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ABSTRACT 

The purpose of this investigation was to study both theoretically 

and experimentally the uses of ferroelectric ceramics in microwave device 

applications. At microwave frequencies, ferroelectric ceramics behave 

as nonlinear dielectrics and exhibit small signal as well as large signal 

scaler nonlinear characteristics in both the dielectric constant and the 

rf dielectric conductivity. \The meaning of the small signal nonlinear be¬ 

havior is that the rf dielectric properties are functions of an applied dc 

bias field. Since a knowledge of tïte-mierowave characteristic^ of the mater¬ 

ials is of the utmost importance for device feasibility studies, ^he pre¬ 

liminary part of thic study gives a comprehensive review of the experimentally 

measured characteristics of the ferroelectric titahates, and in particular of 

the ceramic 73 per cent BaTiO^ - 27 per cent SrTiO^ . 

From the known small signal characteristics^of^tlTis ceramic material, 

V^an X-band electrically tunable ferroelectric phase shifter was constructed, i 

The phase shifter is reciprocal and consists of a thin slab of the ceramie 

completely filling the transverse plane of a rectangular yaveguttfe^with 

suitable dielectric matching sections placed symmetrically about the slab 

so as to form a bandpass filterV Phase shift was controlled by applying 

a dc electric field to the ferroelectric. The measured characteristics 

of this device showed that phase shifts of - pO^'are ^attainable over 

a 400 Me band centered about 9-3 kMc with insertion losses ranging from 

2-6 db.^) In-addition to tha experimental study of the phase shifter, 

Y^he general incremental behavior of such small signal devices as phase 

shifters, attenuators, and tunable cavities is also discussed. 

The nonlinear behavior of the 73 per cent BaTiO^ - 27 per cent SrTiO^ 

ceramic was further used to construct a harmonic generator operating from 

3 kMc to 9 kMc.y A third harmonic conversion efficiency of 8.3 per cent 

was attained for\a peak input power of 2200 watts. The theoretical analysis 

■ of the harmonic generator was carried out for the case where the nonlinear 

coupling element comprises both nonlinear reactance and nonlinear resistance. 
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By fitting the expression obtained for the conversion efficiency to the 

experimental data, the large signal dielectric constant and rf conductivity 

of the above mentioned ceramic were found to be given by c' (E) = Í22OO 

- 7-5 X 10 11 E2] farad/m , and 0 (E) = e0 |l6o Õ + 29 x 10‘12 Q E2] mhos/m , 

where E is in volts per meter. These results were measured at 3 kMc 

and for temperatures in the range of 49 - 52°C. 

Since the ferroelectric ceramic under consideration is made up of 

(>oth nonlinear reactive and nonlinear resistive terms, it can be treated 

generalized nonlinear dielectric medium. To study the properties of 

traveling-wave harmonic generation in such a dielectric medium a perturba¬ 

tion solhM.on was developed for the steady>state response of nonlinear 

104 transmiW«*! lines and nonlinear cylindrical waveguides of arbitrary 

cross sectiofF^lln order to assess the characteristics of ferroelectric 

traveling-wave harmonic generators, an example is worked out for an S-band 

rectangular waveguide completely filled with the ceramic and excited in the 

TE^mode at the fundamental frequency of 3 kMc. The predicted behavior 

of this device is then compared with the experiáan^al characteristics of 

the cavity-type ferroelectric harmonic generator io as to determine the 

advantages and disadvantages of each type of devite. The comparison brings 

out the superiority of the resonant system and indicates ways of improving 

the distributed system. Finally, based upon the t -eatment of the waveguide 

problem, the processes of frequency and mode conversion in nonlinear wave¬ 

guides are discussed, both in general and with regard to the above example 

of the rectangular guide. 
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CHAPTER I 

INTRODUCTION 

Ferroelectric materials have been the subject of widespread and 

intensive Investigation In recent years, both with regard to understand. 

Ing the Physl«! behavior of the materials and from the point 

of view 01 utilizing their basic nonlinear dielectric properties In 

microwave devices. Ferroelectrlcs are unique among dielectrics In that 

tney are capable of sustaining a spontaneous polarization over a certain 

temperature range which usually extends from absolute zero to a critical 

temperature known as the ferroelectric Curie point. Over the temperature 

range of spontaneous polarization the material displays a hysteresis loop 

between the polarization and applied field analogous to the hysteresis loop 

observed In the magnetization curve of a ferromagnetic material. At 

temperatures above the Curie point, the spontaneous polarization disappears. 

In this temperature range the materials possess a very large field-dependent 

Induced polarization resulting In a characteristic nonlinear dielectric 

behavior with high dielectric constant. It is this nonlinear relation¬ 

ship between Induced polarization and applied field, which extends well 

Into the microwave portion of the spectrum (both for large rf signals 

and for small signals in conjunction with a strong dc bias), that makes 

ferroelectrlcs attractive from the standpoint of microwave device appll- 
cations. 

Although the literature on the subject of ferroelectrlcity contains 

a great deal of information on the experimental characteristics of ferro- 

electrics in single crystal and polycrystalline form, vary little progress 

has been made toward understanding the physical mechanisms responsible 

for their behavior. Since most of the experimental data given for ferro- 

electrics has been concerned with their low frequency properties, most 

applications have been limited to such things as the use of the square 

loop hysteresis characteristic in computer technology or the construction 
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of miniaturized nonlinear capacitors for use in low frequency circuit 

applications. The amount of information which is currently available on 

the microwave characteristics of ferroelectrics is very limited, and as 

a consequence there has been practically no work reported on the use of 

ferroelectrics at microwave frequencies. 

The purpose of this report is to describe an investigation which was 

undertaken to study, both theoretically and experimentally, how the small 

signal and nonlinear large signal characteristics of ferroelectric titanate 

ceramics can be used in microwave device and microwave circuit applications. 

Since no consistent description of the dielectric properties of the materials 

exists from a physical point of view, it is necessary to rely on a phenome¬ 

nological description of the material properties as deduced from experi¬ 

mental data in the form of curves. Using such an approach, it was possible 

to analyze the behavior of microwave circuits containing ferroelectrics, 

and to successfully design devices which utilize the nonlinear properties 

of these materials. 

The ferroelectric chosen for this study was a polycrystalline ceramic 

with composition 73 per cent BaTiO^ - 2? per cent SrTiO^ . The micro- 

wave properties of this ceramic as well as those of a number of other 

mixed barium-strontium titanate ceramics have been measured by Johnson1 
2-5 

and others. This particular ceramic was chosen for two reasons. The 

first is that its general properties are representative of those of the 

ferroelectric-titanate class of ceramics; and the second is that in com¬ 

parison with the other ceramic materials of this class considered in 

reference 1, the 73 per cent BaTiO^ - 27 per cent SrTiO^ ceramic has a 

large degree of nonlinearity for temperatures ranging about 4o°C above 

its Curie point which is approximately 20°C. Accordingly, this ceramic 

composition can be operated near room temperature with very simple tem¬ 

perature stabilizing equipment. Moreover, this material has a high break¬ 

down field strength (in excess of 30 kv/cm). Generally speaking, ceramics 

were used, as opposed to single crystals, since they are easily manufactured, 

easily fabricated to almost any desired shape with excellent mechanical 

properties, available in large samples at moderate costs, and also 

isotropic, while at the same time strongly nonlinear. 
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Owing to the fact that virtually no experimental work has been done 

on the utilization of ferroelectrics in microwave devices, it was felt 

that attention should be given not only to the design and construction 

of ferroelectric devices but also to their analytical description. For 

this reason, an attempt has been made to appraise theoretically the use 

of ferroelectrics in a number of small signal and large signal devices, 

and to investigate experimentally their behavior. The distinction 

between small signal and large signal devices is based upon the character¬ 

istics of the nonlinearity of the ferroelectric material that is used. 

In the small signal case the rf dielectric constant is a function of an 

applied dc bias field giving rise to what is henceforth referred to as a 

dc nonlinearity; in the large signal case the rf dielectric constant is 

a function of the instantaneous rf field intensity within the material 

and is thus representative of a nonlinear dielectric behavior. The two 

specific devices which were considered experimentally were an X-band 

electrically tunable phase shifter, and a harmonic generator capable of 

tripling from a fundamental frequency of 3 kMc to an output frequency of 

9 kMc. The phase shifter is an example of a small signal device and the 

harmonic generator typifies a large signal device. Both of these devices 

represent a successful application of ferroelectrics at microwave frequencies, 

and were chosen because they are of considerable practical importance, and 

because they show the feasibility for using these materials in representa¬ 

tive microwave devices. 

