area A

A random signal with an approximately uniform power spectrum

and Gaussian amplitude pzobability density function is sampled for three

different frequency ranges, as follows,

A-1. f , 30 cps, fb Z000 cps

A-2. f a 30 cps, fb " 1000 cps

A-3. f ai00 cps, fb b 00 cpsa

The above frequency limits are only approximate because a more precise

value for f and fb must be calcu].ited from the filter responsea b
characteristics, as is discussed in Section 12, 3. 2.

The frequency range for test A-i represents the maximum frequen-

cy response range of the instrumentation employed. Test A-2 is con-

ducted to permit statistical tests for a different range of frequencies.

The frequency limits selected for test A-3 constitute the frequency

range of the predominate excitation from large turbo-jet engines.

For each frequency range. 3i sample records are collected, each

representing at least 100 events. The number of zero crossings in

each record is counted and analyzed as described in Sections 12. 2. 1

and 12. 2. 3,

12. 2. 5 Procedure for Experiments in Area B

A random signal with an approximately Gaussian amplitude

probability density function and a frequency range of about 100 cps to

600 cps is sampled for four different power spectra. The power

spectrum of the signal is altered by shaping filters which introduce

sharp peaks into the spectrum. All four power spectra conditions are

obtained using a filter with a very narrow bandwidth and a peak response

of 10:1, corresponding to a power spectrum peak of 100:1. The sharp

filtering is intended to simulate a resonant structural response. The

four filter conditions are as follows.

B-i. A single peak at 150 cps

B-2, A single peak at 350 cps

B-3. A single peak at 550 cps

B-4. Three peaks at the three frequencies in B-I
through B-3
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The detailed characteristics of the sharp filters used to obtain the

peaks are presented in Section 12. 3. 3.

For each power spectrum condition, 31 sample records are collected,

each representing at least 100 events. The number of zero crossings in

each record is counted and analyzed as described in Sections 12. 2. 1 and

12. 2.3.

12. 2. 6 Procedure for Experiments in Area C

A nonrandom signal is created by superimposing a sinusoidal com-

ponent in a random signal with an approximately uniform power spectrum

and Gaussian amplitude probability density function. Let f be the frequen-
cy of the sine wave component, let Ms(sine) be the mean square value of the

sine wave component, and let MS(random) be the mean square value of the

random component.

The nonrandom signal is sampled for nine conditions as follows:

C-i through C-4. f a 30 cps, fb - 1000 cpsa

MS(sine) = 1/4 MS(random)

C-i. f0 = 200 cps

C-2. f = 400 cps
o

C-3. f = 600 cps
0

C-4. £ = 800 cps

C-5 through C-9. f a 100 cps, fb 600 cps

MS(sine) = MS(random)

C-5. f0 = 150 cps

C-6. f0 = 250 cps

C-7. f = 350 cps
o

C-9. f = 450 cps
C-9. f = 550 cps

0

For each condition of nonrandomness, 31 sample records are

collected, each representing at least 100 events. The number of zero

crossings in each record is counted and analyzed as described in

Sections 12. 2. 1 and 12. 2. 3.
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12. 3 INSTRUMENTATION

12. 3. 1 Instruments and Test Set-Up

The laboratory instruments employed for the experiments are listed

in Table 12. 1. All instruments were in current calibration at the time

of the expe-iments. A block diagram for the test set-up is illustrated in

Figure 12. 3.

The random noise generator (Item A) is used as the source of a

signal which is considered in these experiments to be truly random. The

manufacturer's data indicates the instrument generates a random signal

with an approximately Gaussian amplitude probability density function and

a reasonably uniform power spectral density function for frequencies from

30 cps to 20 kcps. Actual measurements of the noise generator's charac-

teristics are presented in Section 14. 3. The voltmeter (Item B) is used

to measure the rms voltage level of the random signal being delivered.

The sne wave generator (Item C) is used as the source of a signal

whch is known to be nonrandom. The voltmeter (Item D) is used to

measure the rms voltage level of the sinusoidal signal being delivered.

The frequency counter (Item E) is used to determine the frequency of the

sinusoidal signal with an accuracy of ± i cps.

The sine wavc-r-ndom no:se mixer (Item F) is used to create a

signal with -,ontzolled and defined nonrandom characteristics. The

variable band pass filter (Item G) is used to band-!imit the frequency

range of the signal to be investigated. The characteristics and cali-

bration of this filter are discussed in Section i2.3. 2.

The shaping filters (Item H) are used to obtain a signal with a non-

uniform power spectrum. Five peaks or notches may be inserted to

simulate structural response modes. The characteristics of these

filters are discussed in Section 12. 3. 3.

The voltmeter (Item I) is used to measure the rms voltage level

of. the signal to be investigated. The oscilloscope (Item J) is used to

display the signal amplitude time history for qualitative observation.

The power amplifier ( Item K) is used to obtain a sufficient signal

current to operate the galvanometer oscillograph. The galvanometer

oscillograph (Item L) is used to record amplitude time history samples

of the signal to be investigated. The galvanometers employed have a

uniform frequency response from 0 to 2000 cps.
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Model Serial

Item Description Manufacturer No. No.

A Random Noise Generator General Radio Company 1390A 937

B True RMS Voltmeter Ballantine Laboratories 320 581

C Sine Wave Generator Hewlett Packard 200AB 5631

D AC Voltmeter Hewlett Packard 400 H 2075

E Frequency Counter Computer -
Measurements Co. 200 B 6320

F Sine Wave-Random Thompson Ramo
Noise Mixer Wooldridge Inc.,

RW Division

G Variable Band Pass Krohn Hite Corp. 330-M 1484
Filter

H Shaping Filters Space Technology
(bank of five peaks Laboratories --- ----

and notches)

I True RMS Voltmeter Ballantine Laboratories 320 1149

J Cathode Ray O'scillo- Tektronix, Inc. 531 3190
scope

K Power Amplifier McIntosh Company A-16-B 12629

L Galvanometer Minneapolis -Honeywell 1012 307
Oscillograph

Table 12. 1 Instruments Employed for the Experiments
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12. 3. 2 Evaluation and Calibration of Variable Band Pass Filter

The number of events n represented by a sample record of length

T, as given in Eq.(12.13)is directly proportional to the expected number of

zero crossings per second oo as defined by Eq.(i2. i).The value of 1o is
Vo 0

based upon the frequency bandwidth of the signal assuming infinitely sharp

lower and upper frequency limits of fa and fb' respectively. Of course,

ideally sharp frequency cut-offs are not physically realizaoie. However,

given a filter with a frequency response function H(f), the effective cut-off

frequencies equivalent to fa and fb can be computed. From Refs. [i] and

[z], the effective bandwidth B N of a band pass filter as seen by a random

signal with a uniform power spectrum is defined by

5 N = fb - fa= JE f 2 df (12. 26)
max

The term BN is sometimes called the noise bandwidth of the filter.

The integration in Eq4 12.26) may be accomplished in two parts as follows.

BN = fb " fa = fdf df = B a I Bb (12.27)
0O f~~x  IH a x

c

where fc is some frequency at which IH(f)I = IHmaxI • Then, Ba gives a

noise bandwidth from fc to an effective low frequency cut-off (fa), and Bb

gives a noise bandwidth from fc to an effective high frequency cut-offb).

That is,
B =f -f

a c a
(1U. 28)

Bb f b f c
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Rearranging the terms in Eq(i2.28) and substituting from Eq. (t2. 27), the

effective frequency cut-offs for any band pass filter are given by,

f f ifc H( f) df
fa =  f df

c IHm ax

(t2. 29)

fb f + dff 2= dfc Hm ax

c

The cut-off characteristics of the band pass filter employed in these

experiments have been carefully determined for the three frequency band-

widths used. The results are presented in Figs. 12.4, 12.5, and 2.6. Both the

quantities IH(f)I and IH(f)12 are shown for IHmaxI =unity. The low

frequency cut-off characteristics of the filter were studied only for the

case were f a ; 00 cps.

The quantity IH(f)I 2 (Hmax= 1) was integrated by graphical techniques

for each of the three high frequency cut-off conditions and the low frequency

cut-off condition of f a 100 cps. The resulting effective cut-off frequencies,a

when compared to the half power point frequencies fhp' are approximately

5% higher or lower than fhp for the high frequency or low frequency cut-off,

respectively. Hence, the effective cut-off frequencies for the variable

band pass filter employed in these experiments ate considered to be as

follows.

a0.95 hp (low frequency cut-off)

fb = 1. 05 fhp (high frequency cut-off)
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12. 3. 3 Characteristics of Shaping Filters

The frequency response characteristics of the three narrow band peak

filters, as employed for these experiments, are illustrated in Figure 12.7.

The frequtency cut-offs for the variable band pass filter are set for f a- 100 cps

and f b 6 00 cps. All three peaks are shown together. For the experiments,

any two of the three peaks are bypassed as required for the procedure in

Section t2. 2. 5.

12. 3. 4 Other Instrument Evaluations and Calibration Errors

There are, of course, numerous possible errors associated with the

calibrations of all the instruments employed for the experiments. However,

most of these calibration errors are not really significant in terms of the

end data being sought; namely, the number of zero crossings by a random

signal in a specific period of time. From Eqs. (12. 11) and (12.13), it is clear that

the major direct sources of error in the end data are as follows.

(a) error in the effective high frequency cut-off, fb"

(b) error in the record length T.

(c) error in the interpretation of the number of zero crossings, Vo"

The possible error in the value of fb is the result of several factors

including the determination of the half power point of the high frequency cut-

off, the calculation of the effective cut-off frequency as compared to the

half power point, and drift in the filter characteristics. Referring to

Fig. 12. 3, the half power point is determined by reading the frequency from

Item E when the filter response is 3 db down from the maximum response,

as read from Item I, for a sine wave applied at a constant input voltage, as

read from Item D. The indirect sources of error are then the lack of a

perfect frequency response in the two voltmeters (Items D and I),
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the ± i cps accuracy of the frequency coutnter (Item D), and observational

errors. It is believed that the total effect of these factors on the determina-

tion of the half power point frequency is Less than L 1% for these experiments.

The half power point is carefully checked immediately before each experi-

ment. Since a single record run is never greater than about three seconds,

the effect of filter drift is considered negligible. The computation of the

effective cut-off frequency for any given half power point is assessed to be

within ± 2%. Thus, the maximum error in a value of fb is believed to be

less than ±3%.

The possible error in the record length T is a function of the timing

lines generated by the galvanometer oscillograph (Item L). The accuracy

of the timing lines have been checked by recording a sine wave with a

frequency of 1000 cps determined to ± 1 cps using Item E. The results

indicate the error in the timing lines is insignificant.

The possible error in the interpretation of the number of zero cross-

ings jo is the result of two factors. First, the-correct identification of

the zero line or mean value of the signal, and second, the correct identi-

fication of a crossing. The mean value of the signal is automatically

rendered zero by the filtering conditions as well as the lack of DC response

capabilities in other instruments. By carefully setting the galvanometer on

the zero base line of the record before each experiment, the error in

identifying the zero line becomes insignificant. However, the zero line on

the record, as well as the signal trace, has a finite width or thickness.

This introduces the problem of interpreting a zero crossing when a signal

peak occurs near the zero line. -The following definitions are employed in

ASD TDR 62-973 1



in these experiments. Note that the width of the trace is exaggerated for

clarity.

zero line No zero crossings

zero line Only one zero crossing

~, I, '1
zero line Two zero crossings

There are other less tangible errors aseociated with the experiments

that have not been mentioned. The most significant of these is the possible

effect of the filter skirts. As the bandwidth of the variable band pass filter

is made narrower, the effect of the skirts on the over-all filter band pass

characteristics is increased. In other words, if f is a substantial frac-a

tion of fb' a large part of the filter transmission of a random signal is

occurring in the skirts. It is difficult to assess the error that might be

introduced by this effect, but the possibility of such an error should be noted.

Clipping of the random signal by the instruments is another source of

possible error. To minimize the possible effects of clipping, all experi-

ments are conducted with a signal level giving a crest factor of at least 4.

That is, the rms voltage of the signal was established at less than 1/4

the voltage level where clipping would occur in any of the instruments.

ASD TDR 62-973 12-2.7



12. 4 RESULTS OF EXPERIMENTS

t2, 4. t Zero Crossing Data

The number of zero crossings counted in each of the 31 sample records

gathered for each experiment are presented in Tables Z.2 and 12.3. The results

of experiments with a random signal are coveredin Table 12. 2, and the results

of experiments with a nonrandom signal are covered in Table 12.3. The test

designations refer to the test procedures defined in Section 12. 2.

Number of Zero Crossings V0
For Sample Records of Length T Seconds

Test Procedure

Sample A-1 A-2 A-3 B-it B-2 B-3 B-4
Number T=0. 03 T=0. 05 T=0. I T=0. I T=0. I T=0. I T=0. I

1 65 61 77 68 74 107 91
2 68 69 70 45 75 104 87
3 59 57 76 70 71 109 95
4 79 60 81 54 70 107 85
5 73 61 91 36 77 101 72
6 81 78 78 63 71 108 82
7 70 68 79 37 80 108 101
8 77 67 74 74 77 10 97
9 72 59 85 57 74 106 79

t0 78 64 80 48 81 108 85
I 1 65 63 94 53 73 105 89
12 76 55 83 55 72 109 81
13 76 68 80 59 74 105 95
14 69 65 83 A9 76 107 85
15 66 62 89 39 72 107 88
16 77 62 74 53 76 1I0 93
17 76 71 75 56 75 107 99
18 70 60 87 59 73 109 104
19 73 62 93 59 68 10 91
20 69 62 64 59 76 107 91
21 73 55 88 56 75 108 98
22 80 60 87 51 73 109 92
23 72 68 79 36 81 108 97
24 82 64 83 73 72 t10 82
25 68 60 80 58 70 107 90
26 74 68 84 51 71 106 98
27 83 66 91 57 71 101 82
28 59 66 85 57 73 103 90
29 74 55 78 68 71 105 98
30 64 55 86 57 72 109 104
31 67 59 81 43 73 105 98

Table IZ. 2 Results of Experiments with a Random Signal
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Number of Zero Crossings V0
For Sample Records of Length T Seconds

Test Procedure
Sample C-i C-2 C-3 C-4 C-5 c-6 C-7 C-8 C-9

Number T.=0. 05 T=0. 05 T--O. 05 T=0.05 T=0.10 T=0. 10 T=0. 10 T=0. 10 T=0. I(

1 60 62 64 68 51 68 76 89 94
2 65 71 74 69 55 68 82 89 94
3 55 67 68 73 55 63 80 91 102
4 60 64 66 69 58 71 78 90 95
5 53 58 76 72 68 69 75 85 98
6 61 67 62 66 48 69 79 84 103
7 69 58 67 71 64 66 79 84 102
8 61 69 72 68 61 69 80 91 99
9 58 70 58 70 61 70 76 86 104
1o 59 68 70 63 48 74 80 92 108
It 47 50 64 73 63 68 75 90 10
12 54 65 65 66 58 76 90 85 105
13 56 72 62 72 56 70 82 84 102
14 57 63 68 66 58 63 83 91 t05
15 58 58 63 74 65 66 78 92 103
16 56 73 60 84 60 67 73 94 106
17 59 60 70 76 66 65 77 92 108
18 48 70 65 66 56 68 78 88 104
19 62 59 70 58 54 70 77 82 99
20 61 63 6t 68 68 56 74 90 105
21 61 69 65 81 70 62 77 86 106
22 43 59 70 73 60 68 71 87 100
23 67 68 70 74 57 67 75 84 109
24 57 68 73 73 58 63 75 92 102
25 67 64 71 66 60 63 80 87 108
26 63 64 70 76 62 74 73 83 102
27 61 67 78 71 61 67 81 89 104
28 65 62 62 73 56 67 75 89 107
29 58 69 60 74 65 61 73 91 100
30 62 55 70 63 71 71 80 84 109
31 54 61 66 71 56 69 78 89 101

Table 12. 3 Results of Experiments with a Nonrandom Signal

The effective low and high frequency band pass limits for the experiments

are presented in Table 12. 4. The effective cutoff frequencies are determined as

discussed in Section 12. 3. 2.
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Experiment by Effective Low Effective High
Test Procedure Frequency Cut-Off Frequency Cut-Off

(Section 12. 2) f (cps) fb (cps)
a

A-I 28. 5 2100

A-2 28. 5 1050

A-3 95 630

B- f through B-4 95 630

C-t through C-4 28. 5 1050

C-5 through C-9 95 630

Table 12.4 Effective Frequency Band Pass Limits

12.4.2 Statistical Estimates from Zero Crossing Data

From the zero crossing data presented in Section 12. 4. 1, the estimated
A " 2

mean value R o and the estimated variance cr 1,. of the sampling distribu-

tion for each experiment are determined using Eqs.(12.14) and(12.15). The

estimates are presented in Table 12. 5.

Description Effective Test Mean Value Variyice
of Frequency Procedure

Experiment Range(cps) (Section 12. 2) V0  o"

random signal with 28. 5 to 2100 A-I 72. 10 38.03
an approximately 28. 5 to 1050 A-Z 62. 90 27.00
uniform power 95 to 630 A-3 81. 77 44. 23
spectrum

B-I 54.84 99. 16
random signal B-2 54.84 9.6
with a non-uniform 95 to 630 B-2 73.77 9.65

B-3 106.94 5.68
power spectrum B-4 90.94 57.87

C-I 58.61 32.35
28. 5 to 1050 C-2 64. 29 28.52

C-3 67. 10 23. 58

nonrandom signal C-4 70.58 26.52

(sine wave plus C-5 59.65 32.49
random noise) C-6 67. 35 16. 35

95 to 630 C-7 77.74 13.74
C-8 88.06 1O. 38
C-9 102. 71 16. 52

Table t2. 5 Estimated Mean and Variance of Sampling Distribution
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12. 4. 3 Expected Values for Random Signal Zero Crossings

For sample records gathered from a random signal, the expected

values of the mean and variance of the sampling distribution, as predicted

by run theory, are computed using Eqs. (12: 7), (12.8), (12. 11), and

(12. 3). These expected values for the effective frequency bandwidths

used in the experiments are presented in Table 12. 6.

Experiment 2
by f fb Vo n 0- a-

Test Procedure a oo Po
(Section 12. 2) Eq. Eq. Eq. Eq.

(cps) (cps) (12.1i) (12.13) (12. 7) (12.8)

A-I 28. 5 2100 2441.49 146.49 73.24 36.37 6. 03

A-Z 28. 5 1050 1229.22 122.92 61.46 30.48 5. 52

A-3 95 630 788.00 157.60 78.80 39.14 6. 26

B- i through B-4 same as A-3

C-I throughC-4 same as A-2

C-5through C-9 same as A-3

Table 12.6 Expected Values for Mean and Variance of Zero Crossings

12. 4. 4 Statistical Testing of Zero Crossing Data

Let the following null hypotheses be established.

2)  2 2
Ho( ) 

=0 0
H 0}O 22 0 0

0. o

The above null hypotheses are now tested for the data presented in

Tables 12. 5 and 12. 6, by the procedures outlined in Section 12. 2. 3. The

results for tests of H (a- z ) are included in Table 12. 7, and the results for

tests of H0 ( ) are presented in Table 12. 8.
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Experiment by 2 Region of Acceptance Result
Test Procedure F,( of

(Section 12. 2) 0  Test
Cr1 o  from Eq. (i2. 23)

A-I 1.046 0. 5965 to t. 412 accepted
A-2 0.886 accepted
A-3. 130 accepted
B-i 2. 533 rejected
B-2 0. 246 rejected
B-3 0. 145 rejected
B-4 1.478 rejected
C-i 1. 061 accepted
C-2 0.936 accepted
C-3 0. 774 accepted
C-4 0. 870 accepted
C-5 0.830 accepted
C-6 0. 418 rejected
C-7 0. 351 rejected
C-8 0. 265 rejected
C-9 0. 422 -rejected

Table 12.7 Tests for Equivalence of Variances

Experiment by ip - L Region of Acceptance Result

Test Procedure VO VO For Test of H () of

(Section 12. 2) from Test
Eq. (12.24) or (12.25)

A-1 -1. 14 -1. 78 to . 78 accepted
A-2 1. 44 -1. 63 to 1.63 accepted
A-3 2.97 -. 85 to 1.85 rejected
B-1 -23.96 -3.09 to 3.09 rejected*
B-2 -5.03 -0.96 to 0.96 rejected *
B-3 28. 14 -0.74 to 0.74 rejected *

B-4 12. 14 -2.36 to 2.36 rejecte
C-I -2.85 -1.63 to 1.63 rejected
C-2 2.83 -1.63 to 1.63 rejected
C-3 5.64 -1.63 to 1.63 rejected
C-4 9.12 -1.63 to 1.63 rejected
C-5 -19. 15 -1.85 to .85 rejected
C-6 -I1.45 -1. 25 to .25 ieye-d *
C-7 -1.06 -1. 15 to .1 5 accepted*
C-8 9.26 -1.00 to 1.00 rejected
C-9 23.91 -1. 26 to 1.26 *

null hypothesis Ho (p) tested by student's "t" test.

Table 12.8 Tests for Equivalence of Means
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iZ. 5 DISCUSSION OF RESULTS

12. 5. 1 Results for Experiments in Area A

The experiments in Area A deal with sample records from a signal

which is considered truly random, and which has an approximately uniform

power spectrum and Gaussian amplitude probability density function. Then,

the distribution for the number of zero crossings in a sample record should

have a mean and variance as theoretically predicted by Eqs.(12. 7) and

(12. 8). If Eqs. (i2. 7) and (12.8) are valid, the null hypothesis tests should

accept the estimated sampling mean and variance for all data in Area A

as being statistically equivalent to the theoretical values. The results of

the null hypothesis tests in Area A are summarized in Table 12. 9.

Experiment Effective Results of
by Frequency Null Hypothesis Tests

Test Procedure Range °(" ) H (
(Section 12. 2) (cps) o oG

A-I 28. 5 to 2100 accepted accepted

A-2 28. 5 to 1050 accepted accepted

A-3 95 to 630 accepted rejected

Table 12. 9 Summary of Results for Experiments
in Area A

The experimentally estimated and theoretical expected sampling variances

are accepted as equivalent for all three experiments performed. The

estimated and expected sampling means are accepted as equivalent for

two of the three experiments, but rejected for the experiment where the

signal frequency range is 95 to 630 cps.
A

From Table 12.8, it is seen that the differences, L - 1 , for

Test Procedure A-3 is not far outside the region of acceptance. The

rejection could be a Type I error (rejection of the hypothesis when in

fact it is true), which is to be expected in one of every ten experiments

conducted in Area A. It could also be the result of a bias error due to

the relatively narrow frequency range for the experiment, as discussed

in Section 12.3. 4. Because the equivalence of variances and means are
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accepted for all other tests in Area A, and in light of the above mentioned

possible errors, it is believed a strong qualitative argument exists to

neglect the single rejection in Table 12. 9. Thus, the results of experi-

ments in Area A are considered as confirmation of the validity of

Eqs. (i2. 7) and (2. 8).

12. 5. 2 Results for Experiments in Area B

The experiments in Area B deal with sample records from a signal

which is considered truly random and has an approximately Gaussian

amplitude probability density function, but does not have a uniform power

spectrum. These experiments are conducted to determine if Eqs. (12. 7)

and (12. 8) are accept:ab]e approximations for the sampling distribution

mean and var-ance of the zero crossings of a random signal that does not

have a uniform power spectrum.

From Section 12. 4.4, it is seen that the null hypothesis of equivalence

for the experimentally estimated and theoretical expected sampling mean

and variance are rejected for every experiment conducted. Clearly,

Eqs. \12. 7) and (12 8) are not valid expressions for the expected sampling

mean and variance when the random signal being sampled does not have a

uniform power spect rum.

12. 5. 3 Results for Experiments in Area C

The experiments in Area C deal with sample records from a signal

which is known to be nonrandom. The results of the null hypothesis tests

are presented in Table i2. 10.

Test Procedures C-1 through C-4 involve a sine wave component

with a mean square value equal to only f/4 the mean square value of the

background random signal. For these experiments, the estimated sampling

variances are accepted as equivalent to the theoretical expected sampling

variance for the random signal alone. It appears that the sine wave com-

ponent is not sufficiently intense here to significantly influence the sampling

variance. However, the estimated sampling means are not accepted as

equivalent to the expected sampling mean for the random signal alone.
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Experiment Effective Results of Null
by Frequency Frequency Hypothesis Tests

Test Procedure Range of of Sine MS(sine)

(Section 12. 2) Random Wave, f MS(random) (Z)
Components o H (0G)

(cps) (cps)

C-t 28.5 to 1050 200 1/4 accepted rejected

C-2 28.5 to 1050 400 1/4 accepted rejected

C-3 28.5 to t050 600 1/4 accepted rejected

C-4 28.5 to 1050 800 1/4 accepted rejected

C-5 95 to 630 150 1 accepted rejected

C-6 95 to 630 250 1 rejected rejected

C-7 95 to 630 350 1 rejected accepted

C-8 95 to 630 450 1 rejected rejected

C-9 95 to 630 550 1 rejected rejected

Table 12. 10 Summary of Results for Experiments in Area C

Test Procedures C-5 through C-9 involve a sine wave component with a

mean square value equal to the mean square value of the background random

signal. Here the sine wave component is sufficiently intense to influence

the sampling variance. The hypothesis of equivalent variances is rejected

in four of the five experiments. Likewise, the hypothesis of equivalent

means is rejected in all but one case, Test Procedure C-7. For this

experiment, it appears the frequency of the sine wave (fo = 350 cps) is just

right to produce, in conjunction with the random component, approximately

the same number of zero crossings that the random signal alone would produce.

12. 6 CONCLUSIONS

The application of statistical run theory to the prediction of sampling

distributions for random signal zero crossings has been studied experi-

mentally. The results confirm the validity of basic theory. The theory

correctly predicts the sampling mean and variance for zero crossings of

signals with a reasonably uniform power spectrum.

The presence of a sine wave in the random signal significantly alters

the resulting zero crossings, which indicates possible applications of the

run theory to a test for randomness. However, the lack of. a uniform power

spectrum also alters the resulting zero crossings from theoretical values.

These matters are considered in terms of a test for randomness in Section 15.
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13. UNCERTAINTY OF POWER SPECTRA

(MEAN SQUARE) ESTIMATES

13. 1 THEORY OF POWER SPECTRAL DENSITY ESTIMATION

13. 1. 1 Review of Mathematical Relationships

Consider a stationary random signal, x(t). Assume the signal

is sharply band-limited between any two frequencies, f cps and fb y

giving an ideal bandwidth of B = (fb - fa) cps. The mean square value

of x(t) within the bandwidth B may be estimated by

x (B) = Bftdt (13. 1)

0

where T is the record length (total time of observation). The estimated

mean square value in Eq. (13. 1) will approach the expected mean square

value E[ X] (true mean square value of the signal which hypothetically

exists over all time) as the record length T approaches infinity. That

is,

E[xZ(B)] lim I f dt (1 2)T- o T xB (tdt(.2

Furthermore, if the mean value of x(t) is zero (no DC component is

present or the bandwidth B does not include zero frequency), the

expected mean square value is equal to the variance of x(t), denoted by

(B). That is, assuming a zero mean value for x(t),x

X.Z (B)] = (r '-(B) (13.3)x

The expected or true mean square value for the signal x(t) for any
2

bandwidth B will henceforth be denoted by ax (B), as defined in Eq. (13. 3).
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The power spectral density function is given by

T 2 (B) I f

G(f) = im - = li( Bhm Br x (t) dt (13.4)
B- 0 B B--0 T-oo B

where f is the center frequency of the bandwidth B. The power spectral

density function G(f) then defines the mean square value (relative power)

of a signal x(t) between any two frequency limits, fI and f 2 as follows.

2 (fiff 2 ) G(f) df (13.5)

The power spectral density function for stationary random

signals may also be defined by the Fourier Transform of the correlation

function (see Ref. [ I], Section 4. 4. 2). However, the definition presented

in Eq. (13.4) better illustrates the physical operations required to esti-

mate power spectra with analog instruments.

From Eq. (13. 4), the procedure of taking the limit as B

approaches zero is beyond the capabilities of physical instruments and,

of course, the record length T must always be finite. However, if B

is small, an estimate for the power spectral density at any frequency f

for a sample record length T is given by

G(f) x(B) B - (t) dt (13. 6)

B BT B

Equation (13.6) defines the basic operations which an analog

instrument must accomplish to estimate the power spectrum of a random

signal from a sample record of length T.
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. Filtering of the signal by some narrow frequency window having

a bandwidth B.

2. Squaring of the filtered signal amplitudes and integration of the

squared amplitudes over the record length T.

3. Division by the record length T.

4. Division by the frequency window bandwidth B.

Of course, the center frequency of the narrow bandwidth B

would have to be variable to cover the entire range of frequencies under

consideration. The actual circuit techniques employed by analog instru-

ments to accomplish the above functions are discussed in Ref. [i],

Sections 7. 3 and 7. 4.

13. 1. 2 Theoretical Evaltuation of Estimation Uncertainty

The statistical uncertainty associated with power spectral

density estimates is developed in Ref.[ I], Section 4.8. From those

results, the uncertainty for a power spectral density estimate at any

frequency f cps for a filter bandwidth of B cps and a record length of

T seconds is given by
2B 4  r

E [8(f) - G(f)] G 2 +( - [G"(f)]2I (13. 7)
BT 576

The first term in Eq. (13. 7) is an expression of variability and the second

term is an expression of bias. The bias term will clearly be negligible

except for those cases where the slope of the power spectrum is changing

rapidly within the bandwidth B. For most cases, the estimation un-

certainty may be considered to be the first term of Eq. (13. 7), which is

conveniently written in the form of a dimensionless variance as follows.

2

E 2 '8 ) (f) 1 (13.8)

G(f) BT
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Note that B is an ideal frequency window; that is, a bandwidth with

infinitely sharp cutoffs.

