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ABSTRACT 

An experiment clealgne'i to Investigate the validity 

of linear superposition principles as applied to the irregu¬ 

lar motions of non-ventilated, dihedral hydrofoil systems In 

random seas was performed. Tests were first carried out on 

a typical tandem "V" foil system in various regular waves In 

both head and following seas to determine the response opera¬ 

tor spectrum for the heaving and pitching motions. Irregular 

se«t experiments vtlth the same model were analyzed using 

spectral analysis techniques to obtain the wave spectrum and 

longitudinal motions spectra. Comparison between these 

spectra and those predicted using the regular sea response data 

and Irregular wave spectrum indicated good agreement, with 

maximum deviation of about 20^ in the range of significant 

wave energies. From this experiment, the linear superposition 

technique for predicting motions in random seas is seen to be 

valid to at least the same degree as for displacement vessels. 
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INTRODUCTION 

GENERAL REMARKS 

The successful development of hydrofoil craft to a 

large extent depends upon their satisfactory operation In a 

seaway. This aspect of hydrofoil performance has been In¬ 

vestigated, both analytically and experimentally, but for the 

most part has been restricted to seaways consisting of regu¬ 

lar waves. Actual hydrofoil craft will operate in seas whose 

most obvious characteristic is their complete lack of regu¬ 

larity, and it therefore seems timely to develop techniques 

for predicting and optimizing the performance of hydrofoil 

craft in Irregular seas. 

Because of the random nature of the sea surface, 

statistical techniques should be applied to measure and 

characterize the sea surface. Consequently similar statisti¬ 

cal methods must be used to describe and analyze the motions 

of hydrofoil craft in irregular seas. 

Suitable statistical techniques are developed here¬ 

in and applied to the analysis and prediction of the motions 

of hydrofoil craft running in a seaway, and are verified ex¬ 

perimentally. The techniques used are general but are re¬ 

stricted in this specific investigation to craft equipped 

with surface piercing, non-ventilated dihedral foils. 

METHOD FOR PREDICTING MOTrONS I>* rfAVES 

The principle of linear superposition is the method 

used for predicting hydrofoil motions in irregular waves. In 

this theory, the complex random seaway is assumed to be com¬ 

posed of a number of component regular waves of varying fre¬ 

quency and amplitude, and the response of the craft to each 

component is obtained. The total motion of the craft is then 
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obtained by superposition of the responses to the individual 

components of the wave. This technique may be rigorously 

applied to linear systems; its successful application to 

hydrofoil craft motions depends upon nonlinear effects being 

minor, and has to be demonstrated experimentally. 

In predicting the motions of hydrofoil craft, the 

first step is a description of the random seaway. This is 

done by applying the theory of power spectrum analysis, as 

developed by Tukey,1 Rice,2 Tukey and Hamming3 and others, to 

the random wave pattern and obtaining the energy spectrum of the 

seaway for each sea of interest. This Is accomplished using 

wave records and analyzing the time history of the rise and 

fall of the surface of the sea. Details of the treatment of 

such data and its use to represent an actual sea state are 

given in the Appendix. 

The next step is to determine the motion of the 

craft in regular seas of varying frequency. The response of 

the craft is essentially sinusoidal when running In A regular 

train of sinusoidal waves, and the ratio of the amplitude of 

the heaving and pitching motions to the wave amplitude de¬ 

termines the modulus of the transfer function, or the square 

root of the response amplitude operator, at each encounter 

frequency. By varying the wave length and speed of advance, the 

response amplitude operator Is determined as a function of 

the frequency of encounter for any one particular craft 

heading. 

The response amplitude operator, as determined from 

regular sea analysis. Is then used with the wave spectrum to 

construct the predicted energy spectrum of the craft motions. 

This Is accompllsed by multiplying the energy density In the 

wave spectrum at each frequency by the corresponding response 

operator for that frequency and continuing the calculation 

over the entire frequency range of the wave spectrum. The 

I 
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result of this procedure oi linear superposition of the com¬ 

ponent responses then yields the predicted energy spectrum 

for the motion of the craft in the random sea. From this, 

statistical Interpretation can be made as to the severity of 

the motions in a given seaway. 

Experimental verification consists of carrying out 

the above investigations for a particular craft in regular 

seas to determine the response amplitude operators, then 

testing in irregular seas of varying severity at several 

speeds and headings, and comparing the predicted rough water 

behavior with that actually observed. 