It should be noted that other materials, such as ferrites and semi¬ 

conductor diodes, have been successfully used in microwave devices of 

this nature. Ferroelectrics represent a potentially competitive element 

and as such have received considerable attention as possible candidates 

for use in devices; it is therefore of significance to be able to evaluate 

critically the utility of these materials in relation to ferrites and 

diodes. From the materials standpoint, ferroelectrics have a number of 

obvious advantages. For example, depending upon their size they can be 

treated as lumped or distributed elements. At small signals their loss 

characteristics are independent of power level. Diodes, on the other 

hand, are available only as lumped elements and their losses tend to 

increase with power level even for small signals. Unlike ferrite materials, 
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ferroelectric ceramics are isotropic and can be biased electrostatically 

with negligible amounts of dc control power. Since the bias is provided by 

electric fields rather than magnetic fields, the biasing equipment can be 

very simple and inexpensive. Furthermore, the response time of the rf 

dielectric properties to changes in dc bias will be short compared to 

what may be obtained in the corresponding case of ferrites. In contradis¬ 

tinction to both ferrites and diodes, the large signal characteristics of 

ferroelectric ceramics display a nonlinearity which is an even function 

of field strength in the absence of bias; ferrites and diodes are usually 

operated in the biased state and exhibit an odd nonlinear characteristic. 

This type of large signal behavior is obviously an advantage or a dis¬ 

advantage depending upon the application under consideration. Ferro- 

electrics have two decided disadvantages at microwave frequencies. They 

have relatively high loss, and have very high dielectric constant which 

makes matching into thesejnaterials a difficult problem. In addition, 

their dielectric properties are temperature dependent. 

The remainder of the work presented here is organized into four 

chapters. Chapter II is primarily concerned with the microwave character¬ 

istics of ferroelectric ceramics and the manner in which their macroscopic 

electrical behavior can be described. Included as an introduction is a 

brief discussion of the physical properties of ferroelectrics in single 

crystal and polycrystalline form at and below microwave frequencies. An 

extensive discussion is given of the small signal dc nonlinear character¬ 

istics of the ferroelectric ceramic composed of 73 per cent BaTiO^ 

- 27 per cent SrTiO^ and of the large signal characteristics of this 

ceramic. The final portion of the chapter deals with the problem of 

microwave losses in nonlinear ceramics, and presents a discussion of 

the advantages and disadvantages in microwave applications of ferro¬ 

electric materials compared with ferrite and diode materials. 

In Chapter III a general discussion of the small signal applications 

of ceramic nonlinear dielectrics is given with regard to phase shifting, 

cavity tuning, and attenuating. Implicit in these applications are also 

switching, tunable filtering, and impedance matching. The dc nonlinear 

characteristics of the ceramic composition of 73 per cent BaTiO^ 

- 27 per cent SrTiO;, are used in the design and construction of an 
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X-band phase shifter vhose incremental phase shift can be controlled with a 

dc voltage in a predictable way. This phase shifter is reciprocal and 

consists of a thin slab of the nonlinear ceramic completely filling the 

transverse plane of a rectangular waveguide, with suitable dielectric 

matching sections placed symmetrically about the slab so as to form a 

band-pass filter. 

Chapter IV is concerned with the large signal applications of the 

ferroelectric-titanate ceramics. The specific problems treated in this 

chapter are harmonic generation in lumped and distributed circuits. Both 

nonlinear reactance and nonlinear resistance are included in these problems 

since both effects are present simultaneously in ferroelectrics. In this 

sense, therefore, the ferroelectric medium is a generalized nonlinear 

dielectric. The work on harmonic generation in lumped circuits deals with 

the theoretical and experimental aspects of frequency multiplication in 

cavity-type microwave circuits. The experimental phase of the work is 

devoted to studying the behavior of a frequency tripler which operates 

from 3 kMc to 9 kMc. The operating characteristics of this device were 

found to be in excellent agreement with those predicted theoretically. 

The remaining portion of the chapter treats the problem of traveling- 

wave harmonic generation along nonlinear transmission lines and in non¬ 

linear waveguides of arbitrary cross-section. This work is strictly of 

an analytical nature and makes use of perturbation theory to describe the 

processes of frequency and mode conversion in distributed nonlinear 

systems. 

The final chapter, Chapter V, is devoted to a discussion of the - 

conclusions reached and to giving some suggestions for future work. 
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CHAPTER II 

THE MICRONAVE CHARACTERISTICS OF FERRQELECTRIC-TITANATE CERAMICS 

Althought the ultimate goal of this work Is to make use of the micro- 

wave characteristics of ferroelectric-titanate ceramics in the design and 

construction of microwave devices, it is nonetheless important to under¬ 

stand from a fundamental viewpoint the behavior and limitations of these 

materials especially insofar as they determine and affect the performance 

of the devices in which the materials are incorporated. Accordingly, 

this chapter presents a brief survey of some of the outstanding physical 

properties of ferroelectrics, and gives a comprehensive discussion of 

their experimentally measured small signal and large signal microwave 

characteristics. 

A. PHYSICAL PROPERTIES OF FERROELECTRICS6'11 

Based upon their chemistry and crystal structure, ferroelectrics may 

be classified into three groups. 111 Rochelle salt, potassium dihydrogen 

phosphate (KDP), and barium titanate are examples of well-known ferro¬ 

electrics belonging to the different groups. The material of primary 

concern here is the BaTiO^ - type ferroelectric which is a member of the 

oxygen octahedron group. This group consists of ionic crystals having 

the perovskite structure. * Barium titanate is the most important 

member of the perovskites and represents the simplest crystal structure 

exhibiting ferroelectricity. It is for this reason that it has received 

very intensive theoretical and experimental investigation throughout 
7 

the literature. 
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a? 

Most dielectric materials are nonpolar or have a vanishing electric 

dipole moment in the absence of an external field. For such dielectrics 

there is a linear relationship between the polarization and applied field. 

Due to the behavior of their crystalline structure with temperature, ferro¬ 

electric materials become polar below a critical temperature known as the 

ferroelectric Curie point and are consequently capable of supporting a 

spontaneous polarization. Materials of this type have very unusual 

dielectric properties which give rise to nonlinear behavior. In order 

that a crystal display a spontaneous moment, it is necessary that the 

lattice structure lack a center of symmetry or that it be noncentrosymmetric. 

This can be seen by picturing a crystal as a constellation of permanent 

dipoles which have a configuration compatible with the crystalline symmetry. 

For those crystals having a center of symmetry one finds that the dipole 

configuration is equivalent to arranging the dipoles in antiparallel pairs. 

Thus, it is evident that the centrosymmetric crystal structure (or, for 

that matter, any crystal structure which produces an equivalent effect) 

will not support a permanent dipole moment. A macroscopic permanent 

dipole moment or spontaneous polarization can only exist if the crystalline 

symmetry is of such a nature that it does not give rise to a dipole con¬ 

figuration in the form of antiparallel pairs. Crystals having this property 

exhibit the phenomenon of piezoelectricity. Since it is possible for a 

crystal to be piezoelectric without being ferroelectric (e.g., quartz) 

but not vice versa, ferroelectrics may be generally classified as a sub¬ 

group of piezoelectric-type crystals. 

The outstanding property of ferroelectric materials is that in the 

polar state the direction of the spontaneous polarization can be reversed 

by the application of a low frequency external field which is below the 

breakdown field strength of the crystal. Because crystals are most commonly 

made up of a number of domains or regions of uniform polarization, one 

finds that the curve of the net macroscopic polarization vs applied field is 

in the form of a hysteresis loop. The occurrence of hysteresis between 

the polarization P and the applied field E causes the material to 

exhibit nonlinear dielectric properties which are brought about by the 

fact that as the field E increases the domains become aligned and 

eventually cause the crystal to become a single domain. When this 
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condition is reached the polarization saturates. It is apparent then 

that the domain structure of ferroelectric crystals is responsible for the 

presence of dielectric nonlinearities below T, . However, the domain 

wall nonlinearities are present only at low frequencies where the motion 

of the domain boundaries can follow the changes in the exciting field. 

In the microwave region (above 1000 Me) the relaxation of domain wall 

motion causes this nonlinear mechanism to be completely negligible. 