The results of Eq. (13.8) may be arrived at by a procedure

different from the derivation presented in Ref. [1i]. From Ref. [ 2], the

equivalent number of events n represented by a continuous white noise

signal record of length T with a bandwidth B is given by

n = 2BT (13.9)

A power spectral density estimate is effectively a mean square value or

variance estimate. Hence, if the signal x(t) is assumed to have an

approximately Gaussian probability density function, the sampling distri-

bution for an estimate G(f) will be

G(f) X2
G(f) (13. 10)

(n - 1)
2

where "~" means "distributed as " and X is a chi-squared distribution

with (n - i) degrees of freedom. Noting that all terms in Eq. (13. 10) are

2^expected or exact values except for x , the variance of G(f) is given by

2 G(f) [fx 1 G(nI)
= Var - G(f) 1 Var X2  (13. it),8(f = [(n - i) Ln-_ i)J

However, the variance of a chi-squared distribution is equal to twice the

2degrees of freedom, or Var X = 2(n- I). Then,

= Z G2(f)(n - I) _ 2G (fM (13. 12)G8(f) = (n- 1)2 n- I

Substituting Eq. (13.9) into Eq. (13. 12), and assuming n 1-- 1, it follows

that
2

2  8 (f) I (3. 13)

Gjf) BT

which is the same result presented in Eq. (13. 8).

ASD TDR 62-973 13-4



13. t. 3 Application of Estimation Uncertainty

The positive square root of Eq. (13.8) or Eq. (13. 13) defines
A

the normalized standard error of an estimate G(f) as follows.

G(f) - (13. 14)G(f) [T

The term E is simply the standard deviation of the estimate expressed

as a fractional portion of the power spectral density being measured.

For example, assume the power spectrum of a signal is measured by

analyzing a sample record with a BT product of 100. The resulting
A

estimate G(f) at any given frequency f will have a standard deviation of

10% of the true power spectral density at that frequency. A plot of the

uncertainty e versus the BT product, as given by Eq. (13. 14)'is shown

in Figure 13. 1

The uncertainty of 8(f) may also be expressed in terms of con-

fidence intervals. As noted in Section 13. 1. 2, Eq. (13. 10), if the signal

x(t) has an approximately Gaussian probability density function, the

sampling distribution for 8(f) at any frequency f will be as follows.

2

(f) ., ×(13. 15)

G(f) (n -I)

Given an estimate G(f) obtained from a sample record with n = 2BT

events, a (I - a) confidence interval for the true power spectral density

at any given frequency will be

(n- 1),(f)_-, G(f) (n- i )8(f (13. 16)
2 2xG/2  x1 -a/ 2

where xi-a/? and Xa/2 have (n- t) degrees of freedom. See Ref.[ 1,

Sections 7. 3 and 7. 4 for examples.
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It should be noted that n = 2 BT is usually in practice a number much

greater than one. As a result, it is common to assume n (n- i) and
2

to use confidence intervals based upon X with n degrees of freedom.

Referring to Eq. (13. 14), the bandwidth B is assumed to be

ideal with infinitely sharp cutoffs. For physical applications where the

narrow bandpass filter does not have ideal cutoffs, an equivalent ideal

bandwidth (the noise bandwidth BN) must be computed from the actual

filter characteristics as follows.

B = B N = H dt (13. 17)

max

where H(f) is the frequency response function of the narrow bandpass

filter. Then, for practical applications, the bandwidth B in Eq. (13. 14)

should be determined using Eq. (13. 17). However, if the narrow band-

pass filter of the analyzer has a cutoff of at least 60 db per octave, B

may be considered as the bandwidth between half power points with

negligible error. This is usually true for commercial power spectral

density analyzers.

Again referring to Eq. (13. 14), the record length T is the total

length of the sample amplitude time history available for analysis. It

is assumed that a power spectral density estimate for each filter center

frequency is obtained by averaging over the entire available length of

data. In other words, in Eq. (13. 14), the averaging time and the record

length are ideally the same value, T.

Consider now the cases where the averaging time is not equal

to the record length T. Let T i be the averaging time. If T is less
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than T, the normalized standard error c will be determined by the

value of T . That is,

I  T 1  T (13. 18)

However, if T I is greater than T, the value for E is not reduced below

that value obtained using T in Eq. (13. 14). That is,

I

E- T - T1  (13. 19)

In other words, there is only so much data available for analysis;

namely, T seconds of data. Obviously, the information contained in the

data cannot be expanded by using the same data more than once for a

desired computation.

In actual practice, the averaging procedure is often accom-

plished by continuous smoothing of the squared amplitude signal with an

RC low pass filter. For this case, from Ref. [1], Section 6. 1. 7, the

equivalent averaging time T 1 is given by

T 1 = 2K (13. 20)

where K is the RC time constant of the low pass filter. Equation (13. 20)

assumes the signal has been applied for three or four time constants

before a reading is taken, and that the time constant K is relatively

long compared to the period of the lowest frequency of interest. Sub-

stituting Eq. (13. 20) into Eq. (13. 14), the following result is obtained

for RC averaging type instruments.

I K n-T (13. 21)
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In Eq. (13. 21), E defines the normalized standard error of the continuous

estimate at any instant of time. Once again, E can never be less than

the value obtained by using the actual record length T in Eq. (13. 14).

Hence, if K is greater than T/2, the normalized standard error of the

continuous estimate at any instant of time is fixed by the record length

T and given by Eq. (13. 14).

Additional information on the practical considerations of power

spectra estimation is presented in Ref. [I], Section 7. 4.

13. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

13. 2. 1 General Design and Procedures

The general purpose of these experiments is to verify the

theoretical expression for the statistical uncertainty of power spectral

density estimates, as given by Eq. (13. 8). The basic procedure is to

gather a series of N number of statistically independent power spectral

density estimates, G , for a specific set of measurement parameters,

B, fc, and T • A variance for the series of estimates is computed and

a value for E is determined. The procedure is repeated for different

values of B, f , and T 1I The resulting set of empirical values for e

are then tested for equivalence to the theoretical expression given by

Eq. (13.8).

The notation G means a power spectral density estimate at a specific

center frequency, f ; that is, G = G(f) for f = f
c c
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To be more specific, for each set of N number of statistically

independent estimates G, a sample mean and variance are computed as

follows.

N

(13. Z2a)

S2 z -22'2
GN (i- 1 N 13. 22b)

i:I i:I

The expected values for the above sample mean and variance are the
2

power spectral density, G, and the variance of the estimate, 0-.

That is,

E[G] =G (13. 23a)

E~sIy~~,joc o-e for large N. (13. 23b0)

2
From Eq. (13. 8), the uncertainty E is given by

2, G E (13. 24)

2 [E

Then, from the experimental data gathered, an estimate for the un-
2

certainty E is given by

EA2 s2 (13. 25)

* 2

A biased expression for s is employed here so that all statistical pro-
cedures to follow will be consistent with procedures outlined in Ref. [fl.
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13. 2. 2 Detailed Test Procedure

The random signal source used for these experiments has an

approximately Gaussian probability density, function and uniform power

spectrum over the frequency range of interest. Power spectral density

estimates are obtained using a commercial analyzer which integrates

and averages instantaneous squared amplitudes (estimates mean square

values) either by linear integration or by smoothing with a low pass RC

filter. Power spectra estimates are gathered using both techniques for

mean square level determination. However, emphasis is placed on esti-

mates obtained using continuous RC averaging because this is the more

common technique followed in actual practice. For this case, the con-

tinuously averaged estimate is recorded to obtain G versus time.

Specific values of G are obtained by reading values from the continuous

plot at equally spaced time intervals. The time interval between readings

is selected to be at least 4K seconds to assure the G values are statisti-

cally independent. The details of all instruments, test set-up, and

calibrations are presented in Section 13. 3.
,A

A total of N = 61 statistically independent estimates G are

gathered for each of M = i1 different sets of values for B, fc and

as follows:

A. Averaging accomplished by linear integration.
B = 56 cps; f = 1000 cps; TI = 1. 0 seconds.

c

B. Averaging accomplished by RC filtering.

B = 56 cps; f = i000 cps.
c

B-I. K = 0.84 seconds (T i = 0. 7 seconds)
B-Z. K = 0.40 seconds (T i = 0.80 seconds)

B-3. K = 0. 13 seconds (T i = 0. 26 seconds)

C. Averaging accomplished by RC filtering.

B = 56 cps; K = 0.84 seconds (T i = 1.7 seconds)

C-I. f = 100 cps
c

C-2. fc = 500 cps

G-3. f = 5,000 cpsc
C-4. f = 10,000 cps

C
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D. Averaging accomplished by RC filtering.

f = 1000 cps; K = 0.84 seconds (TI = 1. 7 seconds).
c

D-i. B = 28 cps
D-Z. B = 14 cps

D-3. B = 5. 5 cps

Note that experiment B-1 provides an additional case for the experi-

ments in both C and D.

The various values selected for B and T 1 are designed to cover

the normal range of bandwidths and averaging times used for power

spectral density analysis in actual practice. The various values for f c

are designed to cover the frequency range of predominate acoustic and

vibration response in modern flight vehicles. The determination of the

frequency bandwidths and averaging times employed is discussed in

Section 13. 4.

13. 2. 3 Statistical Hypothesis Tests

In order to confirm the theoretical definition for c 2 given by

2
Eq. (13. 8), the eleven experimentally determined values, I , are tested

2for equivalence to the theoretical value for . To perform a test for

equivalence it is necessary to define a sampling distribution for the

,2estimates, From Eq. (13. 25), it is seen that is a function of a

2
sample variance s and a sample mean G, which are in turn associated

with experimentally determined values for a bandwidth B and an averaging

time T 1 . All of these quantities are in reality random variables.
2

The sample variance s has a distribution associated with a

chi-squared distribution as follows

2 2
s C X (13.26)
2 61

2
where x is a chi-squared distribution with (N- 1) = 60 degrees of

freedom.
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The sample mean G is effectively a power spectral density estimate based

upon Nn = 61 (ZBT 1 ) number of events. Thus, G has a sampling distri-

bution given by

X (13. 27)
G (6 1 n -I)

2
where X has (6 1n- i) degrees of freedom. The parameters B and T ,

which affect s and G, also have some unknown variability associated

with their determinations. The true sampling distribution for E in

Eq.(13. 25) is technically a function of all these variabilities.
-2

In Eq. (13. 25), the contribution of the term (G) to the total variance
of2 2of E is less than 20% of the contribution of the term s to the total

variance of , 2 if BT 1 - 10, as is the case for all experiments performed

herein. This relationship is developed in Section 13. 5. 3. Furthermore,

the variances for the values for B and T 1 are believed to be negligible
2

compared to the variance of s Hence, it will be assumed for simplicity

that s is the only random variable in the experimental procedure for
2

estimating E by Eq. (13. 25). The effect of this assumption will be

discussed later.
2.

The distribution of s is given by Eq. (13. 26), which may be

written using the relationships from Eq. (13. 25) as follows.

T - (13. 28)
2 -2 61

AG/(G)

If G is considered the expected value G, from Eq. (13. 8), the denomina-
2tor of Eq. (13. 28) is equal to the expected value for the uncertainty e

Then,

t ' X (13. 29)
E2 6 1

E

Let it be hypothesized that t and ' 2 are equivalent. That is,

H 0  :( = C (13. 30)
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Let the null hypothesis H 0 in Eq. (13. 30) be tested at the a = 5% level

of significance. From Ref, [ 3],. for a = 5%6 and 60 degrees of freedom,
X2/2 = 83.3 and)2/ -40. 5. Then, the acceptance region for H 0

will be bounded by

40-. = 0. 66 n 2 1. 37 = 8.- (13. 31)
61 61

If the ratio falls within the above limits, H0 is accepted. If the ratio

falls outside the above limits, H0 is rejected and there is reason to

suspect that Z J 2

The Type I error (risk of rejecting H0 when in fact it is true) is;

of course, 5%. The Type II error (risk of accepting H0 when in fact

it is false) is a function of the level of significance a and the sample

size N. The general procedures for computing the Type II error for

hypothesis tests are developed in Ref. [ i], Section 5. 1. A detailed

illustration of the procedures is given in Section 12. 2. 2. These experi-

ments are designed such that the sample size of N = 61 tested at the

a = 5%o level of significance gives a Type II error of 5% for detecting a

2:1 difference between 1E and c 2 (1.4:1 difference between I and

E),

Consider now the assumption employed to arrive at Eq. (13. 29);

namely, that B, T1 , and G are exact values for the bandwidth, the

averaging time, and the power spectral density being measured. The

obvious effect of this assumption is to reduce the predicted variance

of the random variable Z2 In other words, the variability of "

is actually greater than predicted by Eq. (13. 29), and the region of

acceptance for a test of H0 at the 5% level of significance is

actually greater than predicted by Eq. (13. 31). The net result is

that the Type I and Type II errors for the test of H0 are both larger

than the 5% value for which the experiments are designed. Thus, it

can only be said that the Type I and Type II errors for the test of H0

in Eq. (13. 30) are at least 5%.
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13. 3 INSTRUMENTATION

13, 3. 1 Instruments and Test Set-Up

The laboratory instruments employed for these experiments

are listed in Table 13, , A block diagram for the test set-up is illus-

trated in Figure 13. 2. Except for the random noise generator, all

instruments are the property of the Norair Division of Northrop

Corporation, and were in current calibration at the time of the experi-

ments.

The random noise generator (Item A) is used as the source of a

signal which is considered in these experiments to be a stationary

random signal. The instrument generates noise with an approximately

uniform power spectral density function over a frequency range from

less than 100 cps to over 10000 cps (the frequency range of interest in

these experiments). See Section 14. 3 for details.

The sine wave generator (Item B) is used for calibration purposes

as discussed in Sections 13. 3 2 and i3. 3 3. The frequency counter

(Item C) is used to determine the frequency of the sine wave calibration

signals with an accuracy of ± i cps.

The voltmeter (Item D) is used to measure the output rms voltage

level of the random noise generator, or the sine wave generator, for

reference purposes.

The power spectral density analyzer (Item E) is used to obtain

power spectral density estimates at various center frequencies and

with various bandwidths and averaging times, as discussed in

Sections 13. 3. 2 and 13. 3, 3. The strip chart recorder (Item F) is

used to record power spectral density time history samples for the

signal to be investigated.
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Model Serial
Item Description Manufacturer No. No. *

A Random Noise
Generator General Radio Co. i390A 937

B Audio Oscillator Hewlett-Packard 202D 67117

C Universal EPUT
and Timer Berkeley Division 7350 79528

D True RMS PR-
Voltmeter B&K Instruments 2409R 13147- i

E Power Spectral Technical Products TP-626
Density Analyzer Company I TP-627 NC44065

F Strip Chart
Recorder Brush Instruments Mark II 270822

Except for Item A, the serial numbers refer to Northrop Corporation
identification tags.

Table 13. 1 Instruments Employed for the Experiments

A D E. Power Spectral

Random True RMS Density Analyzer
Noise Voltmeter IE-3

Generator RC
Averaging

E- Circuit

r---- -Band Pass Circuit E-4

Integrating
B ,Circuit

Sine Wave !

Generator

F

C Strip Chart' Recorder

Frequency e
Counter

Calibration
Instruments I

Figure 13. 2 Block Diagram of Test Set-Up
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13. 3. 2 Characteristics of Narrow Bandpass Filter

The power spectral density analyzer (Item E) is a heterodyne

type instrument, Narrow band filtering is accomplished by transposing

the input signal in frequency past a high frequency crystal filter. Several

different bandwidths are available. For these experiments, four different

filters are used.

The cutoff characteristics of each of the four filter selections

have been checked by applying a sinusoidal signal from Item B with a

known frequency read from Item C. The cutoff for each filter has been

found to be very sharp, over 60 db per octave for a center frequency of

100 cps. The cutoff for each filter is a function of the deviation in cps

from the center frequency, and is independent of the value of the center

frequency. Thus, the cutoff rate in terms of db per octave increases as

the center frequency increases. The selectivity of the filters over the

center frequencies of interest is sufficiently sharp to assume the effective

noise bandwidth of each filter is equal to the bandwidth between the half

power points. The half power point bandwidths have been determined to

be 56 cps, 28 cps, 14 cps, and 5. 5 cps.

13. 3. 3 Determination of Averaging Time Constants

The power spectral density analyzer (Item E) is equipped with

a continuously variable averaging time constant from 0. 1 seconds to 100

seconds. Only three different averaging times are used in these experi-

ments; namely, a dial indicated time constant of one second, 0. 5 seconds,

and 0. 1 seconds. The actual value of the time -constant K associated with

each of the three dial settings is established as follows.

Referring to Figure 13. 2, a sinusoidal voltage signal from

Item B is applied to the test set-up and read out as a power spectral density

measurement at Item F. Since the applied signal is periodic, there is no

statistical uncertainty in the resulting power spectral density indications.

Item F is operated with a high chart speed (125 mm/sec) so that the

response time characteristics of the test set-up are accurately defined.

The time constant K is determined by measuring the time required for a

power spectral density indication to rise from zero to 63. 4% of the final

steady state value when the sinusoidal signal is applied instantaneously,
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or the time required for the power spectral density indication to fall

63. 4% from the steady state value when the sinusoidal signal is removed

instantaneously. This is done at several different frequencies to obtain

at least 10 measurements of K for each dial setting of interest on Item E.

Using the above procedure, the time constants associated with

the three dial settings of interest have been determined to be as follows.

1. 0 second setting - K = 0. 84 seconds

0. 5 second setting - K = 0. 40 seconds

0. 1 second setting - K = 0. 13 seconds

The standard deviation of the measurements is such that only two signifi-

cant figures are considered justified.

It should be mentioned that the accuracy of the values determined

for K is a function of the accuracy of the paper speed control of the

recorder, Item F. The accuracy of the recorder paper speed has been

checked by directly recording sine waves of various frequencies deter-

mined to ± i cps using Item C. The results indicate the error in the

indicated paper speed to be insignificant.

13. 4 RESULTS OF EXPERIMENTS

13. 4. 1 Power Spectral Density Data

The 61 power spectral density estimates gathered for each of

the 11 experiments are presented in Tables 13. 2, 13. 3, and 13. 4. The

test designations refer to test procedures defined in Section 13. 2. A

picture of some typical test data for power spectral density estimates

obtained by continuous RC averaging is shown in Figure 13. 3.

13. 4. 2 Sampling Statistics for Power Spectral Density Estimates

The sample mean and variance for the 61 power spectral density

estimates gathered for each of the II experiments are presented in

Table i3. 5. The sample mean and variance are computed using Eq. (13. 22),

It should be noted that no effort was made to use the same power spectral

density for the different experiments, which is why the values for G

vary.
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Power Spectral Density Estimate G for Filter Bandwidths of B cp=

f = 000 cps K = 0.84 seconds

Estimate D-1 D-2 D-.3 Estimate D- i D-2 D- 3
Number B=28 B=14 B-5. 5 Number B=28 B= 14 B=5. 5

1 4. 80 3. 20 4. 90 31 3. 23 4. 85 7. 50
2 2. 85 4.42 3.98 32 3, 60 5. 53 3. 43
3 3. 13 4.98 4. 63 33 2. 89 4. 60 4. 22
4 3. 96 4.40 4. 32 34 3.42 4. 41 3. 53
5 4. 02 4. 61 2. 55 35 3. 54 3. 95 6. 80
6 3. 69 4. 69 2. 24 36 4. 50 3. 53 3. 44
7 4. 16 5. iO 5. 68 37 3. 50 4. 08 4. 40
8 3. 28 4. 62 3. 16 38 4. 40 3. 22 3. 32
9 3. 83 4. 16 3. 39 39 3. 52 4. 80 5. 30
iO 3. 34 5. 00 4. 7 40 3.48 4. 19 4. 98
11 4. 56 3.45 3. 68 41 5. 39 5. 76 5. 26
12 3. 13 5. 10 3. 72 42 3, 70 3. 42 4. 68
13 3. 70 3.99 4. 21 43 3.01 4 55 6. 50
14 4. 67 6. 08 2. 35 44 4,08 4. 90 7. 42
15 4. 20 5. 81 6, 8Z 45 3. 61 5. 50 7. 78
16 3. 79 4. 82 5. 97 46 3. 75 4. 30 2. 27
17 4. 14 4. 70 7. 0* 47 4. 34 3. 59 4. 21
18 4, 22 5. 02 4. 39 48 4. 52 4. b3 4. 08
19 3.99 4.60 6,31 49 3. 13 5.48 Z.93
20 3.90 4. 93 2. 82 50 4. 02 3. 97 3. 73
21 3. 78 5. 88 3. 15 51 4. 18 3.41 3.60
22 4. 32 4. 67 4. 11 52 4, 80 6. 55 5. 00
23 3.60 6.40 5.80 53 3. 75 5. 90 6.90
24 5. 01 4. 32 3. 92 54 4. 89 5. 68 5. 70
25 4.81 4. 06 6. 95 55 4. 00 4. 94 4. 15
26 3. 32 6.02 5. i2 56 4. 32 4. 52, 4. 06
27 4. 93 5. 30 7. 42 57 3. 10 4, 75 2. 75
28 3.42 5. 62 2. 73 58 4. i2 5.03 2. 85
29 3. 17 4. 10 3.89 59 4. 48 5, 40 3. 34
30 3. 15 3. 01 5. 36 60 3. 46 4. 92 4. 26

bi 4. i9 3. 61 2.80

Table 13. 4 Power Spectral Density Estimates
for Diffcrent Filter Bandwidths
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Sample Mean G and Sample Variance s2
For Power Spectral Density Estimates G

Sample Sample Sample

Description of Experiments Size Mean Variance
(Test Procedures) N G s

Procedure A (Table 2) 61 0.879 0.0117

Procedures B (Table 2

B-I 4.60 0. 191
B-2 4.95 0.460
B-3 3. 77 1.034

Procedures C (Table 3)

C-I 4.63 0.178
C-2 3.93 0. 114
C-3 4. 77 0. 267
C-4 4. 79 0. 262

Procedures D (Table 4)

D-I 3.90 0.346
D-2 4.71 0.665
D-3 4.52 2. 19

Table 13. 5 Sample Means and Variances for
Power Spectral Density Estimates

Statistical Test of the Null Hypothesis H0  Z=

2 1 Region of
= _Acceptance forBT 2 ^ 2 H0

Experiment 2A_ S "_ E 0

(Test Procedure) = - = -2 2,
ZBK G 0.66- -- - 1.37

IE

A 0.018 0.015 0.83 accepted
B-I 0.011 0.0090 0.82 accepted
B-2 0.022 0.019 0.86 accepted
B-3 0.068 0. 073 1. 1 accepted
C-I 0.0i 0.0083 0. 75 accepted
C-2 0.011 0.0074 0.67 accepted
C-3 0.011 0.012 1. 1 accepted
C-4 0.011 0.0i 1. 0 accepted
D-i 0.023 0.023 1. 0 accepted
D-2 0. 043 0. 030 0. 70 accepted
D-3 0. 094 0. 107 1. 1 accepted

Table f3. 6 Statistical Tests for Equivalence
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13.4. 3 Results of Statistical Tests

The tests of the null hypothesis, H0  2 2 are presented in

Table 13. 6. Only two significant figures are carried for the tests

because the accuracy of the measurements of B and T do not justify
I

more than two significant figures in the values for 2

The null hypothesis H 0 is accepted for all II experiments with

a minimum Type I and Type II error of 5%. Thus, there is no reason to

2
question the validity of Eq. (13. 8), E = I/BT, for the range of parameter

values tested.

13. 5 DISCUSSION OF RESULTS
2

13. 5. 1 Variability of Estimates for E

In Section 13. 2. 3, the experimentally determined values for E

2
are considered to have a distribution associated with x as shown in

Eq. (13. 29). The assumption employed to arrive at this conclusion is

that all parameters used to determine the ratio /E are exact values

2
except for s . Then the variability of the ratio should actually be greater

2
than predicted by a x distribution. It is interesting to see if this effect

is apparent in the results presented in Section 13. 4. 3.

First, consider the variance of the ratio E2/E 2 predicted by

the x distribution. From Eq. (13. 29), the variance of the ratio is

given by

Va( )= Var (V (1)
6(6 1)2

2 2
where x has 60 degrees of freedom. The variance of a x distribution

is two times the number of degrees of freedom, or 120 for x with

60 degrees of freedom.
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Then,

Var - = 0.0322 (13.32),E 2

Now consider the actual variance of the ratio /E 2 obtained in

the experimental results. From the 11 values in Table 13. 6andEq. (13. 22),

Var (r) (r. -r = 0.03

(13. 33)
^Z

r - -z
E

Comparing the results of Eq. (13. 33) with Eq. (13. 32), it appears the

assumption employed to arrive at Eq. (13. 29) is completely reasonable.

13.5. 2 Uncertainty of Mean Square Estimates
2

The mean square value a- for a random signal between thex

frequency limits f1 and f 2 is given by Eq. (13.5) as

fio. (f1 ,fz)Z G(f) d.f (13. 5')

I

When a mean square value is estimated from a measured power spectrum,
2.

the estimate x is given by

- =f f f) (f) df = GB i  (13. 34)

and

E = ,fZ] x I 2 )= GiBi (13.35)

Here, N is the number of center frequencies required to cover the frequency

range (f 2 - f 1 ), Gi is the power spectral density measured at the ith center

frequency, and B i is the bandwidth associated with the ith center frequency.

ASD TDR 62-973 13-25



Now consider the uncertainty of the mean square estimate x

The variance of a sum of random variables is the sum of the variances.

That is, if

x = y + Y2 +" + Yn

then Var (x) = Var(y 1 ) + Var(y.) + . . . + Var(yn). Then the variance of

the mean square estimate in Eq. (13. 34) will be

N V (A B - B 2 V A( G ) 13 36
Var[ x(ft,f 2 ) = VarGi'Bi B i (

i=1

where, from Eq. (13.8)
G2

Var (G i) a6 1 (13. 37)
i B.T

i

Thus
N

Var[xZ(f If) )] = 1 i B. (13. 38)

i=

From Eqs. (13. 35) and (13. 38), the normalized variance of the mean

square estimate is now given by

N 2

2 Var [x (f' f 2 )] i = 1 1 1

T [2 (f 1~f )] 2  T G GB.) (13. 39)

Equation (13. 39) is a general result which applies to arbitrary power

spectral density G. and arbitrary bandwidths B..
1 1

For the simple case where a uniform power spectral density

G. - G is measured between fI and f 2 using a constant bandwidth filter

B= B, Eq. (13. 39) becomes1

2 NG2B I 1 (13.40)

T (NGB) TNB (f 2 - ff ) T

since for this case NB = [f 2 - f 1 ).
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The reaults of Eq. (13. 40) illustrate that the normalized variance for a

mean square estimate is exactly the same as for a power spectral density

estimate (as long as the power spectrum is uniform over the frequency

range being considered). This result should not be surprising since

power spectral density measurements are effectively mean square level

estimates in narrow bandwidths.

The same result can be arrived at more directly by considering the

case where B = (f 2 - fY). From Eqs. (13. 6) and (13. 8),

x 2(B) =Be

F2  2 22
Var x (B)I B Var G BTBT

From Eq. (13. 5), 4().T~BB

2= Var x2(B)]

= (B) 2 BT

13. 5. 3 Details of Experimental Error Analysis

Any analytic function of n variables, f(y 1 , y2 .... yn)' can be expanded into
* *•

a Taylor series about a particular point, say y1 , y 2 f ... y , as follows.
* * * *8

f(Y1 ,Y2 , .... yn) -- f(y , y 2 , ..... ,yn Y l -  * ** + ''
OYI YI, Y2 .'''DYn

* af (13. 41)
+ (y - Yn) - * * * + higher order terms.ayn I l yt Y2 , .. Yn

Neglecting higher order terms and assuming the random variables are

independent with expected vlues at Y , y2 .... I Yn respectively,

the variance of the function is approximated by

[yf YY Y2 n''' Yn

(13. 42)

+ V a r ( y ) [ Y 2 *' . . Y
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Now consider the function ?2 as defined in Eq. (13. 25). The term
2

is a function of two random variables, ? and s . From Eq. (13. 42),

ar Var[ ] ar2 1 1 12 [ _2

Var (t 2 Var(B 2 + Var (G)E ..
( L 4  J

(13.43)

From Eqs.(13. 12),(13. 13),(13. 26), and (12. 27), and noting that the
2.

variance of x is equal to twice the number of degrees of freedom, the
following relationships are true

2* 2 2(N - )2
N G- N(n -i

(G) =G

2(N 4
Var (a 2 ) = Var=

Var(si )= VarrX) 2GN2
N 2

var(G) = Var N-' ~ -1
Nn - (Nn -1)

For the case where both N and n are much greater than unity, the
above relationships reduce to the following

2* 2G2 2 2G 2

(s and t -

() = G n

24 8G (13.44)
2 Ga 80G

Var (s ) f - Nn

2G2

Var(G) 
-

Nn
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Substituting the relationships from Eq. (13. 44) into Eq. (13. 43), the follow-

ing results are obtained.

2r2 8 [ 12  2GZr -4G 3 1 8 4-a(~~7 +G2  Nn 7 J - (1 +n) (13.45)

NNn nG Nn 2

From Eq. (13. 45), the term ( 4 /n) constitutes that portion of the variance

for E2 contributed by G. Clearly, as n = 2BT becomes larger than 4,

the effect of G on the variance of E diminishes. For example, if

n- 2BT L- 20, the variance of 2 would be 20% greater than the variance
1 2

computed assuming s to be the only random variable. If n -40, the
AZ

variance of E would be only 10% greater, and so forth.

13. 5. 4 Normality Assumption for Power Spectra Estimates

Throughout this section, power spectral density estimates are
2assumed to have a distribution associated with X However, as the

equivalent number of events n becomes large, say greater than 60, the
2

X distribution is closely approximated by a normal distribution. Then
for large n, it may be assumed for practical applications that power

spectral density (or mean square) estimates are normally distributed

with a normalized variance of E given in Eq. (13. 8). It is important to

note that even if the vibration signal x(t) does not have an approximately

Gaussian probability density function, the normality assumption for power
spectra estimates is still valid if n is large.

13. 6 CONCLUSIONS

The theoretical expression for the uncertainty of power spectra

estimates, as given by Eq. (13. 8), has been investigated by carefully

designed laboratory experiments. The practical validity of Eq. (13. 8) was

t-ested for analyzer bandwidths from 5. 5 to 56 cps, center frequencies

from 100 to 10000 cps, and averaging times from 0. 26 to t. 68 seconds.

Averaging by true integration and by smoothing with a low pass RC filter

were both employed. All results support the practical validity of

Eq. (13. 8).
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14. UNCERTAINTY OF PROBABILITY DENSITY ESTIMATES

14. i THEORY OF PROBABILITY DENSITY ESTIMATION

14. 1. 1 Review of Mathematical Relationships

Consider a stationary random signal, x(t). The probability that

x(t) assumes particular amplitude values between x and x+ Ax during a

time interval of T seconds may be estimated by

k
A AT

P(x, x+Ax) = T. =( -TT( 4. )

where T. is the time spent by the signal in the range (x, x+.Ax) during the

ith entry to the range, as shown in Figure 14. 1. The term AT/T is the

total fractional portion of the time spent by the signal in the range (x, x+ Ax).

