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FOREWORD

Engineers and scientific workers are increasingly often obliged

to face the necessity of taking into account essential nonlinearities

in systems for automatic control, stabilization, and regulation,

and in follow-up systems. This is necessary not only to allow for

the detrimental influence of the nonlinearities inevitably occur-

ing in the system, but also for the application of specific nonlin-

earities with the goal of improving the dynamic qualities of the

system. Therefore, the expansion of the practical application of

automatic devices in all areas of technology imposes ever-greater

demands upon the development of the nonlinear theory of automatic

control.

In the present book, the authors have striven as far as possi-

ble to give an account of the approximate methods which are simplest

and easiest in practical application for the investigation and

design of a definite class of nonlinear automatic systems, and are

suitable for the solution of certain synthesis problems for such

systems. The initial theoretical basis of these methods is formed

by the ideas of harmonic balance and equivalent linearization pro-

pounded in the familiar works of N.M. Krylov and N.N. Bogolyubov,

and also the special form of the small-parameter method developed

in the works of B.V. Bulgakov.

After the first applications of the method of harmonic balance

to nonlinear control systems, which are due to L.S. Golt dfarb, V.A.

FTD-TT-62-910/1+2 
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Kotel'nikov and R.Dzh. Kokhenburger, the methods indicated above

were developed successfully for the solution of new problems in

the investigation and design of nonlinear automatic systems. The

different methods which are proposed in the present book for the

solution of the diverse nonlinear problems that arise from practi-

cal requirements, which are reduced to concrete applications, are

unified by the general idea of harmonic linearization of nonlineari-

ties in its different forms, invoking in the last chapter the

statistical linearization proposed by I.Ye.Kazakov.

The book is oriented toward broad classes of engineers and

scientific workers in the field of the technology and theory of

systems for automatic control, regulation, measurement, and other

applications of automatic devices, and also toward students and

post-graduate students.

The work was alotted among the authors of the book as follows.

Chapters I, II, V (M 1-5), VII ( 1-5), VIII, Ix (% 1-4), and X

were written by Ye.P. Popov. Basically, they reflect the works of

the author in this area, with their further development toward the

improvement of engineering design methods for the planning of closed

nonlinear automatic systems (from the point of view of the analysis

and synthesis of these systems).

Chapters III, IV, V (%6-9), VI, VII (%6-10), and IX (§5-7)

were written by I.P. Pal'tov. In them an account is given not only

of the results obtained by the author himself, but also his treat-

ment of the results obtained by other authors in studies of specific

closed-loop nonlinear automatic systems on the basis of the methods

specified.

Chapter I contains a description of the basic forms of the

nonlinearities encountered in various automatic systems, and the

- 2-

FTD- TT-62-910/I+2



classification of nonlinear systems into three large classes in

accordance with the number of variables appearing in the nonlinear

functions, and the form of the relationships among these variables.

In the subsequent chapters of the book, various problems are solved

in parallel for all three classes of nonlinear systems in cases of

various forms of nonlinearities. Therefore, the division of the

material of the book into chapters is not based on the types of

nonlinearities, nor on the classes of nonlinear systems, but on the

types of the problems to be solved.

An account is also given in Chapter I of the analytical investi-

gation of various processes in the simplest nonlinear system of the

third order by the method of harmonic linearization, with the pur-

pose of demonstrating the simplicity of application of the method

and its possibilities, which are easily understandable in this simple

case even without the study of the foundations of the method, as

presented below.

Chapter II presents in general form the concept of harmonic

linearization of nonlinearities and the theoretical foundations for

the application of the method of harmonic linearization to the

determination of the symmetric self-oscillations of nonlinear auto-

matic systems. Conditions applicable to the type of differential

equations (or transfer functions) of the system and enabling us to

apply the given approximate method of analysis are given here. These

conditions are almost always satisfied in various systems for auto-

matic control, stabilization and regulation, and in follow-up systems.

Further on in Chapter II, an account is given, in general form,

of various practical methods for the determination of self-oscilla-

tions (and their stability), which permits us in the majority of

cases to dispense with the mapping of locus diagrams in the complex

- 3-
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plane. A comparison of these methods with the various types of known

methods is presented using a small parameter in one form or another.

The identity of the final result of the first approximation in all

the methods compared is demonstrated, but It is the diversity of

approaches to solution of the problem and of the processes of com-

putation which is essential for practical work.

Chapter II also gives an approximate method for the delinea-

tion of regions of equilibrium stability for nonlinear systems and

its comparison with the results of the direct method of Lyapunov

for various particular types of nonlinear systems. The results of

this comparison speak for the simplicity and practical effective-

ness of the method, and also for the possibility and expediency of

presenting the problem to mathematicians for the development of a

rigorous foundation (applying the material presented in § 2.2).

Apparently, the facts which are stated permit us to hope that the

development of some rigorous theory of stability for the case of

the first approximation is possible, not with the help of the Taylor

expansion, but with the help of the Fourier expansion, i.e., on

the basis not of ordinary, but of harmonic linearization.

In a supplement to this investigation of the absolute stability

of a nonlinear system (for arbitrary initial conditions), methods

are given at the end of the chapter for approximate evaluation of

the stability of nonlinear automatic systems over a limited range

of initial conditions, and also the delineation of the region of

practical stability of a self-oscillatory nonlinear system, which

is definable by the condition that the amplitude of self-oscilla-

tion must not exceed a given admissible limit, whereupon the limita-

tions of the admissible self-oscillation frequencies may be taken

into account.

-4-



Chapter III contains a derivation and summarization of the

final expressions for the coefficients of harmonic linearization

for various types of nonlinearities which are necessary for the

analysis of specific nonlinear automatic systems, as they apply

to all the problems of Chapter II.

In Chapter IV, the solution of many practical problems by the

methods of Chapter II is assembled, using as examples specific auto-

matic systems and taking various nonlinearities into account. These

examples not only pursue the goal of illustrating the application

of the method, but in many respects they have an independent signifi-

cance because only in standard examples is it possible to clarify

the mass of different fundamental peculiarities of the dynamic be-

havior of nonlinear systems.

In addition, practical methods for obtaining the frequency and

amplitude of self-oscillations as functions of the various system

parameters, which are of interest in the synthesis of automatic

systems are indicated in these examples. Finally, these examples

may have immediate practical value for the specific fields of en-

gineering to which each of them pertains.

Chapter V develops a method for the analysis of nonsymmetric

self-oscillations in a general form in the presence of a constant

or slowly-varying external disturbance. The separation of the solu-

tion into periodic and constant (or slowly varying) components is

nonlinear, i.e., the two parts of the solution are mutually inter-

dependent. They pass the nonlinearity with different interdependent

gain constants. On the basis of the method of harmonic lineariza-

tion, this circumstance permits us to investigate the specific non-

linear characteristics of slowly-varying dynamic processes in self-

oscillatory systems and the phenomenon of vibrational smoothing of

- 5 -



nonlinearities with the help of self-oscillations. The stability

and quality of the responses in a nonlinear system are ascertained

as functions of the magnitude of a constant external disturbance

or, in astatic systems of the rate of variation of an external disturb-

ance.

The method of which an account is given in Chapter V permits

use of approximations to investigate double-frequency oscillations

with a large difference between the frequencies. Oscillations with

these frequencies pass the nonlinearity with different gain con-

stants corresponding to the harmonic linearization of different non-

linear functions. Here a dual harmonic linearization is carried out

for the lower frequency; specifically, the so-called displacement

function is determined initially, and thereupon again undergoes

harmonic linearization. Similarly, it is possible to determine

triple-frequency oscillations. Usually this ocuurs in complex auto-

matic control systems. The above division of the motion of the

system into double-frequency or triple-frequency motion, which may

be performed on the basis of harmonic linearization, permits us to

simplify significantly the dynamic analysis of complex multiloop

automatic-control systems and to build up successive loops, start-

ing the investigation with the simplest interior loop.

Also in Chapter V, final expressions for coefficients of har-

monic linearization and the displacement magnitudes are given for

various types of nonlinearities, which are often encountered in

automatic systems.

In Chapter VI, the investigation of a series of specific auto-

matic systems is carried out by the methods developed in Chapter V.

Self-oscillatory measuring devices and acceleration integrators are

investigated with determination of their errors, together with auto-

-6-



matic-control systems with several nonlinearities, some of which

are nonsymmetric. The displacement of the stability boundary of a

nonlinear system on a change in the magnitude of the constant ex-

ternal disturbance is illustrated.

Chapter VII is devoted to the development of approximate methods

of investigating the quality of the transient responses in non-

linear automatic systems. First, the asymptotic method of N.M. Krylov

and N.N. Bogolyubov, relating to slow settling processes is general-

ized for the investigation of fast-damping transient responses by

introduction of a final term in the equation for the derivative of

the amplitude with respect to time. It is demonstrated that in this

case, it is possible under certain conditions to reduce the solu-

tion to the use of harmonic linearization, but with the addition of

certain specific terms. A clear picture of transient-response quality

as a function of the system parameters is presented in the form of

quality diagrams. Three different general methods are given for the

construction of these diagrams, together with two methods specifi-

cally intended for more complex nonlinear systems of the second and

third classes with two or more nonlinearities.

Here, not only symmetrical oscillatory processes are con-

sidered, but also more complex forms of transient responses that

can be separated nonlinearly into an aperiodic component and an

oscillatory component with a variable amplitude. In particular,

we also consider transient responses under conditions of vibrational

smoothing of nonlinearities and discuss sliding processes.

Also in Chapter VII, examples of specific investigations by

methods described in this chapter are cited for several nonlinear

automatic systems. Good agreement is demonstrated between the

evaluations obtained for the quality of the transient responses

- 7 -



and the results of numerical-graphical solution of the initial non-

linear equations of the system.

In Chapter VIII, an approximate method for calculation of the

higher self-oscillation harmonics and refinement of the frequency

and amplitude of the first harmonic, which was found earlier in the

first approximation, is presented. Finding the higher harmonics

directly with the help of the ordinary expansion of all the oscilla-

tory variables into Fourier series would lead to a large number of

unsolvable equations. The problem can be solved quite easily by

introducing certain special simplifications which are fully justi-

fied by analysis of the small order of magnitude of the various

terms of the expansion, which is performed on the basis of the mate-

riel in § 2.2. The method is further developed for the determina-

;ion of the self-oscillation frequency as a function of the form

of the nonlinearity and of the magnitude of a constant external dis-

turbance, while the first approximation which has hitherto been

applied did not furnish the possibility of doing this for single-

valued, nonevenly-symmetrical nonlinearities.

It is interesting to note that the refinement of the first

approximation being considered here leads to the determination of

small higher harmonics for a variable appearing in the nonlinearity,

and to the appearance of finite higher harmonics for the nonlinear

function itself. This is consistent with the nature of the phenomena

being studied. Such a refined harmonic linearization most completely

approximates a nonlinear oscillation process (the oscillation of the

nonlinear function itself). The examples considered in this same

Chapter VIII confirm this and show good agreement with the exact

solution of the problem.

Chapter IX contains methods for the investigation of forced
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oscillations of nonlinear systems both in general form and for

examples of the design of specific automatic systems. Two methods

exist for the solution of the problem for single-frequency forced

oscillations: a graphic complex-plane method and an analytical

method which, in the case of unsolvability of the equations ob-

tained, leads to an uncomplicated graphical construction using real

variables, both for symmetric and nonsymmetric oscillations.

Subsequently in Chapter IX, the passage of slowly-varying sig-

nals through a nonlinear system in the presence of forced oscilla-

tions is considered. In the general case, it is assumed that the

forced oscillations pass along every closed loop of the system to-

gether with the slowly-varying signals. Their equations separate

nonlinearly, that is the interdependence among them is maintained

even with different gain constants for each of them. The solution

of the problem is considerably simplified for the case where the

forced oscillations do not pass through the entire loop. As a

particular case, we obtain the well-known problem of vibrational

smoothing of nonlinearities with the aid of forced oscillations.

If the slowly-varying signal is oscillatory, then we are in

fact investigating double-frequency oscillations with a large dif-

ference in frequencies, as was done in Chapter V for self-oscilla-

tions. Thus the frequency characteristics of a closed-loop system

for a slowly-varying signal may be obtained with secondary high-

frequency vibrations present in the system.

The essential departure from self-oscillations here is that

the gain constant with which the slowly-varying signal passes the

nonlinearity may depend heavily upon the given amplitude and fre-

quency of the external periodic disturbance. Consequently, this ex-

ternal disturbance may strongly affect the dynamic properties with
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respect to the slowly-varying signal, and even affect the stability

of the system. Therefore, in the case of premeditated introduction

of such a disturbance, it may be used for improving the qualities

of the nonlinear control system. If, on the other hand, the disturb-

ance is vibrational noise, the latter may detrimentally affect the

quality of the system, and, for a sufficiently large amplitude, may

even render the system unstable. This emphasizes the importance of

developing a suitable variety of approximate methods of calculation.

Subsequently in Chapter IX, we consider computation of the

harmonics of single-frequency forced oscillations with refinement

of the first harmonic; this provides a possibility of investigating

the influence of nonsinusoidal external disturbances upon nonlinear

automatic systems. All the general methods of investigation developed

in Chapter IX are illustrated for examples of specific nonlinear

automatic systems, including some with composite action (with per-

turbation control).

The final Chapter X is devoted to random processes in nonlinear

systems. Here, for the synthesis of approximate methods which are

convenient in practice, two forms of the linearization of nonlineari-

ties, the harmonic form and the statistical form, are used both

separately and together. Initially, using harmonic linearization

only, we investigate slow random processes in nonlinear systems

operating under conditions of self-oscillatory and forced vibrations

which smooth the nonlinearity and thereupon permit us to use a purely

linear theory of random processes. Here, the determination of the

smoothed, nonlinear characteristic, and the breakdown of the initial

nonlinear equation is carried out in full by the methods of Chap-

ters V and IX. If, however, the ordinary linearization of the smoothed

characteristic is not feasible for some reason or other (for example,

- 10 -



because of its sharp curvature), the statistical linearization is

also used after the harmonic linearization. In both cases, the

amplitude of the vibrations is a random quanti'y, of which the

mathematical expectation and dispersion are determined.

In addition to these two types of problems, Chapter X examines

methods for the solution of five more diverse types of problems in

which the resolution of the solution sought is performed not with

respect to the speed of the processes in time, as above, but into

regular (mathematical expectation) and random (centered) components.

Initially, the familiar problem of the determination of random proc-

esses in the steady-state operating mode of closed-loop, nonlinear

automatic systems, which was solved by I.E. Kazakov, is investi-

gated. Subsequently, an analogous method is developed for the in-

vestigation of nonsteady-state, slowly-varying regular processes,

in the presence of high-frequency random fluctuations. This permits

us to investigate new phenomena - specific for nonlinear systems -

of the dependence of the stability and quality of the dynamic re-

sponses as functions of the spectral-density characteristics of the

external fluctuations. Here, as in Chapters V and IX, the approxi-

mate analysis is based upon the nonlinear separation of the dif-

ferential equations, but with another, statistical content. The

matter is also reduced to the determination of the displacement

function, which is a smoothed, nonlinear characteristic, whereupon

the nonsteady-state, slowly-varying regular process is analyzed

with the help of either ordinary or harmonic linearization of this

displacement function.

The other problems considered in Chapter X relate to the in-

vestigation of self-oscillations and the conditions for their exis-

tence (o. cessation) in the presence of random external disturbances,
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both high-frequency and low-frequency, and also in the intermediate

case, but with the exclusion of the resonance frequency. All the

methods described are illustrated by examples of the analysis of

specific automatic systems.

At the end of the book, we list a bibliography of literature,

not only that used by the authors, but also of other literature

devoted to approximate methods for the investigation and design of

nonlinear automatic systems. In the literature indicated, other

methods of investigation which are not considered in this book are

described. Acquaintance with these methods may be useful to the

reader who is generally interested in the nonlinear methods which

are used in the investigation of automatic systems.

References devoted to exact methods for the solution of the

nonlinear problems of control theory (apart from those which are

cited in the test of the book) are not listed in the bibliography,

since this is an independent and rich field for investigations.

In order to make inspection of the literature easier, it is

classified according to separate groups of chapters, although its

numeration is unified. It is arranged in chronological order of

publication, with the foreign-language literature in a separate

list. Foreign works published in Russian translation are listed with

the Russian-language literature. In those cases where the book which

is cited has run through two or more editions, only the last edition

is listed, with its number indicated. In the text, references to

the literature are designated by the appropriate number in square

brackets.

In conclusion, it is necessary to say that, like any other book,

the present book makes no pretense to exhaustive completeness of its

exposition of the development and elucidation of the approximate
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methods for the investigation of nonlinear automatic systems. The

authors have given an account of those methods for the solution of

the nonlinear problems considered in the book which are, in their

opinion, firstly, the simplest and most convenient for practical

use, and secondly, suitable for extension to the investigation of

the most complex, nonlinear automatic systems encountered in practice.

In addition, the authors have attempted to give not simply a

collection of good methods, but to unify methods for the solution

of diverse nonlinear problems by means of a single idea based upon

a single foundation - in this case, upon the harmonic linearization

of the nonlinearities in a broad sense, encompassing its different

forms. This gave us the possibility of considering a broad range

of problems from a single, general point of view, with the reduc-

tion of the results to examples of the investigation and design

of specific automatic systems.

Apart from the above objective considerations, it is probable

that the natural scientific interests of the authors played a role

in the choice of the methods of investigation. In particular, they

took the point of view that by using the apparatus of differential

equations (although the application of frequency character-3tics

is also valid) as a point of departure, it is possible to obtain

the most general and widely applicable methods. Therefore the fre-

quency methods of solution are reflected in the book to a lesser

extent. However, it is evident that having a theory of design start-

ing from the differential equations, it is possible to transpose

these calculations into the language of frequency characteristics,

as well as is already being done presently in the literature for

solution of the simplest (as yet) nonlinear problems, for example

with the aid of logarithmic frequency characteristics. This may be
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extremely useful in many practical problems.

The first attempt to give an integrated account of the approxi-

mate methods for the investigation of nonlinear automatic systems

based upon the harmonic linearization of nonlinearities, as has

been undertaken here, may not be free of shortcomings. The authors

will be extremely grateful to all readers who send their preferences

and critical comments, as well as reports regarding successful and

unsuccessful instances of the application of the methods of which

an account has been given to their addresses or to the publisher.

The authors express their gratitude to Academician N.N. Bogol-

yubov for valuable advice, and also extend thanks to all their

colleagues who participated in the solution of the individual prob-

lems. The authors are thankful to Editor O.K. Sobolyev and Artist

A.I. Klimanov for their monumental work in preparing the manuscript

for press.
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Chapter 1

INTRODUCTION

§ 1.1. EXAMPLES OF NONLINEARITIES FREQUENTLY ENCOUNTERED

The present volume considers closed-loop automatic systems of

all designs and with various purposes (automatic-control systems,

follow-up systems, stabilization systems, and closed-loop computing

and measuring systems). The limitation of the class of systems be-

ing considered, which will be elucidated in what follows, is deter-

mined not by their structure or function but by the form of the

equations (or transfer functions) describing dynamic processes in

the system.

l . J " I

Fig. 1.1. 1) Power source; 2) OS.

A nonlinear automatic system is usually a complex of some arbi-

trary finite number of links, with the dynamics of the majority of

them described by linear equations while one or several (an extremely

limited number) of the links is described by nonlinear equations.

In Fig. 1.1, for example, a certain automatic system is re-

presented in the form of a complex of four links which are inter-

connected in a certain manner. Here, for example, link 1 may corre-
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spond to a filter or amplifier, link 2 to a polarized electromagnetic

relay and link 3 to a driving motor, while the fourth link OS may

correspond to a "rigid" feedback path. The circles with crosses

designate the points of addition and subtraction of various dis-

turbances.

Other physical significances are possible for all links with

the same general scheme of the system retained.

In examples of such a general type, we will designate by

letters x with various subscripts all intrinsic variables, which

express the interaction of the links of the system among themselves,

while all extraneous variables, which express disturbances applied

to the system from without, will be designated by letters f, also

with various subscripts. Usually the latter are either given func-

tions of time in explicit form f(t), or vary arbitrarily in a limited

range, or are random functions given by their probability character-

istics.

Of the extraneous variables, for example in Fig 1.1, fl(t)

designates the setting or controlling disturbance, which the given

system must reproduce in the form x4 at the output (sometimes noise

which should not be reproduced may also enter into the composition

of f1 (t)); f2 (t) in Fig. 1.1 designates a secondary extraneous dis-

turbance, for example, for the formation of forced vibrations (for

greater detail, see § 1.9); f3 (t) is the disturbance originating

from the object being controlled, to which the variable quantity

x4 reproduced by the system is transmitted [for example, f3 (t) may

be the mechanical load on the output shaft of the system].

We may write its own dynamic differential equation for each

link of the system. As a matter of fact, the very decomposition of

the system into links is undertaken basically for convenience in
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forming the dynamic equations of the system (apart from the obvious

goal of clearly representing the functioning of the system). In

all the equations, we shall conventionally designate the deriva-

tives with respect to time briefly by the symbol p, as is the

custom in control theory:

d

In the present example (Fig. 1.1), we write the equation of

link 1 (a filter or amplifier) in linear form:

(Tip+1)x,- =kx,, x,-=f,)-x(t (-.1)

where T1 is the time constant and kI is the gain constant. The filter

equation may also include the introduction of the derivative into

the control equation:

(Ti- + 1)xv---kt (I + kp) x, (1.2)

where k is the "intensity coefficient" with which the derivative

is introduced.

For link 3 (the drive motor) we also write the linear dynamic

equation:

(Tp+ 1p= hox, + A ON (1.3)

where T2 and k2 are constants and f3 (t) is the disturbance.

The equation of the "rigid" feedback will be

O.= .9&P(1.4)

where ko. is a constant. If the feedback is "flexible,"
Ace - k.oxI (1.5)

there may also be more complex feedback equations.

Link 2 (polarized relay) is an essentially nonlinear link,

which does not submit to the ordinary method of linearization. Its

equation may often be written in the form

x,= F(x, (1.6)

where F(x) is the characteristic of the relay. The relay switches
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on a direct-current voltage x3 , which is equal to +c or - c depend-

ing on the change in current direction. Here, according to Fig.

1.1, the relay input x is composed of three variables:

XX1--O+fY (1.7)

Generally speaking, the relay characteristic may have any one

of the forms indicated in Fig. 1.2. In the general case (Fig. 1.2a)

there is a dead zone and a hysteresis loop, i.e., a loop expressing

a nonlinear (coordinate) delay in operation of the relay, because

of the fact that the dropout current x = mb is less than the oper-

ate current x = b (m is the recovery constant). In a particular

case, there is only a dead zone without the loop (Fig. 1.2b) or

only the hysteresis loop without the dead zone (Fig. 1.2c), in which

case the relay does not have a center position.

I 6 -F F

Fig. 1.2.

Sometimes it is important to account for the time delay T in

operation of the relay (Fig. 1.2d). The latter is not represented

graphically, since there is no time coordinate in the static char-

acteristic, but we write it symbolically in the form
Xa=F(X) =eP'P(X), (1.8)

where F(x) is any one of the characteristics of Fig. 1.2. In the

case in point (Fig. 1.2d), the time delay T is introduced simul-

taneously with the presence of the dead zone when the nonlinear
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function F(x) in Formula (1.8) has the form in Fig. 1.2b.

Finally, let us also describe an ideal relay characteristic

t, without a center position (Fig. 1.2e), when
F(x)=csgnx,

and with the center position (Fig. 1.2e)
F(x)-cslgnx for x:o,
F(x)=O for x-O.

The latter case is an idealization of the case of Fig. 1.2b for

b = 0, while the former is a case of Fig. 1.2c for b = 0. Similarly,

the remaining characteristics of Fig. 1.2 [73], may be written ana-

lytically, but such a description is not required in what follows.

Fig. 1.3.

Relay-type characteristics may also be nonsymmetrical, for

example, if a relay or simply a pair of contacts operates under

circumstances where a voltage of one polarity is switched on and

off (Fig. 1.3a and b). The elastic force of a spring may also be

nonsymmetrical, if the latter acts only on one segment of the move-

ment of some device (Fig. 1.3c). The curvilinear characteristics

may also be nonsymmetric (Fig. 1.3d and e).

We always write the dynamic equations for every real system

with some degree of idealization, with factors of secondary impor-

tance disregarded as having little influence upon the solution of

the given specific problem. It is evident that the simple equations

(1.1)-(1.8) written above do not take into account many circumstances

that may be detected and considered important for the detailed study
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of each real link of the system in isolation, but which, within

certain limits, do not play an essential role in the establishment

of the general pattern of the dynamic processes in the system as

a whole.

a) '5 / b

--- A
d) "e) f)

4 4g

Fig. 1.4.

The linearity hypothesis for all links of the system, other

than the relay, is also such an idealization in the given example.

In actual fact, the real characteristics of all the links differ

from an ideal straight line to a greater or lesser degree. In first

approximation, therefore, we may consider them linear only in the

fixed range of variation of the variables in which the equations

that we have written are valid.

Let us assume that in contrast to the above, in the range of

variation of the variables being investigated, we observe satura-

tion or clipping of the output quantity in link 1 (Fig. 1.1), whose

influence upon the dynamics of the system must be taken into account.

Then, in addition to (1.6), still another nonlinearity appears

in our system, since instead of (1.1) the equation of link 1 takes
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the form

(Tip + 1) x,=- F, (x,), (1.9)

where the nonlinear function Fl(xl) has the form of Fig. 1.4a or b

(on the graph of the nonlinear characteristics we shall denote the

inclination or steepness of the rectilinear segment not by the angle

but by the tangent of the angle, i.e., the gain constant, as, for

example, k1 in Fig. 1.4b).

We may approximate many nonlinearities by analytical functions.

For example, the nonlinearity Fl(xl) given in the form of Fig. 1.4a

may be described by the function

P,-k,(1-kx)x, for Ix,1 b, (1.10)
F, =csignx, fOr Ix,Ijb, 1

where from the conditions

F, =c rd,
and -=Oafor xt==b

we have

6 . (1.11)

In the case of a nonlinearity of the form of Fig. 1.4b, on the

other hand, we obtain

Ftkxi for ixl <band Fi=csignx for x; b,

where kI  c/b.

For nonlinear introduction of the derivative, we obtain in

place of (1.2) the equation

(M O+ 1) X,=- F, (x, PX,). (1i.12)

We may also visualize a case where the time constant T1 of the

filter changes with variation of the input or output variable, i.e.,

where in Eq. (1.1)

T,=F,(x,) or T=F,(x. (1.13)

Then the equation of link 1 takes the form

F,(x,)px,+x,=k,x, (1.14)
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or

F(x2)px2+x,-kx,. (1.15)

A nonlinearity of the type of Fig. 1.4b - limiting of a linear

relationship - is also encountered in mechanical apparatus with

arresting devices, for example in the form of restriction of the

movement of aircraft control surfaces (the control device of the

autopilot).

As we know, in many follow-up systems and automatic regulation

and control systems, including the servomechanisms of autopilots,

the various types of driving apparatus (electrical, pneumatic, hy-

draulic) have nonlinear characteristics of the form

px, = F (xj, (1.16)

where x4 is the turn angle of the output driving shaft, while x3

is the electrical or mechanical input quantity (a regulated supply

voltage, movement of a slidevalve, and so forth). Here F(x3 ) has

the form of a characteristic with dead zone and saturation (Fig.

1.4c or d) or even the form of a characteristic with only the dead

zone (Fig. 1.4e), when the values of the input variable x3 are small.

The lag time -T may be introduced in Expression (l.16), as in

(1.8)

px 5= F(x)=e-' F (xs). (1.17)

Finally, in the presence of a hysteresis loop of the nonlinear

function F(x3 ) in Formula (1.16) takes the form of Fig. 1.4f, g, or

i. Such loop characteristics are complex in that the width of the

loop and even its entire shape may change with variation of the

oscillation amplitude A of the input variable x3 and shifting of

the center of oscillation (Fig. 1.4h).

We also encounter descending nonlinearities with drops which

have segments with negative slopes (Fig. 1.5a, b, c).
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Fig. 1.5.

Let us note that the level c as well as the slope of the non-

linear characteristic, may change with the variation of the drive

load, as indicated in Fig. 1.4c by the broken line.

If allowance is made for the inertia of the driven masses,

then the equation for the nonlinear drive, like (1.3) which was

written earlier, will have instead of (1.16) the form

(Vp+ 1)px , ----F(XI). (1i.18)

Having considered the individual elements of nonlinear systems,

let us write as an example the equations of an automatic-control

system which holds an aircraft on its course by means of an auto-

pilot (taking slip angle but not roll into consideration). The

equations for the aircraft as an object of control (49] will be:

(ri + 1) =I --- kBaf(t + (1.19)

(T,p-+ 1)p=TO,+f, (t),

where * is the angle of deflection of the aircraft from the given

course, 0 is uh slip angle, and 6 is the rudder deflection,

J V
T3 , T)=j,, k, = -P . k -.

M: MM+'

In these formulas J, m, and V are, respectively, the moment

of inertia, mass, and velocity of the aircraft; Mps, Is, Ms, and

Z are the slopes (tangents of the angles of inclination) of the

aerodynamic characteristics, i.e., of the moment Ms of air resis-

tance to rotation of the aircraft with respect to the angular velo-
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city p* and the angle P, and of the moments Mr and Z, respectively,

of the control surface with respect to the angle 6 and of the lateral

force with respect to the angle P; Mv and Zv are the disturbing

moment and force leading the aircraft away from the assigned course.

Let us write the equation for the autopilot drive in the form

(Tp+ 1)Pa=P(x), (1.20)

where T3 is the time constant; F(x) may be given in several of the

forms represented on Fig. 1.4. There may also be other forms (Fig.

1.2), corresponding to the case of a constant-velocity drive in

contrast to the variable-velocity drive (Fig. 1.4). We write the

equation for the variable x taking into consideration the signals

from the sensors (gyroscopes) and the "rigid" feedback in the form

X 0a+kep+ 4A)- ..,. (1.21)

It is determined by the control law which has been selected.

Further, wishing to account for the limitation of the movement

of the control surface for the case of linear driving of the con-

trol surface, we denote by 61 that value of the control-surface

deflection angle for which the surface goes as far as the arrest-

ing device and stops. Then instead of (1.20) we obtain

(T#P+1)p=p(x) for < (1.22)

p8=O for 8=,,(

if the elastic properties of the arresting device are not taken

into account.

Sometimes it is also necessary to take into account the non-

linearity of the aerodynamic characteristics, which changes Eqs.

(1.19), imparting nonlinear form to them.

Quite often the nonlinearity which we encounter is a backlash

in some type of mechanical transmission. In the presence of back-

lash, the displacement x of the driving element of the mechanical
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transmission will not initially cause any movement y of the driven

element as long as the entire backlash - the line segment OH in

Fig. 1.6a - is not "chosen" (we shall denote half the total width

of the backlash by b). After this the driven element starts its

motion, which is represented by the straight line HB. On reversal

of the direction of motion of the driving element, the driven ele-

ment will be stationary at an arbitrary point of the straight line

HB for the entire time during which the backlash is "chosen" (tran-

sition along any horizontal line segment F = const from the straight

line HB to the straight line CD), after which the motion of the

driven element starts in the opposite direction along the straight

line CD. We describe this nonlinear characteristic of the backlash

y = F(x) by the formula (Fig. 1.6a);

y=x-b for 1>0,

y=x+b forj (1.23)
j=O, y=const for Ix-yI<b. (

It is evident that the smaller the displacement x the more impor-

tant will be allowance for backlash. For large (in comparison with

the quantity b) displacements x, the backlash will not play any

essential role.

The influence of the backlash may not be limited to the phe-

nomenon just described. The fact is that in the "time of selection"

of the backlash (on the horizontal segments of the graph of Fig.

1.6a) the driven element of the mechanical transmission is separated

from the driving element and, consequently, the static and dynamic

loads on the driving element are reduced. For example, in the auto-

matic (follow-up) system (Fig. 1.1) this corresponds to disengage-

ment of the controlled object from the driving shaft B (Fig. 1.6b).

As a result, the equation of motion of the driving shaft will be
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(Tsv+P+ x-kgx~f&(t0for: px, o,
1((T-T)p+I]px-kx, forl px4=o, (1.24)

where T is proportional to the moment of inertia of the controlled

object, f3 (t) is the load moment from the controlled object, while

N = F(x) in accordance with Fig. 1.6a. Simultaneously both the

primary and secondary feedback signals change (Fig. 1.6b). During

the backlash "selection," the "rigid" feedback signal remains con-

stant, while the "flexible" feedback signal dies out. Consequently,

it is as if the transfer function of the whole system were changed

during this time.

a) 01 b)

Fig. 1.6. 1) os.

This type of system nonlinearity, which is associated with a

structural change in the transfer functions or differential equa-

tions of the system, is also encountered in many other cases (see

the example § 3.9). Let us introduce one example of a system in

which the nonlinearity consists in a deliberate change of transfer

functions (a nonlinear correcting device). We add to the basic

linear part of the system Wl (P) (Fig. 1.7) one of the two feedbacks

Wl(P) or W2 (p), depending upon the value of the variable x. For

example, for sufficiently small values Ixi < b, the feedback Wl(p)

is cut in, while for larger values Ixi > b the feedback W2 (P) is

cut in. Then the equation for the nonlinear link of the system

will be
x, W(p)x for lxlJb,(
x=W2(p)x for Ixi>b. (1.25)
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Although each of the feedbacks Wl(p) and W2 (p) here is in itself

linear, on the whole a nonlinear correcting device is obtained,

since the switch from one feedback to the other is determined by

the value of the variable x itself.

We illustrate the next type

[J' of nonlinearity by reference to the

W/01 J example of the characteristics of a

two-phase induction motor (Fig. 1.8a)

Fig. 1.7. for various values of the control

voltage u and the angular velocity cdv' which in this case is de-

noted by x. For linearization of characteristics it is usually as-

sumed that

M =c lu - cx.

But in first approximation this is valid only for the left segment

b) Z

Fig. 1.8.

of the characteristic. If, however, the major part of the char-

acteristic is used, we must take its nonlinearity into account.

Keeping in mind that the coefficient c1 in Fig. 1.8a decreases with

increasing x, while the coefficient c2 increases, we adopt the

following nonlinear expression for description of this character-

istic:

+ i - ulxl) x (1.26)

(the absolute values of x are placed in the coefficients, because

x changes its sign but the coefficients themselves must remain

positive numbers). There exist other methods for description of
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the nonlinear characteristics of the motor (see Chapter IV).

Then the differential equation of the motor Jpx = M, where

J is the moment of inertia of all the masses which are being

turned by the motor referred to the motor shaft, may be written

in the form

Jpx+ ic I x I PX + X + (c2 +cA) I I X + cX3 = u. (1.27)

Here there are three nonlinear functions:

,F=xlpx, F2=1xlx=x'sgnx, Fs=xs. (1.28)

The second and third of these have the form of Fig. 1.8b. The first,

however, takes the form

Ps =h (X)px (1.29)

with a variable gearing ratio k at a velocity px which [ratio] is

a function of the coordinate x taking the form k(x) = lxj (Fig. 1.8c).

As another example of a nonlinear function of the type (1.29)

we may introduce the function

F=XPX, (1.30)

where k(x) = x2 (Fig. 1.8d). For linear dependence, we would have

k = const, as is indicated by the broken line in Fig. 1.8d.

Let us now consider an example of nonlinearity with nonseparat-

ing variables. The equation for the two-phase induction motor is

sometimes written in the form

rX + (Cjr + V1 + Q X = +42 -40. (1.31)
where

where u1 and u2 are the voltages designated in Fig. 1.9, r is the

ohmic resistance of the rotor curcuits, c2 is the coefficient of

linear friction, and x is the angular velocity of the shaft.

Let u1 = U0 cos W 0t be the power voltage from the line, while

u2 = u(t) sin c0 t is the control voltage, which is shifted 900 in

phase, and w0 is the frequency of the alternating supply current.
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We assume that the amplitude of the control voltage u(t) changes

relatively slowly.

Substituting the expressions for uI and u2 in Eq. (1.31) and

performing simplifications in the process of which we drop dual-

frequency oscillatory terms and the terms containing Q and
0

higher powers in the denominator, we may finally arrive at the

following equation for the motor:

(TIp+ 1)X + 'X=,, (1.32)

where

2caroI+ U' +U2crA'+-. 2e'r.J +U-"

In this case we have the nonlinearity u2x with nonseparable

input and output variables u and x respectively.

In mechanical oscillatory links, which are described in linear

theory by the equation

(m+p' + Q + ,)X,= kx,,

nonlinear friction and a nonlinear restoring force (a nonlinear

spring) may occur. Then the equation of the link takes the form

Mp'x, + F, px,) + F (x,) = kx,. (1.33)

The characteristic of the restoring force F(x2) may deviate

from linearity in either direction (Fig. l.lOa and b).

Fig. 1.9. Fig. 1.10.

The friction may be square-law (Fig. 1.10c):

,(px)-= k~x, + c (px,) slgn px, (1. 34)

or dry (Fig. l.lla or b); here an extremely important characteris-

tic of dry friction is that for px2  0 the frictional force F1
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may assume any value in the range

-c< F, + c, (1.35)

equal at each given moment of time to the sum of all other forces

acting (including inertial force). If, therefore, at that moment

of time when pi2 
= 0 the modulus of the sum of all the other forces

is less than c, the system will stop. The standstill will continue

until the variation of the forces results in a value IF I = c, after

which motion of the system starts again. Consequently, it must be

remembered that in this case the characteristic of dry friction

(Fig. 1.11a) is different in principle from that of the relay char-

acteristic (Fig. 1.2e), which has a superficially similar form. If,

however, it is always found in the motion process of the system

that for px12 = 0 the force IF > c, then there will not be any

standstills and the friction characteristic (Fig. 1.11a) will not

differ from that of the relay characteristic (Fig. 1.2e). In Fig.

1.11b we show another possible real dry-friction law, while in

Fig. 1.11c we show the sum of dry and linear friction.

All A~

Fig. 1.11.

In the presence of linear and dry friction (Fig. l.llc) and

a linear restoring force the equation of the oscillatory link (1.33)

is written in the form

m'x, + kx, + c ign pxs + k ,x =kxj, (1.36)

provided that

k,x-k,-x-mp'Olx.,c for px,=O. (1.37)

If, however, at the moment that the value px2 = 0 is reached
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in the process of motion, it is found that

Ikx, kx,- mp'x,l < c, (1.38)

Eq. (1.36) will be valid only for px2 # 0, while for px2 = 0 stand-

still begins according to (1.35) and will continue while the right

member k1x1 varies over the range
(*Ixf-C)<kx,<kX.+C) for pxt= O, (1.39)

where we denote by Xm the value of x2 at the moment of stopping.

Here, in addition to standstills, the motion may have discontinuities

and jolts.

In the case of purely dry friction (Fig. l.lla) without linear

friction, we must set k = 0 in Eq. (1.36).

Thus the nonlinear oscillatory link with dry friction appears

quite complex in the presence of mass and a restoring force. The

matter is significantly simplified, first in the general case (1.36)

for observance of the no-stoppage condition (1.37) (then the dry-

friction characteristic reduces to the ideal-relay characteristic)

and, secondly, for the presence of standstills in the two particular

cases which we shall presently consider.

In cases where the mass may be neglected because of its small

size and there is no restoring force, the equation (1.36) of the

link in the presence of linear and dry friction (Fig. 1.11c), with

(1.35) taken into account, assumes the form

kp-,c sign px -kx, forPc2 0,

-c<kxl<+c forpxl= (1.40)

It is evident that this is equivalent to the nonlinear function

PX, = P, (X, ( 1.41 )

represented in Fig. l.lld. In this case, therefore, the influence

of dry friction reduces to the formation of a dead zone for the

velocity as a function of input quantity at the link's output. This
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is what usually takes place in drive units with equations of the

type (1.16) (see Fig. 1.4e).

Finally, in the case where the mass is neglected, in which

case we have purely dry friction (Fig. 1.11a) and a linear restor-

ing force, the link equation (1.36), allowing for (1.39), assumes

the form

cslgnpx,+klx,=klx 1  for pxt 0,
(ktxm-C)<kx <(4x.+C) for Px--O. J (1.42)

It is easy to see that this is equivalent to the nonlinear

function

X2= IN(x, (1.43)

which is represented in Fig. l.lle, where the horizontal lines cor-

respond to different values of xm. In the present case, the in-

fluence of the dry friction is found equivalent to the backlash

in the mechanical transmission (see Fig. 1.6). This takes place

in sensors and control elements with light moving parts.

Thus, generally speaking, the complex phenomenon of dry fric-

tion, which in the general case results in complex motions that

are subjected to analysis only with difficulty, may be described

in three particular cases by simpler nonlinear characteristics (the

ideal-relay type, the dead-zone type, and the backlash type), the

analysis of which does not present any difficulty in what follows.

It would be possible to cite a multitude of other examples of

nonlinearities that are encountered in automatic systems. They

will be given later in examples and specific problems. Here, how-

ever, we shall limit ourselves for the present to the examples which

have been indicated, which are sufficient for illustration of the

general problems of which an account is given below.
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§ 1.2. ON THE INVESTIGATION OF NONLINEAR AUTOMATIC SYSTEMS

We will differentiate between the concept of a nonlinear link

of a system and the concept of nonlinearity.

We will call a real link of a system which is described by

a nonlinear equation nonlinear. The equation of a nonlinear link

may take on any of a rather large number of forms: (1.6), (1.8),

(1.9), (1.12), (1.14), (1.15), (1.16), (1.18), (1.22), (1.24),

(1.25), (1.27), (1.32), (1.33), (1.36), (1.42), etc. Here both the

input and output variables of the link may be found in the non-

linearities.

In what follows, the structure of the individual linear links

and their connections in the system will not in themselves be im-

portant to us; it is only the resultant equation of the entire

ensemble of these links which will be important. In the design of

nonlinear automatic systems, it is customary to separate the non-

linear link (for example, link 2 in Fig. 1.1), while all the re-

maining linear members are conditionally united in one block, which

is called the linear part of the system (Fig. 1.12a). Therefore,

the diagrams in Fig. 1.12a do not at all imply consideration of

simple systems, because the linear part may have an arbitrary struc-

ture, including a multiloop structure with linear correcting de-

vices of any type, may be described by linear differential equa-

tions of high order. If we have not one but two or more nonlinear

links in the system, we accordingly obtain several individual linear

parts on separation of the nonlinear links.

However, we may find certain linear terms even in the equation

of the nonlinear link itself, as, for example, (TIP + 1)x2 in Eq.

(1.9), px4 in Eq. (1.16), Jpx + c2x and clu in Eq. (1.27), mp2x 2

and k1 x1 in Eq. (1.33), mp 2x2 + kpx 2 + k2 x2 and kl1x in Eq. (1.36),
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etc. Therefore, extending further the idea of unification of linear

elements of the system we separate the nonlinearity, that is, the

nonlinear function entering into this equation, from the equation

of the nonlinear link itself. In the equation of the nonlinear

link (1.9), for example, we separate the nonlinearity in the form

y =F(xN (1.44)

(TO + 1) Xt--Y (1.45)

and relate the latter linear equation to the general linear part

of the system, calling it the reduced linear part (Fig. 1.12b).

Thus, if the real linear part (Fig. 1.12a) was described by some

equation

Q&(P) x=R,(p) x + S, )ft) + sp)f) (1.46)

while the real nonlinear link is described by Eq. (1.9), then ac-

cording to (1.45) and (1.46) the equation of the reduced linear

part in this case (Fig. 1.12b) will be

" R ( ''i r, , t) ,q,./it~i(ri, I) ¢t,.A~).(1.47)

while the nonlinearity will take the form (1.44). In the case of

(1.16), we obtain a similar expression for x4 and x = F(x3 ) if we

replace (Tlp + 1) by p in (1.47).

In the presence of a lag T in the system, the latter will also

be referred to the linear part. For example, in the case where the

linear part is described by Eq. (1.46), while the nonlinear member

of type (1.17) has the equation

/'2- - PI:(., (1.48)

we may write for the reduced linear part:

pQAI(i,).v= - ,() ", ' -[ , $(,)jy (t) -t1,$(,)f t), (1.49)

while for the nonlinearity

y-,/ ,(X), (1.50)
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a) b)'c

d) lf J- .=r -

Fig. 1.12. 1) Linear part of system; 2) non-
linear link; 3) reduced linear part; 4 non-
linearity; 5) linear part of system; 6 non-
linear link I; 7) nonlinear link II; 8) linear
part I; 9) nonlinearity I; 10) nonlinearity II;
11) linear part II.

Further, when the equation of the nonlinear member has the

more complex form (1.27) denoting by y the nonlinearity

y = c,! .I xV .I- (C,': ICO I.- . I-":,'.',  (1.51)

we rewrite Eq. (1.27) in the form

•' /"-v I . .1 n. (1.52)

Let the equation of the linear part (Fig. 1.2a) have the form

(1.46), with xI = u and x2 = x. Then having excluded the quantity

xI = u from Eqs. (1.46) and (1.52), we obtain the equation of the

reduced linear part (Fig. 1.12b):
( p , 00j R (p)Ix I _1 (p)y_[

) I- S, ,)f (M -1. S2 (,).f (t).

Here the nonlinearity will take the form (1.51).

The situation is similar in the case of the nonlinear link

(1.33) and in many other cases a nonlinearity of the form y =

- F(x, px) or in particular, y = F(x) is separated in a similar

manner. This is the case for systems with dry friction in three

cases: (1.36)-(1.37), (1.4o)-(1.41), and (1.42)-(1.43). The more
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general case of dry friction, which is characterized by Formulas

(1.36), (1.38), and (1.39) together, does not reduce to such a

simple form.

Let us refer to those systems in whose equations only one vari-

able quantity, possibly with its derivative, appears in the non-

linear functions as nonlinear systems of the first class [46]. The

most widely used nonlinear systems of the first class are those

in which the expression of the nonlinearity in general notation

takes the form

y--v(.,x) or Y (1.54)

here the equation of the reduced linear part may be represented

in the form*

Q(P)x----R(p)y+St(p)f,(M+S.(p)f(t). 
(1.55)

Here the operator polynomials Q(p) and R(p) may be connected in

the most diverse ways with the operator polynomials QL(p) and

RL(P) of the real linear part of the system. For example, in the

case (1.47)

9ti) -v(ip - t) Q, (p), R (p). R, (p);

in the case (1.49)

while in the case (1.53)
- ' ();) thR(,), ~~~a .

Systems with two nonlinear links connected in series (Fig.

1.12c) may be reduced in the majority of cases to such nonlinear

systems of the first class. We may consider two such links as a

single more complex nonlinear link, since it is possible to obtain

as a result of two nonlinear operations a nonlinear equation

directly connecting the variables x2 and x1.

The backlash in a follow-up system with allowance for the dif-
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ference of the moments of inertia is an example of such a complex

nonlinearity; this is described by the equations (1.24), which, in

the general case, take the form

F, (ptx, px) = kixa + fa (t), xAF-(x).

Here, as they apply to the system of Fig. 1.12c, the variables x3,

x4, and x play the roles of the quantities xl, x2 , and x1 2, re-

spectively.

However, a scheme of the type of Fig. 1.12c may sometimes also

lead to a nonlinear system of the third class.

As we see, the type of nonlinear system of the first class

(1.54)-(1.55) which is being considered embraces an extremely wide

range of nonlinear automatic systems. The overwhelming majority

of nonlinear automatic systems which have been considered in the

literature up to this time belong to it. The restrictions imposed

upon the equation of the linear part (1.55) will be indicated

below (§ 2.2).

But ncnlinear systems of the first class may also be of another

type. For example, if in the scheme in Fig. 1.12d the nonlinear

links I and II are described by the relationships

V. (,px), Y2-! :V. l:.p), (1.56)

then the equation of the linear part of the system will take the

form

Q (,.) ... .R, (p)y.v (P)yV2 S,(,)t j-S-2 (,)fA. (1.57)

i.e., in contrast to (1.55), the linear part has two inputs (yl and

y2) instead of the one input y. Similarly, we may also conceive

of a linear part with n inputs, which correspond to nonlinearities

in one and the same variable.

Finally, the system shown in Fig. 1.7 may also belong to the

nonlinear systems of the first class if the situation reduces to
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a nonlinear function of one variable x (see § 2.1 concerning this).

Let us refer to those systems whose equations have two (or

more) variables connected with each other by linear differential

equations as nonlinear systems of the second class.

For example, if there is a nonlinear link (1.15) in the system

and no other nonlinearities, then it belongs to the first class,

since the product F3 (x2 )px2 is a nonlinear expression of the type

(1.54). But if the nonlinear link is described by Eq. (1.14), then,

even without the presence of other nonlinearities, the system will

belong to the second class of nonlinear systems, since the product

F2 (Xl)Px2 is a nonlinear expression of the type

y= F (xpx, (1.58)

where x1 and px2 are connected with each other by a linear dif-

ferential equation, namely by the equation of the linear part of

the system (1.46).

A system with a nonlinear link (1.32) belongs in exactly the

same way to the nonlinear systems of the second class.

In both of these cases, the diagram of the system has the form

of Fig. 1.12a with one nonlinear link.

However, nonlinear systems with two (or several) nonlinear

links may also belong to the nonlinear systems of the second class,

i.e., the scheme of Fig. 1.13a in the case where the equation of

the nonlinear link I contains a nonlinear function of the output

variable x2 (and, possibly, of its derivative) as, for example,

(1.33), while the equation of the nonlinear link II contains a non-

linear function of the input variable x3 (and its derivative), as

for example (1.16). The linear differential equation connecting

the variables x2 and x3 will be the equation of the linear part

II (Fig. 1.13a).
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If, however, the linear part II is described by one of the

simple relationships

X8 = hx,, X& =kp, hX.X

then in the majority of cases a system with the scheme of Fig.

1.13a may be included among systems of the first class.

Similarly, we also obtain in the diagram of Fig. 1.13b a system

of the second class, when the input variables (x1 and x5 ) are found

in the nonlinear functions in both nonlinear links. These variables

are connected by the linear part I.

A system of the type 1.7 may be assigned to the systems of the

second class in the case where a nonlinear function of two variables

is obtained (see § 2.1).

We shall apply the term nonlinear systems of the third class

to those systems in whose equations two (or more) variables inter-

connected by nonlinear differential equations are found in the non-

linearities.

a) t  b), t

llAal ImmOU 2 5 6

3 ml '(J-

Fig. 1.13. 1) Linear part I; 2) nonlinear link I;
3) nonlinear link II; 4) linear part II; 5) linear
part I; 6) nonlinear link I; 7) nonlinear link
II; 8) linear part II; 9) linear part II.

This class includes, for example, systems with the scheme of

Fig. 1.13a when we have in the equations of both nonlinear links

either the input variables (x1 and x3 ) or the output variables (x2

and x4 ) appearing in the nonlinearities. These variables may not be

related to each other by linear differential equations.
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A system with the scheme of Fig. 1.13b will be a system of

the third class, for example, if the inpit variable x1 is in the

nonlinearity in nonlinear link I, while the output variable x6 ap-

pears similarly in the nonlinear link II.

We obtain a system of the third

-r' AMWOX-,-P 'A*2W , class, for example, in the case

1 , ._2 4~Z ---'-" where, in investigation of the auto-

Fig. 1.14. 1) Nonlinearity I; matic system (Fig. 1.1) there exist
2) linear part I.

a saturation in the form (1.9) in

link 1 and a relay characteristic (1.6) in link 2. Indeed, adopting

in Eq. (1.9) the notation
yffi F(x,), (TP+I)X-.y,

we break down link 1 into two parts (Fig. 1.14) and obtain a non-

linear system with two nonlinearities y = Fl(xl) and x3 = F(x);

here the variables x1 and x, which are in the nonlinear functions,

may not be connected with each other by linear equations.

A system with a scheme of the type of Fig. 1.2c also belongs

to the systems of the third class in the cases where a sequence

of two nonlinear links is described by Eq. (1.23) and (1.32) with

x replaced by px. The equations of two such nonlinear links may

be broken down into three parts:
y:- F(.V), (*"t,, + )lX=-=X. , X.---7kj1 -bu1'1x,

which in fact leads to the scheme of Fig. 1.13a, which has already

been discussed; here, x1 = u, x3 = x, and x4 = y. Thus, the linear

part II appears between the two nonlinearities, which corresponds

to a system of the third class.

If, however, we may neglect the time constant T1 in Eq. (1.32),

then we may reduce such a system with two nonlinear links to a non-

linear system of the second class.
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The operation with structural diagrams was used above exclu-

sively with the object of achieving clarity for the classification

of nonlinear systems. For the solution of the nonlinear problems

by the method studied below, however, there is no need at all to

use structural diagrams if the differential equations of the auto-

matic system are given. In what follows, the solution of specific

problems does not require additional transformations, either struc-

tural or analytical. The equations will be solved in that form in

which they are given. Usually they are given in the form of a system

of several equations for each link, as for example, (1.1)-(1.7) or

(1.19)-(1.21) etc. The methods set forth below also permit us to

solve the problem in the case where not the differential equations

but rather the frequency characteristics of the links, some of

which are experimental, are given.

In theoretical investigations devoted to the theory of stability

and the theory of oscillations, we most frequently proceed from a

system of equations which are solved for their first derivatives;

l- X (x,..., x.) (1=1, ., n). (1.59)

but, as is evident from the previously written equations (1.1)-(1.7)

and (1.19)-(1.21) certain transformations must be performed at this

point in order to write the equations for the automatic system in

the form (1.59) (or in any special canonical form). Inasmuch as

such transformations are not necessary from the point of view of

the methods of solution considered below, we will not, as a rule,

utilize (1.59) as the form of the equations.

The most general notation for the equations of the linear

automatic system, written by links, is the following ([451, page

217):

l (I,) x, 
( 

-
60)
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where Dil(P) are the operator polynomials and m is the number of

links. In specific problems, many of the operator polynomials

Dil(p) will be zeroes, since by far not all of the m variables enter

into the equation of each link. For example, if we adopt the nota-

tion +=xl, P-xj, &-=xl, x=x 4 ,' we will then have for the three equa-

tions (1.19) and (1.21):

D,1 (p) = (Tlp + l)p, D11 (p)= ki, Dlj (p) = ki,
D 4 (p) = 0,

D (p)---- Tp, D, (p) =T + 1, D (p) = 0,D,4 (p) = 0,

Ds, (p)-=- (k& kp + kop), D, (p) o, Du () = h.,
Dj (p) = I.

It is this notation that we shall henceforth use for the equations

of type (1.60), since it corresponds best of all to the equations

of automatic systems in the form in which they are directly obtained

in synthesis of the equations for each link.

Taking this into account, let us write the equations of a closed-

loop system for the basic type of nonlinear systems of the first

class in the following form:

D11 (p) x, +... + D1 (p) x I+... +D, (p) x =f- (),
.......... ..........................

Dkl (p) x, ... D (p) x, + F (xi, pxj) +... + D,.(p) xm =f (f), (1.61)
.......................................

Dmd p)x-+...+Dij(p)x,+...+Da ()xm=fm(t).

For example, in an aircraft course-control system, a fourth

nonlinear equation (1.20) is added to the three linear equations

written above (consequently, in this case k = 1 = m = 4), where for

the same notation as above we have:

D&(p)-O, D&(p)=O, D43(p)=(Tp+1)p, D4 (p)=0.

where f4 (t) = 0 here in the same way that f3 (t) = 0.

The system of Eqs. (1.61) corresponds exactly to the system

(1.54)-(1.55) if we define

x-="x, F(xl, pxI)=Y. (1.62)
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Then in Eq. (1.55) we will have

) D,'(p) ... DI,(p) ... Dm , (1.63)

L. . .. .. ;(;) .. . )

and R(p) is the minor of the (k, l)th element of this determinant;

Sl(p) and S2 (P) are the minors of the (1, 1 )th and (2, 1 )th ele-

ments, if fl(t) and f2 (t) are respectively in the first and second

rows.

For another type of system of the first class (with two non-

linear functions of one variable in different links), which are

described by Eqs. (1.56)-(1.57), we have in general form:

D, (,) -1 -... - (,, - () xt- -...-- -1 -1) (p) :--A (x)6

............. ...... ............. - -
,(1p) .'t " .. .-[- f, (.) 'ti " F ( ., .Vt) .. . .- .- Dln (p) ,,, . ( ,

VI -:-nit(/ ° , ) V ° 1 , I Oct °-I -I-• ° . • - + •jI (P X'7 ° ,0

............................D,,, I ,)x, +t...- -o,,,i (,).v, -tI-... +- D,,,, ()x,,, =f,, (t),

here in Eq. (1.57) Q(p) will have the same expression (1.63) as be-

fore, Rl(p) and R2 (p) will be the minors of the (k, 1) th and (J, 1
)th

elements of the determinant (1.63), while

yi =F1 (.,e , p.x,),~-~' Yz - (.,, px1 ). (1.65)

The equations of the nonlinear system of the first class with

several nonlinearities in the same variable in different links will

also have a similar form.

The nonlinear systems of the second and third classes will con-

tain nonlinearities in different variables in their equations, for

example:

/ /).........-I , , v I... , .. '..-....-.."+I ,,,,1 Qi,) X,, =-A M' ()

Tn,, (p) X, . D. L ("O.p) xi -J. F, ( x,, ;x1) ...- V-
. .........................
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0 , 0 , x , - D. . J- 1 (P ) x t - - . t, 1 ) V , -I x

S ... - , () . . ..- ,,, ( . . . . -. f. . (1.66 Cont'd .)
O'l- P) x +,(P,,1 (P) X + , )

or for the presence of a nonlinearity of the type (1.58):

/) ' I , . , .V, t, (1.67)

As has already been said, we will not have any further need to

perform structural or analytical transformations of the equations

into any special canonical forms for the solution of specific prob-

lems. They may be solved in the form in which they are given in the

conditions of the problem.

Generally speaking, the mathematical investigation of nonlinear

dynamic systems presents major difficulties. At the present time,

however, engineers and scientific workers in the field of automation

in all its diverse applications are increasingly often obliged to

deal with nonlinear dynamic phenomena. In closed-loop automatic-con-

trol, stabilization, and regulation systems in particular, the

presence of nonlinearities in the characteristics of some of the

links lead in practice to the most unexpected phenomena, which change

the real dynamics of the object fundamentally in comparison with

the results of the calculations carried out for the system accord-

ing to the linear theory of control. In modern, complex automatic

control systems, it is frequently the case that an apparently high-

quality automatic system designed according to linear control theory

is found in practice to be unsuitable with respect to its dynamic

characteristics because of the influence of nonlinearities that

actually occur in the system and were not allowed for in the design

and sometimes even loses stability in contradiction to the calculated
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results.

In other cases, the nonlinearities unavoidably occurring in

the individual links of the automatic systems may even exert a

favorable influence on the dynamic properties of this system. More

and more frequently, therefore, various nonlinear correcting de-

vices are being introduced specifically into automatic systems,

either to compensate for the detrimental influence of nonlinearities

already present in the system (which in themselves are not removable),

or independently of the latter, to impart desirable dynamic prop-

erties to the system as a whole.

To ascertain the influence exerted on the dynamic properties of

the system by the nonlinearities actually present in it, and also

for the specific introduction of nonlinear correcting devices into

it (independently of whether a problem of analysis or synthesis is

being solved) it is therefore necessary to have convenient engineer-

ing methods for the investigation and design of nonlinear auto-

matic systems. The problem of the development of such methods is ex-

tremely difficult if we take into account, firstly, that even the

linear theory of control has still not, on the whole, reached per-

fection from the point of view of engineering design requirements;

secondly, that there do not exist such universal mathematical

methods for the solution of nonlinear differential equations, as

there are in linear theory, but only various methods for certain

particular forms of nonlinear equations; thirdly and lastly, that

even in relatively simple nonlinear problems, a large number of

qualitatively new phenomena which are little studied and therefore

unexpected by the engineer who has gotten used to thinking in terms

of linear dynamic phenomena frequently come to light. With this is

connected the fact that now the solution of many extremely important
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and extremely interesting problems of automation is somehow or other

based upon the development of nonlinear methods of the theory of

automatic control.

Only a small number of nonlinear problems of the theory of auto-

matic control submit to exact mathematical solution. Moreover, if

we take into account that the majority of practical problems require

the solution of nonlinear differential equations of higher than the

second order, an exact solution, even if it is performed, is often

found to be too complex for application in engineering design, al-

though in a number of cases it leads to fundamentally important re-

sults. In connection with this, the development of approximate methods

for investigation of the dynamic properties of nonlinear automatic

systems acquires paramount importance for the theory and practice

of systems of automatic control and regulation.

Major importance in this area has devolved upon the approxi-

mate methods based upon the ideas of harmonic balance and equivalent

linearization proposed in the familiar works of N.M. Krylov and N.N.

Bogolyubov, and upon the special form of the small-parameter method

developed in the work of B.V. Bulgakov. The various methods for

analytical investigation and design of nonlinear automatic systems

that are considered in the present book and combined here under the

general term method of harmonic linearization (in the last chapter

in the book, the method of statistical linearization is adjoined to

it in addition) are based fundamentally upon these works.

These approximate methods permit us to solve many problems

connected with the investigation of the dynamic properties of non-

linear automatic systems extremely effectively and with an order

of accuracy which is completely sufficient for engineers. However,

the presence and improvement of effective approximate methods does

- 46 -



not, of course, exclude the need for the further development of exact

solutions, which was started in the USSR basically in two scientific

schools: namely those of A.A. Andronov and A.I. Lur'ye. The develop-

ment of the latter solutions is important not only from the point

of view of direct acquisition of results, but also especially for the

investigation of various particular refined forms of nonlinear-system

dynamic processes which cannot be done approximately, with the ob-

ject of establishing the limits of applicability of the approximate

methods.

In all cases it is important to correctly estimate the relative

value of the exact and approximate solutions. In striving toward

application of the rigorous methods where possible, it should not

be forgotten that we must often introduce a number of simplifications

into the given equation of the nonlinear system to obtain an exact

solution. In this case the approximate solution of the initial non-

linear equation may be found more valuable in practice than the exact

solution indicated, since the qualitative picture of the dynamic

phenomena being investigated may be lost in the simplifications of

the given equation. This applies in particular to cases of lowering

of the order of the differential equation from the third to the

second by neglecting the influence of one of the system parameters

(for example, one of the time constants).

Previous experience and experimental data are of major importance

for reliable practical application of approximate methods. However,

the problem of the rigorous mathematical justification of the ap-

proximate solutionz. used in practice (in particular, those described

in the present book) and the estimation of the degree of their

exactness for various classes of nonlinear differential equations

of automatic-system dynamics, are extremely important. It would be
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expedient to attract the attention of mathematicians to this diffi-

cult problem, having in mind the effectiveness of the indicated ap-

proximate methods which has already been proven in practice.

Many theoretical and practical problems which present major

difficulties for analytical solution may at the present time be solved

relatively easily by means of electrical analog and digital com-

puters both completely mathematically, and by means of partial simu-

lation with certain units of the real apparatus or the controlled

object(with all of their real nonlinear dynamic properties) connected.

However, notwithstanding the colossal role of computers and simula-

tion in engineering applications, including the design of complex

automatic systems, not one of the above problems in the development

of theoretical investigations and the development of practical de-

sign methods has been removed from the agenda.

On the other hand, the development of just the simplest design

methods, which permit us in first approximation, even if only roughly,

to evaluate the fundamental dynamic properties of the automatic system

being designed with allowance for nonlinearities, acquires particular

importance in connection with the possibility of solution of complex

problems on machines. Such evaluation permits us to produce an

elementary first outline of the structure of the automatic system

and to determine at least the region of most advantageous values

of the parameters of this system. After this we may make the final

choice of the structure and the parameters of the system on the

computers and by simulation. Without the indicated preliminary com-

putational stage, the use of machines and simulation would lead

blindly to the trial-and-error method, since each solution on the

machine only gives the result for the given numerical values of the

system parameters, and it is not known beforehand which values of
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them should be taken. Thus the preliminary, even coarsely approxi-

mate and simple calculation (or theoretical investigation) illumi-

nates paths for the subsequent use of the computers. It also retains

this role for the development of automatically programmed computers

and computers which perform design synthesis automatically. In addi-

tion, we must keep in mind that for many automatic systems which are

not as complex, the approximate nonlinear calculation may give an

acceptable final result immediately. As another valuable property

of the analytical investigation, we have the possibility of obtaining

from it important practical recommendations of a more general char-

acter which are valid not only for a specific system under considera-

tion, but also for the entire class of similar systems.

The tools for analytical investigation of dynamic processes in

nonlinear automatic systems, by which it is expedient to develop

practical methods for the design of these systems are essentially

different for monotonic and oscillatory processes.

It is much simpler to use an exact solution and ordinary numeri-

cal or graphical methods of solution in investigation of monotonic

processes in nonlinear systems than in the case of oscillatory proc-

esstes, even in systems described by equations of high order. The

fact is that in many cases the dynamics of the nonlinear system may

be described by means of a number of linear differential equations

with different coefficients for different parts of the process, which

are limited by certain dimensions of the unknown variable (in the

simplest case this is expressed in the form of a nonlinear static

characteristic formed from segments of straight lines). Then to ob-

tain an exact solution it is sufficient to solve these linear equa-

tions separately for each segment and match the values of the variable

and its derivatives at the end of one segment and the beginning of
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the following segment. Such a "method of alignment" which gives an

exact solution to the problem, may prove suitable for investigation

of a monotonic process, since the latter more often than not breaks

down into two or three parts and therefore the relationships obtained

for the quantities from the adjustment of segments may not be too

cumbersome for analysis. A monotonic process is suitable for numeri-

cal and even graphical solution of nonlinear equations in that here

we may obtain good accuracy even for a subinterval of approximate

integration which is not very small.

On the other hand, for the solution of oscillatory processes

directly from the given nonlinear differential equation, even in

cases where the problem may be reduced to the solution of linear

equations by segments, we obtain such a large number of segments

that the relationships obtained by the method of alignment prove to

be impossible to analyze and therefore useless in practice (especially

for equations of high order). This method may be helpful in search-

ing for periodic solutions, and is in fact used for this purpose,

since there it is sufficient to consider a small number of segments

within one period. In the synthesis of oscillatory processes by

numerical or graphical methods, we may easily obtain a large error

and even an invalid result because of the rapid variation of the

variable over time, not to speak of the impossibility of obtaining

any general relationships. For systems of the second order, the

method of representation of the processes in the phase plane appears

superior in this case.

The above circumstances oblige us to seek special methods for

approximate analysis (and calculation) of the oscillatory processes

in nonlinear automatic systems; these methods will differ from those

for investigation of monotonic processes, to which we may more easily
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apply the ordinary tools for the solution of differential equations.

These special methods consist in choosing quantities to characterize

the form of the oscillatory process which vary monotonically or,

in any case, slowly. For not very complex forms of nonlinear oscilla-

tions we may choose such variables as, first, the coordinate of some

central line (the shift of the center of oscillation), the maximal

deflection from it (envelope) and the time of one complete oscilla-

tion (or the frequency). In the majority of cases, knowledge of these

quantities is quite sufficient. In a periodic process these will

accordingly be: the constant component, the amplitude, and the period

(or frequency). In the general case of an oscillatory process, all

three quantities change in the course of time. The definition of

very complex forms of oscillatory processes does not reduce to knowl-

edge of the three quantities. However, such processes are encountered

extremely rarely in the design of automatic systems. In the present

book we consider certain complex oscillatory-process forms which are

separated nonlinearly into sums of simple processes.

When we speak of the application of various methods of investi-

gation to the determination of oscillatory and monotonic processes,

it is necessary to keep in mind that in the design of nonlinear

automatic systems, we know beforehand the character of the dynamic

process being investigated in far from all cases. Therefore, in addi-

tion to knowing how to perform calculations for the oscillatory

process itself, we must know how to determine initially whether the

process is oscillatory or monotonic for any specified structure,

specified system parameters, specified extraneous disturbance and

specified initial conditions. In other words, we must know how to

find the boundaries for the existence of oscillatory processes as

functions of the system parameters and extraneous disturbances (and
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sometimes also of the initial conditions), as well as the boundaries

for the existence of damping and divergent processes (this is con-

nected with determination of the stability of a nonlinear system).

This is important for solution of the problem of synthesis of an

automatic system with allowance for nonlinearity both in those cases

when we strive to obtain definite oscillatory processes and in those

cases where it is necessary to avoid oscillatory character in the

processes.

In the present book we develop the simplest approximate methods

for the solution of various problems in the field of th- investiga-

tion and design of nonlinear automatic systems, starting from the

above-indicated methods of considering oscillatory processes with

the determination of their boundaries of existence and with the de-

lineation of the stability regions of nonlinear systems. Here, we

consider not only oscillatory processes a3 such, but also monotonic

processes accompanied by vibrational phenomena, as well as random

processes. We also consider dual-ftequency processes with a large

frequency difference.

We investigate systems with several nonlinearities, some of which

are nonsymmetrical, for various extraneous disturbances to the system.

For almost all cases we develop methods that enable us to get by

without loci in the complex plane. They are also applied to systems

with nonlinearities that are not uniquely defined, and to those

systems in which the equivalent transfer function of the nonlinearity

is a function not only of amplitude, but also of the frequency and

displacement of the center of the oscillations, in both steady-state

and in transient processes. Here we concieve of the nonlinearity

not only in the form of a nonlinear static characteristic, but also

in the form of differential equations (or transfer functions) of an
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individual part of a system which change as functions of the input

variable.

All the investigations in the present book are carried out with

the purpose of developing methods for the design of nonlinear systems

which are more suitable for engineers and are illustrated by a large

number of solutions of specific problems in this area.

§ 1.3. AN EXAMPLE OF FINDING SYMMETRICAL SELF-OSCILLATIONS

In the subsequent chapters we shall give a detailed account of

the method of harmonic linearization in general form and its diverse

applications to various specific types of nonlinear problems. We

shall also elucidate certain questions pertaining to the basis for

the method and its comparison with other existing methods for the

solution of similar nonlinear problems.

However, before starting a general exposition of the problem,

it is expedient to demonstrate the basic ideas of the design method

being considered with an example of an extremely simple nonlinear

(relay) automatic system; this will be done here and in all the sub-

sequent sections of the first chapter [109].

The illustration of the solution of various nonlinear problems

in this extremely simple example permits even the reader who is still

not acquainted with the methods of harmonic linearization to satisfy

himself of the simplicity of its general conception and the entire

procedure of its application to practical designs. In addition, we

may best of all acquire an initial clear conception of the character

of the problems solved and the phenomena studied in the process;

these will help the reader to realize more clearly the meaning of

the more general calculations figuring in the following chapters.

As an example, we select the automatic system whose diagram

is represented in Fig. 1.1; this is described by Eqs. (1.1)-(1.7).
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In the present section we shall consider symmetrical selfoscilla-

tions of this system, i.e., stable natural periodic oscillations of

the nonlinear system in the absence of extraneous disturbances* to

the system (f1 = f 3 " 0). Therefore the system diagram takes

the form of Fig. 1.15, and the equations will be

(1.68)

l() X- X ,. . (1.69)

(1.70)

where F(x) is the simplest of relay characteristics, i.e., the ideal

relay characteristic (Fig. 1.2e), as shown in Fig. 1.15.

Strictly speaking, the self-

oscillations of the nonlinear system

: _ ' _,will always have a nonsinusoidal form,

FL 3) but it will often be close to a sine

. .. curve. In the system considered

Fig. 1.15. 1) Power sources; (Fig. 1.15), the output x3 of the

2) 0S; 3) Xo.s" relay will have a rectangular form

for any law of variation of the relay input x (Fig. 1.6). Conse-

quently, x3 is always far from sinusoidal. In the case of periodic

oscillations with the fundamental frequency S we may expand it in

Fourier series

/A. (1.71)

where Br and tr are the amplitude and phase of the rth harmonic, with

only odd harmonics (r = 1, 3, 5, ...) present here in view of the

odd symmetry and uniqueness of the nonlinear function F(x).

Let us find what form the output x4 of the linear link 3 then

assumes:

(1.72)
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where, according to the equation of the link being considered (1.70),

we have: k. Ik, :
Ci :- p~l,4,I 1 . .. '2 j' "

k , ( I ) } - .- - ', -- rctg T l',at'(.,:Ur 1,:,i 1) .. :- (1.73)
(1*"--. 1, 3, 5,. .. )

From the formula for Cr it is evident that the amplitudes of the

higher harmonics (third, fifth, etc.) pass to the output of the linear

link 3 with significantly less "amplification" than the first har-

monic (r = 1); this applies with greater force the higher the number

2'2

Sig. 1.16. Fig. 1.17.

of the harmonic (Fig. 1.17). From a practical point of view, the

high-frequency oscillations do not pass through the link in question

(the link acts as if it were a low-pass filter). Electromechanical

and mechanical drives always have this property. In addition, it must

be taken into account that even the amplitudes Br of the higher

harmonics of the rectangular input quantity x3 are also smaller the

higher the harmonic number.

As a result, we may, under these conditions, regard the quan-

tity x4 as close from a practical point of view to the sine curve de-

fined by the first harmonic:

x i ,% .- :, /?] S.i lt -t I , I ? ) ( 1 . 7 4 )

All this reasoning has been carried out for any single-frequency

periodic form of the curve of x (Fig. 1.16).But if for this case x4
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is found to be close to the sine curve (1.74), then according to

Eqs. (1.68) and (1.69) the quantities x2 and x will also be close

to sinusoidal; here
x ;. 16(:,16 Sill (Pt 1- -19 , ')

where I --- rctg T- -,
V !i I " 1" . . - rt "

(1.75)

and - 
-

S.C, !), i ) I:,, (Pt Sill- ') -ko~ sn (Qt -91 -M].

Consequently, determination of the symmetrical self-oscillations

of the system under the conditions indicated above may be based upon

finding the sinusoidal periodic solution of the given equations for

the variables x4, x2, and x. However, it is impossible for us to

find the output variable x3 of the relay in sinusoidal form. Nor is

there any necessity for this, since, having determined only the

oscillation frequency 0 of the variable x, we may obtain the entire

curve of x3 (Fig. 1.16).

Thus, we shall find the periodic solution for the variable x

approximately in the form

X --. A , An12t, (1.76)

where A and Q are the unknown amplitude and frequency.* Inasmuch as

all the variables (x, x2, x4 ) are approximately determined accord-

ing to the above formulas by the first harmonic of the quantity x3$

we do not take the complete expression of the nonlinear function

(1.71) to find the solution (1.76), but only its first harmonic in

the form**
[.J1 = [F(.v)h== tsnW,

(1.77)

where B1 is the Fourier coefficient:

i \, P 56(A sin ,)Si,
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Taking Expression (1.76) for x into account, we rewrite Formula

(1.77) in the form

(1 .78)

where (see Fig. 1.16)

q/. - ', 'I .l I F(A sin ,+) sin ,d+

0
2rc

i.e.,
4cq - It ' (1.79)

The operation (1.78) is known as harmonic linearization of a

nonlinearity, while the quantity q is called the harmonic gain con-

stant of the nonlinear link in question; this constant indicates the

amplification of the first oscillation harmonic in the link considered.

Here it is inversely proportional to the amplitude A of the input

quantity x (Fig. 1.18), since the amplitude of the first harmonic at

the output of such a relay is constant and equal to 4c/7r (independently

of the frequency and amplitude of x). Consequently, it is as if the

nonlinear link x3 = F(x) were replaced in this investigation by a

linear link with a definite gain constant q, which, however, takes

different values for different amplitudes.

After the substitution (1.78),

the equations of our system (1.68)-

(1.70) are rewritten in the form

-.
t,],O=¢ t~TIP -- 1).' x, ./q l

qx,. v x - ,.2 . j (1.80)

Inasmuch as we are looking for

the solution in the form (1.76) with

constant amplitude A, thenFig. 1. 18.
q = const and (1.80) is a system of
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linear equations with constant coefficients. But the peculiarity

of this system consists in the fact that the magnitude of the con-

stant coefficient q is unknown here. It is determined from (1.79)

when A is found.

We write the characteristic equation of the system (1.80), re-

taining this same letter p for the variable of this equation:

+ -I' ) -- (I Tk/ko. q)p -'-(k, -ko.a) .,.z= o, (1.81)

where q is expressed in terms of A according to Formula (1.79).

Assuming a sinusoidal form of the solution (1.76), the presence

of a pair of purely imaginary roots p = t Jl is required in this

equation. Therefore, we make the substitution p = Jl in the equation

(1.81) and determine for which conditions it satisfies the given

equation. With this substitution, Eq. (1.81) assumes the form

j, ,. -Y(q, - 0, (1.82)

or

X~ -- k, c) h,,. ,q. -.(r,-t-'r) '= o 0, } (1.83)
} - :( 1 ] - T lk , , .q ) !i - - -I'3  - 0s = .

From the first equation of (1.83), substituting (1.79), we find

,,, ._, .,(1 .84)

while from the second equation of (1.83), taking account of (1.84)

and (1.79), we obtain:

V ' .. ' -

from which

,I :: ,t :l'l'.#, l.#n.)-,(1 .85)

whereupon from (1.84)

, (:v,, - ,k,.r * (1.86)

Inasmuch as A and a are positive quantities in a physical sense,
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we will have, according to (1.85) and (1.86), the relationship

11A- T o'.. 0. (1.87)

as the existence condition of the periodic solution.

Thus it is evident that we may easily determine by purely alge-

braic means the magnitudes of the amplitude A (1.85) and frequency

S1 (1.86) of the periodic solution which is being sought (1.76).

Here A and a are expressed in general form in terms of the parameters

of the system being investigated. Therefore, Formulas (1.85) and

(1.86) may be used for investigation of the influence of any one of

the parameters on the oscillation of the system over a wide range

of variation of each parameter. In changing the system parameters,

we must remember that the property of nonpassage of higher harmonics

throughout the link 3 must be preserved. To verify this according

to (1.73) we must calculate

where S2 is determined by Formula (1.86), and require that Cr << C1,

i.e., that
, - itk

from which, after simplification and the substitution of (1.86), we

obtain the condition

r +  (1.88)

This condition does not impose any limitations upon the system

parameters if they are all positive, since the solution (1.86) has

meaning only for T2kI > T k o.s, and here Condition (1.88) is always

fulfilled. In this problem therefore, the approximate method of solu-

tion described is completely Justified for any positive values of

the system parameters over the whole region (1.87) of existence of

the periodic solution.
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§ 1.4. SELF-OSCILLATIONS AND EQUILIBRIUM STABILITY AS FUNCTIONS OF
SYSTEM PARAMETERS

Above we found the amplitudes (1.85) and the frequency (1.86)

of the periodic solution. This periodic solution with the amplitude

A will correspond to real self-oscillations in the system if it is

stable.

For investigation of the stability of the periodic solution,

we shall assume that in its neighborhood a small change in the form

of the solution corresponds to small changes in the initial condi-

tions, i.e., that the solution retains the form x = a sin *, but

with the amplitude a(t) (Fig. 1.19) sl(wly varying over time; for

a periodic solution it takes the constant value a = A. The system

(1.80) and the characteristic equation (1.81) also remain valid for

a transient process in the presence

a)x  of small deviations from the periodic

solution, where, by analogy with

/ Formula (1.79), we have:

. (1.89)

b) The periodic solution will be

S ---- ... stable if for the initial value a0 > A

1k .4 - -- (Fig. l.19a) the amplitude a decreases

in the transient process, tending

Fig. 1.19. toward the steady-state value A (here

we are considering small deviations

of a0 from A). In this case, our linear characteristic equation (1.81)

must satisfy the Hurwitz criterion for a0 > A (the oscillations are

damped), while for a0 < A the criterion is not satisfied (the oscilla-

tions diverge).

If the periodic solution with amplitude A that has been found

is unstable (Fig. 1.19b), there will be no self-oscillations with
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the given amplitude A in the system.

Thus we must now establish whether we have in the given problem

the case represented in Fig. 1.19a or the case represented in Fig.

1.19b.

For this, as indicated, we apply the Hurwitz criterion to Eq.

(1.81). The first condition - all coefficients positive - is always

satisfied here. The second condition will be

or, taking (1.89) into account,

a(7", -I- T ) 1 4c7'?! 2k~ .c> 4ci",7",k . (1.90)

Inasmuch as we obtain an equality on substitution of the value

a = A from (1.85), it is evident that for a0 > A the condition (1.90)

is satisfied, while for a0 < A it is not satisfied.

Hence we draw the conclusion that in the present problem we

have the case of the stable periodic solution represented in Fig.

1.19a, i.e., the periodic solution (1.76), (1.85), (1.86) that has

been found actually determines the self-oscillations of the system.

Here Formulas (1.85) and (1.86) give the amplitudes A and fre-

quencies il of the self-oscillations as functions of the various

system parameters, as represented in Fig. 1.20.

In addition to the graphs in Fig. 1.20, which give A and S as

functions of some one of the system parameters, we may also con-

struct the direct dependences of A and a on any two parameters in

the form of lines of equal values of A and P in the plane of these

two parameters. In the plane of the parameters K1 and Ko.s, for

example, the equation of the lines A = const will, according to

(1.85), be

ST, 1 " - ' )
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.29

a _ Y - , ), " .M Ta _ /,, _ f 7)
'T i' J4") Y C/ R 7,Y
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y

Fig. 1.20. 1) Equilibrium stability; 2) self-

oscillations; 3) for ko..; 4) self-oscillations;

5) equilibrium stability; 6) ko.s; 7) ko.s;
8) self-oscillations; 9) equilibrium stability;
10) equilibrium stability; 11) self-oscilla-
tions; 12) for ko.s; 13) ko.s; 14) ko. s .

these are parallel oblique straight lines (Fig. 1.21a). The equation

for the lines 2 = const, on the other hand, will be according to

(1.86)
"- --7'2 ' I k.;

/.i&= 2-!! + fI

these are straight lines coming from the origin (Fig. 1.21b). Using

these same formulas, we may construct the lines A = const and 0 =

= const in the plane of the parameters k2 and ko.s (Fig. 1.22) and

so forth.

Thus, we may obtain the region of existence of self-oscilla-

tions in the plane of any two system parameters; here, their ampli-

tude and frequency will be known at each point.

The remaining part of the plane of the two parameters, which

is not filled by the lines A = const and 2 = const, signifies the

absence of self-oscillation in the system. Also in Fig. 1.20, we may

see the region of no self-oscillations for each of the parameters
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individually. The values of the parameters must lie in this region

in cases where it is necessary that the system operate without self-

toscillations; here we must satisfy outselves that the equilibrium
state of the system in this region will be stable.

2) 5)
S) ,O I O I) /aucue.

0 44 6)

19 ~a) b

Fig. 1.21. 1) ko.s; 2) region of equilib-

rium stability; 3) lines A = const; 4) ko.s;

5) region of equilibrium stability; 6) lines
= const.

2) 4 5)

Fig. 1.22. 1) k0 .s; 2) region of equilib-

rium stability; 3) lines A = const;
4) ko.s; 5) region of equilibrium sta-

bility; 6) lines fi = const.

Inasmuch as the properties of the system vary gradually on

variation of its parameters, we shall have beyond the boundaries of

the region of self-oscillations* (above the lines A = 0, S1 = - in

Figs. 1.21 and 1.22) and for arbitrary initial conditions a non-

periodic oscillatory process which is either damped or diverging.

In the former case the characteristic equation (1.81) will satisfy

the Hurwitz criterion for all values of the amplitude a, i.e., Con-
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dition (1.90) will be satisfied. In the second case it will not be

satisfied.

Ii. Let us find whether Condition (1.90) as represented in Fig. 1.22

is satisfied in the region ko. s > T2kl/T 1 . Dividing both sides of

(1.90) by 4cTlk2 , we obtain:

from which it is evident that this condition is satisfied for arbi-

trary a in the region indicated. In Fig. 1.22, therefore, in the

region above the line A = 0, &1 = , the oscillations are damped for

any values of their amplitude, i.e., the equilibrium state of the

system is stable. We obtain similar results for the regions of

equilibrium stability in Figs. 1.21 and 1.20.

This result agrees fully with the physical pattern of the phe-

nomena. Indeed, it is evidcnt from Figs. 1.20, 1.21, and 1.22 that

the amplitude of the self-oscillations decreases with increasing

feedback constant ko.s, and for a sufficiently large value of ko.s,

the self-oscillations in the system are suppressed and the equilib-

rium state of the system becomes stable. This corresponds to the

well-known general property of all negative-feedback loops in con-

trol systems. In the absence of feedback (ko.s = 0), however, self-

oscillations take place for any relationship of the system param-

eters, and their amplitude increases with the gain constants and

time constants, which is also consistent with what happens in prac-

tice.

Let us note that self-oscillations are not always desirable

phenomena. At small amplitudes and a frequency in the safe range,

they are often useful for eliminating stoppages due to dry friction

"" and backlash, for increasing the sensitivity of the controller, etc.
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(smoothing or "linearization" of nonlinearities by means of self-

oscillations). We also encounter automatic systems in which it is

necessary to produce specific stable self-oscillatory operating modes

with amplitude and frequency completely determined.

Formulas (1.85) and (1.86) and the graphs of Figs. 1.20-1.22

give the magnitude of the self-oscillation amplitude A for the

variable x. For the variables x4 and x2 (see Fig. 1.15), we may

calculate the amplitudes A4 and A2 for the transfer functions re-

sulting from the given equations (1.80):

k~q()__j! jo~7 ~ / ~ I(1.91)

As for the variable x3, however, it has the form of a periodic rec-

tangular curve (Fig. 1.16) with the period 27r/il.

§ 1.5. AN EXAMPLE OF QUALITY EVALUATION OF SYMMETRICAL OSCILLATORY

TRANSIENT PROCESSES

Above we considered self-oscillations and delineated the stability

region of the system's equilibrium state in the absence of self-

oscillations. Now in the same system without any extraneous dis-

turbance (Fig. 1.15), let us investigate the transient process for

any point in the parameter plane (Fig. 1.20-1.22), both in the re-

gion of existence of self-oscillations and in the region of equilib-

rium stability of the system, but only where an oscillatory transient

process takes place. In some cases it may be damped slowly, in others

rapidly, up to the case where the damping practically takes place in

one period and only one overshoot is observed.

Let us assume that for the variable x the process has the shape

shown in Fig. 1.23a, where envelopes 1 and 2 are approximately

symmetrical with respect to the axis of t. The damped oscillations

of the input variable x have variable frequency here in contrast

to the linear system. Ordinarily, the frequency increases with de-
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creasing amplitude (as also occurs for self-oscillations, Fig. 1.20),

although there may also be other cases. As a result, the switching

frequency of the relay will also be variable (Fig. 1.23b). We shall

assume that this frequency changes smoothly with the course of time.

It is obvious that here the filter property (Fig. 1.17) of the link

3 (Fig. 1.15) will hold as before. This provides the possibility of

finding a solution with a variable x in the transient process in

the form of the smooth curve indicated in Fig. 1.23.

If a linear system of the third order were considered, then the

solution for the oscillatory transient process would have the form

x a0o 't siln (0t - + . CeAt',

which would correspond to the following three roots of the char-

acteristic equation:

If ll >> 1 I, then for the initial condition ko = 0 or for
small k0 (as, for example, in Fig. 1.23) the last term of the equa-

tion is small, as a consequence of which

.A,- 1sill (Wt- )-1. (1 .92)

We shall assume that in the nonlinear system, in view of its

smooth oscillatory character, we may also approximately describe the

sought curve of x(t) (Fig. 1.23) by a damped sine surve, but with

a variable frequency w and a variable damping exponent which will

vary smoothly and quite slowly with respect to time. Here the os-

cillation amplitude a may very rapidly, that is, the process may

be fast-damping, as it also is for constant = l"

By such means we may describe a broad class of nonlinear os-

cillatory processes without imposing restrictions upon the speed of

variation of the amplitude, i.e., retaining the possibility of in-

vestigating fast-damping (for < 0) or diverging ( > 0) oscilla-
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tory transient processes.

"T Let us note that here the solu-aN tion x(t) will be considered over a
a

finite time interval (one, two, or

2I several oscillation periods), after

o iwhich the process may be considered
6/.

damped from a practical point of view.

Having set out to consider the

frequency w and the damping exponent

Fig. 1.23. as variable, it is impossible to

write the expressions for the amplitude and phase of the oscillations

in the form (1.92), as for a linear system. We write the sought

solution in the form

v. e si l ( 1 .9 3 )

where
1'e (1.9(4)),r

We may easily verify that for const =l and for w = const = cl,

Formulas (1.93) and (1.94) are reduced to the form (1.92). For the

same variables and w we have

In the case being considered, therefore, the quality of a non-

linear transient process is determined in first approximation by

two quantities: the damping exponent (a) and the frequency w(a).

Having determined them, we may thereupon evaluate the shape of the

transient process (i.e., estimate the damping time and "overshoot")

over any interval of variation of the amplitude a: from the initial

value a0 to the final value ak (Fig. 1.23), at which we can con-

sider the process damped from a practical point of view. Hence the
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problem is reduced to finding the quantities (a) and W(a).

We defined the quantities i and in a linear system as thee1

P real and imaginary parts of a pair of complex roots of the char-

acteristic equation. Here we shall proceed similarly. For this pur-

pose, let us perform the harmonic linearization of the nonlinearity.

In the example being considered (Fig. 1.15), Formulas (1.78)

and (1.89) retain their previous form, since the earlier process

of the calculation of the harmonic gain constant q(a) corresponds

to the form of the solution (1.93), which is adopted here. There-

fore the equations of the harmonically linearized system will also

be the same here:

(7T,/'" ) X, -- kI,.

x3s-qx., x.=x.,- ko., 4, (1.95)

(T., - 1) t,.vs = ki.V3.

Hence the characteristic equation also preserves its previous form:

TI~l /,' 1(L - ) ; .].[. I-T~k~k,q) p J' (k,-l ko.kq - , (1.96)

where, according to (1.89):

4e
q- (1.97)

This equation contains in its coefficients the quantity q,

which is a function of a, and permits us to find the variables

(a) and c(a) by finding pairs of complex roots of this equation,

in contrast to the linear system with constant coefficients. Such

a process of computation is completely admissible in view of the

sufficiently slow change of the quantities (a) and w(a) which we

assumed earlier.

To find the pairs of complex roots, we substitute p = + jw

in the left-hand side of the characteristic equation (1.96). As a

result we obtain an expression consisting of real and imaginary

parts:
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X (q, w) j0-[ Y 7(q, 0,,o)=o

where

A'z T", "2V& . I- (" -J- T.) " -b (1 -I- k 2k',0 q) .+

-I (k, -t.I,oc) kq - (37T, 7"- j- T, T) W2 = 0, (1.98)
Y==[3T1T. 2 '

2 -I- 2 (T, +- )T,) I 1 -t- 7i",l 0qI + T 7O.q](o -- " " O

These two equations also permit us to find the two quantities

(a) and w(a) for various combinations of the system parameters and

thereby evaluate the quality of' the transient processes with the ob-

ject of choosing optimum system parameters.

From the second equation of (1.98), taking (1.97) into account,

we find:

- , , I :r,1r,. - .a " (1 .99 )

while from the first equation

,VeJ G -- X. (1.100)

where

J/ ) , 01) - : , J~ r -1 ,7z,, r rl v, I i}: T .. (1.101)

Let us note that as a particular case for 0 = , we obtain the

amplitude (1.85) and the frequency (1.86) of the periodic solution

(self oscillations) from the above.

In order to clearly represent the quantities (a) and w(a) ob-

tained here, which characterize the quality of the transient process,

we proceed as follows. Let us construct the lines = const and

the lines w = const in the plane with the coordinates kI and a

(Fig. 1.24). According to Formula (1.100), the lines = const in

this plane will be straight lines whose slopes and initial abscissa

are functions of the quantity . According to (1.99), however, the

quantity c will decrease as a increases along each line i = const.

Therefore the lines w = const will rise less steeply than the lines
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= const, and are generally speaking, curvilinear.

a) The lines 0 in Fig. 1.24

-......... . f gives the amplitude A of the self-

| oscillations as a function of the

coefficient k,, as indicated in the

2) first graph of Fig. 1.20. To the left0 ' 2)

, ,, of the point G (Fig. 1.24) we have

S < 0 for all values of a; this cor-

responds to stability of the equilib-

j' 3) rium state of the system. To the

right of the point G we have < < 0

only for a > A, i.e., for an ampli-Fig. 1.24. 1) Lines; 2) lines;

3) lines; 4) equilibrium sta- tude greater than the self-oscilla-
bility; 5) self oscillations. tion amplitude (above the lines

= 0), and > 0 for smaller amplitudes (a < A). This corresponds

to the presence of a stable self-oscillatory process and instability

of the equilibrium state of the system in the range of values of

the parameter kI which is being considered.

The line w 0 (Fig. 1.24) is a boundary line to the left of

which our analysis has no meaning (we obtain imaginary frequency

values). We may assume that we have a monotonic aperiodic transient

process to the left of this line (we confine ourselves to considera-

tion of oscillatory processes only). Even the boundary of the re-

gion of oscillatory processes (W = 0) should be considered a coarse

approximation.

Let us call the diagram represented in Fig. 1.24 the quality

diagram for damping of nonlinear processes. It may also be constructed

similarly for any other system parameters figuring in Fig. 1.20. If

we construct such a diagram for a linear system, then all the lines
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= const and w = const in it will be vertical.

On the basis of the diagram being considered, we may appraise

the quality of the transient process for various values of the

parameter ki. Let us choose two different values: (kl)1 to the left

of point G' and (k,)2 to the right of point G'. Let us consider

the behavior of the transient process for the interval of amplitude

variation from a0 to ak. We draw the vertical lines DB, D'B', and

EF E'F' (Fig. 1.24) accordingly, and on a separate graph (Fig. 1.25)

we represent the variation of the quantities and cu, which are

taken from Fig. 1.24, along these lines as functions of amplitude.

The direction of time movement of the transient process is indicated

by arrows (for negative , the amplitude decreases, while for posi-

tive it increases). The amplitude and frequency of the self-

oscillations are designated by A and Q. We may judge from the magni-

tude of the damping speed of the transient process, and from W

we may judge the number of oscillations during the transient process

and the magnitude o1' the overshoot xp (Fig. 1.23). This will be

described in detail in Chapter VII. There we shall also consider

the problem of conversion of these quantities, which have been found

for the variable x, into other variables, in particular into the

output quantity x4 ,

I ,I " ,
II fIy" o, I /

I'J i" I

I I I I

Fig. 1.25.
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Thus, with the help of damping diagrams of the nonlinear proc-

esses made up for various system parameters, we may choose the

optimum range of values of these parameters, starting from a desired

property of the oscillatory transient process* or requiring that the

transient process be monotonic.

Let us note that close to the self-oscillatory mode of opera-

tion (i.e., close to the line = 0, Fig. 1.24), the process of

generation of self-oscillations is characterized by relatively small

values of . In this case, according to (1.101), we have approxi-

mately:

Substituting this in Formula (1.100), we find from it in explicit

form

2PII' la -1j (1.102)

where A is the self-oscillation amplitude as determined by Formula

(1.85), i.e.,

. (.I - - ". )

"_ 2-" D - kz ko=eT 1.

This permits us to carry out integration of Eq. (1.94) and find a(t),

the oscillation envelope [208].

§ 1.6. EXAMPLE OF NONSYMMETRICAL SELF-OSCILLATIONS AND STATIC ERRORS

OF THE SELF-OSCILLATORY SYSTEM

Let us first consider the same automatic system (Fig. 1.15) with-

out extraneous disturbances, but with a nonsymmetrical nonlinearity

in the simplest form (Fig. 1.26a). In this case, it is evident that

a constant component must develop in the steady-state oscillatory

mode of operation. Hence the approximate solution for the self-

oscillations, in contrast to (1.76), must be sought here in the form
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r
.-A'- , where v*= A :;Ij t, (1.103)

0where x is the constant component and x* is the periodic (oscilla-

tory) component.

b) oz?41

a) F. a 17 7Z " ...'

I I I !

Fig. 1.26.

In correspondence with this, we must also add the constant com-

ponent to the expansion of the nonlinear function F(x) in Fourier

series (1.71). Keeping in mind as previously that the higher har-

monics do not pass through the link 3 (see § 1.3), let us also re-

strict ourselves here to the constant component of the first har-

monic. Then, in much the same way as with (1.78), we shall have

Ix~k,-- lIF)G,.t ffi . + qx'. (1i.104)

where, according to the familiar formulas for the coefficients of

Fourier series, we have (see Fig. 1.26b):

_F(x+A sin sin f d =m

.;tA+ sin+ d+ d- intd *A co7

Hence, taking into account that according to Fig. 1.26b, x= A sin

we obtain

2esi + .,n (1.105)

q %A + I --(i-)'• (1.106)
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After the harmonic linearization (1.104) with (1.103) taken

into account, the equations of the system (1.68)-(1.70) take the

form

(TO +1)x2-- kxg, X=X+qX6, 
X+X.=,-k.Cx, (TO +1)px,--,xs. (1.107)

It is evident that the remaining variables x2 and x4 will also be

composed of constant and periodic components:

xX, x.+ , x,=x + 4

From (1.107), applying (1.105), we obtain the following equa-

tions here for the constant components

X:=-~k:,x- -2. + (+mT)e arcsinx, A, (1.108)
X'- =x - k,.,x:, o =k,k. . J

For the periodic components of (1.107), however, we find the

equations

(Tp+ 1)x= - k,1 , x,--qx,x=----. . (Tp+I.x=h], (1.109)

where the quantity q is determined by Formula (1.106).

From Eq. (1.108) we find:

x:=O, X.=-As In -A cot -

2 (ija 6 T ( 1 .1 1 0 )

Equations (1.109) for the periodic components, however, coin-

cide with the earlier (1.80), but here there is a new value for q.

Substituting the expression x0 from (1.110) into Formula (1.106),

we find:
2(l+A).

%A ( .111)

Therefore, making use of the earlier characteristic equation

(1.81) and Eqs. (1.83), we obtain here instead of (1.85) a solution

for the self-oscillation amplitude in the form
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,- €, -} ,,,(1.11l2)

where

represents the self-oscillation amplitude for a symmetric nonlin-

earity (for m = 1).

The solution for the self-oscillation frequency leads to the

same expression as for symmetric oscillations:

Q(1.113)

The magnitudes of the constant components for all the variables

are then determined according to Formulas (1.110).

The resulting graphs of the amplitude A and displacement x
0

as functions of the quantity m, which characterizes the nonsymmetry

of the nonlinearity (Fig. 1.26a), are presented in Fig. 1.27.

Let us pass now to consideration of the static errors of a non-

linear automatic system operating under self-oscillatory conditions

in the presence of an extraneous disturbance.

Let us assume that only one extraneous disturbance fl(t), which

we shall call the setting or controlling disturbance (Fig. 1.28),

acts upon the automatic system whose diagram is represented in
Fig. 1.1. The equations of the system (1.1)-(1.7) take the form

(Tap+ I)x,-kx,, x--f(-(-x(
X8- P(x), X- ,- X, (1.n15)

(Tp+1)pxj-k*xb x-k,x. (1.116)

Let F(x) have the extremely simple symmetric form (Fig. 1.2e)

as shown in Fig. 1.28.

Let us first consider the case of application of a constant-

magnitude extraneous disturbance fl(t) = const = f 0  Even for a

symmetrical nonlinearity, this may cause the appearance of constant
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components which, according to the equations of the system being

considered (1.114)-(1.116), may be determined as follows:

4 = k, (r, - %

x.a=F(W), x=x0- X , (1.117)