EXPERIMENT 

GENERAL SCOPE 

To Investigate the validity of linear superposition 

techniques applied to hydrofoil motions in irregular seas, an 

experiment was devised in which a tandem hydrofoil craft was 

constructed and tested In regular head and following seas, 

and at different speeds, to determine the transfer function 

modulus for the longitudinal motions. After these were de¬ 

termined, the model was teste 1 in irregular seas to determine 

both the wave and motion spectra for each case. Predictions 

of motion spectra using linear superposition techniques then 

enabled a direct comparison with actually observed motion 

spectra to determine the validity of the technique. 

MODEL CRAFT 

The craft constructed for tha experimental program 

employed tandem "V-foils.M "his configuration was chosen to 

simplify the program as mucn as possible, in that the area- 

stabilized system would eliminate complex control mechanisms. 

The craft is shown in Fig. 1. It consisted of two identical 

foils placed symmetrically with respect to the center of 
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gravity. T.ie roll section was a 12¿ thick NACA Series "l6," 
with 2-inch chord, 30° dihedral angle, and 20-inch span. 

Tae foils were attached to a box frame having rectangular 

dimensions of 8 inches by 48 Inches. The foil spacing irom 

mid-chord points was 44 inches. A ball bearing pivot box 

was attached to a center plate on the model frame to allow 

freedom in pitch, and the pivot box was attached to a verti¬ 

cal pole in the carriage apparatus which was free to heave. 

Du -ing the testing, the geometrical incidence of both foils 

was the same. Two vertical poles fore and aft of the center 

plate allowed weights to be attached to ballast the model, so 

that at all times the model center of gravity was located at 

the axis of the pivot. 

The experiments were carried out in Tank No. 3 of 

Davids or. Laboratory. A main carriage, running on an over¬ 

head rail, was used to carry the model down the tank. This 

carriage Incorporates a vertical pole running through bear¬ 

ing traces, to which the model was attached and was free to 

heave with certain pre-set limits (Fig. l). 

TEST SETUP 

The craft was first tested in calm water to deter¬ 

mine the equilibrium flying conditions at each speed, and 

then was tested for dynamic stability by perturbing the craft 

in pitch and heave as it travelled down the tank and observ¬ 

ing the response. The incidence of the foils was adjusted 

until a convenient flying ondition was obtained. For the 

tests at a speed of 5 fps, both front and rear foils wei*u 

set at 10° incidence, in which position the craft equilibrium 

flying condition was essentially horizontal. For tests at 

the higher speed, the incidence of the foils was decreased 

to 6°, which resulted in essentially the same mean equilibrium 

flying condition. After this was done the model was ballasted 

to move the center of gravity to the axis of the pivots. For 

I 
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low speed tests, the net load oí' the model on the water was 

reduced by adding negator springs which supplied a constant 

force upwards irrespective of the model heaving motion. 

MEASURING TECHNIQUES 

Measurements of heaving and pitch motions were 

obtained using calibrated differential transducers. The 

pitch transducer was of the rotary type and attached to the 

pivot box on the model. The heave measurement used a linear 

type Schaevltz attached to the vertical heave pole. Both 

signals from the transducers were brought from the model 

through overhead telemetry cables, which played out as the 

model traveled down the tank, and were fed into Sanborn car¬ 

rier amplifiers. A record on oscillograph tape gave a 

time history of the longitudinal motions of the craft. 

Two resistance-type wave wires were used to record 

the surface elevation of the waves into which the model 

traveled. One wave wire was mounted on the model 3 feet 

forward of the center of gravity, the other mounted in a 

fixed position about the 150-foot mark of the tank. Both 

signals were amplified in the Sanborns and displayed in 

analog form on the oscillograph strip charts. 

In addition to the analog records of the motions 

and wave heights obtained on the strip charts, the Irregular 

sea experiments employed a 14-channel magnetic tape recorder 

with a variable speed capacity. In these tests, the signals 

from the wave wire and transducers were fed into the magnetic 

tape recorder, and later replayed at a slower speed into the 

Davidson Laboratory's analog-to-digital converter.4 This 

yielded a punched tape, which represented in octal code form 

all the analog data sampled at a real time interval of D.10 

seconds. With the required four information channels, the 

maximum digitizer sampling rate was 10 readings per second. 



Since this rate was inadequate for the tests at high speed, 

using the magnetic tape recorder and replaying the record at 

a slower speed increased the capacity of the analog-to-digital 

conversion process by simulating an increased sampling rate 

which could not otherwise be obtained due to mechanical 

limitations of the digitizing apparatus. 