It should be noted that AT will usually be a function of the amplitude x.

, I x+,&x

-~ x

-4

time

Figure 14. 1 Sample Vibration Amplitude Time History Record

From Eq. (14. f), the estimated probability P will approach an exact

probability P as the sample record length T approaches infinity. That is,

P(x, x+,Ax) = lim AT (14.2)
T--O T14-1
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The probability density function is given by

p(x) = lir P(x, x+Ax)= lir liLrnT (14.3)
AX-p-x Ax AX-- T--oo T Ax

The probability density function p(x) then defines the probability P of

amplitudes occurring between any two amplitude limits, x i and x 2 , as

follows.

P(xj-c xx z ) f p(x) dx (14.4)

xI

From Eq. (14. 3), the procedure of taking the limit as Ax approaches

zero is beyond the capabilities of physical instruments and, of course, the

record length T must always be finite. However, if Ax is small, an

estimate for the probability density at any amplitude x for a sample

record length T is given by

^(x) , - for small Ax (14.5)T A

Equation (14. 5) defines the basic operations which an analog instru-

ment must accomplish to estimate the probability density function of a

random signal from a sample record of length T.

1. Measurement of the total time, AT, that the signal ampli-

tude falls within a narrow amplitude window, Ax.

2. Division by the amplitude window, Ax.

3. Division by the total observation time (record length), T.

Of course, the center amplitude of the window, Ax, would have to

be variable to cover the entire range of amplitudes under consideration.

14. 1. 2 Theoretical Evaluation of Estimation Uncertainty

The statistical uncertainty associated with amplitude probability

density estimates has been investigated and defined by two different pro-

cedures in Sections 4. 9. 2 and 7. 5. 3 of Ref. [ ']. Those discussions,

however, only consider signals with a frequency range from DC to some

high frequency cutoff, fb" Furthermore, they employ simplifying

ASD TDR 62-973 14-2



assumptions which produce results known to be very conservative. The

uncertainty of probability density estimates is now considered in more

detail for the general case where the signal is band-limited between any

two frequencies, fa and fb'

The uncertainty in a probability density estimate at any amplitude x

may be expressed by the variance of the estimate given by

2
=-p (14.6)

where o is the population variance and n is the equivalent number of
p

events which the estimate is based upon. The definition of these two

parameters will now be discussed.

(a) Number of Events - Method 1:

From classical sampling theory, Ref. [ 41, the number of events

represented by a continuous random signal is given by n = 2BT where

B is an equivalent ideal bandwidth in cps and T is the available record

length in seconds. To be more exact, T represents the total time the

signal is actually observed and analyzed. For the problem at hand, T

is only that time spent by the signal within the amplitude window Ax,

since the signal is not actually observed and analyzed when the amplitudes

are outside the window Ax. This actual analysis time is given by AT in

Eq. (14. 5). Thus, for analyzing a sample record of length T with an

amplitude window of width Ax, the equivalent number of events becomes

n = 2B AT (14. 7)

From Eq. (14. 5), AT = Ax'(x) T. Substituting AT into Eq. (14. 7) gives the

following result.

n = 2 Ax p(x) BT (14.8)

(b) Number of Events - Method 2:

Another expression for the equivalent of number of events n can

be arrived at by a totally different approach as follows. For analyzing a

sarnple record of length T with an amplitude window of width Ax, the

total number of times that data is observed is equal to j) T where

(X, x+AX)
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(X, X is the number of crossings per second of the amplitude inter-(,x+/Ax)
val, (x,x+Ax). The number of events may be thought of as the number of

crossings of the interval (x, x+ Ax) multiplied by the width Ax of the

interval. If the interval width Ax is small, the number of crossings of

the interval (x, x+ AX) is approximately equal to the number of crossings

of the level x, denoted by 1)xT. Thus,

n = AxL)x T (14.9)

To permit further simplification of Eq. (14. 9), assume the signal

being investigated has an approximately Gaussian amplitude probability

density function with a mean value of zero. For this case, from Ref. [ 2],

b'x:'/r p(x)D (14. 10)

Substituting Eq. (14. 10) into Eq. (1.4.9) and noting that a measured proba-

bility density $(x) must be used, the following result is obtained.

n = 2. 5 Ax(x) T (14. 11)

Comparing Eq. (4. 11) and Eq. (14. 8), it is seen that the two different

concepts for the number of events n produce equations of a similar form.

However, Eq. (14. 11) includes the zero crossing term Z)0 , while

Eq. (14, 8) involves the frequency bandwidth B. Furthermore, even if

the signal had a uniform power spectrum from DC to a high frequency

cutoff fb (for this case, U0 = 1. 15B), the constant coefficient would be

slightly different in the two equations.

For the moment, the number of events n will be considered to be

a function of some indefinite parameter X with an indefinite coefficient

C1 as follows.

n = C i Axx ^(x) XT ; X = B orV0  (4. 12)
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(c) Population Variance 2
In Eq. (14. 6), the population variance a- may be thought of as the

p
variance of a probability density estimate based upon one event. That is,

S=Var 'p(x) for n = i
p 2 2.

The term a- is a function of the variability in crossings of the ampli-p
tude range (x, x+ Ax), as well as the variability in the time T spent by the

signal in the interval Ax during each crossing. It does not appear that

this variability can be readily defined from theoretical considerations alone.

In Ref.[ I], it is assumed that the standard deviation of the popu-

lation, a- , for any amplitude x is approximately equal to the probability
p 2 2

density at that amplitude, p(x). Then a- f p x). However, this value
2 p

for a- is clearly conservative (high). To illustrate this point, assumeP
for any amplitude x that the single event probability density estimates

Pi(X) which make up the population are symmetrically and uniformly
distributed about the true probability density p(x). Since pi(x) can never

be negative, the limits of a symmetrical distribution would be zero and

Zp(x). For this simple case, a2 = (1/3)p (x). Thus, based upon the

above qualitative consideration, a- is considered to be given by
p

z = Czp 2 (x) ; C 2- 1 (14. 13)

In summary, substituting Eqs. (14. 13) and (14. 12) into Eq. (14. 6),

the following expression is obtained for the variance of a probability

density estimate.

T2 C?2
2 CGp (x)

- =_2 - (14. 14)
p(x) n Ct Ax4(x) XT

It is convenient to define the estimation uncertainty in terms of a normalized
2

variance ( as follows.

2 Co = Ct/C2
% ,.(x) o

E -- - ; (4.1 5)
p2x) "(x)XT X=Bor

In Eq. (14. 15), the two coefficients, C I and C2 , are both indefinite

in value, so it is logical to combine them into a single coefficient CO
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The determination of the coefficient C as well as the correct

parameter represented by the term X is the primary motivation for the

experimental study reported herein.

14. 1. 3 Application of Estimation Uncertainty

The positive square root of Eq. (14. 15) gives a normalized

standard deviation for A(x), which is often called the normalized standard

error. That is, 1/2

S x XT] (14. 16)

It is important to note here that E is a function of the probability density

estimate, /(x). For each measurement at any amplitude x, a new

normalized standard error E must be computed.

From sampling theory, as the number of events n used for an

estimate A(x) becomes large, the distribution of '(x) for any given

value of x will approach a normal distribution with a mean value of p(x),

regardless of the distribution of the population. The normal approxi-

mation should be reasonably sound if n is, say, 10 or larger. For this

case, the sampling distribution for an estimate ^(x) may be considered

to be normal with a mean of p(x) and a standard deviation of c p(x).

Then, a (1 - a) confidence interval for the true probability density p(x)

at any amplitude x will be as follows.

p(x) - £ p(x) z -  p(x) = ^(x) + I p(x) za/ (14.17)

Here, za/2 is the normal deviate. From Eq.(14. 17), the (1 -a) con-

fidence interval limits for p(x) based on a measured estimate P(x) are

given by

p(x) = $(x) I E p(x) za/Z (14. 18)

By rearranging terms in Eq. (14. 18), the following result is obtained.

p(x) = '(x) (14. 19)
-' za /2
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14. 1. 4 Frequency Range Considerations

The indefinite parameter X in Eq. (t4. 15) is believed to be
either the frequency bandwidth B, in cycles per second, or the expected

number of zero crossings per second ,0 for the signal. In either case,

X is related to the spectral composition of the signal. Some discussion

of both parameters is warranted.

(a) Frequency Bandwidth

Referring to Eq. (14. 8), the bandwidth B is assumed to be ideal with
infinitely sharp cutoffs. An equivalent ideal bandwidth may be computed

for any real linear filter as discussed in Section 13. t. 3. Furthermore,

it is shown in Section 16. 1. 5 that, for most practical applications, the

equivalent bandwidth of a random signal with a power spectrum of G(f)

is given by

000

B G(f) df =- (14.20)
max I max

In words, the equivalent ideal bandwidth is equal to the mean square value

of the signal divided by the peak value of the power spectrum. For an

arbitrary filter with equivalent ideal cutoff frequencies fa and fb' the

bandwidth B = (fb - fa ) .

(b) Expected Zero Crossings Per Second

The expected number of zero crossings per second is a function

of the probability density function p(x) and the power spectral density

function G(f) for the signal. From Ref. [2], for a Gaussian probability

density function, the term LO is given by

- o1/2

0f Z G(f) dfU^ = Z(14. 21)
JG(f) 

df _

Equation (14.21) is a good approximation for most real physical response

signals because a substantial deviation in p(x) from the Gaussian form is

required to produce significant changes in the expected number of zero

crossings O •
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Consider the case where the power spectrum G(f) is uniform

between lower and upper frequency limits, f and fb) respectively.

Equation (14. 2i) reduces to

f2+ fafb + fb

2 a ab b(14. 22)

The validity of Eq. (14. 22) when applied to real analog data is thoroughly

substantiated by experiments reported in Section 1Z. The techniques

for computing the effective cutoff frequencies, fa and fbi are developed

in Section 12. 3. 2.

Two interesting special cases for Eq.(14. 22) should be noted.

First, for a power spectrum which is uniform down to DC(f a = 0),

Eq. (14. 22) becomes

0 i. 15f = I. 15B (14. 23)
0b

Second, for a power spectrum consisting of a sharp peak at some center

frequency f , Eq. (14.22) becomesc

= f (14. 24)

0 c

It is clear from Eq. (14. 22) that for all cases, Uo - B, since B is given

by (fb -fa )

14. 1. 5 Averaging Time Considerations

Referring to Eq. (14. 16), the record length T is the total

length of the sample amplitude time history made available for analysis.

It is assumed that a probability density estimate for each amplitude x

is obtained by averaging over the entire available length of data. In

other words, in Eq. (14. 16), the averaging time and the record length

are ideally the same value, T.

Consider the cases where the averaging time is not equal to the

record length T. Let Ti be the averaging time. The situation is

exactly as discussed in Section 13. t. 3. If T I T, the normalized

standard error E will be determined by the value of TI
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If T - T , the value of E is not reduced below that value obtained using

T. That is,

S= xC(xXTi T 1 T (14. 25a)

=CO T Ti (14.25b)
Ax (x) XT

For those cases where averaging is accomplished by continuous

smoothing of the instantaneous probability density signal with a low pass

RC filter, the equivalent averaging time T 1 is given by

TI = 2K (14. 26)

where K is the RC time constant of the low pass filter. Equation

(14. 26) assumes the signal has been applied for three or four time con-

stants before a reading is taken, and that the time constant K is relatively

long compared to the period of the lowest frequency of interest. Sub-

stituting Eq. (14. 26) into Eq. (14. 25), the following result is obtained for

RC averaging type instruments.

€C =K = T

Fx-(x) XK K " (14. 27a)

T
E Co hK (14. 27b)

x (Cx)XT 2

In Eq. (14. 27), E defines the normalized standard error of the continuous

estimate at any instant of time.

Additional information on the practical considerations of proba-

bility density estimation is presented in Ref.[ i], Section 7.5.
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14. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

14. 2. 1 General Design and Procedures

The general purpose of these experiments is to obtain an

appropriate definition for the statistical uncertainty of probability

density estimates from sample records of stationary random signals.

To meet this general goal, the experiments are designed for two

specific objectives.

(a) To determine and verify the uncertainty expression given in

general form by Eq. (14. 15). That is, to establish the proper

parameter represented by the term X and the appropriate

value for the coefficient CO.

(b) To establish that probability density estimates may be con-

sidered normally distributed about the true probability density

for any amplitude x.

(a) Determination and Verification of Uncertainty Expression

To establish the specific form of Eq. (14. 15), the normalized2
variance E is experimentally determined by gathering a series of N

number of estimates p for a specific amplitude v and a given set of

measurement parameters, Ax, fat fb' and T . An empirical value for

the coefficient C0 is then computed two ways. One value is computed

assuming the parameter X = B = (fb - fa ) ' and another value is com-

puted assuming the parameter X = 10 as defined in Eq. (14. 22). The

experiment is repeated for M different sets of values for v, fa; f and

T 1 . The instrument employed to measure '* has a fixed amplitude
V Pv

window width Ax, so this parameter cannot be varied. If the form of

Eq.(14. 15) is valid, the resulting set of values for the coefficient C0

should be equivalent when determined using one of the two parameters,

Bor j.

The notation pv means a probability density estimate at a specific

amplitude v; that is, 9 =(x) for x = v.
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To be more specific, for each sample of N number of statisti-

cally independent estimates pv) a sample mean and variance are

computed as follows.

P Pvi (14. 28a)

N2 11 2 *

N -( vi A li (14. 28b)
N=1 _-1

The expected values for the above sample mean and variance are the2
probability density, pv) and the variance of the estimate, a 2 That
is,

E[s Zl= NIiN 0-.. ^ 0,p for large N (14. 9)

From Eq. (14. 15), the coefficient C0 is estimated as follows.

C 0 - [AxprXT] (4. 30)

Thus, two different empirical values for C0 are obtained as follows.

s 2 AxBT1
C 0= (14.3a)

p

2 0

CO = _ (14. 3b)

The experiment is repeated M times with different values for v, f ,a

fb) and T I to obtain M number of pairs of empirical values for C0 .

*A biased expression for s is employed here so that all statistical pro-

cedures to follow will be consistent with procedures outlined in Ref. I I.
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(b) Verification that Estimates are Normally Distributed

The general procedure is to gather a large number of estimates,
pv' for a specific amplitude v and a given set of measurement parameters,

Ax, fa' fb' and T . The large sample is then tested for normality by a

"chi-squared goodness of fit" test.

14. 2. 2 Detailed Test Procedure

The random signal source used in these experiments has an approxi-

mately Gaussian probability density function and uniform power spectrum

over the frequency range of interest. The frequency range of the signal

is limited either by a band pass filter with variable lower and upper half

power cutoff frequencies of fahp and f bhp' respectively, or by a narrow

band pass filter with a sharply defined bandwidth B on a center frequency

of f c The rms voltage level of the band-limited signal is set at one

volt for all experiments. Probability density estimates are obtained using

a commercial analyzer which has a fixed amplitude window of Ax = 0. 1

volt, and which produces a continuous probability density estimate by

averaging with an equivalent low pass RC filter having several different

time constant selections available. The continuously averaged estimate

is recorded to obtain a plot of pv versus time. Specific values for Pv

are obtained by reading values from the continuous plot at equally

spaced time intervals.

The time interval between readings is selected to be at least 4K

seconds to assure the Pv values are statistically independent. The

details of all instruments, test set-up, and calibrations are presented

in Section 14. 3.

(a) Determination and Verification of Uncertainty Expression
A

A total of N = 61 statistically independent estimates pv are

gathered for each of M = 18 different sets of values for K, v, fahp' and

fbhp' as follows

A. Ax = 0. 100 volts; v = 0 volts; fah = 100 cps; fbhp = 600 cps.

A-i. K = 0.515 seconds (T 1= 1.03 seconds)

A-2. K = 0. 202 seconds (T -0. 404 seconds)
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A-3. K = 0. 109 seconds (T1 = 0. 218 seconds)

A-4. K = 0. 040 seconds (T1 = 0. 080 seconds)

B. Ax = 0. 100 volts; K = 0. 109 seconds (T i = 0. 218 seconds);

fahp = i00 cps; fbhp =600 cps

B-i. v = 0.50 volts

B-2. v = . 00 volts

B-3. v = t. 50 volts

B-4. v = 2. 00 volts

B-5. v = 2. 50 volts

C. Ax = 0. 100 vplts; v = 0 volts; K = 0.040 seconds (T I = 0.080

seconds)

C-i. fahp = 1000 cps ; bhp = 2000 cps

C-2. fahp = 2000 cps fbhp = 4000 cps
C-3. f ahp = 4000 cps f bhp = 7000 cps

C-4. fahp = 7000 cps ; fbhp = 12000 cps

D. Ax = 0. 100 volts; v = 0 volts; K = 0. 515 seconds (T 1 = 1.03

seconds); B = 56 cps.

D-i. f = 100 cps
c

D-2. f = 500 cpsc
D-3. f = 1000 cpsc
D-4. f = 4000 cps

c
D-5. f = 7000 cps

c

The relatively short time constants in A are employed to obtain a

sufficient variability in the estimates to minimize readout errors. The

maximum amplitude level in B is limited to 2. 5 volts (2. 5 times the rms

level) because the probability density signals at higher amplitudes are too

small to be read out and interpreted with reasonable accuracy for the

test set-up used for these experiments. The frequency ranges in C are

selected to cover the frequency range of predominate acoustic and

vibration response in modern flight vehicles. The narrow frequency

bandwidths with the wide range of center frequencies in D are selected to

represent a narrow band vibration response for a lightly damped

resonant structure.
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(b) Verification that Estimates are Normally Distributed

A total of N = 183 statistically independent estimates pv are

gathered with the following test parameters.

Ax = 0. 100 volts

v = 0 volts

K = 0. 109 seconds

fahp = 100 cps

f bhp = 6 00 cps

The equivalent number of events for each estimate is n - 9 using

Eq. (14. 8), or n - 17 using Eq. ( i4. i i).

14. 2. 3 Statistical Hypothesis Tests

(a) Determination and Verification of Uncertainty Expression

In order to test the equivalence of the experimentally determined

values of CO, it is necessary to define the sampling distribution for C0 .

From Eq. (14. 31), it is seen that C is a function of five parameters,2
all of which are in reality random variables. The terms s and p are

sample statistics which, of course, involve a probable sampling error.

The parameters Ax, B or Z)0, and T, also have some variability

associated with their determinations. The true sampling distribution for

C 0 is a function of all these variabilities. The determination of this

sampling distribution would clearly be a difficult problem.

As was done for the study of power spectra estimates in Section 13,

it is assumed here that the variability of the estimated values C0 is
2

due only to the variability of the term s That is, it is assumed that

p= pv and that the values for Ax, B or 0 , and T I are exact. The

effect of this assumption is discussed later.
2

The sample variance s has a distribution associated with a chi-

squared distribution as follows.

2 2
- -,, - (14. 32)

61
Pv
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2

where ",-" means "distributed as", and X is chi-squared with

(N - 1) = 60 degrees of freedom. By substituting the relationships from

Eq. (14. 30) into Eq. (14. 32), the following result is obtained

20 - (14. 33)
(0a- /P )(Ax PXT) 61

If all terms in the denominator of Eq. (14. 33) are considered expected

values, the denominator is equal to the expected value for the co-

efficient C0 . Then,

2
- 1 iX (14. 34)

CO0 61

The problem remaining is to determine if the collection of experi-

mental values for C0 are equivalent to the same constant coefficient

CO when the parameter X is either B or) . If the values CO are

equivalent for either case, the sampling distribution for C0 will be as

given in Eq. (14. 34), and will have an expected variance as follows.

2
z C O 1( C OV r X 2( 3 5

The variance of a x distribution is two times the number of degrees of
2

freedom, or 120 for x with 60 degrees of freedom. Then,

2 = 1 2 0 -- 0.)0 3 2 2 C0  (14. 36)

Now, if the M = 18 values for C0 are not equivalent, the variance

of the experimental values will clearly be greater than predicted by

Eq. (14. 36). Then, the values can be tested for equivalence by comparing
2 with the estimated variance 2 , computed as follows.

2 1 2 1 ^2 2e= - C0) = T C0 i - C0  (14.37)
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For both Eqs. (14. 36) and (14. 37), C0 is considered to be the average of

the 18 values for C0.

Let it be hypothesized that all experimental values, Co, are equivalent.

Then, the hypothesis H0 becomes

2 2H0  s^ = a'- (14.38)C0  0

If the hypothesis is true, the following probability statement applies.

2^ 21
Xca

Prob C - J (1-a) (14.39)

Co

where X 2 is chi-squared with (M - 1) = 17 degrees of freedom for the

a level o1 significance. Thus, to test H0 at the a = 0. 05 level of signifi-

cance, the region of acceptance is

2S^C

2 1. 53 (t4. 40)

If the variance ratio is within the noted limit, H0 is accepted and the experi-

mentally computed values, Co , are accepted as equivalent. If the variance

ratio falls outside the noted limit, H0 is rejected and there is reason to

suspect that the values for C are not equivalent.

The probability of a Type I error for a test of H0 is, of course,

a = 0. 05. The probability of a Type II error is = 0. 05 for detecting a ratio2

of 3:1 for the true variance estimated by s and the predicted variance
2 tp ao

T e ' The Type II error is determined directly from the Operating
C0 2

Characteristic (OC) curve for a one-sided (upper tail) x test at a = 0.05

for 18 samples. This 00 curve is presented in Figure 6. t7 of Ref. [31.

It should be noted that the test for equivalence may be applied to any

group of estimates 8 O individually. For example, the value of C0

obtained for the experiments of Test Procedure A may be tested for equiva-

lence to determine if CO is effected by changes in the averaging time. Such

individual tests for equivalence are performed as required by the results.

Of course, a different Type II error probability will be associated with such

individual tests using different sample sizes.
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Consider now the assumption employed to arrive at Eq. (14. 34);

namely, , Ax, X, and T i are exact values. The obvious effect of this

assumption is to reduce the predicted variance of the random variable C0'

In other words, the variability of C0 is actually greater than predicted

by Eq. (14. 34), and the region of acceptance for a test of H0 at the a = 0. 05

level of significance is actually greater than predicted by Eq. (14. 40). The

net result is that the probability of making a Type I or Type II error for

the test of H0 is larger than the a = P = 0. 05 value. Thus, it can only be

said that the probability of a Type I or Type II error for the test of H0

in Eq. (14. 38) is at least 5%.

(b) Verification that Estimates are Normally Distributed

The 183 estimates pv are tested for normality by applying a "chi-

squared goodness of fit" test, as detailed in Section 5. 3. 2 of Ref. [i]. A

null hypothesis is established as follows.
A

H 0 : Pv" normally (14. 41)

The 183 values of k are divided into k = 16 class intervals. The statistic
2.

X is computed as follows.

kZ - (fi Fi)2

2LL (14. 42)
i1 F.

where f. is the observed frequency in the ith class and F. is the expected
1 1 2 2

frequency in the ith class. The hypothesis H0 requires that X x ,

2.
where X is the actual value of chi-squared for k- 3 = 13 degrees of

freedom. The test of H0 is performed at the a= 5% level of significance,
2

X.05 = 22. 36, so

2
x 2 22.36 (14.43)

2
If the computed value X is less than 22. 36, H0 is accepted and the

A 2
various values for pv are considered normally distributed. If X is
greater than 22. 36, H0 is rejected. This means that there is reason to

doubt that the estimates pv are normally distributed.
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The probable Type I error is a = 0.05. Because non-normality

can occur in an unlimited number of ways, there is no definition for a

meaningful Type II error.

14. 3 INSTRUMENTATION

14. 3. 1 Instruments and Test Set-Up

The laboratory instruments employed for the experiments are

listed in Table 14. 1. A block diagram for the test set-up is illustrated in

Figure 14. 2. Except for the random noise generator, all instruments are

the property of the Norair Division of Northrop Corporation, and were

in current calibration at the time of the experiments.

The random noise generator (Item A) is used as the source of a

signal which is considered in these experiments to be a stationary random

signal. The instrument generates noise with an approximately Gaussian

amplitude probability density function and an approximately uniform

power spectral density function over a frequency range from less than

100 cps to over 12000 cps (the frequency range of interest in these

experiments). The probability density function measured for the noise

generator is presented in Figure 14. 3. The power spectrum measured

for the noise generator is presented in Figure 14. 4.

The sine wave generator (Item B) is used for calibration purposes

as discussed in Sections 14. 3. 3 and 14. 3. 4. The frequency counter

(Item C) is used to determine the frequency of the sine wave calibration

signals with an accuracy of £ i cps. The voltmeter (Item D) is used to

measure the output rms voltage level of the random noise generator, or

the sine wave generator, for reference purposes.

The variable band pass filter (Item E-1) is used to limit the

frequency range of the random signal for relatively broad bandwidths, as

required for Test Procedures A, B, and C in Section 14. 2. 2. The narrow

band pass filter (Item E-2) is used to limit the frequency range of the

random signal for relatively narrow bandwidths, as required for Test

Procedure D in Section 14. 2. 2. The characteristics and calibration of

these filters are discussed in Section 14. 3. 2.

The voltage amplifier (Item F) is used to increase the voltage out-

put of the band pass filter to a level required for proper operation of the

probability density analyzer (at least one volt rms). The voltmeter

(Item G) is used to measure the rms voltage level of the signal to be

inve stigated.
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Model Serial
Item Description Manufacturer No. No.

A Random Noise
Generator General Radio Co. 1390A 937

B Audio Oscillator Hewlett-Packard Co. 202D 67117

C Universal EPUT
and Timer Berkeley Division 7350 79528

D True RMS Ballantine
Voltmeter Laboratories, Inc. 320 80798

E-1 Variable Band Krohn-Hite
Pass Filter Instrument Co. 330A 56860

E-2 Narrow Band Pass
Filter Technical Products Co. **

F Voltage Amplifier Computer Engineering Al-233-B PR3877-4

G True RMS B&K
Voltmeter Instruments, Inc. 2409R PRt3147-i

H Probability Density B & K
Analyzer Instruments, Inc. 160 PRI001-1

I Strip Chart Recorder Brush Instruments Mark II 270822

Except for Item A, the serial numbers refer to Northrop Corporation
identification tags.

*his filter is incorporated in TPC power spectral density analyzer.

See Section 13. 3, Item E.

Table 14. 1 Instruments Employed for the Experiments

The probability density analyzer (Item H) is used to obtain proba-

bility density estimates at various amplitude levels and with various

averaging times, as discussed in Section 14. 3. 3. The strip chart

recorder (Item I) is used to record probability density time history

samples for the signal to be investigated.
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14. 3. 2 Characteristics of Band Pass Filters

To determine the value of B and 0 for the band-limited

signals being studied, it is necessary to compute the lower and upper

effective cutoff frequencies for the band pass filters. The procedure for

computing fa and fb is detailed in Section 12. 3. 2. In general, for a

band pass filter with a frequency response function 14(f) which has a

maximum value Hma x at some frequency fco the bandwidth B = (fb" fa )

where the effective cutoff frequencies are given by

a c H

aI max

00 (14. 44)
fb = fc H(f) df

I max
c

(a) Variable Band Pass Filter, Item E-I

The variable band pass filter used for Test Procedures A, B, and

C is the same type of filter (Krohn-Hite Model 330) that was carefully

calibrated for several different cutoff frequencies in Section 12. 3. 2.

The results there indicate the effective cutoff frequencies for the filter

in terms of the lower and upper half power points, fahp and fbhp'

respectively, may be considered to be as follows.

fa = 0.95 ; fb = 1.05fbhp (14.45)

To confirm that Eq. (14. 45) is applicable to the specific band;passe filter

employed in these experiments, the cutoff characteristics of the filter

have been carefully determined for the case where fahp = 100 cps and

fbhp = 600 cps. The results are presented in Figure 14. 5. A graphical
integration of the quantity I H(f) 1! in Figure 14.5 produces approxi-

mately the same results presented in Eq. (14. 45).

(b) Narrow Band Pass Filter, Item E-2

The narrow band filter employed for Test Procedure D is the 56 cps

bandwidth filter that was calibrated in Section 13. 3. 2. The results there

indicate the cutoff characteristics are sufficiently sharp to assume the
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Figure 1A.5 Variable Band Pass Filter Characteristics
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the filter has an ideal rectangular response shape. Thus, the effective

cutoff frequencies are fc ± (I/2)B. That is,

f =f -28
a c (14.46)

f cb = f  + 28

14. 3. 3 Probability Density Analyzer

The amplitude window width Ax and the averaging time T = 2K

are characteristics of the probability density analyzer. Although the

manufacturer of the analyzer publishes nominal values for these parame-

ters, they are determined independently for these experiments as follows.

(a) Amplitude Window Width

A signal with a zero rms level (no signal at all) theoretically has a

probability density function consisting of a unity area delta function at

the zero amplitude level. That is,

I for x =0
p(x) = 6(x) (14. 47)

0 for x 0

The window width Ax for the analyzer is readily established by

moving the window in amplitude through the zero level with no signal

applied to the analyzer. When the zero level is included inside the

window Ax, the probability density meter indication is pegged at full

scale. When the zero level is not included inside the window Ax, the

probability density meter indication is zero. By this procedure, the

window width Ax has been established to be 0. 100 volts limited by the

probable errors in the calibration and reading of the amplitude level

scale. These errors are estimated to be less than +5% of Ax.

(b) Averaging Time Constants

The probability density analyzer is equipped with seven different

averaging time constant selections which are identified as A through G

on a selector dial. Only four of the selections (C, D, E, and F) are used

in these experiments. The value for the time constant K associated with

each of the four averaging time selections is established by the following

procedure.
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Referring to Figure 14. 2, a sinusoidal voltage signal from Item B

is applied to the test set-up and read out as a probability density

measurement at Item I. Since the applied signal is periodic, there is

no statistical uncertainty in the resulting probability density indications.

Item I is operated with a high chart speed (125 mm/sec) so that the re-

sponse time characteristics of the test set-up are accurately defined.

The time constant K is determined by measuring the time required for

a probability density indication to rise from zero to 63. 4% of the final

steady state value when the sinusoidal signal is applied instantaneously,

or the time required for the probability density indication to fall 63. 4%

from the steady state value when the sinusoidal signal is removed

instantaneously. This is done at several different frequencies to obtain

at least 10 measurements of K for each selector setting of interest on

Item H.