The foregoing discussion clearly describes how the nonlinearities 

arise below T, in the low frequency region. However, it in no way 

accounts for the presence of dielectric nonlinearities above T where 
c 

the material is nonpolar and where the domain structure is absent. To 

understand the cause for the nonlinear dielectric behavior above T 
c ' 

it is necessary to consider the variations in the dielectric properties 

of the material produced by changes in temperature. When this is done 

one finds that the field-induced variations in the polarization, which 

are responsible for the dielectric nonlinearities and occur in both the 

polar and nonpolar state, are closely allied with the tentperature de¬ 

pendence of the dielectric properties. 

If one examines the behavior of the dielectric constant of ferro¬ 

electric crystals with respect to temperature, the most prominent character¬ 

istic observed is that, as the crystals are cooled through their Curie 

point, the dielectric constant € defined by 

€ 
ÒD 

= 51 
E = 0 

= e. dP 
* 51 (D 

where D = c.E + P , increases rapidly, reaching a very large value 

typically of the order of 10 - 10' and then drops sharply to an almost 

constant value. Figure 1 illustrates this behavior. The cusp in the 

dielectric constant appearing in the vicinity of T is due to the fact 

that as one passes through the transition temperature from the unpolarized 

to the polarized or ferroelectric phase the crystal structure undergoes 

an abrupt phase transition. It is noteworthy to mention that in the 

region above T the dielectric constant is observed to follow a Curie- 
12 c 

Weiss law (i.e. € = C/ (T - T^) where C is a constant); this region 
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FIG. 1—Schematic representation of the dielectric constant of a ferro¬ 

electric crystal in the neighborhood of the Curie point. 

is consequently known as the paraelectrlc phase. Precisely the same 

type of behavior as shown in Fig. 1 occurs for polycrystalline and ceramic 

materials, the only difference being that the Curie point is not as well 

defined for these materials and that the peak in the dielectric constant 

is not as high. 
13 

Merz has made measurements on the dielectric constant and spontaneous 

polarization of single domain BaTiO^ crystals as a function of temperature. 

The results of his measurements show the existence of three separate phase 

transitions in the BaTiO^ crytal lattice. In the paraelectrlc state the 

BaTiO^ lattice has the cubic perovskite structure and is centrosymmetric. 

The phase transition occurring at T, = 120°C determines the Curie point 

and the onset of the ferroelectric state. Each of the three phase transi¬ 

tions appearing at and below Tc cause a loss of symmetry in the crystal 

lattice, and hence account for the presence of a noncentrosymmetric crystal¬ 

line structure which is required of crystals in the ferroelectric state. 

As a function of temperature, it is found that for 3°C < T < 120°C the 

crystal is tetragonal with spontaneous polarization along the [oO]j 

crystal axis. Between -8o°C and 3°C the orthorhombic structure 
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exists vith polarization along the |oiij axis, and below -8o°C the 

crystal becomes rhombohedral and is polarized along the |lllj crystal 

axis. 

In the prior discussion of the temperature dependence of the dielectric 

constant of ferroelectric crystals, it was pointed out that in the immediate 

neighborhood of the Curie point the crystal lattice undergoes a phase 

transition (see Pig. l). The phase transition which occurs at Tc is 

caused by a change in the crystal structure (and therefore the energy and 

volume of the crystal) as it goes from one equilibrium position to another. 

The changes in the polarization of the crystal lattice can either be dis¬ 

continuous, as in the case of first-order transitions, or continuous, as 

with second-order transitions. It is evident, therefore, that in the 

vicinity of the Curie point the lattice is in an unstable configuration 

and can consequently be greatly influenced by the application of an 

external field. It can then be seen, in a qualitative way, that the 

production of large variations in the polarization by changes in the 

external field may be accounted for by considering the coupling between 

the external field and the basic structural instabilities in the lattice. 

According to this description, which may be used to formulate a thermo¬ 

dynamic model for the crystal, one can induce changes in the polarization 

or dielectric constant by applying either a strong dc field to the material 

or an intense time-varying field. To be more precise, since the polari¬ 

zation, electric field, and temperature are all related by the free 

energy of the crystal, one finds that as one approaches the transition 

temperature the relationship between the polarization and applied field 

should become nonlinear due to the fact that the polarization becomes 

very large in this region. If one examines the behavior of the polar- 
14 

ization above Tc , as done by Devonshire, one finds that in the 

presence of an external field there is a large induced polarization in 

the paraelectric temperature region and that this polarization approaches 

the spontaneous polarization as the crystal is cooled below Tc . Thus 

there is no well defined Curie point in a biased crystal since the external 

field tends to induce a phase transition at temperatures above Tc • One 

may conclude from this discussion that the cause for the dielectric non¬ 

linearity at temperatures very close to Tc is related to the stability 

of the lattice. Since it is observed experimentally that the degree of 
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nonlinearity decreases as one departs from the Curie point, it is to be 

expected that these same arguments apply at temperatures somewhat above 

and below T, and can hence be used to describe the dielectric non¬ 

linearity in the paraelectric phase. 

B. THEORIES PERTAINING TO FERROELECTRICITY^-11' ^ ^ 

Although there is a large body of experimental data describing the 

physical properties of ferroelectrics, there is relatively little quantita¬ 

tive understanding of the underlying mechanisms responsible for the exis¬ 

tence of the ferroelectric state. Because of the simplicity of its crystal 

structure the material which has the most promise of being understood 

theoretically is the BaTiO^ - type ferroelectric. Jaynes1'* has given 

a comprehensive review of the theories proposed for BaTiO^ and has 

discussed in some detail the objections to the various theories as well 

as their limitations. 

The simplest theory which has been developed for interpreting the 

phenomenon of ferroelectricity is the dipole theory11 in which the crystal 

is assumed to be made up of a large number of freely rotating electric 

dipoles analogous to the simple dipole model used to explain fer.-omagnetism. 

The fundamental problem encountered in the dipole theory is the calculation 

of the internal local fields acting on the dipoles. In the case of magnetic 

materials, where one essentially has noninteracting or freely-rotating 

dipoles, the local field problem can be treated directly by assuming that 

the internal field is proportional to the magnetization. A similar assump¬ 

tion can be made for ferroelectric materials; however, due to the complexi¬ 

ties which exist in even simple lattices the computation of the local field 

from a molecular viewpoint is much more difficult in ferroelectric than in 

ferromagnetic substances. The assumption that a crystal can be represented 

as a classical dipole array accounts for the possibility of spontaneous 

polarization below the Curie point and the Curie - Weiss law behavior 

above the Curie point. However, the dipole theory only predicts the 

existence of one Curie point whereas materials such as Rochelle salt have 

two Curie points. This fact, together with the fact that the dipole theory 

does not take into account the coupling of the mechanical and electrical 
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forces in the crystal, forms the basis for the objections to the theory. 

Furthermore, the dipole theory predicts Curie temperatures which are high 

enough to cause most polar liquids to be ferroelectric - a conclusion 

which is not supported experimentally. 

Of the theories which have been proposed to explain the behavior of 

barium titanate, the molecular interaction theories are the most signifi¬ 

cant. In the first of these, known as the ionic displacement theory, it 

is assumed that the Ti ion residing at the center of the oxygen octa¬ 

hedron in the perovskite lattice shifts from its centrosynmietric position 

at temperatures above T, to a noncentrosynmetric position at temperatures 

below Tc . One can thus account for the production of a permanent dipole 

moment in each unit cell of the crystal, and can account for the presence 

of a spontaneous polarization by the cooperative effect of all of the 

dipoles in the crystal. Another theory which is very similar is the oxygen 

displacement theory where it is assumed that the effect of the phase change 

in the crystal structure at the Curie point is to cause the 02' ions to 

move perpendicularly out of the plane of the Ba2+ ions and thereby to 

generate a spontaneous moment. Each of the theories qualitatively explains 

the observed phenomena by considering the coupling between the electrical 

and mechanical forces in the lattice via the temperature dependent behavior 

of the crystal. However, as discussed by Jaynes15 and Dekker11 there are 

a number of objections to the ionic displacement theories. The most out¬ 

standing of these is related to the question of the actual motion of the 

ions in the crystal lattice. 