The punched tape in digital code was then converted 

to a set of IBM punched cards for use as input to the spectral 

analysis program, performed on an IBM 1620 at Stevens 

Institute.1'" The method of analyzing the sampled data to 

compute the spectrum is described in the Appendix. 

TEST PROGRAM 

The craft was tested in regular head seas at two 

speeds, 5 and 8 fps, and in regular following seas at 5 fpa. 

Several wave height.3 were used as a check on the linearity 

of the response in. heave and pitch with wave height. A range 

of wave lengths was used to cover the expected range of 

significant frequencies in the irregular waves. For the 

irregular sea wave generator program in use at Davidson 

Laboracory, this corresponds to a circular frequency range 

of about 2 to 10 rad/sec. Long wave lengths were required 

to cover the lower range of frequencies. In head seas, with¬ 

in the physical limits of the testing facility, this could be 

accomplished only for waves of small amplitudes. In the 

following sea case, low frequencies of encounter were un¬ 

attainable since the model did not sustain even one complete 

oscillation over the length of tank available. Hence response 

data at all frequencies in the range of Interest could not be 

obtained. 

The hydrofoil craft was tested In various Irregular 

seas of increasing severity to check on the linearity of the 

results. Tests were conducted at 5 and 8 fps in head seas and 

5 fps in following seas. The irregular wave program in use at 
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Davidson I;b involves a cy<jle ol 100 frequency changes to the 

wave-muklnt; paddle, controlle<i by a stepplm' switch. The 

len»j:Ui of tank, available at the test speeds did not permit a 

continuous run through the entire wave program; 1'xve shorter 

runs were taken each over a different part of the wave cycle. 

The results for the five shorter records were analyzed and 

then averaged to obtain the spectrum for the full cycle. The 

sea state was altered by changing the radius of the crank arm 

to the wave paddle. Three sea states were used for tests at 

5 fpa In head seas, and when preliminary results indicated 

no dependence on sea state severity within the range contem¬ 

plated for these tests, the other tests were conducted omit¬ 

ting this check. 

PRECISION OF MEASUREMENTS 

No experiments have been carried out to determine 

exactly what tolerances apply to the experimental measure¬ 

ments. However, from past experience In similar experiments 

In the towing tank, it Is believed that the heave motion Is 

accurate to within ±0.02 inches and the trim measurements 

to within 0.10 of ^ degree. Measurements of wave heights 

recorded are believed accurate to about 10#. The error In¬ 

volved in conversion to digital form of the analog data In 

the Irregular sea tests is of the order of at most 
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RESULT3 AilD ANALYSIS 

REGULAR SEA RESPONSE OPERATORS 

The craft was tested In head seas at speeds of 5 

and 8 fps and in following seas at a speed of 5 fps. For 

each wave length, several wave heights were employed, and 

the resulting wave profiles and craft responses were recorded 

on calibrated strip charts (see Fig. 2). The amplitudes of 

the motions in heave and pitch were obtained directly from 

these charts, and division by the wave height then yielded 

the square root of the response operator in the heaving and 

pitching degrees of freedom. These response amplitude 

operators were then plotted against the frequency of encounter 

to obtain the response spectrum for the craft. The range of 

frequencies covered was indicated by the frequencies at which 

significant energy would be present in the irregular wave 

program to be run. Figures 4 to 6 show the results for heave 

and pitch responses as a function of encounter frequency. 

These data cover a variety of wave heights, ranging from 0.5 

"o 1.75 chords, indicating that the values of the response 

operator are Independent of wave height. 

The encounter frequency in a following sea is a 

triple-valued function of the wave frequency for a given speed 

of advance (see "Frequency Transformation for Following Seas" 
on pg. 11), and thus the results for following sea response 

operators are given as separate cr.—es for each of two regions 

of wave frequencies of interest. 

IRREGULAR SEA SPECTRA 

The power spectra for the static wave and longi¬ 

tudinal motions were obtained using ¿he procedure outlined in 

the Appendix, and the results are shown in Figs. 10a to 10e. 

Figures 10a, 10b and 10c show spectra for heave and pitch 

\ 
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in each of the three sea states tested at 5 fps; Fig. 10d 

indicates the results for the higher speed test, while Fig. 

10e shows the results for following seas. In each of these 

spectra, the data point shown represents the value of the 

average energy density in a frequency band-width. The data 

points have simply been connected with straight lines, with 

no effort made to fair a curve through the points. Since 

the spectral representation is essentially a histogram 

yielding the average energy over a finite frequency interval, 

it was felt that any fairing of curves would indicate a 

reliability not inherent in the numerical process by which 

the spectra were computed. 