Using the above procedure, the time constants associated with

the selector settings C, D, E, and F have been determined to be as

follows.

C. K = 0. 515 ± 0. 009 seconds

D. K = 0. 202 L 0. 007 seconds

E. K = 0. 109 ± 0. 003 seconds

F. K = 0. 040 ± 0. 0014 seconds

The tolerance figures shown for each value of K are the standard

deviations of the measurements.

It should be mentioned that the accuracy of the values determined

for K is a function of the accuracy of the paper speed control of the

recorder, Item I. The accuracy of the recorder paper speed has been

checked by directly recording sine waves of various frequencies

determined to I I cps using Item C. The results indicate the error in

the indicated paper speed to be insignificant.
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14. 3.4 Other Instrument Evaluations and Calibration Errors

There are, of course, numerous possible errors associated

with the calibrations of all the instrume.nts employed for the experi-

ments. However, most of these calibration errors are not really

significant in terms of the end data being sought; namely, probability

density estimates % as a function of Ax, K, v, fa , and f The deter-

minations and accuracies of Ax and K are discussed in Section 14. 3. 3.

The value of v does not enter into Eq. (14. 30), so its accuracy is of no

direct importance.

For the case of the variable band pass filter (Item E-i), the

possible error in the values for fa and fb is the result of several

factors including the determination of the half power points of the filter,

the calculation of the effective cutoff frequencies as compared to the

half power points, and drift in the filter characteristics. Referring to

Figure 14. 2, the half power points for Item E-1 are determined by

reading the frequency from Item C when the filter response is 3 db

down from the maximum response, as read from Item G, for a sine

wave applied at a constant input voltage, as read from Item D. The

indirect sources of error are then the lack of a perfect frequency

response in the two voltmeters (Items D and G), the k I cps accuracy

of the frequency counter (Item C), and observational errors. It is

believed that the total effect of these factors on the determination of the

half power point frequencies is less than ± 1% for these experiments.

The half power points are carefully checked immediately before each

experiment. Since a single record run is never greater than two

minutes, the effect of filter drift is considered negligible. The compu-

tation of f and fb for any given half power points is assessed to be

within 1 2%. Thus, the maximum error in the values fa and fb is

believed to be less than + 3%.

For the case of the narrow band pass filter (Item E-2), it is

believed that the determination of the bandwidth B = 56 cps is accurate

to.+ 2% based upon repeated measurements.

The possible error in the determination of pv involves a number

of factors including sensitivity drift in any or all instruments in the

test set-up, the calibration accuracy of the probability density analyzer
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(Item H), the error in establishing the desired rms level for the input

random signal, and observational errors. Drift is minimized by per-

mitting the instruments to warm up for several hours before performing

an experiment, and by checking all pertinent calibrations before each

individual record run. The probability density analyzer is calibrated

prior to each experiment by the various devices incorporated in the

instrument. The calibration is checked by applying a sine wave from

Item B and comparing the analyzer probability density indications with

the theoretically probability density function for a sine wave. The

random signal is then applied with the same rms level as the calibrating

sine wave. The rms level of the signal is established using Item G.

There are uncertainty fluctuations in the reading of Item G, and some

mental averaging of these fluctuations is required to adjust the input

voltage to the desired level. The readout observational errors are

indicated by the number of significant figures recorded for the values

of PV The last figure in the Pv values in Section 14. 4 is an estimate.

Based upon all these considerations, the accuracy of the values for v

are believed to be approximately ±5%.
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14. 4 RESULTS OF EXPERIMENTS

14. 4. 1 Probability Density Data

The 61 probability density estimates gathered for each of

the 18 experiments designed to determine and verify the uncertainty

expression, Eq. (14. 15), are presented in Tables 14. 2 through 14. 5.

The test designations refer to test procedures defined in Section 14. 2.

The 183 probability density estimates gathered for the normality

test are presented in Table 14. 6. The first 61 of these values are the

same data as given under A-3 in Table 14. 2.

A picture of some typical test data is shown in Figure 14. 6.

14. 4. 2 Frequency Bandwidth and Zero Crossing Data

The effective low and high frequency band pass limits,

the equivalent ideal frequency bandwidth and the expected number of

zero crossings per second associated with the frequency limits are

presented in Table 14. 7. The effective cutoff frequencies are deter-

mined as discussed in Section 14. 3. 2. The expected number of zero

crossings per second are determined using Eq. (14. 22).

14.4. 3 Sampling Statistics for Probability Density Estimates

The sample mean and variance for the 61 probability

density estimates gathered for each of the 18 experiments are presented

in Table 14. 8. The sample mean and variance are computed using

Eq. (14. 28).
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Sample Mean T and Sample Variance s2

for Probability Density Estimates p

Description of Experiment Sample Sample Sample
(Test Procedures) Size Mean Variance

N s

Procedures A (Table 14.2)

A-I 61 0. 3939 0.000318

A-2 0. 3928 0. 000665

A-3 0.3932 0.00187

A-4 0. 4020 0. 00537

Procedures B (Table 14.3)

B-I 0.3356 0.00116

B-2 0.2300 0. 000 764

B-3 0.1201 0.000403

B-4 0. 0463 0. 000217

B-5 0.0141 0.0000778

Procedures C (Table 14.4)

C-I 0. 3979 0.000897

C-2 0.4023 0.000490

C-3 0.4023 0.000311

C-4 0. 3963 0.000179

Procedures D (Table 14.5)

D-t 0. 3865 0. 00259

D-2 0.4132 0.00139

D-3 0. 4035 0. 00185

D-4 0.4100 0.00119

D-5 0.4056 0.00268

Table 14.8 Sample Means and Variances for
Probability Density Estimates
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14. 4. 4 Experimental Values for the Coefficient and Test for
Equivalence

The experimentally determined values for the coefficient

C0 in Eq. (14. 15) are presented in Table 14. 9. An estimate e0 is

computed for each experiment assuming the paiameter X = B and

X= iO.

(a) Equivalence of Coefficients Based on Bandwidth

From Table 14. 9, the values for CO based on the bandwidth B

are now tested for equivalence by the procedures detailed in Section

14. 2. 3(a). Using Eqs. (14. 36) and (14. 37)

2 2
= 0.000203 = 0.0000426C 0  C .000 0

The hypothesis H0 in Eq. (14. 38) is tested using Eq. (14. 40) as

follows.
2

2 -4.76+ 
1.532

Thus, the hypothesis of equivalence is rejected at the a = 0. 05 level

of significance, and there is reason to believe that the uncertainty

expression given by Eq. (14. 15) with X = B is not valid.

(b) Equivalence of Coefficients Based on Zero Crossings

Again referring to Table 14. 9, consider now the values for CO

based upon the zero crossings 0 . By observation, it is obvious

that the values for CO are not equivalent for those cases where the

bandwidth is narrow as represented by the data for Test Procedure D.

However, consider the values for CO excluding Test Procedure D;

that is, the values for C determined by Test Procedures A, B, and C

only. These 13 values are now tested for equivalence by the procedures

detailed in Section 14. 2. 3(a).

For the case of M = 13, the region of acceptance for the hypothesis

H0 is as follows.
2
SC 1, . 62 (14.48)

2 -

0
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Using Eqs. (14. 36) and (14. 37),

2 2sA = 0.000156 and o-e_ = 0. 000152Co0 C0

The hypothesis H0 in Eq. (14. 38) is tested using Eq. (14. 48) as

follows.
2

S 1. 03 - 1.62
2

CO

Thus, the hypothesis of equivalence is accepted at the a = 0.05 level

of significance, and the uncertainty expression given by Eq. (14. 15) for

X = UO is considered valid for the conditions of Test Procedures

A, B, and C.

(c) Detailed Evaluation of Coefficients Based on Bandwidth

It is apparent from practical considerations that the values for

C0 obtained under Test Procedure D are equivalent when based upon

bandwidth. The only parameter being changed in Procedure D is the

center frequency of a constant bandwidth filter which changes only

the expected number of zero crossings. It is clear from observation

that the values for C0 based on zero crossings are greatly affected

while the values based on bandwidth show only scatter with no distinct

trend. The scatter is large because of practical difficulties encountered

in the experiments with narrow bandwidth signals. The sampling errors

for the data gathered by Test Procedure D are undoubtedly greater

than theoretically predicted by Eq. (14. 34). It is then desirable to test

the equivalence of the values for C based on bandwidth for Test

Procedures A, B, and C alone, as was done in (b) for the data based on

zero crossings.

For the case of M = 13, the region of acceptance for the hypothe-

of equivalence, Ho, is as given in Eq. (14. 48). Using Eqs. (14. 36) and

(t4. 37),

2 2se0 = 0.000209 and a',0 = 0.0000509
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The hypothesis H0 in Eq. (14. 38) is tested using Eq. (14. 48) as follows.

a
-- 4.11 + 1.62
2

Co0

Thus, the hypothesis of equifralance based on X = B is rejected at the

a = 0. 05 level of significance. This result augments the conclusion

arrived at in (b) of this section; namely, the uncert.inty expression given

by Eq. (14. 15) for X = is approprUate fot the conditions of Test

Procedures A. B, and C.

In summary, it appears that Eq. (14. 15) with X = is a valid

expression for the normalized variance of probability density estimates

as long as the signal bandwidth B is relative.I Lxc d. On .he other hand,

for narrow bandwidths, Eq. (14. 15) with X = B appears to be appropriate.

These matters ar considered in more detail in Section i4. 5.

14. 4. 5 Test of Normality for Piob:bil:.v Density Estimates

The 183 probability density estirnaterE presented in Table 14. 6

are now tested for normality by a "nb:h-scuiared goodness of fit test"

using 16 class intervals. A histogram for the data. is shown in Figurea
14. 7. The computation of X is presented in Table 14. 10. Note that

each estinate is based upon a number of events n 9 using Eq. (14. 8)

or n 7 using Eq. (14. 1t).

Let it be hypothesized that the estima' es v are normally distri-

buted. From Eq. (14. 43). this hypothesis will be accepted at the a = 5%

level of significance if
2

X 2 -2. 36

From Table 14. 10, a
X = 19.85 - 22. 36

so the hypothesis is accepted. On statistical grounds, it is concluded

that there is no reason to suspect that differences between the distribution

of k and a normal distribution are significant.
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14. 5 DISCUSSION OF RESULTS

14. 5. 1 Evaluation of Estimation Uncertainty

From the results presented in Section 14. 4. 4, it appears that the

normalized variance for probability density estimates is not a simple

function of only zero crossings or frequency bandwidth for all cases. For

those cases where the signal bandwidth is relatively wide, Eq. (14. 15)

with X = Z0 seems to be the best mathematical model for the normalized

variance of probability density estimates. By averaging the 13 values for

1 O under Test Procedures A, B, and C in Table 14.9, the normalized

variance and standard error for this case are

2= 0.068 (14. 49a)

AxP(x) T1

0. 266 = (14.49b)

On the other hand, for those cases where the sigr.al b-.ndwidth is relatively

narrow, Eq. (14. 15) with X = B is the best model for the normalized

variance of probability density estimates. By averaging the five values

for C under Test Procedure D in Table 14. 9, the normalized variance

and standard error for this case are

2 = 0.028 (14. 50a)

Ax (x) BT

0.17 (14. 50b)

The question that arises is when does Eq. (14. 50) apply instead of

Eq. (14. 49). The data gathered is not sufficient to firmly answer this

question. However, based upon the data available, it appears that the

critical relationship is the ratio of bandwidth to expected zero crossings.

When this ratio is very small, as occurs for narrow bandwidths on high

center frequencies, Eq. (14. 50) applies. For the case where the band-

width to zero crossing ratio is, say, greater than one-third, Eq. (14. 49)

applies. Thus, it is believed that Eq. (14. 49) applies to low frequency
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signals where the bandwidth is narrow but the expected number of zero

crossings is also small.

It appears that the theoretical developments for the estimation un-

certainty in Section 14. 1. 2 are not yet in final complete form. The experi-.

mental results in Section 14. 4. 4 tend to indicate the true normalized

variance for probability density estimates is a complicated functi.on of both.

the expected number of zero crossings and the frequency bandwidth of the

signal being investigated. However, it is also possible that the specific

probability density analyzer employed for thesr, experiments does not

functionally produce estimates in rigorous compliance with the mathematical

models developed in Section 14. 1. i. These possibilities are left unresolved.

It is interesting to consider possible mathematic~a formulas for the

uncertainty of probability density estimates which pr'oduce a reasonable

fit to the data gathered in these experiments. By inspection and trial and

error, the following equation for the normal-ed variance of estimates

is presented without theoretical justification. Other equations might be

equally applicable. Assume

2 C0
= (14. 51)

Using the data presented in Table 14. 9, the values for C resulting from

the formula presented in Eq. (i4. 51) are '.omputed as shown in Table 4. 11.

From the data in Table 14. ii, it is seen that the resulting values

for 0 are, in qualitative terms, reasonably equivalent. By averaging

the 18 values for C 0 in. Table 14. 11, the normalized variance and standard

error for this case are

2 0.025 (14. 5a)

0. 16 (14. 51b)
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Experimental Values for the Coefficient CO

Based Upon the Assumed Formula of Eq. (14. 51)

Test based on B a

Procedure Table 14.9 (B) 2  1-(B/) 2  C0 based on 2
____Table 14.9___ "0____ B___ _ B[ - (B IE1 0 )]

A-I 0.0445 0.461 0.539 0.0240

A-2 0.0366 0.461 0.539 0.0197

A-3 0.0554 0.461 0. 539 0.0299

A-4 0. 0572 0. 461 0. 539 0.0308

B-i 0.0402 0.461 0.539 0.0217

B-2 0. 0387 0. 461 0. 539 0. 0208

B-3 0.0391 0.461 0.539 0.0211

B-4 0.0546 0.461 0.539 0.0294

B-5 0.0643 0.461 0.539 0.0346

C-1 0.0207 0.135 0.865 0.0179

C-2 0.0224 0.135 0.865 0.0194

C-3 0.0219 0.099 0.901 0.0197

C-4 0.0215 0.092 0. 908 0.0195

D-I 0. 038 0. 003 0. 997 0. 038

D-2 0.019 0.001 0.999 0.019

D-3 0.026 0.000 1.000 0.026

D-4 0.017 0.000 1.000 0.017

D-5 0. 038 0. 000 1. 000 0. 038

Table 14. fI Experimental Value for the Coefficient CO
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Although Eq. (14. 51) presents a good fit to the experimental data gathered

herein, there is no justification for its general use since the equation was

arrived at by arbitrary methods without a firm theoretical foundation.

Nevertheless, Eq. (14. 51) presents an interesting consideration for future

theoretical and experimental studies of the uncertainty of probability

density estimates.

14. 5. 2 Estimation Uncertainty and Measurement Parameters for
Different Signals

Consider the hypothetical case where the probability density

function for a stationary random signal is to be estimated so that the

normalized standard error is no greater than i0%, i. e. , E = 0. 10. Assume

that the low frequency cutoff of the signal is near DC so that Eq. (14. 49)

applies. Also assume the analysis is to be performed with an amplitude

window width of 0. 1 for a signal rms level of unity. For the case of a

Gaussian probability density function, the association among the values

for (x), 90 and T, is as shown in Table 14. 12.

Required Record Length T -T I seconds

for Various Amplitude Levels v.
- E = 0. 10 Ax = 0. 1 rms = 1.0

v=t.0 v=2. 0 v=3.0 v=4.0
pv = 0.2420 Pv =0.0540 Pv = 0.0044 Pv = 0.0001

10 28. 126. 1540. 68000

100 2. 8 12. 6 154. 6800

1000 0. 28 1. 26 15.4 680

10000 0.028 0. 126 .54 68

Table 14. 12 Record Length Required for 10% Standard Error

The case of 0 = 10 represents a signal which is very low frequency

in nature; for example, the normal mode response of a flight vehicle to

gust loads. From Table 14. 12, a record length of 1540 seconds (25.7
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minutes) would be required to obtain estimates out to 1 3 rms with a

normalized standard error of o. A record length of almost 19 hours

would be required to obtain estimates out to .± 4 rms.

The case of 0 = 1000 represents a signal with a frequency range

characteristic of the vibration response of local structure in flight

vehicles. From Table 14. 12, a record length of about 16 seconds would

be required to obtain estimates with c = 0. 10 out to. 3 rms, or about II

minutes out to 1 4 rms.

The case of i0 = 10000 represents a signal with a frequency range

typical of acoustic environments in flight vehicles. Here, a record

length of only 1. 6 seconds is required to obtain estimates with E = 0. 1

out to ± 3 rms, or a little over a minute out to ± 4 rms.

The above examples clearly illustrate the real problems in obtaining

statistically accurate probability density estimates for signals which are

low frequency in nature. For the extreme amplitudes in particular,

relatively long sample records are required to obtain accurate proba-

bility density estimates, even for signals in the audio frequency range.

14. 6 CONCLUSIONS

The uncertainty of probability density estimates has been investi-

gated by carefully designed laboratory experiments. Two slightly different

theoretical expressions for uncertainty are compared to experimental data.

The results indicate that Eq. (14. 49) is a valid representation for the

normalized variance of probability density estimates for a wide range of

practical conditions. However, for narrow bandwidth signals, a slightly

different theoretical expression given by Eq. (14. 50) appears to be a more

valid representation for the normalized variance of estimates.

Neither of the two theoretical uncertainty expressions considered

appears to be completely valid for all of the conditions studied. It is

believed that the true expression for estimation uncertainty is more general

and perhaps involves more terms than the expressions developed herein.

Although these matters are not completely resolved, an empirical ex-

pression for the normalized variance of estimates is given by Eq. (14. 51)

which is a reasonably good fit for the data gathered. This empirical

expression presents a guideline and motivation for future theoretical and

experimental studies of the uncertainty of probability density estimates.
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15. TESTS FOR RANDOMNESS

15. 1 THEORY OF TESTS FOR RANDOMNESS

15. t. I General Remarks

Before discussing quantitative procedures for testing vibration

response signals for randomness, it is helpful to review certain qualita-,

tive relationships which distinguish random signals from periodic signals.

Consider the properties of a vibration response which would be measured

from sample records as a normal part of the data analyses. These

properties would probably include a power spectrum (and/or an auto-

correlation function), and an amplitude probability density function.

The most common property employed to describe a random vibration

response is the power spectrum, G(f). A periodic vibration response

would appear in a properly resolved power spectral density estimate as

one or more sharp peaks. However, a sharp peak in the power spectrum

may also represent the narrow band random response of a lightly damped

structural resonance. A narrow band random response would always have

a finite bandwidth while a sinusoidal response would theoretically appear

as a delta function with no bandwidth. Unfortunately, the resolution of

actual measurement procedures is usually not sufficient to distinguish

between these two cases, as illustrated in Figure 15. 1.

If an autocorrelation function is available, the problem of distinguish-

ing between a sinusoidal vibration response and a narrow band random

vibration response is greatly simplified. The autocorrelation function,

R(T), for a narrow band random vibration response will continually decay

towards zero as the time displacement T becomes large. However, if

a sine wave is present, the autocorrelation function will approach a steady

state oscillation as the time displacement becomes large, as illustrated

in Figure 15. 2.

Autocorrelation analysis presents a near foolproof method of detect-

ing sinusoids in an otherwise random vibration response. However,

autocorrelation functions are rarely determined when vibration data is

analyzed using analog instruments. On the other hand, when vibration

data is analyzed by digital techniques, autocorrelation functions are often

computed as an intermediate step to obtain power spectra [G(f) is the Fourier

transform of R(T) for stationary random signals ]. In this case, an auto-

correlation function can be made available for detectionofperiodicities.
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The presence of periodic components in a vibration response will

also be revealed by the amplitude probability density function for the

response. A random vibration response will, in most cases, have a

probability density function which at least resembles the familiar bell-

shaped Gaussian characteristic. This is particularly true for a narrow

band random response (assuming the structural characteristics are

reasonably linear), because linear narrow band filtering of random signals

tends to suppress deviations from normality in the amplitude distribution

characteristics. On the other hand, a sinusoidal vibration response will

have a dishLshaped probability density function which is truncated at

+ A ='2-- , as illustrated in Figure 15. 3.

The above discussions illustrate how periodicities in an otherwise

random vibration response may often be detected by simple observations

from commonly analyzed data. However, these interpretations are fully

effective only when sampling errors are small. If the available sample

records (or analyses averaging times) are short, the uncertainty in the

resulting measurements may mask the desired descriptive details in the

various estimated properties. Furthermore, it is often desirable to

determine if 1eriodicities are present in an otherwise random vibration

response before the data analysis has proceeded to the point of estimating

correlation or probability density functions. A quantitative procedure

for testing sample records for randomness by analysis of some elementary

property of the vibration signal is clearly desirable.

In Ref. [1], Section 6. 1. 5, a test for randomness based upon an

analysis of zero crossings is proposed. This procedure suggested in

Ref. [ I I will hereafter be referred to as Randomness Test A. An

additional test for randomness based upon an analysis of mean square

measurements is developed and presented herein. This second procedure

will hereafter be referred to as Randomness Test B.
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Figure 15. 1 Power Spectral Density Functions
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15. 1. 2 Review of Randomness Test A

Consider a stationary random signal x(t) with a mean value of

zero. Assume x(t) has an approximately Gaussian probability density

function and a uniform power spectrum between the frequency limits

f and fb'

For a sample record of length T, the equivalent number of events

is given by n = 21) 0 T where is the expected number of zero crossings

per second. If n is large, say greater than 50, the number of zero

crossings U0 measured from the sample record will have an approxi-

mately normal sampling distribution with a mean and variance as follows.

= n (15. ia)

2 n(.jn- 1) (15. ib)

For a signal with a uniform power spectrum between the lower and upper

frequency limits, fa and fb' respectively, the term ?.{ is given by

2 2af +t/b

=2 aab (15. 2)

The practical validity of Eqs. (15. t) and (15. 2) has been fully substantiated

by the experiments presented in Section 12.

The above relationships may be employed as a test for randomness.

Assume a sample record of length T is obtained from a stationary

vibration response x(t). The number of zero crossings U0 in the

sample record is counted. If x(t) is random, the measured number of

zero crossings J)0 should be equivalent to the expected number of zero

crossings ) , given theoretically by Eq. (15. 1). Then a hypothesis

of randomness is established by the null hypothesis H0 as follows.

H0 : = (15. 3)
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If H0 is tested at the a level of significance, the region of acceptance
is given by

-O ' I ()0 a-0 z /
2  (15.4)

where za/2 is a normal deviate.

Example:

The above discussions will be clarified by considering an example.

Assume that a three-second long sample record is obtained from a

stationary vibration response signal. The vibration signal is to be tested

for randomness at the 5% level of significance by investigating the zero

crossings in the sample record. Say that the frequency range of interest

is between 20 cps and 500 cps, and that the vibration signal has been

filtered with ideally sharp cutoffs at these frequencies. Further, assume

that the vibration signal, if random, has a uniform power spectrum and

an approximately Gaussian probability density function.

Let it be hypothesized that the sample record was obtained from a

random vibration signal. Then, from Eq. (15. 2), the expected number

of zero crossings per second will be

= [z0) + (20)(500) + (500)2 = 589. 2 crossings

and the equivalent number of events represented by the sample record is

n = 2(589. 2) 3 = 3535

The value of n is sufficiently large to permit a normality assumption

for the sampling distribution. From Eq. (15. 1), the distribution for the

actual number of zero crossings U0 in the sample record will have a

mean value, variance, and standard deviation as follows.

I
ii0 = -1 (3535) = 1768 crossings

2 35353535 - 1)
0- = 883.5
00 2(3535 -1)

op = \F8 -8 3 . 5 = 29. 7 crossings
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To test at a 5% level of significance (ti = 0. 05), the region of acceptance

will be

0 :L i. 96o- = 1768 ± 58 = (1710, 1826) crossings

The actual number of zero crossings U0 which occurred in the

three-second long sample record would now be counted. If U,0 were

between 1710 and 1826, the hypothesis of randomness would be accepted,

i. e. , the vibration signal would be considered as random. If LI0 were

less than 170 or greater than 1826, the hypothesis of randomness would

be rejected, i. e. , the vibration signal would be considered as nonrandom.

The probability of a Type I error (risk of rejecting the hypothesis when

in fact it is true) associated with the decision is a = 0. 05.

One might be interested in associating a Type II error probability

(risk of accepting the hypothesis when in fact it is not true) with the

decision. The development of a totally meaningful Type II error is not

really feasible, because the numerous possible conditions of nonrandom-

ness cannot be explicitly defined. However, if one cares to make several

arbitrary assumptions, a Type II error with limited meaning can be

applied to the test. For example, let the extent of nonrandomness of a

vibration signal be defined by the expected number of zero crossings per

second. Further, assume that the variance of the sampling distribution

will be the same as the variance of samples obtained from a random

signal. A Type II error may now be established in terms of this definition

of nonrandomness.

For the previous illustration, consider the detection of a condition

of nonrandomness defined by an expected number of zero crossings at

least 5% different from the expected zero crossings for a random signal.

Then, the mean value and standard deviation of the sampling distribution

for the nonrandom signal will be

4 L0 (low) = 1680

t 0 (high) = 1856

0~
Cvo',0 =29. 7
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The probability of a sample with the above expected values falling within
the a = 0.05 region of acceptance (1710 to 1826) for the test is 0. 312.
Thus, the Type II error probability is 31. 2% for detecting a 5% difference
in the expected number of zero crossings. By the same procedure, the
Type II error probability is 10. 5% for detecting a 6% difference in
expected zero crossings, 2. 6% for detecting a 7% difference in expected

zero crossings, etc.

15. 1. 3 Principles of Randomness Test B

The second test for randomness to be discussed here is totally
different in concept from Test A discussed in Section 15. t. 2. Random-
ness Test B is based upon an investigation of mean square measurements

rather than zero crossing measurements.

Consider a stationary random signal x(t) with a mean value of zero
2and a mean square value of a- Assume x(t) has an approximatelyxGaussian probability density function and an equivalent ideal bandwidth of

B. It is important to note that the power spectrum need not be uniform
as long as an equivalent ideal bandwidth can be determined. From

Section 13. 5. 2, the sampling distribution for a mean square value esti--2
mate, x , will have a normalized variance given by

2 = a(x (15.5)
(2 2 BT

where T1 is the averaging time.

Now consider the case where x(t) is not random. Specifically,
assume a periodic component is present in an otherwise random signal
with an equivalent ideal bandwidth of B cps. That is

x(t) = p(t) + r(t) (15.6)

where p(t) is the periodic portion of x(t), and r(t) is the random portion

of x(t).
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Let the moments of x(t), p(t), and r(t) be denoted by mi(x), mni(p), and

m (r), respectively, where

mj( urn =-i IT x(t) dt = j
T .-c TJ x

11 2 2
T-.cn

(15. 7)

m 3 (X) = urn - x (t) dt
T 

3

T

rn4 (X) = lim x 4 (t) dt
T-cn T o

The term-s m (p) and m 1 (r) are defined in a similar manner.

Assuming that the mean values of both the periodic and random

portions are zero, the first four moments for the periodic and random

portions are as follows

m 1(p) = 0 m 1 (r) = 0

m 2 (p) = -o (p) mZ2(r) = a, (r) (15.8)

m 3 (p) =0 m 3 (r) 0

m 4 ()P2(p) 1 2 m 4 (r) 3[oa- 2 (r)]12

The variance of a measured mean square value based upon n =2BT 1

number of events is theoretically given by

Var -(x(x~m 2 x (15.9)
2BT1

See Ref. [21 , p. 2 89, for a derivation.
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From Eq.(15. 7), the value of the fourth moment, m 4 (x), is given by

m 4 (x) = lim [p(t) + r(t)] 4 dt
o f(15. 10)

lia [ p4 (t) + 4p 3 (t)r(t) + 6p 2 (t)r 2 (t) + 4p(t)r 3 (t) + r 4 (t)] dt
T-C f

Assuming that p(t) and r(t) are independent, and noting that the first and

third moments of both are zero, Eq. (15. 10) reduces to the following.

m4(x) = m 4 (p) + 6 m(p)m2 (r) + m 4 (r) (15. 11)

Now the second moment, m 2 (x), is given byT
m2 (x) = lim p(t) + r(t)] 2 dt

T---oo

[Ip2t) + 2pltlr(t) + r 2 lt)] dt (15. 12)

m2 (p) + m (r) = since 4x = 0
2 xx

Then, the square of the second moment will be

2 2 2
m(x) = m (p) + 2m (p)m (r) + m (r) (15. 13)

Substituting Eqs. (15. ii) and (15. 13) into Eq. (15. 9), and noting the

relationships presented in Eq. (15. 8), the following result is obtained

-- 2a (r) [2o 2(p) + r()
Var (x ) = (15. 14)

2BT1
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2
In terms of the normalized variance e , Eq. (15. 14) becomes

E 2 Var ( = x ( [zr)[2a(p)+ G-(r)] (15. 15)
[ z]22 BT,[a (p)+0 2 (r)] 2

For simplicity, let the term (p/r) denote the ratio of mean square values

for the periodic and random portions. That is,

p= (p) (15. 16)
r (r)

Now Eq. (15. 15)may be written as follows.

2 = ( r (15. 17)

BT ?+Ir

Note that if the signal x(t) is only periodic, the ratio p/r approaches
2infinity and 1E 0 as it should, since there is no variability associated

with the measurement of mean square values for periodic signals.
2

Also, if x(t) is only random, the ratio p/r is zero and c = 1/BT,

which is the correct normalized variance for mean square values

associated with a random signal, as defined in Eq. (15. 5). For clarity,

let the normalized variance for a measured mean square value of a
2

random signal alone be denoted by E That is,

2 1E = -(15. 18)
0 BT

Substituting Eq. (15. 18) into Eq. (15. 17) gives the following relationship.

2 R+ I E 22 r )o M 9

+ I
(r

Equation ( 15. 19) lays the groundwork for a statistical test for

randomness. Assume a collection of N independent mean square values,
"-2
x. (i = 1, 2, 3,.... N), are measured from a stationary vibration
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response signal. Each measured value x. constitutes an estimate of
2 1

C. This collection may be obtained from a single sample record ofx

length T by averaging over each of N equally long segments with an

averaging time of T i = T/N. The variance of the measured mean
2

square values can be estimated from the sample variance s as follows.