Perhaps the most successful theory of ferroelectricity is the phenome¬ 

nological theory developed by Devonshire11* which is independent of the 

specific molecular mechanisms in the crystal giving rise to the ferro¬ 

electric state. The theory is accordingly based upon purely thermodynamic 

arguments. The basis of Devonshire's formalism is that the free energy is 

a function of polarization and mechanical stress and thus includes the 

coupling between the electrical and elastic properties of the ferroelectric 

crystal. Although this description is capable of qualitatively accounting 

for the observed phase transitions in stressed and unstressed crystals, it 

gives no physical insight into what mechanisms are responsible for this 

behavior. 
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C. THE MICROWAVE PROPERTIES OF FERROELECTRIC CERAMICS 

Ferroelectric materials have been investigated most extensively at 

frequencies below 1000 Me. In the microwave region (above 1000 Me) 

relatively little information is available on the dielectric properties 

of these materials. The most significant difference between the low 

frequency and microwave characteristics of ferroelectrics is that below 

Tc the hysteresis in the P vs E curve is absent in the microwave 

region. This is substantiated by measurements made on the time required 

to switch the polarization by l8o° in a single domain, which for BaTiO^ 

single crystals has been shown to have a corresponding frequency limit 

in the megacycle range.^ 

17 
Recently, Stanford has shown that in the vicinity of the Curie point 

and in the region of 1000>Mc there is a dispersion in the dielectric constant 

of the ferroelectric titanates which appears only in the ferroelectric phase. 

This is in general agreement with the measurements of Powles and Jackson1® 

made on polycrystalline barium titanate. The appearance of this dis¬ 

persion in the dielectric constant is apparently closely related to 

Kittel's theory of domain boundary motion,1^ indicating that domain wall 

relaxation processes are responsible for the observed dispersion. These 

measurements give further evidence that the hysteresis in the P vs E 

curve is absent at microwave frequencies. 

Very little other data exists on the microwave properties of the 

ferroelectric titanates. The small signal dielectric constant and loss 

tangent of the single domain crystals of BaTiO^ as well as the effect 

of the dc field on the microwave characteristics of this material has 

been measured by Benedict and Durand3 at 24 kMc. Jaynes and Varenhorst20 

have measured the small signal complex dielectric constant of BaTiO^ 

single crystals and ceramics as a function of frequency and temperature 

from 2 Me to 4000 Me and from 80 C to 150 C, respectively, for a number 
2 4 5 

of bias voltages. Other measurements * * have also been made on the 

microwave characteristics of ferroelectrics, using various techniques. 
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Johnson has made a systematic study of the small signal and large 

signal microwave characteristics of the ceramic composed of 73 per cent 

BaTiO 
3 

2? per,cent SrTiO^ between 3 kMc and 10 kMc. In addition 

he has measured the small signal dielectric constant of this ceramic for 

frequencies extending into the millimeter wave region. His measurements 

were performed on ceramics rather than single crystals since one of the 

objectives was to obtain design data useful in device applications where 

ceramic materials are more practical. Compared to single crystals ceramics 

have the disadvantage of having higher loss tangents. However, the die¬ 

lectric constants of these materials are not as large as those obtained 

with single crystals nor do their dielectric properties vary as drastically 

with temperature. Since it is desirable in device applications to operate 

the materials above their Curie point where the rf losses are relatively 

small, and since it is desirable at the same time to have this operating 

region be near room temperature, it is necessary to dope the BaTiO^ 

crystal with other elements so as to lower its Curie point. Jackson and 
21 

Reddish have shown that by replacing the barium ions in the lattice by 

strontium ions, the Curie point of the (Ba - Sr) TiO^ composition can 

be reduced considerably. Hence, the ceramic composition of 73 per cent 

BaTiO^ - 27 per cent SrTiO^ (which is of interest here) has a Curie 

point at room temperature (Tc = 20°C) . This is 100°C lower than the 

Curie point of pure barium titanate; the ceramic can therefore be operated 

conveniently as a nonlinear dielectric material near room temperature. 

1. Snail Signal Characteristics at Millimeter Wavelengths 

The curve shown in Fig. 2 of the relative dielectric constant of the 

nonlinear ceramic referred to above as a function of frequency reveals at 

a glance lhe dispersive character of the dielectric constant at microwave 

frequencies. This curve extends over the greater portion of the microwave 

spectrum (from 3 to 300 kMc) and illustrates the magnitude and variation 

of the dielectric constant throughout this part of the spectrum. Further¬ 

more, as discussed below, it indicates over what range of frequencies the 

dielectric nonlinearity can be used in microwave devices. 
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Johnson has made a systematic study of the small signal and large 

signal microwave characteristics of the ceramic composed of 73 per cent 

BaTi03 - 27 percent. SrTi03 between 3 kMc and 10 kMc. In addition 

he has measured the small signal dielectric constant of this ceramic for 

frequencies extending into the millimeter wave region. His measurements 

were performed on ceramics rather than single crystals since one of the 

objectives was to obtain design data useful in device applications where 

ceramic materials are more practical. Compared to single crystals ceramics 

have the disadvantage of having higher loss tangents. However, the die¬ 

lectric constants of these materials are not as large as those obtained 

with single crystals nor do their dielectric properties vary as drastically 

with temperature. Since it is desirable in device applications to operate 

the materials above their Curie point where the rf losses are relatively 

small, and since it is desirable at the same time to have this operating 

region be near room temperature, it is necessary to dope the BaTiO 

crystal^with other elements so as to lower its Curie point. Jackson and 

Reddish have shown that by replacing the barium ions in the lattice by 

strontium ions, the Curie point of the (Ba - Sr) TiO composition can 

be reduced considerably. Hence, the ceramic composition of 73 per cent 

BaTi03 - 27 per cent SrTi03 (which is of interest here) has a Curie 

point at room temperature (T, = 20°C) . This is 100°C lower tnan the 

Curie point of pure barium titanate; the ceramic can therefore be operated 

conveniently as a nonlinear dielectric material near room temperature. 

1- gPgn Signal Characteristics at Millimeter Wavelpn^t.hg 

The curve shown in Fig. 2 of the relative dielectric constant of the 

nonlinear ceramic referred to above as a function of frequency reveals at 

a glance the dispersive character of the dielectric constant at microwave 

frequencies. This curve extends over the greater portion of the microwave 

spectrum (from 3 to 300 kMc) and illustrates the magnitude and variation 

of the dielectric constant throughout this part of the spectrum. Further¬ 

more, as discussed below, it indicates over what range of frequencies the 

dielectric nonlinearity can be used in microwave devices. 
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As described in reference 1, such a curve was obtained in the frequency 

range fron. 6o kMc to 270 kMc and for various temperatures, by placing a slab 

of the above mentioned ceramic material in a modified temperature-controlled 

Fabry-Perot interferometer and noting the shape of the transmission curve 

through the interferometer# An X-band linear accelerator with a magnetic 

undulator served as a source of rf power for the experiment. The results 

of the measurements are shown in Fig. 2 for a temperature of 51°C. The 

measured data shows that there is little or no dispersion in the dielectric 

constant from 3 to 4o kMc (these data were obtained from the small signal 

measurements described below). Between 40 and 150 kMc the dielectric 

constant drops rapidly to the value of several hundred and remains fairly 

constant thereafter. The relaxation mechanism giving rise to the dielectric 

dispersion between 50 and 100 kMc is noted to cause a loss in the temp¬ 

erature sensitivity of the material beyond 100 kMc.1 This is very strong 

evidence for believing that the polarization mechanism responsible for the 

ferroelectric behavior relaxes out between 50 kMc and 100 kMc and that the 

dc nonlinearity in the dielectric constant, which is thermodynamically 

related to the temperature dependence of the polarization, is therefore 

absent at millimeter wavelengths. One can therefore conclude that below 

50 kMc the nonlinear properties of the ceramic can be utilized in device 

work, but that above 50 kMc the degree of nonlinearity should decrease 

markedly, causing the material to be of little use. It should be noted, 

however, that the dispersion in the dielectric constant above 50 kMc may 

find use in filter applications. 

2. Snail Signal Microwave Characteristics 

In the paraelectric phase the microwave dielectric constant and loss 

tangent of ferroelectric ceramic materials can be controlled by the applica¬ 

tion of an external dc bias, thus producing a dc nonlinearity in the die¬ 

lectric properties. The nonlinearities occurring in the paraelectric 

region are usually strongest for a temperature range of about several tens 

of degrees above T, . This is a consequence of the fact that the die¬ 

lectric nonlinearity is closely related to the large induced polarization 

which appears in the vicinity of the Curie point. One cause for the non¬ 

linear behavior, which has already been mentioned, is the presence of 
l4 

field-induced phase transitions. The effect that an external field has 
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on the phase transitions in the material is very similiar to l1pulllng" 

the Curie point to higher temperatures and hence to changing the polariza¬ 

tion and dielectric constant of the material above T . The dielectric 
c 

nonlinearities in the region above Tq are particularly important for 

microvave device applications since the rf dielectric losses are smallest 

in this region. 