From this we obtain

x;=O, X=o, x:=x=.f . (1.118)

- ~~~k 45 7J£ 40 £5

Fig. 1.27 Fig. 1.28. 1) OS.

In the absence of a secondary feedback or on connection of a

"flexible" [proportional-plus-derivative] feedback, we would have

0
x2 = 0, as in an astatic control system or in an ordinary follow-up

system, with xO = f, i.e., we would have exact reproduction of the

input quantity if we disregard the magnitude of the self-oscilla-

tion impressed upon the output, since the self-oscillations may be

made as small as we wish.

Inasmuch as x0 = 0, then the solution for the self oscillations

of the variable x has the symmetric form (1.76), as a consequence

of which all the computations of §§ 1.3 and 1.4 also remain valid

here. Hence, the self-oscillation amplitude and frequency in the

system being considered (Fig. 1.28) are not functions of the magni-

0tude of the constant extraneous disturbance fl, and here the con-

stant components (1.118) are added only for certain variables. This

was the result of the presence of the integrating link 3 in the
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system and the application of the external disturbance outside of

this link.

Let us also consider the case of

application of an extraneous disturb-
ance f3(t), which we shall call a

perturbing disturbance (load), to

Fig. 1.29. the integrating link 3 (Fig. 1.29).

Here the equations of the system (1.1)-(l.7) are

(TP+ l)x,--k,x (1.119)

x,=FX), x=x,-x. (1.120)

(7up+ 1)px,=kx+f,(), x..=k...x. (1.121)

Let there also be in this system a constant external disturbance

= const = f0 (Fig. 1.29).fP() = os 3

In this case the solution for the self-oscillations of the
variable x kust be sought in the form (1.103), using the harmonic

linearization in the form (1.104). Inasmuch as the nonlinear char-

acteristic is symmetric in the case being considered, we must assume

that m = 1. Here we find from Formulas (1.105) and (1.106)

X2*ac,,n At (1.122)

According to (1.119)-(1.121), the system equations after the

harmonic linearization (1.104) will be

(P+ 1) X-- kxa, x-.+qX (1.124)
x--x,-k.x (r +1)pxa&ktx+f' I

From this, taking (1.122) into account, we obtain the system

of equations for the constant components:

:;='-k4xm, oarcsln- . (1.125)
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For the periodic components we obtain from (1.124) the follow-

ing system of equations:
(Ta+)x,--ka, x-qx.,

x.--x-.A, (T +I)p.eh,-4.(1.126)

The second and last of Eqs. (1.125) give

V-- .. (1.127)

The system of equations (1.126) agrees with the previous system

(1.109), with the new value of q, which, according to (1.127) and

(1.123), will have the expression

(1.128)

in place of the previous one (1.111). Here, therefore, the solution

for the self-oscillation amplitudes will be instead of (1.112)

A 4c,T,(Th,-.) Co .. (1.129)

The self-oscillation frequency is the same as before (1.113), i.e.,

it is not a function of the magnitude of the extraneous disturbance.*

Then the constant component x is determined from Formula (1.127),

i.e.,

2ch,T1 (Trb, - Tk..j si S
s(T1+ Q eke (1.130)

As we see, the magnitude of the self-oscillation amplitude A

(like the displacement x0 ) is a function of the magnitude of the

constant extraneous disturbance fo (Fig. 1.30a). Here let us note

that the computations performed are valid for the condition

-ek, <r, 4 + 4, (1.131)

as follows from (1.127) on the basis of the requirement x0 < A.

Otherwise (x0 > A) there will not be any oscillations in the system

at all, since the quantity x will retain the same sign and for the

whole time the relay will be connected in one direction.

The amplitudes and the displacements for all the remaining
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variables may then be determined according to Formulas (1.91) and

(1.125). To obtain the curve of x 3 (t) for the output of the relay

link, however, it is sufficient, according to Fig. 1.26b, to know

only the quantity S and

A (1.132)

The case which has been described, when f3 (t) = const = f 0 is
3 3

applied to the integrating link 3 (Fig. 1.29), corresponds to the

case of determination of the static errors x0 and 0 due to the con-

stant load f0 at the output of the self-oscillatory relay automatic
3

system.

Let us now turn to the system represented in Fig. 1.28 and

consider variation of the setting (controlling) extraneous disturb-

ance fl(t) at constant speed:

a)=cit. (1.133)

Let us write the form of the solution for the quantity x4

(Fig. 1.28), allowing for self-oscillations, in the form

X& 4+cat+e (1.134)

where x0 = const = o4 = const and x is the periodic component.

Hence we have the derivative

px, = c + pe,.

According to (1.116), therefore, the solution for the variable x3

will have the form*

xj=x4-+j, where . (1.135)

So 0It follows from this according to

(1.115) that we also have a similar

Fig. 1.30a. form of the solution for the variable

x (without a component proportional

to time):

x= x+xs where x*=Ait1nQt. (1.136)
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Further, according to (1.115), (1.116), and (1.134):

x,=X+X +k.(+CO+ 4

i.e., we must assume that x2 has a solution of the form

X2,A+ ct +,S (1.137)

where
x, xe + h,.. Cg=,k..ca -X + k..r4,

However, for the absence of a "rigid" [proportional] secondary

feedback (ko.s = 0) the variable x2 x = x0 + x* will not contain

the component c2t (astatic system).

Formulas (1.135) and (1.136) show that the pattern of variation

of the variables x and x3 in time has the same form here as in

Fig. 1.26b, but now for the asymmetric (m = 1) relay characteristic

x3 = F(x) shown in Fig. 1.28. Hence, we retain here the harmonic-

linearization formulas (1.104) and (1.123).

Allowing for the manner of variation of the variables in (1.133)-

(1.137), and also Formulas (1.122), we obtain the following equa-

tions for the constant components from the given system of equations

(1.+=)-(l. -(1.138)

For the components which are proportional to time, we obtain on the

basis of these same equations:

e, = k (CA -CA, O - to - k,,C. (1.139)

We obtain the previous system (1.126) for the periodic components.

If we take into account here that the second and last of Eqs. (1.138)

give the expression

"- (1.140)

which agrees with (1.127) on the substitution c 4  it becomes

clear that the previous solution (1.129) and (1.130) is valid here
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3 replaced by- c4. However, the quantity c4 is not given. It

must first be determined from Eqs. (1.139); namely

AlesT(1.141)

(for k 0, we would have 04 = cl, as in an ordinary astatic

system).

Thus, we obtain here the solution

4k,T, (T,k, - TrA ) _ __,

- (TI+T,) .2c,(h,4- .J'

T, (Tak, - TIAI) '
. G _. ek,Ti (Tsk -I) Te) sin Skies

s (TA c+, ( 0 1 +. R L •

The amplitude A of the self-oscillations of the variable x

and the displacement x0 are shown in Fig. 1.30b as functions, on

the basis of the above, of the rate

of change cI of the extraneous dis-

turbance fl(t). Then the constant

I ecomponents of all the remaining

Fig. 1.30b. variables and the coefficient c2

of the time-proportional component

for the variable x2 are determined from the simple algebraic rela-

tionship (1.138) and (1.139), while the amplitudes of the self-

oscillation of the variables x4 and x2 are determined from Formulas

(1.91).

The case which has been described, f1 = c1t, corresponds to

determination of the constant magnitude of the error x0 (or c4 for

the variable x ) of the automatic system being considered in the

constant-speed following mode.

§ 1.7. EXAMPLE OF SLOWLY VARYING SIGNALS IN SELF-OSCILLATORY SYSTEMS

In the automatic system considered above (Fig. 1.28), let the

extraneous input disturbance fl(t) change according to an arbitrary
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law with respect to time, but relatively slowly, so that for the

interaction among the links of the system the quantities x0 may then
itmay

be considered approximately constant within one period of the self-

oscillation (Fig. 1.31). In this case, all the intrinsic variables

in the system will have the form

x=X+x', x,-- = x,..., (1.142)

where xO(t) and xO(t) are slowly varying components and x*, x* are

oscillatory components, with

X=AsIn, = (1.143)

where, generally speaking, A and S2 also change slowly with time to-

gether with the variation of the component x0

Assuming that all the slowly-changing components are constant

within a self-oscillation period, we take the earlier form of the

harmonic linearization (1.104), namely

lx,1c,=IF(x)1j.q4+ , (1.144)

where, in agreement with the symmetry of the nonlinear characteristic

(Fig. 1.28) for m = 1, we have from (1.105) and (1.106):

_e 2 t (1.145)X-a rcsin -,

4. (1.146)

Substituting (1.142), (1.144), and (1.145) in the given system

of equations (1.114)-(1.116), we write the equations for the slowly

changing components separately:

(TOp+ 1)-, =k, [, (t)- x.

-m-A-C atI- - .=X--k.., (1.147)
U A'(tp + 1)p ==X.,

and the equations for the oscillatory components:

(rip+ !)x -k, :
--qx*, x*':x:--k,.x:, (1.148)

(rop + -)X;- *,
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where, according to (1.146) q is a function not only of the ampli-

tude A, but also of the magnitude of the slowly varying component

x0 . In turn, the unknown A also appears in Eqs. (1.147). Therefore

the systems of equations (1.147) and (1.148) may not be solved in-

dependently of each other. This is a consequence of the nonvalidity

of the principle of superposition for nonlinear systems.

Let us proceed as follows. From Eqs. (1.148), we find the self-

oscillation amplitude A and frequency 0 as functions of the slowly

varying component x0 (and the system parameters), and thereupon we

substitute the resulting function A(x0 ) in Eqs. (1.147), from which

we then determine all the slowly varying components as functions of

time for the given function fl(t).

Inasmuch as Eqs. (1.148) coincide with (1.80), Eqs. (1.83) are

also valid here and from them we find the self-oscillation frequency

'= - +(1.149)

and the expression for q in the form

r, + Ta
---- '44. (1.150)

Equating the right-hand parts of Eqs. (1.146) and (1.50), we

obtain a biquadratic equation for determination of the amplitude A

as a function of xO:

A +Is ) =90 (1.151)

where we have adopted the notation

A,4 (T, -,- ric) (1.152)S-- =(TA + TJ

The quantity A. represents the value of the amplitude A for x0 = 0,

as in (1.85).

From (1.151) we find

A - - \T (1.153)
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(we write only the plus sign in front of the radical since it alone

a
satisfies the condition A = Ac for x = 0). In Fig. 1.32a we pre-

sent the resulting dependence of the self-oscillation amplitude A

0
on the magnitude of the slowly varying component x

Substituting the function A(x 0 ) from (1.153) into Formula

(1.145), we find*:
x: =--arcsin Je- ;"<A)

x:= arcsin
x Acin~ 2~~.) (1.154)

which is presented graphically in Fig. 1.32b. For a comparatively

.4 narrow interval of variation

a)r 7xOj < A /3, Formula (1.154) may

40. be written approximately in the

linear form

)4 ;=kA0, where *a.-v (1.155)

b here the quantity Ac is determined

P14H "from the system parameters according

I to Formula (1.152).

According to. Fig. 1.32b, the

Fig. 1.32. curve of (1.154) is situated between

2C 0
the lines x--x and x:- . Therefore, on variation of x

in the complete interval 0 < 1xO1 < Ac/2, we may for the first ap-

proximation replace the entire curve of (1.154) by the central ray

i.e., we can take the following value of kn:

k(L - .  (1.156)

Thus, we have drawn the very interesting and important conclu-

sion that in the presence of self-oscillatory vibrations, slowly

varying signals pass through the automatic system as if the discon-
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tinuous relay characteristic (Fig. 1.28) were replaced by a con-

tinuous characteristic (Fig. 1.32b) in the interval - A_/2 < x0 <

< AC/2. For Ix01 > Ac/2, there are no self-oscillations, the relay

is cut in in one direction and Ix~ = c.

This phenomenon is called vibrational smoothing of nonlinear

characteristics by means of self-oscillations. For comparatively

small values of the slowly varying component x 0 , we may consider

this characteristic linear: (1.155) or (1.156). We may fully expect

0
a sufficiently small order of magnitude of x in good automatic

systems, since x represents a certain mismatch (Fig. 1.28). As a

result, all the slowly functioning processes in the relay self-os-

cillatory system being considered may be calculated with respect to

ordinary purely linear equations in place of (1.147):

(Tp+ 1)x: = k, [A (t) - X1
x, tx kX:x-k 1, (1.157)

where the equivalent gain constant of the nonlinear link kn for a

slowly varying component is defined by Formulas(l.155) and (1.152)

in terms of all the remaining system parameters. With a change in

x0 in the complete interval (to Ac/2) we may take the value of kn

in the form (1.156). For Ix0l> Ac/2 the phenomenon of vibrational

smoothing ceases to exist.

When we find this solution xO(t) from Eqs. (1.157), we may,

making use of the functional relationship (1.153) (Fig. 1.32a), also

trace the time variation of the self-oscillation amplitude super-

imposed upon this process (Fig. 1.31). Here we must remember that

Formula (1.153) and Fig. 1.32a give the oscillation amplitude A

only for the variable x. The oscillation amplitudes of the remain-

ing variables are determined by finding A with the aid of Relation-
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ships (1.91).

It is important to note that the self-oscillatory component

x, which is superimposed upon the slowly varying component x

(Fig. 1.31a), represents the periodic error of the system. There-

fore the system parameters must be chosen so that the quantity A4

obtained from (1.91) will be as small as possible (in order that in

practice it will not be perceived in the output signal x4 of the

system). At the same time, the oscillation amplitude A of the relay

output x (Fig. 1.31b) must be sufficiently large - in any case

larger than the quantity x0 - for relay switching to take place

at all times.

As concerns the self-oscillation frequency 1, however, accord-

ing to (1.149) it does not depend upon x0 in the system being con-

sidered and will remain constant at all times.

It is evident that for slowly elapsing processes we may apply

all methods of linear automatic-control theory to Eqs. (1.157) for

the determination of all forms of the dynamic errors of the auto-

matic system, for both analysis and synthesis of the system. We may

synthesize ordinary linear frequency characteristics for slowly

elapsing processes, even including logarithmic characteristics,

which are valid for a low-frequency interval which is larger the

higher the self-oscillation frequency bounding this interval above.

§ 1.8. AN EXAMPLE OF THE DETERMINATION OF THE QUALITY OF NONSYMMETRI-

CAL OSCILLATORY TRANSIENT PROCESSES

In the preceding paragraph we obtained a means of investigating

slowly (in comparison with the self-oscillation period) elapsing

dynamic processes arising in a nonlinear system under the influence

of extraneous slowly varying disturbances (controlling or perturb-

ing). It Js evident that the very same method may also be used for
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approximate analysis of transient processes in a nonlinear auto-

matic system in the absence of extraneous disturbances in cases

where the transient may be regarded as consisting of oscillatory

0
and aperiodic components x* and x , respectively (Fig. 1.33):

x=X+x.,..., x4m-+x:, (1.158)
x'- ,, t (1.159)

where x0(t), a(t), and w(t) are slowly varying functions of time

that characterize the transient process in the nonlinear system in

question. Below we shall consider separately the case where a(t)

varies rapidly.

The form of the solution (1.158) and (1.159) which is adopted

here agrees with (1.142) and (1.143). Therefore we take advantage

of the same results of harmonic linearization (1.144)-(1.146).

Considering the case of the absence of extraneous disturbances,

we substitute (1.158) in the appropriate equations for the system

dynamics (1.68)-(1.70). Let us separate from the latter the equa-

tions for the aperiodic components

(TMO+ 1)X's k X*

2=-3 ArcSl-ta XX2 x~-kOAI (1.160)

and the equations for the oscillatory components

(Tip+ 1) x:= -hx:,

x=qx*, .x.=X:-.AX:, (1.161)

(To + I)pO, -
where

q= i- I _S -(1.162)

These last agree fully with the previous equations (1.148),

while the former equations (1.160) differ from the earlier ones

(1.147) by the absence of the extraneous disturbance fl(t). There-
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fore complete validity is retained here for all the previous re-

sults (1.149)-(1.156) and Fig. 1.32; here, the aperiodic components

Sof the transient process may bo determined in first approximation
from the linear equations

x=k.X6 - kx:-k.4  (1.163)
(Tp+ 1)px:=k,4

where kn is the equivalent gain constant of the nonlinear link for

the aperiodic component:

k, =a Z*sAc 4cks, (Tsk, - r&k.)%A 01 (TA+ ., - (1.164)

for the interval of variation Ix01 A/3 or

+. (1.165)

for the full interval of variation jx 01 < A /2. If, however, Ix0 1 >

> Ac/2, the formulas lose their significance, since the relay will
!c

be cut in in one direction at all times.

Thus, on solving the linear equations (1.163), we find the

aperiodic component x0 (t) of the transient process. Having deter-

mined the latter, we find from Formula (1.153) or from the graph

of Fig. 1.32a the amplitude variation a(t) of the transient-process

oscillatory component:

Is  
9

As regards the frequency of the oscillatory component, however,

it remains constant in the transient process for the example under

consideration, according to (1.149). It depends only upon the

system parameters and has the same value as for the self-oscilla-

tory operating mode.

4 Hence it is evident that the calculation which has been carried

out for the transient process has meaning only for that region of
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the system parameters in which the

self-oscillatory operating mode

exists. Hence, this investigation

OL_ . "  " ... _ I.. is applicable to transient processes

as a result of which self-oscilla-

b)I tions are stabilized (stabilization

process of self-oscillations). Here,

£ to guarantee the switching of the

relay, the variable x must neces-

sarily change its sign in the proc-

" 4 ess of the oscillations (Fig. 1.33a).
ort

Fig. 1.33. The other variables may, however,

vary during this time in a sliding-

process mode.

We will apply the term sliding process to a transient process

whose basic component varies monotonically, as for example, 0(t)

in Fig. 1.33, but with small-amplitude vibrations resulting from

the operation of the relay in the vibrational mode superimposed up-

on it. In the case being considered, such a sliding process may take

place for the output variable x4 of the system being considered,

both outside of self-oscillatory region (Fig. 1.33b) and in the

region of existence of self-oscillations (Fig. 1.33c), when small-

amplitude self oscillations are generated for the variable x4 as a

result of the sliding process. Hence, the analysis which was carried

out earlier in this paragraph is valid only for the second of these

cases.

Subsequently (Chapter VII) it will be shown that such a method

is also used successfully in other systems even where self-oscilla-

tions are absent.
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For investigation of nonsymmetric oscillatory transient proc-

esses in the absence of self-oscillations we must use the method

of § 1.5 in the example under consideration. This is also used for

the region of existence of self-oscillations in investigation of

transient processes of rapidly-varying amplitude, when it is im-

possible in Formula (1.159) to regard a(t) as a slowly varying

function of time, but necessary to have recourse to Expression

(1.94):

Wt (1.166)

in which the damping index is a slowly changing function of time.

The magnitude of the amplitude a will vary rapidly for large values

of and for small it will vary slowly. Let us consider both

variants for the cases of the presence and absence of self-oscilla-

tions.

In introducing a slowly varying aperiodic component of the

transient process, we shall make use of Expression (1.166) together

with (1.158) and (1.159) in contrast to the previous case (1.93).

Here the equations for the oscillatory components (1.161) agree with

the previous ones (1.95), which have already been solved above, but

now we must introduce the new expression (1.162) for q. Therefore,

applying the characteristic equation (1.96) and substituting p =

= + J in it according to the method of § 1.5, we arrive at the

same expressions (1.98) for X and Y.

Taking (1.162) into account, we find from the second equation

of (1.98):

*'-.3,,+2 Ta+?s++ 'T(, (1.167)

while for the first equation of (1.98)

a -- ' k,

-f(1) 
(1.168)
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where

(1.169)

As will be evident from comparison of these formulas with

Formulas (1.99)-(1.101), the earlier damping diagrams of the trans-

ient processes (Fig. 1.24) will also be valid here if we plot

a/ 1 -(xO/a) 2 instead of a on the ordinate axis of these diagrams

(Fig. 1.34). We may conclude from this that in the presence of an

aperiodic component in the oscillatory transient process, the point

corresponding to the oscillation

, 7 amplitude determined will appear

lower. According to Fig. 1.34, this

means that the quantity will be

4 /'smaller in the region of the damped

______ €processes ( < 0), i.e., the damp-

ing time will bu greater (the damp-

ing of the oscillations is slowed

down). In the region of the diverg-

ing processes ( > 0) the quantity

will be larger, i.e., the increase

in the amplitude will be faster (the
Fig. 1.34. 1) Lines = const <
< 0; 2) equilibrium stability; process of stabilization of self-
3) self oscillations; 4) lines
= const > 0; 5) lines a oscillation is accelerated).

= const.
With the approach to the self-

oscillatory mode (i.e., to the line = 0), however, the magnitude

of the quotient xO/a will decrease, tending toward zero, since the

self-oscillations themselves are symmetrical in the system under

consideration. Close to them [sic], therefore, the process of es-

tablishment of self-oscillation remains as previously and will be
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described by Expression (1.102).

For the investigation of transient processes outside the region

- L of self-oscillation for small values of the damping index , we have

from (1.169):
f M )= T,+T (TI + T,)'1

,A..+- 2l +- j(1.170)

as a consequence of which for the presence of an aperiodic com-

ponent x in the transient process, we obtain from (1.168) the ex-

pression for the damping exponent in explicit form

where2TT, Il~a+ Df(-) (1.171)where

E 4ck2 T (Ti ko.t - Tskt)
(ra+ a)

H=i+(Tir, ), D= - k,ko.

Thus we may approximately evaluate the influence of the aperiodic

component in the transient process on the rate of damping of the os-

cillations, both in the case of predominance of the oscillatory com-

ponent and in the sliding mode, as well as its influence upon the

rate of generation of the self-oscillations. The calculation being

considered does not pursue the goal of constructing the transient-

process curve for given system parameters; other methods exist for

this. Here the goal consists in investigation of the influence of

various system parameters over a wide range of their variation

(Fig. 1.34 indicates in particular the variation of the parameter

kl). This is necessary for preliminary choice of desirable values

for the parameters, after which we may find exact time curves for

the processes by numerical-graphical or machine methods for selected

numerical values of the parameters (or for a selected narrow range

of their variation).

The width of the ranges of variation of the system parameters
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for various structural configurations, which may be examined from

the point of view of transient-process quality, is, of course,

determined by the validity of the assumptions concerning the char-

acter of the solutions and lying at the foundation of the present

method of investigation.

§ 1.9. AN EXAMPLE OF THE DETERMINATION OF SINGLE-FREQUENCY FORCED

OSCILLATIONS

Up until this time, all the extraneous disturbances in the

automatic system have been regarded as slowly varying. Now let us

assume that the frequency of the variation of the extraneous dis-

turbance is not so small that it may be considered slowly varying,

i.e., let us assume that the frequency of the extraneous disturb-

ance is of the same order as the natural self-oscillation frequency

of the system, or higher than it.

Let us assume that the extraneous disturbance fl(t) in the

automatic system (Fig. 1.28) varies according to the sine law

S--BtnQt. (1.172)

Generally speaking, the forced oscillations of the nonlinear

system may have an extremely complex form here. However, cases of

simple forms of forced oscillations are also possible.

As a first approximation, let us find the forced oscillations

for the variable x (Fig. 1.28) in the form of a sine curve

x=A.,Ifn(,1+y) (1.173)

with a given frequency 0v of the extraneous disturbance. The ampli-

tuve Av and the phase shift ( are the unknowns. This is equivalent

to construction of the frequency characteristics of a closed-loop

nonlinear system.

The variable x3 will have a rectangular shape (Fig. 1.16),

while, in first approximation, the variables x4 , x2 , and x will
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have the form of a sine curve, if Condition (1.88) [nonpassage of

higher harmonics through link 3 (Fig. 1.28)] is fulfilled. Here

the harmonic-linearization formulas (1.78) and (1.79) remain valid,

where, in calculating q, we must assume according to (1.173) that

= vt + qP.

The assumption (1.173) concerning the oscillations of a system

with the frequency Ov of the extraneous disturbance is not always

valid for the case of self-oscillatory systems, but only for de-

finite conditions, when the self-oscillations "break down" and

the system passes completely to oscillations with the extraneous

frequency 0 v (the seizure condition, otherwise called forced synchro-

nization). These conditions are also subject to determination.

In order to solve the problem by the same methods as those

for finding the self-oscillations (§ 1.3), let us express the quan-

tity fl(t) in terms of x, using Formulas (1.172) and (1.173).

For this we write

f=B sin i2t=B sin 1(2.t+ )- p=
= B cos y sin (Q9 t + p) - B sin y cos ( t + y).

Remembering that, according to (1.173),

sin (2 t +T) =, A Cos (Q. +(f) =A-.

we finally obtain an expression for fl(t) in the form

( A R.') (1.174)

Then, taking (1.78) and (1.174) into account, the given equa-

tions of our system (1.114)-(1.116) take the form

x,-qx, x=x,-k..,x. (1.175)
(Tp + 1)px =kX, 4&

where
q4m "
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Thus the problem of determining forced oscillations under sei-

zure conditions reduces to the solution of a homogeneous system, as

in the case of self-oscillations, but with the introduction into it

of an artificial secondary link (x in the second equation). The

method of solution will be completely the same as in § 1.3, but be-

cause of this additional factor the result which is obtained will, of

course, be different. An additional difference consists in that in

§ 1.3, A and 91 were unknowns, while here AV and Q are unknown (the

frequency av is given).

The characteristic equation for system (1.175) has the form
r,Ta%+(r+ T,)p'+ (I + Trk,k..q)p+(k, + k..)hkq=

[it differs from the previous (1.81) in that there is an additional

expression on the right instead of zero].

To find the sine-curve periodic solution with the given fre-

quency nv' we substitute p = Jav in the characteristic equation

(1.176) and separate the real and imaginary parts:

X= (k, + k.) q- (TI + T,) 2: =--." (T,. cos s, ,

Y-(I + Tk,k..,&- TT,22= "Re (TI2, sin ,p+ cogfp).
As

Solving these two equations for cosq and sinp and applying

(1.179), we obtain two equations for determining A and cp:
V

-kBcos =---B-%A. k1 Bsin=H- DA., (1. 177)

where

-- 4e , :+ (Tok, + Tskg.c - Tik. H-4Ch,(k +ka.5 + TjTakceQs
7-801+1 .MR + 1)

D= T12.

Squaring both equations of (1.177) and adding term to term, we

obtain the quadratic equation

(I + IM %As- 2 (E + HD) A. + + H -- ,',8'= 0,

from which we find the amplitude of forced oscillations

As= E+ HD± + Q'- -- 0 )-- (I +DI)(l+ I'- 'k B').
X0P (1.178)

After this, dividing the second of the equations (1.177) by the first,

we find the phase shift

-- ,,cig 1 . (1.179)

The amplitude Av is a real positive quantity by its physical
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meaning. Therefore we shall assume that the sought solution for

forced oscillations exists in the form (1.173) (i.e., in other

words, that the seizure phenomenon takes place) in that case where

Formula (1.178) gives us at least one real positive result for

Av . On the basis of this, taking into account the fact that

E + HD > 0 for positive system parameters, we obtain the seizure

condition
(B + HSr ; (I + D) (L" + H 9,- ' (1.180)

On the basis of Formula (1.178), we may construct a curve of

the forced-oscillation amplitude A v as a function of the frequency

iv for different amplitudes B of the extraneous disturbance and

also ascertain the influence of the various system parameters upon

the amplitude of the forced oscillations for the case where the

seizure condition (1.180) is satisfied. This condition may be

written in the form

,B t(1.181)

Hence it is evident that seizure takes place (i.e., the nonlinear

system in question develops single-frequency forced oscillations

with a frequency av imposed from without) only in the case where

the amplitude B of the extraneous periodic disturbance exceeds a

certain threshold value determined by Formula (1.181). This seizure

threshold depends upon the relationship of the system parameters

and upon the magnitude of the externally imposed frequency QvI

since they are used in calculating the quantities E, H, and D

which figure here.

Similarly, we may also calculate the forced oscillations of

the nonlinear system in question for the case where the load f3(t)

varies according to a sine curve (Fig. 1.29).
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Let us pass now to another problem. In S 1.7, it was shown

that with the help of self-oscillations we may produce vibrational

smoothing of discontinuous linear characteristics, and relay-type

characteristics in particular. This may also be done with the help

of forced oscillations, by feeding an extraneous disturbance f2 (t)

of sufficiently high frequency iv to the input of the relay (Fig.

1.35) and guaranteeing the seizure conditions for it. Hence we

shall now assume that

f,=BsIn Qt. (1.182)

Let the input control disturbance fl(t) be slowly varying, as

in § 1.7. Then a slowly varying component arises in all links.

Therefore the solution for the variable x, for example, will have

the form

x= x+qx', x =A.sIn (Qt +) (1.183)

Fig. 1.35. 1) OS; 2) xo.s .

The harmonic linearization of the nonlinearity leads to the

previous formulas (1.144)-(1.146). Therefore, here as with (1.147)

and (1.148), we may write equations for the slowly varying com-

ponents: (Tp +1)A-kif,Q)-xfIL

A (1.184)

(Tp+1)px =4.

and for the oscillatory components (with allowance for the new

disturbance (f2(t)):
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(Tp + 1) 4 -h4 Ix*
4 *qx, x*= -- k..x+I,(M, (i.185)

-. (TOp+ 1) px&*- , -

where q is determined by Formula (1.146), i.e.:

According to Formula (1.174) we must substitute in Eqs. (1.185)

A, W:% P X*'(1.187)

It would then be possible to solve the equation for the os-

cillatory components (1.185) by the same method used to solve Eqs.

(1.175). It is true that the result would be different, since here

the external periodic disturbance plays a different part and there

is a different expression for q. However, a simplified solution

will be presented here.

We shall keep in mind that in the scheme of Fig. 1.35, the

disturbance f2 (t) is introduced with the sole purpose of creating

a vibrational mode of operation of the relay (Fig. 1.31b) and that

the parameters of the linear link 3 (Fig. 1.35) are such that for

a given frequency S1 the amplitude of the forced vibrations x4 atv
the output of the system is very small (Fig 1.31a). If now we

also consider the amplitudes of the periodic components of the

variables x2 and xo. s (Fig. 1.35) to be very small, then, taking

(1.182) into account, we may rewrite Eqs. (1.185) in the form

4=qx*, x=f(t)-BsInQJ. (1.188)

(Tp + 1) p xh-gge, I1
whence, according to (1.183), we find directly

A,=B, -tO (1.189)

and, according to (1.186):

SF __(1.190)
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where the quantity B is given as the amplitude of the extraneous

periodic disturbance f2 (t). Consequently, the coefficient q is a

function only of x0 , and for each specific value of x0 the forced

oscillations of any variable are calculated from purely linear

equations with constant coefficients (1.188). In particular, the

amplitude of the forced oscillations x4 at the output of the system

will be

A&= (1.191)

We must ensure a small order of magnitude of A4 by the choice

of the frequency 2v and the other parameters entering here, while

at the same time B must be larger than the maximum magnitude that

is possible in the system being considered for the slowly varying

mismatch x0 .

The small size of the amplitudes of the variables x2 and xo. s

is verified according to the formulas:

kA,A,= A..=k*0 A&. (1.192)

It is always possible to guarantee small order of magnitude

in A4 , A2 , and Ao.s by the choice of a sufficiently high frequency

Sv" If they are found not to be small in comparison with B, it is

necessary to solve the complete system of equations (1.184)-(1.187).

Further, according to the second of Formulas (1.184), taking

(1.189) into account, we have

2-- arcsin (1193)

This gives us the smoothed relay characteristic shown in Fig.

1.36a. In a certain interval of variation of the mismatch x
0 (even

in the interval 0 < 1x0 1 < 0.7B) the relationship (1.193) may be
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replaced by a linear relationship:

! u=k-x,, where k3 .=3  (1.194)

However, for the variation of x in the full range as far as

IxOj = B we might use the value kn, in analogy to (1.156).

a) I / -  In view of the sufficient

freedom in assigning the amplitude

B in the case in question (Fig.

1.36a), the smoothing zone may 
be

b) I "'- - made wider than in the case of self-

P- , oscillations (Fig. 1.32b), where

4i' __it is completely determined by the

"a irelationship of the system param-

eters alone.

.g * =Thus, all the slowly elapsing

processes in the system that are

connected with the reproduction of

Fig. 1.36. 1) kn .  fl(t), as well as the transient

processes for the slowly varying components, may now be calculated

by Eqs. (1.184), which, according to (1.194), are linear for a

certain interval of xO .

For the whole smoothing zone to be linear, saw-tooth oscilla-

tions (Fig. 1.36b) are used as the disturbance f2 (t). In the pre-

sence of a displacement x0 we find from similarity of the triangles

(Fig. 1.36b):

According to Fig. l.36c, therefore, the average component at

the output of the relay, x0, will be

or
- 100 -



x = knx , where kn = c/B. (1.195)

The corresponding smoothed characteristic is shown in Fig.

1.36d. But it should not be forgotten that such a linear smoothed

characteristic is obtained only when the amplitudes of the forced

vibrations of the variables x2 and xo. s are very small in compari-

son with B, since the forced vibrations of these variables, which

are generated with the frequency of the saw tooth oscillations,

add to them according to Fig. 1.35 and will distort the saw tooth

shape of the oscillations at the relay input and change their ampli-

tude, hence distorting the linear dependence of Fig. 1.36d.

In concluding the chapter, it must be noted that only elemen-

tary examples are considered in it and certainly far from all of

the types of problems to be solved in what follows by the method

of harmonic linearization. But it may be hoped that the reader will

obtain here an initial conception concerning the ideas and the possi-

bilities of the method, which permits us to approach this method

intelligently from. the point of view of more complex problems as

well.

[Footnotes)

Manu-
script
Page
No.

36 *The number of external disturbances is not a factor.
54 *The external loop remains only in the form of a direct-

current power supply to the relay contacts.
56 *The initial phase is assumed zero for the variable x. The

appropriate phase shift will be computed for the other
variables.

56 **Here there is no phase shift because of the odd symmetry
and single-valuedness of the nonlinear function in question.

63 *At least near this region.

- 101 -



Manu-
script
Page
No.

72 *See also § 1.8.
78 *This conclusion is valid only in first approximation

(see § 8.6).
79 *The proportional component is absent.

84 *The second expression in Formula (1.154) is obtained from

the first substitution 2x0/At = sin t.

89 *Normally in solution of the sliding-process problem by
methods other than that developed here, the frequency of
vibration is regarded as infinite and the vibrations them-
selves are not investigated.

(List of Transliterated Symbols]

15 o.c = o.s = obratnaya svyaz' = feedback
15 OC = OS = obratnaya svyaz' = feedback
23 c = s = soprotivleniye = resistance, drag
24 p = r = rull = control surface
24 B = v = vozmushchayushchiy = perturbing, disturbing
26 n = 1 - lineynyy = linear
27 AB =-dv = dvigatel' = motor
67 K = k = konechnyy = final
71 n = p = pereregulirovaniye = overshoot
84 H = n = nelineynyy = nonlinear
93 B = v = vneshniy vozdeystviye = external disturbance

(letter symbol Q)
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Chapter II

THE FOUNDATIONS OF THE METHOD OF HARMONIC LINEARIZATION

AND COMPARISON WITH OTHER METHODS

§ 2.1. HARMONIC LINEARIZATION OF NONLINEARITIES FOR SYMMETRICAL
OSCILLATIONS

In Chapter I, we demonstrated, using the simplest examples,

the fundamental idea of the method of harmonic linearization and

illustrated the possibilities of the method for the investigation

of nonlinear automatic systems and for the choice of the basic

parameters of such systems. The present chapter gives a systematic

account or' the problem in goncral form, and various special points

in practical application of the method to numerous specific prob-

lems and examples will be pointed out subsequently.

Strictly speaking, no real engineering devices possess ideal

straight-line static characteristics for all input values. The

majority of the real static characteristics are curvilinear for

sufficiently large input values (saturation, clipping, etc.). A

number of static characteristics are essentially nonlinear for

small input values (dead zone, backlash, hysteresis, etc.), but

may be considered linear for some middle range of input values

(when dead zone, backlash, or hysteresis have only weak influence).

We have already discussed typical nonlinearities in the automatic

systems at the beginning of Chapter I.

In view of the impossibility of taking these phenomena exactly

into account, some idealized mathematical description by means of
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equations is always formed in engineering calculations for the

system being investigated, so as to obtain the simplest computa-

tional method while retaining its principal essential features.

Linear equations are the simplest and have been studied most tho-

roughly. Therefore there is a completely natural tendency to lin-

earize all real nonlinear characteristics by these or other means,

i.e., to replace them in one way or another by a straight line,

which usually passes along a tangent to the curve at its origin

(line OD in Fig. 2.1).

-I
I 1 0 

Fig. 2.1.

This method of linearization corresponds analytically to the

expansion of the nonlinear function y = F(x) in Taylor series,

discarding all terms of the series higher than the first, i.e.,

here we perform the substitution

/~4 I

gkx, vhere k = (2.1)

Geometrically, k is the slope of the curve at the point 0 (the

tangent of the angle of inclination). Hence, for sufficiently

small departures x from the point 0, the link being considered in

the system will behave as if it were a linear link with a gain

constant k. This method of linearization is used in the entire

linear theory of stability (the so-called analysis of stability

with respect to the first linear approximation for small deviations)
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and in the linear theory of automatic control.

Sometimes, instead of the tangent [line] (2.1), it is neces-

sary to use a secant [line] for linearization, imparting to it a

definite constant slope k (Fig. 2.2).

We shall use the term ordinary

linearization for this generally

used method of linearization (2.1)

by means of a Taylor series with

reference to the tangent kx (Fig.

Fig. 2.2. 2.1) or a secant kx (Fig. 2.2),

where the curve is replaced by a straight line with a constant

slope which is not a function of the shape and the magnitude of

the input variable x (in a certain sufficiently small interval).

Not let the variable x vary so that it corresponds to some

point C on the real characteristic y = F(x) (Fig. 2.1), where

the deviation from the linear dependence is quite large.

If here the variable x has changed jumpwise from 0 to the

value x = A in question (Fig 2.3a), then the form of the curve

y = F(x) is not a factor. The equivalent linear dependence, which

for the instantaneous jump x = A under consideration would give

the same value y = F(A), will be

y--knx, where k,=-7° (2.2)

i.e., km is equal to the slope of the straight line OC (Fig. 2.1).

.x a ) b )

Fig. 2.3.

If, however, the variable x varies from zero to the point C
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along some given time curve x(t), then the process of variation

of the variable y = F(x) over time will evidently be closer to the

L, process in a linear link having a gain constant

y- kx, (2.3)

which is intermediate between k and km, here ke is the slope of

some intermediate secant OB (Fig. 2.1), with

t<k.<k. or k.<k,<k (2.4)

for characteristics with increasing (Fig 2.1a) and decreasing

(Fig. 2.1b) slopes, respectively.

The numerical value of the equivalent gain constant k e may

be determined for each position of the point C for the given law

x(t), if we are given the equivalence condition - the equality

of the areas under the curve of y(t) for nonlinear and linear de-

pendences of y on x, or equalities of energies, or other conditions.

Let us cite two examples of equivalent linearization of a

nonlinearity for periodic variation of the variable x.

For variation of x in the form of a rectangular periodic

curve with an amplitude A (Fig. 2.3b) corresponding to the point

C (Fig. 2.1), the variable y = F(x) also takes the form of rectangu-

lar periodic oscillations of amplitude F(A). Exactly the same

oscillations are also obtained for linear dependence of y on x

with the gain constant km determined by Formula (2.2). For example,

if the nonlinear characteristic y = F(x) in Fig. 2.1 is described

by the equation

y=kjX+k, (2.5)

then the equivalent gain constant for the rectangular oscillations

of the input variable x will be

A , (2.6)
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and the equivalent linearization of the nonlinearity takes the

form

y -k.x=-(k, +,Ax.

The equivalent gain constant km is a function of the amplitude of

the input oscillations, i.e., it assumes different constant values

for rectangular periodic disturbances with different amplitudes.

We shall call this method of linearizing (2.2) nonlinear char-

acteristics F(x) rectangular linearization.

Now let the variable x vary according to the sinusoidal os-

cillation law (Fig. 2.3c)

X-A sin Qt. (2.7)

According to Fig. 2.1, we obtain periodic oscillations of a com-

plex form for the variable y = F(x). If we assume linear dependence

of y upon x, then we would obtain the sinusoidal oscillations

y = A, sin Ot. (2.8)

Let us adopt the following equivalent-linearization condi-

tion. We choose the equivalent gain constant

A (2.9)

in such a way that for the linear dependence (2.8) the oscillations

of the variable y correspond exactly to the first harmonic of the

complex nonlinear oscillations of the variable y = F(x) for sinu-

soidal variation of x (it is assumed that the first harmonic plays

the fundamental role).

The shape of the periodic nonlinear oscillations y = F(x) for

x = A sin at is determined by the expression F(A sin i t). Its first

harmonic is determined by the expansion of this periodic function

in Fourier series. Because of the oddness of the characteristic

( (Fig. 2.1) there will not be any cosine terms here, and the first

harmonic will have the form

---Ap Q, (2.10)
where
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IAF=+ P (A sin+) sin +d+. (4=2t)

According to (2.9), the condition of equivalent linearization

A1 = AF that has been adopted leads to the following equivalent

gain constant:
26

xAIdj. (2.11)

For example, if the nonlinear characteristic (Fig. 2.1a) has

the form (2.5), then Formula (2.11) gives us

kL I A sin' +d++ .~At sW +qd1j.. *A M nA i (2.12)

mk, + -1k'.

Hence, the result of linearization will be

This means that the first harmonic of the complex nonlinear os-

cillations y = F(x) for x = A sin f2t will be

Given equality of the oscillation amplitude obtained for the

linear dependence of y on x, to the first-harmonic amplitude of

the nonlinear oscillations y = F(x) for x = A sin Ot, we shall call

such a method of linearization as (2.11) harmonic linearization.

Here, as in the preceding case (2.6), the equivalent gain

constant is a function of the oscillation amplitude of the vari-

able x, i.e., it assumes different constant values for sinusoidal

oscillations of the variable x with different amplitudes A.

This fundamental departure of harmonic linearization (like

rectangular linearization) from the ordinary linearization method

(2.1) makes it an extremely valuable weapon for the investigation

of dynamic processes in nonlinear automatic systems, -since, unlike

ordinary linearization, it permits us to describe certain specific
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I/

Fig. 2.4.

nonlinear phenomena.

The fact of the matter is that we do not replace the nonlinear

characteristic by one straight line in this case, but by a bundle

of straight lines (Fig. 2.4a), whose slopes are functions of the

oscillation amplitude of the variable x, i.e., of the magnitude

of the "operating" segment of the curve of F(x) which is encompassed

in the oscillation process. For each periodic process being con-

sidered (i.e., for each A) the equivalent characteristic is linear

(ke = const), but from process to process (for different A) the

slope of the straight line varies, i.e., after harmonic lineariza-

tion (as after rectangular linearization) all the nonlinear proper-

ties are nevertheless retained in a certain sense.

Let us note that for the nonlinear characteristic (2.5),

ordinary linearization according to Formula (2.1) gives

k--(k, + 3ktx), .--k,. (2.13)

Comparing this with (2.6) and (2.12), we see that the value k e

(2.12) which is found for harmonic linearization actually satis-

fies the inequality (2.4). For more complex forms of the nonlinear

characteristics (Fig. 2.4b and c) the inequality (2.4) is replaced

by the following:

o<k,<H (2.14)

where the relationships between ke, km, and k may be of widely
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In what follows we shall make extensive use of just this

harmonic linearization with various supplements and refinements.

It is best of all suited to the essence of the problem of investi-

gating nonlinear automatic systems, although, generally speaking,

depending upon the adoption of one or another equivalent lineariza-

tion condition and upon the shape of the variation of x in time

(for example, for exponential variation and other types), we may

also introduce other forms of linearization with other values of

the equivalent gain constant k e for the same nonlinear characteristic.

For harmonic linearization we stipulate the use of a special symbol

for the equivalent gain constant: ke = q, which we shall call the

harmonic gain constant for the nonlinearity in question.

As has already been shown, for single-valued odd nonlinearities

F(x) (see Fig. 1.4a-e, Fig. 1.5; also see relay and other single-

valued characteristics; see § 1.1) in the case of symmetric oscilla-

tions (x = A sin at), the harmonic gain constant according to (2.11)

will be

q= J F(A sin +)sin+d, (2.15)

where, because of the uniqueness and symmetry, the computation may

be carried out according to the formula

P( A sin +) in + d+ (2.16)

The result of the harmonic linearization of a single-valued

nonlinearity y = F(x) will be

y=q q=q(A (2.17)

which corresponds to the first harmonic of the nonlinear oscilla-

tions yl = q(A)A sin at.

In the case of a loop-type, oddly symmetrical nonlinearity
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y = F(x) (Fig. 2.5; see also Fig. 1.2a and c and other loop-type

characteristics) with symmetrical oscillations x = A sin it, the

expansion of the periodic nonlinear function in Fourier series

gives, in contrast to (2.10), a first harmonic with two components:

y, - Asin Ot + B c Qt, (2.18)

where

Ajr= -! J F (A s in f ) s in f d , Bp=. f (A sin )cos d+.

For x = A sin S2t we have

px = A2cot Qt (P=)

Therefore the adopted harmonic-linearization condition, for which

the equivalent linear dependence of y on x should give us a sine

curve equal to the first harmonic of the nonlinear oscillations

a) b),c

Fig. 2.5.

y F(x) for x = A sin 2t, leads, according to (2.18), to the

following result:

Y-qx+!px, V=q(A) ,'=q'(A), (2.19)

where

q= P(A sin +j)sin .dl.,
" its~l (2 .2 0)

q'=3 -, ~F(Asin )cos id(,

where, in view of the specific character of the symmetry, the com-

putations may be carried out in this case by the formulas:
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2
xAP( sin +)sin + d+,

2 sin c , (2.21)

while it is now impossible to make use of Formula (2.16).

The linearized function (2.19) does not now reduce, as it did

earlier, to one harmonic gain constant q(A); now it includes an

additional term which is a function of the rate of variation of

the variable x. This is a consequence of the fact that the loop-type

nonlinearity F(x) (Fig. 2.5) is strictly speaking, itself dependent

upon the rate px, or more exactly, upon the sign of the rate, since

for a rate px > 0 the process passes along the curve F l , while for

px < 0 it passes along the curve F2 (Fig. 2.5).

Let us note that in Fig. 2.5a and b (as in Fig. 1.2a) we have

depicted hysteresis-type loops (nonlinear lag), while in Fig. 2.5c

we have depicted a forcing-type loop (nonlinear lead). On harmonic

linearization in the former case we accordingly obtain q' < 0,

while in the second case we obtain q' > 0, i.e., the nonlinear lag

or lead is transformed into a linear lag or lead consisting in the

introduction of a negative or positive derivative (see (2.19)).

The linearized expression (2.19) indicates that in the case

in question, the first harmonic of the complex nonlinear oscilla-

tion y = F(x) for x = A sin at will be

y=CiAsin(t+D,) (2.22)

where the amplitude gain CI and the phase shift DI are

C= 1 + Daarctgf (2.23)

here the phase shift DI has the same sign as q' (the phase lag or

phase lead of the first oscillation harmonic in the presence of a

hysteresis loop or forcing loop respectively).

In complex notation, with the harmonic oscillations represented
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by uniformly rotating vectors (Fig. 2.6a)

x=-AeJgt y = C1 AeI(9i+DO,

we have:

y,-Wx, where W.=q(A)+Jq'(A). (2.24)

Here Wn is the gain-phase characteristic of the nonlinearity in

question for the first oscillation harmonic (see Fig. 2.6b, where

two curves are shown: one for a forcing loop of the type in Fig.

2.5c, the other for the hysteresis loop of Fig. 2.5b).

For the general case of an arbitrary nonlinear function

y=F(x, P4 (2.25)

which may be expanded in Fourier series for x = A sin it, the

first harmonic will also have the form (2.18). As a result of

harmonic linearization we obtain (in the absence of a constant

component):

y = x + PX.(2.26)

In this general case, the constants q and q' will be functions

not only of the amplitude, as before, but also of the frequency 41:

q=q(A, Q)1 q'=q(A. 2

since the formulas for calculating them (which correspond to the

coefficients ofthe Fourier series) assume the form

q J.~F(A sin +i, A2 cot +?)sin f d+.
(2.27)

.Afi j'F(A hin+.A2 co+) cosfdJ

For the first oscillation harmonic, the gain-phase characteristic

of the nonlinearity in question will be

W,=q(A, 2)+Jq¢(A, 9) (2.28)

with the preceding expressions (2.23) for the amplitude gain and

the phase shift.
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_j I 0m4~ 2

T2 h)

Fig. 2.6. 1) W 2) for forcing loop; 3) for
hysteresis loo;I) 4for different A = const.

It is evident that Formulas (2.25)-(2.28) are general ones

from which the earlier formulas (2.16)-(2.19), (2.21) and (2.24)

follow as particular cases. Therefore these general formulas will

be used henceforth, since the results obtained may always be ap-

plied to the simpler preceding cases.

Let us note that for a nonlinearity of the form (2.25),

ordinary linearization of the type (2.1) gives the linear expres-

sion

Y -k1X +kipx

with constant coefficients (Taylor-series coefficients), that are

independent of the shape of the time variation of x:

where the superscript zero denotes the substitution x = 0, px = 0.

In contrast to (2.28), the gain-phase characteristic for such
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a linear link has the simpler form:

W =0k, +JkQ,

which is independent of the oscillation amplitude of the input

variable x. For nonlinearities of the type of Fig. 2.5, on the

V other hand, as we showed in Eqs. (2.24) and in Fig. 2.6b, the

amplitude-phase characteristic for the first harmonic on harmonic

linearization is a function of the amplitude A of the oscillations

of the input quantity x and is not a function of the frequency &I.

In the general case of harmonic linearization of nonlinearities,

the gain-phase characteristic (2.28) for the first harmonic is a

function of both quantities A and Q. It may be represented on the

complex plane (q, jq') in the form of a family of curves with a

variable parameter A for different constant values of il (Fig. 2.6c)

or, conversely, in the form of a family of curves with a variable

parameter 0 for differcnt constant values of A (Fig. 2.6f). From

the gain-phase characteristic of the nonlinearity, we may construct

curves of the gain characteristic C1 and the phase characteristic

D1 individually, as is shown in Fig. 2.6d and e (first method)

and in Fig. 2.6g and h (second method). These characteristics cor-

respond to the effect of' a nonlinear lag (negative phase DI of the

first harmonic). Characteristics with nonlinear lead are similarly

represented.

It is useful to keep the following in mind. If the nonlinearity

takes the form of a sum (or difference) in a nonlinear system of

the first class (see § 1.2), for example:

Y FS (x)+ F (x) + (Px) + , (X, px (2.29)

then we may linearize each individual term harmonically and add

the results, since the integral (2.27) of the sum of the functions

is equal to the sum of the integrals of each of the functions added,
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which fact has already been made use of in (2.12). However, from

the point of view of multiplication and other operations, for

example:

y=AWPi(X) r Yor [r

individual harmonic linearization is, of course, impossible, and we

must apply Formulas (2.27) to the nonlinear function as a whole,

using any general rules of integration.

In the presence of nonlinearities in not only the variable

x itself and its rate of change px, but also in the acceleration
2

p x, for example

Y - F, (X) +(A~ PA

for x = A sin 91t we must make the substitution

p'x - - AS sin Ot.

Then as a result of harmonic linearization we obtain

where q and q' are as before (2.27) and

for the single-valued oddly symmetrical function Fl(p2x).

Let us now turn to harmonic linearization of a nonlinearity

which is expressed in the form of a variation of the structure of

differential equations or transfer functions (see, for example,

Eqs. (1.25) and Fig. 1.7).

Let us assume that the periodic solution for the variable x

(Fig. 1.7) is close to the sine curve x = A sin i2t. Let us con-

struct the solution for the variable x,, finding all segments 1

(Fig. 2.7) from the first equation of (1.25) and all segments 2

from the second equation. Then the curve x1 will have the exact

shape of the output of the nonlinear link being considered (Fig. 1.7)

- 115 -



for x = A sin S t. Hence we determine the coefficients of harmonic

linearization q and q' by expanding this curve in Fourier series,

4 2 , i .e .,

q=.- h Xj+ind+ '

xA x (+)cos d+.(2.30)

In particular, in view of the half-period symmetry we obtain

for Eqs. (1.25):

-- ' ) (2.31)

where, according to Fig. 2.7,

A similar formula may also be written for q'.

For all the segments 1 (Fig. 2.7) we have

x')--)- U(2)Asin + V, ()Acos 2-+x(), --t, (2.32)

while for all segments 2
x1,21( = .U ()Asin + V() Acs + x.( (2.33)

where UI(a) and Vl (il) are the real

and imaginary parts of the gain-

2_ phase characteristic of the first

I feedback loop with the transfer

6P function Wl (ji), while U2 (il) and

V2( ) are the similar components

Fig. 2.7. for the second feedback loop with

the transfer function W2 (J"). In addition, if we have in the de-

nominators of the transfer functions Wl(p) and W2 (p) time constants.

which smooth the stepwise transition from one interval to the other,

we add the transitional components x(1) and x2). Otherwise there

are no transitional components x1) and x
( 2 )

nn'

If it is difficult to evaluate the integrals (2.30), then

we must turn to the graphical method presented in Chapter III. It

- 116 -



is also used for graphical assignment of nonlinearities.

We must keep the following practical recommendation in mind.

Before starting to carry out the harmonic linearization of a non-

linearity of the type of Fig. 1.7 according to Formulas (2.30),

it is always necessary to consider the possibility of reducing it

to a simpler form and choosing the method of calculation which is

optimal from the point of view of simplicity.

Indeed, in many particular cases of the expressions Wl (p) and

W2(P) , harmonic linearization of this type of nonlinearity is

significantly simplified. For example, if we are concerned with

"rigid" [proportional] feedback with various constants, then Wl(p) -

= k1, W2 (p) = k2 , and the nonlinearity in question reduces to a

simple nonlinear characteristic of the form of Fig. 1.10a or b.

For continuous variation of ko. s we obtain a nonlinear characteris-

tic of the form Fig. 1.8b. The same considerations also apply to

simple "flexible" [proportional-plus-derivative] feedback, when

Wl(p) = k1p, W2 (P) k2P. In this case for continuous variation of

k o.s we will have x = ko.s(x)px, where ko.s (x) is an odd function*,

for example of the form of Fig. 1.8c or d. In all these cases,

harmonic linearization of the nonlinearity is carried out more

simply and Formula (2.15) may be used.

In exactly the same way, harmonic linearization becomes simple

if we change any one term in a transfer function having a more com-

plex form. For example, if

then this is equivalent to a nonlinearity of the type (1.14) or

(1.15). If the quantity k is also changed, then the feedback equa-

tion for the scheme of Fig. 1.7 assumes the form

T(X) PX1 + x, -( .
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Here we are obliged to deal with a nonlinear system of the second

class, for which a method of harmonic linearization is given below

[471.

In nonlinear systems of the second and third classes (see

§ 1.2) we encounter either separate nonlinearities with respect

to different variables (see, for example, Fig. 1.13):

Y=P(x P4), y,P,(x, px) (2.34)

or a mixed nonlinearity including both variables, as for example

(1.32) or in more general form

y=P(x, px x,), (2.35)

if it does not break down into a sum of nonlinearities of the type

(2.34)

In the case of separate nonlinearities (2.34), performing

harmonic linearization separately on each nonlinearity for x

- A sin S2t and x2 = A2 sin ( 2t + cp), we obtain

y=qx+1px, y,=qx,+ #px, (2.36)

where q and q' and q2 and q are calculated from Formulas (2.27),

with * = 2tin the first case and il = t + q in the second case,

which is not indicated in the results. It is evident that in the

general case

q=q(A. 2). q - (AA. , q 9q,(As 2) q' ,(A* O (2.37)

while in the most frequently encountered cases

q-q(A), qt=q,(A. (2.38)

Here, in systems of the second class, we determine the rela-

tionship between the amplitudes A and A2 by means of linear dif-

ferential equations or by means of the transfer function defining

the relationship between the variables x and x2 in the automatic

system being investigated, i.e., if

X2 W,(P) x, (2.39)
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then for x = A sin at and x2 = A2 sin (2t + 9) we have

A, -I( jV)v (2.40)

A system of the third class differs from one of the second in

that the variables x and x2 are related to each other by nonlinear

differential equations. Therefore a relationship of the type (2.40)

may be obtained for them only when it is possible to linearize

harmonically the nonlinearity connecting x1 and x2 and to include

the gain-phase characteristic of this nonlinearity for the first

harmonic in W 2 (J ). The existence condition for such a possibility

will be ascertained below in § 2.2.

But in the case of the mixed nonlinearity (2.35), which does

not break down into a sum of nonlinearities (2.34), it is neces-

sary before performing harmonic linearization, setting x = A sin Zlt

and x2 = A2 sin (Qt + 9), first to reduce the whole expression

(2.35) to the form (2.25) by means of Formulas (2.40). For this

the variable x2 is expressed in terms of x:

xtAcossin2t+~sncosg A, A doJ

or, taking Expressions (2.40) into account:

XtU()+a'MPP(2.41)

where U 2 (Q) and V 2 (2) are the real and imaginary parts of the

gain-phase characteristic W2 (Sl) connecting the variables x2 and

x in the automatic system in question. In Formula (2.41) the quan-

tities U2(f() and U2 ( 2) and V2 (Q)/Q play the role of constant coefficients

whose values are functions of the frequency of the oscillations

being investigated. The substitution (2.41) permits us to reduce

the mixed nonlinearity (2.35) to the form y = F(x, px) and to per-

form harmonic linearization on it according to the general formulas

(2.26) and (2.27), as in a system of the first class.

The formulas obtained in this section for harmonic lineariza-

- 119 -



tion of nonlinearities will be used subsequently in their present

form, and will also be modified in subsequent chapters for non-

t... symmetrical oscillations, for damped oscillations, in allowance

for higher harmonics, and also for random processes.

2.2. THE FOUNDATIONS OF THE METHOD OF HARMONIC LINEARIZATION

Those methods of solution of nonlinear problems in the design

of various automatic systems that are based on harmonic lineariza-

tion will be justified in the present chapter, as may be seen from

§ 2.1, on the proposition that the variable x appearing in the non-

linear function varies sinusoidally: x = A sin fit. If this condi-

tion is fulfilled, the form of the variation of the remaining

variables will not play any role. This last remark has very im-

portant practical significance for the following reason.

Automatic systems are, as a rule, systems with many degrees

of freedom, consisting of several links that are interconnected in

different ways. Therefore we are always obliged to deal with several

variable physical quantities characterizing the disturbances im-

posed by the links upon each other (see Chapter I).

In a dynamic control process or following process, etc., the

variation of different variables in one and the same system will,

generally speaking, be represented by several time curves that dif-

fer from each other. This is the case to an even greater degree in

nonlinear systems (see, for example, Fig. 1.16). This is a well-

known fact from linear theory.

From the very beginning, therefore, we must direct our atten-

tion to the fact that for the use of approximate methods of analysis

which are based upon definite assumptions concerning the form of

the solution (the method of harmonic linearization also belongs to

this class of melhods), we must, firstly, be certain that the be-
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havior of the respective variable in the system will be close to

the form of the solution which has been assumed in the method under

consideration, and secondly, we must apply the solution obtained

to analysis of the behavior of this same variable, without extend-

ing it (without additional operations) to other variables; this

rule will be observed in what follows.

Thus, as we have already said, we assume in the method of

harmonic linearization developed in the present chapter that for

variables in the nonlinear function, the periodic solution is suf-

ficiently close to the sinusoidal (x = A sin Qt). For other vari-

ables in the same system, however, no limitations are imposed upon

the form of the solution. It may differ from the sine curve as

greatly as we please (as, for example, in Fig. 1.16). Here it is

only assumed that the fundamental oscillation frequency is retained

for all the variables.

Let us show in general form which properties of the nonlinear

system may be used to justify the use of the method of harmonic

linearization for finding a periodic solution (self-oscillations)

in the presence of a strongly expressed nonlinearity and the con-

sequent possibility that the form of the solution will be markedly

different from the sinusoidal form for a number of variables in

the system other than the one in the nonlinearity.

We may describe free motion (transient processes and self-

oscillations) for an extremely broad range of nonlinear automatic

systems of the first class (see § 1.2) by means of a homogeneous

differential equation in the form

Q(P)x+R(P)F(Xpx)=O (2.42)

where Q(p) and R(p) are polynomials of arbitrary degree with real
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constant coefficients, with the degree of R(p) lower than the de-

gree of Q(p). Let us denote the given nonlinear function, which

tdiffers essentially from the linear, by F(x, px). As a rule, it

is precisely in this case that there is practical meaning in taking

account of a nonlinearity in an approximate calculation for the

system. As a rule, the generation of self-oscillations in real auto-

matic systems is itself also connected with the presence of some

essential nonlinearity in the system.

However, the purpose of the method of harmonic linearlization

is to use linear methods for extensive investigation of such a

system with an essential nonlinearity.

Thus, for the determination of self-oscillations (for specific

methods of solution of the problem, see below in § 2.3), we assume

that the solution x(t) of the nonlinear differential equation

(2.42) is sufficiently close to the solution x = A sin Rt of some

linear differential equation obtained according to (2.26) through

replacement of the given nonlinear function F(x, px) by the ex-

pression

F(xpx) =qx + px, (2.43)

where q and q' are determined by Formulas (2.27). On this substitu-

tion, the differential equation of the system (2.42) assumes the

form

[Qp+ R(p (q +~p)] x . (2.144)

This equation is a linear differential equation with constant coef-

ficients, since although according to (2.27) the coefficients q

and q' are also functions of the unknown amplitude A and frequency

a of the solution which is being sought, these quantities A and R
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are nevertheless constant insofar as a periodic solution is being

sought.

Thus we require that the periodic solution x = A sin at of

the artificially introduced linear equation (2.44) be adequately

close to the solution of the given nonlinear equation (2.42). This

is the case if the linear differential equation (2.44) differs from

the given differential equation (2.42) to a sufficiently small de-

gree. It is evident that we may expect this in far from all cases.

Certain conditions restrictingthe class of equations of the type

(2.42), which satisfies this requirement, must exist.

Let us set ourselves the objective of finding the conditions

which the expressions Q(p), R(p), and F(x, px) appearing in the

given nonlinear equation (2.42) must satisfy in order that it will

differ from the linear equation (2.44) to a sufficiently small

degree, notwithstanding the presence of the strong nonlinearity

F(x, px), when we seek a periodic solution x(t) close to the sinu-

soidal [77].

To start the analysis of this problem, let us write the solu-

tion of the given nonlinear differential equation (2.42) in the

form
xx,+ t(2.45)

where

x1 -As do 01t, (2.46)

Xv(t) is an arbitrary bounded time function, while e is a small

parameter.

Let us note that for the present, the solution (2.45) is not

compared to the solution x = A sin at of the linear equation (2.44).

This will be done below. In contrast to the latter, therefore, the

true first harmonic of the periodic solution of the nonlinear equa-
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I
tion (2.42) is denoted otherwise here - namely, by xI  A1 sin 9l

t .

In the case of the presence of the periodic solution (2.45)

of Eq. (2.42) we may write on the assumption that x1 is an exact

expression of its first harmonic

Y (2.47)

Let us represent the given nonlinear function F(x, px) in the form

F (x,px) = P(x1, px,) + IF(x, + ex., px, + gpx.) - F(x,, pX,)], (2.48)

where, using a Taylor series, we may represent the expression in

the square brackets in the form

IF(x + ex., PX, + £PX.) - F (xPI = COJ )] F (x, px,) x. +
+dF (xipx,)PX.] + a 2.. .1+ gt...1+... (2.49)

Hence the second term in Formula (2.48), which is given there

in square brackets, will be small if the partial derivatives of

F with respect to x and with respect to px are finite. We may count

on their being small even for the discontinuous nonlinear func-

tions encountered in practice (for example, relay-type functions),

where the indicated derivatives will be delta-functions.

Expanding each of the two terms in Formula (2.48) individually

in Fourier series, we obtain for the first one (allowing for the

relationship p sin Qlt = Ql cos Q1t

F(a.xu0,e+C ~)Sf 1- (.50)

where, according to the formulas for the Fourier-series coeffi-

cients, we have

4= P(A sin -A11 cos d+,

C= - P(A, sin Ii, A,Q2 coo ji sin 4.di, (2.51)

B= F(,.sin f1, A191 coo t1) coo i41

- 124 -



Fk are higher harmonics, which we write in the form

Pi=M sin t+h) 0=8, + 2... (2.52)

Their amplitudes Nk may not be considered small in comparison
with the amplitude of the first harmonicN/WC2  B2 , since the

given nonlinear function F(x, px) is strongly nonlinear. These

amplitudes will not be small for at least one or several lower

values of k (possibly only for odd values) but for k -+ co we must

have Nk -+O.

For the second term of (2.48), which is small, we write the

expansion in Fourier series in the form

LF(x, + su, px, + Spx.)- F(x,, pxl,)= (2.53)

where

0,=--Oh sin (kjt+O) (k-0, 1, 2,.. (2.54)

Substituting Expressions (2.45), (2.50), and (2.53) in the given

nonlinear equation (2.42), we obtain

QLO) X, + Q () 4X. + (P) (C + fP) sin Q,i*+
Go + F (2.55)

+,RU') VFh±R~ps Y P'R()OO

In order to obtain identical equality to zero for the expres-

sion in question, we must set all harmonics equal to zero individually.

For the zero harmonics we obtain

As--go&

or taking (2.51) into account, with a degree of accuracy to within a

F (AssIn , A,9 cos t) d-. (2.56)

This is the first requirement imposed upon the given nonlinear func-

tion F(x, px) - the absence of a constant component*.

For the first harmonics of Eq. (2.55), we obtain the expres-

sion Q(P)xu+R(P(C+ I p) sin ut , R ( ), 0. (2.57)
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Taking (2.46) and (2.54) into account and applying the complex

method for determining the amplitudes and phases of the sinusoidal

oscillations, we obtain

A, sin 2-f- (Jul) sin (Qt + +

- I &Ay) JI sin (go + 01 +

if Q(p) does not have purely imaginary roots; here,

B IR&5)I=,arctg.C, P arg (2.58)

Upon the basis of this we may write with an accuracy to within e:

A= I IjVf TA' (2.59)

By means of these relationships we determine the first approximation

of A and 41 for the amplitude A1 and the frequency 21 of the first

harmonic of the periodic solution. It may be verified easily that

the first approximation (2.59) is a solution of the approximate

linear equation (2.44) for purely imaginary roots, if we take into

account that according to (2.27) and (2.51) we have C = Aq, B

- Aq' on the substitution A = A1 and 1 = Q

It is evident from this that for the above condition of small

order of magnitude for the terms in square brackets in Expression

(2.48) (at least small order of magnitude of the first harmonic

of the Fourier-series expansion of the expression in these brackets),

the linear equation (2.44) actually determines to an order of ac-

curacy within e the first harmonic of a periodic solution of the

nonlinear equation (2.42) which is close to the sinusoidal solution

(if this periodic solution exists).

Let us now turn to the terms of Eq. (2.55) which contain higher

harmonics. For each of them, taking (2.47) into account, we have

the equation
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Q (p) cA, sin (kQt + Tb) + R (P) Ph + R (p) gjh == 0

(k=2, 3,...) (2.60)

from which, according to (2.52) and (2.54), we obtain:

&AA, si(k 1t + %)=- 5)IN. sin (kR, + + &, (26

U-07)A1 &0, sin ------ + +" P -(k=, 2 3, *.)-

where we define

arg-Q 0re .

In order that Equality (2.61) may be observed, i.e., in order

that all the left members [eAk sin (kQ it + T)] or, what is the

same thing, the quantity exv(t) in the sought solution (2.45) may

be small in reality, we must require small order of magnitude for

all the quantities

I ) I (k=2, 3, ...).(2.62)

Each of them must be a small quantity, at least of order a, i.e.,

in comparison with A1 , the quantities (2.62) must be at least of

the same small order of magnitude as the quantity ax vt) in com-

parison with x1.

Taking (2.59) into account, this results in an important

requirement being imposed upon the expressions Q(p) and R(p) and

F(x, px), which figure in the given differential equation (2.42),

i.e.,
R )I (J/<) I R U M lV C1+ -B .

a ) 0Q) (2.63)

Inasmuch as we are considering the essential nonlinearity

F(x, px), then as we have already remarked in writing Formulas (2.52),

the quantities Nk may not be considered small in comparison with

(C2 + B2 (at least for lower values of k). Therefore we must re-

quire that
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< -k = 2, .. (2.64)

In addition, requiring that the degree of the polynomial R(p) be

lower than the degree of the polynomial Q(p), we obtain

R(JkQ)(2.65)

Let us note that Conditions (2.63) and (2.64) are written here

for each higher harmonic separately, while exv(t) are written here

for all the higher hariomics. However, fulfillment of Conditions

(2.64) individually (without addition) will be sufficient in real

problems for attaining small order of magnitude for exv(t), since

for the quantity Imu(/o) b which, according to (2.61), enters

into Expression (2.47) for exv , only some (a small number) of the

quantities Nk may have essential significance. Here small order

of magnitude of magnitude of the entire sum of higher harmonics

4Xv(t) is ensured by the rapid approach to zero of the practically

occurring quantities Nk and Expression (2.65) as k-c.

As we see from § 1.2, the expression

is the transfer function of the reduced linear part of the system

(Fig. 1.12b). Let us construct the gain-frequency characteristic

of the reduced linear part

tW(I)I - M I . (2.66)

as shown, for example, in Fig. 2.8. Then Conditions (2.64) and (2.65)

obtain a graphical interpretation. In the simplest systems, where

the reduced linear part corresponds to the real linear part of the

system (as was the case in the example of a relay type system in

§ 1.3), this graphical interpretation of Conditions (2.64) and

(2.65) acquires a physical meaning - nonpassage of the higher har-
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monics through the linear part of the system. This last property is

known as the filter property.

..c Hence the mathematical con-1) WWIl .
ditions (2.64) and (2.65) derived

here, whose fulfillment is neces-

sary for application of the harmonic

linearization method to systems

o. Z £9 with strongly expressed nonlineari-

Fig. 2.8. l)1wl(JW)I, ties, are a generalization of the

real filter property for all systems whose equations may be reduced

to the form (2.42).

Let us therefore call Conditions (2.64) and (2.65) the gen-

eralized filter property. The generalization consists in the fact

that in the general case, this property is required not of the

actual part of the system, but of the reduced linear part (see

§ 1.2). This generalization is extremely important for all nonlinear

automatic systems that do not have a clearly expressed structural

layout of the form of Fig. 1.12b, when the nonlinearity enters in

arbitrary fashion into the equation of any link of the system; here

the variable x in the nonlinear function may be not an input vari-

able, but rather an output variable or even some intermediate vari-

able, which is introduced artificially in writing the equations

of the complex nonlinear link.

In order to strengthen the requirement of the generalized

filter property, let us add to the rule stipulated above [absence

of the purely imaginary roots of the polynomial Q(p)] still another

auxiliary condition for the absence of roots with a positive real

part. This guarantees stable passage of the oscillations through

the reduced linear part. However, we allow the presence of zero roots
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in the polynomial Q(p); they only ameliorate nonpassage of the

higher harmonics of the reduced linear part, since they change the

curve of Iwl(jwI as indicated by the broken line in Fig. 2.8. Hence

the generalized filter property is reinforced by the requirement

that the reduced linear part of the system be stable or neutral.

Thus we lay the foundation for the application of the method

of harmonic linearization to nonlinear automatic systems of' the

first class, whose dynamics are described by a differential equation

of the type (2.42), and derive conditions which the expressions for

Q(p), R(p), and F(x, px) must satisfy in order that the automatic

system being considered may be investigated by the method indicated,

i.e., that it may have a solution for the variable x which is close

to a sinusoidal solution. Consideration of the most diverse speci-

fic forms of automatic systems shows subsequently that these con-

ditions are ordinarily well satisfied in practice. Thus, in the

example of a relay-type system in § 1.3, the filter property (2.64)

leads to Expression (1.88), which is satisfied for any relation-

ship of the positive system parameters when a periodic solution

(self-oscillations) is possible in the system.

The condition of small order of magnitude of Expression (2.49),

which lies at the basis of the derivation, is always fulfilled in

practice no matter how strong the nonlinearity F(x, px). From a

theoretical point of view, however, what is important is that the

mathematical basis for the requirement of the generalized filter

property (2.64) in order to obtain the near-sinusoidal solution

(2.45) no matter how strong the nonlinearity F(x, px), must also be

based upon a definite requirement imposed upon the nonlinearity

itself by ensuring small order of magnitude of Expression (2.49).

This latter requirement may, in turn, be transformed into a require-
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ment of finite derivatives dq/dA and dql/dA, i.e., a requirement

of adequate smoothness of variation of the harmonic-linearization

- coefficients q and q' (2.27) on variation of the oscillation ampli-

tude close to the value A for the periodic solution sought.

According to (1.57) and (1.56) the free-oscillation equation

will be as follows for another type of system of the first class:

Q(p)x+R,(p) F(x px)+R(p)P(x, px)= , (2.67)

where the degree of the polynomials Rl(p) and R2 (P) is lower than

the degree of the polynomial Q(p).

By analogy with the preceding calculations, we arrive at the

conclusion that to obtain a solution x(t) which is close to the

sinusoidal solution, we must require fulfillment of two condi-

tions of the generalized filter property:

where

and (JQ) (2.69)

the latter condition is ensured by the fact that the degrees of

RI(P ) and R2 (p) are lower than the degree of Q(p). Here the non-

linearities Fl(x, px) and F2 (x, px) may be as strong as we please,

but we postulate for them small order of magnitude of the expres-

sion of type (2.49). This holds true for the nonlinearities en-

countered in practice. As before, Condition (2.68) is supplemented

by requiring the absence of purely imaginary roots and roots with

a positive real part in the polynomial Q(p).

Similar considerations are also easily extended to systems of

the second and third classes. In them we must satisfy the generalized

filter property (2.64) for the reduced linear parts connecting

each of the variables in the nonlinear function, for example x and
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x 2 in Expressions (2.34) and (2.35) with the variable y (or with

the variables yl and y2 ), which introduces a nonlinearity into the

given system. For example, if for a nonlinear system including two

nonlinearities (2.34) with respect to different variables we are

given the equations

Q,(P)x X R,(p)y2 (2.70)

which corresponds to the scheme of Fig. 2.9, then we are required

to observe conditions of the same form as (2.68) and (2.69), with

replacement of the Q(p) by Ql(p) and Q2 (p), respectively. The situa-

tion is also similar for other types of schemes (Fig. 1.13 and

others).

Let us remark that the ful-

401 fillment of all of these filter con-

ditions for reduced linear parts is

necessary only in the case where

Fig. 2.9. all the nonlinearities may be made

as strong as we wish. If, however,

one of the nonlinearities does not cause the appearance of strong

higher harmonics, then we must apply Condition (2.63) to the appro-

priate part of the system, this imposes significantly fewer require-

ments upon the linear part (due to the small order of magnitude of

the actual higher-harmonic amplitudes Nk produced by the nonlinearity

in comparison with the amplitude of the first harmonic -C2 + B2).

If, however, for some segment of the system (for example, the

segment ylx 2y2 in Fig. 2.9) the indicated conditions are not satis-

fied, then we must consider this entire segment as one nonlinear

link and make use of Formula (2.30), replacing xl(*) by y2 (*) in

it and regarding only the variable x as sinusoidal. Here the func-

tion y2 (*) is determined as follows. Assigning the form of the solu-
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tion X = A sin *, we find (analytically or graphically), in accord-

ance with the scheme of Fig. 2.9, the exact expression of the func-

tion

Ya M -)Ft (sin AG coo ')

Thereupon by exact solution of the equation Q2 (P)x2 = R2 (P)yl, we

determine x2 (), where * = Ot. This equation is usually easy to

solve, since the nonfulfillment of the filter condition for the

transfer function R2/Q 2 is most often the case when Q2 (p) is of

the first or second degree. Finally, we find the exact expression

Then the scheme of Fig. 2.9 reduces to a scheme with one non-

linearity unifying three links, for which

q 2()sin + d+, Ysfcot.iWi %A, Y,(t cot gdt,

and with one linear part Wl(p) = Rl(p)/Ql(p).

§ 2.3. METHODS OF DETERMINING SYMMETRICAL SELF-OSCILLATIONS

Let us first turn to nonlinear systems of the first class,

whose equations reduce to the form

Q(p)x+R(p)F(x, px)=O (2.71)

where Q(p) and R(p) are polynomials with constant coefficients;

here the degree of R(p) is lower than the degree of Q(p) and the

polynomial Q(p) has no purely imaginary roots or roots with posi-

tive real parts (we allow the presence of zero roots). For such

systems with an essential nonlinearity F(x, px), we require ful-

fillment of the generalized filter property

R (JA)<IIR Ut) (k 2,3,.. (2.72)

for application of the method of harmonic linearization (Fig. 2.8);

this guarantees that the periodic solution for the variable x

will be close to the sinusoidal form (2.45) for an arbitrarily
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strong nonlinearity. Let us recall only that the derivation of

of this property is based upon small order of magnitude of Expres-

sion (2.49); this requires adequate smoothness of variation of the

harmonic-linearization coefficients q(A) and q'(A) close to the

periodic solution sought. We may rely on this fully for all possi-

ble nonlinearities which are actually encountered in automatic

systems.

Here we seek a periodic solution which will have the approxi-

mate form

x= A sin Ot (2.73)

under the assumption that the-given nonlinearity F(x, px) does not

give a constant component, i.e.,

hF(stntAUcostldt__O, t-2-. (2.74)

In order to find the amplitude A and the frequency R of the

periodic solution (2.73), we first perform harmonin linearization

of the nonlinearity according to (2.26) and (2.27), i.e., the sub-

stitution

F(x, pX) = qx+ tpx, (2.75)

where

q1-3 F(Aslne, AQcos t)sintd,.I

0 (2.76)
-- _L P(A sin t, AQ cos )cottd .

(2J

Computation according to these formulas gives us the expres-

sion for the harmonic gain constants as functions of the ampli-

tude and frequency of the periodic solution sought, i.e.,

q(A, Q). and q(A, 4 (2.77)

In many particular cases, as in the examples of Chapter 1, q and

q' may be functions only of the amplitude A and not functions of

the frequency 62.
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Making the substitution (2.75) in Eq. (2.71), we obtain a

linear differential equation with constant coefficients:

[Q(P)+p)(q+" P)]x-. (2.78)

where the coefficients q and q' are, according to (2.77), functions

of the sought quantities A and il (or only of A), while we seek

the solution of the equation in the form (2.73). The latter is

possible only in cases where the characteristic equation of the

closed system

Q @)--Rp)( -- _' p)= (2.79)

has the pair of purely imaginary roots p = + JO. This is also a

point of departure for finding the amplitude A and frequency 0

of the periodic solution.* At the same time, as we have already

mentioned, the characteristic equation of the open linear part (re-

duced)
Q(P)=O (2.80)

should have no purely imaginary roots or roots with positive real

parts. We may have zero roots in Eq. (2.80), but in the equation

of the closed system (2.79) we should not have them (the same also

applies for roots with positive real parts).

We must keep in mind that the substitution (2.75) approximately

reflects only the first harmonic of the function F(x, px), since

in the right member of (2.75) we set x = A sin it, px = Ail cos t.

This is also the harmonic-linearization condition adopted in § 2.1.

The higher harmonics in Expression (2.75) are discarded even though

they are not small (strong linearity), only because the Justifica-

tion for disregarding them in the solution is guaranteed by the

fulfillment of the property (2.72), as was shown in § 2.2.

Thus, the equality (2.75) taken alone is in itself not even
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approximately valid for strong nonlinearities, inasmuch as the

right-hand side is an approximate expression only of the first

harmonic of the left-hand side. But in spite of this, Eq. (2.78),

which is obtained by using it, differs little from the initial non-

linear equation (2.71), and both of these equations have periodic

solutions which are close to each other.

The solution may be expressed briefly as follows: notwith-

standing the absence of a small parameter in the substitution (2.75),

there is, in contrast, a small parameter both for Eqs. (2.71) and

(2.78) themselves and for their solutions; as follows from § 2.2.

Thus, we must keep in mind the conditional nature of the equality

sign in Expression (2.75), and not impart to it any other sense

than that indicated above.

There are six possible methods for determining the amplitude

A and frequency 1 of the periodic solution (in application to the

different specific problems, however, there may be a even greater

detail diversity of computational methods). In synthesis problems

for nonlinear automatic systems, we focus our principal attention

here on the determination of A and 92 as functions of the system param-

eters with the object of choosing the latter.

The first method [471. This method is most suitable for general

investigations in the majority of problems. Let us substitute the

purely imaginary value p = ji into the characteristic equation

(2.79) and, in the resulting complex expression

Q U2) + R (/2) (q +JqJ - o (2.81)

let us separate the real and imaginary parts in the form

X(Q)+jY(Q)= O (2.82)

4where X and Y are polynomials in powers of Q; here, according to

(2.77), the amplitude A which is being sought will enter into their
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coefficients in addition to other quantities. Thus we obtain from

(2.82) two algebraic (possibly transcendental) equations:

ID, X(A, Q)=0, } (2.83)
Y (A. 2)==0 )

with two unknowns A and n. Inasmuch as the amplitude A does not

enter directly into Expressicn (2.82), but only in the form of the

coefficients q and q', which are functions of A, then a more suit-

able notation for Eqs. (2.83) will be

X(q, q, Q)=O, (8
Y(q, q', 2) 0, (2.84)

where in the general case
q=q(A, ), qJ=q'(A, Q (2.85)

and in many particular problems

q=q(A), q'--q'(A)" (2.86)

For simple expressions for q and q' (as, let us say, in the

example of § 1.3), we may pass directly to Eqs. (2.83) and find the

formulas for A and 9 in explicit form. In more complex cases it is

expedient to use graphs of the functions (2.85) or (2.86) that have

been constructea beforehand for different types of nonlinearities

(see Chapter IV), for the solution of Eqp. (2.84).

By their physical meaning, the amplitude A and frequency 0

of the periodic solution are real positive numbers. Therefore, if

as a result of the solution of the pair of equations (2.83) or

(2.84), only one of the two unknowns A and Q is negative (real)

or, on the other hand, imaginary or complex, then we will assume

that the periodic solution (2.73) is lacking and hence, self-os-

cillations close to the form (2.73) do not exist in the system in

question.

If, however, the solution of the pair of equations (2.83) or

(2.84) provides real positive values for the unknowns A and i, then
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we will assume that a periodic solution close to (2.73) exists,*

although this assumption apparently also still requires additional

I rigorous mathematical proof.* However, the existence of a periodic

solution still does not indicate the presence of self-oscillations

in the system in question, since only the stable periodic solu-

tion of Eq. (2.71) corresponds to self-oscillations. However, the

unstable periodic solution has another physical meaning, as will

be seen from what follows. Therefore, in order to determine self-

oscillations, we must still investigate the stability of the periodic

solution which has been found; this will be discussed below in

§ 2.4.

The second method of determining A and £I is based upon the

fact that the condition for the presence of a pair of purely imagin-

ary roots in the characteristic equation (2.79) is equality to

zero of the next-to-last Hurwitz determinant

H.,= Q. (2.87)

According to the footnote to Formula (2.79), all the remaining

Hurwitz determinants are positive. Further, we must use one of

the equations (2.83) as the second equation that must be addition-

ally introduced in order to find the two unknowns (A and a).

For example, if we write the characteristic equation (2.79)

in the form

6%e" + bo'-, +...l b. == 0

where the coefficients b., ..., bn may be functions of the unknowns

A and 9 (or only of A), then for a fourth-order system (n = 4)

Eq. (2.87) has the form

,(bjb- bobs)- ,b' o. (2.88)

while the second of Eqs. (2.83) gives

b12'b 
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For the system of the third order the two similar equations

have the form

bb,- bob = , 4 =aQ' b,. (2.89)

All the general comments which were indicated under the first

method also hold true here.

Let us note that in the first method considered above, we used

the first of Eqs. (2.83) in place of (2.87). In particular, we used

in place of (2.88)

bog' - bQ1+ b, = 0, (2.90)

while in place of the first of Eqs. (2.89) we had

bs- b,21 - 0.

It is evident that the second method being considered here

may have practical significance only if the coefficients b0 , ... ,

bn are not functions of El, i.e., only for the case of a single-

valued nonlinearity F(x). Then Eq. (2.87) contains the one unknown

A, which is also determined from this same equation independently

of the frequency Q, The latter is thereupon determined separately

from the second equation of (2.83). Generally speaking, however,

the first method of solution of the problem is more suitable in

the majority of cases. An important development of the method of

using the next-to-last Hurwitz determinant (2.87) in the problem

being considered has been given by K. Magnus [1481, [153].

The third method. Like the first method, this method of deter-

mining A and Q also starts with substitution of a purely imaginary

value p = JE1 into the characteristic equation (2.79). But the com-

plex expression (2.81) which is thereupon obtained is written,

taking (2.66) and (2.28) into account, in the form [19]

-or W ) (2.91)
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The left-hand side of this equation contains only one of the un-

knowns - the frequency 0. In the general case, the right-hand side

contains both the unknowns A and il, but in many simpler cases it

contains only A.

In the latter case the solution of Eq. (2.91) may be found

graphically, as the intersection of two curves in the complex

plane, one of which, Wl (JO), corresponds to the variation 0 < &I < 00,

while the second, - l/Wn, corresponds to the variation 0 < A < co.

If the curves intersect, we shall assume that a periodic solution

close to (2.73) exists (here we must verify fulfillment of all the

conditions indicated at the beginning of the present section). In

order to determine the self-oscillations we must still analyze the

stability of the periodic solution (see § 2.4). If, however, the

curves indicated do not intersect, then the periodic solution (2.73)

is lacking and there are no self-oscillations close to the sinu-

siodal in the system under consideration.

Iv "I/ In the general case, however,

0 where q and q' are functions of

**7 U A and il, we must construct a series

of curves of - l/Wn corresponding

to the right-hand side of Equality1A1 (2.91) for various values of 0 for

,0 k 0 < A < o (Fig. 2.10). Here we must

Fig. 2.10. 1) -1/Wn for var- find in this series a curve whose

ious £1 = const.
value of 92 will coincide with the

value of 2 on the curve of Wl(ji2) at their point of intersection.*

The fourth method of determining A and fl, which may be used

in particularly complex cases when other methods are found too un-

wieldy, consists in the following [43]. Considering the quantities
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X and Y in Equalities (2.83) as rectangular coordinates, we must

construct curves for a series of specific value of A for 0 < n <

(Fig. 2.11). The curve which passes through the origin and by which

the sought values A and Q are determined satisfies the equalities

(2.83). In practice, therefore, we do not have to construct entire

curves, but only the segments close to the origin. Then we must

analyze the stability of the resulting periodic solution (see § 2.4).

/Yi If there is no value of A

whose curve passes through the origii,

there is no periodic solution close

o X to the form (2.73) (and, consequently,

no self-oscillation).

The fifth method. For the
Fig. 2.11. 1) For various A =
= const. general case of problems in which

each of the harmonic-linearization coefficients q and q' is a com-

plicated function of both unknowns A and 1, i.e.,

q=q(A, 2), q'=q(A, Q0 (2.92)

we may use yet another method of solution, as follows.

Assigning various values of A and Q, let us construct two

series of curves according to Formulas (2.92): q(92) and qt(a) for

various A = const (Fig. 2.12, a and b). Then from Eqs. (2.84) we

express

q=Z,(2), (2 =Z,(2) (2.93)

and plot these two curves on the same graphs. Now it remains to

find points C and B on these two curves such that at these points

the curves Zl (2) and Z2 ( 2) intersect lines with identical values

of A at the same value of i. The resulting values of A and a will

be a solution of the problem, i.e., the amplitude and frequency of

the periodic solution sought.
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In many problems encountered in practice we shall have in

place of (2.92)

q-q(A) H q= (2.94)

Then the curves of q and q' in Fig. 2.12 will have the form of hori-

zontal straight lines for different amplitudes.

In the simplest case, when we have in the system a single-

valued oddly-symmetrical nonlinearity F(x) for which q = q(A)

and q' = 0, we may express from Eqs. (2.84) or even from (2.87)

q (A)= Z (). (2.95)

Then, excluding q(A) from Eqs. (2.84), we find the frequency n as

a function of the system parameters. Next, plotting the curve of

the function q(A) (Fig. 2.12c), we construct on it according to

(2.95) horizontal lines q = Z( 2) for various constant values of S,

i.e., for different relationships of the system parameters. The

intersection points of these straight lines with the curve q(A)

(for example, the points A1 and A2 in Fig. 2.12c) determine the

amplitudes of the periodic solutions in each case. If there are no

intersections, then there will also be no periodic solutions in the

system. In the simplest cases we solve Eq. (2.95) analytically.

The sixth method. The main problem of practical calculations

for specific automatic systems is usually the choice of the system

parameters, starting from desirable values of the amplitude A and

the frequency & of the self-oscillations or from the stability

requirement of a system without self-oscillations. Thus for specific

systems it is important to obtain the quantities A and a as func-

tions of one or several system parameters (for example, as functions

of the gain constant of the linear part k, of the feedback constant

ko.., of some time constant T, etc.). This was illustrated in the

simplest example in § 1.4 (Fig. 1.20).
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It is obvious that any one of

the five methods indicated above

U a) c may also be used for the solutionI4 of this problem if we determine

O
2), the quantities A and 2 by varying

any system parameter. Other methods,

which will be simpler in a number
b)

of cases (47], may also be used

for solution of the problem in ques-

r tion. In fact, if we must find the

functions A(k) and n(k), we may as-

3) -1ikuz
sume that there are not two inde-

.O pendent variables A and 2 in Eqs.

Fig 212 2) q' for various (2.83), but three: A, &I, and k; i.e.,

A = const; 3 lines Z(gl) for they are written in the form
various n = const.

X(A, 9, k)=O, (2.96)
Y(A, Q, k)=O

or rather in the form of (2.84)

X(q, q,,k)=O,
Y(q, q', , k)=O, (2.97)

where q and q' are given functions of A and R or only of A.

Usually the quantity A enters into Eqs. (2.96) or (2.97) in a

complicated manner by way of q and q'. Therefore it is often much

simpler to determine not the quantity A from these equations, but

the quantity k (or another parameter), assigning values to A. In

this we have the essence of the sixth method. This method may have

many variants, depending upon the complexity of Eqs. (2.96) or

(2.97). The following variants may be regarded as quite universal.

1. Let us exclude the parameter k from Eqs. (2.96) or (2.97),
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as a result of which we obtain the equation

9=2 (A) (2.98)

to which we add one of Eqs. (2.96) or (2.97), which is solved in

the form

h=f(A, 2). (2.99)

Further, on the basis of (2.98) and (2.99), we may easily construct

the sought functions A(k) and Q(k).

Fig. I2 II I II II I

li i I IIIll I I

Fig. 2.13. 1) the lines of f2 for various
A = const.

In many practical problems the solution (2.98) is obtained

directly in explicit form. In more complex cases, we obtain, after

exclusion of k from Expressions (2.97) an equation of the form

fA(9) =f(q, q) or 9t(2)'-/(q, t, 2). (2.100)

In this case the problem is solved graphically by plotting the

curve of fl(SI) and a series of curves f2 (I) for different values

A = const; this is represented in Fig. 2.13, where two variants

are shown: 1) f2 is a function of A and 1; 2) f2 is a function only

of A. The coordinates of all points of intersection give the sought

function (2.98), and thereupon the values of k according to Formula

(2.99).

2. If we must choose two system parameters, then we may make

use of the above method individually for each parameter. But we

may also proceed otherwise. Let us call these two parameters k

and T and write (2.96) in the form
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X(A, , k, T)=0, Y(A, 9, k, T) . (2101)

Hence we express

k=/,(A, 2). T=-M(A, 9). (2.102)

From these formulas, assigning different values A = const, we may

construct in the parameter plane (Fig. 2.14) lines T(k) from the

parametric equations k = k(92) and T = T(Q), varying . Thus we

obtain the lines A = const. Next, connecting points on these lines

with the same values of Q, we obtain the lines 0 = const (Fig. 2.14).

The diagram obtained permits us to choose directly the two system

parameters T and k, starting from the desired values of the ampli-

tude A and the frequency 1 of the self-oscillations or, on the

other hand, starting from the requirement that self-oscillations

be absent (the region in Fig. 2.14 which is not filled by curves).

An example of such a diagram was given in Figs. 1.21 and 1.22.

Let us note that all the methods

r -other than the second (p. 138), may

also be applied to systems contain-

ing a pure lag element. Then we

S introducP the multiplier e- p into

%2) the characteristic equation at the
0

Fig. 2.14. 1) Lines = const; appropriate place, for example:

2) lines A = const. Q -',(, + ,)_. (2.103)

here, after the substitution p = JO in the third method, Formula

(2.91) will automatically contain the factor e- J 2, while in the

first, fourth, fifth, and sixth methods we must separate it into

real and imaginary parts in the form

C'112=cOSQ-JsinQ. (2.104)

All the methods described above relate to nonlinear systems

of the first class that satisfy equations of the type (2.71). In
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principle they are all equivalent to each other. The choice of one

of these six methods for the solution of a specific problem is

dictated by computational convenience in each case.

For another type of nonlinear system of the first class which

*is described by an equation of the form (2.67):

Q(P)x+R(P) P(x, px)+R,(P)e(x, px)=0, (2.105)

harmonic linearization leads to the characteristic equation

Q(P)+Rt(P)(qi+ 'P)+R(p)(q +Y~p)=to (2.106)

with the two unknowns A and Q entering into the coefficients ql,

ql, q2, and q , which are calculated from Formulas (2.76). From

comparison of (2.106) with (2.79), it is evident that here the first,

second, fourth, and sixth of the methods of solution of the prob-

lev described above will be valid if we take into account only the

presence not of two, but of four coefficients depending on the un-

known amplitude A (and in the general case also on f2). However, we

are not able to apply the third and fifth methods directly, since

it is impossible in the general case to write expressions of the

type (2.91) and (2.93) for the characteristic equation (2.106).

We may, however, use modifications of these methods. Thus, for

the third method we obtain from (2.106) with p = Jil the equation

R(2.107)

For its graphical solution, we must construct curves corresponding

to the entire right-hand side of Eq. (2.107) in Fig. 2.10 in place

of the curve - 1/W n . For the fifth method, in exactly the same

fashion, in place of the quantities q and q' in Eqs. (2.93) we will

have combinations of them, also including functions of 4.

In the case where each of the nonlinearities Fl(x) and F2 (x)

in the system equations (2.105) is a single-valued oddly-symmetrical
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function, we will have from Eq. (2.106) with p = JQ

Q UQ) + R, U) q, (A) + R2 (J1) qj (A) - 0.

Here, separating the real and imaginary parts, we obtain the

equations
X(qi, q, 9)=O, Y(ql, q, 2).0,

from which we may express

q, (A) = Z, (2), q, (A) = Z (2),

and the solution reduces to the construction of simple graphs of

the type of Fig. 2.12 with horizontal lines of q1 and q2 (in place

of q') for different values A.

As we have already said, the remaining four methods retain

their previous form for the system described by Eq. (2.105).

In nonlinear systems of the second class with a mixed non-

linearity of the form (2.35), making use of the substitution (2.41),

we arrive at an equation of the type (2.71). For such systems,

therefore, all six methods of solution of the problem described

above remain without change.

In nonlinear systems of the second and third classes with two

individual nonlinearities of the type (2.34), we obtain more com-

plex equations. The characteristic equation may be reduced to the

form(2.106), but only with the essential difference that we shall

have the coefficients q, q', q2 ) q', which, according to (2.37),

contain not two, but three unknowns: A, A2 , and 0. Therefore we

add to them still another relationship of the type of the first in

(2.40). Thus do we investigate systems of the second class. For

systems of the third class; however, terms of the type (2.28) are

introduced into the relationship (2.40). After substituting the

quantities A2 from the relationship (2.40) into the expressions

for q2 and q , the subsequent solution of the problem will be
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similar to the solution of the problem for systems of the first

class with an equation of the type (2.106). Concerning systems

with many single-valued nonlinearities, see [103].

The use of experimental char-a) A

l - acteristics. For the determination

I) M M" ) of self-oscillations we may make

*use not only of the equations for

b) /transfer functions, but also the ex-
b perimental frequency characteristics

-1/ 0 I Uof separate links or large blocks

of the system. For example, let the

automatic system being investigated
s 3)

be decomposed into two parts (Fig.

Fig. 2.15. 1) Experimental 2.15a), the first of which is realized
part; 2) theoretical part;
3) We(jil) for various A = in its natural [prototype] form or

= const, in the form of a working model (ex-

perimental part), while the second is only designed theoretically,

with differential equations or transfer functions formulated for it

(theoretical part).

If the experimental part is linear (as is seen from the inde-

pendence or the experimentally obtained frequency characteristics

of the oscillation amplitudes for the input quantity, when calcula-

tion of the self-oscillations is carried out by the third method,

with the nonlinearity separated from the theoretical part, while the

experimental part is connected to the linear links of the theoretical

part, i.e., the experimentally obtained gain-phase characteristic

We(Jsl) enters into the formulation of WI(JO) in Fig. 2.10.

If, however, the experimental part contains a nonlinearity

(of arbitrary form), then the gain-phase frequency characteristic

- 148 -



which is recorded from it for the first harmonic We(JO) will have

a different form for various oscillation amnlitudes A of the input

quantity (Fig. 2.15b). According to the frequency criterion, the

passage of the general gain-phase characteristic of the open circuit

(WeWt) through the point -1 or

W(2.108)

is a condition for the appearance of a sinusoidal periodic solution

in such a system (Fig. 2.15a). In the case where the theoretical

part of the system is linear, Wt depends only upon the frequency n.

In this case, on drawing the curve
I

(the broken curve in Fig. 2.15b), we obtain a graphic solution of

Eq. (2.108); here the amplitude and frequency of the periodic solu-

tion are determined at the intersection point of the curve of - l/Wt

with that one of the curves We which has exactly the same value of

* at this point as on the curve - l/Wt.

However, in the case where the theoretical part of the system

also contains a nonlinearity, then we must break down the expres-

sion of its gain-phase characteristic Wt into two factors, separat-

ing the part which is not a function of amplitude:

W.-- W,. g(A, 2) W,.. Oa

Then Eq. (2.108) may be written in the form

- . *

In order to solve it graphically, we must draw the family of result-

ant curves WeWt.n instead of the family We in Fig. 2.15b with the

present value of the parameter 91 for different A = const, while in

pace of - l/Wt we plot the curve - l/Wt.I .

Proximity of the sought periodic solution to the sinusoidal is
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guaranteed, as previously, by the nonpassage of the higher harmonics

in the appropriate parts of the system; here, the presence or

absence of such a property within the experimental part of the

system is directly evident upon registration of its frequency

characteristics.

§ 2.4. THE STABILITY OF THE PERIODIC SOLUTION

Let us assume that we have found by one of the methods of

§ 2.3 the approximate periodic solution in the form x = A sin at

for the given differential equation, for example (2.71) or (2.105).

In order to determine whether it corresponds to self-oscillations

or not, we must analyze its stability, especially for the case of

the simultaneous presence of two or more periodic solutions.

The rigorous classical method of stability analysis consists

in the formation of a linearized differential equation in small

deviations from the solution being investigated. Let us introduce

the variable x = x* + Ax, where x* = A sin at. Then, according to

(2.71), the above equation in small deviations from the periodic

mode (equation in variations) will be

QW AX +- R@)[( ) W. + () OF * , (2.109)

where the asterisk designates the substitution x = x* = A sin at.

Hence the partial derivatives which are indicated by asterisks re-

present periodic coefficients. Thus, stability analysis (for small

deviations) of the periodic solution found in § 2.3 for the non-

linear equation (2.71) reduces to determination of whether the solu-

tion of the linear equation (2.109) is damped or diverges, i.e.,

the problem reduces to equilibrium stability analysis (Ax = 0) with

reference to a linear differential equation with periodic coeffi-

cients. The situation is also similar for the system described by
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Eq. (2.105), and also for nonlinear systems of the second and third

classes.

A certain general approach to stability analysis of systems

with periodic coefficients exists in the well-known work of A.M.

Lyapunov (see also [34], p. 146 and[L71], Chapter III). There are

also a number of specific investigations due to various authors.

In the overwhelming majority of cases, however, the analysis of

equations with periodic coefficients is an extremely difficult and

often impossible problem. Let us therefore turn to approximate

methods.

One of the approximate methods consists in replacement of the

periodic coefficients by constants equal to their average value

over the period. Here Eq. (2.109) is repliced by an equation with

constant coefficients:

IQ()+ p)x +'p)IAx=o, (2.110)

where

Then we apply any one of the well-known stability criteria for

linear systems (Hurwitz, Mikhaylov, Nyquist) to Eq. (2.110).

Inasmuch as here one equation (2.109) is replaced by another

(2.110), then far from all of the results of the investigation will

be valid for Eq. (2.109). We may only assert that such a method is

useful for a certain class of problems [51] and that in the specific

problems to which it is applied, the results are found to be valid.

Thus, for the example considered in § 1.3, we have, according

to (1.68)-(1.70), the following system of equations in small devia-

tions from the periodic mode:

- 151 -



(T p+ ) Ax- k,Ax&,

() XS (2.112)

(TMp + OpAx, = k2Ax,. I
Let us replace the periodic coefficient (dF/dx)* by its aver-

age value over the period (2.111). Inasmuch as x = A sin *, then

dX=Acosn

Taking this into account and shifting the limits of integration

in (2.111) through - 7T/2 we obtain the period-averaged coefficient

2 e(dF -. S d I , d dx
s. -A-T

According to Fig. 2.16, the

' derivative dF/dx is a momentary pulse
a), b)

of area 2c at x = 0. Hence, the inte-

a £ grand is everywhere equal to zero
a

-C apart from tue point x = 0, where

Fig. 2.16. 4A -x 2 = A, since it is a con-

stant it may be taken out from under the integral sign. The inte-

gral of the remaining expression (dF/dx)dx gives the area under the

curve dF/dx (Fig. 2.16), which is equal to 2c. Hence, the period-

averaged value of the periodic coefficient will be

=--xA. (2.113)

Substituting it in the equations of System (2.112) in place of

(dF/dx)*, we write the characteristic equation:

Til'+ (r, + r,) + (I + rTkk..,x)p + (k, + k,) k, =0. (2.114)

According to the Hurwitz criterion, the stability condition will be

(r, + r,)(1 + T,k.. ,)- TT, (k, + k..) k%.n>O,

or taking (2.113) into account

A (T7, + T,)+ Ctht(rk..e - Tk,) > 0.
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Substituting here the value found in § 1.3 for the amplitude A of

the periodic solution (1.85), we obtain the btability condition for

the periodic solution in the form

Sgkl- tk...> 0,

which agrees with the existence condition for the periodic solution

(1.87). Hence, the periodic solution found in the example of § 1.3

is stable (i.e., it represents self-oscillations) over the whole

range of its existence.

Another category of approximate methods for stability analysis

of a periodic solution[43] and [47], which will also be given prime

consideration subsequently, is based upon the following considera-

tions.

The classical method for analyzing the stability of the periodic

solution consists in analysis of the transient process for small

deviations from this solution with respect to a linear equation

with periodically varying coefficients. Whatever the character of

such a transient process, determination of the variation of the total

coordinate x in the process of determining a periodic solution

requires adding the small values of the function Ax(t) obtained

from (2.109) to the values x = A sin S2t of the periodic solution.*

Without separating out the small deviations of the transient

process, let us consider all of this nonstationary oscillatory proc-

ess as a whole, assuming that close to the analyzed periodic solu-

tion for the variable x in the nonlinear function it has the form

of damped or diverging oscillations, as shown in Fig. 2.17a (for a

stable periodic solution) and in Fig. 2.17b (for an unstable periodic

solution). Here, inasmuch as the nonstationary oscillations x(t)

,. ( being considered are close to sinusoidal, they are described well

enough by the preceding harmonically linearized characteristic
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equation (2.79):

S(2.115)

or, on the other hand, by (2.106):

Calling the entire left-hand side L(p) for brevity, we reduce

the characteristic equation to the form

.+ . +(2.117)

where some of the coefficients contain the quantities q and q',

in whose formulas (2.76) the amplitude is now not the constant A

as previously, but the variable a(t), which deviates from A to a

small degree, i.e., varies slowly over time close to the value A;

thus, q = q(a, &), q' = q(a, i) or, on the other hand, q = q(a),

q= q'(a).

Such an approach is fundamental for the system being considered

above, where the reduced linear part is stable or neutral and does

not let the higher harmonics pass, if we take into account the

condition introduced in § 2.2 that with variation of the amplitude

close to its values for the periodic solution in question, the

harmonic-linearization coefficients q and q' and their derivatives

with respect to a vary sufficiently smoothly. In compliance with

§ 2.3 we also add the requirement that for the characteristic

equation of a harmonically linearized system (2.115) or (2.116) all

the Hurwitz determinants other than the next-to-last Hn_1 be posi-

tive (on the other hand, the quantity Hn_1 varies in the neighbor-

hood of zero). This guarantees closeness of the nonlinear system

being considered to a linear system located on the oscillatory

stability boundary. Hence, it also guarantees the oscillatory char-

acter of the processes in the nonlinear system in question (Fig. 2.17);
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for the variable x, these are close to the sinusoidal in the neighbor-

hood of the periodic mode of operation being considered for any

small variation of the system parameters and the quantity a (possibly,

with some small variation in the frequency 2). These initial con-

ditions are well justified in practice for the majority of nonlinear

automatic systems.

N, w, %% V

Fig. 2.17.

From the point of view of simplicity of solution, we must

keep in mind that the requirement indicated here (that all the

Hurwitz determinants other than the next-to-last Hnl be positive

for third- and fourth-order systems simply indicates all the coef-

ficients positive in the characteristic equation (2.117) of the

harmonically linearized closed system, while for second-order systems

it indicates that the first and last coefficients are positive.

For systems higher than the fourth order, instead of verifying the

positivity of the indicated Hurwitz determinants for Eq. (2.117),

we may require satisfaction of any of the stability criteria (Hur-

witz, Mikhaylov, Nyquist) for a polynomial having a degree two

lower than the degree of Eq. (2.117), i.e.,

L ()---- + . (2.118)

All this ensures the presence of negative real parts in all

roots other than one pair of purely imaginary roots occurring in

the characteristic equation (2.117) of the harmonically linearized
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system (by which we also establish the closeness of the behavior

of the nonlinear system in question to that of the linear system

located on the oscillatory stability boundary).

AWA

A1  b)11T

* 44
.4

Fig. 2.18.

Thus, for stability analysis of a periodic solution, we shall

impart a small deviation Aa to the amplitude, i.e., instead of A

in the characteristic equation (2.117) we substitute a = A + Aa.

This causes a certain change in the coefficients of Eq. (2.117),

as a consequence of which the above pair of purely imaginary roots

P1,21 which determine the value of a = A, shift slightly to the

left or right from the imaginary axis (Fig. 2.18), acquiring a small

real part ( < 0 or > 0). It may correspond to slowly damping

or slowly diverging oscillations, which are shown by the broken

lines in Fig 2.17. All the remaining roots of the characteristic

equations (2.117), if they lie to the left of the imaginary axis,

cannot influence these processes essentially, at least after some

finite time interval has elapsed after the beginning of the process.

This is similar to the pattern of variation of the processes in the

linear system located on the oscillatory stability boundary on a

small change in some of its parameters that determine the coeffi-

cients of the characteristic equation (2.117) in the same way as

q and q' enter into them, with the variation of the coefficients

q and q' due to a change in the oscillation amplitude a for the

same parameters of the system in question corresponding here to
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variation of the parameters of the linear system.

The first criterion. Now it is

evident that under these conditions,A

stability of a periodic solution,

i.e., obtaining a process pattern

Fig. 2.19. for the establishment of self-oscilla-

tions of the type in Fig. 2.17a, requires that for Aa > 0 Eq. (2.117)

satisfy the Hurwitz criterion, while for Aa < 0 all the conditions

of the Hurwitz criterion be satisfied except one: Hn_1 < 0 (Fig.

2.19). Then for Aa > 0 the process will be damped, while for Aa < 0

it will diverge, as is shown in Fig. 2.17a. Let us recall that for

Aa = 0, i.e., for the periodic solution itself, Hn_1 = 0 according

to (2.87).

Let us note thaG here we were only speaking of the amplitude

deviations a = A + Aa. Meanwhile the frequency i, which may also

take small variations in the process of determining self-oscilla-

tions, may in the general case also enter into the coefficients

of the characteristic equation. Therefore we must require that the

approximate criterion indicated for stability of the periodic solu-

tion be fulfilled not only for the given value of a (of the periodic

solution being investigated), but also for small deviations Aw,

if the quantity &2 enters into the expression for the coefficients

of the characteristic equation (2.117).

Let us express the criterion described in a compact analytic

form. For a small deviation Aa we must have a definite change in

sign for the next-to-last Hurwitz determinant Hnl Hence (Fig.

2.19) we require for stability of the periodic solution firstly

that

- 1 (2.119)
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where the asterisk indicates the substitution of the quantity

a = A corresponding to the periodic solution whose stability is

(i ~being analyzed.* Here the sign of Expression (2.119) must not change

for a small deviation c in either direction of the value &I cor-

responding to the periodic solution being investigated if the

quantity a enters into the coefficients q and q'/a.

Secondly, for values of A and El corresponding to the periodic

solution being investigated, all remaining Hurwitz determinants

must be positive, except for the determinant Hn_ already considered.

For systems of third and fourth orders, this is equivalent simply

to all coefficients of the characteristic equation positive. There-

fore the verification of the second condition indicated, which is

equivalent to fulfillment of the stability criterion for the poly-

nomial (2.118), need be carried out only in analysis of systems of

fifth and higher order.

This criterion is particularly convenient for use in deter-

mination of the periodic solution by the second method (§ 2.3),

although this does not, of course, exclude its use in other cases

as well. Thus, in thE example of § 1.3, according to (1.81) and

(1.89), we have

H.t= (r, + T,) (I + Tjk~k..eq) - r, T, (k, + k,.,) k~q=

T, + Tj k, (Tk, -rk,)

and, consequently,

&- - jrk,(Tk, - Tk.

The criterion (2.119) is fulfilled for T2 kI -1 T1k0 .s > 0,

which corresponds to stability of the periodic solution (self-

(. oscillations) found in § 1.3 over the whole range of its existence

(1.87).
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The second criterion. Let us further consider the following

variant of the approximate stability criterion of the same type,

in which, instead of the Hurwitz criterion, we use the Mikhaylov

criterion.

Let us write the expression of the Mikhaylov curve for the

characteristic equation (2.115) or (2.116) by substituting in it

p = Ja):

L(oJf =()+ RUw)(q +1ji) (2.120)

or, on the other hand,

L t) =Q () + R (io) (qt + jc) +R. (J)(q. + ~j),

where c denotes the current value of the parameter of the Mikhaylov

curve, in distinction from the periodic-solution frequency Q

which enters into the coefficients of these expressions. We separate

the real and imaginary parts in these expressions

L(jwo)=X()+JY(c* (2.121)

whose coefficients are codetermined by the amplitude A and,

in the general case, also by the frequency £ of the periodic solu-

tion being investigated.

As we know, for the case of a periodic solution, i.e., for

the presence of a pair of purely imaginary roots p t J9 in the

characteristic equation, the Mikhaylov curve passes through the

origin (Fig. 2.20); at the point of the curve coinciding with the

origin, the parameter a) is equal to the absolute value of the

imaginary root i (to the frequency of the periodic solution). There-

fore, Expressions (2.83), (2.84), and others considered above are

a particular case of (2.121) for a point located at the origin

(Fig. 2.20).

Let us impart a small deviation to the amplitude: a = A + Aa,

as a consequence of which the coefficients of Expression (2.121)
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are changed and the Mikhaylov curve is deflected from the origin

in either direction (in Fig. 2.20 we show only small segments 1

and 2 of the deflected curves). In cases when the Mikhaylov cri-

terion, which is known from the linear theory of automatic control,

is satisfied (curve 1 Fig. 2.20), there will be damped oscillations

in the system, while if it is not satisfied (curve 2), there will

be divergent oscillations.

/n Hence for stability of the

periodic solution, i.e., in order

to obtain the pattern of the proc-

esses shown in Fig. 2.17a, we re-

quire that the Mikhaylov criterion

be satisfied for Aa > 0 and not
Fig. 2.20. 1) At point 0.

satisfied for Aa < 0.

It is convenient to use this criterion when the frequency and

amplitude of the periodic solution are determined graphically by

the fourth method (§ 2.3). Here we must keep in mind that the curves

represented in Fig. 2.11 will coincide exactly with the Mikhaylov

curves (Fig. 2.20) only if the frequency Q does not enter into the

coefficients of the characteristic equation. Otherwise the curves

of Fig. 2.11 will differ somewhat from the Mikhaylov curves used

in Fig. 2.20. This is evident on comparison of Equalities (2.81)

and (2.120).

The third criterion. Analytically the same criterion for the

stability of the periodic solution may be expressed as follows.

The shift of the point 0 of the Mikhaylov curve (Fig. 2.20) for

a small change in a may be characterized by a vector r with the

( projections _ nki-

(2.122)
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however, the shift of the Mikhaylov-curve coordinates for a small

change in c is determined by a vector s (Fig. 2.20) with the pro-

jections

Xa( )A, Y=( )At. (2.123)

In both cases, the asterisk corresponds to substitution of the

values a = A and w = n2 of the periodic solution being investigated

into the partial derivatives of the expressions for X and Y, which

enter into (2.121). This substitution corresponds to the initial

position of the point ). Let us find the angle between the vectors

r and s. According to the rules of vector algebra (from the formula

for vector multiplication) we have

Sin (-j) aXY. - (2.124)

where r and s are the moduli of the corresponding vectors. From

Fig. 2.20 it is evident that if we take Ac > 0, satisfaction of

the (second) criterion expressed above for stability of the periodic

solution requires that the vector s be deflected from the vector

r counterclockwise for Aa > 0 and clockwise for Aa < 0. It follows

from this according to (2.124) that

xy 1>0 ror &aO a A*>0.
rI 1<0 for Aa<o v A*>O

Inasmuch as the quantities r and s are positive as vector moduli,

we find after substitution here of the values of (2.122) and (2.123)

that stability of the periodic solution requires, firstly, that

the following condition [49] be satisfied:

(M()~* toy\*' (2.125)

here, the asterisk indicates that in the partial derivatives, which

are taken in general form from Expression (2.121), we must sub-
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stitute the values a = A and w = 0 for the periodic solution whose

stability is being analyzed. Here we must verify further that the

1.- inequality sign of (2.115) is preserved on a small deviation of

n if the latter enters into the coefficients of Expression (2.121).

It is convenient to calculate the derivatives of X and Y with re-

spect to a, which enter into (2.125), in the form

Secondly, in addition to satisfying Condition (2.125), we require

that the entire path of the remaining part of the Mikhaylov curve

(with the exclusion of the one point 0 at the origin) as shown in

Fig. 2.20, satisfy the Mikhaylov criterion. The latter condition

must be verified specifically only for systems of the fifth order

and higher. As regards systems of the third and fourth orders,

this reduces to the simple requirement of all coefficients of the

characteristic equation positive (2.117).

Let us note that Condition (2.125) is equivalent to the pre-

ceding condition (2.119), while the auxiliary second condition

indicated here is equivalent to the preceding condition of all re-

maining Hurwitz determinants positive (other than Hnl) or to the

fulfillment of the stability criterion for the polynomial (2.118).

It is especially convenient to make use of the criterion (2.125)

when the amplitude and frequency of the periodic solution are deter-

mined by the first, fifth, or sixth methods (§ 2.3), although we do

not exclude the possibility of its use in all other cases as well.

Thus, for the example of § 1.3, we have according to (1.81) and

(1.79)

X=(k,+k.,)kq-(T, + r,)', d
=(1 + Tlktk..,cq)i -TT,, < 0
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and hence for positive values of the system parameters

tan TikJ,*.2 < 0, =1 + T~kk,Vq
- 3 T1 T' = - 2TT,Q' <0;,

the latter follows from the second equality of (1.83).

Therefore the criterion (2.125) assumes the form

- T. +(r + T A..e .0

But since dq/da < 0, this inequality reduces to the following:

T,k, - Tk.., > 0.

Thus, the periodic solution found in § 1.3 will be stable over

the entire region of its existence (1.87).

Let us introduce still another analytical derivation of the

third stability criterion (2.125) for the periodic solution [47 ].

As we know, the periodic solution x = A sin 9t may be written

in complex form (Fig. 2.6a):

x-A lIme. (2.126)

Let us write the transient process which is obtained in the

system after the formation of small amplitude and frequency devia-

tions Aa and Aw approximately in the form

x=(A + Aa)e ' sin (g+ A,) (2.127)

or, by analogy with (2.126), in the complex form

x=(A + Aa) meJ( +6). (2.128)

Inasmuch as the solution (2.126) is determined, according to

(2.82) by the condition

X(A, .)+jY(A, 2)=O, (2.129)

the solution (2.128) formally corresponds to the condition

x(A+a, 2+Aw+,)+jY(A+A, +A,.A)=-O.

Let us expand this expression into a Taylor series, adopting
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the notation fi + Aw + J = w. Them, making use of (2.129), we obtaini

(aX a + X~"i+ +ir)ac+(7(A+)O

where the asterisk denotes the substitution, into the partial deriva-

tives, of the values a = A and w = 2 that correspond to the periodic

solution being investigated.

Separating the real and imaginary parts here, we have two

equalities; eliminating Aw from them, we find

ONX )SAdY~

But, as is evident from (2.127), the transient process will

converge to self-oscillations with amplitude A from both sides only

if Aa and have the same sign. Hence, the stability condition for

for a periodic solution.will be

Q.E.D.

The fourth criterion. For the use of the third method of deter-

mining the periodic solution (§ 2.3) it is convenient to make use

of the approximate frequency criterion of stability [19].

If we conditionally decompose the system into a linear part

and a nonlinear part (Fig. 1.12b), then according to Formula (2.66)

we may write the expression for the gain-phase characteristics of

the reduced linear part*

and, according to (2.28), the expression for the gain-phase char-

acteristic for the nonlinearity (with respect to the first harmonic)

W.
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Here the open-loop gain-phase characteristic for the whole sys-

tem (with respect to the first harmonic) will be

(9+J4 (2.130)

Therefore Eq. (2.91), which was used in the third method (§ 2.3),

may be treated as equating the gain-phase characteristic W to nega-

tive unity for c = a; this corresponds to passage of the curve of

open-loop gain-phase characteristic of the whole system through the

point C (Fig. 2.21a). As we know, in the Nyquist frequency criterion

this is the condition for the appearance of sinusoidal oscillations

with the frequency £1 in a closed-loop system.

Let us now supply the amplitude deviation a = A + Aa in the

coefficients of the expression for W (2.130). Then the gain-phase

characteristic is shifted (curve 1 or 2 in Fig. 2.21a). If here the

Nyquist frequency criterion of stability is satisfied (for example,

curve 1), the oscillations will be damped; if not, (curve 2) they

will diverge. Let us recall that we are considering only systems in

which the open loop is stable or neutral, since Q(p) does not have

purely imaginary roots and roots with positive real parts.

Iv

a) b) n

L' P

Fig. 2.21. 1) At point.

Therefore, in order that the pattern of the processes shown in

Fig. 2.17a may be the case, i.e., in order that the periodic solution

may be stable, we require that for Aa > 0 the frequency criterion be
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satisfied (curve 1 Fig. 2.21a), while for Aa < 0 it is not to be

satisfied (curve 2). This must also hold true for small variations

of fl in the case where Q appears in the expressions for the coeffi-

cients q and q'.

Inasmuch as in the third method (§ 2.3) we do not construct the

entire characteristic W as a whole, but only in separate parts, in

the form of curves of W 1 and -/Wn (Fig. 2.10), it is also desirable

to reformulate the present approximate stability criterion for the

periodic solution. The stability of the periodic solution is deter-

mined by the overlapping (for Aa < 0) and the nonoverlapping (for

Aa < 0) of the point C by the characteristic W (Fig. 2.21a). This

corresponds to nonoverlapping of the end of the vector -i/W, by the

characteristic W 1 for an increased value of the amplitude a = A + Aa

(Fig. 2.21b) and to the overlapping for a decreased value of the

amplitude.

Therefore, stability of the periodic solution requires that the

characteristic W 1 not overlap the point of the characteristic -I/Wn

with the increased amplitude A + Aa; in other words, we require

that the direction of the reckoning of the values of A along the

characteristic of the nonlinearity -1/Wn emerge from within the gain-

phase characteristic of the reduced linear part W1 at the point of

intersection (Fig. 2.21b).

In those cases where the coefficients q and q' are functions

of fl, we must trace the satisfaction of this criterion for small

deviations of the quantity a in both directions from the value of

the frequency of the periodic solution being investigated. This may

be verified by reference to the neighboring curves -1/W n from the

family of these curves shown in Fig. 2.10.

This criterion is derived only for systems of the first class
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with equations of the type (2.115), but at the same time all the

preceding criteria remain unchanged for systems of the type (2.116)

and others.

Let us remark in conclusion that approximate criteria for the

stability of a periodic solution, which are associated with the

Mikhaylov and Nyquist criteria, i.e., the analytic criterion (2.125)

and the graphical criteria (Fig. 2.20 and 2.21), may also be applied

to nonlinear systems containing a pure lag element, as, for example,

in Eq. (2.103). Here in Fig. 2.21b the factor e-JT must be included

in the characteristic of the reduced linear part.

The damping exponent. By analogy with linear systems, we shall

assign the term damping exponent to the magnitude of the real part,

which appears in the pair of imaginary roots on deviation of the

system from a periodic solution (Fig. 2.18). Inasmuch as we are con-

sidering here small deviations from the periodic solution, the damp-

ing exponent is also considered to be a small quantity in the pre-

sent section. The quantity may be determined by means of the sub-

stitution p = e + jw into the characteristic equation (2.117); here,

due to the small order of magnitude of , the result of this sub-

stitution may, using a series expansion, be written in the form

L (e +j); L Uw) + IL')= . (2.131)

Here the prime indicates the first derivative of the left-hand side

of the characteristic equation L with respect to p, with the subse-

quent substitution p = jw, where w is the value of the oscillation

frequency, which may undergo small deviations from the value a in

the periodic solution being investigated. The amplitude A, which

enters into the coefficients of Eq. (2.117), is considered here to

be an independent variable, also deviating by a small amount from

its value A in the periodic solution being investigated.
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Separating the real and imaginary parts in Eq. (2.131), we

obtain:

X (a, ) + W(, ) - O, Y(4, )+tIY I(, !A)=O, (2.132)

where the real and imaginary parts of the following expressions

figure:

LU(w)=X(a, w)+JY(4, (), L'Uc*)=X(a, 0)+JY,( 0).

From the two equations of (2.132), we determine the two unknowns

c and as functions of the amplitude A for transient processes in

the neighborhood of the periodic solution. Here the magnitude of

the damping exponent

t= f(7, q = (). (2.133)

is of basic interest.

The functions f and 9 symbolize the fact that the amplitude a

enters into the expressions for L and L' not directly, but through

the coefficients q and q', which are functions of A. As we see, the

magnitude of the damping exponent in a nonlinear system is, in

contrast to the linear system, a function not only of the system

parameters, but also of the magnitude of the oscillation amplitude a.

• .In order that the periodic

solution may be stable, it is re-

quired, firstly, that, according to

0 4a0 Fig. 2.22, the inequality

F ig . 2 .22 . & () =( ")<' (2.134)

be satisfied; here, this inequality must also be satisfied for small

deviations w in the neighborhood of the value S, if the latter enters

into the expressions for q and q'. Inequality (2.134) is equivalent

to the inequalities (2.119) and (2.125). Secondly, we must still

satisfy the second condition in the form in which it is formulated

after Formula (2.119) or (2.125).
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Thus, for the example of § 1.3, we have according to (1.81)

L(p)- T, ,+(TI + T)p +(I + Tk,k., )p +k, +.j ko,
L'(p) -3 T T02 + 2 (r,+ T) p+ I + Tlktk., 0q

Therefore Eqs. (2.132) assume the form

(A, + k,) ktq - (TI + T2) w2 + I (I + Ttksk... q - 3 T, TS(0) -=0,
(I + Tikk.* q)w TIT0 + 2E(T + T)w=0.

From the second equation we obtain
w= + rnk,k., q + (r+ )[ ( 2.1

FIT.~ TAT. (.135)

Substituting w2 in the first equation and making use of (1.89),

we find (a) in the form of (1.102):

____~r As i t. dt\ <0
2T+ ?.e\ <0, (2.136)--T._He, -- i.e. s-..A

Q.E.D. (see (2.134)]. As we see, the damping exponent is in first

approximation proportional here to the magnitude of the deviation

Aa of the oscillation amplitude from its value in the periodic

process, since the quantity A in the denominator of (2.136) varies

by a small amount. We determine the curve of variation of the fre-

quency w(a) from Formula (2..135).

§ 2.5. COMPARISON WITH OTHER APPROXIMATE METHODS FOR SECOND-ORDER
SYSTEMS

The method of harmonic linearization developed in the present

book serves for investigation of near-sinusoidal solutions of non-

linear differential equations. For this same purpose we also use

various versions of the small-parameter method, asymptotic methods,

and others. Comparison of the results obtained is therefore of in-

terest.

The idea of the small-parameter method consists in the follow-

ing. An arbitrarily given system of differential equations

X , f1 V(, x1, .... ,x4, .) ==(2.137)

whose solution is being sought is represented in the form
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To- pY'( t, , , XJ) + Wit (t. X1, .. ,x -. (2.138)
iF (t, , x . )- (I a.2. (),

where e is a small parameter; here, the solution x*(t) of the

"generating" system

-F. (tx, ... A) (L=I, 2, ... , n) (2.139)

is known.

For a sufficiently small value of e, the given system (2.137)

will be close to the generating system (2.139). Let us assume that

here the unknown solution xi(t) of the given system (2.137) will

be close to the known solution x(t) of the generating system (2.139).

For this last hypothesis to be justified, however, we must fulfill

certain conditions imposing limitations on the problem, since, not-

withstanding the small difference of the system (2.137) from (2.139),

the difference between the solutions xi(t) and x*(t) may in the

general case prove larger not only quantitatively, but even qualita-

tively.

Therefore when one system of Eqs. (2.137) is replaced by another

(2.139) that is even slightly different, we must always ascertain

conditions for which a natural solution xi(t) of the system (2.137)

that is close to x*(t) corresponds to the kaown solution x*(t) of

the system (2.139). Here the solution xi(t) for e = 0 must tend

toward x(t), since, according to (2.138), the system (2.137) tends

towards the generating solution (2.139) for e = 0. Section 2.2 was

devoted to solution of problems of this type for the method of har-

monic linearization being considered.

For comparison of the different methods, let us consider the

nonlinear second-order equation

-X. ) =0, (2.140)
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assuming that it may be reduced to the form*

+'+.X ( ) (2.141)

where e is a small parameter and

of(X. dx)=W:X-F(X 3 ,) (2.142)

In other words, to find the periodic solution we assume that

the nonlinear equation (2.140) is close to the linear equation
d@X

+ x- -0, (2.143)

which will play the role of the generating equation in the case being

considered.

As an example, let us consider the equation of a relay-type

automatic control system in the form (see [49], p. 95)

d +x +k,. (x)- 0. (2.144)

here Fi(x) is given as the loop-type relay function shown in Fig.

2.23a. This equation has the form of (2.140), where

( ,(2.145)

reducing the equation of the system being considered (2.144) to the

form (2.141), we obtain

ef (X, 'X) =[:X -4 -L Ij[ F, (X)], (2.146)

where 2 is as yet unknown. The sense of the last expression con-

sists in the fact that the loop-type nonlinear function Fl(x)

(Fig. 2.23a) contains both the amplification equivalent to the

term woX, and the operate lag of the hysteresis-type relay, which

causes a phase lag in the oscillations equivalent to that formed by
1

the term -T (dx/dt). In fact, if there were no loop (Fig. 2.23b),

then the oscillations of the variable x (Fig. 2.23c) would be trans-

mitted without a phase shift (Fig. 2.23d). The presence of the loop
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(Fig. 2.23a) leads to a lag in the phase oscillations (Fig. 2.23e).

The linear expression

[40x F. 7W]

also gives a similar qualitative result, as shown in Fig. 2.23g and

h, although the forms of the curves are different. From comparison

of Fig. 2.23e and h it is evident that the linear expression which

has been written for the sinusoidal oscillations of x may be used

as the first (fundamental) oscillation harmonic of the variable F1

with appropriate choice of the oscillation frequency and amplitude

of the variable x. Then the linear and nonlinear terms of the right-

hand side of Expression (2.146) will differ only in the magnitude of

the higher harmonics, i.e., the residual nonlinearity ef(x, dx/dt)

corresponds to the higher harmonics of the oscillations.

b) c)

S If

d)rS
01~

Fig. 2.23.

Here it is extremely important to note that for reduction of

the second-order nonlinear equation (2.140) to the form (2.141), the

presence of a linear term with a first derivative (see Expression

(2.146)] in the presence of a loop-type nonlinearity (Fig. 2.23a)

2
is absolutely obligatory, since one linear term wx does not con-

form even qualitatively to the oscillation pattern which is being

studied, since it does not reflect the phase shift of the oscilla-

- 172 -



tions. On the other hand, if there is no loop (Fig. 2.23b), the

linear term with the first derivative must be lacking for us to

assume that the nonlinear equation under consideration is reducible

to Form (2.141). Let us also remark that if the loop were not of

the hysteresis type, but of the forcing type (lead type), i.e., if

the arrows in Fig. 2.23a were reversed, then the first derivative

in the given equation (2.144) must be negative in sign. Briefly, for

reduction of the nonlinear equation to Form (2.141), the essential

phase shift of the oscillations caused by the nonlinearity must be

compensated by the presence of the appropriate linear terms. This is

the physical explanation for the appearance of the periodic solu-

tion, since damping of the oscillations (+dx/dt) is guaranteed in

the presence of a hunting nonlinear effect (hysteresis loop) and

hunting of the oscillations (-dx/dt) in the presence of a damping

nonlinear effect (lead-type loop). From the energy point of view,

this corresponds to mutual compensation of the influx and expenditure

of energy.

In the small-parameter method, the periodic solution of Eq.

(2.141) is sought in the form of the series

X-- =X* M+ eM+ ,2X, M +..

where the initial approximation, as a solution of the generating

equation (2.143), is

x*= A sin 04.

Without giving an account of the small-parameter method itself,

we indicate only that in it, the first approximation as applied to

Eq. (2.141) is obtained in the form

x=A sin Of" (2.147)

where the amplitude A is determined from the condition

5f (A sin +, Aw. cos +) cos + d+ == 0, we, (2.148)
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while the frequency 1 is

Q=%-{-V, (2.149)

here the frequency correction ev is determined by the formula

9= ---- - -- (A sin +, Aw, cos +) sin 4'd. (2.150)

For the example considered above, according to (2.146), Eqs. (2.148)

and (2.150) give

:Awoe. 4cbk1  0
T.A

.+ (2.151)

From these two equations we determine the two unknowns A and ev if

W is given, i.e., if we are given the slope of the averaging straight

line in Fig. 2.23a. In this example, however, the magnitude of w0

is not stipulated by any initial conditions of the problem and it

remains undetermined in Expression (2.146). Let us therefore select

it such that it is equal to the sought frequency of the periodic

solution, i.e.,

(2.152)

Then, according to (2.149), we have ev = 0. Substituting this in

(2.151), we obtain equations for the amplitude and frequency of the

periodic solution (2.147) in the form

(i ", --) (2.153)
., 4ch, lbI \

the first equation of which is solved graphically (Fig. 2.24).

Let us note that the small-parameter method also permits us to

construct higher-order approximations for the periodic solution

being sought. However, this involves major difficulties.

The small-parameter method developed by H. Poincare and A.M.

Lyapunov [71], was used by L.I. Mandel'shtam and developed in detail
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by A.A. Andronov as it applies to

.. _the vacuum-tube oscillator [8]. An

these same problems in the first ap-

proximation, using slowly varying

Fig. 2.24. coefficients and based upon simple

intuitive considerations, was pro-

posed at the same time by B. van der Pol [5].

The method of slowly varying coefficients, unlike the small-

parameter method, does not provide the possibility of forming higher-

order approximations, but is limited to only one approximate solu-

tion, which, however, does not diminish its practical importance.

This method permits us to determine not only the periodic solution

itself, but also the time process of its establishment in the neighbor-

hood of this periodic 6olution [sic]. We seek the solution of the non-

linear equation (2.141) approximately in the form

X =U (1) Cos w + V (f sinme

or in the form

x-a (t)sin. j +t (2.154)

where in the former case u(t) and v(t) are determined from the

equations

24

do I sf(uc --+sIn ', -u..sIn +0,cos s )co.

while in the latter case

df(aSin , 40*COS +) cos d+, (2.155)

d I6f4Sin, aw* cos't) sin + d. (2.156)
dt 175--
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These expressions are obtained by averaging the nonlinear functions

over the period (the so-called "abridged equations").

For the periodic solution we will have a = const = A. Here,

therefore, according to (2.155), the condition for the determination

of its amplitude coincides with Condition (2.148) for the first ap-

proximation of the small-parameter method.

According to (2.154), the oscillation frequency here will be

Hence according to (2.156), the frequency correction dT/dt obtained

here for the periodic solution (a = A, cu = 92) agrees with the fre-

quency correction (2.150) for the first approximation of the small-

parameter method.

N.M. Krylov and N.N. Bogolyubov [31, [71, [102] have proposed

and developed an asymptotic method that permits us to form higher

approximations not only foe the periodic solution, b1i also for the

time process of its establishment in the neighborhood of this periodic

solution.

In the asymptotic method of Krylov and Bogolyubov, we seek the

solution of the nonlinear equation (2.141) in the form*

x=asin. +u, (a, ) + alu(, )+..., (2.157)

here the quantities a(t) and *(t) are determined by the equations

do &Aja)+ , A,()+ ,..., (2.158)
de we +tB, (4) +,OBI(a) +..

the functions ul, u 2 , ... , Al, A2, ... , B1 , B2, ..., figuring here

for any m-th approximation are determined in such a way that Ex-

pression (2.157) will satisfy the given nonlinear equation (2.141)

with an accuracy to within the small order of magnitude em + 1. In

particular, the first approximation has the form

- 176 -



x=aIn, -- ,=(r), u- :.+,B, (a), (2.159)

where I,

,1 (a)= ef sf(a sin , a c cos f) cos d+,S1 2%(2.160)

tB1 (a) -f(a sin + auscos +) sin +d

As we see, the method of slowly varying coefficients considered

above reduces to the first approximation of the more general asymp-

totic method of Krylov and Bogolyubov. It is also evident that the

first approximation of the latter method agrees with the first ap-

proximation of the small-parameter method for the case of the

periodic solution.

For the example considered above, let us write Eqs. (2.159)

according to (2.146) and (2.152) allowing for (2.160) in the form

= - 2;.h, (2.161)

2= --- e " --i . (2.162)

ApplyingExpression (2.153) for 1 we obtain from (2.161):

do A'-.'
dt 2-

where A is the amplitude of the periodic solution (of the self-

oscillations) as determined from Fig. 2.24.

As a result of the integration of this equation, we find the

time variation of the amplitude in the process of establishment of

the self-oscillations:

(2.163)

where a0 is the initial value of a for t = 0 (Fig. 2.25a). Hence it

is evident that the picture of the oscillatory processes represented

in Fig. 2.17a, which corresponds to stable self-oscillations, is

the case in the given system.

Equation (2.162), however, may be represented in the form
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But it follows from (2.159) and (2.152) that Q = S LB1. Therefore

the left member of the equation in question will be w2_ F2B2, and,

neglecting e2 , we may write the equation itself in the form

(2.164)

by which the oscillation frequency is also determined as a function

of amplitude (Fig. 2.25b) in establishment of self-oscillations.

In addition to developing the asymptotic method, Krylov and

Bogolyubov [7, 102] showed that the energy balance (developed later

by K.F. Teodorchik 136]) led to the same results

in first approximation, i.e., reduction of

a),& the nonlinear to a linear problem with equi-

valent energy relationships over the period,

as did the harmonic balance (used by Gol'dfarb. i [19]) and equivalent linearization methods
0S (the latter forms the basis of the harmonic-

linearization method developed here). Bo-

golyubov [32] obtained similar results from

a theory of perturbations approaching that of

Lagrange, reinforcing them by calculation of

Fig. 2.25. higher harmonics as well as the first approx-

imation. Higher approximations of the aver-

aging method are also developed (102]. We must also mention the ex-

tremely important studies of K. Magnus [48] in this area.

It is interesting that for an equation like (2.141), extremely

diverse approaches give identical first-approximation results. We

might cite many more fine variations on the computational method (be-

longing in principle, however, to one of the above methods) due to
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various authors and giving the same results. There are special

methods that produce, in certain particular problems, results

which are closer to an exact solution (see, for example, [441,

[123]). Further we must take special note of the works of Yu.A.

Mitropol'skiy [102] and V.0. Kononyenko [93] with reference to non-

linear systems with variable coefficients.

Let us dwell on the connection between the methods considered

above and the methods of harmonic linearization developed here. Let

us first note that N.M. Krylov and N.N. Bogolyubov also proposed

the following transformations, which permit, us to make use of the

first approximation of their asymptotic method directly for Eq. (2.140).

Let us find [102] the square of the frequency c in the first

approximation of the asymptotic method. According to (2.159)

= - 8 + 2t.eB1 (a) + OBI (a).

Restricting ourselves to the first approximation, we discard the

term in e2 and substitute the expression for sB,(a) from (2.160).

Then

.'~imu8-~ )'f(a sin f~ ao. cos t.) sin + (2.65

But it follows from (2.142) that

Making use of this formula, we may easily verify that for x = a sin

we have

PF(4sin, 4% cos f) dfd, m f( sin f . as. cos t) in ftk,

Therefore Formula (2.165) for the square of the frequency may be

rewritten in the form
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*,-4.sin+,., COS +)si'+dt. (2.167)

Noting further that for x a sin , we obtain from (2.166)

nu' 'asn sin 4% sCOS t) COS t,

we may write according to (2.159) and (2.160)

da F I'F(4 sin L 4WI COS.~ +) o')COS~d (2.168)

Hence for the periodic solution (a = const = A, c = const = i) we

have: so Fp (A sin +1, A4,% COS +t) COS + d+I 0,
(2.169)

while from (2.167)
P (A sin f, Awe COS +)sin +d+. (2.170)

On the other hand, if the nonlinear equations (2.140) were

solved directly by the method of harmonic linearization, then to

find a periodic solution to Eq. (2.140) we would have, according to

(2.75) and (2.76), to represent it in the form

and write the characteristic equation

p+ (A Q)p+q(AQ)=o. (2.172)

The requirement of the presence of a pair of purely imaginary

roots p = + Ji in this quadratic equation reduces to the following:

q'(A, 9)=0, a =' q(A, 0). (2.173)

In particular, we would obtain in the example of (2.144)
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4cbk3  4 ch,

q w -4T' -.- 7V 3

As we see, in the expressions for q and q' we have directly ex-

pressed not only the nonlinearity F1 itself, but also the linear

term occurring in the initial equation, as, for example, in (2.144),

since according to (2.145) it is included in the formation of the

function F(x, dx/dt) of Eq. (2.140).

It may be easily seen that on application of the notation of

(2.76), these equations of the method of harmonic linearization (2.173)

coincide exactly with the equations of the first approximation of

the asymptotic method (2.169) and (2.170), if 92 is replaced in 0

in them, and also with the equations of the first approximation of

the small-parameter method in the particular example of (2.151) and

in the general form of (2.148) and (2.150), if we substitute (2.142)

in them, assuming that c0 = 0 and, consequently, ev = 0.

In general in problems of automatic-control theory, where there

is no explicitly separated quantity w 0 beforehand in the specified

equations, it is most expedient in using the asymptotic method and

the small-parameter method to choose the quantity w0 such that it

is equal to the sought frequency of the periodic solution (W. =

ev = 0), as was illustrated above in the example. In short, reducing

Eq. (2.140) to the form (2.141), we must write the latter for prob-

lems of automatic-control theory in the form

dx+ 2= f(x, dx)

where, like the amplitude A, the quantity S is determined in the proc-

ess of solving this equation by the formulas of the first approxi-

mation.

In problems of automatic-control theory, the method of harmonic

linearization leads us by the simplest and most direct route to
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results identical to those of the small-parameter or asymptotic method,

with proper choice of the generating frequency w0 = a in either. This
"b is of great value for many practical engineering problems where the

specified nonlinear equation does not contain the generating frequency

w0 in explicitly separated form.

It is interesting to note here that in expounding the small-para-

meter (Poincare) method, Bulgakov also notes that if the generating

(linearizing) function is not explicitly separated in the given non-

linear equation, which then has the form (2.140), it may be found from

equations like (2.169) and (2.170) along with the amplitude (see [45],

p. 321); this actually confirms full agreement of the Bulgakov small-

parameter method with the harmonic-linearization method as regards results-

According to § 2.4, the harmonically linearized equation (2.171)

may also be applied to investigation of nonsteady processes of es-

tablishment of self-oscillations for small deviations from the

periodic solution. Then it assumes the form

d2-- a j _aex-- (2.174)WO+ 4AIL + q (a. ) X 0

or, in many problems,

+ + +q(a) x=, (2.175)

which also agrees with the equation of N.M. Krylov and N.N. Bogolyu-

boy (see [102), p. 95). Here we obtain equations similar to linear

equations. But while the ordinary linear system has a constant damp-

ing exponent and frequency w, they will be variables here:

() q(a.0() al(2.176)

where and q'(a) are small quantities (for the periodic solution

itself, however, = 0 and q' = 0). In particular, we have in the

example of (2.144)

- 182 -



4cbh, q 4c 1 ,r_ .-- '

As we see, we do not, generally speaking, obtain small order

of magnitude for q'(a) here at the expense of the nonlinearity Fl(x)

itself. It is in itself essential, and the coefficient q' for it is

finite. But due to the presence of the linear term giving the summand

W/T1 , the general coefficient q' for the entire function F(x, px)

determined by Formula (2.145) may be small on the whole for suitable

values of ( and a.

Let us note that while in a linear system we write the solution

for the oscillatory transient process in the form x = a0eit sin wt

it is impossible to write it in such a form here as a consequence of

the variability of i and u. Only the differential notation

at(a), =w(a), x a sn (2.177)

which is identical in first approximation to the linear solution in-

dicated, will be valid for the process of establishment of the

periodic solution; this also agrees with (2.159). Here j and w are

determined by Formulas (2.176) as functions of the amplitude a, which

varies over time.

The stability of the periodic solution is determined here by the

sign of the quantity i(a) (in the work of N.M. Krylov and N.N. Bogolyu-

boy by D(a)/a; see [102], p. 79). If i(a) changes its sign from plus

to minus with increasing a, the periodic solution is stable. This

agrees with the approach used in § 2.4.

Here we have dealt with small deviations of the oscillations

from the periodic process. Below (Chapter 7) we shall carry out an

extension of the asymptotic method of N.M. Krylov and N.N. Bogolyu-

bov, and the harmonic-linearization method to fast-damping oscilla-

tory processes (for large, but slowly varying values of ).
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We may easily verify that for the example of a nonlinear control

system considered above, the use of the equations of the harmonic

linearization method (2.173) and (2.176) yields exactly the same re-

sults as the first approximation of the small-parameter method (2.153)

and the asymptotic method (2.161) and (2.164).

§ 2.6. COMPARISON WITH OTHER APPROXIMATE METHODS FOR HIGH-ORDER SYSTEMS

Let us now turn to nonlinear systems whose dynamics are de-

scribed by high-order equations. In the works of N.M. Krylov and N.N.

Bogolyubov [71, [28], [102] there is an extension of the asymptotic

methods to a high-order equation with a small parameter. The book by

I.G. Malkin [71] contains a description of the small-parameter method

for high-order systems. However, there are also direct applications

of the small-parameter method to nonlinear problems of automatic con-

trol theory in the works of B.V. Bulgakov [451, A.I. Lurlye [34],

A.M. Letov [18] and others. Therefore let us dwell here on a compari-

son of the method of harmonic linearization developed in the present

book with precisely these applications of the small-parameter method.

The statement of the problem in general form was indicated at the

beginning of § 2.5.

B.V. Bulgakov (see [45], Chapter 12) first considers a system

of equations with, as usual, a small parameter, but in a form suit-

able for the analysis of automatic systems:

D f(p) x, + Dg() x, + D.n(p) Xm(XiI X00i) (2.178)

where Dir are operator polynomials. This notation conforms better

than (2.137) to the notation for the equation of an automatic system

for each link. (m is the number of links into which the system is

broken down); in practical problems many of the Dir(P) will be zeros,
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since far from all of the variables x,, ..., xm enter into each

equation of the link. Here s denotes a small parameter, so that the

right-hand sides of Eqs. (2.178) are small nonlinear terms.

In seeking periodic solutions to the characteristic equation of

the linear system (which Bulgakov calls a simplified system) obtained

from (2.178) for e = 0, i.e., solutions to the equation

I Dt1 (p),Dj,(p),.-.DN(p) I 0 (2179)

we set forth the requirement that it have one pair of purely imagi-

nary roots p = ± jW0' In other words, the linear system obtained

from (2.178) for e = 0 is a generating system having a periodic solu-

tion (in the present case, a sinusoidal solution). The latter serves

as a "zeroth" approximation to the solution of the nonlinear system.

From a first approximation to the periodic solution of the non-

linear system (2.178), in terms of the small nonlinear terms, we

determine the frequency correction ev (see (2.149)) on the right-

hand sides of (2.178). According to the first approximation of the

small parameter method, the formula derived by B.V. Bulgakov for

this correction as it applies to the notation of (2.178), has the

form ([451, p. 755)

- 2AwL (w.)Ek, Uwe) av (2.180)m I.

where

xI .., Xm is a periodic solution of the generating linear system

and Ekr(iwo) is a nonzero minor of any (k, r) element of the deter-

minant (2.179) for p = Jwo. Here A is the amplitude determined from

this same complex equation (it is equivalent to two real equations
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and determines two quantities: ev and A).

Further, B.V. Bulgakov turns to nonlinear equations in which,

in contrast to (2.178), small nonlinear terms are not separated in

explicit form; this, by the way, is the case in the majority of practi-

cal problems. Here he chooses the generating system for cases of one

and two nonlinearities, where the nonlinearities are single-valued

and oddly-symmetrical, i.e., F(Asn1')d'=O. The choice of the system

indicated was made so as to determine a generating frequency W0

and corresponding coefficients of the linear generating equation

which, even for e = 0, will give the best approximation to a non-

linear system in the periodic mode.

In the case of one unique nonlinearity F(xl) (in Bulgakov's work,

g(yl); see [45], p. 785), the system equations have the form

D11 (p) x, +... + D11 (p) x, +
.. •+ ,, (p) x=---- 0,

Dt (p) x, +... + D(p) x, + F(x,) + (2.181)+••. + k, (P) x.---- o

D., (p) x, +... + D., (p) x, +... +
+- D..() x. - 0,

where the small parameter does not figure explicitly. In order to

reduce System (2.181) to the form (2.178), we write it as follows:

D11 p) x, +..+ D1 (p) x, .. + D1. (p) x. =0.

;,( j.-..-~hx+... + 1(2.182)
+ Dha (p) x = f(x,),

where

af (x,) = hx, - F(xi).

Bulgakov determines the quantity h from the condition that the char-

acteristic equation of the linear generating system, i.e., System

(2.182) for e = 0, have one pair of purely imaginary roots p = JwO0 '
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which simultaneously determines the generating frequency o0 itself

(here Bulgakov uses the Hurwitz criterion Hn.l = 0, which is equiva-

lent to our second method, § 2.3). After this we apply Eq. (2.180),

from which we determine the amplitude A and the frequency correc-

tion ev; here the sought frequency of the periodic solution will be

U= 0 + ev.

Without giving an account of the solution procedure of [45],

we present only its final results. To determine the amplitude we ob-

tain the equation
hA = J(A),10(2.183)

where, if we seek the solution in the form x1 = A sin ',

sin F )sIn+ 4dn (2.184)

(in the work of Bulgakov, x I = A cos *; this is not essential), while

the frequency correction

&'=O, i.e. Q=., (2.185)

which, for a single-valued nonlinearity, is connected with equality

to zero of the integral

SF(A sin f) cos f d=O. (2.186)

From the formulas which have been written we may now arrive at

a quite definite conclusion. Comparison of (2.183) and (2.184) with

the first of Formulas (2.20) suggests the exact equality

h= (A) , (2.187)

while comparison of (2.186) with the second formula of (2.20) cor-

responds exactly to the already known fact that the coefficient

q = 0 for single-valued nonlinearities. The difference consists in

the fact that in the method of harmonic linearization, we replace

F(x) by q(A)x directly in the given nonlinear-system equation. Not-
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withstanding the simpler approach to solution of the problem in the

method of harmonic linearization, we have exact agreement of its

results with the first approximation of the small-parameter method

for single-valued odd nonlinearities. This will also be shown below

for the more general case.

In Bulgakov's work, the practical method for finding the periodic

solution reduces to the following. We plot the curve of J(A) (Fig.

2.26) and, according to Equality (2.183), the rays hA are plotted on

this same graph. The intersection points of each of these rays with

the curve J(A) give us the values of the sought amplitude A of the

periodic solution for a definite combination of system parameters

(and, consequently, for a fixed frequency G0 = a), since, as we have

indicated, the quantity h is determined from the characteristic

equation of the linear generating system (2.182) for e = 0 together

with the frequency w0

This practical method due to

Bulgakov (Fig. 2.26) is essentially

similar to one of our particular

methods (Fig. 2.12c), which was de-

scribed above in § 2.3 for the cor-

SA responding simplest case of a non-

Fig. 2.26. linear system or the first class.

The agreement of the two results is evident from the fact that in

Fig. 2.12c, according to (2.187), q = J(A)/A and the quantity z(i) =

- h, although the methods for finding them are different.

Thus, we may say that for the case of a single-valued nonlinearity,

when q' = 0, that the harmonically linearized equation (2.78) is

thereby in essence itself a linear equation which should be taken

as the equation of the generating system in seeking a periodic solu-
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tion by the small parameter method. Here it is important that the

amplitude and frequency of the periodic solution which are found

from it correspond exactly to the first approximation of the small-

parameter method, since in the present case (i.e., where q' = 0),

the frequency correction is, as already noted, equal to zero. It is

for this reason that it is not necessary in the method of harmonic

analysis, to perform any of the auxiliary operations that play a part

in finding the first approximation in the small-parameter method.

Let us note that as long ago as 1951 [3 4 ], A.I. Lur'ye obtained

full agreement in the results for the small-parameter method and

the harmonic-balance (and hence harmonic linearization) method in

the case of a single-valued nonlinearity F(x). The calculations cited

above only confirm this. Subsequently, however, extending the ideas

of B.V. Bulgakov, we shall show that even in the case of a loop-

type nonlinearity F(x), and in the general case of a nonlinearity

F(x, px), we may, by appropriate synthesis of the generating system

in the small-parameter method, also obtain complete agreement for

the results of the two methods and, in addition, attain the best

results of application of the small-parameter method itself.

Before entering upon this, let us first recall the case con-

sidered by B.V. Bulgakov, where we have present in the system two

single-valued nonlinearities with respect to different variables

(an example of a nonlinear system of the second class):

Dii@)xi+...4.Dtl@)x+...+D,,(p) x,+...+Djx~p)xm -0

.; .e.....,% . .. ,°.. . . .. . ...., . .. .......l

Dili(p)x, +... + ?b1tdp)xt + P, (x)+jO +D,(p) +...+Dk(P)X =01 (2.188)
.e... o*..e .. .. .... ....,... . .*o .. . .

Dj.(,j)x, +.-+oDlj(p)., + +Dj.(p)xs+ F(x,)+...+ D,(p)x,=O,

Dm,(p)x,+...+DmI(p)xt+...+Dm,(p)xs+...+Dax(p)x, -.

In this case, B.V. Bulgakov [45) accordingly introduces two coef-

ficients h1 and h2, with the result that on reduction of System (2.188)
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to the form (2.178) the functions

f, =--- hx - (xi) and 4h hX -F (X') (2.189)

Sappear on the right-hand sides of the equations. In the characteris-
tic equation of the generating linear system obtained from (2.188)

by the substitution (2.189) for e = 0, we have two unknown coef-

ficients h1 and h2. Therefore, imposing the requirement of the pre-

sence of a pair of purely imaginary roots p = ± JWo in the char-

acteristic equation of the generating system, we obtain from it

h,= hi (0) and h2 = h, ( 0), (2.190)

where the magnitude of the generating frequency c0 is as yet unknown.

It is then determined together with the amplitude by application of

Eq. (2.180) and the supplementary relationship between the amplitudes

of the two variables of the type (2.40). As a result, Bulgakov also

obtains a frequency correction equal to zero in this case (see (45],

page 789), i.e., Q = 0. Thus, we easily establish complete agree-

ment of the first approximation of the small-parameter method with

the results of the harmonic-linearization method, even for a nonlinear

system of the second class, notwithstanding the incomparably greater

simplicity of the approach to the solution of the problem in the

latter method.

Let us now turn to the case of a single nonlinearity of the

more general form F(x, px), which was not considered by B.V. Bulga-

kov and, in particular, the loop-type nonlinearity F(x) that played

a part in the preceding paragraphs. We shall show that even in this

more general case the harmonically linearized equation (2.78) for

q' / 0) is also the linear equation that should be taken as the

generating equation best approximating the given nonlinear system

in determination of the periodic solution by the small-parameter

method, since in this case the generating frequency w0 is exactly
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equal to the frequency of the first approximation i.e.. the fre-

quency correction will, as before, be equal to zero (ev = o) [64].

Let the nonlinear system be given by the equations:

D11 (p) x, +... .+ j (p) x, -... + DI, (p) x, - 0.
................. 0 ..... ...o.........(2.191)

D, (p)x, + ... +D Ap) xI+ P(x , px,) . .+Dh-,---)X ,=O(

D, () x, +... + D., (p) x ++..., () x 0.

Following the same general procedure for the small-parameter method

as B.V. Bulgakov, we write in place of (2.191) the following system:

D, (p)x, +... + Dj(p) x+... + Din (p) Xz 0..... ... .... ... .... ... .... ... ... (2 192)
Di, p)x,+...+DOi(p)xi+ hix+hspxg+...+D wp)x,=,f(x,pxl) 2.

oi (p)*x,.o+.t. + 'oj(') xj + ... +o0,,, (*p)x,, o .- -

where

tfh (xI, PXI) = hix + hpxi - P(xI, pxI). (2.193)

For c = 0, we obtain a certain linear generating syntem. The

quantities h1 and h2 appear linearly in the characteristic equation

of this system L(p) = 0 of the type (2.179). Therefore, requiring

the presence of a pair of purely imaginary roots, we may obtain by

means of the Hurwitz determinant or from the equation L(Jco) = 0

after separating the real and imaginary parts

ha - h{.. and h, - h, (* (2.194)

in much the same way as in the preceding case (2.190), which was

considered by B.V. Bulgakov.

Let us make further use of the equation of the first approxi-

mation for the small-parameter method (2.180). In the relationships

(2.194), as in Bulgakov's work for the case of two nonlinearities,

the generating frequency (Do is still not determined. Making use of

this, let us define it to best advantage, i.e., in such a way that

the frequency correction (ev = o), according to (2.180), we must

satisfy the condition
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sh (4l, pxflcil d+.= 0

Substituting (2.193) or = A sin I/ ( w wCt) here and making use

of the familiar formula

- - Cos, t -J sin ',

we obtain to2
(hIA sin + + hAw-cos +) cos +dj -' S(haA sin +

+h2A, cos i) sin d F(A sin +, Ams cos

+ F(,A sin +, A. cOs +) sin d = 0.

Setting the real and imaginary parts equal to zero separately,

we find h

Ah,= j F(A sin , A , cos ) sin f d,
1~Aws~tfF(A(2.195)

, Awoh,: F P(A sin e, Aw, cos +.) cos +d+.

The four equations obtained in (2.194) and (2.195) permit us to

determine all four unknowns hl, h2 , A and w0 . Here, inasmuch as we

guarantee observance of the condition ev = 0, then the frequency of

the first approximation 2 = w0 + Sv in the periodic solution that

has been found is
900- 

(2.196)

Now let us compare the result obtained by the application of

the small-parameter method with the harmonic-linearization method.

Comparing (2.195) with Formulas (2.76) and allowing for (2.196),

we obtain

h,q(A, Q), h,=L - . (2.197)

Hence it is evident that the linear generating system (2.192) for

9 = 0 in the small-parameter method agrees exactly for the manner

of its application described here with the harmonically linearized
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equation obtained from (2.191) by the direct substitution (2.75).

Hence, notwithstanding the difference in their general approach to

the solution of the problem and the difference in the computational

processes, the results of application of both methods will be identi-

cal.

The difference consists in the fact that by the small-parameter

method, we segregate the nonlinear terms with a small parameter e

in the given nonlinear system (2.191) and require the presence of a

periodic (sinusoidal) solution in the linear generating system (2.192)

for e = 0. Then from the formula for the first approximation of the

small-parameter method (2.180) we determine the amplitude and the

correction to the generating frequency of the periodic solution,

allowing for the terms containing a small parameter. In the harmonic-

linearization method, however, the nonlinearity in the given system

(2.191) is replaced at the outset by special harmonically linearized

terms without separating the small parameter at all. Then the re-

sulting harmonically linearized system is solved as a linear system

with the purpose of determining the sinusoidal periodic solution.

The operations in the second method are significantly simpler for

engineering calculations.

As was shown above, the choice of the generating system in the

small-parameter method from the condition of equality of the fre-

quency correction to zero leads, according to the formulas for the

first approximation of this method, allowing for terms containing a

small parameter, to the same computational formulas as in the method

of harmonic linearization.

Thus we show that in the case of a nonlinearity of the general

form F(x, px), the harmonically linearized equation (2.78) is that

linear equation which in the small-parameter method corresponds to
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the generating system best approximating the given nonlinear system

and reducing the frequency correction to zero.

The computations performed may be used as a justification for

the method of harmonic linearization on the premises of the small-

parameter method. Another justification was given in § 2.2.

All of this also agrees with the fact that as was shown by

N.M. Krylov and N.N. Bogolyubov, the equivalent linearization cor-

responds to the first approximation of the asymptotic method, taking

into account the first power of the small parameter (this was de-

scribed in § 2.5 for a second-order system).

We discussed the nonlinearities of the general form F(x, px)

earlier. As regards the loop-type nonlinear characteristics often

encountered in automatic systems, these will also be designated by

F(x), like the single-valued characteristics. However, inasmuch as

they have a different form for increasing x than for decreasing x,

the integral (2.186) for them is not equal to zero. As a consequence

of this, we obtain on introduction into the generating system of

the term hx that linearly approximates the loop-type nonlinearity

F(x), on the basis of Formula (2.180), a frequenc- correction that

is small if the loop is narrow and by no means small if the loop is

wide. Therefore, in the presence of a loop-type nonlinearity F(x),

in the small-parameter method, we must also proceed from Expression

(2.193) and make use of Formulas (2.195), assuming as in the general

case F(x, px) that the loop-type nonlinearity F(x) is, strictly

speaking, a particular form of the general case of a nonlinearity

F(x, px) with an essential dependence upon the sign of the derivative

px. Thus, the loop-type nonlinearity F(x) may be denoted by the

the symbols F(x, sign px). In this connection, let us recall that

in the harmonic-linearization method for loop-type nonlinearities
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we always introduce the second coefficient q' 1 0 (see § 2.1).

The requirement of the small-parameter method concerning the

presence of a generating frequency in a linear system for e = 0 is

equivalent to the requirement of the presence of a pair of purely

imaginary roots in the characteristic equation of a harmonically

linearized system (or the requirement of intersection of frequency

characteristics in the method of harmonic balance). From the stand-

point of control theory, any of these requirements indicates with

equal force the desire to find constant-amplitude sinusoidal oscilla-

tions in a closed-loop linear system approximately replacing the

closed-loop nonlinear system under consideration. Here it is important

to emphasize that the generating system in the small-parameter

method is precisely a closed-loop linear system. In addition, in

investigating nonlinear systems in the theory of automatic control

we introduce the concept "linear part", by which we imply the open

linear system (Fig. 1.12b). We exclude the nonlinearity from it in

such fashion that the number of equations becomes one less than the

number of variables. For example, in System (2.71)

Q(p)x+R(p)F(x, px)-O

the closed linear system will be a generating system

Q (P) x + R (p) (hx + hpx)= 0

while the linear part of the nonlinear system will be the open

linear system
Q(P)x=-R(P)y, (2.198)

obtained by excluding a nonlinearity in the form
y = 7(x, px (2.199)

for the given equation.

For a = 0, the closed-loop linear system (2.192) will be a
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generating system for the nonlinear system (2.191) in exactly the

same fashion, while in the sense of control theory, the linear part

(in the general case, the reduced linear part, see § 1.2) will be

the open linear system

D, (p) x, +... +Ds(p) x+... + D, (p)x, =o,
.... ........................... (2.200)
Dh,(p),+...-+-D(p)xI+...+ Dm(P)x-"--Y(
................................

D, (p)x, + ... +D(p)xi +...+D,(P)Xm=O,

which is obtained by excluding a nonlinearity in the form

y F(X, pX). (2.201)

from (2.191).

It is evident that such a linear part will have properties

altogether different from those of the generating system (in par-

ticular, in contrast to the generating system, here we require the

absence of purely imaginary roots of the characteristic equation).

The properties of the linear part (2.198) are determined as properties

of an open system in control theory by study of the variation of

the "output" quantity x for a given variation of the "input" vari-

able y, i.e., that quantity by which a nonlinearity is introduced

into the system. Aswe know, the frequency characteristic of the linear

part

for sinusoidal variation of the input quantity y is an example of a

characteristic determining these properties. For the nonlinearity

(2.199), on the other hand, x is the input quantity while y is the

output quantity.

The expression for W(p), which is determined symbolically from

Eq. (2.198) as
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is called the transfer function of the linear part.

Exactly as for the linear part expressed by Eqs. (2.200) we

may write the transfer function of the linear part in the form

W--) = k, e PI) (2.202)

(y and x, play the roles of the input and output of the linear part

respectively) and its frequency characteristic

W UW) E (O) P(2.203)

where Q(p) is the determinant of the system (2.200) and Ekl(P) is

the minor of the (k, 1)-element of this determinant; here, the deter-

minant Q(p) of the linear part unlike the determinant L(p) of the

generating system or of the harmonically linearized system, no

longer has purely imaginary roots.

Both in the formulas of the small-parameter method written

earlier in this section, and in the formulas of the harmonic-lin-

earization method, it is essential that we actually make use of

the closeness of the solution to the sinusoidal only for those vari-

ables that appear in the nonlinear function. The forms of the solu-

tions for the remaining variables do not figure in the computations.

This suggests that a solution for the former variables may be reli-

able even in cases where the solution for the latter variables differs

appreciably from the sinusoidal. In the method of harmonic lineari-

zation, this is substantiated by the filter condition (§ 2.2).

Hence, in the small-parameter method the filter condition must

also be considered as an auxiliary condition that renders the use

of the small-parameter method valid even in cases where the sought

periodic solution is close to sinusoidal not for all the system's

variables, but only for those within the nonlinear function.

Thus, for example, let us assume that in the nonlinear system
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(2.191) or, what is the same thing, (2.200)-(2.201) the periodic

solution for the variable x is close to sinusoidal, while the non-

linearity F(x l, Pxl) is such that the variable y, which is here

determinable from (2.201), is far from sinusoidal. Then we assume

that the linear part of System (2.200) possesses the filter property,

i.e., that its frequency characteristic (2.203) satisfied the con-

dition

(jag) (2.204)

where n = 2, 3, ..., or n = 3, 5, ..., depending on whether or not

the expansion of the function F in Fourier series contains even

harmonics. Inasmuch as the frequency characteristic (2.203) deter-

mines the variation of the variable x1 for a given variation of y,

y containing higher harmonics, we may say that according to Con-

dition (2.204), the first harmonic (the frequency il) will play the

major role in the solution for xl, while the remaining harmonics

of the variable y will exert little influence upon the solution for

the variable xl, i.e., the solution for x, may actually be close to

sinusoidal.

As with Expression (2.202), we may also synthesize a transfer

function for any other variable in System (2.200) instead of xl, and

by verifying the filter property for it establish which other

variables of this system have a near-sinusoidal solution; we may

also find the form of the solution for any variable allowing for

the higher harmonics generated by the nonlinear function y =

= F(xl, PXl).

Finally, we draw attention to yet another very important cir-

cumstance. In speaking of the presence of a pair of purely imaginary

roots in the generating system or in the harmonically linearized

system, we have had in mind at all times simultaneous realization
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of an auxiliary condition' all the remaining roots of the characteris-

tic equation L(p) = 0 of this system (other than the pair of purely

imaginary roots) have negative real parts of finite magnitude, i.e.,

we have assumed that the polynomial (2.118)

Lt (p) (2.205)

satisfies the Hurwitz criterion (or another linear criterion of

stability) with a margin to spare.

Here we have also assumed (see § 2.2) that the open linear part

of the system is stable or neutral, i.e., that its characteristic

equation Q(p) = 0 does not have roots with positive real parts or

purely imaginary roots, but only roots with negative real parts and

possibly zero roots.

All this has permitted us to speak not simply of closeness of

a nonlinear system in a periodic (self-oscillatory) mode of opera-

tion to a linear system with a pair of purely imaginary roots, but

of its closeness to a linear system located on the oscillatory

stability boundary. Thus we have guaranteed that not only that part

of the solution which corresponds to the pair of purely imaginary

roots, but also that the full solution of the generating system for

initial conditions close to the initial conditions of the periodic

mode of operation being investigated for the nonlinear system is

close to sinusoidal. This corresponds to the position of N.N. Bogo-

lyubov concerning the strong stability of the two-parameter family

of particular solutions ([28) and [102), Chapter 4).

The assumptions which have been made relative to all roots of

the generating (closed-loop, harmonically linearized) system and

the open linear part of the system, together with observance of the

filter property, permits us to speak of the applicability of the

generating harmonically linearized equation not only for determina-
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tion of the periodic solution, but also in first approximation for

determination of the process of establishment of the periodic solu-

tion, i.e., for slowly damped or slowly diverging oscillations in

the neighborhood of the periodic solution, as was also done in § 2.4.

In this case, however, the amplitude a and the frequency w in the

solution will not be constant, but will be slowly varying time func-

tions. For this it is, of course, necessary that the coefficients

of harmonic linearization q(a, cu) and q'(a, co) (in many practical

problems q(a) and qi(a) must also be slowly varying functions of a

and c (or only of a)]. Then the "generating" system will be a linear

system - not, however, with constant coefficients, but with coef-

ficients slowly varying over time. Its unique property consists in

the fact that the variable coefficients q and qf are not expressed

in explicit form as time functions, but depend upon the solution. A

similar phenomenon is also the caze in determination of a periodic

solution where these coefficients although constant, are not, however,

given beforehand, since they are functions of the amplitude (and, in

the general case, also of the frequency) of the solution being sought.

In this sense, the generating harmonically linearized system pre-

serves at least the principal features of the nonlinear system being

approximated, which permit us to determine approximately its basic

nonlinear features in periodic modes of operation and in the neighbor-

hood of these modes of operation.

In conclusion, we must also note references which are important

for the range of phenomena being investigated, i.e., the studies

of Yu.A. Mitropol'skiy [102] on nonlinear systems of high order with

slowly varying parameters and V.0. Kononyenko [93] on nonlinear

systems of high order whose parameters deviate slowly from the

periodic.
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§ 2.7. DELINEATION OF EQUILIBRIUM-STABILITY REGIONS

Up to the present time we have spoken of the determination of

periodic solutions and of their stability, i.e., we have considered

a range of nonlinear-system parameters in which there exist periodic

solutions, stable (self-oscillations), or unstable. In many cases,

however, we must synthesize an automatic system in such a way that

self-oscillations do not arise and the equilibrium state of the

system will be stable for arbitrary initial conditions. In these

cases we must find an equilibrium-stability region of the system out-

side the region of the periodic solutions.

Generally speaking, the specific properties of nonlinear systems

are not limited only to the possibility of the existence of periodic-

solution regions in the parameter space. Other complex singularities

of the separatrix type and the like may also exist outside the

ranges of periodic solutions. In the present section, however, we

will be concerned with nonlinear systems for which there are no such

singularities in the parameter space outside the range of periodic

solutions or at least near them, but there is either an area of

equilibrium stability for arbitrary initial conditions or an area

of instability. It is these areas of equilibrium stability outside

the range of the periodic solutions that will be defined in the pre-

sent section. Here we assume the presence of a unique equilibrium

state of the system or, on the other hand, a unique zone of equilibrium

states (for example, within the dead zone of a nonlinear link of

the system).

As regards the possibility of stable equilibrium within the

range of periodic solutions (for example, in Fig. 2.17b for an un-

stable periodic solution), § 2.9 will be devoted specifically to

this problem.
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The absence of a periodic solution is determined by the fact

that the characteristic equation of the harmonically linearized

system (2.115) or (2.116) has no purely imaginary roots for any

possible values of q and q' for the nonlinearity in question. But

as we already know, the harmonically linearized equation is also

valid in the nonlinear systems being considered for transient proc-

esses in the neighborhood of the periodic solution. Therefore we may

say that if Eq. (2.115) or (2.116) satisfies the Hurwitz criterion

(or any other linear stability criterion, such as that of Mikhaylov

or Nyquist) in the region where the periodic solution is lacking

but near it [sic] for all values of q and q' possible for the non-

linearity in question, then; at least in the neighborhood of the

boundary found for the region of no periodic solutions, there will

be a region of equilibrium stability for the system. If, however,

the harmonically linearized equation (2.115) or (2.116) does not

satisfy the Hurwitz (Mikhaylov or Nyquist) stability criterion out-

side the region of periodic solutions for all values of q and q1

possible for the nonlinearity in question, this will be a region in

which the system is unstable.

Thus do we consider determination of the oscillatory boundary*

of equilibrium stability for a nonlinear system satisfying the con-

ditions derived in § 2.2 (they are formulated briefly at the begin-

ning of § 2.3). Here we assume that for a harmonically linearized

system equation, all the Hurwitz determinants are positive other than

the next-to-last Hn-l, which may change its sign (or satisfy other

conditions equivalent to this).

The determination of the oscillatory equilibrium-stability

boundary with respect to the harmonically linearized equation iF

physically completely natural for nonlinear systems which do not
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yield to ordinary linearization, but Ray have a periodic solution

close to the sinusoidal. Below, in § 2.8, we shall show with a

number of examples that the results of such a determination of the

region of equilibrium stability for a nonlinear system agree with

the results of application of the direct method of Lyapunov (for suf-

ficient conditions of stability).

If we make use of Mikhaylov's linear stability criterion, then

the equilibrium stability region for nonlinear systems of the classes

being considered may be determined as a region of system parameters

such that for it the Mikhaylov stability criterion, applied to the

harmonically linearized system equation, is realized for any values

of q and q' that are possible for the nonlinearity in question. In

other words, in this range of system parameters for no possible

values of q and q' must a Mikhaylov curve obtained by substituting

p = jw into the characteristic equation of the harmonically lin-

earized system, for example in (2.115):

Q(p)+ R)(q + -P)-o, (2.206)

or in (2.116):

Q(p)+R (p)qt + )+ R,(p)(q. + p)=o, (2.207)

or other examples, pass through the origin; it must always envelop

it (Fig. 2.27). Let us note that the coefficients q and q' in Eq.

(2.206) are not independent of each other. For each nonlinearity,

a fixed value of qt and a fixed value of S2 for the system in ques-

tion (on the stability boundary) correspond to each value of q. Just

as in Eq. (2.207), all the coefficients ql, q, q2, q2', and S are

interdependent.

In the use of the fourth method of determining the periodic solu-

tion (§ 2.3, Fig. 2.11), the equilibrium-stability boundary may be
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determined graphically pointwise by choosing suitable boundary values

of the parameters, starting with which we satisfy the condition in-

dicated above (see examples in Chapters 4 and 6).

In the use of the analytical
j ' first method (§ 2.3), the equilibrium-

do stability boundary is determined as

Sthe boundary of existence of real

positive values of A and R in the

solution obtained. For example, in
Fig. 2.27. § 1.3, according to (1.85) and (1.86),

we shall have T2k1 = Tlko. s if' we assume that all the parameters are

positive. In this case the region of the periodic solution will be

T2k 1 > T1k o. s In order to be convinced of the fact that the inverse

condition T2k1 < T1k .s determines the region of equilibrium stability

of the system, we must verify observance of the Mikhaylov or Hurwitz

criterion at any one point in the neighborhood of the resulting

boundary which has been found from the characteristic equation of

the harmonically linearized system (it was in this way that we solved

the problem in § 1.3). This method will be applied to a specific

system in Chapter 4.

We must also proceed similarly in application of all the re-

maining methods of determining a periodic solution, finding the

boundary of equilibrium stability as the limiting possible case of

the graphical solution there used, after which we must carry out the

above verification of the satisfaction of any one of the linear sta-

bility criteria for a harmonically linearized system.

Let us now dwell particularly on the case of a nonlinear system

with one single-valued oddly symmetrical nonlinearity having an arbi-

trary configuration. Such systems are encountered often. As is evi-
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dent from (2.206), the characteristic equation of the harmonically

linearized system in this case has the form

Q(p)+R(p)q-O.. (2.208)

According to the second method (§ 2.3), the condition for the

presence of the periodic solution will be equality to zero of the

next-to-last Hurwitz determinant:

=0, (2.209)

where the magnitude of the determinant Hn_1 is a function of the coef-

ficient of harmonic linearization q and the system parameters. For

variation of any system parameter k, let the magnitude of the deter-

minant

H.,I (k, q)

be equal to zero for all values of q possible for the nonlinearity

in question in some interval kI < k < k2 (Fig. 2.28a); however, to

the left of the point k1 we have Hn_1 > 0, while to the right of the

point k2 we have Hn.l < 0 for all values of q which are possible in

the problem being considered. Then the equilibrium-stability region

of the system* lies to the left of kl , while the region of insta-

bility lies to the right of the point k2.

The boundary values k and k2 may be determined as those values

of the parameter k for which the least and greatest values of the

determinant Hn_1 are zero for variation of q in an interval which is

fixed for the given nonlinearity. In fact, if the least (for varia-

tion of q) value of Hn_1 (curve 2 in Fig. 2.28b) is zero for some

value k = kl, while for k > kI1 the equality Hn-1 = 0 is possible for

any values of q (curve 3), then for k < kI1 we must necessarily have

Hn_ 1 > 0 for all values of q (curve 1). Here we do not consider

particular cases that are almost never encountered.

From a practical point of view, as will be shown in what follows,
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Fig. 2.28. 1) Equilibrium stability;
2) periodic solution; 3) interval of
possible values of q; 4) instability.

there is no need to construct these curves.

In exactly the same way, in the plane of any two system param-

eters (for example, k and T) the case where the least (for variation

of q) value of the determinant Hnl is equal to zero, will determine

the line which represents the equilibrium-stability boundary of the

system (Fig. 2.28c), while the case where the maximum value of the

determinant H n-1 is equal to zero determines the boundary of the in-

stability region.

These extremal (minimum and maximum) values of the determinant

Hnl may be found by setting the derivative

Tq 0 (2.210)

equal to zero (excepting the special cases mentioned above) or, on

the other hand, by means of direct establishment of values of q,

for which the least and greatest values of the determinant Hn-l occur,

on the boundaries of the interval of variation q, even in the ab-

sence of the mathematical extremum.

Eliminating the quantity q from Expressions (2.209) and (2.110),

we obtain the equilibrium-stability or -instability boundary for the
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system expressed in terms of the system parameters.

However, the quantity q obtained here, which corresponds to

the mathematical extremum of the determinant Hn-1 , may lie outside

the interval of values of q which are possible for the nonlinearity

in question, as for example, the magnitude of the maximum H nl in

Fig. 2.28b departs from this interval to the right. Then we take

the closest boundary value of it to the right and substitute it into

Expression (2.209); this corresponds graphically, for example, to

curve 4 in Fig. 2.28b. In addition, we must exclude from considera-

tion those sections of the resulting stability boundary obtained

where the condition of all remaining Hurwitz determinants positive

is not observed.

Hence, here the equilibrium-stability analysis of the nonlinear

system breaks down into two stages [1281:

The 1st stage - elimination of q from Eqs. (2.209) and (2.210) -

furnishes stability conditions which are sufficient for any form of

single-valued oddly symmetrical nonlinearity, since in them the quan-

tity q is not bounded (0 < q < -), i.e., it is not a function of the

form of the nonlinearity;

The 2nd stage - rejection of the superfluous sections of the

stability boundary obtained in the first stage and their replacement

by others obtained by bounding the interval of possible values of q

for the nonlinearity in question - leads to the necessary conditions

for stability, since here we approach close to the boundary of the

region of existence of the periodic solution. (These necessary con-

ditions are approximate in accordance with the approximateness of

the method for determining the periodic solution.)

In much the same way, we may also approximate the region of

equilibrium stability for a loop-type nonlinearity in the general
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case for F(x, px); this will be shown in one of the examples at the

end of the present section. But in the general case it is more con-

venient to make use of the methods indicated at the beginning of

the section, employing the Mikhaylov criterion.

Example 1. Let us first present the simplest example of a non-

linear system (Fig. 2.29), whose equation is given in the form

(Tip+ 1)x,= -k x, }
xx P =(x), x = x,-ko. exi, (2.211)

(T + 1) pxl = ktxg. I

On the substitution F(x) = qx, the characteristic equation of

the harmonically linearized system takes the form

T1T2P+(TI + T)p' +(l + T, k,q)p+ (k, +k.)kq-. (2.212)

The characteristic equation of the open linear part, which, accord-

ing to (2.80), we obtain here for q = 0, is

T TP+(Vi + Tit)pe+ P=O.

It has a zero root, but not purely imaginary roots or roots with

positive real parts (which is required according to § 2.3), since

after removal of p from the parentheses a quadratic trinomial with

positive coefficients remains.

The next-to-last Hurwitz deter-

F4 1 minant for Eq. (2.212) is

2-C=(T + T,)(1 + Tk .q)- T, T (kt + k...) kq.

Fig. 2.29. 1) Nonlinearity; Removing parentheses, we write Eq.

2) 3) xos' (2.209):

H + 2+ - (2.213)

Here Formula (2.210) assumes the form

'H!i Tk, (tko. - T2k,) =0. (2.214)

The quantity q has not entered into Expression (2.214). There-

fore there is no need in the simple example under consideration to
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eliminate q from (2.213) and (2.214), as was indicated in the general

method. Here Expression (2.214) is itself the equation for the boun-

Idary of equilibrium stability:
Tok1x(2.215)

Precisely this will be the boundary of equilibrium stability (but not

the stability boundary), because from (2.213) it is evident that

where

T(2.216)

we will have H n-1 > 0, while the existence conditions for the per-

iodic solution (2.213) may be satisfied only where

k0 '77,, (2.217)

since all the parameters and the coefficients q are positive (by

their physical significance).

The relationships obtained agree with the construction of the

areas of equilibrium stability carried out for this example in Chap-

ter 1 (Figs. 1.21 and 1.22).

According to the general method set forth above, we must still

verify that all the remaining Hurwitz determinants other than Hn-1,

which has already been analyzed are positive. In the case in ques-

tion (a third-order system) this leads to the positive coefficients

of the characteristic equation (2.212). From the condition of a

constant term positive, we have here the inequalities

ko.e>-k; k,>O, (2.218)

which, combined with (2.216), determine the regions of equilibrium

stability shown in Fig. 2.30. This corresponds to the first stage

of the analysis, which gives the stability conditions sufficient for

any form of nonlinearity, since we have still not yet considered

the restriction of possible values of q. In the second stage of the
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investigation, we require for the determination of necessary sta-

bility conditions that the value of q obtained from (2.213) and

(2.214) not transcend the range of values possible for the nonlin-

earity in question. From (2.213) and (2.214) we have

T,+T, (2.219)

For the nonlinearity considered in § 1.3 (an ideal relay) this

is a possible value, since there 0 < q < (Fig. 2.31a). The situa-

tion will be the same if in place of relay 2 (Fig. 2.29) we put the

nonlinear link x3 = F(x) with the curvilinear characteristic (Fig.

2.31b), for which k < q < 0.

1 15 )t'odwa

Fig. 2.30. 1) Equilibrium stability;
2) kos.

If, however, we have in this same system (Fig. 2.29) a link with

a dead zone (Fig. 2.31c or d) as the nonlinear link 2, or a condi-

tionally linear link with saturation (Fig. 2.31e), or a more complex

form of nonlinearity (Fig. 2.31f, g), then for all of them the quan-

tity q will have the bounded interval of variation

o < q < qmax; (2.220)

for a nonlinearity of the type of Fig. 2.31h, this interval will be

qm,. <q < q,, (q>o0). (2.221)

In all these cases, therefore, we must take qmax for determina-

tion of the equilibrium stability boundary in place of the value

q = o obtained from (2.213) and (2.214). Then, according to (2.213

the stability boundary will be
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Tjk 1 +T.
o . 1  " fk-- , (2.222)

however, Conditions (2.218) remain as before. Figs. 2.32a and b show

lines 1 determined by Eq. (2.222). It is evident from comparison

4,4

Fig. 2.31.

with Fig. 2.30 that in the problem being considered the bounding of

the possible values of q from above enlarges the equilibrium sta-

bility region of the system. As a result, we obtain stability condi-

tions which are not only sufficient, but also necessary.

The specific expression for the quantity qma figuring in Figs.

2.32a and b, depends upon the form of the nonlinearity as indicated

in Fig. 2.31. Hence, the location of the equilibrium-stability boundary

of the system will also depend upon the form of the nonlinearity.

Let us take special note of the case (2.221). There, satisfac-

tion of Equality (2.213) is possible only for the condition
Tha T,+T. fTka

Fa IfRk, qm1  I k '€:  T fhr~,qm.. (2 . 223)

if we are limited to consideration of only positive values of all
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a0 b

iodic solution; 3) instability; 4) kos.

the parameters. Therefore, here the region of the periodic solution

is again bounded on the other side, where it borders the area of in-

stability of' the system (lines 2 in Fig. 2.32c, d). We will also

have a similar picture for the nonlinearity of the type Fig. 2.91b,

with the only difference that there

qnmax = w' However, in all the re-

~maining cases except Fig. 2.31b and

.. h, qmi = 0, as a consequence of

Fig. 2.33. 1) Nonlinearity; which the region of the periodic
2) OS.

solution extends indefinitely to the

right of line 1 (Fig. 2.32a and b).

Example 2. Let us introduce an example of another automatic sys-

temtem in which, on the contrary, the quantity qin determines the

equilibrium-stability boundary, while qax determines the boundary

of instability. Let us consider the system (Fig. 2.33) described by

the equations :
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(Tip + ) px 1 - kx,

X2 = 0k, + kip) x1. (2.224)
px, F (x), x =x, - k." X8

L for positive values of the coefficients.

The characteristic equation of the harmonically linearized sys-

tem for a single-valued oddly symmetrical linearity F(x) is

Trl'+(I + k,., T) p + (k.. + kik,) qP + ktkq -O. (2.225)

q = 0 we have TP3 + p2 0, i.e., the roots of the linear part

satisfy the requirements of § 2.3.

The next-to-last Hurwitz determinant for (2.225) is

H_-- (I + k.., Tq) (k.., + kik,) q - Tkkq.

Therefore Eq. (2.209) assumes the form

H._, = ko.c T, (ko. + ks,) q' + (k.. + k1k, - T,kk) q - 0, (2.226)

while Eq. (2.210) takes the form

OH'-_ = 2 k.., T, (ko., + kk,) q + k.4 + kk, -- Tk, . (2.227)

Both of these equations are satisfied for q = 0, if

kc + k~k, - Tkhk,= 0

or

k. =(2.228)

This boundary is represented in Fig. 2.34a.

a) b) ..

l /
fls&Uyw

))

3 30
4. ;7 0 4, >

Fig. 2.34. 1) Equilibrium stability; 2) per-

iodic solution; 3) instability; 4) ko.S.
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If, however, q / 0, then Eq. (2.226) may be divided by q and

in place of (2.227) we may write

-7'~ r k... T, (k... + kiks) = 0,

hence we obtain an additional equilibrium-stability boundary (Fig.

2.34a)

k. -0. (2.229)

The statement that Equality (2.228) determines just the boundary

of equilibrium stability (but not the boundary of instability), fol-

lows from the sign of the second derivative

-'n_ 2k... T, (k.., + kjk,) > 0'

i.e., here we actually have a minimum for HnI .

We may also satisfy ourselves of this by the simple substitu-

tion of the value

kt ko.c+kaks (2.230)

into Expression (2.226); this gives us Hn.1 > 0 for any positive

value of q (see the region of equilibrium stability in Fig. 2.34a).

In addition, we have from the positivity condition for the ab-

solute term of the characteristic equation (2.225) k2 > 0.

The region of equilibrium stability which is thus obtained in

the first stage of the analysis (Fig. 2.34a) will be the same ir-

respective of the form of the nonlinearity. This corresponds to the

sufficient conditions for stability. They will also be necessary con-

ditions for all cases where the value q = 0, which corresponds to

Condition (2.228), is possible. This will be the case, in particular,

for all the nonlinearities represented in Fig. 2.31 except for two:

Fig 2.31b and h. For these,

qm, = k. (2.231)

We must substitute this value into Eq. (2.226) in place of q = 0 in
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order to obtain the boundary of equilibrium stability (in the second

stage of the analysis); this gives us (Fig 2.34b)

k ko. + k1k , (1

T, , + ko.cqmi). (2.232)

In the case in question, the region of equilibrium stability is ex-

panded, in contrast to the preceding example, in the presence of a

lower bound for the quantity q (see (2.231)).

However, in the present example the bounding of the quantity q

from above results in the appearance of a region of instability for

the system. Thus if q varies within the range

O<q~qm&1 or qm'nwq~qwu (2.233)

(all the nonlinearities in Fig. 2.31 except 2.31a and b), then for

all positive parameters the condition for the presence of a periodic

solution (2.226) may be fulfilled only for

k, < ko.e + Aks
T,, ( + T,k.U.,J. (2.234)

Otherwise Hn 1 < 0 for all possible values of q from the interval

(2.233), i.e., there is a region of instability (Fig. 2.34c or d).

Example 3. Let us consider further a third example of a nonlinear

system in which the minimum Hnl (the equilibrium stability boundary)

is determined not by the values q = - and q = 0, as in the preceding

two examples, but by some intermediate instantaneous value of q.

Let us assume that the automatic system (Fig. 2.33) is described by

the equations

(T2p1 + Tp-+ I)x,=-klx.
x,= (k, + kzp + kLp) x, (2.235)

px,= F (x), x = x, - k.x,.

Here for a single-valued oddly symmetrical nonlinearity F(x)

the characteristic equation of the harmonically linearized system is

Tr'+IT,+(k. eT+ kk,)qJp'+[I +(k. T,+k,k,)qlp+ (2.36
+(k.., +k k,)q-O. (2.236)
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The next-to-last Hurwitz determinant takes the form

._=, + (ko.. Tf + kjk) ql [I + (ko. , + klk,) ql -
-- T(k... + k,) q,

as a consequence of which Eq. (2.209) is

_t,= T,+(a p-)q+-q'=O (forT 0), (2.237)

where we denote

a:= r, (k.. T, + kk), P k.. rf + kk&, y - rf (k... + kki). (2.238)

However, Eq. (2.210) assumes the form

dH., == -- y. -O. (2.239)

Determining from this

q=- r (2.240)

and substituting it into Eq. (2.237), we obtain the equation for

the system's boundary of equilibrium stability in the form

(+P- r)- P =o. (2.241)

In the plane of the parameters a and P, this equation gives a

parabola (Fig. 2.35a), whose axis is the bisector of the coordinate

angle (the straight line p = a). This parabola is tangent to the co-

ordinate axes at the points A(p = y) and B(a = y). Its vertex C has

the coordinates

From the positivity condition for the absolute term (2.236), we have

according to (2.238)

y>O for q>o. (2.242)

Here, the contrast to the preceding examples, the values of q

along the stability boundary vary according to Formula (2.240), with

q positive over the section ACB of the curve (Fig. 2.35a); at points

A and B we will have q = (for T2  0), while at point C

4 To (2.243)
T
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However, according to (2.240), the values of q are negative on

the sections AE and BD (Fig. 2.35a). The distribution of the values

of q along the curve EACBD is shown diagramatically in Fig. 2.35b.

By virtue of Condition (2.242) and also keeping in mind that

for all the nonlinearities (Fig. 2.31) q > 0, the sections AE and

BD (Fig. 2.35a), where q < 0, must be excluded from consideration.

On the other hand, it is evident that the condition of the presence

of the periodic solution (2.237) for q > 0 and a + p > ry may be satis-

fied only for ap < 0, i.e., in the second and fourth quadrants of

the plane. Therefore the region of equilibrium stability for the sys-

tem (in place of Fig. 2.35a) assumes the form of Fig. 2.35c, where

the sections AP and B correspond to the values q = -.

If the quantity q has an upper bound in the form of a value qmax

(all nonlinearities in Fig. 2.31 other than Fig. 2.31a and b), then

according to (2.237) the region of equilibrium stability is enlarged

on several segments to the hyperbola

- (+ -- +- 2P - -.-- (2.244)

where qmax has a singular value for each nonlinearity (see Fig. 2.31).

a)A b) c)

1W

-wd) e) f)

NN

3
Fig. 2.35. 1) Equilibrium stability; 2) per-
iodic solution; 3) instability.
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I
1: If here

then in accordance with (2.243) and Fig. 2.35b, the boundaries will

be the lengths MK and LN of the hyperbola (2.244), while a length

of the original parabola remains on the segment KL of the boundary

(Fig. 2.35d). If, however,

qmax

then the stability boundary will be the entire hyperbola (Fig. 2.35e),

and for

the stability region includes the entire first quadrant of the a,

P-plane.

Finally where q is bounded below by some value qmin (Fig. 2.31b,

h) we obtain three regions (Fig. 2.35f); here the boundary of the

instability region is the hyperbola

The parameters a, p, and y, for which all the diagrams in Fig.

2.35 have been drawn, are combinations (2.238) for real system param-

eters. For example, let us make the choice of the coefficients k3

and k4 [the intensity coefficients for introduction of the deriva-

tives into the control law; see (2.235)]. From (2.238) it is evident

that here these coefficients enter only into the parameters a and P

and do so independently of each other. Therefore the problem is

easily solved by means of Fig. 2.35. If, in addition, we must also

select the coefficient k2 with reference to the basic controller

signal, then according to (2.238) we must vary the parameter y, which

is also easily done on the basis of Fig. 2.35. Generally speaking,

we may also construct a three-dimensional diagram in the coordinates
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, , and y.

Example 4. As our last example, let us consider a system with a

loop-type nonlinearity. Let us assume that an automatic system is

synthesized according to the scheme of Fig. 2.29 and described by

Eqs. (2.211); here F(x) is a loop-type nonlinearity having, for ex-

ample, any one of the forms indicated in Fig. 2.36. After harmonic

linearization, Eqs. (2.211) assume the form

(Tp+ 1)x,=-kx,(2.245)

x-(q+-p)x x, - .o-k..x,(

(Tp + 1) px, = kx,

where q and q' are determined separately for different nonlinearities

(Fig. 2.36). The characteristic equation of this system is

T1Tp' + (TI + T2 - Tkk.. q")p' + [I + Tjkk . .. q -

- (k, - k0..) kjq"I p + (k, + ko. kjq = 0, (2.246)

where we designate
q" > 0,

-- g>0, (2.247)

in order to be able to deal with positive numbers (in itself q' < 0;

see Fig. 2.36).

--1-

S---------------- -

4-74

Fi.2.36.

Here the next-to-last Hurwitz determinant has the form

H,_, = (TI + T2 - 7'1ktk.. q") [1 + Tikik. q - (k, + k0..) k~qI
*- r, ,(k, + k...) kq. (2.248)
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For stability of the system we must have Hn.I > 0. From For-

mula (2.248), regarding all the parameters as positive and observing

the positivity requirements for all the coefficients of Eq. (2.246),

we see that the larger the quantity q1, the more the presence of

this quantity q" narrows down the region of the system's equilibrium

stability. Therefore, for approximate estimation of the maximum nar-

rowing of the equilibrium-stability region, we may take the maximum

possible value of q" for the nonlinearity being investigated (also

considering a tentative magnitude for the frequency 1) without, how-

ever, violating positivity of all coefficients of Eq. (2.246) for

any q, including q = 0.* Thus, denoting

q ax =-ka

we shall assume that

O<k,< k. <. (2.249)

By introduction of the constant value K3  qax' we replace

the nonlinear lag expressed in the form of a hysteresis loop by a

linear lag in the form of the introduction of a negative derivative

with the maximum possible constant coefficient, i.e., with a margin

in the worse direction from the viewpoint of stability. The preceding

method may be applied to such a system just as for a system with a

unique nonlinearity. According to (2.248), Eqs. (2.209) and (2.210)

here assume the form

H.-1 = (TI + T2 - Tlkskk...) I1 - ktk, (k, + k...)] +
+ Tk,(Tik.." Tk - Tjkkk2.)q =0, (2.250)

T,k2 (Tlk., - T- Tkk3k.) --0, 2.251
aq (2.5 )

hence we obtain the expression

k,-- k... (I - ktk.), (2.252)

for the equilibrium-stability boundary, which in the absence of k3
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agrees with the previous expression (2.215). The new equilibrium-

stability boundary takes the form of the parabola OBC (Fig. 2.37),

5 which intersects the previous boundary OM (2.215) at the origin and

has an axis parallel to the axis of abscissas k1 . Let us indicate the

coordinates of the vertex B of the parabola and the ordinate of the

point C (Fig. 2.37):

(has k, --, (k.)c-

The second boundary OD of the stability region, which results

from positivity of the constant term of the characteristic equation

(2.246), retains the same form ko. s  - k1 as before.

The stability region DOBC repre-

sented in Fig. 2.37 corresponds, as

does the previous region (Fig. 2.30a),

to the first stage of the analysis,

O; where the quantity q may assume arbi-

trary values (0 < q < o) and q =

Fig 2.37. 1) Equilibrium sta- along the boundary parabola. If, how-
bility; 2) ko. s .

ever, the quantity q is bounded by

some value qmax for the nonlinearity being considered (this obtains

for all the nonlinearities in Fig. 2.36), then the stability region

is widened and its boundary assumes the form of the curve OLN in Fig.

2.37 (the stability area before expansion was shown in Fig. 2.32a).

The equation of this curve is determined by substituting the value

qmax corresponding to the nonlinearity in question into Eq. (2.250).

Inasmuch as we made use only of the maximum value q" with rough

allowance for the quantity gi, the patterns of the stability region

obtained in Fig. 2.37 must be regarded as an approximate estimation

of the stability-region narrowing due to the presence of a loop in

the nonlinear characteristic (apparently, with a margin). In complex
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cases, a more complete analysis may be performed with the aid of

the Mikhaylov criterion, as was indicated at the beginning of the

present section.

§ 2.8. COMPARISON WITH THE DETERMINATION OF STABILITY REGIONS BY
THE DIRECT (SECOND) METHOD OF LYAPUNOV

We have already remarked in the preceding paragraph that the ap-

plication of harmonic linearization to nonlinearities (in place of

the ordinary method of linearization ) for determination of the os-

cillatory equilibrium-stability boundary is completely natural, since

in the types of nonlinear systems being considered (see §§ 2.2-2.4)

the periodic solution prevailing at the stability boundary is close

to sinusoidal (this fact lies at the basis of harmonic linearization).

Here, as may be seen from § 2.7, the method of harmonic lineariza-

tion gives extremely fruitful results.

In the present section we shall show that the equilibrium sta-

bility regions obtained in § 2.7 for nonlinear systems agree very

well with the results of determination of stability regions by the

direct method of Lyapunov, while in the first stage of the analysis

(sufficient conditions) and in those cases where all real values of

q are possible for the nonlinearity being considered (necessary con-

ditions), these results agree exactly with each other. The method

of harmonic linearization gives us new necessary stability conditions

for a bounded interval of possible values of q.

We shall make use of the techniques developed by A.I. Lur'ye

[34] for applying the method of Lyapunov to analysis of this problem.

Let us also note that in § 2.7, the first stage of the analysis gives

results close to those of the method used by A.M. Letov [63].

We will apply the Lyapunov method to all the problems for which

we obtained stability regions in § 2.7 by the method of harmonic
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linearization, and compare the results. In addition, certain problems

solved in the book by A.I. Lur'ye [34] using the method of Lyapunov

will be solved by the method of harmonic linearization; the results

will also be compared.

Example 1. The nonlinear system is described by Eqs. (2.211):

(Tip+ 1x= - klx, (2.253)
xs=F(x), x=x-ko.x, (2.53

(T9p + 1)px 1 =,kx,.

In the notation of A.I. Lur'ye, this system belongs to the class

of systems ([341, p. 25)
ft f

ik bk.%~ + kf(C), a = JA.1,

and in the problem being considered we have

u = , 1 --- x , '-z x , 71 = Px j f @ ) =F (x),

as a consequence of which System (2.253) assumes the form

k, = (2.254)

The roots of the determinant

0
T,

0 -1 1
0 0 -*4I )k

are

k- -= 0, -

Let us note that the determinant D(X) corresponds exactly to

the polynomial Q(p) in our general formulas (§§ 2.2-2.4, 2.6). There-

fore D(X) = 0 is the characteristic equation of the open linear part

of the system.

Using the formulas of A.I. Lur'ye ([341, pp. 23 and 26), we

calculate further

To Tk To

+- (22 + r +, - +)
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hth,T, = -k,(e klk,T .k

S-k k k. ,), 7a s-zy + k... k.

ta-T' Tk, k T

Therefore here the quantities T2 and 0 ([34], P. 78) determining the

stability boundaries are:
r,_ +. kg (_kl* k .j

According to A.I. Lur'ye ([34], p. 80) the stability conditions have

the form

r'>o and -40<1".

The first condition gives us

k,(ki+ko.)>O, i. e.ko.>--k, , k,>O, (2.255)

while the second gives us

k, (2k, + k..,) - L k... k2<k(k,+k..,),

from which

T, (2.256)

It is easily seen that both of these stability conditions (2.255)

and (2.256) obtained by the Lyapunov method agree completely with

the stability conditions (2.218) and (2.216) obtained in § 2.7 by

the method of harmonic linearization, which correspond to the graphs

in (Fig. 2.30).

As we know, the theorems of the direct Lyapunov method give us

sufficient conditions for stability that are not always necessary

conditions. Comparison of the results obtained here with the results

of Example 1 in § 2.7 suggests that in the present problem, the for-

mulas of Lur'ye corresponding to the method of Lyapunov give us

necessary and sufficient stability conditions only for systems with

nonlinearities (for example, Fig. 2.31a and b) such that the value

of the coefficient q may assume all positive values 0 < q < -. How-
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ever, for the remaining nonlinearities obtained by the Lyapunov

method for the Lur'ye formulas the sufficient conditions (2.255)

and (2.256) are narrower than the necessary conditions, giving, ac-

cording to the method of harmonic linearization, a wider region of

stability (2.222) (Fig. 2.32) which depends upon the form of the

nonlinearity through the quantity qmax" However the conditions of

A.I. Lur'ye do not depend upon the form of the nonlinearity, i.e.,

are sufficient for any unique nonlinearity, while at the same time

specific definition of the form of the nonlinearity (§ 2.7) leads

to a region of stability which is wider for each nonlinearity in

question, as is completely natural.

Example 2. The nonlinear system is described by Eqs. (2.224);

(Tip + 1) pxa= -kx8b
xg =(k, + kp) x,,. (2.257)

pxa= F (x), x=x,-k.x,. I

which, in the notation of A.I. Lur'ye, belong to the following class

([341], p. 37):
" a

j--- bjt.'q%+njt i- -fO), a= J,-rA, (2.258)
r,,-I a-I

and in the example in question

The system (2.257) assumes the form
'h= I}-k (2.259)

S=f(), a = k,, + k,- k. L

The roots of the determinant

sOI-o --- ;--

are

Using the formulas of A.I. Lur'ye ([34], P. 38), we calculate
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N,-h- N,---- 4

Here the stability question is resolved by the presence of a

real solution of the quadratic equation for some variable a2 ([34],

p. 68):
2a, V + eT, + k=k, - .0.

Since from this

4 1s - T, + -- ,

then the condition for realness of the solution for positive param-

eters is

ko.c + k1k, hIk,

or

'k,, " (2.260)

which is also a stability condition for the nonlinear system in ques-

tion. In this case, also, Condition (2.260), which is obtained by

the method of Lyapunov, agrees completely with the stability condi-

tion (2.230) obtained by the method of harmonic linearization (see

also Fig. 2.34a).

These conditions are sufficient and necessary for all nonlinear-

ities represented in Fig. 2.31 except for two: Fig. 2.31b and h, for

which, using the method of harmonic linearization for each specific

form of nonlinearity, we obtained the wider stability region (2.234)

represented in Fig. 2.34b.

Example 3. The nonlinear system is described by Eqs. (2.235):

(Tp' + tP+ 1) x =-kx,
x, (, + kep + k&px,, (2.261)

px,=F(x), x=xt-ko. XJ
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A.M. Letov [631 considered such a system in another notation

under the name of the second Bulgakov problem. In Chapter 4 of this

book, using the direct Lyapunov method with the formulas of A.I.

Lur'ye, he obtained the boundary of the system stability region in

the form of a parabola for the same type as in Fig. 2.35a. Such a

parabola was obtained still earlier by B.V. Bulgakov (45] using the

small-parameter method. This parabola corresponds to sufficient sta-

bility conditions for any form of single-valued nonlinearity. Figure

2.35 shows the widening of the system's stability region obtained

for specific forms of nonlinearities by the method of harmonic lin-

earization. A similar enlargement was obtained by the small-parameter

method in the work of B.V. Bulgakov, but in other, less suitable co-

ordinates.

Example 4. In making the substitution (2.247) with the maximum

possible value q" = k in Example 4 of § 2.7, we have in fact re-mx 3
placed the specified system with a loop-type nonlinearity (2.211)

by the following nonlinear system:

(Tp + 1) X2 9 - k t,(2 6
x, F F (x) - kspx, x= x,2- x, ( 2.262)

(Tp + t) px= kx, I

where F(x) is a unique oddly-symmetrical nonlinearity. This sub-

stitution gives a margin i4 the stability determination, since the

larger the value of k3, the more will the presence of the quantity

k3 restrict the region of stability.

Adopting, as in Example 1, the notation

11:=X1 V%=X1P Iq8=PX1? f(*)=P(x), Q=x.

we rewrite Eqs. (2.262) in the form

I 2 ,
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Transforming the last equation by substitution of the expression

Il from the first equation, we arrive finally at the system of equa-

B tions i2 - Ie

ha~g kk, I 1-kekko.e .h , (2.263)

t= -

a _ = r -rTj .1_

The roots of the determinant

'A A1

DO)= 0 1
k 1k, k,k, I - kikko. A

-7T. T1T, T$

are
X1,= XjX=l-!ksk(k,+ko.j) X1+ _ T, + To- rlk,kk...TIT, ' Ir ,

here we assume X1X3 > 0 and X + X3 < 0, which is in agreement with

Conditions (2.249).

Then by the formulas of A.I. Lur'ye, as in Example 1, we cal-

culate

T T, T nr ,

k, (k, + ko.) + Tahksk h
X, (2TT + T, + To - Takkah.),

S, (, + ko.,) k, (k, + ko.) + rThk,ho.c),
I--- kk,(k. +-, T---- T' ,(2Ta T, + T, -,T kskhko) '

P = TX, P,= 0, P,---- ,.

After the rather cumbersome manipulations connected with ex-

clusion of the quantities X1 and X3, we obtain

k, (ha + ho.J)V" --- + u , - leeks 01 + 1;)
0 - (PS - p,) XI I t, [2T, (ha + ho.0) - ka.1 (V& + T, - rThaks.)J

4XX,4T, [I - Ah, (k, + Ao.j

The stability conditions: r2 > 0 and -4 < r2 assume the form
I (2.264)

k,(k+k..)>O, i.e. ko.,>-k, for k,>0,

... , (I - kikIko.--) kT,> 0. (2.265)
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in both cases we assume that starting from the condition Xl 3 > 0,

we will have

I - kk, (k, + k..) > O.

As we see, the stability boundaries obtained here by a complex

method agree fully with those obtained in Example 4 of § 2.7 by a

simpler method - merely by differentiation of the Hurwitz deter-

minant Hn 1 "

Example 5. Using the method of Lyapunov, A.I. Lurlye ([341, p.

84) obtains an example of the stability boundary for a nonlinear

system described by the following equations:*

T.p? - E

(TP'p +Tp+ On)', =Y, (2.266)

A = F W, X =,q-J

Let us solve this same problem by the method of harmonic lineariza-

tion.

For a unique oddly-symmetrical nonlinearity F(x), we obtain

after harmonic linearization the characteristic equation of the sys-

tem (2.266) in the form

rP'+ (T + TqWp+(a TR)p + qp + 0-o

The next-to-last Hurwitz determinant is
H,_1 = 8q [(Tk + 772)(8 + Tq) - T78q]-¢ (rk + Pr,,

as a consequence of which Eq. (2.209) assumes the form

nI = (7 y-) q + T(T- 2)qI + T,(T8 .) q0. (2.267)

Equation (2.210) is

== F ~+ 2r, (T8---2 -q+3r,(r, - q=O. (2.268)

According to the positivity condition for the constant term of

the characteristic equation, one of the stability boundaries will be

the value q = 0 (for Ta > 0). For q = 0, the two Equations (2.267)

and (2.268) are satisfied if
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T T1(2.269)

T.a*

For q > 0, Eq. (2.267) may be divided by q and instead of Eq.

(2.268) we may write

( T (T,8 2)+2T(Th)o (2.270)

hence
q T (2T- T..ka) (2.271)

Inasmuch as here q > 0, this expression for q may be made use

of only given the condition

2 ,> T.T,8> ,. (2.272)

Substituting the value of q from (2.271) into Eq. (2.267)

divided by q, we obtain

4T; (rr.8 - T) - T.Tj - O. (2.273)

We introduce the notation

Ta

X =-. ' V- -" (2.274)

Then Condition (2.269) assumes the form

X= 1. (2.275)

while Conditions (2.273) and (2.272) are

.- L for 1-< -, (2.276)

as is shown graphically in Fig. 2.38a. These conditions agree com-

pletely with the results of A.I. Lur'yO ([34], p. 84) and represent

sufficient conditions for the stability of the system for any form

of nonlinearity (0 < q < -).

Using the method of harmonic linearization we observe the follow-

ing in the second stage of the analysis. Along the stability boundary,

according to (2.271) and (2.276), the quantity q varies according

to the relationship
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for 11>0-5 or(2. 277)

q=O for O tOeI.

If the quantity q has the upper bound qmax (all the nonlineari-

ties in Fig. 2.31 except for Fig. 2.31a and b), then, adopting the

notation 2.
xqrna (2. 278)Wh

we obtain a bound for the variation of the quantity (T2/Tk) q along

the stability boundary as indicated in Fig. 2.38c, with the result

that the previous sufficient boundary (Fig. 2.38a) will be a neces-

sary one only for 0< < +' . For

% we must make direct use of sub-

% lstitution of the quantity q into

Eq. (2.267), which, with the notation

-_---------------- of (2.274) and (2.278), gives us

where, according to (2.278) and

Fig. 2.31, the quantity x has its

n T own special value for each non-

linearity in question. This new

ci .boundary CD is represented in Fig.

2.38b. It enlarges the stability re-

Fig. 2.38. 1) Equilibrium
stability. gion in accordance with the form of

the nonlinearity.

Example 6. Let us introduce still one more example of a nonlinear

system considered in the work of A.I. Lur tye ([34], p. 87) by the

Lyapunov method:
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p2 + 2ip + -0-- NJ,
p!--F(x), x---(J,+jp)'--rt. (2.279)

Let us solve the same problem here by the method of harmonic lin-

earization. After harmonic linearization, the characteristic equa-

tion of System (2.279) will be

'p" + (2n + rq)p' + (w' + 2nrq +-JNq) p + (w'r -JN) q = O.

The next-to-last Hurwitz determinant will be

Hl,, =(2n +rq)(' - 2nrq "jJNq) - (,or -{-JoN) q. (2.280)

2A.I. Lur'ye considers two cases: a) r = 0; b) w = 0.

According to (2.280), Eqs. (2.209) and (2.210) are in the case

r = 0%

Hn_, -= 2nwl + (2nJ, - Je) Nq = 0, ( 2. 281 )

---=(2nj,-j,)N= 0.jq- (2.282)

Hence we obtain the stability boundary in the form

nj, =0 (2.283)

while from the condition of positive constant term in the character-

istic equation (for N > 0 and q > 0)

(2.284)

These two boundariez are represented in Fig. 2.39 in the form of the

straight lines 1 and 2. They agree completely with the results that

A.I. Lur'ye obtained by the Lyapunov method.

Let us perform an additional analysis. According to (2.281),

we have on the stability boundary (2.283) the value

2no.

q = (2n - j.)N

If, however, the value of q is bounded from above by the quantity qmax

(Fig. 2.31), then it is this value that must be substituted in Eq.

(2.281) in place of q in order to obtain the stability boundary;

this gives us
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Ycm, =A u"",),2(2.285)

,,, Thus, the stability region is en-

, larged (Fig. 2.39, line 3) in ac-

, ,, cordance with the quantity qmax'
N which depends upon the form of the

5

nonlinearity. As a particular case,Fig. 2.39. l) Equilibrium

stability, we may obtain from this the result

(cited in the book by A.I. Lurlye) for a linear system when q = const =

qmax = l/Ts.

Finally on the basis of (2.280), Eqs. (2.209) and (2.210) in

2
the case c2 = 0 will be

Ii = (4n'r -+ 2njN -JN) q -- r (2nr + JiN) q' = O (2.286)
-- L---4nt"-r-2njN -j.N+2r(2nr"--j 1 N)q=O.
dq (2.287)

Both equations are satisfied for q = 0 if

4nr+ 2njN-JeN=O

or

n J, 2nIr
2 - "N (2.288)

(see Fig. 2.39, line 4); this also agrees with the results of A.I.

Lur'ye. If, however, q / 0, then Eq. (2.286) may be divided by q

and instead of (2.287) we may write:

("")- r (2nr JiN) . 0,

which, however, is not essential, since the value obtained from this

nit= 2n'r

determines a straight line lying outside the stability region re-

sulting from (2.288).

CONCLUSION. Thus we see that in all cases, the results of ap-

plication of the Lyapunov method confirm the validity of determining
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the stability region for nonlinear systems (of the types being con-

sidered) by the method of harmonic linearization in the first stage.

The formulas of A.I. Lur'ye, which are based upon the Lyapunov

method, give us sufficient stability conditions that guarantee sta-

bility of the system for any form of unique oddly-symmetrical non-

linearity. They also prove to be necessary conditions if all values of

q (0 < q < -) are possible for the given nonlinearity. Otherwise

the necessary conditions for stability are wider. However, for the

presence of a loop-type nonlinearity or a nonlinearity of the more

general form F(x, px) the region of stability may be narrowed down. The

method of harmonic linearization permits us to find these enlarge-

ments and reductions of the region of stability for each specific

given nonlinearity. In addition, with application of the Mikhaylov

criterion, the method of harmonic linearization also permits us to

find the region of stablliLy for more complex nonlinear systems of

the classes being considered here (see§§ 2.2-2.4), and also the examples

in Chapters 4 and 6).

The facts which have been set forth enable us to hope that

there is a possibility of the development of some rigorous theory

of the stability for the first approximation, not by means of the

Taylor-series expansion, but by means of the Fourier-series expan-

sion, i.e., based not upon ordinary, but upon harmonic linearization.

§ 2.9. DETERMINATION OF SYSTEM STABILITY OVER A LIMITED RANGE OF

INITIAL CONDITIONS

In our consideration of the delineation of equilibrium-stability

regions in § 2.7, we had in mind the stability of an equilibrium

state of the system for arbitrary initial conditions. Thus we pre-

supposed the presence of a unique equilibrium state of the system

(or of a unique equilibrium zone). Generally speaking, however, a
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nonlinear system may have two or more equilibrium states whose re-

gions of stability or instability for all given system parameters

are separated by definite relationships of the initial conditions

(i.e., initial deviations of the variables and their derivatives or

the initial oscillation amplitudes). Examination of such systems may

often be reduced to examination of systems with a unique equilibrium

state if we determine beforehand the nonlinear characteristics in

the neighborhood of each of these states individually, together with

the resulting restriction of the limits of variation of these vari-

ables. Then we may use the stability-analysis methods of which an

account was given in § 2.7 spearately for each of these equilibrium

states; here, however, we speak not of the system's stability for

arbitrary initial conditions, but of the stability of a given equilib-

rium state of the system in a restricted region of initial condi-

tions determined by the limits of variation of the variables for

which the equations written for oscillations of the system about the

equilibrium state being considered are valid.

By this we characterize one concept of system stability over a

restricted range of initial conditions. We shall not return to it

again; in what follows, we shall assume in all cases that the ex-

pression "stability of the system for any initial conditions" (§ 2.7)

will always be taken with the implied qualification "for limits

within which the investigated dynamic system equations expressing

the motion of the system in the neighborhood of the given equilib-

rium state are valid" (such a restriction may be dictated not only

by the above, but also by other causes).

Another concept of system stability over a restricted range of

initial conditions requires special analysis and consists in the

following.
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We have encountered cases where the equilibrium state of a

nonlinear system is stable for restricted (sufficiently small)

initial deviations, while at the same time for larger initial devia-

tions in the system, the transient process is found to be divergent,

in spite of the fact that the same dynamic system equations remain

valid with the same coefficients (system parameters) and the same

nonlinearity. For a bounded range of initial conditions, such a form

of system stability will not be detected directly by the methods of

which an account is given in § 2.7 (which determine the stability

region in the space of the system parameters for arbitrary initial

conditions). The stability region considered here must be delineated

either in a space of initial conditions for all the given system

parameters, or in the total space of initial conditions and system

parameters. In the majority of instances we will be oriented toward

the latter case, which is the most general and presents major practi-

cal interest for the synthesis problem, i.e., for the choice of the

most advantageous parameters for the design of a nonlinear automatic

system.

The presence of a single unstable periodic solution is a typical

case of bounding of the range of initial conditions for which an

equilibrium state of the system is stable. Indeed, if the initial

amplitude a0 is less than the amplitude A found for the unstable

periodic solution, then the transient process is damped (Fig. 2.17b),

i.e., an equilibrium state of the system is stable "in the small."

If, however, the initial amplitude is larger than A, then the process

diverges, i.e., the system is unstable "in the large" (if there are

no other singularities in addition to the periodic solution indicated,

for example if there is no second, stable periodic mode of operation).

In particular, for nonlinear systems of the second order this form
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of limitation of the stability region in the plane of the initial

conditions is represented by an unstable limiting cycle correspond-

ing to an unstable periodic solution (Fig. 2.40a).

In the case where there is a second periodic solution that is

stable with a larger amplitude A2 (Fig. 2.40b), then for large devia-

tions the previous system instability is replaced by stable self-

oscillations with the amplitude A2, represented by a second limiting

cycle. However, if the amplitude A2 is inadmissibly large with respect

to the operating conditions of the system in question, then in prac-

tice this will be equivalent to instability of the system for initial

conditions transcending the limitations of the first limiting cycle

(instability "in the large"). In the case where the amplitude A2 is

not large and is not dangerous (or perhaps even desirable) for opera-

tion of the system in question, while at the same time the amplitude

of the first eyole A1 (Fig. 2.40b) IR very small, in a practical

sense the system will be a workable self-oscillatory system. Here

an excessively small stability region within the first cycle will

not be of practical importance, since the perturbations actually

acting upon the system will always take its system out of this

range. This is a case of "hard" excitation of self-oscillations

taking place as a result of an initial "Jolt" of finite magnitude,

in contrast to "soft" excitation in the presence of a unique stable

periodic solution (Fig. 2.40c), and corresponds to the pattern of

the processes in Fig. 2.17a.

There is also the possibility of self-oscillation stability for

bounded initial conditions, i.e., within an unstable limiting cycle

(Fig. 2.40d) beyond whose limits there is a region of system in-

stability "in the large". Here practical treatment of system behavior

depends upon the amplitudes of the two periodic solutions. If the
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amplitude A1 (Fig. 2.40d) is sufficiently large so that actual per-

turbations are not able to take the system beyond its limits, while

the amplitude A2 is admissible for the operation of the system in

question, then the system in question is workable from a practical

point of view. If one of these conditions is not satisfied, then we

must reject the system, considering it unstable from a practical point

of view.

In exactly the same fashion, we may consider a system with one

unstable periodic solution (Fig. 2.40a) to be workable from a practi-

cal point of view where the amplitude A is sufficiently large. Other-

wise the system will be unstable from a practical point of view.

Here we have spoken of system efficiency in the usual practical

sense. However, there is the possibility of a special problem in

which we may make use of the passage of the system into an unstable

state for large deviations in order to bring it into some completely

new state. Such a problem may be encountered in the technique of self-

a) b)

4W

Fig. 2.4o.

adaptive automatic systems and in computer engineering. Then by choos-
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ing the system parameters we may attain a given value of A for the

boundary of the initial conditions beyond which the required system

instability appears.

In speaking of the determination of any range of initial con-

ditions, we should always visualize a phase space, the number of

whose dimensions is equal to the order of the system. However, in

the case of the presence of a periodic solution, this representa-

tion may be simplified. Thus, for example, for a second-order system,

instead of giving two initial conditions (x0, yo) it is sufficient

to give one quantity ao, which we shall call the initial amplitude

(Fig. 2.40a and 2.17b), since it is evident that if a0 < A, then the

values xo, YO (the point M0 in Fig. 2.40a and 2.17b) must lie within

the range bounded by the limiting cycle, irrespective of the loca-

tion of the initial point M0 of the transient process. We shall also

make use of this same concept of the initial amplitude for systems

of high order in the method of harmonic linearization, although there

the pattern of the processes is significantly more complex. This

circumstance is based upon the property of high stability described

by N.N. Bogolyubov ([102], Chapter IV) and illustrated above on

page 155.

In addition, in determining system stability in a bounded re-

gion of initial conditions by means of an unstable periodic solution,

we must recall that, generally speaking, other restrictions to such

a region, for example, in the form of a separatrix, are also possible;

however, we shall not be concerned with these restrictions, since

they are less essential for the automatic systems being considered.

In § 2.7, we separated the parameter space for a nonlinear

system (basically confining ourselves to positive values of the

parameters, in accordance with their physical significance) into

three regions: the region of system stability for arbitrary initial
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conditions, the region of existence of periodic solutions and the

region of system instability for arbitrary initial conditions. In

the region of existence of the periodic solutions, we shall now deter-

mine either self-oscillations or system stability over a restricted

range of initial conditions, or the combinations of them described

above. Here we shall define the convergence and divergence of os-

cillatory transient processes for various initial conditions in the

region of existence of periodic solutions. In accordance with what

has been said above, we will characterize the ensemble of initial

conditions by the value of the initial amplitude a0 alone. Such an

approach to solving the problem in first approximation is sufficient

for many engineering calculations, particularly in the first design

stage of a nonlinear automatic system.

Thus, for example, in the presence of one unstable periodic solu-

tion (Fig. 2.17b and 2.40a), the space of the initial conditions

(which we may interchange with the axis of the amplitudes a) is

divided into two regions: regions of converging and diverging oscilla-

tions, as shown in Fig. 2.41a. Here the oscillations may converge

not necessarily at the point 0, but at any point within the dead

zone in the neighborhood of point 0, the half-width of which we

shall denote by the letter b. In the absence of this zone we have

b = 0. It is convenient to denote convergence and divergence of the

processes by arrows (Fig. 2.41a). In Fig. 2.41 we have also shown

the breakdown of the axis of the initial conditions (the amplitude

axis) into regions of converging and diverging oscillations for all

remaining patterns of the processes represented in Fig. 2.40. Here

the arrows indicate, so to speak, the regions of attraction of the

nonsteady solutions to steady (equilibrium or self-oscillatory) solu-

tions.
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It is evident that the position determined for point A (the

amplitude of the periodic solution) in Fig. 2.41a corresponds to

the fixing of all the system parameters. Therefore each diagram of

the type of Fig. 2.41 corresponds to a definite point of the parameter

space of the nonlinear system in question. Consequently, if we add

one new dimension to the coordinate axes of the parameter space of

the system - the axis of initial conditions (axis of the amplitudes

a) - then we obtain the total space of the parameters and the initial

conditions, in which it is convenient to represent the regions of

attraction (including the regions of system stability over a bounded

range of initial conditions) in the presence of periodic solutions.

This is how we should approach analysis of the range of system param-

eters in which periodic solutions exist.

Let us assume that for some nonlinear system we have delineated

47 ll 2) fl4,

a) a)ff'A0. II I~v 4- 1

It Itd
A- u

Ja ) U*%2'Nc)4 2))

Fig. 2.41. 1) Diverging oscillations; 2) con-
verging oscillations.

(§ 2.7) a region of system stability and a region of existence of

periodic solutions (Fig. 2.42a) with respect to any one parameter k

(for example, the gain constant), and that these are separated by

the "critical" value kkr* Then suppose that we have found a unique

stable periodic solution (§§ 2.3 and 2.4) for which the dependence of

the amplitude A upon the parameter k is shown in Fig. 2.42b.

Then on the plane (in the general case, in the space) with the

coordinate axes k (system parameters) and a (amplitudes of the tran-
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sient processes), we may construct (Fig. 2.42c) the boundary divid-

ing it into the two regions indicated above (the dashed line). The

K line a = A divides the region of existence of periodic solutions

into two regions: converging processes (above the line a = A, i.e.,

for initial amplitudes a0 > A), and diverging processes (below the

line a = A, i.e., for a0 < A). Let us denote this by arrows on the

diagram (Fig. 2.42c), the sense of which will be apparent without

any legends. A similar arrow may also be placed in the region of sta-

bility for arbitrary initial conditions (k < kkr). The pattern shown

in Fig. 2.42c corresponds to Figs. 2.17a, 2.40c, and 2.41c. A similar

pattern is shown in Fig. 2.43a for processes of the type of Fig.

2.17b, 2.40a, and 2.41a (for kkr < k < kkr2 ), while in Fig. 2.43b

it is shown for Fig. 2.40b and 2.41b (for k > kkr ) . As is evident,

a)

1 )~ ~ 2)
O,~ A,.,

I--am I L 2)
XW- 1 1 aum *" _ /I I

Fig. 2.42. 1) Region of equilibrium
stability; 2) region of periodic
solution.

a l).ba

I i

Fig. 2.43. 1) Region of equilibrium
stability; 2) region of periodic
solution; 3) region of instability.
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the unstable periodic solution is the boundary of the regions of

attraction.

Inasmuch as the methods of delineating the regions of system

stability in the parameter space and the methods of determining

periodic solutions and analysis of their stability have already been

described in preceding sections, it remains now only to set forth a

method for determining the regions of attraction, i.e., the regions

of convergence and divergence of the transient processes within the

region of existence of periodic solutions for the various initial

conditions (as a particular case we also have here the delineation

of the range of initial conditions of the type of Fig. 2.43a) for

which the equilibrium state of the system is stable. The basis for

the method will be the same as in § 2.7.

a)

I I C .<

- ' i if K

Fig. 2.44.

First of all, let us assume that over the whole region of system

parameters and initial amplitudes which is being investigated, we

have observed all the conditions for applicability of the method

of harmonic linearization, which were established in § 2.2 and

briefly formulated at the beginning of § 2.3. In addition, we assume,

as in §§ 2.4 and 2.7, that over this entire range all the Hurwitz

determinants remain positive for the characteristic equation of the

harmonically linearized system, except for the next-to-last Hn_1,

or, what is the same thing, the Mikhaylov or Hurwitz criterion is
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fulfilled for a polynomial of reduced degree (2.118). For systems

of order no higher than the fourth, this is equivalent to having the

coefficients of the characteristic equation positive over the entire

region of system parameters and initial amplitudes which is being

investigated. Here we must keep in mind that the amplitude enters

into the characteristic equation only through the coefficients of

harmonic linearization q and q'. Hence, the expression "over the

whole range of initial amplitudes being investigated" in applica-

tion to the characteristic equation of the harmonically linearized

system must necessarily be understood as the expression: "for all

values of the coefficients q and q' possible for the nonlinearity

in question."

All this guarantees that the real parts of all roots of the

characteristic equations of a harmonically linearized system except

for one pair of complex roots will be negative. The latter are re-

duced to a pair of purely imaginary roots on the line a = A (Fig.

2.43) determining the amplitude of the periodic solution, where the

next-to-last Hurwitz determinant Hn_1 0 0. Away from this line a = A,

either Hn- 1 > 0 or Hn_ 1 < . In the former case, the pair of imagi-

nary roots acquires a negL';ive real part and the oscillatory tran-

sient process is damped, while in the second case the pair of roots

acquires a positive real part, which attests to the presence of

diverging oscillations. Thus, for example, the distribution of the

signs of the next-to-last Hurwitz determinant Hn_1 shown in Fig.

2.44 corresponds to the pattern of processes shown in Fig. 2.43.

Here it is assumed, of course, that all the remaining Hurwitz deter-

minants are everywhere positive.

Such is a method for evaluating the convergence and divergence

of oscillations (determining the regions of attraction) in a non-

- 244 -



linear automatic system subject to calculation by the method of

harmonic linearization, for various initial conditions expressed in

the form of values of the initial amplitude. This method is easily

translated from the language of the Hurwitz criterion to the language

of the Mikhaylov criterion; this is essential for systems of high

order, particularly in complex problems and in problems with a time

lag.

Passage of the Mikhaylov curve

through the origin (Fig. 2.45), cor-

responds to each point on the line

a = A (Fig. 2.44); this is equiva-

lent to the condition Hn_1 = 0. The

corresponding contour of the rest

of the Mikhaylov curve (it must pass
Fig. 2.45.

around the origin in a clockwise

direction, traversing the necessary number of quadrants) guarantees

that the remaining Hurwitz determinants will be positive. If due to

the variation of the coefficients q and q', the Mikhaylov curve is

shifted into position 1 (Fig. 2.45), which is equivalent to Hn 1 > 0,

for all a > A, while for all a < A it is shifted into position 2,

which is equivalent to H n_1 < 0, then in the first case the processes

are damped, while in the second case they diverge. Thus we obtain

here the pattern of processes represented in Fig. 2.42c (for k > kkr).

In the contrary case we obtain a pattern of the type of Fig. 2.43a

(k kr < k < kkr ). In the case shown in Fig. 2.43b, however, the

Mikhaylov curve should be shifted into position 1 (Fig. 2.45) for

all values of a lying under the lower curve a = A and above the

upper curve a = A, and should be shifted to position 2 for all

values of a lying between the curves a = A.
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From consideration of these methods for estimating the con-

vergence and divergence of transient processes for various initial

conditions and in various regions of values of the system parameters,

we may draw certain conclusions important from the viewpoint of

simplification of the engineering calculations.

All the stability criteria set forth in § 2.4 for the periodic

solution (other than the method of averaging periodic coefficients),

have essentially the same foundation as the method of §§ 2.7 and

2.9, the only difference being that in § 2.4 we investigated the

behavior of the system only in a small neighborhood of a periodic

solution. Let us assume that by the method of § 2.3 we have found

the amplitude of the periodic solution as a function of the system

parameters, for example in the form of Fig. 2.42b, and that we have

established its stability by the method of § 2.4. We may consider

the pattern of convergence and divergencc of the processes, including

the determination of the stability of an equilibrium state (Fig.

2.42c), that has been obtained in the example under consideration,

as a simple extension of the results of the stability analysis of a

periodic solution to the entire (k, a)-plane. This follows from the

fact that the direction indicated in Fig. 2.42c for the arrows near

the line a = A is determined directly in the stability analysis of

the periodic solution. Now they are only extended without inter-

ruption to all initial conditions within the region of existence of

the periodic solution, and also beyond the limits of this region

(to the left of the point k = kkr, Fig. 2.42c), where we obtain the

region of equilibrium stability for the system. Also, in exactly the

same fashion, all the arrows shown in Fig. 2.43 may be treated as

a transfer of the results of stability analysis of the periodic solu-

tion onto the entire plane of the parameters and initial conditions
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[491. It goes without saying that for such an extension of the re-

sults, we must be certain of the observance of all conditions of

which an account is given in the present section.

a) b)

Fig. 2.46. 1) Region of equilibrium
stability.

We may also proceed otherwise. After determination of the peri-

odic solutions (§ 2.3), we may pass directly, without investigating

their stability, to the investigations of the entire space of the

parameters and initial conditions of which an account is given in

§ 2.9 and 2.7. Here the stability and instability of the periodic

solutions are ascertained of themselves, without auxiliary analyses.

We will not consider nonlinear systems of another kind rarely

encountered in automation, where the dividing lines between the

various types of processes do not correspond to the periodic solu-

tions, but are determined otherwise (separatrices, etc.).

All the analyses which have been described are based according

to § 2.2, upon the fact that the coefficients of harmonic lineariza-

tion q and q' vary smoothly enough with variation of the amplitude,

i.e., the derivatives dq/da and dq'/da are bounded. In places of

sharp variation of q and q', the method recounted may yield invalid

results. In certain specific problems, for example, instead of a re-

sult obtained in the form of Fig. 2.46a, the exact solution gives a

result of the type of Fig. 2.46b, i.e., the unstable periodic solu-

tion (the line 0C) and the region under it are found to be spurious.
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However, this does not have essential practical significance, since

here the ordinate of the point C is found small, and, consequently,

?the entire line OC lies so low that in practice it may be neglected.
However, the result obtained by the method recounted here for seg-

4ments of smooth variation of q and q' (which gives the line BC,

Fig. 2.46a), is reliable and is the one that will determine the be-

havior of the nonlinear system in question.

a a
a) a4 b) a-4 C) s

2 2 2/

Fig. 2.47. 1) Adop; 2) Kpr

Let us dwell further upon the separation of the stability boun-

daries of nonlinear systems into those which are dangerous and those

which are safe. A dangerous stability boundary is a boundary such

that on it an equilibrium state of the system still remains stable

over a sufficiently large range of initial conditions (for example,

k = kkr in Fig. 2.43a), or, on the other hand, one such that in its

neighborhood stable self-oscillations with a sufficiently small magni-

tude appear (for example, Fig. 2.42c). Figures 2.43b and 2.46a may

also belong to the latter case if the ordinate of the point C is

sufficiently small. If, however, it is so large that the amplitude

of the stable self-oscillations becomes inadmissible for the system

in question, then the stability boundaries in Figs. 2.43b and 2.46a

will be dangerous.

In those cases where the nonlinearity is such that for small

deviations the system is described by linear equations, we may speak

of safe or dangerous boundaries determined from the linear equations

for the system in question. Below in § 4.4 we consider an example of
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this type with allowance for the generation of self oscillations.

Finally, let us give a further quantitative expression for the

concept of practical stability of self-oscillatory systems (87), of

which we have already spoken above in general form. Closed-loop auto-

matic systems which operate at all times in the self-oscillatory

mode are often encountered in practice. For example, vibrational

voltage controllers, vibrational accelerometers, certain gyro sta-

bilizers with relay control, etc. belong to this class of systems.

In general, a stable equilibrium state may be lacking in such systems,

and only a stable self-oscillatory mode of operation (Fig. 2.47a)

will be possible. Then the stability region of the system must in

practice be understood as a parameter region such that in it the

self-oscillation amplitude does not exceed the value Adop which is

admissible for the system in question (the region 0 < k < k inpr

Fig. 2.47a). However, such a practical stability boundary k may
pr

also be introduced into the consideration in those cases where a

stability region exists for an equilibrium state (Fig. 2.47b and c),

but the system must or is forced to operate in a self-oscillatory

mode.

[Footnotes]

Manu-
script
Page
No.

117 *A departure from the case of an even function leads to non-

symmetrical oscillations, which we do not consider in the

present chapter.

125 *This corresponds to the content of the present chapter, where

we seek symmetrical self-oscillations; in Chapter 5 we shall

consider problems in which the requirement (2.56) is not

realized.
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135 *We also assume that all the remaining roots of Eq. (2.79),

other than the one pair of purely imaginary roots indicated,

have negative real parts (in order to exclude the possi-

bility of internal resonance, etc.).

138 *If, of course, all the conditions indicated at the beginning

of the present section are realized here it is mandatory that

they be verified.

138 *This applies with equal force to all methods for solving the

problems.

140 *Instead of the gain-phase frequency characteristics W1 , we

may make use of logarithmic characteristics; this is not

considered in the present book, although it would be useful

in a number of cases.

153 *In what follows we shall consider only cases where as a result

we obtain the curve of some near-sinusoidal oscillatory proc-

ess, but with varying amplitude (nonsteady oscillations).

158 *The second of Expressions (2.119) may prove suitable, since

a appears in Hn_1 not directly, but in the form of the coef-

ficients q and qt, which are functions of a (and sometimes also

of il).

164 *This is valid only for systems of the first class with an

equation of the type (2.115).

171 *For another case, see Chapter 7.

176 *In the work of Krylov and Bogolyubov in place of sin T they

write cos T, which is unimportant.

202 *The boundary between the region of equilibrium stability and

the region of the periodic solutions, i.e., the region of

nondamped oscillations.

205 *We assume that here all the remaining Hurwitz determinants
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are positive (for systems as high as the fourth order inclu-

sive, this means simply that the coefficients of the char-

acteristic equation are positive).

220 *By this we ensure the absence of roots with a positive real

part in the characteristic equation of the open linear part

(2.80), as was stipulated in § 2.3.

229 *The notation f(a) used by A.I. Lurlye is replaced here by F(x).

[List of Transliterated Symbols]

Manu-
script
Page
No.

105 = e = ekvivalentnyy = equivalent
105 M = m = mgnovennaya = instantaneous
112 H = n = nelineynost' = nonlinearity
123 B = v = vremya = time
129 n = .I = lineynaya = linear
148 3 = e = eksperimental'naya = experimental
149 T = t = teoreticheskaya = theoretical
149 T.H = t.n = teoreticheskaya nelineynaya = theoretical non-

linear
149 T.I = t.1 = teoreticheskaya lineynaya = theoretical linear
152 o.c = o.s = obratnaya sviaz' = feedback
242 Kp = kr = kriticheskiy = critical
248 Aon = dop = dopustimoye = admissible
248 rp = pr = prakticheskiy = practical
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Chapter 3

HARMONIC LINEARIZATION OF NONLINEARITIES IN THE

PRESENCE OF SYMMETRICAL OSCILLATIONS

In the case of symmetrical oscillations, harmonic lineariza-

tion of the nonlinear function F(x, px) reduces to its replacement by

the expression (see §2.1)

F(x, px) -:[q (A, 9)+ - x.(3-1 )

Here we assume that the solution for the input quantity of the non-

linear link is sought in the harmonic form

x-Asin+, +=Qt

and that we take into account only the first harmonic in the Fourier

expansion of the periodic function of the argument f:

F (x, px)=F(Asin +, A cos +).

In this case the harmonic-linearization coefficients are determined

from the formulas
2*

q(A Q) F(Asin,,AScos)sind+p,(32xA (3.2)
(A, 9)---A F(A sint, Agcost)costdt.

If the nonlinear function does not depend upon the rate of

change of the input, then the harmonic linearization coefficients

will be functions only of the oscillation amplitude and Formula (3.2)

( assumes the form
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2u

q(A)" - F(A sin )sin 3 d+,

0
q (A) ffiL F (A sin )cos d+.(3 3

02I

As has already been indicated (§2.1), the same methods for the

harmonic linearization of nonlinearities are also applicable where

the nonlinear function is also a function of the input acceleration

or where both the input and the output of the nonlinear link appear

in the nonlinearity (nonlinear system of the second class). This

will be shown here in specific examples.

Let us find expressions for the harmonic-linearization coef-

ficients for symmetrical oscillations in nonlinear systems for the

nonlinearities which are most frequently encountered. In practice,

the presence of complete expressions for the coefficients q and q'

significantly facilitates analysis of nonlinear systems by the method

of harmonic linearization.

§3.1. RELAY CHARACTERISTICS

By a relay characteristic we mean a variation of the output of

a nonlinear link as a function of the input in which at certain

fully defined values of the input the output changes stepwise, while

for all other values it remains constant.

General form of relay characteristic. The general form of the

relay characteristic is shown in Fig. 3.1a. For example, the voltage

ud applied to a motor varies as such a nonlinear function of the

control current iu of the relay (Fig. 3.1c) if the motor is con-

trolled by two neutral electromagnetic relays and is wired as a

dynamic-brakng* circuit. According to convention, positive and nega-

tive values of the current correspond to the connection of one relay

or the other for the case of mutually opposite displacements a of
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the control element. The different signs of the voltage applied to

the motor indicate that the motor is connected for forward or back-

ward rotation. Smoothness of the current variation in the control

windings of the relay results from the inductance of the control

circuit, while the hysteresis loops are governed by the differing

operate and dropout currents of the relay.

a) b

III I
VI I I

I I

sought intefr

I o
, c)

Fig. 3.1.

In order to carry out harmonic linearization of the nonlinear

characteristic indicated, we assume that the solution for x is

sought in the form

x--A sinI , jit. (3.4)

Then in accordance with the curve of F(x) we obtain the periodic

function F(A sin *) with the argument * = 92t (Fig. 3.1b), whereby

the values of the agrument *1 = arcsin b/A and *2 = 
7 - arc sin mb/A

will correspond to the switching points x = b and x = mb, respectively

of the relay. The return constant of the relay m may be any frac-

tion in the interval
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For an amplitude A < b the relays are cut out, i.e., there is

no signal transmission in the system. Therefore we will determine

the coefficients of harmonic linearization q and q' for the con-

dition A > b.

In the case being considered the integrals in Formula (3.3)

will have equal values for each half-period, so that it is suffi-

cient to consider

The first and third integrals are equal to zero, sirlce over these

intervals F (A sin ') = 0. Then the first coefficient of harmonic

linearization will be

22
q(A)= t I'F(A sin t)sin +d+-- A sin+d+":

2- c os (cos Cos -2,

Allowing for the values of *1 and *2' we write the formula for the

determination of q(A) in the form

calculating the coefficient q'(A), we obtain

22q (A)-- F(Asin) cos f d+ =2 -costd+h=

2 e s i n , 2 0 s n i

or, allowing for the values of *1 and *21

2cb -1() 2 1- ot) f or A >-b.(36

The relay characteristics shown in Fig. 3.2 may be considered

as particular cases of the general relay-characteristic form. The
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dependence shown in Fig. 3.2a may, for example, characterize the

variation of the voltage applied to the appliance connected by a

1 . three-position polarized relay as a fiinction of the control current.

cThe characteristic of Fig. 3.2b corresponds to a two-position polar-

~ized relay. For example, the position of limit switches will vary

according to the characteristic of Fig. 3.2c as a function of drive

displacement. We obtain the characteristic of Fig. 3.2d if the con-

trol relay in the scheme of Fig. 3.1c has a large return constant.

We may obtain the ideal relay characteristic of Fig. 3.2e for the

case where the consuming element is controlled from two contacts, as,

for example, in the case of control of the motor according to the

scheme shown in Fig. 3.2f. Here the input is the displacement x of

the movable contact of K1 . The induction motor has two control

windings, which are so connected that the magnetic fluxes which they

form are opposed. One of the control windings is permanently con-

nected to the line through an adjusting resistance Rd. The second

winding is connected by closing the contacts. We choose the resis-

tance Rd such that the magnetic flux of the first winding will be

half the flu. of the second. As a result, the torque developed by

the motor will in practice vary according to the ideal relay char-

acteristic as a function of the displacement x of the movable con-

tact.

We must keep in mind that the relay has time lags governed by

the time of motion of the armature; these are not allowed for in the

characteristics being considered and are subject to additional con-

sideration.

Let us determine the harmonic-linearization coefficients for

the characteristics of Fig. 3.2 as particular cases of the general

characteristic form.
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a), '

) ' ~ d) '

e) Ifv f 1~

T'i1
8I I

I 0€

Fig. 3.2.

Relay characteristic with displaced hysteresis loop. Considering

the quantity m as negative (- 1 < m < 0) in a characteristic of

the form of Fig. 3.2a, we obtain in accordance with (3.5) and (3.6):

q=' for (3.7)

q'(A)=-2,(1+jinl) for A;b. (3.8)

Relay characteristic with hysteresis loop. For the relay char-

acteristic of Fig. 3.2b we have m-- - 1. Therefore in accordance

with (3.5) and (3.6) we obtain the values of the harmonic lineari-

zation coefficients in the form

4Ic - (3.9)

- for Ab. (3.10)
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Relay-type characteristic with hysteresis loop of variable

width. In the relay-type characteristic in Fig. 3.2c, the width of

the hysteresis loop is equal to twice the amplitude and varies with

the variation of the amplitude. Then, setting b A in (3.9) and

(3.10), we obtain:

q(A)=o, (3.11)

(3.12)

Relay-type characteristic with dead zone. We have m = I for

the relay characteristic in Fig. 3.2d. Hence from (3.5) and (3.6)

Jo--.O

a) b)

Fig. 3.3.

we obtain the values of the harmonic-linearization coefficients in

the form

Ideal relay characteristic. We will have m =0 and b = 0 for

the ideal relay characteristic (Fig. 3.2e). Then in accordance with

(3.5) and (3.6) we obtain:

! 4€

', q 4(A)-'-, q'(A)------. (3.14)
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Let us note that the coefficient q'(A) is equal to zero for

all single-valued symmetrical characteristics.

Step relay characteristic. The step relay characteristic is

shown in Fig. 3.3a. Such a characteristic will, for example, reflect

the voltage registered by a laminated potentiometer, as a function

of the rotation angle of the slider. Let us calculate the harmonic

linearization coefficients for the case of equal steps b0 = bI - b0 =

= b2 - b1 = . = bn- bn - l' where n steps are swept by the os-

cillations of the input variable. In this case the coefficient q'(A)

is equal to zero. The coefficient q(A) may be determined from For-

mula (3.3) by integrating over a quarter of a period with allowance

for the values of the function F(A sin *) (Fig. 3.3b) and for the

corresponding values of the angles. For a value of the argument

0 < < * 0 the function F(A sin *) is equal to zero. Carrying out

the computation, we obtain:

q(.'A)-.4 c sin, dq t+ 2c sin d-+ 3c sin t dd, +...

I  + °1

Allwig ncsind++ t(ev+u1)csnco = 1=- bA 2cost +

IW

+2cos ~ +3cos+I +... + n cos +(n+ cos

- 2592

Allowing for the value cos 1 - v/ we find

q (A) = l- for b8<-A~b,. (3.15)

In particular, for the case b, K A < b 2 (from 3.15) we obtain:

The meaning of harmonic linearization of relay characteristics

-259 -



is readily understood from the examples cited. Thus, for example,

for the ideal relay characteristic (Fig. 3.2e), Expression (3.14)

denotes the replacement of the broken-line characteristic BDEF by

a straight-line characteristic MN with a slope such that the straight

line MN approximately replaces that section of the discontinuous

characteristic BDEF covered by the sought amplitude A. Hence the in-

versely proportional dependence of q upon A in Formula (3.41) be-

comes understandable, since the larger the amplitude A of oscilla-

tion of the input variable x, the shallower will be the rise of the

straight line MN which approximately replaces the discontinuous

characteristic BDEF.

Fig 3.4

e C

The situation is similar with the relay characteristic of Fig.

3.2d, for which the slope of the straight line replacing it is deter-

mined by Formula (3.13).

Hence, every nonhysteresis relay link in the oscillatory process

I ( is equivalent to some linear link with a variable "gearing" ratio

~(gain constant) q(A) dependent upon the amplitude of the input-
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variable oscillations.

As regards the relay link with a hysteresis characteristic, it

is replaced according to (3.9) and (3.10) by a linear link with the

same coefficient q(A), but in addition to this a negative deriva-

tive is introduced into the right-hand side of the equation. The

introduction of a negative derivative leads to a lag in the reaction

of the link to the input disturbance. This serves as a "linear

equivalent", replacing the effect of a nonlinearity in the form of

a hysteresis loop. Here, according to (3.10), the coefficient q'(A)

before the derivative also decreases with increasing amplitude A

of the oscillations of the input variable x; this is explained by

the fact that the influence of the hysteresis loop on the oscilla-

tion process in the relay link must be weaker the larger the ampli-

tude in comparison with the width of the hysteresis loop.

For construction of curves of variation of the self-oscilla-

tion amplitude and frequency as functions of the system parameters,

it is often convenient to make use of the curves of the harmonic-

linearization coefficients as functions of amplitude. In addition,

determining the stability of the periodic solutions obtained usually

requires knowledge not only of the values q(A) and q'(A), but also

of the signs of their partial derivatives 6q/6A and 6q'/6A, i.e.,

the direction of the tangent. Therefore it is expedient to construct

the curves of variation of the harmonic linearization coefficients

as functions of amplitude.

These curves, as constructed from the appropriate formulas,

are shown in Fig. 3.4 for relay characteristics. The curves are

constructed for the variation of the relative amplitude A/b and

relative values of the harmonic-linearization coefficients (b/c)q

and (b/c)q'.
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§3.2. NONLINEAR CHARACTERISTICS WITH DEAD ZONE, SATURATION ANDVARIABLE GAIN CONSTANT

Characteristic with dead zone and saturation. The static char-

acteristic of a link with a dead zone and saturation is showi in

Fig. 3.5a. For example the pressure drop Ap in a diaphragm-type

output device varies as such a function of the angle of turn a of

a control-element valve (Fig. 3.5c). The dead zone of a pneumatic

booster is governed by the angle of overlap ap. Such a characteristic

will correspond to an electronic amplifier operating with input

variables that bring the amplifier to the saturation point. The

dead zone will correspond to the initial gently sloping section of

the amplifier characteristic.

Let us calculate the coefficient of harmonic linearization q(A).

In this case the coefficient q'(A) is equal to zero, since the char-

acteristic is unique.

Here oscillations aee again possiblo only provided that the

amplitude A exceeds half the dead zone, i.e., b1 .

For harmonic oscillations of the input variable x of the non-

linear link, the function F(A sin *) will have the form of Fig.

3.5b. The value of the integral in the first formula of (3.3) will

be the same for each quarter-period. Then we may write
U

q(A)=-Y F(A sin q) sin Id,

and since F(A sin ') = 0 in the interval 0 < < *l,

q(A)=--4- F(Asin1)snfd+.

Substituting the values of F(A sin ) and breaking the integral into

two segments, we obtain:
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U

q (A) --- i4- (Asnip- b)sinid+ - slnpd+ -

k d 4kb, sn I + s 4 Y

7 - sin 2, + 1:o ) %A -A cos I I 2
(2, _- sin 22,- + in 4 (cos I-cos +j +

+ ! cosi,.

Substituting c = k(b 2 -- bl) into the expression obtained and allow-

ing for the fact that

-Cs s ,i i ---arcsin b-,

F flAdnp'jA A

a)

II I I
go ' I i

I I
_ I I * - .

F

Fig. 3.5. 1) Air supply.

we finally find
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A- }TI (3.17)

q'(A)=O for A:b,. J
If, however, A < b2, then we must make use of Formula (3.18), which

is introduced below.

Characteristic with dead zone and without saturation. The char-

acteristic of a link having a dead zone and no saturation (Fig.

3.5d) may be considered as a particular case of the characteristic

of Fig. 3.5a for the conditions A < b2 and bI = b. Then *2 
= 7r/2

and in accordance with (3.17) we obtain

tc ( (3.18)

q'(A)=O for A:b. J
As we see, the link with a dead zone is compared here to a

linear link whose gain constant is reduced because of it. This de-

crease in the gain constant is significant for small amplitudes and

is small for large amplitudes; here

O~q(A)<k for b<A~oo.

Characteristic with saturation and without dead zone. For the

case of a link with saturation and no dead zone (Fig. 3.5e), setting

b = 0, b2 = b, *1 = 0 in (3.17) we obtain

q(A) =!k( arc in k ± -- 1(3 .1 9 )
q'(A)=O for A> b.J

For va±ues of A < b, the coefficient q(A) = k (a linear characteristic).

At oscillation amplitudes of the input variable that include the

saturation zone, the link in question is replaced, so to speak, by a

linear link whose gain constant q(A) is smaller the larger the ampli-

tude (in contrast to the previous case).
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a) b)

' lI 14A\/0"

Fig. 3.6.

Characteristic with variable gain constant. The static char-

acteristic of a link with a variable gain constant Is shown in Fig.

3.6a. Such a characteristic may be obtained either by approximation

of a curvilinear static characteristic or in links with a linear

characteristic by the presence of a device for switching the trans-

mission ratio as a function of the input variable.

For a value of x < b the link remains linear. Therefore we will

determine the value of q(A) for the condition A > b. For harmonic

variation of the input variable x, the function F(A sin *) will be

a periodic function of the argument * (Fig. 3.6b). Since in this case

the value or' the integral in (3.3) will be the same for each quarter-

period, we calculate q(A) from the formula

P[Allowing for the appropriate values of the function F(A sin *) and

I I the values of the argument ,we obtain
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14
(A) kjA sin' +d++ [h. (A sinh -b)+kjbj sin +d+=

tIt x

it

,*ACos + , 2 4 4, 2 4

4k,b 4k, h(k k

- iA- cos I+~ 4bcsin t k 7d--~ si'kj) arcsin +di

and hence q(A)=kr__\(kt( arcs1 n ± bV12\ 4k,x +2 4]/ (3.20)

q'(A)=O for A:,:-b

In the case in question, the broken-line characteristic is re-

placed after linearization by a single straight line with a slope
q(A) intermediate between k1 and k2; here, this slope varies in the

Z49H 
4

inera k <_ q(A)k,- on , va (rin of t ampltud (3< _ .20

For amplitudes A < b we have a linear characteristic with a slope 1.

i__ 4s4 4 =n

12-- "IZ

4Z 
-77-

al

45 1 115 5 40 45045 A

Fig. 3.7.

- 266 -



As in the case of relay characteristics, we may easily con-

struct curves of the variation of the harmonic-linearization coef-

ficients q(A) as functions of the amplitude A for the characteris-

tics under consideration; this is also shown in Fig. 3.7.

§3.3. CHARACTERISTICS WITH HYSTERESIS LOOPS

Characteristic with dead zone, saturation, and hysteresis loop.

A nonlinear static characteristic having a dead zone, saturation or

a) b)i,11

I

7b

o1iS I

1U b

_Z/

0 A

d-. 26 e) l2,Nf) 7

-c b 2) 'P/1OWYMAA

Fig. 3.8. 1) Arresting device; 2) friction clutch.

clipping, and hysteresis loops is shown in Fig. 3.8a. For example,

this displacement s of the valve in the diaphragm output mechanism

(Fig. 3.5c) will vary as a function or the turning angle a according

to such a functional relationship. The dead zone depends upon the

angle of valve overlap ap and the saturation depends upon the limited

pressure drop, while the hysteresis loops depend upon the presence of

dry friction between the rod and the body of the diaphragm casing.
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For harmonic variation of the input x of such a nonlinear link,

the output will be a periodic function of the argument if = t (Fig.

3.8b). Let us calculate the harmonic linearization coefficients q(A)

and q'(A) from Formulas (3.3). Here, as in the case of a general

form relay Characteristic, m is any interval - 1< m i.

The integrals in Formulas (3.3) will be the same for each half-

period. The values of the integrals from 0 to *1 and from *4 to ir are

zero since the functions F(A sin *) is zero on these intervals.

Calculating the coefficient q(A), we obtain

q (A) = F (A sin +) sin I d+

;;A- k(AsIn+-b)sinqd++ c sin , d++

(A sin -ib) sin + dq =- s A kb -- s+ d+ -- ind

+fl 2 .tsnlltDb sd=
44,8+ sin + d + 2h sin' + d+- -- Mk sln d---

+A (11'4- I sin 2 14) 2kb 4os +,14it 8 +4 4* so +.,

2kA (CoLs~nq....Li~~i)~(o - COS jig)-4.2

2mkb
+ xA (cos j.'- cos ).

Taking the values of the appropriate angles into consideration:

- arcsin - " , + _rcsin

+A kb arcsinsM
Ix=1x-arsn-jA:arcsIn t W.

and performing transformations, we obtain

q (A)~ Arcsin c-f-kb + arcsin e "- arcsin ± atcsi Ib +

c +kb lf 1  (c +b' m.b i (c rmkb)s+Ctk) + M I' hA V hIA'

± b_ VI "42]for A6c+8kb-A -A k (3.21)
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Calculating the coefficient q'(A), we obtain:

(A) = ; F(A sin )cos [ k (A sin +? - b) cos +d d -

cc (Asndc =+
+ 3kos d++ (A sin +-mb) cos dJ 1= sin4,costd4-

2k, cos dDJ+ * cos + d+ + A sin +, cos I du-

4t t
V jkb t4si k , + .6i 0

kb + 2d+ sin+ - sn+14+ 2 sin +I+_

+ h sn , sin~+ X (msin +, -4 = (sin 2 +1 (sin2+1 - i'' -

2mk
2mkb (sin l/s- sin l's).,,A

Substituting the values of the angles *l' *2 1 4*3' and 4 and perform-

ing transformations, we obtain
(A)= '- 2bc(I-m) for A + kb (3.22)

If, however, A < (c + kb)/k, then instead of (3.21) and (3.22)

we must use the formulas cited below.

Characteristic with dead zone and hysteresis loops but without

saturation. A characteristic having a dead zone and hysteresis loops

but not saturation is shown in Fig. 3.8c. The needle deflection of

such a diaphragm-type output mechanism (Fig. 3.5c) will vary accord-

ing to such a functional relationship as a function of the position

angle of the control-element valve when the pressure drop in the

diaphragm casing with oscillatory motion of the diaphragm does not

reach the full pressure, i.e., a saturation region is lacking in the

characteristic.

For determination of the coefficients q(A) and q'(A) we must in

this case set

- +kb=
k (3.23)
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in Formulas (3.21) and (3.22), since here c is a variable quantity

which is a function of A.

Then we obtain from Formulas (3.21) and (3.22)

q (A) = { 1.+arcsin[I - b(I] -fi arcsin ± - arcsin b +

A i A

mLbjf n'b} f OT A~b (3.- k 1
2kb / i

(A)=-- -b-I1- ) (1- m) for.A-,b.7cA ( A)(3 .25)

Characteristic with saturation and hysteresis loop. A character-

istic with saturation and a hysteresis loop is shown in Fig. 3.8d.

For example, the turn angle of the output shaft (Fig. 3.8 e) will vary

according to such a functional relationship as a function of turn

angle of the input shaft, in a mechanical transmission in the presence

of play and limiting. The characteristics shown may be regarded as a

particular case of the characteristic (Fig. 3.8a) for m =--1. Then

we obtain from Formulas (3.21) and (3.22)

acIn e +kb c-b ch _____
q (A)= (arcsin + arcsin + c + A V @+A,' +

AV (3.27)

Characteristic of play or backlash type. A nonlinear character-

istic of the play or backlash type is shown in Fig. 3.8f. The turn

angle of the output shaft will vary according to such a relationship

as a function of the turn angle of the input shaft in a mechanical

transmission in the presence of play without limiting. The nonlinear

characteristic in question may be regarded as a particular case of

a characteristic with dead zone and hysteresis loops (Fig. 3.8 c)

- 270 -



for the conditim m = - 1. Then in accordance with Formulas (3.24)

and (3.25) we obtain

+ 21 -- k V'(I ±)] for :,:b, (3.28)

'(A)=- -- -[b fOr A:,:- b%A '(, A) b. (3.29)

The curves of variation of the coefficients q(A) and q'(A) as

functions of anlitude for the characteristics considered as shown

in Fig. 3.9.

1199

a b 5 c /7 Id~ O

4 " Vr i b -

Fig. 3.9.

§3.4. POWER-LAW NONLINEAR CHARACTERISTIC

In synthesizing the equations of links in automatic systems,

we may encounter power-law nonlinear characteristics having the form

F(x)=kx with n an odd integer;

F(x)=kxnsIgnx with n an even integer.

At high velocities, for example, viscous friction is propor-

tional to the square and to the cube or the velocity. In addition,

it is convenient to make use of power-law characteristics for approxi-
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mation of nonlinear static characteristics obtained experimentally.

Let us consider the general form of power-law characteristic

represented by the curve of Fig. 3.10. Here the coefficient q'(A)

is zero due to the uniqueness of the characteristic.

In accordance with (3.3), the coefficient q(A) may be calculated

by integrating over a quarter-period.

S

2

q(A)' F(A sin +) sin d+=--- A sin" sin fd=

4kAn- I sUnAt d - 1

nk ' sin"1 d+ - 4 in" s + 10TT- ( n+ I), 10°~

where n is a positive integer.

S '0 O 'TT

----- 1*-------- -------

I~ I-

I S

I j I

=t

Fig. 3.10.

Since the last term is zero for the given limits of integration,

we shall have the formula

2

(A=4nkAn-I sin'" Of,q ( ")--- + i): °

for calculation of q(A) where n is a positive integer.
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Comparing this with the previous expression, we obtain the re-

cursion formula
nA'

q-- ,-Tq,,-,, (3.30)

where n is the exponent of the nonlinear function F(x).

t1c-------- --

414 -
114 -1

2 - - --Z

10 42 44-0-'-10 ----'-i'---Ad

Fig. 3.11.

Therefore to deterrine the coefficient of harmonic lineariza-

tion for an oddly symmetric characteristic of any order it is suf-

ficient to know any two values of q (one for an even exponent and

one for an odd exponent). Let us choose n = 0 and n = l as initial

values. For n = 0 we have F(x) = k sign x (the ideal relay char-

acteristic), for which according to (3.14)

q (A) --

while for n = 1 we have F(x) = kx (a linear characteristic for which

q -k.

Starting from this we obtain from Formula (3.30) a general ex-

pression for the harmonic-linearization coefficient for any power-law

characteristic in the fozm
gA = 3. 5... R kA-

4.6 ...( kA+ -1 for n odd,

4 2.4...nq 3.5).(n-+I for n even.
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In particular, we obtain for the characteristic F(x) =

- kx2 sign x

q(A)=- RA = O,85kA. (3.31)

For the characteristic F(x) = kx3 we have

q(A)= 'A=0,7kA'; (3.32)

For the characteristic F(x) =kx4 sign x

q() 32kAs ,6'*V----- ---068A (3.33)

For the characteristic F(x) = kx
5

V(a) - = O,625kAt. (3.34)

Curves of q/k as a function of A are shown in Fig. 3.11 for

power-law nonlinear characteristics.

Power-law nonlinearities of the

second class. For approximation of

certain experimentally obtained non-

linear characteristics, as, for ex-

0 . ample, the mechanical characteristics

1of two-phase asynchronous motors

with tubular rotors (Fig. 3.12),

we use polynomials in powers of the

Fig. 3.12. 1) dv. variables, where both the input and

output variables appear in the nonlinearity (nonlinearities of the

second class). Let us carry out harmonic linearization for certain

nonlinearities of the second class.

The nonlinear function F(x1 , x2) = kx2 sign x1. In this case,

where the input variable xI and the output variable x2 of the non-

linear link are contained in the nonlinearity, we assume that the

solution for the output variable of the nonlinear link is found in
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harmonic form
i x2 =- A2 sin Ot

4, and that for the input variable also in harmonic form, but with a

different amplitude and phase shift relative to the output quantity:

x, As sin (Ut- ).

The relationships between the auplitudes A1 and A2 and the phase shift

9 are determined through the frequency characteristics of the linear

part separating the variables x and x2 .

Allowing for the relationships which have been introduced,

F(xl, x2 ) will be a periodic function of the argument = t (Fig.

3.13) and is rewritten in the form

F(xI, x,)-
=--k (A, sin #)sign sin( - (3.35)

f (X" xv As may be seen from the curve

(Fig. 3.13), the condition of absence

of the constant term of the Fourier-

09 ff series expansion of the function

- F(xl, x 2 ) is realized.

We must keep in mind that the

Fig. 3.13. harmonic-linearization coefficients

will now be functions not only of the

amplitude A2 , but also of the oscillation frequency SI because of the

different phase shifts 9 for dirferent frequencies.

Let us determine the harmonic linearization coefficients q(A2, )

and q'(A2, a) for the function (3.35). The integrals in Formulas

(3.2) will be equal for each half-period. Then calculating the value

of q(A2, "), we obtain
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q(Aj, ):=-- "
-- ) , P(x,, x,) sin d =

i, j sin'+sgnsln(+-)sin d

2kA, ( A.

Cos COS't14 2 co COSSI

and hence

q (A, 2) =AiCos ... Coslc) P~f( (3.36)

Calculating the value of q'(A 2 , Q), we obtain

2%q'(A, 2) F (x,, x,) cos d+

2kA,, __

I sinli sign sin ( - ) cos j d+

2kA.( isnlcs+d+Sn o

- AA. sin' I + sin$' :) 2A -. 'sins- sin' )

and hence

q')A---9) sin's, = ( (3.37)

Let us note that from Formulas (3.36) and (3.37) for q) = 0,

we obtain the values of the coefficients

q- (A- 8A,
q (As) =- "Al, 9'(A,)=0,

corresponding to the power function

F(xj = kx sign x,.

The nonlinear function F(Xl, x2 ) = kx3 sign x2 sign xI. Assuming

Just as in the previous case that

X,== A, sin Ot,

, ,= Aj sin ( -2t ,
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we write the nonlinear function F(x,, x2 ) in the form

F (x:, x,) = k (A, sin .)' sign sin + sign sin (+ -p). (3.38)

L The curve of the function (3.38) has a form similar to the curve

of the function (3.35) (Fig. 3.13). Hence the constant term of the

function F(Xl, x2 ) will also be equal to 0 in the case under con-

sideration.

Calculating q(A2, S), we obtain

2x

-- x sin' 9 sign sin + sign sin (+-?) sin d+ =

= 2 k A l [ 3 I I n 2 -"
1 1 TsW +I

32si 8, 1l- 9 -- sin 2 l + sin 4+ ; ---

and hence
__ hI' 3 3 1?- I-  i

q(A,. o=--- 17---?+ sin 2?-! sin 4?) , =(g) (3.39)

computing the value of q'(A 2 , "), we obtain

2x

q'(A,, 9)=--F (XI, xt) Cos+' d+.

- sin' + sign sin + sign sin (+.-) cos d+

- I (- sin $ cos d + + sin cosg d )

kA|I
2.1 -(-"I "t + + sin'+ ,I) =k2- (- sin4T- Siff& 4P)

and, consequently,

q'(A,, )- sn' (p , ( (3.40)

In the particular case for the value q = 0 we obtain from (3.39)

and (3.40) the values of the coefficients
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q (At) -(S 0.~

-gy which correspond to the function

§3.5. Hysteresis Loops of Electric Circuits Containing Iron

In investigation of automatic systems having electric circuits

containing iron, we must allow for nonlinearities in the form of the

hysteresis loop (Fig. 3.14a). The magnetic induction of a magnetic

circuit will vary according to such a nonlinear relationship as a

function of the current flowing in its winding. For dynamoelectric

amplifiers, such a characteristic will correspond to the variation

of the emf as a function of the control current.

b)

/ p~Mrs:

, f, M
0 I

I '7

c)

Fig. 3.14.

In the general case, we shall assume that a characteristic of

the type of the hysteresis loop F(x) expresses the dependence of the

output variable of the nonlinear link upon the input variable in a

steady-state mode of operation.

tThe shape of the hysteresis characteristic is determined by the
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material of the magnetic circuit and may be varied by special methods,

as for example che use of a secondary winding fed by an alternating

current of a frequency higher than the oscillation frequency of the

regulated or controlled quantities of the automatic system.

Hysteresis characteristics may not be expressed by an exact

analytical dependence, but may be obtained experimentally for the

appropriate links of the system. For harmonic linearization of a

hysteresis characteristic which has been obtained experimentally, we

may first select an approximating function and thereupon perform the

linearization according to the ordinary rules.

We must keep in mind that with oscillation of the input variable

with a variable amplitude, the hysteresis loop of an electric cir-

cuit containing iron will be subject to complex deformations. For

approximate calculations we will assume that the hysteresis char-

acteristic remains similar to that shown in Fig. 3.l4a with varia-

tion of the input-variable oscillation amplitude.

For variation of the input variable x according to a harmonic

law, the output variable will be a distorted sine curve (Fig. 3.14b).

The larger the oscillation amplitude of the variable x, the larger

will be this distortion. In addition, the presence of a hysteresis

loop causes a phase lag of the output variable relative to the input

variable. The wider the hysteresis loop the larger will be the phase

shift. In harmonic linearization, the coefficient q'(A) allows for

the phase shift.

We will approximate the hysteresis loop by choosing a function

Fl (x) for the basic curve (the broken line in the middle) with ordi-

nates equal to the half-sums of the forward and backward branches of

5 the loop and a secondary function F2 (x) that allows for the ordinates

of the branches reckoned from the basic curve. Hence the hysteresis
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loop is represented in the form

F(x) = P, (x) + F (x).

to We represent the function Fl(x) analytically in the form of a

polynomial in powers of x. Due to the approximate nature of the

harmonic-linearization method itself, we may limit ourselves to

three terms of the polynomial and represent the function Fl(x) in

the form

Fl(x) = Bx+cx + Dx (3.41)

where B, C, and D are coefficients determined for three chosen points

on the basic curve.

Having chosen three points on a positive section of the basic

curve and denoting the abscissas of the points chosen by xl, x2,

and x3 and the ordinates by yl, Y2. and Y3 (Fig. 3.14a), we write

three equations for determination of the coefficients B, C, and D:

Yj = Sx1 + Cx! + Dxf,
yg = fx, + Cx + Dxl,
A = Bx, + Cx + Dx.

Solving these equations with respect to the unknowns B, C, and

D, we obtain

"Y ,'1 1x? (x - x,) + Y'x'Ix, (xf - x!) + y',xl, (x - X1)

AC = .yIxIx, (xl -- xl) + ytxlx,(xl - x")+ ysxx, (x - x")

D 3y'xx, (xl - xj) ± y,xx, .x f - xl) +y(xx. (x- xf)A

where

A= xlxtx xxlx3(x- x) + xlxl(x- x) + xlxi(xl -4)1.

Thus we determine the basic function Fl(x). We represent the

auxiliary function F2 (x) in the form

1I(.)= 7A (, . (3.42)-- ) sign px,

where the value n = 2, 3, 4, ... is chosen on the basis of the ex-
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perimentally obtained hysteresis characteristic as a function of

its shape. The quantity

1[. Xy, (3.43)

is determined from this same experimental characteristic.

Let us note that for determination of the solution for x in the

form

x=Asln +, +=?t, (3.44)

we will have

X9

X-- -cos' +

and hence according to (3.42) the secondary function is written in

terms of the argument 9 in the form

F,(A sin +)=-A cos"asign cos + for n=2,3,4.... (3.45)

In accordance with (3.41)-(3.43), the complete approximating

function is

F(14 - (3.46)
F(x)--F(x).- .,(x).--x -CX3- Dxl-I_Aigp k -]sign px.

The values of the harmonic-linearization coefficients o:' the

nonlinear terms of the function Fl(x) in x3 and x5 were determined in

the previous section. Let us now calculate the harmonic-linearization

coefficient for the function F2 (x).

The function F2 (A sin *) will be even (Fig. 3.14c) for any whole

n, and hence the coefficient

q(A)= F, (A sinD sin dt (3.47)

for it is equal to zero.

Let us calculate the values of the coefficient q'(A) for F2 (x)

with various values of n. It is evident from Fig. 3.14c that the

integral in Formula (3.3) for the calculation of q'(A) will be the
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same for each quarter-period. Then for determination of q'(A) we ob-

tain the formula

As is evident here, the coefficient qt is not a function of the

oscillation amplitude A.

o ¥ ~ °Ci-I.-

4/

Fig. 3.15.

Formula (3.148) may be transformed to

2

ces si 1 _ i

Since the first term is equal to zero, we obtain the following re-

cursion formula on comparing the second term with (3.48):

q, nq. --- W -Ti

Let us choose n = 0 and n = 1 for the initial values. For n = 0, we

obtain from (3.42)

F, (x) =-A sign px,

which corresponds to a relay-type hysteresis loop with variable width

and height (Fig. 3..15a). In this case, instead of the form shown in

Fig. 3.14a, the complete characteristic F = F1 + F2 assumes the form

of Fig. 3.15b.

The value of q' for the case n = 0 under consideration may be

obtained either from Formula (3.48) or from the ready expression (3.12)
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for c = yA, which gives us

For n = 1 we find from Formula (3.48)

Therefore, using the recursion formula, we obtain a general expres-

sion for the harmonic-linearization coefficient q' of the hysteresis

loop for any power n in the form

3.5...n
4.6...(n+1) for odd n;
4 2.4...,

3.5...(n l) T for even n.

Hence the coefficient q' will have the values shown in Table 3.1

as a function of the degree n of the approximating function F2 (x).

TABLE 3.1

n 21 3 4 5 7 8

q- 0.85 1-0,75 11- 0,68 7-0,625 7 1 0,582 y 1-o.547 1-F 0e5187 1- 0492 y

Taking the values of q(A) from (3.32) and (3.34) for the second

and third nonlinear terms of the function Fl(x) and remembering that

for all n the coefficient q(A) for the function F2 (x) is equal to

zero, we obtain a formula for calculation of the harmonic-lineariza-

tion coefficient q(A) of the general function F(A) in the form

q(A)= B + 0,75 CA, 0,625 DA. (3.49)

Ordinarily the coefficient C in this formula will be negative.

The coefficient D may have either sign, depending on the shape of the

hysteresis characteristic.

The output-independence of the coefficient q' characterizing the

4 oscillation phase lag of the input is explained for the nonlinearity

in question by the adopted condition that the hysteresis characteristic

- 283 -



retains its shape as it shrinks on a decrease in the oscillation

amplitude of the input quantity. The values of the coefficient q'

will be different for different characteristics in accordance with

the shape of the loop.

It is also possible to have a more complex analytical repre-

sentation of the hysteresis characteristic allowing for its defoma-

tion on variations in the input-oscillation amplitude.

§3.6. Nonlinearities of Dry- and Square-Law Friction Types

A nonlinear characteristic of the dry-friction type (Fig. 3.16a)

represents the dependence of a dry-friction force or moment upon

1/ 2Aky

Fig. 3.6.

velocity. Here we must keep in mind that the direction of the fric-

tional force or moment, which is contrary to that of the velocity,

is ordinarily taken into account in synthesizing the equations. Such

a characteristic is similar in form to the ideal relay characteristic.

In contrast to the relay characteristic, we must keep in mind thatIF(px) may assume not only the values c and - c, but also values

c < F(px) < c, when the rate px = 0 over the course of some period
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of time. However, on instantaneous passage of the rate through zero,

the sign of the dry frictional force or moment changes instantan-

eously.

Hence in the case where the input passes instantaneously (with-

out stopping) through the value px = 0 in oscillatory motion, har-

monic linearization of the dry-friction characteristic is performed

in the same way as for an ideal relay characteristic.

In the case where the rate does not pass instantaneously through

the value px = 0, but there are stationary points in the motion of

a link with dry friction, the replacement of a dry-friction char-

acteristic by a relay characteristic may prove too crude a method

for analysis of the oscillations. Stoppages in the motion of a system

with dry friction are possible when, upon approaching the rate px = 0,

it is found that the sum of all forces or moments applied to a link

in the presence of friction will be less than the dry frictional

force or moment.

Let us determine the harmonic-linearization coefficients for a

dry friction characteristic which we assume to have the form of the

ideal relay characteristic, i.e., for the case where there are no

significant stoppages within the oscillation.

Setting

px-=AP sin 12t,

where P is the oscillation amplitude of the rate, we obtain

q(A, = ' (3.50)

in accordance with the ideal relay characteristic; here, c is the

constant value of the dry-frictional force or moment. The formula

for the harmonic linearization of dry friction is

(px)= q(A)px. (3.51)
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If in analysis of a nonlinear system it is desirable to obtain

a solution for the variable x itself, then setting

x=Asin t, Px-=A cos Qt,

we obtain
Ap = AQ.

Then, denoting

4(3.52)

we obtain in accordance with (3.50) and (3.51) the formula for har-

monic linearization of the dry-frictional characteristic for this

case in the form

F(X)= '(A) (3.53)

In the case where stoppages are present in the motion of a system

with dry friction, the analysis is significantly more complex (see

§1.1). However, allowance for the stoppages is simple enough in two

particular cases.

In the first case we allow for dry and viscous linear friction,

while the mass is considered to be equal to zero for the moving ele-

ments of a link in the presence of friction (the inertial forces are

small). In addition, we assume that there is no restoring force in the

link. Then dry friction may be allowed for by means of the nonlinear

characteristic with dead zone (Fig. 3.16b), which was introduced

earlier and represents the dependence of the velocity px2 upon the

disturbing forces or moments x1 for the case of a link with dry fric-

tion. For variation of the input within the limits - b < x1 < b, the

output, i.e., the rate, is equal to zero. For the case lxj > Ibl, a

rate which is proportional to the difference lxi - ibi develops in

the link.

In accordance with (3.18), the harmonic linearization coeffi-
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cients in this case have the values

q()kL rci q'(A)= 0f orA ;.b. (3.54)

After carrying out harmonic linearization, the equations for a

link with dry and linear friction

ktpx,+c sign px,-=kx, for px, O, (3.55)
-c<kx<c for px,=O

should be replaced by the single nonlinear equation

px -F (x)

Then in place of the nonlinear function F(xl) we must substitute the

linear expression

F(xi)=q(A)xt,

where k and b in Formula (3.54) for q(A) are determined from the co-

efficients of Eq. (3.55) from the relationships:

In the second case, only dry friction and the linear restoring

force are allowed for, while the mass of the moving elements (the

inertial forces) is considered equal to zero for a link with fric-

tion. In such a link we may take a play-type or backlash-type char-

acteristic (Fig. 3.16c) as the nonlinear characteristic. In this case,

we take the displacement x2 as the output of a link with dry fric-

tion, while for the input we take x. - the forces or moments applied

to the movable part of the link. The width of the loop 2b is deter-

mined by the magnitude of the dry-frictional force or moment. For

example, if we neglect the inertial forces of the movable parts in

the centrifugal governor (Fig. 3.16d) and allow for dry friction, then

the displacement s of the clutch in the centrifugal governor will vary

according to the characteristic in Fig. 3.16c as a function of the
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forces x, applied to the clutch. The clutch displacement starts when

the turning rate of the centrifugal governor attains a level for

which the force acting upon the clutch overcomes static friction. On

a change in the rotational direction of the centrifugal governor, the

clutch displacement remains constant as long as the force acting

upon the clutch does not vary by an amount equal to 2b.

Assuming that the solution for the input xI of a link with fric-

tion is sought in harmonic form in accordance with the values of the

harmonic-linearization coefficients for a play-type characteristic,

we obtain the values of the coefficients q(A) and q'(A):

+2foA >. (3.56)2 A4A

M A (3.57)

Here, harmonic linearization of the nonlinear characteristic (Fig.

3.16c) is carried out according to the formula

q()+q()PX.(3.58)

After harmonic linearization, the equations for a link with dry

friction and linear restoring force

c sign px, + k,x,= k,x, for px,#O, (3.59)
(kx,. - c) <kjx'< (kX, + c) for px, = 0

must be replaced by the single nonlinear equation

x, = P (x,) (3.60)

In (3.59) xm is the maximum value of x, in steady-state oscillatory

motion. The nonlinear function F(xl) in (3.60) must be then replaced

by the linear relationship (3.58). The coefficients k and b in For-

mulas (3.56) and (3.57) for q(A) and q'(A) are defined through the

coefficients of Eq. (3.59) from the relationship:
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k -

For high velocities we are somtimes obliged to allow for a fric-

tion proportional to the square of the velocity. Such a nonlinear

characteristic is similar to a power-law characteristic. The only

difference from the power-law characteristic will be that here we do

not take the quantity x for the input, but its rate of change px, i.e.,

in this case we obtain the nonlinear function

F(px) = (px)' sign px.

Assuming that we seek a solution for the velocity in the har-

monic form px = Ap sin *, * = C t in accordance with (3.31) we obtain

the value of the harmonic linearization coefficient

q(A,)= - 0 85 , (3.61)

and hence

F (px) = q (A,)px =o,85 kA,,px. (3.62)

If it is desirable to obtain a solution for the variable x itself,

then setting

x=AsIn t, px=A o cos2t.

we have

A,, AQ.

Denoting here

9" (A).- MA= 0,85 kA, (3.63)

we obtain in accordance with (3.61) the harmonic linearization formula

in the form

F(x)=q"(A) 2px. (3.64)

§3.7. Nonlinear Characteristics with Leading Loops

Up until this time two-valued loop-type nonlinear characteristics

have been considered as lagging characteristics, where on an increase

in the input of the nonlinear link the output varies in accordance
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with the right-hand branch of the characteristic, while in the case

of a decrease, it varies in accordance with the left-hand branch of

* the characteristic (Fig. 3.17a). Nonlinear characteristics with lead-

ing loops are also possible. It is sometimes desirable to create

artificially links with nonlinear static characteristics having lead-

ing loops, for example, in order to improve the dynamic properties of

a nonlinear system.

/.P p
a) b)

Fig. 3.17.

In a link with a nonlinear characteristic having leading loops

(Fig. 3.17b), the output varies in accordance with the left-hand loop

on an increase in input, while on a decrease of the input it varies

in accordance with the right loop.

Let us determine the harmonic linearization coefficients for cer-

tain nonlinear static characteristics with leading loops.

General form of relay characteristic with leading loops. Figure

3.18a shows the general form of relay characteristic with leading

loops.

In order to carry out harmonic linearization of the above non-

linear characteristic, we assume that a solution for x is sought in

the harmonic form

x=--Asln4, .=2-t.

Then in accordance with the curve of F(x) we obtain the periodic func-

tion F(A sin 9) with respect to the argument Q = t (Fig. 3.18b).

The values x = mb and x = b and the values of the argument
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4t--arcsin L , %, -arcsinA correspond to the switching points of the

relay. Here m is an irrational number in the interval -- I < m < 1.

For the case where the amplitude A < mb, the relays are cut out

and there is no signal transmission in the system. If mb < A < b,

then we assume that cutting in and cutting out of the relay take place

for the same value x = mb. In this case the characteristic with lead-

ing loops degenerates into a relay characteristic with a dead zone,

a' bj F(AS/nfl '

_jj e) fI

Fig. 3.18.

for which the harmonic-linearization coefficients are determined

[see (3.13)]. Here, however, we consider the case for which A > b

for the case of steady-state oscillation.

Carrying out the calculations according to Formulas (3.3) and

allowing for the fact that the values of the integrals in these

formulas are the same for each half-period, we obtain

q(")" - F(Asin+)sin jd$-+- csinfd+ =

2e o sJ 2e

I-x Cos+ Iti , '( cosC ,OS
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for the coefficient q(A). Allowing for the values of *1 and 2, we

write the formula for the determination of q(A) in the form

q (A) e f A(3.65)

Computing the coefficient q'(A), we obtain

2 F(A sin cos d _ ccosd+--

4 _ 2c= sin -- X (sin i -In,),

or, allowing for the values of *1 and *2,

q'(A)= 2(-m) for A b. (3.66)

Comparing the result obtained with the values of the coeffi-

cients for the general-form relay characteristic with lag loops (3.5)

and (3.6), we note that the value (3.65) obtained for the coefficient

q(A) is the same as (3.5), while the value (3.66) obtained for the

coefficient q'(A) is the same in absolute value as (3.6) but has a

positive sign. This means that in both cases q(A) expresses in like

manner the slope of a straight line replacing the nonlinear character-

istic on harmonic linearization. On harmonic linearization, the lead-

ing properties of the characteristic in question are expressed by the

coefficient q'(A), which determines the fraction of the positive

derivative introduced. In characteristics with lagging loops, this

derivative was negative. Hence the possibilities for synthesis of

nonlinear correcting devices in automatic systems are evident.

Relay characteristic with displaced leading loop. Considering

the quantity m as negative (- 1 < m < 0) in a characteristic having

the form of Fig. 3.18c, we obtain the formulas:

q A)== f -.) OW A b, (3.67)

(A)- (I +im) for A b. (3.68)
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Ifrom (3.65) and (3.66).

4- Relay characteristic with leading loop. For the relay character-

i 4& istic of Fig. 3.18d we have m = - 1. Then in accordance with (3.65)

and (3.66) we obtain the values of the harmonic-linearization coef-

ficients:

q(A)= for A >b, (3.69)

q(A) f for A >-b.orT (3.70)

Relay characteristic with leading loop of variable width. In

the relay characteristic of Fig. 3.18e, the width of the loop is

equal to twice the amplitude and varies together with the variation

of the amplitude. Then setting b = A in (3.69) and (3.70), we obtain

q(A)--O (3.71)

• (A)- U .(3.72)

It is evident that after harmonic linearization, a link with

such a nonlinear characteristic is equivalent to a differentiator.

A link with the same form but a lagging characteristic would be

equivalent to an integrating link.

Relay characte,0istic with two lag loops of variable width. In

the relay characteristic of Fig. 3.18f, the input value x = d = consw

corresponds to operation of the relay. Dropout of the relay takes

place on a change in sign of the input velocity, when x = A. Assum-

ing that mb = d and b = A in the general-form relay characteristic,

we obtain

A 4 AT--1 for A d, (3.73)

_A , I for A;d.i (3.74)

Characteristic with trapezoidal leading loops of variable width.
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Let us calculate the harmonic-linearization coefficients for the

characteristic shown in Fig. 3.19a.

b) F(A i,9

'9

LL70

A I)oI

Fig. 3.19.

Assuming that we seek a solution for the input x of the nonlinear

link in the form

x=Asin., D=-t,

we obtain the output F(a sin *) in the form of a periodic function

of the argument * = Ot (Fig. 3.19b).

Performing the calculations according to Formulas (3.3) and allow-

ing for the fact that the values of the integrals in the formulas are

the same for each half-period, we obtain

I

q(A)= -( YkAsln tsin d4-[ c sin d+

= -' [kA (i~ *' - Isin 2+h J1+) C Cos 2

" (,,-'I sin2,) +L o

for the coefficient q(A). Allowing for the value *1 = arc sin b/A

and c = kb, we obtain

q(A)=_.(arcsin I -/') for Ab.
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For the coefficient q'(A) we find

(.q'CA)= M sin cos d + cos~d

q' ( A ) k A .. ' I+
i X(2 0 j+ C sin J-i
k siflt,+ .( sin *.

Allowing for the values = arc sin b/A and c = kb, we obtain

q'(A) = x (I - ±) f or A >,-b. (3.76)

In the case where in a steady-state oscillatory process the

amplitude values A < b, a characteristic with trapezoidal loops de-

generates into a characteristic with triangular leading loops of

variable width (Fig. 3.19c). For the case of such a characteristic,

the quantity b will be a variable and equal to A. Setting b = A in

(3.75) and (3.76), we obtain formulas for the calculation of the

harmonic-linearization coefficients:

k h (3.77)

As is evident from (3.77), the harmonic-linearization coefficients

for a characteristic with triangular leading loops are not functions

of the amplitude A, i.e., a link with such a characteristic will be-

have like a linear link with the introduction of a derivative. Here

the gain constant for the input x is equal to k/2, while the gain

constant for the time derivative of the input px is equal to k/M.

The harmonic linearization of the nonlinearities is performed

simply enough for any piecewise-linear and other nonlinear static

characteristics that can be represented analytically. If such repre-

sentation is difficult, then graphical methods for determining the

harmonic-linearization coefficients are also possible. One of the

graphical methods is considered in the following section.
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§3.8. Graphical Method for Harmonic Linearization of Nonlinearities

In the event that it is difficult to represent the nonlinear

static characteristic in analytical form, but it is trustworthy (i.e.,

obtained experimentally), it is convenient to use a graphical method

for determining the harmonic-linearization coefficients. Reference

(81] introduces a graphical method based upon the connection of the

harmonic linearization coefficients with the shape of the static

characteristic. The justification for this is given in that paper.

This method may also be extended to both single-valued symmetrical

nonlinear static characteristics and two-valued and nonsymmetrical

characteristics. Here, without the proof, we introduce a graphical

method of determining the harmonic-linearization coefficients of

single-valued symmetrical nonlinear static characteristics.

On the basis of the approximate calculations of the integral,

the exact formula for calculation of the harmonic-linearization co-

efficients

2,

q(A) ==_L 1 ( sinf) sin + df

may be reduced to the expression

(A 1(() (3.78)

The approximate dependence (3.78) permits us to determine q(A) by

graphical means.

In order to determine q(A) we must plot the right-hand branch

of the nonlinear static characteristic F(x) = F(A) (Fig. 3.20) on

the curve. Varying the sacle along the axis of abscissas, we obtain

the curve F(A/2). Adding the ordinates of the first and second curves,

we obtain the curve F(A) + F(A/2). Then we draw a straight line

through the point A - 2/3 parallel to the axis of ordinates. In
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order to determine the values of

' F q(A) for the case of the value A =A

AW _HW in question, we must construct a
J straight line through the origin and

€i,) 0 .0 A4 A the ordinate F(A) + F(A/2) of the

curve. The segment cut off by this

Fig. 3.20. line on the line A = 2/3 is equal to

the value q(A1 ) which we seek. This is evident from the similarity

of the triangles Ocd and a0b.

For the case of the condition that Oc 2/3, ab = F(A1 ) + F(A1/2),

Oa = A1 , we have

cd=q (Ajfr 2 __

Performing a similar operation for other values A = A2 , A = A3,

A = An, we obtain the curve of q(A).

The accuracy with which the harmonic-linearization coefficients

are determined by graphical means is completely sufficient for

practical work. In Fig. 3.21 we show for comparison curves of q(A)

for the nonlinear characteristics considered earlier as calculated

from exact formulas (continuous curves) and those obtained by the

graphical method introduced (broken-line curves).

In addition to the graphical method described, we may also make

use of the experimental determination of q(A) based upon Reference

(113].

In those cases where the harmonic-linearization coefficients are

determined by a graphical or experimental method in the form of

curves of q(A), the unknowns q and Q for which the equations are

solved will occur in the equations for finding the periodic solution

(see §2.3). The curves of q(A) are used for determination of the
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Fig. 3.21.

amplitude A of the periodic solution from the value of q known for

this solution. Such a method is also often useful in the case of com-

plex analytical dependence of the harmonic-linearization coefficients

upon amplitude. To make use of this method, it is sufficient to con-

struct the curve of q(A) in advance for the nonlinearity being con-

sidered.

§3.9. A Relay Follow-Up Device

As shown in [127], a relay output device (Fig. 3.22a) consist-

ing of a separately-excited motor and a relay controlling an arma-

ture circuit (Fig. 3.22a) cannot be regarded as a series connection

of a relay link and a linear link.

In analysis of processes for a system incorporating a relay-type

output device, we may represent the control relay approximately in

the form of a link with the static characteristic shown in Fig. 3.22b,

for the case of a large relay recovery coefficient.

For the case of a steady-state oscillatory process in the system,

the motion of the motor armature over the course of one oscillation
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a) ,

c)

Fig. 3.22.

period is described by different differential equations depending

upon whether the relay contacts are closed or opened.

If we do not allow for the load moment and the mechanical char-

acteristics of the motor are assumed linear, then for the case of

closed contacts the equation of the motor has the form

(Tp+ 1),W.,- =kM, (3.79)

where Wdv is the angular velocity of the motor shaft, M is the

starting torque, T is the electromechanical time constant of the

motor and k is the transmission ratio.

For the case of the open state of the armature contacts, the

motor becomes a flywheel, and the motion of the motor armature is

described by the equation

Ipw1* 0, (3.80)

where I is the moment of inertia of the motor armature.

In performing the harmonic linearization in this case, there-

fore, the relay and the motor must be considered jointly.

Assuming that the input x varies according to the sinusoidal

relationship
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x ==A sin QI,

determining the periodic function Wdv = Wdv(*) ' I = it requires find-

-b ing a solution for the steady-state mode of operation from Eqs.

(3.79) and (3.80) allowing for the relay characteristic (Fig. 3.22b).

This solution is shown in Fig. 3.22c. From zero to point 1, the

motor has the constant speed cdv = const, whose sign is determined

by the previous closed position of the relay contacts. Here the

angle *1 is determined by the relationship

+,- Arc *ln (3.81)

For the segment 1 - 2, Solution (3.79) gives

WADK-. = -- ('W. + C)OW 2, (3.82)

where w dv = kM is the steady-state speed, and wdv is the rate at

which the motor runs down with contacts open.

The value of the angle *2 is determined by the equality

,=E-rcsln (3.83)

The absolute value of the motor's rundown rate is determined

from (3.82) if in place of * we substitute its value for the segment

1 - 2 or the function codv(Siln *):

,_, =It- 2+,. (3.84)

Solving (3.82) with respect to wav and allowing for (3.83), we obtain

(3.85)
where WA,--

2xy=e (3.86)

Let us determine the values of the harmonic-linearization co-

efficients q(A) and q'(A) for a relay output device.

On the basis of Formula (3.3), in accordance with the form of
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the periodic function cudv(A sin p) (Fig. 3.22c), we obtain

q (A)= 1A 'WA, (A sin qJ) Sn~djW sin , d +=!

+ f'[~ (~~or~ 2IIsmn +?dt+ f sin qidt

2-IWA (cos , -- coS +1) + 0, (cos ' - cos,) +I + 40-,.O + W-.)[ le ,,,, cox x. ,

x(sin,, + Cos,)JJ.

for q(A). Since from (3.81), (3.83), and Fig. 3.22 we have

cos ,, - cos ,!, sin +2 = sin +,,

we finally obtain, allowing for the values of zav and adv,

1',(A ) = x I + 4%1 +t. , + 2 A -

where y is determined from Formula (3.86), while *1 and *2 are deter-

mined from Formulas (3.81) and (3.83).

For the coefficient q'(A) we obtain

1tj 
'1(_±.Cs+)d

q st (l-.)e ]osd 5 ( cosos -----

t it

+2
2 w 'sin 4w. sin xti (we. + WA) X

>2 ( os , sill 21.)_. c(- cos,,+ sin .

0
Substituting the values of av and Wdv, we finally obtain

kM fb(I-y) 4[' [- ( I
)--A(I+)t-A 1+4x' -

+ ~ i + e-( 3.8 8)

where y is determined from Formula (3.86), while *I and "'2 are deter-
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mined from Formulas (3.81) and (3.83).

Similarly we may also perform linearization of nonlinearities

in another similar case, for example, in the case where allowance is

made for the hysteresis loops in a relay characteristic where the

relay has a small recovery coefficient.

Above in §2.1 a general method was given for performing har-

monic linearization in the case where the nonlinearity is expressed

in the form of the structural variation of the differential equations

or transfer functions for the automatic system.

Manu-
script [Footnote]
Page
No.

253 In the case of a scheme without dynamic braking, the
linearization should be made for the relay and motor
considered together_(see §3.9).

[List of Transliterated Symbols)

253 = d = dvigatel' = motor (letter symbol u)
253 y = u = upravleniye = control
25N z = D = dvigatel' = motor
256 = d = dobavochnyy = additional, adjusting (letter symbol R)
262 n = p = perekrytiye = overlap
274 AB = dv = dvigatel' = motor
299 q = Ya = yakort = armature
299 OB = OV = obmotka vozbuzhdeniya = excitation winding

- 302-



Chapter 4

SYMMETRICAL SELF-OSCILLATIONS AND STABILITY OF AUTOMATIC SYSTEMS

§4.1. Requirements Imposed on Self-Oscillating Systems

Nonlinear closed loop automatic systems frequently oscillate in

the steady state. In some systems, the self-oscillating mode is un-

avoidable for all values of the parameters. For other nonlinear sys-

tems, depending on the values of the parameters, it is possible to

have either a self-oscillating steady state mode, or else a stationary

mode without self-oscillations. In the former case we call the domain

of parameter variation the self-oscillation region, and in the latter

we call it the region of stability of equilibrium. In addition to the

regions indicated, other regions are also possible in the case of non-

linear systems, particularly instability regions. Nonlinear systems,

unlike linear ones, can have several stable and unstable equilibrium

states, with the stability regions confined not only to certain def-

inite values of the system parameters, but also to definite relation-

ships between the initial conditions.

Depending on the type of automatic system and on its operating

conditions, we can ascertain whether self-oscillations can or cannot

be tolerated in a given system. Thus, for example, in computers con-

structed in the form of servomechanisms with small moving masses, a

self-oscillating mode is frequently useful, for it reduces the back-

lash zone due to dry friction. A self-oscillation mode can be useful

in vibration smoothing of nonlinear static characteristics (particu-

larly relay characteristics). On the other hand, if the system has
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large moving masses, as for example in an aircraft fire control system,

self-oscillation cannot be tolerated, since the presence of such a mode

leads to a reduction in the firing accuracy, to the occurrence of large

overloads in the moving part of the system, and to premature wearing

out of the kinematic transmission to the controlled object.

In the analysis of self-oscillating systems, that is, systems for

which a self-oscillating operating mode is possible, it is of interest

in practice to determine the values of tha parameters for which a self-

oscillating mode is possible in the system, how each of the parameters

of the system influences the self-oscillations, what means can be used

to change the amplitude and frequency of the self-oscillations or to

suppress the self-oscillations if necessary.

The amplitude of the self-oscillations should be in almost all

cases as small as possible, for this determines the accuracy of the

system in the steady-state mode under symmetrical oscillations. Only

on occasion is it necessary to produce oscillations of specified (not

small) amplitude (see §4.16). In the presence of an external signal

which is either constant or slowly varying, the amplitudes become de-

formed, since the center of the oscillations shifts. In this case the

errors in the system will be determined by the magnitude of the shift

of the oscillation center, and the smaller the oscillation amplitude,

the smaller the error will be.

In the present chapter we shall investigate only symmetrical self-

oscillations and the stability of nonlinear systems in the absence of

an external signal. An investigation of self-oscillating modes under

constant and variable external signals will be considered in Chapters

5 and 6 below.

The self-oscillation frequency should in most cases be as high as

possible, although it is sometimes specified such as to satisfy other
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requirements. The limiting factor in this case may be the increased

overload on the mechanical elements with increasing frequency. On the

other hand, the requirement of high frequency is necessitated by the

fact that in systems that duplicate a master signal, the frequency of

self-oscillations should be at least one order of magnitude higher

than the frequency of the duplicated signal. Otherwise such a system

cannot attain sufficient accuracy. On the other hand, the presence of

high self-oscillation frequencies makes it possible to obtain by suf-

ficiently simple means from a closed loop self-oscillating system an

output without noticeable oscillation amplitudes, owing to the iner-

tial properties of the individual elements. A change in the self-

oscillation frequency is frequently necessary in those self-oscillat-

ing systems which operate under vibration conditions, so as to get rid

of the system errors resulting from forced vibrations.

Other requirements on the steady state oscillating mode can be

stipulated for each specific system, depending on its operating condi-

tions.

In any case it is necessary to know the influence of the system

parameters on the form of its steady state mode. If the st-ady state

mode is self-oscillating, it is important to know the dependence of

the frequency and of the amplitude of the self-oscillations on each

system parameter.

Frequently the accuracy required in the determination of these

dependences is not high, and it is sufficient to have merely some in-

dication as to the direction in which a particular parameter must be

changed in order to decrease the amplitude and increase the frequency

of the self-oscillations. For engineering purposes, it is therefore

possible to use approximate methods to obtain answers to these ques-

tions in the investigation of self-oscillating modes. In many practical
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cases it is most advantageous to investigate the self-oscillations on

the basis of the harmonic linearization method. By using this method

one can obtain analytic expressions for the amplitude and frequency in

terms of the system parameters in explicit form. If the derivation of

such explicit relations is difficult, various graphic procedures for

solving the resultant equations can be employed (see §2.3).

We shall examine several examples illustrating the derivation of

such relationships for self-oscillating systems.

Along with determining the self-oscillation regions, it is neces-

sary to estimate the stability of the periodic solutions. This will be

done with the aid of approximate stability criteria for periodic solu-

tions, as described in §2.4.

Finally, we shall also determine in the present chapter the sta-

bility regions of the equilibrium state of the system by means of the

approximate procedures indicated in §§2.7 and 2.9.

The investigation will be carried out using specific examples of

automatic systems of various types and using numerical values in the

results, so as to illustrate as fully as possible the application of

the methods in engineering practice.

§I 2. System for Stabilization of a Gyro Pendulum

We shall carry out an investigation of self oscillations using

the stabilization of a gyroscope as an example [129]. Figure 4.1 shows

the schematic diagram of a gyroscope with three degrees of freedom

(gyro pendulum) which is unbalanced relative to the axis of the inter-

nal gimbal, z. If a force f is applied to the gyroscope in a direction

parallel to the axis x of the external gimbal, then the gyroscope will

precess about this axis. The rate of precession will be proportional

to the magnitude of the force f. Because of the presence of friction

in the suspension, a torque arises as the gyroscope moves relative to
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the axis of the external gimbal. In addition, a torque may be produced

relative to the axis of the external gimbal as a result of inaccurate

balancing of the system, which consists of the gyroscope, the internal

gimbal, and the external gimbal, relative to the x axis. Under the in-

fluence of the torque about the x axis applied to the gyroscope, the

latter will start precessing about the axis z of the internal gimbal.

Since the unbalanced gyroscope is used as a meter for the force f, it

becomes necessary to stabilize the motion of the gyroscope about the

x axis in the yO'z plane in order to maintain constant the lever arm

10 of the measured force. The torque produced about the x axis is a

random function of the time, and therefore exact compensation of this

torque by applying a torque of opposite sign is practically impossible.

Consequently, a closed loop stabilization system is usually employed.

a

L

Fig. 4.1. 1) Stabilizing motor;
2) internal gimbal; 3) gyro-
scope; 4) external gimbal; 5)
contacts controlling the sta-
bilizing motor.

For this purpose, a stabilizing motor is geared to the shaft of

the outer gimbal; the motor is controlled by relay contacts. One of

the contacts controlling the stabilizing motor is secured to the outer
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gimbal and the other to the inner gimbal so that whenever the gyroscope

-- axis is perpendicular to the axis of the outer gimbal the contacts

touch each other without pressure.

To ensure freedom of motion of the gyroscope about the z axis,

one of the contacts is mounted on a spring of low stiffness.

The presence of torque about the x axis causes the gyroscope to

rotate about the z axis, and depending on the direction of the torque

the contacts will either close or open. The electrical circuit is such

as to ensure change of sign of the stabilizing-motor torque with the

contacts closed and open. If the motor torque exceeds the friction and

unbalance torque applied to the gyroscope relative to the axis of the

outer gimbal, then an angular deflection of the gyroscope in the P di-

rection reverses the motor and the gyroscope starts precessing in the

opposite direction. This brings about a new reversal of the motor in

the opposite direction. Thus, the stabilization system guarantees a

self-oscillating operating mode. The torques applied about the x axis

cancel out during one period of oscillation. The gyroscope axis, while

oscillating in the direction of the angle p, is maintained on the av-

erage in a plane perpendicular to the axis of the outer gimbal.

To increase the accuracy with which the gyro pendulum measures an

external force, it is necessary to make the self-oscillations have a

high frequency and a low amplitude. The gyroscope stabilization sys-

tem just discussed is an example in which the self-oscillating mode is

useful, for such a mode affords a simple solution for the problem of

stabilizing the motion of a gyroscope in a plane perpendicular to the

axis of the outer gimbal.

Let us investigate the self-oscillations of a gyroscope stabiliza-

tion system (disregarding the torques due to the drive friction and to

the unbalance) by the harmonic linearization method.
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The equations of motion of the gyroscope, coordinates directed as

shown in Fig. 4.1, can be written in the form

; +(4.1)

B los op rtation a

where a is the angle of gyroscope rotation about the axis of the outer

gimbal; P is the angle of gyroscope rotation about the axis of the in-

ner gimbal; A0 [g'cm.sec2] is the moment of inertia of the system com-

prising the gyroscope and the inner and outer gimbals about the x axis;

B0 [g.cm.sec 2 ] is the moment of inertia of the gyroscope together with

the inner gimbal about the z axis; H [g.cm.sec] is the kinetic moment

of the gyroscope; n a, n [gP.cm.sec] are the coefficients of viscous

friction; Ms.d [g.cm] is the torque of the stabilizing motor; bO [g'cm]

is the external torque applied to the gyroscope as a result of the

measured force f.

Let us reduce Eqs. (4.1) to a single equation with variable P. By

determining a and a and substituting these values into the first equa-

tion of (4.1), we obtain

AJ, + (A,, + Bon.) 5 +(n.n, + HI) H = - HM,. () + n.*,.

Usually nanp << H2 ; then, neglecting na n compared with H2 and in-

troducing the operator symbol p = d/dt, we obtain

IA.Q1p' + (Aon, + Bn.) P' + Htp1 P = - HM..(P)+ n.ii. (4. 2)

We shall investigate the gyroscope oscillations
with the stabilizing motor connected and without an

a A external torque, that is, 0 = 0. Then Eq. (4.2) can

be rewritten

Fig. 4. 2. JA.fop' + (A.gn + B.n.)p' + 'pI P (4.3)• ~= -- HM,., @
The torque of the stabilizing motor Ms.d(P) is a nonlinear func-

tion of P. We shall assume that this nonlinear function has the form

of an ideal relay characteristic (Fig. 4.2). Such a characteristic is

- 309 -



obtained in practice by using a two-phase induction motor as the sta-

bilizing motor. Since the motor operates in practice with the rotor

locked, its torque will be constant. By feeding the motor with alter-

nating current at a frequency on the order of 400 cps, the lag in the

occurrence of the torque due to the control voltage is eliminated. The

torque of a two-phase induction motor is determined by the power com-

ponent of the current, which in turn is lag-free relative to the ap-

plied voltage.

The presence of a symmetrical nonlinear characteristic in the ab-

sence of an external signal makes it possible to carry out harmonic

linearization by using the condition that the expected periodic motion

in the system is symmetrical.

We seek a periodic solution in a sinusoidal form

S,=A sin t.

Then, taking into account the values of the coefficients of harmonic

linearization (3.14) for an ideal relay characteristic, we replace the

torque Ms.d, which is nonlinear in P, by the relation

. q (A) P = p.

Substituting the value of Ms.d in (4.3) we obtain the harmonically lin-

earized equation of the system

A.B.p3+(ARA + Bonjp2+l'p+.nMJ =0. (4.4)

In accord with the first method for finding the self-oscillations

(§2.3), we substitute into this equation p = JQ and, separating the

real and imaginary parts, we obtain two equations for the periodic so-

lution (for the variable p):
|4mH ,4 (Aon, + B,n.) 01- =o,(.

HI - A.B. -1 O. :(45)

We estimate the stability of the periodic motion by using the ap-
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proximate analytic criterion (2.125), i.e., we determine whether the

condition

L4 oO \)- ) > "' (4.6)

is satisfied. The asterisks following the derivatives denote that one

substitutes in the derivatives the values of the amplitude and fre-

quency of the investigated periodic solution a = A and w = Q.

To determine the corresponding derivatives, we write out, on the

basis of Eq. (4.4), the formulas for the real and imaginary parts of

the expression of the Mikhaylov curve

X (a, W) = 4moH (A.no + Bon.)

Y (a, w) = Itw - A80,w
3 .

We shall denote the amplitudes and the frequencies from now on by a

and w, in accordance with the fact that the stability criterion of the

periodic equation was obtained in §2.4 from an analysis of a system

whose amplitudes were different from those in the periodic solution,

i.e., from an analysis of a Mikhaylov curve shifted away from the ori-

gin.

After determining the corresponding derivatives, we get

(OX \* 41n.ji O dy __0

6)- i- ICA "-- \ a --

=-2 (An, + B.n.) 2 <0, () - 3A^B2'.

From the second equation of (4.5) we have

H'

therefore

( ---21P < 0.

As can be seen from the signs of all the derivatives, the stability

criterion (4.6) is satisfied for the periodic solution. The supposition
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that the gyroscope stabilization system is in a self-oscillating mode

is thus confirmed.

In the present case we did not have to investigate the stability

of the periodic solution, for in our example it is unique and it is

obvious from the operating principle of the stabilization system that

it corresponds to self-oscillations.

From the second equation of (4.5) we obtain a formula for the

self-oscillation frequency expressed in terms of the system parameters:

2(4.7)

Substituting the value of Q in the first equation of (4.5), we obtain

a formula for the self-oscillation amplitude:

A= 4,,AB. (4.8)

%H (An-+ B+n,) (4.

As can be seen from (4.7), the self-oscillation frequency is de-

termined by the kinetic moment of the gyroscope and by the moments of

inertia of the gyroscope and of the suspension gimbals. The frequency

is equal to the so-called nutation frequency. The role of the stabil-

izing motor reduces to maintaining nutation oscillations, which would

be damped out by friction in the gyroscope gimbals were the stabiliz-

ing motor to be disconnected.

By assigning values to the parameters in (4.7) and (4.8) and vary-

ing each of these in succession within the limits of practical in-

terest, we can plot the variations of the frequency and of the ampli-

tude of the self-oscillations with respect to each parameter. Figure

4.3 shows such plots for the case when all other parameters are kept

constant: H = 400 g.cm.sec, A0 = 2 g.cm.sec
2 , B0 = 2 g.cm.sec

2 , n =

= 2 g.cm.sec, n - 1 g.cm.sec, m0 = 30 g.cm.

For a qualitative evaluation of the results obtained, an experi-

ment was made with a gyroscope unbalanced with respect to the axis of
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the internal gimbal, having a polar moment of inertia J = 0.153 g. cm. sec2

Variation of the speed of rotation changed the kinetic moment H of the

gyroscope and yielded the experimental dependences A(H) and Q(H) (Fig.

4.4).

The resultant experimental curves confirmed qualitatively the ana-

lytical dependences A(H) and Q(H).

Plots of the amplitude and frequency of self-oscillations of a

gyro pendulum as functions of the system parameters can serve as guide-

lines for the construction of similar instruments. It follows from the

plots that in order to obtain a high frequency and a low amplitude of
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gyroscope self-oscillation, it is desirable to increase the kinetic

moment of the gyroscope, to decrease the moment of inertia of the gyro-

scope gimbals, to increase the damping of the gyroscope motion about

the suspension axes and decrease as much as possible the torque of the

stabilizing motor. Reduction in the torque of the stabilizing motor is

limited by the friction torque and by the inaccuracy in the balancing

of the gyroscope relative to the axis of the external gimbal. Conse-

quently, it is necessary to strive toward low friction in the suspen-

sion shaft and thorough balancing of the gyroscope together with its

gimbals relative to the axis of the outer gimbal.

§4.3. Servomechanism with Nonlinear Amplifier

Let us consider a servomechanism intended for remote transmission

of the angular positions of a transmitter to a controlled object (Fig.

4.5). The system is fed with direct current. The error transducer is a

Fig. 4.5. 1) Transmitter; 2) amplifier; 3)
reduction gear; 4) controlled object.

rheostat pair. The amplification unit comprises an electronic amplifier

and a motor-generator set.

We assume that the output voltage uI of the electronic amplifier

can attain values such that an upper limit exists for the output volt-

age u2 at the output of the electronic amplifier, i.e., we shall con-

sider a nonlinearity of the saturation or limitation type (Fig. 4.6).

We set up the equations for the linear elements of the system.
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1. Equation of the error transducer

.,=k r O, --- -- , (4.9)

where Y is the error angle; uI [v] is the electronic amplifier input

voltage; ki [v] is the transfer ratio of the error transducer.

2. Equation of the generator excitation

circuit

-C (Tp+ 1) Is =- ku,, (4.10)

where T, [sec] is the electric time constant

Fig. 4.6. of the excitation circuit; k2 [a/v] is the

gain of the excitation circuit; u2 [v] is the

voltage at the amplifier output with the load connected; i2 [a] is the

current in the excitation circuit.

3. The equation for the armature circuits of the motor generator,

neglecting the armature inductances, is

wheree -ki ande, -p - Hre andk are

where eg = kg12 and edv = kdvPP. Here kg and kdv are the gains.

After reducing the equation to standard form, we obtain
is= k, -p, (4.11)

where

k3 = kg/Rya, k4 = kdv/Rya [v.sec/ohm].

4. Equation of motion of the motor armature, the reduction gear,

and the object with the friction assumed to be proportional to the

first power of the velocity, and without account of the external dis-

turbance, will be

Jp'p + kpPP MA.,

where J [g.cm.sec 2 ] is the moment of inertia of all the elements ro-

tated by the motor, referred to the output shaft of the reduction gear;

k [g.cm.sec] is the coefficient of viscous friction. If the motor is

separately excited, its torque is
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Then the foregoing equation is rewritten

(7p+1)p k1p ,, (4.12)

where T'2 = J/kP (sec] is the mechanical time constant; k5 = ki/kp

[a/sec] is the transfer ratio.

Combining (4.11) with (4.12) we get

(~p-+ I + kiks) pp = ksk&,

or

(Tip + ,) p ---- k-s 12, (4.13)

where T2 = T'2/( + k4k5 ) [sec] is the electromechanical time constant

of the motor.

From (4.9), (4.10), and (4.13) we obtain for a = 0 an equation

for the linear part of the system

(T,pf+ 1)(Tp± I)+1-pu -ku,, (4.14)

where k = klk 2k3 k5/(1 + k4 k5 ) [I/sec] is the gain of the linear part

of the servomechanism.

According to the method of harmonic linearization, a characteris-

tic with saturation is replaced in the case of symmetrical oscillations

by the relation

t= q (A)'u.

In accordance with (3.19) we obtain for a nonlinearity of the

form shown in Fig. 4.6

q(A)=ky for A~b,

q(A)=h. (arcsin ri-- for A'.b.

Substituting the value of u2 in (4.14) we obtain

I(T,p + 1)(Tip + 1)p-kq(A)]it,=--O. (4.15)

The characteristic equation of a harmonically linearized system

is written in the form
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, Tp' + (T t-+ T r p,+ p+ kq (A)= O. (4.16)

Substituting p = JO and separating the real and imaginary parts

X(A, Q) = 0 and Y(A, 0) = 0, (4.17)

we obtain two equations for the determination of the periodic solution

k.,q(A)-(T, +r)' -----0, (4.18)

I - TT62'=. I

From the second equation of (4.18) we obtain a formula for the

frequency of the periodic solution in terms of the system parameters:

9 1(4.19)

Substituting the values of Q and q(A) in the first equation of

(4.18) we obtain a formula relating the amplitude of the periodic solu-

tion with the system parameters:

2k,ka rc i .I -.-- . 4- T,
Y arcsi + - )= ,, (4.2o)

To investigate the stability of the periodic solution, we make

use of the approximate criterion (4.6). In accord with (4.16) we obtain

X (a, o)= k.q (a) -( T, + Tv)tat

Y(a, )==- rT,'.

Calculating the partial derivatives with allowance for the sign of

(q/ba)*, determined from the plot of Fig. 3.7, we obtain

k,*Lq)* < 0 for A>b, (0 *=.
Idy*(8___X 2 9(r, u +r,) 9 < 0, Z7'\

On the basis of (4.19) we have

( .=--2<O.

Applying the criterion (4.6), we obtain

j) * ( -a-.*-") *=-2/,(d)'>0 for A>b.

Consequently, self-oscillations will arise in the system if A > b.

At values A < b we obtain q = const = X. irrespective of the values
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of A, and consequently there are no self-oscillations.

-. We use (4.19) and (4.20) to plot the variation of the amplitude

and of the frequency of self-oscillations as functions of each of the

system parameters.

It is seen from (4.19) that the self-oscillation frequency de-

pends only on the time constants T. and T2 . Each of the time constants

exerts a similar influence on the variation of the self-oscillation

frequency and amplitude. Consequently we plot the sought curves as a

function of the parameters k = klku, T2, and b.

Since (4.20) is a transcendental equation with respect to the amp-

litude, it is advantageous to derive expressions for the parameters in

explicit form as functions of the amplitude.

To determine the influence of the servomechanism gain on the

self-oscillation amplitude, we obtain from (4.20) the formula

4(.2 + T1)
2TT( arcsin - + -

It is clear from (4.21) that when A = b the gain is

kP =T,+To (4.22)

i.e., oscillations arise in a system only in a well-defined region of

values of the gain, k > kkr. At values A < b, the servomechanism can

be regarded as being linear with a gain k = klku . In accordance with

(4.18), putting q(A) = ku, we obtain the condition for the stability

limit of the linear system

krP - (T + T,) ' = O,
I - TT,2 '-O,

hence

r , + T, l(4.23)

Comparing (4.22) and (4.23) we obtain kg, - kkr. Consequently,
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when k < kkr = kgr the servomechanism is stable both in the linear

part of the characteristic (uI K b), and in the nonlinear part (uI > b,

Fig. 4.6). When k > kkr the presence of saturation in the characteris-

tic of the amplifier causes the servomechanism to operate as a nonlin-

ear system in the self-oscillating mode, with a definite amplitude,

whereas in the absence of saturation, the linear system would be sub-

ject to a diverging oscillating process in the case of k > kkr.

The indicated behavior of servomechanism is observed in practice.

Linear servomechanisms frequently have elements with limited linearity

sections which go over into a saturation section. Consequently if the

gain of a servomechanism is increased to a certain value one obtains

not the instability that follows from linear theory, but usually self-

oscillations.

To plot the self-oscillation frequency, we specify the following

values of the parameters:

k = 20 1/sec, TI = 0.1 sec, T2 = 1 sec, b = 1 v.

Substituting in (4.19) and (4.20) the values of all the parameters,

except the one that is being varied within the limits of interest, and

carrying out the calculations for each parameter, we obtain curves

showing the dependence of the amplitude and frequency on each parameter.

Formulas (4.19) and (4.20) were obtained during the course of de-

termining the periodic solution for the input of the nonlinear element,

i.e., for the input voltage of the amplifier. It is of interest to ob-

tain such a solution for the value of the angle p at the output of the

servomechanism.

The frequency of the periodic solution will be the same for any

variables of the system. The value of the amplitude of the amplifier

output voltage can be readily recalculated in terms of the amplitude

of the angle p by using the equation for the error transducer
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U1 -kip.

Consequently

A =kAps

where A Pis the amplitude of' the oscillations of' the output shaf't of'

the servomechanism reduction gear.
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Fig. 4.7. 1) Rad; 2) 1/see; 3)
self'-oscillation region; 4)
stable equilibrium region; 5)
see; 6) v.

The calculations made f'or ki= 100 v/rad and f'or the chosen values

of' the other parameters are plotted in Figs. LI.'._a, b, a. The plots il-

lustrate clearly the inf'luence of' each parameter on the amplitude and

frequency of' the self'-oscillations.
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As can be seen from these drawings, the

system can operate either in a stationary

self-oscillating mode or in a stable mode

without self-oscillations, depending on the

values of the parameters.

Fig. 4.8. The amplitude of self-oscillations can

be reduced by decreasing the gain of the system k, by decreasing the

time constants T1 and T2 , and by decreasing the linear portion of the

amplifier characteristic, i.e., the value of b.

The self-oscillation frequency can be increased only by increas-

ing the time constants T1 and T2.

The self-oscillations can be suppressed by reducing the gain and

decreasing the time constants.

For the parameter values chosen for the plots, the self-oscilla-

tion frequency is Q = 3.16 1/sec and the amplitude is A P= 0.022 rad.

We now make allowances in the same servomechanism for not only

saturation but also for the insensitivity zone of the amplifier (Fig.

4.8). This corresponds to an amplifier in which the tubes have good

characteristics with initial nearly horizontal portions. In this case,

to find the periodic solution one can use Eqs. (4.18) but with differ-

ent values of q(A).

For amplitude values b, < A < b2 we have in accordance with for-

mula (3.18) for the harmonic linearization of a characteristic with a

dead zone

q() k, (arcsln +1 b ~A f A W,

To estimate the stability of the periodic solution we obtain, allowing

for the plot of q(A) (Fig. 3.7),

(oX\ 11  0for b 1<A~b,
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and for the former values of

( )* (IX)* (OY)*

Consequently, the periodic solution is unstable for bI _ A < b2 , and

the presence of only a zone of insensitivity in the amplifier cannot

bring about self-oscillations in the given system.

For amplitude values A > b2 we obtain in accordance with formula

(3.17) for the harmonic linearization in the case of the characteris-

tic with an insensitivity zone and saturation:
-A- --2csi -1-y/, - -- /' -- -1

q(A) - arcsin -arcsinTbL-V V i

To determine the stability of the periodic solution we obtain, in

accordance with the plot of q(A) (Fig. 3.7),

(OX) =k (0 )* <0 for A; -b,.

The remaining derivatives will have the same signs as before.

Consequently, when A > b 2 the periodic solution is stable.

Let us calculate the variation of the amplitude and frequency of

self-oscillations for the previous values of the parameters and for

b1 = 0.2 v, b2 = b = 1 v. The frequency Q of the periodic solution

will depend only on the time constants T1 and T2 and is given by for-

mula (4.19). The dependence of the amplitude on the parameters of the

system is determined, in accord with (4.20), from the following rela-

tions:

1) for the case of an unstable periodic solution
k (Asin L'+ A A'

- (a A A TX (4.24)

for b _ A < b2 .

2) for the case of a stable periodic solution (self-oscillations)

A A A' A, ToA' (4.25)

for A > b2 "
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The dependences of the amplitude AP = A/kI and of the frequency Q

of the self-oscillations of the system parameters, determined by for-

mulas (4.19), (4.2L ), and (4.25), are plotted in Fig. 4.9a, b, c.

It can be seen from the plots that in the case when linearity

with insensitivity zone and saturation are present, two steady-state

modes are likewise possible in the nonlinear system, namely a self-

oscillation region and a stability region, with two values for the

amplitude of the periodic solutions in the self-oscillation region.

The branch with the large amplitudes, as was already shown, corresponds
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to a stable periodic solution, namely self-oscillations, as designated

by the arrows that converge to the given branch from the top and from

the bcttom. The branch with the smaller amplitudes corresponds to an

unstable periodic solution, as designated by arrows diverging from the

given branch. Consequently, the system is stable "in the small" in the

self-oscillation region, and has a stable self-oscillating mode "in

the large."

At values k < kkr and T2 < Tkr there is no periodic solution. In

this case the system is nonlinear. In order to ascertain whether the

nonlinear system is stable outside the self-oscillation region, we ex-

trapolate the result obtained by investigating the stability of the

self-oscillation at the critical point C (Fig. 4.9) to the region

where there is no periodic solution. Actually, at the point C we still

have stability "in the small" and an attenuating process "in the large,"

i.e., the given system is stable when k < kkr and T2 < T k for all

values of the initial conditions (we bear in mind the fact that k > 0

and T2 > 0). This result can be readily confirmed by the method de-

veloped in §2.7.

A decrease in the self-oscillation amplitude, an increase in the

self-oscillation frequency, and suppression of the self-oscillations

are made possible, as we see, by the same means as in the presence of

saturation alone. In addition, the presence of an insensitivity zone

is seen to narrow down the region of self-oscillations and is there-

fore one of the means of suppressing self-oscillations.

§4.4. Servomechanism with Nonlinear Drive

In the examples considered in §§4.2 and 4.3, stability regions

and self-oscillation regions were singled out for each parameter of

the system. If the variations of the amplitude and frequency of self-

oscillation are not plotted for each parameter, and if we are inter-
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Fig. 4.1o. 1) Amplifier; 2) drive;
3) controlled object; 4) derivative
feedback.

ested in the behavior of the nonlinear system from the point of view

of its stability in the steady state, then it is convenient to plot

the possible steady-state modes and to separate the stability regions

in the plane of any two (most important) of the parameters [64].

We shall prepare such a plot with the.F

servomechanism whose block diagram is shown

0in Fig. 4.10 as an example. We assume a non-

linearity of the saturation type without a

dead zone (Fig. 4.11) in the drive of the

Fig. 4.11 servomechanism object. Such a nonlinearity oc-

curs in hydraulic and pneumatic servo drives controlled by means of

slide valves. Upon displacement of the slide valve, the velocity of

the servo drive first increases linearly as a function of the slide

valve displacement, and when the ports of the valve are completely

open, it reaches a maximum value at which it stays constant. Moreover,

in the present example we take account of the inertia of the amplifier

and of an additional derivative feedback loop in which the drive is

included.

The system elements are described by the following equations:

(T,p +- 1) pXI =- F (4)
"- X1, (4.26)

(Tip+ 1) x 3 : ktxt,

X = X2 - X6, Xi = k.PX,
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the first of which is the equation of the drive with account of the

load produced by the object, the second is the equation of the error

transducer, the third is the equation of the amplifier, and the fourth

is the feedback equation.

Assuming xvkh = 0, we seek a solution for x in sinusoidal form

x=Asln , 0 = t

Harmonic linearization of the nonlinearity yields

F(x) = q (A) x, (4.27)

where in accord with (3.19) we have

q(A) L k+rcsV1I--) or A:,b.

The characteristic equation corresponding to the differential equation

derived from (4.26) and (4.27) is

(Tp + 1) (Tp + 1) p + [(7,p + 1) kop + 4k q (A)-- 0.

or after expanding

T,'I'tpl +IT,+ T,+ Tko. q(A)lp'+Il +k.. q(A)]p+kq(A) =-O. (4.28)

Let us plot the regions of steady self-oscillation modes and steady

equilibrium state on the plane of the parameters k2 and ko. s '

We first determine the stability region for a purely linear sys-

tem, replacing the linear function F(x) by the linear one klx. This

makes the characteristic equation, in accordance with (4.28),

T, ip' + (T + T + Tk°.) + (I - k,ko.) p + k'kt =O. (4.29)

The stability condition has the form

(TI + T,+ ,kko.,) (t + k1 k..- TT,,kk> o. (4.30)

The corresponding stability limit is plotted in the plane of the param-

eters k2, ko. s in the form of the parabola ABC (Fig. 4.12a). In the

entire region above this parabola our linear system is stable.

Let us ascertain how the nonlinearity of F(x) (Fig. 4.11) influ-

ences the limit of the stability region of this system. The presence
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Fig. 4.12. 1) Practical instability "in
the large"; 2) danger limit; 3) practical
instability; 4) region of stable equi-
librium; 5) safety limit; 6) self-oscil-
lations.

of a sinusoidal periodic solution in the harmonically linearized system

(Hn_1 = 0) can be determined, in accordance with (4.28), by means of

the equation

It 1 + T,+ Ik.,q (A)I [ [ + k.cq (A)] - T, Ttkq (A)- 0.

hence

T +T A -]! + k.,.q (A)]. (4.31)kt -" n s- (A) T

This equality determines the condition under which self-oscillations

occur and the dependence of the amplitude on the system parameters.

The self-oscillation frequency is determined here by the same

method as in the preceding examples. If we replace p by JQ in the char-

acteristic equation (4.28) and equate the imaginary parts to zero, then
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- I + ho.cq (A)

In formula (4.31) we must put A > b, for only then does the non-

linear portion of the characteristic enter into operation. When A > b

the value of q(A) decreases with increasing A (see the plot in Fig.

3.7), i.e.,

ka>q(A) O f or b<A<oo. (4.32)

It is clear that (4.31) is satisfied if k2 is sufficiently large, with

k2 = 00 when q = 0. The lower limit of k2 need not necessarily corres-

pond to the value qmax = k, (due to the presence of q(A) in the second

bracket of formula (4.31)), i.e., the amplitude of the periodic solu-

tion can vary with the parameter k2, which can have a minimum (Fig.

4.12b).

To determine the region of self-oscillations it is necessary to

know the minimum of k2 for which Eq. (4.31) still holds. The minimum

of k2 is determined from the condition that the derivative dk2/dA must

vanish. Since the derivative of k2 with respect to A can be represented

in the form

dk dk,
CA dq_ dA'

and since dq/dA never vanishes on the nonlinear portion of a static

characteristic with saturation (Fig. 3.7), it is sufficient to equate

the derivative dk2/dq to zero in order to determine the region of self-

oscillations. As a result we obtain from (4.31) the value of ko. s cor-

responding to the minimum of k 2 :

k -(A) if T,.

Since

0<q kj,

we have
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Consequently, if the system parameters are such that

ko. <-T J - -- ,

then there exists no minimum of k2 . Therefore the critical value of

k*o.s will be

k'. == ] --L --, I +(4.33)

When ko.8 < k*o.s there is no mathematical minimum of k., and conse-

quently the self-oscillation region will be determined in accordance

with (4.31) and (4.32) by the condition

k, TI+T, + k0.k) f'or k..<k:.. (4.34)

* When ko. > k*o.s, k 2 does have a minimum

kimin I+ W

and consequently the corresponding region of self-oscillations will be

k,. ; -- o.> k. (]4.35)

From the obtained relations (4.34) and (4.35) it follows that the

limit of the self-oscillation region for ko. s - k* 0 .. , defined by for-

mula (4.34), coincides with the stability limit obtained when the given

system is regarded as purely linear (formula 4.30). This is represented

by section AB of Fig. 4.12a. On the other hand, the limit of the self-

oscillation region for ko.s > k*o.s does not coincide with the linear

stability limit. According to formula (4.35) the latter has the form

of the line BD. Consequently, in our example the presence of a nonlin-

earity of the saturation type narrows down the stability region of the

system. A physical explanation of this system can be seen in the cut-

off of the feedback signal at large values of x,, brought about by the

character of the saturation type of instability.
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Physical considerations (comparison with the corresponding linear

system) indicate that in our nonlinear system the region to the left

of the line ABD will be a stable one (regardless of the initial condi-

tions). However, even approximate verification of this fact is diffi-

cult.

Application of the Hurwitz stability criterion to Eq. (4.28)

yields the condition

f T + T,+ T~k.q(A)][I -- k.q (A)I -T 1Tikq(A)>O.

This condition is satisfied for all values of q(A) defined by the in-

equality (4.32), that is, for all A (for all initial conditions) we

have here inequalities that are the inverse of formulas (4.34) and

(4.35), thus proving the stability in the region left of ABD.

The behavior of the system inside the self-oscillation region is

investigated by the same method as in the preceding examples. It shows

that in the region CBD the system will be stable "in the small" and

unstable "in the large," namely: when the initial deviations do not go

beyond the linear part of the characteristic (Fig. 4.11) or exceed

this part only slightly (up to a certain limit), the transient in the

system will be damped out and tle system will return to the equilibrium

state; at large initial deviations the system goes into self-oscilla-

tion (hard excitation) with so large an amplitude that in practice it

can be regarded as instability.

On the other hand, to the right of the line AB the amplitude of

the self-oscillations grows smoothly, starting with a value A = b

(soft excitation). It becomes too large only to the right of a certain

dashed curve (Fig. 4.12a), beyond which the system must be regarded as

practically unstable.

In this connection the stability limit of this system, calculated

for the linear case, breaks up into two portions: AB is the safe limit,
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since the system does not swing wild even on crossing this limit, and

BC is the dangerous limit, for the system may be practically unstable

even before it reaches this limit. For this part of the parameter

plane, i.e., at sufficiently large feedback coefficients, one cannot

employ the linear theory.

4.5. Temperature Control System with Balanced Relay

Consider the relay system for temperature control shown in Fig.

4.13 [1081. Let us explain its operating principle. Whenever the regu-

lated quantity, namely the temperature L of the regulated object 1,

changes the bimetal strip 2 bends. Depending on the direction of the

deflection of the end of the bimetal strip, one of two windings of

balanced relay 3 is energized. The armature of the relay has three po-

sitions. Turning on one of the relay windings causes motor 4 to run in

the forward direction, while turning on the second winding and turning

off the first reverses the motor. When no current flows in the wind-

ings of the relay, the armature occupies a neutral position and the

armature of the motor is short circuited. With x varying continuously,

the voltage u on motor 4 changes in discrete steps. The motor actuates,

via reduction gear 5, the regulating unit 6 which, by changing its po-

sition acts on the regulated object. It is possible to add to the

system additional proportional feedback 7, which displaces a panel

with contact plates. Then the displacement of the end of the bimetal

strip relative to the contact plates will be described by the equations

S== X -x , Xo.0  = k..'

Let us investigate the system illustrated first with the feedback

disconnected, and then in the presence of feedback with and without

account of the time delay in the relay. In the investigation we shall

take account of the inertia of the regulated object and of the elec-

tric drive.
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Fig. 4.13. 1) Regulated object; 2) regu-
lating unit; 7) proportional feedback.

Let us write down the equations for the system elements.

1. The equation of the regulated object is

(rip+ )=- kit,(4.36)

where T1 [see] is the time constant of the object and kI (deg] is the

transfer ratio of the object.

2. The equation of the bimetal strip is

x = k (4.37)

where k 2 [deg-'] is the transfer ratio of the bimetal strip.

3. The equation of the drive with regulating unit is

(TIP+ 1)p = ku, (4.38)

where T2 [sec] is the electromechanical time constant of the drive and

k3 [se-1v
1 ] is the transfer ratio of the drive.

4. The contact unit together with the balanced relay is a nonlin-

ear element.

The voltage u applied to the motor will be a nonlinear function

of the displacement x of the end of the bimetal strip relative to the

panel with the contact plates. This function is illustrated in Fig.

4.14.
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Combining Eqs. (4.36)-(4.38) we obtain the equation of the linear

portion of the system:

(Tip+ +1)(T,p+ 1)px=-kkau. (4.39)

For the nonlinear element we write down, in accord with formula

(3.13) for the coefficient of harmonic linearization, the following

expression:

u==F(x)=q(A)x, (4.40)
where

q(A)- iA /" " with A:b.

Fig. 4.14 Substituting the value of u from (4.40) into

(4.39) and denoting by kI = k1k2k3 [v- sec -1 ] the gain of the linear

portion of the system, we obtain a linearized equation describing the

motion of the system proper:

ITTaP'+(Ti + T,)p, +p-kq (A)] x=O. (4.41)

Substituting p = JQ, we obtain from (4.41) equations for the determina-

tion of the amplitude and frequency of the periodic solution

k ,q ( A) - (T,T ) I ' - O,(0[.

1 - T,T,2'-O. (4.43)

From (4.43) we obtain a formula for the determination of the fre-

quency of the periodic solution:

1 (4.44)

Replacing Q in (4.42) by its value, we obtain a formula for the calcu-

lation of the amplitude of the periodic solution as a function of the

system parameters

kq()=T, + T, 4.5TAT,4.45)

We can see from (4.45), if we take account of the value of q(A),

* that a periodic solution is possible when A > b. The time constants of

the regulated object, T1 , and of the drive of the regulating unit, T2,
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influence the frequency and amplitude of the periodic solution to an

equal degree.

In the investigation of the system it is of interest to obtain a

solution for the regulated quantity (in our case, the temperature ).

Yet the equations are set up for the output of the linear portion (in

our case, the displacement x of the end of the bimetallic sensitive

element). The frequency of the periodic solution will be the same for

any variable in the closed loop. The amplitude of the variable of in-

terest can be obtained by recalculating the amplitude of the output

quantity of the linear portion in terms of the transfer function of

the linear elements which separate the given variables. For the case

considered here, to change over from the amplitude A of the oscilla-

tions of the end of the bimetal strip to the amplitude A of the tem-

perature fluctuations we must use, in accordance with formula (4.37),

the relation A = k2Ai . We assume for our calculation that k 2  0.01

rad/deg, and consequently A [deg] = 100 A.

Let us find the dependence of the amplitude and of the frequency

of the periodic solution on the parameters kl, T2 , and b. We note that

Us and k, influence the periodic solution to an equal degree, since

the value of Us determines the amplification factor of the nonlinear

element. For each parameter that we vary we shall assume the other

parameters to have the following values: kI = 0.01 sec-v - 1 , T1 = 10

sec, T2 = 0.1 sec, Us = 25 v, and b = 0.01 rad.

Since formula (4.45) is easier to solve with respect to the param-

eters than with respect to the amplitude, it is preferable to specify

the values of the amplitude and calculate the values of the parameters.

To determine the relation A(kl) we obtain from (4.45) the formula

T+ T (4.46)
3T3q(A)-
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Carrying out the calculations in accordance with (4.46) for the as-

sumed values of the parameters, we obtain for the amplitude of the

periodic solution two branches (Fig. 4.15a).

A periodic solution is possible in the range kl.kr_ kI _ oo. From

the condition that the derivative of kI1 with respect to A must vanish,

we obtain

-. b(T,+,) for A=Vb, (4.47)
.. 2= -rTTS

which yields for the assumed values of the parameters kl. kr = 0.0063

[v-lsec-1 ]. When A b, A(kl) varies in linear fashion and when k -* c

we have A - co. The branch with the large amplitudes belongs to the

stable periodic solution, i.e., it corresponds to self-oscillations in

the system, while the small-amplitude branch is the stability limit of

the system "in the small," designated symbolically by the arrows. This

is confirmed by the analytical stability criterion (4.6). In accord

with (4.41) we have

X (a, o) = kq (a)- (T, + T,) w,
Y(a, o=---(- T, Ttws.

After determining the corresponding derivatives, using the plot of Fig.

3.4, we obtain

(OX*k(Oq*J>0forA<V2-b, 6YO~
(M) a\ <sJ 0 forA> Vb, =0;

)__ 2(T. + T;)2 <0, (r*-dl, I -- \ / - - 3rT .Tt ;

since it follows from (4.43) that Q2 = 1/TiT2, we have (6Y/6w)* =-2 <

< 0. Consequently, in accord with criterion (4.6), we have

S*IY '* (y >OforA>1b,da) a k-') *o /<ofor A<VU b

Transferring the results obtained for the behavior of the system

in the self-oscillation region to the region of small values of the

gain of the linear portion, 0 < k I < k l.kr, we see that the motion of
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Fig. 4.15. 1) Deg; 2) l/sec; 3) self-
oscillation region; 4) sec-lv-l ; 5)
region of stability of equilibrium;
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the system in the region where there is no periodic solution will be

stable.

Let us compare the results obtained with the first example in

which we investigate the stabilization system of a gyro pendulum, where

the role of the amplifying element was assumed by the stabilizing mo-

tor (the parameter mo). We see that the backlash zone exerts a stabil-

izing influence on the relay system, for in the presence of a charac-

teristic with a backlash zone there appears a stability region without
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self-oscillations, with the width of the stability region, 0 < k <

kl.kr proportional, in accordance with (4.47), to the width of the

backlash zone 2b. On the other hand, the stability region "in the small"

which appears inside the self-oscillation region has no practical sig-

nificance, since it corresponds to too small deviations.

To determine the relation A(T2 ) we obtain from (4.45) the formula

T2,- , -- (4.48)
TkAT~q(A)- I*(48

Formulas (4.48) and (4.44) were used to plot curves of A,,(T2 ) and Q(T2)

(Fig. 4.15b). Depending on the value of the parameter T2, we again

have two regions: a self-oscillation region when T2 k _ T2 _ c, and a

stability region when 0 < T2 < T2kr. In the self-oscillation region we

have two branches for the values of the amplitudes of the periodic so-

lution.

The branch with the large amplitudes corresponds to self-oscilla-

tions, while the branch with the smaller amplitudes corresponds to the

stability limit "in the small." As T2 increases without limit, the

self-oscillation amplitude tends in this case to a value

A 4kUcT,.

The value of T2kr is determined by equating to zero the derivative of

T2 with respect to A:

2 T,b for A =V2b
T,p= -2UT, -b

and amounts to, for the assumed values of the parameters, T2kr = 0.063

sec.

To plot the dependence of the amplitude of the periodic solution

on the variation of the backlash zone we obtain from (4.45) the formula

b VP - A". (4.49)

where

- 337 -



The curve of A, (b) is shown in Fig. 4.15c. The branch with the large

values of the amplitudes corresponds to self-oscillations, while the

branch with the smaller values of amplitudes is the stability limit

"in the small." From (4.49 ) we obtain, under the condition b = 0, the

maximum value of the self-oscillation amplitude Am = 6 (for our exam-

ple Am = 3.160c). From the condition that the derivative of b with re-

spect to A must vanish we obtain

6.P-- = !

The curves obtained for the variation of the frequency and ampli-

tude of the self-oscillations with the system parameters enable us to

choose system parameters that satisfy the conditions imposed by the

desired steady-state mode.

From the investigation made it is evident that a decrease in the

self-oscillation amplitude and a suppression of the self-oscillations

are possible by decreasing the gain of the system, by decreasing the

time constants of the object and of the drive of the regulating unit,

and also by increasing the backlash zone of the relay element. The

frequency of the self-oscillations can be increased only by decreasing

the time constants of the object and of the drive of the regulating

unit.

We note that in the present case an account of the inertia of the

regulator is of fundamental importance. Although the time constant of

the object T1 is larger than the time constant of the drive T2 by 100

times (T1 = 10 sec, T2 = 0.1 sec), one cannot neglect T2 compared with

T1 . Such a neglect would be tantamount to investigating a system with

an assumed second degree equation, which would introduce fundamental

qualitative differences compared with an investigation by assuming a
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third-degree equation. In fact, when T2 = 0 the condition Y(A, 0) = 0

is written in the form Q = 0, i.e., a periodic solution is impossible

no matter what the system parameters are. In actuality, however, as

can be seen from the investigation made, the self-oscillation region

predominates over the stability region without self-oscillations.

For the parameter values assumed in the investigation we find the

system will operate in a self-oscillating steady-state mode at a fre-

quency Q = 1 sec -1 and at a temperature fluctuation amplitude A, = 3C.

Such a mode would be acceptable for many thermal objects. It must be

borne in mind, however, that it is the result of a low gain. The reduc-

tion in the gain decreases the response speed of the system and in-

creases the steady state error. Such a system is incapable of operating

at high rates of variation of the disturbance. To increase the response

speed of the system it is necessary to increase the gain, and this in-

creases the amplitude of temperature fluctuations, which in many cases

cannot be tolerated.

In order to obtain an acceptable self-oscillating mode with a

large gain in such a system, proportional feedback must be used.

Let us analyze the steady-state modes in a system which contains

proportional feedback. The equation of the system is written in this

case in terms of the variable s (displacement of the bimetal strip

relative to the contact plates) in the form

{JTp'+(T1+T),)+ +11 +k 3ko. 6Tq(A)jp++(k,+kk..)q(A)}s=O. (4.50)

where ko. s is the transfer ratio of the feedback element. The symbols

for the other parameters remain as before.

In accord with (4.50) we obtain after making the substitution p =

= JQ two equations for the amplitude and the frequency of the periodic

solution:

(k,+ksko.)q(A)-(T + T ) 0,
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I + kak.Tiq (A) - T, T- O.

Solving the second equation with

respect to 02 we obtain

I + .kko.eq (A)
=_--9"_ T. T, 7

We see that the additional feedback in-
WWI

J I A2 creases the frequency of the periodic

6' j solution (without feedback we have Q2 =

= 1/TiT2 ). Substituting the value of 02

49in the first equation we obtain a rela-

Fig. 4.16. 1) Stability tion for the determination of the ampli-
of equilibrium; 2) self-
oscillations. tude of the periodic solution as a func-

tion of the system parameters:

[k. + kkO C I' +.)]Jq(A) =,+T

Let us plot the curves of A, = A (kl) and Q = Q(k,) in the presence of

feedback. Solving the last equation with respect to k,, we obtain
k. = T + I' k T,

T, Tq (A ) + k . C Y , "

Comparing the result obtained with (4.46) we see that k ., unlike

the case when there is no feedback, is increased by an amount

k = s o . eC

which is independent of the amplitude; consequently, the curve for the

amplitudes of the periodic solution A,(kl) will be shifted to the right

by an amount k'1 (Fig. 4.16a). The feedback thus broadens the stabil-

ity region by shifting the self-oscillation region in proportion to the

feedback coefficient ko. (Fig. 4.16b), and the effect of the feedback,

measured as a function of the ratio of the time constants, will be the

greater, the larger the time oonstant of the object is as compared

with the time constant of the drive of the regulating unit.
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Fig. 4.17. 1) Regulated object; 2) regu-
lating unit; 3) balanced amplifier; 4)
polarized relay.

§4.6. Temperature Control System with a Polarized Relay

Let us consider a relay system for temperature control, using a

polarized relay. The schematic diagram of the system is shown in Fig.

4.17. Deviations of the regulated quantity % are measured with the aid

of a resistance thermometer connected in a bridge circuit. The voltage

u from the bridge diagonal is applied to the control winding of a two-

position polarized relay. Through a balanced amplifier, the relay con-

trols the motor D, which drives through a reduction gear R the regulat-

ing unit, which in turn acts on the object as a result of a change in

the value of the regulating action .

Il Let us write down the equations for the elements

in terms of the deviations.
4

SF 1. The equation of the regulated object is

MP + )=-kl

where T1 [sec] is the time constant of the object and
Fig. 4.18

k1 is the transfer ratio of the object.

2. The equation of the sensitive element, which is the bridge with

resistance thermometer, is

U = k,B,

where k 2 [v/deg] is the transfer ratio of the sensitive element.
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3. The equation of the drive together with the regulating unit is:
~~~(Ttp + !)pt k.