N N

s =-x = - (1 )'- (15.20)

NN Lxi -
20

i=1 i=1

where N

-2 2
xN 7

i= I

Here, x is the mean square value averaged over the collection length

T = NT . Then, the normalized variance for a mean square value

measurement may be estimated by

2
12 s
E7 2 (15.21)

(x

2
In Eq. (15. 21), both s and x are random variables. However, it is

shown in Section 13. 5. 3 that the variability of the term (x 2-) 2 is small

compared to the variability of s" if the quantity BT is large, say
-2 2

greater than 10. In this case, it may be assumed that x = a' for the

problem at hand.

The sample variance s from Eq. (15. 20) will have a distribution

associated with the chi-squared distribution as follows.

2 2
s x

Var(x N (15.22)

wihr (N " m )eres ofisfrebed. nx sac sqae isrbto

A biased expression for s is employed here so that all statistical
procedures to follow will be consistent with procedures outlined in
Ref. [ j.
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From the relationships in Eq. (15. 21), it follows that

A2 2
E x

2 (15. 23)
S N

From Eq.(15. 23), the following probability statement may be made.

Prob -a)]N = (- a) (15. 24)

where a is the level of significance.

Let it be hypothesized that a sampled vibration response is random.
2 2

If this is true, E= o , and the hypothesis H is
0Z 2

H0 : = E 2(15. 25)0 2 2

If a periodic component is present, ^2 will be equivalent to some E2 less
2

than E as defined in Eq. (15. 19), which is why a one-sided probability
0

statement is used in Eq. (15. 24). Then, H0 may be tested by computing

.2 from a collection of mean square measurements, computing E 2 from0
the BT 1 product for the measurements, and comparing the ratio of

1Z2/E 2 to the yZ limit in Eq. (15. 24) at any desired level of significance
0

a . The region of acceptance for H0 is

Z 2

22 N
0

f 2 Z
if E / is greater than the above noted limit, H0 is accepted and vibra-

tion response is considered random. If E2/I 2 is less than the noted
0

limit, H0 is rejected and there is reason to suspect that a.periodic com-

ponent is present in the vibration response. A plot of Eq. (15. 26) for

a = 0.01 and 0.05 is presented in Figure 15.4.

The level of significance a is the probability of a Type I error for

the test. The risk of a Type I error may be reduced by testing with a

smaller value of a. Now consider the probability of a Type II error denoted

by 3. 3 is a function of a, N, and the deviation of cE from c 2 which one
0
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wishes to detect. In general, both a and P can be reduced only by in-

creasing the number of measurements N. The number N required for

any value of a and P is given by the Operating Characteristic (OC)

curves for Eq. (15. 26). The OC curves for a = 0.05 and 0.01 are avail-

able in Figures 6. 19 and 6. 20 of Ref. [3]. Note that the referenced OC

curves are developed for unbiased variance estimates. However, this

does not affect the application of the curves to the problem here as long

as the region of acceptance is consistent with the method of computing

as shown in Eq. (15. 26).

In summary, the procedure for applying Randomness Test B is as

follows.

i. Determine the magnitude of a periodic component in terms of a

p/r ratio which one wishes to detect with high probability.
2 2

Z. Determine the ratio c /- for that p/r ratio from Eq. (15. 19).
0

3. Determine the desired values for a and P, the risk of making a

Type I and Type 11 error.

4. Determine the number of measurements N required from an OC
2

curve for a one-sided (lower tail) x test.

5. Obtain the required number of mean square measurements, x i

and compute 2 from Eq. (5. 2i).
2

6. Compute 2 from Eq. (15. 18).

7. Test the ratio 2/ 2 against H 0 : ^ E

It should be noted that the effectiveness of the procedure will increase

as the bandwidth B is made small. Thus, if a sharp peak is observed

in the power spectrum, the frequency range of the peak should be isolated

by a narrow band filter. If the peak represents a sine wave, the random

portion within the narrow bandwidth B will be very small, causing a large

p/r ratio. This not only improves the power of the test, but it helps to
2

define the value of B needed to compute e
0

Example:

The above discussions will be clarified by considering an example.

Assume that a three-second long sample record is obtained from a

stationary vibration response signal. The vibration signal is to be tested

for randomness at the 5% level of significance by investigating the variance
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of mean square measurements. Assume that a power spectrum measured

from the sample record using a 50 cps wide filter reveals a peak with a

magnitude that is about ten times greater .than the power spectral density

at neighboring frequencies. The frequency range of the test for random-

ness should be limited to this suspicious peak.

Assume the 50 cps narrow band pass filter is tuned over this 10:1

peak. Let it be hypothesized that the signal within this bandwidth is

random. It is desired that a p/r ratio of ten be detected with a Type II

error probability of P= 0.05. From Eq. (15. 19)

2 (20 + 1) . 74 fo r 10

0 (1o+ 1) r

From Figure 6. 19 of Ref. [3, for (- 2o/) = 0. 174 (A ; c/o - 0.42) and

a = P3 = 0. 05, the required number of mean square measurements is N = 9.

The three-second long sample record is now divided into nine equal

segments, each T1 = 0.33 seconds long. Note that BT 1 = 16. 5 - 10. The

mean square level for each segment is measured and the estimated nor-
^. 2

malized variance c is computed using Eq. (15. 21). From Eq. (15. 26),

for N = 9, the region of acceptance is

A,2
E 0. 332

2
E

0

From Eq. (15. 18), 2 = 0.0606, so the acceptance region fortc becomes0

Z2 - 0. 0201

If t is greater than the above limit, the hypothesis of randomness is

accepted. If Z2 is less than the above limit the hypothesis of randomness

is rejected and there is reason to suspect that the peak in the power spec-

trum represents a sine wave.
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15. 1.4 Bandwidth and Averaging Time Considerations

Randomness Test A, as originally proposed in Ref. [i],

requires that the equivalent ideal lower and upper cutoff frequencies,

fa and fb' be known for the signal under investigation. The method for

computing fa and fb is developed and presented in Section 1Z. 3. 2,

Randomness Test B proposed here requires that the normalized

variance c be known for the signal under investigation (when that
0 2

signal is assumed to be random). From Eq. (15. 18), Co is a function of

the equivalent ideal signal bandwidth B and the averaging Time T 1 for

each mean square estimate. Bandwidth and averaging time considera-

tions are discussed in Section 13. 1. 3. However, some additional dis-

cussion is warranted here.

(a) Bandwidth Considerations

The general procedures for computing an equivalent ideal band-

width for a filtered random signal are discussed in Section 13. . 3, and in

greater detail in Section 16. . 5(a). For the problem at hand, Random-

ness Test B is most effective when applied to isolated peaks in the power

spectrum of the signal being studied. Each peak may represent a sine

wave or a narrow band random signal.

It is assumed for application of the test that a peak represents a

narrow band random signal. A narrow band filter, such as the filter

incorporated in a power spectral density analyzer, may be tuned over a

power spectral density peak to isolate it from the remainder of the signal.

The filter bandwidth B should be selected so that it is less than the

apparent width of the peak as indicated from a power spectral density

plot. Naturally, if the peak were a sine wave, the apparent width would

be equal to the bandwidth of the filter used for the power spectrum

measurement. In any case, the bandwidth B needed for Eq.(15. 18) may

now be assumed to be the bandwidth of the narrow filter employed. This

greatly simplifies the application of Randomness Test B to real data.

(b) Averaging Considerations

The ideal method of averaging is by linear integration over the

desired time interval, T . However, averaging is often accomplished by

continuous smoothing with a low pass RC filter having a time constant K.
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The general associations between the time constant K and the equivalent

averaging time T 1 are discussed in Section 13. 1. 3. There are special

considerations which apply to the present problem.

Assume a long record of length T is to be tested for randomness

by analysis of a continuous RC averaged mean square estimate as

shown in Figure 15. 5.

2 2 2 2 2
x i x2 x3 xN-I xN

4

2 3 (N-I) N
4)

E

T time
Figure 15. 5 Analysis of Continuous Mean Square Levels

Let the time constant K be short as compared to T; that is, K <- T.

Now divide the continuous mean square estimate into N equal intervals
such that each interval is about 3K or 4K long. The level of the con-

tinuous mean square estimate at the end of each interval will constitute
a mean square measurement x. based on an equivalent averaging time of

T = 2K. The individual readings should be 3K or 4K apart to assure that
they are statistically independent. Note that the points at which readings

are made can also be selected by random sampling. Under no circum-
stances, however, should the points be selected without a pre-designated

plan (equal intervals or random intervals). Otherwise, the person

reducing the data may bias the results.
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15. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

15. 2. 1 General Design and Procedures

The general purpose of these experiments is twofold. The

first is to study the practicability of Randomness Test A. The founda-

tion of Test A is based upon zero crossing theory which is substantiated

in Section 12. The second objective is to verify the theoreticalfounda-

tion for Randomness Test B.

No additional data over that presented in Section 12 is needed to

accomplish the first objective. Thus, all the new experiments performed

in this section are concerned with Randomness Test B.

15. 2. 2 Procedure for Verifying Randomness Test B

The objective is to confirm the validity of Eq. (15. 19), which

is the basis for Randomness Test B. The verification procedure is to

collect N number of mean square measurements from a signal consist-

ing of a sine wave in a random signal background. An estimated

normalized variance 2 is computed using Eqs. (15. 20) and (15. 21).

The resulting value for " 2 is then tested for equivalence to the theoreti-2
cal value for E computed using Eq. (15. 19). The experiment is

repeated for several different (p/r) ratios. Note that the bandwidth and
2

averaging time relationships associated with the value of f in Eq.0
(15. 19) are fully substantiated by experiments performed in Section 13.

Thus, it is considered sufficient here to study Eq. (15. 19) for only one

set of values for B and T1I

More specifically, a random signal with a bandwidth of B = 56 cps

on a center frequency of f = 1000 cps is mixed with a sine wave havingc

a frequency of f0 = 1000 cps. A total of N = 61 consecutive mean square

measurements are obtained by averaging with a low pass RC filter having

a time constant of K = 0. 16 seconds (T1 = 0. 32 seconds). Thus, from
2

Eq. (15. 18), E = (I/BTi) = 0.056.

The experiment is performed for five different p/r ratios producing
2

five different expected values for E from Eq. (15. 19) as follows.

2. p/r = 0 =0.056
22. p/r = i E = 0.042
23. p/r = 2 e = 0.031

24. plr =4 C= 0.020

5. p/r = 9 2 2 = 0.0oi
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For each experiment, is computed from the N = 61 mean square

measurements using Eq. (15. 20) and (15. 21). The values for ',2 are

effectively variance estimates (since BT 1 - 15), and will have a sampling
2

distribution associated with the X distribution as given in Eq. (15. 23).

Thus, the following probability statement may be made.

21

Prob -_ - I = (1- a) (15.27)N 2 NJ

For each of the five (p/r) ratios, let it be hypothesized that the

experimen tally determined value 2 is equivalent to the theoretical
2

value g predicted by Eq. (15. 19). This hypothesis, H 0 , is to be tested

at the a = 0.05 level of significance. Then, from Eq. (15. 27), the

region of acceptance will be as follows.

^2

0.66 wE - 1.37 (15.28)
2

E

If the experimental to theoretical variance ratio falls within the above

noted limits, H0 is accepted and Eq. (15. 19) is considered to be valid.

If the ratio falls outside the noted limits, H 0 is rejected and there is

reason to question the practical validity of Eq. (15. 19).

Note that the test for equivalence used here is exactly the same as

is employed for the experiments in Section 13. The Type I and Type II

error considerations are as developed and discussed in Section 13. 2. 3.

The probability of a Type I error for the test of H0 is at least a = 0. 05.

The probability of a Type II error for the test of H0 is at least

= 0.05 for detecting a 2:1 difference between T 2 and t2 (a 1.4:1

difference between ' and E).
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15. 3 INSTRUMENTATION

15. 3. 1 Instruments and Test Set-up

The laboratory instruments employed for these experiments

are listed in Table 15. 1. A block diagram for the test set-up is illus-

trated in Figure 5. 6. Except for the random noise generator, all

instruments are the property of the Norair Division of Northrop Corpora-

tion, and were in current calibration at the time of the experiments.

The random noise generator (Item A) is used as the source of a

signal which is considered in these experiments to be a stationary

random signal. The detailed characteristics of this instrument are

presented in Section 14. 3.

The sine wave generator (Item B) is used as a source of a signal

which is known to be nonrandom. This item is also employed for

calibration purposes as discussed in Section 15. 3. 2. The frequency

counter (Item C) determines the frequency of the sinusoidal signal with

an accuracy of ± I cps.

The sine wave - random noise mixer (Item D) is used to create a

controlled nonrandom signal with a defined (p/r) ratio. The narrow

band pass filter (Item E) is employed to band limit the frequency range

of the signal to be investigated. The characteristics and calibration of

this filter are discussed in Section 15. 3. 2. The voltmeter (Item F)

measures the rms voltage level of the signal to be investigated.

The mean square level analyzer (Item G) is used to obtain a con-

tinuous RC averaged mean square level estimate. This instrument is

a true RMS voltmeter with an analog mean square level output. The

strip chart recorder (Item H) records the mean square level time

history samples for the signal to be investigated.

15. 3. 2 Calibration of Test Set-up

The exactness of the experiments is dependent primarily upon

t.he accurate knowledge of two parameters, namely the bandwidth B and

the averaging time T V The filter employed to obtain the narrow band-

width of B = 56 cps is the same filter used for some of the experiments

in Section 13. The characteristics of this filter are discussed in

Section 13. 3. 2. The time constant of K = 0. 16 seconds for the mean

square level circuit of Item G is determined using the calibration

procedures detailed in Section 13. 3. 3.
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Model Serial
Item Description Manufacturer o No.ia

No. No. '

A Random Noise
Generator General Radio Co. 1390A 937

B Audio Oscillator Hewlett-Packard Z0ZD 67117

C Universal EPUT and
Timer Berkeley Division 7350 79528

D Sine Wave-Random
Noise Mixer Northrop Corporation ---- ---

E Narrow Band Pass
Filter Technical Products Co. ** NC 44065

F True RMS Voltmeter B &K Instruments 2409R PR- 13147-1

G Mean Square Level
Analyzer (True RMS Ballantine
Voltmeter) Laboratories, Inc. 320 1149

H Strip Chart Recorder Brush Instruments Mark II 270822

Except for Item A, the serial numbers refer to Northrop Corporation
identification tags.

*1his filter is part of a TPC power spectral density analyzer.

See Table 13. 1.

Table 15. 1 Instruments Employed for the Experiments

F
A |True RMS

Random Noise Voltmeter
Generator&

B D 
E

Sine Wave Sine Wave - Narrow Band

Generator Random Noise Mixei Pass Filter

[ CFrequency _jH IG-2 G- 1

Counter Strip Chart Averaging Squaring 'Recorder Circuit Circuit

G. Mean Square Level Analyzer

Figure 5. 6 Block Diagram of Test Set-Up
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The required (p/r) ratio for the signal to be investigated is estab-

lished as follows. The random signal alone is applied from Item A and

adjusted to read out the desired level at Item F, which has a long time

constant that minimizes uncertainty fluctuations. The gain setting on

Item A required to obtain the desired level is noted. The sine wave

alone is then applied from Item B and adjusted to read out the desired

level at Item F. The gain setting of Item B required to obtain the

desired level is noted. The sine wave-random signal combination is

obtained by adjusting the gain settings on Items A and B to the

previously noted positions. The individual signals as well as the

combined signal are also recorded by Item H as a check.

15.4 RESULTS OF EXPERIMENTS

15. 4. 1 Mean Square Value Data

The 61 mean square values gathered for each of the five (p/r)

ratios are presented in Table 15. 2.

15,4. 2 Sampling Statistics for Mean Square Value Estimates

The sample mean and variance for the 61 mean square values

gathered for each of the five experiments are presented in Table 15. 3.

The sample mean and variance are computed using Eq. (15. 20).
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Sample Mean x and Sample Variance s

For Mean Square Value Estimates x.1

Description of Sample Sample- Sample
Experiment Size N Mean x Variance s2

1. (p/r) = 0 61 2.057 0. 192

2. (p/r) = 1 61 1.862 0. t62

3. (p/r) = 2 61 2. 000 0. 129

4. (p/r) = 4 61 2. 050 0.0653

5. (p/r) = 9 61 1.914 0.0341

Table 15. 3 Sample Means and Variances for
Mean Square Value Estimates

15. 4. 3 Results of Statistical Tests

012 2
Tests of the null hypothesis, H 0 : E , are presented in

Table 15. 4. The hypothesis H0 is accepted for all five experiments

with a minimum probability of a Type I and Type II error of 5%.

Thus, there is no reason to question the validity of Eq. (15. 19) for the

range of (p/r) ratios tested.

^2 2

Statistical Test of Hypothesis H0 : = E

Region of Acceptance

2 z 2 for H0
Experiment E from 2  s *E t 2

Eq.(15.19) -2 2 0.66.-- 1.37
(x ) E -E2

1. (p/r)=0 0.056 0.045 0.80 accepted

2. (p/r)=i 0.042 0.047 1. 1 accepted

3. (p/r)=2 0.031 0.032 1. 0 accepted

4. (p/r)=4 0.020 0.016 0.80 accepted

5. (p/r)=9 0.011 0.0093 0.84 accepted

Table 15. 4 Statistical Tests for Equivalence
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15. 5 DISCUSSION OF RESULTS

15. 5. 1 Randomness Test A

The effectiveness of Randomness Test A may be studied using

the zero crossing data presented in Sectioh 12. Consider first the zero

crossings measured for random signals with uniform power spectra.

This data is designated as Area A in Section 12 and is presented in

Table 12. 2. Apply Randomness Test A to this data (A-i through A-3

in Table 12. 2) at the a = 0. 05 level of significance.

A-I. Sample records with length T = 0.03 seconds and frequency

range f = 28. 5 cps to fb = 2100 cps, giving n = 146.49 events
ab

per record.

From Eq. (15. 1), the sampling distribution of zero crossings

will have a mean and variance of

= 73.24

0

2

1) = 36. 37

0

For a 5% level of significance, the acceptance region for the number of

zero crossings in a sample record from a random. signal is

40 ± 1.96a = 73.24 i1.82

Then, if it is hypothesized that each sample record is obtained from a

random signal, the hypothesis will be accepted at the 5% level of signifi-

cance if the number of zero crossings is between

62 L) = 85
0

From Table 12. 2, for the 31 sample records gathered, the hypothesis of

randomness is accepted for 29 of the sample records, and erroneously

rejected for two of the sample records (Samples No. 3 and 28). Two

Type I errors out of 31 tests at the 5% level of significance is what one

would anticipate.
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A-2. Sample records with length T = 0. 05 seconds and frequency

range fa = 28. 5 cps to fb = 1050 cps, giving n = 122. 92 events

per record.

For this case, the sampling distribution of zero crossings will

have a mean and variance of

= 61.46

2
2 =30.48

LI0

For a 5% level of significance, the acceptance region for the number of

zero crossings in a sample record from a random signal is

± i. 96oL = 61.46 ± 10.82
Vo 0

Then a hypothesis of randomness will be accepted at the 5% level of

significance if the number of zero crossings is between

51--! P0 = 72

From Table 12. 2, for the 31 sample records gathered, the hypothesis of

randomness is accepted for 30 of the sample records, and erroneously

rejected for one sample record (Sample No. 6). Once again, one Type I

error out of 31 tests at the 5% level of significance is consistent.

A-3. Sample records with length T=0. 10 seconds and frequency

range fa = 95 cps to fb = 630 cps, giving 157. 61 events per

record.

For this case, the sampling distribution of zero crossings will

have a mean and variance of

0 = 78.80

2
o0 = 39. 14
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For the 5% level of significance, the acceptance region for the number

of zero crossings in a sample record from a random signal is

.I £. 96U0 = 78. 80 ± 12. 27

Then a hypothesis of randomness will be accepted at the 5% level of

significance if the number of zero crossings is between

67_ =) 0_ 91

From Table 12. 2, for the 31 sample records gathered, the hypothesis

of randomness would be accepted for 28 of the sample records, and

erroneously rejected for three sample records (Samples No. i1, 9, and

20). Three Type I errors out of 31 tests at the 5% level of significance

is reasonable.

Consider next the zero crossings measured for nonrandom signals

consisting of sine wave-random combination signals. This data is

designated as Area C in Section i2 and is presented in Table 12. 3. Apply

Randomness Test A to this data (C-i through C-9 in Table 12.3) at the

a = 0. 05 level of significance. Note that for this illustration, the Type II

error of the test is of primary importance, since it is desired to demon-

strate the ability of the test to reject a hypothesis of randomness for

signals which are truly nonrandom. The number of events represented

by each sample record in Table 12. 3 is less than n = 160. For a test at

the 5% level of significance, the Type II error %ould be unreasonably

large. However, to facilitate the desired illustrations, a sample record

representing a much larger number of events can be created by simply

adding together all 31 sample records gathered under each Test Pro-

cedure to form one long record for each experiment.

C-i through C-4. Sample records with length T = 1. 55 seconds and

frequency range f = 28. 5 cps to fb = 1050 cps, giving n = 3810. 6a

events per record. Sine wave present with (p/r) = 1. 0.

From Eq. (15. 1) the sampling mean and variance for a random

signal would be as follows:
2

u0 = 1905.3 ; 2 = 952.4
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The acceptance region for testing at the 5% level of significance is

4 ± 1.96a- = 905± 60

Then the hypothesis of randomness will be accepted if the number of

zero crossings in a sample record is

1845-n Z)0 : 1965

The probability of a Type II error for the test is P = 0. 05 for detecting

a difference of 6. 3% in the expected number of zero crossings.

From Table 12. 3, the total number of zero crossings for each

experiment (T = 1. 55 seconds) are as follows:

Test Procedure C-I (f 0 = 200 cps) ; = 1817 crossings

Test Procedure C-2 (f0 = 400 cps) ;L = 1993 crossings
0 ; 0

Test Procedure C-3 (f0 = 600 cps) ; Z) = 2080 crossings
0 0

Test Procedure C-4 (f0 = 800 cps) L) = 2t88 crossings
0 0

Then the randomness hypothesis would be correctly rejected for all

four sample records tested.

C-5 through C-9. Sample records with length T = 3. 10 seconds and

frequency range fa = 95 cps to fb = 630 cps, giving n = 4885.6

events per record. Sine wave present with (p/r) = 0. 25.

From Eq. (15. 1) the sampling mean and variance for a random

signal would be as follows:

2
NO =2442. 8 ; = 122t. 1SZ120

The acceptance region for testing at the 5% level of significance is

} ± 1. 96cr = 2443 ± 68

Then the hypothesis of randomness will be accepted if the number of

zero crossings in a sample record is

2375-Z)0 - 2511
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The probability of a Type II error for the test is P = 0. 05 for detecting

a difference of 5. 6% in the expected number of zero crossings.

From Table 2, the total number of zero crossings for each experi-

ment (T = 3. 10 seconds) are as follows:

Test Procedure C-5 (f0 
= 150 cps) ; = 1849 crossings

0500

Test Procedure C-6 (f 0 = 250 cps) ; = 2088 crossings

Test Procedure C-7 (f0 = 350 cps) ;) = 2410 crossings
0 0

Test Procedure C-8 (f0 
= 450 cps) Z) = 2730 crossings

0 0

Test Procedure C-9 (f0 = 550 cps) ;) = 3184 crossings

Then, the randomness hypothesis is correctly rejected for all but

one of the five sample records tested, and erroneously accepted for one

sample record (Test Procedure C-7).

The power with which Random Test A detects nonrandomness is

clearly shown by the above illustrations. A segment of an amplitude time

history record used to obtain data for the above illustrations is shown

in Figure 15. 7. A random signal record is shown with the nonrandom

record. Note that the presence of a periodic component is not readily

apparent from the signal time history. This should give greater apprecia-

tion for the power with which the test detects nonrandomness.

Consider now the zero crossings measured for signals which are

random but do not have uniform power spectra. This data is designated

as Area B in Section 12 and is presented in Table 12. 2. Apply Randomness

Test A to this data (B-I through B-4 in Table 12.2) at the a = 0.05 level

of significance.

B-I through B-5. Sample records with length T = 0. 10 seconds and

frequency range fa = 95 cps to fb = 630 cps, giving n = 157.61

events per record. Narrow peak present in the power spectrum

with magnitude of 100:1.

For this case the region of acceptance for testing a hypothesis of

randomness is exactly the same as for the data under A-3. Then, a

hypothesis of randomness will be accepted at the 5% level of significance if

the number of zero crossings in a sample record is

67 0 91

A0
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0 0.01 0.02 0.03 0.04 0.05 seconds

t

Random Signal: fa - 28.5 cps, fb = 1050 cps

0.01 0.02 0.03 0.04 0. 05 seconds

Random Signal+ Sine Wave; f = 28. 5 cps,a
fb = 105 cps, f = 200 cps. Mean square

value of sine wave is 1/4 mean square

value of random component; that is, (p/r) = 0. 25

Figure 15. 7 Typical Amplitude Time History Records
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From Table 12. 2, for a narrow peak in the power spectrum at 150 cps

(Test Procedure B-i), the hypothesis of randomness would be accepted for

only five sample records (Samples No. 1, 3, 8, 24, and 29), and would be

erroneously rejected for the remaining 26 sample records.

For a narrow peak in the power spectrum at 350 cps (Test Procedure

B-2), the hypothesis of randomness would be accepted for all 31 sample

records. For this case, the actual sampling mean is not very different

from that predicted by Eq. (15. 1), while the actual sampling variance is

much less than predicted by Eq. (15. 1).

For a narrow peak in the power spectrum at 550 cps (Test Procedure

B-3), the hypothesis of randomness would be erroneously rejected for all

31 sample records. Here the actual sampling mean is quite different from

that predicted by Eq. (15. 1).

For three narrow peaks in the power spectrum at 150 cps, 350 cps,
and 550 cps (Test Procedure B-4), the hypothesis of randomness would be

accepted for 17 sample records (Samples No. 1, 2, 4, 5, 6, 9, 10, 11, 12,

14, 15, 19, 20, 24, 25, 27, and 28), and erroneously rejected for the

remaining 14 sample records.

It is clear from the above analysis that Randomness Test A does not

correctly detect randomness in signals which do not have reasonably

uniform power spectra.

15. 5. 2 Randomness Test B

The effectiveness of Randomness Test B may be studied using

the mean square value data presented in Section 15. 4. Apply Randomness

Test B to each collection of 61 mean square values gathered for the five

different signals (Experiments t through 5 in Table 15. 2) at the a = 0. 05

level of significance.

If it is hypothesized that the mean square values were measured

from a random signal, from Eq. (15. 26) for N = 61 and a = 0.05, the

region of acceptance for the hypothesis is

E2 " 0. 71

E

ASD TDR 6Z-973 15-33



2
From Eq.(15. 18), E = 0.056. Thus, the hypothesis will be accepted at

the 5% level of significance if the normalized variance for the measured

mean square values is

1' 0.040

From Figure 6. 19 of Ref. [ 3], the probability of a Type I error for the
2 2test is P= 0. 05 for detecting a true value of E = 0. 55 E = 0.0308.

The normalized variance for each of the five collections of mean

square values is presented in Table 15. 4. The results of the randomness

t, st are as follows.

i. (p/r) = 0 = 0.045 accepted

2. (p/r) = Z 0. 047 ; accepted

3. (p/r) = 2 = 0. 032 rejectedAZ

4. (p/r) = 4 ; i = 0.016 ; rejected

5. (p/r) = 9 E 0. 0093 ; rejected

The first experiment involves a signal which is truly random, so

the acceptance is proper. The second experiment involves a nonrandom

signal with a (p/r) ratio of unity. Thus, the acceptance here constitutes

a Type II error. Note that the expected value of the normalized variance

for (p/r) = I is 2= 0. 042 = 0. 75 E 2 The probability of making a

Type II error for this case is P ;. 0. 6 or 60%. Hence, the occurrence

of a Type II error for this case is not surprising. The last three experi-

ments involve nonrandom signals with (p/r) ratios from 2 to 9. In all

three cases, the hypothesis of randomness is correctly rejected.

15. 5. 3 Relative Effectiveness of Randomness Tests

It is clear from the discussions in Section 15. 5. 1 that Random-

ness Test A is exceptionally powerful under ideal conditions. The test

detected a sine wave in a random signal with a (p/r) ratio of only 0. 25

using a sample record length of only 3. 10 seconds. Randomness Test B

failed to detect a sine wave in a random signal with a (p/r) ratio of unity

from 61 mean square values representing a total sample record length of

19. 5 seconds.

On the other hand, Randomness Test A may erroneously reject a

random signal as being nonrandom if a sharp peak is present in the power
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spectrum. In other words, Test A is unable to distinguish between sine

waves and narrow band random signals. This is understandable since

the test is based upon zero crossing information. A sine wave in an other-

wise random signal and a sharp peak in the power spectrum of a random

signal both tend to affect the resulting zero crossings in a similar manner.

Thus, the only way Randomness Test A could be effectively used is to

observe the power spectrum for the signal to be investigated, and apply

the test to a frequency range where no sharp peaks are observed.

However, as discussed in Section 15. 1. 1, if no distinct peaks are present

in a properly resolved power spectrum, no periodic components could be

present and further tests for randomness are unnecessary. Because

narrow band random vibration responses are common for lightly damped

flight vehicle structures, Randomness Test A does not appear to be

practical for applications to flight vehicle vibration data.

Randomness Test B does not pose the problem discussed above. The

theory of Test B is not dependent upon the shape of the power spectrum

for the signal as long as an equivalent ideal bandwidth for the signal can

be defined. In fact, Test B is most powerful when applied only to the

narrow frequency range of sharp peaks observed in the power spectrum.

In summary, although Randomness Test A is more powerful than

Randomness Test B under ideal conditions, Test A is considered im-

practical for applications to flight vehicle vibration data analysis.
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15. 6 CONCLUSIONS

Two different procedures for testing single sample records

for randomness have been experimentally evaluated. One of the pro-

cedures (Test A) is the randomness test originally proposed in Section

6. 1. 5 of Ref. [I]. The second procedure (Test B) is based upon more

recent concepts developed herein.

The experimental results confirm the validity of the theory for

Randomness Test A, as developed in Ref. [I]. However, the results

also indicate Test A will erroneously reject random signals as being non-

random unless the power spectra of the signals are reasonably uniform.

This fact makes the application of Test A to flight vehicle vibration
response data impractical, since such data rarely have uniform power

spectra. Randomness Test B proposed in this section does not present

the above problem. Although Test B is less powerful, Lts application

to flight vehicle vibration data is more practical. Thus, it is

recommended that Randomness Test A from Ref. [1) be dropped in favor

of the new test for randomness presented herein.