Figure 8 shows the spectra for the ♦'hree sea atatea 

tested at the lower speed in head seas. It is seen that the 

major oortion of wave energy lies in a range of frequencies 

from 2 to 10 rad/sec. 

The severity of the sea state is indicated by the 

area under the spectrum which is given by the value of R for 

each case. The significant wave heights are then estimated 

by 

h - 2.83 

which, in terms of the chord of the foil, gives significant 

wave heights*of 1.65, 1.^5 and 1.05 chords respectively. 

Based on the Tukey degrees of freedom, the 900 

confidence limits on the computed spectra are about 250 for 

the number of data points used in the spectral analysis pro¬ 

gram. In all cases, in computing the spectra, 40 lags were 

used for tne longitudinal motions, and 50 lags for the static 

wave wire analysis. The sampling interval was 0.10 seconds. 

R-909 

-9- 



ANALYSIS OF DATA 

Application of the procedure outlined in the 

Appendix converts the analog records of the wave wire and 

longitudinal motions into the power spectra. However, since 

the data for the longitudinal motions were obtained in a 

moving reference frame, the appropriate frequency is the en¬ 

counter frequency, œe, which is related to the wave frequency 

by the following relation: 

o)e = œ(l±^r) (1) 

Here the positive sign is to be taken for head seas, and the 

negative sign for following seas. The motion spectra shown 

in Figs. 10a and 10e are plotted with tue as the frequency. 

However, the wave spectrum is obtained in the u> domain, in¬ 

dependent of speed of advance. Before any comparison between 

the spectra can be drawn, the wave spectrum mujt be trans¬ 

formed into the encounter frequency domain. 

Frequency Transformation for Head Seas. The transformation 

from the stationary frequency to the encounter frequency 

domain is accomplished using eq. 1 with the positive sign for 

head seas, and the requirement that the total energy in the 

wave remains unchanged. The total energy is essentially 

given by the area under the spectrum. 

OO 

(2) 
0 

where r(o))a is the energy density. Thus, in preserving the 

energy, we must take 

(3) 

o 
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hence 

2 2 

r(œ) • dü)/du>e = i‘(œe) (4) 

v/here da)/dûoe is the Jacobian of the transformation between 

the to and o>e domains. For head seas, the correspondence 

between these two frequencies is one to one, hence the 

Jacobian never vanishes. 

From eq. 1: 

J(œe) = = [X f T “e] (5) 

The moving wave spectrum (encounter frequency 

domain) is then obtained from the energy spect^am by multi¬ 

plying the ordinate r(o>)2 by the Jacobian, J(üí ), at each 

frequency, and plotting these at the corresponding encounter 

frequency. The resulting spectrum obtained in the cu domain 
e 

then is that which would be obtained by an observer moving 

with the craft into the sea. Figure 9 illustrates the wave 

spectrum for head seas after transforming to the o>- domain. 
© 

Frequency Transformation For Following Seas. In this case 

% ■ “(1 - it) (6) 

so that the encounter frequency is parabolic about the line 

cuV/g a 1/2, and becomes negative for o>V/g > 1. Clearly, the 

negative frequency has no moaning, and is equivalent to the 

corresponding positive frequency with a direction of wave 

travel opposite to that obs rtved. In following seas, it la 

possible for three values of cd to yield the same encounter 

frequency. Figure 7 illustrates the relationship between 

CDe and cu for this case. In transforming from the cd to the cd# 

domain, there are three values of cd in regions 1, 2 and 3 

which transform into a single value of cd6. Hence, in the 

transformed region 0 < cd6< ^ , the three contributions from 

the three regions 1, 2 and 3 overlap and the spectrum for 

R-909 

-11- 



[r(ü) )]2 is the sura of the three. For values of <ue > g/4V, 

the correspondence is again one to one, and only region 3 

contributes to the encounter frequency spectrum. In obtain¬ 

ing the transformed spectrum, for oe<g/4V, the Jacobian, 

j(o> ), is computed at each value of œ corresponding to the 

single value of œe, and the energy computed from 

r(œe)2«J(œe)* [r(œ)] 

as was the case for head seas. The total energy spectrum 

then is the sum of the contributions from regions 1, 2 and 3- 
4- L. 

Denoting the contributions from the 1 region by a subscript 

i, there results: 

for cu < &Av, 

[V(a)e)J = 'y I j(cue)• £r(u>)] I (?) 