For small signal microvave applications the dielectric properties of 

ferroelectric ceramics are best described by giving the variation in the 

complex dielectric constant defined by 

€ = €' - J €" = €0 (*' - J <") = €() *• (1 - j tan 6) (2) 

as a function of bias, vith temperature as a parameter. The terms e" 

and/or tan 6 = €"/€' entering in Eq. (2) account for losses and are 

related to the rf dielectric conductivity a through the Maxwell equation 

Vxtf.î + ^S (3) 

and the constitutive equations 

IN e' 2 (4) 

and 

N a if . (5) 

Assuming that I? varies as exp (Jcut) , Eqs. (3), (4), and (5) combine 

to give 

V X ÏÎ = o Í? ♦ Jídê' ÏÎ = Jœe' (1 - J tan 6) ? , (6) 

where tan 6 = o/œe' = €"/€' . The rf current density ? which accounts 

for the losses in the dielectric via the dielectric conductivity o is 

not due to true current flow in the form of conduction currents but to 

the contributions from the polarization current òP/òt ■ which are in 
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phase with the applied field f . Here t refers to the induced polariza¬ 

tion and is given by ? = ïf - in mks units. Thus, this is a phenome¬ 

nological macroscopic description of the dielectric properties which can 

be used conveniently with Maxwell's equations and, moreover, can be extended 

in & natural wsy to account for the large signal behavior of the medium. 

Figures 3 and 4 give curves of the relative dielectric constant *' 

and the loss tangent tan 6 as a function of dc bias, with temperature 

as a parameter, for the ceramic composed of 73 per cent BaTiO - 2? 

per cent SrTiO^ . These curves are the results of X-band measurements 

made by Johnson1 using a transmission technique. They show that the real 

part of the dielectric constant is extremely high, ranging from 1000 to 

3000, and that the quality factor Q of the material, where Q = 1/tan 6 

is moderately high. These results are in general agreement with those 

obtained by other investigators.^^ ^ 

For design purposes, Figs. 3 and 4 show that a 50 per cent change 

in <' is.easily achieved with moderate bias fields and that the Q of 

the material ranges between 7 and 20. The curves given in these figures 

also show that the temperature sensitivity and dc nonlinearity decrease 

at higher temperatures, as expected. As a compromise between having a 

high degree of nonlinearity and small temperature sensitivity, it is 

generally desirable to operate the ceramic of 73 per cent BaTiO^ - 27 

per cent SrTiO^ above 4o C which is a comparatively low loss region 

having appreciable nonlinearity. 

Finally, it should be mentioned here that the phenomenon of dielectric 

nonlinearity is most likely to occur in materials with high dielectric 
22 

constant. It is therefore not surprising from the data given in Fig. 3 

that ferroelectrics are strongly nonlinear. In a recent article Diamond2-^ 

has shown that the field-induced variations in the permittivity for 

perovskite-like polycrystalline substances, such as ferroelectric titanates, 

may be explained by assuming that the material consists of an ensemble of 

crystallites whose Curie points obey some statistical distribution. By 

taking a Gaussian distribution, Diamond has been able to show excellent 

correlation of experimental curves such as those given in Figs. 3 and 

4 with the theory. 
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3. Large Signal Microwave Characteristics 

From the dc nonlinear characteristics shown in Figs. 3 and 4 one would 

expect that ferroelectrics should exhibit large signal rf nonlinearities. 

The large signal characteristics of these materials are representative of 

a true nonlinear dielectric behavior in which both the dielectric constant 

€1 and the dielectric conductivity o are functions of the Instantaneous 

field intensity within the material. Since the ferroelectric medium exhibits 

nonlinearity of both the permittivity apd conductivity, it represents a 

generalized nonlinear dielectric. At this point one can distinguish between 

the small signal and the large signal microwave characteristics of ferro¬ 

electric ceramics in the following manner: In the small signal case the 

dielectric constant can be controlled by an external bias, but for each 

value of bias the material is linear and the principle of superposition 

applies. In the large signal case (with or without bias) the material 

properties change at an rf rate and are functions of the strength of the 

excitation. Superposition does not apply in this case. 

By extending the small signal description of the dielectric properties 

given in Eqs. (4) and (5), one can arrive at a self-consistent large signal 

macroscopic description of the dielectric properties of the nonlinear 

ceramic material. Before giving this description, however, it is worth 

while to digress and discuss how one can Investigate the large signal 

properties of ferroelectrics from a more fundamental viewpoint and why 

the description to be given below is bf value. Generally, the large signal 

properties of ferroelectrics can be described by anyone of a number of 

approaches. Three possible approaches are discussed here. 

The first approach, which is the most physical, is to seek simultaneous 

solutions to Maxwell's equations together with the equations of motion for 

the polarization of the dielectric medium. This approach has the drawback 

of requiring one to obtain a nonlinear differential equation for the 

polarization including the effects of loss in the dielectric. Since very 

little is known of the physical mechanisms causing nonlinear dielectric 
2k 

polarization, it is usually very difficult to obtain appropriate equations 

of motion. In addition, very little is known about the origin of microwave 

losses in ferroelectrics although recently, in the work of Rupprecht and 

Bell^ and Silverman,^ this problem has been investigated from both the 

experimental and theoretical points of view. 
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Ihe second approsch to the description of the large signal properties 

invloves integrating the equations of motion to determine the polarisation 

as a nonlinear function of the field and then substituting the resulting 

expression Into the field equations so as to obtain a set of ooupled non¬ 

linear differential equations. Ihe difficulty encountered here Is In 

obtaining a solution for the polarisation In terns of the field) this Is 

In addition to the problem of determining a suitable set of equations of 

motion for the polarization in the first place. 

The third approach is the one taken here, wherein, for the sake of 

brevity and in order to eliminate the difficulty of writing equations of 

motion, it is assumed that the nonlinearities can be incorporated into the 

Maxwell equation for the curl of Î by defining phenomenologically a 
displacement vector 1 which is a nonlinear function of the microwave 
exciting field 2 and a current density ? which is likewise a nonlinear 
function of Î . Thus, in the temperature region above the Curie point, 

without application of bias, the large signal properties of ferroelectric 

ceramics may be described by generalizing the constitutive equations 

[Eqa. (4) and (5)] to 

ï? = €' (E) ^ , (7) 

and 

Î = o (E) ï? . (g) 

Here, e' (E) and o (E) are the large signal scalar dielectric constant 

and rf conductivity of the dielectric, respectively; 0 (E) is a macroscopic 

loss tarn which phenomenologically accounts for all of the loss mechanisms 

occurring in the dielectric. Both of these quantities depend upon the 

magnitude and not the direction of the electric field since the ceramics, 

unlike the single crystals, are isotropic. Moreover, since it has been ’ 

assumed that the dielectric is unbiased and since i;.ia operated above 

its Curie point where the structure of the material is centrosymmetric on 

a microscopic scale, €’ (E) and o (E) will consequently be even functions 

of the instantaneous field intensity E within the ceramic and can be 
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expanded as a power series in E as follows: 

and 

€' (E) = €0 £ K1 

n = 0 
2n + 1 (9) 

o (E) = €0 ^ «" 

n = 0 
2n + 1 (10) 

The expressions for €' (E) and a (E) apply in the time domain and it 

is assumed that over most of the frequency range of interest the effects 

of dispersion in the coefficients #f' , and k" , can be 

neglected. It should be noted that by defining the large signal dielectric 

properties in this way the physical mechanisms involved in the problem have 

been somewhat obscured. However, in this formulation one has a set of 

equations which reduce properly to the small signal description of the 

dielectric properties and which, from the measurements made herein and 

in reference 1, permit one to describe the interaction of Í? and 1? 

fields within the bulk material in a simple manner. 

The appearance of the operator ñ in the time domain expression for 

o (E) given in Eq. (10) can be explainer in the following way. In the 
I 

limit of weak sinusoidal signals one finds that the equivalent rf dielectric 

conductivity is given by o = cu €Q k"1 . It is obvious from this relation 

that over a limited range of frequencies (which for the ceramic of 73 per 

cent BaTiO^ - 27 per cent SrTiO^ extends from 3 to 30 kMc) the macro¬ 

scopic loss term o is approximately directly proportional to a) in 

the frequency domain description. Therefore, in order to treat the 

dispersion appearing in the large signal rf conductivity, which is assumed 

to have the same frequency dependence in the large signal case as in the 

small signal case, the operator fl has been introduced into the time 

domain expression in Eq. (10) and is defined by the relation 

(u> t 

(œt m 

(n) 
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When the large signal rf conductivity operator o (E) is multiplied by 

? , one obtains the rf conduction current density t in the dielectric 

which, recall, phenomenologically accounts for all of the loss mechanisms 

occuiring in the material. To evaluate the current density explicitly, 

the operator ñ must be applied to each spectral component contained in 

each of the terms E20!? entering in the equation for ? . When this 

is done it is found that because the nonlinearity is an even function of 

field strength, ï* is made up of a discrete spectrum of the odd harmonics 

of the fundamental frequency. 