where T 2 [sec] is the electromechanical time constant of the drive, 3

[v'1 sec -1 ] is the transfer ratio of the drive, and u [vI] is the volt-

age applied to the motor armature.

4. The polarized relay together with the amplifier is a nonlinear

element with input u and output ud, the latter being dependent in non-

linear fashion on the control voltage of the relay:

In the case of a two-position polarized relay, the nonlinear func-

tion F(u) has the form of a relay hysteresis static characteristic

(Fig. 4.18).

Combining the equations of the first three elements, we obtain

the equation of the linear portion of the system

(Tip + 1)(Ttp,+ Ipu-- -- .,,

where

k1,= klkks [4"

For the nonlinear element we write down the harmonically linear-

ized expression

u.= F (U)- =[q(A) + C. p] u,

where in accordance with formulas (3.9) and (3.10) the values of the

harmonic linearization coefficients are

q (a) - bW , q'(A)=-b for A? b.

Combining the equation of the linear part of the system and the

formulas for the harmonically linearized nonlinear element, we obtain

a linearized equation describing the motion of the system proper:

{TT 9p3 + (T + T2)P2I + (Allp+k~q(Alu=0. (1451)
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Substituting p = J ) in (4.51), we write down two equations for

the amplitude and frequency of the periodic solution

4 1u. C1W=T, - (T, + T, 9± = 0, (4.52)

U _-4  TT- T, ,O. (4.53)

Using Eqs. (4.52) and (4.53) we plot the amplitude and the fre-

quency of the temperature fluctuations as functions of the parameter

k,. Eliminating kI from (4.52) and (4.53) we obtain a formula for the

determination of the amplitude of the periodic solution for specified

system parameters and for a specified frequency of the periodic solu-

tion:

A'-- ( + T) (1 + TIT) 16. (4.54)
(1 - Tj TSUI),

Eliminating A2 from the same equations, we obtain a formula for k in

terms of the parameters and the frequency of the periodic solution

RbQ (I + TOI')(I + TZQI)
4u (F - rTro,) (.55)

Plots of AO = A,(kl) and 0 = Q(k,) obtained from formulas (4.54) and

(4.55) are shown in Fig. 4.19. The following constant values of the

parameters were assumed in the plotting:

TI =10 sec, T2 = 0.1 sec, Us = 25 v, b = 0.01 v.

The amplitudes of the relay winding voltage oscillations were recalcu-
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lated into amplitudes of temperature fluctuations with k2 = 0.01 v/deg,

~i.e., A,, = 100 A. It is seen from (4.54) and (4.55) that when k, -= 0

we have A = b and Q = 0, and when kI - cc we have A -- and Q =

In this example we shall check on the stability of the periodic

solution by the method of averaging the periodic coefficients (see

§2.4).

In the investigation of stability by the method of averaging the

periodic coefficients, the differential equation of the system is ex-

pressed in terms of the small deviations from the sought periodic so-

lution and is then analyzed. The equation of the nonlinear element

represents in this case a linear dependence of the output on the input,

with periodically varying coefficients in the input quantity and in

the velocity of the input quantity of the nonlinear element. In the

simplest case, when the nonlinear function depends only on the input,

as is the case in our example where ud = F(u), we have, in terms of

small displacements,

AF(u)- (d0" A,.

where (dF/du)* is indeed the periodically varying coefficient. This

coefficient is averaged over the period by means of the formula

2x

x(A)=T ) d + (4.56)

The asterisk following the brackets denotes that after taking the de-

rivative one substitutes the value of u in periodic form

u= A sin 2t.

After averaging the periodically varying coefficient of the non-

linear function, the total equation of the system, expressed in devia-

tions from the steady-state oscillating mode, will be linear with con-

stant coefficients. It can be subjected to any customary linear sta-
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bility criterion, satisfaction of which will indeed determine the sta-

bility of the periodic solution.

To calculate the coefficient (A) it is necessary, in accord with

(4.56), to know the derivative of F(u) with respect to u, a derivative

which in our case becomes infinite when u =: b, in which case du/dt > 0,

and when u = -b, in which case du/dt < 0. To circumvent this, we re-

place the specified characteristic (4.18) by a new characteristic

(4.28), from which the specified characteristic is obtained by going

to the limit as h -*0.*

For the characteristic of Fig. 4.20a with u varying as u = A sin Qt

(Fig. 4.20b), the derivative dF(u)/du assumes the values shown in Fig.

h ,4.20c, where

4). a 1 = arcsin-L, 't= arcsin .t _,

According to Fig. 4.20c, its averaged value,

b I after making the limiting transition to theb ju

4 specified characteristic (h -+ 0), will be

x (A)-Im

h-0 . -2x

05

c I I since h A sin "12 A- A sin ri

__' Putting *2 *1+ A* and taking the de-

rivatives of the numerator and denominator

Fig. 4.20 with respect to A* so as to eliminate the in-

determinate form, we obtain

n(A)= lim Me_ WC
A,-_ 0 ,, cos (d/, +,&+) 1it ' -62

Consequently, the nonlinear function of the steady state, expressed in

terms of the deviations, can be written upon averaging of the periodic
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coefficients in the form

A =Au)x (A) An= we2 AU
a(( -- Y A.. (4.57)

Then, taking (4.57) and the equation of the linear part of (4.39) into

account, the characteristic equation for the determination of the sta-

bility of the periodic solution will be written in the form

TiTp-+(T + T)p-+p+ J =o. (4.58)

In accord with the Hurwitz stability criterion it follows from

(4.58) that in order for the resultant periodic solution to be stable

it is necessary to satisfy the inequality

r, +r T.> A .r, F(4.59)

Substituting into (4.59) the values of A2 and kI from (4.54) and (4.55),

we obtain

T-+T, , (I +T')(J +TIQ') (4.60)
I'll's - 2 (TI -t.T*)

As was shown, the frequency of the periodic solution varies within the

range

0(<

when 0 < kI < -. Substituting in (4.60) the maximum possible value of

the frequency, we verify that even in this case the inequality (4.60)

is satisfied. Consequently, the periodic solution obtained is stable.

The system will operate in a self-oscillating steady mode for all val-

ues of k .

In the present example we plotted only the curves of A,(kl)

and !D(kl) (Fig. 4.19). Similar curves can be plotted also for the

parameters T2 and b, in analogy with what was done in the preceding

examples.
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§4.7. Account of the Time Delay in a Relay System

In the foregoing examples of temperature control systems, we took

into account in the nonlinear elements the coordinate lag due to the

backlash zone and to the presence of a hysteresis loop in the relay

characteristics. In addition to a coordinate lag, systems with relay

elements are also subject to time delay. When the end of the bimetal

strip (Fig. 4.13) makes contact with the corresponding contact plate,

the current in the control circuit of the relay builds up not instan-

taneously, but exponentially (Fig. 4.21a)

U

where Up is the voltage of the relay power source, while L and R are

the inductance and resistance of the control winding of the relay. The

delay will be determined in this case, first of all, by the time re-

quired for the current in the control winding of the relay to build up

to the value of the pull-in current of the relay ' 1 = T In U p/(U-

- RI sr), where Isr is the pull-in current of the relay.

Secondly, it is necessary to add to the delay T'I a delay T"

equal to the time of motion of the relay armature. The total pull-in.

delay will be

When the end of the bimetal strip moves in the opposite direction,

the relay is likewise turned on not instantaneously, but after a time

delay T2' in which the operating current of the relay decreases to its

drop-out value. In this case the current ip in the control winding de-

creases exponentially (Fig. 4.21b):

U , t

From this we get

V-- T InU.
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where Iot p is the drop-out current of the relay.

The delays T. and 2 in the pull-in and drop-out of the relays

are quite fixed and invariant during the course of operation of the

given system. On the other hand, the lags due to the backlash zone and

to the hysteresis loop are connected with

........-- the value of the input quantity, namely

I R the coordinate. These will bring about a

time delay which depends on the speed of

the process in the system. Consequently

the delays Tl and r2 are frequently called

pure time delays, thereby emphasizing

their independence of the speed of the

Tr-- t process, while the delay due to the back-
b J

lash and the hysteresis loop is calledFig. 4.21

coordinate lag.

4 11The coordinate lag due to the back-

lash can be eliminated from a temperature

control system with bimetal strip by us-

_- ing the circuit shown in Fig. 4.22. In

this case the system is so adjusted as to

2 make the end of the bimetal strip 1 sit-

uated at nominal temperature on the bound-

ary between the insulation and the con-

Fig. 4.22. 1) Spring; 2) ducting part of plane 2. The smallest dis-
regulating unit.

placement of the end of the bimetal strip

toward the insulator part of plate 2 causes the relay 3 to become de-

energized and the central terminal makes contact under the influence

of the spring with the upper terminal thus causing the motor to turn

in the required direction. When the bimetal strip goes over onto the
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conducting part, the central terminal of the relay makes contact with

the lower one and the motor starts turning in the opposite direction.

It is clear from physical considerations that the system will operate

in the self-oscillation mode.

In the present case the static characteristic

of the nonlinear element ud = F(x) will be the same

- as that of an ideal relay (Fig. 4.23).

If we disregard the pure time delay, then we

Fig. 4.23 obtain in accord with (4.52) and (4.53) with b = 0

the following equations for the determination of the amplitude and

frequency of the self-oscillations:
4kU,4-nL-- (T,+ T,) '=O (4.61)

I - T,r.Q'-. 0.

From the second equation of (4.61) we obtain a formula for the

determination of the self-oscillation frequency

V 1"__ (4.62)

while from the first one we obtain, with account of (4.62), a formula

for the determination of the amplitude of the self-oscillations in

terms of the parameters of the system

A = 4kAUCr1 (4.63)
x(V, + TO)

As can be seen from (4.62) and (4.63), whenever k, changes, the

self-oscillation frequency remains the same, while the amplitude

changes in proportion to the gain. This is illustrated in the curves

of Fig. 4 .24 a for the case of the previously assumed values of the

parameters and for Tl = 2 = 0. The amplitude of the oscillations of

the end of the bimetal strip has been converted into the amplitude of

the temperature fluctuation A0 .

Let us take into account the effect of a constant time delay T in
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r, the given system. The approximate equation of the nonlinear element as-

sumes after harmonic linearization and account of the delay the follow-

ing form

" e = U - rdx. (4.64)

The characteristic equation in accordance with (4.51) and with allow-

ance for (4.64) will be

TTt'+(T,+ TOP' +P+ 4Ue-P =0. (4.65)

Substituting p = JQ and recognizing that

e-J ' .=cos .€-jsIn Q,

we obtain the following equations for the amplitude and frequency of

the periodic solution
4Ucks o c T I

-ACOS, (T,+T,) Q2=0, (4.66)
4U,'A sin -Q 2- T, T,= = O.

From (4.66) we obtain after eliminating 4Uskl/rA the following

formula relating the frequency of the periodic solution with the param-

eters of the system and with the delay

(TI + T) o tg!2 = -- T,T,1,'. (4.67)

Recognizing that sin2 Q + cos2 TO = 1, we obtain from the same equa-

tions a formula for the amplitude of the periodic solution

A = 4(Tf (4.68)UQ V'I + (M. + Tr|) 91 + TISTSQ4 *"

Equation (4.67) is transcendental in 2. Therefore the value of n

can be determined only graphically. However, inasmuch as in practice

the time delay is small (hundredths of a second), and the expected fre-

quency Q is likewise small (several units per second), we have tan 'Q

-Q. We then obtain from (4.67) an approximate formula for the deter-

mination of the frequency at small values of TO:

(4.69)
YT T. + M + - o
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We see that the presence of a time delay causes a decrease in the fre-

quency of the periodic solution.

Substituting the value of Q from (4.69) in (4.68) and neglecting

after several transformations the value of x2 compared with T1T2 +

+ x(T1 + T2 ), we obtain an approximate formula for the amplitude of

the periodic solution:

A=--- -T (4.70)

From (4.70) we see that the time delay increases the amplitude of the

periodic solution. Plots of A,(kl) and Q(kl) for different values of T,

as well as plots of A0 ( ) and Q( ) are shown in Figs. 4.24a and b. In

plotting these curves we assumed the previous values of the parameters

as well as kI 0.02 [sec- lv l S

A4 gp206/ 112

0 v409 R03 404 405 3

o

b j

5. 351 )
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§4.8. Second Order Servomechanism with Dry Friction and Play

Allowances for dry friction and play are of practical interest,

since nonlinearities of this type are frequently encountered in auto-

matic systems with mechanical and electromechanical elements.

If the actuating element of the servomechanism is an electric

motor, then dry friction and viscous friction must be taken into ac-

count. Dry friction can be regarded as independent of the velocity and

its direction changes with that of the velocity. Viscous friction has

in general a nonlinear dependence on the velocity. At low velocities

the viscous friction is assumed proportional to the first degree of

the velocity. With increasing velocity, viscous friction changes from

linear into one proportional to the higher powers of the velocity.

Xr N
c S/ d z)

.44

Fig. 4.25

In order to choose the correct velocity dependence of the fric-

tion, it is necessary to plot experimentally the dependence of the

torque or of the friction forces on the velocity for a given element,

varying the velocity over the range expected during the operation of

the system. If the dry friction is small and the characteristic of the
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torque due to the viscous friction forces differs little from linear,

one can assume the total friction to be approximately linear (Fig.

D 4.25a).

If the dry friction is appreciable, and the viscous friction has

a near linear variation, it is necessary to take the dry friction into

account in addition to the linear friction (Fig. 4.25b). In this case

the system is analyzed as if it were nonlinear. It is also possible to

take into consideration quadratic friction alone (Fig. 4.25c) as well

as dry and quadratic friction simultaneously (Fig. 4.45d [sic]); other

cases are also possible.
6 -ll544tZ7,

re, , i 50615i

i 5

Fig. 4.26. 1) Potentiometer; 3)
vacuum tube amplifier and output
transformer; 4) motor DID-0.5; 5)
reduc tion gear, i = 500; 6) 115 v,

400 cps; 7) vacuum tube amplifier;
8) pointer.

In angular-position servomechanisms the motion is transferred

from the actuating motor to the object and feedback, as a rule, through
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a reduction gear. A spur or worm reduction gear is subject to play.

The play becomes particularly large in an ordinary spur-gear reduction

when the reduction coefficient is large (several pairs of gears). An

investigation in which the servomechanism is regarded as nonlinear and

account is taken of the play therefore yields a more complete result.

Let us take by way of an example the servomechanism used for a

fuel gauge [121].

The fuel gauge is intended for continuous measurement of the vol-

ume of liquid fuel in tanks used to supply a thermal engine.

The schematic diagram of the fuel gauge is shown in Fig. 4.26a.

The fuel gauge transducer is a capacitor C., made in the form of coax-

ial metallic cylinders, which are placed inside the tank with the fuel.

The dielectric constant of the fuel differs from that of air. There-

fore as the fuel is used up, the value of the capacitance Cx of the

transducer will vary depending on the fuel level.

The capacitance Cx is connected in an AC bridge circuit. The

other arms of the bridge are a fixed capacitor CO and a potentiometer

whose arms have resistances R and R2, which are varied by displacing

the wiper. The wiper is displaced by the actuating motor through a re-

duction gear. The wiper shaft carries also the pointer of the fuel

gauge. The bridge is fed with 115 volt, 400 cycle AC through a trans-

former Tr-l.

A change in the fuel level will cause a change in the capacitance

Cx and upset the equilibrium of the bridge. The voltage u2 picked off

the diagonal of the bridge is fed to a vacuum tube amplifier. The volt-

age u3 picked off the output of the vacuum tube amplifier is fed

through transformer Tr-2 to the control winding of a two-phase DID-0.5

induction motor. The second winding of the motor is fed from the line

through a phase shifting capacitor C1 . Thus, whenever voltage u3 exists
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on the control winding of the motor, the latter rotates and moves,

through a reduction gear, the wiper of the potentiometer and the

pointer of the fuel gauge indicator. The motor keeps on turning until

the wiper is displaced by an angle such that the bridge becomes bal-

anced and the voltage picked off the bridge diagonal, u2 , becomes equal

to zero. Thus, the fuel gauge operates on the servomechanism principle

with a set-point value ux and an output pl.

During the course of operation of fuel gauges it was noted that

the pointer of the indicator frequently oscillates with appreciable

amplitude (several degrees), making it difficult to read its indica-

tions. The presence of self-oscillations in the system is evidence of

an appreciable influence of the nonlinearities.

The self-oscillating mode in the operation of such instruments is

not harmful. When such devices operate in the self-oscillating mode,

the dry friction is appreciably reduced and consequently the operating

accuracy of the instrument is increased, since the backlash zone is

decreased. However, a self-oscillating mode is acceptable only when

the amplitude of the oscillations is small, almost invisible to the

eye ('ractions of a degree).

Consequently, this system must be investigated with account of

the nonlinearities so as to disclose the possibility of obtaining a

self-oscillating mode with acceptable amplitude and frequency. If this

operating mode is unattainable, then recommendations must be made on

how to eliminate the self-oscillations, i.e., how to transfer the op-

eration of the instrument into a stable mode without self-oscillations.

Such an analysis is also of interest because other remotely operating

instruments are based on a similar principle.

In the present system it is necessary to take into account two

nonlinearities: 1) dry friction in the actuating motor and reduction
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gear; 2) play due to the presence of gears.

There is practically no nonlinearity connected with the satura-
E.

tion of the amplifier, since the system operates at low amplifier in-

put signals.

Using the approximate method of harmonic linearization of the

nonlinearities, we shall determine the range of variation of the param-

eters, within which self-oscillations and stability without self-

oscillation occur, and also the effect of each parameter on the varia-

tion of the amplitude and frequency of the self-oscillations.

We shall assume during the course of investigation that the vari-

ation of the capacitance Cx and of the voltage ux occurring as the

fuel is consumed, is incomparably slower than the rate of operation of

the servomechanism. We shall disregard the variation of the sensitiv-

ity of the bridge as it operates over the entire range of variation of

resistors R1 and R2 , and consequently disregard the variation of the

gain, but will take these factors into account later on, in the deter-

mination of the influence of the gain on the frequency and amplitude

of the self-oscillations of the system, i.e., we shall investigate the

servomechanism at a constant value of the set-point signal by regard-

ing the servomechanism as being a system that regulates the position

of the output shaft of the reduction gear.

A block diagram of the servomechanism is shown in Fig. 4.26b. Ele-

ments 1, 2, 3, and 4 are linear. Element 5 is nonlinear, since both

the play and the dry friction can be attributed to the reduction gear.

The vacuum tube amplifier together with the output transformer

Tr-2 can be regarded as an ideal element. When the alternating voltage

u2 at the input of the vacuum tube amplifier is varied, the output

voltage u3 will have during the transient stage two components, forced

and free. The forced component of the voltage u3 is translated with
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practically no inertia upon change in the input voltage and conse-

quently the AC component in the control circuit of the motor will not

?be delayed; the torque on the rotor of the motor will likewise be pro-

duced without delay. The free component of the voltage u3 and of the

current i3, on the other hand, cannot influence appreciably the torque

of the motor.

Let us set up the equations for the linear elements of the system,

and let us introduce the nonlinear static relationships in the form of

certain nonlinear functions.

1. The equation of the potentiometer is

a,k 1 . (471)

where u, [v] is the voltage picked off the resistor R,, PI is the angle

of rotation of the potentiometer wiper, and k1 [v] is the transfer

ratio of the first element.

2. The equation of the error transducer (bridge) is

t,== k (i, - u:. (4.72)

In the investigation of the motion of the system proper (ux = const),

Eq. (4.72) assumes the form

,,= -k~u (4.73)

where u2 [v] is the voltage applied to the input of the vacuum tube

amplifier and k2 is the transfer ratio of the bridge.

3. The equation of the vacuum tube amplifier together with the

output transformer is

us k, u, (4.74)

where u3 [v] is the voltage applied to the control winding of the

motor and k3 is the gain of the vacuum tube amplifier together with

the transformer.

4. The equation of motion of the motor rotor, with account of dry

friction as well as friction proportional to the first power of the
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N velocity, will be

(4.75)
- Orwhere 0 is the displacement angle of the

- motor rotor, J [g-cm.sec2 S is the moment of

inertia of all the elements driven by the

w motor, referred to the motor shaft, Md

Fig.-A4.27 [gccm] is the torque developed by the motor,

Mt [g.cm] is the torque due to dry friction and k [g.cm.sec] is the

damping coefficient.