It is noticed that at cuV/g ■ l/2, J(œe) becomes 

infinite, so that a sharp spike arises in the energy spectrum 

for the a),, domain; this occurs at a) - &Av. For o> > g/W, 

[/(“eÜ ° I JÍ^e^ I 
as only region 3 contributes in this part of the domain. 

Principle Of Linear Superposition. In the paper of St. Denis 

and Pierson,0 spectral methods were applied to motions of 

surface ships using the principle of linear superposition. 

The method consists of con..‘ructing the motion spectrum of 

the craft from a knowledge of the responses to individual 

frequency components. Thus, if S(o>e)2 is the energy spectrum 

for the longitudinal motions, 

S(c>0)2 - r(o>e)2 • A(o>e) (9) 

where A(o>e) is the response amplitude operator for regular 

seas. Hence the energy density of the sea state is multiplied 
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by the response amplitude operator to obtain the energy 

density of the motion spectrum. 

For head seas, where the correspondence between 

cu and a>e is one to one, the method is straightforward. Al¬ 

ternately, the motion spectrum can be divided by the wave 

spectrum in the a>c domain to obtain a response operator 

spectrum, which can then be compared to regular sea results. 

Comparison of either of the two methods will then indicate 

the validity of linear superposition. 

For following seas, however, the methods are more 

complex, since there is now a three to one correspondence 

between œ and œ over a range of the spectrum. In this case, 
V? 

division of the response spectrum by the wave ¿pectrum yields 

[sM2 

[r(«,e)]2 

SI |j(cue) [r(ü>)3 A(a>e) 1 

¿1 
1-1 ( 

¡J(ü>e) [r(ûüf] 

1, 

(10) 

hence, if significant energy is present in at least two of 

the three overlapping regions, no comparison with regular sea 

response operator data is possible in this manner. The 

linear superposition principle can only be validated by con¬ 

structing the motion spectrum from the static wave spectrum 

and response operators obtained from regular sea results, and 

comparing these to the actual spectrum from the Irregular sea 

tests. To this end, regul»r sea response data must be ob¬ 

tained over a wide range of wave frequencies to give the 

response operator spectrum in each of the three regions In a 

following sea. The motion spectrum then Is estimated from 

j(o)e) [r(a>)Ja • A(coe) I i (11) 
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for a)e < g/^V, and 

[s(cue)]2 = J J(œe) [r(a)] 2 for <De > g/W 

(12) 

COMPARISON OF LINEAR SUPERPOSITION 
THEORY WITH EXPERIMENT_ 

Using Figs. 10a - 10c, the energy spectra for the 

longitudinal motions in head seas at 5 fps were divided by 

the corresponding transformed wave spectra (Fig. 9&) for 

each of the three sea states tested. The result was square- 

rooted at each frequency to obtain the derived modulus of the 

transfer function, which is shown in Fig. 11 for both heave 

and pitch motions. The regular sea data points are also 

shown superimposed on this spectrum for comparison. Figure 

12 shows a similar result for the head sea tests at the 
higher speed of 8 fps. The 90$ confidence limits based on 

the Tukey degrees of freedom are about +^5$ and -24$ for the 

computed spectra; considering this, the comparison shows good 

agreement between the derived response operators and those 

obtained experimentally in regular head seas. 

Predictions of the motion spectra from the trans¬ 

formed wave spectra and regular sea response data are also 

compared (see Figs. 13 and 14). The prediction again seems 

to validate the linear superposition hypothesis, at least to 

the degree attainable with power spectral methods. 

Figure 15 Indicutes the comparison between the 

spectrum obtained in irregular following seas and that pre¬ 

dicted by using regular sea data and the transformation of 

the wave spectrum. The energy content in the wave in region 

1 was negligible; hence, the superposition was simplified. 

Response operators obtained in regular seas were used at the 

exact corresponding frequencies and the results for the two 
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regions of interest added together to construct the estimate 

of the spectrum. The singularity in the following sea 

spectrum at 0)^-1.6 has not been displayed* since the sampling 

process, in reality, estimates the integral of the spectrum 

over Acs , and hence the exact shape of the spectrum is lost, 
e 

The motion spectrum was predicted using regular sea data on 

either side of the singularity, and the curve faired through 

these points in the region oa =1.6. The results for the pre- 
w 

dieted heave spectrum exhibit the same shape as the experi¬ 

mental spectrum, and are at most 33$ too low in the range of 

significant energies. Since the response operators used for 

the prediction were squared, any corresponding error in ex¬ 

perimental determination of these quantities are squared; 

hence, the difference is exaggerated. The true measure of 

the deviation is perhaps best given by one-half that shown 

on the spectrum graphs. Within the limits of confidence of 

spectral analysis methods, and considering what has been done 

for surface ships in following seas, these results exhibit an 

excellent comparison between the experimental spectra and 

those predicted using regular sea data. 
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DISCUSSION OF RESULTS 