3y using the description of the large signed characteristics of the 

ferroelectric ceramic given by Eqs. (9) and (10), it has been shown by 

measurements made by Johnson1 and by an independent set of measurements 

described in Chapter IV of this report that for a ceramic of composition 

73 per cent BaTiO^ . 27 per cent SrTiO^ , 

(E) = €r 2200 - 7-5 X 10 
-11 

E^j farad/m (12) 

and 

(E) = 160 ñ ♦ 29 X 10' 12 0 B2] mhos/m (13) 

where E is in volts per meter. These results apply in the neighborhood 

of 3 kMc, for field strengths up to E = 20 kv/cm , and at temperatures 

in the range ^9-52°C. A discussion of the similarities and differences 

in the measurement techniques used, as well as a comparison of the results 

of both experiments has been reported in a recent article.27 It should 

be emphasized at this point that the expressions given by Eqs. (12) and 

(13) the results of the first experimental measurements of the large 

signal microwave characteristics of the ferroelectric titanates. 

Microwave Losses and Skin Effect Phenomena 

From the dielectric properties of the ferroelectric ceramic given in 

Figs. 3 and 4 it can be seen that ferroelectrics have extremely high 

permittivities and loss tangents. As a consequence, these materials have 

microwave circuit properties which are intermediate between good dielectrics 

and poor metals. Typically, low loss dielectrics have rf conductivities 
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-5 
of the order of 10 mhos/m at centimeter wavelengths and negligible skin 

effect properties, whereas metals such as copper or silver have rf con- 
n 

ductivities in the range of 10 mhos/m and very pronounced skin effect 

properties. Ferroelectric ceramics, on the other hand, can be expected 

to have rf conductivities as high as 100 mhos/m and skin depths as great 

as 0.25 cm in the same frequency range. These characteristics are obviously 

due to the fact that the equivalent rf dielectric conduction current in 

the material is not negligible in comparison to the displacement current, 

which is usually the case for low loss dielectrics. The significance of 

the finite skin depth in the ferroelectric is two-fold. The first is that 

it has a direct bearing on the insertion loss through the ceramic; and the 

second is that in waveguides that are partially filled with the ceramic 

material the fields will be concentrated on the surface of the dielectric 

and will rapidly attenuate as one moves into the material. This accordingly 

has the effect of limiting the volume of material which interacts with the 

fields. 

An equation for the skin depth A of ferroelectric ceramics is derived 

in Appendix A where it is shown that 

A = ^7F»XtanS • W 

Here X is the free space wavelength of the applied radiation. From Eq. 

(14) one finds that A-*» as ^kFtan 5 -» 0 , which is the case for 

low loss dielectrics, and that A-»0 as y*'""tan 6 ->» , which applies 

for metals. According to the usual definition, the relation between the 

power lost in the dielectric and the skin depth A may be expressed 

in terms of the following volume integral: 

where Zq = 377 ohms is the impedance of free space. From Eqs. (14) and 

(15) it is possible to estimate how ferroelectrics affect the losses in 

waveguide structures. This can be accomplished by, first, estimating the 

ratio of power lost in the ferroelectric to the power transmitted in the 

guide, and second, obtaining an approximate expression for the ratio of 
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the attenuation constant due to losses in the ferroelectric to the attenuation 

constant due to imperfect walls. By following this procedure it is possible 

to determine how much power is absorbed in the ferroelectric and jihat the 

contribution of wall losses is in comparison with the losses in the dielectric 

material. In the first of these calculations one finds that since the power 

transmitted is equal to the product of the group velocity and energy per 

unit length in the guide, one can represent the ratio of power lost given 

by Eq. (15) to the power transmitted by the expression P, = K (L /AÍ 

The constant K entering in this expression is a geometrical factor which 

depends upon the frequency of operation and the relative dielectric constant 

of the ferroelectric; Lf refers to the axial length of the ferroelectric 

sample. It has been assumed in this analysis that most of the energy is 

stored in the dielectric due to the fact that k' is large in the ferro¬ 

electric medium. Use has been made of this fact by assuming that the volume 

integral of |lf|2 cancels in the numerator and denominator of the ratio 

’lo.Aran. • the ^osAraM = K <LA the 
data given in Figs. 3 and 4, it can be seen that the length of the dielectric 

is a critical factor in determining the losses in microwave circuits 

employ! 1¾ ferroelectric materials. This is in contrast, of course, to 

the case where low loss dielectrics are used and A is very large, thus 

allowing large pieces of dielectric to be employed with negligible absorp¬ 

tion of power. In order to compare the losses in ferroelectrics with the 

wall losses in the guide, a second calculation must be made. This involves 

finding the ratio of the attenuation constant due to the ferroelectric 

medium to that due to imperfect walls. Since the attenuation constant 

a is approximately given by the quotient of the power lost per unit length 

to twice the power transmitted, one finds that one can write a /a 
\-l f w 

“ K («s * ®ere af *s t*16 attenuation constant due to the ferro¬ 

electric, aw is the attenuation constant due to imperfect walls, K is 

a geometrical factor which depends upon frequency and K' for the ferro¬ 

electric, and Rg is the surface resistivity of the waveguide walls. The 

same approximations used to obtain the expression for P. /P given 
Lost trans 

above have been used here. By making use of the standard equation for 

Rs , one finds that at centimeter wavelengths Rg typically has a 

value which is numerically equal to about one-tenth of A . As a general 

statement, it can therefore be concluded that due to the size of A it 
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is usually possible to omit vail losses completely in comparison to the 

rf dielectric losses of the ferroelectric. When low loss dielectrics 

are used (Alarge) , one has the opposite situation, i.e.. is 

small and vail losses represent the predominant loss mechanism in the 

guide. 

D. COMPARISON WITH OTHER NONLINEAR MATERIALS 

Before discussing the small signal and large signal applications of 

ferroelectric-tltanate ceramics, it is of Interest to compare these materials 

vlth ferrites and variable capacitance diodes from the device standpoint. 

In relation to both ferrites and diodes the outstanding feature of the 

ferroelectric titanates is their extremely high permittivity. The fact 

that K' typically exceeds 1000 creates unique matching problems vhen 

ferroelectrics are incorporated in microvave circuits since the impedance 

of the ferroelectric sections vill normally be of the order of one 

thirtieth of that corresponding to the air-filled sections. Furthermore, 

the cutoff frequency in the dielectric loaded sections vill likevise be 

diminished, thus allovlng for the possibility of a large number of higher 

order modes to propagate. Neither ferrites nor diodes present problems 

of equal complexity in this respect. 

The loss characteristics of the materials are also of importance since 

they not only determine the CW pover handling capacity of the materials, but 

they also determine the insertion loss of the circuits or devices containing 

the materials. Insofar as losses are concerned, the material having the 

lovest loss characteristic is the ferrite. In fact, the microvave losses 

of the poorest ferrite materials are about comparable to the losses in 

the best ferroelectric materiels. The microvave losses (betveen 3 and 

10 kMc) of ferroelectrics and diodes are quite similar, both having 

material Q's in the neighborhood of 10 to 20. Diodes, hovever, have 

the disadvantage that their absorption Increases vlth rf pover in the 

small signal case, vhereas in ferroelectrics the absorption is independent 

of pover level vhen the operating temperature is held constant. Based 

upon these considerations, one therefore expects that circuits employing 

ferrites voulp generally have smaller insertion losses than those utiliz¬ 

ing either ferroelectrics or diodes. In addition, since the microvave 
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losses In ferrites are so much smaller than the losses in ferroelectrics 

and since the heat capacity of both materials is about 0.2 cal/g.°C, one 

finds that the Increase in temperature, due to tbe absorption óf |ilcro- 

vave power, is much smaller in ferrite samples than in ferroelectric samples 

of comparable volume. Typically it is found that ferrite devices will 

operate on a CW basis up to about 10-20 watts, that ferroelectrics ban 

carry in the neighborhood of 1-2 watts, and that diodes are limited to 

approximately 1-10 milliwatts. This assumes, of course, that the ferrite 

and ferroelectric sample volumes are not very small. A lower limit on 

the size of the sample volumes is estimated to be of the order of 3-5 

cubic millimeters for both cases. It should be no|ted here that the re¬ 

striction on the ferrite volume size is not only of significance for 

determining the rate of increase of temperature in the material, but 

that, more importantly, it determines the signal field strength at which 

certain spin waves become unstable and cause anomalous Increases in the 

rf power absorption. The CW power rating of diodes is low compared to 

both ferrites and ferroelectrics because breakdown across the diode 

Junction is a more important factor than the effects caused by heating. 