In two-phase induction motors, the torque is directly propor-

tional to the voltage applied to the control winding. During the

course of operation of the motor, the torque varies with the speed.

The mechanical characteristics of the two-phase induction motor can be

approximately represented by straight lines (Fig. 4.27). In accordance

with Fig. 4.27, we express the torque of the motor in terms of the

control voltage u3 , the nominal locked-rotor tor4ue Md, and the nom-

0inal no-load speed wd:

MA ==/',- 'W (4.76)

where Md [g.cm] is the torque developed by the motor for a given con-

trol voltage u3 and angular velocity wd, k'd [g.cm/vl is the coeffi-

cient representing the variation of the motor torque with the control

voltage, and k"d = M 0/ [g.cm.sec] is the coefficient representing

the variation of the motor torque with angular velocity.

The torque due to dry friction will be taken into consideration

in the form of a nonlinear function of the motor speed:

,4, = r, (PP). (4.77)

With allowance for (4.76) and (4.77), Eq. (4.75) is rewritten

.Ip'f + k;'pp + k;p - - F(pp). (4.78)

Reduced to standard form, Eq. (4.78) becomes
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(Tp+ 1)pP =k,,,- l(- (4.79)

C where T = J/n [sec] is the electromechanical time

-_ -9 ps constant of the motor, k4 = k'd/n [v-1 sec -1 ] is the

- transfer ratio of the motor, and n = k"d + k

[g.cm.sec] is the total damping coefficient.
be/ 5. The equation of the reduction gear without

allowance for play is written in the form

;A4 A where P. is the angle of rotation of the output

Fig. 4.28 shaft of the reduction gear and k5 is the transfer

ratio of the reduction gear.

Inclusion of the play in the reduction gear makes p, a nonlinear

function of B
P1 =F (P)' (4.80)

Reducing (4.71), (4.73), (4.74), (4.79), and (4.80) to a single

equation in the variable 0, we obtain

(Tp+ 1)pP-kF,()_-,(i), (4.81). (4.81)

where k1 = klk2 k 4 [sec 1 ] is the transfer ratio of the linear part

of the system.

The nonlinear static characteristic F,(pp) is plotted in Fig.

4.28a. Analytically, the function Fl(p3) can be expressed as

,o (P)=CsignP, (4.82)
A(= 0 forJp'1 +np? -ktr,>C

in the case when the motor is not being stopped, or by

-c<P(p,)<c, P=const for k~Ita<C

when the motor is being stopped.

In determining the self-oscillations, we shall confine ourselves

to the condition (4.82).
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The static characteristic of the function F,(B ) is plotted in

Fig. 4.28b.

We shall seek a solution for the motor shaft angle P in the form

-A sin 2t, Got- ,

and for the velocity in the form

p = A. cos Qt.

Upon harmonic linearization of the nonlinearities in accordance

with formulas (3.53), (3.28), (3.29), and (3.52) we obtain

A), (P pp. (4.83)
F.+ (P = [q A+ + ',] p, (4. 84)

where

(4.85)

(4.86)

Taking (4.81), (4.83), and (4.84) into account we obtain a lin-

earized equation that describes the motion of the servomechanism

proper

+n kA~ O (4.87)

In accordance with the differential equation (4.87), we write

down the characteristic equations for the following cases:

a) when only dry friction is considered and play in the reduction

gear is disregarded [q2 (A) = k5 , q'2 (A) = 0]:

' +I+ ! 1)]p + k.k= 0; (4.88)

b) when only play in the reduction gear is taken into account

[q'l(A) = 0]:

+f +i )ip + kq (A)-= 0;(.89
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c) when dry friction and play are considered simultaneously:

7'pv + + p[-P -k  q( (A)= =0. (4.90)

Let us analyze the resultant equations (4.88)-(4.90).

To obtain a periodic solution in a system describable by a second

order equation of the form

(aop' + ap + a,)x= 0

we must stipulate satisfaction of the condition

a,-O, i.e.,a=p+a,=0. (4.91)

In analogy with the investigations of nonlinear systems described

by equations of arbitrary order, we shall employ here, too, the sub-

stitution p = JQ, from which we obtain the condition X(A, Q) = 0 and

Y(A, Q) = 0, which is equivalent to (4.91).

It is seen from (4.88) and (4.85) that the condition

Y(A, Q)-=-- + =o

cannot be satisfied for any positive values of c, n, Q, and A. Conse-

quently, dry friction without play cannot bring about self-oscillations

in the present system.

On the other hand, Eq. (4.89) can be satisfied by the conditions

X(A, 0) = 0, Y(A, Q) = 0 with positive values of the amplitude, fre-

quency, and the parameters contained in the equation. Consequently,

play causes self-oscillations in the present system.

Let us analyze Eq. (4.89). Substituting p = JQ, we obtain two

equations for the amplitude and frequency of the periodic solution:

k,q, (A) - '--- =0, (4.92)
9+ k.qj(A)--O. (4.93)

We plot the variation of the amplitude and of the frequency of

the periodic motion as functions of the system parameters. From (4.93)

with allowance for the value of q'2 (A) we obtain
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b) (4.94)

It is seen from (4.94) that a periodic solution is possible only when

A > b, i.e., when the amplitude exceeds half the width of the play.

Substituting (4.94) in (4.92) and taking the value of q2(A) into ac-

count, we obtain

I' hJb' ( -- 2 -j- arcsIn (I- )+2(--f) '.- (1 (4.95)

By assigning values to the amplitude and to all parameters but one we

obtain from (4.95) the dependence of the amplitude on each parameter.

From relation (4.94), for the same values of the parameters and for

the corresponding values of the amplitude, we determine the frequency

of self-oscillation.

The values of the parameters determined experimentally for one

fuel-gauge assembly are

1) electromechanical time constant of the motor T = 0.115 sec; 2)

over-all gain of the system k = klk5 = 35.2 sec-1 ; 3) transfer ratio

of the reduction gear k5 1/500; 4) play in reduction gear

2b = 16 rad.

Formulas (4.94) and (4.95) were used to calculate and plot the

variation of the frequency and of the amplitude of the periodic solu-

tion with the parameters k = k1k5 , T, and b (Fig. 4.29). The ampli-

tudes of the oscillations of the output shaft of the reduction gear

were determined from the amplitudes of the oscillations of the motor

shaft using the transfer ratio of the reduction gear:

A = O,002A.

As can be seen from the resultant curves, the system can operate

either in a stable mode without self-oscillations or else in a self-

oscillating steady-state mode, depending on the values of the param-

eters k and T.
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Within the self-oscillation region there are two branches of the

amplitude and frequency values satisfying the periodic solution. The

upper branches correspond to self-oscillations. The lower branches are

the limits of stability "in the small. " This is symbolically designated

by arrows.

To check on the stability of the periodic solution corresponding

to the branches of the amplitudes with the larger values, we shall em-

ploy the approximate analytical criterion (4.6).

It follows from the characteristic equation (4.89) that

X(a, w,)==kq, (a) - T"w',

Y(a, c)(+ a

Calculating the corresponding derivatives with account of the plots of

q2 (a) and q'2 (a) (Fig. 3.9) we obtain

k, (q)* >0 for all values of the amplitude a = A,
(oY'k (a\, <o for A<2b

S 1,da /{>0 for A>2b,

(•*= 2 T 2 < 0 *

Since it follows from (4.93) that

we have

Taking into account the signs obtained for the partial derivatives,

we verify that the stability criterion is fulfilled when A > 2b and is

not fulfilled when A < 2b. Consequently, the branch with the large amp-

litudes belongs to the stable periodic solution.

The assertion that the periodic solution is stable over the en-

tire large-amplitude branch follows from the continuity of the self-

oscillating steady-state modes under variation of the system parameters.
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Fig. 4.29. 1) See; 2)rad; 3) region of
stable equilibrium; Li)region of self-
oscillations.

The disparity in the present case between the value of the amplitude

separating the solution into two branches and the value of the ampli-

tude obtained from the stability investigation can be attributed to

the approximate nature of the stability criterion (failure to take ac-

count of the variation of the frequency near the periodic solution).

The fact that the branch with small amplitudes belongs to the unstable

periodic solution is evident from the fact that this branch lies im-
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mediately above the play zone, within which there is no periodic solu-

~tion.

Extrapolation of the results obtained for the self-oscillation re-

gion into the region where there is no periodic solution enables us to

conclude that the system is stable for values of the parameter below

critical.

For the real values of the parameters measured on the model we

obtain from the curves plotted: A = 13.8 rad, A.1 = 0.002 A = 0.0275

rad, 0 = 10.8 sec -1 , and f = 1.72 cps.

The curves plotted enable us to choose parameters such as to re-

duce the amplitude and increase the frequency of the self-oscillations

or else such as to suppress the self-oscillations for systems of sim-

ilar type, but where dry friction can be neglected. If dry friction

cannot be neglected, it must be taken into consideration in the form

of a second nonlinearity in the system, on top of the play.

Let us investigate the servomechanism with simultaneous account

of the play in the reduction gear and of the friction. From (4.90) we

obtain two equations for the amplitude and the frequency of the peri-

odic solution:

kq, (A) - T' = O, (4.96)

"+ k.,q(A) +- -- - 0.( (4.97)

From (4.96) we obtain, taking into account the values of the harmonic-

linearization coefficients

while (4.97) yields

e k )I_ _nNAQ (4.99)

To determine the influence of the dry friction on the self-oscil-

lations, let us determine the dependences A(c) and !(c) with all other
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parameters constant. For this purpose we specify the values of A in

(4.98) and we calculate ; we then use the same values of A and the

resultant values of 0 and calculate c by means of (4.99). Inasmuch as

under the assumed values of the parameters the system is near the

boundary separating the stability region from the self-oscillation re-

gion, we have plotted, for the sake of clarity, the curves A(c) and

Q(c) (Fig. 4.30a) with the time constant T increased by a factor of

four. It is evident from the plot that the dry friction causes the

self-oscillation region to become narrower.

A similar construction was carried out for the parameter n, which

is the total damping coefficient (Fig. 4.30b). We see that damping

likewise narrows down the region of self-oscillations.

No curves were plotted in this case for the variation of the amp-

litude and frequency of the self-oscillations for the parameters T, k,

and b, since they remained qualitatively the same as for the case when

dry friction is disregarded. The dry friction merely reduces slightly

the widtn of the self-oscillation region.

A plotting of the transient by the Bashkirov grapho-analytic

method has confirmed the result obtained by the approximate harmonic

linearization method. Experimental measurements made on one fuel

gauge assembly are also in good agreement with the theoretical results.

The observed self-oscillations with the fuel gauge operating on dif-

ferent portions of the scale had a frequency f = 1.5-2 cps and an amp-

litude A., = 1-20. In addition, disappearance of self-oscillation was

observed on some portions. This was caused by the fact that at the

real values of the parameters, the system operates near the boundary

of the stability and self-oscillation regions.

The results of the investigation can be used to select the param-

eters of the existing fuel gauge design or to improve the latter.
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As can be seen from the analysis, a stable mode without self-

oscillation or suppression of self-oscillation can be obtained by re-

ducing the time constant, by reducing the gain of the system, by in-

creasing the dry friction, and by increasing the total damping coeffi-

cient. However, only the reduction in the gain and the increase in the

damping can be regarded as rational means, since an increase in the

dry friction increases the backlash zone of the instrument, and the

change in the time constant resulting from changing the moment of in-

ertia can be very insignificant in practice. It is preferable to in-
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crease the total damping coefficient than to decrease the gain, for a

decrease in the gain brings about a decrease in the operating speed of

the system and increases the instrument errors. An increase in the

total damping coefficient is structurally feasible either by install-

ing an additional magnetic or air damper with coefficient k,, or by

using a motor with stiffer mechanical characteristics k" d. Another

recommended means of suppressing self-oscillations is to add a supple-

mentary negative feedback loop. For this purpose, the motor can be

provided with a tachometer winding, whose voltage is applied to the

input of the amplifier, i.e., one can use negative feedback propor-

tional to the motor speed. The use of such feedback decreases the time

constant and the gain. The latter can be again increased if necessary.

The instrument can operate in practice in a self-oscillating mode.

This greatly reduces the backlash zone of the instrument. On the other

hand, obtaining an acceptable self-oscillation amplitude (several

tenths of a degree) calls for an appreciable decrease in the play in

the reduction gear. This can be done by replacing an ordinary spur

gear reduction system by a differential-planetary reduction gear.

§4.9. Third Order Servomechanism with Nonlinear Friction and Play

We shall investigate the system considered in §0.3 (Fig. 4.5). We

shall assume that the vacuum tube amplifier has a linear static charac-

teristic for the operating values of the input voltage. We shall take

account of dry or quadratic friction in the actuating motor and play

in the reduction gear.

The servomechanism is represented by the block diagram shown in

Fig. 4.31, where the previous notation is retained for the variables.

Let us write down the equations for the system elements in the

case where we investigate the motion of the system proper with allow-

ance for the indicated nonlinearities.
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2 4

Fig. 4.31. 1) Vacuum tube amplifier; 2) gen-
erator exciting winding; J) generator and
motor armature circuit; 4) motor; 5) reduc-
tion gear; 6) to controlled object.

1. The equation of the error transducer is

u,=k1(2-P), it,=-kip for %O. (4.100)

2. The equation of the vacuum tube amplifier is

U, = ka 1. (4.101)

3. The equation of the generator excitation winding is

(W1" + 1) i= ltit (4.102)

4. The equation for the generator and motor armature circuit,

neglecting inductance, is

Is = k,3, - kipp,. (4.103)

5. The equation of motion of the motor armature together with the

controlled object will be written in terms of the variable PI, which

is the motor shaft angle. The nonlinear friction will be accounted for

by the nonlinear function

M,: F, (pp,

In accordance with (4.12), the equation of motion of the motor rotor

with allowance for nonlinear friction is

(12p) pp,= k&13 --- '.--) (4.104)

Combining (4.104) with (4.103), we obtain

(T,,, + 1) A, = k'k 12- , (PAO ), (4.10O5)

where

+ kk. -
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6. The equation of the reduction gear with allowance for play is

written in the form of the nonlinear function

0 (4.io6)

We shall seek a solution for the variable p, in harmonic form

P,=Asn +, += i.

We then obtain from the formulas for harmonic linearization of dry and

quadratic friction, (3.53) and (3.64), respectively, the following

linear relations:

F, (P,)=!q; p ,, , P(P,) = q'.(A) p ,, (4.10O7)

where q' 1 = 4c/rA if dry friction is considered and ql:* = 8k*A/3-r if

quadratic friction is considered; c is the constant value of the torque

due to the dry friction forces.

The first relation in (4.107) corresponds to a dry friction char-

acteristic in which the values of the friction torque are disregarded

for zero speed. Such an account of dry friction can be used in prac-

tice to separate the regions of periodic solution.

For the nonlinear characteristic due to play in the reduction

gear, we have in accord with the formulas (3.28) and (3.29) for the

coefficients of harmonic linearization the following relation

Ft01) + pit (4.108)

where

- (-- A for A -b,

b is half the width of the play and k6 is the transfer ratio of the

reduction gear.

Substituting (4.107) in (4.105) we obtain the equations for the

cases when dry friction and quadratic friction are taken into account,
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respectively:

rqr, (A) 1 k,.,
B [T2P+1+ k.(L+k4,kI QJP 1= I , 1, (4.109)q',(A) 9 ]pp =~ Ik 1'

TO g+ I + k (I + k4 kb) ] += k.k.

Combining (4.100), (4.101), (4.102) with (4.109), we obtain

(p--I[ToP+1I+ q*.(A ]ppk.)QJ_,kra(Tip +)j (,I ) I 1+ k~k, -(4.lno)
(Tpq(A)Q +) kk I,k,k,

(T~~~~p+t [PT1+k(I +k4 ks) I i hikk

Replacing P in (4.110), by its value (4.108) and introducing the sym-

bols: kI = kikk 2k3ks/(1 + k4 k5 ) [sec
-1] is the gain of the linear por-

tion of the system and k' = 1/k(l + k4k5 [g-lcm-1 sec-l 1, we obtain

the following general equations of the system

{ T, ' + (T, + Tp +
k',(A) +:op+ kq, (A) 0,

{ T,, +(TI-+ TOp'+

+[I + Wq. (A) 2 + ( + kq, (A)) P, .

Using Eqs. (4.111), we write down the characteristic equations

for various cases:

a) when the system is considered to be linear and nonlinear fric-

tion and play are disregarded:
r, TpI, + (Tr, + r) pI+ p+ k = O,( .1 2(4.112)

where k = klk6 [sec -l I is the over-all gain of the system;

b) when dry friction is considered to be the nonlinearity

T, TLp +(TI + T,)p + [I +t]6A)Ip+k=O; (4. 113)

c) when quadratic friction is regarded as the nonlinearity

T,Top'+ (T + TOp'+I + k'q,, (A) 2]p + k =0; (4.114)

d) when play in the reduction gear is regarded as the nonlinearity
(

T-Tp 3+;(Ti ) +, T)+[1 +A6 ]p+k,, q(A)=o. (4.115)
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Equation (4.112) enables us to estimate the stability of the lin-

ear system in the case when the nonlinearities are insignificant. We

see that in order for the linear system to be stable it is necessary

to satisfy the following condition for positive values of the param-

eters:

T"+ T,>kT, r,.

The value of the gain at which the system is on the limit of stability,

i.e.,

k T 1 +T,

will be called the limiting value.

When k < k gr the system will be stable, and when k > kgr the sys-

tem will be unstable.

For the time constants assumed above, T1 = 0.1 sec and T2 = 1 sec,

we find that the linear system will be stable when the over-all gain

is k < 11 sec - , i.e., kgr = 11 sec -

Let us examine Eq. (4.113). Substituting of p = JQ into this equa-

tion yields two equations for the determination of the amplitude and

frequency of the periodic solution

k,- (,+ r.) 2,- o, (4.116)

Q + k'q (A) - T ITI3 - . (4.117)

Let us investigate the stability of the periodic solution, deter-

mined by Eqs. (4.116) and (4.117) by means of the analytical criterion

ox' v, o V o  a.

In accordance with (4.113), we obtain
XV(, )k - (Tr-- T,)w',

(. () 0 , + k' 26 W, - T, T",o'.

Calculating the corresponding derivatives, we obtain
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I -o,/1 - / -- / O'. __ ----' _ - _4'kc o

(OX) 0i)Ko k'~ )= -Cai~~ 7 1 7 1 t Iak (4.118)[-0 - 2 ) -- (r, + r,)Q < 0,[--/ jY * = I -+ k'-f--(A 3 Tr, r291.

Replacing q'1 (A) in (4.118) by its value from (4.117) we obtain

(~ 2 ) T 7, T,2' <0. (4.119)

From the values obtained for the derivatives we see that the stability

criterion is not fulfilled. The periodic solution corresponding to Eqs.

(4.116) and (4.117) determines only the limit of stability "in the

small."

The frequency of the periodic solution is determined from Eq.

(4.116):

2 T, + T.

Substituting the value of Q and the value of qfl(A) into (4.117)

we obtain a formula for the amplitude

A 4k'c (4.120)
/ ( rh~ \" 41o• f-Tf. rUT.- )

As can be seen from (4.120), a periodic solution is possible only

if
T, Tk > T, + ,(4.12)

and the value of the gain separating the region in which a periodic

solution is present from the region where there is no periodic solu-

tion is determined from (4.121) by replacing the inequality sign by an

equality sign

Np--r+r

The value obtained for the coefficient kkr coincides with the value of

k of the linear system.
gr

It follows from (4.120) that A- when k = kkr and A -*0 when

k-* . Therefore the variation of the amplitude of the periodic solu-
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tion as a function of k can be plotted

as shown in Fig. 4.32. The arrows that

S~point away from the curve show symbol-

I x- ically the instability of the periodic

£1 Ma4I solution.

The stability of the nonlinear sys-Fig. 4.32. 1) Region of

stable equilibrium; 2) tem in the region where there is no
region of instability "in
the large"; 3) region of periodic solution can be determined by
stability "in the small."

transferring the results of the investi-

gation of the stability from the region of periodic solution, some-

thing also designated symbolically by an arrow. This result is readily

confirmed by the method of §2.7.

Consequently, as in the analysis of a servomechanism describable

by a second order equation, dry friction does not cause self-oscilla-

tions in the present system. To the contrary, it damps the motion in

the system. When account is taken of the dry friction, a region of

stability "in the small" is added to the stability region obtained

when the system is considered to be linear.

Let us examine the behavior of the system in the case when quad-

ratic friction is added to the linear friction. From (4.114) we obtain

two equations for the determination of the amplitude and frequency of

the periodic solution:

k - (TI Tr) 12'= 0, (
1 + k'ql(A)oS- Ti, '= 0. (.122)

The expressions X(a, w) and Y(a, w) needed for the determination of

the stability of the periodic solution will be:

X(a, w)-k-(T,+ TO',,
Y (a, w)-----+ 1 I I + k'q',*(A) Ulm- T",Tito".

Now, unlike the case of dry friction, the value of the derivative will
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be

(O L,[_ _ _ _,k

and consequently the periodic solution is stable.

The frequency of the periodic solution is determined from the

first equation of (4.22):

The amplitude of the periodic solution is determined from the second

equation of (4.122) upon substitution of the value of Q:

A= T (T* k rr, , (4.123)

where k0 = k
tk,.

In accordance with (4.123), positive values of the amplitude are

possible only when

T, + T,k> TITS,
T1T,

and consequently the critical gain value separating the region of sta-

ble equilibrium from the region of self-oscillations will be

This coincides with the limiting value kgr of the linear system.

Consequently, quadratic friction leads to self-oscillation in

that region of the parameters, where the linear system would be un-

stable without this additional friction. The reason for it is the re-

inforced damping action of the quadratic friction resulting from an

increase in the amplitude (and consequently also velocity) of the os-

cillations, which prevents the system from running away. The change-

over of the resistance of the object to motion from linear to quad-

ratic, as was shown earlier, is quite real at high velocities.

Figure 4.33 shows the variation of the oscillation amplitude of
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the output shaft of the reduction gear and of the frequency with each

parameter. As one parameter was varied, the following constant values

were assumed for the other parameters: T1 = 0.1 sec, T2 = 1 sec, k =

= 20 sec -1, k0 = 1 sec, and the transfer ratio of the reduction gear

k6 = 0.01. The curves obtained make it possible to choose parameters

such as to satisfy the requirements imposed on the system. The suppres-

sion of self-oscillations in the system, as can be seen from these

curves, is possible by reducing the gain and the time constants of the

motor and of the generator excitation circuit (T1 and T2 exert similar

influences). If it is desirable to retain the self-oscillation mode in

such a system, then it is possible to choose the parameters in such a

way as to attain, on the basis of the relations obtained, a reduction

in the amplitude and an increase in the frequency of the self-oscilla-

tions.

Simultaneous reduction in the amplitude and increase in the fre-

quency of the self-oscillation is possible by proper selection of the

time constants and gains.

For given values of k, T1 , and T2, it is possible to decrease the

amplitude without changing the frequency of the self-oscillations by

increasing the parameter kO . This is also verified by physical consid-

erations, since k0 determines the ratio between the quadratic friction

and the linear friction

kh (I +h k

The more the quadratic friction predominates over linear friction in

the system, the smaller the amplitude of the swing of the system in

the self-oscillation region.

One can conclude in general from a comparison of the formulas of

harmonic linearization for such systems that located beyond the sta-

- 376 -



4004

400

4I''f

6 K o .0 4 0 50

41 3 £IIXCM6 uOYaewa'aad

4oo/o -,- 8._.

J0,S 0446 /8 1

\r .4
! ~ t- ---- 5 (

2 3 4 5

Fig. 4.33. 1) rad; 2) se; re-
gion of self-oscillations; 4) stable
equilibrium region.

bility region will be a self-oscillation region if the nonlinear fric-

tion increases faster than the first power of the velocity, and an in-

stability region if the nonlinear friction is approximated by a power

law with degree smaller than the first (fractional), including dry

friction as a limiting case.

Let us analyze the motion of this system with account of a non-

linearity in the form of play in the reduction gear. From Eq. (4.115)

we obtain an equation for the determination of the amplitude and fre-

quency of the periodic solution
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k.q,(A)-- (T,- T)2'=0, (4. 124)

2 +k.,q2(A) -T, T,21O0 (4.125)

Equation (4.124) cannot be satisfied by real values of the ampli-

tude A < b, meaning that periodic solutions are possible only when

A _> b. This follows also from physical considerations, since whenever

the amplitude of the motor shaft oscillations decreases to less than

half the value of the play, the transmission of motion to the subse-

quent elements is stopped.

To plot the variation of the amplitude and frequency of the peri-

odic solution as a function of the system parameters it is necessary

to solve Eqs. (4.124) and (4.125) with respect to A and 0 and to ob-

tain formulas that relate the amplitude and the frequency with each

parameter, while the other parameters are kept constant.

Equations (4.124) and (4.125) are transcendental in A and Q, but

can be solved with respect to the parameters k = klk6 , TI , and T2.

Therefore, by expressing for example the parameter k with the aid of

the first and second equations with account of the values of q2 (A) and

q2 (A), we obtain

k - - 7 (T + T,) Q_( 4 .1 26
+ arcsin I(; ") + 2(I~)~. (14.126)

k 9 (4.127)

By specifying the same values of Q in (4.126) and (4.127) and by

varying the amplitude, we obtain two families of curves k = k(A). The

intersection points of curves (Fig. 4.34a) with like values of 0 will

be the graphic solutions of the equations A = A(k) and 0 = Q(k).

Figure 4.34b shows the result of the solution for A with the

parameters T1 = 0.1 sec, T2 = 0.1 sec, and b = 1 rad.

It is seen from the solution obtained that there are three regions
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Fig. 4.34. 1) rad; 2) see; 3) self-
oscillation region; 4) instability
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gion.

for the given system, depending on the value of the over-all gain. At

low gains, i.e., when 0 < k < kI kr, a stability region is obtained.

The value of kI kr can be calculated by eliminating 0 from Eqs. (4.126)

and (4.127) so as to obtain an expression for k = k(A), and set the

derivative dk/dA equal to zero. If such an investigation is too cum-

bersome, it can be avoided, for an approximate value of kI1 kr is ob-

tained during the course of the graphic solution.

The self-oscillation region corresponds to medium values of the

over-all gain, kI kr -< k < k2 kr. The value of k2kr is equal to the

value of the gain on the stability limit of the same system, but re-

garded as linear without account of the play in the reduction gear:
"1 jp _krp =_ To + 7'2

S-~ 37 T T,
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This can be seen from an examination of (4.126) and (4.127). The nu-

merator in (4.127) vanishes when 2 = 1/TiT2 , and the amplitude in-

creases without limit with k finite. The substitution A = and 02

= 1/TiT2 in (4.126) does indeed yield the value of k2 , given above.

Consequently, at the value k2 kr we have

A = -- --- (4.128)

Lying beyond the self-oscillation region is the instability re-

gion, at values k > k2k. Consequently, the self-oscillation region

occupies part of the stability region of the linear system without the

play.

From the foregoing example we see that an investigation of this

system regarded as linear falls short of representing the real picture

of the processes occurring there, and gives an erroneous idea concern-

ing the stability region, since steady-state self-oscillating modes

with amplitudes that are not acceptable in practice can occur within

the stability region.

In the self-oscillation region there are two branches for the

amplitude and frequency of the periodic solution. The upper branches

belong to the stable periodin solution, namely self-oscillations, and

the lower ones to the unstable periodic solution, i.e., they are the

limit of system stability "in the small." This is confirmed on the

basis of the stability criterion for periodic solutions

0 */' Or O" ox *r*.

In accordance with (4.115) we obtain

X(a, )=k~q(a)- (r, + Tr,)l

Y(a, )=to+ -~~ w-TIrTSO'.

Calculating the corresponding derivatives and taking into account
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the signs of the derivatives of the coefficients of harmonic lineariza-

tion, which are obvious from the plots in Fig. 3.9, we obtain

/ox '_ (dq,) > O

ko q( <o for b<A<2b,

-) =k'(-) {>o for A>2b,
a1+ 2 (4.129)

- 2(T,+ T,)Q <, 1 C) + 3T, .

From (4.125) we have

I± kaq(A)-TT2.
i 1 + =T, rtu.

We therefore obtain from (4.129) for the derivative
OY *= -2 I 1<0

Substituting the obtained values of the derivatives into the in-

equality serving as the stability criterion, we obtain

(T.+.)( *>TT22(4.130)

From the plots of q2 (A) and q'2 (A) (Fig. 3.9) we see that for the

branch with the larger amplitudes the coefficients q'2 (A) and q2 (A)

tend to constant values as A -- o, and consequently one can assume

their derivatives with respect to a to be approximately equal to each

other in the case of large amplitudes. Then the inequality (4.130) can

be rewritten by introducing the maximum value Im' in the form

T, + T,
T,T, >2

Taking into account the value k2kr = (T1 + T2 )/T1 T2, we write the con-

dition for the stability of the periodic solution in the form

k,.p> 2. (4.131)

or, taking into consideration the value Om = /T/'TT2, in the form

T, + T,>V TT,. (4.132)

( Consequently, the stability criterion is satisfied for the upper branch

(Fig. 4.34).
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For the lower branch the stability criterion is not satisfied for

A < 2b, in accordance with the signs of the derivative, and conse-

quently the lower branch belongs to the unstable periodic solution,

i.e., it is the limit of the stability of the system "in the small."

The stability or instability of the periodic solution are indi-

cated for the corresponding branches by means of converging and di-

verging arrows. The arrows converging toward the upper branch of the

frequencies indicate symbolically that this branch belongs to the

branch of the amplitudes of the stable periodic solution.

By transferring the results obtained in the self-oscillation re-

gion to the regions 0 < k < kk r and k > k2kr, we verify that the

former is a stability region and the latter an instability region for

the nonlinear system.

We note that a similar solution can be obtained also by the fre-

quency method (the third method of §2.3). By opening the system and

setting up the equation for the linear part we obtain in this case an

expression for the frequency characteristic of the linear part of the

system in the form

W,(r0)1 + + To Ta17- (4.133)

and a corresponding characteristic of the nonlinear element
! 1

( (a 2bb ( (4.134)

Since the characteristic -1/Wn(a) is independent of the parameter k,

it is sufficient to construct one characteristic in accordance with

(4.134) and a family of characteristics in accordance with (4.133) for

different values of k. The points where the curve -1/Wn(a) crosses the

family of curves Wl (jw) will be the sought solution, making it possible

to plot A = A(k) and 0 = Q(k). However, the advisability of using any
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particular criterion is determined by the accuracy of the graphic solu-

tion. Thus, for example, in the present case the curves (4.133) cross

the curve (4.134) at excessively small angles, making it difficult to

determine the points of the solution.

§4.10. System for the Control of the Course of an Airplane

We have investigated above nonlinear systems described by equa-

tions of order not higher than the third. The investigation methods

remain the same in the case of nonlinear systems described by equa-

tions of higher order. Let us take, for example, a system for auto-

matic control of the course of an airplane. The block diagram of the

system is shown in Fig. 4.35.

1 48/eam&4 2
9edy,?Imp 3 *AA

I

A fae ill&wm~ 9 +h'AU

- - ---------------

Fig. 4.35. 1) Motor; 2) reduction gear;
3) rudder; f) magnetic amplifier; 5)
feedback.

The regulated object is the airplane, and the regulator is the

heading autopilot, which is arbitrarily shown in the figure outside

the airplane, while the regulated quantity is the angle * through

which the airplane axis is turned, measured from the specified heading.

The sensitive elements of the heading autopilot are the free gy-

roscope 2, which measures the angle *, and the damping gyroscope 3,

which measures the first derivative and the second derivative * of

the angle * with respect to the time (i.e., the angular velocity and

- 383 -



the angular acceleration of the rotation of the airplane about the ver-

tical axis); both gyros are mounted on the airplane, 1.

Current from the sensitive elements flows through potentiometers

4, 5, and 6 to the control windings of a push-pull magnetic amplifier,

7. These three signals are summed and amplified in the magnetic amp-

lifier. The resultant alternating current is applied to one of the

windings of the reversible AC motor 8, which turns the control rudder

11 (the regulating organ) through reduction gear 10. The rudder acts

on the airplane, thereby closing the control loop.

It is possible to have also additional feedback, 9, in which the

wiper of the rheostat turns together with the rudder, and the voltage

picked off the rheostat is applied to a fourth control winding in the

magnetic amplifier.

The equation of the airplane in its motion along the course, with

account of slip, will be [49]:
[(Tp + 1(Tp+ 1) + kjr,1 p - k, (Tp+ 1t'(4.135)

where * is the deviation of the airplane from its heading, 6 is the

deflection of the control rudder, TI = J/A, [sec] is the inertial time

constant of the airplane, T2 = mv/ZO [sec], k, = M A4s [sec -1 ], d

k2 = MsA sI [sec-l]. In these formulas, J is the moment of inertia of

the airplane about its vertical axis, M is the slope (tangent of

angle of inclination) of the aerodynamic characteristic of the air-

plane, representing the dependence of the moment of air resistance on

the angular velocity of rotation of the airplane about the vertical

axis, m is the mass of the airplane, v is its velocity, ZO is the slope

of the aerodynamic characteristic of the airplane, representing the

dependence of the lateral force on the slip angle p, 6 = (mr/a6) 0

where Nr is the torque produced by the rudder, and MO ( Ms/)O,
s 5

where M. is the moment of the aerodynamic resistance of the airplane

- 384 -



to rotation.

An autopilot with feedback into which two derivatives are intro-

duced is described by the following equations:

a) the linear equation of the sensitive elements and the mag-

netic amplifier

(Tp+ 1)1=(kak&+k3ksp + k3 kpl) k78, (4.136)

where i [a] is the current in the control winding of the control-servo

motor, T3 [sec] is the time constant of the magnetic amplifier, k 3,

k'3 and k" are the transfer ratios of the corresponding sensitive
3-9 3

elements, k4 , kt , and k6 are the gains of the magnetic amplifier for

the voltage components obtained from the sensitive elements, and

and k9 are, respectively, the transfer ratios of the feedback poten-

tiometer and of the magnetic amplifier for the feedback signal;

b) the nonlinear equation of the control-surface servo:

P8=(4 (4.137)

The nonlinear function F(i) can assume different forms, depending

on the construction of the control servo. Let us assume that in some

control servo the rate of swing of the rudder is proportional to the

current i up to a value -b < i < b, and is constant when i <-b and

i > b, i.e., we have a nonlinear characteristic of the saturation type

(Fig. 3.5e). In this case, in order to find the periodic solution for

the variable i (the current in the control circuit of the control

servo), we carry out harmonic linearization and replace the nonlinear

equation (4.137) by the relationship

p8=q(A)L (4.138)

The coefficient of harmonic linearization q(A) is equal to, in accord-

ance with (3.19),

q( +
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where r [a- sec is the gain of the control servo on the linear

portion of the static characteristic.

The characteristic equation corresponding to the differential

equation of the system for the current i, will be in accordance with

(4.135), (4.136), and (4.138)

I(Tip + 1) (Tp + 1) + ktTg [(73P + 1) p + klkq (A)] P +
+ k, (772p + 1) (k3k4 + kksp + k;kp') q (A) O.

Let us consider a somewhat simpler version of the system. If the

autopilot has no additional feedback (kg = 0) and no second derivative

is introduced (k" 0), then the characteristic equation has after

transformation the form

,*rJTp+[T,T,+(T,+ Tt,) Tl'+[Ti 2+ ( ++kT) Tsp+
+ iI + kIT, + klkksTtq (A)] p' + k, (k3kAT, + k;k,) q (A) p +

+ kksk~q (A) = 0. (4.139)

Substituting p JQ we obtain equations for the determination of

the amplitude and frequency of the periodic solution (for the variable

i, namely the current in the electric control-surface servomotor):

k1kkiq (A) - [ I + kT, +kk~kkrq (A)I 21' ++ [T, T, + (T, + r,)rT3121 =o0, (4.1 4o)

k, (k.,? ,+ + kLkT) q (A)- T, + , + (I + "r)T2 (4.14)
+ T,rT-r312,= 0. (t.l)

Equations (4.140) and (4.141) make it possible to determine the

dependences of the amplitude and frequency of the periodic solution on

each parameter of the system, with the remaining parameters maintained

constant.

Assume that it is required to find the dependence of the ampli-

tude or the frequency on the autopilot transfer ratio relative to the

angle of deviation from the course, i.e., on the parameter k3. Solving

(4.140) and (4.141) with respect to k3 , we obtaini (1 4 -+k.r, +k,k~k.,r,q (A)] L,- [r,t ,+(r1,+rT,) r.] 2 (412

Skq (A) (4.142)
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k k. (.A) + T, + T, + (I + kT,) T,] 9' - TTTQ' 4 1 3
k A11, -iT k~~,.(4.143)

By plotting a family of curves k3(A) in accordance with (4.142) and

(4.143) for equal values of Q, we obtain the values of A(k3 ) and Q()

by determining the points of intersections of curves having equal val-

ues of Q. The result of such a solution in the case when the values of

the parameters are T I = I sec, T2 = I sec, T3 = 0.01 sec, ki = 1 sec - I

!k2 =lsec
"1 , k'3 =1 v/sec, k4 = 0.1 a/v, Ic. = 0.1 a/v, kr.m 1

see " , and b = 1 a is shown in Fig. 4.36.

A A, AI(p d,, 1

, , Ii., 0 J0lil 2

INii ' 1 ,1 20 30 40

Fig. 4.36. 1) rad; 2) sec- 3)
self-oscillation region; 4) sta-
ble equilibrium region; 5) in-
stability region.

It follows from the curves in Fig. 4.36 that three regions are

possible, depending on the values of the ratio k3 : at small values of

we have a stability region, at medium values of k3 we have a self-

oscillation region, and at large values of k3 we have an instability

region.

In view of the approximate nature of the graphical solution, the

instability region is separated here without a rigorous proof that the

amplitude A tends to infinity at k 2k From the solution we find that

the amplitude increases to large values, so that for all practical pur-
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poses we can assume the state of the system to be unstable.

The foregoing subdivision of the values of k3 into different re-

gions is validprovided the resulting periodic solution is stable when

klk r < k . k2kr. The stability of the periodic solution will be es-

timated on the basis of the approximate criterion

From (4.139) it follows that

X(a, w)=k,kjkq(A)-1 j-4T,+ kjkksTtq (A)] '+

+[TT,+(T,+ TI) T31 0,

Y (ao ) k, (k4k4 T2 + k' ) q (A) - [T, + T, + (I - kg T) TS) (us +
I +TIT,TOw.

Calculating the corresponding derivative, we obtain

O * k, (k.k, - k;k. T,22)

0"*-kl (43k tr + "- kks) q (A) - 3 1'r, + T2 +F (I +h k T,) T.] 21 +4

+ 5TIT, T3 2'
(O.) - 2I +k 2T kk;kTq (A)] + 4 IT, + (T + T,) T] ,

)' k* (k3kjT+ k. (a

Substituting into the obtained derivatives the numerical values of the

parameters and the corresponding values of q(A) and (bq/6a)* for one

self-oscillation mode with A = 2.3 a, Q = 1 [sec - I and k3 = 18 we ob-

tain a result that satisfies the stability criterion. Consequently, at

k3 = 18 (Fig. 4.36) we have self-oscillations. This means that the

periodic solution will be stable for all values klkr_, _< k2kr,

namely self-oscillations, since the curves of A(k3 ) and Q(k3) are con-

tinuous and single-valued.

Practical interest attaches to a determination of the amplitude

of the self-oscillations of the airplane about the course. In order to

-! o convert the amplitudes A of the self-oscillations of the current in
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I
the control circuit of the surface servomotor into the amplitudes A

-~ of the oscillations of the airplane about the course, we make use of

Eq. (4.136) without account of the feedback (kg = 0) or of the second

derivative (k" 3 = 0). The transfer function converting the angle

into the current i flowing in the control winding of the rudder motor

will be

sk, + kkp
T,p+ I

We obtain the following formula for conversion of the amplitudes

A=I1R/ -k2,u+ !P A

The values of A calculated by means of this formula are plotted in

Fig. 4.36.

We see from the plot of A,(k3 ) that the amplitudes of the oscilla-

tions of the airplane about the course are intolerably large in the

system assumed for the investigation and for the chosen values of the

parameters. Consequently, it is necessary to choose a transfer ratio

k3 < klk so as to permit the airplane-autopilot system to operate in

the region of stable processes, without self-oscillations. Such a re-

sult was obtained without feedback and without a second derivative

with respect to the course angle in the control equation. The values

of the amplitudes will be lower if feedback and the second derivative

are used.

In the presence of nonlinearities of the saturation type, the re-

gion of self-oscillations lies beyond the stability region of the lin-

ear system (without account of saturation). The self-oscillations have

a hard excitation mode at an amplitude equal to half the linearity

zone of the nonlinear characteristic, and therefore in practice one

Icannot as a rule use a self-oscillating mode in this case.
A similar investigation can be made for any other parameter and
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for any other airplane-autopilot system.I0L.11. Nonlinear Stabilization System with Time Delay

By way of a second example of an approximate investigation of a

nonlinear system using higher-order equations, let us consider a sys-

tem used to stabilize an aerodynamic object in banking motion. In ad-

dition to nonlinearity, we shall take also time delay into account.

Y ,M2 ha, L ._-
I -I I I py 44 Aa,

r 'l --05". . . ...

2J , 'L. _- J ._\-I !

io I I J MII il/mo

Fig. LI.3 7. i) Object; 2) bank angle trans-
mitter; 3) bank angular velocity transmitter;
)4) summing unit; 5) interceptor; 6) electro-
magnet; 7) control relay; 8) contactor.

A block diagram of the system is shown in Fig. 4.37a. The lateral

bank angle of the object is measured by the bank angle transmitter,

made in the form of a three-degree gyroscope. The angular velocity of

the lateral bank is measured by a banking angular velocity transmit-

ter, made in the form of a two-degree gyroscope. The bank angle trans-

mitter gyroscope displaces the brushes, 2, of the contact making unit

! (Fig. 4.37b), while the angular velocity transmitter gyroscope is con-

' nected with disk 1, which carries contact blades 3 and LI. The relative
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displacement of the brushes and of the disks causes

control relays to be energized, and these in turn

actuate contactors that control the interceptor

electromagnets. The interceptors act on the object

Fig. 4.38 and eliminate the undesirable banking angle devia-

tion of the object.

The object, the banking angle transmitter, the banking angular

velocity transmitter, and the summing unit are part of the linear por-

tion of the system. The control relay, the contactors, and the inter-

ceptor electromagnet comprise the nonlinear portion of the system.

The nonlinear portion of the system can be represented in the

form of an element having a static relay characteristic (Fig. 4.38)

with a backlash zone (in the contact disk), as well as an element with

pure time delay, including the pull-out time and the time of motion of

the armatures of the control relays and the contactors.

In accordance with the formula for harmonic linearization of the

relay characteristic with backlash zone, taking into account the time

delay, we have for the nonlinear portion the following equation

F, (x) = q (A) e-P' x, (4.144)

x = T+ kit,

where y is the bank angle of the object, k is the transfer ratio of4c 22 stecefceto

the two-degree gyroscope, q(A) = X- 41- (b /A) is the coefficient of

harmonic linearization, and r is the time delay.

For the case of horizontal flight, the equation of lateral motion

for the variable x can be written in the form

(PI + /nipa + mItp + ma + His) x +
+ (nip+ ntp'+"- nsp + n;) P, (x) =O, (4.145)

where the coefficients ml, ..., m4 , n1, ... , n3 , n'4 include the param-

eters of the system and the aerodynamic coefficients.
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Taking (4.144) into account, we obtain from (4.145) the charac-

teristic equation for the harmonically linearized system:

P + Mrp- + inp + rIno + rn4 -+ (nip' + nol' + no+ it) q (A) eP= 0. ( 4.146)

Substituting jw in place of in the left half of (4.146) and recog-

nizing that

COS wT -J $i C

we obtain an analytic expression for the Mikhaylov curve:

L (jw) = w -- i-p O - ino d-j- o -+- in, -i-

+ (-jnt o- nO' jn3 o - n) q (A) (cos w- -j sin wr). (4.147)

This expression was used subsequently to investigate the stability of

the periodic motion in accordance with §2.4.

On the basis of the condition that the Mikhaylov curve must pass

through the origin, X(A, w) = 0 and Y(A, w) = 0 when w = Q, we write

on the basis of (4.147) two equations for the determination of the

amplitude and frequency of the periodic solution:

S n' - m4t t - q (A) I cos Q (- ni' + n;) + (4.148)
+ sin ,, (- n,23 + n3)] ,=O,

-- ,n°j + ,t n - + q (A) [cos C'v (- njQ + n,2) +
+ sin Q2 (n,2' - n,) =O. (4.149)

Eliminating q(A) .,om (4.148) and (4.149), we obtain a relation

for the determination of the possible frequencies of the periodic solu-

tion as functions of the system parameters:

tg Q (' - in,)(-nQ' +n;)+(u'- 'n'tu + m)- -n,'+ns)l (4. 150)
Q, (m,12' - n,) (-n S U- n,) - (Ul' - m,S2 + lno(- n,51 - n;)

Equation (4.150) is transcendental in Q. The frequency of the

periodic solution can be determined by graphically solving Eq. (4.150).

For this purpose it is necessary to plot curves of tan OT and

LI(2)/L2 (Q) as Q is varied from 0 to o, where LI(Q) and L2 (s) are the

numerator and denominator of the right half of (4.150).

If it is known for certain that the frequencies of the expected
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periodic solution are small and the time delay is small, then we can

assume approximately

Alb, ~tg 2'C.O Q:.

Equation (4.150) is then rewritten in the form

4-. (4+_Q' -mo' + m, (- n,9, +n,) (4.151)
M- i,) (- nig' + n,) +(Q6 - ro, + mA I ) (- no' + n,)-'

The solution is now obtained as the intersection of the straight line

= const and the curve LI(Q)/L 2 (Q), where LI(Q) = Ll(Q)/Q, with 0 <

<Q < 00.

To determine the dependence of the frequency of the periodic so-

lution on the system parameters, it is necessary to use (4.150) or

(4.151) to plot a family of curves for the variation of the parameter

of interest. In practice, however, after determining 0 for a definite

value of the parameter, it is no longer necessary to construct the

frequency variation over a wide range, and it is sufficient to vary

the frequency near the values of the expected periodic solution.

Knowing the frequency of the periodic solution we can determine

the amplitude by using either of the two equations (4.148) or (4.149).

Thus, from (4.148) we obtain a relation for the amplitude:

cos Lh (nIS21 --- n,) + sin oc (n,12 - nQ) (4.152)

Since in final analysis we must know the behavior of the aerody-

namic object as it moves relative to the longitudinal axis, it is of

interest to determine the amplitude of the oscillations of the object

in the angle y.

Taking into consideration the equation x -y + k7, which relates

x with y, we obtain the following transfer function for conversion

from x to y:

W (9)
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Consequently, the Canplitude A of the object oscillations is de-

termined in terms of the amplitude of the variable x by the relation

AA,= -(4.153)

If the object follows a trajectory other than horizontal, the

equation of motion can be written in the form

(,1 + p' + ktl + kp'i + k4p) x +
+ (n,p' np' +. nap + nip + s) F (x) .O,

where the coefficients kJ, ... , k 4 , nl, ... , n5 include the parameters

of the system and the aerodynamic coefficients.

An analytic expression for the Mikhaylov curve is written in the

form
I (fill) =,S + k1uw4 -kw 3 - h. ,' IJkw +

QW ntw, -_/,, + nw,- jn4w 4- +un)(cos wt -J sin wc) q (A). (4. 154)

In accordance with (4.154), we obtain equations for the determination

of the amplitude and frequency of the periodic solution:

1:, +/ : q (A) I[cos Q% (nL __ ns,* _+ us)- sn 2, (i2' -n2)= o, (4.155)

- k,. k -q(A)[cos 2t(-n*Q'.+ nt)--

-sin Ot (n,24 - n&2' t- ns)] -O. (4. 156)

Eliminating q(A) from (4.155) and (4.156) we obtain an equation

for the determination of the frequency of the periodic solution as a

function of the system parameters:

=:!!-' k:' ---k,U(,,, -nZQ '-- )--(k, - k-)(, (4.157)

V- _, k a J- -k, ,u) ,(n,11- - - ) (k ' -- - U') (Cis I- Y.' +; ")

The amplitude of the periodic solution can be determined from

either Equation (4.155) or (4.156). Thus, from (4.155) we obtain a re-

lation for the amplitude:

q (A) = (,s, (4.158)q() Cos S2 (1119 - n1sQ +?I,)- sin S21T1n8o -nQ)"

The value of q(A) should always be positive, since q(A) is the

gain of the nonlinear element. Therefore, denoting the right half of
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Fig. 4.39. 1) deg; 2) sec; 3) kg/m2 .

(4.158) by s and taking the value of q(A) for the nonlinear character-

istic under consideration into account, we obtain

This leads to a formula for the amplitude of the periodic solution:

A=r 8c' +I 16c'b' (.159)

It is seen from (4.159) that for each value of the frequency (for

each value of s = s(Q)), two values of the amplitude are obtained.

The transcendental equation (4.157) makes it possible to calcu-

late (by graphical solution) the values of the frequency, while (4.159)

yields the amplitudes of the periodic solution as any of the system

parameters of interest is varied.

Conversion of the amplitudes of the periodic solution for the
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4 variable x (the relay control voltage) into amplitudes of the banking

oscillations A of the object is on the basis of Formula (4.153).

The result of the solution for the sought amplitude and frequency

of the periodic solution, as a function of the velocity head pV2 /2, in

the case when the flight trajectory differs from horizontal, is shown

for one of the objects in Figs. 4.39a and b, where the branches with

larger values, corresponding to the stable periodic solution, i.e., to

self-oscillations, are shown for the amplitudes. The stability of the

periodic solution was determined in this case on the basis of the ap-

proximate criterion.

Depending on the values of the parameters, the object in its bank-

ing motion will have either a stable steady state without self-oscil-

lations, or a steady self-oscillating mode, since an investigation of

the stability of the obtained periodic solution, using the second

graphic criterion (§2.4) and Expressions (4.147) and (4.154) for the

Mikhaylov curve, yields a positive result.

§4.12. System of the First Class with Two-Phase Induction Motor

Frequently real nonlinear static characteristics cannot be ap-

proximated with sufficient accuracy by a single simple nonlinear de-

pendence or by a piecewise-linear characteristic. It is then necessary

to choose in each individual case such analytical relationships as to

ensure the desired accuracy of approximation of the real static charac-

teristic of the nonlinear element.* The approximating relation can be

reduced here to several elementary nonlinear functions, for which it

is necessary to employ the harmonic linearization formulas presented

in the preceding chapter, or to carry out harmonic linearization in

accordance with the general rules.

By way of an example let us consider an automatic control system

in which the regulating unit is driven by a two-phase induction motor
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H [49]. The mechanical characteristics of such

a motor are plotted in Fig. 4.40.
j, U, #I4'? In linearizing the mechanical character-

istics, it is usually assumed that

M = c11- c,W,5 . (4.160)
UBut this holds true in first approximation

Fig. 4.40. 1) Wdv" only for the left portion of the characteris-

tic. If a greater portion of the characteris-

tic is employed, it is necessary to take their nonlinearity into ac-

count. Bearing in mind that with increasing wdv the coefficient cI de-

creases while the coefficient c2 increases, we approximate this char-

acteristic not by (4.160) but by the following nonlinear relation*:

M= ,+ C.--,.u -(c,2cAIWAS w... (4.161)

The values of the coefficients c3 and c4 must be chosen on the basis

of the available experimental static characteristics in such a way as

to make the approximating characteristics give better agreement with

the real ones. Similarly, it is possible to choose any other more suit-

able nonlinear law with which to describe the characteristics of the

motor.

Neglecting friction we have in accord with (4.161) the following

differential equation for the motor

JPOAB = C - UA. -CO.,- Cc 1 e WJSIi IW5V. (4.162)

where J (g.cm.sec2 ] is the moment of inertia of all the masses driven

by the motor, referred to the motor shaft.

Reducing (4.162) to a common denominator, we obtain

sPWXS + ICa I WAS IPWA. + CIWA. + (cc, + cA) I-A-, I W. +
+ CSCOCN .C C,1. (4. 163)

This equation contains three nonlinear functions
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I ,(O) -- Io.,R AI Ft , p (,O),) O) I A' FS,,, ((0.,) = ,(0,.

For F and F3(wdv ) we have already calculated the harmonic

linearization coefficients (3.31) and (3.32), and consequently these

functions are replaced by the linear relationships

F2 (A)=w (wAN, FS(OAS) =TWAA .X (4.164)

Let us carry out harmonic linearization of the nonlinear function

Fl = IdvIP dv. Since the solution for wdv is sought in the form

WAN =A sin Qt,

we have

pWAA cos &t.

Then the nonlinear function Fl(wdv) of the

argument * =t will be

F(A sin )---A sin .AQ cos

V w .and is represented by the plot of Fig. 4.41.

By virtue of the fact that Fl(A sin *)

is an even function, the harmonic lineariza-

tion coefficient ql(A) vanishes. The valuesFig. ;4.41
of the integral in Formula (3.3) for the

calculation of q1l(A) will be the same for one quarter of the period.

,Then, calculating q'l(A), we obtain

2

rAF,(A sin tcos + d+=

S

J-I jcoss1 si t dh~~ cost C 4AQ

In accordance with (3.1), we obtain for the nonlinear function F l(wdv)

the following harmonically linearized expression

P, (OAS)= LA AD (4.165)

substituting (4.164) and (4.165) into (4.163), we obtain the fol-
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lowing equation for the two-phase motor (for oscillatory processes):

IT3 (1 - - bIA) p-( -- bA + baA)] wA- ku (4.166)

place of the usual linear equation

(Tap + 1) w). -kill,

where

T=, ,  4, , b22b,+3CC 4  (4.167)
C2- k=CS 3r. 4c8 b 2 4es

The rate of displacement of the regulating organ, taking into ac-

count the transfer ratio of the reduction gear, will be

pt = k,,,..- (4.168)
The equation of the regulated object and the equation of the sen-

sitive element of the regulator will be chosen in the form

• (Tp~l) =--k , (4. 169)

where 9 is the deviation of the regulated quantity.

The characteristic equation of the entire closed-loop system will

be, in accordance with (4.166), (4.168), and (4.169)

[Ts0 + bA)p + I +bA + bA'(T,p + )p+k 1k =0. (4.170)

where k = k21 3k4 . Substituting here p = JQ, we obtain two equations to

determine the amplitude and frequency of the periodic solution:

k A - [ T, (I +bIA)+T( +bA + bA')] ' = 0, (4.171)

1 + b, A + bA'- TT (I + bIA) ' = 0. (4.172)

Let us examine the influence of the parameter I (the over-all

gain of the regulator). From (4.172) we obtain

A bIr~rlo,- b, + V(b.TT.91 - b.)' + 4b, (TTQ - I) (I4.173)A =-2b '

From (4.171) we obtain, with account of (4.172), the following equa-

tion for the parameter k whose influence is of interest to us:

kr (1+bA)(I+rfT9f ,. (4.174)

Using (4.173) we plot a curve A = A(Q) for constant values of the
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parameters. On the basis of this curve, by specifying values of S and

substituting the corresponding values of A, we calculate the values of

k by means of (4.17 4), and consequently plot the functions A(k) and

44
g 0

4---- - - -

72 F-1- 
SW ---

b a k Ix
R4

40-------------------

&o //2 7 05 088 0

it - 0&Ozcmb aamo(edGA'u7 -

Fig. 4.42. 1) sec; 2) region of
self-oscillations; 3) region of
stable equilibrium.

The plots made for parameter values bI = 0.05 sec, b2  5 sec,

b3  1 sec 2 , T1 = 0.1 sec, T3 = 0.01 sec, and kI = 1 are shown in Figs.

4.42a and b.

Let \is investigate the stability of the periodic solution ob-

tained by the method of averaging of the periodically varying coeffi-

cients. For this purpose we set up the equations of the system in

terms of the deviations from the periodic solution.

(The deviation equation of the linear portion will be, in accord-

ance with (4.168) and (4.169),
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(Tp + I)pAu = - kkAwa,.

For the equation of the nonlinear element (4.163), which has the

form

F(w... WA.) = c,u,

we obtain the periodically varying coefficients

OF Jc3PWA. sign W,, + c, + 2 (cC + c,) I Wa,, I + 3czc&'l,,

d& j Jet I W)..

Let us average the coefficients obtained by means of the formulas

Carrying out the calculations with allowance for the periodic values

of (dv and p~adv we obtain
2% 2%

c, + I'o sign sin + 2' -'- c A sin 'I d+ +
- [JCSAO COS-c. sin1dq.

The first integral in the square brackets vanishes. The other two can

be calculated by integrating over one quarter of the period. We then

have

2=c,+ - 8(csc, + A sinq d+ + ,ccA, s. + d+

+ 2caeA' Ssin 2+I=' c+ ' j8(c* + "c-)° cs,+ i °',c A (o-' "" sin 2q.
co + . (ccg" + c,) A + I csAt.

Calculating the value of l we obtain
S

zi =j+ eJIn fIdf~==j+J2' sin4.d+.a

..._Co j + j .¢$ ;2eA

=i iI- co~=+~a

Substituting the averaged values of the periodically varying co-

L efficients into (4.163) and taking into account the notation in (4.167),
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we write out the approximate equation for the nonlinear element in

terms of the deviations:

I + bA )p(1 + bA+ 2bA')A ..--=*,Au.

The characteristic equation for the investigation of the stability

of the periodic solution assumes the form

[T.(,+3 bzA)p+(I + A bA + 2bsA)

From this we get a stability condition (by the Hurwitz criterion)

T"1- bj. "+-r, ll 2
b () (4.175)

x(I A-tA+2b aA A )t-  T ( k+k(1 >

whereas the presence of a periodic solution, in accordance with the

previous characteristic equation (4.170), corresponds to the equation

17'a(1 I+ bA) + T, (1 + ,,A + b3A') (1 + btA + bA)-
T T k(k (I + bA)---0. (4.176)

Replacing TlT3klk in (4.175) by its value from (4.176), we find that

in order for the periodic solution to be stable it is necessary to

satisfy the inequality

\T3-Ta I 1+ 3 b,A ""2")

>(T2  1 + b'A+bA 't)(±,A+bAI) (4.177)>(",+T, j -,(+b,A ,

That the inequality (4.177) is satisfied for large amplitudes A

of the periodic solution is obvious. It follows therefore that it is

satisfied also for the entire single-valued curve A(k) (Fig. 4.42b).

Consequently, the periodic solution obtained is stable; it corresponds

to self-oscillations of this system with a frequency and amplitude de-

termined by the plots of Fig. 4.42b.

The self-oscillation amplitude for the regulated quantity q is

determined in terms of the transfer function of the elements that sep-

arate the variables T and wdv* From (4.168) and (4.169) we obtain
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(Tip + 1) pp = kjk4WA-

and consequently, the function for converting bdv to T will be

After substituting p = J, we obtain the complex transfer ratio

the modulus of which is

!KI---tW'(jwo)= , _____,_f

Then the amplitude for the variable r is determined from the formula

A .-- k4  A.

Extrapolating the result obtained to the self-oscillation region

for k > kk, we verify that to the left of the self-oscillation region

k < kkr lies a stability region without self-oscillations.

The value of 0kr is determined in accordance with Formula (4.173)

from the condition

4b (T, T2 1) - O,

i.e.,

Substituting the value of "k and A = 0 in (4.174), we obtain a formula

for k k:

k"p k, "S

We note that the value of kkr coincides with the value of kgr

corresponding to the stability limit of the given system, regarded as

linear. Indeed, if we disregard the nonlinearities of the mechanical

characteristics of the motor, then the characteristic equation assumes

the form

T, T3p3 + (T, + T.) p'+ p + kk == o
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and consequently, in accordance with the Hurwitz stability criterion,

the condition for the stability limit will be

T, -- TS=- kkTTIT

hence

kr P = To+ T,

Thus, failure to take into account the nonlinearity of the mechan-

ical characteristics of the drive of the regulating organ gives a re-

sult that states that the instability region lies beyond the stability

region, whereas in fact the mode there is that of stable self-oscilla-

tions with low amplitude near the stability limit (safe limit).

§).13. System of the Second Class with Two-Phase Induction Motor

The nonlinearities of the mechanical characteristics of two-phase

induction motors can also be taken into account by other methods. Thus,

for example, in article [94], devoted to an account of the nonlinearity

of the characteristics of the ADP series of motors, the authors pro-

posed to approximate the mechanical characteristics of the motors by

polynomials in powers of the angular velocity. This approximation

covers in the general case both the motor operation and plugging opera-

tion (Fig. 3.12). The lower branch of the characteristic correspon-a

to the opposite polarity of the control voltage of the motor.

The mechanical characteristics are approximated by the following

equations:

M=MAfl,-Bjw~,-BJw.signj for even n (4.178)

or

M=M,-Bw,.. -B.signw, sign. for odd n. (4. 179)

For the region corresponding to the motor mode, Eqs. (4.178) and

(4.179) can be written in simpler form:

M=M. BIA .-- BOARN Sign WAN for even n (4.180)
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or1t Mn-BiwAR-BqwJ for oddn, (4.181)
where is the starting torque of the motor, M is the load torque,

Wdv is the angular velocity of the motor, u is the voltage on the con-

trol winding, and B1 and B2 are coefficients that are determined dur-

ing the course of the approximation.

The accuracy of such an approximation can be estimated by com-

paring the real and approximated characteristics.

Figure 4.43a shows the experimentally plotted characteristics of

the ADP-263 motor (solid curves) and the characteristics (dashed

curves) plotted in accordance with Eq. (4.181):

i ~M = At,, - 12,7 • 10 1w.. - 1,2. • 0-143.,

where 1 = C1u, and c, = 5 g.cm/v is the coefficient of proportionality

between the starting torque of the motor and the control winding volt-

age. Figure 4.43b shows analogous characteristics of the motor ADP-363,

approximated by means of the expression

At = M4,, - 7,24. i O'wjtm - 2,76. 1 O'wl

with cI = 9 g.cm/v.

The foregoing equatIons characterize the steady-state operation

of the motox. For transient conditions, with only the inertial load

taken into account, Eqs. (4.178) and (4.179) assume the form

a -+- Bjw.. - Bjw. sign u c= qu fOr even n (4.182)

or

i + Bit-.+-4- BAW'R sign w,. sign u--" ctu for odd n, (4.183)

where 2 is the moment of inertia of the motor rotor and of the masses

referred to this rotor.

Let us show how to carry out the harmonic linearization of equa-

tions of this type. To be specific, we confine ourselves to equations
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Fig. 4.43. 1) g-cm; 2) ADP-263; 3)
v; 4) mF; 5) rpm; 6) ADP-363.

whose nonlinearity is characterized by the second and third powers of

the angular velocity. The same solution procedure is used for any

other degree.

For the case n =2 we have in accordance with (4.182)

J2 N *+ 13,(o, 5 -. + Bpl,, sign ua cla. (4. 184)

Dividing all the terms of (4.184) by B,, we obtain

t, I. -, I B.oj.sigit =ktt (4. 185)

where 
d

T2=J 2/Bl (sec], B = EB sec], k2=c/B, v *.sec-

_ We introduce the notation

F (w,,. i) w.~1 signii.(4. 186)
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In accordance with the previously made classification (see Chap-

ter 1), the nonlinear function (4.186) is of the second class type.

Therefore, in the harmonic linearization it is necessary to introduce

into the equation of the element, in this case into the equation of

the motor, two oscillation amplitudes Au and A., putting

W,= A. sin Qt, (4.187)
it = A, sin (9t + ?).

The sought periodic solutions for wdv and u are related through

the amplitude-phase characteristic Wl (jw) of the linear part of the

system by the following relationship:

- .(j ) ----A, -argW.,(Jw)

and consequently

u = AA. sin (2t + p). (4.188)

With (4.187) and (4.188) taken into account, the nonlinear func-

tion (4.186) is rewritten

F (w., u) = BA. sin' 0t sign sin (2t + ?). (4. 189)

In accordance with the method of harmonic linearization, upon

satisfaction of the condition

2F (o,..u) d# ---- O, 2 t,

the nonlinear function (4.189) is replaced by

F )(A., L)+ (A_, 1) ]"  (4.190)

where q(A., 0) and q'(A., 0) are the coefficients of harmonic lineari-

zation.

For the nonlinear function (4.189) we obtain, in accordance with

Formulas (3.36) and (3.37), the following values for the coefficients

of harmonic linearization:
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3 (4*.191)
""qA. 2) M 7 - sin s "3nI!:tt

Taking (4.191) into account, we rewrite (4.190) in the form

IC (.) /- COs feP) 'Ocs . (4.192)

We note that when q 0 Eq. (4.192) assumes the form

F(Wa)==-A W,., (4.193)

corresponding to harmonic linearization of the nonlinearity

F(( 1) - Bw, sign t.)

The harmonically linearized equation of the motor will be, in

accordance with (4.185)

[Tp] I ,q,(A, ), (4.194)

where q(A,, Q) and q'(Aa,, 0) have the values given in (4.191).

Let us carry out harmonic linearization of the equation

d , .. (4.1-95)
TI + W + 8W.w. sign W, sign u = ktu.

This equation describes, for example, motors of the type ADP-263 and

ADP-363.

For periodic processes, we write the nonlinearity

F(w,, Ii) =. Bw, sign w,. sign u (4. 196)

in the form

F(w,., it)=- B(A. sin 42)' sign sin 21 sign sin (9t + ), (4.197)

where cp, as before, is determined in terms of the linear portion of

the system

= arg W,(Jw).

Since the function (4.197) satisfies the condition
2 4
)-F( , u) d 0, U -- t,

4o
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the relation (4.190) remains in force. The coefficients of harmonic

4linearization assume in this case, in accordance with (3.39) and (3.40),

the values

q (A, 12) - -I -- 3 e + sin p - .1 -sin 4 ,,\9 4 2 8( .18

q'(A., 2) =-- BA_' Sin'.

Taking (4.198) into account, the formula for harmonic linearization

for the nonlinearity (4.196) will be

84) 3:c+s4 n 2I2?! sn4) (4.199)

and when T = 0,

. A"N (4.200)r t ." 4- (0i,

Let us analyze the motion of the closed system proper, with the

ADP motor as the nonlinear element. We choose a system of simple

structure. We assume that the linear portion of the system is described

by the equation
(Tp + )= - k, (4.201)

where T1 (see] is the time constant of the linear element, kI (vI is

the transfer ratio of the linear element, and p is the angular coor-

dinate at the output of the nonlinear element.

Differentiating Eq. (4.201) with respect to the time and recog-

nizing that pp = wdv' we obtain

(Tp + 1)pu=- kw,... (4.202)

Combining the harmonically linearized equation of the motor (4.194)

and Eq. (4.202), we obtain the system equation in the variable ( dv

T? r T+ ) PS +
+(q+ )p+k] .=o, (4.203)

where k = klk 2 is the gain of the system. The characteristic equation

corresponding to (4.203) will be
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-q,p'(T,+ T,+ Tq-"t+
+(q+ -)p+k=O. (4.204)

Substituting p = JQ, we separate the real and imaginary parts X(A., 0)

and Y(A., 0), from which, taking into account the values of the coef-

ficients of harmonic linearization (4.191), we obtain two equations

for the determination of the amplitude and frequency of the periodic

solution (for the variable wdv):

[T,+T.+ TIRA (cos?-- cos, )]'

3 3
4BA si' ;p2 k- 0, (14.205)

it OSTY Cs ?- I=0, (4.206)

where p = arc tan TI0.

Equations (4.205) and (4.206) enable us to determine the value of

the amplitude and frequency of the periodic solution for the angular

velocity of the motor with specified system parameters, and also to

plot the variation of the amplitude and frequency as functions of the

variation of any parameter of the system with the other parameters

kept constant. Such plots make it possible to choose the parameters

such as to ensure the desired steady-state mode. Let us determine the

dependence of the variation of the amplitude and frequency of the

periodic solution on the gain. For this purpose we express the ampli-

tude in terms of the frequency using Eq. (4.206) and the gain in terms

of the frequency using Eq. (4.205). As a result we obtain after trans-

formation:

( T,2.01'

.,,3,II+3 COSTf..iC ob3) (4.208)
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As can be seen from (4.207), positive values of the amplitudes,

i.e., a periodic solution, are possible only if

and consequently the critical value of the frequency is determined by

the relation

- with A. = O. (4.209)

Substituting (4.209) in (4.208) we obtain the value of the critical

gain

kxp = T, + TS

k " 7;

We note that, as in the preceding example, the value of kkr coin-

cides with the value of kgr , determined from the condition for the

stability limit of the given system, analyzed on the basis of the lin-

ear equation. Consequently, a periodic solution is possible only beyond

the stability region of the line4,, system, when

k > k.p = krp.

In the present case there is no need for investigating the sta-

bility of the periodic solution, since this was done previously for a

similar example. The difference here lies only in the method used to

approximate the nonlinear mechanical characteristics of the two-phase

induction motor.

Formulas (4.207) and (4.208) enable us to plot the functions

A,(k) and Q(k). Since it is interesting to know the amplitudes of the

angle coordinate at the output of the motor, A, the values obtained

for A. can be recalculated in accordance with the relation

A.

Let us consider a system with a motor described by Eq. (4.195).

In this case the characteristic equation retains the same form (4.204),
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but with different values of _q and q', which are determined from

(4.198). Taking this into account, we obtain from the characteristic

equation, putting p = jo, the following two equations for the ampli-

tude and frequency of the periodic solution:

LsiA . 2,p - sin 4, Q2'-

.sin ,4 k, (4.210)

7".B.-I sin'

4. ---y-si,,2?-- sin 4.p) - 1= 0. (4.211)

From (4.210) and (4.211) we obtain formulas for the amplitude and

the gain in terms of the frequency:

AI - _ c7jQ'- 1) (4.212)
B (Tsin ° + .-4" )+sin2?--,sin4j)