Qualitative techniques for evaluating the randomness of flight

vehicle vibration data are also discussed. These techniques involve

observation of certain distinguishing details in power spectral density

functions, autocorrelation functions, and amplitude probability density

functions. These qualitative procedures will often reveal periodicities

in an otherwise random vibration without the need for quantitative testing

of the data.
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t6. TESTS FOR STATIONARITY

16. 1 THEORY OF TESTS FOR STATIONARITY

16. t. I General Remarks

The general requirements for stationarity of a collection of

random signal records forming a random process are discussed in

Section 6. 1. 6 of Ref. [ I]. As noted there, the term "stationary" usually

applies to the properties of a collection (ensemble) of random signals

determined by taking ensemble averages at specific times. However, the

concept of stationarity may also be applied to the properties of a single

random signal (assumed to exist over all time) determined by taking time

averages over different time intervals. This concept of stationarity is

called "self-stationarity" to distinguish it from the general concept of

stationarity for an ensemble of random signals forming a random process.

For a single random signal, if the mean values, mean square values,

and autocorrelation functions determined by taking time averages over

different time intervals are statistically equivalent, the random signal is

considered "weakly self-stationary. " For a random signal representing

a vibration response, the mean value (DC component) is usually zero.

Furthermore, if the mean square values are equivalent, there is strong

reason to believe that the autocorrelation functions are similar since auto-

correlation functions are less than or equal to their associated mean

square values. Hence, the determination of weak self-stationarity for

random vibration signals can usually be limited to an examination of mean

square levels. These matters are discussed in more detail in Section

6. 1.6 of Ref. [ I .

For simplicity in the present study, the term "stationary" will be

used throughout the discussions where it is understood that only mean

square values determined by time averaging are considered (weak

self- stationarity).

A quantitative procedure for testing a single random signal record

for stationarity is suggested in Section 6. 1. 8 of Ref. [i]. Experimental

verification of that test procedure, hereafter referred to as Stationarity

Test A, is a major subject of this section. Two other alternative tests

for stationarity are also developed here and studied experimentally.
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One of these alternative tests involves a simple chi-squared test of vari-

ances, and will hereafter be referred to as Stationarity Test B. The

second alternate test makes use of the F statistic to test the maxi-max

mum and minimum of a group of mean square estimates, and will

hereafter be referred to as Stationarity Test C. These three tests are

discussed in Sections 16. 1. 2 through 16. 1.4.

All three procedures test for the same basic characteristic;

namely, the equivalence of a collection of mean square estimates. The

collection may consist of the mean square values of sample records ob-

tained from different random signals, or sample records obtained at

different times from the same random signal, or sample records obtained

by dividing a single sample record into several subrecords. The practical

applications represented by these various cases are discussed later in

Section 16. 1. 5.

16. 1. 2 Review of Stationarity Test A

The following discussion is a review of Section 6. . 8 of Ref. [i].

Consider a stationary random signal x(t) which hypothetically exists over

all time. Let the mean value of x(t) be zero, and the mean square value
2of x(t) be - . Assume a long sample amplitude time history record ofK

length T is obtained which is then divided into N number of subrecords,

each of equal length T, =(T/N) as shown in Figure 16. 1.
2*

For each of the subrecords, a mean square value x.
i

2
(i = t, 2, 3, .... N) is measured. Each value x. will be an estimate of

i

the true mean square value a for the signal. That is,
x

E [x]=T (16. 1)

The mean square value o subrecords is denoted by s in Section 6. 1. 8
of Ref. [I]. The term x is used here to avoid confusion with the

experimental sample variance denoted by s later in this section.
Furthermore, a number of subscripts are used here for additional
clarity which were not used in Section 6. 1. 8 of Ref. [I.
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ZT 3T (N-1)T NT i = T

Figure 16. 1 Sample Amplitude Time History Record

Assuming x(t) is distributed in an approximately Gaussian manner,
"-2

the sampling distribution for the values x. will be associated with a chi-

squared distribution as follows.

2
K 2

2 , n (- 2BT I  (16. 2)
o"(n = l

x

2

where 'I," means 'Uistributed as", and X is a chi-squared distribution

with (n - 1) degrees of freedom. The term n is the equivalent number of

events represented by each subrecord. The bandwidth B is an equivalent

ideal bandwidth with infinitely sharp cutoffs.
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From Eq. (16. 2), a probability statement concerning the expected

values for x. can be made as follows.1

2_____-___ -x 2,

Prob[ (n-I) x-) (i/ -ac) =p(n - ~ (n -

The meaning of Eq. (16. 3) is as follows. If x(t) is stationary over the

sample record of length T, the probability is p that the value x.

measured from each of the N number of subrecords will fall within

the noted interval, or the probability is (I - p) that the value will fall

outside the noted interval.

Now, consider each measurement x. as an experiment where N

number of experiments are performed. Each experiment has two possible

outcomes: the value x.2 will fall outside the p probability interval

(a failure), or the value x.2 will fall inside the p probability interval

(a success). Assuming the series of N number of experiments are

statistically independent, the set of experiments may be considered as a

set of Bernoulli trials where the probability of a success is p and the

probability of a failure is (I - p).

Let q be the number of failures. The sampling distribution for

the number of failures in a finite number of experiments, N, is given by

a binomial distribution as follows:

b(q) = (N) (I p)q(p)N - q (16.4)

where

(N 
(N !

From Eq. (16. 4), if the signal x(t) is stationary, the probability

of actually obtaining up to k number of failures (values of x i which

fall outside the desired probability interval) is given by

k

Prob (q=k)= Y (N) (Ip)q(p)N-q (16.5)

*The term p is used here instead of (1-a) to avoid confusion with the usual

concept of (I-a) = confidence coefficient.
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The mean and variance for the binomial distribution in Eq. (16.4)

is given by

pq = (i - p)N
2 (16.6)
q = (I - p) pNq

For those cases where (i - p)N is relatively large, say greater than 10,

the binomial distribution may be approximated by a normal distribution

with a mean and variance as given in Eq. (16. 6).

From either Eq. (16.5) or Eq. (16. 6), a hypothesis test for

stationarity can be performed at any desired level of significance.

Further details are presented in Section 6. 1.8 of Ref. [i]

Example

The above discussions will be clarified by considering a specific

example. The example used is an actual case which is studied herein

experimentally. Let the length of the sample record be T = 25 seconds.

Let the number of subrecords formed from the sample record be

N = 25. Suppose the effective bandwidth of the signal is B = 56 cps.
2Let the true mean square value of the signal, or , be arbitrary. Forx

this example,

TI =(T/N)=(25/25)= I second

n = 2BT i = 2(56) = 112

and Eq. (16. 3) becomes

2 2 2 2 1 =Prob[i-/2)x 2 X o/2 x

Let p = (I -p) = 0. 5; that is, a 50% probability. From Table A-6b

of Ref. [ 2] (noting that "percentiles" in this table ar-e I -p),

2x = 0.905
(0.75)

2
X = 1.09

(0. 25)
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Then, Eq. (16. 7) reduces to

Prob 0. 905o 3  = X 2 . 09 ] =0. 50 (16. 8)

From Eq. (16. 8), if the signal x(t) is stationary over the sample record,
2

the probability is p = 0. 50 that a value x. will fall inside the stated

limits (a success), and (I - p) = 0. 50 that a value x. will fall outside1

the stated limits (a failure).

Now consider the sampling distribution for the number of failures

q. From Eq. (16. 6), the mean and variance are given by

4q = (I-p)N = t2. 5

2 (16.9)
= (t -p)pN = 6. 25q

2
Thus, for the 25 values for x. (i = I to 25), the expected number of

failures (values less than 0.905- or greater than 1.09a is 12. 5. The
x x

sampling variance is 6. 25. If the signal x(t) were not stationary over

the record length T = 25 seconds, the expected number of failures

would obviously be greater. Thus, to test a hypothesis of stationarity,

a one-sided test is used.

For the present example, let it be hypothesized that x(t) is

stationary over the record of length T = 25 seconds. This hypothesis

will now be tested at the 5% level of significance. From Table A-4 of

Ref. [2], for an a = 0.05 level of significance, and a normal distri-

bution for q, the following probability exists

Prob[q=(R q+ 1.65 aq)] = 0.95 (16. 10)

Thus, the region of acceptance for the hypothesis test is

q :! 16.625, or q 17 (16. 1)

2
For the 25 mean square estimates, x. , if 16 or fewer fall within21 21

the interval (0. 9052 1. 09r ), the hypothesis of stationarity is
x

accepted. If 17 or more fall outside the noted interval, the hypothesis
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of stationarity is rejected with a Type I error of 5%. That is, the

signal x(t) is considered nonstationary over the record length of

T = 25 seconds with a probability of 5% that this conclusion is an error.

Since the possible conditions of nonistationarity are undefined, a quan-

titative Type II error for the test is not really meaningful. However, in

qualitative terms, when the test is applied at any given level of significance

to a nonstationary signal, the Type II error will go down as the values of

n and/or N are increased.

The application of this test for stationarity (Test A) to actual

vibration data poses one major problem. The true mean square value
2

of the vibration response signal a will be an unknown quantity. It is
x 2

thus necessary in practice to replace a- with the best available esti-
x2

mate. The best available estimate is obviously the mean square value x

for the entire record of length T. That is,

2 2 1 1" f x = t)dt = x (16. 12)

It is shown in Section 13. 5. 3 that Eq. (16. 12) should yield acceptable

results if ZBT - 40N(ZBT I N- 40).

16. 1. 3 Principles of Stationarity Test B

The second test for stationarity to be discussed here is somewhat

simpler in concept than Test A discussed in Section 16. 1. 2. As before,

consider a stationary random signal x(t) with a mean value of zero and
2

a mean square value of a . Assume a sample amplitude time historyK

record of length T is obtained and divided into N number of subrecords,

each of equal length T, =(T/N) as shown in Figure 16. 1. For each of the

subrecords, a mean square value x. (i = ,2, 3,.... N) is measured.

Each value of x. will be an estimate of a2 as given by Eq. (16. i).
Ix

Assuming x(t) is distributed in an a2 qroximately Gaussian manner, the

sampling distribution for the values xi will be as given by Eq. (16. 2).
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It is proved in Section 13. 5. 2 that for stationary records the normalized

variance of the mean square values x. can be described theoretically as1

follows.

2 : V ar( x. ) (2 1 (16.13)
(x)

2
Given the set of N number of values x. , a variance for the values can

be estimated by calculating the sample variance s as follows.

s 2  (1 " - x-- 2 = 1 -- 2 -2 2SZ i  N P -(x (16. 14)

"=1 i=1

Here, x is the average mean square value given by Eq. (16. 12).

From Eq. (16. 14), an estimate for the normalized variance of the values

x will beI

2 2 (16. 15)

The term 1 is simply a variance estimate and will thus have a sampling

distribution associated with a chi-squared distribution as follows.

2 - X (16. 16)
2 N

where ".." means "distributed as" and x is chi-squared with (N - t)

degrees of freedom. The practical validity of Eq. (16. 16) is experimentally

substantiated in Section 13.

In Eq. (16. 16), if the signal x(t) is stationary, the measured variance
AZ 2
e and the theoretical variance E should be equivalent. Then, a hypothesis

of stationarity is established by the null hypothesis H as follows.

A biased expression for s is employed here so that all statistical

procedures to follow will be consistent with procedures outlined in Ref. ji].
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H 0 : (E = (16. 17)0

If x(t) is nonstationary over the record of length T, the variance of the

values x. would be greater than predicted by E . Thus, a one-sided

test of H is used. More specifically, if H is tested at the a level

of significance, the region of acceptance is given by

(16. 18)
E N

A plot of the acceptance regions of the normalized variance ratio for

various values of a and N is shown in Figure 16. 2.

For clarity, consider the above discussion in terms of the same

example used in Section 16. 1. 1. That is,

T = 25 seconds

N = 25

B = 56 cps

T1 = i second

2 1- =0. 0178

Let it be hypothesized that x(t) is stationary over the record of
^.2 2

length T = 25 seconds; that is, H 0 - = . This null hypothesis will
now be tested at the 5% level of significance. From Table A-6a of

Ref. ["1, X0 = 36. 4 for nine degrees of freedom, and the following

probability exists.

P2.(36. 4)(0. 0178)I = p[^ Z. 0. 0259>09(1.)

Then the region of acceptance for the null hypothesis H0 is

AZE - 0.0259 (16. 20)

where T is computed using Eqs. (16. 14) and (16. 15). If the computed

value for A 2 is less than 0. 0259, the hypothesis of stationarity is
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accepted, If T2 is greater than 0.0259, the hypothesis of stationarity

is rejected with a Type I error probability of 5%. That is, the signal

x(t) is considered nonstationary over the record length of T = 25 seconds

with a probability of 5% that this decision is an error.

As in Test A, there is no meaningful Type II error probability, 3

because there is no quantitative definition for all of the possible con-

ditions of nonstationarity. For this test, however, a fictitious Type II

error can be defined in terms of deviations in the ratio E[2]/ 2

The Operating Characteristic (OC) curves for this case are given for

a = 0. 05 and 0.01f in Figures 6. 17 and 6.18 of Ref. [2]. The number of

records N needed to detect a nonstationarity as measured by El[2 1

with a probability P may be selected from the appropriate OC curves.

In general, the Type II error will go down as the value of N is

increased.

The application of this test for stationarity (Test B) to actual vibration

data poses the same problem discussed in Section 6. f. I for Test A. The
2

true mean square level of the vibration response signal a , needed to
^2

compute E from Eq. (16. 15), will be an unknown quantity. For practical
2

applications it is necessary to replace r by the mean square value xx

computed for the entire record of length T, as shown in Eq. (16. 12).

This substitution is acceptable if 2BT a- 40.

16. 1. 4 Principles of Stationarity Test C

The third test for stationarity to be discussed here is simplest in

terms of practical applications of the three procedures presented. As

before, consider a stationary random signal x(t) with a mean value of
2

zero and a mean square value of " . Assume a sample amplitude

time history record of length T is obtained and divided into N number

of subrecords, each of equal length T I =(T/N), as shown in Figure 16.1.

For each of the subrecords, a mean square value x. (i = 1, 2,3 ... , N)

is measured. Each value x. will be an estimate of r based on
1 x

n = 2BTI equivalent number of events.

Now, select from the N number of values x. the maximum value

and the minimum value m. Assuming x(t) is distributedax in
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in an approximately Gaussian manner, the ratio of these two values will

be distributed as the statistic F ax That is,

(X max F (16. 21)
zmax

(x min

where "i-" means "distributed as" and F is an F distribution
max max

for N number of mean square estimates, each with (n - i) degrees of

freedom.

In Eq. (16.21,), if the signal x(t) is stationary, the measured value

(x ) and( x) should be equivalent. Then, a hypothesis of stationarity
max min

is established by the null hypothesis H0 as follows

Ho : (x)max = )rin (16.22)

If H 0 is tested at the a level of significance, the region of acceptance

is given by

(x )max F
F max; a (6.23)

(X )min

where F for a = 0.0i and 0. 05 are tabulated in Table 5. 7 of[ max

Ref. 1. A plot of the acceptance regions of the max-min mean square

ratio for various values of n and N is shown in Figure 16. 3.

The obvious advantage of Test C is its simplicity of application.

Only one division of the maximum and minimum mean square estimates

is required. There are two possible disadvantages to the test. First,

the Fmax statistic has not been studied in great detail and only limited

tables of F values are available. Second, the power of the testmax ; a

is probably less than for other procedures which employ all available

mean square estimates to make decisions. The latter problem will be

considered in some detail by the experiments performed herein.
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16. 1. 5 Bandwidth and Averaging Time Considerations

Each of the three tests for stationarity proposed here is applicable

to any collection of mean square estimates which one wishes to test for

equivalence. However, for all three tests, it is required that the mean

square estimates each represent an equal number of events n, and that

the value of n is known. From Eq. (16. 2), n is a function of the signal

bandwidth B and the record length (averaging time) T, for each record

of the collection. Bandwidth and averaging time considerations are

discussed in Section 13. 1. 3. However, some additional discussion is

warranted here.

a) Bandwidth Considerations

If a random signal x(t) with a uniform power spectrum, G(f) =

constant, is filtered with infinitely sharp cutoffs between any two

frequencies f and fb' the bandwidth of the signal, B = fb - faP is

ideally defined. Given a real filter with a constant parameter linear

frequency response function H(f), an equivalent ideal bandwidth for the

filter is given by

B =B I H(f) df (16. 24)

max 0

For stationary signals, the power spectral density function for

the response, Gx(f), is associated with the power spectral density func-

tion for the excitation, Ge (f), as follows.

Gx(f) = I H(f) 2 Ge(f) (16. 25)

For most practical purposes, the power spectrum for a vibration

response may be considered the result of linear filtering of an excitation

with a uniform power spectrum, G e(f) = constant. Then, upon substitution

of Eq. (16. 25) into Eq. (16. 24), the following result is obtained.

00 2

B 1 f G (f) df = (16.26)
x max oo x max
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In words, Eq. (16. 26) states that the equivalent ideal bandwidth for

a random signal representing a vibration response x(t), is given by the

mean square value divided by the peak value of the power spectrum.
-2 A

Thus, given the estimates x for the mean square value and G(f) for

the power spectrum, the equivalent ideal bandwidth for a random signal

can be estimated from the ratio x /Ama x

b) Averaging Considerations

The ideal method of averaging is by linear integration over the

record length T. For the problem at hand, the mean square values of

the subrecords should be determined by linear integration over each of

the record lengths T i . However, averaging is often accomplished by

continuous smoothing with a low pass RC filter having a time constant K.

The general associations between the time constant K and the equivalent

averaging time T1 are discussed in Section 13. 1. 3. There are special

considerations which apply to the present problem.

Assume a long record of length T is to be tested for stationarity

by analysis of a continuous RC averaged mean square estimate as

shown in Figure 16. 4.

S z z -2 -2
x l x2 x3 x N- 1 x N

C)

2 3 (N-i) N

T time

Figure 16. 4 Analysis of Continuous Mean Square Levels
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Let the time constant K be short as compared to T; that is,

K-c-T. Now divide the continuous mean square estimate into N equal

intervals such that each interval is about 3K or 4K long. The level of

the continuous mean square estimate at the end of each interval will

constitute a mean square measurement x. based on an equivalent

averaging time of TI = 2K. The individual readings should be

3K or 4K apart to assure that they are statistically independent. Note

that the points at which readings are made can also be selected by

random sampling. Under no circumstances, however, should the points

be selected without a pre-designated plan (equal intervals or random

intervals). Otherwise, the person reducing the data may bias the

results.

16. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

16. 2.1 General Design and Procedures

The general purpose of these experiments is twofold. The first

objective is to experimentally verify the theoretical foundation for

Stationarity Test A. The foundation for Stationarity Tests B and C is

based directly on the theoretically expected variability of mean square

estimates, which is studied and substantiated by experiments in Section

13. The second objective is to empirically compare the effectiveness

or power of the three tests by applying them to data obtained from a

signal record with a known nonstationary characteristic.

16. 2.2 Procedures for Verifying Stationarity Test A

The objective is to confirm the validity of Eq. (16. 4), which is the

basis for establishing an acceptance region for the test of a stationary
2

hypothesis. Given a collection of N mean square estimates and a X

probability interval of p probability, Eq. (16. 4) defines the sampling

distribution for the number q! of the N estimates which will fall out-

side the interval (the number of failures). The sampling distribution

is ideally a binomial distribution with a mean value and variance as

follows.

1Aq = (i - p)N (16. 27a)

2
a- = (i - p)pN (16. 27b)
q
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The verification procedure is to apply the Stationarity Test A to

a collection of N mean square estimates from a stationary random

signal, and determine the number of failures q. The experiment is

repeated M number of times to obtain a collection of M number of

experimental values for q. A sample mean and variance for q are

computed as follows.

M

qi (16. 28a)

i=1

M
=Z i (qi - ) - qi - q(t6. 28b)

The expected values for the above sample mean and variance are as

follows.

E[q] = iq (16. 29a)

q

The sample mean 1 will be distributed as follows.

s t (16. 30a)

q M-i

where "t" is a student's "t" distribution with (M - 1) degrees of freedom.
z

The sample variance s will be distributed as follows.

2 2
X -- (16. 30b)a

o- Mq
2

where X has (M- t) degrees of freedom. Equations (16. 30a) and

(16. 30b) permit the experimentally determined values for R. and oq

2 q q
as given by q and s , to be tested for equivalence to the theoretical

values for 1 q and ' 2 , as given by Eq. (16. 27). The existence of
q q

equivalence will be considered as confirmation of the general form of

Eq. (16. 4) and Stationarity Test Procedure A.
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More spetifically, the Stationarity Test A is applied to a random
signal with a bandwidth of B = 56 cps on a center frequency of
f = 1000 cps. A total of N = Z5 mean square estimates are gathered
by true averaging (linear integration) over consecutive subrecords,

each of length T = I second. A X2 probability interval of p = 0. 50
is employed, giving the limits for a success or failure as stated in
Eq. (16. 8). These conditions are consistent with the numerical example
given in Section 16. 1. 2. The experiment is repeated M = 31 times.

Equations (16. 27) and (16. 28) become

4q = (I - 0. 5) 25 = 12. 5

20q= (1 - 0.5)0.5(25) = 6. 25q

61

q ;j qi

2 = 2 q -

The hypothesis of equivalence between the theoretical and
experimental values is tested at the a = 0. 10 level of significance.

Then, from Eqs. (16. 30), the region of acceptance for the hypothesis
of equivalence is

-1. 702s'q 1. 70 s(1 .3

30 30
2

0. 596 - s - ..41 (16. 3ib)

q

If the 31 experimentally determined izalues for q have a sample
mean and variance which fall within the above limits, the hypothesis
of equivalence vAill be accepted, and Eq. (16.4) will be considered valid.
If the sample mean and variance fall outside the noted limits, the
hypothesis of equivalence will be rejected, and there will be reason to
question the validity of Eq. (16.4) and the entire procedure for Stationarity

Test A.
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The probable Type I and Type II errors for the experiment are

a = = 0. 10 for detecting a deviation of 12% in .q = 12. 5 and a deviation
2

of about 2. 4 to I in a- = 6. 25 (a deviation of approximately 50% in a-q)qq
These results follow directly from the procedures for determining a

sample size for equivalence of means and variances, as presented in

Section 12. 2. 2. For these experiments, the sample size of interest

is the number of experiments M. Thus, from Eq. (12.19 ), the

relationship between the sample size M, the theoretical standard

deviation a- , and the mean value deviation A4 which is to be detectedq q

for a= = 0. 1O is given by

M= 108 q 31 (16.32)

q

Hence, for a- q= 2. 5, the difference in means is A4.iq = 1. 5, which is

12% of 4 q = 12. 5.

From Eq. (12.22), the relationship between M and the deviation
2

Aa2 which is to be detected for a = = 0. i0 is given by
q

2 2 2
a-r + A T 2 X 0. 5 (M - i)q +A - (Q.o0) ( w) 2.4 (16. 33)

a. 2
T q X 0 9 5 )(M - 1)

for M = 31.

16. 2.3 Generation of Nonstationary Data

To perform some of the experimental studies to follow, a labora-

tory signal with a defined condition of nonstationarity is required. The

specific condition of nonstationarity used is as shown in Figure 16. 5.

This is obtained by merely changing the mean square voltage level in

a random noise generator.
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Figure 16. 5 Condition of Nonstationary

In Figure 16. 5, the parameter a is a fractional deviation in the

actual mean square value of the signal from some average mean square
2level a- . For example, if a = 0. 10, the nonstationarity is representedx

by a signal with a mean square level that is 10% above the average level
2 2

- for the first half of the record and 10% below the average leveler
x x

for the second half of the record. The magnitude of nonstationarity is

measured in terms of the deviation a.

16. 2. 4 Procedures for Comparing Stationarity Tests A, B, and C

The objective is to empirically study the relative effectiveness of

Stationarity Tests B and C, along with Test A, assuming its validity is

substantiated, when they are applied with the same level of significance

to the same nonstationary data. A nonstationary signal is contrived

with the characteristics discussed in Section 16. 2. 3. That is, a

sample record of length T is obtained from a signal whose true mean

square value is somela % above and below an average level for each half

of the record. A collection of N number of subrecords are gaLhered

and tested for stationarity by each of the three tests at an a level of

significance. The experiment is repeated M number of times to
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empirically establish how often each test will accept or reject a

stationary hypothesis. The group of experiments is performed for k

number of different cases of nonstationarity.

More specifically, Stationarity Tests A, B, and C are applied to

a random signal with a bandwidth of B = 56 cps on a center frequency

of f = 1000 cps. A total of N = 10 mean square estimates arec

measured at equally spaced intervals from a continuous RC averaged

mean square level time history plot. The continuous mean square

estimate is for an averaging time constant of K 0. 27 seconds giving

an effective averaging time per subrecord of T = 2K * 0. 54 seconds.

Thus, each estimate is based on n = 2BT o 60 equivalent number of

events. The interval between the individual estimates is one second

(about 4K) to assure statistical independence. For an actual example

of a continuous RC averaged mean square estimate, see Figure 13. 3.

The ten mean square values are tested for stationarity by each of the

three tests at the a = 0. 05 level of significance.

The experiment is repeated M = 31 times for k = 3 different

cases as follows.

Case 1. All ten mean square estimates are obtained from

a stationary random signal.

Case 2. The mean square estimates are obtained from a

random signal with a true mean square value of
2

1. to 2 for the first five estimates and 0. 9o 2
x 2 . X

for the last five estimates where a- is anx
arbitrary average mean square level for the record.

Case 3. The mean square estimates are obtained from a

random signal with a true mean square value of
2

1. 202 for the first five estimates and 0. 8r 2
x x

for the last five estimates.

For Case 1, each of the stationarity tests should accept the

hypothesis of stationary at the 5% level of significance about 95% of

the time. A rejection of the hypothesis is a Type I error which is

fixed at 5% (a = 0. 05) for each test. Thus., for 31 experiments, one

or two Type I errors would be anticipated. For Cases 2 and 3, each
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of the stationarity tests would ideally reject the hypothesis of

stationarity. An acceptance for these cases is a Type II error, For

each test, an empirical probability for the Type II error (P), and a

power factor for the test (I - is computed as follows.

number of acceptances

31
(16. 34)

Power of Test= I -

These empirical quantities permit comparison of the relative power

of the three stationarity tests.

16. 2. 5 Acceptance Intervals for Stationarity Tests

(a) Test A 2
From Eq. (16. 3), for n = 60 and p = 0. 50, the X probability

interval is given by

-- -

0. 870x - x.., t. 1Zx (16. 35)

z z
where x is the average of the ten values for x.

i

From Eq.(16. 5), for N = 10, p = 0. 50, and a = 0.05, the region

of acceptance for the hypothesis of stationarity is

q . 8 (16. 36)

The above number is arrived at by using binomial probabilities from

Table A-29a of Ref.[ 2] and determining that Value of k in Eq. (16. 5)

such that the probability is 0. 95.

(b) Test B

From Eq.(16. 18) or Figure 16. 2, for N = 10 and a = 0.05, the

region of acceptance for the hypothesis of stationarity is

AZL_ . 1.69 (16. 37)

Here, for n = 60 (BT i = 30), from Eq. (16. 13), 2 = 0.0333.
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(c) Test C

From Eq. (16. 23) or Figure 16. 3, for n = 60, N = 10, and t = 0.05,

the region of acceptance for the hypothesis of stationarity is

x
max 2 . 26 (16. 38)

x2
min

16.3 INSTRUMENTATION

The instruments and test set-up are exactly as employed for the

experiments in Section 13. The power spectral density analyzer is

used to obtain mean square estimates by either linear integration or

RC averaging. See Section 13. 3 for details.

16. 4 RESULTS OF EXPERIMENTS

16. 4.1 Verification of Stationarity Test A

The 25 mean square estimates gathered for each of the 31 xperi-

ments are presented in Table 16. 1. The average value for all of the

775 estimates collected is 5. 078. This value is used as the true mean
2 2

square level c for the signal. Then, from Eq. (16. 3), the 50% X
x

probability interval is

Prob 4.60 - x. 2  5. 54 = 0. 50

The values presented in Table 16. 1 have two significant figures.
2

The upper X limit poses no problem since a value of 5. 5 is definitely

inside the interval and 5. 6 is definitely a failure q. However, for the

lower limit of 4. 60, a problem arises. A value of 4.6 means that the

mean square estimate is between 4. 55 and 4. 65. It could be inside
2

or outside the X interval. For these reasons, a value of 4. 6 in

Table 16. 1 is counted as half a failure.

The number of failures q for each experiment in Table 16. 1

are presented in Table 16. 2.
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Number of Mean Square Estimates Outside 50%2
X Interval (Failures) for Each of 31 Experiments

Exper. q Exper. q Exper. q
Number Failures Number Failures Number Failures

1 13.5 It 14 21 14.5
2 .5 12 13 22 11.5
3 15 3 14. 5 23 13
4 9 14 12.5 24 10.5
5 9 15 10.5 25 10
6 14. 5 16 8.5 26 13.5
7 13 17 13.5 27 15
8 14 18 10 28 14
9 12.5 19 12.5 29 15.5

10 5.5 20 13.5 30 17.5
31 12

Table 16. 2 Number of Failures from Table 16. 1

Using Eq. (16. 28), the sample mean and variance for the 31 values

df q in Table 16. 2 are as follows.

1= 12.45

2s =6.0

s= 2. 4

From Eqs.(16. 30) and (16. 31) where s = 2.4, the regions of

acceptance for the hypotheses that = pq and s = a- 2 are as
q

follows.

-0. 14 0 - q) 0. 14

20. 60 - - - 1. 4
2

S=q
2Since L q 12. 5 and Tq =6. 25,

q= 12. 45 - 12. 50 =-0. 05

s 2  
6.0- =0.96

Tr 6.25
q
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Thus, the hypothesis of equivalence for both the mean value and

variance is accepted and Eq. (16.4 ) is considered valid.

16. 4. 2 Results for Stationarity Tests A, B, and C

The ten mean square estimates gathered for each of the 31

experiments with a stationary random signal (Case i) are presented

in Table 16. 3. The results of the experiments for a + 10% non-

stationary random signal (Case 2) are presented in Table 16. 4. The

results of the experiments for a . 20% nonstationary random signal

(Case 3) are presented in Table 16. 5.

Results for the application of Stationarity Test A to Cases 1, 2,

and 3 are shown in Tables 16. 6, 16. 7, and 16. 8, respectively. The

results for Stationarity Test B are shown in Tables 16. 9, 16. 10, and

16. it. The results for Stationarity Test C are shown in Tables 16. 12,

16. 13, and 16. 14.