Upon comparing the nonlinear characteristics of the three elements, 

it is found that the magnitude of their dc and rf nonlinearities is very 

similar. With regard to the small signal characteristics, ferroelectrics 

and diodes have the advantage over ferrites since their dc nonlinearity 

is controlled by electric fields rather than magnetic fields. This means 

that the response of their rf properties to changes in the dc field will 

be fast compared to the response time of ferrites. Moreover, since the 

dc resistivity of ferroelectric and diode materials is high, the amount 

of dc control power needed is far less than what is required by ferrites. 

From the point of view of the large signal characteristics the diode 

nonlinearity can be excited at comparatively low power levels; both ferro¬ 

electrics and ferrites of reasonable size required at least several hundred 

watts of peak power to cause appreciable nonlinearity. Probably the major 

difference between the large signal properties of the three materials is 

that the ferroelectric nonlinearity can easily be excited in the absence 

of bias, which is not the usual case for ferrites and diodes. Also, ferro¬ 

electrics exhibit large signal characteristics of comparable magnitude 

simultaneously in both the dielectric constant and the rf dielectric con¬ 

ductivity. _ 5Q 



Finally, one should mention some of the difficulties encountered in 

applying ferroelectrics due to the lack of understanding of the physical 

mechanisms responsible for the behavior of the materials. In the case of 

other nonlinear materials such as ferrites and semiconductor diodes the 

material properties can be described vith reasonable accuracy from simple 

physical models. It is therefore possible in many Instances to predict 

and evaluate the behavior of devices utilizing these materials in a purely 

analytic manner. 

For example, in the case of ferromagnetic materials not only can the 

magnetic properties be understood from a simple dipole model of the solid, 

but the bulk magnetic properties can also be classically described by 

considering the gyroscopic nature of the electron spins in the material. 

Thus one can write a magnetodynamic equation for the magnetization ¡f 
?8 

in terms of the applied field H as 

(16) 

where 7 is the gyromagnetic ratio given by 7 = - 1.759 x 10^1 coulombs 

per kilogram. By making use of this equation and the Maxwell equations 

the problem of wave propagation in ferrite media can be analyzed and the 

general behavior of a number of nonreciprocal devices can be determined. 

Even in the case of semiconductor diodes of simple geometry it is 

possible to predict from fundamental principles the current-voltage and 

the charge-voltage characteristics of the diode. For a planar P-N 
29 Junction linearly graded with impurities Shockley has shown that the 

capacitance of the Junction is given by 

C(0) 
C(V) = --rr? 

(1 - V/0)1/3 
(17) 

where V is the voltage across the Junction and 0 is the contact potential 

of the Junction. From Eq. (I7) it is possible to describe analytically the 

behavior of a number of diode devices such as parametric amplifiers and 

harmonic generators. 

In the case of ferroelectrics there is no universal model or equation 

to describe the material properties; however, it is possible to obtain 
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analytic expressions for the electrical properties from experimental data. 

The expressions so obtained are empirical and only apply to the macroscopic 

properties of the material. The accuracy and limitations of the expressions 

depend, of course, on the accuracy and limitations of the experiments per¬ 

formed in deriving them. Thus, at best, one must resort to a semi-empirical 

technique for analyzing the behavior of devices that use ferroelectrics as 

their "active" element. This should not be misconstrued so as to lead one 

to believe that a semi-empirical method of analysis is disadvantageous. 

It is evident that any physical theory has certain limitations and the 

theories resulting in Eqs. (16) and (17) are no exception. In fact, the 

limitations on the theories are generally greater than those imposed by 

using empirical data. The advantage of being able to write governing 

equations such as Eqs. (16) and (1?) is that it enables one to make pre¬ 

dictions on the behavior of devices without first taking data. It can 

therefore be seen that the disadvantage of not having an equation or a 

set of equations to describe the material properties of ferroelectrics 

is that one must necessarily first measure the electrical properties of 

the material. Once this has been accomplished the semi-empirical method 

of analysis is not only accurate, as will be shown in what follows, but 

also clearly defines the limitations of the solutions obtained. 
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CHAPTER III 

THE SMALL SIGNAL MICROWAVE APPLICATIONS OF FERROELECTRIC CERAMICS 

Based upon the discussion given in Chapter II, it is known that in 

the microwave portion of the spectrum ferroelectric ceramics behave as 

isotropic nonlinear dielectrics displaying both small signal and large 

signal nonlinear properties. In the present chapter, the small signal 

microwave applications of these materials are of concern. Among the 

possible small signal applications of ferroelectric ceramics are phase 

shifting, cavity tuning,^ tunable filtering, attenuating, and switching. 

The salient feature of the devices constructed for each of these applica¬ 

tions is that they are biased with electrostatic fields which can be es¬ 

tablished with inexpensive, lightweight equipment requiring negligible 

dc drive power. Generally,the response time of such devices can be expected 

to be fast, typically better than a microsecond. 

The purpose of the work presented here is three-fold. The first 

objective is to predict theoretically what can be expected of currently 

available ferroelectric ceramics in a number of representative devices. 

The second objective is to use these materials in the design and con¬ 

struction of an electrically tunable microwave phase shifter. And the 

third objective is to compare theoretical predictions with experimental 

results. 

An electrically tunable phase shifter was chosen for investigation 

since considerable interest has recently been expressed regarding the 

possibility of using ferroelectric materials in this type of application. 

One reason for this interest is that devices of this nature may be utilized 

in the construction of electrically scanned antenna arrays. The materials 

which are presently available for this kind of application are ferrites31 
32 

and Junction diodes, both of which have certain basic disadvantages. 

The diode, for example, has the undesirable property that its losses 
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increase with frequency as well as with rf input power, while ferrites 

have the objectionable feature that they require fairly large amounts of 

dc drive power to control the phase shift. 

A. SMALL SIGNAL BEHAVIOR OF FERROELECTRICS IN WAVEGUIDES AND CAVITIES - 

GENERAL THEORY 

Waveguides and cavities either partially filled or completely filled 

with dielectric material find use in a number of applications. Such wave¬ 

guide components as phase shifters, impedance transformers, mode con¬ 

verters, and mode exciters for dielectric rod antennas all depend upon 

the characteristics of dielectric loaded guides for their operation. The 

uses of dielectric loaded cavities are more restricted, the most important 

use being in applications where it is desirable to tune the cavity such 

as in certain filter applications. 

In the general treatment of problems relating to inhomogenously-filled 

dielectric waveguides, where a cylindrical rod of dielectric of arbitrary 

cross-section is placed coaxially in an arbitrary cylintrical guide, one 

usually cannot obtain exact solutions in closed form even for simple con¬ 

figurations. Nevertheless, it is possible to qualitatively describe the 

important propagation characteristics of these structures without actually 

solving a specific problem. The most prominent effect of placing a die¬ 

lectric in a waveguide is to increase the cutoff wavelength of the guide, 

and to reduce the gain wavelength and impedance. Due to the inherently 

high permittivity of ferroelectric materials, the changes that they cause 

in these quantities are appreciable. The presence of a dielectric in a 

waveguide will also greatly influence the field configuration in the guide 

by tending to pull the fields into the region of the dielectric. With 

ferroelectrics this effect is magnified by the size of the permittivity, 

and in most instances the field configuration is difficult to determine 

since the permittivity of the material must be treated as being complex. 