4 ]
k 1) f + sin 2 - sin 4' ~ ~ ~ ~ T + T, rno - 3)4 '+,n2 i

~~~~T, sin' 4o -Q 4-n - sin 7 + sin 2? - -1- sin 4?

3 3 ,(4.213)
T, sin' J + - n - y y + sin 27 - sin 4(

Formulas (4.212) and (4.213) were used to plot A (k) and 0(k) for

a system using the ADP-363 motor with the following parameters: TI =

0.02 see, B = B2/B1 = 38.10
-6 sec, T2 = 1.5 sec, and J= 0.105

g.cm.sec2 (Fig. 4.44, dashed curves 1). The same figure shows the ex-

perimentally plotted relationships (solid curves 2) and the relation-

ships obtained by using a simplified approximation such as (4.181)

(dashed curves 3).

As can be seen from Fig. 4.44, the approximation of the mechanical

characteristics of two-phase induction motor by means of a polynomial

in the angular velocity yields a sufficiently accurate result in the

investigation.

For our case, even if we ta1e into account the peculiarities of

the motor characteristics in the plugging mode, the final result dif-
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fers little from the case when the motor-mode equations are used. In

the general case, however, allowance for the plugging mode may be ad-

vantageous.

In analogy with the foregoing, we can plot the variation of the

amplitude and frequency of the self-oscillations as functions of other

parameters of the system. This makes it possible to disclose the con-

structional possibilities for suppressing self-oscillations or for ob-

taining an acceptable self-oscillating mode.

In the present system it is difficult to obtain a self-oscillating

mode with small amplitude, in view of the sharp increase in the ampli-

tude with increasing gain.

§4.14. System with Two-Phase Induction Motor with Account of Dry
Friction

C. We consider a servomechanism with a two-phase induction motor,
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Fig. 4.45. 2) Amplifier; 3) motor; 4)
reduction gear; 5) controlled object.

represented by the block diagram of Fig. 4.45. We investigate the sys-

tem with simultaneous account of two types of nonlinearity - nonlinear

mechanical characteristics of the two-phase induction motor, and dry

friction in the controlled object. An account of

the dry friction (on top of the nonlinear mechanical

characteristics) is of practical interest, in view

of the widespread use of low-power servomechanisms

in which the dry friction torque exerts an appreci-

Fig. 4.46 able influence on the behavior of the servomechanism.

The dry friction on the motor shaft will be represented by the

static characteristic of Fig. 4.46. The mechanical characteristics of

the two-phase induction motor are shown in Fig. 4.40. If we disregard

stoppages of the motor, when the friction torque can assume values

-c < Mtr < c, and if we represent the nonlinearity of the mechanical

characteristics by a polynomial in 'dv and confine ourselves to two

terms (as was done in §4.13), then the equation of the motor, with al-

lowance for the inertia of the controlled object, will be

A,. + A, w..-I- Atw. + c sign w, = ,3 ",

which after all terms are divided by A. assumes the form

TW., + '0. + BIW + B, Sign W*, = kut, (4.214)

where
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The term c sign wdv determines the dry friction. We separate the non-

linearity here in the form

F (wAV) 7 BIWAV + LJ sign WAM. (4.215)

We seek a solution for the angular velocity wdv in the form of

harmonic oscillations

WAN-A slin, '=2t.

Harmonic linearization of the nonlinear function F(wdv) yields

F (wA,) = q (A) w,. (4. 216)

where the coefficient of harmonic linearization will be, in accordance

with (3.32) and (3.50)

Taking the expressions (4.215) and (4.216) into account, we ob-

tain from (4.214) the harmonically linearized equation of the motor

[Tp.- q(A).- 11 to. = ku,. (4.217)

We assume that a single stage magnetic amplifier is used. Taking

into account the inertia of the magnetic amplifier, we write its equa-

tion in the form

(Tip+ 1) its-k, (4.218)

where T is the time constant of the control circuit of the magnetic

amplifier and k2 is its gain.

The equation of the error transducer is

, -- ,(a-t, (4.219)

For the reduction gear, whose output is taken to be the angle of

rotation of the controlled object p and the input is the motor speed

Wdv' we write

pp=,. (4.220)

Combining Eqs. (4.217)-(4.220) into one equation for the variable

wdv and assuming a = const during the investigation of the motion of
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the system proper, we obtain

T ITr,'+[Tq(A)+ T,+T 1 p'+[q(A)+jp-k)wA. = o, (14.221)

where k = klk2k3k4 is the gain of the servomechanism.

Replacing p by JO in the characteristic equation corresponding to

the differential equation (4.221), and separating the real and imag-

inary parts, we obtain two equations for the amplitude and frequency

of the periodic solution

k- [q (A) + T, + Ts) ,=0o,1 (4.222)
1 +q(A)- T, TQ'=O. 1

To separate the region of periodic solution, we use here the con-

venient graphoanalytic method which was detailed in §2.3 and called

there the fifth method.

A periodic solution is possible only for well-defined values of

the amplitude and frequency, satisfying each of the equations in

(4.222). It is seen from the second equation that the periodic solution

must satisfy the equation

q (A)---= T, ZT2 -I

the left half of which depends only on the values of the amplitude and

the right half only on the values of the frequency (for specified

parameters ).

This leads to the possibility of a graphical determination of the

expected periodic solutions. For this purpose it is sufficient to plot

the curve q(A), by specifying the values of the amplitude A, and to

draw straight lines T1 T20 2 - 1 for dif-

ferent values of 0. The points where the

124 plotted curve crosses the straight lines

______"___________'_yield the values of the amplitude and

.4; A; . frequency of the periodic solution (Fig.

Fig. 4.47 4.47).
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If the straight line for the corresponding value of Q does not

cross the curve q(A), this means that this frequency of periodic solu-

tion is impossible.

The case when the straight line corresponding to a given value of

Q is tangent to q(A) if the latter has a maximum or minimum, corres-

ponds to a critical value of the amplitude and frequency of the peri-

odic solution on the boundary between the regions where the periodic

solution exists or does not exist. Thus, for the system we are con-

sidering, the critical value of the amplitude is determined from the

condition that q(A) be a minimum. Taking the derivative of q(A) with

respect to A and setting it equal to zero, we obtain, after allowing

for the value of q(A),

d(I BA' + 
4 B,

dA 2 , A.

hence

A. I - I 3B, V3- aB, -B
' Pf-T- ,,V qKP T -i",

If we have a plot (Fig. 4.47), we can readily use the first equa-

tion o! (4.222) to plot the dependences of the amplitude and frequency

of the periodic solution on the total gain of the servor'echanism. Re-

placing 0 2 in the first equation of (4.222) by its value from the sec-

ond equation we obtain

=+-q(A) + (A), (4.223)I-, TS

Inserting values of q(A) as given by the plot of Fig. 4.47 into For-

mula (4.223), and knowing the parameters of the system, we obtain the

values of k. From the same plot (Fig. 4.47) we determine the values of

the amplitude A and of the frequency 0 corresponding to the obtained

values of k.
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To obtain the value of k we substitute in (4.223) the value of

qkr(A). The result is an analytic expression for the critical value of

the gain of the servomechanism

k D D + M!, (4.224)

From Formula (4.223) for k and from the formula for q(A) we can

see that k increases with increasing amplitude A and that k -+ 00 as A

A i - ; in addition, k -o o as A -+ O. It is ob-

vious from (4.223) that if a minimum existsi I I -

S..for q(A), a minimum exists also for k(A).
A,

I ,K This determines the character of the de-
2 A

I --... pendence of the amplitude of the periodic
solution on the gain k of the servomechanism

Fig. 4.48 (Fig. 4.48).

We now show that of the two branches for the amplitude, the ris-

ing branch belongs to the stable periodic solution, namely self-oscil-

lations, and the descending branch is the limit of stability "in the

small." For this purpose, we employ the approximate criterion (4.6)

for the stability of the periodic solution.

It follows from (4.221) that

x (a, )-k - Irje(a) + T, +,]"2;
Y(a, w)----[q(a)+ 1fw- TjTo..

Calculating the corresponding derivatives, we obtain

(d ). TO),,,>Ofr<A.0&__\I <0 for A>,,.

since we have in accordance with Fig. 4.47
'q.I" > o for A >P.,

SoalI 1<0 for A<(A.

Furthermore,

-y (A) - 1 T,,T ,
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but since the second equation of (4.222) yields 2 [1 + q(A)]/TIT 2 ,

we have
oy *41 2 [1 0 A~0

( - 2 jTiq (A) + T, + r.12 < 0;
OY/*-/°qF >0 for A>Ap
a a <0 for A<AP.

Substituting the values of the corresponding derivatives and tak-

ing their signs into consideration, we find that the criterion

~>0

is satisfied when A > Akr for the rising amplitude branch and is not

satisfied when A < A for the descending amplitude branch. This is

symbolically denoted by the arrows (Fig. 4.48) that converge to the

branch of the stable periodic solution and diverge away from the branch

of the unstable periodic solution.

The behavior of the system now becomes clear for all values of

the gain k. When k > k k, if the initial values of the deviation of

the motor speed are smaller than the values represented by the descend-

ing branch, the system is stable "in the small" (relative to the equi-

librium state). When k > kkr and the initial deviations are greater

than the values of the descending branch, self-oscillations are estab-

lished !n the system, with amplitudes corresponding to the values of

the rising branch. Extrapolating the result obtained in the region k >

2 kkr (the self-oscillation region) to the region of values k < kkr ,

we verify that in the latter we have stability with respect to the

equilibrium state no matter what the initial deviations of the servo-

mechanism motor speed are.

If we regard the investigated servomechanism as linear with B1 = 0

( and B2 = 0, and consequently with q(A) = 0, we obtain from (4.221) the

characteristic equation
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, Ttp, + (r, + 7) p, +" + k -.

From the conditions for the stability limit

T', + 7', = k T', 7',

we obtain the limiting value of the servomechanism gain

krP=-TT--T (4.225)

Comparing Formula (4.224) for k and (4.225) for kgr we see that

the critical value of the gain exceeds the limiting value (correspond-

ing to the stability limit of the linear system) by an amount deter-

mined by the second term in the expression for D in the formula for

kkr. Consequently, the presence of nonlinearity in the mechanical char-

acteristics of a two-phase induction motor and the presence of dry

friction on its shaft lead to a broadening of the stability region

with respect to the servomechanism gain compared with the stability

region with respect to the structure of the linear servomechanism (with

straight-line mechanical characteristics and without dry friction).

This can be explained on the basis of the previously made inves-

tigations. Inclusion of only dry friction in the servomechanism (see

§4.9 and Fig. 4.32) has led to a broadening of the stability region

corresponding to a linear servomechanism, wherein the dry friction has

caused the region of stability of the linear system to be augmented by

a region of stability "in the small" when kgr = kk. An account of the

nonlinearities of the mechanical characteristics of the actuating motor

of the servomechanism has led to a result wherein a region of self-

oscillations is located beyond the stability region of the linear sys-

tem when k gr = k (see §§4.12 and 4.13, Figs. 4.42b and 4.44a).

Now, when we take dry friction and the nonlinearity of the mechan-

ical characteristics of the actuating motor simultaneously into ac-

count, the two foregoing effects are superimposed. If allowance for
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dry friction results in a branch of A(k) corresponding to an unstable

periodic solution (dashed curve 1 on Fig. 4.48), and allowance for the

nonlinearity of the mechanical characteristics yields a branch corres-

ponding to stable periodic solutions (dashed curve 2 on Fig. 4.48),

the summary action of the two foregoing nonlinearities should cause

the A(k) curve, naturally, to shift toward larger values of k and to

be included in the region between the drawn dashed curves, something

indeed disclosed by the investigation performed.

04.15. Relay Type Servomechanism with Linear and Nonlinear Feedback

We shall investigate the relay type servomechanism with supple-

mentary feedback for two cases; in the first case the supplementary

feedback will be assumed to be linear in the velocity of the actuating

t. " 4 5

Fig. 4.49. 6) Controlled object; 7) supple-

mentary feedback.

motor. In the second case we introduce nonlinear feedback with a quad-

ratic velocity dependence. This enables us to ascertain which of the

two additional feedbacks is advantageous.

A block diagram of the investigated relay

IL system is shown in Fig. 4.49, where 1 is the

oU error transducer with transfer coefficient kl,

2 is a relay element with a relay characteris-

Fig. 4.50 tic having a backlash zone, 3 is the second amp-

lification stage, 4 is the motor, 5 is the reduction gear, 6 is the

controlled object, and 7 is the supplementary feedback.

The transfer functions of the linear elements are shown on the
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block diagram.

w For the nonlinear or relay element, which has a static character-

istic as shown in Fig. 4.50, we obtain after harmonic linearization

tit = q (A)., i= , - (4.226)

where in accordance with (3.13)

4/ _ - (4.227)
,/ A-

For the first investigated case, the equation for the feedback is

,,o. = koepp,. (4. 228)

Taking into account the transfer functions (4.226) and (4.228) of

the linear elements, we obtain the characteristic equation correspond-

ing to the harmonically linearized differential equation that describes

the proper motion of the system for the variable u:

T, T -+ T2) pT + [ I + k3kjk.0 q (A)] p +
+ ktk,kkjq (A) = O. (4.229)

Substituting p = JO in (4.229) we obtain two equations for the

amplitude and frequency of the periodic solution

k,k 3k,ksq (.A)-(T, + T)0-o (4.230)

I + k.,kko..q (A) - T, T2Q  0.

Let us delineate the stability regions in the plane of the param-

eters k and k 1 . For this purpose we determine first the critical
0.5

values of the coefficient of harmonic linearization, q(A)I., of the

amplitude, Akr, and of the frequency, "kr"

For a relay characteristic with a backlash zone, the critical

value of the amplitude, obtained from the condition

dq (A) =

was determined in §3.1 (Fig. 3.4) and amounts to

A, p = Vb. (4.231)

The critical value of the coefficient of harmonic linearization will

be, in accordance with (4.227) and with allowance for (4.231),
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qKp(A)=,. (4.232)

From the first equation of (4.230) we get

gt2=.kikskiksq (A) (4.233)

Then, taking (4.232) into account, we obtain a formula for the crit-

ical value of the oscillation frequency:
2 2kikshik,s (4.234)

w'p ,(rT + ,)'

To plot the boundary that separates the region of periodic solu-

tions from the region where there are no periodic solutions, it is

necessary to express the parameters ko. s and kI in terms of each other

for the critical values of the amplitude and frequency.

From the second equation of (4.230) we obtain

k_ , (4.235)
bhk4q (A) *25

Upon substitution of the critical values 2 and qkr(A) from (4.234)

and (4.232) into the last equation, we obtain the equation of the

boundary separating the foregoing regions:

kr= , r, sk ab

T1 €T, 2k,

It can be seen from this formula that the boundary will be a straight

line with slope arc tan k 5TT 2/(TI + T2 ), shifted downward away from

the origin by an amount 7rb/2k 3k4c. In addition to this line, we can

draw in the region of the periodic solutions lines of equal amplitudes

of the periodic solution. For this purpose we specify in the same for-

mulas values of A other than critical. In the present example these

will be lines parallel to the boundary of the periodic solutions.

Within the region of the periodic solution, two values of the amp-

litude are possible for the same values of the parameters kI1 and ko s,

since the curve q(A) (Fig. 3.4) has a maximum.
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In order to determine which of the amplitude values, A > Akr or

a A < Akr belong to the stable periodic solutions (self-oscillations),

we can employ the approximate stability criterion (4.6). Extrapolating

the result obtained for the region of periodic solutions to the region

where there are no periodic solutions, we can ascertain whether the

process is stable or not in the latter region.

We shall do this with the investigated system for the following

values of the parameters: k3 = 25, k4 = 1 v-1 sec -1 , k 3  0.05, TI = 0.2

sec, T2 = 0.3 sec, b = 0.4 v, and c = 2 v.

'Y (S&amr 1
2

46 - a~ a b y4no w , xm ul /d odecu*

45

~Fig. 4.51. 1) v.-see; 2) stable
i equilibrium region; 3) self-oscil=
~lation region; 4) v.

In accordance with (4.231) and (4.232) we obtain for the assumed

values of the parameters A,. = 0.56 v and qkr(A) = 3.19 v. Carrying
out the calculations by means of Formula (4.235) for the critical

value and for other possible values of the amplitude within the region

of periodic solutions, we obtain the results presented in Fig. 4.51.

We now show that the values A > A kr of the amplitudes of the

periodic solution belong to the stable periodic solutions, while the

values A < Akr belong to the unstable periodic solution. For this pur-

pose we employ the approximate analytic stability criterion (4.6) for

( periodic solutions.
It follows from (4.229) that the real and imaginary parts of the
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corresponding characteristic equation will be

X , ) kkskq () -(T T,)W',t (4.236)

Y(a, I) [1 k,kjk,.,q (a) T - Tw'.

Calculating the derivatives contained in the inequality (4.6), we

obtain
(cX* kjkak4k (),Oa) klk=t~klda]

IY* -kkk., q (A) - 3 7"1 T21',

O =- 2 (TI + TI) 9,

'-)* =k~k (d) 2.

From the second equation of (4.230) it follows that

I + klk4k., q (A) = T, TQ2.

Therefore

(O))-2 T, T,

Employing the criterion for the stability of the periodic solution

(OX\* Y* [ oX\ (OY 0

with account of the values of the partial derivatives, we obtain a sta-

bility condition in the form

( o ,IAIa)TT, ) dq)*

Since ko. is smaller than the critical value (4.235) in the region of

periodic solutions, i.e.,

k .. kbTT,k . zb

k0 TK;:kf; 2k3k~c

the difference in the first brackets of the inequality will be less

than zero. Consequently, in order to satisfy the criterion we must sat-

isfy the inequality

(d)<o.

From the plot of q(A) (Fig. 3.4) it follows that this is fulfilled
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when A > Akr and is not fulfilled when A < Akr. Consequently, the

branch of the large amplitudes of the periodic solution belongs to the

self-oscillations, and that of the small values belongs to the unstable

periodic solution. The results obtained for the region of periodic so-

lutions enable us to conclude that the servomechanism is stable rela-

tive to the equilibrium state for values of the parameters kI and ko. s

corresponding to the region where there is no periodic solution.

Let us examine now the case of nonlinear supplementary feedback.

With the same block diagram of the servomechanism (Fig. 4.49), we take

the supplementary feedback in the form

lo. = k.. xI sign x, x=p.

We assume that the periodic solution for the input to the relay

element is determined in the form

it -- A, sin Ud. t,

and for the output of the nonlinear feedback element in the form

x = pill = At slit ( +J B), z- SU,

where B is the phase shift of the variable x relative to the variable u.

lA' pVa #eZi- 2&vp1R.*&_-

eeet 3 )lfirt li

4 81noa IMN9

Fig. 4.52. I) First nonlinear
element ,) first linear part;

I second nonlinear element;
second linear part.

After harmonic linearization of the nonlinearities we obtain: for

the relay element
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= q, (Aj) u,

where in accord with (4.227)

for the nonlinear feedback

where in accord with (3.31)

qj (A2) = 8ko .

According to the block diagram (Fig. 4.49), we can, for the motion of

the system proper with a = 0, represent the servomechanism by a simpli-

fied block diagram (Fig. 4.52), which comprises two linear parts with

corresponding transfer functions and two nonlinear elements with trans-

fer functions ql(A1 ) and q2 (A2 ) for the steady-state oscillatQ° proc-

esses.

Following the rules for linear systems and taking the foregoing

transfer functions into account, we obtain a general differential equa-

tion for the harmonically linearized servomechanism:

IT P T a,'"  --Tt)p* + [kakqt (A,) qt (A2)+ Ip+ ±
+ kjk3k,kq, (A )I U = 0.

The characteristic equation of the harmonically linearized system will

be

,/ ,p3 -- (1, .j 7r)p: -.4- + ,kkjq, (A) qj (At) - l- I p + kkkjk~qj (A) 0.

After making the substitution p = JQ we obtain two equations for the

amplitude and frequency of the periodic solution:

kj,;.kkq, (A,)- (T + T2) 91= 0,
I + ksq (A,) q, (A 1)j- Tt2'-O. (4.237)I Since the equations in (4.237) contain not only the unknown fre-

quency of the periodic solution but also the unknown amplitudes A1 and

A 2 of the two different variables u and x ppl, one of the amplitudes

must be eliminated. We use for this purpose the transfer function of
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the elements that separate the foregoing variables. The transfer func-

tion for the conversion from u to x (Fig. 4.52) will be

p)(A, )=q, (A) ksk4
u I' tT,p + (I's + T,) p + I

Consequently, taking into account the value of ql(A1), we obtain

As(Al, .)=J " k, k 4 (4.,- If(iTu,),+(,+T),,A (/ 238)

Allowing for the values of q(A2 ) and A2 we obtain from (4.238)

q,(A,, Q)= ko.-A,=koq,(A,, Q), (4.239)

where

q,* (A,, 2) =----

3 A1  Y - T (t "+ T+ )' fa -

In accord with (4.239), the equations in (4.237) assume the form

k,kk,kq, (A,)- (TI, + j",) 21 = 0, (4.24)
1 + kgk 4k.q, (As) q* (A, 2) - T, T2S. (

Determining the critical values of the variables, we obtain for

the amplitude of the oscillations of the variable u, from the condi-

tion dql(A1)/dAI = 0, the critical value

A, ,p=yV b;

the critical value of the coefficient of harmonic linearization will

in this case be

q, (A,).p 2c

From the first equation of (4.240) we get

L - _*kskjk~qj (A1)

Allowing for the value of ql(Al)kr we obtain the critical value of the

oscillation frequency in the form

2k,ksk~k,,o (4.241)Rb ,/ (TI + T,)"

The critical value for the coefficient q*2 (Al, 0) with allowance for

the critical values AIkr and Qkr will be
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q*A,32ek, k4

q* (A,, ),,p Y 1/(I aTrQopi+ (0( + TO, 2

From the second equation of (4.240), with allowance for the crit-

ical values of the variables contained in it, we obtain a formula for

the stability limit of the servomechanism with supplementary nonlinear

feedback, in the plane of the parameters kI and ko.

3 Y .3b(TTQ1p - 1) YO - T + (TI +4,), Qp (4.242)
64c3k,3k

where (kl) is calculated by means of (4.241).

1 Carrying out the calculations in ac-

z z z [ ! cord with Formula (4.242) and including

2 the previously given numerical values of
14 _ W

the parameters, we obtain the boundary

that separates the stability region from
VA

the self-oscillation region, in the form

of a certain curve (Fig. 4.53). This curve

crosses the line corresponding to the sta-

Fig. 4.53. 1) v.sec; 2) bility limit for the case of linear feed-
stable equilibrium re-
gion; 3) self-oscilla- back. No investigations of the stability
tion region; 4) v.

of the periodic solution are needed here,

since the results of such an investigation for linear feedback extend

also to include the case of nonlinear feedback (for example, by put-

ting ko.s = 0 we obtain the case covered both in the first and in the

second investigation).

From the foregoing investigation we can conclude that for certain

values of the parameters nonlinear feedback quadratic in the velocity

extends the stability region of the servomechanism. The value of ko.

of such a feedback must be adjusted for the specified parameters, for

j ( when the values of ko. s increase, the parameters remaining constant,

the stability region begins to narrow down.
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14.16. System for Generating Current Oscillations with an Amplidyne

So far we have considered examples where the self-oscillations of

nonlinear automatic systems were investigated with an aim toward either

determining the possibility of suppressing the self-oscillations, or

the possibility of reducing the amplitudes of the self-oscillations.

bd

e.: N N 1
,i,!'

Fig. 4.54

There are closed-loop automatic systems in which the nonlineari-

ties are used to create a steady-state oscillatory mode with definite

amplitude and frequency, i.e., to generate oscillations. Such systems

include primarily generators in transmitting and receiving units for

communication, and relaxation oscillation generators. In the present

section we consider the investigation of a high-power system for gen-

erating current oscillations at low frequency, on the order of several

cycles per second. Such generators are used to demagnetize structures

of ferromagnetic materials. Demagnetization is essential, for example,

to guarantee normal operation of magnetic compasses installed in these

structures. Investigations aimed at creating such a generator were

made by I.A. Borodina [132].

We first carry out the investigation in the simplest version,

without account of internal feedbacks in the amplidyne that is part of

the closed loop. The block diagram of the system for generating cur-
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rent oscillations is shown in Fig. 4.54a, where oU is the control wind-

ing of the amplidyne, OV is the excitation winding of the generator G,

the ODP is the interpole winding, and Zn is the load impedance. We

shall assume that all elements except for the short-circuited winding

of the amplidyne are linear. The nonlinearity in the short-circuited

winding of the amplidyne will be assumed to be of the saturation type.

In this case the system can be represented by the block diagram of

Fig. 4.54b. The equations of the system elements are

(Tip -+ 1) i1 = k'u0.. ,, (rip + 1) I= k,= , 4.243)
(T1 -- i) = k'F, (I.), (Tip-l- + ) 1 = k(4, 43) -

where F1 (i2 ) is a nonlinear function that determines the dependence of

the voltage induced in the main winding of the amplidyne by the cur-

rent in the short-circuited quadrature winding.

The nonlinear dependence of the ampli-

dyne voltage, which is obtained experimentally,

. ,L . will be represented approximately in the form

of a polynomial in powers of i2, up to a cer-

tain value i2 < 12max and constant when i2 >

Fig. 4.55 > i max (Fig. 4.55), i.e.,

1:. (U.) --r i - + Di_
for 1 t - ina, (4. 244)

/", (i) =- Fim. Sign Is
for It , t ,,,a

where the coefficients B, C, and D are determined on the basis of the

experimentally plotted curve F,(i2 ) (see §3.5). We disregard here the

hysteresis loop, which may be present in similar cases.

Carrying out harmonic linearization of the nonlinear function

(4.244) we obtain

P, (I) = q, (A) I,, (4. 245)

where
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q, (A) - 13- 0,75cA*-- 0,625DA4 ffor A < Itma,,

'-l (.1) 1{ (arcsin a -a t) - cAl [0,75 arcsin i - (0,75 -+

0,5:)] + A ~[3,75 arcsln - ot (3,75 ± 2,5,A' -- 2(J)]-

A- F,.,x} for A > Itm;

here =1 A''
A'A

Combining (4.243) and (4.245) we obtain for the variable i 2 a

general differential equation of the harmonically linearized system

(ap, + alp' + a2p + a3p -a)1 = 0, (4.246)

where

ao==T,T.TT3 T-, ar=rTT r.--T,T± TT- T+ TT,t,
ai= 7 - - TITI,+ TTi-- "rT+ T,T 4- F T3T,, a,= T-- T,+ T,±. T,

a -- = + kA'0,oql (A), k = kkk, k3 jk.

The characteristic equation corresponding to the differential equation

(4.246) will be

aol + ale ,- a + ap + I + kk.q (A) = 0. (4.247)

From (4.247) we obtain after substituting p = JQ two equations for the

amplitude and frequency of the periodic solution

I + kk...q (A) - a,2t - aoW 0, (4.248)as - alOt = 0.

From the second equation of (4.248) we obtain a formula for the

frequency of the periodic solution

S+ + T + n (4.249)
-7 = If , TTIT& + TIT 4 + TT T4 + TTT

The first equation of (4.248) determines the dependence of the ampli-

tude of the self-oscillations on the system parameters. Thus, for the

feedback coefficient ko.s, using the value of 0 from (4.249), this de-

pendence is given by the formula

i a,a,,. -- aoat - at
k,.c a= kqa a)-- . (4. 250)

Let us determine the stability of the obtained periodic solution.

For this purpose we calculate the derivatives contained in the expres-
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I
sion (4.6) for the stability criterion of the periodic solution. From

(4.247) we obtain

X(a, (o) = I + kko. q, (A) - at + aasw,
Y(a, w)=0aw-a, '.

The corresponding partial derivatives will be

(tax\* =k 0-) kk ' da '

0, a3 - 3arS-

or, allowing for the value of n2 from (4.249)

( OT) 2a; <O.

Since (6Y/6a)* = 0, the stability condition reduces to the satisfac-

tion of the inequality

and allowing for the values of the derivatives, to the satisfaction

of the condition

(dq)* <0. (4.251)da "

Figure 4.56 shows a plot of ql(A) calculated for the amplidyne EMU-50.

We see that self-oscillations will be established in the system when

A > Akr - 4.2 a, for the condition (4.251)

is satisfied in this case. When A < Akr =

= 4.2 a, the periodic solution is unstable.

Let us carry out the investigation

for the same current generating system

O 2 4 6 8 10 2 4(al with allowance for the internal feedback

Fig. 4.56 in the amplidyne. The processes occurring

in the system are described by the following equations of the elements

[132]:

- 433 -



(TIP -i l -- k"11oo - --j e3 - TI (it -- 711)e

(Tip-t- 1) -k',e,
(T F' (2,), (4.252)(Top+ 1)13- k' e,

=j k$&1%,
(Tp± I) It= k' e4,

=o.c - o.C1

where X is a coefficient that takes into account the influence of the

demagnetizing flux; ql is a coefficient allowing for the undercompen-

sation flux; n2 = q12 + n3; q 12 ' 13 are, respectively, the coefficients

that allow for the stray fluxes of the compensation winding and the

frontal parts of the armature.

After carrying out the harmonic linearization we obtain from the

system (4.252) the following single equation for the variable 12

{aop' +-- a IpI + jai + T+,k'q, (A) ). 110+ j a, +I kt+q, (A) "11 p +I

+ k' q (A) t + kk.,q (A) ) It = 0, (4.253)

where

k = k',kjkk,kakk',,

" =-X. (T.- -T,)'- ka [rTjl-' + T (71,- +ql)],

-- + T; ks T, (1, + q,),
i:X -+ k,-q,;

the coefficients ao, al, a2, and a3 have their previous values, and

k3 = k'3k34

From the characteristic equation corresponding to the differential

equation (4.253) we obtain after making the substitution p = JO the

following two equations for the determination of the periodic solution

I + k'Eq (A) + kko.q, (A) - (a, + T~k'q, (A)] 9' + aoQ24  0, (4 425 )
as-+ k*, q, (A) - ajo. = 0.

From the second equation of (4.254) we get

q _ ( ,o, -a, (4.255)

( From the first equation of (4.254) we obtain after allowing for the

value of k
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'4 .€ (as - aQ') 0 '- I T4,k .(
kJq. (A) (

Formulas (4.255) and (4.256) show that the amplitude and frequency

depend on the system parameters, and in addition, unlike the preceding

case, they are interrelated. In this case, two amplitudes are obtained

for the same values of the parameters, in accordance with the plot of

ql(A) (Fig. 4.56). We assume here, without proof but on the basis of

the preceding arguments, that the branch with the larger values of the

amplitudes belongs to the stable periodic solution (self-oscillations),

while the branch of the small amplitudes belongs to the unstable peri-

odic solution.

On the basis of Formulas (4.255) and (4.256), calculation yielded

the dependence of the amplitude and frequency of the periodic solution

on the coefficient k (Fig. 4.57). The following values of the param-
0. 5

eters, which were obtained experimentally, were used in the calcula-

tions: the time constants of the EMU-50 amplidyne were T= 0.12 sec

and T2 = 0.22 sec; the time constants of the generator were T3 = 0.79

sec and T4 = 0.45 sec. The parameters 7 = 0.020, = 0.025, and X =

= -0.0049 were also obtained experimentally. The gains of the individual

elements had the following values: k'1 = 1.1.10-3, k12 = 125 b/a, k'2=

= 2.1 a/b, k 3 = 0.40 a/b, k34 = 5.13 b/a, k' 4 = 10 a/b. The coeffi-

cients included in the approximating function of the nonlinearity

F,(i 2 ) were B = 45.7, C = 2.06, D = -0.071.

Figure 4.57 shows also the functions A(ko.s) and 0(ko.s) (dashed

curves) for the case when the internal feedback in the amplidyne was

disregarded. Failure to take account of the internal feedback leads to

a conclusion that the frequency of the generated oscillations cannot

be regulated by varying the coefficient ko. s.

The experiments performed were in good agreement with the results
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A1aJ , 06m, .oS'idau

AWA'

8 /

•4 aa* 4,02

Fig. 4.57. 1) Stable equilibrium
region; 2 self-oscillation region;
3) see; 4 v/a.

obtained when allowance was made for the internal feedback. Conse-

quently, allowance for the internal feedback via the magnetic fluxes

of the amplidyne is of essential significance in the representation of

the processes occurring in the amplidyne with the aid of differential

equations.

The result obtained for values ko. s > ko.s.kr (in the self-

oscillation region) makes it possible to conclude that the motion of

the system is stable relative to the equilibrium state for values

ko. s < ko.s.kr (in the region where there are no periodic solutions).

The self-oscillations were investigated for the variable i2 (cur-

rent in the quadrature circuit of the amplidyne). From the practical

point of view, it is important to determine the variation of the cur-

rent i4 in the load. The obtained amplitudes A of the current i2 can

be converted into amplitudes Ai of the current i4 by using the trans-

fer function of the elements separating the variables i 4 and i 2 . This

transfer function will be, in accord with the block diagram of the
system (Fig. 4.54),

W p(A 4 ksk~q, (A)
) a, (TIP - 1)(T.p + 1)

- 436 -



and consequently

k,k q,(A) A. (4.257)
I~ (52, + I(FTJ9+I

In the system under consideration it is desirable to have a broad

range of variation of the amplitude and frequency of the generated os-

cillations as the system parameters are varied, so as to be able to

vary the self-oscillation mode. The range of variation of the ampli-

tude and frequency of the self-oscillations can be broadened by intro-

ducing additional feedback proportional to the amplidyne output volt-

age or the DC generator voltage.

Manu-
script
Page (Footnotes)
No.

345 Another method was indicated in §2.4.

396 One can also use a graphical method for determining the co-
efficients of harmonic linearization (see Chapter 3).

397 The absolute values of w dv are used in the coefficients be-

cause wdv reVerses, and the coefficients themselves should

remain positive numbers.

Manu-
script [List of Transliterated Symbols]
Page
No.

309 c.A = s.d = stabiliziruyushchiy dvigatel' = stabilizing motor

314 A = D = dvigatel' = motor

315 r = g = generator = generator

315 AB = dv = dvigatel' = motor

315 a = ya = yakor' = armature

316 n = = lineynyy = linear

317 y = u = usilitel' = amplifier

318 = kr = kriticheskiy = critical

318 rp = gr = granitsa = limit
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Manu-
script [List of Transliterated Symbols (continued)]
Page
No.

325 BX = vkh = vkhodnoy = input

326 o.c = o.s = obratnaya svyaz' = feedback
332 P = R = rele = relay
332 OB = 0V = obmotka vozbuzhdeniya = excitation winding

332 c = s = set' = line
332 p = r = regulirovaniye = control

337 m = m = maksimal'nyy = maximum

342 A = d = dvigatel' = motor

347 cp = sr = srabatyvaniye = operation, pull-in

347 oTn = otp = otpadaniye = drop-out

352 T = t = treniye = friction

382 H = n = nelineynyy = nonlinear

384 c = s = samolet = airplane

384 p = r = rul' = control surface, rudder

386 p.m = r.m = rulevaya mashinka = control-surface servo

404 n p = puskovoy = starting

414 Tp= tr = treniye = friction

430 3MY = EMU = elektromashinnyy usilitel' = amplidyne
430 Y= 0U = obmotka upravleniye = control winding

430 0JAU = 0DP = obmotka dobavochnykh polyusov = interpole winding

430 H = n = nagruzka = load
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Chapter 5

PASSAGE OF SLOWLY VARYING SIGNALS

IN SELF-OSCILLATING SYSTEMS.

ASYMMETRICAL SELF-OSCILLATIONS

§5.1. ASYMMETRICAL SELF-OSCILLATIONS AND PRINCIPLES GOVERNING THEIR
DETERMINATION

In the preceding sections we have investigated symmetrical self-

oscillations resulting from free motion of the system (without extern-

al action) with symmetrical nonlinearities. However, as will be shown

below, the most important practical value attaches also to an examin-

ation of asymmetrical self-oscillations. The simplest illustrations

of this premise were already presented in §§1.6 - 1.8.

Asymmetrical self-oscillations can be the result of various

causes such as:

1) asymmetry of the nonlinear characteristic both in the pres-

ence and in the absence of external action;

2) the presence of a constant or slowly varying external action

in the case of symmetrical nonlinearities;

3) the presence of a constant or slowly varying rate of change of

the external action in the case of symmetrical nonlinearities (for those

cases when the constant action does not cause the center of the oscil-

lations to shift; this is usually the case in servomechanisms and

in astatic systems in general).

In fact, if an asymmetrical nonlinear characteristic is present

(for example, Fig. 5.1a, b), then even symmetrical oscillations of the
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variable x = A sin n2t give rise to oscillations of the variable F

which are asymmetrical in amplitude (Fig 5.1b). On the other hand, if

the nonlinearity is symmetrical (for example, Fig. 5.2a, b), then in

the presence of a constant external action (or, in the case of astatic

systems, in the presence of a constant rate of change of the external

action), the oscillation center of the variable x = x0 + A sin fnt

shifts, so that the oscillations of the variable F become asymmetrical

in amplitude and time (Fig. 5.2a), or in time alone (Fig. 5.2b).

Earlier, in developing the principles of the method of harmonic

linearization in Chapter 2, we considered homogeneous equations for the

nonlinear systems. Now we shall investigate the total equations of the

nonlinear systems referred to in §1.2, including the external signals.

As the main equation for nonlinear systems of the first class we

*choose

Q@)x+q R@)F(x, px)--s@)f yj (5.1)

which covers the majority of practical problems, after which we gener-

alize the results to include other types of equations. We note here

that an astatic system is defined as one in which the polynomial S(p)

has p as a common factor, thus, S(p) = pSl(p).

If there are several (m) external signals, then the right half of

(5.1) will contain the sum M

The external signal f(t) may be either a disturbance or a control

(master) signal. In the present chapter we shall regard this signal

f(t), and in astatic sys ms its rate of change pf(t), as constant or

slowly varying. We shall define a function of time as slowly varying

if it changes relatively little over one cycle of the periodic solution

(self-oscillations), that is, if one of the following inequalities is

satisfied

if(t+ 7)--f(t)I<1f(t) for 1- I4I T<lf()I,
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where T = 2w/4, and 0 is the frequency of self-oscillation. For

astatic systems, accordingly, a slowly varying rate of change pf(t)

will be one for which the following condition is satisfied

Ipf(t+T)-pf(t)j<pf(tH or 'Pf r<pf(t)j.

-------------------------------------- .t...
- ---.

I I

Fig. 5.2.

We shall impose a similar condition on the time variation of the

parameters in nonlinear systems with slowly varying parameters contain-

ed in the coefficients of the polynominals Q(p) and R(p).

The condition that any function of the time be a slowly varying

one can be also expressed in frequency form, namely: a slowly varying

function is considered to be one whose possible frequencies of time

variations are considerably lower than the possible frequency of the

investigated periodic solution.
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The assumptions introduced enable us to regard the quantity f(t),

or the corresponding quantity pf(t), and the parameters of the system

as being constant over each cycle of the investigated self-oscillations.

It is assumed besides that the given equation of the nonlinear system

satisfies at f(t) = 0 all the conditions indicated in §2.3, with the

sole exception of Condition (2.74), which may not be satisfied (in the

case of asymmetrical nonlinearity).

We seek the solution of the nonlinear Equation (5.1) in contrast

with (2.45), in the form x = x0 + xI + ey(t), i.e., we assume it to

be nearly sinusoidal with a dc component. Consequently, the first

approximation will have in place of (2.73) the form

X = xO + x*, wherex*--A sin Qte, (5.2)

where t' is the time, which is measured within each cycle of oscilla-

tions, and xO, A, 0 are unknown slowly varying functions of the time,

which depend on the form of the specified function f(t) in the right

half of (5.1). They will be constant when f(t) = const (and in astatic

systems when pf(t) = const).

Assuming the variation of the quantities x , A, S1 to be so slow

that they can be regarded as constants during one cycle of the oscilla-

tions (taking their average over the cycle), we shall construct a solu-

tion in accordance with same principle of harmonic linearization as

was used in Chapter 2, except that account will be taken of the value

of the bias x0 . In this connection, the first members of the Fourier

expansion must be written not as (2.75) and (2.76), but in the form

F(Xpx) == P + qx* px*,' ()

where putting = t', we have
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2x

I O F(X0 +A sin , A cos d,
2%

q 1- F(xO.+ A sin q, AQ o) ,n d,, (5.4)

q L F(xO -+-A sin q, A2 cos ) cos +d+.q'-

We see therefore that in the general case all three coefficients are

functions of the three unknowns

Fo = FO (xO, A, 2), q = q (x, A, 2), q'= q'(xO, A, G). (5.5)

In particular cases these relationships can be simpler. *

Substitution of (5.2) and (5.3) into the specified differential

equation (5.1) yields

(p) (' + x*) + R (p) (F. + qx* + -px*)

If the function f(t) (in astatic systems, pf) and the quantities x ,

A, Q contained in the coefficients Fo , q, and q', are sufficiently

slowly varying, this equation can be separated into two individual

equations (168):

Q (p)x + R(p) S(p)f(t (5.6)

Q(p) x* + R(p) (q + ± p) x*-o (5.7)

for the slowly varying and for the oscillatory components, respect-

ively. These separated equations retain essentially the nonlinear prop-

erties and the nonsuperposition of the solutions, since the two equa-

tions are still nonlinearily related by means of (5.5).

Equation (5.7) coincides with the earlier equation (2.78), the

only difference being that now the coefficients _ and q' depend, in

( 0
accordance with (5.5), not only on A and i, but also on the bias x0.

Therefore, writing, down as before (§2.3) the characteristic equation
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Q (P) + R (P) (q + - P) 0 (.8

replacing 2 by JO and separating the real and imaginary parts we ob-

tain, unlike (2 83), two algebraic equations with three unknowns

X(x, A, 9)=o, Y(x, A, 9)=o. (5.9)

These equations enable us to determine the amplitude A and the fre-

quency 0 of the self-oscillations as functions of the slowly varying

component x 0 .

A=A(xt), 2 = (xo). (5.10)

To solve this problem we can use any of the methods described in §2.3,

depending on which of these fits better the conditions of the given

specific problem. The same methods can be used also to determine the

dependence of A and i not only on x0 but alto on the parameters of the

system, in order to be able to select the latter. In those methods of

§2.3, which call for plots of q(A) and q'(A), it is necessary to plot

these functions in the present case in the form of a series of curves

for different constant values of x0 (Fig. 5.3).

9 9'

Fig. 5.3. 1) For various x0 = const.

Once the functions in (5.10) are determined from (5.9) it is poss-

ible to use the first of the formulas (5.5) and determine the bias func-

tion

I wi wl ev (5aen )
~which will serve as a characteristic of the given nonlinear element
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relative to the slowly varying components of the variables F and x in

the presence of self-oscillations. Usually (5.11) is a continuous

function even for relay-type characteristics (see, for example, §i.7).

After obtaining this function we can further.s6lve equation (5.6) with

account of (5.11) and obtain as a result the solution

x0 ==x (0M (5.12)

for the slowly varying component with specified f(t) in the right half

of the equation. By the same token we determine, in accordance with

(5.10), the amplitude and the frequency of the self-oscillations, A

and 0, which vary slowly in time together with x0 (t).

If the particular problem calls for finding x0 = const and the

right half of (5.6) is equal to a certain specified constant MO, we

obtain in place of (5.6) the equation

Q (o) x' + R (O) F1= M. (5.13)

We can suggest two methods for solving the problem in this case.

The first method, in analogy with the forgoing, consists of first

solving the equations in (5.9) to determine the dependence of the amp-

litude A and of the frequency S of the self-oscillations on the value

of the bias x0 in the form (5.10). The expression F0 = D (x0 ) is then

determined by substituting the values of (5.10) in the first of the

expressions (5.5), calculated by means of the first formula of (5.4).

Consequently, we obtain in this case in place of the differential equ-

ation (5.6) the algebraic equation (5.13) with an unknown x0 , which is

contained also in F0 . Most frequently Eq. (5.13) is transcendental in

x0 and is solved graphically. The next step is to determine from (5.10)

the amplitude A and the frequency 0.

The indicated dependence (5.10) of the amplitude and frequency

Cof the self-oscillations on the shift in the center of the oscilla-

tions, a dependence which is characteristic percisely of nonlinear
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I
systems (in linear systems the shift of the center of oscillations

does not play any role), must always be kept in mind. For some non-

linearities this dependence may be significant, for others it may be

less important.

The second method of solving the same problem, which in the case
0

when x = const may turn out to be less simple, consists, on the con-

trary, of first solving Equation (5.13), where, according to (5.5),

F0 is either a function of x 0 , A, and 2 or else frequently a function

of x0 and A. The solution assumes the form

x0=x*(A, 2), or X'=xO(A). (5.14)

This solution is then substituted in the equations of (5.9) which

thus contain only two unknowns, A and 2. After determining the latter

(using and of the methods of §2.3), we use (5.14) to determine the

valuc of x0 . This second method is used in the examples considered in

§1.6.

This solves the problem in the general case. In many particular

cases, as will be shown latter on, this solution can be greatly simp-

lified.

In the case when there is no external signal (f = 0) and the

self-oscillations are determined in a system with asymmetrical nonlin-

earity, that is, in a nonlinearity F(x) or F(x, px) for which

F(A sin i, A2 cos 0)d 0, (5.15)

we obtain in place of (5.6)

Q(O) X + R(O)F-O. (5.16)

This equation is solved by either of the two methods described

above for Equation (5.13). Simultaneously we determine x , A,and Q

in accordance with (5.9)
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It is known from the foregoing that R(p)/Q(p) is the transfer

function of the reduced linear portion of the system. It frequently

happens that its denominator Q(p) has a zero root. Then Q(O) = 0,

and consequently Equation (5.16) assumes, with allowance for (5.11),

the form

FO = (D (x) = 0, (3.17)

0from which we determine x . This means that in such systems the bias

x0 of the oscillations of the variable x is such as to balance out

exactly the asymmetry of the oscillations of the variable F which is

inherent in the given nonlinearity (that is, it guarantees that F =

0); this is illustrated, for example, in Fig. 5.4, in contrast with

Fig. 5. lb.

All our previous considerations ap-

- - " plied to the determination of the self-

- L_ ___Ooscillations and of the megrnitude of a slow-

--x +Asin2I ly varying (or dc) component for the argu-

ment x of the nonlinear function. It is ob-

t=2t vious that the amplitude of the oscillations

can be calculated by means of corresponding
Fig. 5.4.

transfer functions for other system varia-

bles, which must be considered in each specific problem. Analogously,

the corresponding equations (differential or algebraic) can be used to

determine also the slowly varying or dc component for any variable,

in particular for the regulated quantity of the given automatic system,

the reproduction quality of which is to be determined.

In the present section we have dealt with equations of systems of

the first class and of the principal type (5.1). These results, how-

ever, in analogy with what was done in Chapter 2, can be generalized

also to include equations of the other types and classes of systems
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considered in §1.2. In this case there may exist several values of

0
the bias x. , the connection betwen which is written in the form of

equations of the corresponding elements for the slowly varying or dc

component.

Let us consider, for example, nonlinear systems of the first

class of a different type, described by equations of the form (1.56)

and (1.57):

Q (P) x + R, (P) F, (x, px) + R, (p) F, (x, px) = S (p)f(t)

(the right side may contain several external signals). We separate

this into one equation for the slowly varying component

Q (p) x*+ R, (p) R,- + p) F: = s (P)ft)

and an equation for the oscillatory component

Q () x + 1 () q, + -p) X* + R2 (q, + p - ) x* .

The coefficients of harmonic linearization ql, ql, q2 and q' and F1

and F2 are determined by the earlier formula (5.4) and depend,

like expression (5.5), in general on three sought quantities (x0 , A,

0), which can be either constant or slowly varying, depending on f(t).

The method of solving the problem remains the same.

We can proceed analogously in the investigation of nonlinear sys-

tems of the second and third classes, satisfying the conditlbon indic-

ated at the end of §2.2. For example, if the equations of a system

with two separated nonlinearities in different variables are specif-

ied in the form

Q (P) x, - R, (p)F, (x, px,)= S(p)f),
Q, (p) x, I?, (p) F, (xi. px)--.O,

then the solution is sought in the form

xj, --- A, sin , x -=x: Asin(92'+
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It is necessary to carry out harmonic linearization of each of the

nonlinearities, using formulas (5 .4). The result consists of two sys-

tems of equations: one for the slowly varying components

Q, (p) x' - R, (p) F: = S(p)f(t),
Qt(p)x:+Rt(p)F:=O

(or for the dc components if p = 0), and one for the oscillatory compon-

ents

Q, (p) X' - R?, (P) (q + - ) x:-0

In this case the coefficients of harmonic linearization will be

functions of the five sought quantities, namely

F,(x,,A,2), q,(x, A,,2), q,(x, A,,Q),

F: (x:, AV 2), q, (x:, A,, 2), q; (x:, A, 2)

We can write down analogously equations for the other cases. The

approach to the solution of these equations is in principle analogous

in all these cases, but the computational work becomes correspondingly

complicated, and this may make it necessary to seek special methods so

as to shorten the calculations and make them practically convenient.

This is done partially in the examples of Chapter 6.

§5.2. STATIC AND STEADY-STATE ERRORS OF SELF-OSCILLATING SYSTEMS

Assume that we are given a certain automatic system, the dynamics

of which is described by Equation (5.1), and that it is known that the

given system operates in the self-oscillating mode. We assume that the

dependence (5.10) of the amplitude A or of the frequency Q of the self-

oscillations on the value of the bias x0 has already been determined

by means of Equations (5.9)(although a different approach to the solu-

tion of the problem, indicated in §5.1, is also possible).

Let us investigate the static and steady-state errors of the sys-

tem, corresponding to those stationary modes of system operation at
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which x = const (hence A = const, S = const) 1183]. In these cases,

the stationary operating mode of the system is determined by the al-

gebraic equation (5.13), that is,

Q (0) x. +R (0) F1 =M', (5.18)

in which we substitute, on the basis of the first of Formulas (5.5) and

(5.10), the bias function

F' = (x). (5.19)

If the transfer function of the reduced linear portion of the system,

R(p)/Q(p), has a zero root in the denominator, that is, when Q(p) =

pQl(p), we obtain from (5.18) the equation

&(5.20)

from which we determine the static deviation xO (M ).

The nonlinearity can generally speaking be connected in the sys-

tem in arbitrary fashion. In particular, if the nonlinearity F(x, px)

characterizes such a system control element, in which the variable re-

presents the system error directly, then Formulas (5.18) and (5.19) in

the general case, and Formula (5.20) in the particular case, determine

the sought value of the steady state error of the system. We note that

in a linear system we have R(O) 0 - kxO , and Q(O) - 1 or Q(O) - 0.

This leads to the well-known respective error formula

X, k or x ,

Consequently, Formulas (5.18) - (5.20) are essentially analogous to the

formulas for the linear systems, but they give a nonlinear, usually

transcendental dependence of the error x0 on the value of the right side

00
MO; thus the error is not proportional here to the value of Mo . In ad-

dition, self-oscillations x* - A cos it are imposed on the constant

quantity xO , and represent a supplementary periodic error, the magnitude
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of which is determined by Formula (5.10). This error depends through

x0 on the value of the right side MO , and in the general case this de-

pendence is likewise nonlinear (not proportional).

The right side M0 can have different meanings. In investigating

the given (5.1), we can note three cases in which a constant quantity

is obtained in the right member:

1) static system S(O) 0, f(t) = const = f0 ; then
m e°= S(O)J ,  ( . C

and if there are several (m) external signals, then

m

m e=  S (O wl;

2) astatic system S(p) = psl(P); then S(O) = 0 and when f(t) =

const = fO w1 have M0 = 0; in the case of a symmetrical nonlinearity,

this yields x0 = 0, and for an asymmetrical nonlinearity it leads to

Equation (5.16) or (5.17), from which we gettx 0  0;

3) astatic system with f(t) = cot, where co = const; then

M-S, ()ct (5.22)

We can consider analogously also a doubly astatic system, in which

S(p) = p2S2 (P), etc.

In the first and second cases we calculate x0 from (5.18) and (5.19)

or from (5.20), and obtain the so-called static error, while in the

third case we obtain the steady-state error at constant velocity of

variation of the external signal (in contradistinction to linear

systems, not proportional to the velocity). Superimposed on these is an

additional periodic steady-state error in the form of self-oscillations.

Nonlinear system errors of this type can be determined, of course,

also in the absence of self-oscillations. It is then necessary to start

from the initially specified equation (5.1), which leads to the same

formulas, except that in these the bias function cZ(x0 ) is replaced by

- 451 -



the initially specified nonlinear function F(x, 0).

The premise presented that when calculating the static and steady-

state errors of nonlinear systems operating in the self-oscillating

mode it is necessary to replace the specified nonlinear function F(x,

px) by the bias function c(xO ) is exceedingly important. This premise

illustrates the breakdown of the superposition principle in nonlinear

systems. Whereas in a linear system the static error remains unchanged

no matter what oscillations are superimposed on it, in a nonlinear sys-

tem these oscillations may greatly influence the magnitude of the static

error. The same takes place also when forced oscillations are superim-

posed (see Chapter 9).

In this connection it is important to note the following. If the

nonlinear characteristic has a backlash zone (for example, Fig. 5.5a, b,

c), then in the absence of self-oscillations the possible static error

of the system will in any case be no less than half the backlash zone b.

On the other hand, in presence of self-oscillations we introduce in

place of the specified nonlinear function the bias function V(xO), which

will not have a backlash zone if the parameters are suitably chosen,

and consequently the static error can be decreased theoretically to

zero. Analogously, the influence of a hysteresis loop is eliminated

when oscillations are superimposed.

Concerning the classification of systems as static or astatic, it

must be kept in mind that one and the same system can be either static

or astatic, depending on the place where the external signal is applied

and on the location of that variable for which the error is determined

(in other words, depending on what is assumed to be the input and output

in the given closed-loop system). This is clearly seen from the examples

considered in §1.6, where the dc components were determined for the all

the variables in one and the same system, but with different points

of application of the external signals. In the same section, an example
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was considered of the calculation of the bias x0 in the presence of a

very simple asymmetrical nonlinearity in the system without external

signal.

b) If, say, we apply to the system two exter-

°4a) I4F nal signals fl(t) and f2 (t), and if the system

is astatic with respect to the first and static

c) ci,, dwith respect to the second, that is, the right

a side of Equation (5.1) is

s, (P) PAt Wt + S, WpA (t),
Fig. 5.5.

then, by calculating the steady-state error of
the system for ff(t) = cot and f(t)= const = f0 we obtain for the

equation (5.18) or (5.20)

AP = S, (0) c" + S, (o)f.

The static and steady-state errors in systems of other classes, consid-

ered earlier, are investigated in similar fashion.

In many problems the quantity x0 , which we determined above, is not

the steady-state or the static error, inasmuch as in general the variable

x, which is the argument of the -onlinearity is not exactly equivalent

to the difference between the actual and set values of the controlled

quantity (or in general the output variable of the given system). In

such a case it is necessary, after first determining x0 as above, to

use the equations of the corresponding system elements to express in

terms of x0 the value of the static or steady state error of the given

system. In any problem, such an algebraic expression can be readily ob-

tained.

There are cases, however, when x0 = 0 and there is still a static

( error in the output variable. This is precisely the case illustrated in

one of the examples considered in §1.6. Then the steady-state value

of the controlled quantity is expressed directly in terms of the
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external signal, for example in the form (1.118). Inasmuch as in that

example (Fig. 1.28) fl(t) is a specified signal which must be duplic-

ated at the output, the static error in that case will be Ax0t -

The steady-state error occurring when the rate of change of the ex-

ternal signal in an astatic system is constant is determined quite an-

alogously. It must be kept in mind, however, that certain system vari-

ables may not be constant in this case, but may vary in proportion

to the time (in particular the output of a servomechanism operating

in the tracking mode with constant speed).

For purposes of illustration, let us continue the analysis of the

examples of §1.6. There we investigated the influence of external sig-

nals fl(t) and f(t) separately. We now consider a case wherein they

act simultaneously (it will be shown below that unlike linear systems,

we cannot merely add in our case the static errors resulting from each

signal taken separately).

The equations of the automatic system(Fig. 5.6) are specified in

the form

(Tjp + 1) x2=-'klx, x, =fl (t) -x&,(.3
x, = F (x), .x = x2 - x.,, x... = k,x, (5.24)

(Ti ,+ 1 px, = ktx, +f ,(t), (5.25)

where F(x) is the very simple symmetrical relay characteristic shown in

Fig. 5.6:

-(x) =c sign x. (5.26)

In order to use the general formulas derived above,* it is first

necessary to reduce the specified system of Equations (5.23) - (5.25)

to a single equation of the type (5.1). As a result we obtain

(T1,p + t) (Ti ,+ 1) px + (k..,p + k, + k..) ktF (x) =

k, (Tip+ )pf, (t) + (k... T,p+ k, +k..)f 3 (t). (5.27)
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Let fl(t) be the set-point (control) signal, which varies at a

constant speed

1(t) - cot, (5.28)

and which must be duplicated at the output of the system in the form

x4 (t). Let us assume also thab second external signal f3(t) is a dis-

/

A

z 4 X4

4X

Fig. 5.6.
turbance and has a constant magnitude (for example, a constant load on

the output shaft of the system):

1 (t) -- const =f:. (5.29)

The influence of the latter must be reduced to a minimum. Let us find

the steady-state error at the output of the system. The right side of

(5.27) will in this case be constant, and the steady-state solution

for' x, with allowance for the self-oscillations, must be sought in the

form

x = xi + x*, whure x* = A sin Qt. (5.30)

Harmonic linearization of the nonlinearity (5.26) yields in this

case, in accordance with (1.122) and (1.123),

F": = arcsln ', q= :4 (5 31)

In the present problem, Equation (5.7) for the periodic component

assumes in accord with (5.27) the form

(V + 1) (Tep + 1) px* + (k. T,p + k, + k.,) kjqx* =0 , (5-32)

and Equation (5.13) for the constant components will be

(k, + k,) kF" = AP, (5.33)

where in accord with (5.27), (5.28), and (5.29) we have

Al' =k 1c, - (k, + ko.)f.. (5.34)
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Slu §5. 1 we indicated two methods for solving this problem. To il-
~lustrate both methods, let us solve the problem by each of them.

According to the first method, we first solve Equation (5.32) so

as to determine the functions A(x0 ) and I(x0). in this case the charac-

teristic equation will be

T, T.p +(T, + ) p' -+-(1 -I- Tkok.q)p+(k, + ko.)k 2q=O, (5.35)

and Equation (5.9) will therefore assume the form

.X-- (k, -+ k...) k&q - (T, + TO) 9 _2-- o,}

Y =(I I - Tk ko.q) 9 - T, Tat -- O. (5.36)

Eliminating _, we obtain the self-oscillation frequency
k, + ko,

I2 TA ,- =,k.= (5.37)

The frequency a2 in this case was fouxid independent of the bias x,0

and consequently of the value of the external signal.* Then, substitu-

ting the expression for q from (5.31) and for Q2 from (5.37) into the

first equation of (5.36), we obtain a biquadratic equation for deter-

mination of the dependence of the self-oscillation amplitude A on

the bias x0 in the form

(A) () + 00 )l = 0,(538AoA (5.38)
where the quantity

A,= 4ck,T, (T,k, - T,k,.,)
" (T,+T - (5.39)

represents, in accordance with (1.85), the amplitude of the self-oscil-

lations in the given system in the absence of bias(x0 = 0 Hence()I + ]  
(XG Y.

At 2 (5.40)
The expression obtained can also be written in the form

A=A, cos,. (5.41)

if we put

a= arcsin (5.42)
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The result (5.40) or (5.41) is indeed the sought 
function A(x0).

Further, according to the first method of solving the problem, we

substitute the value obtained for the amplitude A from (5.41) into the

expression (5.31) for F0 , from which we obtain, using (5.42), the bias

function

FO2(x) -!% _ arsi *) (5.43)

where A is determined in terms of the system parameters by Formula

(5.39). This is the sought function O(xO ) (Fig. 5.7a), which replaces

the specified nonlinear function F(x) in the calculation of the steady-

state errors in the nonlinear system (Fig. 5.7b).

j

C b)

Fig. 5.7.

Substituting the value of (5.43) in Equation (5.33) for the con-

stant components, we obtain with allowance for (5.34) and (5.39)

0. Ac k~co
[CA, sin [t-L)] (5.44)

Comparing this with Formula (5.42), we see that for the quantity

a which we have previously introduced artificially, we can now write

the expression

Ck' , + ks.e+: (5.45)

This quantity characterizes the totality of the external signals ap-

plied to the system. Taking (5.45) into account, we obtain from (5.41)

the amplitude of the self-oscillations

A=Acos:). (5.46)
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An important factor is that the amplitude of the self-oscillations de-

4. pends not only on the system parameters (see (5.39)), but also on the

magnitude of the external signals. This dependence is nonlinear. In

this case an i.ncrease in the external signals causes the amplitude to

decrease in accordance with a cosine law, whereas the frequency is in-

dependent of the external signals.

It is seen from Formula (5.46) that self-oscillations exist so

long as the values of the external signals satisfy the condition
0<1 "'c* _uf~lck

kc+Iko. .KA (5.47)

In this case the amplitude of the self-oscillation lies within the

limits A. > A > 0.

This is the first method of determining the steady-state values of

the bias x0 , the amplitude A, and the frequency C1 of the self-oscilla-

tions in the presence of external signals.

Let us illustrate also the second method. According to the second

method, as indicated in §5.1, onesolves first Equation (5.33). From

the first formula of (5.31) and from (5.33) we get

-6 sin n* = sin m(k*+kodk,

or, with allowance for (5.34),

X0=sin[ k hc (5.48)

To find the amplitude A contained in these formulas we use Equa-

tion (5.32). The characteristic equation for the latter is

TiT5p'+( T + T)p+(I + Tikk..q)p+(k, +k..)kjq=O.

and the equations (5.9) therefore assume the form

X =(k, + ko.) kq- (Tt+ ) Q-o, (549)
Y=(I + Tkk.,q)2- T, T2'=O, 

where, in accordance with (5.31) and (5.48):

- 458 -



q=Cos [2ck k,+ ko. ) (5.50)

Eliminating the quantity _ from Equation (5.49), we obtain the fre-

quency of the self-oscillations

2 = k, + ko.C (5.51)
Tt.._ 'r (Tshti - Tlo.j-

Substituting the obtained expressions for q and Q2 in the first

equation of (5.49), we determine the amplitude of the self-oscillations
A =A4 cos r2 k, hc. *fl

[2c , +koh0., +f)] (5.52)

where the quantity

4ek,T, (T,k, - r,k.o) (5.53)
A7(Tz+ )--

is the amplitude of the self-oscillations in the absence of external
0=0

signals (cO = 0, f2 = 0).

Substituting the expression obtained for the amplitude (5.52) into

(5.48) we obtain finally the value of the bias

6 Ae ksin (5.54)

As can be seen, the second method leads in this case to the same

resultby a much shorter route than the first, something of great im-

portance to practical ca]culations (in principle both methods are equiv-

alent). Apparently, the greater simplicity of the second method occurs

in the majority of other problems, too.

In this second method, the bias function 0(xO ) is not determined.

Yet this function may be useful later on for other purposes. However,

it can also be readily determined. The quantities xO, A, and their ratio

are expressed here in terms of the values of the external signals. On

the other hand, the bias function 4(xO ) should contain neither the ex-

ternal signals nor the amplitude A, which depends on these signals.
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Substituting the bracketed notation from (5.54) into (5.48), we get

sin (iarcsin ?L5.5

and substituting this into the first of Formulas (5.31), we obtain

directly the sought bias function

W= (x,) = arcsn (5. 56)

where As is expressed only in terms of the system parameters in accord-

ance with (5.53).

It io important to note that the bias function 'z(x ) depends nei-

ther on the number of external signals nor on the character of their

variation (provided they are constant or slowly varying), as was seen

quite clearly from the first method of solving the problem.

Thus, we have determined by two different methods the value of

the bias xO of the self-oscillations at the input to the relay. Let us

determine now the steady-state error at the output of the system, x4.

In as much as the output must duplicate the external signal fl(t), the

error of this system is expressed, in accordance with Fig. 5.6 and the

second equation of (5.23), by the quantity xl, the steady-state solu-

tion for which must therefore be sought. We express the variable x1 in

terms of x, which is already known. From the specified system equations

(5.23) and (5.24) we obtain

(koTp+ k, +k. )x,= (Tp+ 1)X +k .. (Toap+ l)fQ

Taking (5.28) and (5.30) into account, we rewrite this equation in the

form

(k., Tp + k, + k..) x, = x + (Tp + 1) x* + k...,Tc* + k0 . ct. (5.57)

In accordance with the form of the right half of this linear equation,

its steady state must be sought in the form

X, = X* + ct + x0., (5.58)
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where and c are constants and xI is the periodic component.

Substituting this in (5.57), we obtain three equations for finding

the indicated quantities

k9 +(kl+k.,) =x+ k.,n T(5.59)

(A + k..) c=k,,c, (5.60)

(k.AT+k,+k.A)x-=(Tp+)x. (5.61).

The second of these yields

C(5.62)

We then obtain from (5.59)

,(X +._*,o ) (5.63)

where x0 is determined by Formula (5.54) in terms of the external sig-

nals. Finally, from (5.61) we obtain the amplitude of the self-oscil-

lations of the variable xI:

A1 -A (5.64)

where A is determind by Formula (5.52) in terms of the external signal,

and fl is determined by Formula (5.51).

Thus, the present system contains all three error components (5.58)

which depend on the magnitude of the external signals and on the system

parameters. Most undesirable of these is the component cit, which in-

creases in proportion to the time. The system must therefore be modif-

ied primarily so as to eliminate this error component, that is, to make

I = 0. For this purpose one would have to remove the supplementary

feedback (Fig. 5.6), for when ko.s = 0 we have in accord with (5.62)

cI = 0. This, however, causes an appreciable increase in the amplitude

( of the self-oscillation (5.64), that is, in the periodic component of

the error. Therefore, a more suitable measure would be to replace the

proportional feedback xo. s = kO sx4 by derivative feedback x0.s = ko.spx4 .

- 461 -



Then the quantity kos in (5.57) is replaced by ko sp, that is,

(k.Tte'+k..p+ k,)x,+ =x+(Tip+ I) x* +k.c. (5.65)

We see that the component proportional to the time has disappeared

from the right half of the equation, and consequently the steady-state

solution for the error xl, unlike (5.58), will be

X,--1 : ' (5.66)

Besides, we obtain from (5.65)

x+k..,), (5.67)
A 1/- (5.68)

and, of course, the formulas for x0 , A and Q are also changed (they

can be obtained by the same method). By choosing the system parameters

we can make the amplitude A1 of the error self-oscillations quite small.

§5.3. PASSAGE OF SLOWLY VARYING SIGNALS IN SELF-OSCILLATING SYSTEMS

In §5.1, in the analysis of asymmetrical self-oscillations with

constant or slowly varying component characterizing the displacement of

the center of the oscillations, we introduced the bias function

O = 0 (xj (5.69)

which must be substituted in the equations of the automatic system in

lieu of the specified nonlinearity F(x, px) whenever constant or slowly

varying components are evaluated.

Consequently, the bias function 0(x0 ) represents as it were a

static characteristic (usually curved), which determines the connection

between the output and input quantities of the given nonlinearity for

constant or slowly varying signals in the self-oscillating system [187].

For any nonlinearity, including such stepwise nonlinearities as

a relay characteristic or dry friction, or such nonlinearities as char-

acteristics of clearances and backlash etc., the bias function O(x

can assume under definite conditions the form of a rather smooth curve.
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I
This effect is called vibrational smoothing of the nonlinearity with

the aid of self-oscillations, and the bias function 0(xO ) can be called

the smoothed characteristic.

oU-AL-
Al

I eg* o
I I S

0b

Fig. 5.8.

For example, for nonlinearities with backlash zones (Fig. 5.8a),

and also with clearances (Fig. 5.8c) and with hysteresis loops, the

signals x < b will not be transmitted in the absence of self-oscilla-

tions (F = 0). On the other hand, in the presence of self-oscillations,

a signal x0 < b (constant or slowly varying) is transmitted in the form

of the do component F. Consequently, for a slowly varying signal we

obtain a smooth characteristic (bias function) 0(xO ) without a backlash

zone (Fig. 5.8b). For this purpose, it is necessary to have first of

all a self-oscillation amplitude A*> b - x0 or A > b + x0 , and, secondly,

a sufficiently high self-oscillation frequency, so as to satisfy the

condition that the signal x0 be slow (v.§5.1) and in order that the

succeeding elements of the system practically block the self-oscilla-

tions. We see that in these examples vibration smoothing of the nonlin-

earities is advantageous for many practical applications (elimination of

backlash zones and hysteresis loops).

In other cases, however, vibration smoothing of nonlinearities may

also be harmful. Let us take, for example, a nonlinear characteristic

with a saturation zone (limited-linear) as shown in Fig. 5.9. In this

case, because the crests of the sine waves are cut off on one side,
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the dc component F'0 will be smaller than the value of F itself corres-

ponding to the linear initial portion. Therefore a constant or a slowly

varying signal will pass through the given nonlinearity in the presence

of self-oscillations as if the gain were smaller than without the self-

oscillations, and under certain conditions this can affect adversly

the operation of the automatic system as a whole.

Thus, assume that we have some nonlinear amtomatic system described

by the equations (1.61):

Di () , .. D1 p)X1+ ..+ Dim(p)xm =fi(t, 1- - * ...... .. .. ......... ......

Dk(p)x,+ ...+Dk (P)x+P(x, px)+ ... +Dkm (p)xmf=f) W (5.70)
.................................... I

V Fand which satisfy the conditions of

Chapter 2. This system of equations, as

;z ,1' shown in §1.2, is equivalent to a single
--- - ---

equation (5.1) with one or several terms

S/in the right side, depending on the num-

-_ Iber of functions fi(t) which do not equal

9zero.

Fig. 5.9. If the conditions of vibration smooth-

ing of the nonlinearity are satisfied (these conditions consist, as was

already illustrated, of a definite limitation on the amplitude and of

a definite requirement on the order of magnitude of the self-oscillation

frequency), then all the slowly-varying processes in such a nonlinear

system must be determined by solving the same system of equations (5.70),

except that the specified nonlinearity F(xl, pxl) must be replaced by

the bias function Z(x0), that is,1

Di (P) t + ... + D11 (p) 1 + ... + Dim(5. 71)

Dm(p)X +...Dm (p)x + ... +Dmm()x%=m(t
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where the zero superscripts on all the variables denote that we refer

here to the solution of the system without periodic self-oscillating

£" (vibrational) component. The latter are determined separately by means

of the equations:

... ................................
D, (p)x. + ... +DDhl(p)x t+ )x 0  (5.7

)X.+ k.m(P) X% 0,5-7}

.............................................
D,,(P) X+ ... +Dm(p)x +... + Dnm(p)x =0

wherein the coefficients _ and q' depend, in accordance with (5.4), not

only on A and S1 (the latter is not always involved), but must also de-

0pend on xI. Therefore the amplitudes A and the frequency Q ef the self-

oscillations obtained in this fashion will vary slowly with variation

of xl(t)(see, for example, Fig. 5.10 and the example in §1.7).

An analogous approach is used also in systems of other classes,

which were considered earlier.

In many cases the calculation of A and G is essential only from

the point of view of checking whether the conditions of vibration

smoothing of the nonlinearity are fulfilled and whether such vibrations

are acceptable in the given specific automatic system. Of prime impor-

tance for the operating quality of the automatic system in this case

will be the slowly varying processes determined by Equations (5.71).

Very important from the point of view of simplifying their determination

are the following two circumstances.

4 .0 First, as can be seen from §5.1, the form of

A the bias function 0(xO ) is dependent neither on the

number and points of application of the external sig-

nals, nor on the character of their variation (pro-

vided they are slowly varying). It depends on the form

Fig. 5.10. of the nonlinearity and on the structure and parameters

of the system. It is therefore possible to use any method of determining
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o(xO ) under arbitrary particular simplifying assumptions with respect

to the external signals. One can, for example, use the simpler second

method of those described in §5.1, as illustrated by the example in

§5.2, choosing any external signal that is cmnstant in magnitude (such

as fo in the example of §5.2).3
Second, no matter what the specified nonlinearity F(x, px) may be

(stepwisej loop-type, etc.), the bias function 0(xO ) usually assumes

the form of a smooth curve (Fig. 5.11). Therefore, unlike the initially

specified nonlinearity, the bias function can be readily linearized by

a 0 / b/ 0 c) 0 d,1 0

/ I

-"? / I I , ZI ,Z~ :

Fig. 5. 11.

the usual method (using a tangent or secant at the origin 0 or at some

other reference point 0). Bearing this property in mind, the term "vi-

bration smoothing" is sometimes replaced by the term "vibration linear-

ization," although the latter term is less appropriate, for what is

really done here is ordinary linearization of a vibrationally-smoothed

nonlinearity.

Thus, for the case of Fig. 5.lla or b we can assume that in a fix-

ed range

F== ; (5.73)

where

( -i or k.=tg,

and for the case of Fig. 5.11c or d we can aswme

+ -6 o d w c ax9 - (5.74)
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where

K \dX*/x €  or k.-=tgj.

The magnitude of the coefficient kn depends generally speaking on

the relationship of all the parameters of the system.

For example, for a system described by Equations (5.23) - (5.26)

we have in accordance with (5.56) and (5.53)
k .~ l ==(d 2!_ == , + T,

(dx = -. =-= 2Ac =s, (~k, -Trk,.• (5,75)

Therefore, in order to calculate the slow processes in the given

system we obtain in accordance with (5.23) - (5.25) and (5.73) the

equations

(,=+k1 )x-,x , xx0  =A (t)- 4

xO3 = k,,xo, x ---- Xo.c, X'o.c = ko. X, (5.76)
(Tp + 1) px=8= kx + f3 (t)

or the single equation (5.27), in which x should be replaced by x0 and

F(x) by knx°.

The definition of the gain kn indicated for Formula (5.73) can be

greatly simplified in the following fashion. In as much as the bias

function O(x 0) is determined, in accordance with (5.11) and (5.5),

from the expression 1O(xO, A, 0) in which the function A(x0 ) is sub-

stituted, the formula for the calculation of kn can be represented in

the form

* i \O P . O ' + OF t,' d2
.= k '),,_o- ko '-r" ' '-F oo dxx..-o"

In those cases when nonlinearities P(x) with asymmetry are con-

sidered, the value of F0 is independent of i and, furthermore, in

accordance with (5.4):

2w(OF si Id == 0
"O 4- /, o = -2-n (--_4 . ,.snO

since the derivative under the integral sign will be an even function.
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Hence for oddly symmetrical nonlinearities F(x), both single-valued

and loop-type, the quantity kn can be calculated from the formula

directly using, expression (5.5), without determining the bias function

D(x0). In many problems this will appreciably simplify the solution.

This simplification does not apply to asymmetrical nonlinearities,

nor does it apply to cases when kn must be determined not by meanus of

the tangent but by means of the secant (Fig. 5.11b), and to cases cor-

responding to Formula (5.74) and Fig. 5.llc and d.

Thus, substitution of (5.73) or (5.74) makes the equations (5.71)

for the determination of the slow processes ordinary linear equations

which can thus be readily solved. Examples are the equations (5.76).

If we express the equations of the nonlinear system in the form

(5.1), then substitution of (5.73) in the case of Fig. 5.lla or b yields

a linear equation for the slowly varying component in the form

IQ P) +? R (p) k.] xO = S (f(tf (5.77)

and in bhe case of Fig. 5.llc or d with substitution of (5.74) we ob-

tain

IQ (p) + R p) jAx = S (p) Af(t) (5.78)

where

Axo- xO- . * Af(t) = fy( -- ',

and the values of xc and f0 are defined by the relations

Q(o)X'4+R(o)F =s(o)f:, =(x).

We see that the principle of separating the equations for the os-

cillatory and the slowly varying components, introduced in §5.1, in

which the nonlinear properties of the system are essentially retained,

leads to results that are very important to the ease of practical cal-

culations. The important fact is that the slowly varying signals pass
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through the nonlinearity with different gains kn than do the self-

oscillations [q or q + (q'/a)p].

It is particularily important to use the property of vibration

smoothing of nonlinearities with subsequent ordinary linearization in

the calculation of complex automatic systems.

If for example, the system for automatic control of an airplane

operates in accordance with the diagram shown in Fig. 5.12, then the

part of the system enclosed in the dashed box (relay amplifier, drive,

and supplementary feedback) can be designed as a separate servomechan-

ism by the method developed above, with allowance for the self-oscil-

lations. The frequency of the latter can be made sufficiently large by

suitable choice of the parameters of this part of the system or by in-

troducing correcting devices, so as to make the amplitude of the self-

oscillations of the variable x2 at the output of this part of the sys-

tem small. On the other hand, if the amplitude x2 cannot be made small

(in which case the rudder will oscillate), it is necessary to see to it

that this frequency remains practically unfelt by the hull of the air-

plane as the latter moves about its center of gravity.

The design of the system will then be as follows. We seek the self-

oscillations only in the part inside the dashed box (Fig. 5.12), as if

it were a separate independent system, assuming x5 (t) to be an arbitrary

slowly varying external input signal and x2 to be the output. For this

simple system we find, by the method developed in §5.2, the bias func-

tion 4(x0 ) and also the frequency and amplitude of the self-oscillations

as functions of the magnitude of the external signal. We choose the

parameters of this part of the system in such a way as to fulfill the

conditions of vibrational smoothing over the entire possible range of

( variation of the input x5 . At the same time we see to it that the fre-

quency of the self-oscillations (which depends on the system parameters)

lies beyond the range of frequencies of possible airplane vibrations (so
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that it is practically unfelt by the hull of the airplane).

2 " 3

iT H I I I 1 l

Pig. 5.12. 1) Sensitive elementsi
2) relay amplifierl 3) rotor drive;
4) feedback; 5) airplane; 6) rudder.

Following such a design of the internal part of the system, we

carry out ordinary linearization of the bias function O(x0), that is,

we replace it by a single straight line PO - knx0 (where we can use

any possible simplification in the determination of kn). As a result we

obtain linear equations for the slow processes in this part of the sys-

tem. We add to these equations the equation of the entire remaining

part of the sybtem (in our case the airplane, the sensitive elements,

and the rudder, see Fig. 5.12) and design the entire system as a whole,

regarding it as a linear one, using the ordinary methods of automatic-

control theory. In this case we no longer pay attention to the self-

oscillations, which are localized in the internal loop of the system,

which was previously designed. However, their influence is not ignored,

since it was taken into account in the determination of the bias func-

tion O(xO ) and the coefficient kn.

The principle developed enables us, first of all, to carry out the

calculation of the self-oscillations by reans of simpler equations (since

only the internal part of the system is separated), and, secondly, to

simplify appreciably the design of the entire system as a whole, reduc-

Iing it to an investigation of ordinary linear equations (but with a co-
efficient kn which depends on the self-oscillations, thus, on the para-

meters of the internal loop of the system). If it is necessary to take

- 470 -



into account variable coefficients and nonlinearities in the airplane

itself, then the equations of the system as a whole will no longer be

so simple. However, even in this case it is perfectly meaningful to

make a preliminary separate design of the internal loop of the system,

since the influence of the nonlinearities of the airplane itself will

usually extend only over those processes which are slow compared with

the self-oscillations of the internal loop.

It is known that the motion of the airplane itself, for example,

pitching motion, can be divided into two components, a faster motion

about the center of gravity (angular motion), and a slower motion of

the center of gravity itself (motion along the trajectory). Both mo-

tions are slow compared with the self-oscillations of the internal loop

of the control system. They can, however, in turn likewise be considered

separately. Consequently, in this case, in addition to the usually em-

ployed spatial resolution of the airplane motion into separate channels

(pitch, course, bank), the design of the system for each channel (for

example, pitch) is broken down into three additional stages with re-

spect to the slowness of the motion in time.

An analogous subdivision of the design, at least into two stages

with regard to the degree of slowness in time, can be advantageous also

for many other nonlinear automatic control, tracking, stabilization

systems and the like. In complicated systems, such measures greatly

simplify the entire investigation and are the only ones by which the

system design becomes feasible at all. It must be borne in mind that

in the proposed principle of breaking down the motions, an essential

nonlinear interaction between them still remains.

The concept used here of the slowness of one motion relative to

( another in the same system is defined in perfect analogy with the con-

cept of slowly varying external signals in §5.1. It is frequently con-

venient to express this concept in the form of a ratio of the possible
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oscillation frequencies of the two motions. For example, the self-oscil-

lation of the airplane's center of gravity along the trajectory are in

a fully defined range of possible frequencies within the practical real

region of values of parameters for this part of the system. Compared

with these oscillations, the motion of the airplane about its center of

gravity is slow. The latter circumstance can be expressed in different

fashion, by stating that the possible frequencies of the oscillation of

the airplane about its center of gravity are lower than the possible

self-oscillation frequencies in the internal loop of the system (for ex-

ample by a factor of 10 or more). The possible frequencies of the oscil-

lation of the airplane's center of gravity along the trajectory are in

turn still lower. This is the basis for the separate investigation of

each motion. It is possible to plot for each a separate frequency char-

acteristic in both linear and nonlinear form.

In particular, it is possible to determine for each of them sep-

arately the forced oscillations and the self-oscillations. Thus, by

calculating the self-oscillations and determining the bias functions

(the smoothed characteristic) O(xO ) in the internal loop of the system

(dashed in Fig. 5.12), we can then determine the self-oscillations at

the lower (slowly varying) frequencies in the entire system as a whole

(Fig. 5.12), regarding the bias function o(xO ) (Fig. 5.11) as a new

nonlinearity of this system (to which one can add also other-nonlinear-

ities of the airplane itself). The methods for determining the self-

oscillations by harmonic linearization remain the same as before (see

Chapter 1), if the system as a whole satisfies the conditions of Chapter

2 with respect to the slowly varying component. We then carry out har-
monic linearization of the new nonlinearity O(x 0 ) and of other nonlin-

earities if they exist. The formulas for this repeated harmonic linear-

ization will be:
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I

4) (x O) = qO (A') x1,
2 (5.79)

qo = *(A° sin ) sin d9, -Ot,

where A0 is the amplitude of the self-oscillations of the slowly vary-

ing components, which are sought in the form x0 = A0 sin Cot.

We can thus consider two-frequency self-oscillations with a large

difference between the frequencies i and 20.

For example, .If, in accordance with (5.56), we have

A, 2x
C(°= arcsin- ffor x°<

then
X
2

q O= 4c arcsinAf stn sinqd+, for As< -A,

Introducing the notation

2Ac

we make the following simple transformations

arcsin (k sin +) sin + d+ = cos + arcsin (k sin +) + A cosin d+

0 V F+k sin0 ~
k cos'~d+ I+ I-k' sin'+ d+

= -- I d+n+ 1 1 t slntd+----
k ~ I -k kin'sin, ~

-=A TF.(q, k) + 1 E. (+, k),

where Pi(*, k) and Ei(*, k) are elliptic integrals of the first and sec-

ond kind respectively,* for which detailed numerical tables are avail-

able, so that their practical use is just as simple as the use of ordin-

ary trigonometric functions.

As a result we obtain

,* 4c rI24o * 24 + :A'1

q O K -0) +I)+ E ('AO)] (A2 ,)(
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where K and E are the complete elliptic integrals of the first and

second kind, the values of which are listed usually in mathematical

tables as functions of the parameter a - arosin k = arcsin 2A0 /Ac, for

example

1,57 1,58 1,62 1,69 1,79 1,94 2,16 2,50 3,15 0

E 1,57 11, 5 1,52 1,47 1,39 1,31 1,21 1,12 1,04 1,00

In other cases of repeated harmonic linearization, when the bias

function 0(x0 ) has a still more complicated form, we can use the har-

monic method described is §3.8 to determine q0 (A0 ) from a specified
plot of O )
§5.4. DEPENDENCE OF THE STABILIT! OF A NONLINEAR SYSTEM ON THE

EXTERNAL SIGNAL

The stability of a nonlinear system in which self-oscillations

may occur can be understood differently. The first concept of stability

of a nonlinear system is connected with the absence of self-oscilla-

,ions (Stability of the equilibrium state for all initial conditifnm,

see §2.7). The second concept of stability of a self-oscillating sys-

tem is connected with the assumption that the self-oscillations have a

sufficiently small amplitude, to which all the transients tend no mat-

ter what the initial conditions (practical stability of self-oscillat-

ing systems, see §2.9). One can speak also of stability of the equilib-

rium state in a limited region of initial conditions (see §2.9), some.-

thing that has a somewhat lesser practical value.

We can now introduce still another concept of great practical im-

portance, that of the stability of a nonlinear system operating in the

vibration mode, namely stability with respect to the slowly varying

component. By this we mean the stability of the equilibrium state of

a system, described, for example, by Equations (5.71) or (5.6), that
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I
is, a system in which in place of the initially specified nonlinearity

(see (5.7) or (5.1)) we substitute the bias function F = D(x 0 ). Such

V a stability denotes the attenuation of the transients with respect to

the slowly varying components. The stability of the system with respect

to the slowly varying component (that is, with respect to the main sig-

nal of the system) must be investigated in addition to the stability of

the vibration mode (self-oscillation) itself.

The concept of stability is particularly important in practice for

the case when the system is analyzed separately, as was indicated for

example in Fig. 5.12. There we calculated the stability of the self-

oscillation mode in one demarcated internal part of the system (which

was enclosed in a dashed box in Fig. 5.12), and in the entire system

as a whole only the slow processes were considered, from which one can

consequently Judge the stability of the equilibrium state of the entire

system as a whole* (it is obvious that the system as a whole may be

stable or unstable depending on the stability of the previously calcu-

lated internal loop).

The stability of the nonlinear system with respect to the slowly

varying component can be investigated by any of the available methods,

depending on the type of the equations describing the slow processes.

If, for example, all of the operator-polynomial coefficients in the

system (5.71) or (5.6) are constant an ordinary linearization of the

smooth nonlinearity P0 = O(xO ) is carried out in the form (5.73) or

(5.7 4); then the stability of the nonlinear system with respect to the

slowly varying component will be investigated in analogy with the stab-

ility of an ordinary linear system (using the Hurwitz, Mikhaylov, or

Nyquist criteria in their ordinary formulation). If the system contains

(_ besides time-varying coefficients (which vary little during one cycle

of the vibrations), it is necessary to make use of the theory of linear

systems with variable coefficients.
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Finally, if the system of equations obtained for the slow processes

contains essential nonlinearities, the corresponding nonlinear methods

must be used. If such a system satisfies the conditions indicated in

Chapter 2, then its stability can be again investigated by the method

of harmonic linearization (§2.7). In this case the harmonic lineariza-

tion at the low frequencies that are inherent to the slow processes

are now applied to the new nonlinearities, which remain in the system

of equations that result for the slowly varying component. In partic-

ular, the bias function (smoothed nonlinearity) itself may be this new

nonlinearitj, as for example O(x0 ) in the system (5.71) or (5.6), which

has the form of Fig. 5.11. Physically this is connected with the fact

that the system as a whole (Fig., 5.12), which has a nonlinearity F0 =

o(xO ) in the slowly varying component, may become unstable by going

into self-oscIllation, but now at a different frequency, which is poss-

ible in this case for the hull of the airplane. This frequency is con-

siderably lower than the vibration self-oscillation mode of the re&&ys

in the internal loop of the system.

As was established earlier in the presence of self-oscillations the

bias function (smoothed characteristic) O(xO ) is independent of the

character of variation of the external signals, provided the signals

are slowly varying, but depends only on the type of nonlinearity and on

the ratio of the system parameters. Consequently, the stability of the

system relative to the slowly varying component will likewise not de-

pend on the external signals in the presence of self-oscillations.

But a vibrational operating mode of the system can be produced

not only with the aid of self-oscillations but also with the aid of

forced oscillations of the system induced by an external periodic sig-

nal. Then not only the amplitude and frequency of the vibrations them-

selves, but also the smoothed nonlinear characteristic will depend on

this external signal and consequently, the stability of the system with
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respect to the slowly varying component may depend quite essentially

on this external signal.*

On the other hand, the stability of nonlinear systems in the first

and second meanings indicated at the start of the present section may

appreciably depend on the magnitude of the constant external signal

(and in the case of astatic systems also on the rate of change of the

external signal), since this signal governs the amplitude of the self-

oscillations and the conditions under which the self-oscillations occur.

The stability of the system in its first meaning (§2.7), that is,

the stability of the equilibrium state of the system outside of the

self-oscillation region in the presence of a constant external signal

(or in the case when the rate of change of the signal is constant, for

astatic systems), will be determined by the methods developed previous-

ly in §2.7, using Equation (2.206). However, the harmonic linearization

coefficients _ and aL contained in this equation will now depend on the

dc component xO(see (5.4) and (5.5)). Consequently, the limits of the pos-

sible values of _ and qc for each nonlinearity will generally speaking

depend on the value of x 0 . Consequently the stability limit of the non-

linear system, that is, the boundary separating the stable equilibrium

region from the region of periodic solutions, will also depend on the

value of x0.

However, the value of x0 can be determined as a function of the mag-

nitude or rate of change of the external signal (see §5.2). Therefore,

after determining by means of Equation (5.7) and the methods of §2.7

the boundary of the stable-equilibrium region of the system for each

specified value of xO , we can determine by the same token the stable-

equilibrium boundary of the nonlinear system for each specified value

of a constant external signal (or for each specified value of the con-

stant rate of change of the external signal in the case of an astatic

system). We thus obtain the pattern of the displacement of the stability
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boundary in the space of the nonlinear system parameters (the change

of the outline of its stability region) as a function of the magnitude

- - of the external signal.

There exist, however, exceptions to this rule. The stability limit

does not depend on the external signal in every nonlinear system. For

example, it obvious that in the case of a single-v&lued nonlinearity,

when q1 - 0, the stability limit will not depend on the external signal

in those particular cases when the possible values of the coefficient

_ lie in the interval 0 q < o. This occurs, for example, for a sys-

tem with an ideal relay, considered in §5.2. There, in accordance with

(5.50), we shall have the same plot of q(A) as in Fig. 2.31a, but with

a different scale along the axis of the ordinates, which is equal to

ti the cosine of the constant quantity characterizing the external signal.

Equally independent of the magnitude of the external signal will

be all the sufficient stability boundaries (for any single-valued odd

nonlinearity), determined during the first stage of the investigation

(§2.7), when it is assumed that 0 < q -. On the other hand, the nec-

essary conditions obtained during the second stage of the investigation

for all nonlinearities with a limited interval of possible values of

_ (all except a in Fig. 2.31) can depend essentially on the magnitude

(or rate of change) of the external signal. In §6.8 we shall give an

example of determining such a dependence.

01171,76 Consequently, generally speaking, in

jt N the design of real automatic systems it is

I/ necessary to determine the displacement of

the stability region as the external sig-

yc ueocl nal is varied, and to choose the system

parameters to take this displacement into

ig. 5.13. ) Stability account. Otherwise the automatic control
rium region.
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or stabilization system, which is made stable in the absence of an ex-

ternal signal, may turn out to be unstable at a definite value of the

signal. The stability limit of the servomechanism may shift somewhat

in the parameter space with changes in tracking speed, etc.

In such cases one or several of the external signals (or of their

rates) is best included among the coordinates of the space in which the

stability region is plotted. For example, if the stability region with

respect to some parameter k (for example the gain, Fig. 5.13a) has been

defined in some system and the displacement of the stability-region

boundaries as a function of the magnitude of the constant external sig-

nal f0 has been determined, it is possible to plot the stability region

in a plane with coordinates k and f0 Oig. 5.13b). Then, in order to

guarantee the stability of the system, it is necessary to specify the

value of k not within the interval kI < k < k2, which would be obtained

without account of the external signal, but in a narrower interval

kil< k < k with account of the possible change in the exterAl sig-

nal f0 within the specified limits.

We have used here the first meaning of system stability, namely

stability o' the equilibrium state under all initial conditions (§2.7).

The same situation is obtained when we investigate the nractical

stability of a self-oscillating system in the sense of the permissible

amplitude of the self-oscillations (§2.9). Here the amplitude de-

pends on the magnitude or on the rate of change of the external signal.

Consequently, the position of the line corresponding to a definite

amplitude Adop in the parameter space (see Fig. 2.47), which is re-

garded in the present case as the practical stability limit of the

self-oscillating system, will also depend on the magnitude of the ex-

ternal signal (or on its rate of change in the case of an astatic sys-

tem). Such a limit will depend on the magnitude of the external signal

for all self-oscillating systems, including a system with an ideal relay.
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.44 Thus, in the system example considered
a) l.

in §5.2, the amplitude of the seif-oscil-

,- Jlations in the absence of an external sig-
nal is determined by formula (5.53); this

3 is represented as a function of the param-

npu - '"one eter k2 by the straight line A. (Fig. 5.14a).b )" ,2,

1 'Further, in accordance with (5.52), this
R quantity must be multiplied by the cosine of

2 a constant quantity that depends on the ex-

C, ,ufnst ternal signals, something represented by the

Kg bundle of rays in Fig. 5.14a. By specify-

ing the value of Adop (Fig. 5.14a) in accord

Fig. 5.14. 1) For dif- with (5.52) and (5.53), we obtain the fol-

ferent f = const and lowing expression for the practical stabil-3
C0 = const; 2) for C = ity limit of the given self-oscillating sys-
const; 3) stable equi- tem:
librium region.

ki~ ~ FT Ao kc +fo.VI
40', (is,k - Tk), SL 202 k 0 ~

(for T2 k1 > T1k0 .8), as shown in Figs. 5.14b and c respectively as a

function of the constant disturbance signal fo (load) and the rate

of change co of the set-point signal f, which is duplicated by the

system (in different tracking modes at constant speed).

Such a dependence of the system stability on the external sig-

nal is a characteristic of nonlinear systems only. In linear systems

it does not exist at all in this sense. It is most important to take

account of this property of nonlinear systems, as shown by experience,

in the practice of constructing various types of automatic control

( systems.

§5.5. SELF-OSCILLATIONS OF SYSTEMS WITH PARAMETERS THAT VARY SLOWLY
IN TIME
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The application of this same principle of separating processes

in accordance with the degree of their slowness in time makes it al-

so possible to investigate by the method of harmonic linearization

the self-oscillations of certain nonlinear systems with slowly vary-

ing parameters (time-varying gain of the regulator, variable mass of

the object or of the moment of inertia, etc.).

In the present section we consider the determination of self-

oscillation in nonlinear systems that satisfy the conditions of Chap-

ter 2, but with parameters that vary slowly in time in the same sense

as defined in §5.1. The variation of the system parameters with time

can be both monotonic and nonmonotonic, but with frequencies consid-

erably lower than the possible frequency of the investigated self-

oscillations.

Assume that in the equations of the nonlinear system

Q()x+R(p)F(x, px)=o

or

Q(p)x+R(p)F(x, px)-= S(p)f(t)

(or else in the expanded form (5.70)) some parameters contained in the

coefficients of the operator polynomial Q(p), R(p), or Dij(p) vary

slowly in time. Then, assuming them to be constant over the period

of the investigated self-oscillations, we can determine, by the meth-

ods developed above (Chapters 2 and 5), the amplitude A and the fre-

quency 11 of the self-oscillations, and also the bias x0 as functions

of these slowly varying parameters (and of the external signal if it

is present), meaning that we can determine their time variation (see

Fig. 5.15, where m denotes a certain variable parameter of the sys-

~tem,. the slow variation of which in time is specified).

In the case when the conditions for vibration smoothing of the

nonlinearity are satisfied (§5.4), we obtain for the slow processes
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equations with variable coefficients, of

.4 0c) . the type (5.71) or (5.6). By linearizing
O - the bias function F 0 = (D(x° ) by the usual

_______ method, using formula (5.73) or (5.74),

b) /we can reduce the problem of investigat-

ing the entire system as a whole with re-

spect to the slowly varying component

(stability and dynamics of the motion) to
Fig. 5.15.

a linear problem dealing with the corres-

ponding variable coefficients.

It must be borne in mind here that inasmuch as the coeffic-

ient kn in Formulas (5.73) and (5.74) generally depends.Con the re-

lation of all the system parameters; then if the parameters of the

system are variable this coefficient will in general also be variable.

For example, for the system shown in Fig. 5.6 we have derived prev-

iously an expression for the coefficient kn in the form (5.75). Let

us assume that in the given system the parameter k1 is variable (slow-

ly varying in time). Then the coefficient kn, which is obtained as

the result of ordinary linearization of the bias function (z(xO), will

also be variable.

Other approximate methods of investigating systems with time vary-

ing parameters are given in the book by Yu.A. Mitropol'ski t1701 and

also in §8 of the book (181].

The following sections of the present chapter are devoted to the

calculation of the coefficients of harmonic linearization by means of

Formulas (5.4) for various types of nonlinearities.

§5.6. HARMONIC LINEARIZATION OF RELAY CHARACTERISTICS UNDER ASYMMET-
RICAL OSCILLATIONS

In Chapter 3 we carried out a harmonic linearization of the non-

linearities for the case of symmetrical oscilations in the system.
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Now, in order to carry out harmonic linearization of a nonlinear func-

tion of F(x, px) under asymmetrical oscillations, we shall assume that

the solution for the input quantity x of the nonlinear element is

sought in the form

X=X'O±Asln, +=2t.

The nonlinear function F(x, px) will in this case be a periodic func-

tion of the argument * with a steady component F0.

If we confine ourselves to the calculation of the first harmonic

of the Fourier expansion of the periodic function F(x0 + A sin *), then

the nonlinear function F(x, px) will be replaced in the method of har-

monic linearization by the following relation:

F(x, px) P (A, 2, xO) d- [q (A, R, x) _- qA, ,2 p](x x); (5.81)

the steady component F0 and the coefficients _ and _' are calculated

by the formulas (5.4):

F1 (A, 9, F°) =(x+ A sin,, A2cos)dd,

27c (5.82)

q(A, 2 xO)_ F(x-+Asin, AQcos)sin +dt, (5.83)

q(A, 2, xO) F(x' + A sin +, A2 cos q) cosd (5.84)

If the nonlinear function is independent of the rate of change

of the input quantity, then the formula (5.81) for harmonic lineariz-

ation assumes the form

F(x) = P(A, x') +[q (A, to)+ q(A x0) P] (xx),(.5x')+ (5.85)

wnere
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2x
q(A, xO)= ' F(xO+ A sn )sI+d, (5.87)

2snA (5.87)
q'(A. xO)-= F (x + A sinq cos Jd+. (5.88)

We can linearize analogously the nonlinear functions that depend

on the acceleration of the input, as well as nonlinearities which con-

tain as arguments of the nonlinear function both the input and the out-

put quantities (linearities of the second class), as well as for other

cases. This will be illustrated by means of specific examples in the

next chapter.

Let us calculate the values of F0 , q, and q' for frequently en-

countered nonlinear functions, so as to simplify the investigation of

nonlinear systems by the method of harmonic linearization under asym-

metrical oscillations.

Relay characteristic of the general type. A relay characteristic

of the general type for asymmetrical oscillations of the input x is

shown in Fig. 5.16a. Here m is any fractional number in the interval

-1< m < 1. Let us find the constant component and the coefficients

of harmonic linearization subject tothe condition A > b + 1x0 l. Cal-

culating the values of F 0 q, and q' in accordance with the form of

the function F(x + A sin *), which is represented in Fig. 5.16b, we

obtain

(A, X) F (x$ + A sil +) d- d- d+)=

- ' ( ,-- t ) +

With allowance for the values of the corresponding angles we

have

- 484-



b_ c b+x* b - xFG0 A, x 0 )-0 yarcsin -A -aci

+ mrsn .. b+x* nb X''
arcsi A -arcsn ) LorA b ,x*. (5.89)IA

We furthermore obtain for q(A,x O )

_-( S +d+- si +d+

Cos , + cos ,, + cos cos a.

Taking into account the values of the angles *I'''" *4' we ob-

tain:

q(Ax)A + A (5.90)

Finally, we have for q'(A, x0 ):

q(AhO)=- F(x*+A sln+)cosfd, mu

" cos + d 5 cos +d+) = sin -sin -+ sin &- sin , ,.

Allowing for the corresponding sines we obtain
i 2cb.l

q'(A)=- A;t -- n) for A~b+JxlO. (5.91)

Relay characteristic with shifted hysteresis loop. Steady compon-

ent and the coefficients of harmonic linearization for a relay charac-

teristic with shifted hysteresis loop (Fig. 3.2a) are obtained for the

coefficient of the relay characteristic of the general type. Taking R in

(5.89), (5.90) and (5.91) with the minus sign, we obtain
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aresin A arcsin - arcsiln 1 -1

+ arcsin Ab+)ifor AbII,(5.92)

q (A, xO) ( j/7-b+xc fb - xOb--)' +

As, or A ,oi. +O)1 (5.93)

q'(A=--2- ( -+) for A>b+lxol. (5.94)

Relay characteristic with hysteresis loop. Recognizing that a re-

lay characteristic with a hysteresis loop (Fig. 5.16c) is a particular

case of the relay characteristic of the general type with m = -1, we

obtain from (5.89), (5.90), and (5.91):

q(A, xO) c_ - arcs ji y - forrAeb+lx° I  (5.95)

¢(4= 4co

( - A- for A )b+IxI. (5.97')

q ~ ~g (A,.01(596

nA- +8 -A

La b-/

H "A

Fig. 5.16.
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Relay characteristic with hysteresis loop of variable width. For

a relay characteristic with a hysteresis loop of variable width (Fig.

5.16d), it is necessary to bear in mind that it shifts together with

the center of the oscillations, and that the oscillation amplitude is

equal to half the width of the loop. To get the values of the steady

component and of the harmonic linearization coefficients of a nonlinear

characteristic of the type shown in Fig. 5.16d by using the formulas

for the preceding characteristic, we must bear in mind that when the

center of oscillations is shifted (Fig. 5.16c), the segments of the

characteristic b + x0 and b - x0 are converted into segments equal to

the amplitude A (Fig. 5.16d). Replacing b + x0 and b - x0 in formulas

(5.95) and (5.96) by the value of A and replacing in Formula (5.97)

2b by the quantity 2A, we obtain

FO(A, X)=0, q(A. x°)-o, (5.98)

As can be seenfrom (5.98), if the input to the nonlinear ele-

ment has a sinusoidal variation we obtain for the given characteris-

tic an output that varies as the negative cosine. Consequently, the

characteristic given here produces in oscillatory processes an effect

equivalent to that of an integrating element, giving rise to a phase

lag of the output quantity relative to the input by an angle B = -7/2.

Relay characteristic with backlash zone. A relay characteristic

with a backlash zone (Fig. 3.2d) must be regarded as a particular case

of the general-type relay characteristic with m = 1. We then obtain

from (5.89) - (5.91) the values of the steady component and the har-

monic-linearization coefficients:

P~~ (A, b+ acsn 4:x*-arcsin b x-f o A b +LI
A Ar (5.99)
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q(A, (x)------{/ + °(5.100)
for A >...,i x0 i,Sq'(z)=0. (5.100)

Ideal relay characteristic. For an ideal relay characteristic

(Fig. 3.2e) we obtain by putting b = 0 in (5.99) and (5.100):
FI(A, ^°= 2- arcshn xQ o A -xj

,0 A 52 - fo' a~Jx~j, (5.101)

q '( A Aii' - forA IxI, q'(A)-=O. (5.102)

Asymmetrical relay characteristics. So far we have considered

symmetrical relay characteristics. These were obtained as the result

of operation of a relay element, used to turn on or switch over the

element immediately following it. Sometimes a relay element is used

in a system to turn on or off an element following it in the system.

In this case all the previously given relay characteristics will be

asymmetrical with respect to the origin. Let us calculate the coeffic-

ients of harmonic linearization for asymmetrical relay characteristics.

Asymmetrical relay characteristic of the general type. The asym-

metrical relay characteristic of the general type for a harmonic var-

iation of the input x with a biased center of oscillation is shown in

Fig. 5.17a. Such will be the variation of the voltage on a load control-

led by a polarized relay by means of the control current, if the relay

applies full voltage to the load when it operates and turns off the

voltage when it drops out.

Calculating the dc component and the harmonic linearization co-

effiaients by means of formulas (5.86) and (5.88), we obtain
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( . F(x 0 + A sill ,)d,= d - + ,1..( I,
°  = ii

After substituting the values of the corresponding angles we

have*

F'(A csl + arcsn mb-+ (5. 0)

for A:zIb-xOl, AxI xO - mbI.

Furthermore

q (A, x°)---  F(xO.+ A sn ) sin +d+=

Cos ' e -(Cos + cos

or, with account of the values of the angles * and *2

q ~~~(A, x9) _ # - o,+ I (b -,tx)

for Ab-xOl, A>IxO-nbj. (5.104)

Finally,

q'(A, x°)= F +A sin

s-in- i V 1, C (sin S i sl

or, with account of the values of the corresponding sines

q'() = - c& (I - a)
q' (A)=--i- (5.105)

for A lb-xOI, A>-IxG-mbi.

Asymmetrical relay characteristic with shifted hysteresis loop

(Fig. 5.17c). Such a characteristic describes, for example, the vari-

ation of the voltage on a load controlled by a polarized three-position

relay, operating so as to turn the load on and off.
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b-

, ~~To determine the dc Fig.nen 5.17 hrol lnaiato o

efficient of this characteristic, it is necessaryj to use a minus sign

in front of m in Formulas (5.103) and (5.105). We then obtain

F0 A -acl A - -arcsln -) (5.106)
for A> Ib-xI, A Ix+.mbI,

. , ' :-, ;(5.107')
for A> lb-xI, A>Ix°+mb,lcb

for A> Ib-.,l A> Ix'-,,bl. (5.108)

Asymmetrical relay characteristic with hysteresis loop. A relay

characteristic with hysteresis loop (Fig. 5.17d) will represent, for

example, the dependence of the voltage on a load controlled by a two-

'C position polarized relay on the control current if the relay is used

for on-and-off operations.

Setting in Formulas (5.103) - (5.105) the value m = -1, we get
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expressions for the dc component and for the harmonic linearization

coefficients:

F*(A, x°)- A arcsln !± 4-arcsln (5.109)
2 /7 A A-

for A b+jxIj,

A - As, (5.110)
for A b+ x"l,

2cb
q(A)=--A- for A>_b+xI. (5.111)

Asymmetrical relay characteristic with hysteresis loop of variable

width. For an asymmetrical relay characteristic with variable-width

hysteresis (Fig. 5.17e) we replace in (5.109) and (5.110) b + x0 and

b - x0 by the value of A, in accordance with the replacement of the

segments b + x and b - x by A on going over from the characteristic

shown in Fig. 5.17d to the characteristic of 5.17e; furthermore we re-

place 2b in (5.111) by 2A; we then obtain:

_noA (5.112)F°A x)2 q(A, x')=O; '(A)=-(5112

Asymmetrical relay characteristic with backlash zone. By regard-

ing the asymmetrical relay characteristic with backlash zone (Fig. 5.17f)

as a particular case of an asymmetrical relay characteris ±c of the

general type with m = 1, we obtain from (5.103) - (5.105) the values of

the steady component and of the harmonic linearization coefficients:

FO(A, xG)= -- , arcsil, for 81, (5.113)
q (A, x')=.,, ]/f! A for A> l-,-xe!,

(A) =o0.J (5.1141)

Asymmetrical ideal relay characteristic. An asymmetrical ideal re-

lay characteristic (Fig. 5.17g) can be regarded as a particular case

of the preceding characteristic with b = 0. We then obtain from (5.113)

and (5.114) the values of F0 and q:
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F0(A, xO) - rcshv for A lx,5

q(A,0 2 ~ffor A,: j,
(5.116)q(A) =0.

§5.7. HARMONIC LINEARIZATION OF PIECEWISE-LINEAR SINGLE-VALUED AND

LOOP-TYPE CHARACTERISTICS

In the present section we consider nonlinear characteristics

of the saturation type, characteristics with a backlash zone, char-

acteristics with variable gain, with hysteresis and saturation, and

also with play (clearance).

Nonlinear characteristics with backlash zone and saturation. A

nonlinear characteristic with backlash and saturation, with asymmet-

rical oscillations of the input to the nonlinear element is shown in

Fig. 5.18a. The coefficient q'(A) is equal to zero in this case, since

the characteristic is single-valued.

Let us determine the values of the dc component F (A, xO ) and of

the harmonic-linearization coefficient q(A, x0 ) in accordance with the

form of the function F(x0 + A sin *) shown in Fig. 5.18b.

0 0
1? For the dc component F (A, xO ) we have:

2x

FO(A, x-- S F(x$+ A sin d- 12k [A sin-
0 +t

-(b,- x)] d,'- + c df- -2k [A sin,- (p -[ x)] dqi -Cd}.

Carrying out the integration and taking into account the values of

the corresponding angles, we obtain:

(42
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F0 (A, x) (b-(F ,-x°)' (b-)'-A +

As As

! 1: . b, .-7- , ,-
A'(b )- ;-(i- x°)  " Acsi aresin Jr"

+ k ( , xo)(rcsin ,+ + -arcs'i bIO)+ (5.117)
A A

arsin -- arcsln A)
fo A bA+IxO.

For the coefficient q(A, xO ) we have

q(A, ')- 'F(x*+ A si. ) sl. Odo?=

2k A sin -(b, + x[)A sin d+ + c )sin O? sdn'?- l.

Carrying out the integration and taking into account the values of

the corresponding angles we obtain

q(A, x)= - arcsin arcshi - X9 + arcsin b, "'A

arcsn b,+xb( --x)' b2-x (

b, +xO 01 + " xO, ,+" x' )++4A if A- A A

(b- x) A ( 1

f Oif A
-.;.b,+xo( 1, ,J+,' fi J 'Lti-)+

for' A~l,--jxo[.

Nonlinear characteristic with backlash zone without saturation

(Fig. 5.18c). The corresponding periodic function F(x0 + A sin *)

for the given characteristic is shown in Fig. 5.18d.
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.. a) b)

F -,=.,-
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Fig. 5.18.

Carrying out the calculations for the do component we obtain
2x

Fo (A, o)= F (x r+ A sn +d+=

2r [As~n -(b -xO)]d+ - kAs4 -(~x~)+

which yelds after sub~sttuton of the values of the correspond:ing

angles

FO (A' xO) = IA (b - xo)'  - (b + x*),

..r/x Wt I - -A2 ir-- '. _)+
+x+[baci -x-arcn, (5.xl9

A A

.f or A [-I n)l.
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Calculating the coefficient q(A, x0 ) we obtainlit I kAs"- qi'

q(A, xu)=-'A h F(xO+A sin+*) sn d { sin

-(b -- x)] sin 9 d+ + k [A sin ? -(b + x0)] sin d}-

[(sin 2;1 + sin 21 - [(b - xO) cos +1 +
"-- (b -[ x0) cos 9,],

which yields after allowing for the values of the angles

q (A, x0 ) == k- k. (arsin b - X0 + arcsin b + (5.120X0 9 A (b+ XT(5.120)

-A As A_-

+ x0 ', _ + x0
forAu >b+ la xs.

Nonlinear characteristic without backlash zone with saturation.

For a nonlinear characteristic without backlash zone and with satur-

ation (Fig. 3.5e) with asymmetrical oscillations, it is necessary to

put in (5.117) and (5.118) bI = 0, b2 = b, c = kb. We then obtain

the following values for the dc component F0 and the coefficient of

harmonic linearization q:

+(b- x1)arcsln b+x' -(b-.0x)arcsln k2Z. I .j

for. A > b + I x 1;

q(A, x0) -" (arcsin b- + arcsin L+-A- +

+ .-x b- j.A + ( 1/ ,1 (6-T.,.),, (5.122)

for A. b-x".

Let us illustrate with this nonlinear characteristic as an ex-

ample the plots of FO/b = f(xO/b) with A/b = const and q = f(A/b)

with x0/b = const, calculated with the aid of Formulas (5.121) and

c(5.122), and shown in Figs. 5.19a and b.
It is seen from the plots of FO/b = f(xO/b) (Fig. 5.19a) that in

the presence of oscillations of the input to the nonlinear element,
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Fig. 5.19.

its static characteristic for a slowly varying function (bias func-

tion) becomes smoothed, and an increase in the amplitude of the oscil-

lations of the input leads to a decrease in the gain of the nonlinear

element with respect to the constant or slowly varying input signal.

The plots of q(A) = fl(A/b) (Fig. 5.19b) characterize the pass-

age of the oscillatory component through the nonlinear element, as a

function of the amplitude at the input and of the bias of the center

of oscillations. We see that an increase in the bias leads to a de-

crease in the gain for the oscillatory component.

Nonlinear characteristic with variable gain. A nonlinear 
charac-

teristic with variable gain, for asymmetrical oscillations 
of the in-

put to the nonlinear element, is shown in Fig. 5.20a. Since the
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Fig. 5.20

characteristic is single-valued, the coefficient q(A) = 0. Let us

calculate the values FO(A, xO ) and q(A, xO)in accordance with the

values of the function F(x O + A sin *) shown in Fig. 5.20b.

For the dc component FO(A, xO ) we have

FO(A, xO)= F (x+A sin 'di {2 k,(xO+A sln'+)d+! 1 2

00+ 2_ klb d -J 2 5kd[A sin4/--(bx)d4+2 lka (x -A sin t/)dti--

S 2

-2 k1bd -2 1 kg[A sin-(b + x6)]d+1

Carrying out the integration and substituting the values of the cor-

responding angles we obtain

FO(A, x)-=ktxO + -k-[A --A( -Ao - ji(b +x)

+ (b- x)arcsin +( .)aci
A +(~)aci A. 513for A:--b+lx'l.
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For the coefficient q(A, x0 ) we have

2x

q (A, xo)= - F(x+A sln+)sin id 1 (2 kl(xO+Asin4)X

X sin + d+ + 2,klb sin , d+ + 2 , k, [A sin +, - (b xl)] sin + -

- 2 kt(x -A sin +) sin +d + +2 k (A sin i- x) sin + db +

+2b
+2 sn .b-dt+2 fk[A sln [ -(b+xO)] sln pdqI}.

Carrying out the integration and substituting the values of the cor-

responding angles, we obtain

q (A, xo)'= -' k' - Vk' -(b - {-X)
q(, A' + (5.124)

(b -F)x1) ( +x)±A (arcsin +csnbx1
for A:b+IxIl.

Nonlinear characteristic with hystereti loop axid saturation.

A nonlinear characteristic with hysteresis loop and saturation, for

asymmetrical oscillations of the input to the nonlinear element, is

shown in Fig. 5.21a. Let us calculate the values of the dc component

F0(A, x0 ) and of the coefficients q(A, x0 ) and qt(A) by means of Form-

ulas (5.86) - (5.88) in accordance with the form of the function
F(x 0 + A sin *) (Fig. 5.21b).

For the de component FO(A, xO ) we have, in accordance with (5.86),

2%

[ 'k(x' ±A sit b)d+ c

k- kI(x _ - b)d( ,+ ,.+(X o'+ b) ( j -- +,)- (

+ 9) kA (cos ' - cos - cos tl,-F cos
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Fig. 5.21.

Substituting the values of the corresponding angles (Fig. 5.21b) we

obtain

F°(A,~ [(x°)---cln ."---acIn-----a )-- (x -b)X

b I- ' ax 01b 1 x

±:-L I¢'"b -XAarcsln -tf- x arcsin -arc x) (5.1]25)

alf2~ 1  A 40 =are$"

VC

VI (.+ .)'j/ for A ,2+ ix. i

For the coefficient q(A, x0 ) we have in accord with (5.87)

+ csind'+ k (xA sln,+0sin .d,-

- 499 -



- c sin d++ 2' k(x'+Asinh+-b)sin +d+'

---- +-[x°  b) (COS ,--COS )- (X8 - (COS -COS ~

+- - (cos +- cos + - cos + cos +C ) +

q -( +
~  ~

,t3 
+ ?4- F sin 21, - sin 2+2i -4} sin 2ts

q 22
- Sill

Substituting the values of the corresponding angles (Fig. 5.21b) we

obtain

q(A, ~ ~ ~ ~ A _O V -[x )(}'T.~O* / 1 , X)I

Sarcsin (b, - x0)
As

-- (b, (x. 126)
W I' ___b__x

+ At + As -'

- (b 'q s,,d, + xG(xf + ,k asin , -xs b)s x# l

+ * _A3 2- A rsn A 5 1 6

b, +xO bx x07x(b
+ arcsn -A + arcsin A (' AL

-- b, (s- , n - n +x (b, +

bi+ x8 fOr A b, + x . )

For the coefficient q o(A) we have in accord with (5.88)

obtain sin d)-= foS Ad-+[(x.+A (5.1 )

Noninar Facrico si k leara n or + A sn the

Xco L c + S ccoId- 5+ k(xO o+Asin - b)COS dl .

-A[(xl - b) (sin +1 + sin +3) + (XI + b) (Sin j -sin ~~
e sin si sin ji+ sin 'O+

+2n(-sin' q+1 + sin' ~,-sin' +D - sin'
Substituting the values of the corresponding angles (Fig. 5.21b) we

obtai = _biAc for A -b,+xI. (5.127)

Nonlinear characteristic of the clearance or play type. In the
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case of asymmetrical oscillations, a nonlinear characteristic of the

clearance or play type (Fig. 5.21c) is shifted along the central
i line so that its previous center 0 goes over into position 0'. The

steady component of the function F(x) is determined in this case by

the relation

The variation of the oscillatory component of the function F(x0 + A

sin *) relative to the new center of oscillations is independent of
0

the value of the bias x and will proceed as if this bias were non-

existent. Thus, for example, a gear pair with play will transmit mo-

tion with the same gear ratio no matter what the angle of rotation

of the driving gear. In the case of oscillations in a kinematic trans-

mission including this pair of gears, the play will manifest itself

to an equal degree for all angles of rotation.

Consequently we shall have for the harmonic-linearization coef-

ficients of a characteristic of the play or clearance type, in the

case of a center of oscillation shifted relative to the origin, the

same formulas (3.28) and (3.29) as for the case of symmetrical oscil-

lations : q (A) + arcsin (I -- )2-b-

+2 (1--ib1~1~)fr~ (5b8

4()-k -±-~ for (5.129)
) - OA)
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§ 5.8. HARMONIC LINEARIZATION OF POWER-LAW NONLINEAR CHARACTERISTICS

Power-law nonlinear characteristics of the form F(x) = kxn with

integral and odd, or F(x) = kxn sign x with n integral and even,

are shown for the case of asymmetrical oscillations of the input to

the nonlinear element in the form of the plot of Fig. 5.22a. The

periodic function F(x0 + A sin *) of the argument O = Gt is shown for

this case in Fig. 5.22b.

Since power-law characteristics are single-valued, we have q'(A)

0 for all values of n. When n = 1 we obtain a linear characteristic.
Im

Let us calculate the values of the dc component F0 (A, xO ) and

the coefficient q(A, x0 ) of symmetrical and asymmetrical (with a single

branch) power-law characteristics under asymmetrical oscillations of

the input to the nonlinear element, for n = 2 and n = 3.

Power-law symmetrical characteristic F(x) = kx2 sign x. For the

dc component F0 (A, xO) we obtain in accordance with (5.86) and Fig.

5.22b:

2x

F (A,. x)-- F (x' + A sin +) d+-

1 (x- +A sin ,)' d+- (xo+-A sin +)d

= {t2 (xl)" + Ail +1 - A- s, 2+, + 4xA cos

Taking into account the value *1 = arc sin x0/A, we obtain
2k -1 _( 6)1l

F" (.l, x0) {[(xt + A] arcsln , (5.30)

For the coefficient q(A, x0 ) we obtain in accordance with (5.87)

and Fig. 5.22b:

5
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V x F (xO +A sin) sinl+d.I

- [ (xO) cos +1 + 4 O ~ 
'c s

Taking into account the value =arc sin xO/A, we obtain

q A O)~{~arcsin x!~i'~' (5.131)

Powezi-curve symmnetrical characterisitic F(x) =kx. For the dc
0 0component F (A, x ) we obtain in accordance with (5.86) and Fig. 5.22b:

Integrating, we get

j.O(. xo).=k [(XO)3 + .4XOAt] (5.132)

For the coefficient q(A, xO) we obtain in accordance with (5.87)

and Fig. 5.22b

q (A, x)+~(xO +A slit ) d ' (x+ sA 'snqdp

Integrating, we get

q (A, X') =3k [(xOr +~I (5.133)

Asymimetrical power-law characteristic F(x) =kx .lI(x)*. An asym-

(metrical power-law characteristic F(x) =kx
2 .1I(x) is shown in Fig.
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Fig. 5.22

For the dc component FO(A, x0) we obtain in accordance with (5.86)

and the value of the function F(x0 + A sin *)
2w

FO (A, xe)= F(xe-- A sin )d+= A (xe-- A sin +)'d+=

24

= {[(x.), + + + .0A cos sil 2+

Taking into account the values of = arc sin xO/A, we get

For the coefficient q(A, xO) we obtain in accordance with (5.87)

and the value of the function F(x0 + A sin *)
2x

q (A, 0  F(x + A slit ) sin d ,. i=
it + 4,1S(xO+A slit +Y)sin + dI [xrA-+ 2 (xOA' cos +,].

+ 2xA~t - xOA sin 2+1 + 2A' cos 2 A' cos3

0
Taking into account the value of = arcsin x /A, we get

= 5o4 -



-,) ={X0 +arcsin X .L- +J }. v-r]- .' (5.135)Asmmteic owe-law A ha + ' x)" - he ym

Asyimeterical power-law characteristic F(x) = kx3 .1(x). The asym-
metrical power-law characteristic F(x) = kxS~~) uta h hr

acteristic F(x) = kx2.1(x), has a single branch (Fig. 5.22c).

For the dc component FO(A, xO ) we obtain in accordance with

(5.86) and the value of the function F(x0 + A sin @)

i Taking into account the value *.I = arcsin x0/A, we obtain
F" (A, xt  2(x+ xA J sin + d Arsn)

-t[[ + A + 31o 1 /,- }. (3

For the coefficient q(A, x0 ) we obtain in accordance with (5.87) and
the value of the function F(x0 + A sin w)

,(, -)=F ' <o(x+A ,,, <'),n+, ,dc= (x+

-4- .,,s, 4 ,, in,, d =- {{[ (xotA.,+ As] (- + ,)+
+ j2 (.x°)' + 6.x"AJ cos , -[ ' ± 0, + Al si '" +-

T ~~ A (-16

A- 2x.- Cos' t -I- j A siA 4 T .

Taking into account the value of i = arcain xO/A and carrying out the

transformations, we obtain

q(A, v-).= [ x ' - At]( -.±,,<,,, ,)+ (5.137)

(..I,~I- X41 Fx+Asin x A s-L (xs +
"'A4 ) %A - ' - ( ' '

2x"AcoO j +" A sJn4+
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Fig- 5.23.

§5.9. HARMONIC LINEARIZATION OF ASYMMETRICAL PIECEWISE-LINEAR
CHARACTERISTICS

The asymmetrical piecewise-linear characteristics shown in Fig.

5.23 are frequently encounteted in nonlinear problems when account

is taken of the force of reaction of contact springs or other elas-

tic elements. In addition, such characteristics are conveniently used

to approximate curvilinear asymmetrical characteristics.

Owing to the asymmetry of the indicated characteristics, the os-

cillatory motion in a system that has elements with such characteris-

tics will be asymmetrical even in the absence of an external signal

input to the system. Harmonic linearization of such characteristics

must be carried out for the asymmetrical oscillations.

The characteristics shown in Fig. 5.23 are single-valued, and

therefore the coefficient of harmonic linearization q'(A) will vanish.

Let us calculate the values of the dc component F0 (A, x0 ) and of the

coefficient q(A, x0 ) for piecewise-linear characteristics.

Characteristics of the type of bilateral reaction of an elastic

element with different stiffness. A characteristic of the type of
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bilateral reaction of an elastic element with different stiffness, in

response to asymmetrical oscillations of the input x to the nonlinear

element is shown in Fig. 5.23a. The periodic function F(x0 + A sin *)

of the argument * is shown in Fig. 5.23b.

For the dc F0 (A, x0) we obtain in accordance with (5.86) and Fig.

5.23b

P",(A, XO)= 2S F(XO+A sin +)d=[k(X+ sI )ds

+ " k(xO+A sih *' d*jk-- x + (x'0 s, +A cos
s-F., 2

Taking into account the value of *1 = arcsin x0/A, we obtain

1""(XA, xO) -- ± - . xarcsln + A I - ').

For the coefficient q(A, xO ) we obtain in accordance with (5.87)

and Fig. 5.23b

nq(A, x)= 1 F(x*+A sin i) d t(XI'+

+ A sin sin d I+ ki(x*+A sin 4)sin d+1

k' K +k 'k2x* cos + Asn21
2 %:A(-- p,--sn2s)

Taking into account the value of *1 = arcsin x0/A, we obtain

((A, xo) k++ i arcsin + e 'It (5.139)

Characteristics of the type of unilateral reaction of an elastic

element. Characteristics of the type of unilateral reaction of an elas-

tic element are shown in Pigs. 5.23c and d. Such characteristics cor-

respond, for example, to the dependence of the force of reaction of a

stationary relay contact to the moving contact on the displacement of

the latter.
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For the characteristic of Fig. 5.23c we obtain from (5.138) and

(5.139) with k, = k and k 2 = 0 the following values for the dc compon-

ent and the coefficient of harmonic linearization:

(X
F(A. x1)- Ax- a (5.141)

2 A xf x)

For the characteristic of Fig. 5.23d we obtain, putting kI = 0

ad k 2 = k in (5.138) and (5.139)

(5.142)
(A, XG)= _ xO arcsin A' (5A.142)-

q(A, x)==k--karcsiI-+!!jfI l 5.143

Let us determine also the coefficients of harmonic linearization

of other nonlinear functions, encountered in the examples of the non-

linear systems investigated in Chapter 6.

Let us denote the asymmetrical ideal relay characteristic by Fl(x)

and the characteristic of theunilateral reaction of an elastic element

F2 (x) (Figs. 5.24a and b).

The nonlinear function F(x, px) = Fl(x)px. Seeking a solution

for x in the form

x=x9+Asin i, +=Qt, (5.144)

we have

px=AQ cos

and consequently

F, (x)px = P, (xO + A slit A cos.

Calculating the dc component F 0(A, Q, x0), we obtain
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2x

F(A, 0, x) . ,(xO+ Asln+)AQcosqd+_=

c d,. rt =.-f sin + sin +j)=0.

For the coefficient q we have
,2x

q(A, Q, xO) + A sin A cos tsin +d+

2n sin 2,j~d' = . ( cos 2,?, + cos 2+) =0.

A 1

The coefficient q' is

q(A, L" Xe) 2x F(XI + Asin AQcos + cos+d=

Carrying out the integration and taking into account the value of *1

we obtain

q'(A, 2, xO) (+ arcsn + L" I4

The nonlinear function Fl(x)p2x. In accordance with (5.144) we

have

p'x -=-A' sin,

consequently
F, (x)p'x - F, (x. + A sin ) AQ' sin .

Let us calculate the values of the dc component F0 and of the co-

efficients q and q'. For F 0 we get

2x

O F(A, 2, x) F (x0 + A sin ) A ' sin d -.

x +,
- 9sin -
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Carrying out the integration and taking into account the value of V

Iwe obtain

FO (A, 9, x ) OA" - (___, l -w .1

For q(A, Q, xO ) we get

2x

q(A, 2, xo)= - A FI(XO+A sin )A21 sin sin dd

39 sint d .

Carrying out the integration and taking into account the value of 7'

we obtain

q (A, Q, o)= ,- t + a V '(5.147)

AA

For q'(A, Q. xc0 we have

21C
q'(A, 2, x°)=~-=A F(xO+A sin +)A2' sin tcostd+;=

sin 2 dq,-=O.

The nonlinear function Fl(X)p3 x. In accordance with (5.144) we

have
,9x- AS13 cos

and consequently

F1 (x)p'x =- F, (x' + A sin i) AR3 cos

Let us calculate the values of F 0 , q and q'. For F0 we obtain

2x

FO(A, 2,)-. ioF, (xo+A sin ,)A2 cos d+-

t -- cA "+4',
2: cos t dq = O.
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For q(A, Q, xO ) we obtain
2x

q(A, Q, x6= F, (xO + A sin ) A' cos sind

- sin 2+ d+==O.

For the coefficient qt(A, 2, x0 ) we have

2x

q'(A, 2, X2 ) Fs (xO-+Asin)A.2. cos cos d+

__ .o, , cos'+d ,?.

Carrying out the integration and taking into account the value of

we obtain
Sq'(A, Q, xO) arcsi -, '+ 1

A As *A' (5.148)

The nonlinear function F(x, px) =[dF2(x)/dx]Px in the case of

a nonlinear function F2 (x) of the form of unilateral reaction of an

elastic element, F3 (x) = dF2 (x)/dx is represented in the form of an

asymmetrical relay characteristic (Fig. 5.24b). In accordance with

(5.144) we have

px= AL cos +

and consequently

F(x)px= 3 (x-.A sin ')Ae cos?.

Let us caluclate the values of F0 , q, and q'. For F0. we obtain

2x

FO (A, 2a, x F3 (xv+ Asini ) A2 cos +d

2 z -4, cos d -o.

For the coefficient q(A, i, xO ) we obtain
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b,,
q4A,, - s( z+A sA o Qsn +

- ol " d+,= ar0.k#

For cf.(

2x

q(A --x) ' 3( x' sin +) A o s.osd

c -

1. Carrying out the integration and taking into account the value of i

we obtain
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q'X (A, a,.,SI
n (2~.ars A-- A'' (5.149)it

Manu- [Footnotes]
script
Page
No.

443 See specific formulas for various nonlinearities in §5.6 and
beyond.

454 The problem can also be solved directly without resorting
to formulas of the general type, as was done in §1.6.

456 The frequency is independent of the magnitude of the ex-
ternal action only in the first approximation considered
here. When the second harmonic of the oscillations is taken
into account, a dependence of the frequency on the exter-
nal action is observed (see §8.6).

473 The index "i" is used here so as not to confuse Fi with the

main symbol F used in the present book for the nonlinear-
ities.

475 Strictly speaking, self-oscillations occur in the entire
system, but in practice their amplitude is negligible be-
yond the limits of the internal loop. In this sense, one
can speak of an equilibrium state of the system as a whole,
defined by means of an equation such as that of (5.6) or
(5.71).

477 For more details concerning this see Chapter 9.

489 The same formulas as given here for F0 , q, and q' will hold
true also for oscillations on one general type relay contact
(Fig. 5.16a) with addition only of a third condition a.

503 By 1(x) we designate the step function, with value 1 when
x > 0 and 0 when x < 0.

Manu- [List of Transliterated Symbols]
script
Page
No.

454 O.c = 0.s = obratnaya svyaz' = feedback

454 CT = st = staticheskiy = static
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Manu-
script [List of Transliterated Symbols (continued)]
Page
No.

466 H = nelineyflyy = nonlinear

456 c = s = sistema = system

480 giofl dop =dopustimyy =permissible
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Chapter 6

SELF-OSCILLATIONS AND STABILITY OF AUTOMATIC SYSTEMS

FOR NONSYMMETRICAL NONLINEARITIES AND IN THE

CASE OF AN EXTERNAL DISTURBANCE

§6.1. Analysis of Nonsymmetrical Self-Oscillations

In Chapter 4 we considered the analysis of nonlinear automatic

systems forthe case of the symmetry of the static characteristics of

nonlinear links and the absence of any external disturbance acting on

the system. In this qase the self-oscillations, if they developed in

the system, were symmetrical with respect to the equilibrium state,

i.e., there was no constant component in any of the periodically vary-

ing variables. The condition for the absence of the constant compon-

ent 2*

2 PF(Asnt, AQcosd--O

may be violated only if the characteristic of the nonlinear link is

nonsymmetrical with respect to the origin, or when a slowly varying

external distrubance is applied to the system for any form of the

nonlinear characteristics. By slow variation of the external distur-

bance we mean here a variation which in practice is imperceptible

over one self-oscillation period of the system. In the present chap-

ter, however, we shall not consider the problem of allowing for per-

iodic external disturbances with frequencies close to the natural

(frequency of the system. This is left for a special chapter devoted

to forced oscillations in nonlinear systems.
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The disruption of the oscillation symmetry in the system in the

presence of nonsymmetrical characteristics in the nonlinear links

may be explained as follows. Let us assume that self-oscillations a-

rise in the system (Fig. 6.1a) and that here the angular coordinate

of some system element (the shaft V with the lever R) undergoes sym-

metrical oscillations having an amplitude A (Fig. 6.1c) relative to

the equilibrium position 001. In what follows we shall refer to the

equilibrium position as the center of oscillation. Let us now intro-

duce an elastic arresting device (Fig. 6.1b) into this same system on

one side. The reaction moment of the arresting device will be applied

to the shaft, and may be allowed for in the form of the static non-

symmetrical characteristic shown in Fig. 6.1e. The shaft oscillations

are deformed because of the unidirectional reaction of the arresting

device, and the center of oscillation occupies the new position 002

(Fig. 6.1d).

a, 14 b Yp

~I'

!ii 0

0 9i

( -Fig. 6.1. 1) Arresting device.
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Relative to the previous equilibrium state, the oscillations may now be

considered in approximation as consisting of a constant component 0 and

a periodic component q* = A sin nt (Fig. 6.1d). In the present case

the value of the arrester's reaction moment is not an explicit func-

tion of time, but is determined by the coordinate T.

Let us assume that in this same system the arresting device is

slowly displaced, together with its base, toward the left according

to some relationship s(t). Then an arresting device reaction moment

which is an explicit function of time will act upon the shaft. In

this case it is impossible to make allowance for it in the form of a

single static characteristic; rather we must further introduce into

consideration an external disturbance which is applied to the system

and varies slowly over time. It is clear that deformation of the os-

cillation will also take place in this case. In contrast to the case

of a simple nonsymmetrical nonlinearity, the frequency, amplitude and

displacement of the center of oscillation are now functions not only

of the system parameters, but also of time (Fig. 6.1f).

For the case where external disturbances are allowed for, analy-

sis of the self-oscillations presents a more complete problem, since

allowance for the nonsymmetry of the static charateristics of the non-

linear links is essentially equivalent to the case where a constant

external disturbance is applied. Therefore let us consider the problem

of analysis of nonlinear automatic systems in the presence of external

disturbances that are functions of time, and do so for arbitrary form

of the static characteristics of the nonlinear links.

Let us assume that a slowly varying external (perturbing or set-

ting) disturbance f(t) is introduced at some point of the system (Fig.

6.2); here the equation of the linear part of the system has the form

Q(P)x- (Px,-+-s( f(W. (6.1)
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This is very often the case in self-oscillatory servosystems (and pro-

grammed control systems), when f(t) denotes an external setting dis-
U

turbance at the input of the system, and also in integrators and other

computing devices operating in a self-oscillatory mode, where f(t) de-

notes the function being integrated or another

/kiia -- input function. This same case may also occur in
412=16ordinary control systems, where f(t) denotes an

external perturbing disturbance (a change in the

2 load, etc.).

Fig. 6.2. 1) Lin- In the general case, we shall assume that
ear part; 2) non-
linear link. the function f(t) itself and all of its deriva-

tives occurring in Equation (6.1) vary so slowly that in determining

the self-oscillations they may all be considered constant for the time

of one self-oscillation period. If the function f(t) itself is of an

oscillatory nature, then the frequency of its variation is assumed to

be many times smaller than the self-oscillation frequency of the sys-

tem in question. In a particular case, the external disturbance f(t)

may be a constant quantity:

f (t) = const

or may vary at a constant rate:

f (t) =- tCt + Ct.

A nonlinear link of a system may belong to the first or second

class, i.e., it may be described, for example, by any equation of the

form

x = l'(x,), F(.,,, x ) =c~x,, F, (&, . ,)-i- Ft(xg)cx,x -F xt £'t), x F1t, ,r(xt) =cA,'; t)

t = (x I), ) ., (') - - (x (,) ,

F (. 2, x, - ,) 0 P O , (xi) )- Fa (x, xt) = 0.

This same method may also be extended to nonlinear systems of the

third class (with several nonlinear links that are separated by lin-

ear parts). Here the nonlinear links may have both symmetrical
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and nonsymmetrical nonlinear characteristics.

the It is convenient to seek a periodic solution in harmonic form for

the variable in the nonlinearity. When both the input and the output

of the nonlinear link appear in the nonlinear function (nonlinearity

of the second class), then Just as for symmetrical characteristics,

having found the output of the nonlinear link in harmonic form, we

convert the input into the output value using the transfer function

of the linear part of the system.

Let us assume, for example, that a nonlinear function of the

first class has the form
I x,1 (x,, PX,); (6.2)

then, allowing for the equation (6.1) of the liftear part, we obtain

the equation of the system:

Q(p)x"+R(P)F(x,, px)=S(p)f(t) "  (6.3)

In contrast to the case of symmetrical nonlinearities and the ab-

sence of an external disturbance, here we seek a solution for the

variable x, (or x2 ) in harmonic form allowing for a constant component:

xj==xO+Asin , -=- t. (6.4)

Allowing for the constant component and the first haimonic of the

Fourier-series expansion for the nonlinear function, the formula for

the harmonic linearization of the nonlinearities takes the form

F(x+ A sin 1)= . (6.5)
== F0 (A, 0, x',) + tq (A, Q, xO,) + . 'Q PI(i-X.)

where F0 , q and q' are, respectively, the constant component and the

harmonic-linearization coefficients determined by Formulas (5.86) -

(5.88). The harmonic linearization is also performed analogously for

nonlinearities of other types.

( After replacing the nonlinear function in Equation (6.3) by the

linear relationship (6.5), we obtain the harmonically linearized equa-
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tion of the system:
QA + (q 4 Y- p)(x.- x'].) (), (6.6)

or, if we denote the periodic component by x1 =x 1 - x:

Allowing for the fact that S(p)f(t) is a slowly varying quantity,

we may represent Equation (6.7) in the form of two equations:

[Q(p+ Rp)(q+ p)]xO=of (6.8)
Q (P) xO, + R (p)/ =O S (p)if(t). (6.9)

Equation (6.8) describes the periodic motion of the system (if
o I 0

such is possible ) along the coordinate x* relative to XV which is

the varying position of the center of oscillation. Equation (6.9) de-

describes the motion of the center of oscillations relative to the

reference origin as a function of the external disturbance f(t). Us-

ing the substitution p = Jn, we obtain two equations from (6.8). As

a result, we have three equations:
X(A, Q, x 0)=o,
Y (A, Q, ) 0, I (6.10)

Q(p)x',+R()F'=S)f(t)

0
in the three unknowns A, 92 and xO . Equation (6.10) permits us to find

these quantities for known system parameters and a given external dis-

turbance. Here we also determine the regions of the periodic solution

and the regions where this solution is absent, depending upon the val-

ues of the parameters and the external disturbance. The stability of

the periodic solutions is determined by the methods introduced earlier.

Let us note that equations of the type of (6.10) may be obtained

from Equation (6.6) written for the variable xI without resorting to

the introduction of the auxiliary variable x*. The first and second

equations are obtained from the characteristic equation for (6.6)
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after the substitution p = Jn. The third equation of (6.10) corres-

ponds to the particular solution xi = x
0 of Equation (6.6).

t~i. 0
The quantities A, n and x are determined from Equation (6.10) in

the form of time functions for a given slowly varying external dis-

turbance f(t), as described in general form in Chapter 5. However in

many cases it is sufficient to find the self-oscillations of the sys-

tem for the case of various constant values f0 of the external disturb-

ance. Then Equations (6.10) assume the form

X(A, 2, x)=O, 
Y(A, 2o, x)=O0, (6.11)

Q () xO + R (o) Fo S ()f/,

where Q(O), R(O) and S(O) are the constant terms of the corresponding

operator polynomials. In this case the sought quantities A, Q and x0

are constant and the solution is significantly simplified.

In the case where the external disturbance is absent and we have

nonsymmetrical nonlinearities, Equation (6.11) assumes the form

X,(A, Q, x)= o,)'(A,, x")=o,/ (6.12)

Q (0) x, -I- R (0) PO o1

In the presence of nonlinearities of the second class, for exam-

ple,

IF, (px,, x2) =F(xI), (6.13)

the harmonic linearization is performed on the condition that the solu-

tion for x2 and x1 is sought in the form

xt=Aj sin 2, x, =A, sin (t+). (6.14)

Then the nonlinear equation (6.13) is replaced by the following approx-

imate equation:

L, (6.15)
(= [q,(Al,. . ]--'iA "' p]C(xx,-x + P.(A., 9, x1.).
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* 0
Denoting x2 - x0 = x2 and x - x = xI and omitting the notation

for the variables upon which the harmonic linearization coefficients

depend, we may rewrite (6.15) in the form

p + q,)x+F: = (q. + q-p): +. (6.16)

Equation (6.1) for the linear part of the system is written as
follows after the subtitution x1 = x + x and x = x + X

Q (p) x*, + Q (p) xI - R (p) x*, -- R (p) x, + s (p) (t). (6.17)

On the basis of (6.16) and 6.17), we write equations for the

constant conponents

F"== F,

Q (p)+x -- R (P) x0 S (p)f(t) (6.18)

and the equations for the periodic components:p,¢, j ,,,- *) .= (q,+ a P- , : ( .
,)x;=-R(p)x. (6.19)

For the last two equations we may write the characteristic equa-

tion Q (P) (!' p +q,)+ R (p) (q + p) ==-0.  . o

Making use of the substitution p = ja, we obtain two equations

from (6.20), to which we Join Eqs. (6.18). As a result we obtain the

four equations
,\(Aj, At, OU, x,, x.)= o,

}Y(Aj , At, S2, x,, x',)=--O,
P(A2 , 2, x')=F (A,, 2, x'), (6.21)

Q (P)x" + R(P) x. s(P)f(t)

in the five unknowns A1 , A2 , fl, x 0 and x 0. The values A1 and A2 are

connected by the quotient

A. W. U-) "j
-A I W ,(w hcre W, (jw) = 4

Thus with the use of the amplitude-frequency relationships of

the linear part, Equation (6.21) permits us to determine all five un-

knowns A2p A,, a, x 0 and x 0 as functions of the values of the system

parameters and of the external disturbance.

The problem is solved analogously for linear systems of the
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third class. In this case, in addition to the equations, we use the

amplitude and phase relationships for the linear parts separating

the nonlinearities occurring in the system.

§6.2. Errors of Self-Oscillatory Systems

The steady-state error of a system operating in a self-oscilla-

tory mode is formed nonlinearly (see Chapter 5) from the error in

the displacement of the center of oscillation and the error of the

periodic variation for the variable being considered relative to

the center of oscillation:

XyCT = Xo + X*.

For the case where symmetrical nonlinearities are present and

there is no external disturbance, there remains a steady-state error

determined by the periodic component (by the self-oscillations):

XycT = - .

In this case reduction of the steady-state error is accomplished by

choosing the system parameters from the condition for obtaining mini-

mum amplitude and maximum frequency of self-oscillations. Given pro-
.

per choice of the parameters, we may render x negligibly small in

practice, so that it does not exert any influence upon the performance

of the system. Thus, for example, the self-oscillations of the dc vol-

tage in an aircraft line about a steady-state value with a frequency

of 50 - 100 cps are governed by the operation of a vibrational con-

troller and do not in practice influence the operation of the direct

current appliances.

The error in the displacement of the center of oscillation is

analogous to the static or steady-state error of linear systems. In

Cwhat follows we shall call it the static error of the self-oscilla-
tory system. This error is almost always undesirable in control sys-
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tem.* Thus, in a vibrational voltage-control system, it causes a

O variation of the voltage by 2 - 3 v depending upon the size of the

load. Elimination of the static error in self-oscillatory systems

necessitates not only choosing the parameters rationally, but often

a modification of the system's structure or the use of special com-

pensation methods.

We call a self-oscillatory system astatic if the condition

x0 = 0

is guaranteed by its working principle with an accuracy sufficient

for practice for the quantity which is being controlled or corrected

in the case of a constant external disturbance f(t) = const =f

and static if

x0  0.

In a nonlinear system, the displacement of the center of self-

oscillations is analogous to the behavior of the equilibrium state of

a linear system. Usually the difference consists only in the presence

of the corresponding nonlinear dependences and in the fact that self-

oscillations take place about the equilibrium state. Therefore, in

order to obtain a static self-oscillatory system, we may use methods

analogous to the methods for obtaining a static linear system, al-

though other methods are also possible.

The elimination of the static error is particularly important

for automatic measuring and computing systems that operate on the

compensation principle, and whose equilibrium state is characterized

by zero values of all the variables. In this case, a static error

will lead to the instability of the system zero, and this is extremely

undesirable for computing and other precision devices.

Let us return now to the same system consisting of a linear part

and a nonlinear link (Fig. 6.2). Let us consider the case where a non-
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symmetrical nonlinearity is present in the system for the case where

there is no external disturbance. We will assume that the variable x1
is the controlled quantity. It follows from the third equation of

(6.12) that the static error of the system will be determined by the

relationship

0(6.22)

Relationship (6.22) means that the nonsymmetrical nonlinearity

for the case of an oscillatory mode leads to separation of the con-

stant component F0 from the output of the nonlinear link; this is

equivalent to a "spurious" signal. This causes a static error in the

controlled quantity, with the sign of the error opposite that of the

constant component. The magnitude of this error is proportional to

the magnitude of the constant component, with the proportionality

constant determined by the transfer ratios of the linear links.

For the static error to be equal to zero, we must satisfy one of

the two conditions F0 = 0 or R(O) = 0.

The condition F0 = 0 denotes (in the absence of a disturbance)

the reduction of the characteristic of a
1

nonlinear link-to a symmetrical or linear

.xcharacteristic. This may sometimes be ac-

2 e complished by simple design methods. Let us

assume, for example, that the contact de-

vice (Fig. 6.3a) in some nonlinear system
4

provides for control according to an ideal

relay characteristic. Owing to the engage-

Fig. 6.3. 1) Spring; 2)
false contact; 3) R; ment of the contact with the spring on the
4) l.k. element carrying the moving contact, the

element carrying the moving contact, the reaction moment Mr, which is
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a nonlinear function of the displacement p (Fig. 6.3b), will operate.

The nonlinearity in question is nonsymmetrical and, consequently, it

causes a static error in the case of a self-oscillatory mode of oper-

ation. If a "false" contact is established on the other side of the

moving contact with a spring rigidity equal to that of the operating

contact, then the reaction moment M1 .k of the false contact (Fig. 6.3b)

gives a linear characteristic in combination with the moment of the

operating contact. The system will not have a static error.

The condition R(O) = 0 signifies that the operator polynomial of

the linear part of the system should not have a constant term, i.e.,

that the operator p is taken out of the parentheses in the polynomial.

In this case the linear part must be described by an equation of the

form

Q()xt=-PR,(P)x,

or

Q1 XaR, (P) xt. (6.23)

It follows from (6.23) that elimination of the static error resulting

in a self-oscillatory system from nonsymmetry of the nonlinearity

may be brought about by introducing the integral of the controlled-

variable error into the control relationship (i.e., by the method

used in linear systems to obtain system astaticism with respect to

the external disturbance).

Let us return to the more general case where a constant external

disturbance acts upon a self-oscillatory system for any form of the

static characteristic of the nonlinear link. From the third equation

of (6.11) we have

x-, (O + oSO(? 0.(624
Q(0) (.24)

In this case the static error of the system is composed of the error
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governed by the non-symmetry of the nonlinear

characteristic and the error caused by the ex-

/7._1. ~Pee ternal disturbance. For the case of a definite

combination of nonsymmetry of the static char-

acterisitic with an external disturbance, mu-

3 tual compensation of these errors is possible:

Fig. 6.4. 1) Linear part R(01 S(O) f0

of controller; 2)0 Q() 0

controlled object; and then x1 = 0.3) nonlinear link.
Such mutual compensation is possible only

for one mode of operation, since F0 is a function of the self-oscilla-

tion amplitude and frequency.

A second possible condition for obtaining an astatic self-oscil-

latory system is

R(o)=0 andS(e)-----,

i.e., in this case the operator polynomial for the input of the lin-

ear part and the operator polynomial for the external disturbance may

not have constant terms.

Satisfaction of the second condition also involves bringing the

error integral of the controlled quantity into the control relation-

ship. Let us show this in an example. Let us assume that the non-lin-

ear system consists of a linear controlled object and a controller

having a linear part and a nonlinear link (Fig. 6.4). We write the

corresponding differential equations in general form:

for the controlled object

Q, (P) X, R - , () i + s, (P)J4 (6.25)

For the linear part of the controller

Q2 (P) (P) X, (6.26)

( and for a nonlinear link with the introduction of the input in-

tegral*
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k
Vt=F(x)-+- P x1. (6.27)

Combining (6.26) and (6.27), we obtain the equation for the con-

troller:

Qt. ((6.28)

In accordance with (6.28), the control relationship is

Combining the controller equation (6.28) and the equation of the ob-

ject (6.25) and assuming that the nonlinear function is harmonically

linearized according to the formula

F(xI) F + (q-t- + - p) (xi - x'),

we obtain the system equation

SQ(p)i-kR(p)JX, +(q -- -q p) Rpp -(X, -

- pl? (p) F* -p.(p)./ (6.29)

where

Q (')- = Q(p) Q(p, S (p) = St (p) Qj (p)) 1 (p ) = RI (P) Ri (p

0From (6.29), for the case xI = x0, we obtain an equation for the slow-

ly varying components

[pQ(p') + kR (p)] x = PR (/,) F' + pS (p).

Hence for the case of constant values of F0 and fO, the static

error of the system will be equal to zero for R(0) 0:

•* 0- =0.
kR0 -

However, in the case of variation of the external disturbance

over time, a steady-state error appears both because of the variation

of the quantity f(t) itself and because of the variation of the self-

oscillation mode and hence of F t).
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Similarly, we may also obtain a static self-oscillatory system

with a high degree of astaticism in order to guarantee a zero static

error for the case of a variable external disturbance.

We must keep in mind that the introduction of additional integra-

ting devices into the system causes deterioration of the transient

process and the steady-state self-oscillatory mode. If a region of in-

stability lies outside the self-oscillation region, the introduction

of integrating devices may lead to system instability. Instead of the

introduction of the integral, known methods for the introduction of

secondary disturbance-control circuits may prove very useful for avoid-

ing this.

§6.3. Gyropendulum with External Disturbance

In §4.2, we performed an analysis of self-oscillations of a gyro-

pendulum due to the stabilization system of the gyroscope, in the ab-

sence of an external disturbance. As a result of the analysis, recom-

mendations were obtained for the choice of gyropendulun parameters

from the conditions for obtaining the minimum amplitud3 and maximum

frequency of the self-oscillations. Let us now investigate self-oscil-

lations of a gyropendulum allowing for an external disturbance of con-

stant magnitude 0 [185).

In allowing for the external disturbance, we write the equation

of the gyroscope about the axis of the inner gimbal in accordance with

(4.3) in the form

[fAI3.pl + (A.,, -!- R#) p2 - ff'jI = - IF (P3) + ii.. (6.30)

Because of the presence of the external disturbance p.0, the center of

the gyroscope's oscillation in the angle P will be displaced by an

amount P0 . Harmonic linearization of the ideal relay static character-

istic F(P) will now be carried out according to the formula

F( O) =F(.4, )+ q (A, f3)( - ), (6.31)
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where in accordance with (5.101) and (5.102)

-- -n arcsin
- A'

Allowing fop' (6.31), Equation (6.30) is rewritten in the form

[AoB p + (Aonp + Bon.) p'+ ,p + Hqj P = (6.32)

= - 1tF. + Hqpo + n.m.

Replacing p by JO in the characteristic equation

A0 o -+ (A n + Bo ,jp'+ 1'p -' Hq =.0,

we obtain two equations from the conditions X(A, 2, P0) 0 and Y (A,

&, PO) = 0. We write the third equation as a particular solution of

the differential equatbn (6.32) for the case P = p0" The three equa-

tions indicated for determination of the self-oscillation amplitude

and frequency are

Hq-(An+ on.)2 =0, (6.33)

H' - AoBOL" = O),

HF- =nJI.

Let us analyze these equations. It is evident from the second

equation of (6.33) that the self-oscillation frequency of the gyro-

pendulum is not a function of the external disturbance and remains the

same as in the case p0 = 0, i.e.

H

The first and third equations permit us to find the variation in

the amplitude A and the oscillation-center displacement P0 as functions

of the system parameters and the external disturbance p. The influence

of the system parameters on the self-oscillation amplitude in the ab-

sence of an external disturbance was determined earlier.

Substituting the values of the harmonic-linearization coefficients
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into (6.33), we write two equations for determining the functions

A= A (p.) and PO =0 (p0):

(Aono + Bonl.) S' - 4Uhno 1/ 1rHm A'' (6.34)

21marcsin A =1

From the condition for breakoff of the self-oscillations, let us

use the second equation to determine the admissible maximum measurable

moment applied to the gyropendulum. The self-oscillations of the gyro-

pendulum will be broken off at some value p0 = max when the displace-

ment of the center of oscillations becomes equal to the amplitude, i.e.,

P0 = A. Then, using the second equation of (6.34) we obtain a formula

for determining the limiting admissible moment applied to the gyro-

pendulum:

in. (6.35)

For p0 > max' self-oscillations in the system are impossible and hence

the operating principle of the gyropendulum is violated.

It is evident from the first equation of (6.34), allowing for th

the value of 2, that the self-oscillation amplitude will have its max-

imum value for the case P0 = 0 when 0: = 0:

-,,..l.4r (6.36)

The value of the amplitude for any value 0 < P0- Pmax is determined

from the first equation of (6.34) by the formula

A =. ,.,M Cos arcsi, L. (6.37)

since
cos arcsin 1-.

Substituting the value

A 2Un,
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from the second equation of (6.34) into Equation (6.37), we obtain a

formula for determining the self-oscillation amplitude of a gyropendu-

lum as a function of the external moment:
A=A,,x Cos for 0 (6.38)

As we see, the self-oscillation amplitude varies according to a cosine

law as a function of the applied external moment.

In order to determine P0 = 10 (P0)s let us write an expression

for P0 from the second equation of (6.34):
o=A sin (6.39)

2M1ini,

Substituting the value of A from (6.38) into (6.39) and perform-

ing transformations, we obtain a formula for determining the displace-

ment of the center of oscillations as a function of the external mo-

ment applied:

0='"' sin for o (6.40)

As may be seen from (6.40), the displacement of the center of oscilla-

tion varies according to a sine law as a function of the external mo-

ment p0' but with a period half the variation period of the self-oscil-

lation amplitude. The maximum displacement of the center of oscillation

is

2~ for 118=1A

The relationships (6.38) and (6.39) are shown graphically in Fig.

6.5 for the case of the values taken earlier for the gyropendulum para-

meters: H = 400 g.cm.sec, n. = 2 g.cm.sec, A0 = 2 g.cm.sec
2 , nP =

1 g.cm.sec, B0 = 2 g.cm*sec
2 , m0 = 30 g.cm. The limiting admissible

measurable moment for the case of the chosen parameter values is

Lmax =  6000 g-cm.
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The presence of a displacement in the center of oscillation will

cause an error in the measurement of the moment p0 even in the case

where the gyropendulum is placed upon a horizontally stabilized base,

since a gravitational force component will act upon the pendulum.

___ Ay'g, 2A

0 X 3 4 5.

Fig. 6.5. 1) Sec; 2) g.cm; 3) cm/sec2;

4) radians

For small angles of displacement of the oscillation center,

given the condition

S sin o

the absolute error of the gyropendulum in measurement of the moment

is

Aj,% =,,,gl.. (6.41)

where m is the mass of the gyroscope together with the inner gimbal,

1 is the arm of the gyropendulum, and g is the acceleration of gravity.

The relative error of the gyropendulum is

L (6.42)

If the gyropendulum is used to measare horizontal inertial accel-

erations, the external moment applied to the gyropendulum will be pro-

portional to the inertial acceleration:
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f o(6.43)

where w is the inertial acceleration.

Allowing for (6.40), (6.41), and (6.43), we obtain from (6.42)

a formula for determining the relative error of the gyropendulum in

measurement of inertial accelerations

g=lsin (6.44)w sin - 'fn

The maximum value of the relative error will prevail at

w = 0 (p0 = 0). This value is determined as the limit of the quantity

8w for the case where w tends toward zero and the value A max (6.36)

is taken into account:

= 2n,,mgAo. (6.45)

It follows from (6.45) that to reduce the relative gyropendulum

error it is desirable to reduce the friction in the suspension axis

of the outer gimbal, the gyroscope mass with the inner gimbal, and

the imbalance arm, and also to increase the angular momentum of the

gyroscope. It is most expedient to increase the angular momentum of

the gyroscope without increasing its mass, since H occurs squared in

the denominator of Formula (6.45).

In Fig. 6.5 we showed the curve of the gyropendulum's relative

error, which is calculated from Formula (6.44) for the parameter values

taken earlier and the quantity m = 1 g.sec 2 . In accordance with For-

mula (6.45), the maximum relative error 6w max z 1.7%.

It is evident from the curves of A(p0 ) and P0(p0 ) that for the

case of large values of p., the magnitudes of the amplitude A and the

displacement of the center of oscillation P0 are close to each other.

Because of this it is impossible to guarantee reliable operation of

the device for large values of p0' since breakoff of the self-oscil-

lations is possible as a result of random disturbances acting upon the
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gyropendulum. We may recommend

o1 Ma (6.46)

as the admissible value of the measured moment.

With this choice of the calibration point for the device, the

relative error of the gyropendulum may be reduced. If, given Condition

(6.46), the gyropendulum is calibrated for the case of PO tar =

- 1/3 .0 max (in our case 0 tar = 200 g.cm), then for po = 40 tar the

absolute and relative errors will be equal to zero. For other values

of the moments being measured, the relative error will be determined

by the difference between the curve of 8w = 8w(w) and the horizontal

straight line passing through the point C (crosshatched ordinates).

For this case the relative error is reduced by a factor of approximate-

ly five. In our case the maximum relative error is equal to 0.34%.

We must keep in mind that the computation shown was not carried

out for optimum values of the gyropendulum parameters. In practice it

is possible to obtain self-oscillations of the gyropendulum with an

amplitude of a few minutes of arc. For the case where the gyro's max-

imum oscillation amplitude is Amax = 6', the relative error, assuming

choice of an advantageous calibration point, does not exceed 0.01%

in the present case.

If the choice of the parameters does not accomplish reduction of

the error due to displacement of the oscillation center, then it may

be compensated, since we know the relationship for its variation as a

function of the measured quantity.

The error due to instability of the zero represents the greatest

annoyance in devices of this types. Because of the erosion and oxida-

tion that take place during operation of the contacts controlling the

stabilizing motor, it is impossible to obtain a stable relay character-
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ristic. Over the course of time the characteristic will be displaced
to the right or to the left of its initial position (Fig. 6.6). The

F displacement of the characteristic is irregular and

hence an irregular "zero drift" of the gyropendulum

will take place. The gyropendulum error due to dis-
A

placement of the characteristic cannot be reduced by

calibration or by compensation. In order to reduce the

Fig. 6.6. error due to "zero drift," we must use highly stable

contacts or else make use of a contactless switching device with a

stable ideal relay characteristic.

We must keep in mind that the errors caused by the stabilization

inaccuracy of the base upon which the gyropendulum is mounted and the

error due to the stabilization inaccuracy of the gyroscope's natural

turning rate will be added to the above errors.

§6.4. Vibrational Accelerometer

Operating principle of the accelerometer. The vibration acceler-

ometer is shown schematically in Fig. 6.7. The magnetic measuring

system consists of the permanent cylindrical magnet 1 with the magnetic

circuits 2 and 3. In the cylindrical air gap we have the sensitive coil

5 suspended on the arm 4. The axis of the coil rides on the bearing

6, so that the coil can oscillate in the plane of the diagram. The

contact 7 with the spring 9 is fastened to the lever 4 and insulated

from the instrument housing. The moving contact 7 operates as a pair

with the fixed contact 8. The winding of the sensitive coil is fed

from the direct-current source 11 through the electronic commutator

10. The electronic commutator is controlled by the contact pair 7, 8.

The commutator feeds voltages of different polarities to the
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g coil, depending on the state (closed or opened) of the electronic-

commutator contacts. The device is adjusted so that making of the

contacts 7 and 8 corresponds to the equilibrium position of the coil.

The slightest deflection of the coil in either direction leads to the

appearance of a voltage of the polarity corresponding to this position

of the coil. Interacting with the magnetic field, current flowing in

the coil sets up an electromagnetic moment which is applied to the

coil. The coil is connected so that the electromagnetic moment produced

by closing of the contacts sets it in motion in the direction that

opens the contacts. Thus it is evident from the operating principle

of the accelerometer that the coil will undergo oscillations about
*

the equilibrium state.

Fig. 6.7.

In order to measure accelerations in a certain direction, the

device is usually mounted on a platform stabilized in the horizontal

plane. If the platform with the device is placed on a moving object,

inertial forces will act upon the coil in the direction of its axis

I ( of symmetry on accelerated motion of the object. An external distur-

bance applied to the self-oscillatory system deforms the oscillations
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and varies the constant component of the periodically varying coil

current. Since the coil undergoes oscillatory motion relative to some

equilibrium state, the moment caused by the inertial forces is compen-

sated by the constant current component generated over an oscillation

period.

For the case of a uniform magnetic field, the moment set up by

the constant current component in the coil is

M,=cBMd, (6.47)

where B8 is the induction in the air gap, Wk is the number of turns of

the coil, ik is the constant component of the current flowing in the

coil and c is a proportionality coefficient including the design quan-

tities of the accelerometer.

The moment due to the inertial force is

AI,, == lnw(t), (6.48)

where m is the mass of the coil, 1 is the inertial-force application

arm, and w (t) is the acceleration of the moving object in the direc-

tion of the coil's axis of symmetry.

For the case of exact mutual compensation of the moments indica-

ted, we may set (6.47) and (6.48) equal to each other; as a result we

obtain

il('= krot) (6.49 )

where

nil

Hence the measurement of the acceleration is possible by measurement

of the constant component of the coil current.

The center of oscillation will be displaced because of the appli-

cation of the external disturbance and the presence of a nonsymmetri-

cal nonlinearity in the form of the unilateral action of the fixed con-

tact upon the moving contact. Because of the appearance of secondary
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moments due to the projection of the force of gravity and the spring

reaction, this displacement causes an error in Relationship (6.49).

In the self-oscillatory mode of operation, the displacement of

the center of oscillations may not exceed the value of the oscilla-

tion amplitude of the sensitive coil (otherwise the contacts will not

touch each other and the oscillation will be broken off). Hence in

order to guarantee a small error in measurement of the acceleration

we must secure small self-oscillation amplitudes for the coil. Here

in order to increase the admissible rates of change for the accelera-

tion being measured, it is desirable to increase the self-oscillation

frequency.

Let us carry out an analysis of the choice of optimum values for

the instrument's parameters on the basis of the conditions for obtain-

ing a small self-oscillation amplitude and a high self-oscillation

frequency; let us also analyze the errors which are possible for the

instrument.

We will not perform a stability analysis for the periodic solu-

tion obtained, since in this case the steady-state self-oscillatory

mode of operation is evident for the device from the operating prin-

ciple itself.

Differential equations of motion of the sensitive coil. Let us

assume that the device is shifted in space in the horizontal plane

to the right and to the left with the linear acceleration w(t). The

angular position of the coil in motion about the suspension axis is

denoted by T; here we will take the deflection of the coil from the

equilibrium state in the direction of contact closing as positive

values of the angle.

We will assume that the coil executes its motion within the lim-

its of small angles. We will neglect the forces of dry friction in

- 539 -



the coil suspension axis. This is Justified by the fact that dry

friction is significantly reduced for the case of coil oscillations.

Then allowing for the above assumptions, the moment equation for the

motion of the coil is written in the form

+ 'f Ik1 (p + Ft (y) k.Kkw (t), (6.50)

where J [g.cm.sec2 ] is the moment of inertia of the coil relative to

the suspension axis; k .[gcm.sec] is the damping coefficient;

kg [g.cm) is the coefficient of proportionality between the deflection

angle of the coil and the moment set up by the gravitational force

component; ke [g.cm/ampS is the proportionality coefficient between
e2

the current in the coil and the electromagnetic moment; kw [g.sec2S

is the proportionality coefficient of the inertial force; ik [amp] is

the current flowing in the coil; F2 (9) [g.cm] is the nonlinearly vary-

ing moment due to the reaction of the fixed contact upon the moving

contact.

The equilibrium equation for the voltages operating in the closed

loop incorporating the coil is

+ RI. +k, =-,(,), (6.51)

where Lk [hy] is the inductance of the coil circuit, Rk [ohms] is the

active resistance of the coil circuits, ke (v.sec] is the proportion-

ality coefficient between the rate of coil displacement and the induc-

tive emf induced in the coil and F1 (q)) [v] is the nonlinearly varying

voltage from the electronic commutator applied to the coil.

Introducing new notation, we rewrite Equation (6.50) in the form

(Tp ) P+ (+ ) k kw s(t (6.52)

where
k.TS' i [see2]); Tj= -t [see],

- 5 g
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D while Equation (6.51) is rewritten in the form

(Tp +1) R--- X)±kpy (6.53)

where T k = (Lk/Rk) [sec is the electric [time] constant of the coil

circuit.

Combining (6.52) and (6.53), we obtain the equation of motion of

the coil for its deflection angle from the initial position:Ip[T+7(r.,(T+ T, T.) p d_(TI + T. + Te) p+ II ~p--kjP, (y) - (T p 1 ) [kj (+)- w (t) 1, ( .
where

T- k1k, H?
-- e , k, "

The nonlinearly varying voltage from the commutator that is

applied to the sensitive coil will be allowed for in the form of the

static characteristic shown in Fig. 6.8a, while the nonlinearly vary-

ing moment caused by the reaction force of the fixed contact upon the

moving contact will be allowed for in the form of the static charac-

teristic shown in Fig. 6.8b. In these diagrams we denote by U the

constant value of the voltage supplied from the commutator, by c1 the

rigidity of the movable-contact spring with respect to the coil rota-

tion angle.

05 Since there is a nonsymmetrical non-

"" W/ /nonlinearity in the system and the char-

o , acteristics F, (q) and F2 (T) are single-

valued, the harmonic linearization of

Fig. 6.8. the nonlinear static characteristics will

be carried out according to the formula

F,(y)=F (A,yo) +q (A,TO)(y-TO),} 
(6.55)
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where, in accordance with Formulas (5.101), (5.102), (5.141) and

(5.142), the constant components and the harmonic-linearization co-

efficients will have the values

F*,(A, %p) 2U rcsin To
n At

q, (A, po) =±- I - (6.56)
nA As 

q, (A, ! -+a rci

where A and To are the oscillation amplitude and the displacement of

the oscillation center of the sensitive coil, respectively.

Substituting the expressions for F1 (T) and F2 (q) from (6.55)

into (6.54), we obtain the harmonically linearized differential equa-

tion for the motion of the sensitive coil:

[;T p'+(T'+ T, T)p, +(T, + T, +T +k,TQ)p + (657)
+ kq, + k2q, + I I p- k (F - q,o) - k, (Tp + 1) (FO--q,o) (6.5-

+t ka (r.P + 1) W (4.

Equations for determination of self-oscillations. The operator

polynomial before T in (6.57) is the left member of the corresponding

characteristic equation. Then on the basis of the substitution p = Jn,

we obtain two equations from the characteristic equation: X(A, a, (O)

= 0 and Y(A, , %0). We obtain the third equation as a particular

solution of the differential equation (6.57) for the case q = (0'

where T0 is the slowly varying component. The three equations indica-

ted are

- (-t q TT.) 21 kjq,(A, yo) -- ,q,(A. yo) + I = 0,

-- 7"T,° -I- T,-- 7 -+T- k '-I gTq, (A, y)=O,
T T.Tp (.'+7-- T,. )p -+(T, + r T,.)p + I10+ I .o

+t kP, yj +, o)-k2(Tap + 1) FO(A,,yo) -

k, (T"p+ 1)WQ )=O=o.

The equations obtained permit us to find the amplitude A, the

frequency a and the displacement go of the center of oscillation for
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given system parameters and external disturbance (measured accelera-tion w(t)) as a function of time. But solution of these equations in

general form is difficult, since on substitution of the harmonic-linear-
ization coefficients the first two equations of (6.58) will be alge-
braic and transcendental, while the third will be differential. It is
simpler in practice to solve with constant measured accelerations
w(t) = w = const for the values of interest to us. This solution will
be just Rs useful for sufficiently slow variation of the external in-
put disturbance.* In this case the third equation of (6.58) will be
algebraic and all three equations will be rewritten in the form

-(7"+ T T) + kq, ( A, y) + q ( A, T) + I = , (6.59)

- T:99' + T, + TK + T, + ekTq2 (A, To) 0,

To + k1F" (A, Tpo) d- k/?F (A, To) - kwo- 0.

Instrumental errors. It is evident from the third equation of

0(6.59) that the constant component F1 of the periodically varying

voltage across the coil is proportional to the measured acceleration

w. with a certain error defined by the first and third terms of the

equation. Hence Relationship (6.49) defining the operating principle

of the device is not satisfied exactly.

In accordance with the third equation of (6.59), the relative

error in the acceleration measurement is

w Z= T-O ± kVo (A, yo) (6.6o)
kW.* (6.60

The sign + in front of F0 means that the constant component governed

by the nonlinear function F2 () changes its sign when the sign of

the acceleration is changed, while go always has the same sign.

If the object moves with a positive acceleration (the accelera-

tion deflects the coil in the direction of negative angles), then the

formula

,, + kFr, (A, yfo)

will be valid, while for a negative acceleration

, r 0 -kJr- (A, o) (6.61)

It follows from (6.60) that even if coil control of the commu-
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tator coil were accomplished by means of a contactless device with

an ideal relay characteristic, then there will be even in this case

a relative acceleration-measurement error that is proportional to the

deflection of the center of oscillation from the initial position:

To (6.62)

In the case of the measurement of accelerations having one sign,

it is advantageous to mount the device so that the coil deflections

caused by the accelerations will be in the direction of the fixed con-

tact. In this case, as is evident from (6.61), we may obtain mutual

compensation of the relative error components for one value of the

acceleration:
Tfo k ifl'(A. y J

k3w and ksw*- , _.

For a quantitative estimate of the instrument's error, we must

find (0 and F
0 as functions of the acceleration.2

It is evident from Formula (6.60) that In order to reduce the

instrumental error, it is necessary to get rid of the nonsymmetrical

nonlinearity F2 (T). In practice this may be accomplished by using a

movable-contact spring with a very low rigidity and a false contact

and by using a contactless device to guarantee an ideal relay charac-

teristic.

Let us first carry out an analysis of the self-oscillations for

the case of the condition F2 (() = 0. In this case, Equation (6.59) is

rewritten in the form

( T + T ) 2 =-- k lq , (A , T O) + , ( 6 .6 3 )

ye + kle' (A, yo) = kzvw.

The choice of accelerometer parameters. Equation (6.63) permits

us to determine the variation of the amplitude A and the frequency a,

and the displacement of the center of oscillation To as functions of
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I
the instrument's parameters and the magnitude of the accelerations