16. 4.3 Comparison of Stationarity Tests A, B, and C

From Tables 16. 6, 16. 9, and 16. 12, it is seen that the appli-

cation of each stationarity test to stationary data produced a single

rejection for 31 repeated experiments. This rejection is a Type I

error (the hypothesis is rejected when in fact it was true). For a

hypothesis test at the 5% level of significance which is repeated 31

times, an average of 1. 5 Type I errors would be anticipated, so the

single rejections are consistent with expectatipns.

For the application of each stationarity test to nonstationary

data, a rejection is desired and an acceptance constitutes a Type II

error (the hypothesis is accepted when in fact it is false). These

data from Tables 16.7, 16.8, 16. 10, 16. 11, 16. 13, and 16. 14 are

summarized in Table 16. 15.

It is clear from Table 16. 15 that Stationary Test B is the most

powerful of the three tests studied. Stationarity Test C ranks

second in power. Stationarity Test A, the test originally proposed

in Ref. [' ], is the least powerful.
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m2

Mean Square Estimates x. for Stationary Signal - Case 11

Exper. B=56 cps, f = 1000 cps, T = 0.54 (RC averaging), n=60

Number ....

1 2 3 4 5 6 7 8 9 10

1 2.25 1.78 2.26 2.07 1.91 2.85 2.00 2.45 2.19 3.20
2 2.30 2.86 2.68 2. 15 2.54 2.32 2.00 2.23 3.05 2.15
3 2.36 2.03 2.00 2.57 2.21 1.47 2.44 3.28 3.27 2.49
4 3.43 2.31 1.54 2.89 1.90 2.08 2.19 2.18 2.52 2.20
5 2.02 2.25 2.73 2.49 2.60 2.17 3.09 2.35 2.21 3.00
6 1.56 1.40 2.12 2.11 2.16 2.69 1.83 2.74 2.32 2.50
7 2.99 2.43 2.51 1.96 2.04 2.46 2.09 1.86 2.21 2.30
8 2.66 3.18 1.94 2.20 2.29 2.55 1.89 2.54 2.50 2.36
9 2.11 2.20 2.36 3.01 3.03 2.53 2.43 2.45 2.08 2.53

10 2.50 3.25 2.80 2.50 2.54 2.50 2.10 2.50 1.79 2.26
11 2.32 2.66 2.74 2. 11 2.99 1.95 1.89 2.91 2.01 3.40
12 2.60 2.40 2.49 2.63 2.64 2.11 2.61 2.89 1.62 2.20
13 2.56 2.09 3.05 2.21 2.30 2.03 1.98 2.31 2.00 2.03
14 2.44 3.35 2.30 1.80 2.40 2.35 2.30 2.41 2.21 1.64
15 2.47 1.66 2.39 1.95 2.19 2.11 2.92 3.16 2.60 1.89
16 1.33 2.61 2.35 2.90 2.32 2.98 2.22 2.11 2.45 2.07
17 1.90 2.99 2.51 2.41 1.90 2.00 2.42 1.71 1.74 2.13
18 2.15 2.22 1.98 2.92 2.27 3.09 2.47 2.69 2.07 2. 72
19 2.36 2.86 2.80 2.65 2.12 2.77 2. 76 1.68 2.04 2.45
20 1.74 2.51 2.45 2.27 2.18 2.92 1.99 2.63 2.69 2.50
21 2.33 2.00 2.04 2. 12 1.90 3.63 2.21 1.99 2.40 1.37
22 1.63 2.55 2.04 2.91 2.40 3. 10 2.49 2.53 2.39 2.89
23 2.14 2.00 1.97 2.23 1.72 2.91 2.70 3.00 2.02 2.90
24 2.25 2.11 2.51 1.74 2.13 1.82 2.52 2.55 2.46 1.84
25 2.90 2.72 2.67 1.90 2.40 2.67 2.19 2.40 2.30 2.41
26 2.68 2.23 1.92 2. 15 2.35 2.72 1.65 2.41 2.30 2.53
27 3.10 2.24 2.30 2.36 1.67 2.50 2.25 2.89 2.71 2.12
28 2.09 2.53 2.25 1.,84 2.92 2.95 2.72 2.76 3.39 2.38
29 2.76 2.45 2.50 2.22 2.30 2.71 1.75 2.55 2.52 2.14
30 2.61 2.22 2.78 1.96 2.44 2.52 2.20 1.53 2.11 2.01
31 2.49 2.32 2.79 2.68 2.52 2.41 2.81 2.78 2.49 2.13

Table 16. 3. Mean Square Estimates for Stationary Random Signal - Case 1
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Mean Square Estimates x i for +10% Nonstationary Signal - Case 2

B=56 cps, fc= 1000 cps, T = 0. 54 seconds (RC averaging), n=60
Exper.
Number

1 2 3 4 5 6 7 8 9 10

1 3.54 1.95 2.86 1.88 1.97 2.47 2.00 2.20 2.22 1.68
2 2.29 3.48 2.87 2.45 2.20 2.49 1.52 1.70 2.02 2.09
3 2.51 2.39 3.27 2.19 3.04 2.43 1.70 1.64 1.82 1.97
4 2.54 3.07 3.58 3.04 2.07 1.95 2.34 2.06 2.02 2.45
5 2.20 2.49 2.47 2.22 2. 20 2.10 1.61 2. 12 1. 75 1.69
6 2.15 3.13 3.11 2.12 3.11 2.04 1.35 3.09 3.15 1.50
7 2.36 2.65 2.46 2.65 3.98 2.00 1.60 2. 71 2.02 2.34
8 3.00 2.12 2.68 3.24 2.32 2.34 2.00 2.08 2.11 1.96
9 2.40 2. 71 2.33 2.84 2.28 2.62 2.25 2.11 2.43 1.95

10 2.43 2.75 2.64 2.37 2.65 2.27 2.29 2.04 1.97 2.43
11 2.24 3.53 2.21 2.49 2.81 2.03 1.43 1.71 1.92 2.60
12 2.30 2.38 2.74 2.87 2.38 2.25 2.45 2.27 1.76 2.25
13 2.55 2.68 1.91 2.09 2.24 2.47 1.74 1.71 1.90 1.74
14 2.17 2.22 3.10 2.59 2.72 2.41 1.62 2.45 1.54 2.00
15 2.57 2. 15 2.71 2.50 1.76 2.30 1.80 1.69 2.51 2.40
16 2.50 2.40 2.47 2. 11 1.92 1.73 2.21 1.93 2.05 1.88
17 2.89 2.60 2.97 3.22 2. 10 2.44 2.51 2.08 2.66 2.36
18 2.57 2.82 2.31 2. 17 2.39 2.09 2.43 1.89 2.08 2.35
19 2.50 2.92 3.21 2.29 2.24 2.01 2.18 2.49 2.05 1.81
20 2.92 2.05 2.14 1.54 2.55 2.42 1.66 1.90 1.85 1.76
21 2.28 2.43 2.09 2.64 2.62 2.60 2.32 2.05 1.79 2.00
22 3.25 3.04 2.00 3.87 2.25 2.20 1.60 2. 18 2.56 1.50
23 2.96 2.18 2. 15 1.84 2.38 1.80 2.09 1.62 2.02 2.53
24 2.13 3.22 2.90 2.26 1.97 2.84 2.33 3. 17 2.11 2. 12
25 2.32 2.87 1.95 2.83 3.32 1.86 1.86 2.52 2.00 2.51
26 1.94 2.71 1.92 2.22 2.69 1. 79 2.73 1.99 1.68 1.85
27 2.48 3.00 2.39 3. 15 3.00 1.96 2.15 1.61 1.76 1.59
28 2.27 3. 10 2.47 2.50 1.92 1.69 2.49 1.59 1.82 2. 13
29 2.39 1.91 2.43 2.47 2.45 1.83 2.31 3.03 2.10 1.61
30 2.34 2.30 3.47 2.92 3.35 2.02 2.34 1.60 1.73 2.05
31 2.89 2.60 2.97 2.88 1.94 2.10 2.49 1.98 1.80 2.33

Table 16.4. Mean Square Estimates for Nonstationary Random Signal - Case 2
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Mean Square Estimates x i for +20% Nonstationary Signal - Case 3

Exper. B=56 cps, f = 1000 cps, TI = 0.54 seconds (RC averaging), n = 60
Number

1 2 3 4 5 6 7 8 9 10

1 2.02 1.90 1.61 2.30 2.43 1.12 0.92 1.75 0.98 1.09
2 1.66 1.85 2.20 1.47 1.93 0.93 1.01 1.02 0.92 1.33
3 2.08 1.68 2.25 1.61 2.33 1.43 1.44 0.89 1.20 1.04
4 2.00 2.46 1.74 1.53 2.42 1.05 0.98 1.25 0.93 0.81
5 3.92 2.11 1.78 1.81 2.41 1.40 1.23 1.15 1.70 0.93
6 3.55 2.01 1.70 2.00 2.08 1.20 1.69 1.40 0.94 1.29
7 1.91 2.96 1.49 2.12 2.41 1.52 1.30 1.07 0.99 1.01
8 2.06 2.28 2.40 1.66 2.59 1.38 1.97 1.16 1.09 1. 10
9 2.28 2.48 2.30 1.74 2.36 1.17 1.38 1.10 1.19 1.07
10 1.70 2.02 2.30 2.27 1.69 1.24 1.38 1.22 1.28 1.06
11 2.62 1.76 1.96 2.46 1.75 1.57 1.35 1.32 1.25 2.00
12 1.50 1.83 2.27 2.50 2.54 1.70 0.97 1.12 1.52 1.67
13 2.42 2.50 2.29 1.92 1.98 0.93 1.58 1.20 1.20 1.29
14 2.28 1.95 2.40 2. 10 2.20 1.38 1.42 1.03 1.28 1.25
15 2.59 2.34 2.20 1.60 2.42 1.19 1.19 0.81 1.12 1.21
16 1.96 2.31 2.36 2.17 2.94 1.47 1.37 1.46 1.11 1.37
17 1. 70 1. 73 2.30 2.38 1.85 0.84 0.83 1.08 1.58 1.53
18 1.90 2.04 2.08 2. 18 2.29 1.29 1.85 1.20 1.17 1.30
19 2.06 2.02 1.82 1.58 2.04 1.44 1.00 1.55 1.57 1.13
20 1.72 1.67 2.38 2.53 2.32 1.28 1.08 1.73 1.37 1.23
21 2.68 1.93 1.90 2.06 2.02 1.64 1.40 1.72 1.24 1.67
22 1.89 2.64 2.44 2.43 2.97 1.08 0.98 1.48 1.37 1.25
23 1.82 2. 16 2.14 2.61 1.91 1.22 1.40 1.09 1.16 1.55
24 2.42 2.88 1.70 1.53 1.93 1.30 1. 12 1.23 1.31 1.70
25 2.20 2.17 1.70 1.91 2.82 1.04 1.68 1.38 1.07 1.20
26 2.05 2. 70 1.51 2.70 1.69 1.40 1.43 1.20 1.60 1.26
27 1.67 2.20 2.27 1.62 2.40 1.27 1.04 1.39 2.01 1.37
28 1.83 3.02 2.99 2.50 2.40 1. 32 1.37 1. 10 1.26 1.43
29 2.33 2.03 2.12 1.88 2.20 1.24 1.40 1.24 1.22 1.42
30 1.90 2.36 2.61 2. 18 2.63 1.40 1.39 1.70 0.96 1.60
31 2.25 2.06 2.42 2.27 3.00 1.37 1.10 1.03 1.62 1.24

Table 16.5. Mean Square Estimates for Nonstationary Random Signal - Case 3
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Results for Stationarity Test A Applied to
Stationary Data - Case 1, Table 16.3

Exper.
Number 50% X" interval-2 2 Number of

x 2:T lower upper Failures Region of Acceptancex limit limit _2  q< 8

0.870 x 1. 12 x

1 2.296 2.00 2.57 5 accepted
2 2.428 2.11 2.72 3
3 2.413 2.10 2.70 5
4 2.324 2.02 2.60 4
5 2.491 2.17 2.79 4
6 2. 143 1.86 2.40 6
7 2.285 1.99 2.56 3
8 2.411 2.10 2. 70 3
9 2.473 2.15 2.77 4

10 2.474 2.15 2.77 4
11 2.498 2.17 2.80 7
12 2.419 2.10 2.71 2
13 2.256 1.96 2.53 2
14 2.320 2.02 2.60 3
15 2.334 2.03 2.61 5
16 2.336 2.03 2.62 3
17 2. 170 1.89 2.43 4
18 2.458 2. 14 2.75 4
19 2.449 2.13 2.74 7
20 2.388 2.08 2.67 4
21 2.199 1.91 2.46 3 1/
22 2.493 2.17 2.79 5 accepted
23 2.359 2.05 2.64 8 rejected
24 2.193 1.91 2.46 7 accepted
25 2.456 2.14 2.75 2
26 2.294 2.00 2.57 4
27 2.414 2. 10 2.70 4
28 2.583 2.25 2.89 4
29 2.390 2.08 2.68 3
30 2.238 1.95 2.51 4
31 2.542 2.21 2.85 1 accepted

Table 16. 6. Results for Stationarity Test A Applied to Case I
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Results for Stationarity Test A Applied to
+10% Nonstationary Data - Case 2, Table 16.4

m2

Exper. 50% x 2 interval
Number 2 _____2_,Number of

x lower upper Failures Region of Acceptance
limit z imit- 7 8

0.870x 1.12x _ _q __8

1 2.277 1.98 2.55 6 accepted
2 2.311 2.01 2.59 4
3 2.296 2.00 2.57 6
4 2.512 2.18 2.81 7
5 2.085 1.81 2.34 5 accepted
6 2.475 2. 15 2.77 10 rejected
7 2.477 2. 15 2.77 4 accepted
8 2.385 2.07 2.67 5
9 2.392 2.08 2.68 3
10 2.384 2.07 2.67 3
11 2. 297 2.00 2.57 6
12 2. 365 2.06 2.65 3
13 2. 103 1.83 2.36 6
14 2.282 1.98 2.56 5
15 2. 239 1.95 2.51 6
16 2. 120 1.84 2.37 4
17 2.583 2.25 2.89 5
18 2.310 2.01 2.59 2
19 2.370 2.06 2.65 5
20 2.079 1.81 2.33 6
21 2.282 1.98 2.56 4
22 2.445 2.13 2.74 6
23 2.157 1.88 2.42 5 accepted
24 2. 505 2. 18 2.80 8 rejected
25 2.404 2.09 2.69 7 accepted
26 2.152 1.87 2.41 6
27 2.309 2.01 2.59 7
28 2.198 1.91 2.46 7
29 2.253 1.96 2.52 4
30 2.412 2.10 2.70 7 V
31 2.398 2.09 2.68 6 accepted

Table 16. 7. Results for Stationarity Test A Applied to Case 2
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Results for Stationarity Test A Applied to
+20% Nonstationary Data - Case 3, Table 16. 5

2

*2 2 50% X interval
Exper. x .2 :3_____2 Number of

Number x lower upper Failures Region of Acceptance
limit-i limit-8

0. 870 x 1. 12x q q8

1 1.612 1.40 1.80 8 rejected
2 1.432 1.24 1.60 8 rejected
3 1.595 1.39 1.79 6 accepted
4 1. 517 1.32 1.70 9 rejected
5 1.844 1.60 2.06 7 accepted
6 1.786 1.55 2.00 8 rejected
7 1.678 1.46 1.88 8
8 1.769 1.54 1.98 8
9 1.707 1.48 1.91 9

10 1.616 1.40 1.81 8 rejected
11 1.804 1.57 2.02 6 accepted
12 1. 762 1.53 1.97 7 accepted
13 1. 731 1.50 1.94 8 rejected
14 1.729 1.50 1.94 10
15 1.667 1.45 1.87 9
16 1.852 1.61 2.07 9 rejeted

17 1.582 1.38 1.77 6 accepted
18 1.730 1.50 1.94 8 rejected
19 1.621 1.41 1.82 6 accepted
20 1.731 1.50 1.94 7 accepted
21 1.826 1.59 2.04 4 accepted
22 1.853 1.61 2.08 9 rejected
23 1.706 1.48 1.91 8 reject
24 1.712 1.49 1.92 7 accepted
25 1.717 1.49 1.92 7 accepted
26 1.754 1.52 1.96 8 rejected
27 1.724 1.50 1.93 8
28 1.922 1.67 2.15 9
29 1.708 1.48 1.91 9
30 1.873 1.63 2.10 8
31 1.836 1.60 2.06 9 rejected

Table 16.8. Results for Stationarity Test A Applied to Case 3
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Results for Stationary Test B Applied to Stationary Data
Case 1, Table 16.3

Exper.
Number 2 2 .2 2 '2 2 1 ^2 Region of Acceptance

1 2.296 0. 171 0.0324 0.0333 0.97 accepted
2 2.428 0. 106 0.0180 0.54
3 2.413 0.285 0.0490 1.47
4 2.324 0.249 0.0461 1.38
5 2.491 0. 117 0.0189 0.57
6 2.143 0.181 0.0394 1.18
7 2.285 0.099 0.019 0.57
8 2.411 0.125 0.0215 0.64
9 2.473 0.098 0.016 0.48

10 2.474 0. 137 0.0224 o.67
11 2.498 0.240 0.0385 1.16
12 2.419 0, 117 0.0200 0.60
13 2.256 0. 100 0.0196 0 59
14 2.320 0. 184 0.0342 1.03
15 2.334 0. 198 0.0363 1.09
16 2..336 0. 199 0.0364 1.09 I
17 2.170 0. 148 0.0314 0.94
18 2.458 0. 130 0.0215 0.64
19 2.449 0. 140 0.0233 0.70 v
20 2.388 0. 110 0.0193 0.58 accepted
21 2.199 0.299 0.0618 1.86 rejected
22 2.493 0.167 0.0268 0.80 accepted
23 2.359 0. 199 0.0358 1.08
24 2.193 0.089 0.019 0.57
25 2.456 0.077 0.013 0.39
26 2.294 0.099 0.019 0.57
27 2.414 0.151 0.0259 0.78
28 2.583 0.190 0.0285 0.86
29 2.390 0.081 0.014 0.42
30 2.238 0.120 0.0240 V 0.72
31 2.542 0.045 0.007 0.0333 0.21 accepted

Table 16. 9. Results for Stationarity Test B Applied to Case 1
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Results for Stationary Test B Applied to
+10% Nonstationary Data - Case 2, Table 16.4

SExper. 2^2

Number 2 2 2 A2 s'  2 1 IE Region of AcceptanceX I
Eix s<1. 69

1 2. 277 0. 277 0.0535 0.0333 1.61 accepted
2 2.311 0.310 0.0580 1. 74 rejected
3 2. 296 0. 270 0.0512 1. 54 accepted
4 2.512 0.272 0.0431 1. 29 accepted
5 2.085 0.085 0,0195 0. 58 accepted
6 2.475 0.470 1 0,0768 2. 31 rejected
7 2.477 0.361 0.0588 1.76 rejected
8 2.385 0.177 0.0311 0.93 accepted
9 2.392 0.066 0,012 0. 36 accepted
10 2.384 0.059 0.010 0,30 accepted
11 2.297 0,324 0.0614 I 1.84 rejected
12 2.365 0.081 0.014 0.42 accepted
13 2.103 0.118 0.0267 0.80 I
14 2.282 0.208 0.0399 1.20 I
15 2.239 0.123 0.0246 0.74
16 2. 1,20 0.065 0.014 0.42
17 2.583 0.122 0.0183 0.55
18 2.310 0.065 0.012 0.36
19 2.370 0.164 0.0292 0.88
20 2.079 0.170 0.0394 1.18
21 2.282 0.077 0.015 0.45 accepted
22 2.445 0.502 0.0839 2.52 rejected
23 2.157 0.137 0.0295 1 0.88 accepted
24 2.505 0.204 0.0325 0.98
25 2.404 0.223 0.0386 1.16
26 2.152 0.151 0.0326 0.98 accepted

27 2.309 0.316 0.0593 1. 78 rejected

28 2.198 0.192 0.0398 1.20 accepted
29 2.253 0.148 0.0291 0.87 accepted

30 2.412 0.369 0.0631 1.89 rejected

31 2.398 0.169 0.0294 0.0333 0.88 accepted

Table 16. 10. Results for Stationarity Test B Applied to Case 2
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Results for Stationarity Test B Applied to
+20% Nonstationary Data - Case 3, Table 16. 5

Exper. 1 2 2
Number -2 2 2 ^2 s 2 1 2 Region of Acceptance

x xO a E - - -

S< 1.69

1 1.612 0.281 0. 108 0. 0333 3. 24 rejected
2 1.432 0. 193 0.0941 1 2.82
3 1.595 0. 222 0.0873 2.62
4 1.517 0.341 0. 148 4.44
5 1.844 0.662 0. 195 5.86
6 1.786 0.476 0. 149 4.47
7 1.678 0.392 0.139 4. 17
8 1. 769 0. 291 0.0930 2. 79
9 1.707 0.314 0. 108 3. 24

10 1.616 0. 185 0.0708 2. 13
11 1.804 0. 197 0.0605 1.82
12 1. 762 0. 259 0.0834 2.50
13 1. 731 0. 290 0.0968 2.91
14 1.729 0. 230 0.0769 2. 31
15 1.667 0.386 0. 139 4. 17
16 1.852 0.308 0.0898 2. 70
17 1.582 0. 263 0.105 3. 15
18 1. 730 0. 175 0.0585 1. 76 rejected
19 1.621 0. 123 0.0468 1.40 accepted
20 1.731 0. 242 0.0808 2.43 rejected
21 1.826 0. 144 0.0432 1.30 accepted
22 1.853 0.464 0.135 4.05 rejected
23 1.706 0.230 0.0790 2.37
24 1.712 0.286 0.0976 2.93
25 1.717 0. 295 0.100 3.00
26 1.754 0.275 0.0894 2.68
27 1.724 0.199 0.0670 2.01
28 1.922 0.494 0.134 4.02
29 'l. 708 0.179 0.0614 1.84
30 1.873 0.284 0.0810 V 2.43
31 1.836 0.391 0.116 0.0333 3.48 rejected

Table 16. 11. Results for Stationarity Test B Applied to Case 3
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Results for Stationarity Test C Applied to
Stationary Data - Case 1, Table 16.3

Exper. Region of AcceptanceNumber max.
(-')max. j()mn Zmin. (x)m ax. /- 2. 26

1 x min.

1 3.20 1.78 1.80 accepted
2 3.05 2.00 1.52
3 3.28 1.47 2.23
4 3.43 1.54 2.23
5 3.09 2.02 1.53
6 2.74 1.40 1.96
7 2.99 1.86 1.61
8 3.18 1.89 1.68
9 3.03 2.08 1.46

10 3.25 1. 79 1.82
11 3.40 1.89 1.80
12 2.89 1.62 1. 78
13 3.05 1.98 1.54
14 3.35 1.64 2.04
15 3.16 1.66 1.90
16 2.98 1.33 2.24
17 2.99 1.71 1. 75
18 3.09 1.98 1.56
19 2.86 1.68 1.70 v
20 2.92 1.74 1.68 accepted
21 3.63 1.37 2.65 rejected
22 3.10 1.63 1.90 accepted
23 3.00 1.72 1. 74
24 2.55 1.74 1.46
25 2.90 1.90 1.53
26 2.72 1.65 1.65
27 3.10 1.67 1.86
28 3.39 1.84 1.84
29 2.76 1.75 1.58
30 2.78 1.53 1.82
31 2.81 2.13 1.32 accepted

Table 16. 12. Results for Stationarity Test C Applied to Case 1
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Results for Stationarity Test C Applied to
+10% Nonstationary Data - Case 2, Table 16.4

Expe r.
Number (-) max. -)rain. 7) n Region of Acceptance

(-7 a.X7 i. -I (e max. 22
(xT x - _ . 26L

1 3.54 1.68 2.11 accepted
2 3.48 1.52 2.29 rejected
3 3.27 1.64 1.99 accepted
4 3.58 1.95 1.84 accepted
5 2.49 1.61 1.55 accepted
6 3.15 1.35 2.33 rejected
7 3.98 1.60 2.49 rejected
8 3.24 1.96 1.65 accepted
9 2.84 1.95 1.46 accepted
10 2.75 1.97 1.40 accepted
11 3.53 1.43 2.47 rejected
12 2.87 1.76 1.63 accepted
13 2.68 1.71 1.57
14 3.10 1.54 2.01
15 2.71 1.69 1.60
16 2.50 1.73 1.44
17 3.22 2.08 1.55
18 2.82 1.89 1.49
19 3.21 1.81 1.77
20 2.92 1.66 1.76
21 2.64 1.79 1.47 accepted
22 3.87 1.50 2.58 rejected
23 2.96 1.62 1.83 accepted
24 3.22 1.97 1.63
25 3.32 1.86 1.78
26 2.73 1.68 1.62
27 3.15 1.59 1.98
28 3.10 1.59 1.95
29 3.03 1.61 1.88
30 3.47 1.60 2.171. V
31 2.97 1.80 1.65 accepted

Table 16. 13. Results for Stationarity Test C Applied to Came 2

ASD TDR 62-973 16-37



Results for Stationarity Test C Applied to
+20% Nonstationary Data - Case 3, Table 16.5

Exper. . { mn. (-)2max. Region of Acceptance

N u mb r X ) m a . x ) m n. x ) m x. ) m ax .m. ) min.

1 2.43 0.92 2. 6 rejected
2 2. 20 0.92 2.4
3 2.33 0.89 2.6
4 2.46 0.81 3.0
5 3.92 0.93 4.2
6 3.55 0.94 3.8
7 2.96 0.99 3.0
8 2.59 1.09 2.38 \/
9 2.48 1.07 2.32 rejected

10 2.30 1.06 2. 17 accepted
11 2.62 1.25 2.10 accepted
12 2.54 0.97 2.6 rejected
13 2.50 0.93 2.7
14 2.40 1.03 2.33
15 2.59 0.81 3.2
16 2.94 1.11 2.65
17 2.38 0.83 2.9 rejected
18 2.29 1.17 1.96 accepted
19 2.06 1.00 2.06 accepted
20 2. 53 1.08 2. 34 rejected
21 2.68 1.24 2. 16 accepted
22 2.97 0.98 3.0 rejected
23 2.61 1.09 2.39
24 2.88 1.12 2.57
25 2.82 1.04 2. 71 rej ted

26 2.70 1.20 2.25 accepted
27 2.40 1.04 2.31 rejected
28 3.02 1.10 2.74 rejected
29 2.33 1.22 1.91 accepted
30 2. 63 0. 96 2. 7 rejected
31 3.00 1.03 2.91 ejected

Table 16. 14. Results for Stationarity Test C Applied to Case 3
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Summary of Stationarity Test Results:

Relative Power of Tests A, B, and C

Empirical Value for P = (number.of acceptances)
(number of experiments)

Power of Test = i - P

± 10 Nonstationarity + 20 Nonstationarity

Case 2 Case 3

Stationarity.
Test Number of Power Number of Power

Acceptances (1 - P) Acceptances P (1 - P)

A

rTable 16.7lTableI6 al 6.8 29 0.94 0.06 10 0. 32 0.68

B
-Table 16.10 24 0. 77 0. 33 2 0.06 0.94
ITable 16. 11

C
Table 16.14 26 0.84 0. 16 7 0. 22 0. 78IT able 16 14111111

Table 16. 15 Summary of Stationarity Test Results

ASD TDR 62-973 16-39



16.5 DISC.JSSION OF RESULTS

16. 5. 1 Relative Power of Stationarity Tests

It is seen from Table 16. 15 that Test B is the most powerful and

Test A is the least powerful of the three Stationarity Tests for the cases

studied. These results are logical when one considers the amount of data

employed by each test to reach a decision.

Test B effectively uses all the information that is available; namely,

the actual value for each of the N number of mean square estimates

obtained. Test C uses only two of the actual values, the maximum and

minimum mean square measurements, plus the knowledge that the remain-

ing (N - 2) mean square measurements fall between those two extreme

values. Test A uses no actual values. The only information employed is

the knowledge that a certain number q of the measurements fall outside
2

a given X probability interval. Thus, the relative power of the three

tests, as determined empirically in Table 16. 15, is consistent with the

amount of actual data employed by each test to reach a decision.

Now consider the three Stationarity Tests in terms of their relative

desirability as measured by the combination of power and simplicity in

application. Test A is the least powerful and also the most difficult to

apply in actual practice. Thus, Test A is clearly the least desirable of

the three. The relative desirability of Tests B and C is not so clear. Test

B is the more powerful while Test C is simpler to apply. If the data

analyst has a digital computer at his disposal to accomplish numerical

computations with high speed, Test B would be the more desirable since

the required computations would be no problem. However, if the data

analysis is accomplished by hand, Test C might be considered more

desirable because of its simplicity.

16. 5. 2 Application of Analysis of Variance Techniques

In Section 8, procedures are detailed for testing the equivalence of

mean square measurements obtained from different flights. These techniques,

which are the classical analysis of variance procedures, do not require a

knowledge of n = 2BT . Furthermore, because the-techniques employ all

the data available from multiple flights, they detect with great power any

common trend within flights as well as significant differences between flights.
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The data presented in Section 16. 4 presents an excellent opportunity to

illustrate the application of a one way analysis of variance procedure

as a test for stationary in repeated flights.

Consider the mean square level data for nonstationarity Case 2,

presented in Table 16. 4. Each experiment may be considered a flight

where 10 mean square measurements were obtained during the flight.

For the following example, experiments number 1, 2, and 3 are used to

represent three similar flights where mean square measurements are

obtained at similar times during the flights. The flights are tested for

stationarity at the a = 0. 05 level of significance.

The appropriate data from Table 16. 4, is shown in Table 16. 16 in

the desired format for a one way analysis of variance.

One Way 'Analysis of Variance

3 Flights, 10 Measurements per Flight

Measurement
Number Flight 1 Flight 2 Flight 3

1 3.54 2. 29 2.51

2 1.95 3.48 2.39

3 2.86 2.87 3. 27

4 1.88 2.45 2. 19

5 1. 97 2. 20 3.04

6 2.47 2.49 2.43

7 2.00 1. 52 1. 70

8 2. 20 1. 70 . 64

9 2. 22 2.02 . 82

10 1.68 2.09 1.97

Table 16. 16 One Way Analysis of Variance Table
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Using the computational procedures and notation outlined in Section 8,

the following results are obtained.