Figures 13 to 15 compare the computed spectra with 

those predicted using linear superposition techniques, and 

Figs. 11 and 12 compare derived and experimental response 

operators. In general, these figures Indicate the validity 

of the linear superposition hypothesis, at least for the 

moderate Irregular seas used in the experiment. The pre¬ 

dicted spectra generally deviate no more than 20# from the 

experimental spectra in the range of significant energies 

for the head sea tests, and slightly more than this for the 

following sea case. Previous experiments by Lewis and Numata,s 

utilizing linear superposition techniques applied to surface 

vessel*, yielded correspondence of the same order of magnitude. 

It appears that results using this technique applied to non- 

ventilated hydrofoil craft exhibit the same general agree¬ 

ment between prediction and experimental motion spectra. 

With the technique established. It Is then neces¬ 

sary to know only the regular sea behavior of the hydrofoil 

craft and apply the (presumed) known wave spectrum for the 

sea state to be considered to predict the irregular sea 

motions. To this end, experimental programs for model craft 

can be carried out as in the present investigation. Alterna¬ 

tively, one can attempt to predict the regular sea motions 

theoretically, and use the theoretically determined response 

operator spectrum to predict the motion spectra. Several 

such analytical procedure^ have been studied previously. 

Weinblum® first presented a linearize' theory for predicting 

motion responses of hydrofoil craft in regular waves. Ex¬ 

periments of Leehey and Steele7 found discrepancies between 

Weinblum's analytically predicted motions and those observed 

experimentally and later Ogilvie® modified Weinblum's theory 

to include nonlinear and non-steady effects. Ogilvie's 

theory compared favorably with the experimental data of 

\ 
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Leehey and Steele ana appears to yield the best results for 

prediction of longitudinal motions. Hence, it is possible 

to eliminate preliminary experimental programs to determine 

the regular sea response operators by use of these theories, 

which, in effect, would form the "building blocks" upon which 

the Irregular sea motions could be constructed. 

Ogilvie's contention that higher harmonics of the 

motions are negligible is borne out in the present tests. 

Figure 2, a typical time history of a regular sea run, in¬ 

dicates that the motion is essentially sinusoidal at the 

encounter frequency when running in regular waves, and that 

the higher harmonics introduced by nonllnearltles are small. 

CONCLUSIONS 

As a result of these experiments, it is concluded 

that linear superposition techniques applied to Irregular sea 

motions of non-ventilated, dihedral hydrofoil craft are valid. 

The maximum speed tested was 8 fps, corresponding to a Froude 

number of about 3*5 based on foil chord, and the severest sea 

tested employed a significant wave height of 1.65 times the 

chord, which indicates that the results cover a practical, 

significant range of hydrofoil craft operation. 

In light of the results from this experiment, it is 

suggested that future work along these lines should be ex¬ 

tended to higher speeds and fully-ventilated an^/or cavitated 

foils. Such an investigation would Involve the same techni¬ 

ques as used herein, and validation of linear superposition 

techniques in this type of foil operation would be useful for 

future development of high speed craft in rough water 

operation. 
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NOMENCLATURE 

A(œe) 

g 

h 

J 

m 

n 

C r(œ)]2 

[ S(œe)]2 

At 

V 

e(œ) 

( Cm) 

U ) 

2 

2 

CU 

05 
e 

general response amplitude operator for 
longitudinal notions 

gravitational constant, ft/sec2 

significant wave height 

Jacobian of transformation between wave 
and encounter frequencies 

represents a lag 

total number of sampled data points 

area under spectrum 

energy density of wave spectrum 

energy density of longitudinal motion 
spectrum 

sampling interval, seconds 

speed of advance, ft/sec 

random phase 

response amplitude operator for heave 

response amplitude operator for pitch 

circuí' frequency, rad/sec 

circular frequency of encounter, rad/sec 
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APPENDIX 

The mathematical model which Lest represents the 

wave state at a Tlxed point in a complex random sea is that 

given by the energy Integral 1'or the Gaussian case. Details 

on this Integral as employed In theoretical statistics can 

be obtained by reference to the previously cited works of 

Tukey, Rice, et al, and contain an exposition of the methods 

which can be used in analysis of waves. According to this 

representation, the wave height at a fixed point can be ex¬ 

pressed as 
r 00 

r(t) “Jcos £u>t + e(o>)J ^£r(cu)J 2dœ (A-l) 

This integral is not lefined In the ordinary sense, but can 

be approximated to any degree of accuracy by partial sums. 