to be measured. It is important to obtain the relationship CPO = q0 (Wo)

for the case of selected system parameters in order to obtain a quan-

titative estimate of the accelerometer's error.

For choice of the accelerometer parameters it is sufficient to

consider the case where w0 = 0. Then the constant component F1 will

also be equal to zero (by the operating principle of the device) and

hence go becomes equal to zero.

In accordance with (6.56), the harmonic-linearization coefficient

q, will have the value

(6.64)

Allowing for (6.64) we obtain the two equations

(Tj T. .) Q = "U +(6.65)
' F - -- - 1 ,

7'.TQa = T'2 + T. +f T,.

from (6.63). On the basis of Eqs. (6.65), we obtain formulas for deter-

mining the frequency and amplitude from the values of the instrument

parameters:
12= Vf " +- T; 7- ? L=,=V -L,f 7LS T-7 - V - it-- Ti, (6.66)

A I r T . ,+-") !r (6.67)

It is evident from (6.66) that to increase the self-oscillation

frequencies it is desirable to increase the damping constant T1 and

the constant Tel which is governed by the induced back emf in the

coil, and also to reduce the inertial constant T2 and the electrical

constant Tk of the coil. As is evident from (6.67), increasing the

constants T1 and Te guarantees a reduction of the self-oscillation

amplitude of the sensitive coil. To reduce the amplitude it is also

desirable to reduce the gain constant in the closed-loop system (the
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parameter kl) and U.

To choose the accelerometer parameters, we may construct the

curves of the self-oscillation amplitude and frequency for variation

of each parameter with the other parameters held constant. For the

calculations we take the following parameter values (these values

correspond approximately to the model of the accelerometer that was2 2se, k= 0.01 e 0.00 sec , Te =0.004 sec,built): T 1 =0.6 see, T k  0.0001 sec, T= 0.0 e e= 004se

kl = 0.7 I/amp, k3 = 1.2 •lO7
3 sec 2/cm and U2 = 1 v.

Figure 6.9 shows curves of A(T1 ) and Q(T1 ) constructed for the

values taken for the parameters. As is evident, damping is an effect-

ive method for reducing the amplitude and increasing the frequency of

self-oscillation.

It is also easy to construct similar curves for other parameters.

For the values taken for the parameters, the self-oscillation

frequency will be f = 148 cps and the oscillation amplitude will be

A = 0.148 * 10- 3 radian = 0.5.

Determination of displacement of the center of oscillation and

amplitude as functions of acceleration. It is important to determine

the displacement of the center of oscillations as a function of the

magnitude of the acceleration being measured in order to have a quan-

titative estimate of the instrument's error.

Substituting the values of FO(A, TO) and the harmonic-lineariza-

tion coefficient ql(A, 0) from (6.56) into (6.63), we rewrite the

equations for determining the self-oscillations in the form

(7"8-j- T, T) S== I" -U 7 + ,

7z As 1
(6.68)7":T.S1 = T, + T. + r,,

- U arcs, k.

It follows from the second equation of (6.68) that the self-oscil.

lation frequency n is not a function of the magnitude of the accelera-
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tion being measured and is determined by Relationship (6.66).

The self-oscillations break off at go = A. It is evident from the

first equation of (6.68) that for the case of constant system paramet-

ers ana an approach of the ratio g0/A to untiy, the amplitude A and

the displacesnent go of the center of oscillation must both tend toward

zero. Here we may obtain the condition for the disruption of the self-

oscillations

ha U. (6.69)

from the third equation of (6.68). For the values taken for the para-

meters, an acceleration equal to wmax % 580 cm/sec 2 causes a breakoff

of the self-oscillations.

To determine the functions A(w0 ) and q0 (w0 ), we assign values

to g0/A in the first equation of (6.68) and determine A(g/A) and

q0 (g0/A) for the given instrument parameters. Let us determine the

corresponding acceleration values w0 from the third equation of

(6.68) for the same qo/A and the values obtained for g 0 .

Figure 6.10 shows curves for the calcula-

tions performed with the parameter values

.2 taken.

It is evident from the curves that

014 the self-oscillation amplitude has its

2 maximum value at w0 = 0, and that it de-
40 4creases as the acceleration being measured

Fig. 6.9. 1) radians; 2) increases. The deflection of the center

sec. of oscillations increases at first

and then decreases. Breakoff of the self-oscillations takes place for

A = go= 0 and w0 = Emax" Figure 6.10 also shows the relative error 6w%

as calculated from Formula (6.62). As is evident, the relative error of

the instrument due to its operating principle does not exceed 0.03%.
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Fig. 6.10. 1) Radians; 2) sec; 3) cm.

For the case of large acceleration values, the displacement of

the center of oscillations and the amplitude of the self-oscillation

differ only slightly from each other. In this case self-oscillation

may be broken off because of random disturbances. Therefore in order

to guarantee reliable and stable operation, we must reckon with

measurement of accelerations smaller than wmax, i.e., we must assume

that

Wo,,=(0,5+ 0,6) Wmax.

In the operating range, the relative error will then be close to a

constant value and may be reduced by choosing a calibration accelera-

tion for the device.

Thus, if the oscillation amplitude can be reduced to tenths of

a minute of arc or even a few minutes by choosing the parameters, then

the error governed by the operating principle of the device will be

negligible in practice (thousandths of a percent).

For such devices, the error will be determined basically by the

( stability of the relay characteristic and the accuracy of stabilization

of the device in the horizontal plane. Here, as in the case of
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the gyropendulum, it is expedient to convert from the pair of contacts

to a contactless controlling apparatus.

Allowance for two nonlinearities. Let us now determine the varia-

tion of the amplitude, frequency and displacement of the oscillation

center as functions of the magnitude of the acceleration being mea-

sured taking the reaction moment of the fixed contact upon the moving

contact into account. On substitution of the values of F0 and the har-

monic-linearization coefficients (6.56) into Equation (6.59), we ob-

tain equations for determining the amplitude and frequency of the

self-oscillations:

(TI + TIT) '=- 4kU +/~ ±__

± ~ arcsin +

TrTQ = T, +T. ,+. + (6.70)

arcinarc sin ?! +_

2ks"

+ [A .f+- 2 arcsin k
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Assigning values 0 < 9O/A < 1 for the known parameters we deter-

mine the values of the frequency a from the second equation of (6.70).

For these same values of qo/A and the values obtained for Q from the

first equation of (6.70), we determine the values of the amplitude A

and consequently, values of the oscillation displacement q0*

Substituting the values cpo/A, A and c0 into the third equation

of (6.70), we obtain corresponding values for wO. Thus we determine

the functions A(w0 ), i(wo) and q0(w0 ). The corresponding computational

formulas take the form

= -- + ?+ ' t ( arcsi to+ Tf I-
1 ',, 4 n 1 /2 A A M ) ]

4k1 U 1 0'

n (TI,+ T TS - (+ arcsin -+ TO kgc,)~IJ (6.71)

Figure 6.10 (broken-line curves) shows curves for the calula-

tions carried out according to Formulas (6.71) for the values taken

earlier for the parameters and a moving-contact spring rigidity coef-

ficient c = 1000 g.cm/rad and k2 = (0.0715-10-3 ) 1/g.cm. As may be

seen from the diagram, the curves for A(wo) and To(Wo) are somewhat

deformed because of the reaction of the fixed contact upon the moving

contact. However, for a low moving-contact spring rigidity, the

instrument's error shows practically no change from the case where

the nonlinear function Fl(q) alone is allowed for. Also in this

case, the self-oscillation frequency remains approximately constant

and is equal to fl m (930) 1/sec.
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§6.5. THE INTEGRATOR

Operating Principle of the Integrator

A schematic diagram of the integrator is shown in Fig. 6.11.

The device is designed for integration of a slowly varying time

function. The function to be integrated is introduced in the form of

an angle of rotation a(t), while the result of integration is obtained

in the form of an angle of rotation T(t) of the magnet axis.

magneic tchomter

6.1a)orbymensof trkig onas Fig. 6.11 b)

The deinteao oeradutes on tht folloup syste printcpe with

ahc moto contled n the reoettn andk comedbc inontatt the o-

tatKwihrdso h hf ftemagnetic-tachometersni

Motor elemntro mhen bectdither setin dktrslroug ntate (Fgt.

sprhn deic e tisasted s that fossre ao)f the contact K po cn

tact K 2 . The motor 4 is switched on and sets the magnet 3 into motion

through a gear drive. When the magnet is turned, a torque will be

developed at the disk 2 by eddy currents. When the torque developed

~at the disk 2 is equal to the moment of the spring which is twisted

through an angle a(t), then the contacts K, and K2 are broken. The
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motor starts to decelerate and the contacts again close.

As is evident, the integrator operates in a self-oscillatory mode.t.
The mean angular velocity wn of the shaft carrying the magnet will be

proportional to the value of a(t), while the rotation angle of the

magnet shaft (Fig. 6.11) is proportional to the integral of a(t):

k ,dt)dt.

The advantage of such an integrator is that integratiom of the

function, which is given in the form of an angle of rotation (the re-

sult is also delivered in the form of an angle of rotation), takes

place without intermediate conversions into other physical quantities.

The oscillations of the voltage source feeding the motor and the var-

iation of the load applied to the motor do not exert any influence

upon the operational accuracy of the integrator.

It is evident that in order to obtain high integration accuracy

we must make sure that the oscillations of the tachometer's sensitive

element and the motor speed have small amplitude and high frequency.

Therefore it is of practical interest to determine how each of the

integrator's parameters influences the amplitude and frequency of the

self-oscillations, and also to analyze the influence of the setting

disturbance c(t) on the self-oscillation parameters.

The use of different types of contact apparatus essentially

changes the frequency and amplitude of the self-oscillation. In view

of this, we carry out the analysis for both physical versions of the

integrator: those with sliding and striking control contacts [174].

Analysis of self-oscillations with sliding control contacts.

In accordance with the diagram of the integrator (Fig. 6.11),

neglecting the dry-frictional moment, the motor equation will be

J,A"+ 1
IA3+ 1  (6.72)
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where wdv is the rotational speed of the motor, J1 is the moment of

inertia, reduced to the motor axis, of all masses turned by the mo-

tor, c is the torque - transmission factor to the tachometer's sensi-

tive element, I is the transmission ratio from the motor to the mag-

net shaft, and is the angular velocity of the sensitive element.

The motor torque may be approximately represented in the form

M = Ci- tAn, (6.73)

where u is. the voltage'applied to the motor control winding,

cI = (M/u)[g.cm/vl and c2 = (M0/w0 ) [g.cm.sec] are coefficients ob-

tained from the mechanical characteristics of the motor, M0 is the

torque in the plugging mode and w0 is the no-load speed of the motor.

The control voltage across the motor winding will vary according

to a nonlinear relationship as a function of the rotation angle of

the magnetic-tachometer sensitive element (Fig. 6.12a):

U for 0 (6.74)
U=F()= 0 for 60

where U is the supply voltage to the control winding.

Allowing for (6.73) and (6.74), the motor equation (6.72) is

written in the form

(6.75)

where TI = (sec] is the electromechanical time constant
I  + c2

Ji
of the motor, il c c2 is the slip ratio of the tachometer

c1 + + c

sensitive element and k c is the motorc [sec.v h oo

transmission ratio. + + c2

Neglecting dry friction, the equation of the tachometer sensitive

element is
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fn+ , + ci,,(m + P)=c(wM-., (6.76)

where a is the input-angle value to be integrated, P is the angle

of rotation reckoned from the position of the tachameter sensitive

element for which the contacts K1 and K2 touch each other without

pressure, J2 is the moment of inertia of the tachometer sensitive

element, n2 is the viscous-friction coefficient, clp is the rigidity

coefficient of the coil spring and cm is the rotary speed of the mag-

net.

If we rewrite Equation (6.76) in the form

T + T,,1 =. -, (6.77)

where T2 =JJ2/Clp [sec] is the inertial time constant of the tacho-

meter sensitive element, T3 = (c + n2/clp)[sec] is the damping time

constant, k2 = (c/clp) [sec] is the magnetic-tachometer transmission

ratio.

In addition we must allow for the kinematic equation of the 1e-

ducer:

k., = AB. (6.78 )

We reduce Eqs. (6.75), (6.77) and (6.78) to one equation in the var-

iable 0, which we write in operator form:
jT, r9-I (TT -j- T )p2-j-(r,-l- T, -- kv) p±+ IH -

= F, (11)- (Tip-+ 1). (6.79)

where n = 1i/kl [v.sec], while k = klk2k3 [1/v) is the transmission

ratio of the integrator.

For a model of the integrator, which was built from the diagram

shown with the DID-0.5 motor, we have the value k << T I + T3, since

T =O.3 sec, T2 = 0.0017 sec, T3 = 0.017 sec, k = (0.098) 1/v and

= 0.039 v.sec. Therefore in Equation (6.79) we may neglect the value

k as small in comparison with T1 + T3 and write it in the form
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+(T", d- T3)p+ I1P , (6.80)
=kP (1) - (T,p-- 1).

We shall use Equation (6.80) for analysis of the integrator's

self-oscillations. In the present case, due to the presence of a non-

symmetrical nonlinear static characteristic Fl(P) and the external

a 5 b "disturbance a, the self-oscillations will

- be nonsymmetrical. But among the nonsym-
bi -T-, metrical modes for different constant

J-U1
J Is values of a, we may note one symmetrical

c IS self-oscillation mode. Let us denote by

amax the maximum value of a, for which

-breakoff of the self-oscillations takes

place. If we set a0  %ax /2, then the
Fig. 6.12. 1) c2p. constant component of the periodically

varying voltage in the motor control winding will be u0 = U/2. For

this case the torque at the sensitive element of the magnet due the

constant voltage component will be neutralized by the torque of the

coil spring, which is twisted through the angle aO, and hence

Then Equation (6.80) may be written in the form (for the case a = aO

= const): 1 const):-- 7 + (T, + T) p + I kP (P),
(6.81)

where FI(P) = F(P)-u 0 is represented in the form of a symmetrical

ideal relay characteristic (Fig. 6.12b).

Thus for one value a = aO, we may carry out the analysis Just as

for the case of symmetrical self-oscillations. Investigations for the

case of one value of'a will be sufficient for the choice of the sys-

tem parameters from the condition for obtaining small amplitude and
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I
~high frequency in the self-oscillations. Where this is possible, re-

course should also be taken to this method in other cases for solution

of the problem of parameter choice.

We are limited in our choice of parameters for the present type

of integrator with sliding control contacts. In what follows we shall

carry out the analysis of self-oscillations for the case of various

values of a for the case of striking control contacts.

Following the method of harmonic linearization, we shall seek

the self-oscillations of the tachometer sensitive element in the form

--A sin 1t.

Then in accordance with Formula (3.14) we obtain the formula for the

harmonic linearization of the'nonlinear function F (P) in the form

p (p)- .2U (6.82)

Substituting this into (6.81), we obtain a harmonically linear-

ized equation for determination of the symmetrical self-oscillations:

[Tjp3 +(T 1 T.+ TI)p+(T + T)p+±Lp. (6.83
cA A-jP_0. (6.83)

Substituting p = JQ into the characteristic polynomial of Equa-

tion (6.83) we obtain from the conditions X = 0 and Y = 0 two equations

for determining the frequency and amplitude of the periodic solution:

I+ Lu (TITS+ 7)Q'- 0,T,Tt + Ta- rT =o. J (6.84)

Solving Equation (6.84) for a and A, we obtain

= A-~ ~2kur,7, (6.85)

A==_' (T '3 + .'

We determine the stability of the periodic solution from the ap-

proximate criterion (2.125)1

( X\* (1y)MOY *Y *

From (6.83) we obtain the values X(a, c) and Y(a, c):
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~~X (a, ,0) -k.u (T , ,- F T) w + 1,

The values of the corresponding derivatives will be
(OX)* 2kU..1: n, 1O)9*<0

Applying the value of 22 from (6.85), we obtain

2(T, + T.)<0.

Thus the stability criterion is satisfied.

In order to determine the dscillation amplitude AW for the angu-

lar velocity of the magnet, let us make use of Equation (6.77) without

allowing for external disturbance. In accordance with (6.77), the

transfer function has the form

W( -'P, + TSp +I

and hence the modulus of the complex gain constant for w = 2 is
I w Io,)I =k,

y (-7--2,'), + fl1-

Since A = IW(jw)IA,, then

A. (6.86)A ' -3/ -T. -T

Determining the self-oscillation frequency and amplitude for the

intergrator parameter values taken earlier, U = 30 v and k2 = 0.0156

sec, we obtain

a = 24.85 1/sec; A = 0.53 rad, A( = 14.3 1/sec

It is evident that for exact integration we cannot be satisfied with

the values obtained for the frequency and amplitudes.

In order to determine the possibilities of obtaining an accept-

L able mode of self-oscillation for the device being considered, let us

construct the curves of the frequency 
and amplitudes as functions of
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the instrument's parameters. Figure 6.13 shows a synthesis carried

out according to Formula (7.85) and (6.86) for the parameters T1 , T2 ,

T and k1. The curves shown permit us to obtain practical recommend-

ations for improving the integrator. As is evident, the most effec-

tive method for reducing the amplitudes and increasing the frequency

of self-oscillations is to increase the damping for the tachometer

sensitive element (increase the parameter T3 ). However, this increases

the complexity of the integrator design.

We compared the results obtained for the analysis of self-oscil-

lation by the approximate method of harmonic linearization with the

results of synthesizing the settling process of the self-oscillations

using the graphoanalytical method of D.A. Bashkirov, and with the

results of experimental measurements performed on the model. The

results of the calculations and the measurements are shown in

Table 6.1.

It is evident from the comparisons shown in Table 6.1 that the

method of harmonic linearization gives a result which is sufficiently

accurate.

Analysis of self-oscillations of integrator for case of striking con-
trol contacts

On replacement of sliding control contacts in the form of a

brush and a "yes-no" disk (Fig. 6.11a) by striking contacts (Fig.

6.11b), the instrument parameters being the same as in the previous

case, the self-oscillations change sharply in the direction of in-

creasing frequency and decreasing amplitude. This gives us the most

simple design method for improving the integrator's characteristics.

In contrast to the preceding case, an additional torque will now

act upon the tachometer sensitive element on self-oscillation due to
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Fig. 6.13. 1) Rad; 2) sec; 3) v.

TABLE 6.1 the pressure of the contact K1 upon

Sthe contact K and given in the

21 MCTO" Q A! Ato
ICC.anayHIci li heK"ic- lareKer forf a nonlinearfunction F

linarzo;4)oaaIIHICf j experimental1

2 ecache(Fig. 6. sc). Here we will assume3 IP.t'IIIICKxfJfl .3~ia
Pm III . .2.1,8 0,531 W'3,:

4 3Hc;'ell, a. mw 113- that the rigidity of the holder of
mep . ... .. 26,4 0,(;0

Sthe contact K 1  is incomparably
1) Method of investigation; 2) larger for a given deflection anglegraphoanalytical' 3) harmonic-
linearization; experimental than the spring rigidity of themeasurements; 5) sec; 6) rad;
7) sec. tachometer sensitive element, while

the rigidity of the holder of contact K2 is commensurate with the rigid-

ity of the tachomometer spring.

Let us analyze the self-oscillations allowing for an input dis-

turbance a. Let us write the equations for the motor and the tacho-

meter sensitive element and the kinematic equation of the reducer (with

the previous method of reckoning the angles P, assuming nl 0) in the

form:
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I ~~(Tip +j 1) U)S=kF, n
(TIp'-+ T*,p-I I) =1) kim+±--L , 1 (6.87)

,~w =~ katOar'

After eliminating the values wdv and cu from Eq. (6.87) and with the

condition a =const, we obtain an equation for the integrator in the

variable P:

) Tpq-l)(Tj'-i T+ 1) k,( P)+ (Tp+±)PS) (6.88)

where k = k1k2k3 [l/v].

Since we have in the closed- loop system of the integrator non-

symmetrical nonlinear functions and an external disturbance is

considered, the self-oscillations will be nonsymmetrical. We shall

seek a solution for the variable P in the form

P=P,+Asln+, +i=2t. (6.89)

By the method of harmonic linea.ization, we .eplaoe the nonlin-

ear functions in (6.88) by the relationships

F, (,1) = Ff (A, Po) + q, (A, Po) ( - po). 1 (6.90)
F, (1) = F3 (A, 1o) -[ q, (A, Po) (P - 1j, )

where, in accordance with (5.115), (5.116), (5.142) and (5.143) and

the static nonlinear characteristics (iig. 6.12), the values of the

constant components and the harmonic-linearization coefficients are

F.(., (.. ,o d arcsi- -lt, q, (A, P) = -2U }t A'
A (6.91)

l: (A, PO) =- LA + -v( arcsin .- A 1 f- (.6,.1
q2 (A, A At)_p

q, (A, P .) -. + (arcsin L' + 4
2 A 1(AV At)

Substituting the expressions Fl(P) and F2 (0) from (6.90) into

(6.88), we obtain the harmonically linearized system equation:
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[T2ij,'+(T1 T3+ T')p+(T. + T-- 8 q,)p+
+ in

+ -e1 --kgp T(F- qP) + k(F[--qq 0)~ (6. 92)

Making the substitution p = ja in the characteristic equation

corresponding to the differential equation (6.92) and separating the

real and imaginary parts, we obtain two equations. We obtain a third

euqation as a particular solution of Equation (6.92) for the case

0 We write the three equations indicated for 0= const,

F0 = const and F2 = const in the form

I -kq ,- I q_-(Tr __Q' =,(

T. - 7- A q, -T T.92 O= 0,

Po=kF,+ -P,.
ein

Equations (6.93) are transcendental and can be solved only graph-

ically. It follows from the first two equations of (6.93) that

21= .kq, (A, Po) I (6.94)
TT, T(

Eliminating S12 from the second-equation of (6.93), we obtain

T", + y,; + 1 + H!- q, (A. PO)-.1. q9,(A, . (6.95

From Equation .(6.95) we may construct the curve of A(P0), and

from the third equation of (6.93), we may construct a family of curves

of A(30) for various values of a. The intersection points of the curves

indicated give us a solution for A(a) and P0 (a), while the values of

a(a) are determined from (6.94) for known values of A and 0. The re-

sults of the solution are shown in the form of curves (Fig. 6.14) for

the parameter values corresponding to the model built: T1 = 0.33 sec,

T = 0.0017 sec2 , T3 = 0.017 sec, k = 0.098 l/v, U = 30v, ? = 84.4.

In this same figure we show the functions A(a) and fi(a) (the
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I
dashed curves) as they were obtained experimentally. If we remember

that the parameter values introduced into the equation were measured

on the model with an accuracy of the order of 10%, we see that in the

present case analysis of the self-oscillations by the method of har-

monic linearization furnishes sufficient accuracy.

A,4*A {The stability analysis of the

4 -, periodic solution obtained may be

7" :7 performed in the same way as for theI~ " ' 4

0/5 19o preceding example, but there is no

oo- -,_ - -necessity for this analysis, since
--

4
4 LaI the steady-state mode of operation

09 6 3 is evident from the operating princi-

Fig. 6.14. 1) Radians, 2) sec, ple of the integrator.

3) degrees.

Let us carry out the analysis

of the influence of the instrument's parameters upon the self-oscilla-

tion frequency and amplitude for the value a for which P0 0 0, i.e.,

let us use the only possible mode of symmetrical oscillation.

Setting P0 = 0 in (6.92), we obtain the equation

[Ti~p'(TT+T,)p+(T+Ts--K qt)p+ (6.96)
+ I- kq,- - g~~~+)--t

From Equation (6.96), we obtain three euqations for determination

of the self-oscillations: two equations for the case p = ji from the

condition for zero real and imaginary parts of the characteristic

equations and a third equation as a particular solution of Equation

(6.96) for the case P = 0. The three equations indicated have the form

k -q, - _ q, - (T Ts-- T) Q'= 0,ein

1_ T -L'q.TT42'=, (6.97)

kF, + L F,-=0,
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( where, in accordance with (6.91), the constant components and coef-

ficients of harmonic linearization for the case 00 = 0 will have the

values

F-= ", qI(A)- u , (6.98)

F1 (A)= A, q2 (A) =--.

Substituting the values of the constant components and the har-

monic-linearization coefficients from (6.98)..into (6.97), we obtain
1 + -a a"l . - 7, 3-- 2k +t, --n (IT% +{ T1) 2 ,

S+,(6.99)
2cn

LU, "A-=O.

Introducing the notation 6 = c 2p/2clp , we obtain a formula for

determining the self-oscillation frequency

' _- (6.100)

from the second equation of (6.99). Substituting the value of a into

the first equation of (6.99), we obtain a formula for determining the

self-oscillation amplitude:
A- - kUrT (6.101)

=,rTjTf(I + b.,)+ rTIT+ Tfl"

Without allowing for the external disturbance a and the constant

component FO0(A) of the harmonically-linearized nonlinear function F

we may obtain the transfer function of the magnetic tachometer's

sensitive element

Wu L -_1P. i-P+-T-,

from Equation (6.87). Then we obtain the formula

A0.= = 1 - 'Y-+ -21. (6.102)

( for conversion of the oscillation amplitudes of the tachometer sensi-

tive element into the amplitudes of the magnet's angular velocity.
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Fig. 6.15. 1) rad; 2) sec.

Formulas (6.100) - (6.102) permit us to construct curves of the

frequency fl and amplitudes A, A as functions of each integrator para-

meter. Figure 6.15 shows the construction which was carried out. For

the parameter values indicated earlier as corresponding to the model,

k2 =0.0156 sec. and = 0, we ebtain the following values for the

k2 gao1

~self-oscillation frequency and amplitudes: = (224) 1/sec (f = 35.6
cps), A = 0.0066 radian, A .(1.61) 1/sec.

As a result of substituting striking contacts for sliding con-

tacts, we obtain a significant increase in the self-oscillation fre-

quency and a decrease in the self-oscillation amplitudes. The curves

constructed (Rig. 6.15) permit us to come to practical conclusions

for the choice of the integrator parameters.

In order to evaluate the accuracy of the harmonic-linearization

method, the process of self-oscillaton establishment was sythesized
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by the graphoanalytical method of D.A. Bashkirov for the case of one

value of a, and the experimental measurements were performed upon a

model. Table 6.2 shows the results of the calculations and measure-

ments. It is evident from Table 6.2 that the method of harmonic linear-

ization furnishes sufficient accuracy even in the case where two non-

TABLE 6.2. symmetrical nonlinearities are

£et0,1 A present in the system.

2 rpaqwo10a11tH1ec111 .... 230 0,0083 1,60 Comparing the results ob-

3 raptlomtmeclcon .lleCap113a- tained for the self-oscillation
1u1 ................. 195 0,0077 1,84

4 pemn1iCp.1.t..a..b ..e 070 analysis of two cases of the in-pelui . .. .. .. .. . .. - 0,0070 -

tegral, we may come to the con-
1) Method of analysis; 2) grapho-
analytical; 3) harmonic lineari- clusion that from the point of
zation; 4) experimental measure
ments; 5) sec; 6) radians; 7) sec. view of design simplicity, the

version of the integrator having striking control contacts is more ef-

ficient, since in this case we are certain to obtain a high self-os-

cillation frequency and low self-oscillation amplitudes by adjusting

the rigidity of the control-contact holders without additional damping.

§6.6. SYSTEM FOR CONTROLLING SPEED OF ELECTRIC MOTOR WITH CENTRIFUGAL
RELAY CONTROLLER

Operating principle of system. Figure 6.16 shows a schematic

of an electric motor with centrifugal relay speed control. The disk

S of the centrifugal regulator is mounted on the motor-armature shaft

(in the figure the disk is remote from the armature for clarity). The

disk carries a contact device with the fixed contact K, and the moving

contact K2. Because of the spring P, whose tension is controlled by

the setscrew NV, the pair of contacts K1 and K2 is held in a closed

state at motor speeds less than the nominal speed. If the motor speed

exceeds the nominal value, then the preset pair of contacts

is opened by the action of the centrifugal force acting upon the mass m
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of the moving contact. On opening of the contact, the auxiliary re-

-. sistance Rd is cut into the armature circuit of the motor, and the

motor speed decreases as a result. This leads to the closing of the

contacts, and the resistance Rd is shunted by them. Thus the system

operates in a self-oscillatory mode by its very principle. Because

of the periodic connection and disconnection of the resistance to the

armature, the motor speed is controlled with a variable load torque ap-

plied. to the motor shaft. For the case of constant resistance, con-

trol is accomplished by having different closed and open times of the

contacts.

Because of their simple construction, centrifugal relay control-

lers have come into wide use in controlling the speeds of electrical

motors. Such controllers maintain a given speed with an accuracy of

the order of 1-5% with respect to the relative error.

The operational accuracy of the centrifugal relay controllers may

be increased by correct choice of their designs and parameters. This

requires analysis of self-oscillations for the motor: controller sys-

tem [184).

In analysis of the system in question, just as for a nonlinear

system with a self-oscillatory steady-state mode of operation, we

must use the condition for obtaining small amplitude in the oscilla-

tions of the motor speed about its mean value and minimum deviations

of the mean speed value oscillatory-system static error) to obtain

recommendations for choosing the parameters.

Synthesis of control-system equations. Let us synthesize the

equations for the system's links.

The equation for the rotation of the motor shaft is

MAN MAN - Me- M,,, (6.103)

where wdv [i/sec] is the speed of the motor, J1 [g.cm'sec2 I is the mo-
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ment of inertia of all masses turned by the motor, reduced to the motor

h shaft, Mdv [g.cm] is the torque developed by the motor, Ms [g.cm] is

the resistance torque, and Mng (g.cm] is the load torque.

For separate excitation, the

motor torque is proportional to the

• _ armature current:

Al,, k&i, (6.104)

4 where i [amp] is the armature cur-

rent; ki [g'cm/amp] is a proportion-

ality factor incorporating the motor

data. Neglecting armature-circuit in-

ductance in Eq. (6.104)

Fig. 6.16. 1) OV; 2) Ya; 3) d; 1,=ki R+Fa(a) (6.105)
4) dv; 5) Sh; 6) NV; 7) P.

where U [v] is the supply voltage,

!" S' e[v] back emf developed by the arma-

ture, R[ohms] the ohmic armature re-

- . .... • sistance, and Fl(a) [ohms] a nonlin-

ear function of the resistance due to
Fig. 6.17. 1) d.

the rotation a of the moving contact

that is represented by the static characteristic (Fig. 6.17a). As a

reference origin for the angle a we take the movable-contact position

at which the fixed contact is touched without pressure.

The load torque Mng is a quantity which is arbitrary over time,

and its variation from the nominal value is the basic perturbation in

the system. The resistance torque Ms includes the torque due to the

dry and viscous frictional forces and varies over time and with the

motor speed. Setting Mng - Ms, we will assume that the total moment
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M M= M +M A(6.106)

varies only with respect to time.

The back emf of the motor is proportional to the rotary speed:

e == kwt (6.107)

where ke [v.sec] is the proportionality coefficient.

Applying (6.105) - (6.107), we write the motor equation (6.103)

in the form

,p I , (6.108)

The quantity TI() = JI[R + Fl(a)]/(kike) (sec] is the electromechan-

ical time constant of the motor in the form of (6.108), without re-

ducing it to standard form.

We write the equation of motion of the moving contact in the

form

+ k.i + ct cz + A, = nIw '(, ± F,(a), (6.109)

where a is the angle of rotation of the moving contact, J2 [g.cm'sec 2][2
is the moment of inertia of the moving contact in its motion about

the pivot point, k& (g.cm.sec] is the viscous-friction coefficient,

cI [g/cm] is the rigidity coefficient of the basic spring, po[g.cm] is

the torque due to the pretensioning of the basic spring, m [g.sec. 2/cm]

is the mass of the movable contact, reduced to the pivot point of the

spring, 1 and 12 [cm] are geometrical dimensions (Fig. 6.16) and F

F2 (a) (g.cm] is the reaction torque of the fixed contact upon the mov-

ing contact, which is taken into account by the static characateristic

(Fig. 6.17b) and varies nonlinearly as a function of a.

The variable adv pccurs squared in Equation (6.109). Let us re-

place the torque fromthe centrifugal forces, which varies nonlinearly

as a function of angular velocity, by a linear dependence, i.e., re-

place the parabola (Fig. 6.18) by a straight line tangent at the point
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!! 0 0
(Mrs, wdv) corresponding to the nominal mode of operation. Such a

substitution will be satisfactory in investigating the self-oscilla-

tion in the neighborhood of the nominal mode. Hence, instead of the

term representing the moment of the centrifugal forces, Ml=nIwJwe

take

M, = 2In,'.(A. - n, (wI.0. (6.110)

Allowing for (6.110), we write Equation (6.109) in the form

J4 + k & + Ci'a = 2mlwtoA - (,nlt, (w")I + po) + F, (a).
AJ

Let us introduce the notation

To- se -- the inertial time constant of the movable contact;

*7T,,. [n--seq- the damping time constant;

k, an -j [sel- the transmission ratio,
uIa(.)+L ., the precompression angle.

S1a2x(6.111)

Let us reduce Eqs. (6.108) and (6.111) to one equation in the

variable a. We obtain

kiU - /? + P, (a)] M (J)Ji, = ,R + P, (a)] p + kik,"

from Equation (6.108). Substituting the value of 'dv into Equation

(6.111) and carrying out the transformations, we obtain:

JR (7*tpl + 7".p + 1) pot + J, I1TjF, (at) p% +

•+ TA (m)p*2F, (a)pxl+ kk, (T' p+ Tap+ I)o= (6.112)
- ki (kU - kT) - kjRM (t) - k,F, (a) M (t) +

, (a)pFI (00.- + ,-- r F().

Harmonic linearization of nonlinearities and derivation of equa-

tions for analysis of self-oscillations. We have the nonlinear func-
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tions

F4,(a, plot)=F ()plca, F,(apsa==F(a)p~a

and the product of the nonlinear functions

in Equation (6.112).

Since the nonlinear functions are nonsymmetrical and there is an

external disturbance, then we will seek the solution

for a in the form

1y M=Mo+AsIln , =Qt.

After the hrmonic linearization, the nonlinear

functions will be replaced by relationships of the~0
2% ?4 f ormi

Fig . 6 .18 . 1  F ( = (A , + q, (A, , %)+ q "' , , an) ] (6.113)
ts; 2) dv; fl,, . -

d.
As the derivative of the function F2 (a) with

respect to a (Fig. 6.17b), the nonlinear function dF2 (a)/d is repre-

sented in the form of the static characteristic shown in Fig. 6.19.

The product of the function in question by the nonlinear function

Fl (a)(Fig. 6.17a) is zero, i.e.,

ta) Pr, W ) = 0. (6.114)

In accordance with Formulas (5.115), (5.116), (5.142), (5.143),

(5.145), (5.146), (5.147) and (5.148), the constant components in

the harmonic linearization coefficients will have the values

2 Rq, (A, ' - 4 / + 570 -qtA °)- 4,. -- 3 (6.115)

e2O (A a) e-' / ,(o aresin +[All --F AS)= -2 A \ 0
qj<A, arcs) I.."- -- - - Ai
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F(A, Q, o) = --- T - "

Z As" (6.115)
q(A, , a) P. - f- arcsin Y-- " ,

All the other coefficients are zero. Substituting the harmonically

i. linearized values of the nonlinear functions into Equation (6.112),

allowing for (6.114), and performing transformations, we obtain:

[,R Trpl + (JRT + kik ,T) p, +
.-(J,,R--+ kik Ts.-- J. A+Iq ' r - i- -Jj T q  )p+ k

12 ,)' U el -l -  (6.116)

+ -Ja T3q4 - jk, + k.2q,M (t)]
J= -- .,, -L J, Tjqto + k, (k2U - k,y) - kRAf (t) +

k-2q,ooA I (t) - kF,'M (t) j k&k F'. _ k,
.4o

From Equation (6.116) we obtain three algebraic equations for

analysis of the self-oscillations. Two are given by the vanish-

ing of the real and imaginary parts of the char-
acteristic equation on the substitution p = JS

;9 while the third equation is a particular solution
-elf of Equation (6.116) for the case a = a0. The three

equations indicated are
Fig. 6.19.

klk, "+ J, T3q4 - -d-& qt + kqtM (t) -

el,

k-k, (te - f ) + T, -

- (kjU - kIT) -F ki (R + Ft) M (t) = o.

The equations (6.117) obtained permit us to find the values of

A, a and a0 for the given system parameters and torque M(t) applied
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to the motor.

There is no need to carry out a stability analysis for the per-

iodic solution defined by Eqs. (6.117), since the self-oscillatory

steady-state mode of operation is obvious from the operating principle

of the relay controller.

Influence of system parameters on self-oscillations. In order to

choose the system parameters it is important to define their influence

upon the self-oscillation frequency and amplitude. It is sufficient

to carry out such an analysis for a constant value of the external

disturbance M(t) = MO.

The displacement a0 of the center of oscillations is determined

by the magnitude of the external disturbance M(t). For the nominal

mode of operation, we will assume that M(t) = MO, for which a0 = 0.

For the nominal mode of operation, let us determine the self-oscilla-

tion amplitude and frequency as they depend on the system parameters.

Setting M(t) = M 0 and a0 = 0 in Eqs. (6.117), we obtain:

kik, + J, Taq - q + ktq,Mo -

-( T + kik.rD Q' = o, (6.118)

- r- TF- k1 (kU-kaT) + k% (RI + F') M. = 0,

where, in accordance with (6.115), the constant components and coef-

ficients of harmonic linearization now have the values

p(A)='& q, (A) = 2 , F (~A) =L. A2 F(=A. (6.119)

q( () E T, , 2

Allowing for the values of the constant components and the har-

monic linearization coefficients (6.119), we obtain a formula for de-

C termining the self-oscillation frequency in terms of the system para-

meters
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1 + A(6.120)
7 2

from the second equation of (6.118).

From the first equation of (6.118), we obtain a formula for de-

terming the self-oscillation amplitude in terms of the system para-

meters for known values of &:

2k.RAf

T{[J (R+&) + kkrTi a- ] , 9)} (6.121)

The third equation of (6.118) is the equation of the constant

component, which determines the position of the center of oscilla-

tion for the case of a nominal mode of operation.

Formulas (6.120) and (6.121) permit us to construct the self-os-

cillation amplitude and frequency as functions of each parameter. In

order to synthesize these functions in the region of real parameter

valies, the parameters were determined experimentally for the MP-15

motor with a centrifugal relay regulator and found to be J1 = 0.084

g.cmsec, T2 = 0.0025 sec, T3 = 0.0053 sec, ki = 190 g.cm/amp,

k = 0.022 v.sec, c2 = 4600 g.cm/rad, c1 = 1000 g/cm, 1 = 1.8 cm;

R = 1.7 ohms, Rd = 60 ohms, M0 = 100 .cm, Cvdy 283 l/sec3 , 'y 1.5,

U = 24 v, k2 = 1.8.10
- 3 sec.

Figure 6.20 shows curves of the self-oscillation amplitude and

frequency as functions of the system parameters, as calculated from

Formulas (6.120) and (6.121). The curves shown permit us to make

practical recommendations for choosing the system parameters from the

condition for obtaining minimum amplitude and maximum frequency in

the self-oscillations. For the nominal mode of operation, A = 0.0029

rad and S1 = (410)1/sec.
In the investigation, it is of interest to obtain the variation

of the amplitude of the oscillations of the motor speed as a function

of the system parameters. To convert the oscillation amplitude of the

moving contact to that of the motor speed, we use the equation of mo-

tion of the moving contact (6.111). Dropping the constant components

and using the value of the nonlinear function F2 (m) = -(c 2/2)a for the

nominal mode, we obtain
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from (6.118); here, wd [1/sec] is the deviation of the motor speed

from the nominal value due to the oscillatory periodic motion of the
.

system. The transfer function from Aw to a is

W.(p) : ____=_________,

AR T~-21 - TO+ I +--j

In accordance with the transfer function, we will have the relation-

ship
A. + C2 + T(6.122)

for the amplitudes; here, AW is the oscillation amplitude of the mo-

tor speed.

Since the self-oscillation frequency varies little with changes

in the system parameters (other than the parameter T2), the amplitude

variation of the motor speed will duplicate the curves of the oscil-

lation amplitude of the moving contact on a certain scale (except for

the curve of Fig. 6.20a). In accordance with (6.122) we obtain

A. 1240A=3,6 sec

for the nominal mode of operation with S1 = 410 1/sec and A = 0.0029

rad, which, for the nominal motor speed cdv= (283) 1/sec, gives us

the periodic relative error 6per = 1.27%.

The experimentally measured value of the moving-contact oscilla-

tion frequency agreed with the result of the theoretical investigation

to within 20%, which is completely sufficient in the present case.

Steady-state error of system. The total steady-state error of an

oscillatory system is composed of the error governed by the displace-

ment of the center of oscillations and the periodic error governed by

the oscillations of the controlled quantity relative to the center of
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Fig. 6.20. i) rad; 2) sec; 3) cm; 4) g; 5) R(Ohmis).

oscillation. In order to determine these errors, we must solve the

system of three equations (6.117) with respect to the variables A,

* '2 aO for various values M(t) -- M --const. As a result we obtain the

functions A(M), S2(M) and a0 (M) for fixed chosen system parameters. In

order to determine the error of the controlled quantity WdvI we must

convert the values of A into values of the motor-speed oscillation am-

plitudes A and the values of a0 into values of the static speed er-

ror Adv"st"

Let us rewrite Eqs. (6.117), substituting the values of the har-

monic-linearization coefficients and the values taken earlier for the

( system parameters. As a result we obtain three transcendental equations:
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[ (arcsn L°A'A

...j .[ ( (6.12))

LT .R, 21 + arc sin LO7-2P(6 1 3
lkk,Tr, + J, [R +- +-; arcsin +- -q

- - t -- " arcsin

=JIT [R+-A (-!d - arcsln !-+! /I- i °  (6.124)

kik,[lao + " + 42c , '2t,1'\ !10 ___

+k,41 d- arcsmn a,(6.125)

Where M is variable, it is impossible to solve the transcenden-

tal equations (6.123) - (6.125) explicitly for the unknowns A, n and

a0 . However, without having recourse to graphical solution, we may

use the following method here. Assigning values -1 < aO/A < 1, we ob-

tain values of the frequency SI from Equation (6.124). For these same

values of a0/A and Q, we obtain the values of the quotient M/A from

Equation (6.123). Dividing all the terms of Equation (6.125) by A, we

may determine the corresponding values of the amplitude A for known

values of a0 /A, Q and M/A. Multiplying the values of alA by the values

the amplitude A, we obtain appropriate values for the displacement a0

of the center of oscillation. Then, multiplying M/A by A, we obtain

the values of the torque M applied to the motor. Figure 6.21a shows

curves from the calculation carried out by this method for the para-

meter values taken earlier.

As is evident from the curves, on a change in the external moment

in the direction of a decrease from its nominal value, the oscillation

amplitude of the moving contact decreases and the self-oscillations

( are broken off (A = 0) at some value (M z 17 g.cm). The amplitude in-

creases on an increase of the external torque from its nominal value.
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For M < M0 the center of oscillation is displaced in the direction

of positive a (in the direction of contact breaking) and the displace-

ment of the center of oscillation is zero by the time the oscillations

are broken off. For the case M > Mo, the center of oscillations is

displaced in the direction of negative values of c(in the direction

of contact closing). The self-oscillation frequency increases by an

insignificant amount on an increase in the external torque.

Since self-oscillation breakoff takes place at A = a0 = 0 on a

decrease in the external torque from its nominal value, then in accor-

dance with the third equation of (6.118) we obtain a condition for the

self-oscillation breakoff for a0 = 0, F 0 = 0 and P = Rd:

kI(kU-kT)= k9(R+ R)M,.., (6.126)

where Mmin is the smallest torque required to place the controller in

operation.

It follows from 6.126 that in order to insure operation of the

controller over the entire range of variation of the external torque,

i.e., in the range

OM <M.iax,

the controller must be adjusted so that the condition

kU=kI, (6.127)

will be satisified by pretensioning the basic spring, or, if Condition

(6.127) cannot be satisfied, the auxiliary resistance Rd must be in-

creased. However it is not advantageous to increase Rd, since this

causes an increase in the oscillation ampliutde and hence an increase

in the periodic error and static error of the system. Thus, for the

motor to have a limited deviation of the external torque from the

nominal value, we must always reduce the auxiliary resistance in the

(. interest of increasing the precision of the speed control.
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A*7O'6°T/ o.0o'pa8j - ) In order to convert from values of
a - - - - I,,
7 -7Wo the oscillation-center displacement to

I.~. M i r ! the static error in control of the motor
speed, let us use Equation (6.111) to

j-0 write the equation for the steady state
-z - - - of the moving contact allowing only for

__2 the constant component of the nonlinear
0 20 40 6060o 0 10]/4/0108 function F2 (a). Allowing for the value of0 Mf 000 -. =otl

;F (A: 0) (6.115)s -- +I+b 3 2 2-c 11$e,

10 0 a -+A P1  (6.128)

-9 - - 0 For the steady state in the nominal mode

S-, - "- - of operation, we have a0 = 0 and CAdv =

-8 1 a,, - dv and, consequently,
-4-- 16P.

1A0 o9 o oooo (6.129)

where A0 is the oscillation amplitude for' Fig. 6.21. 1) Rad; 2) sec;Fig 6.1 1the nominal mode. Subtracting Equation
3) (6.129) from Equation (6.128) and solving

the relationship obtained with respect to Awdv, we obtain a formula

for calculating the absolute static error of the motor speed from the

known oscillation amplitude and displacement of the oscillation center

of the moving contact:

+- arcsin

Ak. CT AO ell'
2 2 i A)]+ __ (6.130)

The calculation carried out according to Formula (6.130) is

shown by the curves of the absolute and relative static errors (Fig.

6.21b). A periodic error is added to the error mentioned. Since the

frequency varies only slightly with varying torque, then we may per-

form the conversion of the oscillation amplitudes of the moving con-

tact into oscillation amplitudes of the speed according to the re-

lationship for the steady-state rated mode: A. = 1240 A.

tAs a result of the analysis carried out, we have obtained not

only curves for the variation of the self-oscillation amplitude and
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frequency, but also the periodic and static errors for the controlled

? quantity - the angular speed of the motor.

§6.7. FOLLOW-UP SYSTEM WITH EXTERNAL DISTURBANCE

Let us investigate the self-oscillations of a follow-up system

in the presence of an external nonperiodic setting disturbance. Let

us perform the analysis as applicable to the follow-up system whose

schematic diagram is shown in Fig. 6.22, where 1 is the setting shaft,

2 is the output shaft, 3 is an amplifier, 4 is a separately-excited

direct-current motor and 5 is a reducing gearbox [188). We will assume

that the nonlinearity consists in saturation in the characteristic of

the motor torque, which is a function of the armature current (Fig.

6.23).

Let us write the equation of moments
7

2 for the 6lectric motor:

el- CA

whare J is the system moment of inertia

reduced to the output shaft, 1 is the

current in the armature winding of the

motor and cI and c2 are proportionality

coefficients obtained from the mechanical

AV 1characterisitic of the motor. In standard
form, the equation for the motor is writ-

Fig. 6.22. A) Amplifier; ten
B) Odv-

(7jp + 1- p = k4i, (6.131)

where Ti = J/c2 is the mechanical time constant of the motor and

kI1 = cl/c 2 is the transfer ratio of the motor.

The equation of the amplifier circuit is

k!) ) 1 (6.132)

where k' is the gain constant.
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For the armature circuit of the motor we obtain

(Lp +R) -- ,-CON., (6.133)

where L and R are the inductance and resistance of the armature, res-

e pectively, and c3 Pdv is the emf induced in the arma-

ture.

a b Denoting the transfer ratio of the reducer by c4
and substituting Pdv = P/c4 in (6.133), applying

(6.132) we obtain
(Tip + 1) 1 = k o- (k+k 3p) P, (6.134)

where T2 = L/R is the electromagnetic time constant of the motor and

CgR

Equations (6.131) and (6.134) describe the motion of the servo

for armature-current values i b (Fig. 6.23). For certain parameter

values, operation of the system is possible with i > b; this leads to

self-oscillations. The equations describing the motion of the servo

for this case will, in accordance with (6.131) and (6.134), be

(Tp+I)p3=F(!) for L b,
(T 2p + 1) i = kt% -(k + p) , (6.135)

where F(i) is a nonlinear function expressing the dependence of motor

torque on armature current and reduced to the dimensions of speed.

For the case where the setting disturbance a varies at a certain

rate pa = const, the self-oscillations will be nonsymmetrical with

respect to the equilibrium state. Let us determine the periodic solu-

tion for an input of the nonlinear link - the motor-armature current

i - in sinusoidal form with a constant ,component

i = Po +} A sin ? , , = L-t.

Harmonic linearization of the nonlinear function F(i) gives

n (I)=_ FO(A, io)-+-q(.A, P)i*, (6.136)

where = i - is the perioqic component of the sought solution.

In this case, 0 = 0 + P" at pP0 = const.
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From (5.121) and (5.122), we obtain values of the constant com-

ponent and the harmonic-linearization coefficients for the function
F (i) p~~~O (A, 10)=- - / ) - --

" - (b-+ to) arcsln ---- - (b - 1) arcsin

for A >b+101, (6.137)

bi (b i b-- o - io'q (A, !I)= t- (rsn +aci +' -b-'
Aj bb o-r

As r f bIiJ (6.138)

We will assume that the setting disturbance q(t) varies at a con-

stant rate pa = const (Fig. 6.24a), or is some slowly varying function

that may be approximated by sections of a broken line (Fig. 6.24b) for

practical calculations. In the second case, the solution of the prob-

lem for the individual time intervals reduces to the first case of a

constant rate of change for the setting disturbance. The minimum

length of the time intervals must be larger than the period of the

sought periodic solution. In the second case the function pa is

piecewise -constant.

a b

- I

pc fP'4 I I

Fig. 6.24.

Thus, on replacement of the external disturbance by a piecewise-

( linear function, the self-oscillatory process in the time interval

being considered may be represented in the form of a sequence of
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quasi-stationary processes, the duration of each of which is determined

by the time At s+n * Here the passage from one quasi-stationary mode of

5 operation to another is, so to speak, accomplished "instantaneously"

at the interval boundaries t., ts+l,** , tn . The quantities A, il and

10 are assumed constant within each time interval.

Applying (6.136), we obtain from Eq. (6.135) a harmonically lin-

earized equation for the tracking mode with constant speed:

[r #'+ (,+ )pl-{(I + ksq)p+ kql I* = k (pot - )" (6.139)

Carrying out the substitution p = ja in the characteristic equa-

tion corresponding to the differential equation (6.139), we obtain

two equations from the condition of equality of the real and imagin-

ary parts to zero. We obtain the third equation as a particular sol-

ution of the differential equation (7.139) for i = 0, applying the

condition pa = const. The three equations mentioned for the deter-

mination of the amplitude and frequency of the periodic solution are

k2q(A, 0) -(TI-+ TOQ't=0,
I + k3q (A, 10) - T,T ,T2= O, (6.140)

pa - P (A, 1) 0.

Equation (6.140) permits us to determine the amplitude A, the

frequency a and the displacement i0 of the oscillation center of the

periodic solution for the variable i for given system parameters and

a given setter rate pa.

We will not carry out the analysis of the influence of the sys-

tem parameters upon the amplitude, frequency and displacement of the

center of oscillations in the present case, sInce this is convenient-

ly carried out for the symmetrical mode where pa = 0 and, consequent-

ly, FO(A, i0 ) = 0 and i0 = 0. Similar analyses were carried out in

Chapter 4.

In the present chapter we shall consider a method for finding

(_ the amplitude, frequency and displacement of the oscillation center

as functions of the setter rate pa.
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It is evident from the first two equations of (6.140) that for

constant parameter values, the frequency of the periodic solution

will be constant and determined by the formula

1- +(6.1141)

0 02
In order to determine A° and i , let us eliminate the quantity &2 from

the first two equations of (6.140); solving them for q(A, i0 ), we

obtain

(AT,+ Ts (6.142)
! q(A,/o) ='fZ',- A1 (I', + T'1)'

q(A

* Assigning values of A for various constant values of iO, we use Form-

ula (6.138) to construct curves of q(A) for the case 10 = const and,

in accordance with (6.142), draw the straight line q(A, iO ) = const

(Fig. 6.25). The intersection points of the curves of q(A) with the

straight line give values of the amplitude A as a function of the

displacement of the center of oscillation. Substituting the values

of A and i0 into Formula (6.137), we determine, according to (6.140),

the rates pa of the follow-up system's setter that correspond to these

values. Thus we solve the problem of determining the functions

A = A(pa), sQ = n(pa) and i0 = i0 (pc), which may be represented in the

form of certain curves (Fig. 6.26).

Fig. 6.25. Fig. 6.26.

It is of practical interest to find the oscillation-center

displacement 0 = - and the amplitude A for the output shaft,

- 583-



which are the static and periodic errors of the follow-up system. In

order to convert values of A into values of A. . we must make use of

the second equation of (6.135), from which we obtain the following

transfer function for the periodic components:

W(p) __ k' +__ (6.143)

I+

In accordance with (6.135), for a follow-up mode with the constant

rate pa = pP = const. we obtain

k209~ - k apa

from which we obtain a formula for the steady-state static error in

the mismatch angle _:
60 kp + to_

k,

In order to convert the amplitudes of the periodic solution, we ob-

tain the formula

from (6.143). As a result, we obtain curves of the static and periodic

errors of the follow-up system as functions of the follow-up rate for

the self-oscillatory mode of operation.

To prove the stability of the periodic solution, we may use the

approximate stability criterion

. ( x ,/ _ Z), ( -y* '\Oa)~~ J -Oo a ""

We determine the derivatives occuring in the inequality of the cri-

terion from the expressions
X (a, o,)- kq - (T + T,) (o,
Y(. o--(I -+ k~q) M - Tj T20,

corresponding to Equation (6.139).

Calculating the derivatives, we obtain
Ix)dq* IOX\ -- (*1

(LY), ._, ( I* 9,(L * = + lzq -3 ,1 f ,.d/ - \da/ ' 'o3) .
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Since

I + k~aq -T, T191,

from the second equation of (6.140),

())* = -21, T,'.

Substituting the values of the derivatives into the left member of

the criterion inequality, we obtain

2 L I*9 k ,'r,-h 3 (TI + T-1)].

It follows from (6.141) that

ktTT-ks(T1 + T)=.

Allowing for the sign of the derivative (dq/da)* (see Fig. 3.7), we

find that the stability criterion for the periodic solution is satis-

fied:
2kt (L) > 0 ,

Thus, the periodic solution which we have obtained is stable, i.e.,

for i > b + i0 and pa = const, the system has a self-oscillatory

steady-state mode of operation.

§6.8. SYSTEM WITH NONSYMMETRICAL NONLINEARITY ON EXTERNAL DISTURBANCE

Let us carry out the investigation for a nonlinear sutomatic

control system with a delay, as performed by N.V. Starikova (179].

In this problem, we determine the influence of the system parameters

and a slowly-varying perturbing disturbance on the amplitude and fre-

quency of the self-oscillations, together with the stability, boundary

of the system as a function of the constant external disturbance.

The system considered is represented by a block diagram (Fig.

6.27a, b) where 1 is the controlled object, 2 is the sensitive element,

(_ 3 is the magnetic amplifier, 4 is the control relay, 5 is a power re-
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lay, 6 is the output device, 7 is the control element and 8 is the

feedback link. On combining certain links, the system may be repre-

sented by the block diagram shown in Fig. 6.27b.

Ia

Fig. 6.27

The dynamics of the process in the system are described by the

following equations for the links.

The equation for the controlled object is

(dip'+ dip + Q 11 = (ci, + c2) ( - (6.144)

where -v is the perturbing disturbance, y is the control disturbance,

0 is the deviation of the controlled quantity and dl, d2 , d3 , c1 and

c2 are constant coefficients.

The equation for the sensitive element is

(Tip + 1) = k,p, (6.145)

where I is the input of the sensitive element, T1 is the time constant

of the sensitive element and kI is the transfer ratio.

The equation of the magnetic amplifier is

( p + 1 ) 1 =. kit - kalo. c, (6.1/46)

where I is the amplifier output current, T2 is the time constant of

the amplifier, k2 is the current gain, and k 3 is the feedback coeffi-

cient.
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a bi b

0 mbbi a a Obb Z

Fig. 6.28

The control and power relays have a nonlinear characteristic

(Fig. 6.28a), representing the nonlinear function Fl(I), where us

is the power voltage to the windings of the motor, which is switched

by means of the output relay.

The equation of the output device (motor) is

(Tp+ 1)p.-k='"Pu, u=F,(I), (6.147)

where k 4 = V/Us; here V is the steady-state rate of the output de-

vice, Us is the dc power voltage cut out by the relay, T is the delay

in the output device and the power relay, T3 is the time constant of

the output device and a is the control-element angle of rotation.

As a nonlinear link, the equation of the control element has the

form

(6.148)

where rl, r2 are coefficients determined by the parameters of the

control element. The static characteristic of the control element is

shown in Fig. 6.28b.

The equation for the nonlinear-link feedback (Fig. 6.28c) is

io., = ko0 ,, u kFj (I), k 'e (6.149)

The static characteristic of the nonlinear link NE 3 is shown in Fig.

6.28c.

In the system investigated, the periodic solution will be nonsym-

metrical (with a constant component), since there is a nonsymmetrical

static characteristic F2 (a). We shall determine the solution for the
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I variable I in the f"orm

! =*+A Sil1l( U and for the variable a in the form

Harmonic linearization of the nonlinear function Fl(I) reduces

to its replacement by the relationship

F, ()=F;'(A, 10) + [q, (A., J) + q, (A, I)~ P * (6.150)

where I* I-I0 is the periodic component of the solution sought. In

accordance with (5.89) - (5.91), the constant component and the har-

monic-linearization coefficients are

F° U-A.( arcsin arcs] ,n +
21t AA,

+ acrslli -inA, - arcsin A ,

A, A,I A ? } (6.151)
"+ I/ -- ,AO 0mb + r I-

q; = -- U-b(1- )forPA. q-t °

Harmonic lanearizatlon of the nonlinear function F2(a ) gives

/7,*(=- P(A,, )_+.q, (A,, =0)0=, (6.15 2)

where, in accordance with (6.148), the constant component and the co-

efficient of harmonic linearization have the values

qj=r (°) + - '" = 2r,%O-l rt. I6 1 3

From the harmonically linearized equations, we synthesize the

characteristic equation and use the linear methods for the analysis.

Separating the constant and periodic components in all the variable

quantities, i.e., representing them in the form

-T_ ,,-588 -
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f we obtain equations for the constant components in the presence of a

constant perturbing disturbance yv

d31° ke1 (yi Q- T"), k10 - k'° c (6.154)r - F,'(A2 , P0), 0 k1ti0 , 10 1(Ag, 0), u =kF (Aj, i0),

and the equations for the periodic components:

(dp + dip+ da)(Trp+ )i*-=- k,(cp + c2) y*,

(Tip + I) P -- kji* - k3i .c, (T.1p - I)px* = ke-'Pu*,

u. 1[q )(A, +0)_F q.(A., 10)0 i* (6.155)
[ * .q (A p, co)o*, io.c kockU*.

In these equations, FO , ql and qj are taken from Formulas (6.151).

Combining Eqs. (6.155) and substituting the values of q2 0 we write

the characteristic equation of the system:

(ditp+dip+da)(Tp+ 1)( Tp + I)(Tip + 1)p+

4-+(c1p+c 2) kjkke-"' [ql(A 1, 10) + - (2r,,' + rj)+ (6.156)

+ kko..k3 (dip* dip + da) (Tip + I) (Tp + 1)p X

X [q(A, 1 )_ q;(A, ')p] =O.

From Eqs. (6.154) and (6.151) we obtain

1"= O, utOs-- . F (A , 1)-- =- , 10-=- , j, ,--= 0 , 1*= 0 ,

B--T=O, '2'( , O)=T.

for the constant components.

According to (6.153), we find a0 for the case of the constant

external disturbance v

=r,( ,(6.157)

2r,

from the last relationship above. We take the plus sign in front of

the square root since A2 = 0 and a 0 = 0 for yv = 0.

From the appropriate equations of (6.155), we obtain the rela-

tionship between the amplitudes A1 and A2:
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At -A k, q

rfj6'_ 4:_F (6.158)
I

Substituting p = Jt into Equation (6.156), and separating the real

and imaginary parts, we obtain the expression L(JO) for the charac-

teristic curve:
L(jQ)-=X(A , , ao)+ Jy(A , Q , 0o). (6. 159)

The amplitude A1 and frequency Q of the periodic solution are deter-

mined from the condition L(Ji) = 0, which gives the equations

X(AI, 2, %o)=O, Y(A,, , o)=0, (6.160)

to which weadjoin Formula (6.157).

In order to determine the self-oscillations in the system for

given parameters, we represent the left member of Eqs. (6.160) in the

form X=X(Q)+XY(A,, 2, a)+ko.Xa(A,, 2),
Y-- YV(2)- Y,(A,, 2, 0')+k,.eY(A,, 2), (6.161)

where

.,()--T,7;7"3d,'+(T,+ "+ TOd--(TT T,7',-J- T r,)d,1
'-t , rj d312 o -_: [(T, + T, + T,) d,+ dl U,

Yj()=--[(TIT,+ TIT,+ r,T,)d +T7T,T 3d, I Us'-
-Id, +(T + T, + T.)d, + (r, + TT, TT,)d3I12' +d,2,

Xt(A,, 2, oo) = klkikl(2roto + r fl[q, (A) cos 2 -+ q (A,) sin 2j 3c, -

- iq (A,) cos ,t - q, (A,) sin !2j ct2},

Y1 (At, 2, o) = ktk&k, (2rt + r.,) {lq, (A,) cos c + q; (A,) sil t c,2 4
-+- 1q; (A,) cos Q% - q, (A,) sin 2,1 c,},

X,(A1, 2)=kkzq, (A1) - dT, T,' +

+ [d3 TT Ts + d, (T, + TI) + d,l 2' -d3 I +
+ kkaq, (A 1) {Id, Ts T+ d, ( T, + T.)] Q- 1d3 (T, + Ts) + d2l'1,

Y. (A,, )==kk3q,(A,){dTT2' -
-[d, T, + d (T, + TI) + Td,Us+d3Q +

+ kkaq; (A,) Id, T, Ts + d, (T, + T,)1 '- [d3 (T, + Ts) ]-d,j '.

To evaluate the influence of some system parameter z, on the other

hand, we write the equations in the form
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X X"X (A, Q, a')+ Y( (A,, 2, m, z), (6.162)

in many cases we may write
X=--X(I) (A 1, 2],a")-+zX(I) (A ,, 0 ),

Y") y.(A,, U, 20) + z Y") (A,, 2, )

Because of the complexity of the system equations, it is extremely

difficult or impossible to obtain A1 and 0 as explicit functions of

the system parameters. We shall therefore make use of a graphoanaly-

tical method for determining A1 and a. Assign-

a 171 .41 ing various numerical values to A1 , let us

4 construct the curves L(Jw) = X(w) + JY (c) in

4,.0d the complex plane (X, JY) for A1 = const,

z = const, and interpolate to find the sought

value of A1 , for which L(jw) passes through

= 20 the origin, and the unknown a at the origin

45 (Fig. 6.29a). The separation of the parameter

Ci.'= a Z in (6.126) permits us to select values of

A1 and SI such that the quantities (6.162) will

a4 be sufficiently close to zero. Therefore we

jyA . may limit the synthesis -f the characteristic

c _4,%=6 curves to the region close to the origin.

The stability of the periodic solution

C4 is approximately determined by the familiar

Fig. 6.29 method (see page 125), using the characteris-

tic curve L(Jco), which is constructed in Fig. 6.29b.

Let us now find the region of equilibrium stability for the sys-

tem for self-oscillations absent. We determine the value of the para-

meter z that guaratees the absence of self-oscillations and a stable

equilibrium position as follows. Let us choose the boundary value
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z = z*, all remaining parameters given, such that for the case z =

the curve L(Jco) will intersect the origin at A1 = b, encompassing

(n - 1) quadrants. Here it is necessary that for all A1 > b, the curve

of L(J) surround the origin, passing throughn quadrants, which corres-

ponds to damping of the oscillations. On the other hand, oscillation am-

plitudes A1 < b are impossible, and the system arrives at the stable-

equilibrium state inside the dead zone b (Fig. 6.29b).

'Self-oscillations in no-feedback system. To determine the influ-

ence of the system parameters on A1 and n, let us consider a system

without feedback.

Setting yv = 0 and ko. s = 0 in Eqs. (6.157), (6.160) and (6.161),

we find the self-oscillation parameters of the system for the follow-

ing values of the coefficients of the equation:

d = 2.610 -3  d2 = 0.1 d3 = 1.0 c1 = 87

k2 = 20 V = 10 degrees/sec c2 = 9.8"102 k1k2 = 2.3

k3 = 0.4 T1 =0.08 sec T2 = T3 = 0.2 sec T=0.4 sec

r2 = 0.3

The influence of the various parameters on the self-oscillations

was determined by the graphoanalytical method described. Figure 6.30

shows the results obtained in the form of the self-oscillation fre-

quency 41 and amplitude A1 as functions of: a) the time constant T2s

b) the steady-state rate V, c) the lag T and d) the gain constant k2.

It is obvious from the curves that k2, V and T are most essential in

reducing the self-oscillation amplitude. However, self-oscillations in

such a system cannot be suppressed by varying the individual para-

meters without introducing feedback.

Self-oscillations and stability of a system with feedback and without
perturbing disturbance.

The feedback is cut in and cut out by a controlling relay which

also transmits signals simultaneously to a power relay and a follow-

up mechanism (the second contact pair of the power relay). The feed-
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back voltage is subtracted from the signal voltage governed by the

/0 3 2
/ /Z18 -

2 48' 1 4 44

0 ,2 a a 2

/ ,0
o /Z 41/ d 4

10 is5'

8 24 A,

4 ,

c., 2 I
0 44 4 ,Y I 0 5 1 I's Z

Fig. 6.30. 1) Amperes; 2) sec.

deviation of the controlled quantity in the amplifier. To analyze the

self-oscillations, we make use of Eqs. (6.161), (6.158) and (6.157)

for yv = 0. We have a periodic solution if

X,(Q)+ X(A 3, 2, aO)=- k.oX.(A,, o), (6.163)

Y, (9)+ YCA , 0 2--O)='- k0.(, 2). J

By the method described above we determine the boundary feedback

coefficient as a function of each system parameter, i.e., we find the

stability boundary for various system parameters. For example, repre-

senting Eqs. (6.163) in the form

Y,C(2)+ d- ,(At,. , 0,, c) - ko.r Y,(At, 2

let us construct the stability boundary ko. s = f(T). The stability

boundary ko. s = f(r) is shown in Fig. 6.31a.

We construct the stability boundaries in the parameter planes

ko.s, b (Fig. 6.31b), ko. s , V (Fig. 6.31c) and ko. s , k 2 (Fig. 6.31d)
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in a similar manner. Eliminating ko. s, we may use these curves to con-

struct stability regions for any combination of 
two parameters of the

system [with] k0 .8,

Self-oscillations and quality of control process 
in system with con-

stant or slowly varying external disturbance.

In the presence of a constant or slowly varying 
perturbing dis-

turbance yv , which may be assumed constant 
over the self-oscillation

period, the characteristic equation determining 
the periodic solution

remains as before. Only a0 is a function of the 
quantity yv (see

(6.157)). By means of the method developed, and using Eqs. 
(6.157),

(6.158) and (6.160), we may determine the self-oscillation 
amplitude

A1 and frequency Q as functions 
of yv. The result of the solution

a b .''' " 1
OMac/b yvrnu -

1W 2
041OdacmA LOd amb aomo oAdahud

. a O# - 0 1,,0 1?O

eoomuem t(C'/ ______o___u__

c d

• = 3 = V:,V1/2 O~a O /Oaamo~~~u

2 ozPi~j; GA'OOA6ada
7 aeno,oAeda/u/l

Fig. 6.31. 1) Region of equilibrium
stability 2 )re ion of self-oscil-
lation; 3S o.s; W) degrees/sec.
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is shown in Fig. 6.32a.

In the presence of a slowly varying disturbance yvo whose rate

of change cannot be disregarded, we must allow for slowly varying
components in the equations of all the links (6.144) - (6.149), in

which the nonlinear functions are substituted as follows:

= ?(A,1, 10), 7-.=-F1(A21 Mo), u2= kf(A,, Io (6.164)

here the quantities 10 and a0 must be regarded as slowly varying over

time. Since the functions u(IO), y(a0), and u2I0 given by Formulas

(6.164) for slowly varying 10 , a0 are represented by smooth curves

passing through the origin, they may be linearized (see §5.3) by

the formulas 1= N) (6.165)

Then all the slowly varying components for given yv(t ) will be

determtned by a system of linear equations. From them, using the ordin-

ary methods of linear control theory, we may determine the quality of

the control process in the system for the case of a slowly varying

perturbing disturbance yv(t) . Here the self-oscillations are deter-

mined by the method set forth above. Since we have already determined

the slowly varying component IO(t), upon which the self-oscillations

depend, we also obtain a slow variation of the self-oscillation ampli-

tude A(t) and frequency n(t) corresponding to a given yv(t).

Stability of system in the presence of a constant external disturbance.

In the case of a nonsymmetrical nonlinear characteristic, the

quantity a 0 , the constant component F0 and the coefficient q2 vary

with variation of the quantity yv. In order to determine the position

of the system stability boundary in ko. s as a function of the constant

external disturbance yv, we use the method described above for deter-

mining z*. The result is shown in Fig. 6.32b. We may also easily con-
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t struct the stability boundary for other parameters and find the dis-

placement of the stability boundary in the parameter plane for varia-

Q tion of ev. In practice it is very important to allow for this stabil-

ity-boundary displacement in a nonlinear system with variation of

the magnitude of the external disturbance yv. Such a specific phen-

omenon does not occur in linear systems.

The results obtained are confirmed well enough on solution of

the intitial nonlinear equations on an electronic simulator.

A10fa

a
2Z

A, 8 oiia M~qcy8'/;l .. 7

-8 2 " -, 0 2 46Fg . 6

o~s;4) euiliriumstality; 5)n

thedigra sowninFig. 6.33a t e nonliearit on siet.of)

se boclltos 3)v 7)apv

three-position relay with a dead zone, the characteristic of which

= =F(x-) (6. 166 )

I ~ is shown in Fig. 6.33b. The relay time delay is referred to linear

part I.
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b c

Fig. 6.33. 1) Linear part 1; 2) non-
linearity; 3) linear part 2; 4)
4) feedback; 5) Kn.

The linear part 1 is described by the equation

x(t)=kjx,(t- r) or x=kje-JPx,. (6.167)

The equation of the linear part 2 takes the form

(Ttp 4- )pz = 1F, (6.168)

while the feedback is

(Top+ 1)z, =kez, (6.169)

where

x1 =y- Z,. (6.170)

We must first find the self-oscillations in the system in the

absence of an external disturbance (y = 0), and then determine the

smoothed relay characteristic for a slowly varying component and the

variation of the self-oscillation amplitude as a function of this

component in the presence of an external disturbance (y , 0) [187].

In the absence of an external disturbance (y = 0), the system

equation is, in accordance with (6.166) - (6.170),

Q(p)x+R(p) F(x)=O, (6.171)

where

Q(p) =(Top+ 1)(Tgp+ I)p R(p)=ke "'S, kklk,. (6. 172)

Harmonic linearization of the given nonlinearity (Fig. 6.33b)

gives
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F(x)= qx, (6. 173)

where, according 
to (3.13),

4 b ( .(6.174 )

Here the characterisitic equation corresponding to (6.171) is

To Tp'±+ (TO + Tj ?p + p + kqe-'P = o. (6.175)

Making the substitution p = Jfl and separating the real and im-

aginary parts, using the expression e = cos Tr.j sin TV we obtain

two equations:
X=kq cos 2 -(To+ TI)2slO=o, (6.176)
Y=-2--kqsinc -- ToT,23 ,=0.

Let us assume that the time constant T of the linear part 2

(for example, the motor) and the lag T in operation of the relay are

given, and that we must choose the feedback time constant To and the

total loop gain constant for the nonlinear links, k k1 k2kO. Let us

solve Equation (6.176) for these parameters:

I - TQtg tQ:'~~T T= U (7-vQ + tg .cog, 6.77

t k (To + T.) Q, Q (I + 7TQ2) (6.177)
q q (T" -T+ Ig %h) cosQ'

From the first formula, assigning various values to n and com-

puting To each time, we obtain the frequency n of the periodic solu-

tion as a function of the constant To (Fig. 6.34a). Here we must as-

sign values to &I that result in positive values of T and k. Figure

6.34b shows the graphical determination that follows from (6.177) for

intervals of these values.

According to the first equation of (6.177), in each interval a

certain frequency a of the periodic solution that is not a function

of the gain constant k corresponds to each value of To. For any given

value of T0 , therefore, the second formula of (6.177) gives
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-WhereC-- (T +1)"' (6.178)

It is evident that the value of C will be different for the differ-

ent intervals of n, whereupon we must take cos Tn > 0.

a .;7 .. . . . . . . b !j2 T

Fi g. 6. 34

0 db 1 3

IV /

Fig. 6.35. I) Equilibrium stability;
2) self-oscillatons; 3) Kkr.

Since according to (6.174), q(A/b) has the form shown in Fig.

6.35a, then the dependence of the periodic-solution amplitude A upon

the gain constant k takes the form of Fig. 635b, where we show the

curve A/b(k) only for the lower frequency interval (curve 1 in Fig.

6.34a). For the remaining intervals it lies much farther to the right

in Fig. 635b, and it does not have any practical meaning.

The value kkr (Fig. 6.35b) corresponds to the point qmax= =
2c/Fb (Fig. 6.35a), i.e.,

kep =(T + To go (6.179)

SWe may call the coefficient y the shape coefficient of the nonlinear-Sity.

inWe must isolate a stable value from the two branches obtained
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for the amplitude of the periodic solution. For this purpose, sub-

stituting the quantities p = Jw into the characteristic equation

(6.175), we obtain

X = /Ik cos w - (To + T2) , Y= w - hq, sin uo - ToTpw.

Let us find the partial derivatives of X and Y with respect to a and

(OX) sk 2sn ) -kqc scio c -- 2(To+ T0 12
IY* = -ksinc2 / dq_ \I()' - kqT cos; - 3 TT2.

Here the left-hand side of the expression

(x *(y\*-( x OX Y* .
d1ak / d-a- (T)- W) > 0,

determining the stability of the periodic solution obtained assumes

the form

k (A (I- T U)2) c os 2 - kqc - 2(T, + r,) 2s Jnc 2Jdq

But, according to (6.176)

co 0 o S (T. + N o1, IIQ= -TOTSoS 9.s kq , sin ,2- L-T

Allowing for this, the preceding expression gives

da * kq (

Here the expression in the square brackets is negative, while from

Fig. 6.35a it is evident that
dq

a) >0 for <

<o for A>yj/

Hence it follows that the stability criterion for the periodic

solution is satisfied only when A/b >;2. Consequently, only the

upper branch in Fig. 6.35b corresponds to self-oscillations (stable

periodic soltuion), which take place for the case k > kkr* The pre-

sence of a nonstable periodic solution with a smaller amplitude tes-

tifies to the fact that "hard" excitation of the self-oscillations
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aI

02h/ -46zq,

b Fig. 6.37. 1) Lines A = const;
2) stable-equilibrium region-
3) self-oscillation region; 4)
lines S1 = const.i, Fig. 6.36

takes place here. Let us note that for k < kkr' the equilibrium state

of the system is stable for any initial conditions.

Here we have obtained the magnitude of the self-oscillation

amplitude A for the variable x. Let us now determine the self-oscil-

lation amplitude of the output z of the system in question (Fig. 6.33a).

It is obvious from the diagram that we may convert from the variable

x to z via the transfer functions of the linear part 1 and the feed-

back. Therefore the self-oscillation amplitude Az of the output z is

4 - -" V 1.(6.180)

Thus, all the results obtained for A are easily converted for Az here

and in what follows.

Thus, Fig. 6.35b gives us a picture of the self-oscillation am-

plitude as a function of gain constant for one value of TO. If, how-

ever, To increases, then according to Fig. 6.34, a will decrease, and

hence the coefficient C will also decrease (see (6.178)), as a con-

sequence of which the curve of A(k) will be shifted to the left (Fig.

6.36); here, the larger the value of TO, the faster will the self-

oscillation amplitude increase.
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)r T POZ& 9 ZI

Fig. 6.38

1.-I- + zi-~I1.4I

Fig. 6.39

Hence the curves of Fig. 6.36 give us a complete picture of how

the self-oscillation amplitude A and the frequency S2 vary on varia-

tion of the two system parameters k and TO.

The two diagrams of Fig. 6.36 may be combined into one (Fig.

6.37), as a result of which we delineate the stability region for the

equilibrium state of the system in the plane of the two parameters,

while in the self-oscillation region we draw lines of equal frequency

values (E = const) and lines of equal amplitude values (A = const).

On the basis of the diagrams obtained (Fig. 6.36 or 6.37), we

may choose the best values of the system parameters T0 and k, which

provide desirable values for the self-oscillation amplitude A and the

frequency n.

The position of the lines A = const depends upon the shape of the
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nonlinearity, i.e., the magnitude of the amplitude and the width of

4fW the equilibrium stability region depend upon the shape of the non-

linearity. According to (6.179), the width of the equilibrium region

is inversely proportional to the nonlinearity's shape coefficient

= 2c/7Tb.

Let us now pass to determination of the smoothed characteristic

of the nonlinear link (relay) for a slowly varying mean component.

Since the component is assumed constant for the oscillation period,

we perform harmonic linearization of the nonlinearity allowing for

the mean component given in Formulas (5.99) and (5.100).

Let us consider two cases separately:

1) in the self-oscillation process, both relay contacts operate

(Fig. 6.38), i.e.,
A x* I + b;

2) only one relay contact operates in the self-oscillation pro-

cess (Fig. 6.39), i.e.,

I x - b' A x- + b'.

If, however, A < Ix01-b, then the relay will be permanently cut in in

one direction.

In the first case (Fig. 6.38), Formulas (5.99) and (5.100) give

q'= 0 and

= C ( rcSil + arcsin

In the second case (Fig. 6.39), we will also have q' = 0 and

2 c - /' Ix°1--b\
- I. I -" A - ,(6 .1 8 2 )

t" 5 . (-,2- -- arcsln -- --) sign x0.

Thus, from the second formulas of (6.181) and (6.182) we deter-
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mine the smoothed characteristic FO(x0 ) for the nonlinear link (relay).

But the unknown self-oscillation amplitude A still remains in these

0
formulas, and will also vary with the quantity x

Consequently, the slope of the smoothed nonlinear characteris-

tic at any one of its points
dF OF OF* dA

-dx --- -i- X x*

0where the derivative dA/dx , like the function A(x0 ) itself, is de-

termined only in subsequent solution. However, for oddly symmetrical

nonlinear characteristics we will have

tOA dxO

at the initial point (x0 = 0), as was proven in Chapter 5.

* From the second of the formulas of (6.181), we find
OF0 

_C[

_ _ + , for I x~l < A - b,

from which we obtain, e.g., the slope of the smoothed characteristic

at the origin (x0= 0): (OF\ _ 2

k 0 =tg8== ~~ 0 7= Z y-bl (6.183)

Hence, for small mismatches, we may write the smoothed character-

istic of the nonlinegr link in question in the purely linear form

P°-=-.kxo,

where the coefficient kn is determined by Formula (6.183) and is a

function of the self-oscillation amplitude A at x0 = 0, of the sys-

tem parameters (according to Fig. 6.36).

In a subsequent analysis we will investigate the range of valid-

ity of the substitution F0 = knx O i.e., the limit of x0 up to which

we may use Expression (6.183).

In those cases where Formula (6.183) is valid, according to (6.166)

-(6.170), we may investigate the passage through the system of all the
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slowly varying components in both steady-state and in transient proc-

esses, according to the linear equation

. . (7'p -- l)( -F ) p -I-- k k,,-' x°  --
I( _--ek, (TOp-[+ 1) (T2p-I 1)-PY, (6.184)

where kn is determined from Eq. (6.183) in which we substitute A from

the curve Of Fig. 6.36.

Let us now consider the variation of the self-oscillation ampli-

tude A with the variation of the mismatch magnitude x0 , and let us

construct the smoothed characteristic F0 (x0 ) of the nonlinear link al-

Vq lowing for the variation of the amplitude

A.

SAs is evident from Eqs. (6.176), the

_ _ _ _self-oscillation frequency Q is not a

function of the magnitude of _; the fre-Fig. 6.40

quency is determined first from Formulas

(6.177), to which case the curve of Fig. 6.36b corresponds. Conse-

quently, in the present example of the system, we may take the same

self-oscillation frequency 0 from the curve of Fig. 6.36b as was taken

in the absence of the input disturbance (y = 0, x0 = 0) independently

of the magnitude of x0 . Then, on the basis of the first equation of

(6.176),

q (" T,) o
= kos.u '(6.185)

For convenience in writing the subsequent formulas, let us intro-

duce the abbreviated notation

A 26.186)

of which the first is the relative amplitude, the second is the rela-

tive average component and the third is the shape coefficient of the

nonlinearity.
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Then Formulas (6.181) and (6.182) for q are written in the form

The curve of the function q(P) for a certain constant value of

Id has the form of Fig. 6.40. The first branch of this curve (P0-

_ _ 132) is determined by the second formula of (6.187), while the

second branch (15e  P < -) is determined from the first formula of

(6.187). For this case the values

I +,, 1 1 -=, . _ (6.188)
GI= ,- ; + +7-- I i -"I'-- i 2V, q3: =q (PA3)

correspond to the characteristic points shown in Fig. 6.40; here the

last value is determined from the first formula of (6.187). In the

particular case where C = 0, we obtain P = F2, q3 = 'Y' i.e., the

result known earlier (Fig. 6.35).

From Formulas (6.187), using the values indicated for the char-

q -0=7 and

Ill

4 ,IV

'-'

1 1 91 :N . ' - -

I i f Ia'/
"a2 0 98' 4 5 8

Fig. 6.41
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acteristic points, we have constructed a family of curves of q(P) for

various constant values of C (Fig. 6.41).

As we have already said, for given system parameters we may cal-

culate the value of _ from Formula (6.185), after which, drawing the

appropriate straight line q = const on the graph of Fig. 6.41, we ob-

tain the sought dependence of the self-oscillation amplitude P (or A

= Pb) on the magnitude of the mean component C (or x0 = b).

For example, if the system parameters are such that Formula

(6.185) gives us q = 0.57, then we must draw the straight line q = O.5T

on Fig. 6.41 (there it is indicated by the dot-dash line). For this

case let us construct the curve P(C) (Fig. 6.42) passing along the

X straight line from the right to the left. The point A in Fig. 6.42 cor-

8 -1s= Y responds to A in Fig. 6.41. In Fig. 6.41,

A 8 the amplitude P decreases from point A to

3-
I point B, while the magnitude of the average

H1 5 component C increases; this is also shown

6_____ in Fig. 6.42. Then from point B to point M
in Fig. 6.41, the amplitude P continues to

Fig. 6.42
decrease and the quantity C also decreases

(line segment BM in Fig. 6.42). Then with the decrease of p (Fig. 6.41)

C increases anew over the line segment ME (line segment ME in Fig.

6.42), while it decreases over the line segment EN (Fig. 6.41) (line

segment EN1 in Fig. 6.42). Further along on the line segment NG (Fig.

6.41), the amplitude p gradually decreases to zero; here the quantity

C has two values at each point (curves NIG and NG in Fig. 6.42, which

are symmetrical with each other). In addition, still another branch,

the curve NC (Fig. 6.42), where C decreases to zero, corresponds to

( the line segment NC (Fig. 6.41).

On Fig. 6.42, we have drawn additional curves between the points
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M and N; one of them is symmetrical to the curve MEN., while the other

I h connects the line segments CN and MB. These secondary curves would be

obtained if the curves in Fig. 6.40 had the continuations shown by the

broken lines. But these continuations do not satisfy the limitations

imposed on the quantity IC1, which are indicated in Formulas (6.187).

Therefore the broken curves between the points M and N in Fig. 6.42,

which are necessary only to make the curve more obvious, do not cor-

respond to real processes.

Thus we have two boundaries: 1) ABMNC, giving us the amplitude

function of the periodic solution for the case where both relay con-

tacts operate, and 2) MEGN, giving us the amplitude function of the

periodic solution for the case where one relay contact operates.

It is evident that where 0, the points A and C are equivalent

to the two points of the curves in Fig. 6.35b, for the case where one

value of k is given. Hence point A (Fig. 6.42) corresponds to a stable

periodic solution (self-oscillation), while point C corresponds to an

unstable periodic solution. Therefore the curve AB also gives us the

relationship sought for measuring the self-oscillation amplitude p

with increasing average component II. The amplitude decreases with

increasing C in the interval

from PA - 3.9 for C = 0 to 2.9 for CB = 1.7,

(6.189)

where the abscissa CB of the end point B is determined as that value

of C for which the value q3 (Fig. 6.41 and Formula (6.188)) is equal

to the given value q = 0.51y.

Allowing for this relationship for the variation of p, we may now

completely construct the smoothed characteristic F0(x0) or F0(C) ob-

tained by self-oscillations for the case where both contacts operate

from the second of Formulas (6.181); this characteristic assumes the
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form

F0 arc sin +L +arcsin j')fVV.<-1 610

in the notation of (6.186).

For the case of the variation of and B in the intervals of

(6.189), we obtain:

0 < FO 0,46c. '

The corresponding smoothed characteristic is shown in the form of

the curve OB in Fig. 6.48b.

On a further increase of the average component, C > tB = 1.7, ac-

cording to Fig. 6.42, self-oscillations become impossible for the case

where both relay contacts operate, and either constant closure of one

contact occurs (straight line RS in Fig. 6.48b), or self-oscillations

are generated, corresponding to the operation of one relay contact and

having an amplitude varying as a function of the quantity C according

to a relationship determ.ined by the curve ME (Fig. 6.42). These self-

oscillations are possible in the interval of values

from CM = 1 for =2 to CE = 2 for p=

(6.191)

here the point M (Fig. 6.42) corresponds to the point p2 in Fig. 6.40,

as a consequence of which CM and P are determined by Formulas (6.188)

from the condition that q. is equal to the given q = O.5T. However,

the point E (Fig. 6.42) corresponds to the point Pl in Fig. 6.40.

Therefore, according to (6.188)

2;In= qq-z , o--(6.192)2q,,

where we must assume that q1 is equal to the given q = o.57.

According to the second formula of (6.182) the smoothed charac-

teristic FO(C) of the nonlinear link in question is, for self-oscilla-

tions corresponding to the operation of one relay contact,
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FO-- -  C- are sin slg,, fo r- + (6.193)

in the notation of (6.186), which gives us

0,5c <- F' e 0,75c,

for C and P in the interval of variation (6.191), while on the diagram

of Fig. 6.48b the characteristic is shown in the form of the curve ME.

Let us note that according to (6.192) and (6.193), the value F = 0.75c

will always correspond to the point E for any value of q.

For oscillations at one relay contact, it is obvious that the re-

maining part EGN of the curve corresponds to an unstable periodic so-

lution. Let us remark that the position of the point N, just as that

of M, corresponds to the point 82 on Fig. 6.40, but for another value

of t than point M. From Formulas (6.188), where q2 = 0.5y, we find

C¢ -- 0,08, PjV P, 1, 08.

We obtain this type (Fig. 6.42) of pattern for the curves of p(C)

and smoothed characteristics F0 (C) of the same type (Fig. 6.48b) for

the nonlinear link in question for combinations of the system param-

eters such that the value of _ calculated according to Formula (6.185)

is in the interval

0,457 < q < 0,677,

A4 as is indicated in Fig. 6.48b. In this

6' case, as q increases, the points B, M,

5 8 and E on both curves are shifted to the

4 H left and downward, while point N is

,t £ shifted to the right and upward.

z -- When _q decreases, however, the points
1 . B, M and E are shifted to the right and

9 1 z 4 upward; here the point B moves faster

Fig. 6.43 than E, and for q - 0.45T, we obtain CB =
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= CEO while for the case q < 0.457 we will have CB > CE. As a result,

for the case 0 < q < 0.457, the curve of the smoothed characteristic

of the nonlinear link in question acquires the form shown in Fig.

6.48a. Here the range of possible variation of the input (the average

component C) is expanded, but on the other hand the self-oscillation

amplitude increases. For a comparison, the diagram of Fig. 6.48 shows

the characteristic of the nonlinear link in question without smoothing,

in the form of the broken line OQPRS.

For example, when the system parameters are such that the value _q

calculated from Formula (6.185) is q = 0.257, we obtain the pattern of

curves of C() shown in Fig. 6.43 (this pattern is synthesized in much

the same way as the previous family by drawing the line q = 0.25y in

Fig. 6.41). Here we obtain the following results: PA = 7.9 (for C = 0),

PB = 5.2, CB ; 3.7, PM = 3.6, CM s 2.6, pE = 2.83, CE = 3, 0 < F0 <

< 0.54a (curve OB in Fig. 6.48a), 0.65c < F < 0.75c (curve ME in Fig.

6.48a).

If now the system parameters are changed so that the value of q

calculated from Formulas (6.185) is larger than 0.67, then the abscissa

of the point B becomes less than unity
7, L and the two perimeters of the curves

B
shown in the previous Fig. 6.42 will not

c 'intersect. In order to illustrate this

a5 case Fig. 6.44 shows the pattern of the

0 a. function p(C), for q = 0.75,y as obtained0 as o 45 zo t~

on the basis of Fig. 6.41 by the same
Fig. 6.44

method as was used on the previous curves.

Let us recall that the curve ABC (Fig. 6.44) corresponds to the

L first of Formulas (6.187), in which case both relay contacts operate

in the oscillation process. The curve DJEG, on the other hand, corres-
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Iponds to the second of Formulas (6.187), in which case only one con-

tact operates in the oscillation process.

The curve AB indicates the law of variation of the self-oscilla-

tion amplitude with increasing average component C; here

PA-2,5for CA =-0 , P n 1,9 ferCa 0,7.

On a further increase of the average component (C > 0.7), we have

breakoff of the self-oscillations corresponding to the operation of

two relay contacts. But since CB < 1, this disruption takes place

within the dead zone of the relay, as is shown on the curve of the

smoothed characteristic OB (Fig. 6.48c) synthesized from Formula

(6.190); here at the end point B we have F0 = 0.3c.

Thus, for C > CB = 0.7, the system is either opened or passes

into self-oscillations, for which case only one relay contact operates.

Here the self-oscillation amplitude decreases stepwise (in Fig. 6.44

from point B to point H) to the value

1,3 for -0,7.

Now as C increases the self-oscillation amplitude (for the case

where one contact operates) varies according to the curve HJE. The max-

imum point J corresponds to the value C = 1, when the mean component

x0 is exactly equal to half the width of the dead zone of the relay b;

here the quantity P may be determined by substituting C = 1 into the

second formula of (6.187), i.e.:

J = 1 33.
q

The coordinates of the end point E (Fig. 6.44) are determined

from Formula (6.192); hence in the case under consideration (for the

case ql = 0.757) we obtain

qE=1,67; h,5-0,94.

The value C = 0.33 obtained from the first of Formulas (6.188)

- 612 -



for ql = 0.75,y determines the position of the point D (Fig. 6.44),

i.e.,

0,33; SD = 0,94.

On a further increase in the mean component ( > 1.67), the self-

oscillations in the system are broken off altogether, and the relay is

cut in in one direction only (lines PS in Fig. 6.48c).

Thus, for the case where the average component varies in the range

CD < C < CM' the self-oscillation amplitude (for one contact operating)

will vary according to the curve DE (Fig. 6.44), while according to

Formula (6.193), the smoothed characteristic acquires the form of the

curve DE in Fig. 6.48c; here we obtain at the points D, J, and E

fP)--= 0,25c; Fj = 0,5c; F =- 0,75c. (6.194)

respectively.

A stepwise change in the self-oscillation amplitude (Fig. 6.44)

and in the points of the smoothed characteristic (Fig. 6.48c) is ob-

1811 viously possible at any points of the
2 A.-- cont c L9ef

8curvlinear segment LB and DH for 0.33 <

< < 0.7, when stable oscillations are
L lo possible at either one or two relay con-

I <

I 2 tacts.

Fig. 6.45 If we vary the system parameters fur-

ther in such a fashion that the value of _ calculated from Formula

(6.185) will increase, then the two curvilinear contours ABC and DJEG

shown in Fig. 6.44 will contract. For example, for q = 0.9,y, they as-

sume the form shown in Fig. 6.45. Here for the case where both relay

contacts operate, self-oscillations are possible only in a relatively

small range of variation of the constant component: from zero to CB =

0.2, where P = 1.7, 0 0.llc. These oscillations are broken off

at the point B (Fig. 6.45) before oscillations are able to develop on
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one relay contact. The latter are possible in the interval CD <  < E;

here, from the first of Formulas (6.188) we find
b r = 0,445, 1,555, PD -. PL ---0,778.

for the case ql = 0.9y.

As a result, the smoothed characteristic (6.190) and (6.193) will

have two separate segments CB and DE (Fig. 6.48c), the first of which

is obtained for self-oscillations on both relay contacts, while the

second is obtained for the case of self-oscillations at one relay con-

tact. Between the points B and D the relay is open, since this inter-

val lies within the dead zone of the relay.

.A -9const--=,
,coastconst

o .0

0 £ 0 0
16 05 ,A4,5

Fig. 6.46 Fig. 6.47

Finally, where q = y, the first contour contracts into a single

point A (Fig. 6.46) and then for q > y (for example, where q = 1.51Y in

Fig. 6.47), only one contour remains; this corresponds to self-oscilla-

tions at one relay contact. Hence, for system parameters corresponding

to the value q _ y and small values of the constant component C we may

not obtain a smoothed characteristic by means of self-oscillation.

This smoothed characteristic is possible only far from the zero point

in the interval CD < C < CE (Fig. 6.48e), here the first three of For-

mulas (6.188) give us
for q=y Cn=0,5, (j=1,5, PD=Pa=o,707;

for q= 1,5y CD=--, C--- , PD=PE 0,471.

At the points D, J, and E the quantity F0 has the values given in
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one relay contact. The latter are possible in the interval CD < C < CE;

here, from the first of Formulas (6.188) we find

CI) = 0,445, C 1,555, Pn -- PL, -- 0,778.

for the case = .9y.

As a result, the smoothed characteristic (6.190) and (6.193) will

have two separate segments CB and DE (Fig. 6.48c), the first of which

is obtained for self-oscillations on both relay contacts, while the

second is obtained for the case of self-oscillations at-one relay con-

tact. Between the points B and D the relay is open, since this inter-

val lies within the dead zone of the relay.

1 A A S= s :yl

JJ

15 
--

40 10 4 s

Fig. 6.46 Fig. 6.47

Finally, where q = y, the first contour contracts into a single

point A (Fig. 6.46) and then for q > y (for example, where q = 1.5Y in

Fig. 6.47), only one contour remains; this corresponds to self-oscilla-

tions at one relay contact. Hence, for system parameters corresponding

to the value q > y and small values of the constant component C we may

not obtain a smoothed characteristic by means of self-oscillation.

This smoothed characteristic is possible only far from the zero point

in the interval D <  < CE (Fig. 6.48e), here the first three of For-

mulas (6.188) give us

for q= Q)=0,5, CF=1,5, PD=PL=0,707;

for q= 1,5"7 CD= - ( -s, P ----0,47.

At the points D, J, and E the quantity F0 has the values given in
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(6.194) for any value of _.

Thus, for system-parameter relationships corresponding to values

q 2 y and a slowly varying mean component of the signal at the input

of the nonlinear link, we obtain, in contrast to the previous case, a

dead zone

0 C I < CD,

which is wider the larger q.

Thus, the smoothed characteristic of the nonlinear link extends

over a range of the slowly varying input C which is larger the larger

the self-oscillation amplitude established. But in this case the out-

put self-oscillation amplitude will be larger than is desirable. In

addition, this reduces the gain constant kn of the link, which is de-

termined by the steepness (slope) of the smoothed characteristic.

F P R S

00

, f45q9~ r-- -----
0 R S p

B e i,

__!L ' t4

Fig. 6.4 8

i The investigation performed permits us to choose the structure

j (and parameters of the system so as to obtain the shape desired for the

smoothed characteristic with an admissible self-oscillation amplitude
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and frequency, and then to analyze all the steady-state and transient

processes for slowly varying components using the linear equation

(6.184), where kn is taken from Fig. 6.48 as the slope of the curves

on their replacement on the operating segments by the appropriate

straight lines.

For example, let us find the self-oscillation amplitude A and the

mean component x0 as functions of a slowly varying input disturbance Z

acting upon the system in the steady-state mode of its variation at a

constant rate.

According to Eq. (6.184), in a steady-state mode with a constant

input (y = const), we obtain x0 = 0 and hence F0 = 0, i.e., the con-

stant input is presented at the system output without a steady-state

error (as is usually the case in follow-up systems).

If, however, the input signal varies at the constant rate

const, we have according to (6.184) for a steady-state mode

k, ==coiist. (6.195)

Since the functions F0 (xO), being smooth characteristics, already ex-

ist for various relationships of the system parameters, then we may

use them on the basis of (6.195) to construct curves of the mean com-

ponent of the mismatch x0 (i.e., of the steady-state error), as a func-

tion of the constant input-signal rate y. Essentially these will be

the same as the curves of Fig. 6.48, but with the roles of the abscissa

and ordinate axes different and with a changed scale.

al g b)

A 
M

Fig. 6.49
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However, in order to obtain the self-oscillation amplitude P (or

A b) as a function of the constant input-disturbance rate y, we

must make use of the curves of P(C) (Fig. 6.42-6.47), and then find

for each C the value of F0 from Fig. 6.48, and also find y = (k/kl)F0

according to (6.195). Thus, the curves in Figs. 6.42-6.47 will be re-

constructed in the sought form P(y). For this case we need only make

use of the stable-oscillation branch from Figs. 6.42-6.47, for which

the curves of Fig. 6.48 were constructed.

For example, for the case where the system parameters are such

that Formula (6.185) gives q = 0.5Y, Figs. 6.42 and 6.48b give the

curves C(y) and P(y) shown in Fig. 6.49. The curves AB are obtained

for the case of self-oscillations encompassing the operation of both

relay contacts, while the curve ME is obtained for the case of self-

oscillations at one contact.

§6.10. Smoothing of Loop Nonlinearities by Self-Oscillations

Let us investigate a system (187] whose diagram is shown in Fig.

6.50a, with the linear part 1 described by the equation

(Tip-P 1)px =kjxj, (6.196)

xl Anale0 llala

bd) c0

Fig. 6.50. 1) Linear part 1 2) nonlin-

earity; 3) linear part 2; 4j feedback.
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Ithe linear part 2 by
(T~p + ) z kA ( 6. 197)

and the feedback by

z, = kz, Xi-Y z. (6.198)

Let us consider the nonlinearity (Fig. 6.50a) in two forms: 1)

the backlash-type loop characteristic (Fig. 6.50b) with constant loop

width 2b; 2) the curvilinear hysteresis characteristic with variable

loop width and saturation (Fig. 6.50d). Generally speaking, hysteresis

phenomena are very complex. Depending upon the properties of the ma-

terial and the initial conditions, various motions are possible within

the limiting hysteresis loop. Let us assume here that for the case of

steady-state symmetrical oscillations, the pattern shown in Fig. 6.50d

prevails. In both cases we will assume that the steepness of the middle

line (the dotted line) is equal to unity at the origin, referring the

over-all gain constant to the linear part of the system.

Let us first find the solation for the symmetrical self-oscilla-

tions for y = 0 in first approximation: x = A sin Qt. Harmonic linear-

ization of the nonlinearity gives us

F==qx+px. (6.199)

Here in the case of a system with backlash (Fig. 6.50b), accord-

ing to (3.28), we obtain

2 r -i 7t) ( ~vu ) (6.200)
q= .

for k = 1 and A > b; these functions q(A) and q'(A) are shown in Fig.

6.51a.

In the case of a system with hysteresi and saturation (Fig.

C6.50d), we describe the nonlinearity analytically in the following
form:
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1' q#

Fig. 6.51

for 0I < b
for lxi\<

F= I - (, - sig,, px, (6. 201)

while for lxi > b

F==cslgnX. (6.202)

In Formula (6.201), the first term describes the center line (the

broken line in Fig. 6.50d), while the second term describes the devia-

tion of the actual hysteresis characteristic in either direction from

the center line.

For the case of symmetrical oscillations, x = A sin Ot, harmonic

linearization of this nonlinearity leads to Expression (6.199), where

according to Formulas (3.32) and (3.42) and Table 3.1 we have for n 4

q= -- k.a', ---- j" k4 .- 0,68k. (6.203)

for A< b. For A > b, we obtain
r

kzbf/ (6.204)

32k~b' 0,6 8 ki b'q'= 1 - inA'-,f ;

these functions q(A) and q'(A) are shown in Fig. 6.51b.

In both cases the characteristic equation of System (6.196)-(6.198)

is

T,T7p' -[- (T, +. T)-- d- p +k (q-+ - 1p)=0 wherek kokk,. (6.205)

After the substitution p 3J, we find the real and imaginary

parts:
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X =kq -(T + T)11'- =0, (6.206)
i ~= kq' + Q - T rQ ---o.

Let us assume that the time constants TI and T2 are given. For

the present we must choose the gain constant k from the condition of

admissible values of the self-oscillation amplitude A and frequency Q

(subsequently, the shape of the smoothed characteristic will be al-

lowed for in choosing k). For this purpose we construct the amplitude

and the frequency as functions of the quantity k.

Eliminating the quantity k from Eqs. (6.206), we obtain the fre-

quency Q as a function of the amplitude A in the form

TI .T ( 6 . 2 0 7 )
.. I q, .2 T,.'' q

Here in the general solution we will have + in front of the root; how-

ever, q' < 0, and therefore for a minus sign in front of the root, we

obtain 0 < 0, which is not real; consequently, in the problem being

considered, only the plus sign in front of the square root has physical

meaning. From Formula (6.207), assigning a value to the quantity A and

taking the corresponding _ and q' from Fig. 6.51 or from Formulas

(6.200), (6.203), and (6.204), we construct the curve Q(A) (see Fig.

6.52a for a system with backlash and Fig. 6.53a for a system with hys-

teresis).

After this we may calculate

k- .() (6.208)

according to (6.206), for any point of the resulting curve Q(A), which

we have and, consequently, we may plot the amplitude as a function of

the quantity k (see Fig. 6.52b for a system with backlash and Fig.

6.53b for a system with hysteresis).

In order to ascertain which of the two branches of the curve A(k)

corresponds to self-oscillations, let us investigate the stability of
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J2) the periodic solution. On the basis of the

characteristic equation (6.405), we write

2:( -41wT~~'

docm Ihence
b ,I ,

(da)' all)

ol I , t y, ( \a) - \da'), ,1 -- + - r s .

Fig. 6.52. 1) Instabil- Noting that according to the second of Eqs.
ity; 2) self-oscilla-
tions; 3) equilibrium (6.206):
stability.

a/, we may write the stability criterion of

the periodic solution

[a(~, (OY)'*(OX) *(aY)*Z

1 Aorootedz in the f orm-
7. "T (dO)* T- (T (dql)* >.o. (6. 209)

Let us rewrite this with the substitution
Fig. 6.53. 1) Self-os-
cillations. (6.207) in the form

-1",'/, (dq)* (6. 210)
\ d (1a

Since in a system with backlash (dq/da)* > 0 (Fig. 6.51a), In-

equality (6.210) may be satisfied only for the case (dql/da)* > 0. But

for A < 2b, according to Fig. 6.51a, the quantity (dqt/da)* is nega-

tive. Consequently, the lower branch of the curve of A(k) in Fig. 6.52b

clearly corresponds to an unstable periodic solution. However, Inequal-

ity (6.210) is satisfied for the upper branch, since for large values

of A, the quantities (dq'/da)* and (dq/da)* are approximately equal,

£ while the quantity q' -,s0. For this case (6.210) is replaced by the
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approximate inequality

D .+ ,<

which is always satisfied. Hence the self-oscillation amplitude is de-

termined by the upper branch of the curve in Fig. 6.52b.

For systems with hysteresis, however, according to Fig. 6.51b,

(dq/da)* < 0 and (dq'/da)* > 0. Therefore the stability condition for

a periodic solution is always satisfied and consequently the curve of

Fig. 6.53 gives us a solution for the self-oscillation amplitude and

frequency as functions of the gain constant k.

By means of transfer functions, we may easily convert the self-

oscillation amplitude A obtained for the variable x (Fig. 6.50a) into

the self-oscillation amplitude of another quantity, for example the

output z.

Let us now find the self-oscillation amplitude and frequency varn-

atioa in the presence of an input disturbance y(t) that varies slowly

over time.

The variable x will be composed of an average slowly varying com-

ponent and a periodic component, i.e.,

x=x x*, x*==A sin t.

Then the harmonic linearization of the nonlinearity assumes the form

q p) X*,

instead of (6.199); here we obtain from Formulas (5.128) and (5.129)

the previous values of _ and q' (6.200) and

1-O,= A. (6.211)

for the backlash-type loop characteristic (Fig. 6.54a). We obtain new

values for the hysteresis characteristic, i.e. (Fig. 6.54b),
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q I - 3k, [x A

q'==-. k24 0,68k4 ,
- . =0(6.212)

F O 3? --X1y d 2 A t o

for IxlI+A-b.

Similarly, we may obtain formulas for the case A - ix01 > b (Fig.

6.54c) and for the case Ix0l + A > b, but JA - (xO) I < b (Fig. 6.54d).
Thus, we obtain in the latter case

q == 1 - 3k, [(xO) D-} . -arcsin A

A '-A -VFA- A X

X { 1 ka, [(xo) ' +2Ai + (b -x), (b-xO)' ,
4x° U/'

q 2k, ( b-x++A 0,8k _____+A15-- 2A , 2A_ - (6.213)

P°=1 - k [(x)' -I A2 AXO(I+- arcst b-x+

+C _1 (- arcsin b .X0)R -A)

- I - (f I {I -k [3 (..O) 2~~ A2]j -

2 kjxO (b - x°) - I k3 (b -

It is obvious from Formula (6.211) that in the presence of a back-

lash-type loop nonlinearity, the self-oscillatory mode of system opera-

tion makes the system purely linear for slowly varying signals (Fig.

6.50c) in accordance with the linearity of the center line (Fig. 6.54a).

Here _q and q' remain as before (they are not functions of xO). In a

system with backlash, therefore, the self-oscillation amplitude and

frequency will not be functions of a slowly varying average component

(nor, therefore, of the external disturbance), and in the present case

no additional calculations are required.

As regards systems with hysteresis characteristics (Fig. 6.54b, c,

and d), however, as a consequence of the curvilinearity of the center

line, the smoothed characteristic of the nonlinear link will also be

t- curvilinear (Fig. 6.50e); here, as is evident from the third formula
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of (6.212) and from (6.201), in contrast to the preceding case, the

smoothed characteristic FO(xO ) does not coincide with the center line

of the loop, but differs from it by an amount equal to 3k3 A2x
0/2 for

1xO1 + A < b and by a more complex quantity (see (6.213)) for jxO +

+ A > b. The difference between them is a function of the self-oscilla-

tion amplitude and the latter is a function of the magnitude of the

mean component x0 , since x0 occurs in Expressions (6.212) and (6.213).

Before finding the smoothed characteristic in this case, therefore (in

contrast to a backlash system), we are obliged first to determine the

self-oscillation amplitude A as a function of the mean component x
O,

as in §6.9.

a~i b

A -CA-4-4 - . A-

7 d

4-~ -!.-A-"1 , I-/. A- 4-A.|

Fig. 6.54

For the case being considered, we arrive at the same equations

(6.206), but with a new value _ determined by (6.212) or (6.213), i.e.,

X=kq (A, ) -- (T,-+ Tt)2'--O, (6.214)
Y== kq'-k T -- T, T.12' = O.

The first equation gives us the formula

q (A, x9) = (Tr+T,) Q1 (6.215)

Allowing for (6.212), we find the equation of the frequency for

( j xOb + A 
(< 

b:

f.- W I T2 ,T --] = . ( 6. 216 )
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from the second equality of (6.214). The resulting self-oscillation

frequency is not a function of either the amplitude A or the mean com-

0ponent x . It is determined by the system parameters T, T2, k and the

coefficient k4 (Fig. 6.50d), which characterize the dependence of the

width of the hysteresis loop upon the amplitude. However, for the case

1xO1 + A > b, according to (6.214) and (6.213), the equation for the

frequency assumes the form

(6.217)

i.e., the self-oscillation frequency is a function of the mean compo-

nent x0 and the self-oscillation amplitude A, which is, in turn, also

a function of xO . Using the same approach to solution of the problem

as in §6.9, our result is that with an increase in the mean component

xO , the self-oscillation amplitude decreases (Fig. 6.55a) and vanishes

for some value of x0 (the self-oscillations are broken off). Allowing

for the variation of the self-oscillation amplitude, the smoothed

characteristic for the nonlinear hysteresis link in question, as syn-

thesized from the third formulas of (6.212) and (6.213), assumes the

form shown in Fig. 6.55b.

Fig. 6.55

According to the third formula of (6.212), the slope of this

smoothed characteristic at the origin is

k. -- Ox" o-o I --3k [(Xo) t  "t- " O o kA'

where A0 is the value of the self-oscillation amplitude A, as deter-

mined for various gain constants k from the curve of Fig. 6.53b. It is
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important to note that kn < 1, i.e., the slowly varying component

S passes through with a gain constant less than the slope of the middle

line in Fig. 6.50d.

Now we have obtained all data necessary for even this type of non-

linear system to calculate the steady-state and transient processes in

the system as a whole for slowly varying components, using linear equa-

tions as indicated in the preceding sections.

Thus, the specific character and complexity of obtaining a charac-

teristic smoothed by self-oscillations for any nonlinear link consists

in the need to allow for a possible variation of the self-oscillation

amplitude with variation of a slowly varying mean component (displace-

ment of the center of oscillations) and provision for an admissible

self-oscillation amplitude and frequency by choosing the system struc-

ture and parameters, together with provision for other qualities re-

quired for this system as a whole. We obtain a significant simplifica-

tion in the solution of the problem in those cases where the lineariza-

0 k0tion F0 = knx described in §5.3 is possible.

Manu-
script [Footnotes]
Page
No.

524 In general, however, the quantity x0 also incorporates the
useful control signal in servo- and control systems.

527 If, however we introduce the integral into the linear part,
i.e., PQ5(p5 = R(p)x , in the usual manner, we shall at-
tain ast ticism with r~spect to the external disturbance,
but we retain the static error originating from the asym-
metry of the nonlinearity.

543 The full calculation of the system dynamics for a slowly
varying, arbitrarily assigned time function w(t) may be
conducted by the method set forth in §5.3.
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Manu-
script [List of Transliterated Symbols]
Page
No.

516 B = V = Val = shaft

516 P = R = Rychag = lever, arm

516 y = u = upor = arrester

522 n = 1 = lineynyy = linear

523 yCT = ust = ustanovivshiyaya = steady-state

525 p = r = reaktsiya = reaction (letter symbol M)

525 n.K = l.k = lozhnyy kontakt = false contact

535 Aon = dop = dopustimyy = admissible
535 Tap = tar = tarirovannyy = calibrated

537 K = k = katushka = coil

538 = e = elektrodvizhushchiy = electromotive

538 = i = inertsiya = inertia

552 m = m = magnit = magnet

552 AB = dv = dvigatel' = motor

554 n = p = pruzhina = spring

565 K = K = kontakt = contact

565 H = P = pruzhina = spring
565 HB= NV = nastroyechnyy vint = setscrew

566 A = d = dobavochnyy = auxiliary

566 c = s = soprotivleniye = resistance

566 Hr = ng = nagruzka = load

567 M = Sh = shayba = "sk

567 H = Ya = Yakor' = armature

567 OB = OV = obmotka vozbuzhdeniya = energizing winding

568 u = ts = tsentrobezhnyy = centrifugal
574 nep = per = periodicheskiy = periodic

575 CT = st = staticheskiy = static

579 P = R = Reduktor = reducing gear

586 o.c = o.s = obratnaya svyaz' = feedback

586 Hq = LCh = Lineynaya Chast' = linear part

586 H3 = NE = Nelineynyy Element = nonlinear element

589 B = v = vneshniy = external

597 H = n = nelineynyy = nonlinear

Q 599 Kp = kr = kriticheskiy = critical
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Chapter 7

EVALUATION OF QUALITY OF TRANSIENT PROCESSES

§7.1. Generalization of the Krylov-Bogolyubov Asymptotic Method for

Analysis of Transient Processes

The asymptotic method of Krylov and Bogolyubov, the first approx-

imation of which was presented by the authors themselves in the form

of the so-called equivalent linearization of a nonlinear equation (see

Chapter I of the book by N.N. Bogolyubov and Yu.A. Mitropol'skiy [221)),

served as a basis for development of the harmonic-linearization method

in all the preceding chapters in analysis of self-oscillations, in-

cluding those with slowly varying components (when the amplitude and

frequency vary slowly over time).

Initially, this asymptotic method was developed for a second-

order differential equation of the form

di dtx )~ (7.1)

and then also for higher-order systems (Chapter IV of the book [221]).

We seek the solution of Eq. (7.1) in the form (see [221], page 37)*

a , il aIt, - (a, ,) + ali(a, ) + .., . (, , 1r~ ,2,...), (7.2)

where

d & At (a)+ e- A.2(a)+--... & -"Am (a). .1 (7.3)
d,- = w,-I- eB " (a)- j- oB (a) + .- + m Bm(a)

In first approximation we assume that

X =aSl ,da , (a,), dy'= -- n(90.3 (7.4)

It is evident from this form of the solution that the amplitude a
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and the frequency w = w0 + EBl(a) are assumed to be slowly varying

time functions. Thus the possibility arises of investigating slowly

attenuating or slowly diverging nonlinear oscillatory transient proc-

esses, and in general investigating the oscillations of nonlinear sys-

a tems that are close to ordinary harmonic systems:

x= sil Wt, (7.5)

but with amplitude and frequency slowly varying about the values a0

and co"

In the design of automatic systems, however, we are often obliged

to deal with slowly attenuating oscillatory processes that are close

not to linear harmonic processes (7.5), but to linear attenuating (or

diverging) processes:
x = a eYo' sillt, (7.6)

but with a damping exponent and frequency varying slowly about the

values 0 and w0 for a fixed bounded time interval. The solution (7.6)

corresponds to the second-order differential equation
2b. __ O. x 0,

±d2b!+tctxO, (7.7)

where

0=-b, ( .- 1 ?C- (7.8)

For the purposes of designing automatic systems, therefore, we

are interested in the structure of the asymptotic solution for a non-

linear system differential equation that has a form different from

(7.1), i.e. [207]:

dxd 2bdLx ,(x. 1 (7.9)

where e is a small parameter, b and c are constant real numbers and

f(x, dx/dt) is the given nonlinear function.

Carrying out the generalization of the asymptotic Krylov-Bogol-

yubov method as applied to an equation of the form (7.9), we shall
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I seek its solution in the following form:

xor,--asn -.+p (a, ). ely,(a,,,)- .-...- -mp,(a, n)( ., 2,...), (7.10)Iwhere
et -_ba +- etD', (a)*+ 002D (a)-.. + era'D, (a),

d= -WO +a3 (a) + OB2 (a) + + -'nB~& (a).

In first approximation we obtain

= a sin ,tP, ,- e ')(a), Lda) (7.12)

where the quantity w0 is determined by Formula (7.8).

It differs essentially from the previous solution (7.4) in that

the expression for the derivative da/dt contains a finite term -ba

which is not small. In contrast to the previous case, therefore, it

now becomes possible to analyze fast-damping (or rapidly diverging)

nonlinear oscillations which are close to linear oscillations with a

finite damping exponent s0 = -b, since where s = 0, Eqs. (7.10) and

(7.11), and also Eqs. (7.12) give us the solutions (7.6) and (7.8).

Here, in contrast to the preceding case, we assume that the slowly

varying time functions are not a and w, but the damping index e and

the frequency w:

T='b+ !=,, =W,+eB,(a); (7.13)

the amplitude a may, on the other hand, vary according to (7.12) at a

finite rate da/dt as a function of the numerical value of b.

Thus, we will seek the solution of the nonlinear equation (7.9)

in the form (7.10) and (7.11).

Considering (7.10) and (7.11) as series expansions, let us limit

ourselves to a small finite number m of terms therein and seek the

functions ql(a, *), c2(a, 0), ... , @1 (a), (2 (a), ..., Bl(a), B2 (a),

S(- so that the a(t) and *(t) figuring in (7.10) and (7.11) satisfy the

- 629 -



given differential equation (7.9) with an accuracy to within a quan-

tity of the order em+l.

In order to simplify the calculations, let us introduce the new

variable y by the substitution

X -Y (7.14)

It follows from (7.14) that

dX== by).(7.15)

Then the differential equation (7.9) being investigated is changed

to the form

e-.( ),'-. (7.16)

while Eqs. (7.10) and (7.11) assume the formI y-a* sin + +u(a, +)+,u,(a, +)+ -+'a, ')(4 (7.17)

do,-,()+A1(a) (7.18)

t. + ,B, (a)+ tB,(a)+.+,B(,),j

where

S --aebt, daz -.a da* _-I~
dtu. . . (7.19)

, j == ii:- b', 4) -=-Aje b, (!=--1, 2, 1.)

Differentiating (7.17) twice with respect to t and using Formulas

(7.18) and (7.19), we arrive at the following expressions:

- = a.. % cos g -e(At sil l- a.ABt cos 4+ -. -- + t"oo
(it % . ) +O

+ O(., sill Q *--a.B, cos ,'-B- ,? 0 
0  .e b,Ott, _" --ba ' .

11ty t,i a, wy sill ,. - 2"oB a* sill 4 -badALsl t 2 w A s OS 4I

da -- + 6- + a-"-- .+ b'a-

,_ (--Bt ,i,*s - 20 ,B * -sit - - sl- 2o- -cost -

diA , o -t" ,- ,dB.+I2A,B1 cos4+ '-[A-e ba'sin' -FId .e-ba* cos 4 a---a cos4'+
O t,. ,O't. dB, Ot, .____ a

2to fl O'--0' tt'O  - ba4- .-- a--J - ----1 q !!! A e I-e-- 1 n , 2b
,~~4 Wtl dab Ol d -bt OB, ! ±--OI -

- O- a 0 O, - - --di-e --a a
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~2hae-.A , Oa / -id s!) ,."

Now, according to (7,15), we may write dx/dt in the form

x aw, cos a sin + +,

+ Ee
-bt (A, sin + aBl Cos ut - - Oda -" We O- + e

Therefore, the Taylor-series expansion of the right member of Eq.

(7.16) gives us

sfix, N) -- ~f(a sin t, a0 cos ba -asin )2+

+ - bt (a sil ,,, aw cos ha sin + (A sil ' + aB, cos -

- b -bea Ott, + o - (a sin , awo cos 9 - ba sill ± ..

Substituting the expressions obtained for d2y/dt2 and ef(x, dx/dt),

and also Expression (7.17) for Z into Eq. (7.16) and then equating the

coefficients before equal powers of E, and applying (7.19), we obtain

the series of equations

- 2w,0B, Sill , - t il sill + 2w,,, cos 9 - B , cos

+ ,,+ - "I'-?' -+ 
b2 '  a'b,, ha h a

-- f(a sill +, aw, cos -ba sill 4), (7.20)

B1a sinl 2 wo, a sin a -b ! sia -- -2o b, cos -+- 2(DB, cos -F-
~1~Jdda (Ia -- ba - o a 4 -w-i-* B , _ ,cos ba -'1"cos ,6 + w, p2 + 2tooB, o N-# +

,I +2, 2w ,B

MID bIa "T.O!+ ~ t - 2ha31 TT + 2haw "P
,-da -ha i 0, O Of + ,ba "" IOa W2j- (a sil , awo cos ,4 - ba sin ,) + (F1 sin ,-I- all cos 4 b pt

-a O, 1) 04 (a sin ,, awo cos 4 -ba sin ,... (7.21)

We shall assume that the function cpl(a, *) does not contain the
terms sin * and cos *, since it is natural to include them in their

entirety in the first term of the solution (7.10). Then, expanding the

right member of (7.20) in trigonometric series,* and equating the cor-

responding coefficients of both parts of Eq. (7.20), we obtain

2,,,, + ha, ', =h, (a),

- - 631TR, ha g (a),(
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,'& o, + ba + Q_ - 2baw,0 , '+ W,

=go (a)-j- + [g, (a) sin r + h,()cos r], (7.23)

where

'g'o(a) +ef- in1 awo cos -ba sin ')d+J,

s2 n f i ( a So inasn )sn ~
21c

g' (a) - [ (a sin ,, aw0 cos i -ba sin t) cos ri dt,

(r = 1, 2. oo).

The functions 01(a) and Bl(a ) are determined by particular solu-

tions of the two equations (7.22). The first approximation (7.12) is

found by the same means. Further, from Eq. (7.23) we determine the

function T,(a, *), seeking the latter in the form of the series

t l (a, ' ) - v0 (a) + [v, (a) sin r+ - w, (a) cos rj,

the coefficients of which are unknown. Substitution of this expression

into (7.23) gives us a possibility of finding all the coefficients Vo,

Vr, wr in terms of the quantities go, gr" hr.

After this we deal similarly with Eq. (7.21), from which we deter-

mine D2 (a), B2 (a), which gives us the second approximation and the

function P2 (a, *), and so forth.

Let us limit ourselves henceforth to consideration of only the

first approximation, representing it according to (7.12) and (7.13) in

the form

x= sin,, (7.24)

where

da' d-a a), w (a),

where
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w(a) = w0 + eB (a), w' (a) = S + 2woBi (a) (7.25)

(in the expression for w2 , the term in e2 is discarded).

Here and w are, so to speak, instantaneous values of the damp-

ing exponent and the frequency for the nonlinear process being inves-

tigated; they vary with the time variation of the oscillation ampli-

tude a. Here b and w0 = ¢ c - b2 are the damping exponent and oscil-

lation frequency, respectively, of the linear system (7.7) obtained

from the nonlinear system (7.9) for s = 0.

Equations (7.22) for determination of the functions el(a) and

B,(a) may be represented in the form
17

2w ( 1(a) =p(a) +bal!i

2ooB (a) = (a) - (7.26)

where
2x(a) = h, (a) =- - r(, sin .,,w cos ,- s sit ,,) cos ,i d+,

2x (7.27)

a) - = -L uf(a sln ,, aw0 cos )-ba sin,) sli t d.

In many specific problems, the functions p(a) and T(a) are repre-

sented geometrically by smooth curves with small curvature. In these

cases we may assume that the second and higher derivatives of p and 'Y

with respect to a are small quantities of the order of e (in compari-

son with the quantities P and y and their first derivatives), and may

be neglected in the first approximation, introducing an allowance for

them if required in the synthesis of the subsequent approximations.

Then the necessary particular solutions of Eqs. (7.26) are written in

the form(a) 
9 (a) + bn'o, d Jb' da

b d b',, d(7.28)
2(,Bt (a) = (a) - 2 da - - da"
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These expressions are obtained by successive approximations. They sat-

isfy Eqs. (7.26), as may be verified by making a substitution.

In the general case, therefore, to determine and w)2, according

to (7.25), we obtain the following formulas from (7.26) (after discard-

ing the terms in e2):

ba+ cb1 +( I do,
,- "O,1 j(7.29)e7 ( o ' a) - ba -- b -,_- ,=4+ e.y Ca) +_d, -- 1-- 1'

It is interesting to note that these last expressions agree to

within s with the results of P.Ye. Grensted [212] which were obtained

by a completely different, nonasymptotic method without introducing

the small parameter. Since these formulas are differential equations

that are in the majority of cases unsuitable for practical use, then

it is expedient to represent them in a simpler final form.

In the case where p(a) and y(a) are curves with small curvature,

Eqs. (7.26) assume the form (7.28), and then according to (7.25) the

solution for the damping exponent e and the frequency c is:

E-b +eP(a)+ ba d
2awo 2 (2wo b ) da' .

I~ bla d7. 7-0
2oada 2w$,+b' da'

Finally, in the case where p(a) and y(a) are slowly varying func-

tions of amplitude, i.e., their derivatives with respect to a may be

assumed to be small and of the order of e in comparison with the quan-

tities P and 'y, we obtain

"(a) 
((o'-w5-e7(a) (w3=c'-b).

For this last case, we may propose the following simple formal

method in first approximation for solution of the nonlinear equation

( (7.9). Let us perform the "equivalent linearization" of Eq. (7.9). For

this purpose, using the substitution (7.24), we expand the right mem-
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ber of this equation in trigonometric series, restricting ourselves to

terms in sin f and cos :

,f(x, ) [g, (n)sIn + h, (a) cos

Noting that, according to (7.24),

and introducing the notation (7.27), we may write the differential

equation (7.9) in the form

d~x . V^ + p 1d + I _l ,(a) _ S q((ay
d'.2b-A - t+- c ± ( (, x * O. (7.32)

Let us write its characteristic equation formally, just as for the

linear equation, in the form

2b - e i-N) b1I (a) 0
+ [(a) - ,,* (733)

The solution of this quadratic equation gives us

P - b - - j E (a) - b - ,

2awo -m I' 2awo 1" (7.34)

hence the "damping exponent" and "frequency" are

t -- +, P( a)  ,, c' 0-, +q (a),

with an accuracy to within e2; this agrees with Expression (7.31), ob-

tamned earlier by a rigorous method. Here the solution has the formi
(7.24). Consequently, the equivalent linearization described may be

used for the investigation of fast-damping nonlinear processes if P(a)

and y(a) are slowly varying functions of the amplitude a. In more gen-

eral cases, we must make use of Formulas (7.30) or (7.29) for the same

form of the solutions (7.24).

Thus we have obtained a generalization of the Krylov-Bogolyubov

method, which they developed for Eq. (7.1), to the complete second-

order nonlinear equation of the form (7.9). Ordinarily, however, the

dynamics of automatic systems are described by an equation of higher
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order. Therefore the results obtained must be extended to a nonlinear

' equation of high order, just as this was done in Chapter 2 for the

periodic solution, and then it must also be extended to oscillatory

processes with a slowly varying component.

In the following section this will be done as it is applicable to

equations typical for automatic systems. Here we will only indicate

that N.N. Bogolyubov (see [1951 or [221], Chapter 24) developed an

asymptotic method for finding a solution in the two-parameter form

(7.2) and (7.3) close to the sinusoidal (7.5) for the high-order system

IX ckx = eft (x, ... ,) + (XI, ... x)+. (7.36)

(k==1, 2,....n)

this made it possible to find single-frequency free oscillations with

slowly varying amplitude and frequency in high-order systems. Here we

assume that in the linear system obtained from (7.36) for s = 0,

n
dt-k CA,= O (k--- , ..... n), (7.37)

nondamping harmonic oscillations of the form

x=a°snmt. (7.38)

are possible.

It is natural that in this case definite limitations are imposed

upon the system to ensure that the general solution for this system

will tend toward the two-parameter solution (7.2)-(7.3) for some range

of initial conditions.

The generalization, which is analogous to that set forth above,

will consist here in seeking the solution for the system (7.36) in the

form (7.10) and (7.11), assuming that the linear system (7.37) has a

solution close to the sinusoidal attenuating solution:

x = aoe - t sin wmt, (7.39)
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for some fixed range of initial conditions; this ensures the appropri-

ate distribution of the roots of the characteristic equation for this

system. As a result we are able to seek approximate fast-damping or

diverging transient oscillatory processes with slowly varying damping

exponent and frequency in certain high-order nonlinear systems.

In conclusion, let us recall that an unexplained expansion of the

function f(a sin V, aw0 cos * - ba sin *) in trigonometric series has

remained in the derivation of Eqs. (7.22) and (7.23). The fact is that

here, according to (7.12), a is a variable, close to a0e-bt , where the

variable * with respect to which the expansion takes place is, accord-

ing to (7.12), also connected with t by means of a relationship close

to I = W 0t. This differs essentially from the ordinary expansion of

the nonlinear function F(A sin *, AQ cos *) in trigonometric Fourier

series for constant A, as used in the previous chapters.

We may say that, in contrast to the previous Fourier-series ex-

pansion with respect to one variable *, we must now expand the function

f ja (j) sill , a () o, cos t -ba (t) sill '](7. 4o)

in the plane of the two variables V and t (Fig. 7.1), into a series

with respect to trigonometric functions of the variable *. Let us im-

agine for the present that the variables * and t are independent of

each other. Then for every fixed value of t, the expansion of the func-

tion (7.40) in a trigonometric series will have the form of the ordin-

ary Fourier series used earlier in Chapter 2. Geometrically, in the

I 0 (*, t) plane this will correspond to the broken

- - -line t = const (for example, AB in Fig. 7.1).

A It is evident that the ihdicated Fourier-series

expansion, which is valid for the entire line

AB, will give us the correct value of the func-

Fig. 7.1 tion (7.40) at each point of this line.

- 637 -



It is further evident that the same general formulas for the
Fourier-series coefficients for the function (7.40) will be valid for

Uall the lines t = const (the broken straight lines in Fig. 7.1), on

substitution of the appropriate value of a(t) into these formulas.

Hence it follows that the ordinary formula for the Fourier-series ex-

pansion of the function (7.40) in the form (7.23) is valid for any

value of a(t) for all points of the plane (Fig. 7.1).

Now let us take into consideration that the variables * and t are

not independent of each other, but related, according to (7.12), by a

definite dependence that is close (at least in the origin) to * = 0 t.

This means that now we will make use of the trigonometric-series expan-

sion of the function (7.40), not over the entire plane (*, t), but

rather along some line OC (Fig. 7.1) corresponding to the function

*(t) mentioned. Since it has been shown that using the ordinary formu-

las for the Fourier-series coefficients, as in (7.23) makes the expan-

sion of the function in trigonometric series valid for all points of

the plane, it is also valid along the line OC, i.e., for any function

Thus we have indicated justification for applying the formulas of

the ordinary method of trigonometric-series expansion, which was used

in (7.23), to nonsteady nonlinear oscillations with amplitude a(t)

variable over time. The general idea of the proof set forth was com-

municated to the author by Professor Kh.L. Smolitskiy.

The formal Justification of such a trigonometric-series expansion

for any variation of a(t) and *(t) does not, of course, indicate that

all the properties of the Fourier series and the usual properties of

the zeroth, first, and higher harmonics are retained for these series,

as was the case for constant amplitude a = A, since for any law of amp-

litude variation we obtain nonperiodic expansion components of arbit-
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/ rary form, with the consequence that the ex-

- pansion may not have any practical value.

However, as we have already said, in the

b6 problem being considered the dependence of

the quantity a on t in the expanded function

3 (7.40) is close, at least over a finite time

/ interval, to the function a = a e-bt, while

00c the function *(t) is close to w 0 0 t . There-

fore, in contrast to the ordinary expansion

1 of periodic nonlinear oscillations into

d -Fourier series in harmonics with constant

amplitude and frequencies, here we obtain

2 the expansion of the nonlinear attenuating
oscillations (for example, Fig. 7.2c) into

e
-/ -~ t attenuating "harmonics" with frequencies

Fig. 7.2. 1) First which are multiples of each other and which

harmonic; 2) third vary slowly over time (Fig. 7.2d, e). This
harmonic.

corresponds to progressive passage along the

line 0C (Fig. 7.1) from one broken line to another, with a correspond-

ing gradual decreasp of the amplitude according to a fixed relation-

ship as a function of the variable t, which is laid off along the axis

of ordinates. The same consideration may also be applied to diverging

oscillations (for b < 0).

As a result, it is obvious that in the problem being solved here,

the expansion of nonstationary nonlinear oscillations in trigonometric

series is not only valid formally, but also has a completely clear

physical meaning which, on the same basis as in Chapter 2, permits us

( to take the first "harmonic" of this expansion into consideration as

the fundamental harmonic and neglect the higher "harmonics" in first
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approximation.

§7.2. Analysis of Symmetrical Oscillatory Transient Processes

In the next two sections, we shall consider oscillatory transient

processes in a nonlinear automatic system that are symmetrical with

respect to the time axis and may be described in first approximation

by an attenuating or diverging sinusoid with both the damping exponent

and the frequency varying slowly over time (Fig. 7.3).

Before describing this mathematically,

-11 att) let us focus our attention on two essential

/ z --- circumstances. For linear systems, when the
a damping exponent a const and the frequency

w- = const, we write

x = ao' Sll (Wt + ). (7.41)

a0  If, however, the frequency w and the

L damping exponent a in the oscillation proc-
ess vary with the course of time, then we

must write the solution in another form.

Fig. 7.3 Firstly, as we already know from Chapter 5,

we must write sin *(t) and determine the current value of the frequency

at an arbitrary time instant in the form

= d*/dt, (7.42)

where

w d + (7.43)

where *0 is constant (initial phase). From this, for a linear system

where w = const, we obtain the expression under the "sin" in Formula

(7.41) as a particular case. Let us note that instead of variability

of the quantity w, it would be possible to introduce another variable

q into this type of nonlinear system with o) = const, i.e., = o0t +
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+ q(t), which would ultimately give us the same result; here, accord-

ing to (7.42), the current value of the frequency would assume the form

,o Io.- (I ( 7.44)

In what follows, however, it will be expedient to confine ourselves to

the first representation (7.42) and (7.43).

Secondly, for a damping exponent variable over time, we must de-

termine the current value of the amplitude a (Fig. 7.3) not in the

form aoet, as was done in (7.41), but in the form of the differential

relation

da/dt = a . (7.45)

Then in the case of a linear system where = const, we obtain

a t, a = aoeEt,
a

as a particular case, while in the case of a nonlinear system, when

varies in the process of the oscillations, the current value of the

amplitude according to (7.45) is

da Z dtd-,, a=dao , (7.46)

i.e., the oscillation envelope (Fig. 7.3) consists of elementary seg-

ments of exponentials with continuously varying exponent e.

In the case indicated at the beginning of the section, therefore,

it is expedient to seek a solution for a transient process in a non-

linear system as a first approximation in the form

x =a sin,¢, (7.47)
da -- Pw af (7.48)

assuming that the unknowns being sought are the slowly varying quanti-

ties e and w. These quantities are called the dan1ping exponent and the

frequency, respectively. Their variability over time attests to the

conditionality of the use of these terms here, a fact which must be
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kept in mind all the time, and we must differentiate them from the cor-

responding constant quantities for linear systems, and also from the

constant frequency of the periodic solutions (self-oscillations in the

previous chapters and forced oscillations in Chapter 9). Therefore, in

contrast to the latter cases, where we use the letter Q, we shall use

the new symbol w here. For this same reason we introduce a new symbol

here for the amplitude: a in place of the previous A, which was used

for periodic solutions.

The "damping exponent" may characterize not only the damping rate

but also the divergence rate of the oscillations. In fact, according

to (7.45), we have

dt (7.49)da
, o for KcO,

i.e., diverging oscillations correspond to positive values of the

"damping exponent" , while damping oscillations correspond to nega-

tive values.

As we have already stated, the quantities e and w are assumed to

be slowly varying functions. However, it is very important to note

that this by no means signifies consideration of slowly attenuating

oscillations, since the attenuation speed of the oscillations is deter-

mined by the full quantity t at the moment in question, and not by its

variation. Since in linear systems constant values of may correspond

to either slow or fast attenuation of the oscillations, then we may

also characterize the slowly varying values of e just as we character-

ized the other processes. Hence Eqs. (7.47) and (7.48) with slowly

varying t and w are in themselves suitable for describing both slowly

(for small ) and rapidly (for large ) damping processes, i.e., the

rate of change of the amplitude a is not limited in the processes. Lim-
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itations in this respect may be imposed only by the properties of the

nonlinear system itself if they lead to violation of the premise setIforth at the beginning of the present section.
Earlier (in Chapter 2) we assumed the periodic solution in the

nonlinear system to be close to sinusoidal, at least for one variable

x under the nonlinear function sign (or several nonlinearities). Anal-

ogously, we assume here, too, that the transient for the same variable

x in the nonlinear system is close to either a damped or diverging

process (including also a rapidly damped one) in a linear system with

slowly varying parameters within the same finite interval of amplitude

variation over which this is possible.

Thus, starting from considerations of the most advantageous form

for a definite type of transients in nonlinear automatic systems, we

arrive at Expressions (7.47) and (7.48), which coincide exactly with

the form (7.12) and (7.13) assumed in §7.1 for the solution. For this

form of the solution it was proved in §7.1 that in cases when the quan-

tities p(a) and y(a) are slowly varying functions of the amplitude a

we can use equivalent linearization of the specified nonlinear equa-

tion of the system. It is obvious in this case that the quantities Y(a)

and P(a) which were introduced there are analogous to the previous co-

efficients of harmonic linearization _ and q'.

On this basis, we shall consider [208] the corresponding harmonic-

ally linearized differential equation of the nonlinear system, finding

its solution in the form (7.47) and (7.48).

The formulas of harmonic linearization of the nonlinearity will

have a certain singularity cmnpared with the previous formulas (2.75)

and (2.76). In fact, if the value of the damping exponent is not

small, then by differentiating (7.47) with respect to tne time as a

product of two functions, we obtain with account of (7.48)
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x z=,,w cos , -F"a sin , . (7.50)

From this and from (7.47) we getI
, .: =P ="-'-- X. ( .51)

stCo aw O a o (7(

Therefore the first "harmonic" (damped or divergent) of the non-

linear function F(x, px) with x = a(t) sin *(t) will now be, in lieu

of (2.75)

F(x, px)=qx.-q' 'X==q--iq)x+ px, (7.52)

where

q F - F(a sin ?, a(t cos 6 - - a' sin ) sin d+,

2. (7.53)
q -a" F(a sin t, aw cos +- a' sit ) cos d.

Here and in general the coefficients of harmonic linearization

will depend on three unknowns: a, w, and . If on the other hand we

consider the nonlinearity F(x), as is most frequently the case, then g

and q' retain their previous form

q sin slit sin td ',

2 n (7.54)

q'= F F(a sil l) cos d ,+,

01

and in this case we can use the material of Chapter 3 in its entirety,

in the form of ready expressions for q(a) and q'(a) for different spe-

cific nonlinearities, taking into account, however, the new form (7.52)

for the replacement of the nonlinear function.

The new more complicated formula for harmonic linearization (7.52)

for oscillatory transients is characterized by the presence of a term

- q'x/, which was not present in the previously used simple form off harmonic linearization. The ratio /w, according to linear oscillation

theory, determines the speed of damping ( < 0) or divergence ( > 0)
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of the amplitude of the oscillations per period.*

In fact, at constant and w the ratio of the two oscillation amp-

litudes separated by the time equal to one period T will be

a (t + T) =2 aoe ('-I') . .er -c2 e
0(t) e

At constant values of and w (in linear systems), the rate of

decrease or increase of the oscillation amplitude per period is charac-

terized by the following table:

W05 - 0,4 -0,3 10,2 0,1~ ~0 + 0,1 ±0,21 + 0,3

a ( + ) 0,043 0,081 0,152 0,285 0,53.1 1 1,87 3,51 f6,58
It is obvious that in case of slowly varying values of and w

(i.e., in the nonlinear systems considered here), the result will be

somewhat different, depending on the law of variation of and W with

time, but nevertheless close to the figures given in this table.

Thus, if the values of jR/dI are small, slowly varying or diverg-

ing oscillations are observed, and if the values I/wI are sufficiently

large, rapidly damped or diverging values are observed. The introduc-

tion of the more complicated form of harmonic linearization (7.52) is

meaningful in practice only when we are considering an oscillatory

process that attenuates or diverges comparatively rapidly. In the in-

vestigation of oscillatory transient processes with slowly varying amp-

litude, when the damping exponent is small (more accurately M << W),

we can, as a result of the general approximate nature of the method,

neglect the value of the ratio E/w in Expressions (7.50)-(7.53) and

carry out harmonic linearization of the nonlinearity by means of the

formulas
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2m

q= I a- F(a sin4,, aw cos ) sin !, f6 }(7.55)
- F(a sin awcos 4,)cos + d+,(

i.e., using the same formulas as for the periodic solution (2.76) ex-

cept that the constant A is replaced by the variable a. In this connec-

tion, in particular, self-oscillating processes with slowly varying

amplitude (due to the influence of slowly varying external signals)

were considered in Chapter 5 on the basis of the same harmonic linear-

ization formulas as for the periodic solution.

It is interesting to note that in the case of a single-valued odd-

symmetry nonlinearity F(x), when q' = 0, the harmonic linearization

formula (7.52) assumes the form

F(x)=q(a)x, (7.56)

which coincides with the form for the periodic solution in which the

constant A is replaced by the variable a, something already used in

the analysis of the simplest example in §1.5.

To illustrate the foregoing method of harmonic linearization, let

us consider a second-order nonlinear equation of the Van der Pol type:

or

(pl -- p - ) x-t- bxpx . (7.57)

Unlike in the Van der Pol equation, the coefficient b will not be

regarded as small. For the nonlinearity

F (x, px) = bxpx

the coefficients of harmonic linearization calculated by Formulas (7.53)

will be

I b

a r sin"2 4 -(aw cos -at sli 4) sin + d4 al,
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bal sin't (aw cos + a sit 4)cos d+ al.

Therefore, according to (7.52), it is necessary to make in the given

equation the following substitution

bx'px- (a -a -- a T

after which Eq. (7.57) assumes the form

[![t - b (1 - ')p -_1Ik- ;a4]x.

Solving its characteristic equation, we obtain the roots

p.-== - 2, a,;_ ._4T

The real part of the root will represent the damping exponent of

the oscillations, i.e.,

_ (7.58)

while the imaginary part will represent the oscillation frequency,

namely

"= -. 1 7- + 6 (7.59)

It is seem from this that when = 0 we have

a ==,.I 2, (o) =- 2 == 1.

These will be the amplitude and frequency of the self-oscillations.

They are stable because < ( 0 when a > 2 and > 0 when a < 2. On the

basis of Formulas (7.48) and (7.58) we can determine the law of varia-

tion of the oscillation amplitude during the transient, namely

hence
a ba

2a aoe -

a== ( 2a- ae -
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In the solution obtained here for the problem all the quantities

coincide with the solution obtained with the first approximation of

the Krylov and Bogolyubov asymptotic method (see [221], page 70), ex-

cept for the frequency w, which there was independent of the amplitude

and set equal to unity. On the other hand in the solution obtained

here (with the coefficient b finite) we see the presence of a depend-

ence (7.59) of the frequency on the amplitude. On the other hand if

b = is small, then the quantity b2 = in the expression for the

frequency can be neglected, and we also obtain w = 1.

In the general case, for linear systems of the first class of the

main type (see §1.2), the differential equation for the transient will

have a high order:

Q (p) x - R (p) F (x, px) = 0. (7.60)

After harmoniu linearization this equation in the general case,

in accordance with (7.52), assumes the form

Q(P)X±+ R(P)(q + ! q)x0, (7.61)

and in simpler cases, according to (7.56):

Q (p)x-- q (a) R(p) x =o. (7.62)

The oscillatory process in the linear system, described by the

solution (7.41), corresponds to a pair of complex roots of the charac-

teristic equation p = ± Jw with constant values of e and w. Anal-

ogously, the oscillatory process in the nonlinear system, described

approximately by Formulas (7.47) and (7.48), is determined by slowly

varying values of and w, which can be determined by finding the pair

of complex roots p = e + Jw of the characteristic equation of the har-

monically linearized system (7.61) or (7.62).

Accordingly, we substitute in the characteristic equation

68 
(7.63)



P + Jw for the determination of the values of and o), satisfying

this equation. We obtain

Q (-I ) + R + --/) (q + )= . (7.64)

The value + jw is substituted in place of p in any polynomial

conveniently by expanding it in powers of jw, for example:

Q 0Q +jW Q toYfJQ~;lfo -q +- i +

-I - )O (Jo'.I-. ±_ 2_ (/w)", (7.65)

where the index denotes that in the expressions for the derivative

one must substitute in place of p. The same formula is used to ex-

pand also the polynomial R( + Jc).

At small values of t (for slowly damped processes) it is more con-

venient to use in place of (7.65) expansion in powers of t, and then

retain only the first-degree term, namely:

Q(p + j(7.66)

rwhere the index Jw denotes that jw is substituted for p in the expres-

sion for the derivatives.

For the equation (7.62), in the case of a single-valued odd-sym-

metry nonlinearity, we obtain

SQ(- -)) ,+ 1?01+iM)q (a) =o 0(7.67)

and depending on the value of t we employ either Formula (7.65) or

(7.66).

The complex equation (7.64) or (7.67) contains three unknowns: ,

w, and a, while the latter enters in q and q'. Therefore this complex

equation enables us to find two variables in terms of the third

= t(a) and w = w(a), (7.68)

3i.e., the variation of the damping exponent E and the frequency W with
change in amplitude a of a damped or divergent oscillatory process in
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a nonlinear system.

After the functions (7.68) are determined, it is possible to use

the two first-order differential equations (7 .48) and determine a(t)

and *(t) for the first approximation of the sought solution of the non-

linear equation (7.60) in the form (7.47). The integrals of Eq. (7.48)

have for specified initial conditions (a = ao, *0 = with t = 0) the

following forms:

da t

W (a)(it , (7.69)

where e(a) and w(a) are the previously obtained functions (7.68). From

the first equation of (7.69) we determine a(t), and from the second

*(t) after first substituting in it the value of a(t) from the first

equation. As a result we obtain the solution

x=a(t)sil (t). (7.70)

The operation of integration (7.69) is not needed in many cases

in order to estimate the quality of the transient processes in auto-

matic systems. In most cases it is perfectly sufficient to merely de-

termine the functions (7.68) from the complex algebraic equation (7.64),

since the quality of a symmetrical oscillatory transient can be com-

pletely described by means of the quantities e and w and their ratio

e/w, and also by the character of their variation as a function of the

oscillation amplitude and the system parameters. This will be discussed

in detail in §7.3.

We must emphasize here once more that the quantities e and w are

assumed to be slowly varying functions of the time. Consequently, the

roots p = e + Jw of the characteristic equation of the harmonically

linearized system should also possess this property. This imposes def-

(inite limitations on che variation of the coefficients of the charac-

teristic equation, which depend on the amplitude a through _ and q'.
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It is first necessary that _ and q' be continuously dependent on a,

but more stringent conditions may also be imposed. Conditions of this

kind limit the length of the time interval (or of the amplitude inter-

val) over which the transient in the nonlinear system can be described

with the aid of the quasilinear relations (7.47) and (7.48) with slowly

varying , and w, and also limits the degree of speed of attenuation of

the oscillation amplitudes, i.e., the upper limit of the quantity

Another important fact is that the solution of a high-order dif-

ferential equation is sought here in the form (7.70) with two arbitrary

constants a0 and *,, whereas the number of constants should in general

be n (equal to the total order of the system), i.e., the behavior of a

system with several degrees of freedom is assumed to be close to the

behavior of the system with one degree of freedom. This of course can

occur only under certain conditions, when the system displays symmet-

rical clearly pronounced damped or diverging oscillations.

In linear automatic control systems and in linear servomechanisms,

particularly electromechanical ones, this is frequently encountered.

Usually for Lhis purpose it is considered sufficient in linear theory

to have the two roots of the characteristic equation closest to the

imaginary axis complex, and the remaining roots can be arbitrary but

located considerably farther to the left. In this case the initial con-

ditions are likewise not immaterial. The required conditions are best

satisfied if only the initial deviation difference from zero and the

values of all the derivatives are zero (where the system is called

upon to eliminate an initial error only).

We shall assume similar initial conditions also for nonlinear sys-

(tems in the investigation of transients in the form of symmetrical

damped oscillations, as shown in Fig. 7.3. Then the initial value of
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the amplitude a0 will coincide with the initial deviation, and the in-

itial phase will be *0 = w/2. However, such an approach to the solu-

tion of a problem, as will be made clear later on by examples, gives

good results even for several other types of initial conditions.

§7.3. Diagrams of Damping Quality of Nonlinear Oscillations

The quality of symmetrical oscillatory transients in nonlinear

automatic systems subject to investigation by the methods developed in

§§7.1 and 7.2 are characterized in main outline by the values of the

attenuation exponent and the frequency w as functions of the oscilla-

tion amplitude a. It is most important in this case to be able to

.trace the variation of these quality exponents as the main parameters

of the system are varied, so as to make the best choice of these param-

eters in the design of the automatic system (just as we previously de-

termined the amplitude A and the frequency 0 of the self-oscillations

as functions of the system parameters).

This purpose is attained by plotting so-called quality diagrams

for the attenuation of the symmetrical nonlinear oscillations [2081.

The diagram of Fig. 7.4 represents the family of lines = const and

the line w = const in a plane with coordinates k and a, where k denotes

any one of the system parameters to be selected (gain or some other).

For a linear system, the lines = const and w = const, plotted

in the same coordinate, would have the form of vertical lines, since

the damping exponent and the frequency of the oscillatory transients

in a linear system are independent of the amplitude of the oscillations

a and vary only with variation of the system parameters (in this case,

k). On the other hand, in a nonlinear system, these lines become bent

(Fig. 7.4) or are simply inclined, depending on the form of the non-

linearity and on the general structure of the system. This is manifest

in the variation of the damping exponent e and the frequency ca of the
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nonlinear oscillatory transients with change in the amplitude of the

oscillation a.

The value = 0 corresponds to the absence of damping, i.e., to

an amplitude a A that is constant in time. For example, the point C

(Fig. 7.4) corresponds to oscillations with constant amplitude Ac

(self-oscillations). Therefore the line = 0 represents on the damp-

ing quality diagram (Fig. 7.4) none other than the dependence of the

self-oscillation amplitude A on the parameter k of the system, a de-

pendence already determined in Chapters 2 and 4. On one side of this

line lie the lines = const > 0, and on the other the lines =

- const < 0. The former correspond to diverging oscillations and the

latter to damped ones.

4A

?A

It

equilibrium region; 3) self-
oscillation region.

The course of the transient in time corresponds to motion of the

representative point N in a vertical direction (since the amplitude a

changes in the transient, and the gain k remains constant), as shown
in Fig. 7.4 by the dashed lines and the arrows. For example, the value
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of k at the point L corresponds to the vertical line MoL. Inasmuch as

this line crosses lines that have only negative values of , the oscil-

lations in the transient will be damped, i.e., the representative

point M will move from a certain initial position M0 (where the initial

amplitude a0 is specified) downward. The variation of the amplitude

with time is shown in Fig. 7.5a. The variation of the frequency W(a)

is determined in this case in accordance with the corresponding ver-

tical line on the lower Fig. 7.4.

In the case when the parameter k in the investigated system has

the value corresponding to the point E (Fig. 7.4), two variants of the

transient are obtained. If the initial position of the representative

al point lies below the point C (a0 < Ac), then

- > 0, i.e., the oscillations diverge and the

!! fil\"- "s.*"representative point moves as shown by the

b! arrow along the line EC, approaching asymp-

.t L:,I , , ,totically the point C. This corresponds to

8F the time variation of the oscillation ampli-
11 ------- tude shown in Fig. 7.5b. On the other hand if

S \/ i a > Ac, then < 0 and the representative

point follows the line HC downward (Fig. 7.4),

Fig. 7.5 corresponding to a damped transient (Fig.

7.5c) which approaches asymptotically self-oscillations with amplitude

Ac

Processes analogous to this will occur for any value of the param-

eter k to the right of the point D (Fig. 7.4). Consequently, the re-

gion of values of the parameter k lying to the right of the point D is

the region where self-oscillations exist, to which the oscillatory

transients converge from both sides (from below and from above). At

the same time, the equilibrium position (any point a = 0 on the abscissa
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axis) in the given region of values of the parameter k is unstable,

4* z since the oscillations in the transient diverge away from it, tending

to another stable state, namely the self-oscillation mode.

To the left of the point D (Fig. 7.4) lie values of the parameter

k for which the transient attenuates from any initial amplitude a0 to

zero. This is the stability region of the equilibrium state of the sys-

tem. To the left of the line w = 0 (Fig. 7.4) lies usually a region of

monotonic transients, which are not investigated by the harmonic lin-

earization method developed here.

Thus, if the damping quality diagrams of nonlinear oscillations

for different structural diagrams of any automatic system are plotted

as functions of different parameters (kc and others), they can serve as

good material for the selection of the best system parameters during

the course of the system design or synthesis [231].

We now turn to methods of plotting these diagrams [215].

First method. Let a nonlinear system of the first class be de-

scribed by the high-order differential equation

Q (p)x - I- R (p) F(x, px) = 0. (7.71)

Carrying out harmonic linearization of the nonlinearity we obtain in

accord with (7.52) the characteristic equation

Q (P) + R (P) (q + o 'q') =0. (7.72)

The substitution p = + jo) yields the expression

Q (t + / ) + R ('- + jw) (q + M¢) = 0, ( 7.73 )

where Q(t + jw) and R( + ji) have in the general case, according to

(7.65), the form of finite series in powers of jw with coefficients

that depend on . The expreessions for _ and q' contain the amplitude

a and in addition may also contain the damping exponent t and the fre-

quency w.
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Separating in (7.73) the real part X and the imaginary part Y,

similar to what was done in §2.3, we obtain two equations:
t , (a,' o 0 -- ,

Y(a, o), )=o; (7.74)

unlike in §2.3, these equations contain three unknowns. Solution of

these equations with respect to w and j makes it possible in principle

to determine the functions w(a) and t(a). Actually, however, such a

solution can be obtained in explicit form only in rare cases (essen-

tially for second-order equations, such as (7.58) in the example with

the Van der Pol equation, and for certain high-order systems with

small t, such as Solution (1.102), when only the first power of t was

taken into consideration).

In the general case it is advantageous for high-order systems toIproceed in the following fashion. Assume that we are required to plot
a damping quality diagram for nonlinear oscillations with respect to a

certain system parameter k, which is contained in the coefficients of

the equations (7.74). Obtaining from one of the equations of (7.74)

the quantity
o, f(a, , k,) (7.75)

and substituting into the second equation of (7.74), we get

k = f' (a, t). (7.76)

Then, assigning different constant values to t, we can readily

plot with the aid of (7.76) a family of lines = const on the quality

diagram (Fig. 7.4). Then, using (7.75), we can plot also the family of

lines w = const.

Second method. The characteristic equation (7.72) of a system of

the first class can be written in expanded form

Pn"" ,P '{ AdJ-'['..["A,,., -{An--O,(7.77)

where all the coefficients A1, A2, ... , An or some of them are func-
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tions of the unknown quantities a, w, and t (in the simplest problems,

of a only). Let us expand the left half of (7.77) in two factors

pn +Ajp"-'+...+A =
(p"-1 -+ Cip' +... + c.2) (p, ± Bp-- B), (7.78)

the second of which corresponds to the principal pair of complex roots

P1,2= - j, determining the oscillatory transient in the investi-

gated system. We then obtain

-' = -. (7.79)

The first factor of (7.7a) should have roots with much greater abso-

t lute values than the second, so that the oscillatory solution corres-

ponding to the sought roots P, 2 under the assumed initial conditions

(x = x0, px = p2x ..... 0 with t = 0) be the principal one.

The expansion coefficients (7.78) are related by the following

equations:

.,1 -- C, -{- R1, A., B.. -H- c 4- B,C1,..... A, -C,,.

To find the values of t and w it is necessary obviously to express the

coefficients B1 and B2 in (7.79) in terms of the coefficients of the

initial equation (7.77).

In particular, for the third-degree characteristic equation

p' -- Alp' + Agp + A3 = (p + C) (W + BP + B)

we have

A, -- C, + BI, A2 = j + BC,, A3 = CIB. (7.80)

In order for the values of e and o (7.79) to define the principal

part of the solution, and in order to be able to disregard the third

root of the equation, we must have

C>91or A,>Itj. (7.81)

which determines the upper limit for the values of jej, which must be

chosen in plotting the damping quality diagram of the nonlinear oscil-
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lations.

Let us set up the penultimate Hurwitz determinant
tI,,1, AIA, - A3 (C, + BI) (B -- BC,) - C1B

=B, (Bj + C'+CB,).
But since it follows from (7.8o) and (7.79) that B2 + CB I = A2, Cl2

= (A I - BI) 2 , BI -2t, the expression obtained above can be rewritten

as
- _ f, . . . . .. A1 , - As

2t[ j 71-(A, t-2-W1 -2 [A j F(A, 2 Y' (7.82)

Further, since it follows from (7.80) that
Ais As

we obtain from (7.79) the following formula for the square of the fre-

quency

-+ . (7.83)

Formulas (7.82) and (7.83) enable us to plot the damping quality

diagrams for the nonlinear oscillatory transients of third-order sys-

tems.

Analogously, for a fourth-order system we obtain

p' + Al--' Azp'-[- + AA =

(p + Cp + C) (p" .d- 131p -+- B), (7.84)

with

A= C,+B, A=Ct+ B, -+ C,,

A,==C,13 - BC, A,==.C/B. (7.85)

Here we must satisfy the same condition (7.81).

Starting from the expression for the penultimate Hurwitz deter-

minant we obtain by the same method the formulas
fin -I

= ( I A, (A + 2-)2I' A, - ,Ad' (7.86)

where

H4= A3 (AA, - A3) - AIAj,

- 658 -



and then

A, (A, + 4 4)_ _" (A, + 2-'.) (At + 2") -- As 7. 7

Formulas (7.86) and (7.87) enable us to plot quality diagrams for

fourth-order nonlinear systems. The use of these formulas will be il-

lustrated by means of examples.

Third method. Whereas in the preceding two methods we spoke of

determining the symmetrical oscillatory transients in arbitrary non-

linear systems of the first class, the third method will be given for

a simpler but frequently encountered particular case, when the coeffi-
cients of harmonic linearization q and q' depend only on the amplitude

a and are independent of the frequency w and the damping exponent ,

something that occurs for nonlinearities of the type F(x). In this

case, after substituting into the characteristic equation p = + jW

we can rewrite (7.73) in the form

, (So + u)= ,, (a), (7.88)

where we put

.,,Iq~a)',), -( )= ,,- j4 (7.89)

with the numerator and denominator of the last expression representing,

in accordance with (7.65), polynomials in powers of jw with coeffi-

cients that depend on 6.

By specifying various constant values of t, we plot a series of

curves Wl(t + Jw) as functions of jw with - const (Fig. 7.6), similar

to the ordinary plotting of amplitude-phase characteristics for the

linear part of the system. On the same plot (Fig. 7.6) we draw the

line -1/Wn(a). The points where it crosses the lines Wl( + Jw) deter-

mine the solution of Eq. (7.88), namely: for each value of j we obtain

C at these intersection points the corresponding values of a (as given
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1 I/n/11 w by the curve of -/W n(a)) and w (as given by

the curve of Wl(t + jw)). By the same token

we determine the quality of the oscillatory

transient for all specified parameters of the

/Jy7 system, i.e., we determine the points of one

vertical line on the quality diagram (Fig.

7.4). By repeating these constructions (Fig.

7.6) for different values of the chosen system

parameter k, we can plot the entire quality

Fig. 7.6. 1) Lines;
2) with. diagram (Fig. 7.4).

Fourth method. Assume that we have a non-

linear system of the second class (see §1.2), described, for example,

by the equations
iQ, (P) x, R ., (P) x,,7-0 (7.90)

Qt (p) Xt = R (p)x, - Ra (p) F (x,, px,, x2), (7.91)

in which there are two variables xI and x2 under the nonlinearity sign

(their derivatives may also be included), whereas in first-class sys-

tems only one variable was involved (in general with its derivative).

The two variables x and x2 are related here by the linear equa-

tion (7.90). Therefore if a solution is found for the first of these

in the form

x, = a sill (7.92)

we have for the second

x 2 , sIn ( l [), (7.93)

where the quantity (p and the ratio of a2 to a are completely deter-

mined by the coupling equation (7.90). Let us find this relation, re-

calling that we are considering unsteady oscillations in a transient,

when a = a(t), and according to (7.48):

, a 6 t - --
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We use the symbolic notation*

X1." , = aC', xgQ (7.95)

From (7.95) we obtain with account of (7.94)

do e' +ja 4 i = ac+ (Z + j),

Stx, = e" e ( +fio) +ja (f e- 0+-) -,+ ae'+ + (c=do + .' Dj --

(dt djI

d ._j -d)l _1 _ '~ j d l! 1
pX, =a04 [('% + j)' 4.3 (t I-lw) dt d 'i ]

etc. But as can be seen from §§7.1 and 7.2, we consider here such non-

linear oscillatory transients, in which and w are slowly varying

functions. Therefore their derivatives can be neglected and we can

write

px1  +~ j-) a,.+ px2 = (t -- j-w) a~e'(4'"0,
pix - ( -i) ac', P -- (= -+ jw) ajeI(+),
p 3x, = (t -jo) " ae4, pax, = (t -j-jw) 3 adje (l+W),

. . . . . . . . . . . .. . . . . .

Substituting this in (7.90) we get

Qt ( +1w) ae = - R, (q +jw)a e e'(+,

whence
Q1 ( + I)

(- + j,(,) I' (7 .96 )
'? = rg Q-1,( +/'

- , (-. +A-) (7.97)

We further obtain from (7.93) and (7.92)

x = at cos '? sin ,, + at sin , cos

or, using (7.96) and (7.97)

X- w) a sin ,t. Vt(t, (o)a cos , (7.98)

where

), )= Re_ , ( +-. v+ ("')

We shall substitute (7.98) in lieu of x. under the nonlinearity

sign in (7.91) during the course of its harmonic linearization. Thus,

- 661 -



in analogy with (7.52), we obtain here

F F(xi, pxj, x2)= qx, + q_-- x,, (7.100)

where

2x

qF(Xi px1, Xg) sin q d+,
2n (7.101)

q=, F (x, px,, X2) cos q d9.

In these expressions xi = a sin *, pxI = aw cos * + ai sin *, and in

place of x2 we substitute (7.98).

As a result, the characteristic equation of the system (7.90) and

(7.91) assumes the form

Q, (p) Qt (,) + R, (p) R-2 (p) + R, (P) R3 (P) (-0- q)=o.

We see that for nonlinear systems of the second class we obtain

after harmonic linearization a characteristic equation of the same

form (7.72) as for systems of the first class, with

Q (P) = Q, (p) Q (I') -- R, (/,) R (p), R (p)- R (p) R (p).

Consequently, we can use from now on any of the first two methods de-

scribed above for the plotting of the quality diagrams.

Fifth method. For the investigation of nonlinear systems of the

third class, i.e., systems in which linearities of different variables

are present simultaneously and are interrelated by nonlinear equations

(see §1.2), it is also necessary to make use of a relation of the type

(7.96) between the amplitudes of oscillations of different variables.

The only difference here is that Expression (7.96) will contain not

only linear but also nonlinear terms in the harmonically linearized

form. For example, if a system is described by the equations
Q, (t') X't RI (1') 1:, ( . t)X,), (7 1 2Q, (P) .x = - R, (I') " (. V, , _ ( "  02

then by assuming that
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X , =, ,slill( X . ),12 Si l (7 . 1 0 3 )

we carry out harmonic linearization of each nonlinearity separately:
b F 1( , p. ) (q,- q1, x Jl (

• - )'"(7. 1O4)
F2 (X-21 P-V2) (qj q, q1

where ql, q'll q2' and q'2 are calculated by means of Formulas (7.53)

except that a is replaced by a2 in the second case. The quantity a2

which enters into the second formula of (7.104) must be replaced by a.

For this purpose, in analogy with (7.96), we write on the basis of the

first equation of (7.102):

Q.L'Tj;IA 1/q(). (7.105)

Following this, the characteristic equation of the harmonically

linearized system (7.102)

Q, (P) Q2 (P) + R, (P) Th. (P) (q. + q; ~-~ q, + q;

can be investigated by any of the first two methods developed above.

In this case it is essential that all the conditions indicated at the

start of §2.3 be fulfilled for each equation of (7.102) separately.

We note that if the values of the damping exponent are suffi-

ciently small, we can use in all of the foregoing methods the simpler

expressions (7.66) in lieu of (7.65).

7.4. Use of Diagrams to Determine Transient Quality

The damping quality diagrams of nonlinear oscillations always

give a very illustrative idea of the influence of some particular non-

linearity on the transient quality in automatic systems, provided these

transients are close to being symmetrically damped or divergent oscil-

lations, represented by sufficiently smooth curves (the estimate of

the quality of other types of transients will be discussed in subse-

quent sections).
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The form of the nonlinearity and also the general structure of

the system greatly influence the location of the lines const and

= const on the diagram. For example, if the nonlinearity in an auto-

matic system has a backlash zone of width 2b, then the quality diagram

can assume in place of Fig. 7.4 the form of Fig. 7.7. In this case the

amplitude in the stability region decreases no longer to zero but to a

value a = b with subsequent stoppage of the process at any point within

the backlash zone (Ixi < b).

In a system with a nonlinearity containing a linear portion near

the origin with width 2b (Fig. 7.8), the lines const and o = const

will have at first (when a < b) the form of vertical straight lines,

as for any other linear system, and then (a > b) they will become

curved as a result of the nonlinearity (in this case, saturation).

Figure 7.8 shows one possible version of the damping quality diagram

of nonlinear oscillations, when the stability limit of the nonlinear

system (point D) coincides with the stability limit of the correspond-

ing linear system, but other cases are also possible.

3 ,/aMuu =va'sI~o

Fig. 7.7.. 1) Stable equilibrium
i region; 2) self-oscillation re-
~gion; 3) lines; 4) line.

i ( Although in this case the stability limits coincide, the behavior

of the nonlinear system on the stability differs appreciably from the1 &- 664 -



behavior of the linear system. In fact, oscillations with constant amp-

litude, which occur on the stability limit in the linear system, will

be observed here, in accordance with Fig. 7.8, only at initial ampli-

tudes a0 < b. At greater initial amplitudes (a0 > b), in accordance

with Fig. 7.8, a damped oscillatory process occurs in the given non-

linear system on the boundary of its stability; after termination of

this process, oscillations set in with constant amplitude a = b, i.e.,

on the upper limit of the linear portion of the nonlinear characteris-

tic. In other examples, the behavior of the system on the stability

limit may be different. In the case of Fig. 7.7 the transient causes

oscillations with amplitude a = br2 to set in on the stability limit

of the nonlinear system, while in the case of Fig. 7.4 damping of the

transient to zero occurs on the stability limit of the system.

se., ivit =9_ lsl 0

aa - - - - - - -

- RN

1 ~13

4e471 M iu8 2

Fig. 7.8. 1) Stable equilibrium
region; 2) self-oscillation re-
gion; 3) lines; 4) line.

We see that in all cases the behavior of the nonlinear system on

the stability limit differs in principle from the behavior of the lin-
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ear system on the oscillatory stability limit, where oscillations with

constant amplitude that depends on the initial conditions always arise.

Thus, in a linear system the stability limit is always dangerous, for

the smallest departure beyond it gives rise to the development of os-

cillations that diverge without limit. On the other hand in nonlinear

systems, safe stability limits can occur. A clear-cut example of this

is the diagram of Fig. 7.4, where oscillations with large amplitude

attenuate not only in the stability region and on its boundary (point

D), but also when this boundary is crossed, with safe oscillations of

low amplitude established to the right of the point D near this point.

The diagram of Fig. 7.8 can be used to estimate the influence of

nonlinearities of the saturation type on the transients, as compared

with the processes in the linear system. Assume, for example, that the

value of the parameter k in this system corresponds to the point L. In

the linear system we would have at all times one and the same damping

exponent t, which corresponds to the line LR. In the nonlinear system,

however, owing to saturation, the line , const bends to the right

above the point R. Because of this the values of t on the vertical MoR

will have absolute magnitudes that are larger. Consequently, the tran-

sient oscillations in the given linear system will be attenuated more

rapidly at large deviations than in the linear system, owing to satura-

tion (at small amplitudes, a < b, the damping will be the same). In

other systems, however, saturation may have an entirely different ef-

fect, something that will always be seen from the damping quality dia-

grams plotted for these systems.

On the other hand, in the instability region of the linear system

(for example, at the point E), the oscillations in the linear system

will diverge to infinity with a constant exponent t, corresponding to

the point E. In the nonlinear system, because of the curvature of the
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lines = const, the value t along the vertical will gradually decrease

to zero at the point C, where steady-state self-oscillations with def-

inite amplitudes are established. If these amplitudes are large, then

in practice this is also equivalent to instability, and if such an amp-

litude is tolerable, then we can say that the saturation type nonlin-

earity extends the possible working limits of the variation of the

parameter k.

The foregoing influence of saturation type nonlinearity can be

used in practice to generate stable oscillations with specified ampli-

tude and frequency, something already illustrated in the example of

§0.16.

Thus, the quality diagrams (Figs. 7.4, 7.7, and 7.8) give a

graphic idea of the character of the symmetrical oscillatory processes,

on their rate of damping, or on the time necessary to establish self-

oscillations, and also on the oscillation frequency and on the charac-

ter of its time variation. All these qualities are estimated on the

diagrams for arbitrary ranges of system parameters, in which the sym-

metrical oscillatory transient is observed.

Quantitatively, the diagrams yield the dependence of the damping

exponent and of the frequency o on the amplitude:

a(a) and w(a) (7.106)

for any specified set of values of the system parameters (any vertical

line on Figs. 7.4, 7.7, and 7.8). This gives an idea of the form of

the transient (Fig. 7.5). If a more specific quantitative idea is

needed, then the data of (7.106) can be readily used to plot these

transient curves by means of the method that will be described below

[2081.

Let us introduce the running "time constant" of the oscillatory

transient
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I( () (7.107)

In the linear system, T would indeed be the time constant of the ex-

ponential curve according to which the amplitude of the oscillations

decreases. Here, however, this "time constant" changes slowly with

*changing amplitude, in accordance with the known variation of e(a),

defined by Formula (7.106).

The first equation in (7.48) assumes with the notation of (7.107)

the form

da a
d (7.108)

Therefore, if the initial value of the amplitude is specified (a = a0

when t = 0), then by laying off the value of T(ao) on the time axis

(Fig. 7.9) and drawing the line CB, we-see that according to (7.108)

this line is tangent to the sought a(t) curve at the initial point

t =0.

Fig. 7.9

We shall assume that on some segment (up to a certain value of the

amplitude a1 ) this straight line practically coincides with the sought

curve a(t). We shall then use (7.107) to calculate the new value of

T(al), laid off on the abscissa axis (Fig. 7.9), and draw a new line

DE, assuming it to coincide with the sought curve a(t) on the segment

up to a certain new point a = a2 . We shall continue the plotting in
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the same manner. We plot analogously also a diverging process with in-

creasing amplitudes, shown in Fig. 7.5b.

The choice of the length of the segments during each step of the

construction is arbitrary. As a result we obtain an approximate a(t)

curve, i.e., the curve showing the variation of the oscillation ampli-

tude in the transient. A more accurate construction is not needed, be-

cause the entire method as a whole is generally approximate and is

aimed only at a preliminary choice of the structure and parameters of

the system based on approximate estimates of the transient quality. In

some of the simplest cases, the approximate a(t) curve can be obtained

analytically by integration, as was demonstrated in §7.2 with a second-

order equation (7.57) of the Van der Pol type as an example, and also

with an example of a third-order system with small 6, given at the end

of §1.5.

It is important to note that the end of the construction (Fig.

7.9) is determined not only by the very course of this construction,

but is monitored in addition by the fact that we know beforehand from

the quality diagram (Figs. 7.4, 7.7, and 7.8) that this process tends

to: a zero equilibrium point, a definite prescribed steady-state self-

oscillation amplitude (a = A), or the limit of the backlash zone, etc.

Having obtained the curve showing the amplitude variation a(t)

(i.e., the envelope of the oscillations), and knowing from the quality

diagram the frequency w(a), we can approximately plot the oscillation

curve x(t) itself. For this purpose it is necessary first of all to

recalculate the dependence w(a), taken from the quality diagram, into

a dependence w(t) with the aid of the already determined (Fig. 7.9)

variation of a(t).

Using the curve of w(t) obtained (Fig. 7.10a), we determine the

characteristic points $ = i(w/2) (i 1, 2, ...) on the time axis. Be-
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I I

b --.4a-,

4Fig. 7.10

sides we select, as already mentioned in §7.2, fully defined initial

conditions for the transients

x==xo, px-. fOT, t==O. (7.109)

Then the initial conditions for the assumed form of the solution x =

= a sin * will obviously be

ac=xo. ,1o=j for t-. (7.10)

We furthermore have

t

' )0 .I W" (Ot . ( 7 .13.1 )

Consequently, the quantity * must be determined as the area under

the curve w(t) (Fig. 7.10a) to which we add the quantity *0 = 7r/2.

Therefore the point * = w and the time t = t corresponding to it is

determined as the point at which the area is S = 7r/2 (Fig. 7.10a). The

next point, * = 37r/2, and the corresponding time t 3 7/ 2 is determined

by the new area increment of the same magnitude, S = 7r/2, etc.

We note that in the linear system w = const, and therefore * =

=0 + wt and the points t , t37T/2, ... are uniformly distributed over

the time axis. In a nonlinear system, on the other hand, they will gen-
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mow
erally be unevenly distributed, and will be closer to one another with

increasing frequency w.

Let us transfer the resultant characteristic time points on the t

axis of the sought x(t) curve of the transient process (Fig. 7.10b).

Inasmuch as x = a sin l, we have

x==O for 0 7c, .....

x=a for = L 5"

8S; 77t~~~x= -a for --: '

i. fThis enables us to plot approximately the oscillation curve x(t) for

the transient (Fig. 7.lOb) with accuracy sufficient for a preliminary

estimate of the quality of the process in the system during the course

of its design.

From such a sufficiently simple tentative calculation we can ob-

tain the following qualitative indices:

a) the damping time of the transient tk on a specified interval

of amplitude variation, from a certain initial value a0 to an arbit-

rarily chosen ak, will be

tK--t for a=a; (7.112)

b) the value of the overshoot IxI is

I x., I=a foqr t =t3.; (7.113)

c) the number of oscillations m on the investigated portion from

a0 to ak is:

(7.114)

where *k is the value of the entire area under the w(t) curve for 0 <

St < tk .

Although the described construction of the oscillation curve dur-

( _ ing the transient is not complicated, it is nevertheless desirable to

be able to obtain a quantitative estimate of the transient quality in-
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dices directly from the quality diagram,

7 without plotting the process itself.
The damping time of the transient on the

._ -_- specified interval of amplitude variation

from a0 to ak will, in accordance with (7.69),

a, be

b:. ( (7.115)b t ao

on the basis of which we can make the rough

estimate

1K.~*~*U "s,~(7.116)
Fig. 7.11 

ao

where s is the average value of the damping

exponent e, taken tentatively from the quality diagram for the inves-