R I = 8.34; R 2 = 7.82; R 3 = 9.00; R 4 = 6. 52; R 5 = 7. 21

R 6 = 7.39; R 7 = 5. 22; R 8 = 5.54; R9 = 6. 06; R 0 = 5. 74

10

r =10 rows; c = 3 columns; T =7- R. =68.84

T2T-158.0; = 166.3; R, 3(162.8)

SS 3 = 162.8 - 158.0 = 4.8

SS = 166. 3 - 158.0 = 8. 3

SS2 = 8.3 - 4.8 = 3.5

SS3
SS 3 - = 0. 53 with (r - 1) = 9 degrees of freedom

(r - 1)

SS2
SS z =--r(c - 1)0. 8 with r(c - 1) = 0 degrees of freedom

For a = 0.05, F( 9 20)= 2.39

2 3 . 9 -' 2.39

SS2

Thus, the hypothesis of equivalence for the measurements obtained during

the flights is rejected at the 5% level of significance, and the flights are

correctly interpreted as being nonstationary.
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16. 5. 3 Combined Stationarity and Randomness Test

Referring to Randomness Test B developed in Section 15. 1.3, it

is seen that the principles and applications of Randomness Test B are

quite similar to those for Stationarity Test B developed in this section.

Both tests are based upon an analysis of the variability of mean square

estimates. The only difference is that Randomness Test B employs a
2

lower tail X test, as given by Eq. (15. 26), while Stationarity Test B
2

uses an upper tail X test, as given by Eq. (16. 18). It is obvious that

the two tests can readily be combined into a single hypothesis test for

both randomness and stationarity.

Assume a collection of N independent mean square values,
-2

x. (i = 1, 2, 3,. .. , N), are measured from a stationary random vibration
1 2

response signal. Let the theoretical expected normalized variance F ,

and the statistical estimated normalized variance ( be computed using

Eqs. (16. 13) and (16. 15), respectively. The following probability

statement may be made.

2 X2
Prob I aZ / - ) (16. 39)

N F N IJ

Thus, if it is hypothesized that the collection of mean square esti-

mates were obtained from a random and stationary signal, the region

of acceptance for a test of the double hypothesis at the a level of

significance is given by

,2 X 2
X(t-a/2) € a/2-__ __, (16.40)

N E N

A plot of the acceptance regions of the normalized variance ratio for

various values of a and N is shown in Figure 16. 6.
2

It should be noted in Eq. (16. 40) that the upper and lower X

limits are based upon a/2 rather than a as in Randomness Test B

or Stationarity Test B. Thus, the upper limit of Eq. (16. 40) is higher

than the limit for Stationarity Test B alone, as given by Eq. (16. 18).
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Similarly, the lower limit of Eq. (16. 40) is lower than the limit for

Randomness Test B alone, as given by Eq. (15. 26). Hence, application

of the combined test at a given level of significance a will involve a

wider region of acceptance than for the two individual tests. This is to

be expected since the probabilities of Type I errors for the individual

tests are effectively pooled into a single Type I error probability for the

combined test. The net result is that more measurements are required

for the combined test than for each individual test if the same Type II

error limitations are to be maintained.

The combined test for randomness and stationarity does pose one

practical consideration. Randomness Test B is most effective when

applied to narrow frequency ranges obtained by locating a narrow band-

width filter over a sharp peak in the power spectrum of the signal. On

the other hand, Stationarity Test B, as any test for stationarity, should

ideally be applied to the entire frequency range of the signal. If no peaks

appear in the power spectrum, a quantitative test for randomness is

usually not needed as is discussed in Section 15.5.3. For this case,

the combined test is not really applicable. However, if one or more sharp

peaks are present in the power spectrum, the signal should be tested for

both randomness and stationarity. For this case, it is often acceptable

to apply the combined test to the narrow frequency range of the peaks,

as would be done with Randomness Test B alone. Most of the relative

power of the vibration response represented by the signal being analyzed

will be in the sharp power spectral density peaks. If the peaks in the

power spectrum are shown to be stationary, it is reasonable to assume

the entire signal is stationary for most engineering applications.
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16.6 CONCLUSIONS

Three different procedures for testing single sample records for

stationarity have been experimentally evaluated. One of the procedures

(Test A) is the stationarity test originally proposed in Section 6. 1. 8 of

Ref. [iI. The other two procedures (Tests B and C) are based upon

more recent concepts developed herein.

The experimental results confirm the validity of the theory for

Stationarity Test A, as developed in Ref. 1 i] . However, the results

also indicate Test A is less powerful and more complicated than the

other two tests proposed in this section. Thus, it is recommended that

Stationarity Test A from Ref. [ i] be dropped in favor of either of the two

additional tests for stationarity presented here.

For situations of repeated flights (multiple points) where a number

of different sample records are available, a fourth test for stationarity

is illustrated herein based on one way analysis of variance procedures,

presented in Section 8. The results demonstrate that analysis of

variance procedures will detect nonstationarities in repeated experi-

ments with great power.
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17. TESTS FOR NORMALITY

17. 1 THEORY OF TESTS FOR NORMALITY

17. 1. 1 General Remarks

A random signal is said to be normal or Gaussian when it has

a specific amplitude probability density function as defined by Eq. (I i. 4)

in Section 11.4.2. For signals with a mean value R x = 0, Eq. (11.4)

becomes 2 2i "x2/Zy

POW e (17. 1)

2a

where or is the mean square value and (y is the root mean squarex x

(rms) value for the signal.

Two quantitative procedures for testing a single random signal

record for normality are suggested in Ref.[ ]. The first procedure,

which is outlined in Section 5.3.2 of Ref. [ I], is the classical "chi-

squared goodness of fit" test for normality. The "goodness of fit" test

is hereafter referred to as Normality Test A.

The second procedure, which is proposed in Section 6. 1. 10 of

Ref. [ i], involves the analysis of analog probability density estimates.

More specifically, a probability interval for the values of a measured

probability density estimate P(x) is established based upon the assump-

tion that the true probability density function being measured is Gaussian.

The number of times that the estimate P(x) falls outside this probability

interval (a failure) for measurements at many different amplitudes x

is counted. By considering the number of failures to have a binomial

sampling distribution, a hypothesis of normality may be tested. The

general procedure is identical in concept and application to the procedure

developed and studied in Section 16 as Stationarity Test A. The validity

of the general procedure is substantiated in Section 16. However,

Stationarity Test A in Section 16 was found to be relatively complicated

to apply and weak in terms of detecting conditions of nonstationarity.

Because of the strong similarity in concept and application, the same

conclusions would undoubtedly apply to the test for normality proposed

in Section 6. 1. 10 of Ref.[ i].

A practical modification of the normality test originally suggested in

Section 6. 1. 10 is proposed here. This test involves the individual testing

ASD TDR 62-973 17-1



of probability density estimates at different amplitudes, and is hereafter

referred to as Normality Test B.

17. 1. 2 Review of Normality Test A

The simplest test for normality is the classical chi-squared
'goodness of fit" test. The "goodness of fit" test is applicable to ampli-

tude values from the sample record and, thus, requires no special

measurements or instruments. It is necessary only to reduce the

amplitude time history from the sample record to a digital form. It is

not necessary to discuss the theory and application of the "goodness of

fit" test here since these discussions are available with a detailed

illustration in Section 5.3.2 of Ref. [ I], as well as in most statistics

books. Furthermore, the application of the "goodness of fit" test to real

data is illustrated in Section 14. 4. 5 of this report, where it is employed

to test a collection of probability density estimates for normality.

17. 1. 3 Principles of Normality Test B

Consider a stationary random signal x(t) which hypothetically

exists over all time. Let x(t) have an amplitude probability density

function p(x) with a mean value of zero. Further assume that the equiva-

lent ideal frequency bandwidth B is at least one-third the number of zero

crossings per second J0 . Then, a measured probability density estimate

(x) will have a normalized variance and standard error as given in

Section 14. 5 as follows.

2 0. 068 (17. 2a)
X = p* x)JOT I

0. 26 (17. 2b)

As in Section 14, Ax is the amplitude window used for the analysis, p(x)

is the probability density measured at an amplitude x, q is the number

of zero crossings per second, and T, is the averaging time.

It is shown in Section 14 that probability density estimates may be

considered to be normally distributed about the true probability density

at any specified amplitude. Then, a measurement Pv for the specific
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amplitude x = v will have a sampling distribution given by

(PV - Pv Normal (E pV) (17.3)

where , , means "distributed as, ,1 and Normal ( E pv) is a normal

distribution with a mean of zero and a standard deviation of E pv (a

variance of c 2p2). From Eq. (17. 3), the following probability statement

can be made.

Prob[( Pv ) za,/ - (Pv -Pv ) =( Pv ) Z/ 2 ]= (I -a) (17.4)

where z / 2 is the normal deviate for o/Z.

Let it be hypothesized that a sample random signal record has a

Gaussian amplitude probability density function, p0 (x). If this is true,

p(X) = PPo(x), and the hypothesis H 0 is

A

If the signal is not Gaussian, Pv may be greater or less than pov as

defined in Eq. (17. 1), which is why a two-sided probability statement

is used in Eq. (17. 4). Then H0 is tested by computing E in Eq. (17. Zb)

using pov' and comparing the difference Pv - Pov ) to the limits in

Eq. (17.4) for any desired level of significance a. The region of

acceptance for H0 is

PvPov Pov) za/2 (17.6)

If the absolute value of the difference, Iv - Pov I' is less than the noted

limit, Ho is accepted and the random signal is considered to have a

Gaussian probability density at the amplitude x = v. Ifi pv - Pov I is

greater than the noted limit, H0 is rejected and there is reason to sus-

pect that the signal is not Gaussian at the amplitude x = v. The

hypothesis H0 may be tested for as many different amplitudes x as

desired.

The probability of a Type I error is a for each amplitude tested.

The probability of a Type II error, P, is a function of the level of
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significance a, the standard deviation F p ov and the non-Gaussian

probability density pv which one wishes to detect with a probability of

P. Unfortunately, conventional Operating Characteristics (OC) curves

are not readily applicable to this problem because the measurement

standard deviation is given by a composite value E p ov rather than by a

distinct population standard deviation and sample size. However, for

a normal sampling distribution, the risk of a Type II error for detect-

ing a difference Pv - Povi = (f Pov )Za/2 is always P = 0.50. This

point is illustrated in Figure 17. 1. It is clear that P = 0. 50 since

exactly half of the normal distribution is covered at either extreme.

region of acceptance VA

*-..{ P ov) Z a/2 -. *-(E P ov ) z /2.....

Pov "Pv )  Pov (Pv " Pov )

Region of Type I error a

IIIIJTIIIIII Region of Type II error P = 0.50

Figure 17. 1 Probable Type I and Type II Errors
for Normality Test B

It is important to note that the a and P risks are determined by

(E Pov) which in turn is determined by the record length T and the

amplitude x = v at which the test is to be applied. Thus, if a pre-

determined a and P risk are desired, these matters must be considered

to arrive at the necessary record length T to be obtained.
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One problem remains to be resolved. In practice, Normality Test
B will actually require that many different amplitudes be tested as part

of one general test for normality of a single sample record. To permit

an easy test decision, it is desirable that a general hypothesis of

normality be rejected if the test at any one individual amplitude produces

a rejection. However, if N number of amplitudes are tested, each at

the a level of significance, it is obvious that the probability of at least

one Type I error is considerably greater than a. This probability of

at least one Type I error, denoted by a' , is developed as follows.

Assume a signal with a true Gaussian probability density function

is sampled and tested for normality at N number of different ampli-

tudes. If each amplitude is tested at the a level of significance, the

probability of correctly accepting a normality hypothesis at each ampli-

tude is, of course, (i - a). Thus, the probability of accepting the

normality hypothesis at all N amplitudes is (I - a)N. It follows that

the probability of making at least one Type I error for the N number

of tests is

a,= I - (Ia)N (17.7)

Equation (17. 7) defines the over-all probability of a Type I error for

Randomness Test B. If a Type I error probability of a' is desired

for the over-all test, each of the N number of amplitudes must be

tested at the a level of significance given by

i/N
a=l-(1-o.,) (17.8)

In summary, the procedure for applying Normality Test B is as

follows.

. Establish the desired value of a' , the risk of making a

Type I error, and the number of amplitudes N which

are to be tested. Compute the level of significance a

for the test at each amplitude using Eq. (17. 8).

2. Establish the deviation from normality, 1 pv - Povi

which is to be detected at each amplitude with a

probability of P = 0. 50.
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3. Using a table of normal deviates, determine the value for
zQ/2 ,

4. Using a table of normal ordinates, determine the Gaussian

probability pov for the maximum amplitude x = v(max) to

be tested.

5. Determine the required value for E by letting

Iv -PovI = ( F Pov ) a/ Z "

6. Solve for T I in Eq. (17. 2) using p(x) = pov and an esti-

mate for LI0 " The sample record to be obtained must

have a length of T:-Ti.

7. Measure the probability density estimates P from the

sample record at the N number of required amplitudes,

and test the hypothesis H0 in Eq. (17.5) using the accept-

ance region in Eq. (17. 6).

8. If a rejection is obtained at any one of the N number of

amplitudes tested, there is reason to believe the sample

record was not obtained from a signal with a Gaussian

probability density function.

Example:

The above discussions will be clarified by considering a specific

example. The example used is an actual case which is studied herein

experimentally.

Assume a signal representing a stationary random vibration

response is to be sampled so that a test for normality may be performed

for amplitudes out to 2. 5 times the root mean square value for the

signal (2. 5 ax). The expected number of zero crossings per second

for the signal is 20 = 788. The amplitude window width of the analyzer

to be used is 0. 1 for an input signal level of Trx = unity. Symmetry

is assumed so that only N = 6 positive amplitudes will be tested

(v = 0, 0.5cT, 1.01 , 1.5c- , 2.0cr , and 2.5ox ). It is desired thatx x xx

the Type I error probability for the entire test be a' = 0.05, and that

a * 25% deviation from normality at any of the six amplitudes be

detected with P = 0.50 probability of a Type II error.
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From Eq. (17. 8), for a' = 0.05 and N = 6, the required level of

significance for the test at each amplitude is a ' 0.01. From a table of

normal deviates ( Ref.[ 2j1, Table II), z,,,= 2. 6 for a -0.01. From a

table of normal ordinates (Ref.[ 2], Table I), for v = 2. 5orx , Pov 
= 0.0175.

Thus, for a ± 25% deviation, I pv - Pov = 0. 25 p ov and the required value

of E is given by

!v - PovI O. 25pov
== Ov .i

Pov za/2 2. 6 ov

From Eq. (17. 2), the averaging time T I required for the maximum

amplitude (v = 2. 5aX) is determined to be

0.068 0.068
T = =5 seconds

f Axp i,'0  (0.01)(0. 1)(0. 0175)(788)S xPov

Thus, a sample record length of at least T = 5 seconds is required. It

is interesting to note that if the test were to be performed with the same

a' and P risks out to 3 r , the required record length would be T - 20x

seconds. Out to 4crx , the required record length would be T - 45 seconds.

To actually perform the test for normality, a probability density

estimate " must be measured at each of the six amplitudes to be tested.

The region of acceptance for the normality hypothesis H0 at each ampli-

tude v is

Pv " Pov I - Pov)z c/Z = 0. 26 pov

Note that the measured estimates ^p should all have the same normalized

variance ( e = 0.0 1) if the same Type I and Type II error limits are to

be maintained at all amplitudes. However, E 2 is inversely proportional

to Pv. Thus, from Eq. (17. 2), the required averaging time T becomesPvI
shorter as the amplitude being tested becomes smaller. For the

example at hand, the required averaging times and acceptance regions

are summarized in Table 17. 1.
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Limits of Acceptance Region for H0 :v =Pov

Ax = 0. 1U ;j) = 788 crossings per second; a' = 0.05; a - 0.01x 0

P= 0. 50 for detecting a 25% deviation from normality

Gaussian Normalized Required Limit for
Amplitude Probability Standard Averaging Acceptance

Error Time Region
I T I seconds 0. 26 pov

0 0.399 0. 1 0.22 0. 10

0. 5o- 0.352 0. 1 0.24 0.092x
1. 0o- 0.242 0. 1 0.36 0.063x
I. 5o- 0. 130 0. 1 0.66 0.034x
2. 0or 0. 0540 0. 1 1. 6 0.014x
2. 5o" 0.0175 0. 1 5.0 0.0045

x

Table 17. 1 Limits of Acceptance Region for Normality Test B
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17. 2 DESIGN OF EXPERIMENTS AND PROCEDURES

A comprehensive experimental study .of the two normality tests

discussed in Section 17. i is not really feasible since a random signal

which has an exact Gaussian probability density function at all amplitudes

is unattainable. However, there is little reason to question either the

theoretical foundation or practical applicability of the two tests.

Normality Test A (chi-squared goodness of fit test) is a classical procedure

which has been widely applied for years to many problems including digital

vibration data analysis. Normality Test B is based solely upon the un-

certainty of analog probability density estimates which is studied in detail

in Section 14.

It will be sufficient here to illustrate Normality Test B by applying

the test to probability density data gathered in Section 14. Specifically,

consider the data presented under A-3 in Table 14. 2 and B-I through B-5

in Table 14. 3. These data represent probability density estimates for

amplitudes of v = 0 (A-3), 0. 5ox (B-1), 1.0a c (B-2), . 5cr (B- 3),

2.0ar x(B-4), and 2. 5- x(B-5) with the following test parameters.

. cr = 1.00 volts
x

2. Ax = 0. 100 volts

3. fa = 95 cps fb = 630 cps

2 + 2a fb0 = 788 crossings per second

3

4. T i = 2K = 0. 218 seconds per estimate

Let it be hypothesized that the random noise generator used for

the experiments in Section 14 (Item A, Table 14. 1) produces a random

signal with a true Gaussian probability density function. The hypothesis
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of normality, H0 , is to be tested at six amplitudes from 0 to 2. 5 volts

(ox = unity) at the a' = 0.05 level of significance. It is desired that a

25% deviation from a Gaussian probability density be detected with a

probability of P = 0.50. Note that these requirements and parameters

are exactly the same as used for the example in Section 17. 1. From

that example, the required averaging times and the resulting accept-

ance regions for H0 are as given in Table 17.1.
A

An estimate pv averaged over the desired time intervals may

be obtained from Table 14. 2 and 14. 3 by averaging together as many

estimates based on T 1 = 0. 218 seconds as required for each of the

six amplitudes of interest.

17. 3 INSTRUMENTATION

The instruments and test set-up are detailed in Section 14. 3.

17.4 RESULTS OF EXPERIMENTS

17.4. 1 Probability Density Data

The probability density estimates for the six amplitudes of

interest are presented in Table 17.2. Each estimate ^ is obtained

by averaging, from the top down, the required number of values

presented in the appropriate columns of Tables 14. 2 and 14. 3 of

Section 14.

Probability Density Estimates p v

for Different Amplitudes v

= 1.00 volts;A x = 0. 100 volts

x/0 = 788 crossings per second

Amplitude v (volts) probability density pv

0 (A-3, Table 14. 2) 0. 385
0.5 (B-1, Table 14. 3) 0.400
1. 0 (B-2, Table 14. 3) 0. 260
1.5 (B-3, Table 14.3) 0. 101
2. 0 (B-4, Table 14. 3) 0. 0418
2. 5 (B-5, Table 14. 3) 0.0141

Table 17. 2 Probability Density Data for Normality Test B
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17. 4. 2 Test for Normality

Using the data presented in Tables 17. 1 and 17. 2, the random

noise generator is tested for normality by application of Normality

Test B at the a' = 0. 05 level of significance, as summarized in

Table 17. 3.

Results of Test for Normality of Signal from Random Noise Generator

Estimated Gaussian Limit of
Probability Probability Acceptance

Density Density Region for Test of
A

plitude Table 17. 2 Table 17. 1 -p p P-P H0p=Pp ov ov 0v ov
A

v Pv Pov Table 17. 1

0 0. 385 0. 399 0. 014 0. 10 accepted

0. 5 0. 400 0. 352 0. 048 0. 092 accepted

1.0 0.260 0.242 0.018 0.063 accepted

1.5 0. 101 0.130 0.029 0.034 accepted

2.0 0.0418 0.0540 0.0122 0.014 accepted

2.5 0.0141 0.0175 0.0034 0.0046 accepted

Table 17.3 Results of Test for Normality

From Table 17. 3, it is seen that the hypothesis of normality

at the six specific amplitudes tested is accepted. Thus, the general

hypothesis of normality for the random signal is accepted.
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17. 5 DISCUSSION OF RESULTS

The results presented in Table 17. 3 indicate the random noise

generator employed for the experiments in this report produces a

signal which is Gaussian within the Type II error limits of the normality

test performed (P = 0.50 for detecting a 25% deviation from normality

at each amplitude tested). This does not necessarily mean that the

signal from the noise generator is exactly Gaussian. It is quite possible

that a hypothesis of normality would be rejected if the test were per-

formed with a more stringent Type II error limitation. However, for the

experiments performed in this report, the Type II error requirements

used for the normality test in Section 17. 4. 2 are sufficient to justify the

qualitative statement that the noise generator produces an "approximately

Gaussian" signal.

A plot of the probability density function for the signal from the

random noise generator is presented in Figure 14. 3 of Section 14. The

ideal Gaussian probability density function is shown on the same scale.

The results there clearly show the strong Gaussian tendencies of the

noise generator signal.

17. 6 CONCLUSIONS

Two different procedures for testing single sample records for

normality have been reviewed. One of the procedures (Test A) is the
"chi-squared goodness of fit" test outlined in Section 5. 3. 2 of Ref. I '].

The other procedure (Test B) is a modification of the normality test

originally proposed in Section 6. 1. 10 of Ref. [1].

Normality Test A is applicable to amplitude time history data in

digital form. Normality Test B is applicable to analog probability

density estimates. The probability density data obtained for experi-

ments in Section 14 is used here to illustrate the application of Test B

to real data. Both procedures are believed to be practical for application

to flight vehicle vibration data.
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18. CONCLUSIONS AND RECOMMENDATIONS

FROM EXPERIMENTAL PROGRAM

The general objectives of the studies presented in this report and a
brief summary of main results are stated in Section I. Part I of the
report, consisting of the first ten sections, 'is concerned with analytical
studies which are reviewed in the conclusions and recommendations of
Section 10. Part II of the report, consisting of Sections 11 through 18, is
concerned with experimental studies which are terminated by the conclusions
and recommendations presented here. An introduction to the experimental
program, including the necessary background material, is presented in
Section 11. These experimental studies are based upon data analyzed by
analog instruments. However, the results and conclusions are directly
applicable to data analyzed using digital techniques, except where noted.
It should also be recognized that the statistical procedures employed to
evaluate the experimental results have broad applications to many general
data analysis problems for other physical areas.

18. 1 REVIEW OF EXPERIMENTAL PROGRAM

Section 12. Uncertainty of Zero Crossing Estimates

Theoretical studies are reviewed which deal with the application of

statistical run theory to the prediction of the sampling distribution for

random signal zero crossings. Experiments are performed involving three

types of signals; (1) random signals with uniform power spectra,

(2) random signals with non-uniform power spectra, (3) nonrandom

signals consisting of a sine wave plus noise. Experimental zero crossing

measurements are compared to theoretical predictions by carefully

designed statistical tests.

The results confirm that run theory is applicable to the zero cross-

ing problem. The sampling mean and variance for the zero crossings of

a random signal are predicted correctly when the signal has a reasonably

uniform power spectrum. Furthermore, the presence of a sine wave in

an otherwise random signal significantly alters the resulting zero cross-

ings, which indicates possible applications of run theory to a test for

randomness. However, sharp peaks in the power spectrum of a random

signal also alters the resulting zero crossings.

An important conclusion of this section is as follows. Given a

stationary random signal with a uniform power spectrum between the

frequencies fa and fb' the sampling distribution for the zero crossings
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UO measured from a sample record of length T (seconds) will have a

mean and variance

n

=2

V = 2(n - i)

where

n= 20

22.4f2 + f afb + fb
S= 2 a fabfb

0 3

Section 13. Uncertainty of Power Spectra (Mean Square) Estimates

Theoretical studies are reviewed which deal with the sampling

distribution for power spectra estimates measured from sample records

of random signals. Experiments are performed involving analog power

spectra measurements for a wide range of frequency bandwidths, center

frequencies, and averaging times. The experimental results are in

complete agreement with the theoretical prediction for the variance of

power spectra estimates.

An important conclusion of this section is as follows. Given a

stationary random signal, the sampling distribution for a power spectral

density estimate G(f) measured from a sample record of length T

(seconds) will have a normalized variance

2

2 1~f

G2f) BT

Here, B is the frequency bandwidth in cps of the narrow band pass

filter used for the analysis.

The study of power spectra measurements is extended to cover

mean square level estimates. General expressions are developed for

the sampling distribution variance of wide bandwidth mean square value

estimates.
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Section 14. Uncertainty of Probability Density Estimates

Previous theoretical studies are reviewed and extended for the

sampling distribution of amplitude probability density estimates. Two

slightly different theoretical expressions for the variance of probability

density estimates are obtained. Experiments are performed involving

analog probability density measurements for a wide range of frequency

characteristics and averaging times.

For many practical conditions, the experimental results indicate

that an appropriate expression for the normalized variance of probability

density estimates p(x) measured from a sample record of length T (seconds)

is as follows.
2

2 (x) 0.07
S2 pW(x) ) " T

Here,A x is the width of the amplitude window used for the analysis, and
P is the expected number of zero crossings per second.

For those cases where the random signal has a narrow bandwidth,

the experimental results indicate that a more valid representation for

the normalized variance of probability density estimates is as follows.

2
2 $(x) 0.03

2 Ax^(x) BTp (x)

Here, B is the equivalent ideal frequency bandwidth in cps.

It is believed that the true expression for the sampling distribution

variance of probability density estimates is more general, and perhaps

involves more terms than the expressions developed and studied in this

section. These matters are not completely resolved.
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Section 15. Tests for Randomness

Two different quantitative procedures for testing individual sample

records for randomness are studied. One of the procedures (Test A)

is the randomness test proposed originally, and is based upon an analysis

of the zero crossings measured from a sample record. The second

procedure (Test B) is based upon theoretical ideas developed herein

involving an analysis of the variability of mean square value measure-

ments. Experimental data gathered for the studies in Section 12, as

well as additional experiments performed in this section, are employed

to confirm the basic theory of the two tests and to evaluate their relative

effectiveness.

The experimental results are in agreement with theoretical pre-

dictions. Randomness Test A is shown to be a powerful technique for

detecting sine waves in an otherwise random signal, under ideal

conditions. However, the results also indicate Test A will erroneously

reject random signals as being nonrandom unless the power spectra of

the signals are reasonably uniform. This fact makes the application

of Test A to flight vehicle vibration impractical in many cases, since

such data rarely have uniform power spectra. Randomness Test B

proposed in this section does not present the above problem. Although

Test B is less powerful for detecting sine waves, its application to

flight vehicle vibration data is more practical. It is recommended

that Randomness Test A be dropped in favor of the new Test B presented

herein.

Qualitative techniques for evaluating the randomness of flight

vehicle vibration data are also discussed. These techniques involve

observation of certain distinguishing details in power spectral density

functions, autocorrelation functions, and amplitude probability density

functions. These qualitative procedures will often reveal periodicities

in an otherwise random vibration without the need for quantitative

testing of the data.
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Section 16. Tests for Stationarity

Three separate quantitative procedures for testing individual sample

records for stationarity are studied. One of the procedures (Test A) is

the stationarity test proposed originally. The other two procedures

(Tests B and C) are based upon concepts developed herein. All three

procedures involve an analysis of the variability of mean square value

measurements. Extensive experiments are performed to confirm basic

theoretical ideas and to evaluate the relative effectiveness of the three

tests.

The experimental results are in agreement with theoretical pre-

dictions. The results also indicate that Stationarity Test A is the

least powerful and the most complicated in application of the three

tests. It is recommended that Stationarity Test A be dropped in favor

of either of the two additional tests presented herein.

For situations where data is collected from repeated flights (or

from multiple points) such that a number of different sample records

are available, a fourth test for stationarity is illustrated. This test is

based upon one-way analysis of variance procedures, as presented in

Section 8 of this report. The results demonstrate that these analysis-

of-variance procedures will detect nonstationary conditions in repeated

experiments with great power.

Section 17. Tests for Normality

Two different quantitative procedures for testing individual sample

records for normality are considered. One procedure (Test A) is the

"chi-squared goodness of fit" test. The other procedure (Test B) is a

practical modification of the test for normality proposed originally.

Test A is applicable to digital amplitude time history data, while

Test B is applicable to analog probability density data.

Normality Test A (goodness-of-fit test) is a classical procedure

which requires no verification. The theoretical basis for Test B is sub-

stantiated by experiments performed in Section 14. Experimental

probability density data gathered in Section 14 is employed to illustrate

the practical application of Normality Test B.
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18. 2 RECOMMENDATIONS FOR FURTHER EXPERIMENTAL AND
THEORETICAL WORK FROM PART II

i. The analysis of extreme and peak amplitude values is an area in need

of further study. Considerable theoretical and experimental work is

required to develop suitable techniques for estimating extreme and

peak values from relatively short sample records. These matters

are of major importance to the general problem of flight vehicle struc-

tural reliability, including the prediction of catastrophic structural

failures due to extreme loads as well as long term structural damage

due to fatigue.

2. The theoretical formulas for the sampling distribution of amplitude

probability density estimates, as developed in Section 14 of this report,

appear to be incomplete. Further fundamental study is needed, along

with appropriate experimental verification. The discussions and data

given inSection 14 present a sound foundation for such future work.

3. Procedures for detecting a periodic component with fixed frequency in

an otherwise random signal are well developed in Section 15 of this

report. However, the related problem of detecting a periodic com-

ponent with changing frequency is not considered. More theoretical

study of this special situation is needed, followed by appropriate

experimental verification.

4. A comprehensive experimental and theoretical program should be

conducted on the accuracy of transfer function measurements. This

will require development of tests for linearity, based upon theoretical

uncertainty formulas for measuring coherence functions. Transfer

function measurements are important in making predictions of input-

output relations for linear systems. Inaccurate estimates of transfer

functions can lead to serious design problems.

5. The sampling distribution for correlation measurements is well

defined for time displacements near zero, since the correlation func-

tion at zero delay is simply a mean square value. However, the

sampling distribution for correlation measurements at large time

displacements is nct well defined. Additional theoretical studies of

this problem are needed, followed by experimental verification.
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