The terms in eq. A-l Involve a knowledge of the energy 

spectrum, as represented by the term [r( (JJ )J2, and of the 

random phase e(u;). The energy spectrum is shown as a squared 

function of oo to indicate that it is always positive, and It 

is a measure of the average wave amplitude associated with 

the frequency cd. Hence this quantity will vary with the sea 
state. Since the average potential energy of waves on the 

surface is a function of the square of the wave amplitude, 

the integral of the energy spectrum over the full range of 

frequency 
00 

R =» J £r(o>)J düj (A-2) 

can be used as a parameter to describe the total energy of 

the sea state. 

The random phase, e(a>), is a so-called point set 

function whose values are random and equally probable for 

any value between 0 and 2ir. In computing the Integral of 

eq. A-l, e(o) is assigned values which are completely random 
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for each value ol’ u.'. The «letalis ol' the partial sur’.’îiatlon 

to obtain the sea state are explained In the didactic paper 

of St. Denis and Pierson»0 and will not be given here. How¬ 

ever, It Is to be noted that, given a fixed energy spectrum 

of the wave, a whole class of functions r(t) results which 

depends upon the manner In which the values for the random 

phase are chosen. This implies that the points picked from 

a wave record at a fixed point are distributed according to 

the Qausslan probability law: k 
2 Sk2 

e_ ^ dk (A-3) 

Thus, the probability that at a time tl, chosen at random, 

the wave elevation at a fixed point will be between kx and 1½ 

is given by the integral of the Gaussian probability distri¬ 

bution. The fact that actual wave records do indeed have 

the Gaussian property has been verified by observations,10 

except for very high waves where nonlinear effects become 

important. 

The question of obtaining the energy spectrum, 

[r(œ)J2 of the seaway depends upon analyzing wave records 

and obtaining the auto-correlatlon function. The non- 

normalized auto-correlation function is defined as 

Qr(h) “Tim^ J p(t)r(t+h)dt (a.4) 

*'o 

where t is the duration of the wave record analyzed, h an 

Increment of time, and r( t) is the ordinate of the wave ele¬ 

vation on the record. The energy spectrum of the wav# is 

then given by fhe Fourier cosine transform of the auto¬ 

correlation function 

2 



These Imply that the available wave record Is Infinitely long 

and the sea state Is "stationary" In the sense that its 

fundamental properly as a Gaussian distribution does not 

change. The first cannot be achieved frantically, but it is 

sufficient for purposes of deducing the energy spectrum that 

the record remain homogeneous for a reasonable length of 

time. 

The procedure used for obtaining the energy spectrum 

from an actual wave record of finite time duration has been 

given by Tukey and Hamming, ‘ wherein the Integral of eq. A-5 

Is replaced by a partial sum. The procedure used herein can 

be summarized as follows: 

1. The finite wave record Is sampled at equal discrete 

time Intervals, At seconds, and at. each subinterval the value 

of the wave record In terms of departure from the mean Is 

obtained, forming the sequence 

r( t2), r( t3),... 

2. The coefficients of the non-normallzed auto-correla- 

tlon function arc found from 

(A-6) 

where m represents a lag. There are m+1 such coefficients. 

3. The raw estimates of energy In the band 

7r£_k-l/2) < u; < tt( 1-. l/2) 

are found by 

k=*o, 1,2,.. • ro) ... 
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4. The raw estimates are corrected for distortion 

effects introduced by basing the computations on values taken 

from a finite record at discrete points. This correction 

process yields the coefficients 

\ - 0.231^ + 0.54Lk + 0.23Lk+1 (A-8) 

where = and Lm+1 = Ljn_1 

3. At the frequency a)=7ih/mAt, the best estimate of the 

energy spectrum is then 

(A-9) 

where the reliability of the results obtained depends on the 

degrees of freedom of the system defined as 

( A-IO) 

where n Is the total number of sampled data points and m is 

the number of lags used in the calculation. The accuracy is 

determined from the chi-square distribution with f degrees of 

freedom from which 90$ confidence limits of the energy 

spectrum can be found. 