tigated section MOMk (Fig. 7.lla).

For a more reliable determination of the damping time tk it is

necessary to break down the section Mo 1 k into several (n) segments and

to calculate

tX (7.117)l 1 ao!

where is the value of at the center of each segment into which

the line Mok is broken; this value is taken from the diagram (Fig.

7.11a); a0 i and ak± are the values of the ordinate a at the start and

at the end of each segment.

To determine the overshoot it is necessary to find the value of

the amplitude a at = 3w/2. From (7.48) we have

•0 (a)n8
0€i ..-_ Uj" (a) a.7 18

When = 37r/2 and 7r/2 we arrive at the equation
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7:

r from which we must find a, which will indeed be the value of the over-

i shoot Ix p . By way of a rough estimate we can write in place of (7.119)

' c Il

from which, recognizing that 1x01 = a, we obtain an estimate for the

overshoot in the form

X0" (< o), (7.120)

where s and w are the average values of and w, taken from the dia-

gram (Fig. 7.11) for the investigated section MOMk.

For a more reliable estimate of the overshoot we must break up

the section MOMk into several segments and calculate in accordance

with (7.118)

;. ail (7.121)

where wi and , are the values of w and at the center of each seg-

ment into which the line MOMk is broken up (Fig. 7.11), while aio and

a ik are the values of the ordinate a at the start and at the end of

each segment. Calculations by means of Formula (7.121) must be carried

out, starting with the point MO, until the sum amounts to * - *0 = IT.

In this case the overshoot will be

IxPI = aik (for - = 7r), (7.122)

where aik is the ordinate of the end of the last of the segments em-

ployed in this calculation.

Finally, in order to determine the number of oscillations m during

the transient time it is necessary, in accordance with (7.114), to

carry through the calculations on the basis of Formula (7.121) to con-

clusion, i.e., to determine
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L ak. (7.123)
2n a5o

For a rough estimate we can put

(Jo'. (7. 124)2, ; ao

If, for example, it is required that not more than one oscilla-

tion occur on the investigated segment MoMk, we must stipulate that

: 1 h110,

Z) 2n ay

On the other hand, if the maximum permissible overshoot Ix pI is

specified, then, in accordance with (7.120), we should have

7C X0

Thus, the foregoing construction of the damping quality diagrams

for symmetrical nonlinear oscillatory transients is an important tool

for the approximate investigation of nonlinear automatic systems.

The quality diagrams (Figs. 7.4, 7.7, and 7.8) are plotted for

the variable x, which is the nonlinearity argument in the system equa-

tion. If it is desirable to recalculate it for any other variable, it

is possible to employ a formula of the type of (7.96) to determine the

amplitude of the new variable, using the corresponding transfer func-

tion relating these variables in the investigated system.

Here, as in general in all cases when harmonic linearization is

used, we are considering oscillatory transients, i.e., transients in

which there is at least one overshoot under the initial conditions

(7.109). As regards the investigation of monotonic transients in non-

linear systems, other methods must be used for this purpose. Monotonic

processes are best investigated by ordinary numerical-graphical methods.

On the other hand, the region of system parameters where monotonic

(-- transients occur, can be tentatively determined with the aid of our
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diagrams (to the left of the line w = 0 on Figs. 7.4, 7.6, and 7.8).

We note, however, that monotonic transients in a nonlinear system,

resulting from vibration smoothing, and their associated slipping tran-

sients, can be investigated by the methods considered in the following

sections.

§7.5. Asymmetrical Oscillatory Transients

The symmetrical oscillatory transients investigated above can oc-

cur far from always in high-order systems although, as examples indi-

cate (§§7.6 and 7.7) they are encountered frequently. In the general

case, in low-order systems, asymmetrical transients were observed,

among which we shall consider those haying an oscillatory component,

including transients in systems with vibration smoothing and slfpping

processes.

An asymmetrical oscillatory transient can have the form of Fig.

7.12a, b, or c. Assume that in a linear system of the first class the

transient is described by a high-order differential equation

Q()x-Rp)-R(,)F(x, px) = O. (7.125)

We shall seek the solution in the form

,. (see Fig. 7.12):
X=0d-X x =asn (7.126)

twhere x0 , a, and w = d/dt are the unknown

d " "-.4

b functions of the time.

In finding this solution we shall use
the same method as was used in Chapter 5 in

the investigation of the flow of a slowly
• ,< )varying signal through a self-oscillating

"- t system. Here, however, we deal not with

"x°W(-_,7 self-oscillations resulting from a slowly

Fig. 7.12 varying external signal, but with a tran-
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sient described by homogeneous equation and consisting of a damped (or

diverging) oscillatory component x* and an aperiodic component xO , and

this transient furthermore can tend either to a steady-state x = 0 or

x const, or else to a steady self-oscillation mode a = const.

Let us consider two versions of the method of solving the problem:

1) the amplitude a of the damped (or diverging) oscillations in

the transient process is assumed to be slowly varying in time, together

with the aperiodic component x0 , so that the damping exponent is not

introduced at all;

2) the value of the damping exponent is introduced when the

problem cannot be solved in the first version (the simplest examples

of both cases were considered in §1.8).

In the first version of the method, in analogy with §5.1 we carry

out, taking (7.126) into account, harmonic linearization of the non-

linearity in the form
'(,p.V-) = oqx* _ q' p *

, )aqx } , (7.127)

where
2r

2 FG0+ a sini aw Cos, d , (7.128)

2r

7 F(x -a sin ,, am cos ) sin 'd, (7.129)

2r'

q=) F0 (x° d- a sin ', au) cos t,) cos 9 d .

Ready-made expressions for F0 , _q, and q' in different standard

nonlinearities are given in Chapter 5 (§§5.6-5.9).

After substitution of (7.127), the differential equation (7.125)

of the transient breaks up into two, for the aperiodic and the oscilla-

tory components, respectively:

Q (p) x0 -I- R (p) 0= 0 , (7.130)
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Q (p)x R(p)(q-t-.-p)x* =-.O. (7.131)

f, These equations are interrelated, since in the general case, ac-

cording to (7.128) and (7.129), all three quantities FO, _, and q' de-

0
pend on all three unknowns x , a, and w.

For Eq. (7.131) we write down the characteristic equation

Q(P)+R(q+p)=o, (7.132)

where _ and q' depend always on a and xO0, and sometimes also on W.

Therefore, solving this equation by any of the methods of §2.3 (with

the substitution p = jw) we obtain the relationships
a(xO ) and w(xO ), (7.133)

i.e., the dependence of the amplitude and frequency of the oscillatory

component of the sought transient on the ordinate of its aperiodic

component x0 (Fig. 7.13a).

Substituting the obtained functions a(xO ) and w(xO ) into Formula

(7.128) we obtain the so-called bias function (Fig. 7.13b):

F, = ,1, (xO), (7.134)

which is the smoothed characteristic of the nonlinear element for the

aperiodic component of the process. As a result the differential equa-

tion for the aperiodic component (7.130) will contain one unknown vari-

able, namely

Q ( p)-- Rx ) R0 (x")= o. (7.135)

Solving this equation we obtain the aperiodic component xO(t) of the

transient process x(t).

However, as soon as this component x (t) is determined, we deter-

mine thereby according to (7.133) the functions a(t) and w(t) for the

oscillatory component x*(t) of the transient. Consequently, we deter-

4 mine the entire solution x(t) for the transient (7.126), where
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t

It is only necessary to make a few practical remarks on the execu-

tion of the described procedure for solving the problem.

47 b

0

Fig. 7.13

Equation (7.135) is nonlinear. Its solution can be sought by any

of the known numerical or graphic methods. However, a simplification

is possible here, since most frequently the plot of the function D(x0 )

is a smooth curve (Fig. 7.13b). It can therefore be linearized by the

usual method, namely replacing the curve by a straight line (tangent,

as in Fig. 7.13b, or secant). We then obtain in lieu of the nonlinear

function O(xO ) the linear function

(D= k xO .

In this case the nonlinear equation (7.135) is replaced by a lin-

ear one, for example

Q (p) x*- kR () - - 0, (7.136)

which can be readily solved.

Summarizing, the most complicated problem is the first stage -

determination of the functions a(x 0 ) and w(x0 ) from Eq. (7.132). It is

rarely possible to carry through this solution analytically to conclu-

sion. Therefore, most frequently it becomes necessary to resort to

various graphic procedures indicated in §2.3. The course of the solu-

( tion will then be as follows.

First, starting from the specified form of the nonlinearity, one
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estimates the limits of the variation of x0 , for which the form of the

solution can be adopted. One then specifies some single specific value

x 0 which is substituted in the expression (7.129) for _ and q'. Then

the characteristic equation (7.132) will contain two unknowns a and W,

which are determined in accordance with §2.3. We thus determine a pair

of values a and w for one specified value xO.

Similar calculations are carried out for a whole series of pos-

sible values of xO , as a result of which we obtain the sought plots

a(xO ) and w(xO ) (Fig. 7.13a).

We note finally that if the problems considered in Chapter 5 have

already been solved for the system that is being investigated by this

method, it is possible here, in determining the aperiodic component of

the transient by means of Eq. (7.135), to use the already evaluated

bias function 4(xO ) determined in Chapter 5.

Let us turn now to the second version of the method, when the so-

lution for a transient with aperiodic and oscillatory component x0 and

x*, respectively, are sought in the form

. X': + v*, x* = asin,

da (7.137)

This form of solution is employed in such problems, when the sub-

stitution p = jo in the characteristic equation of the harmonically

linearized system does not yield a solution (see, for example, §1.8)

and it becomes necessary to make use of the substitution p = t + Jw.

In this version of the method, the harmonic linearization of the

nonlinearity is carried out in analogy with (7.52) in the form

F(x, = FO°-I- qx* q'P:I x*, (7.138)

and the expressions for F , _, and q' are determined by Formulas (7.128)

and (7.129). Here, unlike (7.53), the term at sin * is discarded, since
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it has the same order as the derivative dx0/dt, which is likewise dis-

regarded in the process of harmonic linearization, owing to the slow

variation of x over the period.

The differential equation (7.125) for the transient breaks up af-

ter harmonic linearization, as before, into two unrelated equations,

the second of which (7.131) for the oscillatory component having the

form

Q (P)x* + R(P) (qqIV)X* =o. (7.139)

Compared with the first version of the method, we have here an

additional unknown t, and the corresponding supplementary equation

pa = at, which follows from (7.137).

The characteristic equation

R p) (p) (q + Lp q,) = o (7.140)

differs significantly from the previous one (7.72) in that the quanti-

ties _q and q' depend here not only on the amplitude a, but also on the

0coordinate x of the aperiodic component of the transient. Inasmuch as

the coordinate xO , like the amplitude a, decreases in the transient

with time,* we can assume for the initial tentative estimate of the

quality the condition

W%@ co st. (7 14 1 )

The magnitude of this ratio usually has a limited range, determined by

the form of the nonlinearity. For example, for an ideal relay Ix°/aI <

< 1 (Fig. 7.12b), or else the relay will not switch over and the need

for this investigation is obviated.

By specifying some average ratio (7.141) or several possible val-

ues of this ratio we can plot for it (or for each of them), on the

basis of (7.140), by any of the first three methods described in §7.3,
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a damping quality diagram for the nonlinear oscillations and thus trace

tentatively the influence of different system parameters on the damping

quality of the oscillations in the transient (see §7.4) in the presence

of an aperiodic component.

If after such a preliminary estimate of the quality it becomes

necessary to determine the entire transient curve for some tentatively

chosen system parameters, this should be done already directly after a

numerical, graphical, or computer solution of the initial nonlinear

differential equation (7.125) or another equation, set up for this sys-

tem more thoroughly than (7.125), since the latter equation was in-

tended for a preliminary estimate aimed at choosing the structure and

main parameters of the system.

Let us proceed now to an investigation of slipping processes and

processes which occur under conditions of vibration smoothing of non-

linearities.

A slipping process is called a transient in a nonlinear automatic

system in which the regulated quantity changes aperiodically (usually

with superimposed small vibrations, Fig. 7.14a), while the nonlinear

elements operate in the self-oscillation vibration mode (Fig. 7.14b-e)

on some boundary of an essential change in its state (for example, on

one of the extreme contacts of a three-position polarized relay). These

self-oscillations usually can have a small amplitude a and a large fre-

quency w (Fig. 7.14b and c). Therefore in most theoretical investiga-

tions in the analysis of slipping processes one assumes a = 0 and W = Co.

Generally speaking, however, slipping processes are also observed in

practice with finite amplitudes a and frequencies w (for the variable

x which is the argument of the nonlinearity; see Fig. 7.14d and e),

(particularly in the case of loop-type nonlinearities. In these cases

the amplitude of the self-oscillating vibrations of the controlled
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4 0

Fig- 714. 1) Regulated quantity.

quantity (Fig. 7.14a) can also be very small (owing to the inertia of
the elements which relate the regulated quantity with the variable _x),

and may practically be unnoticeable. It can also be noticeable but

such that nevertheless the aperiodic part of the process remains its

r main component (Fig. 7.14f). In this case the transient can either

tend to an equilibrium state (a -+ 0) or to a self-oscillation mode

(a -+ A = const).

With this as a starting point, slipping processes can be approxi-

mately investigated in many cases (although of course not in all) by

the same methods as asymmetrical oscillatory transients in nonlinear

systems, considered above. The solution is sought in the same form

(7.126), the same formulas (7.127)-(7.129) are used for harmonic lin-

earization, as well as the same breakdown of the equations into (7.130)

and (7.131).

As before, by solving Eq. (7.131) one determines the functions

a(xO ) and w(xO), which are then substituted in (7.128) to obtain the

bias function F0 = O(x0 ). This will be the smoothed characteristic of

( the nonlinear element, substituted in (7.130) to calculate the main

(aperiodic) component x0 (t) of the slipping process. This indeed is
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the solution of the problem.

The distinguishing feature here is that in most cases the slipping

process is accompanied by operation of the nonlinear element not over

the entire range of its nonlinear characteristic, but only on one nar-

row portion of the latter (for example, on one of the relay contacts),

as shown in Fig. 7.15.

b d

T ) a
.v'I Vol / / ,

FI Ir

Fig. 7.15

This distinguishing feature appreciably influences the specific

expressions (7.129) for the harmonic linearization coefficients, which

should be separately derived in accordance with Fig. 7.15. As a result,

the functions a(xO ) and w(xO ) indicated above, as well as the bias

function O(xO ) itself, unlike the preceding one (Fig. 7.13), will be

shifted away from the origin (Fig. 7.16). In this case the ordinary

method of linearizing the bias function with the aid of the secant

(Fig. 7.16b) yields

4I) (1% -+ k,. (x° - xO)

or (Fig. 7.16b)
,I,= %-+ k,,x°. (7.142)

To determine the main (aperiodic) component of the slipping proc-

ess x0 , we have in accordance with (7.130) the linear equation

Q (p) x',, _ p)k1,, X0  -- C, c= (o) D,,,. (7.1143)

( The method in this form can be applied also to systems with delay.

In precisely the same manner we can investigate transients which
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o .. . . . .

j Fig. 7.16

occur under conditions of vibration smoothing of nonlinearities with

the aid of self-oscillations. In §5.3 we investigated the passage of

slowly varying signals in such systems, due to external action. The

only difference here is that to determine the slowly varying component

of the process we must solve not (5.77) or (5.78), but a homogeneous

equation of the type (7.136) or (7.143).

In Chapter 9 below we shall consider also transients that occur

under conditions of vibration smoothing of nonlinearities with the aid

of forced oscillations.

The method described in the present section as applied to a sys-

tem of the first class with one nonlinearity can be extended also to

systems with several nonlinearities of all three classes, in exactly

the same manner as was used in the investigation of self-oscillations

in Chapters 5 and 6.

§7.6. Example of Application of the Asymptotic Method

The construction of the asymptotic solution, proposed in §7.1,

will be considered using as an example the motion of the center of

gravity of a sea plane in a vertical plane, while landing on a smooth

water surface. This problem was considered in [226]. Figure 7.17 shows

the coordinate systems chosen for the analysis of the problem: xk and

zk are axes that are parallel and perpendicular to the keel, respec-

( tively; xW and zw ire axe-s parallel and perpendicular, respectively,

to the surface of the water; A and z are axes parallel and perpendicu-
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lar, respectively, to the keel, but with origin at the point where the

keel crosses the rear face. The first two reference frames are sta-

$tionary and the third is fixed in the sea plane.

.K

R

Fig. 7.17

We shall consider motion of the sea plane relative to the position

li-l (Fig. 7.17), which is located a distance C0 (measured along the

rear face) away from the unperturbed level of the water surface and

corresponding to the depth of immersion of the lowest point on the

keel of the planing bottom if the motion is steady with given speed.

The differential equation for the case of a rapidly damped oscil-

latory motion of the center of gravity of the sea plane relative to

the water surface has the following form [2261

'-t- u,. -- ,'*= /(, ),( 7.144)

where z is the displacement of the sea plane in the direction of the z

axis of the fixed coordinate system; the average coefficient

2b =:r_" Oktgc +D

characterized the damping of the oscillations; r is the coefficient of

attached mass in a coordinate system oriented relative to the keel;

D = NZk; N is a coefficient that takes into account the aerodynamic
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damping;

+

the small parameter

1'- C< (7.145)

The nonlinear function has the form

O t gg C) Ii+ !A~z, )= - C--Oz-"- z-- -z t t
z + I +2Z+ ~ (7.146)

to,

When E 0 the solution of (7.144) will be

z -- a sin (woi - ),

where

a = ae t,

In the case e , 0 the solution of (7.144) will be sought in the

first approximation in the form

z ==a sin q,

and, according to §7.1, we have
d- at,(a), wa (a),

dt (7. i47)

where t is the instantaneous damping exponent; w is the instantaneous

frequency of the investigated nonlinear process. In this case to de-

termine t(a) and w(a) we must first determine the functions 1(a) and

'y(a) by means of Formulas (7.27), namely

(, = --%" f(a sn n,, am,, cols ', -- ab si, ) cos t,

2x (7.148)
f(a sin ,, aw, cos ab sin ,?) sin d .

Substituting the specified function f(z, z) from (7.146) and in-

tegrating, we obtain

P (a) = --- [b (3b --- 2o).) CO+zhwo tg ],}bal CO3(7 149)
y (a)r= (%b - 4h tg 4 (l49
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At the initial parameters that are applicable to a large class of

sea planes, the first terms in the brackets of (7.149) amount to 0.5-2%

of the values of the second terms. Neglecting these terms, we rewrite

(7.149) in the simplified form

* - 3b , , . (7.150)

O9 - -2-? -4 a,'

C Of" ... +4I - . .- ]1

.3 - -2 - -' -5 - -7 6(a'

Fig. 7.18

Figure 7.18 shows the p(a) and (a) curves for different types of

sea planes. The plots given are smooth curves with small curvature.

Therefore, in accordance with (7.30), the formulas for the determina-

tion of the damping exponent and the frequency w have the form

'-g- o 2 ( 2 o " + b -) 2a

b d , ba dyJ (7.151)
-w da o j-b i

After determining s(dy/da) and e(dp/da) from (7.150) and (7.145)

and substituting in (7.151) we obtain

t=- b- kjka'a, (7.152)
W = S- Jkk b2,

where

I +_M_ 3 30 k 3r' tg
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According to (7.147) we have
da

I kk:ba. (7.153)

Let us write the first equality of (7.153) in the form

da k,k,
aF+ 44n, a -4 (7.154)

where

m = b/klk3 .

Integrating (7.154) and taking account of the fact that a aa0

when t= 0, we obtain

4,fl
(7.155)

From the second equality of (7.153) we have

w = = /o -cat, (7.156)

where

c = bk2k.
d* d* da

Since K = a we obtain from (7.154), taking (7.156) into ac-

count,

k k d (a- , '- ,,) d . (7 .157 )

Integrating (7.157) with account of the fact that a = ao, and * -

-0 when t = 0, we obtain a computation formula for *:

,C) (.1h-- J- o V - ca)' + 2ot b Cal (,(- - . " + ', - ao

(I., +.,c,- + --- (7)(j a) ( 158)
_(j 4:-, , 11m c",'-P)( Yo16 a V c W ft ,- ' (7.5

The formulas (7.155), (7.156), and (7.158) enable us to plot the

damped oscillatory motion of the landing sea plane. The results of the

theoretical calculations and of the experimental research [226] were

in good 
agreement.
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§7.7. Symmetrical Oscillatory Transient in a Servomechanism

Let us plot the transient quality diagram and the transient curve

using a nonlinear servomechanism as an example [215].

The block diagram of the servomechanism is shown in Fig. 7.19,

where 1 is the error transducer, 2 the amplifier, 3 the relay, 4 the

actuating motor, 5 the reduction gear, 6 the controlled object, and 7

the supplementary feedback.

2 1? 45

'Y q. u U" -Y- A" ,: 'hA7

Fig. 7.19. 6) Controlled object.

Systems with such a block diagram are used in those cases, when

considerable power is necessary to control the motor, and it is not

desirable to increase the amplifier dimensions and weight.

For the error transducer of the system we have the equations:
=-, ik 1 , (7.159)

where 0 is the system error, a and p are the input and output of the

system, respectively, and kI is the transfer ratio of the error trans-

ducer.

The static characteristics of the nonlinear element, namely the

relay, is shown in Fig. 7.20. Carrying out harmonic linearization of

the nonlinear characteristic of the relay we obtain the equation
1 z-- q (n) i(i7. 160)

0 where in accord with (3.13) the coefficient of

U harmonic linearization for a single-valued relay

E characteristic with backlash is determined by

Fig. 7.20 the formula
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q)=4e11~j (7.161)

Taking into account the equation (7.159) for the error transducer,

the harmonically linearized equation of the relay (7.160) and the

transfer functions of the other linear elements shown in Fig. 7.19, we

write down the equation for the motion of the servomechanism system

proper (a = 0) in the form

[(7lp -- 1) (Tip -- 1) p + kjkk.q (a) p-+- Ik.k.kq (a) u,=0. (7.162)

The characteristic equation corresponding to the resultant differen-

tial equation will be
L(p)=(Tjp - + )(I. p- 1)p+k1/?ko.cq(a)p

+ kik3k? 4 q (a) = 0. (7. 163)

Inasmuch as the static characteristic of the nonlinear element is

symmetrical and no external signal is applied to the system, the oscil-

latory solution (if it exists) corresponding to Eq. (7.162) will be

symmetrical.

Let us first plot the quality diagram of the oscillatory process

by the first method indicated in §7.3. For this purpose it is necessary

to make in (7.163) the substitution

p = + JN,

where e is the damping and w is the frequency of the sought transient.

To simplify this problem we can represent the characteristic polynomial

by means of a finite series in powers of Jw with coefficients that de-

pend on t.

Calculating the corresponding derivatives of the characteristic

polynomial (7.163) we obtain
dI.(p) .... . ..
d ,- .pp' -3 a (T, -I T2) p-j- [ -I k.clI.,q (a)],

I dL(p)." d3T7) T, TT221 dpi - -: T ip - T '- T '  31 "-p i = .772

The substitution p = in the expressions for L(p) and its derivatives
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yields the coefficients of the series expansion of the equation

L(a, i, Jw) = 0, which breaks up into the following two equations:
.\" T= i, & --t- (T, -+- T. ) "- -[1 Ie-t- kJ 0 q (a)J -F

-4- kk,,k 4,, q (a) - [3',';'/2 t-- T, T- 2 f ,. = 0 . (7. 164)
3== [7-1 t V - 2 (T1  - T) t -- 1 ±

d- k2kako.. q (a),-- TT 03 = 0. (7.165)

From (7.165) we determine the square of the frequency

Ti 7..13 T, T V + 2 (TI- W72)) t+ I + k2kk.q (7.166)

Substituting the value of w2 in (7.164) we obtain

Tl - -(7; + TO -t- I I -- k.2k3k.,q (a)) -f-- k1 k2k:.kjq (a)
j 13 T, T2' -- 2 ( T1 + T, t- 1 F+

+k. 3 ko.,q(a)][3TTi-t T,- T2]. (7.167)

Let us plot the quality of the nonlinear process in the servo-

mechanism for the parameter kl, i.e., for the transfer ratio (the

slope of the characteristic) of the error transducer. If the damping

is contained in (7.167) in a nonlinear manner, it is convenient to

solve this equation with respect to the parameter k1 .

As a result we obtain

- 13 T, T P + 2 (7, + T2) -[ 1 + k.k3ko.,q (a)] X

' X 13 T,T,-F " T + T,! -- I ','1 +-( T,+ "rO '+ l}. ( 7. 168)

To plot the diagram we specify the following values of the other param-

eters: TI = 0.05 sec, T2 = 0.05 sec, k2 = 1, k3 = 200 deg/sec-v, k4 =

= 0.01, ko.s = 10 -3 sec-v/deg, b = 5 v, c = 120 v.

Substituting the given values of the parameters in (7.168) and

specifying different constant values of the damping exponent - const,

we plot the a(kl) curves (Fig. 7.21). On the basis of this construc-

tion we plot also the a(kl), using Formula (7.166) and constant values

of the frequency, w = const.

(The curves shown in Fig. 7.21 represent the quality diagram of

the transient for the servomechanism under consideration. The a(kl)

-691-



curves with = 0 correspond to self-oscillations.

Let us plot now the quality diagram for the oscillatory process
in the nonlinear system by the second method indicated in §7.3.

If 1 0 16 S0

Fig. 7.21. 1) deg; 2) v/deg.

We rewrite (7.163) in the form

p + Ajp'+Ap + A O, (7.169)

where

- kksko.q (a)(a),A ., A,= .43, i'Y (7.170)

I Factoring the left half of (7.169), we obtain the equation

(P + CO (P' + BP + ,O---- 0, (7.171)

the coefficients of which are related with the coefficients of (7.169)

by the equations

A, =-C,+- 1 , A,=IB, +BC,, As=CRB. (7.172)

Assuming the last factor of (7.171) to correspond to a pair of

complex roots of the system, which have a real part of much smaller

modulus than the root of the first factor, i.e., assuming that

we write down the formulas for the connection between the damping

and the frequency w with the system parameters in the form
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t = 4. , , v (7-173)

Let us set up in accord with Eq. (7.169) the penultimate Hurwitz

determinant (for our example, the second) with allowance for (7.172):

H= AA - A:i =(C, - BO A -1- BC,) -- C,13. =
=B (8,1 + C, + CB).

Since we have from (7.172)

B, + C,B, = A, and C2 =- (A, - B,)',

and from (7.173)

BI =

we obtain the following formula for the determination of the damping
--- -- H, AjA9 -- A3IA, + (At + 2J)21 = - [A., +(A. + 2; PI ( 7.174 )

Recognizing that we have from (7.172)

A _ A, A,

and substituting the value of B2 in (7.173), we obtain a formula for

the square of the frequency:

W(7.175)

Formulas (7.174) and (7.175) enable us to plot the damping of the

nonlinear processes relative to any of the system parameters. For this

purpose it is sufficient to use Formulas (7.170), which relate the co-

efficients Al, A2 , and A3 with the system parameters. For the parameter

kl, with selected values of the other parameters of the servomechanism,

this gives the same result as in the preceding case.

By plotting the transient quality diagram for the same system

with the supplementary feedback removed, we obtain the results shown

in Fig. 7.22. In this particular case the lines = const and W = const

are superimposed on one another.

Comparing the diagrams obtained for the cases with and without
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the additional feedback, we see that the feedback broadens the region

of the damped oscillations (the region to the left and above the line

0= O, corresponding to self-oscillations). In addition, for the same

values of the parameter k the damping in the region of damped proc-

esses is larger in absolute magnitude in the presence of feedback than

without feedback. For example, when kI - 8 and a = 900 the damping is

=-4 in the presence of feedback and =-2 without feedback. This

indicates that feedback results in faster damping of the transient.

AA

99 51 15 zo 2

Fig. 7.22. 1) deg; 2) v/deg.

The quality diagrams obtained enable us to estimate the transient

in a nonlinear system if the parameters of the system are specified,

and also make it possible to solve the inverse problem, i.e., choose

r the values of the parameters necessary to obtain a given transient

quality. In addition, as was shown in §7.4, it is easy to plot from

the quality diagrams the envelope of the transient amplitudes and to

determine the change in frequency of the process from period to period,

i.e., in final analysis, to obtain an approximate plot of the tran-

Csient. The error in the approximate plot of the transient, as will be
shown later on, is small and is quite acceptable for engineering de-
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sign of nonlinear automatic systems.

To determine the error of the method, Fig. 7.23 shows the tran-

sient in the system under consideration plotted by a numerical-graphic

method [198) for a parameter value k, = 5 v/deg and with initial value

of the oscillation amplitude a0 = 250 volts. To improve the accuracy,

the plot was drawn on a large scale with a small spacing in the integ-

ration.

On the same Fig. 7.23 is shown dotted the envelope of the tran-

sient, plotted approximately on the basis of the quality diagram (Fig.
Ii 7.21). It is seen from this plot that the approximate calculation

based on the harmonic linearization method results in a small error in

the determination of the envelope.

Dt 3 1

! !,//

Fig. 7.23. 1) deg; 2) deg/sec; 3) v; 4) sec.

The error in the determination of the frequency w will be esti-

mated in the following manner. The exact curve, obtained by the numer-

ical-graphic methods, will be broken up into sections 1, 2, 3, 4 (Fig.

7.23) corresponding as it were to quarters or halves of the oscilla-

tion period. For each of these sections we determine from the exact

curve the quantities

- 695 -



WT or () I

. where At denotes the duration of each section. The error in the deter-

mination of the frequency with the aid of this approximate method will

be

(OT

where w is the value of the frequency, taken from the quality diagram

of the investigated nonlinear system (7.21) for the average amplitude

a on each section. The results of the calculations are listed in the

table:

At, 10'., 9,5 9,.5

-it, 22 21 4,6
At, 28 28 0
At, 31 30 3,2

Let us estimate the errors in the determination of the damping

time t1 of the transient from the initial amplitude a0 = 250 v to the

amplitude a1 = 15 v. The exact value of tl, determined from the plot

of u2 (t) (Fig. 7.23), will be ti = 0.85 sec. Approximate calculation

by means of the quality diagram (Fig. 7.21), using a rough calculation

in which the entire process is broken up into three parts, within each

of which we assume e = const, yields ti = 0.98 sec. A more careful

calculation leads to better agreement between the obtained transient

time and the exact value. It is more likely here that the error is due

to the method of calculating the transient time directly from the

quality diagram, since it is seen from Fig. 7.23 that in practice the

transient time is the same for both the envelope obtained by the ap-

proximate method and for the transient curve obtained by the numerical-

graphic method.

- 696 -



40

Fig. 7.24. 1) deg; 2) deg/sec; 3) v; 4) sec.

Figure 7.24 shows a plot of the transient in the same system,

with an increased transfer ratio of the error transducer kI = 10 v/deg

and for a0 = 500 v. In this case self-oscillations with amplitude A =

- 42 v occur in the steady-state mode.

2 (el ('Pad)

~ ~ 3

A \,
6

4 I / - - -

2

Fig. 7.25. 1) deg; 2) deg/see; 3) v; 4) sec.

Figure 7.25 shows the transient in the same system with kI = 10

v/deg for the case when the system arrives at the self-oscillation

modes from small initial deviations ("from below"), i.e., as a result

of a diverging process. The same figure shows the envelope a(t), ob-

tained by the harmonic linearization method on the basis of the quality
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~diagram. The method gives sufficiently good results also 
inthe case when

the oscillations are 
damped in practice within a single period (Fig.

* 7.26).

18

Fig. 7.26. 1) deg 2) deg/sec; 3) v; 4) sec

U.8. TransientIt in a Ssa 
ervomechanism fteecdCls

In the preceding sectionl we considered a nonlinear servomechanism

Iof the first class, where the argument of the linear function was only

a single variable. In 
the present section 

We carrynonlinear au 
t i v s gatn

of the transient for a nonlinefuservomechanism 
of the second class,

where the arguments of the nonlinear 
function are both the input and

the output of 
the nonlinear 

element [2281.

3 4

Fig. 7.27. 3) 14ot; 5) 
controlled object.

The blOCk diagram of the servomechanism is shown 
in Fig. 7.27.

_ The system comprises an error transducer 1, with transfer ratio k1, an

amplifier 2, a twos e induction motor 3, and a reduction 
gear 4.

a m p l f i e rt w o o p h a s i n. 6 9 8 -



The figure shows also the controlled object 5.

The elements of the system are described by the following equa-

tions:

error transducer

o = - , /?10--,',, ( 7.176)

amplifier
(TP + 1) fly= k.,tt, ( 7.177 )

reduction gear

pil= kiw. (7.178)

In these formulas 0 is the error, a and 1 are the input and the

output of the nonlinear element, uI the voltage at the amplifier input,

uu the voltage at the amplifier output, k2 the amplifier gain, T1 the

amplifier time constant, wd the angular velocity of the motor shaft,

and P the position angle of the reduction gear output shaft.

The two-phase induction motor with hollow rotor is the nonlinear

element. A feature of the mechanical characteristics of such motors is

that when they are fed from a low-power source, the slip is a function

of the control voltage. The motor characteristics can in this case be

i =approximated by straight lines with differ-

ent slopes, and the slope of the character-

istic is a function of the control voltage

(Fig. 7.28).

U, The equation of the motor can in this

case be written in the form

Jim. -c (.y) MA = ?.y ( 7. 179)

where J is the moment of inertia of all the

rotating masses, referred to the motor shaft.

FWith accuracy sufficient for engineering cal-
Fig. 7.28

culations we can assume that the slope of the
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mechanical characteristics changes in proportion to the control volt-

age u , i.e.,

where un is the nominal value of the control voltage, while m and n

are the slopes of the characteristics at uu = 0 and uu = un .

In this case Eq. (7.179) is written in the form

""A -- I'°lA -

Sfl k:1y. (7. 180)
I fillI

The nonlinearity in Eq. (7.180) can be represented in the follow-

ing fashion:

t=itI- Iy I(. (7.181)

This is a linearity of the second class, since it contains the product

of the input IuuI and of the output wd.

To investigate the transients we represent in this case, in ac-

cord with (7.52), the nonlinear function in terms of the coefficients

of harmonic linearization in the form

y= [ (a, ,,,q'(a, E ) l q' ,, Py. (7.182)

The solution for uu is sought in the form of a damped or diverging

sine wave

,,y = a (t) sil lt(t). (7.183)

The motor speed w d will oscillate with amplitude a2 (t) and a phase

shift e(, w):

a-1=,, (t) sill FpI Wt +t 7 0 .,). (7 184 )

Let us express the output of the nonlinear element wd in terms of

the input Uu, using the connection between these variables through the

linear part of the system. The equation of the linear part of the sys-

( tern will be written, in accordance with the element equations (7.176)-

(7.178) for c(t) = 0 in the form
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WA - , ,-ik~k4 . (7. 185)

We can then write on the basis of (7.98)

wp,= U, (. (o)a sit i + V, (, ()a cos (7.186)

where U1 and V1 are, respectively, the real and imaginary parts of the

complex expression obtained from the transfer function (7.185) upon

substitution of p = + Ju.

Making this substitution, we obtain

u, = +r1',- , V,= - + (7.187)

Consequently, the nonlinearity (7.181), with account of (7.186),

(7.183), and (7.187) is written in the form

Sill ri n +~___ Cos~ (Ia 7.188)
y==- I a il ap+Ti= n - Sill yj- -o

On the basis of the expression obtained for the nonlinearity, we

determine the values of the harmonic linearization coefficients _ and

q' entering in Formula (7.182).

For the coefficient _ we have

q --- i-" t--s - nI a sill 9 a - - sill 9 -+

-+ z + ,0Cos 9]sill 9d

•~ 'Stt k

Carrying out the calculation of the coefficient q', we obtain
2n--- I O( /n-n ___ + t'-t' _

in --.- a sin 9 a P +[ T-1, "'.' Si +

- 4 (in - n) a 2T,1,. -t- -'

The harmonically linearized expression for the nonlinearity then as-

sumes the form

1)1 "i ) a *J- ~9 -. T~oi I 222.z (,z -, ) 2_ ,1 +

- ; - ~ " pity.
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The equation of the motor, with account of the value obtained for

y, will in accordance with (7.180) be

S I (_ - (4 - I- 3t - 2 TO) -
401 "n t T - Y,

We introduce the notation

n)... ,T V -I 3- 2TW),

k' 'l~m n) ak -' 7/1}-(27" T ) 7"'== T

The harmonically linearized motor equation is then written in the form

!(
7 pI-- to,==( : ±k'+--') fly. (7. 189)

We see from this equation that the nonlinearity of the motor char-

acteristics reduces in this case to the presence in (7.189) of the

operator coefficient

k*---- k' + k' p,iti

which is a function of the amplitude a of the oscillations of the

voltage uu, of the damping coefficient t, and of the system oscilla-

tion frequency w.

Taking into account the equation of the linear part (7.185) and

the harmonically linearized motor equation (7.189), we write for the

characteristic equation of the system

P -Aip'-- Aip-A, ,(7-190)

where

L,+ -E- A, A:,. +k )
A,=--k.T', A ,, (7.191)

To determine the transient it is necessary to plot a quality dia-

gram, i.e., the dependence of the amplitude on the parameter of in-

terest at constant values of the damping e and of the frequency w. For

this purpose we make use of Formulas (7.82) and (7.83) for a third-

order system. These formulas determine the connection of the damping
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exponent and the frequency with the system parameters and have the form

A',4A A, A ,A.,

Substituting in the given formulas the values of the coefficients A2 ,

A2 , and A we obtain

(T + T)O + kk") T, T + k) k

,I- + +~ 1'2, I ') (7. 192)

+ .) V (7.193)

From these equations it is necessary to determine the functions

a(a) and w( ) in order to plot the transient. For this purpose we solve

Eqs. (7.192) and (7.193) graphically.

I

b

+I \ '

0 1 0 /,, *'d .. )(I/

Fig. 7.29. 1) v; 2) sec.

Obtaining from each equation the oscillation amplitude a (which

is expressed in terms of k' and k"), we plot for each of the equations

the functions a = a(w) with = const (i = 1, 2, 3, ...). The points
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where curves having the same index e. cross correspond to the simul-

taneous solution of Eqs. (7.192) and (7.193).

Figures 7.29a and b show graphical solutions for 2 = 16.2 and

k2 = 20 for the following values of the other system parameters: T =

= 0.05 sec, T1 = 0.05 sec, un = 110 v, kI = 57 v, k = 1.5 g-cm/v, m =

= 0.34 g-cm-sec, n = 1 g-cm-sec, and k4 = 0.01. The solid lines are

e, plotted on the basis of the transformed

equation (7.192) and the dashed ones on

0 a jiaZ5 jooa the basis of Eq. (7.193).

-49 With the aid of the plots shown in

-ZO Fig. 7.29 we construct the main func-

tions e(a) and w(a) (Figs. 7.30a and b)

for k = 16.2 and 20. The obtained func-
-10

tions make it possible to estimate ap-

b 20I proximately the character of the tran-

sient for the known system parameters.

On the basis of the preceding con-

a as ao .75 IZV ( struction we can obtain a transient

Fig. 7.30. 1) sec. quality diagram (Fig. 7.31). The quality

diagram shows how the time constant of the transient T = 1/e and the

oscillation frequency w change with changing oscillation amplitude in

the region of parameter values of interest (in this case 16.2 < k 2 <

< 20).

The quality diagram for the transient in the nonlinear system en-

ables us to determine, for given values of the system parameters, the

overshoot and the duration of the transient. For example, when k2 = 20,

the duration of the transient for an initial oscillation amplitude

a0 = 135 volts and a final amplitude ak = 35 volts will be, in accord-

ance with (7.115),
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k
da y I .a+ AD _

1 135 I 100 i 1 66 0
100 + 66, + 0_j

The transient is broken down here into three sections, on each of

which the average value of was taken. We note that the exact value

for this case is tI = 0.240 sec, i.e., the error in the determination

of the duration of the transient amounts to 12.5%.

/ /

}--

7 /8 09 0 A1

Fig. 7.31. 1) sec.

To estimate the errors of the method, Fig. 7.32 shows the exact

- graphoanalytic solution of the initial equations. The dashed line is

based on the plots of Fig. 7.30 and represent the variation of the

transient envelope as obtained from the approximate solution. We see

that for nonlinear systems of the second class, too, the approximate

3

.1 a

Fig. 7.32. 1) rad; 2) see; 3) v.
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determination of the transient by the harmonic linearization method

results in a small error which is perfectly acceptable in technical

calculations.

§7.9. Transient in a System of the Third Class

Let us consider the application of the method of harmonic linear-

ization for the construction of the transients in nonlinear systems of

the third class, i.e., systems containing several nonlinear elements

which are separated by linear parts.

,,/, I /Z -_ " * " '' 3 ''4 I

Fig. 7.33. 1) Gyrostabilized platform
with photomultiplier; 2) commutator;
3) preamplifier; 4) torque transmit-
ter; 5) relay; 6) amplifier-converter.

By way of the first example let us take a system for tracking a

radiation source with a sensitive element in the form of a photomultip-

lier. A block diagram of the system is shown in Fig. 7.33.

The photomultiplier is installed on a gyrostabilized platform.

The polarity and the magnitude of the signal at the output of the pho-

tomultiplier does not change with changing sign of the deviation of

the optical axis of the photomultiplier from the direction to the radi-

ation source. To determine the direction of the deviation, a commutator

is used. The photomultiplier together with the commutator can be rep-

resented in the form of an ideal relay element with an ideal relay

static characteristic (Fig. 7.34).

The low power signal from the output of the sensitive element is

fed to a preamplifier with gain kI and time constant T1 .
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The signal then flows to the amplifier-

d converter, which amplifies the signal addition-

ally and converts the pulses into a DC voltage.

The amplifier-converter has a gain k2 and a time

constant T2. The voltage u3 from the amplifier-

Fig. 7.34 converter is fed to the control winding of the

A@ relay, whose static characteristic is shown in

I Fig. 7.35.

a a The ,elay contact applies the voltage u4 to

the torque transmitter. The latter applies a

torque to the gyroscope, which precesses together
Fig. 7.35

with the sensitive element in a direction so as

to reduce the error 6 (the angle in the vertical plane between the op-

tical axis of the sensitive element and the direction to the radiation

source).

The system parameters should ensure the following: a) either the

absence of self-oscillations or self-oscillations with an amplitude

that does not exceed a definite value; b) a rapidly damped transient

when the system deviates from the zero position.*

The system elements in their own motion are described by the fol-

lowing equations:

sensitive element

preamplifier

amplifier-converter

(T2P -+ 1). U3- kil.t,

relay

u- 0 2(u 3 ).
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torque transmitter

ftM = k 3u4,

gyrostabilized platform

p

where F1 (6) and F2 (u3 ) are the nonlinear functions for the correspond-

ing elements.

To investigate the system it is necessary first to carry out har-

monic linearization of the nonlinearities in accordance with Formulas

(7.104).

For the characteristic of the commutator and photomultiplier com-

bination (Fig. 7.34), the harmonic linearization coefficients will be,

in accordance with (3.14),

q, (a) = !-J qi.'=

Thus, harmonic linearization yields

, (a) 8 = L (7.194)

Analogously, for the characteristic of the relay (Fig. 7.35) we obtain

in accord with (3.13)

,(aj-, - (.. q 0()=o

and, consequently, the result of the harmonic linearization is

= q, () ., - , (7.195)

Taking into account the equations of the linear elements and the

harmonically linearized equations (7.194) and (7.195) for the nonlinear

elements, we write the general system equation for the error angle 6

in the form

t("' I- 1 I)(T.11, ! )1' I kk,k.kq, (a)qj(at)j = O.

tThus, the characteristic equation of the system has the form
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p " -A I I Alp -A:, = 0 (7.196)

where

T, -+ Ts, 1 kik~kkAl (a) qs (as)A--= Aj A3= r

The connection between the oscillation amplitudes at the input of the

nonlinear elements a and a2, in accordance with the block diagram of

the system, is defined by a suitable transfer function:

It, _ b" kk,
us rat a. p

This results in an expression for the amplitude of the oscilla-

tions of the gyrostabilized platform

4e, kale, b'
a- (7197)

If we replace in the expressions for the coefficients of the char-

acteristic equation (7.196) the value of a by a2, in accordance with

Formula (7.197), then our investigation will determine the amplitude

of the voltage oscillations at the input of the relay element. However,

4 great practical interest attaches to an investigation of the oscilla-

tions of the sensitive elements, and therefore it is advantageous to

use Eq. (7.197) in the form

*Icekkb (7.198)

The equations for the investigation of the transients will have

in this case, according to (7.82) and (7.83), the form

7"__ kik k ik hq k ( 1) q ,, (a) tj, (a7) I
( as (7.199)

The coefficient characterizing the parameters of the nonlinear

element will be, in accordance with the values of ql(a), q2 (a2 ), and

(7.197),
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Replacing in the formula obtained the oscillation amplitude a2 by

its value from (7.198), we get

qI(a)qg() ,, -n ± (7.200)

To investigate the transients, it is necessary to substitute in (7.199)

the resultant value of ql(a)q 2 (a2) and to solve the equations by suc-

cessive approximations. In this case, however, the expressions ob-

tained are cumbersome and relatively difficult to solve. Consequently,

before solving the formulas it is best to simplify them somewhat, with-

out making at the same time excessive assumptions or approximations.

In accordance with the idea underlying the method, one of the con-

ditions under which the method is applicable is that the transient be

sufficiently oscillatory. In practice the oscillations must not be

damped faster than within 1-3 periods. Even when the oscillations damp

out within one period, the ratio w/t = 4. In this case t2 amounts to

less than 7% of . Consequently, taking account of the approximate

nature of the method, we can neglect in all formulas the quantity e2

I2 compared with w2. Simultaneously, to abbreviate the notation, we intro-

duce the symbols

kr = k.ki, ky = k,kt.

In this case the main formulas (7.199) become

T, + T, "Caw*fu 2'
- .(Ifr 

-- \,__'_

J , + ' (7.20)

It is seen from (7.201) that the damping coefficient t of the

transients and the frequency w of the oscillations are complicated

functions of the system parameters and of the oscillation amplitude a.
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In addition, the damping coefficient is a function of the oscillation

frequency, and the oscillation frequency in turn is a function of the

damping coefficient.

The first step in the solution of the general problem, that of in-

vestigating the transients in the nonlinear system, is to determine

the self-oscillations. In this case = 0, a = A, w = 0, and the for-

mulas (7.201) assume the form

T-i- + ' T 4cWeky An N10
-- i -7; -- Gei d. (7.202)

o 4e,c~k~kv '~~g~~(7,-- ' -I I
From the first and second formulas in (7.202) we obtain expres-

sions for the oscillation amplitude
A t = 1-l [ ,62 - -. -- bl : r

(.Jc,), (T, + 7',)2

Equating the resultant expressions for the squares of the amplitude

and canceling, we obtain

02 = I/TT 2,

i.e., in this nonlinear system the self-oscillation frequency is de-

termined only by the time constants of the system and is independent

of the gains.

Substituting the resultant value of 0 in the first formula of

(7.203) we obtain a final expression for the self-oscillation amplitude

A" == (Cjk),' 1T, r 1,62 -- ( ,_ .T (7.204)

Inasmuch as the coefficient (c2kg)
2TiT2 is obviously positive,

self-oscillations are possible in the system only if

(T, + T,)'b' 162
7', 7',k < ,

Therefore the critical value of the gain will be

ky. = 0,78 6 " + T,
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It follows from (7.204) that to reduce the self-oscillation amp-

litude it is necessary first of all to reduce the gain of the system

and the time constants.

Figure 7.36 shows, for specific numerical values of the parameters

T1 = 0.1 sec, cI = 5.10-
3 volts, kg = 1.6.10-5 rad/v-sec, T2 = 0.2 sec,

c2 = 40 volts, ku = 4700, b = 10 volts, k, = 1.6.10 -5 v-lsec- 1 , plots

A /0(':?/ 1-- (1 of the amplitude and self-oscillation

A? -A 2 frequency as functions of several system

R/ S parameters.

It follows from Fig. 7.36a that the

o 19 00 o i change in the self-oscillation amplitude

b4 / _ R is most strongly effected by the gain in
/4-' 14

zI/2 the region where the gain is small. From

/A /a Fig. 7.36b it is seen that the amplitude

o 2. of the self-oscillations changes in di-
, 2 rect proportion to the "over-all time

o 4 a3 a a" - 65 s constant" T + T2. Figure 7.36c illus-

-(-WQ trates the influence of the coefficient

s8 k4 , which is contained in the coefficient

kg, on the amplitude of the self-oscilla-

Z 42 tions. The coefficient k can be varied
by changing the kinetic torque of the

Fig. 7.36. 1) rad; 2) sec. gyroscope H.

The plots presented enable us to choose approximately the main

parameters of the system. We can then solve the next problem, that is,

investigate the transients.

Under the conditions prevailing when the system is first turned

on, or under some other conditions, the receiver may deviate appreci-

ably from its zero position. The magnitude of the deviation can exceed
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by several times the amplitude of the self-oscillations. After the sys-

tem is turned on, a transient sets in, in which the amplitude of the

oscillations will decrease to the value of the self-oscillation ampli-

tude. The damping time is determined by the system parameters and is

of appreciable significance for its operating quality. In practice it

is necessary that the transient terminate at any rate after a few sec-

onds. Therefore, the next calculation should yield, first, the possi-

bility of determining the time constant and the frequency of the oscil-

lations during the transient, and, secondly, recommendations on the

choice of system parameters such as to obtain the required transients,

if the transient is obtained by the first calculation are not accept-

able.

The variation of the amplitude and oscillation frequency in the

transient is determined in the case of the investigated system by For-

mulas (7.201). The solution of these formulas, as indicated above, can

be carried out by successive approximation. Inasmuch as in accordance

with the conditions under which the method is applicable the transient

must be sufficiently oscillatory, we assume that (T1 + T2 )/TIT2 >> 2t.

Under these assumptions the solution of the formulas (7.201) is car-

ried out in the following sequence.

We substitute into the formulas the system parameters which are

either selected or specified by the operating conditions. In particu-

lar, for example, T1 = 0.1 sec, c2 = 10 volts, kg = 1.6.10- 5 sec- ,

T2 = 0.2 sec, ku = 4700, a0 = 82.10
-5 rad, cI = 5.10

-3 volts, and b =

= 10 volts. Here a0 is the initial deviation of the system from the

zero position.

As a result of this, there are left in the right halves of Formu-

las (7.201) two unknown quantities: the oscillation frequency w and

the system damping coefficient . In first approximation we put in the
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right halves of the formulas = 0 and determine from the second for-

mula of (7.201) the first approximation for the oscillation frequency

W 1.We substitute the resultant value of wl in the first formula of

(7.201) and determine the first approximation for the damping coeffi-

cient t. Substituting the value of in the second formula of (7.199),

we determine the second approximation w2" In the same way we determine

the second approximation t2. If the resultant value of t2 differs ap-

preciably from 1, a third approximation is determined.

In practice, owing to the small value of el' the solution is ob-

tained quite rapidly. We can thus obtain the values of e and W for one

of the values of the oscillation amplitude a. In particular, for the

foregoing values of the system param-
eters and for al = 82.10- 5 radians we

9 have 6 -2.3 sec -I  = I sec -I .

8

4 - The calculation is then repeated

S ... .. for the other necessary values of thea 0 O 20 0 ev o dla

2 oscillation amplitudes.

e Figure 7.37 shows plots of the

-2
damping coefficient t and of the oscil-

Fig. 7.37. 1) sec; 2) rad. lation frequency w as functions of the

oscillation amplitude a. The plots obtained enable us to estimate the

transient approximately.

If similar calculations are carried out for several other values

of one of the system parameters, for example the gain, then we can

plot a quality diagram for the nonlinear process, which enables us to

evaluate the transients over the entire range of variation of the

parameter of interest.

The system considered above was a single-loop system. This simp-

lified appreciably all the derivations. However, even for more com-
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Fig. 7.38. 1) Gyrostabilized platform
with photomultiplier; 2) commutator;
3) preamplifier; 4) additional feedback
loop; 5) torque transmitter; 6) relay;
7) amplifier-converter.

plicated systems, the investigation of the transients entails no diffi-

culties.

Let us assume, for example, that the calculation has shown that a

system with a similar block diagram does not provide the necessary

transient parameters. It is therefore necessary to introduce into the

system additional correcting signals, for example derivative feedback.

It is difficult to pick off a signal proportional to the velocity or

the acceleration of the precessional motion of the platform, in view

of the slow speed of the platform. Consequently, it is advantageous to

consider, for example, a version of a system with a nonlinear deriva-

tive feedback loop encompassing the relay and the amplifier stages

(Fig. 7.38).

In this case the transients of the systems own motion are de-

scribed by the following equations:

- it ,, F , (a); "t *--it; (7',I "P- 1) 3 =k ("t- i); (7.205)
U& L- I'll (113); M= z=k,,j; (T,,p -I--)tic==pkF (u; - --( ift)

Unlike the preceding example, the preamplifier is assumed here to be

not subject to lag.

We assume that the nonlinear term in the feedback equation (the
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last equation of (7.205)) is defined by the cubic equation F3  u.

The coefficients of harmonic linearization of the nonlinearities

will be, in accordance with (3.14), (3.13), and (3.32):

4c, 4cl b~~~~~~~q, a --"; q,, (a,) = '. - i; ( -= ""

Combining the equation of the system elements we obtain with ac-

count of the harmonic linearization of the nonlinearities a general

system equation for the error 6 in the form

+ ~p -f- 1)(Tp + 1) + kj4kq (a,) q3 (a3) PIP +
+ k- jk3k,q, (a) q, (a.2) (T p + 1)) 8 = 0.

The characteristic equation of the system will be

p + A,p' + Ap + A, -.0

where
w r' 1 ± , 'c; A+ 1 I + k,k&q, (a.) q, (as) + kkkk,q, (a) q, (a,) Te

A --= k kjkkq (a,) q, (a,)
T d'

To abbreviate the notation we introduce the symbols

/ = kk. q. (a,) q3 (a3 ) q, (a,, a),

- ktk.,k, q, (a,) q, (a.) = q3 (a, a,).

The equations for the investigation of the transients will then assume,

in accordance with (7.82) and (7.83), the following form

T, + Tc ( -I -kqi (a., a,) -- kq, (a, a,)J - kqj (a, a,)
.- 7, +t T

2~~11 + k~qI(a,, a3,I- kq, (a, a.)- -r, T, -F - I )J
7' j - 2 '

- kq, (a, a,) til

", + Tc A- 2;TTc

According to (7.205), the connection between a, a2, and a3 is deter-

mined by the formulas

a r~a aV ~ ' a,= ! ...... ,
a , at

From there on the investigation is similar to the one made in the case

( of the single-loop system.
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To determine the errors of the method, Fig. 7.39 shows a plot of

the transient in the system obtained by numerical-graphical solution

of the nonlinear equations of this system with initial value of the

oscillation amplitude a0 = 80"10-
5 radian and with the previously as-

sumed parameters. The dashed curve in the same figure is the envelope

of the transients, plotted approximately on the basis of the e(a) plots.

,1\

6 '. .

Fig. 7.39. 1) rad; 2) sec.

It is seen from the figure that in determining the envelope of

the transient in nonlinear systems of the third class the approximate

calculation by the harmonic linearization method results in a small er-

ror which is acceptable in technical calculations.I 17.10. Example of Slipping Transient

Let us consider an investigation of a slipping mode in a nonlinear

automatic system, as carried out by M.V. Starikova (227]. The self-

oscillations in such a system were investigated in §6.8.

The slipping mode is regarded as a monotonic variation of the co-

ordinate on which self-oscillations are superimposed.

Fig. 7.40
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The investigated system is represented by block diagrams (Figs.

7.40 and 7.41) in which 1 is the regulated object, 2 the sensitive

element, 3 the amplifier, 4 the control relay, 5 the power relay, 6

the actuating mechanism, 7 the regulating organ, and 8 the feedback

element. The system is described by the following equations:

object with sensitive element
(d p" -t- d gp + Q, ( rIP 4 -01 = = ( C 1 + c.) Q. -- ), (7. 206)

YSI. amplifier

(Tp+1)Ik 21 1 , (7.207)

u "I nonlinear element NZI

i = F, (), (7.208)

Fig. 7.41. 1) v; 2) actuating mechanismL~h; 3) NZ. (Trp-- 1)pot = ke-1Pi, (7.209)

regulating organ
= ='(7.210)

feedback with 
nonlinear element 

NZ'

, = ko,,, ,- F(I) = kr, (1), (7.211)

where y is the regulating signal, yTv the disturbance signal, T the de-

lay in the actuating mechanism and in the relay, and s the slope of

the characteristic of the regulating organ.

We shall seek a solution for the variable I in the form of two

components

* = a, sin wt,

where 10 is the slowly varying aperiodic component of the current and

I* is the oscillatory component.

Figure 7.42 shows the characteristics of the nonlinear elements

NZ, (Fig. 7.42a) and NZ' (Fig. 7.42b).

Harmonic linearization of Eq. (7.208) yields
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UU

Fig. 7.42

it= F'(a,, 10)+ [q, (,,, ,°)+ (7.2,12)

where the component F1 and the coefficients ql and q' for oscillations

in which only one relay contact is in operation (slipping mode), i.e.,

under the condition

b - 10 1 <a, < -- ,,

have the following values

F'i (,I, I,,)' +r .[  - arcsin -l ° i rcsin --T° I " ° 1 6
a, a1

1,c , W 2 (7.2,3)

47 (a 10)_ ;__ at asz
q, all °)  ina \ ,--

To investigate the self-oscillations we use the method of har-

monic linearization. For this purpose we derive from the linear equa-

tions of the system elements and from the harmonically linearized equa-

tion of the nonlinear element a characteristic equation, using the os-

cillatory components of the alternating quantities.

The characteristic equation has the form

(,dp' -- ,p +l 11 ) (Tj +~l -1) ('TIP-l + ) (T +. l)p +l

+ sk kj(c ,i-c) [l, 1,, ,,) + p,' -

+ k. kk( ,Ip' +,tgp -d 3 )( p-I 1) (Tp-+- l)p[q,(a,, 10) (+ T .1; =oa . (7.214)

The substitution p = jw into the characteristic polynomial (7.214)

yields the equation

L(jo,)=X(a,, W, 10)+jY(a,, w, 11)=0,

which we break up into two equations
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!I x(al,, w , 1o)=--o, Y(al, w, 1,)=__. (7.215)

To determine the amplitude and frequency of the vibrations for

specified system parameters, we rewrite the left halves of Eqs. (7.215)

in the form

X(a,, lo), 10) X ()--- sX (a, w, 1 0)., k. X3 ( a,, w , 10),

Y(a,, w, 19) = Y,(to) -- sY(at, w, 1)-+k,., Y3 (a,: , ). (7.216)

The stability of the periodic solution is determined by means of the

known methods.

Let us determine the conditions for the existence of a slipping

mode. In the case of a constant or slowly varying perturbation, the

slipping mode will occur if the slowly varying component I0 and the

amplitude a1 change within such limits, that only one and the same con-

tact operates (Fig. 7.43), i.e., the slipping mode occurs when the fol-

lowing conditions are satisfied

b--a, 1 1 1 cca,±+mnb; 1101 > ,-b. (7.217)

The first condition guarantees here the pull in or the drop out of one

relay contact; the second condition guarantees that the second con-

tact of the relay will not pull in.

Let us plot the vibration-smoothed charac-

teristic of the nonlinear element. Variation of

the value of I0 brings about changes in the
rn / values of a1 and w, since the coefficient

ql(a1 , I) contained in the characteristic equa-

ad tion depends on I.

Fig. 7.43 Let us find the dependence of the ampli-

tude and frequency of the vibrations, al and w, on the slowly varying

component I0. For this purpose, by specifying different values of 10,

we determine ql(al, IO); we then find for the same values of 10 the

( values of a1 and w from the equations X = 0, Y = 0.
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From the condition (7.217) it follows that the limiting values of

I , at which a slipping mode is possible, are as follows:

Ifl==b-a; jI1j==a +mb (1101>al--b). (7.218)

Let us find the amplitude and frequency of the vibrations for

these values of 10 with the system parameters specified. For conven-

ience, we represent the terms of the characteristic equation (7.214)

in the following form:

N, ( T T2 '' d,Wg +
-i [(TI'' T3) d,-t- (TT -[- 7" T I -T.T,) di +c T, Tr2lT dj -

-[(T, 1- F T3) da+ dJ 1,,
Y, (o) - [('1's T +- T, T3 4- T2 T3) dt -P T T2T;d 2] to' -
-[d, +(TI + T + 3) d, + (T, -+ TIT a T,'13) 31 to -+-

+ d3w,

kiks {[q, (at, P0) cos to --- q; (a,) sin wc] cl -
- [q (a,) cos w-c - q, (a,, 10) sin toc] c1t},

Yj (a,, (0)= (7.219)
k-k3 l[q, (a,, 10) cos o -- q (a,) sin oc] c(to7.2 9

-+ [ql (a,) cos ton-- q, (a,, 10) sin ot] c.,
\'( , I) • .' ,. (a,, 10) u[T, ., I (TI-j- T+ 3)d 1 to' -

-I [(s, -j T.,dJ ,4 ( tll; -} Ik4q (a,) )<.< {-d, T, "1",o' -1- [ T, T ,d, [.( 1", Th) c4 -t- d I,: - (13.,,

, (co, (o, 10).= kk 2qj (a,, I) , "1 3do 5
-

-[-~~~~ ~~ I~Lq Iat TO (13 -1'4 t d,.I- (o)'lt  -

From Eqs. (7.215) we determine the amplitude and frequency of the

self-oscillations for constant values of 10 within the limits of in-

terest to us, and obtain the dependence a al(I0).

As a result we can readily determine the influence of the slowly

varying component 10 on the component F1 of the harmonically linear-

ized equation (7.212) in accordance with the first formula of (7.213),

using the dependence a1 = al(I0). The resultant dependence F0 = F0(I0 )

is the characteristic of the nonlinear element with respect to a slowly

varying input signal 10, or the so-called bias function, corresponding

to the slipping transient process.

By way of an example let us use the following numerical values:
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backlash zone of the nonlinear element

/ b = 1.8.10-2 amp, relay resetting ratio

m = 0.65, us = 26 volts. In this case we

7 Whave

Fig. 7.44 2/=l10.

Figure 7.44 shows an example of the

graphoanalytic method of determining the

amplitude and frequency of the self-

oscillations (see §6.8) for parameter

values s = 0.3, Ic0  = 1.25.10-3, and

the obtained values of 1 0 0
1', and 12 Figure

..... 7.45 shows the dependence a1 = al(ko.s)
for certain values of the parameters: 1 -

0 0 .
g for s = 0.3, Isr, 2 - for s = 0.5, Isr,

,for 3- o o= 0.3, 10 10. 4 - for S = 0.5,

IS- 10 us1'2I~ io-=o
L9 / 2' i;'119 Let us determine the parameters of

Fig. 7.46 the sliding mode for values s = 0.3 and

ko.s = 1.25.l0 3 .

/(614 For the vibration amplitude we ob-

tain values a1  1.7-10-2 for I0 and
sr

al = 1.5 for the limiting valuesl 1 =

/g=1.8" -  -- al and = 1.18.10 -2 + al .

5 Using these data, we obtain

I~ i __________ .!9 ta) /'-=0,3. 10 'a andO-=2,68. o t-a.Figure 7.46 shows a plot of a1

Fig. 7.47 = al(I°). From the second condition of

(7.217) it follows that a1 < ii0 + b.
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As can be seen from the figure, this condition is satisfied, i.e.,

both Conditions (7.217) are fulfilled and the slipping mode does take

place. From the obtained relation aI -- a l (1 0 ) we determine F0 = F0(0),

using the first formula of (7.213) and the relation

The smooth characteristic of the nonlinear element is shown in Fig.

7.47.

Once we have the smooth characteristic we can plot the transient

for the case of a slowly varying external signal.

In order to be able to use linear methods in plotting the tran-

sient, we linearize the smooth relay characteristic and describe it by

the following equation

-)= /?"1, + U".

Putting I0 = I, U0 = U. we obtain an expression for the slowly varying

component

I- ,(U-- U,). (7.220)

We can now plot the transient by the methods of the linear theory,

for example by the method of trapezoidal frequency characteristics.

For this purpose, using Eqs. (7.206)-(7.211) and (7.220), we obtain

the equation of the closed system. The motion of the system, described

by the indicated system of differential equations, will be slipping so

long as the conditions (7.217) will be satisfied, i.e., so long as 10

varies within the limits

The equation of the closed system for the variable i will have the form

{(dp -- dp -- 1.) (Tp I- 1) (TI.p -I- 1)- I- k,,jkkkoj (TP. - 1) p +

_ k,,k.2k.. k (T,p -- I) p (cap -j- c ) .i - skscU,,. (7. 221)

The solution of the equation consists of two parts:
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The value of in is determined from the algebraic equation

cj1kk,skaK .- sk3cUu,

i.e.,

The variable i(t) is determined from the differential equation

{(dp 1 + dp-- d) (Ti + 1) (T3p+I ) p [(Tgp + 1) + -,,kkk . .,l J+

-- I?,I,,sk e - "P (cip -- c)} I =
=(Tip - 1)(T3p + 1)p [(Tip -+ 1)+ k.,k.2ko.,k](cjp+ )"." (7. 222)

The result of solving the equation by the method of trapezoidal charac-

teristics [202] for certain values of the system parameters and for

the current i at the input of the amplifier is shown in Fig. 7.48.

I (Celt

Fig. 7.48. 1) sec.

The previously obtained self-oscillations are superimposed on the

obtained transient.

Manu-
script [Footnotes]
Page

No.

627 Here we have taken a sin * instead of a cos #, but this in-
troduces no essential change.

631 See below (end of this section) for the Justification of this
expansion.

645 The term "period," like "frequency," has no perfectly clear
physical meaning for damped oscillations and is used in an
arbitrary sense.
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Manu-
script [Footnotes (Continued)]
Page
No.

661 More accurately, it would be necessary to place the sign Im
in front of both complex expressions, but this does not
influence the result.

680 In this version of the method we are speaking of an
estimate of the quality of the transient within the stabil-
ity region of the nonlinear system, inasmuch as in the region
where self-oscillations exist one can always employ the
simpler first version of the methods, which was described
above.

707 This problem was solved by Ye.I. Khlypalo.

Manu-
script [List of Transliterated Symbols]
Page
No.

659 R = 1 = lineynyy = linear

659 H = n = nelineynyy = nonlinear

671 K = k = kolebaniya = oscillations

671 n = p = pereregulirovaniye = overshoot

672 c = s = signal = signal

684 K = k = kil' = keel

689 o.c = o.s = obratnaya svyaz'

698 = d = dvigatel' = motor

696 T = t = tochnyy= exact

698 y = u = usilitel', usileniya = amplifier, amplification, gain

698 AB = Dv = Dvigatel' = motor

700 H = n = nominal'nyy = nominal

711 Kp = kr = kriticheskiy = critical

717 B = v = vozdeystviye = disturbance

718 All = Lh= Lineynaya Chast' = linear part

718 H3 = NZ = Nelineynoye Zveno = nonlinear link

722 cp = sr = sredniy = average

(
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Chapter 8

CALCULATION OF HIGHER HARMONICS OF SELF-OSCILLATIONS

§8.1. Determination of a Finite Number of Higher Harmonics and a More
Accurate First Harmonic of the Self-Oscillations

So far we have sought the first approximation of the periodic so-

lution (self-oscillation) for nonlinear systems in the form*

x=A si ,W2, (8.1)

which corresponded to an approximate value of the first harmonic of

the periodic solution. All the higher harmonics were discarded here as

being too small. In §2.2 we derived conditions that ensured the small-

ness of all the higher harmonics of the periodic solution for the vari-

able x in the presence of an essential nonlinearity F(x, px).

Leaving aside all the conditions imposed there on the system, let

us determine (242] the small higher harmonics defined by Formula (2.47):
00

ex8 (t) = ' Ak si. (kQjt + P0,
k .--2 (8.2)

for the periodic solution (2.45):

x =X, -+- ex," (t, (8.3)

which makes it possible also to obtain subsequently a more exact value

of the amplitude and frequency of the first harmonic (2.46):

x1 == , itISil ,t (8.4)

as compared with its first approximation (8.1).

All the previously discarded higher harmonics were written out in

solution (8.3) in the form of a single additional term exv(t). Now,

using the expansion (8.2), we introduce a separate symbol for each k-th
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harmonic
Xk 8VJA sin (kWLt - k), (8.5)

where the amplitude 6 0 of the k-th harmonic, previously denoted Ak,

is now expressed in terms of the amplitude of the first harmonic A,

with the coefficient 6k being a small quantity (since the amplitude of!k

the higher harmonic is assumed to be small compared with the amplitude

of the first harmonic). The quantity 6k' which plays in the present

problem the role of a small parameter, can be called the relative amp-

litude of the k-th harmonic.

After calculating the higher harmonics (8.5) on the basis of the

previously obtained (§2.3) first approximation for the first harmonic

(8.1), and after using these higher harmonics to obtain more accurate

values for the amplitude and frequency of the first harmonic (8.4), we

can then obtain also better values for the higher harmonics, obtaining

instead of (8.5)

Xk -44 slin (k!2,t + cpk),

as will be discussed in detail later on.

Inasmuch as the coefficients of the terms in the series expansion

(8.2) tend to zero as k-. c we shall take into consideration only a

finite number (n) of harmonics. Then the sought solution (8.3), with

account of the notation (8.5), will be written in the form

XXA+ Xh. (8.6)
k-2

The exact equation for the first harmonic x1 has, in accord with

(2.57), (2.51), and (2.76), the form
Q (P)x,- +R () (q + p , R') ., o. (8.7)

When we considered previously Eq. (2.78) for the first approximation,

we have discarded the small term R(p)e I from the exact equation (8.7)

for the first harmonic. Now we take account in this term of components
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of first order of smallness, and discard only terms of higher order of

smallness. According to (2.53), the quantity E01 is the first harmonic

of the complicated periodic function (2.49). confining ourselves in

(2.49), as already stated, to terms of first order of smallness and

taking account of the fact that x = A1 sin Q1 t, cos 0 it, cos Olt =

= (1/Ql)p sin Olt, we can rewrite the first harmonic E01 in the form

t(1==(C1 - sIn (8.8)

where, in accordance with the formulas of the Fourier series coeffi-

cients for (2.49) we have

Ct x=x+j~x~p 1 )p~ sin fp&P
*7- ui F (xI, PXI) X. + Vos F ~ dtI P0 .V

0F X ) , -- F (x,, px,) px I cos
0

Substituting (8.8) in (8.7) and taking into account the previously

adopted substitution

h-2

we obtain a more exact linearized equation for the first harmonic of

the periodic solution x1 in the form

Q(p) x1 (-) q+Aq +' "Aq (8.9)

where we have the following main coefficients that are analogous to the

previous first approximation formulas (2.76) (with = t):

2n.

q - F(A sin , A,a, cos i') sin d+,(
n~l 2x(8.10)

q= 1 F(A, sin ,i, A,%2 cos ') cos I d+

as well as new additions to these coefficients, calculated, unlike in

(8.10), in terms of the first approximation (8.1):
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2%'I* = F(xI, px) X, + (X2: PXI) YPx: sill pdy,
k-2 k-2

2X A n

S [F(xt, pX) Xk +A -F(x pxl) Y pxko
k-2 k--2

which give more precise values for the first harmonic xl, owing to an

account of the higher harmonics of the sought periodic solution. The

formulas for Aq and Aq', with account of (8.5) and using the expres-

sions
Sln (k + )- . cos pk sin k++ ± sin Yk cos l ,Is (k + Ph)=- COS /, cos " - sil T.4 sin /, (8.11)

can be transformed to the following form which is more convenient in

computation

n

l (IkI,, coS + 'ka Sill T), (8.12)
k-~ 2

a

Aq'= . (43-k COS Yk + ) lk3  sill c ),

where

2,- 2mt

4 - I" ,.() si l t = I o, ) sill d4, (8.13)
0

k . 1 '1%, ( ) Cos 4 d4, /hi = 9 , ) Cos +d+,

with
k ()-- a F(A sil l, A2 cos 4) sill ki +

I- " F(A sil l, A cos )2 cos ft

aEO (0) - F(A sin , AQ cos C) cos k-

F (A sil l, AQ cos s )k!2 sin k .

Bearing in mind that the new harmonically linearized equation

(8.9) contains more precise values of the previous harmonic lineariza-

tion coefficients _ and q' in the form of additions Aq and Aq', deter-

( mined in accordance with (8.12) in terms of the higher harmonics of
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the sought periodic solution (8.6), we can call the new expression

which we have introduced here in the calculation of the first harmonic

in place of the older expression (2.75), namely

F(X, px). q + Aq-[ q'--q--lO p)x1

the more exact harmonic linearization of the nonlinearity. A complete

expression for the nonlinear function F(x, px) is (8.15) below.

Were we to solve Eq. (8.9), we would obtain a more exact value of

the amplitude A1 and of the frequency 0 1 of the first harmonic of self-

oscillations, resulting from an account of the higher harmonics. The

solution of Eq. (8.9) can be carried out, generally speaking, by any

of the methods described in §2.3. For this, however, we must already

know the higher harmonics (i.e., the values of 6k and qk), so as to be

able to calculate the additions Aq and Aq' by means of Formulas (8.12).

Consequently, before we solve (8.9), we must first turn to the equa-

tions (2.60) for the higher harmonics.

In Eqs. (2.60) we also confine ourselves to terms of first order

of smallness. As was shown in §2.2, in view of the generalized property

of the filter (2.64), the term R(p)Fk is of the first order of small-

ness, while the term R(p)k is consequently of second order. Discard-

ing the last term and expanding the expressions for Fk in accordance

with the Fourier series (2.50), we represent Eqs. (2.60), with account

of (8.5), in the form

(P) (k , . (8.14)

where

2cS, F(A sin A- cos ,,) sin (ki + %h)d,.

'A S F(A sin t,, AQ cos ,) cos (k + ep,) d+.
0
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As a result we obtain that the initial nonlinear differential

equation (2.71) is equivalent in a certain sense to a system of n lin-

ear differential equations (8.9) and (8.14), constructed in accordance

with a definite procedure, and that the previous single linear equa-

tion (2.78) is their first approximation.

If we add Eqs. (8.9) and (8.14) term by term and compare the re-

sult with the initial nonlinear equation (2.71), we see that in the

more exact situation considered here the nonlinear function F(x, px)
is replaced by the following expression in terms of the first harmonic

x I and the higher harmonics xk of the sought variable x:

F(x, Px)-(q +-Aq+-Lh - (q+ (8.15)
h-2

It is very important to note that the small parameter 6k in the

denominator of each of the terms of the sum (8.15) is simultaneously a

factor in each of the quantities x k (8.5). Therefore the quantity 6k

actually cancels out in each term of the sum (8.15) and we obtain here

not small but finite values of the higher harmonics of the nonlinear

function F(x, px). This is in full agreement with the nature of the

problem involved in investigating automatic systems with essential non-

linearities. Furthermore, whereas in §2.3 mention was made of the ar-

bitrariness of Eq. (2.75), we can state here that Expression (8.15)

approximates in the best fashion the nonlinear function F(x, px) to-

gether with its finite higher harmonics.

The number n - 1 of Eqs. (8.14) is determined by the number of

higher harmonics of the sought periodic solution (8.6) that are in-

cluded. Consequently, each of the higher harmonics is now determined

separately from a corresponding equation (8.14).

Let us transform to the form most convenient for calculation the

harmonic linearization coefficients for the higher harmonics, qk and
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q'k' using Relations (8.11), so that we get
• ~ ~~~qk =rk coS?sU i + k.}81)
("q 'V k COS Yk -_rk Il I Y.

where we introduce the auxiliary coefficients

2e

! IF(A sin t, AQ cos ) sin kq d ,1= (8.17)

sF(A sin +, A0 cos ) cos k+ d+.

On the basis of Eqs. (8.14) we obtain for each of the higher har-

monics its own characteristic equation

Q (p) + L R (p) (qk+ p =o (k = 2, 3, .... '0. (8.18)

In analogy with the method of §2.3, we can now solve each of these

equations separately by means of the substitution p = JkM, i.e.,

• Q~ kRj)( j)O (=, ...,. (8.19)

Using Expressions (8.16), we can readily check the correctness of

the following relation:

q +q; =(rk +) (COS k-] sin Pk) = (rk +s) e-'k.

We substitute this expression in (8.19) and obtain

R (jQ)=- (jQ ( + J$. (8.20)

from which we obtain in explicit form the relative amplitude and phase

of each of the higher harmonics

I N (k ==2, 3, ) (8.21)
Q -(jkU) r

Inasmuch as the coefficients rk and sk have, in accordance with (8.17),

already been expressed in terms of the quantities A and 0, which are

known from the first approximation solution of the equation (§2.3),

now each pair of Formulas (8.21) enables us to determine for each har-

monic the value of the relative amplitude 6k and of the phase (k"
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Consequently, we have obtained all the higher harmonics (8.5) of

the variable x:

- Xk = k A sin (kt -[- Tk).

We can now calculate also the more exact values of the amplitude

A1 and of the frequency Ql of the first harmonic. For this purpose we

write down, in accordance with (8.9), the characteristic equation

Q. (P) + R (P) (q+ .,)=o. (8.22)

where we introduce

Aq + (8.23)Q, (p) = Q (P) + R (P) ( Aq "' P) (82

(the replacement of 0l by Q in the small added terms does not play any

essential role). The introduction of this notation is convenient for

two reasons. First, we determine the sought A1 and 0l which enter into

q and q', from the known values of Aq and Aq', which are calculated

here by means of Formulas (8.12) in terms of the previously obtained

values 6k and Tk and in terms of A and Q, which are known from the

first approximation (§2.3). Second, Eq. (8.22) for the more exact

first harmonic x1 = A1 sin f1 t has been reduced to a form that coin-

cides formally with Eq. (2.79), which determines the first approxima-

tion. This enables us to employ for the determination of the more ex-

act first harmonic precisely the same methods as used in §2.3 for the

first approximation. In addition, according to (8.10), we can use here

all the ready-made expressions for the harmonic linearization coeffi-

cients _q and q' for specific prescribed nonlinearities, except that A

and 0 are replaced by A1 and 01,

It must be remembered that when we apply any of the methods of

§2.3 to some specified problem we must everywhere replace Q(p) by the

c new polynomial Ql(p), which differs from Q(p) by several added terms

in its coefficients, determined by Formula (8.23).
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An important feature of the more exact solution is also the fact

that the polynomial Ql(p), unlike the previous polynomial Q(p), de-

pends not only on the parameters of the linear part of the system, but

in accord with (8.23) and (8.12) also on the form of the nonlinearity

F(x, px), owing to the added terms Aq and Aq'. However, while the main
coefficients _ and q' are given by ready-made expressions for each non-

linearity (see Chapter 3), here we cannot employ previously calculated

specific formulas for the quantities Aq and Aq', since the quantities

6 and pk contained in Formula (8.12) depend, in accordance with (8.21),

on the parameters and structure of the linear portion of the system.

We can, however, calculate beforehand the auxiliary quantities rk and

sk for the different specific forms of the nonlinearities, something

that will be done for the simplest technical cases in §8.3 below.

Thus, we have completely determined the sought more exact solu-

tion for the self-oscillations (8.6) in the form

t ~x = A, q1,1 Q)It 81, A An. (kP t I- °jk,
h-2

where the first harmonic is given in the more exact form, and the

higher harmonics are given in the first approximation.

We can then make more exact also the values of the higher har-

monics, on the basis of the fact that we now already know the more ex-

act first harmonic. For this purpose we substitute in (8.17) and (8.21)

the new more exact values of A1 and 0l in place of the previous A and

0. We obtain from this new more exact values for the relative ampli-

tude 61k and phase c'k of each higher harmonic. Then the more exact

solution for the self-oscillations assumes the form

x= A,. 2- , (kt ) (8.24)
( k-2

We could follow this by determining with the aid of the new values
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6' k and cpIk the more exact values of Aq and Aq' by means of Formulas

(8.12) and find a second correction for the first harmonic by means of

Eq. (8.22). The result would be a development of a method of succes-

sive approximations which, however, hardly makes sense in practice. We

therefore confine ourselves to Formula (8.24) or even to the preceding

one.

How many of the higher harmonics (8.6) should be taken into con-

sideration in each specific problem can be Judged from the expansion

(2.50) of the specified nonlinear function F(xl, PXl) in a Fourier

series. Thus, for example, in the case frequently encountered in prac-

tice of single-valued odd-symmetry nonlinearity F(x), the most sig-

nificant of the higher harmonics is the third. Taking this harmonic

into account, we represent the sought periodic solution (self-oscilla-

tions) in accordance with (8.6), in the form

x-=-x,-+x, x, == A, slit ( 2t,5

x 3 =83A sin (32 1t +?) or x,= ;A sin (30 t + ) (8.25)

In this case the coefficient q' will vanish in the equation for

the first harmonic (8.9), as before. The characteristic equation (8.22)

for the more exact first harmonic will consequently be

Q,(p)+R(P)q=O, (8.26)

where

and the expressions for the coefficient

q= -!- sit,) slit d+ (8.27)

0

can be taken from Chapter 3 with replacement of A by A1 . The formulas

for the additional coefficients Aq and Aq' become much simpler, since

many terms drop out from Formulas (8.12) and (8.13), while in the for-

mulas (8.16) the coefficient sk = 0. As a result we obtain in place of
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(8.12) and (8.13), with allowance for (8.17), the very simple relations

Aq! :P,,csp, Aq' -A3,, Sill ?, (8.28)

where a new abbreviated symbol h3 has been introduced. In (8.12) and

(8.17), in view of the odd symmetry of the single-valued nonlinearity

F(x), we can replace the integral between the limits (0; 2w) by the

integral with limits (0; w/2) multiplied by four. We then obtain

2

hI3~ 4 d l(A sin j) sin 3 sin Jd ,
0 (8.29)

4 2
r3 . F (A sin ) sin 3+ dt .

SThe coefficients h and r 3 for specific nonlinearities are calcu-

lated beforehand and given in §8.3 below. From Formulas (8.21) we de-

termine the relative amplitude and phase of the third harmonic:

'-=r. T3 - a--. -- R (ji32) (8.30)
Q (U3Q.) I 7 - arg 0- (j3Q) '"

Thus, it is quite simple to determine the more exact periodic so-

lution for the case of a single-valued nonlinearity F(x) with inclu-

i sion of the third harmonic, in the form

! .X = Al Sill (2,t + a3Aa si,, (39,t -- 3). (8.31)
,iIf we use Formulas (8.30) once more, substituting in them A 1 and

; QI in lieu of A and 0, then a more exact value is obtained also for

the third harmonic, and the solution assumes the form

x = Al, [shnQt+8 ,sn( l

After determining the periodic solution for the variable X, which

is contained under the nonlinearity sign in the equations of the auto-

matic system, we can then determine also the solution for all the other

variables, with inclusion of the higher harmonies, using the corres-

ponding transfer functions. If some variable z is related with x by

means of a transfer function
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Z= W(p) x, (8.32)

then in the general case, when according to (8.6) we have
{"I

X.--.X, + YXk,

we obtain

Z=Z, +Zk. (8.33)

In accordance with (8.4) we obtain for the first harmonic

Z,= A, I IV (j,)1 sin j,t -1-arg WV(j),)j (8.34)

and, in accordance with (8.5), for the higher harmonics
z, == 8 .41 IV (]k2 ) [si, [k/ 1t -F yk -F arg W (jk )J. (8.35 )

On the other hand, for the variable that represents the nonlinear

function itself, y = F(x, px), we obtain

y=1(x, p-)=y,+ yk, (8.36)

where according to (8.5) we have for the first harmonic

q q+q'+q PX (8.37)
and for the higher harmonic

Yk (-qk+ + P)xk (8.38)
[ y~~k - , kill P);; x

with qk and q' determined from Formulas (8.16) and (8.17), while x,

and xk are given by (8.4) and (8.5).

§8.2. More Exact First Approximation

The method developed above for determining a more exact first ap-

proximation of the self-oscillations by calculating a finite number of

higher harmonics, enables us to find the periodic solution for the

variable x in the form

x A I1 sin 21f + k A sin (k~.t + Th)
k-2, (8.39)
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or else in the form

5 [sit) Qt +F Y Sil ( O l t +-. '?k (8 .4o )

The determination of this more exact solution has two purposes.

First, by finding the values of 6k we obtain a quantitative estimate
of the amplitudes of the higher harmonics for the variable x. If they

are actually sufficiently small, as was proposed in the start of the

solution of the problem, then Expression (8.39) or (8.40) actually rep-

resents the more exact solution for the self-oscillations in the given

nonlinear system, and can be used in practice as such.

Second, the solution for the self-oscillations, obtained in the

form (8.39) or (8.40) with inclusion of the higher harmonics, has cer-

tain principally new properties compared with the first approximation

x = A sin Qt. We can thus correct certain qualitative shortcomings of

the first approximation [2511 (which may quantitatively be small).

These include, for example, the following:

1) in systems with one single-valued odd-symmetry nonlinearity of

any configuration, the solution in the first approximation (x = A sin Qt)

results in a self-oscillation frequency 0 which is perfectly independ-

ent of the form of the nonlinearity;

2) the first approximation solution does not result in a phase

shift upon passage of the oscillations through the single-valued odd-

symmetry nonlinearity, although actually such a phase shift may be

brought about by the higher harmonics.

Let us show in general form that the foregoing two circumstances

do indeed take place.

The differential equation of the dynamics of the natural oscilla-

(tions of any system (with constant lumped parameters) with one nonlin-

earity F(x) can be written in accordance with (2.42) in the form
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Q(p) x. (p)F (x) o. (8.41)

To find the self-oscillations in the approximate form x = A sin St,

we use for a single-valued odd-symmetry nonlinearity the following

characteristic equation

Q (p) + R (p) q (A):= 0. (8.42)

Making the substitution p = JO and denoting

Q (i~Q):XQ(f2) AJ/YQ (Q), FR (])="-XRA + JI y] Pl ,  (8.J43)

we obtain two equations

. ---= ,¥Q(Q) -d- XRV--) , q , (A).44O,) (8.44)
Y- YQ(0-)-- (8.)q ,)= .J

Eliminating q(A) we obtain an equation for the frequency 0 of the

self-oscillations (with XR 4 0):

I)(P -,{e) (8.45)

after which we determine the amplitude by using one of the equations

(8.44).

In the case of a loop-type nonlinear characteristic F(x), we ob-

tain in place of (8.42), as is well known, the characteristic equation

a(P) know1 0 (8.46)

and consequently we are unable to obtain for the frequency an equation

of the type (8.45), containing no parameters of the nonlinear charac-

teristic.

Thus, Expression (8.45) shows that actually in any system with

one single-valued nonlinearity the result of the solution for the self-

oscillation frequency depends only on the parameters of the linear por-

tion of the system and is perfectly independent of the form of the non-

linearity (it is independent of the coefficient _). This is indeed the

first of the aforementioned shortcomings of the first approximation.

In fact, however, the frequency of the self-oscillations will depend

in many cases on the form of the nonlinearity (for example, on the
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width of the backlash zone in a relay etc.), although in other cases

_this dependence may actually be missing even from the exact solution

1. [253].

We note that the presence of a constant time delay T in the sys-

tem, i.e., the presence of a factor e-Tp in R(p), does not change the

situation.

I0 I l .11"A

0 r

Fig. 8.1

f The second of the foregoing shortcomings is even more obvious. In

fact, whereas for a loop-type nonlinearity the first harmonic has, in

accordance with (8.46), a phase shift given by

a- q - (A) (8.47)
q (A4)'

for the single-valued nonlinearity, in accordance with (8.42), there

is no phase shift. Actually, however, even small higher harmonics pres-

ent at the "input" x of any nonlinearity give rise to a phase shift of

the first harmonic at the "output" F, the magnitude of this phase shift

being dependent on the form of the nonlinearity. Let us illustrate this

. with a very simple example.

Let the nonlinearity have the form of Fig. 8.la. Were the relay

switching being governed by the first harmonic of x (solid line in Fig.

8.1b), the output F would have the form of the solid line in Fig. 8 .1c,

I the first harmonic of which has no phase shift. But it is clear from

the figure that even a small third harmonic of x (dashed in Fig. 8.1b)
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results in a shift in the switching time of the relay (dashed in Fig.

8 .1c). Besides, owing to the difference in the phase shift of the front

and rear jumps, the first harmonic of the output F shifts not only in

phase but changes also in amplitude.

What is principally new compared with the first approximation so-

lution is in this case the appearance of the phase shift. The shift of

the first harmonic of the quantity F, and its change in amplitude as

well, resulting from the presence of small higher harmonics of the

variable x, should depend here not only on the parameters of the linear

part, but also on the form of the nonlinearity, for example, in the

present case on the width of the backlash zone 2b.

The method developed in §8.1 enables us to take into account any

finite number of higher harmonics. However, to investigate the problems

that are being studied here, we confine ourselves to the third harmonic

on].y,* seeking self-oscillations of the system in the form

x 1 - Q~si td &A sin (3Qjt ± ( ',8

where A1 and 0I are the new (more exact) amplitude and frequency of

the first harmonic of the variable x, which were modified (compared

with the previous values A and Q) by the inclusion of the third har-

monic; 6 is the relative amplitude of the third harmonic (small); 93

is its phase relative to the new first harmonic. All these quantities

are to be calculated.

The new first harmonic of the self-oscillations of the variable x

is determined, in accord with (8.26), by the following characteristic

equation in place of (8.42):

where _, Aq, and Aq' are determined by Formulas (8.27)-(8.29), and for

I the third harmonic we have, in accordance with (8.30)
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8 l== r3 T3 = C rg 7_QJ (8.50) (8.50)

with, unlike (8.30), the more exact frequency QI introduced here di-

rectly so as to improve the solution.

We thus determine completely the more exact periodic solution

(8.48) with inclusion of the third harmonic. Besides, using the previ-

ous notation in (8.43), we obtain here from (8.49) in place of (8.44)

a new pair of computation equations

x Q 1 1 (9-1) + YR (9i) q (A1) (8.51)

Therefore the equation for the determination of the more exact

value of the self-oscillation frequency assumes in place of (8.45) the

form
.\.; (eo , I. , w o .__ 1\ (9 1 Y I r (0 ) '= 0,:)Y(8.52)

where in accordance with (8.49) we have

S. I (i2 1) YQ(€2 1) - YR(2 Aq + XR(9-,) Aq'. (8.53)

It is obvious that, first, the more exact value of the first har-

monic frequency 0I determined from this will already depend on the

form of the nonlinearity, since this form governs the additional coef-

f icients Aq and Aq'. Second, even in the case of a single valued non-

linearity a phase shift of the first harmonic of the quantity F is ob-

served (shown, for example, by the dashed line in Fig. 8.1c), in the

form
Aq'

S=actg -- . .(8.54)

If the third harmonic of the variable x is small, the quantity Aq' and

the shift T will also be small (in this case the arc tangent symbol in

Formula (8.54) can be left out).

The following order of calculations can be proposed. We first de-

termine in first approximation the self-oscillations by means of Eqs.
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Fig. 8.2

(8.g4), which yield the values of A and Q (x = A sin Qt). The result

obtained for 0 does not depend on the form of the nonlinear character-

istic. We then determine the dependence of the frequency (and ampli-

tude) of the self-oscillations on the form of the nonlinearity, using

the more exact solution (and a procedure which will be developed below).

The form of the nonlinearity (Fig. 8.2) and its connection with the

amplitude of the first harmonic of the variable x will be characterized

here by the following main coefficients:

S _,(8.55)

where y is the nonlinearity form coefficient, P and P1 are the relative

amplitudes of the first harmonics. For example, for the nonlinearities

shown in Figs. 8.2a, b, and c, we obtain, respectively, by using the

formulas of Chapter 3 and the notation of (8.55):

a) q

b)q==y(arccos 1 (8.56)

c)q"= (arcsin -+ -- - b

(the case b = 0 on Figs. 8.2a and c, for which the notation of (8.55)

is meaningless, will be considered separately later on).

In exactly the same way, for example, for a quadratic or cubic
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characteristic (Fig. 8.2b), when

F= k x I x= kl sign x dF=kx, (8.57)

we can use the coordinates of any specified point (b, c) and readily

obtain, respectively, in accordance with Chapter 3 and the notation of

(8.55),

q = p l tT (8.58)

We proceed analogously with the other nonlinearities.

Introducing the concept of the nonlinearity form coefficient ',

we shall define the sought dependence of the self-oscillation frequency

on the nonlinearity form by means of the function

, = ( ).(8.59)

Let us transform all the formulas obtained above for the more ex-

act solution to a form that is convenient for finding the function

(8.59), recalling that in the first approximation solution the fre-

quency 0 is independent of the nonlinearity form coefficient 'Y.

We first write down the auxiliary coefficients h3 and r3, deter-

mined by Formulas (8.29) as functions of T, i.e.,

h3 = h3 (y) and r3 = r3 ('Y). (8.60)

We can use here the ready-made values of h3 and r3 given in §8.3. For

example, for a relay characteristic with a backlash zone (Fig. 8.2a)

we obtain

, r2=-- 4 (8.61)

where p = A/b should be known from the first approximation as a func-

tion of y. Consequently, to solve this problem, the result of finding

the self-oscillations by means of the first approximation (§2.3) should

be represented in the form of a plot such as Fig. 8.3a. Then the for-c mulas (8.61), and in the general case Formulas (8.29), make it possible

to determine the functions (8.60) which are needed for the subsequent
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solution, for example, in the form of Fig. 8.3b.

We can then calculate by means of Formulas (8.50) the relative

amplitude 63 and phase T3 of the third harmonic of the self-oscilla-

tions as a function of the sought frequency 01 and of the nonlinearity

form coefficient, after which we determine from Formulas (8.28) Aq and

Aq' :

q=U 3 (3!,) h3 () r (-), Aq' =3 V (30,) [r3 (y)l, (8.62)

where

U3 (3 2 R (i,,)l 3  , -R(J3Q,)] (8.63)0 (j3%) Q (j3(-21)

which represent the values of the real and imaginary parts of the amp-

litude-phase frequency characteristic of the reduced linear part of

the system with its sign inverted, at a frequency 30.

bo.

0 2

Fig. 8.3

let us write down Eqs. (8.51) for the determination of the more

exact value of the frequency 01 with account of (8.53), in the form
A (2.,) -+ Xw(°,) (q -t - q)- YR(-2,) Aq' 0 ,

Y,(2 ) .+ Yl(?,) (q -+ Aq) + X,(9,) Aq' 0. J (8.64)

Eliminating the quantity (q + Aq) we obtain

[-'(2,) -I- (',)] .q' =x (2  Y,( 1) - N€,0402,

which can be reduced upon substitution of (8.62) to the form

Ira (-()]' ==,I,, (21, (8.65)

where

,,, (e,) - - , jv ; - , " (8.66)
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Fig. 8.4a. In fact, by plotting separately the left and right halves

of Eq. (8.65) we can find for each specified value of the nonlinearity

form coefficient y its own more exact value of frequency 0i, following

the arrows shown in Fig. 8.4a. As a result we can plot the sought de-

pendence (8.59), for example in the form of Fig. 8.4b.

Following this we can, if necessary, determine also the more exact

value of the amplitude A1 of the first self-oscillation harmonic, using

the first equation of (8.64). n accordance with the notation (8.55),

we shall seek the more exact value of the amplitude in dimensionless

form 01 = Al/b. Consequently, the quantity _ in Eq. (8.64) will have

the form q(y, p1 ), as for example in (8.56) and (8.58), except that p

and p1 are interchanged. We then obtain from the first equation of

(8.64)

VQ (--, +XR Q',) -%q Y- ?(.) (8.7q)
q (T, _ _ 'I) - (8.67)

where 2l is already determined as a function of 'y (Fig. 8.4b), and con-

sequently, Aq and Aq' are also determined as functions of y, in accord-

(_ ance with (8.62). This equation is solved graphically. For each speci-
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flied value of 7, the left half of Eq. (8.67) is plotted (as shown in

'I Fig. 8.5a) in the form of curves, while the right half is plotted in

the form of straight lines. The points where the curves cross the lines

(for equal values of 7) yield the required solution, and this results

in the dependence of the more exact amplitude of Pl = A1/b of the first

harmonic of the self-oscillations on the nonlinearity form coefficient y.

Fig. 8.5

We note that the initial dependence of the amplitude p = A/b of

the first approximation on y, shown in Fig. 8.3a, was determined in

accordance with the first equation of (8.44) from the following equality:

q (1, 13) -(8.68)i, q~', )---- xR(Q) .

The left half is represented here by the same curves as the left

half of Eq. (8.67), since in both cases use is made of the same formu-

las, of the type (8.56) and (8.58), except that p and pl are inter-

changed. The right halves of (8.67) and (8.68), on the other hand, dif-

fer from each other in the added terms Aq = fl(y) and Aq' = f2 (Y), and

also because 0 and 01 are interchanged, meaning a shift of the horizon-

tal lines of Fig. 8.5a. We can therefore use the same graphic method

to determine both the first approximation P(y) and the more exact val-

ues 1 (v).

We next determine, in accordance with (8.50), the relative ampli-

tude 63 and the phase qp3 of the third harmonic of the self-oscillations,

also as functions of the nonlinearity form coefficient y.
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We can now finally calculate also the phase shift q of the first

harmonic of the variable P (a phase shift which, as is well known, did

not exist in the first approximation solution), using Formula (8.54),

in which we must substitute the values of Aq and Aq' from (8.62) as

functions of y, as well as the quantity q(p1, y), bearing in mind that

the functions QI() and P1 (T) have already been determined.

This completes therefore the solution of our problem.*

.C a

Fig. 8.6

One singular particular case. As already mentioned, the introduc-

tion of the nonlinearity form coefficient y and of the relative ampli-

tudes P and P, is meaningless when b = 0, i.e., for the case of an

ideal relay characteristic (Fig. 8.6a). The general formulas derived

above are consequently likewise inapplicable for this case. We shall

therefore consider this particular case separately. In analogy with

Chapter 3 we have here

q- (8.69)

and the formulas (8.29) and (8.28) yield

h3=O, q' (8.70)

Aq= O, Aq'= I- V3 (321) q".

Therefore in place of (8.65) we obtain the equation
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q, q= 9,), (90). (8.71)

But on the other hand, the quantity q, in view of the fact that

Aq = 0, can be expressed with the aid of Eqs. (8.64) in the following

form (by eliminating from them the quantity Aq'):

q = 02 (91), (8.72)

where

,I ( ) X, (!),) x, (Q,) + 'jP,) yr (a.) (8 7(D2 (21)i) YQ('r a) (8.73)

Comparing (8.71) and (8.72) we obtain the following equation for

the determination of the more exact frequency of the first self-

oscillation harmonic

,1,.1 (1-,) = 3 1 ¢;(Q,), (8.74)

where 0i(oi) and 02( i) are determined by Formulas (8.66) and (8.73).

By simp e graphic solution of this equation (Fig. 8.6b) we deter-

mine the more exact value of the self-oscillation frequency 0l" It is

independent of the value of c (Fig. 8.6a), something confirmed, as is

well known, also by the exact solution of the problem. We then find,

in accordance with (8.69) and (8.72), the more exact value of the first

harmonic amplitude in the form

4c (8.75)

where the value of 02 is taken from the same plot (Fig. 8.6b).

We can then easily determine with the aid of (8.50) the amplitude

and phase of the third harmonic:

As--- z- = %A1i%',l T3----arg RQj,)4 -, I -,u.,) (8.76)
-. 1~311 QI -(i3 1 )

In view of the fact that the phase of the third harmonic is

shifted by 93 relative to that of the first (Fig. 8.6c), the relay

switching will be governed not by the first harmonic (Fig. 8.6d), as

( was the case in the solution of the first approximation, but after a
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certain shift (Fig. 8.6e), with the phase of this shift for the firot

i* harmonic of the variable F being, in accordance with (8.54) and (8.70),
I ~ = arctg (83 sin .( 8. "77)

In §8.4 below we shall demonstrate by means of an example that the

results of the more exact solution proposed in §§8.1 and 8.2 are quite

close to the result of the exact solution determined for this example.

§8.3. Third Harmonic Coefficients for Some Nonlinearities

As was stated in §8.1, in order to effect a more exact harmonic

linearization of frequently encountered single-valued* odd-symmetry

nonlinear characteristics, it is sufficient to include the third har-

monic of the Fourier expansion of the nonlinear periodic function

F(A sin *). This account reduced to an introduction of several correc-

tions Aq and Aq' into the harmonic linearization coefficients; these

corrections are determined in accord with (8.28) from the formulas

Aq =h,' cos y, A/ = 3r3 a3 sin 73 (8.78)

where 63 = A3/A is the relative amplitude of the third harmonic and

is the phase shift for the third harmonic, determined by Formulas

(8.21). The coefficients h3 and r3 depend on the form of the nonlinear

characteristic and in accordance with (8.29) are determined for single-

valued odd-symmetry nonlinear characteristics by means of the formulas

2

h, d F:(A shin, sin 3 sin y

~(8.79)

= F(A sin ) sIn 34 d4.

Let us calculate the coefficients h3 and r 3 by means of these f'r-

mulas for several typical nonlinearities.

1. Single-valued relay characteristic. Let us consider a relay

characteristic with a backlash zone (Fig. 8.7a). The value of the do-

rivative dF/dx, which enters under the integral sign in the formula
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Fig. 8.7. i) Area equal to a.

for h,, will vanish everywhere for this nonlinearity, except at the

two points x = +b, where it is equal to the instantaneous pulse whose

area is equal to c (Fig. 8.7b). Such a pulse is called a delta func-

tion. The expression sin *d* contained there can be transformed when

x A sin * into

s , 11sin =!T j dX, (8.80)

Inasmuch as the integrand in Formula (8.79) for h3 , will vanish

everywhere on the integration interval (0, 7r/2), in accordance with

Fig. 8.7e, with the exception of the single point * = *1' we can re-

write this formula for the present example in the form

h,= " sin 3' tg ; 4. sin 3,, tg ?,I(F(A) - F (0)I.

But from Fig. 8.7c we have
b b 3bA12 - 403

sill tg = - sil ,, =(8.81)

and from Fig. 8.7a with A > b we have

F:(.l)=c, F(O)=O.
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We ultimately obtain

I *cb' (3, It b'): --. (A b), (8.82)

or in the notation of (8.55):

h, = 2 ). (8.83)

Formula (8.79) for r3 assumes, in accordance with Fig. 8.7d, the

form
IC

4Ic 4Ic
ra 4 siOSd, =- cos%,,

from which we obtain with allowance for (8.81)

r3 -- -SLj 2 ) VWA= - (A b), ( 8.84 )

or in the notation of (8.55)
2 L"--14 P

3;1 -- -a - 11 ' - 1 (P , 1). ( 8.85 )

2. In particular, for an ideal relay characteristic (Fig. 8.6a)

we obtain from Formulas (8.82) and (8.84), putting b = 0,

(8.86)

F, [(A s6 f4

Fig. 8.8
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3. Characteristic with backlash zone and saturation. For such a

characteristic (Fig. 8.8a), the functions F(A sin *) and (d/dx)F(A sin *)

assume when x = A sin * the form shown in Fig. 8.8b and c. Therefore,

after calculating the coefficient h3, we obtain from Formula (8.79)

,= Ui- sin 3, sin l dl = 4/ H 3slnld,9- 4 sin'9d+)"

~=-k(sill 2, - sill 2,?) - - (sin 49. - sin 49,). (8.87)

Taking into account the values

, -2b, I I/A.-- b11b, (A2 2M') -,,1, -- 331
Sill sil 2 , 4 ' sil lh  = - ')

s A2 ' A4 I

sill 'b= , sill 2, j = V2--_ Sill "Al -- 2b2) -- "

we obtain ultimately from (8.87)

(.M -I- P b- b (8.88)

Calculation of the coefficient r3 in accordance with (8.79) and

Fig. 8.8b yields

= a X ( kA sil 9 sill 39d+ Sc si ll '""i

(sil 29, - sin , - ( .,9., - i .19,) -F 2 cos 39g.

Taking into account the values written out above, and also the

fact that

cos 3 A' /

we obtain ultimately

Pr.4k [(b, A2 - b,., 2 --- -l 4b,1b) 1/A- -

- - 3b ' 1 <14 (8.89)
,, 4. Characteristic with backlash zone

Ob ObJ °without saturation. For a characteristic

with backlash zone without saturation (Fig.

Fig. 8.9 8.9a), putting b1 = b, b2 = A in Formulas
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(8.88) and (8.89), we obtain

r3 b VA---- b
(A ;b), (8.90)

or in the notation of (8.55), where we must put c = kb (in accordance

with Fig. 8.2b):
113r _--T2 ( 8.91)

I- -.* > .

In this case y = 2k/r.

5. Characteristic with saturation without backlash zone. For a

characteristic with saturation without a backlash zone (Fig. 8.9b) we

obtain, putting bl = 0, b2 = b in Formulas (8.88) and (8.89)
UP 10. (AlT - 4,I - b2-) ,,,7 1---- I - 72 , .. .. !L .A<---/7iTZ-- (A bI)), (8.92)

or in the notation of (8.55)

?('2.- 1," ,, tc'- F - " -C 0 (8.93)

6. Characteristic with variable gain. For a nonlinear character-

istic with variable gain (Fig. 8.1Oa) and for x varying sinusoidally,

the function F(A sin *) is plotted in Fig. 8.10b and the function

(d/dx)F(A sin *) is plotted in Fig. 8.10c.

Calculating the coefficient h in accordance with Formula (8.79)
3

and Fig. 8.10c, we obtain

h - k / O sin 3,s sid~i - kjsln 3 sin t d+)=
4,1

- si 2-P, sin 1

Taking into account the values
~ 2 - II 2; - b's i % --- 1/'1 -A - T)V,

S- - sin 2 , -n , A-
AA' A11

we obtain

4 , -. )b' |AI- b 3_____- (A : ). (8.9))
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Fig. 8. lo

or

(I I 2

h3l = ("'7(l -I! -- - 8.95)
Calculating the coefficient r3 in accordance with Formula (8.79)

and Fig. 8.10b, we obtain

r3-. A  k1A, sinl t sinl 3' d -I- [+ ,(. Sil - b)-- - kibl.sin 3 d )}

"o or

( .f=: )~~Z ( '.Ue~2 ("'-2.#I) (895

-k , sini 2., - I sin 4 1 k - k 21 - ) b cos 3+1.

Taking into account the values written out above, and also

cos 3 A-- Of VAT--bi ,

we ultimately get

•1(k,-k-) '-)b -i --b (A b), (8.96)i r s = l i -- -- -. 9- -6")"

or

r,-- 3' j ," ' , s (8.97)

7. The nonlinear function F lo 2 sign x. For this nonlinear func-

tion (Fig. 8.11a) and with x having a sinusoidal variation, the func-

tion F(A sin *) has the form shown in Fig. 8.11b, while the function

(d/dx)F(A sin *) is represented by two positive half sine waves with
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, ,'

Fig. 8. 11

amplitude 2kA (Fig. 8.l1c).

j Calculating the coefficient h3 in accordance with Formula (8.79)

and Fig. 8. llc we obtain
2 "2"

4h -  2kA sin , sin 31P sin ,/ sin 3, .sin ,'d.

As a result of integration we find

h8=(-6A.-" _ = (8.98)

where b denotes any fixed value of x, selected to obtain the dimension-

less expression for the amplitude P.

Calculating the coefficient r3 in accordance with Formula (8.79)

and Fig. 8. llb we obtain

2 2- -l si z' 3 4s1g d41.
kAI st' sin 341 d41 __ IkA sin 341i'

As a result of integration we get

SkA 4 2kb
---;- -- P b, _ ).(8.99)

8. Nonlinear function F = kx:3 . For this nonlinear function the

calculation of the coefficients h3 and r3 will be carried out in analogy

with the preceding case. The function F(A sin *) is in this case equal
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to cA3 sin3 *, while (d/dx)F(A sin 3) 3A2 sin2  .

Calculations yield for the coefficient h3

h 3 MA' shil t sil 3h sil di.

As a result of integration we have

...A' 3 A.) (8.100)

4/

For the coefficient r3 we have

2

4 kA-3 sil't sill 3 dTi,

which yields

r - 8 A). (8.101)

We can similarly calculate the coefficients h and r3 for other

single-valued odd-symmetry nonlinear characteristics.

9. For loop-type nonlinearities F(x) and for nonlinearities of

more general form F(x, px) it is necessary to employ in place of For-

mulas (8.78) and (8.79) the general formulas (8.12) and (8.17). By way

of an illustration we shall consider below the calculation of the third

harmonic coefficients for two types of loop nonlinearities, which can

serve as an example of the calculations for all other nonlinearities.

To calculate the third harmonic of the self-oscillations it is

necessary, in accordance with (8.21), to know the coefficients r3 and

s3. which are defined by Formulas (8.17), which in turn can be written

for odd-symmetry loop-type nonlinearities F(x) in the form

2 F (A sii D) sill 3i d,A (8.102)

SSWXF(A shi )cos 3 d .

LTo obtain a more exact first harmonic of the self-oscillations with
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inclusion of the third harmonic it is necessary to calculate the addi-

-. tional terms Aq and Aq' by means of Formulas (8.12), namely:
t . Aq = Is, 83 cos T3 + /32 8 Sill T,

q S(8.103)
Aq'= s83 COS (3 "- 16 8 sin ,

where

F -(A sin 4)sin 3 sin d ,

d F _'_F(A sin )cos 3 sin (d8,

13 - F(A sin t?) sin 31? cos d+,

S d1 F(A sin t) cos 3,? cos t d.

Formulas (8.102)-(8.104) are suitable for all loop-type nonlinear-

ities F(x).

a ] IA.0 PfA, s/n / "

b "-4~I I

I/ -- -- j IAsnp

Fig. 8.12

10. Relay characteristic of general type. For a loop relay char-

acteristic of the general type (Fig. 8.12a) we obtain from (8.102) with

account of Fig. 8.12c:

sin 3 d+ =-- (cos 3 1 + cos 3+),

2c c o 2c
S3 = 3 COS 3nAd 'X y -(Siln 34t - sin 3 ).
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But since

j arcsitt ars, 11b

A' )JArc~ (8.105)

we ultimately obtain

2 oS ' (8 .1 o 6 )
2cb 4b' / 4m'b'

Si /it---

We now calculate the integrals (8.104) contained in the formulas

of (8.103). In this case it is convenient to use the transformation

(8.80), i.e.,

si itd'= ! g dx, cos d I. (8.107)

Noting that in the integration interval (0, 7r), in accordance

with Fig. 8.12d, the value of dF/dx does not vanish only at the two

points * = I and * = 7r- * 2 as x varies from 0 to A and from A to O,

respectively, we obtain in accordance with (8.104) together with the

substitution (8.107), the following expressions:

-~sin 3, tg, dx slit 3, tgp d.V
dx-

- 0
i- 2

,.4 (Cos 3, I (g "- cos 3 tg @) [F(A) - F(O)],

2
- (sit 3, - sin 3,'s) IF(A) - F(O)],

V. j3L (cos 3, + cos 30,) IF(A) - F(0)1.

From this, taking (8.81) into account, we obtain

A'.- IV - -W

2cb r b\ ( m'b'\1t :~.11 AS i ,v, J (8.108)
1.3 t-Sk[(3 - 4_) m (3 - 4 i \

NiAt A AS j2c b' I- - 4 ',+I - 4-j

11. Loop-type relay characteristic. As a particular case of the

preceding formulas, with m = -1, we can obtain formulas for a pure
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loop-type relay characteristic without a central

I, zero position (Fig. 8.13). Thus we have from

- Formula (8.106) with m = -1

.4c
= -... r3=.A V '-V 1gA'S 4cI - 4b'

S Cb I 02 (A :, b), (8. 109)
F ig . 8 .13 '-;3 ( ( 109)

or in the notation of (8.55)

S 2't (1.. - 4) / _ - s = 2-.(32 - 4)
r a= ,i .... 1',' 44 ) ( 8.1ii0)

From (8.108) with m =-1 we get

I13- 4cb' (IA' - 4L,) 2 (1' - 4)

( 11 (8.11l)
4 (3 -- 4.-b1) 27 (3,3- 4),
C ' 4 ) I

± - 4 " --

It is also interesting to note that all the formulas derived at

the start of the present section for a single-valued relay character-

istic are obtained from the general case given above by putting m = +1.

§8.4. Enxamles of the Calculation of the Third Harmonic and of More
Exact Values of the First Harmonic

In the present section we shall present two examples illustrating

the determination of the higher harmonics in self-oscillations, and

also the determination of the more exact value of the first harmonic

by inclusion of the higher harmonics [246].

Example 1. We consider a servomechanism with a nonlinearity of

the saturation type. The equation of the system, a diagram of which is

shown in Fig. 8.14a, in terms of the variable x with a = 0, will be

(Tp+ 1)(Tp + ,)px-F 1k, +(T,p+ 1) ko.dpJ kF(x) = 0, (8.112)

where the nonlinearity F(x) has the form shown in Fig. 8.14b.

(We first find the first approximation x = A sin Ot. For this pur-
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Fig. 8. 14

pose we set up the characteristic equation of the harmonically linear-

ized system:

(Tp + ) (T~p + ) p-+[k¢, + (Tp+ 1le. p] q (A) == , (8.113)

where in accordance with Fig. 8.14b and Chapter 3 we have:

q A b, (8.114)2( -i )for A: b

Substituting in (8.113) p = JO and separating the real and imaginary

parts, we obtain

kjk 2q (A)- [TI + T2 -+ Tko.. ~ ,l(A)J 2 ' 0

{I + e.k q (A)l Q- T1 , ,= 0.

From the last equation it follows that

o I - k1. k q (A)
(8.115)

and from the first that

' r+r + (A) ko.] '. (8.116)

By specifying different values of the amplitude A we determine

with the aid of Formulas (8.114) and (8.115) the values of q(A) and n

and then by means of Formula (8.116) the value of kI. This makes it

possible to plot the amplitude of the periodic solution A as a function

of the gain k, (with all other system parameters specified). This plot

has the form of Fig. 8.15a or b under restrictively the following re-

lationships between the system parameters (see §4.4):
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Fig. 8.15

' kk. ,, (8.117)

with

k= (--T- + +"z'
+ (8.118)

Assume that the following system parameters are specified:

T 0.005 sec, T2 = 0.4 sec, k, = 14o,

k2 = 100 sec -1, ko. = 0.5 sec.

They satisfy the second relation in (8.117). Consequently we have here

the case shown in Fig. 8.15b, and in accordance with (8.118) kI - 166
and kg = 125. The specified value of I lies in between these two,

corresponding to the region where there are two periodic modes, desig-

nated by the points in Fig. 8.15b. The first approximation formulas

(8.115) and (8.116) derived above give in this case for the unstable

mode A = 2.29 v and Q = 118.2 sec -1 , and for the stable mode A = 21.4 v

and 0 = 44.8 sec-1 , with An = 7.08 v.

Of greatest interest is the first (unstable) periodic solution.

It delineates the region of initial conditions, outside of which the

transient in the system will diverge and will tend to self-oscillations

with very large amplitude, A = 21.4 v, which in practice can be re-

garded as instability of the system in the large. Therefore, we shall

I determine more exact solutions with calculation of the higher harmonics

only for the first periodic solution.
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For the given nonlinearity (Fig. 8.14b) we find in §8.3 ready-

made expressions (8.92):

We t e oa ad Y (8.119)

We therefore obtain from (830) and (8.113) the relative amplitude 63

and the phase 93 of the third harmonic in the form

83 + +'
- ! g i t} )9 -i

a= "2- -+ arctg 3 --" -J' arctg 3 T0- - arctg 3 Ti.

Calculation by means of these formulas yields

83 =-0,0317, y== 1,875.

To obtain a more exact value of the first harmonic using the just
calculated third harmonic we determine, in accordance with (8.28), the

added terms for the harmonic linearization coefficients

Aq == cos C 3, A¢ -- 3r.83 sin T,

the substitution of which in (8.26) yields, in accordance with (8.113),

tthe more exact characteristic equation
(Tip + 1)(T, + 1)p+k, + (Tp + +)kk(Aq ±tp) +

-j [k +(T,p -1) .Ip] k4 q (A)-:z O, (8.120)

where in analogy with (8.114) we have

q l fooi AA,>b (8.121)
q=.(arcsin- ,i fi ) forAAt>b JA

S

Substituting in (8.120) p = JQ . and separating the real and imag-

inary parts, we obtain two equations

A,, q (A,) J- k,k rq- l + t 4. - ,kI..,. 2q (A,)l - _

- T,,& + - k..k 0 _ = 0,

[ .-j- k,.,.q (A1)] 21 + (k. Aq -F k, k-22-) k 7,- T,2 f -
-X Tkk'kt ~ 2t = 0.

LThese more exact equations differ from the previous first approximation

equations in that they contain several additional terms, but the method
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of solving them remains the same. From the last equation we get

I + k.jkq (A,) -t- (ko.. Aq + k, AILv- / k,

-A U )-1 (8.122)

and from the first equation

, + ra + 7'°.k (Aj)+ ( Ttq+Ar)L°' ',. 81
T k,-,q (AI) + k2 Aq + k . (8.123)

By specifying different values of the amplitude A1 and calculat-

ing each time the values of q(A1 ), Q2 and kI by means of Formulas

(8.121), (8.122), and (8.123), we obtain plots of Al(kl ) such as shown

in Fig. 8.15, but now for the more exact value of the amplitude A1 of

the first harmonic of the periodic solution.

For a specified value k1 = 140, the more exact values are A1 =

- 2.39 v and 0l = 117.8 sec-
1 . These values are sufficiently close to

those of the first approximation, and the amplitude of the third har-

monic, calculated above, is sufficiently small.

Example 2. Assume that an automatic control system incorporates a

two-phase induction motor described by the nonlinear equation (1.27),

namely

Jpx + S, Ix pX + Cjx + (C2C + CO X I X + C3C4X
3 = C111,

where x is the angle of velocity of the motor shaft and u is the con-

trol voltage. We rewrite this equation in the form

(Tp X + 1)XF(x, px)=kai,

where

T, C

C, + -. X X + X

Harmonic linearization of this nonlinearity for x A sin Ot leads

to a motor equation in the form

[(T .)-I-7 63,,.p -t -, -b,. )] x--=kt, (8.124)
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where

4
Ca 8c 1 3C&Cj

The equations of the remaining elements of the automatic control

system are assumed to be linear:

pxj = kgx, (T.p -+ 1)X "- kXI, t= kxt, (8.126)

where x2 is the controlled quantity.

We first find the first approximation for the self-oscillations.

The characteristic equation, in accordance with (8.124) and (8.126),

will be

[(Tip + 1)-+(TtbtAp +b2A +b3A') (T~p- - I) p +k =0, (8. 127)

where k = klk2k.3 k4 . Substituting p = J!Q and separating the real and

imaginary parts we obtain
k - [ T, ( b,A) - T, (I + bA + b,)] (8.128)

(t - +-b.4+,A')9 - T1,T2(I +b,A) (=8

From the second equation we have

S--I + b2A + bA'(
TT,( I+ bA)' (8.129)

and from the first equation

k -= IT, 0 + bA) + T,(I + bA + bAI)J (a. (8.130)
Al

By specifying different values of A and

calculating 02 and k we obtain the function

A(k) plotted in Fig. 8.16. Let us consider

a "N the following numerical example

Fi.8.6T 1 = 0.5 sec, T= 0.1 sec,Fig. 8.162 1
k = 26.5 sec-

with two types of nonlinearity:

a) weak nonlinearity
bi=O0,01, b, =O , bs=0,002;

bl -- ,1, bt ---. , b3 =---0,166.

b) strong nonlinearity
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623 1
Calculations by means of the first approximation formulas (8.129)

and (8.130) yield self-oscillations in the form x = A sin Qt, where

for the weak nonlinearity we have

A = 8.14, 0 = 6 sec -I

and for the strong nonlinearity

A =0.834, o = 6 sec -I.

We now calculate the higher harmonics. To take into account the

second and third harmonics we make use of Formula (8.17). For the non-

linearity F(x, px) considered in the present example, the coefficients

r2 and s2, calculated by Formulas (8.17), are found to be equal to

zero. Therefore, we are left with only the third harmonic, for which

we obtain for the given nonlinearity with allowance for the notation

of (8.125), using the formulas (8.17),

2 1 3
r.----bA---3 bA, s3 =-- K T,bAQ. (8.131)

We then obtain from the formulas (8.21), allowing for the fact

that according to (8.127) we have

Q(p)=(Tp + 1)(Tgp-1)p+k, R(p)==(T2p+ t)p,

the relative amplitude and phase of the third harmonic

Y3 =- - 2- +- arctg 3 TI2 - jarc- .'9 ( - 9TrT2Q)9

For the data indicated above we obtain for the weak nonlinearity

83 = 0,041, ?,=- 0,377,

and for the strong nonlinearity

8 = 0,042, ? - 0,0384.

We then obtain a more exact first harmonic of the self-oscilla-

tions Al sin Olt. For this purpose we determine from Formulas (8.12)

the values of the added terms Aq and Aq' in the harmonic linearization
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coefficients:

SAq = Tlb1A, sizi3- (' b, + bA) A8cos p,,

Aq' 2 Tjb1A!- j cos ?-(- bg--bA) A)A sn?,.

Therefore, the new characteristic equation for the determination

of the more exact first harmonic will be

[(Tlp 1- 1) ] ("rabA,p +. bAj "- b.,AD (Tp + 1)p + k +
- (Aq -+ A'LpTo+) l)p= 0.

Substituting p = jQl and separating the real and imaginary parts we

obtain

k - T, (I I- brA)-- T2(I- bA, -+b 3Aj)] 91- ( T7Aq-" : _) 9= O,

These equations are solved by the same method as (8.128), namely, we

have from the second equation:

T1T I + bAA, + 7A; + Aq

k and from the first
! ~ ~~k- .[7;- -}- ',,A,)- T "2(1 .-bt,t--baA?).-(T.Aq-1-.- -.] )]Q.

These equations lead also to a plot of Al(k) in the form of Fig.

8.16.

For the numerical values of the system parameters given above we

obtain the following more exact values of the amplitude and frequency

of the self-oscillations:

for the weak nonlinearity

A1 = 8.03, 0l = 5.99 sec - I,

and for the strong nonlinearity

A1 = 0.820, 0l = 5.98 sec -1.

LWe see that a strong nonlinearity* greatly reduces the amplitude

of the self-oscillations (in a linear system we would have A1 = 00).
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This result was obtained above in the solution based on the first ap-

proximation, and is now confirmed by the more exact solution.

§8.5. Examples of Determination of the Dependence of the Frequency on
the Form of the Nonlinearity

Let us illustrate the procedure developed in §8.2 for disclosing

the dependence of the self-oscillation frequency on the form of the

nonlinearity for certain single-valued nonlinearities by taking into

account the higher harmonics [2511.

Example 1. We consider a relay-type automatic control system, in

which the dynamic processes are described by the third order nonlinear

equation

(T,p + 1(rP d- 1)4X W(X)=O, (8.132)

where F(x) is specified in the form of the plot of Fig. 8.17a (relay

characteristic with backlash zone).

f,= '6 4 75 /

c 6 #

--, - .._.

a, Fig. 8.17

The characteristic equation of the harmonically linearized system

for the first approximation will be in this case

,p-(TI + 77) P p -- kq = o (8.133)

where in accordance with (8.56) we have in the notation of (8.55)

Substituting p = JQ and separating the real and imaginary parts, we

obtain two equations of the type of (8.44) in the form
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t X kq - ( TI + 72) Q'1 0.O

~~y.. _.TT2-'O.

From this we get

' _--p - ( ). (8.134)
V't11. 2k TI'F s 'I

The last expression gives the dependence of the relative self-oscilla-

tion amplitude p = A/b on the nonlinearity form coefficient y = 2c/rb,

shown in Fig. 8.17b. The upper branch of the curve of Fig. 8.17b cor-

responds to a stable periodic solution (self-oscillations), and the

lower branch to an unstable one. To plot the curve we assume the fol-

lowing values of the system parameters:

Ti = 0.1 sec, T2 = 0.2 sec, k = 20, c = 1. (8.135)

If the results of the first approximation calculations, given in

Fig. 8.17b, are recalculated for these data into the dependence of the

self-oscillation amplitude A (stable branch of the periodic solutions)

on the backlash zone b, then we obtain

OII0213I 0,4 0As ,325 0,849

A 1,698 1 ,69 5 1,686 1,670 1 1,6.7 ,,5.3o 1,331 1,200

As can be seen from Fig. 8.17b, when the system parameter ratio

corresponds to the inequality
~~2c T,±+T, 0,,
i =70 krT.r

self-oscillations are impossible. The given relay system will then be

stable.

Tht self-oscillation frequency 0 in the first approximation solu-

tion, as can be seen from (8.134), is independent of the form of the

nonlinearity and is equal to 7.07 sec -1.

In order to establish the dependence of the frequency of the self-

( oscillations on the nonlinearity form coefficient y, let us turn to
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the more exact solution. Here we determine simultaneously the new more

exact value of the first harmonic amplitude, and find the amplitudes

and phase of the third harmonic.

Let us find the more exact value of the frequency 0l as a func-

tion of the nonlinearity form, for which purpose we solve Eq. (8.65).

We first set up an expression for 1(01) by means of Formula (8.66).

Noting that in accord with (8.133) we have in the present example

Q (p) = T, 2p' -- (T + T,)p' + p, R (P) = k,

we get

YQ (P1) P. - T, T2Q9, YR()- 0.

In addition, we write in accordance with (8.63)
V 3 (32,) - Im { j3-k1 I- (

jUIId-(T, + T2) j321 - 717i'39 2 lI
- k (9T,7'TQ? - I)

3Q, (9Tj, s,,- I), + 9 (TI + Tg)' Cfj"

Substituting all of these expressions into (8.66) we get

[ ,I (1.) __ L;IT 0 - ,, q(TITIQT - - 1), + 9 (r, + TO,) ttfl
10(1 k' (9T , TO, - 1) ' (8.136)

In order to solve the equation (8.65) we must also know r 3 (y).

From §8.3 we have for the given nonlinearity (Fig. 8.17a), in accord-

1* ance with (8.85),

it.4

Now we can easily solve (8.65) graphically, as shown in Fig. 8.4a.

Using the previous values of the system parameters and the functions

iQ() or A(b) obtained above as the result of the more exact calcula-

tions, we find the dependence of the frequency QI on the backlash zone

b, as shown in Fig. 8.18 (curve 2). The upper branch of this curve cor-

responds to the stable periodic solution (i.e., the upper branch of

S the curve on Fig. 8.17b), and the lower one to the unstable solution
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(i.e., to the lower branch on Fig. 8.17b).

7L 3 On the other hand, in the first ap-

* i , proximation solution we have a frequency

Q = const = 7.07 sec - I for both branches

6! * (line 1 on Fig. 8.18). We see that the

Smore exact solution (curve 2) gives a

U1 result that is quite close to that of

0 I o 1 the first approximation in the case of

Fig.8.18 l) urve 2)the stable branch of the periodic solu-

s er tions, but differs greatly for the un-

stable branch. However, the latter case

does not interest us in practice.* In the first case, on the other

hand, the fact of principal importance is that we are able to detect

here the dependence of the frequency on the form of the nonlinearity

(in this case, on the dimension of the backlash zone), and at the same

time the sufficiently high accuracy of the first approximation is con-

firmed.

It is further of great interest to compare the more exact solution

with the rigorously exact solution of this problem. Let us determine

* the periodic solutions in the given nonlinear system by the exact

method of G.S. Pospelov [245]. According to this method, it is first

necessary to expand the transfer function of the linear part of the

system in the form

W, (, -+k (8.138)
(Tip + 1)(lp+ 1)"p P- p, , p- (1

where

__ == AT, _2 I I
, ;. T C- 1, 7j,- Pi - A

( For a transfer function of this type, with a specified nonlinear-

ity (Fig. 8.17a), we determine from Tables 1 and 2 of [245] the equa-
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tions for the periods:

!- 
of

-. I - 0, e -- T e
2I '-,- 0.- + -~t-- w_ EDA.

+ e I + e T,

- 0, SI 0 1
k (Ie TI)e-T (I-- 7) h

, CI -+ 'r, _
I-e C, 1+.

where I + e2 is the half-period, and the accurate value of the fre-

quency is consequently

-- O-bO(8.139)

Adding this pair of equations and then rewriting the second equa-

tion, we arrive at the following two equations:

Q, 0, 0! 0s
r (1--e Ti)(I+e,) Tl (I e I.: )(teT) -- 0 (8.140)()I- h-- _ , -A- ,ST 

WIeT -

e ,+ , + C

t _ _ _ __.
k , - (8.14l)b'= 20,+- l- c T,'  + 7-|CST I _  at

e I [-T -__+ __

The solution of these equations for specified system parameters

(8.135) will be obtained in the following fashion. We assign some nu-

merical value to 0 and find graphically, from Eq. (8.140), the value

of 62. This enables us to calculate directly the accurate value of the

frequency Ot (8.139) and determine then by means of Formula (8.141)

the backlash zone b to which this corresponds. As a result we obtain

the accurate dependence Ot(b).

For convenience in graphical solution of Eq. (8.140), we trans-

form the latter to the form

0 11 g (Bie r" - B) - I.(A- C(,;)], (8.142)

and plot the left and right halves as functions of e2. In Formula

j, (8.142) we have
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!A'Q - I)-- -- A=e ,~ u =

The accurate dependence t(b) obtained in this manner is repre-
sented by curve 3 of Fig. 8.18. W see that it is sufficiently close

to curve 2, which corresponds to the more exact solution. This con-

firms, first, the good accuracy of both the more exact solution and of

the first approximation for the stable branch of the periodic solu-

i tions and, second, the good accuracy of the more exact solution for a

idefinite region of the unstable branch of the periodic solutions.

It is also very important that the accurate solution confirms the
i breakdown of the straight line representing the variation of the param-

eTer auobta edependby th e ethod oaharmonic l inearzation, i re-
gons: the region where there are two periodic solutions (b bo) and

the region of stable equlirum of the system (b > bgr). With this,

both the first approximation and the more exact solution give for the

stability limit

b~p = 0,85,
while the accurate solution yields

brp 0,89.

b e give also a table of the numerical values of o(b), used to

plot the curves of Fig. 8.18:

1) first approximation ? = 7.07 sec-l,

2) more exact solution alub)n

b t 0 o Otal 0,e q0,ri 65 0,82 0,85 ( 0,81 0,75 W 0,8

%' j 0,92 6,95 f 7,02 f 7,06 7,04 6,92 6,60 j 6,20 ( 5,40

w 3) accurate solution yields
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bJ 0,23 0,48 0,63 0,82 0,88 0,88 0,83 0,60

0 6,!)0 6,9.1 6,98 7,06 0,98 6,89 6,61 6,27 543

Figures 8.19a, b, and c show the forms of the oscillations of x(t)

for the following sizes of the backlash zone: b = 0, b = 0.633, and

7

ai 192 IY all ,74'5 068 0,7 f'"', I/

np,? -puepwuifhaee 2

I b =0,7

bdl

al a2 / '7? 37 .--S 47 t

c el

4? a2 I4, a,5 af / 7 t

Fig. 8.19. 1) Accurate solution; 2)
first approximation.

b = 0.825, with the continuous line representing everywhere the accu-

rate solution x(t), and the dashed line representing the first approx-

imation x = A sin Ot. The figure shows the sufficiently good agreement

between the accurate solution and even the first approximation which

is not made more exact.

Finally, by means of Formulas (8.50) we can easily calculate the
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relative amplitude and phase of the third harmonic of the self-oscilla-

tions

I (r' .3 (I" + Ts) /,

and then also the more exact value of the amplitude AI of the first

harmonic, similar to what was already done in §8.4. As a result we can

plot the more exact solution

x = A, sin S2-t +- 8 A sin (39 1t + ep).

a h Example 2. Let the dynamics of the sys-

tem be likewise described by a third-order

I bd) nonlinear equation

.4-, - - (Tp+ 1)(Tp+ I)px+kF(x)=O,

but the nonlinearity F(x) is specified in the

form of the curve (Fig. 8.20a):

-F = kl(l -kx 2 )x for x < b,

_F = c for x > b.y

Fig. 8.20 From the conditions

F = c and dF/dx = 0 for x= b

we get

kt=, /2- T

The formula for harmonic linearization yields in this case, using

the notation of (8.55),

q I: f, (P ),

where for A< b we have

A O = .(1 - ( ),8.144)

and for A > b

II asi +-(i 7- (8.145)
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j In analogy with the preceding example, we obtain here the firstV r approximation in the forml00
Yo I - ,

Consequently, the self-oscillation frequency remains the same in

the first approximation, independently of the form of the nonlinearity

(since it is independent of the value of y). The second of these for-

mulas gives the dependence of the relative amplitude P = A/b on the

nonlinearity form coefficient y = 2c/rb. This dependence can be easily

plotted (Fig. 8.20b) by assigning different values of p and calculat-

ing y every time.

As can be seen from Fig. 8.20b, when the ratio of the system

parameters corresponds to the inequality

2c 4 (T, + )

no self-oscillations are possible in the system. In this case the given

nonlinear system will be stable (as is also the corresponding linear

system obtained when k2 = 0).

To find the more exact value of the frequency Ql as a function of

the form of the nonlinearity, we obtain here the previous expression

(8.136) for the function 0l(ol). It is now merely necessary to find

the value of r3 for the given nonlinearity (Fig. 8.20a) by means of

Formula (8.29). As the result we get

Q)= P- 'arcsiit Q >, 1). (8.146)

where for A < b we have

r, = T (),

and for A > b

We thus are able to employ in this problem, too, a graphical con-
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struction (Fig. 8.4a) which gives us the sought dependence of the self-

oscillation frequency fl on the nonlinearity form coefficient 7 (Fig.

$ 8.20c).

In addition, we can calculate also the relative amplitude of the

third harmonic by means of the formula
4 = k'Cf, M)

_____-ky #f,(P -(8.147)

and then, if necessary, obtain also the more exact value of the rela-

tive amplitude of the first harmonic pl = A1/b as a function of the

nonlinearity form coefficient y (Fig. 8.20c). The second formula in

(8.143) for the phase of the third harmonic retains the same form for

this example, too.

§8.6. Determination of the Higher Harmonics of Asymmetrical Self-
Oscillations in the Presence of an External Signal

In the calculation of the higher harmonics of symmetrical self-

oscillations we used in §8.1 expressions for the total solution in the

forms of Taylor and Fourier series, as set up in §2.2. Since we did

not have in the preceding chapters analogous material for asymmetrical

oscillations, we must start here with a formulation of these expres-

sions (255].

We start out with the equation for the nonlinear system
Q (P) x, .I- R (P) F W) = S (P/ftON (8.148)

where f(t) is an external signal that varies slowly in time. To simp-

lify the general formulas we choose here a nonlinear function F(x) in

place of the previous F(x, px). It is assumed, however, that the func-

tion F(x) may be not only single valued but also of the loop type, and

also asymmetrical.

In the case of a constant external signal (in a static system) or

( in the case of a signal with constant rate of change (in an astatic

system), Eq. (8.148) has the form
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Q (p) x d- R (P)x) = M, (8.149)

where DO is a specified constant, defined as in Chapter 5 by means of

Formulas (5.21) and (5.22).

We seek the periodic solution in the form

x==xo+xf+ I Xjk (8.150)
k-2

x, ==A sin -2t, xt == A sin (kQt + A), (8.151)

where x0 , xl, and xk are the corresponding harmonics of the periodic

solution x(t), expanded in a Fourier series; n is an arbitrary positive

integer, with the harmonics having k > n assumed to be insignificant.

We denote by 6k the relative amplitudes of the higher harmonics xk

(relative to the first).

We expand the nonlinear function F(x) in a Taylor series, using

(8.150):

:(.) F: (." -I. --Y) + d -(XI + X,)_' x +..., (8.152)

k-2

and then in a Fourier series
n

F(x)----FO+F,+ \'k + 8.15.
k2 k--U(8.153)

where

2X

I0 F~ F(.0 + A sin dti,

F= q (x0 , A) A sin Ot + q'(x', A) A cos t (8.154)

2m

q=, A F(xO+A sin ) cos Id,
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Pk1 rk (.vo, A)A Sitn k9tlsk (xO, A) A cos kQt (k.-2, 3,..., n).
2,1

rk ' F (x +, I sin W) sin , ( 8.155)

iI F(x -t" A sin ') cos kl d,

F:-=l - [d-(xO +A sin x) _ xk+...]d ?,

k-2

COk A sin kft +IHk A cos k~t,
2R n (k --- 1, 2,..... n).

k [j.-(xO +A sin x, +...sinlet d' (, (8.156)
k-2

iik--- L [LPO +Asin ) x +.. cosk d9
~ k-2

Each harmonic df the nonlinear function F(x) is broken up into

two components Fk and Ek where, in accordance with (8.153), Fk is de-

fined in terms of the zeroth x and first xI harmonics of the sought

solution, amounting usually to the principal part of the solution, and

Ek is defined In terms of the higher xk harmonics of the sought solu-

tion. Consequently, the higher harmonic components Fk of the nonlinear

function F(x) cannot be regarded small (if we deal with an arbitrary

nonlinearity) independently of the magnitude of the higher harmonics

xk of the sought solution. As regards the other higher harmonic com-

ponents Ek of the nonlinear function F(x), they will be small if the

higher harmonics xk are small, provided the derivative dF/dx is finite

or represents a delta function (for example, in the case of relay char-

acteristics), and the additional terms contained in Ek and represented

by the dots, will in this case be small quantities of higher order, if

the higher derivatives of F with respect to x are finite (for arbitrary

nonlinearities) or are delta functions (for piecewise-linear charac-

teristics). We shall assume that the form F(x) satisfies the foregoing

conditions; this does not impose in practice large limitations on this

function, but is of importance to what follows.
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I Substituting (8.150) and (8.153) into the specified nonlinear

equation (8.149), we obtain a series of equations which are nonlinearlyI g interrelated:

I Q (0) xO + R (0) F1 (x", A) + R (0) E9 ' ( 8.157)

Q (P)x, + R (p)[q (xO, A) +5iiYp x+,R(p) H,=O, (8.158)

Q (p)x +,R (p) Fk + R (p) pk o (k=2, 3, n... i). (8.159)

We see that the equations (8.159) interrelate the quantities Fk

and xk ' It follows therefore that if the higher harmonics Fk are not

small, we can have small higher harmonics xk in the solution only if

(kk) 2, ... ). (8.16o)

It is assumed here that IR(J1c)/Q(JkQ)l -. 0 as k-. c, for which it is

sufficient to have the degree of R(p) lower than that of Q(p). In ad-

dition, we shall assume, as before, that Q(p) does not have pure imag-

inary roots or roots with positive real parts.

Consequently, the filter condition (8.160) guarantees, if the

polynomials Q(p) and R(p) have a suitable structure, the smallness of

the higher harmonics of the sought solution for an arbitrary form of

the nonlinearity (i.e., for not small Fk), satisfying only the require-

ment stated above with respect to its derivatives.

In such a case, as is already known, all the quantities Ek (k

= O, 1, ... , n) will have the same order of smallness as the higher

harmonics of the solution ' xk. . In the last quantity, in accordance
k .

with (8.151), all the 6k will play the role of a small parameter. Then,

in accordance with (8.157) and (8.158), we can determine the zeroth

and the first harmonics of the solution approximately from the equa-

tions

Q(o) .o -j- +R (0) FO (x0 , A) = MO0,

Q (p)x, + R(.Iq(x, ,+] p =o .] (8.161)
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This is the result of the harmonic linearization considered in Chapter 5.

After substituting p = JQ in the second equation of (8.161) and

separating the real and imaginary parts we obtain in place of (8.161)

three algebraic equations

Q (o) xO + R () FO (xo, A) = M0,
XQ () + XR (2) q (x0, A) - Y i () q'(x*, A)= 0,J (8.162)
YQ (o2) + Yj? (2) q (x0, A) + IYR (9) q' (x0, A) =0,

from which we determine the three unknowns x0 , A, and Q. Here XQ, YQ,

XR' YR denote the real and imaginary parts of the polynomials Q(JQ)

and R(JQ).

This approximation can be satisfactory if the filter property

(8.160) is well satisfied for the given system, or, in the opposite

case if the Fk are themselves small. The worse the filter property

(8.160) is satisfied with not small Fk, the more important it becomes

to take into account the higher harmonics xk of the sought solution.

Using the result of thp solution of Eqs. (8.162), i.e., the quan-

tities xO , A, and 0, as the first approximation we obtain the higher

harmonics (6k and Pk) and then also the more accurate values of the

0
zeroth and first harmonics (xO , A1 , and 0l). Following this we can if

necessary obtain also more exact higher harmonics (61'k and ('k).

The problem is solved then in the following manner. The first ap-

proximation for each of the higher harmonics is determined in accord-

ance with Eqs. (8.159) and (8.151) in the form

P) x,+1-R(P) [rk(x, A) (cos- k - -k-W P+

Sk(x', A)(sln k± .- 1-p)]x k O,

from which we obtain as a result of the substitution p JkO

./ + -- Id (x, A) + s (x', A)],
k rctg s -(x, (8.163)

?k arctg .- - arctg ,
Xkt XkQ rk (xo, I)
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where XkR, YkR, XkQ, Yk denote the real and imaginary parts of the

polynomials R(JkQ) and Q(JkQ).

The more exact values of the first and second harmonics are then

determined in accordance with (8.157) and (8.158) by the equations

Q (0) .,-F + R (0) FO (x' A,) =A P - R (0) I_ (x°, A, /, k),

G () X, - (1)) [q (x - ,)-, p] x, (8. 164)
+'R (p) E, (x, A, 8k, T) xI = O,

where
2x

Ol -- ( x -4- A sin 'i) ' ~Xh sin '? d ,

(' F

(.v =~ d + A sin xh-2 o d ,.
k-2

If we rewrite (8.164) in the form

Q1  (o' -F') [q (4 A,() +° (% ,)p x, , ( 8. 166)

where

.I1 = W -/ (x4 , A, , n),
QI-) ,,)) - i,+ +A A,+, I c). ],

then it becomes clear that the more exact solution based on Eqs.

I(8.165) and (8.166) can be determined in exactly the same manner as

the approximate solution (8.161), except that the constant M0 and the

,' coefficients of the polynomial Q(p) must be corrected in suitable

+ fashion by taking into account the higher harmonics of the sought so-

lution.
More exact values for the higher harmonics AI'k) ' can be ob-

tained by means of the same formulas (8.163), except that new values

of i' A1 , and x1 must be substituted. However, in this case one can

also make the solution even more exact by adding the term R(p)Ek in
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Eq. (8.159). The second correction for the zeroth and first harmonics

(the need for which arises very rarely) can then be obtained by means

of equations of the same type, (8.165) and (8.166), in which x0 , A,1,

and 01 are substituted in place of x0 , A, and Q. If necessary we can

include in the expressions for E0, G1, and H1 the second terms of the

Taylor series, depending on the order of magnitude of Y xk,, i.e., on
? -2

the order of magnitude of 6k compared with unity.

Thus, for a system described by means of Eq. (8.149) with a con-

stant right half, we determine the higher harmonics of the asymmetrical

oscillations and obtain more exact zeroth and first harmonics, along

with determining their dependence on the magnitude of the right half,

i.e., on the magnitude of the external signal. We solve in analogous

fashion also Eq. (8.148) in the presence of a slowly varying external

signal f(t). In this case we have in place of the algebraic equation

(8.165) the differential equation

Q(P)x +R(p)Fo(Xj, A)= S(p)f(t)-E.,

where x0 , A1, and E0 are slowly varying functions that depend on f(t).

The method of solving this equation together with Eq. (8.166) remains

perfectly the same as in Chapter 5, namely it is necessary to find the

bias function 0(x1 ) and substitute it in place of F0(x 0 , A1 ). We then

determine from this equation xl(t). Ordinary linearization of the bias

function (XO) = knx0 is also possible.

Let us consider an example in which the higher harmonics of asym-

metrical self-oscillations of a relay system are determined with F(x) =

c sign x, R(p) = p + bl, Q(p) = p3 + alp2 + a2p.

We take into account the second and third harmonics of the self-

oscillations, seeking the solution of (8.149) in the form
x = , x P + X , + -,+ X,, ( 8 1 7
-= A sint .t, x.z = .4 sWi (22t [ P.2), ( 8.167')
x3 = 34A sini (V.-t -- ?.)
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Let us calculate the necessary quantities:2t;

I" c sign (xO + A sl) d-- arcsln (
2s A'

/ n c cSign (xO + A sill~ sill 1d1J = /f 4c
21t (8.169)

q' c sign (xO + A sin l) cos d+ = O,J

r S ign (O + A sinl t) sinl 2 dq =.O,(87)
2t:, (8.17o)
r .c sign (x si+ -A sinl ~dcos 2+ dt - J/ A - (0J

- [sign ( 0 + 1 sill sl8. 3 d
U

sc c sign (.v d- A sin ) cos 3t? dtl= 0,

9zA

E-9 2cA (x + A s , A si sil ('2,, -- ) -+

+ 3A si (3. , + )o d,='

o,= ' , cA (x0 d- A sill ,;)[81 A sill (2 , + ,+

+f &,A sill (3 l- sh dt

.. 2 2(",- Cosin ,+ tpI- ,,4 s (8.173)

-/1A2cA (x8 + A sil- ) aA si (2 + ?,)

+ 8,A sill (3,+ -d- (?3)] cos 1?' d,?4c X,[- 3 ,, , .[-4(X,)j COS 3 (8.174 )
where A(x0 + A sin ,)stands for the delta funct:ilon. The e valuatilon of

integrals containing this function was illustrated previously (see,

for example, §8.3).

The first approximatilon equations (the result of the harm onilc 1:tn-
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earization) will, in accord with (8.162), be in this case

arcsin A. M

Hence

2cb ' V , -Ja, (8.175)

A - c(: )Cos sill

This approximate solution determines the dependence of the con-

stant component x0 and of the self-oscillation amplitude A on the sys-

tem parameters and on the magnitude of the external constant signal M
0

(dashed curves in Figs. 8.21 and 8.22). On the other hand, the self-

A

.°4

4 A

SFig. 8.21 Fig. 8.22

oscillation frequency 0 turns out to be independent of M O. However, an

analog solution of this problem shows that the self-oscillation fre-

quency 0 also depends on the magnitude of the constant external signal

MO, and that with increasing M0 the form of the self-oscillations is

not merely subject to a displacement x0 , as in the approximate solu-

tion, but is also distorted and becomes asymmetrical within the half

cycle. This is evidence of the occurrence of a second harmonic.

In order to obtain a correct qualitative picture of the phenomenon

Land a correct quantitative result, let us solve the problem with inclu-

sion of the second and third harmonics. By means of Formulas (8.163),
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(8.170), and (8.171) we obtain, with allowance for (8.175), the rela-

tive amplitudes and phases of the second and third harmonics:

1 -al + 4Q, , inM' (8.176)
2Q 4 ' - (a - a8  2cb,

a rctg - arctg +a- +1 (8. 177)

I-_ _. - 110 (8.178)+ a s -o %2)0b,-a, ( - -I fO)I

: 3 zarctgV - arctg -,.--2&.8.179)

We see from (8.176) that the second harmonic of the self-oscilla-

tions does not arise (62 = 0) if there is no external signal (M0 = 0).

In this case the oscillations are symmetrical and only the third har-

monic arises (63 0 when M0 = 0). On the other hand, in the presence

of a constant external signal be, a second harmonic arises, the ampli-

tude of which first increases with increasing M0 (Fig. 8.22), thereby

distorting the form of the self-oscillation curve, as in the case of

the analog solution. The amplitude of the third harmonic 6 first de-
3

creases with increasing MO.

In order to find the dependence of the self-oscillation frequency

on the magnitude of the external constant signal, let us introduce the

corrections for the zeroth and first harmonics. We set up Eqs. (8.165)

and (8.166) for the given problem with allowance for Eqs. (8.168) to

(8.179). From (8.165) we obtain

-L -- , Cos ( -

-A (2)(1- 4sin2 't Sin P (2)] (8.180)

where 0, (P2(P), and p3(n) are determined by Formulas (8.175), (8.177),

and (8.179) in terms of the system parameters, and in addition

asa, 1_ _ _

f. (2) b1 (b, 6- odj 4am' + (a, -,m)'

aAa 02) b " gat

( A (o)--_ ,7 W V a! -U +(a, -9Q')"
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The more exact dependence x0 (M0 ) is represented by the continuous

line in Fig. 8.21.

1We write down Eq. (8.166) directly in algebraic form, namely

- a1. + bl0; (x, A, t, yP) -

- , tJ- (xQ, A, 8 Pk) + biq (x,. A,) = 0,

a, -+ 91 [, (x 0, A, 8, O) +
+ -1 (x o, A, %, TPh)] + ,q (x, A,)---0.

From this we obtain, with account of (8.173)-(8.179)

b I, (M0) (8. 181)

Sq (x , A,) -- n [; - ("W- ) + b-f, ( io)-[a, +-f, (All)] - bif, (MO) (8. 182)

where

Cos .A sin 7 c2(t)
2 - - ( s 2c b, sb, s

Q), ec 0 " • 1 2P

f, (110)tg [ (Q)1 sl''M, 'C o ' ?(2]

-- ) I - 4sil t Sin

Thus, the formula of the more exact solution (8.181) gives the

sought dependence of the self-oscillation frequency Q not only on the

system parameters, but also on the magnitude of the external constant

signal M0 (Fig. 8.21), unlike the formula (8.175) for the first approx-

imation of 0, something which is a very important practical result.

From Eq. (8.182) we determine with account of (8.169) and (8.180)

the more exact value of the amplitude of the first harmonic of the

self-oscillations A1 (Fig. 8.22). The form of the self-oscillations is

determined by the expression

x - I, Xi , l ,t , sill (22,t a, 'P, - sill (suit -3 -12 .,+

where all the quantities have been defined above.

For the sake of simplicity and clarity we have chosen in this ex-

ample an ideal relay characteristic. It is obvious, however, that the
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method developed for solving the problem is applicable also to an ar-

bitrary nonlinearity F(x), satisfying only several conditions with re-

*spect to its derivatives. The limitations imposed here on the poly-

nomials Q(p) and R(p) are fulfilled in many real systems, particularly

in systems for the automatic control of the motion of mechanical ob-

jects.
Manu-
script [Footnotes]Page

No.

725 We consider here the case of symmetrical oscillations. In
§8.6 below we shall discuss also the determination of the
higher harmonics in the case of asymmetrical oscillations
and in the presence of a constant or slowly varying external
signal.

740 The even harmonics are disregarded because the nonlinear
characteristic F(x) is odd. An account of the higher odd har-
monics does not add anything that is principally new.

747 The examples are given in the following sections of the pres-
ent chapter.

749 At the end of this section we shall give also formulas for
- loop-type nonlinearities.

766 The nonlinearity in this example characterizes the degree of
deviation of the real curvilinear characteristic of the two-
phased induction motor from the straight-line characteristic.

770 The discrepancy is explained here by the fast change in the
function q(A) in the given amplitude interval, that is, vio-
lation of the condition stipulated in Chapter 2 that the
function q(A) be smooth.

Manu-
script [List of Transliterated Symbols)
Page
No.

725 B - v = vysshiye = higher

760 o.c = o.s = obratnaya svyaz' = feedback

761 n = 1 = lineynyy = linear

761 H = n = nelineynyy = nonlinear

764 rp = gr = granichnyy = boundary

772 T = t = tochnyy = accurate, exact
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Chapter 9

FORCED OSCILLATIONS OF NONLINEAR SYSTEMS

§9.1. Symmetrical Single Frequency Forced Oscillations

The problem of determining forced oscillations of nonlinear sys-

tems is in general very complicated and varied. Inasmuch as the prin-

ciple of superposition of the solutions does not hold here, one cannot

in general add particular solutions resulting from different external

signals and determined separately, nor can we add the free and forced

oscillations. Special nonlinear addition of solutions is possible if

the solutions differ in the degree of slowness of their course in time

(i.e., in the values of the possible oscillation frequencies), in

analogy with what was already done in Chapter 5. Besides, each of the

added solutions depended essentially on the other solutions, namely,

the amplitude of the self-oscillations depended essentially on the

magnitude of the displacement characterizing the slow processes. A

similar separation of the solutions for forced oscillations will be

considered in §§9.2 and 9.3 below, where the possibility will be dem-

onstrated of considering also nonlinear two-frequency oscillations

with a large frequency difference.

Without touching upon complicated forms of forced oscillations of

nonlinear systems (although their investigation also has great prac-

tical significance), we confine ourselves in the present section to a

determination of single frequency forced oscillations, in which the

£ system oscillations occur at the same frequency as the external peri-

odic signal [270). The form of the oscillations will be considered as
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before nearly sinusoidal for the variable x, which is the argument of

the nonlinear function. At the same time, we retain as before all the

limitations that delineate the classes of systems under consideration,

as indicated in Chapter 2. We add to these, in many cases, additional

limitations imposed on the amplitude and frequency of the external

periodic signal (which depend also on the system parameters), which

bring about the existence of single-particle forced oscillations in

the nonlinear system. We shall call them for short the locking condi-

tions (taking this term to have not a special but a general meaning in

the broad sense indicated). These conditions become particularly im-

portant for self-oscillating systems at frequencies close to the self-

oscillation frequency and above.

In the present section the external periodic signal is assumed to

be sinusoidal. In §9.4 below we shall consider also a nonsinusoidal

periodic external signal.

Thus, assume that we have a certain nonlinear automatic system to

which we apply at an arbitrary point a sinusoidal signal

f(t) -= 13in 2.t. (9.1)

We consider first a system of the first class (see §§1.2 and 2.3)

of the principal type, for which the dynamic equations reduce to the

single form (2.71):

Q (p) x- R(p) F(X, px)= S ( ft). (9.2)

If the conditions indicated at the start of §2.3 for Q(p), R(p),

and F(x, px) are satisfied, as are also the locking conditions to be

derived below (where necessary), we can seek in first approximation a

solution for the steady state forced oscillations of the system in

sinusoidal form

X=A sin, (2,1 + ), (9.3)

where the sought unknown constants will be the amplitude Av and the
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phase shift p, whereas the frequency fv is already specified here by

means of the expression (9.1). Unlike this typical formulation of the

problem we can, of course, solve later on the inverse problem of de-

termining the required frequency 'V or amplitude B of the external sig-

nal for a given amplitude AV of the forced oscillations, etc. But for

the time being we shall, in the derivation of the general formulas for

the determination of the forced oscillations, assume here, unlike the

problem of finding the self-oscillations (§2.3), that Av and p are un-

known and the frequency Ov is given.

In order to be able to employ the same general approach to the

solution of the problem as was used in finding the self oscillations,

let us express in (9.2) the variable f in terms of x. According to

(9.1)

ft) = B sin ((Qt + )-i=- D Cos ? Bill (-.t + 13/ s11 ,P Cos (Q-t + )

Hence, taking into consideration the expression (9.3) for x and for

its derivative
px - A.C. Cos (2.t -+ ),

we obtain ultimately

j 1) A.Cs,,-P . (9.4)

Substituting this expression into the specified differential equa-

tion of the system (9.2), we obtain

[P)- S ( Cos - x+() F(xPx)==O. (9.5)

Thus, the inhomogeneous nonlinear equation (9.2) with a specified

external signal (9.1) and an assumed form (9.3) for the solution has

been reduced to a homogeneous nonlinear equation (9.5), which contains

an additional term in the left half. Equation (9.5) is analogous to

the previous equation (2.71) from which it differb only in that the
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operator polynomial Q(p) has been replaced by a new operator polynomial

contained in the square brackets in (9.5). Using formally here for the

Ii. determination of the sinusoidal periodic solution the same method as

in Chapter 2, we must satisfy all the conditions indicated in §2.3, in

which Q is replaced by the content of the square bracket in (9.5).

Consequently, the polynomial
B Cos sin _

Q(p) - S (p) -(s- (9.6)

should not have pure imaginary roots or roots with a positive real

part; before starting to solve this problem we check on this condition

for the polynomial Q(p) itself, and after obtaining the solution we

check on the polynomial (9.6). In accordance with (2.72) the general-

ized filter property must also be satisfied:

Q (j.Q..),As- S (j . Q< (j ) AI 8(9.7)

which is checked likewise in the previous form (2.72) prior to the

start of the solution, and in the form (9.7) after completing the solu-

tion.

The specified nonlinearity F(x, px) should admit of symmetrical

oscillations, i.e., the condition (2.74) must be satisfied:

2nF(A, sin , AQ, cos 4)d = 0. (9.8)

Thus, after obtaining the homogeneous equation (9.5) for the de-

termination of the forced oscillations, we can as in §2.3 carry out

the harmonic linearization of the nonlinearity in the form

F(x, px) = qx + - px, (9.9)

where
2* F(A. sit )i, An a cos ,)sin d , (9.10)

q%" =- ). f'(A1  si. ,;i,, ., co ,OS')CO 'os , , I
0 

7 
1
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whereas here, in contrast with §2.3 and in accordance with (9.3), we

have

- t + , (9.11)

which, however, does not influence the results of calculating _ and q'.

Therefore, in determining the symmetrical single-valued forced oscil-

lations we can make complete use of the ready-made expressions for _

and q' given in Chapter 3, except that we replace A and Q by Av and v"

Thus, for each nonlinearity we obtain in the general case the relation-

ships

q (A., 2k), q'(A., 28),

and in many particular cases (see Chapter 3)

q (A.), q' (A.).

As a result we obtain f~om (9.5) and (9.9) the characteristic

equation for the first approx~mation:

U. P)=o. (9.12)| O (p)- -. Sr 0, , P -V

Substituting here the pure imaginary value p = JQv' which corres-

ponds to finding the sinusoidal solution (9.3), we obtain

Q (j2.) -S (j(2.) - (cos ?-j sit, ?) q- R ( .)(q +jq') =O. ( 9.13 )

Noting that
cos T -j sin l -e-ll

we obtain from (9.13)

A, o ~~~~~( j ,) + R(J°m) (q + jq ') -- e- . (9 1 )
A. S(jam). (9.14)

The problem can then be solved further by two methods. These

methods remain valid also for nonlinear systems with time delay ,

when Expression (9.14) assumes the form

A. 0 (JQ) + I ) (j ) (q + jq') e"" Be- (9.15)

or another analogous form containing .
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The graphic method. For each specified value of the frequency and

with the system parameters specified, we plot on the complex plane the

curve (Fig. 9.1):

Z (,) 4 Q Q -R (iQ,) (q A- jq')
.... sO .... .. "(9.16)

This curve corresponds to the left half of (9.14).* The right

half of (9.14) or (9.15) is plotted in the form of a circle of radius

B. The point where the circle crosses the curve Z(Av) yields the solu-

tion of the problem, in that the circular arc

up to the point of intersection determines

the phase shifts q and the curve Z(Av) deter-

a _Zmines the amplitude Av of the forced oscilla-

F tions.

The dependence of the amplitude A of
V

Fig. 9.1 the forced oscillations on the frequency 'V

/4 9

.0, '0# 1y gN 0

Fig. 9.2. 1) For different Qv or k.

(Fig. 9.2b) can be obtained by plotting on Fig. 9.1 a series of Z(Av)

curves for different constant values of Ov (Fig. 9.2a). In the same

manner, by plotting Z(Av) curves for different constant values of some

parameter k (Fig. 9.2a), we can determine the dependence of Av on any

system parameter k (Fig. 9.2c) contained in the expression (9.16) for

Z(Av).

( To find the dependence of A on the amplitude B of the external

signal we must plot a series of concentric circles of different radii
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B (Fig. 9.3a). Two cases are possible here: the first occurs when there

exists a point of intersection of the circle with the Z(Av ) curve for

any value of the radius B, starting with zero; this gives the depend-

ence A v(B) for example in the form of Fig. 9.3b. The second case oc-

curs when the point of intersection of the circle with the Z(Av ) curve

exists only for values of the radius B exceeding a certain threshold

value Bpor (Fig. 9.3a), which leads to an Av(B) dependence of the type

shown in Fig. 9.3c.

ai . 1WV A, cI)

de v i e )

" " O04amb 317=177MM111o- "-

2 aXffoa a~o e 3 &oalu

Fig. 9.3. 1) Locking region; 2) stable
equilibrium region; 3) self-oscillation
region.

The graphic determination of Bpor is clear from the figure. It is

possible to plot the dependence of the threshold amplitude Bpor of the

external signal on the frequency Ov for specified system parameters

(Fig. 9.3d) or for any parameter k at a given frequency Ov (Fig. 9.3e).

The latter dependence can be obtained with the aid of Fig. 9.3a, plot-

ted for a series of Z(A)v curves corresponding to different k.

The second considered case, in which the system goes over to sin-

gle-frequency oscillations with frequency 'V only when B > Bpor, occurs
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most frequently in such nonlinear systems, which operate in the self-

oscillating mode prior to the application of the external periodic sig-

nal. Furthermore, the quantity Bpor vanishes in the case when the fre-

quency Rv coincides with the self-oscillation frequency "avt of the
given system (Fig. 9.3d). Bpor vanishes also usually in the region

where there are no self-oscillations (stable equilibrium region of the

system, Fig. 9.3e).

In this case the values of the amplitude B above the curves of

Figs. 9.3d and e will correspond to an external signal resulting in a

single-frequency mode of forced oscillations with frequency Q. (the

locking region), while values of B below the curve will correspond to

a more complicated forced motion of the system. This indeed is a defi-

nition (for the time being, graphic) of the locking conditions referred

to above.

In other nonlinear systems we can have Bpor = 0 as in the case of

Fig. 9.3b.

Analytic method. From Eq. (9.14) or (9.15) we can obtain analytic

expressions for the determination of the amplitude Av and the phase

shift 9 of single frequency forced oscillations of a nonlinear system.

For this purpose we separate the real and imaginary parts of the nu-

merator and denominator and write down the equations for the moduli

and arguments of both parts of Eq. (9 .14) or (9.15). As a result we

obtain

At ... W. Ys,29 B (9.17). }'(n, ) Y_ _ .

y= -- arictg r., -I -arctg 1, _ ,)_
(9.18)

where X and Y are the real and imaginary parts of the numerator of

(9.14) or (9.15) and Xs and Y. are the real and imaginary parts of the

denominator, i.e., S(J~v). In this case X and Y correspond to the left
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half of the specified nonlinear equation (9.2), i.e., they are the same

expressions X and Y which were used in the investigation of self-

I oscillations (§2.3), while X and Y. are new expressions, correspond-

ing to the right half of the specified nonlinear equation (9.2).

We see that Expression (9.17) can generally speaking turn out to

be a rather complicated algebraic equation in Av . What is important,

however, is that this equation contains only a single unknown Av which

consequently can be determined in one manner or another. After this we

can readily calculate the phase shift q by means of Formula (9.18). We

recall that in finding the self-oscillations (Chapter 4) we also ob-

tained an equation that was complicated with respect to A, but this

did not entail any great difficulties. Indeed, in most cases we are

interested in the variation of the amplitude of the forced oscillations

Av as a function of the frequency and of the amplitude of the external

signal, and also as a function of variation of any particular system

parameter. These quantities may enter into (9.17) in a simpler manner

than the amplitude Av . Then the equation (9.17) can be solved in ex-

plicit form relative to any of these quantities and then, by specify-

ing different values of Av and calculating in accordance with the re-

sultant formula the quantity on which Av depends, we can plot the

sought functions Avv(B), Av(v), or Av(k), etc.; then Formula (9.18)

can also be used to calculate the phase shift q for each case.

For example, the following simple procedure for solving Eq. (9.17)

is possible. For each specified external signal frequency Ov we assign

different values of Av and calculate the value of B in every case.

From the results of these calculations we can readily plot a curve

(Fig. 9.4) which indeed is the sought solution of Eq. (9.17).

CAs regards the analytic determination of the locking condition,

i.e., of the value Bpor as a function of the frequency Qv and of the
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system parameters, it is defined as the condition for the existence of

a real positive solution for Av in Eq. (9.17). An example of the ana-

lytic determination of the locking condition was given for the very

simple case in §1.9 (Formula (1.181)). In other problems this condition

manifests itself automatically during the course of plotting the curve

of the type of Fig. 9.4.

We have thus obtained the amplitude Av and the phase shift q of

the forced oscillations for the variable x which is the argument of

the nonlinear function. We can then calculate the amplitude and phase

of the first harmonic of the forced oscillations for any other variable

of the investigated system on the basis of the corresponding equations

or transfer functions of the elements relating this variable with the

variable x.

In similar fashion we can consider also more complicated nonlinear

systems of all other classes described in §1.2.

It is sometimes necessary to investi-

gate the stability of single frequency

forced oscillations, particularly if two

equations are obtained. As in §2.4, we

- .__ first turn here to the classical method of

Fig. 9.4. 1) For differ- stability investigation, namely comparison

ent 'V= cont. of the linearized differential equation

expressed in terms of small deviations from the investigated solution

(9.3). We introduce a small deviation from the investigated periodic

solution, i.e., the variable

Ax = x- x*, where x* = Av sin (Qvt + q).

Substituting this in the initial nonlinear equation of the given sys-

(_ tem (9.2) and expanding F(x, px) in a Taylor series, we obtain
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Q(P) (x* +j AX) - ~(P)[FWx* px*) + (7AX +
S + (- -" ,A.-F ....PAXs,). (9.19)

where the asterisk denotes the substitution x = Av sin (Qvt + r,). But

inasmuch as the solution x* satisfies Eq. (9.2), we have

Q (p) x* + R (p) F (x*, px*) = S (P)f(M.

Subtracting this expression from (9.19) and discarding small quanti-

ties of higher order (denoted by the dots), we arrive ultimately at a

linear equation in the small deviations:

Q W .A.,R,)[ X* + (L( * PAx== o. (9.20)

Inasmuch as the investigation of this linear equation with periodic

coefficients is difficult in the overwhelming majority of cases, we

can resort, as in §2.4, to a method of averaging the periodic coeffi-

cients, replacing (9.20) by an equation with constant coefficients

IQ ,) -- R (p) ( + Y'p)I Ax = o, (9.21)

where

2r:. 2r.

2" " -* o, x' =

0

We then can apply to Eq. (9.21) any of the ordinary linear stability

criteria (Hurwitz, Mikhaylov, Nyquist). It must be stated that there

is as yet no rigorous solution to the problem of the class of system

for which such an averaging method of the periodic coefficients will

give a correct answer. One can expect, however, as in the case of §2.4,

that this does hold true for the automatic systems under consideration.

Thus, for the example considered in §1.9, the value of the average

coefficient K will have a form analogous to (2.113), i.e.,

2c

and in accordance with the characteristic equation (2.114) the condi-
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tion for the stability of the forced oscillations will be

-~A. (TI + T2s) + 2cTrk, (Tk0.. - 72k,) > 0,

where Av is the amplitude of the forced oscillations, which depends on

B and v and also on the system parameters.

Other approximate methods of investigating the stability of forced

oscillations of nonlinear systems can be found in References [27 41 and

[301]. Concerning forced oscillations of relay systems, see [272] and

[279].

It should be noted that in most practical problems one need not

resort to an investigation of the stability of the obtained forced os-

cillations of the system.

§9.2. Asymmetrical Forced Oscillations. Determination of the Bias
Function

The forced oscillations will be asymmetrical in the following

cases:

1) if the nonlinear characteristics of the system are asymmetrical;

2) in the presence of a constant or slowly varying external sig-

nal (in static systems);

3) in the presence of a constant or slowly varying rate of change

of the external signal (in astatic systems).

All the general considerations associated with this, and also the

concept of slowly varying signals, remain the same as in Chapter 5

(§5.1), except that we deal here not with self-oscillations but with

forced oscillations which are imposed on the constant or slowly vary-

ing (in time) component (the shift of the center of the forced oscilla-

tions) [293].

In the general case we shall assume that two external signals are

applied to the nonlinear system, as the result of which its equation

has in lieu of (9.2) the form

-799 -



Q (p) x d- R (p ) F(x, IPx) = St (p)A (t) + Si (p) A (, (9.22)

where fl(t) is the slowly varying external signal and f2 (t) is the

S periodic external signal:

f2(t) == B sil Q.t (9.23)

The slowly varying signal fl(t) is assumed ta change lIttle over

the period TV = 2 /Qv , i.e., it is assumed that the possible frequen-

cies of the variation of f1 (t) are considerably lower than the fre-

quency v"

We shall seek the solution of (9.22) in the form

X.=XO+x*, x*= =, sIn (Qt-[-), (9.214)

where x (t) is the slowly varying component and x* is the oscillatory

component with amplitude Av and phase T which in general also varies

slowly in time.

Then the harmonic linearization of the nonlinearity F(x, px) can

be carried out by means of a formula analogous to (5.3):

F (x, px)=F* +qx* + -px*,
(9.25)

where

F- F (x* + A. sln ,', A..2 cos i) d,

2%

q 5 F(x$-+-A, sin 9, A.5Qcos i) sin (9.26)

q y '(xO+A 5 sin , A,2, cos,)cos d'

with P vt + q. From a comparison of these formulas with (5.14) we

see that when finding the forced oscillations we can use in their en-

tirety all the specific expressions for F0 , q, and q' which were de-

rived for the different nonlinearities in Chapter 5 (§5.6-5.9). Thus,

for each specific nonlinearity we have the ready-made expressions:

4... 10 "(X0, .A,,, Q,,), q (-a, A,, Q q' (x0, A,, , (9.27)
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from which frequency the qvantity Ov is missing. By way of an example,

Fig. 9.5 shows these relationships for a nonlinearity of the satura-
i tion type, plotted on the basis of Formulas (5.121) and (5.122).

b di

Fig. 9.5. 1) For different.

In analogy with Formula (9.4) we write

A, CsT-- X. (9.28)

Substituting the expressions for F(x, px), f2 (t), and x in the

given differential equation of the nonlinear system (9.22), we obtain

the equation

Q (p) (xo+ x*)4 R (P) (pzq , Px) =

=S (P)fI (t) -- S (l,) - (cos , "-) .'

which breaks up in nonlinear fashion (see Chapter 5) into two equations

for the slowly varying and for the oscillatory components, respectively:

Q (p) x'-[- R (p) F - S, (p)f, (t), (9.29)

[Q (P) -- S (P) tpj ( s q )* (9.30)

( Both equations contain all three unknowns A, qp, and x O.

The second of these equations (9.30) coincides with the previous
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equation (9.5), except that it has different harmonic linearization

coefficients _q and q', which depend on the magnitude of the bias x0.

Therefore, Eq. (9.30) is solved to the end only simultaneously with'7 (9.29), although, as will be shown later on, simpler cases are also

possible. For the time being we can write down a characteristic equa-

tion of the form (9.12) and then substitute p = JQv and reduce Eq.

(9.30) to the form

Q k (jQ) + R (jQ.) (q + jq')A(.) B6- (9.31)

which when solved by any of the two methods (graphic or analytic) de-

scribed in §9.1 yield the dependence of the amplitude Av and the phase

shift 9 on the magnitude of the bias x0 . i.e.,

A. (X0, -. ), (x0, 2,, B), (9.32)

where x0 is for the time being unknown.

To use the graphic method of §9.1 in order to find the dependence

Av(X0) by means of Eq. (9.31), we must plot in Fig. 9.1 a series of

Z(Av) curves for different values x0 = const, which in accord with

(9.26) enters into the expressions for _ and q'. The equation (9.17)

of the analytic method assumes the form
A!== X1 .) 4- Y! (Q.)

Y;,01 ,, A,, -XQ + Rd, ,, A,,x) B", (9.33)

where X2 , Y2 and X, Y denote the real and imaginary parts, respectively,

for S2(J!v) and for

Q (j2,) + R (j2,) [q (A,, 2,, x) -jq'(A., 2,, xO)J.

Equation (9.33) is not solved by simple calculation like (9.17).

We can, however, use the following graphic method for solving it.

Breaking up (9.33) into two equations

A 2 (91') + Y2 Bt,X " (U, " A5 -X +' (U, '" ) -'

we plot the first of these as curve 1 on the ( , AV) plane (Fig. 9.6),
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and the second one as a series of curves 2 for different values of

x0 = const for specified B and 0v" Transferring the resultant points
Sof intersection of the curves to the right on the x0 , A v plane, we ob-

tain immediately the sought function Av (xO ) for a specified external

periodic signal, i.e., for a specified pair of values B and 0v. This

dependence can be readily obtained in the same manner for any other

specified values of B and v"

)88=/ 0 " -

'c.- -----

Fig. 9.6. 1) For different.

Substituting now the values of the amplitude Av in the first of

the expressions in (9.27), we obtain the so-called bias function in

the form

F0 =I,(x, 9,, B), (9.314)

which is a characteristic of the given nonlinear element of the system

relative to the slowly varying components of the variables F and x.

These slowly varying components are determined then by solving the dif-

ferential equation (9.29), in which it is necessary to substitute the

obtained bias function (9.34).

The fact that the outline of the bias function D(x0 ) is independ-

ent of the character of the variation and of the location of applica-

tion of the slowly varying external signals remains in force here as

was the case in the self-oscillations (Chapter 5).

However, the principal difference between the bias function (9.34),
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which determines the flow of slowly varying signals through a nonlin-

ear system in the presence of forced oscillations, from the bias func-

tion (5.11) in the case of self-oscillations, is that the former de-

pend essentially on the frequency and amplitude of the external peri-

odic signal (whereas in the case of self-oscillations the form of the

bias function depended only on the structure and on the relations be-

tween the parameters of the system itself).

As a result we obtain for each specified forced oscillation fre-

quency Ov a series of curves F = D(x0 ) for different values of the

amplitude B of the external periodic signal f2 (t), as shown for exam-

ple in Figs. 9.7a and b. For specified 'V and B we obtain a fully de-

termined outline of the bias function O(x 0 ), which depends only on the

structure and parameters of the system itself, parameters which are

contained in Eq. (9.31).

AC,-----

i2

:~~~I MIX ,zltb,

) bte)

uB

SFig. 9.7. 1) For different; 2) for spec-
ified.

Here, as in Chapter 5, a second method of obtaining the bias func-

tion is also possible. In this method we determine also incidentally

~the static and steady-state errors. The method consists of the follow-

Ing.
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Inasmuch as the bias function F0 = (x0 ) is independent of the

character of variation and of the point of application of the slowly

varying signals, it can be determined for the simplest case f = const =

f0 (or in the case of an astatic system for pfl = const = co). Then

Eq. (9.29) assumes the form

where N0 = Sl(O)f , or for astatic systems P= dS1 /dp(O)c . Using the

first expression from (9.27), i.e. (for a specified frequency QV),

P (x°, A.), (9.36)

from (9.35) we obtain

x'(A,, M'). (9.37)

Substituting this in the expression for _ and q', which are de-

termined by the second and third formulas in (9.27), we obtain the re-

* lationships

q(Av" M0 ) and q'( AV, M 0)

Inserting them into (9.31), which is equivalent to (9.30), and

solving this equation by any of the two methods indicated above, we

obtain for specified B and Ov the amplitude Av(M0 ) of the forced os-

cillations. Inserting Av(M0 ) in (9.36) and (9.37) we obtain the rela-

tionships

FO(xO , DP) and xO(MO). (9.38)

These relationships are of interest in themselves, since they de-

termine the static error (or, for an astatic system, the steady-state

error at constant velocity) of the nonlinear system with respect to

the slowly varying component, on which there is superimposed also the

steady-state periodic error of the forced oscillations, with amplitude

A v(M0 ). All these errors are determined, as we see, as functions of

the magnitude M0 of the constant right half of Eq. (9.35), i.e., on

the magnitude of the external signal (which is constant and equal to
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f or which varies at a constant rate c0). In addition, however, a

fact of great importance for nonlinear systems, the magnitude of the
static deviation x0(M0 ) can depend essentially on the amplitude B and

the frequency Qv of the external periodic signal, since the expressions

(9.38) were derived with the aid of Eq. (9.31), which contains B and

Qv. The amplitude of the forced oscillations Av depends in turn,

through MO, on the magnitude of the constant external signal. This is

a clear-cut example of the failure of the superposition principle for

nonlinear systems, and at the same time illustrates the advantages of

the method developed here, which makes it possible to detect this

failure, in spite of the approximate nature of the solution of the

problem.

00
~Further, eliminating from (9.38) the quantity M0 , we obtain the

bias function F = O(x0 ) for specified B and Ov (Fig. 9.7a).

Thus, the presence in the nonlinear system of forced oscillations

with the same frequency as the external periodic signal also leads to

the effect of vibration smoothing of the nonlinearity (Fig. 9.7a) as

in the case of self-oscillations (see §5.3). In this case, according

to (9.29), the initial differential equation of the system (9.22) is

replaced for the slow processes under forced vibration conditions by

the equation

Q(p)xO+R(p)ID(x) S,(p), (9.39)

i.e., the specified nonlinearity F(x, px) is replaced by the bias func-

tion $(x0 ) and the external periodic signal f2 (t), by comparison with

which fl(t) is slowly varying, is discarded.

The bias function O(x0 ) is usually represented over a definite

interval of variation of x0 by a single-valued smooth curve (Figs.

9.7A and b), whereas the specified nonlinearity F(x, px) or F(x) may

be of the discontinuous (relay) or loop type, with backlash zone, etc.
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This smoothed characteristic O(x0 ) of the nonlinear element with re-

spect to the slowly varying signals makes it possible consequently to

eliminate the influence of harmful hysteresis loops, backlash zones,

dry friction effects, etc. (see Fig. 5.8). In some cases, however, vib-

ration smoothing may turn out to be a harmful effect, as was the case

of Fig. 5.9, where the gain was decreased. In addition to these phen-

omena, which are analogous to vibration smoothing in self-oscillations,

there appear here in principle also new phenomena resulting from the

dependence of the characteristic O(x0 ) on B and Ov, which will be dis-

cussed later on.

The smoothness of the bias function D(xO ) (Fig. 9.7a and b) makes

it possible to carry out ordinary linearization; namely, for the case

of Fig. 9.7a we can assume on some interval near the origin

J =k,,x', (9.40)

where
h"., --: - -"-1  (9.41)

and for the case of Fig. 9.7b

= Fc'-- k (x* -- x), (9.42)