The cutoff frequency is given by a>c* w/dt and so 

the resolution of the spectrum will increase with increasing 

m In this Interval. However, from eq. A-10, this reduces 

the reliability of the procedure. To increase reliability, 

the length of the record analyzed should be Increased, But 

for a fixed record length, the resolution that can be obtained 

proportional to how reliable the results are. 

Application of the above procedures to the analog 

record of the Irregular sea state Indicated by the static 

wave wire (Pig. 3) then yields the required energy spectrum 

of the seaway. In a similar manner, analysis of the analog 
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recorda of the heaving and pitching motions will then yield 

the motion response spectrum. However, since these records 

are obtained from the moving craft, the response spectrums 

are a function of a>e, the frequency of encounter, and so the 

frequency appearing in the preceding equations must be inter¬ 

preted as an encounter frequency, hence is as dependent upon 

the speed of advance according to 

a) = cjd( 1±^) (A-11) 
C O 

In order to compare the static wave spectrum and 

motion spectra, the static wave spectrum must be transformed 

into the encounter frequency domain. Further details on the 

techniques and methods are found in refs. 11 and 12. 
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FIGURE I TEST S,~-UP OF TANDEM HYDROFOIL MODEL



NINTH INTERNATIONAL TOWING TANK CONFERENCE 

PARIS I960 

Hoboken. N. J*. U. S. A. 
May 27, I960 

Pear Sir: 

Enclosed is a copy oí the Report of the Committee on 
Seagoing Qualities of Ships, 

In case any new developments in facilities or techniques 
for model tests in waves are known to you which have been in¬ 
advertently overlooked, the Committee will appreciate your 
comments in the form of a presentation to the Conference. 

Sincerely yours, 

A — 

Edward V, Lewis, 
Chairman 
Committee on Seagoing Qualities of Ships. 
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FIGURE 4. TRANSFER FUNCTIONS FOR REGULAR HEAD SEA 
EXPERIMENTS AT V*5 FEET/SECOND 
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FIGURE 5. TRANSFER FUNCTIONS FOR REGULAR HEAD 
SEA EXPERIMENTS AT V>8 FEET/SECONO. 
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FIGURE T. RELATIONSHIP BETWEEN Ui AND Ui9 FOR FOLLOWING SEAS 
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FIGURE 9. WAVE SPECTRA AFTER TRANSFORMATION TO ENCOUNTER 
FREQUENCY DOMAIN. HEAD SEAS.V«5FEET/SECOND I 



FIGURE 9. WAVE SPECTRA AFTER TRANSFORMATION TO ENCOUNTER FREQUENCY 
(concluocd) domain. HEAD SEAS. V ■ 9 FEET/SECONO 
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FIGURE 10b. LONGITUDINAL MOTIONS SPECTRA FOR RUNS 0487- 

0490 IRREGULAR HEAD SEAS .V» 5 FEET/SECOND , 

R «0 284,SEA STATEV. 
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FIGURE 10c. LONGITUDINAL MOTIONS SPECTRA FOR RUNS O 495 * 
0 496. IRREGULAR HEAD SEAS , V15 FEET/SECOND 

R «0.142 , SEA STATE "C" 
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FIGURE 10 d. LONGITUDINAL MOTIONS SPECTRA RUNS 0S60- 
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R «0.110 
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FIGURE 10«. LONGITUDINAL MOTIONS SPECTRA RUNS 0502' 
0505. IRREGULAR FOLLOWING SE A, V« 5 FEET/SECOND 
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FIGURE II. COMPARISON OF DERIVED RESPONSE OPERATORS FOR 
TESTS AT VS FEET/SECONO IN HEAD SEAS WITH 
REGULAR SEA RESULTS. 
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FIGURE 13. COMPARISON OF EXPERIMENTAL SPECTRA 
WITH PREDICTED SPECTRA USING REGULAR 
SEA DATA. (a)V5 FEET/SECOND, HEAD 
SEAS, SEA STATE V. R -0.339. 



FIGURE 13b. V> 5 FEET/SECOND, HEAD SEAS, SEA 

STATE V 
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FIGURE I3f. VS FEET/SECOND HEAD SEAS. SEA 
STATE "C? 



FIGURE 14. COMPARISON OF EXPERIMENTAL SPECTRA 
WITH PREDICTION USING REGULAR SEA 
DATA, VS FEET/SECOND, HEAD SEAS. 
(•) PITCH SPECTRUM. 



FIGURE 14b. HEAVE SPECTRUM 
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