where x is the nominal value of the variable xO , determined by the

conditions of the specific problem. In this case we have

-=I) (x)

and the quantity
k . 4 . ,or k. =, tg y,

is determined first by means of Formula (9.34) or by means of a cor-

responding plot of the bias function prior to its linearization.

All the slow processes in the given nonlinear system can then be

calculated not by means of Eq. (9.39), but by means of the linear equa-

tion
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IQ (p) -+ k,,I (p)I xQ -S (P)f(t) (9.43)

for the case of Fig. 9.7a, or by means of the equation
4 , . [Q (P) - W-.R p) x= St (p) Aft (t), ( 9.44)

where
Ax° = x0 -, Af fA -1k.

for the case of Fig. 9.7b, with the quantities x and fO related by

the equation

Q (0) xt --R (0) (D (x4) =S, (o)f.

What is very important here is that the gain kn (Fig. 9.7a) will

depend not only on the structure and parameters of the system itself,

as was the case in self-oscillations, but also on the amplitude B and

frequency Ov of the external periodic signal, which can change within

certain limits independently of the system itself. Therefore, on the

one hand, vibration smoothing of nonlinear characteristics with the

aid of forced oscillations has appreciably greater practical possibil-

ities than in the case of self-oscillations, something used quite fre-

quently in engineering, particularly in relay systems for automatic

control. In other cases, however, as will be shown below, vibration

smoothing can lead to harmful effects, and even to loss of system sta-

bility.

From the point of view of simplifying the solution of the problem,

it must be kept in mind that for all odd-symmetry nonlinearities F(x),

both single valued and of the loop type, the calculation of the coef-

ficient kn during the linearization of the bias function can be car-

ried out, as was shown in §5.3, not by means of Formula (9.41), but by

means of the simpler formula

a--- r °o -o (9. 45)

i.e., directly by means of the first expression in (9.27), without de-
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TABLE 9.1

'" 1 t',,' p ,a e:, I % 1 11 OCT11 2 Ilia pawei le k,, (A,,)

kit1  2k5( arcsln -arcsin b 3)_

"A, b

3 k,=k- arcs i/iA,

'F('k,- k, 2(k.--ki) arcsl .

_______ , ,-~

VA,

,)
k' 2c 1AT A

fix)

"-- 2c

1) Form of nonlinearity; 2) expression kn(Av).

termining the bias function i(xO ) itself. The expressions for kn(Av),

determined by means of Formula (9.45) for certain nonlinearities, are

listed in Table 9.1. Geometrically the quantity kn is the slope of the

curve F (xO ) at the origin, for example, the curve FO(xO ) on Fig. 9.5a

at the origin. In order to take in this case a definite curve from

( among the series of curves shown in Fig. 9.5a for different values of

Av, it is first necessary to use the specified values of the amplitude
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B and frequency Qv of the external periodic signal to determine the

value of the amplitude of the forced oscillations Av for x
0 = 0. But

O this problem was already solved in §9.1, and the result of the solu-

tion is represented by the curve of Fig. 9.4. Consequently, we can

merely take the ready-made values of Av of Fig. 9.4, for specified B

and Q and substitute them in Formula (9.45) or use them with Fig. 9.5a.

It is then easy to plot the dependence of the quantity kn not

only on B and 0v (Fig. 9.7c), but also on any other system parameter k

(Fig. 9.7d), the influence of which is desired to investigate, and on

which the amplitude of the forced oscillations Av (Fig. 9.2c) as shown

on Fig. 9.5a depends.

The method developed in the present section can also be extended

to include more complicated nonlinear systems of other classes, as in-

dicated in §1.2. An account of the time delay r also entails no diffi-

culties.

§9.3. Dependence of the Stability and Quality of Nonlinear Systems on
the External Vibrations

After determining the bias function F0 = O(x0 ), it becomes pos-

sible to investigate by means of Eq. (9.39) or by means of the purely

linear equations (9.43) or (9.44) any slowly varying process in the

system, subject to the corresponding slow variation of fl(t) or other

signals. It is merely necessary to bear in mind here that the bias

function O(x 0 ) and the value of the coefficient kn which replaces it

in the linear equation can depend essentially on the amplitude B and

on the frequency Qv of the external periodic signal, and also on the

structure and parameters of the entire system as a whole. We shall

show below that in many particular cases some of these complicated re-

lationships can be disregarded, something that simplifies the solution

of the problem.
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We have previously considered in §5.4 the stability and quality

of a nonlinear system from the point of view of the slowly varying

components. It is meaningful to consider the same in this case, too.

This is a question of very great practical importance, for in many

automatic control systems it is precisely the slow processes that serve

as the basis of operation of the automatic system (the useful control

signal), and the forced vibrations represent the noise (with the ex-

ception of the specially produced vibration smoothing of the nonlin-

earity, which will be considered below separately in the form of a

very simple particular problem).

The stability of the system with respect to the slowly varying

component can be regarded, in accordance with (9.39), by investigating

the nonlinear equation

Q (P) .X, +t R Wp) WI x) = o, ( 9.46 )

where D(x0 ) is the bias function, or else, in accordance with (9.43),

by investigating the linear equation

Q (P) d,-- k,,R (p))l.0: = = . (9 .47)

In both cases the stability of the system can be appreciably in-

fluenced by the amplitude B and the frequency Qv of the external peri-

odic signal, since these determine, as is already known, the form of

the bias function O(x 0 ) and the value of the coefficient kn. This is a

quite new and very important specific nonlinear factor, which we did

not encounter in the preceding chapters. In linear systems there is no

such phenomenon at all.

In the case when the nonlinear equation (9.46) is used for the

slow processes the stability limit can, in particular, be determined

by the method of §2.7 as being the limit of occurrence of self-oscilla-

( tions with repeated harmonic linearization.* On the other hand, if the

linear equation (9.47) is used, we can employ the ordinary stability
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criteria for linear systems (Hurwitz, Mikhaylov, Nyquist) and the or-

t 4 dinary logarithmic frequency characteristics.

Consequently, the stability region of the nonlinear system can

change under the influence of the noise received in the form of sinus-

oidal vibrations applied from the outside, depending on the amplitude

and frequency of the latter. For example, it may turn out that the sta-

bility region of the system with respect to some parameter k (Fig. 9.8a)

becomes narrower, as shown in Fig. 9.8b, with increasing amplitude B

of the external noise, which has the form of vibrations of specified

frequency Qv" Consequently, for each value of k there can exist for a

given frequency of external vibrations its own critical value of the

amplitude B, at which the system becomes unstable. Similarly, by vary-

ing the vibration frequency QV, it is possible to determine for a given

value of the parameter k the dependence of the critical amplitude of

the external vibrations on the frequency (Fig. 9.8c).

91 M2pL .T ,,y 9

b ) co0

Fig. 9.8. 1) Stable equilibrium; 2) for
specified k.

It is important to bear in mind here that when the system param-

eters change the coefficient kn also changes, along with the outline

of the bias function O(xO). Therefore, when plotting the system stabil-

ity regions for any particular parameter k (Fig. 9.8), it is necessary
to vary accordingly throughout the entire time the value of kn in Eq.

(9.47) or the value of (xO) in (9.46), i.e., in plotting the stability
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region it is necessary to take account of the fact that any system

parameter k can be contained not only in R(p) and Q(p), but also in

the quantity kn. On the other hand, the dependence of the quantity kn

on any system parameter can be easily determined beforehand in accord-

ance with §9.2 (see, for example, Fig. 9.7d).

In addition to investigating the stability of the nonlinear sys-

tem, we can use Eq. (9.46) or (9.47), and also Eq. (9.39) or (9.43),

to carry out a complete analysis of all the dynamic qualities of the

nonlinear system subjected to external vibrations (the transient qual-

ity, or the static and dynamic errors), under arbitrary external sig-

nals fl(t) which are slow compared with the vibrations. If we use at

the same time the linear equations (9.47) and (9.43), we can employ

all the methods of the linear theory of automatic control both for the

analysis and for the synthesis of the system. Only in the investiga-

tion of the influence of different parameters on the static and dynamic

qualities of the system it is necessary to bear in mind always that

any system parameter can be included not only in Q(p) and R(p), but

can also influence the quantity kn (see, for example, Fig. 9.7d).

The indicated equations can also be used to determine the forced

oscillations of the system at low frequencies, provided the slowly

varying signal fl(t) is periodic, i.e., it is possible to investigate

two frequency force oscillations of a nonlinear system if the frequency

difference is large. Here, too (as in §5.3), we can subdivide the over-

all motion of the nonlinear system not only into two but into three

types of motion with different degrees of slowness.

The result of all these calculations will be a dependence, which

is peculiar to nonlinear systems, of all the static and dynamic prop-

C erties and even of its stability on the magnitude of the amplitude B

and of the frequency Ov of the external periodic signal (vibrations),
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{ which in some cases may be decisive in practice for the operating
quality of the automatic system as a whole.

The investigation of the nonlinear equations (9.46) and (9.39) by

the method of harmonic linearization will be discussed at the end of

the present section.

The general theory of the behavior of nonlinear automatic systems

in the presence of an external periodic signal (vibrations) discussed

in §§9.2 and 9.3 [2931 can be greatly simplified in different particu-

lar problems. We give here a modification of this general theory for

the following three most typical particular problems:

1) application of a special external periodic signal to obtain

vibration smoothing of nonlinearity (with subsequent linearization of

the smooth characteristic in the design of the system as a whole);

2) investigation of the operation of a nonlinear automatic system

under high frequency external vibration noise, when not all the system

elements pass these vibrations;

3) investigation of the equations of a nonlinear automatic system

with respect to the slow processes in the presence of vibration, using

repeated harmonic linearization.

f

1 I

L-------------------------4- ---- J

Fig. 9.9. 1) Linear element; 2) lin-ear element; 3) nonlinear element;

4) remaining part of the system.

Problem 1. If an external periodic signal f2 (t) is applied to any

automatic system (Fig. 9.9) especially for the purpose of carrying out

( vibration smoothing of the nonlinearity, the obligatory condition is

that the amplitude of the forced oscillations at the output x3 be prac-
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tically negligible. As a result, the variables x3 and x, (Fig. 9.9)

will practically contain no oscillatory component, and will be deter-

mined in terms of the slowly varying signal fl(t) by means of equations

of the type (9.39) or (9.43). Therefore, the variable x at the input

of the nonlinear element will contain only the one oscillatory compo-

nent f2 (t) (Fig. 9.9), i.e.,

x=+ X* x=11 sil Qid. (9.48)

Consequently, in our problem (dealing with vibration linearization

of a nonlinearity with the aid of forced oscillations) there is no

need for solving (9.30) or (9.31) in order to determine the oscilla-

tory components, since in accord with (9.24) and (9.41) we have a

ready-made solution:

A.==B, 0--O. (9.49)

Inasmuch as the external periodic signal f2(t) is assumed to be

applied to this system directly in the same place where the variable x

is applied (Fig. 9.9), we have in Eq. (9.22), which has been set up

for the investigated part of the system (excluding the dashed part in

Fig. 9.9),

S(p) = Q (p). (9.50)

On the basis of (9.49) we obtain from the first formula in (9.26)

2, F(x 3- sin ,, B2. cos ') dt,

which gives us the sought smooth characteristic. We can use here the

ready-made formulas of §§5.6-5.9 and their plots as given in Fig. 9.5a

for all the typical nonlinearities, except that A and Av are replaced

everywhere by B. We see that the special determination of the bias

function (xO), described in §9.2, is completely eliminated here.I As a result, the smoothed characteristic F0 (x0 ) will have a slope

that depends in general on the amplitude B and the frequency Qv of the
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external vibrations. On the other hand, if the nonlinearity is of a

less general type, namely F(x), then the frequency Qv will not enter

into the expression F0 as, for example, in the case of Fig. 9.5a. Nev-

ertheless, it is necessary to stipulate in this case too that the fre-

quency be contained within definite limits, so that the signal fl(t)

can be regarded as slowly varying compared with f2 (t).

After determining in this manner the smooth characteristic F0(xO),

we can then use an equation of the type of (9.29) or (9.43), together

with the linearization (9.45), to investigate any slow process in the

system as a whole, using the ordinary methods of regulation theory. We

note that linearization by means of Formula (9.45) is valid in this

problem for arbitrary form of nonlinearity since the partial derivative

with respect to x0 coincides here with the total derivative.

As regards the equation for the oscillatory components (9.30), or

what is the same, (9.31), it must be used in the present problem only

to determine the desired value of the frequency Qv of the external

periodic signal f2 (t), necessary to ensure the possibility of obtain-

ing the solution of (9.49) for the forced oscillations and the fulfill-

ment of the assumption made above that the forced oscillations at the

output of the system x3 are small. For this purpose we substitute (9.49)

and (9.50) into (9.31). To satisfy the last equation we must stipulate

that the modulus of the ratio

R (P.)

be very small. Consequently, the frequency of the external periodic

signal Qv should lie beyond the limits of the passband of the frequency

characteristic of the entire given linear part of the portion of the

system under consideration.

(- In addition, in order for the amplitude of the forced vibrations
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at the output of the system x3 be negligible, it is necessary to choose

the frequency Ov also beyond the limits of the passband of the sepa-

rate block 2 of the investigated system (Fig. 9.9).

o
Fig. 9.10. 1) Linear element; 2)
linear element; 3) linear ele-
ment; 4) nonlinearity; 5) feed-
back; 6) controlled object.

Problem 2. Assume that some automatic control system (Fig. 9.10)

is acted upon by an external vibration noise

.f (t) Sll sn 2t

and also by an external control or disturbing signal fl(t), which is

slowly varying with respect to the noise. The equations of the system

dynamics can be reduced to the form (9.22).

We seek the solution of (9.22) in the form (9.24), where x0 is

the useful control signal and x* is the vibration noise at the input

of the nonlinear element. Breaking down Eq. (9.22) into two, namely

(9.29) and (9.31), we must, in accordance with the general method de-

veloped above, first determine with the aid of (9.31) and (9.27) the

bias function F0 = (xO), after which we can solve the differential

equation (9.29) with respect to the variable x0 (t) for a specified

function fl(t). In this problem, however, this general method of solu-

tion can be simplified. Let us consider two cases.

In the case when the entire given linear part of the system (Fig.

(_ 9.10), defined by a transfer function

S(9.51)
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Fi 911. 1) Linear element;
2) linear element; 3) linear
element; 4) nonlinearity; 5)
feedback; 6) for different.

practically blocks the vibrations with specified frequency QV, the

equation (9.31) can be rewritten as

Then the amplitude of the vibrations at the input of the nonlinear ele-

ment will be determined by the formula

You.)(9.52)

where 2(0v), Y2(Qv) and XQ(Ov), YQ(v) denote the real and imaginary

parts for the expressions S2(jv) and Q(Jv), respectively.

Formula (9.52) yields a linear relationship Av = (B) with differ-

ent coefficients of proportionality for different vibration frequen-

( cies 0v (Fig. 9.11a). In particular, for the circuit of Fig. 9.10,

this will be determined by the structure of the linear blocks 1 and 2.
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Compared with general theory, an important factor is now that the

vibration amplitude Av at the input of the nonlinear element is in

this case independent of the magnitude of the useful signal x0 . There-

fore here, as in problem 1, there is no need for finding the bias func-

tion O(x0 ) and the characteristic of the nonlinear element relative to

the useful signal F0(xO ) will be determined directly by the first for-

mula of (9.27), which is represented graphically, for example, in Fig.

9.5a. Here, however, it is necessary to substitute in the expression

for F0 (or take on the plot of Fig. 9.5a) the value of A determined
v

by Formula (9.52) (or by the plot of Fig. 9.11a). Therefore, unlike

problem 1, here the outline of the characteristic of the nonlinear ele-

ment with respect to the useful signal F0(x0 ), and its slope

k,, 0

will depend even for the simplest nonlinearities not only on the amp-

litude B,"but also on the frequency Qv of the vibration noise, and

also, of course, on the parameters of the linear blocks 1 and 2 (Fig.

9.10), which enter into the used formula (9.52).

Let us consider further a second case, when the first harmonic of

the vibrations with specified frequency Qv is passed by the linear por-

tion of the system with transfer function (9.51), but is nevertheless

not passed by any other block of the system. Assume, for example, that

the vibrations in the circuit of Fig. 9.10 are blocked completely only

by the controlled object, and that the first harmonic of the vibrations

with frequency Qv does pass through the internal feedback loop. Then,

generally speaking, we can no longer disregard the dependence (9.32)

of the vibration amplitude Av of the variable x on the magnitude of

the useful signal x 0 . However, even in this case a simplification is

Cpossible in the solution of the problem, as compared with the general
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theory, the simplification consisting of discarding in the determina-

tion of the bias function that part of the system, which does not pass

the vibrations (Fig. 9.llb).

In this case we must write down the dynamic equations only for

the remaining part of the system (Fig. 9.11b):

Q, (,) x + R' (p) F (x, px) = SJ, () + S2 (p)f (t), (9.53)

which, of course, will be simpler than the general equation (9.22).

From this we obtain in analogy with (9.33) an equation for the deter-

mination of the vibration amplitude at the input of the nonlinear ele-

ment in the form

X11 (0-11) + "h -%
A -X (A., , x) + Y[ (An, f4,)x ° ,

where X2s, Y2. and Xs, Ys denote the real and imaginary parts, respec-

tively, for S2sW(Jv) and for the expression

Q, (j2.) -- ?, (2.) Iq (A., oU., x") +jq, (A., 9'B, xO) 1.

The equation written down enables us to determine the dependence

of the vibration amplitude Av on the magnitude of the useful signal x
0

at the input of the nonlinear element for each specified external vib-

ration noise (i.e., for a specified B and Qv) by means of the graphic

procedure described in §9.2 (Fig. 9.6).

The obtained dependence Av(xO ) is then substituted in the first

formula of (9.27) to obtain the bias function F0 = 4(x 0), which in

this case will indeed be the characteristic of the nonlinear element

with respect to the useful signal. Its form will depend on the speci-

fied amplitude B and frequency Ov of the external vibrations and on

the system parameters contained in the separated part of the loop (Fig.

9.llb).

In both cases considered above, by carrying out the linearization

Fo = knx of the characteristic F0 (x0 ) or F0 = O(x0 ) of the nonlinear
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*element relative to the useful signal, we can use the ordinary methods

of automatic control theory and the linear equations (9.43) to deter-

mine the dependence of all the static and dynamic qualities of the

given nonlinear automatic control system (and its stability) on the

amplitude B and the frequency v of the vibration noise.

A linear system would go out of order in the presence of noise

whenever the useful signal can in practice not be distinguished against

the noise background. However, so long as it differs normally, all the

static and dynamic properties of the system with respect to the useful

signal, provided the system is linear, remain unchanged. In this case

the vibration noise is superimposed as a supplementary error. The sit-

uation is entirely different in a nonlinear system, and with it all

the qualities and even stability of the system depend so much on the

noise (on B and Qv ), that the system may go out of order for this

reason before the useful signal can no longer be distinguished against

the noise level. This is very important to consider in practice (see

example 2 in §9.6).

From the point of view of simplifying the solution of the problem,

it is always necessary to bear in mind the simplified linearization

formula (9.45), which makes it possible even in the second of the con-

sidered cases to get along without determining the bias function. In

this case it is necessary to substitute in (9.45) the value of the vib-

ration amplitude at the input of the nonlinear element Av, determined

in the absence of the useful signal (x0 = 0), by any of the two methods

described in §9.1, but for the simpler system equation (9.53). The de-

pendence A v(B) will in this case be represented by a curve (Fig. 9.11c),

unlike the first case (Fig. 9.11a).

(Problem 3. In those cases where for some reason the ordinary lin-

earization F0 = k x0 of the characteristic of the nonlinear element
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with respect to the useful signal is not desirable (for example, be-

cause it has an essential nonlinearity on the interval considered), it

is necessary to investigate the nonlinear equation (9.39). For this

purpose we can use any nonlinear method of automatic control theory,

including the approximate harmonic linearization method developed in

the present book. The last method can be used here to solve, for Eq.

(9.39), all the problems considered in Chapters 2-7 and §9.1.

Inasmuch as Eq. (9.39) was obtained as a result of harmonic lin-

earization (9.25) of the initial system equation (9.22), we are now

dealing with a repeated harmonic linearization of the new nonlinear

equation (9.39). The difference between them lies in the fact that the

first harmonic linearization of Eq. (9.22) was carried out for the

high frequency Qv of the vibration noise. The second harmonic linear-

ization of Eq. (9.39) will be carried out for the low frequencies 0

of the oscillations of the useful signal xO.

To be able to employ such a repeated harmonic linearization, in

accordance with Chapter 2, the entire linear portion of the system de-

scribed by the transfer function (9.51) must not pass the higher har-

monics of the useful signal oscillations, meaning also the vibration

noise. Consequently, we shall deal here with the first case of problem

2, where the characteristic of the nonlinear element with respect to

the useful signal is determined directly by the first formula of (9.27)

or by a plot of the type of Fig. 9.5a, where Av is completely defined

for each specified noise and is determined from Fig. 9.11a. Therefore

the nonlinear differential equation of the automatic system for a use-

ful signal in the presence of vibration noise is written here in the

form

Q Q,) -vo- 1- R (p) FO (.O) =S , W(). (9.54)

To investigate the stability of the system and to find the self-
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oscillations with respect to the useful signal for fl(t) = 0, assuming

that the new nonlinearity F0(x 0 ) is symmetrical, we put x0 =

A t0 sin 0t and carry out the repeated harmonic linearization of Eq.

(9.54) in the form

IQ (P) -+- R (p) q" (A") I xo°  -0, (9.55)

where

r

4 = F i s It. (9.56)

The function F0 (x0 ) is defined in the manner described above in

terms of the initial nonlinearity F(x, px). Inasmuch as in Chapter 5

we already have ready-made expressions F0 (x0 ) for typical nonlineari-

ties, then, by using these expressions, we can compile ready-made ex-

pressions also for q0 (AO) by using Formula (9.56).

For example, for the ideal relay characteristic F(x) = c sign x

we have in accordance with (5.101) the following expression for F0

FO := *Xarcsh,, for x0 <AN.

We obtain therefore from Formula (9.56)
if
2

qaresi A Sill sin-- d.A (40 ms A.

As a result we ultimately obtain in analogy with Formula (5.80)

q " A ." I K.- A A ),

where K and E are the complete elliptic integrals of the first and sec-

ond kind, the values of which are listed in mathematical tables. An

abbreviated table of their values was given at the end of §5.3, where

in this case it is necessary to take

%=arcsinA,

CAnalogously, we can obtain analytic expressions qO(AO) also for
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other typical nonlinearities. In more complicated cases it is possible

to use the graphical procedure described in §3.8, which is applied to

L* a plot of the corresponding function F0 (x0 ), obtained by the method of

Chapter 5 (§§5.6-5.9).

Using Eq. (9.55) we can investigate the stability of a nonlinear

system relative to the useful signal by the method described in §2.7.

If necessary, the same equation can be used to determine also the self-

oscillations x0 - A0 sin QOt of the system relative to the useful sig-

nal, by using any of the methods given in §2.3, and one can likewise

answer all the questions raised in §2.9. Consequently, we obtain here

again the possibility of investigating nonlinear two-frequency oscil-

lations with a large difference in frequencies, of which one 0 v cor-

responds to forced vibrations and the other 0 corresponds to self-

oscillations.

Using the same coefficient q0 (A0 ) of repeated harmonic lineariza-

tion, we can use the equation

Q (i') -- R (p) q" (AO) I x =-- S, (p)f (t),

which follows from (9.54), to investigate also nonlinear forced oscil-

lations of a system with respect to a slowly varying signal with fl(t) =

- B0 sin Ct by the method developed in §9.1. These will be nonlinear

two-frequency forced oscillations with a large difference in the fre-

quencies Qv and 0

In the present section we have referred throughout to Eq. (9.22)

for a nonlinear system of the first class. The same method of solving

the problems described here can, however, be extended also to include

other classes of systems with several nonlinearities, similar to what

was done in Chapter 2.

C~ §9.4. Calculation of the Higher Harmonics of Forced Oscillations

Forced oscillations in the locking mode (i.e., having the same
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frequency as the external periodic signal) were determined in first

t
-. approximation in the sinusoidal form (9.3):

x = A,, s, (Ot -+ ).(9.57)

Leaving in force all the previous conditions imposed on the sys,

tem in §9.1, we shall now seek the forced oscillations with allowance

for a finite number of external harmonics, in the form*

V (9.58)

where x1 is the more exact first harmonic

.x, = A, si ( t- ,), (9.59)

and A1 and 9l denote the values of the amplitude and phase shift of

the first harmonic of the forced oscillations, made more exact by tak-

Ing into account the higher harmonics. By xk we denote in the solution

(9.58) the higher harmonics of the forced oscillations, which we shall

seek in the form

.k -- kA,, sin (kLV d- Tk) (kc = 2, 3,..., n), (9.60)

wh~re 6k is the relative amplitude of the k-th harmonic (the ratio of

its amplitude to the amplitude of the first harmonic Av, calculated in

the first approximation). The quantity 6k will play the role of a

small parameter.

We shall specify the system equation as before in the form

Q (P) x-I R (p) F (x, px) = S (p)f (t), (9.61)

and in connection with the possible inclusion of the higher harmonics

we can specify a nonsinusoidal external periodic signal (triangular,

rectangular, etc.), expanded in a Fourier series in the form
m

1() = 13, .inI, -J-- B.k Si( ( 2 s -I- D) (,01 < I, B < B). (9.62)
k-2

( We retain in the expansion a number of harmonics m, which is equal to

or smaller than the number of the harmonics n considered in the solu-
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tion. It is also assumed that the principal role in the makeup of the

function (9.62) is played by the first harmonic B1 sin Pvt.
I As was done in the investigation of self-oscillations (§2.2), let

us expand the nonlinear function F(x, px) in a Taylor series and make

the substitution (9.58), and in view of the smallness of the sum Zxk

of the higher harmonics we confine ourselves to the first terms of the

expansion
Jn

F(x, px) F(x, px) -.- F (xI, px) X- +
k-2

-+- i , px) N pxh. (9.63)
k-2

We then expand this expression in a Fourier series. In seeking

the more exact solution for the self-oscillations in §8.1 we have

shown that the first harmonic of the Fourier expansion must be taken

over the entire expression (9.63), while the higher harmonics need be

taken of only the first term of F(x1 px1) in its first approximation,

since inclusion of the higher harmonics in the calculation of the

highest harmonics would correspond in the solution to terms of higher

order of smallness. Thus, the result of the expansion of Expression

(9.63) in a Fourier series is represented in analogy with (8.15) in

the form

k-2

where for xI = A1 sin , Ovt + P we have

--L F(AI sin t, A1Q, cos *) sill, (d,nA, 
(9.65)

q = -- 4 4 ( , s ,, A 9.4 , cos , ,) cos , d +,

and, in addition, for xI = Av sin *, = vt + q we have
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A 4j- P(.V, Px - .xV

k-2

+ F(xl, px1) p1 px] sin d,

21t (9.66)

k-2

+ F(xj, px) Pxk]cos '1,

k-2

2x
qh - - F (A. sln , , A.2. cos 4) sin (k y - k? + k) d,

2. (9.67)

qk 2M F (A. sin ', A.2, cos') cos (k+ - hp p67) d.

The principal coefficients _ and q' (9.65) have their previous

form (9.10). We can therefore use here in its entirety the material of

Chapter 3, except that in the formulas there we replace A and Q by A1

and Qv . The new additions Aq and Aq', which give the correction to the

first harmonic x1 resulting from the higher harmonics Zxk of the

sought periodic solution, and also the coefficients qk and q'k for the

higher harmonics, can be transformed by the procedures used above (see

§8.1) to a form more convenient in computation.

Substituting xk from (9.60) into (9.66) and introducing the quan-

tity Q =vt + cp, we make use of the substitution

sin (k!2 d- ?) sli (k - k? + pk) = sin ("' + 'p) =

= COS +k sin k', I - sill 4' cos k,

cos (k2,,t -- Y) - COS 'ph cos kp - Sil ' sin k'p,

where

2" t + ?I f =k -k?. (9.68)

With this substitution, the formulas of (9.66) are transformed into

Aq = 'V ikak COS ' h 1 lk, a sill 'ph,
k'!:2 (9.69)

Aq' 7 -
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where Ikl, k 2 Ik , and Ik4 are calculated by means of Formulas (8.13)

in which 92 is replaced by Qv .

On the other hand, the formulas of (9.67) assume the form

qk= rk cos th + Sk sin 4 k,

= sk COS ri (9.70)

where

rk -h--A F (4, sln ', A., cos ) sin k J d,?,

20 (9.71)

Sk -r I F(A. sin , A,,Q. Cos )cos k' dt .

We now express all the harmonics of the external periodic signal

(9.62) in terms of the corresponding harmonics of the sought periodic

solution (9.58). According to (9.60) we have

x = s.in (k'2t [" 'i)T , PXA k7 k V COS (k2,t -I- ?k).

Each higher harmonics of the external signal (9.62) can be represented

in the form

11, sin (MJt =--- 13k) = k siII (k"21 t + ?k - ,k + D)
I3k cos (? Ik) sin (kt -,t-- ?) TO '?k sin (?k - k) cos (k-t + 'k)

1 C os (Il k) s in (7/ - "k)
____ 'V? V, -- a -- pXk.

As a result we write down the external periodic signal (9.62) in the

following form

/)'(COS'Pt--- its- )X,+f(t)- A,~ f )~
A: -

+ k [Cos ('?k - DO - ,'k( ak) p] XA. (9.72)

We now substitute the sought solution (9.58), and also the ex-

pression (9.64) for the series expansion of the nonlinearity and the

formula for the external periodic signal (9.72), into the specified

nonlinear differential equation of the automatic system (9.61). It

breaks up into n linear equations: one equation for the determination

of the more exact first harmonic with allowance for the higher har-
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monics,

Q (P) x, + R (p) (q + Aq -- p) x,
S ( cos COS 'Pt ) ,. (9.73)

and n - 1 equations for the determination of the higher harmonics

, (p) X& +/ -(p) qk + -. -) p X=

') [k oC , Dk- 'S'l 4k) p X k (9"74)

In the case when m < n, we have Bk = 0 for k > m, i.e., in the

equations numbered k > m there are no right halves. If the external

signal is specified in sinusoidal form, then all Eqs. (9.74) will not

have any right halves. On the other hand, if the external periodic

signal is not sinusoidal and m = n, then all terms are present in all

equations of (9.74).

Equations (9.73) and (9.74) can be regarded as homogeneous dif-

ferential equations, which are linear along the periodic solution. We

first find the higher harmonics, assuming that the first approximation

for the first harmonic (i.e., the values of AV and T), in accord with

§9.1, is already known. For this purpose, substituting p = JkQv in

(9.74), we write

(jk,,) -- R (jk ) a l (qk jqj) 

(
(jk2,) - 1!-7 I -os (.?k- DOk- I Sil (Tk - 00l.

Recognizing that in accord with (9.70) and (9.68)

qk 1FJqk = (rk -I--sk) (cos 'N - sil ik) (rh -jk) e-J'kejkt

and also that

CoS (?k - 0k) -j Sill (?k - DO) - joe

we obtain from (9.75)

gk'k !=-" Q j ( r +- -Jk) d ki +

3(jkQ,) (k ejo ( 2, 3,..., n). (9.76)
Q- ul!) .2
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Inasmuch as Ov, Bk, and k are specified if the external periodic

signal (9.62) is specified, and the values of AV and cp are known from

the previously obtained first approximation (see §9.1), we can deter-

mine from (9.76) the relative amplitude 6k and the phase shift 91 of

each of the higher harmonics of the forced oscillations separately,

namely

R+jQP r ~)e'y S (k -Q ) B k eJO)I,
Q (jkuA,) Q (h!2B) A,

(?k= 'Irg Q (k'M)(rk +J$1) e-' k + s(1k2) Aeok] (977)
(k = 2, 3, .... n).

In particular, in the case of a sinusoidal external signal, when

all the Bk - 0, we have in place of (9.77)

(---2 3, ). (9.78)
?..arg -( ,- _ arctg +I--.Q (j hk ) j #

We have thus calculated the higher harmonics of the forced oscil-

lations. Let us proceed to obtain a more exact first harmonic by tak-

ing into account the higher harmonics, i.e., to determine the quanti-

ties A1 and 91. For this purpose we substitute the obtained values of

5k and Tk into the formulas (9.69) and calculate the additions Aq and

Aq' to the harmonic linearization coefficients. To determine the more

exact first harmonic of the forced oscillations, we write down on the

basis of (9.73) the characteristic equation
q, B ( i, ,P) (9.79)Q2,(p) +-(P( -- ''-p ,,~~p ,,(o i- ~ )~ (.

where

Q, (p)- Q (') I?(p)(Aq l- ,1 (,) (9.80)

is the polynomial Q(p) which has been corrected by additions to its

coefficients. The calculated values of Aq and Aqt play here the role

of constant numbers along with the system parameters, in terms of which
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the coefficients of the polynomial Q(p) are calculated.

Thus, in accordance with (9.79), the determination of the more

-. exact first harmonic of the forced oscillations is based on the com-

plex equation

At Q. (Ad)-+ R YQ,) (q + jq') -B~e' (9.81)
S (W23)

This equation has the same outward appearance as the previous

equation (9 .14). We can therefore solve it in the previous manner,

either graphically by determining the points of intersection of the

curve

QL (jQ I) + ? (j2.) (q -+" jq')Z(A,)=A,- sjl -- (9.82)

with the circle of radius B1 on the complex plane (Fig. 9.12), or else

analytically by reducing it to two equations

X1 (A,, Qj) + Y1 (A,, .) - BI
3( ) + Y( s) ( 9 .8 3 )

Yj (A,, ,, .Q.) t Y5 (-Q")

,- cg X, (Al, S20) X (Q. '

as was done in §9.1, but with replacement of the polynomial Q(p) by

QI(p).

We thus find the first harmonic of the forced oscillations in the

more exact form (9.59), and consequently also the entire solution for

the forced oscillations in the form

= A, sfn (2.t + cp,) -- A' Sil, sl, (k.t ± 'a). (9.84)

If necessary, we can now obtain more exact values also for the

relative amplitudes 6k and the phase shifts Tk of the higher harmonics,

calculating them by means of Formulas (9.77) or (9.78), but by sub-

stituting in them and in (9.71) not the first approximation Av and qp,

as before, but the more exact values A1 and Tl obtained here. Let us

denote these more exact values of 6k and Tk by 
6 'k and T'k" Then the
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solution for the forced oscillations will be found in the form

k-~2

In general we can proceed to develop successive approximations

which, however, are hardly necessary for practical calculations.

Let us consider in particular the case most widely used in prac-

tice, when the system contains one single-valued odd-symmetry nonlin-

earity F(x), for which the most significant of the higher harmonics is

the third. Assuming that the external periodic signal has the form

f(t) = l Si t + Ba sit (3Qt + 03), (9.86)

we shall seek the forced oscillations of the system, described by non-

linear differential equation (9.61),in the form

x = A, sli (9.t + ?,) + 93A. sin (39.t -P P3). (9.87)

The formulas for the calculation of the third harmonics of the

forced oscillations will be here, in accordance with (9.77) and (9.71),

r -- a Q (jQ3 ) . I' / (9 .8 8 )
.r r R(j30,) - S(J3Q,) B e 1

Tp3=. ar Q-] 3d Q (j3S?) A.C p

In the case of a sinusoidal external signal (B3 = 0) we get

R-5 , .J308) = arg W- ( ) f3?, (9.89)

83 = r3I QC 3 Q Uj321)

where

2

r F(A.slit )sin 3 d+, (990)

with Av and q now assumed known from the first approximation (§9.1).

In Eq. (9.81) we have for the more exact first harmonic in the

present problem q' = 0, i.e.,

(ji,)q.) .. Iva, (9.91)

where
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Q, (ie,) Q= Q (i,,) + R (jO,,) (Aq + jAq'). (9.92)

In this case the formulas for the additions Aq and Aq' become much

more simple than in the general case. In place of the expressions

(9.69) we now obtain
Aq =- ha cos (3 - ),
Aq'-= 3ra83 siri (y, - le?), (9.93)

. where

2 (9.94)
h3 ( A sit] sin 3 i sin d p (9 4

0

For r3 and h3 we can use the ready-made
Z(Aj expressions given in §8.3, and for q(A1 ) we can

use the material of Chapter 3. The result will
Fig. 9.12

be the more exact solution (9.87) for the forced

oscillations. We can use here both the graphic method (Fig. 9.12),

plotting the curve

tZ (.A,) ---- A, R, YS,) + R (yg.) q (A.) ( -5
s()(9.95)

and the analytic method using two equations (9.83), which in this case

can be written in the more expanded form

IXQS (on) + x (J) q (A,)]' + [ YQ, (QJ) + YR (Q3) q (A,)]' = BA} (Q1,,) + Y2S (91) (9.96)
-- arctg -i (Q8) + -1? (o) q ( arctg,) Js((9)6

where XQ , XR, YQI' and Y. are the real and imaginary parts for the

expressions Ql(Jf2v) and R(Jv), respectively.

If necessary we can refine also the third harmonic, writing down

the solution in the form

X=A, [sin (2 t + ,) + 8; sin (32,1 - ;)], (9.97)

where 6' 3 and q'3 are determined by the same formulas (9.88) and (9.89),
but in which we substitute, as we do also in (9.90), the more exact
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values A1 and 91 in place of AV and 9.

§9.5. Examples of Determination of Symmetrical One-Frequency Forced
Oscillations

Let us illustrate by means of examples the use of the methods for

the determination of forced one-frequency oscillations in nonlinear

systems.

Example 1. Relay system of second order with delay. The system

consists of a linear part and of a nonlinear (relay) element (Fig.

Avae,7 9.13). Assume that the input to the system is

h an external sinusoidal signal

A'we , 1 X2 (t) = Bsin 2,/t. (9.98)
C.,,".lb/ The equation of the linear part has the form

Fig. 9.13. 1) Non- (Tip +-1)px,=kx?. (9.99)
linear element; 2)
linear part of the The equation of the relay element is the non-
system.

linear function

X= F, (x)= e-'F(x), (9. 100)

which is specified in the form of an ideal relay characteristic F(x)

(Fig. 9.14a), but with the output of the nonlinear element subject to

a time delay -.

The forced oscillations of the input to the nonlinear element

will be sought in the form

x = A, sin (2,t + y). (9.101)

Assuming that the condition for the existence of a single fre-

quency periodic solution (locking condition) are satisfied, let us de-

termine the amplitude Av and the phase shift 9 of the forced oscilla-

tions.

Substituting (9.100) in (9.99) with allowance for the fact that
x, =f (1) - x,

we obtain the system equation
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(7",p + I)px + k/7(x)----(TIP -') Pf(t). (9.1lO2)

We represent the sinusoidal external signal (9.98) in the form
IsW /(t) =B ISill(. - =

=- 1 cos y sin (f2t + p)- B sill y cos (it + ').

Recognizing that in accordance with (9.101) we have

px-A -- ,. cos ("t + j ),

we ultimately obtain

fI(= (cos -Cos s )l X. (9.103)

Substituting (9.103) in (9.102), we obtain a homogeneous nonlinear sys-

tem equation for the variable x

(TP 1 1- (C s n p)px-+ -r*, (x)--= 0. (9. 104)

Harmonic linearization of the ideal relay characteristic in ac-

cordance with Formula (3.14) and with allowance for the time delay

yields

GO ()= 'Px. ( 9.105)

The characteristic equation, corresponding to the equation (9.104)

with allowance for (9.105) assumes the form
TpA Pp--cos+-- p t'*c e-' =0. (9.106)

Substituting in (9.106) the imaginary value p =JQv and taking into

account the fact that

Col ? -- ?In ,

we obtain
A - 4kce- J1

A. ,e-"s -. (9.107)

Let us specify the numerical values of the system parameters, and

also the amplitude and frequency of the external signal: k 10 sec - ,

c = 10 volts, T1 = 0.01 sec, T = 0.01 sec, Ov = 10 sec -1 B = 20 v.

Substituting the assumed values of the parameters in (9.107), we
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r obtain
A. - 2,5- j. 12,3 = 20C1-. 

(9.108)

Let us employ the graphic method described in §9.1. We draw on the

complex plane (Fig. 9.14b) a circle with radius R = 20, representing

the right half of (9.108), and a line corresponding to the left half

of (9.108). On the line we mark the values of the amplitudes of the

forced oscillations Av . The points where the circle and the line cross

yield the solution for Av and T. We note that the phase shift angle is

positive in a clockwise direction, since the right half of (9.108)

represents a vector which produces rotation by an angle T in the oppo-

site direction corresponding with the usual convention for positive

angles. As can be seen from Fig. 9.14b, in this case we have Av = 18.2

volts and T = 380. We can conclude from this construction that for the

assumed frequency Qv = 10 sec -1 the lowest threshold amplitude of ex-

ternal signal is Bpor = 12.3 volts, i.e., it is equal to the radius of

the circle tangent to the line Av.

For the given values of the parameters, there is only one point

of intersection of the circle and the line with positive values of the

amplitude, i.e., we have one periodic solution. At other values of the

parameters, however, we can have in principle two periodic solutions,

since circles and lines having two points of intersection are possible

when Av > 0.

Drawing several circles for the values of the amplitude of the

external signal, other than B = 20, we can determine graphically the

functions Av(B) and 9(B). Analogously, drawing a series of straight

lines for different constant values of 'V, T, and k, we can determine

the functions Av( v) , ( Av( ), c(T), Av(k), and q(k).

( Plots of the foregoing functions based on the graphic solution

are shown in Figs. 9.15a, b, c. The auxiliary construction for the de-
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4termination of A o)and q9(!Qv) is shown in Fig. 9.14c.

Let us illustrate, using the same example of a relay system with
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delay, the use of the analytic method. For this purpose we set up two

equations by means of Eq. (9.107) with two unknown A and q: the first

equation follows from the equality of the moduli of the complex expres-

sions of the left and right halves of (9.107), and the second expres-

sion follows from the equality of the arguments.

Substituting in (9.107) the value

-JT28 cos '6. -j Sin ,€Q,

and carrying out the transformations, we obtain

(9.109)

where

a= T*' cos - , sh, ,.,
[ --- 7"*1--21 Sill -'Q. - Cos

2= 71 + -.

From Eq. (9.109) we obtain the corresponding expressions result-

ing from the equality of the moduli and arguments:

In _'I kcatkc,3) =B

:-=--arct .., ,,e, '(9. iii)

(9.111)

Equation (9.110) can be solved with respect to the amplitude of

the forced oscillations. The result of the solution yields

B - -(9.112)

As can be seen from (9.112), forced oscillations are possible only if

B > ,i1 ,l
nyI

i.e., when the values of the amplitude are real.

Calculating the amplitudes and phases of the forced oscillations

by means of (9.112) and (9.111) with the assumed values of the system

parameters and of the external signal amplitude, we obtain

AV = 18.2 v, q)= 380 .
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Inasmuch as in this system two forced periodic solutions are pos-

sible for certain values of the parameters, frequency, and amplitude

1: of the external signal, the solution obtained for x must be checked

for stability. Let us do this by the method of averaging the period-

ically varying coefficients over the linearized equation in terms of

small deviations from the periodic solution (see §9.1).

We turn to the initial equation (9.102). The periodic solution

for Eq. (9.102) has already been obtained. We introduce a small devia-

tion from the investigated periodic solution for the variable x:

x = x* + Ax, where x* = Av sin (Qvt + p).

Substituting the value of x in (9.102) and expanding the function F (x)

in a Taylor series and then neglecting terms of higher orders of small-

ness, we obtain

I)p(x* -1 (T 1)pf 0). (9.113)
ur n, (x*) + *Xi

Since the initial equation is satisfied by the value x = x* in the

periodic solution, we have for the steady-state oscillations

(ITp I- Q)px* -I- k1 (x*) =(T, i - p D '(t).  ( 9. 114)

Subtracting (9.114) from (9.113) and representing the function F T in

the form

we obtain a linear equation in the small deviations from the periodic

solution:

(Tp - 1)pAxI k ()*AX=O. (9.115)

The asterisk denotes that after taking the derivative it is necessary

to make the substitution

x == An sill (Q~t + ).

The periodically varying coefficient (aF/hx)*, which is contained in

(9.115), will be replaced by its average over the period
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2--- " '(9 .116)0

With allowance for (9.116), Eq. (9.115) assumes the form

.(rip + 1) p + ke-"I Ax = O. (9.117)

Let us calculate the value of the coefficient c. The derivative

iF/ax, in accordance with Fig. 9.14, is an instantaneous pulse with

area 2c. Consequently, the integrand in (9.116) is equal to zero every-

where except at the point x 0. We represent the integral (9.116) in

the form

S dP\ *dx

Since we have when x A v sin * and = v t +

we obtain, by changing the integration limits,

A,

x'S (d 7x d

When x = Owe have Av2-- x2 = Av, and the integral of dF/dx with re-

spect to dx is the area of the pulse, equal to 2c. Consequently, we

obtain ultimately

c(9.118)

Substituting the value of ,c from (9.118) into (9.117) we obtain the

equation
2kc "t"

t~~pF,)+ A , XXo (9.119)

The characteristic polynomial for Eq. (9.119) can be written in

the form

L ( P ) --- "2 -"( T' p -+ l ) p -+ -e - IT .c L+(9.120)
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w=--0 An analytic expression for the Mikhaylov

b jY curve will be

(jw) - Tw'+2 -I-1 ') + eJ1 (9.121)

After substituting the numerical values
m=16 L(/z'i)- of the parameters in the value of the amp-

litude Av we obtain

L (j,)=-0,286 - 0 0o+

- j. 0,286w + e-1,o00. (9.122)

In accordance with (9.122), let us con-
'(JO e=O

0 ai=i0 r struct the hodograph of the vector L(jw).

A'\--.O For this purpose we plot the hodograph of

Fig. 9.16 the vector corresponding to the first two

terms of (9.122), and draw a circle with

unit radius corresponding to the third term. As a result of addition

of the corresponding vectors for the different frequencies we obtain

the Mikhaylov curve (Fig. 9.16). The resultant Mikhaylov curve corres-

ponds to a second-order stable system with delay, and consequently the

periodic solution is stable.

Example 2. Relay system of third order. Assume that the linear

part of the relay system of Fig. 9.13 is described by the equation

. (TIP-;- 1 (7jp -1- #xj, == kX ', (9.123)

and that the relay element has a coordinate delay determined by the

characteristics shown in Fig. 9.17a. The external signal is as before

sinusoidal and is applied to the input of the nonlinear element:

f(t)-- B sin .

We shall seek the forced oscillations of the variable x as before in

the form

x = A., sin ( 1  I- p).
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i For a relay element of the type considered, the harmonic linear-

! ization reduces to a replacement of the nonlinear function by means of

, a linear relation

20F(X q(A, D0p]x

where in accord with Formulas (3.9) and (3.10) the values of the har-

monic linearization coefficients are

q ( ,A .) = -0. -- , , A ) --- -- b f o ? A , - b .

Assuming that the locking condition is satisfied, let us determine

the amplitude AV and the phase shift (p of the forced oscillations for

the variable

82
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Substituting

x = F (x)

in the equation of the linear portion (9.123) and recognizing that

x, =f(M - X,

we obtain the system equation

(Tip + 1)(Tp+1)p-V+kF(x)--(T,p+ 1) (p-+ 1) pf(t).

Replacing f(t) by its value (9.103), we get

(Ti+ )(~p 141-A (Cos? Iny2p)]x+1?F(x)=o. (9.124)(Tip + 1) (Tipq + ) p[ A( W

The characteristic equation corresponding to (9.124) will be

[ -A (cos?_-- ]+t(q--.tp).=O, (9.125)

where the nonlinearity is harmonically linearized by the formula

F(x)[q(A.)+ p A

Substituting into (9.125) the imaginary value p =Jv and recognizing

that
cos r - j shii e-1,

we obtain

S " [q_(A,,) I- q'(A,)J
As . (9.126)S L (1 ,-L- 'f) - j t -- iT 3L r, 2 ,J

Let us specify the numerical values of the system parameters, and

also the frequency and amplitude of the external signal: k = 10 sec
-I,

c = 10 v, b = 4 v, T1 = 0.01 sec, T2 = 0.02 sec, B = 20 v, and 'V

1 10 sec -1 .

Substituting the numerical values in (9.126) and taking the values

of q(Av ) and q'(Av) into account, we obtain

A. (3,6:3 J/A; - 16 + 23,7) + j (11,8 A f -. 0,72) (9.127)

Let us employ the graphic method for the determination of Av and

q. For this purpose we draw on the complex plane (Fig. 2.17b) a circle
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with radius R = 20, representing the right half of (9.127), and spec-

ifying different values of Av let us plot the curve corresponding to

the left half of (9.127). The point where the circle R = B = 20 crosses

the curve Z(Av) yields the solution of Eq. (9.127), namely AV = 21 v

and T = 350 .

W Carrying out similar solutions for different values of the ampli-

tude of the forced oscillations, i.e., drawing a series of circles
with different radii R = B. we obtain the functions Av(B) and q(B),

represented by the curves of Fig. 9.17c. Similar relations can be ob-

tained also for the external signal frequency Ov and for any other sys-

tem parameter. To obtain these relationships it is necessary to vary

one of the parameters while keeping the remaining ones constant, and

plot the Av curves. It is sufficient here to plot only those portions

of the curve that cross the circle corresponding to the specified

sinusoidal external signal.

An investigation of the stability of the forced oscillations is

unnecessary in this case, since we have here a single periodic solu-

tion.

1 2 3 4 5

Fig. 9.18

Example 3. System for angular stabilization. By way of the third

example of determining the forced oscillations, let us consider a sys-

tem for the stabilization of the angle of an object in space, repre-

sented by the block diagram of Fig. 9.18. The sensitive element of the

system is a gyroscope 1, the potentiometer of which yields a voltage u
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which is applied through filter 2 to the first amp-

lifier 3. The resultant current iI is applied to

a 6 1 the input of the second amplifier 4, which feeds

the rudder engine 5. The rudder engine acts on the

object 6 as a result of a change in the rudder de-

Fig. 9.19 flection 6. The system is provided with an addi-

tional proportional feedback loop 7, which encloses the amplifier and

the rudder engine.

Let us consider first the case when only one nonlinearity is taken

into consideration, namely the saturation in the rudder engine p6

F(i), assuming F1 (i2 ) = k3i2.

Let us assume that an external harmonic signal is applied to the

sensitive element of the system (to the gyroscope):

f(t) =Bsin t. (9.128)

In accordance with the block diagram, the equations for the ele-

ments will be as follows:

1) gyroscope

k, (t-) i (9.129)

2) filter

Ii (-,p -i-); (9.130)

3) first amplifier

,1 -- kJ 2; (9.131)

4) second amplifier

(TO, +0 1 = k& (11 - 1...); ( 9.132)

5) object

, -- ; (9.133)

6) supplementary feedback

(10.c ,o.C. (9.134)

The nonlinear link - the control-surface servo (rudder engine) has
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the nonlinear static characteristic p6 = F(i) (Fig. 9.19).

We shall determine the forced oscillations for an input to the

nonlinear element in the form

t= A, sin (Qt + () (9.135)

Employing harmonic linearization for the nonlinear element, we obtain

F F(1) = q (A.) 1, ( 9.136)

where in accordance with (3.19) the value of the harmonic lineariza-

tion coefficient is

q (A.) k,(arcsin b f for A,:,b,SA)='r ( A , As -- Ai)

q (A.) ho %..for As< b.

From the linear element equations (9 .129 )-(9 .134) and from the linear-

ized equation of the nonlinear element (9.136) we obtain the following

system equation for the variable i:
(rp + /-j + k 0k.oqp + kko-zqj? + kk, ) I --k (-p --- 1) paf (t), (9.137)

where k = kik2 k3 k4
To reduce Eq. (9.137) to a homogeneous one, let us express the

external signal in terms of the variable i. Representing f(t) in ac-

cord with (9.128) in the form

f(= B sin I(_ot + (P) - ?=
= B Cos Y sit (12,t -- To) - B sin T Cos (91 -[ (P)

and taking into consideration the fact that

I = A. sit (At + ?)and pI = A.2. cos (C.t - ),

we obtain

ft=(Cos sin ),

Substituting the value of f(t) in (9.137), we obtain the homogeneous

equation
(Tp ' - + k,&.,*qp - kk0oqp - kk 0q) I =

( =(-p + 1)p- (1op Cos) i. (9.138)

To determine the forced oscillations, let us substitute into the
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characteristic equation, corresponding to (9.138), the value p = JRv"

As a result, recognizing that

S cos T -- j sin e-J?

we obtain the equation

A, (7"T. - jQ, - heko.cqQ, + jkkoqQ.+ kkoq)

- k (Tign + 1) J121,1

From the condition that the moduli of the right and left halves

of this complex expression must be equal, we obtain a formula relating

the amplitude Av of the forced oscillations with the amplitude B of

the external signal, the frequency ', and the system parameters:

[TQ, + (kk0 --- k,ko.,.o.) q (A,)j2+[kk',q (.A.) , - (9. 139 )k~o2 O~Q:+ I)

from which we can obtain also a relation for the determination of the

phase shift 9. In practice, however, it is frequently of interest to

determine only the amplitude of the forced oscillations.

To determine the dependence of the amplitude of the forced oscil-

lations on the amplitude and frequency of the external signal, and

also on the system parameters, we shall assume the following numerical

values for the parameters: k = klk2 k 4  18 A/deg, kk0 = 9 mA/sec 2 deg,

k ko.s = 1.8 mA/deg, T = 0.02 sec, = 0.5 sec, Ov = 12-95 sec - , and

k5 = 4 deg/sec'mA.

For the assumed values of the parameters we shall have in Formula

(9.139)

k k O < k jk 0 ,, Q2,, h ,k r q l2 ) .< Q) 3 n

Then Eq. (9.139) can be approximately rewritten in the form
A'. 1/ [T Z /eko. q (A,,)I -t-' 1.(. )0-- - -.- ,,.(9.140)

Formula (9.140) was used to calculate the change in the amplitude of

the forced oscillations as a function of the amplitude and frequency

of the external signal and of the gain _k; the results of the calcula-
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tions are plotted in Fig. 9.20. The amplitudes are given in the rela-

tive values A/b and B/b. The scale for the quantity kn shown in Fig.

9.20b will be used later on in example 2 of §9.6, in the investigation

of the dynamic properties of a system with respect to a useful signal

under conditions of vibration interference.

For the same system for the stabilization of the angle of an ob-

ject in space (Fig. 9.18), let us examine the determination of the

Cforced oscillations with allowance for two nonlinearities. Assume that
in addition to saturation in the rudder engine we also have a charac-
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teristic with saturation in the first amp-

lifier.

In this case we have in place of Eq.
04 ,

(9.131) for the first amplifier, the har-

monically linearized equation

Fig. 9.21 11 = Ft (1) = q (A)1 2, (9. 141)

where

qt(A,.) 2k, arcsin I

A1  is the amplitude of the forced oscillations for the current 12,

while k 3 and b are determined by the nonlinear static characteristic

of the first amplifier (Fig. 9.21).

The system equation now assumes in accord with (9.138) the form

(7P' +- p -+-. I.o.0 qp'1 -- k'koqq ji' j - k*'okqq,) i

k*qi(,pIPA, (Cos T P) (9.142)

where k* - klk2k4.

The characteristic equation corresponding to the differential

equation (9.142) will be

7' + I
q5 , t q p  +  k~k.. ; V + k*ko-r t + k*koq =

q , ( cos-,p ,i,, C O ? \Y ? ( 9 . 1 4 3 )=~ ~1 A*(p+ /, (. -- Vt)

Inserting p = J!v in (9.143) we obtain

7 j - - kk0., !L 2 +k*k,- q2, + k*koq =q , -1q, - --k o. q1 ,
12 k,%2- kQ ~. ( 9.14)
0 H A,

From the condition that the moduli of the complex quantities must be

equal we obtain on the basis of (9.144)

A! (I"Ql - k4k.,q-[ + k*koqq,)' w4- (k*ko.qjq°I- )Q-.()
'  1

+, Bt_ (9.145)

For the previously assumed values of the parameters and for 3

= q 1max = 50 we obtain
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k?3koql <kk 0 , */,qq . 2, I<

Neglecting the small quantities in (9.145), we obtain a simplified

formula for the determination of the amplitude of the forced oscilla-

tions

qy + =. (9.146)

Since the coefficients q(Av) and q,(Al ) depend on the amplitudes of

different variables, then to change over to a single amplitude it is

necessary to employ the transfer function of the elements separating

the variables i2 and i. On the basis of the indicated transfer func-

tion
__ (k ,ki(tI_+ I) k.

P3 q

we obtain, taking the preceding assumptions into account, a formula

for the changeover from amplitude Av to the amplitude A1

Aj,, = -qA. (9.147)

On the basis of Formulas (9.146) and (9.147) we can carry out calcula-

tions to determine the amplitudes Av of the forced oscillations for the

current i as a function of the amplitude B of the external signal, the

a ~ ~ loh I ma1d 1

A A

R
'?V

b . -

/ "-" /

/0 20 50 0 0 0 70 80 g3

Fig. 9.22. 1) deg; 2) mA; 3) sec.
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frequency Qv of the external signal, and the system parameters, and

then change over, using the corresponding transfer function, to the

amplitude A. of the object oscillations.

Figure 9.22 shows in the form of graphs the result of the calcu-

lation of the dependence Av(QV) for the amplitude of the current i and

the dependence A*(Qv) for the amplitude of the angle * of the oscilla-

tory motion of the object for the previously given values of the sys-

tem parameters.

Example 4. Combined automatic control system. If the dynamics of

an ordinary nonlinear automatic control system, based on the measure-

ment of the deviation of the regulated quantity, is described by an

equation

Q (P) X t R (P) R(X) 7 8(p)f(W. ( 9.148)

then the dynamics of a combined nonlinear automatic control system, in

which disturbance control is introduced in addition, will be described

by the equation

Q (P) X + R (p) F(x)= [S (P) - S(/()]f(, (9. 149)

where Sl(p) is an operator polynomial characterizing the additional

disturbance control loop. It is seen from (9.149) that by suitable

choice of the polynomial Sl(p), i.e., by introducing a correction pro-

portional to the disturbance, we can greatly reduce the influence of

the disturbing action on the automatic system.

Formula (9.14) enables us to determine the amplitude Av of the

forced oscillations of the variable x under a sinusoidal disturbance

f(t) = a Sll, Q.t. (9.150)
Let us assume that the nonlinearity F(x) is single valued and has

odd symmetry (Fig. 9.23). We denote the amplitude of the forced oscil-

lations in the ordinary system with Eq. (9.148) by AO . According to

(9.14), it is determined by the equation
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A',', IQ -°.) + R (jP.) q(A.) I= B ] 8(J°.)I. (9. 151)

On the other hand, for a combined system with Eq. (9.149), the

amplitude of the forced oscillations Av will in accord with (9.14) be

A,,I Q(j2 ,) J- (.j!.) q (A,)JI =BIS(j2.)-- -S 1(J2.)I. (9.152)

In order to determine by how many times the amplitude of the

forced oscillations in the combined system is reduced compared with

the ordinary system, let us divide (9.152) by (9.151). As a result we

obtain

A. I Q (j,,) - I? (jn) q (A.) I S (jf.) - St (./o,)

A~ (J 3 ) I?(') q(ArC IS (2, (9. 153)

For linear systems (combined and ordinary) we have q(Av) = q(AO ) = k,

and therefore the reduction in the amplitude of the forced oscillations

in the combined linear system, compared with the ordinary linear sys-

tem, is determined by the relation

( = 852Q. -S,(in")(AO , --N J -II(9.15,4)
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A~0

On the other hand, in a nonlinear system we have q(Av) 9 q(A).

To compare the effect of the additional disturbance-proportional con-

trol in linear and nonlinear systems, it is more convenient to rewrite

Formula (9.153) in the form

A. AL, I Q(jQ,)+R(2Q,)q(A1)

Unlike the linear system, the reduction in the amplitude of the

forced oscillations depends here not only on the oscillation frequency

0v and the system parameters, but also on the value of the amplitude

Av itself, and on the form of the nonlinearity.

Inasmuch as Av < A v (in accord with the sense of the problem), wev
obtain for a nonlinearity of the type of Fig. 9.23a q(Av) > q(AO), and

for a nonlinearity of the type of Fig. 9.23b, we obtain, to the con-

trary, q(Av) < q(A). For nonlinearities of type 9.23c, on the other

hpnd, any of these two relations may hold true. Consequently, in the

first case (Fig. 9.23a), the reduction in the amplitude of the forced

oscillations in a combined nonlinear system will be stronger, in ac-

cordance with (9.155), than in a linear system, while in the second

case (Fig. 9.23b) it will be weaker. In the third case (Fig. 9.23c)

either version is possible, depending on the specific numerical values

of the parameters.

If the disturbance-proportional correction unit can be constructed

such that

S1 23)= S U9.), (9.156)

then it becomes possible to cancel out the external signal completely,

i.e., the amplitude of the forced oscillations reduces to zero. For

one arbitrary frequency 0v (for example, the most dangerous one), this

can be done almost always. Then the forced oscillations with different

frequencies will exist, but within a definite bandwidth (near the
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aforementioned frequency) they will be very small (this is called com-

,* pensation or invariance with accuracy to E). In practice the satisfac-

tion of this condition is usually quite sufficient.

If, finally, it becomes possible to construct a disturbance-

proportional correcting unit such that

s, ) = s (), (9.157)

then the influence of the investigated disturbance f(t) will be com-

pletely canceled out (only the transients remain). This is called

total invariance of the system with respect to the given disturbance.

The only remaining errors are due to other secondary interferences

present in the system, but not taken into account in the formulation

of Eqs. (9.148) and (9.149). These errors, however, are eliminated by

the principal closed loop of the system, which operates on the basis

of the deviation of the controlled quantity (independently of the

causes of this deviation).

§9.6. Examples of Determination of Asymmetrical Forced Oscillations

In the examples of the present sections we shall illustrate the

solutions, described in §§9.2 and 9.3, of problems involved in the de-

termination of asymmetrical forced oscillations in the presence of a

slowly varying signal (Example 1) and the influence of the amplitude

and frequency of an external vibrating signal on the position of the

stability limit of the nonlinear system with respect to the slowly

varying component (Example 2).

a/ 1 2

llosabr'/O Q'G9flh

Fig. 9.24. 1) Nonlinear ele-
ment; 2) linear part.

Example 1. Consider a closed loop system consisting of a linear
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part and a nonlinear element (Fig. 9.24). The input to the nonlinear

element comprises a slowly varying external signal fl(t), a periodic

signal f2 (t), and the output x, of the system applied via a feedback

loop.

Let us consider the case when the linear part consists of an in-

ertial magnetic amplifier and motor, while the nonlinear element is a

two-position polarized relay which controls the motor through an amp-

lifier.

The linear part is described by the equation

(Tip-- 1)(Tipd- 1) x,=ky, (9.158)

where T1 is the time constant of the magnetic amplifier, T2 is the

electromechanical time constant of the motor, and k is the gain of the

linear part.

For the nonlinear element we have the static characteristic y =

= F(x) shown in Fig. 9.25a.
F

ald.
b6j ,

Fig. 9.25

In addition, we shall take into account the equation for the sum-

mation of the signals at the input of the nonlinear element

x----aQ(+f(O-xi. ( 9. 159)

Since the input to the nonlinear element contains a slowly vary-

ing signal and a periodic signal, the solution for the variable xc will

be represented in the form of a sum of a constant comnponent x0 (die-
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placement of the center of the oscillations) and a periodic sinusoidal

4. component x*, i.e.,

x=xOx*, x* =A. si1(9,t +cp). (9.160)
We assume also that the external periodic signal is sinusoidal

Af (t) 7-: B sh [ito t,

and, Just as in the determination of the symmetrical oscillations, we

reduce it to the form

A, (0 = Cos)(9.161)

Harmonic linearization of the nonlinear function F(x), with ac-

count of the asymmetry of the oscillations, yields

y= F(x)=-FO+qx*I -px*, (9.162)

where in accord with (5.95)-(5.97) the DC component F and the coeffi-

cients _ and q' are

A'c f +,-, x, +,,.0- -rc-- --arcs ---- for a.---.-IxO,

, 
b4c

q -- for A,,-b+ ..

Combining the equation of the linear part (9.158) and the linear-

i ized equation of the nonlinear element (9.162) we obtain with account

of (9.159) and (9.161) the linearized equation for the entire system:

.t, r~p2 -j- ( - "'r)p' -- pj (x --. *) + k (Po + qx* + . px*)-

=IT,T Tp"i(TI + Tr)p+p (Cos T - s.:; x.] (9.163)

Equation (9.163) breaks up into two equations for the slowly vary-

ing and for the oscillatory components, respectively:

== T,Tp + (T + T,) p' -F PIA (t), (9.164)

fT1 Te"(7p ' -. ( 1 -T)P'+ -j I - C?-Jt1 P)]x *+

+fk(q+I~p)x*=O.(965
5 (9.165)

I - 856 -



Upon substitution of p = Jiv into the characteristic equation corres-

ponding to the differential equation (9.165), and taking account of

the fact that

Cos -j sin e-,

we obtain
- r, n..a' - (T' + r,) Q.1 + JQ. + k (q + jq')A, -- j -r T ; +=.-=]- (9. 166)

tenLet us consider first a case in which the input to the nonlinear

element contains harmonic oscillations aimed at vibration smoothing of

the nonlinearity, i.e., to ensure a smooth dependence, amenable to or-

dinary linearization, of the output of the nonlinear element on the

slowly varying input. In this case the system changes over into a lin-

ear one for the slowly varying processes. The frequency and the ampli-

tude of the external periodic signal are chosen here such as to make

the periodic component of the output quantity (or its rate of change)

have an amplitude that is small, practically close to zero.

On the basis of the statements made above, we have for x*1 ; 0

equality of the amplitudes of the external periodic signal f2 (t) and

of the variable x, i.e.,

Av - B for 9 = 0.

In accordance with this, we can write the formula for the constant com-

ponent of the nonlinear function contained in (9.162) in the form

e. cvi b~ arI 0 jf or Rb-I __~ (9.167)

i.e., we obtain in this case the function F (x0, B) directly, which

gives, for a specified value of the amplitude B of the external peri-

odic signal, the smoothed characteristic F0 (x0 ) for the slowly varying

component. This enables us to use Eq. (9.164) to investigate the slow

processes.

Let us specify the values B = 1 v, c = 1 v, and b = 0.2 v. Then
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for the case considered here we obtain the smoothed characteristic

shown in Fig. 9.25b. We see that for a wide range of variation of x

the smoothed characteristic F0 = F0 (x0 ) is close to linear. The fact

that the smooth characteristic is close to linear for a definite type

of nonlinearity, is due to the form of the external periodic signal.

As was shown in §1.9, by applying an external periodic signal of spe-

cial form it is possible to obtain a linear smoothed characteristic

0over the entire range of variation of x

Equation (9.166) is used in this case to determine the desirable

frequency 0v of the external periodic signal, so as to guarantee the

condition Av - B. It follows from (9.166) that to satisfy this condi-

tion it is required to have the modulus of the ratio

k (q + jq')

small compared with unity. Let us assume that we are required to sat-

isfy the condition

S< 0,0 1. (9.168)
T (, T a';, + U,12 7'7'%----- 3

We specify the values: TI = 0.02 sec, T2 = 0.1 sec, k = 10 sec -1 . Tak-

ing into account the previously assumed values c = 1 v, b = 0.2 v, B =

=1 v, we obtain for x0 = 0, from the formulas for the coefficients of

harmonic linearization, values q = 1.25 and q' = 0.25. Then the value

of the frequency satisfying the inequality (9.168) will be Ov - 100

sec -1 and higher.

Let us turn to Eq. (9.164). On the basis of the smoothed charac-

teristic (Fig. 9.25b) obtained for values jx0 1 < 0.5 v, we can assume

this characteristic to be linear and consequently we can put F0 = knX0 .

Then Eq. (9.164) is rewritten

[l7., .rw,+1 -I- (Ir,-I. 7X9), - -F --kki., l"--= (9.169)
-858 , P If, (t;
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with allowance for the fact that = fl(t) - x, we can rewrite Eq.

(9.169) in terms of the output of the system in the form

[T, Tip' .-- (T, .-- ") --- p + kkj x, =kk11,, (t). (9. 170)

Thus, owing to vibration smoothing of the nonlinearity by means

of forced oscillations, the nonlinear system for the slowly varying

signal has turned into a linear system, the investigation of which

must be carried out further by the methods of the linear theory.

If one applies to the system an arbitrary sinusoidal external sig-

nal with frequency at which the condition that the amplitude be small

at the output of the system can no longer be used, the determination

of the forced oscillations becomes somewhat more complicated.

In the example considered here, in order to determine the forced

oscillations in this case we must solve Eq. (9.166) graphically or

analytically with respect to Av and T. We then obtain the dependences

Av ( 0
, Or, B) and cp(x 0 , ' B), and for specified values of the ampli-

tude B and of the frequency 0v of the external periodic signal we ob-

tain the dependences A (x0 ) and (x0 ). Substitution of A into theV v
formula for the constant component of the nonlinear function yields

the bias function F0 = c(x0).

Assume that the system considered has the same parameters as be-

fore and that the external periodic signal with amplitude B = 1 volt

has a frequency Ov = 10 sec -1 in place of the 'V - 100 sec - 1 used in

the case of vibration smoothing. Then, in accord with (9.166) and with

allowance for the values of _ and q', we obtain

(9.171)

Solution of Eq. (9.171) enables us to determine the dependence Av

= Av(xO), for example, by the method indicated in Fig. 9.6; substitu-

tion of the latter in the formula for F0 gives the bias function F
0 =
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= (x 0 ). Carrying out linearization of the bias function, we can in-

vestigate the slowly occurring processes by means of Eq. (9.164) as

for a linear system. Knowing the values of x 0 corresponding to definite

values of the external signal fl(t), we can determine by means of the

same bias function the values of the corresponding amplitude, and from

the relation 9 = 9(x0 ) also the phase shift of the forced oscillations

for the variable x relative to the external periodic signal f2 (t).

Fig. 9.26

Example 2. As the second example let us take a system for the

stabilization of the angle of an object in space, considered in §9.5

(Example 3). The block diagram of the system is shown in Fig. 9.26.

Here, as before, we assume that there has been applied to the sensitive

element - gyroscope 1 - an external periodic signal

f (t) =- B s,, Q. t. (9.172)

In addition, a slowly varying signal fl(t) is applied in this case

to the gyroscope. By periodic signal we mean a certain vibrational in-

terference, which affects the way that the system follows up the con-

trol signal fl(t). In particular, let us see how the vibration inter-

ference changes the position of the stability limit of the nonlinear

system with respect to slowly varying useful signal.

We now write for the gyroscope equation in place of (9.129)

,_-k, If, (t) +f-, (t) - f}l. ( 9.173 )

The equations of the other elements remain the same as before, i.e.,

they have the form (9.130)-(9.134). The nonlinear element - the rudder
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engine - is accounted for by its static characteristic (Fig. 9.19).

Since an external slowly varying signal is applied to the system,

we seek the solution for the variable i in the form

110o + *, L* A3 sin (6t-4- ), (9.1 7 4)

where i0 is the slowly varying component (useful signal) and i* is the

periodic (vibrational) component.

The harmonic linearization of the nonlinear function F = p6 (Fig.

9.19) yields

(9.175)

where the constant component and the coefficient of harmonic lineariza-

tion, in accord with Formulas (5.121) and (5.122), are given by the

expressions

Ar __A- +L jarcsin~ ~)~-
arc so. b-*-i b,-.i) (9.176). arcsin ---j- aresin L , /

for Av b + liol;
,)kii b-If _(b-),-'SA',- 11= 'aci - I- a+rcsin , . ¢ 1 a

A. . A.

for Av. b + 1i0 1.

Taking into account the gyroscope equation (9.173), the equations

of the other linear elements (9.130)-(9.134), and the equation of the

nonlinear element (9.175), we obtain the harmonically linearized equa-

tion of the investigated system

k t(cp + 1) P'J[A(t)-+ -A(t)], (9. 178)

where k-- klk2 k3 k4 .

I The vibration interference f2 (t) we represent in accord with
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(9.172) in the form

f 2 (t) = sin [(2.t + )- =
= B cos p sin (Qt -- 7) - B sin 'p cos (2,/ + ?).

Recognizing that

A. sill (Qot + ?') andpl* = A.2. cos (2j + y),

we obtain

x) Q . (9.179)

Substituting in (9.178) the value obtained for f2 (t), we repre-

sent it in the form of two equations:
(7 f -1- ') I* (kdo. , -t2  - kk0 p + kko) q* s-i-(

(7),1 *i- v") O (h ,0  W p3 _k- kCo- -- k-j) F"0

O O 1)PYf1 (t). (9.181)

The first of the equations obtained corresponds to the vibrational

component and the second to the useful control signal.

Equation (9.180) enables us to determine the amplitude AV of the

vibrations at the input of the nonlinear element as a function of the

amplitude B and the frequency Qv of the external periodic interference

applied to the system, for specified system parameters.

Let us make the substitution p = Jv in the characteristic equa-

tion corresponding to the differential equation (9.180).

As a result of this substitution and with account of the fact that

Cos ' --jsin p e-41,

we obtain

A5 (T., jQ, -,oq" .kko":q9, + toq) .=Be . (9.182)

The complex ratio (9.182) is analogous to Eq. (9.139), the only dif-

ference being that the harmonic linearization coefficient q depends

here not only on the amplitude AV, but also on the bias i
0 of the in-

put to the nonlinear element.
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The phase relations between the input periodic signal f2 (t) and

the variable i are not of practical interest. We therefore derive an

equation relating the amplitudes A and B from the condition that the

moduli of the left and right halves of the complex expression (9.182)

must be equal:
[,r12i 1- (h - =, 1 ..) - [ q - - (9. 183)

For the investigated system we assume the following numerical

values of the parameters: k = 18 mA/deg, kk0  9 mA/deg sec 2 , k4ko.

= 1.8 mA/deg, T = 0.02 see, T = 0.5 see, Qv = 12-95 sec -1 , and k5 = 4

deg/sec mA.

For the assumed values of the parameters we have

kk0 < k~k,.0 ', kko0,q2 .< 91,, 1

Then, neglecting the corresponding terms we rewrite (9.183) in the

form

Fl. - k-- , ) 2 t o . (9.184)

We use the formula (9.184) to plot the dependences Av = Av(B) for

different constant values of the frequency Q . In this case, as shown

by calculation, the value of i0 entering into the expression for the

coefficients _ makes practically no noticeable change in the position

of the plotted curves, so that we can use the curves plotted during

the course of the investigation of the same system for the case i0 = 0

in Example 3 of §9.5 (Fig. 9.20a).

Likewise unchanged are the plots showing the dependence of the

variation of the amplitude of the forced oscillations Av/B at the in-

put of the nonlinear element on the frequency Ov of the periodic sig-

nal applied to the system, for constant values of the amplitude of the

external interference B/b (Fig. 9.20b).

To investigate the stability of the system relative to the useful
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control signal, let us turn to Eq. (9.181). This equation can be re-

duced to the single variable i0 , by plotting the bias function F0 (i0 ).

In our case this will be a family of curves for different constant

values of the amplitudes Av of the vibrations at the input of the non-

linear element. Bias functions plotted for A/b = const in accord with

Formula (9.176) are shown in Fig. 9.27.

.Y2~ -

4

I,0

0 9 4g 4 'q8 48 1

Fig. 9.27. 1) deg/sec.mA.

We see that the bias functions are close to linear. In accordance

with the plot of Fig. 9.20a, the amplitude Av can be converted into

the amplitude of the interference B at the input of the system for a

specified frequency Ov" The plot of Fig. 9.20b can be used to deter-

mine the corresponding value of the interference frequency Ov for a

specified interference amplitude B. It is seen from the plot of Fig.

9.27 that an increase in the interference amplitude for a specified

frequency leads to a decrease in the gain of the nonlinear element

with respect to the useful signal. The maximum value of the gain oc-

curs in the absence of vibration interference, i.e., knmax = k5.

( Within the range of variation of the useful signal 0 < i0 < b we

shall represent the bias function in the form
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= , (9.185)

where kn is the gain of the useful signal in the nonlinear element

(the slope of the bias function), which depends on the vibration amp-

litude Av . But since Av depends on B and Qv, we can write Formula

(9.185) in the form

I..0k,, (f ,, b! (9.186)

In order to determine the dependence of k on B/b and Qv, let us

plot the curve kn = f(A/b) (Fig. 9.28) on the basis of the bias func-

tions (Fig. 9.27). The resultant curve enables us to provide the curves

of Fig. 9.20b with a suitable scale for kn, and thus determine with

the aid of the same curves Av/b = f(Qv) the function kn = kn(B/b, Ov).

On the basis of the dependence obtained we can now determine the in-

fluence of the amplitude and frequency of the vibration interference

on the stability of the nonlinear system relative to the useful signal.

, ?.,~~A8 - -.. . . .

"Z, ~2/-- -\-. . ...

20__

/ 2 3 4 5687 8 9 &

Fig. 9.28. 1) deg/secmA.

Indeed, using (9.186) we can represent the quantity F0, which is

contained in Eq. (9.181), in the form = k(B/b, )i and rewrite

Eq. (9.181) in the form

PP' +p ' -l- l1,,(kk.p'-l- kk-p -- kk0)i k(- k (y I)p l, (t). (9.187)

C The equation obtained is linear, and the stability of the system

with respect to the useful signal can be investigated by means of the
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Hurwitz stability criterion. The characteristic equation corresponding

to (9.187) will be

• ' -t- # -t k, (k,.,h.o. -t- kk,,p -t kk,,) 0-- . ( 9. 188)

Equating the penultimate Hurwitz determinant to zero, we obtain an

equation for the stability limit:

k,., (kko., - Tkko%) = 1. (9. 189)

Thus, the value of the gain corresponding to the stability limit is

determined by the relation

c (9.190)

so that when we substitute the assumed values of the parameters we ob-

tain for the investigated system kn.gr = 1.17 deg/sec.mA.

3

402 2

I f , . I I.

20 40 60 60 zO -2

Fig. 9.29. 1) Instability re ion; 2)
stable equilibrium region; 3) deg/mA;
4) 1/sec.

Drawing on Fig. 9.20b the line corresponding to ..gr = 1.17 we

obtain from the points of intersection between this line and the curves

A/b = f(sv) the values of A/b and Ov corresponding to the stability

limit. Using the curves on Fig. 9.20a, we recalculate the values of

A/b into the values of B/b. As a result we plot (Fig. 9.29) the sta-

bility limit on a plane with coordinates Qv (frequency) and B (ampli-

tude of vibration interference).

At large values of the useful control signal i0 , when the plots

of the bias function can no longer be regarded as straight lines, the
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latter can be subjected to repeated harmonic linearization (see Prob-

lem 3 in §9.3). In this system will behave like an essentially non-

linear one also with respect to the useful signal, but with a nonlinear

element characteristic that has been deformed under the influence of

the vibration interference.

§9.7. Example of Inclusion of Higher Harmonics of the Forced Oscillations

Let us consider [292] a relay automatic control system of third

order with a general form relay characteristic and with a constant time

b d)i

c 8'

Fig. 9.30

delay T (Fig. 9.30a). In accordance with the specified system circuit,

we write down its equation in the form

(T p+ Tip-I- +)px, = kx,,xt=F,(xV)- e-'VFNx), x=ft)-XxI _ (9. 19l)

The nonlinearity F(x) is shown in Fig. 9.30b. Reducing the equa-

tions (9.191) to the form (9.2), we obtain

(Tp"-4- Tp-4- 1)px -I- I'e'F(x) (Tp' -I- Tip + 1) pf(t). (9. 192)

Let the external signal f(t) have a sawtooth form (Fig. 9.30c),

with a Fourier expansion

f(t)--..'(sin ,.t-" 'sin32.t -... ). (9.193)

According to (9.62) we have

81 _ 8
- - (9.19)
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latter can be subjected to repeated harmonic linearization (see Prob-

lem 3 in §9.3). In this system will behave like an essentially non-

linear one also with respect to the useful signal, but with a nonlinear

element characteristic that has been deformed under the influence of

the vibration interference.

§9.7. Example of Inclusion of Higher Harmonics of the Forced Oscillations

Let us consider [2923 a relay automatic control system of third

order with a general form relay characteristic and with a constant time

a)8

Fig. 9.30

delay T (Fig. 9.30a). In accordance with the specified system circuit,

we write down its equation in the form

(Tp + Tip+ 1)pxV =kx,, (9.191)
x, =F,(x)=e-'F(x), x=f(t)- xi. (

The nonlinearity F(x) is shown in Fig. 9.30b. Reducing the equa-

tions (9.191) to the form (9.2), we obtain

(Tp'-- Tip-- )px -J-ke PF(x)=(T-pt - 7p- 1)pf(t). (9.192)

Let the external signal f(t) have a sawtooth form (Fig. 9.30c),

with a Fourier expansion

f0=--,, ( sin 2J--I sin M t-d.. (9.193)

f (According to (9.62) we have

811 .. , t . (9.194)
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Let us confine ourselves from now on to an inclusion of the third har-

monic only. We first find the first approximation based on the first

harmonic only, seeking the solution in the form

x, - A. sin (Rut -- 7

The first approximation equation for the forced oscillations will

be, in accordance with (9.14) and (9.192)

.ke-S2  [q(A,) + jq, (.)11
0j= (1 - 3 ") 7, (9. 195)

where in accord with Fig. 9.30b and Formulas (3.5) and (3.6)

--- 1 - 1b +  -- - (9.196)

From this we obtain graphically (Fig. 9.1) or analytically (Formulas

(9.17) and (9.18)) the amplitude Av and the phase T of the first ap-.

proximation.

Let us find the amplitude and phase of the third harmonic. For

this purpose, in accordance with (9.77), it is first necessary to find

the coefficients r3 and s3 by means of Formulas (9.71). However, for

the specified nonlinearity (Fig. 9.30b) these were already calculated

in §8.3. We therefore use the ready-made formulas (8.106)

3rA -1-,(+ -4 - -u ~.
Sa 2eb 4bI _mb "1 9 17

The values of r3 and s3 can be readily obtained in numerical form,

since all the quantities contained there are already known.

The relative amplitude 63 and the phase 93 of the third harmonic

of the forced oscillations (with inclusion of the third harmonic of

the external signal) will be, in accord with (9.77), (9.192), and

(9.194)

kI 1 -.3 2 ( ,+- ,-1 1 3 + 81

S -ke '..2 , (r + iss) ,, 8! (9.198)
= arg . (I - 97f-'-- 9,"i 9-.A,
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The values of 63 and T3 are readily calculated if the system parameters

are specified.

As a result we know the first and third harmonics of the forced

oscillations, i.e.,
il ~x -- A. I sin (,o, t + 6,} sin (3Q Bt + Y3)]. ( 9.199 )

However, the first harmonic was determined here independently of the

presence of the third and with inclusion of only the first harmonic of

the external signal (i.e., with replacement of the sawtooth signal by

a sinusoidal one), whereas in the determination of the third harmonic

account was already taken of the sawtooth form of the signal.

Consequently, it remains here to determine more exactly the first

harmonic in (9.199), i.e., to determine in place of Av and p the more

exact values A1 and Tl with account of the presence of the third har-

monic both in the solution itself and in the external sawtooth signal.

For this purpose it is necessary, as can be seen from (9.80), to cal-

culate the additions Aq and Aq' to the harmonic linearization coeffi-

cient by means of Formulas (9.69), namely:

Aq = Isi a Cos '' + 3A sil ,l , Aq, -13A COS -- 4L,3 Sin 'I', (9. 200)

where

The quantities 131, 132, 133' and I3/4 have already been determined for

the given nonlinearity (Fig. 9.30b) in §8.3. In accordance with (8.108)

they are expressed in the following manner:

261b1/3A-._-_0_ 3.42- UM'b~

2eb 4b' ,4 m- b
--- --A -_.- 4 A -m (1 4 2)

! Ai7b

br13' b [( M

All the quantities contained here are already known. Therefore the ad-
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ditions Aq and 6q' can be readily calculated numerically from Formulas

I (9.200).

After calculating them, we obtain in accord with (9.80) and

(9.192)

Q (p) -( " Tp- .1)p +ke " Aq .9 + P). (9.201)

As a result we obtain on the basis of (9.81) an equation for the

determination of the more exact values of the amplitude A1 and the

phase 91 of the first harmonic of the forced oscillations in the form
4A { -LD ke -S'l"- .qA,) 4--Jq'(.4)) - M,-A - -+D-~ 4Jq:)J -- r -0 T'W (9. 202)

where

q- . -- 7, '

We see that Eq. (9.192) with respect to the more exact values of

A1 and T, has in general the same form as the preceding equation (9.195)

with respect to the values of the first approximation Av and p. There-

fore, solving it now by the same method as used to solve the previous

Equation (9.195), we obtain the more exact values of A1 and Ti"

The difference between the new equation (9.202) and the previous

one (9.195) lies in the fact that it contains in place of the real

unity the complex quantity 1 + D, which effects the sought correction

to the first harmonic of the forced oscillations by inclusion of the

third harmonic of the external signal and of the solution itself.

As a result we obtain in place of (9.199) a more exact solution

for the forced oscillations, in the form

x =A, sin (Q t pl,)-+-&A. sin (32.t+ + 3). (9.203)

In the case of necessity we can make more exact also the quanti-

ties 63 and c3 for the third harmonic, calculating them now by means
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of Formulas (9.198) and (9.197), in which we replace the old values AV

and qP by the new values A1 and qpi, which yields the new more exact

equation

X-Al (sin (Q~t + (p) + Ksin (3/ + f's)1.

On the other hand, in most practical cases the previous solution

(9.203) will be perfectly adequate.

Manu-
script [Footnotes]
Page
No.

793 Similarly also for expression (9.15).

811 This is discussed in greater detail at the end of the pres-
ent section.

825 As in §8.6, we could calculate here, too, the higher har-
monics of the forced oscillations in the presence of a

0slowly varying signal x

Manu-
script [List of Transliterated Symbols]
Page
No.

789 B = v = vynuzhdennyy = forced (subscript)

794 nop = por = porogovoy = threshold

795 aBT = avt = avtokolebaniya = self-oscillations

807 H = n = nelineynyy = nonlinear

820 c = s = signal = signal

837 ceK = sek = sekunda = second

837 B = V = vol't = volts (in parentheses)

844 oc (o.c) = os = obratnaya svyaz' = feedback

852 n = 1 = lineynyy = linear

866 rp = gr = granitsa = limit, boundary
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Chapter 10

RANDOM PROCESSES IN NONLINEAR SYSTEMS

§10.1. Oscillatory Systems under Slowly Varying Random Signals

In many cases of analysis and synthesis of automatic control and

regulation systems it becomes necessary to investigate random proc-

esses occurring when external signals of random character, either

noise or useful control signals, are applied to the system. In the

present chapter we shall give a few approximate methods of investigat-

ing random processes in nonlinear automatic systems; these methods are

similar to those developed in the preceding chapters and are at the

same time the most effective from the point of view of carrying out

the engineering calculations.'

The present section is devoted to two types of nonlinear systems

under slowly varying random signals:

1) systems operating in the self-oscillation mode;

2) systems operating in the forced oscillation mode.

Let us start with nonlinear systems operating in the self-oscilla-

tion mode. Their investigation is based on the materials of Chapter 5,

where we dealt with the flow of slowly varying signals through self-

oscillating systems [311]. Here, however, these signals will be random

functions of the time.

Let the nonlinear automatic system be described by an equation

satisfying all the conditions of §2.3

( Q (p) x + R (p) F (x, px)= s (p)f(t), (10.1)

where the notation in the left half is the same as before and pertains
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to systems of the first class (see §1.2), while the right half con-

tains the external signal f(t) representing a random function of time.

We shall assume further that we are dealing with a stationary random

process, and the variations of f(t) within the limits of the self-

oscillation cycle are insignificant, i.e., the conditions indicated in

§5.1, that the external signal be a slowly varying quantity, are satis-

fied with a probability close to unity. In other words, it is assumed

that the frequency spectrum of the random signal f(t) lies appreciably

below the self-oscillation frequency.

Therefore the solution, as in Chapter 5, will be sought in the

form

x = x0 + x*, where x* = A sin Qt, (10.2)

and both the slowly varying component x0 (t) itself and the amplitude

of the oscillatory component A are random quantities, which depend on

the character of variation of the random external signal f(t).

It is important to note here the following. If, for example, a

random quantity f(t) has a normal distribution, then as it passes

through a nonlinearity F(x, px), this distribution is subject to dis-

tortion manifest in the form of supplementary components, which will

actually occur in the variable F. However, on passing through the lin-

ear part R(p)/Q(p), which has the properties of a filter (§2.3), these

supplementary components will be suppressed (similar to the suppres-

sion of the higher harmonics, see §2.2), so that the distribution law

for the random variable x again becomes close to normal. This very im-

portant property of the nonlinear automatic systems considered in the

present book will be used to simplify the investigation in what fol-

lows.

CThus, on the same basis as in Chapter 5, let us carry out har-

monic linearization of the nonlinearity by means of the formula
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F(x, px) + oqx* + px*, (10.3)

where

F1 }F(xO+A sin AO.. cos)d+, (lo.4)

q , F(xO+ A sin+, A 2cos)sin + d+,
2X, (10.5)

,x F(xO+Asht,, A cos )cos d+.

The expressions for F0 , _, and q' pertaining to specific nonlin-

earities are taken in ready-made form from §§5.6-5.9.

Substituting (10.4) in the specified system equation (10.1), we

break down the latter into two equations

Q (,) x0 -t- R (,)/ r-= s (P)f (0, (10.6)

o(p) x*- (p)q q+ p) X*=O (10.7)

for the slowly varying and for the oscillatory components, respectively.

It must be noted, however, that these equations cannot be solved with

respect to each other, and are mutually interrelated, since the quan-

tities F0 , _q, and q', as can be seen from (10.4) and (10.5), depend in

general on all three unknowns x0 , A, and Q, or at any rate on the

first two of them.

From Eq. (10.7) we determine the dependence of the amplitude A

and of the frequency 0 on the slowly varying random component x0 (which

is for the time being unknown), which enters into the expression for

the coefficients of harmonic linearization q and q'. We thus determine

the relationships

A(xO ) and Q(xO), (10.8)

for which we use any of the methods of §2.3. This was illustrated by

means of examples in Chapter 6.

The obtained relationships (10.8) are substituted in the expres-
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sion obtained from (10.4)
F' (xO, A, 2),i: ,.(10.9)

as a result we obtain the bias function*

Fo = (D (xO), (10.10)

which, generally speaking, is also nonlinear, but differs essentially

from the specified nonlinearity F(x, px) in that it represents usually

a smoothed curve (Fig. 10.1). This smoothed characteristic lends it-

self in many cases to ordinary linearization,

i.e., to replacement by a straight line tan-

__ gent at the origin (Fig. 10.1), namely

'Y'Y FO " 1e,,x O, where(dFl
k,,: == x =,_ tg. (10.11)

Fig. 10.1 In the case of odd-symmetry nonlineari-

ties, as was shown in Chapter 5, we can as-

sume that

k, =( .xO (10.12)

i.e., we can use the function (10.9) directly without reducing it to

the form (10. 10).

As a result of this ordinary method of linearization of a nonlin-

ear characteristic (10.10) smoothed with the aid of self-oscillations,

we obtain in place of (10.6) a purely linear differential equation for

the slowly varying component

[Q( ,)+ k,,R(p)j xO= S(,)f(t), (10.13)

where f(t) is a stationary random function of the time.

Let us note that in §10.4 below we shall consider also a case

when ordinary linearization (10.11) is either impossible or undesir-

able.

Thus, to determine the component xO(t) we must solve the linear
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a-S,
a-aX a,:

S r 4W

Fig. 10.2

equation (10.13) with stationary random function f(t) in the right

half.

We shall assume that the spectral density sf(w) of the external

signal f(t) is specified and that its mathematical expectation is

equal to zero. If we are given not the spectral density but the corre-

lation function rf(r), we can always determine

CO

s()=21 r () cos wdc. (10.14)

For example, a frequently used expression for the correlation fuxctiun

of the external signal has the form (Fig. 10.2a)

rf (t) ==e-A1,1, (10.15)

for which we have in accordance with Formula (10.14) (Fig. 10.2b)
2a

(/ M == at-- too (10.16)

Having a definite spectral density sf(co) of the external signal

f(t), we can use the known formula to calculate on the basis of (10.13)

the spectral density of the slowly varying component x0 in the form

S --_ (w) - S 00) 8M,+ (10. 17)1( U))

and knowing this, we can also determine in the familiar manner the dis-

persion (or the mean value of the square) of the slowly varying com-

ponent

n= . (o ) o ) (lo.18)
- CO
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where its square root, i.e., ax0, will represent the mean square value

of the slowly varying component x 0(t). If the latter has the meaning

of the system error, then ax0 yields therefore the mean square error

of the given system relative to the slowly varying component.

Usually in real problems the spectral density (10.17) of the

variable x 0 is a ratio of polynomials in the form

S.o ((0) = h I CIOfr)1,, (10.19)

where h is a constant factor.

In this case the polynomial H(Jw) satisfies after the substitu-

tion jw = p the stability criterion,* and the polynomial G(W) has a

degree lower than 2n if n is the degree of H(Jw).

Inasmuch as the denominator of (10.19) is an even function, all

the terms of the numerator with odd powers of c yield zero upon in-

tegration of (10.18). Consequently, we need consider in the polynomial

G(w) only even powers of w, and all the odd powers can be discarded.

Thus,

o-- M + a()dw, (10.20)

where the polynomials under the integral signs have the form

f(jw)=ao(jw) + a, (i)-' + ... + ., (10.21)0 (w) - b+,-"- + b,,,,'+.. .-j--b,,_,. (O 1

The integrals

+00

have been previously calculated for all degrees of n up to the seventh

inclusive (see, for example, the appendix to the book [322]). We give

the ready-made formulas
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- bo+ ,a., -a,,, - __abI- =2aa1 ' I - -_2aoa,' 2ao(aoa, ---a~a,)

aol(i- + a .-aa,) - aoasbt + aoab,+ -.k (aoa . alas)

'It r 2a0 (aoa2 -- aa 4 - ataja,)

NV,2a0A , (10.22)
N - bo ( - a.,aa. + aa + alas - ata1a4) (02

+ at (a-- aja3 + aa) -I" aob2 (a0aa - alai) +

- a 1b3 (- aoa3 + ata2) + a0alas +j- aoaj a la-aaas),
as

- a a' - 2aOajaas - 4aoa i'3 + alala- + alai +

- alaa2, - aja~aaa.

As a result we obtain the following formula for the practical calcula-

tions

hi,. (10.23)

There is also another method (approximate) for the calculation of

the integral of the spectral density, based on the use of its trans-

form in logarithmic coordinates, with the curves replaced by broken

lines (in analogy with the logarithmic frequency characteristics).

After calculating in this manner the dispersion a0, meaning also

the mean square value axO of the slowly varying random component xO(t)

of the sought solution (10.2), we can determine also the probability

characteristics of the amplitude A of the self-oscillation component,

which in accordance with (10.8) has already been expressed in terms of

the slowly varying component xO . These characteristics are the mathe-

matical expectation, i.e., the mean value of the amplitude A and the

dispersion 0A2 or the mean square deviation of the amplitude aA, which

characterizes the scatter of the values of the amplitude about its

mean value A. From the known formulas we get

+00

A= A (x °) w (x0 ) dx, (10. 214)

-,, JA (x 0o)-AjPw(xO)dx', (10.25)
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F
where w(x0 ) is the differential distribution of the random quantity x0 .

Assuming it to be normal and recognizing that the mathematical expec-

S0tation of x is equal to zero,* we obtain (Fig. 10.3):

WW)() (10.26)

We note that the integration limits in Formulas (10.24) and

(10.25) will actually not be infinite, inasmuch as the limit is a vari-

ation of the quantity x0 in the expres-

sion A(xO), within which the self-

i wg oscillation and the smoothed character-

istic occur, are bounded.

0 L. An example of the application of

the method developed here will be given
Fig. 10.3

in §10.5 below.

The same method of solving the problem can be extended to include

also other systems of different classes (§1.2), including a system

with several nonlinearities, similar to what was done in the study of

other phenomena in the preceding chapters.

Let us turn now to nonlinear systems that operate in the forced

oscillation mode. Their investigation will be based on the material of

§9.2. Assume that two external signals are applied to the system at

two different places, and that the system equation has the form

Q (P) x + R (p) F (x, px) = St (p)f (t) - S, (p), (0. (10.27)

where f 1 (t) is a slowly varying external signal, representing a sta-

tionary random process, and f2 (t) is a nonrandom periodic external sig-

nal

f(f)---- slit t, (10.28)

with B and 0v specified quantities. Such a periodic signal can be used,

for example, in real systems for vibration smoothing of nonlinearities.
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Another examnlle is the vibration noise produced, for example, by the

vibrations of the housing of the controlled object or by other factors.
Nonlinear systems subject to random noise will be considered in §10.3

~below.

Assuming that we have single-frequency forced oscillations (the
~looking mode), we seek a solution in the form

x x0 + x*, where x* = Av sin (Qvt + c), (10.29)
vv

with xO tM the slowly varying random component. The amplitude Av and

the phase ( of the oscillatory component, which depend on x0 , will

also be random quantities.

Carrying out harmonic linearization of the nonlinearities by

means of Formulas (9.25) and (9.26), and using Expression (9.28), we

break up the specified system equation (10.27) into two

Q (p) .  R (p) F'= Si (P) A W0, (10.30)

[Q (P) -St() (Cos P ] (10.31)
+ R (P) (q + p) x -

The second of these equations, as in §9.2, is represented in the

form

A., Q9(Y.) +t- 0?(j%,)q- -.ID' B-- - 'S,) R(jf2.) . . ..)(10.32)

From this we can determine by any of the two methods described in §9.l

the dependence of the amplitude Av and the phase 9 of the forced os-

cillations on the random slowly varying component x0 (for the time be-

ing unknown and included in the coefficients _ and q1) and on the

specified numbers B and Ov' namely

A. (xo, .,. B), ,p (x, ,, B). (10. 33)

Let us turn now to the first expression in (9.26), which has the

form

1-O (x,, A., .), (10. -34)
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rand let us substitute in it the expression for the amplitude (10.33).

We then obtain the bias function*

F0 = D(xo, Q,, B). (10.35)

We employ further ordinary linearization (and if this is impos-

sible we must resort to the methods developed in §10.4) of this bias

function (Fig. 10.1) in the form (10.11) or (10.12), where F0 is given

by (10.35) and (10.34). The essential feature here is that according

to (10.11) and (10.35) the coefficient kn will depend on the amplitude

B and on the frequency Qv of the external vibration signal

k,,(B, 2.), (10.36)

whereas in the case of self-oscillations it is dependent only on the

parameters of the system itself.

In the case of useful applications of forced oscillations, this

provides the engineer with-greater capabilities in the design of the

system, and in the presence of vibration noise this can lead to harm-

ful influence of the vibration on the stability of the entire system,

as was illustrated in §9.6.

Thus, on the basis of (10.30) we can now write a purely linear

equation for the determination of the slowly varying random component

IQ (p) + k R (p) x S, (p)fa (t). (10.37)

Further solution of the problem proceeds via the use of exactly

the same formulas that follow Eq. (10.13), up to Formula (10.26) in-

clusive. It is merely necessary to replace in Formulas (10.24) and

(10.25) the value of A by the value of Av defined by the first of the

expressions in (10.33). Here, unlike the preceding, all the results of

the solution will depend not only on the system parameters and on the

spectral density of the random signal fl(t), but also on the specified

Cvalues of the amplitude B and frequency Ov of the external periodic
signal f2 (t).
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110.2. Statistic Linearization of Nonlinearities

The simplicity of the solution of the problem in the preceding

section was brought about by the fact that we investigated slowly vary-

ing random processes in a system whose nonlinear characteristics were

smoothed by means of self-oscillations or forced oscillations, and

were then subjected to ordinary linearization. We could therefore em-

ploy in its entirety the linear theory of random processes. On the

other hand, the nonlinear part of the solution of the problem coin-

cided with that of Chapter 5 and of §9.2, and consisted of finding the

smoothed characteristic (bias function) itself and the dependence of

the amplitude and frequency-of the oscillatory component on the magni-

I tude of the slowly varying component.

We now turn to a solution of other problems, when there are no

self-oscillations or forced oscillations, or when they ara present but

the bias function cannot be or is best not subjected to ordinary lin-

earization, or else finally, when high-frequency random interference

is present in the system.

In many such cases, in analyzing nonlinear automatic systems of

the same classes as in all the preceding chapters but under random

signals, it will be convenient to employ the so-called statistical

linearization of nonlinearities, developed by I.Ye. Kazakov [309]. Its

gist is as follows.

As in the preceding section, to estimate the dynamic accuracy of

automatic systems under random signals we shall determine the first

two probability moments of the random processes: the mathematical ex-

pectation (mean value) and the dispersion (or mean square deviation).

The latter, as was already shown, is equivalent to determining the

Cspectral density or the correlation function.
If the nonlinear system is described by the differential equation
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Q(p)X.R(p)F(x., ,x)=S(p)f(), (10.38)

then we can schematically visualize the signal flow as shown in Fig.

10.4. Upon passing through the linear part, the random process f(t),

_specified in terms of the first two probabil-

I---) ity moments, is transformed into a variable x,

Vwhich can also be defined by the first two

moments. However, the determination of the
Fig. 10.4

further transformation of the random process

x(t) in the nonlinear element F(x, px) is essentially related with the

higher probability moments (Just as in §2.2 we had to deal with higher

harmonics). Since this is a closed loop system, this situation leaves

its imprint on all the processes in the system. Consequently, an exact

solution of the problem is in most cases unattainable.

A first approximation which is sufficiently good for engineering

calculations, as applied to the system classes considered under the

same limitations as previously (see §§2.2 and 2.3), neglects the

higher moments, i.e., the nonlinear element is replaced by an equiva-

lent linear element, which like the given nonlinear element converts

the first two probability moments, namely the mathematical expectation

(mean value) and dispersion (or mean square deviation). This is what

we call statistical linearization of the nonlinearities.

This operation is analogous in the general idea (but not in the

specific details) to the manner in which in Chapter 5 (see also For-

mula (10.3)) we replaced the nonlinear element with the aid of harmonic

linearization by an equivalent linear element, which in exactly the

same way as the given nonlinear element transformed the constant (or

slowly varying) component and the first harmonic of the oscillatory

component, i.e., the first two terms of the Fourier series were taken

into account and all the higher harmonics discarded.
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Thus, let us represent the variable x under the nonlinearity sign

F(x, px) in the form

XS C " (10.39)
where x is the mathematic expectation (mean value) which is a regular

function of the time, and xs1 is a random component with zero mathe-

matical expectation (centered random

function of the time). This representa-

tion is analogous to the one given in

L , Chapter 5 in the harmonic linearization

(see also Formula (10.2)), but here it

Fig. 10.5 has an entirely different, probabilistic

meaning. Further, we represent also the

variable F(x, px) in the form

F (x, px)= +q"xA, (10.40)

where F is the mathematical expectation (mean value) of the nonlinear

function F, which is the regular component, and ql is the equivalent

gain of the random (centered) component. This expression is also anal-

ogous in form to the one used in Chapter 5 (see Formula (10.3)), but

with a different concrete content.

The value of the regular component F is determined consequently

from the known formula for the mathematical expectation. In the case

of a single-valued nonlinear function F(x) this will be

F=M[F(.xcA)]-, iF(+X).W(X)dx, (10.41)

where M stands for the operation of taking the mathematical expecta-

tion and w(x) is the differential distribution of the random component,

for example, a normal distribution (Fig. 10.5):

( 1-.42)
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For a nonlinearity of general form F(x, px) we have the more com-

plicated expression

+0 +W
= 5 o;- + x-A, + px") w(x, px)dx dPX, (10.43)

-00 -00

which for loop-type nonlinearities F(x) with a symmetrical distribu-

tion law (including normal distribution) becomes simpler. For example,

for the nonlinearity shown in Fig. 10.6 we have

S F (3- + x ' ) W (x) dx +

+ + . + F+(j + xJ)1 w (x) dx +

+ .F(jc+xn)W(x)dx. (1O.44)

It is recommended [309] that the

value of the equivalent gain qSl of the

-4, / ~ " : random component in (10.40) be deter-

mined by one of the following two methods.

The first method starts directly

Fig. 10.6 from the values of the mean square devia-

tions ax and aF of the variable x and of the nonlinear function F,

namely

qCA=~~ - (10.45)ax V M i(XCI')'

which in the case of a single-valued nonlinearity F(x) yields

qCA +0, F' (( + x'- ) w (x) dx - (10.46)
-CO

and for the general case F(x, px) or for the case of a loop-type non-

linearity F(x) more complicated expressions are obtained, which can be

set up for q8l by generalizing (10.46) using the same model as was

used to generalize Expressions (10.43) and (10.44) as compared with

(10.41).
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The second method consists of determining the coefficient qSl

from the condition of minimum mathematical expectation of the square

of the difference of the true nonlinear function F(x, px) and the

equation (10.40) that replaces it, i.e., the minimum of the mean

squared deviation. Writing down this condition

Al {IF(x, px)-P- qc*xCl}i 11 1,

we obtain

M Al CAI
qCJ ( lO.47)

where rFx is the mutual correlation function of the variables F and x.

From this we obtain in the case of a single-valued nonlinearity F(x)

+00

9 _C F(++xCA)xw(x)dx. (10.48)

In analogy with the foregoing, we can readily set up an expres-

sion also for the coefficient ql for the general case F(x, px) and

for a loop-type nonlinearity F(x).

The second method of determining the coefficient qSl leads to

simpler calculation formulas. From this point of view, its use is

preferable. In accuracy both are approximately equivalent and corres-

pond to the general degree of approximation of the entire method as a

whole. It is noted that in many cases when the first of these methods

gives overestimates of the correlation function of the nonlinear proc-

ess F(t) compared with the exact value, the second method gives under-

estimates. One can therefore obtain a very good approximation by choos-

ing or he vlueof sling for the value of q~ the arithmetic mean of both (10.47) and (10.45).

It must be kept in mind that the quantities F and qSl are inter-

related by the fact that each depends on both considered characteris-

tics of the random process x and ax (which is contained in the dis-

c- tribution law w). The very existence of these relationships and their
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mutual relationship make it indeed possible, in spite of the linear-

ization of the problem, to detect the essentially nonlinear properties

of the random processes, just as in the preceding chapters the depend-

ence of the quantities FO , q, and q' on all three unknowns x 0 , A, and

0 (or at least on the first two of them) and the interrelationships

between these quantities made it possible to investigate essentially

nonlinear features of regular processes in time by using the harmonic

linearization method.

alWe present expressions for the quantities F and q as well as

their plots for several typical nonlinearities, as obtained from For-

mulas (10.41), (10.46), and (10.48) by I.Ye. Kazakov [3171 under the

condition that the random variable x has a normal distribution (10.42)

(in the case of other distribution laws, the expressions for F and q~l

would be different).

1. Ideal relay characteristic (Fig. 10.7a). From Formula (10.41)

we get

7= CD (u), U (l0.49)

where

2 (u) (10.50)

(numerical values of this probability integral are contained in the

book [322] and in some collections of mathematical tables). The de-

pendence (10.49) of the quantity F/c on the ratio x/ox is plotted in

Fig. 10.7b.

From (10.46) and (10.48) we obtain, respectively,

qCA C (,, ,,,) adqcl'= ,( os), (0 0..51)

ax(151

(where
=(I) 7=2e _. (10.52)
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0 0

a- 1~ 1 2

Fig. 10.7

The dependences of TM and qp(2 on x/G x are shown in Fig. 10.7c.

2. Single-valued relay characteristic with backlash zone (Fig.

10.8a). using Formula (10.111) with the notation (10.50) we obtain

where

b b* (10.54)

The function F/c is Plotted in Fig. 10.8b as a function of xfor dif-

ferent values ofa

c 8) 97 - 0

Fig. 10.8

From Formulas (10.46) and (10.48) we obtain expressions similar'

to (10.51), where
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M==: ~~ ~ ~ ---- t,(,+,,. , (.55)

0- (10.56)

which are plotted in Figs. 10.8c and d.

3. Loop-type relay characteristic of general form (Fig. l0.9a).

From Formulas (10.44) we get

P= (D) -D (.s) +- + (ha) ,1) (o10. 57)

where, in addition to (10.54) and (10.50), we introduce also the nota-

tion

1l$ = , i --. .
0df- (10.58)

The dependence of F/c for the case m = 0.5 is shown in Fig. 10.9b.

F

C

-- 0--.,00-

V 2 _

m44

02

coy

Fig. 10.9

We further obtain expressions similar to (10.51), where

M(, = - (10.60)

( These functions are plotted for the case m = 0.5 in Figs. i0.9c and d.

4. Characteristic of the saturation *Gype (Fig. l0.lOa). From For-
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Imula (10.41) using the notation of (10.50) and (10.54) we get
(10.61)

which is plotted as a function of x for different a in Fig. 10.10b.

On the other hand, from Formulas (10.46) and (10.48) we obtain

Expression (10.51), in which
02( + 1 5 ) [4), (fit) + (1) ("12)]-

S) (lO.62)

( 2 I (,,)1+-+ ( i)], (1O.63)

which is plotted in Fig. l0.lOc and d.

~-F 0/ -- 0

o aC

0/ 4=04

Fig. 10.1i0

5. Characteristic with backlash zone and saturation (Fig. 10.11a).

In the notation of (10.50) and (10.54) we obtain here

2(1 - i' .) - D tit .) + 0 01,) - 'D ( +) --
ID "11 + u2 +;-- "- ')  (10O. 64)-I - I II) I__ 79

and in the expressions of (10.51) we have
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!f
IC 1 I

0.4 b 0 0 zj

Fig. 10. 11

cp = -(4)'- { (D )4 (it,)] ±

It((I, ) - ,' (Iti)- 'F (,,,j -

0 i g- (je'1i + le - i-e" ' -( 3e-o 21 . 65)

4M

' --2 ( ,------ I'D (II)- -4' (1") - (u.) - 'D(U)I

-- L (e-i + e-") - (e- ' + e - me As - me-'1).
Y5. (I • '-)2" (10 .66 )

6. Characteristic with backlash zone (Fig. 10.11b). For this char-

acteristic we have

kb =kJ ,+ "['I1 (,) -1) ("l)] -e - )}, (10.67)

and from Formulas (10.46) and (10.48) we obtain, respectively,

q ,_-k . (, acq'ax ' } ) (10.68)

where

2+ I +
+ ( U) (nO)] + + h (10.69)

(2 =0, -[ (",) + (1 (,)I +- (e,+e 4 ). (10.70)

7. Quadratic characteristic (Fig. l0.llc):

F=kx'signx=k xlx. (10.71)

For this characteristic we obtain from (10.41)

[(=, I +- 2t[ ) 'D (,i) + ], (10.72)

where
= °y'2 (10.73)
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and from Formulas (10.46) and (10.48) we obtain, respectively,

qC.k ?(. t 4i~fD~ #(12)( I) (10.7:)
Sq" ( , C.) andq" .. T ('' (10.74)

where '" = o V X 40+ 12,u' + 3-(;' (o 5
0 0 -ID " ( ) + -- ( I - 3 0') ' ] l

8. Cubic characteristic (Fig. 10.12a):

P=kx'. (10.77)

Using the notation of (10.73) we obtain here

P= ka, (3 + 2u2 ) uV2, (10.78)

and also an expression of the form (10.74) in which

.,) V 15 -72u + 36u', (10.79)

c a= (3I + 20), (10.80)

which is plotted in Figs. 10.12b and c.

X ~~/

7 81

Fig. 10.12

( The use of the statistical linearization described here for an

investigation of random process will be described in the following sec-
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tions.

§10.3. High-Frequency Random Processes

In the present section we consider problems in which the regular

component x of the process (mathematical expectation) is constant or

varies in time slowly compared with the fundamental frequencies of the

alspectrum of the random component x . We first turn to nonlinear sys-

tems of the first class* (see §1.2), the dynamics of which is described

by equations of the form

Q(p)x - R(p) F(x, px) = S(p)f(t), (10.81)

where f(t) is the external signal, representing a random process, with

f (t) = +/fe (t). (10o.82)

Here f is the specified mathematical expectation (regular component),

and fsl is the centered random component.

Let the system parameters be such that there are no self-oscilla-

tions and the system is stable relative to the equilibrium state. Us-

ing the statistical linearization (10.40) and substituting the expres-

sion obtained into the given equation (10.81), we break up the latter

into two equations

Q(P)7 +R(P)P-S(P)1. (10.83)
[Q (p) + R (p) qc"1_e= S (A)f, (10.84)

for the regular (mathematical expectations) and random (centered) com-

ponents, respectively. Here

are determined for each specified nonlinearity, as indicated in §10.2.

Let us consider several principally different problems in general

form (specific examples will be given in §§10.6 and 10.7).

First problem. If a stationary process takes place, then the quan-

tities f, x, Ox are constant (a certain steady-state mode is estab-

lished) and Eq. (10.83) assumes the algebraic form
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Q(o) + R (o) P (, 1)- =S ()J. (lO.85)

It contains two unknowns, x and a,. Therefore in principle we can only

express the value of x as a function of a :x
(10.86)

We then use the linear theory of random processes, described in

§10.1 (see the formulas (10.14) through (10.23), in which x 0 is re-

placed by xsl ) to investigate the equation (10.84). In this equation

the quantity fsl is specified in terms of a spectral density sf() or

a correlation function rf(T), with Formulas (10.17) and (10.18) yielding

C _I ____ _ s_ ()_w, (10.87)

where in the expression
q '(-, - (lO. 88)

it is necessary to replace x by the previously obtained function (10.86).

Then one unknown ax remains in (10.87). Taking (10.23) and (10.22) into

account, Eq. (10.87) can be written in the form

a', = /'/,, (C, "), (10.89)

where h is a constant factor, which is taken outside the integral sign.

Thus, by solving (10.89) with the substitution (10.86), we obtain

the mean square deviation ax, and then calculate by means of Formula

(10.86) also the mathematical expectation x, i.e., we determine com-

pletely the sought solution* of Eq. (10.81) in the approximate form

.X=.i +." (10.90)

for the case of a steady-state for a stationary random process.

However, the function x(ax) cannot always be expressed by means

of Eq. (10.85) in explicit form, owing to the complexity of the expres-

sion F(x, ax ). In most cases, therefore, it becomes necessary to solve

C the two equations (10.85) and (i0.89) simultaneously either by succes-

sive approximation numerically, or graphically.
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. One can use, for example, the following

'V -i graphic procedure [322]. We represent (10.85)

JIO g in the form of two equations

.s(o)y7j R(o)y ., (10.91)

-I - -i The first yields the line 1 (Fig. lO.13a),,:1 I I i
b6 , i .7 and the second a series of curves for dif-

.... ferent constant values of a x Transferring

I 4 all the points where these curves cross the

line 1 to the plane of the coordinates x, ax

O(Fig. 1013b), we obtain the dependence a (x)Fig. 10.13. 1) ForX

different, in the form of curve 3, since each point of

intersection on the upper plot corresponds to a definite value of Gx"

We then plot on Fig. l.13b still another dependence x(X) in the form

of curve 4, using Formula (10.89), in the right half of which we sub-

stitute the values of ax taken for each x from the curve 3. It is ob-

vious that the coordinates of the points of intersection c of curves 3

and 4 represent the sought result of the simultaneous solution of

(10. 85) and (10. 89).

Second problem. Let us proceed now to solve the second problem,

in which we investigate a nonstationary process £336].

Frequently in automatic control systems the resolution of the

sought solution (10.90) into x and xs l corresponds to its resolution

into a useful regular signal x and a random noise x sl. When the useful

control signal x varies in time, the process is no longer stationary.

However, if the noise (fluctuations) are characterized by a spectrum

of appreciably higher frequencies than the useful signal, we can assume

the latter to be slowly varying. We can then investigate the random

process in first approximation as stationary, using Formula (10.89).
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In this case, however, to determine the regular component x we can no

longer use the algebraic equation (10.85), but must turn to the differ-

ential equation (10.83).

The graphic solution described above does not work in this case

and we must proceed differently. We first determine from (10.89) the

dependence a x). For this purpose, in analogy with the graphical solu-

I tion of (9.33), we break up (10.89) into two equations

IdJ," (Gk ' ) . (10.92)

The first yields the parabola 1 (Fig. 10.14) and the second a

series of curves 2 for different constant values of x. Transferring

the ordinates from the points of intersection to the plane x, a x andt -
marking for each of these the abscissas x corresponding to Curves 2,

we obtain the sought dependence cx(X) in the form of Curve 3 (Fig.

o.14).

ol' / - _X

1 00 -- --------- -- -- ----.. ...,
------------- I

-----------

z - -- 

- - -
- -

/ I I I I

Fig. lo.14. 1) For different.

Substituting the dependence cx(x) obtained into the expression

chosen for the specified nonlinearity from §10.2, namely

P (' ,.), (10.93)

we eliminate from the latter the quantity ax and obtain a function of

one variable

t =((10.94)

which, as in Chapter 5 and §9.2, can be called the bias function,* for

here the mathematical expectations x and F represent the shifts (bias)
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f of the random components.

Once the bias function (10.94) is deter-

o mined, it can be substituted into (10.83):

Q(10.95)

from which we determine for the specified func-

tion f(t) the regular component of the process
Fig. 10.15 x(t) by solving the differential equation.

In most problems the bias function (10.94) will have the form of

a smooth curve (Fig. 10.15) which within certain limits can be sub-

jected to ordinary linearization

d2(lO.96)

If the system is such that the linear part with transfer function

R(p)/Q(p)

does not pass the frequency spectrum corresponding to the fluctuations

fsl(t) and defined by the spectral density sf(), the determination of

ax becomes much simpler, for we obtain from (10.87)

+00o.- I ' (10.97)S o) Issl (w) d,(0-7

i.e., ax will not depend on the form of the nonlinearity or on the

value of x.

In this case we can determine k not by differentiating the bias

function (10.94), but directly* from (10.93)

r =k.k, k.= ()_o (lO.98)

We obtain kn here as a function of ax:

k.=k k,(.). (10.99)

It is then necessary to substitute the quantity ax, obtained from For-

mula (10.97), or simply take from Figs. l0.7b-l0.12b the curve corres-

ponding to the obtained value of a In this case the calculation of
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the integral (10.97) is carried out by means of the ready-made formulas

(10.22) and (10.23).

As a result of substitution of (10.96) or (10.98), the equation

for the determination of the regular component (10.95) becomes linear

[Q(p)+kI)] =S(p)f W (10.100)

and is solved as such on the basis of the ordinary characteristic equa-

tion

Q(p)+k.R(p)=o. (10.101)

It is important to note, however, the following. According to For-

mulas (10.87) and (10.97) the value of ax depends on the spectral den-

sity of the interference sf(). Consequently, the form of the bias

function (10.94) and its slope kn (Fig. 10.15), determined in terms of

the quantity ax, also depend not only on the parameters of the system

itself but also on the spectral density of the interference sf(w). But

if kn depends on sf(b), then, in accord with (10.100) and (10.101),

all the static and dynamic properties and even the stability of the

system relative to the useful signal will depend not only on the sys-

tem parameters themselves, but also on the spectral density parameters

of the external random noise. Consequently, a nonlinear system which

is stable in the absence of noise may lose its properties at a defi-

nite noise level, i.e., it may go out of order as an automatic control

system not because the system ceases to filter the useful signal, as

is usually the case, but because the main control loop changes its dy-

namic properties with change in kn, or may even become unstable.

Cases are possible when this phenomenon, which is specific of non-

linear systems, will occur for the system, which is calculated in the

linear approximation, ceases to filter the useful signal. From this

Cpoint of view, an account of the nonlinearities actually present in
the automatic control system in the presence of high frequency (com-
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pared with the useful signal) noise becomes exceedingly important for

practical purposes. This is Just as important as allowance for the in-

fluence of the vibrational sinusoidal noise considered above in §§9.2

and 9.6. The results of solving both these problems are analogous (see

the example in §10.6 below).

It is obvious that the foregoing influence of noise, which is

specific to nonlinear systems, can in some cases also improve the dy-

namic properties of the system.

The attractive aspect of the method described here is that an in-

* vestigation of the transient properties of the processes, of all the

frequency characteristics, and of other properties of the control sys-

tem with respect to the useful (control) signal is carried out using

any of the methods of ordinary linear theory of automatic control by

means of Eq. (10.100). In spite of this linearization of the problem

solution, all the specific nonlinear phenomena of practical importance

are clearly displayed, owing to the above-described method of deter-

mining the coefficient kn, which takes into account the fact that the

superposition principle does not hold for nonlinear systems.

It is also important to bear in mind the following. By investigat-

ing by means of linear control theory, using Eq. (10.100), the varia-

tion of the static and dynamic properties of the system relative to

the useful signal with variation of the structure and parameters of

this system, one must without fail take into account also the change

in the coefficient kn itself, a change that follows from Expressions

(10.99) and (10.97) or (10.87).

Third problem. If the general linearization of the bias function

(10.96) or (10.98) is not desirable or impossible (because of the ex-

cessive curvature of this function), it becomes necessary the nonlin-

ear equation (10.95) directly, for specified f(t), using any of the
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known methods for solving ordinary nonlinear equations. In this case

the stability of the given nonlinear system can be determined, in par-

V, ticular, by the harmonic linearization method described in §2.7, after

first carrying out the harmonic linearization bias function, namely

AO -q" (A, ax) -,
1 ., (1i0.102)

qC
T (A, v)- - (A sin , ,) sin d,( 0

where F(x, a ) is taken, in accord with (10.93), in ready-made form

for each nonlinearity from §10.2, followed by the substitution x =

= A sin *, where A denotes the amplitude of the self-oscillations of

the slowly varying component x, which arise in the system on the bound-

ary of the stability region and outside this region. If necessary, we

can investigate further also the self-oscillations in this nonlinear

system with respect to the slowly varying regular component x, by de-

termining their amplitude A and frequency 0 as functions of the system

parameters, using any of the methods described in §2.3, in accordance

with (10.95) and (10.102), from the harmonically linearized equation

[Q(p)+qC(A, r,)R(p))] =0. (10. 103)

In this case the quantity ax which is contained in (10.102) and

(10.103) is determined in a simplified method by means of Eq. (10.97),

since it is obvious that when self-oscillations (with respect to the

slowly varying component x) set in, the high-frequency fluctuations

will not be passed by the linear part, which is defined by the trans-

fer function R(p)/Q(p), owing to the presence of filtering properties

in the system (properties needed to obtain self-oscillations in the

form x = A sin *).

We see, therefore, that inasmuch as ax is determined in terms of

sf(w), the amplitude and frequency of the self-oscillations, deter-

S mined from Eq. (10.103), as well as the very conditions of their oc-
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currence in the nonlinear system, will depend essentially on the spec-

tral density of the external fluctuations (random noise).

We give, furthermore, ready-made expressions for the harmonic lin-

earization coefficient qt(A, ax), calculated by means of Formula

(10.100) for several typical nonlinearities F(x), contained in the in-

itial equation of the system (10.81). Let us note that a more detailed

notation for the operation (10.100), taking into account Eq. (10.41),

can be obtained in terms of the initial nonlinearity F(x) in the form

q'T (A, M~ i [P (A sin+~+ xcA)Jsin t~d'

for a normal distribution of xs1 (10.42) and subject to the condition

that the variation of A sin * is slow compared with the frequency spec-

trum of the random fluctuations xs l.

Fig61.1
The reultsIo th-acltoso h ofiin ~(,O)

4

46-2

4 ~-40) _ -

~8a 4(z/ -

Fig. 10.16

The results of the calculations of the coefficient qot(A, a,)

made by A.A. Pervozvanskiy [331], are as follows:

1. Ideal relay characteristic (Fig. 10.7a)

qc' (A, .) =B, (z), (10. 104)

where B0 (z) is graphically represented in Fig. 10.16 (the analytic ex-

pression is given below), with
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A ' A
.V (10.105)

1' 2. Single-valued relay characteristic with backlash zone (Fig.

10.8a)

qc (A, Ox) 'A-- . b?,l3.(z),(
,-0 (10.106)

where
b

Ox (10.107)

and the functions Bn(z) are also given in Fig. 10.16 (it is sufficient

to take a finite sum up to n 3). The plots of Fig. 10.16 are based

on the formula

B. (z) I 1 - 12 (1+ )j I ( Z (n = 0, , 2,A

YW .(2n 1(61 (1 + n)I(I + 1) (2= , ,2,.

3. Loop-type relay characteristic of general form (Fig. l0.9a)

qcT (A, + 2 '," bB, (z). (10.lO8)
n-0

4. Characteristic of the saturation type (Fig. l0.lOa)

IT00 b 2.
qC(Atx) = ! (lO. 109)

k n-0 (019

5. Characteristic with backlash zone (Fig. l0.llb)

qc (A, k b .2. B,()
qcA(A, 4) k- " ) (10. 110)

(in practically all cases it is sufficient to sum only up to n = 3).

6. Quadratic characteristic (Fig. l0.llc)

F= kx' sign x = k I x I x(10. )
q I T(A, aj =kAD (z), J

where D(z) is shown graphically in Fig. 10.17. It is plotted from the

formula

1 902 _L
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2--

Fig. 10.17

7. Power-law characteristics with odd powers (Fig. 10.11c)

F =kxI, qcT(A, -4-- (A + 4o.); (10.112)

F=kx', qC?(A, a.)=15 I Al + A24 + 2,j'; (10. 113)

finally, in general form

A R 1" +1 1)

Thus, after going through the above-described determination of the

harmonic linearization coefficient of the nonlinearity in the presence

of high-frequency external fluctuations (random noise), we can deter-

mine from Eq. (10.103) by means of the methods of Chapter 2 (illus-

trated with examples in Chapter 4I) the stability boundary and the

parameters of the self-oscillations of the nonlinear automatic system,

but now as functions not only of the structure and parameters of the

system, but also of the spectral density of the high-frequency fluctua-

tions acting on the system.

We can also use Eq. (10.103) to investigate later on the quality

of the transients in such a system by means of the methods of Chapter

jL 7, and determine by the procedures described in §9.1 also the single-

frequency forced oscillations, in accordance with (10.95) and (10.102),
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using the equation

[Q (p) + qC? (A., a.) R (p) & S (p)f (t),

where the regular nomponent of the external signal f(t) varies as

I(t) = B sin 2,t

with a frequency Ov which lies considerably below the spectrum of the

frequencies of the random oscillations fsl(t). In this case, the ex-

pression for qSt(Av, ax), where Av is the sought amplitude of the

forced oscillations, is taken for each nonlinearity from the formulas

written out above for qSt(A, ax) .

§10.4. Low-Frequency Random Processes

We consider here three other principally different problems in

general form. They will be illustrated by means of examples in §§10.5

and 10.7.

Fourth problem. Let us return to the problem considered in §10.1.

Assume that slowly varying random signals flow through a self-oscillat-

ing nonlinear system, operating in the forced oscillation mode. The

frequency spectrum of the random signal is in this case, unlike in the

third problem, considerably below the frequency of the self-oscilla-

tions or of the forced vibrations. The solution x(t) is resolved into

two components, a slowly varying one x0 and an oscillatory one x*.

We leave the start of the solution of the problem, i.e., Formulas

(10.1)-(l0.10) or (10.27)-(10.35), respectively, in exactly the same

form as in §10.1. In addition, there we carried out ordinary lineariza-

tion of the bias function and solved the ordinary problem of the flow

of random signals through a purely linear closed loop automatic system.

Now, however, we consider a case when ordinary linearization of the

bias function is undesirable or impossible (owing to its strong curva-

4 ture).

In this case we carry out statistic linearization of the bias
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f'inction, for it is necessary here to seek not for the regular slowly

varying component x0 (t), as in the third problem, but for the random

slowly varying component.

In §10.1 we indicated two methods for calculating the equivalent

gain ql of the random component. We shall use the second of these,

since it is simpler. Then the result of the statistic linearization of

the bias function (10.10) or (10.35) will be

FO = q (a0o) x6, (10.115)

where in accordance with (10.48), recognizing that the mathematical

expectation of x0 is zero, we have

qCA= D i( (xl)x'w(xo)dx' , (10. 116)

and the distribution w of the random quantity x0 will be assumed nor-

mal. An example with a specific nonlinearity will be given in §10.5.

With the substitution (10.115), the statistically linearized equa-

tion (10.6) for the slowly varying random component xO(t) and for a

random external signal f(t) will assume the form

IQ (P) + qC" (ox.) R (p) x, = S )(1. (10.117)

We next apply the formulas of the linear theory of random proc-

esses, of the type (10.17) and (10.18), for the determination of the

0 , which yields

'0 sur S( dw, (10.118)Tro . Q (J-,) + qcA(,.)f(fr)

where sf(w) is the specified spectral density of the external random

signal f(t). Using further Formulas (10.23) and (10.22), we represent

Eq. (10.118) in the form

011 = /f's(17O),(10. 119)

where h is a constant factor, which separates out upon integration.
2

From this we determine the sought dispersion ax or the mean square
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1 7 value axO of the slowly varying random coM-

---- - ponent xO .

Equation (10.119) can be solved either

graphically, by finding the point of inter-

0 . section of the two curves (Fig. 10.18)

Fig. 10.18 2 an x071= xo adn=hIn(axO)I

(10.120)

or analytically by successive approximation, using the solution ob-

tained in §10.1 as the first approximation. Substituting the thus ob-

tained axo in (10.119) we obtain a new value of a20 (second approxima-

tion), etc.

Once axO has been obtained, we calculate by means of the previous

formulas (10.24) and (10.25) the mathematical expectation (mean value)

of the self-oscillation amplitude A or of the amplitude of the forced

oscillations Avo and the dispersion aA2 of the amplitude, thereby com-

pleting the solution of the problem.

First problem. In principle, an entirely different version of

j solving the same problem regarding the slowly varying random signals

is possible. In the fourth problem the solution x(t) was separated into

a slowly varying component x0 and an oscillatory component x*, both of

which were random. Another approach is possible, which was employed in

the first three problems of the preceding section, where the solution

x(t) was resolved into the regular and random components x and x

respectively. In this case, unlike in the third problem, we shall as-

sume the regular component x to be self-oscillating at a high frequency,

and the random component xsl a slowly varying one, i.e., with a fre-

quency spectrum that lies considerably below the self-oscillation fre-

quency.

Then the equation of the nonlinear system
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Q(p)x+?(p)F(x, px)= S(p)f(t) (10. 121)

for a slowly varying random external signal f(t) will break up as a

result of statistical linearization of the nonlinearity (10.40) into

the following two equations

Q(p).+R(p)P(7c, r)=0, (10. 122)

[Q () + R (p) qO (, a)J x" = S (p)f(t) (10.123)

respectively, for the regular and random components.

Inasmuch as the regular component x is assumed to be self-oscil-

lating:

--=A sin 2t, (10.124)

it is necessary, in order to determine the amplitude A and the fre-

quency Q of the self-oscillations, to carry out in (10.122) harmonic

linearization of the nonlinearity F(x, ax), namely:

fP=qCT (A' yJ (10O. 125)
qc(A, 1 1 2 P(A sin +, .) sin d .

As a result of this Eq. (10.122) assumes the form

[Q(p)+qcT (A, ,,)R(p)];k=O. (10.126)

We see that these equations coincide formally with the previous

equations (10.102) and (10.103) which were used in the third problem

(§10.3). We can therefore use here all the specific expressions for

qt (10.104)-(10.114) indicated above for the specific nonlinearities

F(x). The essential difference from the preceding case will lie in the

definition of the quantity OX, which enters into these formulas, in

view of the different scope of the solved problem.

In the present case ax characterizes the slowly varying random

component x81 , defined by means of (10.123). The latter is complicated

( because the mathematical expectation x contained in it is not con-

stant, but varies sinusoidally (10.124). However, inasmuch as xs l var-
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ies slowly, the solution can be simplified by replacing the coeffi-

cient qSl by means of a constant quantity over the period of the self-

U oscillations; this constant quantity is equal to the average value
2S

qCP = 1 q"' (A sin i, a)d+. (10.127)

Then (10.123) will assume the form
1Q(P)-+(1(A0 ';)R(P)Izx=s(P)f(9. (10.128)

S--Expressions for the coefficient

z -, - - qsr(A, ax) were derived [331] for standard

- nonlinearities F(x) by means of Formula

4- f (10.127) using the material of §10.2, where

expressions for qSl for the same nonlineari-

ties are given. The second method of deter-

mining q5l (10.48) was used here.

1. Ideal relay characteristic (Fig.

Fig. 10.19 10.7a)

qCP (A, ~~=SCo(Z), (10. 129)

where C0 (z) is plotted in Fig. 10.19 (the analytic expression will be

given below), with

A

2. Single-valued relay characteristic with backlash zone (Fig.

10.8a)

O(X, A (10. 130)

where

b

and the functions C n(z) are also given in Fig. 10.19 (it is sufficient
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to take a finite sum up to n = 3). The plots of Fig. 10.19 are based

on the formula

:~C (Z- 1 )1+ [2) 14 -I- ] "07-(/ , 1, 2,_).

3. Loop-type relay characteristic of general form (Fig. 10.9a)

qC P (A, c + 0. ,C() (1. 131)

4. Saturation type characteristic (Fig. lO.10a)

qcP(A, a.)= TI -2 +c (z). (10. 132)

5. Characteristics with backlash zone

z-(Fig. l0.11b)

7 1- -L (1 ( 0. 133)

I Z (in practically all cases it is sufficient

Fig. 10.20 to sum only up to n = 3).

6. Quadratic characteristic (Fig. 10.llc)

F-=kx'sIgnx=kjxjx,
qCP (A, G;,.)= koxE(z), (10.134)

where E(z) is plotted in Fig. 10.20 on the basis of the formula

[~1) +(2-1 + "1)''
W [ +2'- il If + 2) I|1 a-

7. Power-law characteristics with odd powers (Fig. 10.11c)

Fkr', qcP(A, 2. -g(' 2:,); (10.135)

.-=kxl, qcP(A, ,).- -=5- -A+2A +2), (10.136)

in general form

fP-A = (2n -1),A"2 (10. 137)
- 1 In- 9 I-' "j,-o
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After writing out Eq. (10.128), a formula of the type (10.118) is

used, namelyI
0" = 1+01 U) sy(w) do) (10.138)

from which, using (10.23), we obtain an equation for the determination

of ax as a function of the self-oscillation amplitude A:

'--h. (A, ). (10. 139)

From this we can determine a x(A) graphically by the same method as in

Fig. 10.14, in which we replace the letter x by A, and plot curve I by

means of the equation

and curves 2 for the different constant values of A by means of the

equations

hi., (A, ")-' ,

after which the ordinates of the points of intersection are trans-

ferred to the right-hand plot, where the abscissas are marked with the

corresponding values of A.

The dependence ax(A) obtained in this manner is then substituted

in (10.126), after which any of the methods of §2.3 can be used to de-

termine from this equation the amplitudes A and the frequency 0 of the

self-oscillations. The solution of the problem is concluded by sub-

stituting this value of A into the previously obtained dependence

a (A), which yields the sought mean square value a. of the slowly vary-

si
ing random component x

This constitutes the second version of the solution of the prob-

lem involving the flow of slowly varying random signals through a self-

oscillating system. The same procedure can be employed to investigate

the flow of slowly varying random signals through a nonlinear system

operating in the forced oscillation mode (for example, vibration
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smoothing of nonlinearities). In this case only Eqs. (10.21), (10.124),

and (10.126) are replaced by the following

QQ()x+ R(p)p(x, Px)=S(p)f(t)+S,(p)B sit Q.t, (1O.140)
I == An sin (Q't + T),

[Q (p) + qe (A, R )(p)]b=St(p)B sitt. (10.141)

Formulas (10.125) and (10.127)-(1O.139) remain the same as before, ex-

cept that A is replaced in them by Av . After determining cx(Av), Eq.

(10.141) is solved by the method of Chapter 9.

Sixth problem. In those cases when one cannot count on having the

frequency spectrum of the random component of the process much below

or much above the self-oscillation frequency, the use of the statis-

tical and harmonic linearization methods becomes difficult. Neverthe-

less, frequently it is useful to employ in these cases a device de-

veloped by A.A. Pervozvanskiy [331] on the basis of ideas by Rice [307]

concerning the determination of the probability density of the sum of

a sinusoidal signal and a random component.

Let, as before, the solution of the nonlinear equation (10.121)

be sought in the form

x - .- 1) IU = A in # (10 .14 2 )

where it is regarded as a whole as a single random process. Inasmuch

as the choice of the phase * is arbitrary, it is considered to be a

uniformly distributed quantity. The probability density ws(X) of the

summary random process (10.142) is determined on the basis of proba-

bility theory by means of the formula

s. (X) '(x-A sin +) d+, (10.143)

where w is the normal distribution law (10.42), namely

' 91- A si +N
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Statistical linearization of the nonlinearity F(x, px) is carried

out here, unlike the preceding equation (10.40), for the entire proc-

ess as a whole

~q'x= q"-+' (l0.145)

where the summary equivalent gain qek is determined from the condition

that the mean square deviation of the substitute function from the

original function be a minimum, i.e., from the condition

S(F ( - qeKx)i= mil,

from which we obtain for single-valued nonlinearities F(x)

S F (x) xw, (x) dx
O.= M IFxI -0-I -- TOO ( io. 146)

x'wC (x) dx

Substituting here (10.143) and reversing the order of integration

in the numerator we obtain

F (xC + A sin (.ea +A sin +w (x) dx,

and in the denominatorI, - , I ca (xC" + A sin +)'t (x) dx.

But from (10.125) and (10.41) we have
* i ( s,~dq

qc7 (AOx).. 2K L sin *d+t F(xc + A sln +)w(x)dx,

and from (10.127) and (10.48) we have

qcP(A + )--x d -('+A Sin +.)xtv(x)dx.

In addition, we use the expression
-+00 (2 [( - 1),, a2 ,' Qi = 2), (l O 1,,..
I x"w (x)dx'{ 0 (n0,---22--
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From the foregoing relations it follows that

! I" J'--' A'q" (A, %) +":q'P (A,':s). j 4= A'-+ 4

Therefore, Formula (10.146) assumes ultimately the form

I+7

Consequently, in order to obtain specific expressions for the co-

efficient qek for typical nonlinearities, we can use the ready-made

expressions for q st (10.104)-(10.114) and qsr (10-129)-(10.137).

As a result, the dispersion a A of the random component x s

will be determined in analogy with (10.138) by the formula

2X j Q (i 9o) + sA,) I? (it') I 0)) (10. 148)

using the same graphic procedure, while the amplitude A and the fre-

quency q of the self-oscillations are determined by the methods of §2.3

using the characteristic equation

Q(p)o + q9 (A, ,0 ) (p) 0, (10.149)

in which we substitute ax(A) from (10.148). By determining A from it,

we obtain ultimately also the quantity a c

It must only be noted that these formulas do not provide the solu-

tion to the problem in the "resonant" case, i.e., it is necessary to

impose the condition that the spectral density of the external signal

sf(o)) vanish at a frequency (o = Q equal to the self-oscillation fre-

quency, otherwise the integral (10.148) may diverge since, in accord-

ance with (10.149), its denominator vanishes when = Q. The "resonant"

case is treated separately in Reference (338.

§10.5. Exmse of Slowly Varying Random Processes in a Self-Oscillat-
ing System

imposLet us illustrate by means of specific systems and numbers the
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r methods used to investigate random processes in nonlinear systems, as
developed in the present chapter.

In this section we consider the example of a magnetoelectric ac-

celerometer. The instrument represents a closed-loop automatic system,

operating in the vibration self-oscillation mode. Its diagram is shown

in Fig. 10.21. This system was described earlier in §6.4, where calcu-

lations were given for its use to measure a constant acceleration, and,

in accordance with §5.3, calculation can be carried out for a specified

time variation of the acceleration. We now assume that the acceleration

measured with this instrument* is a random funetion of the time; for

example, this may be the lateral acceleration of an airplane, result-

ing from the turbulence in the atmosphere.

Fig. 10.21. 1) Magnet; 2) contacts;
3) sensitive coil; 4) electronic
commutator; 5) power supply.

According to (6.54), the dynamics of the instrument system with

the simplification F2 (9) = T is described by the equation**

ST p' F (T- T,7)p -- (T1 - Tk+kjTk+ T)p + I d-kt lx+
+ kP(x)=k(Tp-+ 1)f(t). (10. 150)

where T1 = 0.6 sec is the damping constant of the sensitive coil, T2

- 0.007 sec2 the inertial constant of the sensitive coil, Tk = 0.0001

sec is its electric constant, Te = 0.004 sec is its constant connected
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with the counter emf, k. = 0.7 I/a, k2 = 0.0715.10-3 g'icm-1 , and k

1 1.2.10-3 sec 2/cm are transfer ratios, F(x) is a nonlinear character-

istic of the ideal relay type:

F= sign x, (10.151)

f(t) is the measured lateral acceleration of the airplane, with

f (t)=OlV(t), (10.152)

(v(t) is the velocity of the lateral wind). Based on the literature

data (323], we shall assume the latter to be a stationary random func-

tion of the time, with a correlation function rv(T) experimentally ob-

tained (curve 1 on Fig. 10.22). For T < 15 this curve is well approx-

imated by the following curve (curve 2):

( e- cos (,; (10. 153)

where

a2 = 0.01 [m/sec]2 , a = 0.2 1/sec, wI  0.1 1/sec.

On the basis of (10.152) we can write for the correlation func-

tion of the measured acceleration

r,(-) Cos w1; 0)=104 (10.154)

From this we obtain by means of Formula (10.14) the spectral den-

sity of the external random signal (the measured lateral acceleration

of the airplane)
i s!(, )= 2 } "'+ To

(' (w) 2c ) - (10. 155)

where

(x.=0,2, c)==10-4, ,,=,0.,, 71'=0+021=O,05. (10.156)

Let us first find the self-oscillations of the system in the ab-

sence of an external signal (f = 0)

x=A sin

Using harmonic linearization of the nonlinearity (10.151), in accord-

ance with Chapter 3 and Formula (10.150), we obtain the characteristic
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equation

TgThp'+(Tt+ TIT)'+(",+ TI -+ ksh rT)P-+

+ 1 + 4kt,+ =0=

ar

Fig. 10.22

Substituting p =J and separating the real and imaginary parts,

we have two equations

I. (".I d- rk + k2Tt + T,) 9, - T27'",':== ,O

from which we obtain the frequency and amplitude of the self-oscilla-,

tions in the absence of an external signal (f = 0):

.= +TTkTk:T = 92 9 l/sec, (10.157)
4kj T r

(TI+TlTk)(T+Th+kTk+T,)-TIT(I+k,) (1015
. o , (10O.158)

-- 1.,463.-I10-4.

At such a self-oscillation frequency (10.157), the random signal

described by the spectral density (10.155) can be fully assumed to be

slowly varying. Therefore to determine the self-oscillations x* -

= A sin Ot in the presence of a random signal in the present system,

we make use of Eq. (10.7). The characteristic equation corresponding

to it will be, on the basis of (10.150)

S TTkpS-+(T'+ TT)p'+(T, F- FT+kT+ T,)p+
+ I + k9 + k,q (A, x) o,
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where, in accord with §5.6, we have for the nonlinearity (10.151)

k I - (10.159)

Substituting p = JQ in the characteristic equation and separating the

real and imaginary parts we obtain

I + k-+kq (A, x)- (T21+ T, Th)j '----0,
(r,+ T,+kT,+ Tr)- rTkQh=O,

from which we obtain the previous value of the frequency

2 2 }f T+ T+ksh+T =929 1/sec,

and also, taking (10.158) into account, a new value for the amplitude,

which depends on the slowly varying component xO , namely

A= A¢ !/iit- f' 2." [ '
A = A, I(( o. 160)

It is obvious that the limits of the quantities contained here are

Ixl- , .- A A (10.161)

To determine the random slowly varying corriurient x0 (t) it is necessnry

to use Eq. (10.6), which for this system, in acoordance with (10.150),

assumes the form

[TTkp'-(7't+ TITAk)p'+(T,+ T1,-k T4k-F T,)p+ +ktlx+ (10.162)

+k,F*=k,(Tkp + Of (),(

where according to §5.6, for the specified nonlinearity (10.151) we have

F-=arcsin (I xIl<A); (10.163)

00when x0 <-A we get PO =-1, and when x 0 > A we get FO = +1.

Substituting here expression A (from (10.160)), we obtain the

bias function (the dependence of F0 on x0 and on the system parameters

only)

F'= D(x')=arcsn 0 _ --

or, putting 2xO/As = sin p, we get * = p/w, i.e.,
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< F 0 - I 2x-(

when x0 <-As/ we get F0 =-1, and when x0 > As/2 we get F0 = +1, and

the quantity A which is contained in (10.164) depends, in accord with

(10.158), on the parameters of the given

system. The bias function obtained is shown

in Fig. 10.23. This is precisely the non-

linear characteristic, smoothed with the
2 aid of self-oscillations, of the slowly

varying component x0 (t) of the process, in

Fig. 10.23 place of the pure relay characteristic

(10. 151).

Further solution of the problem involving the determination of

lx02 of the slowly varying random component x0 (t), and also of the

2mathematical expectation A and of the dispersion aA of the amplitude A

of the oscillatory component x*, will be carried out in two versions:

1) by ordinary linearization of the bias function in accordance with

§10.1, and 2) by statistical linearization of this function (fourth

problem of §10.4). This problem was solved by A.A. Pervozvanskiy [334].

Ordinary linearization of the bias function (10.164) by means of

Formula (10.11) for small deviations of x0 near the origin yields

F0=kUX k \ M(/.\-o =2 = 0,435. 10. (10. 165)

We verify incidentally, by means of the same example, the agree-

ment between the results obtained from Formulas (10.11) and (10.12).

For this purpose we calculate kn in accordance with (10.12) by par-

tially differentiating with respect to x0 the expression for F0 (10.163)

directly, without transforming the latter into the bias function, We

(obtain

kH=0* 2) 2
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which indeed coincides with (10. 165).

On the other hand, statistical lin-

earization of the bias function (10.164)

by means of Formula (10.115) yields

Fe =€ )o (10. 166)

where, in accord with (lO.116), (i0.164),

and (10.26) we have on the interval

I- -4 Sxl < A5/2

Fig. 10.24
2

qCA =:oo'y.X arcsin f • dx

_ A,

or

q" ~ZIP,(Z) A

where

P (z) y arcsin ye-'"Y' dy,

A, 2xG (10.168)

with the function Pl(z) calculated beforehand and plotted (Fig. 10.24).

On the other hand, if one cannot assume that the quantity x0 in-

dicated in (10.167) is bounded, we obtain

3 .V )dxIq" . ZI---P. 'p (Z) + " - '

or

!C. )4z [I P. (Z)+e] (10.169)

The dispersion of the slowly varying random component of the proc-

ess xO(t), in accord with (10.18), (10.17), and (10.162), under the

ordinary linearization (10.165), is determined by the formula
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+00

-0 7*S$TI TO)*u I +kA+hh.I

X (0' + "1) do-T1Tk~w'-II+TIX (w'+, +-Th7k)7-+T4)'.+,

where

k= 2=k: =0,576.10-. (O. 10170)

Noting that with allowance for (10.156) we have

(0 + ') - 40.0-- () + 2% () + ,lO.(10.171)

we represent the entire denominator under the integral sign in the form

I H (Jw)j' - I a (jw)' + aI (jw)' + a, (jw)' + as (Jw)' + at (jw) + a, ',

where
as= t Th=O,7 • 10-'; a,-= Ts+ +, ITh+2%TT=0,706" 10-2;

a2= T,+ -+ k, Tk + T, + 2a (T21 + T, T) + ' T = -0,607;

a, = 2(& (T ,+ - + kjTh + T)+T'(+ TTk)+ I +k,+ kk,
= 1,314 + 0,7 k.;

a =7'(T, + T + k ,T + T) + 2% (1 + k,+ + kk.) = 0,459 + 0,28 k.;

as = 12 (1 + k, + ktk,) = 0,0536 + 0,035 k..

The entire numerator under the integral sign, as called for by

the procedure indicated in §10.1 for evaluating the integral, will be

written in the form

O (w) = T jt- + 1 t(,*+ 7') = TW'- (1 + Tlt)wl+T' -=

= bot + b,w + N' + bwa + b,,

where
b,=b,=-O, b--r2=T 10-s,  bj=-" 1 72 r'%k$ 1 b&,-[ 7 - 0,05.

Thus,
00

9 Is (, +... +,,,1 dw=/,4. (10.172)

Using the ready-made formula (10.22) for 15 and substituting the

values of all the coefficients, we obtain an expression for the sought
2dispersion axO as a function of the slope kn of the bias function in

the form
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-0,295. 10 (k, -- 0,869. IU'k,, 0,1 -1. 0 ) ( 1 173 )
-, .o , o'k; - -0o,432. o ; -o,708. I ,, - (10, , 1

Substituting the value of kn (10.165) we obtain the dispersion

o0, 156. 1I0 6

and the mean square value

.. =0,395. 0-.(10 -174 )

We see that the mean square value of x0 is much smaller than the

quantity A s/2 = 0.732.10-4 involved in Fig. 10.23. Therefore, calcula-

tions carried out with the aid of the ordinary linearization (10.165)

is fully justified in the present example.

On the other hand, if for other numerical data the value of axO

will be larger, then the expression of the type of (10.173) obtained

with the aid of the ordinary linearization can be taken as the first

approximation, and subsequently corrected by using the statistical

linearization (10.166). For this purpose, as follows from comparison

of (10.17) with (10.118), it is merely necessary to substitute into

the expression (10.173) for a2 the quantity qSl(xO) in place of kn,

and use Formula (10.167) or (10.169). We then obtain for ax0 an equa-

tion of the form Ia.$ = his (CI),
which can be readily solved graphically (Fig. 10.18).

Finally, it is necessary to find the mathematical expectation

lue) A and the dispersion a of the amplitude of the oscilla-

tory component. From Formulas (10.24) and (10.25) we have with allow-

ance for (10.160)

AC

A+e to dx9,
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,A
__ _ - -' (-V )

YA) e

or

A JP, (Z).

= o'oz3P3 (z) - S o4..'AeP, (z) + ZAIP4 (z), (10.175)

where

___ __ 2x*P, (z)= V1 + Yi---- -y 'dy, z 2--- 2a,, T y -

P. (z) = ( + 1T-Ii') e-"Y'dy, P4 (Z) =e-"JY'dy..

For relatively small values of z (0 < z < 5) the functions P2(z),

P3 (z), and P4 (z) are plotted in Fig. 10.25.

In the numerical example considered,

A with allowance for (10.174), we have z =

P2 W = 1.31.10 4, i.e., z greatly exceeds five,

j / (Z and Z is small. In this case Formulas

1 (10.175) can be simplified by assuming

'A= Y2 0o-"'edy= 2/ V A.=. (10. 176)

and furthermoreFig. 10. 25

S2-z + V -y-- YTt)' e-"'dy

1,,28 )2---'y

For small values of y we can assume

92+ 2 -,)
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and the upper limit of integration can be replaced by infinity. Then

8z' ' /.\I £_ _

go 10F LY- 1'SYedy - Z s Y'dy.
YR. 8 )'U

But we know of the following expression for the gamma function:

I (u) (zI)t "e-,"dt.

In the integral under consideration t= y2 and u = 5/2. Therefore,

' *' _ _
4YW2 226 (2/

We also know the formula

r (n + = (2k - 1),
k-

hence

22]' 4 6

We ultimately obtain

CA= OX, (10.177)

Thus, in our example, taking (10.174), (10.176), and (10.158)

into account, we have

a.=0,395.10-8; A= 1,463.10-'; A = 1,305. 10 - 1'.

As a result, all the sought probability characteristics of the

solution x = x0 + x*, where x* = A sin Ot have been determined, and,

as previously found, 0 = 929 sec-

§10.6. Example of the Effect of Noise on the Dynamics of a Nonlinear

System

A nonlinear automatic control system (Fig. 10.26a) is acted upon

by a random noise f(t), which has a high frequency compared with the

slowly varying useful control signal in the given system. Passage of

( noise through the nonlinear element changes the gain of the useful sig-

nal in the latter (second problem of §10.3). It is required to estimate
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b7-

Fig. 10.26

the influence of this phenomenon on the dynamic properties of the given

automatic control system relative to the useful signal [336].

The equation of the closed loop system

10- -(Fig. 10.26) as a whole will be

p '(Tp+ I)x+
--- + (kko.s' + kk. Tp + kk) F (x) (10.178)

as - -kP,(T,p+ 1f(t)
where k klk2 , F(x) is a specified nonlinear-

474 /'ity (Fig. 10.26b). In addition, the following

f - are specified: k = 18, k2 = 60, k o.s = 0.03,

"' 204.9 ? , k0 = 0.5, Ti = 0.5, T2 = 0.02, c/b = 4.

Fig. 10.27 The noise has a normal distribution and

is specified in terms of the spectral density (Fig. 10.27)

s, = (1i0.179 )
s(W) -- a'-'' + W-"

where a = 0.05, 0 = 1.35, ci1 = 7.5, p. = 0.03. By varying the noise dis-

persion of, which characterizes the "noise level," we determine the

dynamic qualities of the system as a function of the quantity f*

Carrying out the statistical linearization (10.40), let us break

down the system equation (10.178) into two equations, for the regular

and random components, respectively:

p' (Tgp + 1) _k (k2kjo - kk Tp .k) P= 0,
1l(Trp + 1) + (kok..pI akkoTp + k/)q-x- == kp(,p -[ +/(O). (10.180)

Inasmuch as the transfer function of the linear part of the system

is
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(P) k c + kko'~j 4 Iek.l @ = _ P, (ri.P + ')

3 and for the previously assigned parameters this system does not pass

in practice* the frequencies at which the spectral noise density (Fig.

10.27) has an appreciable value, according to (10.97) the dispersion

of the noise at the output of the nonlinear element will be

+C0
. I . (JIO, I's, d,
-CO

__I + L- k +' 2P:)I Tkj 4-_ 1 +j
7"i- , + Io)

- c0

In order to transform this integral into the standard form (10.23),

we first transform the denominator of the spectral density, namely

(WI- V) + J - I M (IW) + pIJW + W I'.

We then obtain

H(Jw) = .Ow)' +a(i)'-+aw)+ a.,

where

a,=wl Tt+P, as--- .

In the numerator we get

Q (w) = lj TJ = + 111 b.0 + ' + b,

where
bo=O, b, Tr2, b,= 1.

As a result we obtain

oa= k ,V2-I, (10.181)

where, according to (10.22)

13==, (10.182)

We now proceed to Eq. (10.180) for the regular component, i.e.,

for the useful signal. The function F is determined in it by the plot

( of Fig. l0.lOb as a function of = x/b and 01 = cx/b. In the initial

part, all the curves of this plot are nearly straight lines. We can
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therefore carry out the ordinary linearization of these plots in the

form

Sk, Vi! (10.183)

where kn is the slope at the origin (Fig. 10.10b), which depends on

the value of aI. For our problem we obtain

0 0, 1 0,3 1 0,6 1,0 1 2,0 1 3,W055Oj 10(

k I 4,0 4,0 4,0 13,2 1 2,3 1 1,411,0 1 0,6 0,4 1 0

Physically, the quantity kn is the gain of the useful signal in

the nonlinear element in the presence of noise, and the presented table

- - gives the dependence of this gain on the noise

level, i.e., on its mean square value a,

- -= a/b, at the input of the nonlinear element.
] 2-- We see that an increase in the noise

level brings about an appreciable reduction

in the gain of the useful signal in the non-

linear element, as illustrated graphically inFig. 10. 28

Fig. 10.28. This is the principal distinguish-

ing feature of a nonlinear system, which causes all the static and dy-

namic properties relative to the useful signal, including the stability,

to be dependent on the noise level.

Let us find, for example, the dependence of the system stability

on the noise level. For this purpose we write, in accordance with

(10.180) and (10.183), the characteristic equation of the system:

Tip'+ +p + k.k.k.k,,1p + kkok,, Tip + kk.k = 0. (10.184)

The Hurwitz criterion for the system stability assumes the form

k, > T,(kko. -- kkorT, ) (O. 185)

For the parameters specified at the start of this section, this yields

kn > 1.17. This corresponds, in accord with Fig. 10.28, to a value
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But, according to (i0.181)

" 2 1 (10. 186)
b :1

where

bl -;b

this quantity is best used to express the mean square value of the ex-

ternal noise of in relative units, recognizing that in accordance with

Fig. 10.26 the dimensionalities of the variables f(t) and x are inter-

related precisely through the coefficient k = klk 2.

017cno !xmb bd) s 1 Yvmiquo'm

2O 40 640 .0 -2 44 a a 9 ;,

Fig. 10.29. 1) Stable equilibrium; 2) in-
stability.

After calculating 13 by means of Formula (10.182) we obtain from

(10.186) for the system parameters given above

= 0,00437.

This means that only when the noise level does not exceed this value

is our system stable. Beyond that it loses stability with respect to

the useful signal.

Let us explain now the influence of the parameters _k and T1 on

the system stability in the presence of noise. For this purpose we de-
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termine first with the aid of Formula (10.185) the system stability

limit on the planes of the parameters k, kn and T1 , kn (Fig. 10.29a

and b). On the stability limit we obtain for each value of kn, using

the curve of Fig. 10.28 (or the table given above), the value of a1

from which, in accord with (10.186), we obtain also the mean square

value of the external noise, at which the system loses stability

(f fO ' 0.(-187)

This enables us to replot the stability limits obtained on Fig.

10.29 into new coordinates, respectively:

k, and T1,

(Figs. 10.30a and b). It must be borne in mind here that in accord with

(10.182) the quantity 13 depends on the parameter TI, and consequently

the calculations by means of Formula (10.187) used to plot Fig. l0.30b

must be carried out with account of the change of I with changing T-.
3 

i

12 1 2 -

Fig. 10.30. 1) Stable equilibrium; 2) in-
stability.

We see that the dangerous noise level drops with increasing param-

eter k and rises with increasing parameter T1 . This is quite natural,

inasmuch as T. is, in accord with Fig. 10.26a, the coefficient of the

intensity with which the derivative, which improves the stabilization
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of the system, is introduced.

Analogously, using the linear equation that follows from (10.180)

U and (10.183)

[p'(7p + 1) + (k~ko..Pt + kk0Tip + kko) kj . = 6,

we can further investigate by means of linear automatic control theory

also all other dynamic properties of the given nonlinear system with

respect to the useful signal in the presence of noise, recognizing at

all times, however, that the value of the coefficient kn depends on

the noise level af, on the over-all structure of the system, and on

some of its parameters.

§10.7. Other Examples of Investigation of Random Processes

Example 1. Let the dynamics of the automatic system (Fig. 10.31)

be described by a nonlinear differential equation of first order [317]:

(Tp+ )x,=F(x), x=y+-(t)-x,, (10.188)

where F(x) is an ideal relay characteristic

F(x)=csgnx, (10.189)

with c = 0.1 and T = 0.2 specified; f(t) is a stationary random func-

tion of the time, with a spectral density

s,(w)= ,- 4 - j, ot=0,I77, (10.190)

and with zero mathematical expectation (f = 0). It is required to find

the mathematical expectation xI and the mean square deviation ax of

the output quantity x, (Fig. 10.31) in the steady state for y = const =

= 0.2. This is the simplest example of the solution of the first prob-

lem of §10.3.

Fig. 10.31
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Writing down the sought solution of the equations in (10.188) in

the form

X,-e+ X' X=k+Xe (10.191)

and carrying out, in accordance with (10.40) statistical linearization

of the nonlinearity, we obtain in place of (10.188) the following two

systems of equations

(Tp +1)=P(, 0), .=y - 1. (10.192)

(Tp + 1) x1iA, V(, ,.)X"C, Xm -- (t)-x ', (10. 193)

for the regular (i.e., for the mathematical expectations) and random

components, respectively, with

where r(l) and cp(2) are determined for the specified nonlinearity

(10.189) by means of the formulas (10.52). This corresponds to the

arithmetic mean qsl of the two values corresponding to the two methods

cf determining its value, namely (10.46) and (10.48). These functions

are plotted in Fig. 10.70. In the same place (Fig. l0.7b) is given a

plot of the expression (10.49) for the function F(x, a x) which is con-

tained in Eq. (10. 192).

From Eq. (10.192) we obtain for the investigated steady-state

mode (x1 = const, pxi = 0)

Yi =y -(., o), (10. 195)

and from the condition (10.193) we get

Tp + I + e (.+ *Ax).x e" = (p+ )(t). (10. 196)

From the latter we arrive by means of Formula (10.87) with account

of (10.190) at an equation for the determination of x

S I +~ Tj + dI,

T Y -_ rX+qc.(X, 3)4

or
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Is = 1. C, 0.° (10.197)

where

-00

Noting that the numerator under the integral sign is

a () == TV + 1,

and that the denominator contains the square of the modulus of the

function

H(/w)= T (Jo)'+ [2rT+ IqC,(, ,)]Jw [ + 2-m +qC(, o[)+,

we obtain in accord with (10.21) and (10.22)

2'x T I + q'(, o)I+I (10. 198)'212,nr+ I + ge.,(2, ax)]'

Solving the system of equations (10.195) and (10.197) graphically

(Fig. 10.13) with allowance for the formulas (10.198) and (10.194) and

for the plots of Fig. l0.7c, we get

3c=0140; ,==0,160.

To solve the problem it was necessary to find xI and aX. From

Formulas (10.192), (10.194) and the plot of Fig. l0.7c we get

, =y -. 0,060, qC" = 0,394;

and from Eq. (10.193) we get

(7p + I + q"') xc., =, '(t).

Therefore, in accord with (10.87), (10.190) and (10.21), (10.22), we

obtain

+ 0 qc et dw=
- T j .+ I 4 n' + w$

N q C q1) 1,5 1 . t
(I +q-)(2 T + I +cl)*

giving for the mean square deviation a 0.0123.x1
Example 2. Let us determine the self-oscillations and the condi-

tions under which they exist in a servomechanism (Fig. 10.32), the dy-
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namics of which is described by a third-order equation

(Tp+ 1)' px,=kF(x), x=f(t)-x, (10.199)

for a high-frequency random external signal f(t) with specified mean

square value af [331]. The nonlinearity is F(x) = sign x (Fig. 10.32,

where c = 1). This corresponds to answering one of the questions in

the third problem of §10.3.

Fig. 10.32

It is easy to check (by any of the methods of §2.3) that in the

absence of an external signal (f = 0) self-oscillations exist in the

given system for any value of the gain k, and their frequency Q0 and

amplitude A0 are determined by the expressions

' Ae=kT. (10.200)

In the presence of high-frequency fluctuations f(t), the self-

oscillations in the system are determined by Eq. (10.103), which in
the present example, in accord with (10.199), assumes the form

[(Tp + 1)'P + kq"(A, a.)i = 0, (10.201)

where, in accordance with (10.104), we have

q"(A,.A)=-O(z), = V2 (10.202)

with the function B0 (z) represented by the plot of Fig. 10.16. In the

present example (Fig. 10.32) we have

o.=o,, (10.203)

since the linear part of the system does not pass the high-frequency

fluctuations. The same result is obtained also from Formula (10.97),

where

Q (i I 932
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inasmuch as it follows from (10.199) after the elimination of x that

S(P) =Q()=(p+ I)'p.

* Let us find the self-oscillations in the system in the presence

of high-frequency external fluctuations. The characteristic equation

for (10.201) with allowance for (10.203) will be

T'p - + 2T + p + kqI (A, of)= o.

Substituting in it p = JO and separating the real and imaginary parts

we obtain

kqcT (A, 2) 72'- O,

From the second equation we obtain the frequency of self-oscilla-

tions

g = 1/T

(i.t coincides with the same frequency in the absence of self-oscilla-

tions), while the first equation yields

q- (A, o,= 2, (10.204)

where, in accord with (10.202) and (10.203), we have

qIT (Ao)=qT(Z)-- , Z= A (10.205)
aflf2 (10.205)

According to the formula for Bn(z), given in §10.3, we have for

B0 (z) the expression

B.t) +72 ...1.

from which it follows that

B,(z)-- as z-O0,

meaning that, in accordance with (10.204),

q =y '- for z=o (A=O).

The plot of afqt(A/af), defined by Formula (10.205), is shown in Fig.

S10.33, from which we see that
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f qcT 0 f or O<A<o. (10.206)

From this, in accordance with (10.204), we obtain the condition

for the existence of self-oscillations in a system acted upon by high-

frequency external fluctuations

i.e., for the specified fluctuations, self-oscillations will take

place in the system when the gain is

k 1.-_ (10.207)

whereas in the absence of fluctuations the self-oscillations took place

for any value of k. On the other hand, if the parameters of the system

k and T are specified, then the condition (10.207) for the existence

of self-oscillations can be written in the form

.n (10.208)

i.e., self-oscillations will take place in the system (with fluctua-

tions superimposed on them) only when the level of the external random

signal does not exceed a definite threshold value
kT

;o =_ ,(10o.209)
beyond which (af > apor) the self-oscillations cease. This is similar

to the condition for the locking of the system by forced oscillations,

considered in Chapter 9.

Fig. 10.33
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Equation (10.204) enables us to determine readily with the aid of

the plot of Fig. 10.33 the amplitude of the self-oscillations A for

all specified values k, T, and af and the region of existence of self-

oscillations.

a) ~b) C

Fig. 10.34

Figure 10.34 shows oscillograms obtained by means of an elec-

tronic analog model for the system (10.199) at k = 50 sec -1 , T = 0.1

sec, and apor = 2.0 using Formula (10.209). The following values weref

used in the experiment: a) af = 0; b) af = 1.0; c) af = 2.2. From the

corresponding oscillograms (Fig. 10.34) one can see clearly the de-

formation introduced into the limit cycle by the self-oscillations,

and the cessation of self-oscillations at af > apor thus confirming

the results of the calculations.

Example 3. Let us consider a vacuum tube oscillator [331] (Fig.

t 10.35). Let the external random signal be applied to the grid circuit

of the oscillator. Neglecting the grid cur-

-!-j rent, the oscillations are described by the

L R equation

M e I (LCp'+RCp+ 1)u-Mp.. -(t), (10.210)

Fig. 10.35 where u is the grid voltage and ia the plate

current. The nonlinear characteristic of the tube is

la = b,. -s b,,. (10.211)

These equations can be written in the form

7P +v')it + pF() -(10.212)
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where

F(u)=u', vj=C %tL(Mb,-RL), T' Mb

We recall that in the case of the sinusoidal external signal f =

* = B sin Ovt the condition for locking (cessation of self-oscillations)

can be expressed in the form (see [321], page 298)

B> (10.213)

We now consider the behavior of the generator for a random exter-

nal signal f(t) in three cases: 1) high-frequency external fluctua-

tions; 2) low-frequency random external signal; 3) the intermediate

case, which pertains to the third, fifth, and sixth problems of §§10.3

and lO.4.

1. To determine the self-oscillations in the case of high-fre-

quency external fluctuations f(t), we have in accord with (10.103) and

(10.212) the characteristic equation

p_[I .jqcT(A, )_x]p.v+ V,=.O'  (10.214)

from which we obtain for the self-oscillation frequency 0 = v, and the

amplitude is determined from the condition

qc" (A, ,)=(10. 215)

(condition for the presence of a pair of pure imaginary roots in the

characteristic equation). But for the given nonlinearity F(u) = u
3 we

have in accordance with (10.112)

q ---- A34 . (10. 216)

where the mean square of the voltage fluctuations an is determined

from Formula (10.97), which with allowance for (10.212) yields

2n +,V I _ i + s, (-) dw, (10. 217)
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i.e., Ou is independent of A. We therefore obtain from (10.215) and

(10.216) the self-oscillation amplitude

A==2 ! -""'.(10.218)

The condition for the cessation of the self-oscillations brought about

by an external random signal will therefore be

> (10.219)

In order to compare this condition for ran-

- 8 W dom fluctuations with the locking condition for
Fig. 10.36

a sinusoidal signal (10.213), let us attempt to

derive from (10.219) the condition (10.213) as a particular case, us-

ing the fact that for a sinusoidal signal f = B sin Qvt we can repre-

sent the spectral density sf(w) in the form of two instantaneous pulses

at w = +Ov (Fig. 10.36), each having an area wB2/2, something that can

be written with the aid of a delta function in the form

SW (W- - + -A. (10.220)

Recognizing that for any function x(t) we get

j .x ( I -C t o ) dt x (t"oC),

we obtain from Formula (10.217)

since 9 >> v for high-frequency external vibrations.

Substituting this in the condition for the cessation of self-

oscillations (10.219), we get

B> a "

which indeed agrees with (10.213) when v >> v.

2. In the case of low-frequency (slowly varying) random external
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signal we obtain, in accord with (10.126), our previous equation

(10.214) for the determination of the self-oscillations, meaning also

the previous relations (10.215) and (10.216). However, the mean squared

value of the random component of the voltage au is determined here in

a different manner, namely, we obtain from (10.138) and (10.212)

f_ -.- ITVP A x s1 (w) dw, (10.221)
00qe (A3 ~ J- 6 + V,

where from Formula (10.135) we have for the specified nonlinearity

F(u) = u3

qCP A'+3M. (10.222)

For a specified spectral density sf(() we determine from this the

function au(A) graphically, as was described following Formula (10.139).

The obtained function au(A) is then substituted in (10.216), i.e.,

q" (A)- A'- 3.(A),

after which the equation for the determination of the amplitude of the

self-oscillations (10.215) assumes the form

1A2 +='(A (10. 223)

From the same relations we obtain also the condition for the existence

of self-oscillations in the case of a low-frequency (slowly varying)

external random signal f(t), as the condition under which Eq. (10.223)

gives a real positive value for the unknown A.

Let us attempt in this case, too, to derive as a particular case

the condition for locking (10.213) for a sinusoidal signal f = B sin Qvt ,

using the expression for its spectral density (10.220). In this case

we obtain from Formulas (10.221) and (10.222) when Qv << v:

<2.T BY B2
-:7. LII'

Substituting this in (10.223) we obtain the condition for the cessation
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of the self-oscillations

which coincides with (10.213) for Qv << v.

3. Let us assume now that the external random signal is such that

one cannot count on having its spectrum much higher or much lower than

the self-oscillation frequency. Then to determine the self-oscillations

in the presence of an external random signal we make use of the charac-

teristic equation (1O.l1 9 ) which in accord with (10.212) now assumes

the form

where, in accord with (10.147), (10.216), and (10.222), we have
i ~~~3 21, %( .+s.

At +- .3 1- + N 3 A
q2X (A, a.) 4 A (2 (10.225)

From the condition for the presence of a pair of pure imaginary

roots in the equation (10.224) we obtain an equation for the determina-

tion of the amplitude of the self-oscillations in the form

( , a(10.226)

, or

A 4 + 8%,2,, I + 8o,4,( 0 2 74 (A' + 2,) 7 (10.227)

In this case the mean square value of the random voltage component

au is determined, in accordance with Formulas (10.148) and (10.212),

in the form

U- Sf (w + (Aq 2. OJ. - -1j. + ;s w w

Using Condition (10.226), we have
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Inasmuch as the mean square value au determined for a specified

external signal spectral density sf() is independent of A, we obtain

from (10.227) the self-oscillation amplitude in the form

2• I (10.229)

From this we get for the condition for the cessation of self-oscilla-

tions in the presence of an external random signal

0> (10.230)

If we employ this in the particular case for a sinusoidal exter-

nal signal f = B sin Qvt, we obtain from (10.228) and (10.220)

( - L

Substituting this into the condition for the cessation of self-oscilla-

tions (10.230), we obtain precisely the same condition (10.213), which

we know from the theory of nonlinear forced oscillations.

The foregoing examples illustrate certain applications of the

methods described in the present chapter.

By way of conclusion to the entire book as a whole, we must note

that the harmonic linearization method developed in it (in conjunction

with statistic linearization in the last chapter) makes it possible to

solve many problems in the analysis and synthesis of nonlinear auto-

matic systems. There is no doubt that additional new capabilities of

the method will be found in the future, in which connection its further

development is quite urgent both from the theoretical point of view

and in applications to various engineering calculations for nonlinear

automatic and other dynamic systems.

C-
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Manu-
script
Page [Footnotes]
No.

875 The nonlinear characteristic for the slowly varying compo-
nents of the process, smoothed with the aid of self-oscilla-
tions.

877 This is explained by the fact that the polynomial H(j3), as
seen from Formula (10.17), must contain the denominator of
the transfer function of the closed-loop system, i.e., the
left half of the characteristic equation of the given system,
with the substitution p = Jw.

879 The problem can, of course, be solved also in the case when

the mathematical expectations of f and x0 are not equal to
zero.

881 The nonlinear characteristic for the slowly varying compo-
nent of the process (Fig. 10.1), smoothed with the aid of
forced oscillations.

893 All the general solutions of the problem, considered in
§§10.3 and 10.4 as applied to nonlinear systems of the first
class (10.81), can be generalized also to the other classes
(see §1.2) with several nonlinearities, similar to what was
done in the preceding chapters.

894 In all the problems we shall henceforth seek an approximate
solution only for the variable x under the nonlinearity sign.
Once this solution is found, it7is always possible by using
the suitable transfer functions to determine the approximate
solution for other variables, too, as will be shown in Exam-
ple 1 of §10.7.

896 In analogy with (10.10) and (10.35), this will be the non-
linear characteristic for the slowly varying component of
the process, smoothed with the aid of random fluctuations.

897 Graphically this will be the slope of the curves on Figs.
10.7b-10.12b for the corresponding nonlinearities.

914 But with account of only one nonlinearity in place of two in
§6.4.

914 Here T has been replaced by x.

925 This is determined by simple plotting of the amplitude fre-
quency characteristic of the linear part of the system from
its specified transfer function.

-
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Manu-
script (List of Transliterated Symbols]
Page
No.

875 H = n = nelineynyy = nonlinear

879 B = v = vynuzhdennyy = forced

884 cn = sl = sluchaynyy = random

900 CT = st = staticheskiy = static

908 cp = sr = sredniy = average

911 c = s = summarnyy = summary, resultant, over-all

912 3K = ek = ekvivalentnyy = equivalent

914 K = k = katushka = coil

915 c = s = sistema = system

924 o.c = o.s = obratnaya svyaz' = feedback

925 n = 1 = lineynyy = linear

934 nop= por = porogovoy = threshold
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