The introduction of a complex dielectric constant into the calculation of 

the field distribution in the guide accounts.for the skin effect phenomenon 

discussed in Chapter II. 
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Since it is possible for an unshielded dielectric to support a pro¬ 

pagating wave, one further finds that the field (or energy) distribution 

in inhomogeneous waveguides has the following behavior with respect to 

frequency: In the region immediately above cutoff, the transverse field 

distribution can be described by harmonic functions, and one finds that 

a considerable fraction of the energy per unit length in the guide can 

be stored outside the dielectric. As the frequency is increased, a 

crossover point is reached at which total internal reflection takes place 

at the dielectric air interface. At this point, the energy residing out¬ 

side the dielectric begins to get trapped more into the dielectric, there¬ 

by causing the dielectric to influence the propagation characteristics of 

the guide more strongly. Beyond the crossover frequency the fields outside 

the dielectric become exponentially decaying functions. The energy stored 

per unit length in the guide is therefore concentrated primarily within 

the dielectric, causing the structure to have the characteristics of a 

shielded dielectric guide. As far as the modes of propagation are con¬ 

cerned, one finds that in partially filled guides the normal modes are 

no longer the usual TE or ÏM modes as in waveguides completely filled 

with dielectric. Rather, or.-» obtains hybrid modes which are combinations 

of the TE and IM modes. For dielectric slab-loaded rectangular guides, 

the normal modes corresponding to the TE and TM modes are the longitudinal 

section electric (LSE) and longitudinal section magnetic (LSM)^ modes 

where in this designation the electric and magnetic fields, respectively, 

are parallel to the longitudinal dielectric interface . Thus for the T,SE 

modes, for example, the basic modes of propagation are such that the electric 

field has no component normal to the dielectric interface - the electric 

field lies safely in the longitudinal interface plane. 

It is easily seen from these considerations that the treatment of 

problems dealing with phase shifters, attenuators, or tunable cavities 

will generally be very complicated, owing to the complexities involved 

in characterizing the propteries of dielectric loaded waveguides and 

cavities. Thus, it is desirable to formulate a general theory for these 

applications which will allow one to assess the behavior of such devices 

without regard to any specific waveguide or cavity configuration. It should 

be noted that although there are a variety of applications for ferroelectric 
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materials other than these, the phase shifter, attenuator, and tunable 

cavity or filter under consideration here represent important device 

applications. 

1* Electrically Tunable Phase Shift 

Electrically controlled phase shift is usually achieved by varying 

the dielectric properties of a nonlinear medium in a controllable manner, 

and can be accomplished by either changing the propagation constant in a 

propagating circuit or the phase of the reflection coefficient in a re¬ 

flecting circuit. The former method is employed in the construction of 

a reciprocal phase shifter and is described in the next section. The 

problem of finding the change in the propagation constant, in inhomogeneously 

tilled waveguides or in junctions of arbitrary geometry, is usually difficult 

or impossible to solve exactly. In such cases, where a solution in closed 

form cannot be obtained easily, perturbation or variational techniques 

may be used.' It is shown in Appendix B that the incremental behavior 

of at arbitrary phase shifter can be described by 

^ = 0-115 it-zzn1™- ’ <i8) 

where £0 is the incremental phase shift, A k'/k' is the fractional change 

in the real part of the dielectric constant of the ferroelectric and L is 

the insertion loss of the device in db. The original derivation of this 

equation is due to R. H. Pantell. In the derivation of Eq. (l8) it is 

assumed that the device is well matched, that wall losses are negligible, 

and that the insertion loss is small (i.e., less than 3 db). The first 

and third of these restrictions are obviously necessary if the device is 

to have any practical value; the second is easily justified from the 

discussion relating to Eqs. (14) and (15). The significance of the phase 

shift formula is that it is independent of the configuration of the trans¬ 

mission system and of the shape and location of the ferroelectric. As it 

stands, Eq. (l8) only applies to incremental changes in K1 . However, 

since phase shift is a scalar function, Eq. (18) can be extended to give 

an equation for the total change in phase shift when the dielectric constant 

of the ferroelectric is varied between finite limits. This is accomplished 

by merely dividing the total variation in the dielectric constant into a 
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number of small increments. Then by evaluating £$ from Eq. (l8) for 

each incremental change and adding the results, one obtains the desired 

expression for the total change in phase shift. When this is done it is 

necessary to include the fact that tan 6 and L are both functions of 
K' . 

The primary value of Eq. (l8) is that for a given insertion loss one 

can estimate the incremental phase shift (or variation in total phase shift) 

in terms of the properties of the ferroelectric material. As an example, 

suppose that the insertion loss of a phase shifter was limited to L = 2db 

and that the loss tangent of the material employed vas tan 6 = 0.05 . 

For^a fractional change in the real part of the dielectric constant of 

Ak'A' = 0.05 the incremental phase shift, computed from Eq. (18), is 

found to be £0 «» 13 . This calculation is independent of the configura¬ 

tion of the phase shifter and applies to any geometry having the given 
variables. 

It should be emphasized at this point that an important restriction 

on the use of Eq. (l8) is that the attenuation through the phase shifter 

or the insertion loss of the device be small. If this condition is not 

fulfilled the device will behave as an attenuator. It is shown in the 

following treatment of the problem of electrically tunable attenuation 

that one can derive an expression similar to Eq. (l8) to describe the 

incremental attenuation characteristics of an arbitrary attenuator, In 

the derivation of this formula no restrictions are imposed upon the 

magnitude of the losses of the device. 

2- Electrically Tunable Attenuation 

Just as it is possible to produce electrically controlled phase shift 

by varying the phase constant in a waveguide transmission system, so it is 

possible to produce electrically controlled loss by varying the attenuation 

constant of the system. From the curves given in Figs. 3 and 4 one finds 

that in ferroelectric ceramics these effects are not independent. The 

same problems encountered in computing the phase shift in arbitrary wave¬ 

guide junctions containing ferroelectrics are also encountered in computing 

the attenuation or insertion loss. 3y making use of a perturbation technique 

similar to the one used in the phase shift calculation, it is shown in 

Appendix C that the incremental behavior of an arbitrary attenuator is 
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given by 

1 Ac" P, . i cue ' r 
-lost +-/ (f . + g* . ûf) dv , (19) 
o d li P J \r 

Atj 
2 c" P 

out 

1 cue" 

4 P 
out 

where Arj is the incremental change in attenuation in nepers, A€"/€" 

is the fractional change in the imaginary part of the dielectric constant 

(c" * e0K") of the ferroelectric, Plost is the power lost in the ferro¬ 

electric, Pqu£ is the power transmitted through the device, and Aï? 

is the change in the fields over the volume of the ferroelectric V^. 

produced by a cliange in the complex dielectric constant. In the derivation 

of Eq. (19) it is assumed that the device is well matched, and that wall 

losses are negligible. Observe that, if it is desired, the ratio of 

P, ^/P ^ can be expressed in term.', of the insertion loss L by 10^^ 
lost' out r 

- 1 . 

Whereas the formula for phase shift given by Eq. (l8) is a general 

expression independent of the boundary value problem under consideration, 

the formula for attenuation depends explicitly upon the waveguide configura¬ 

tion. It is consequently less general than the equation for the incremental 

phase shift. To demonstrate that Aq should depend upon the waveguide 

geometry and that accordingly no general statement can be made about the 

integral appearing in Eq. (19), it is only necessary to find two boundary 

value problems for wnich Aq differs. A uniform rectangular guide com¬ 

pletely filled with ferroelectric as shown in Fig. 5(a) and the dielectric 

loaded waveguide given in Fig. 5(b) serve /is examples. For the configura¬ 

tion illustrated in Fig. 5(a) it is shown below, in describing the properties 

of the X-band ferroelectric phase shifter, that the attenuation constant 

a for the TE^q mode is given by 

a = i tan 6 (20) 

where c refers to the velocity of light in free space. The attenuation 

constant for the TE1Q - like mode of the dielectric loaded guide shown in 

Fig. 5(b) is more difficult to derive. The simplest case to consider is 

where d/a « 1 . In this case it can be shown either by direct calculation 
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Ferroelectric 
material 

FIG. 5—’Dielectric loaded waveguides. 

or from the analysis of Vartanian, Ayres, and Helgesson^ that the resultant 

expression for the attenuation constant is 

« = f f *' tan 5 . (21) 

The change in attenuation in a guide of length l defined by At} = Aat 

may be obtained for each of the configurations given in Fig. 5 from Eqs. 

(20) and (21). Without further ado it is clear that each equation yields 

a different relation for At] . One can therefore conclude that it is 

impossible to evaluate the integral entering in Eq. (19) independently 

of the waveguide or junction-geometry. Equation (19) is consequently a 

general formula which must be applied separately to each boundary value 

problem under consideration in order to obtain an expression for Atj . 

Once this is done, however, one can predict the insertion loss character¬ 

istics of the attenuator for any nonlinear dielectric material. 

As an example of the utility of Eq. (19), suppose that it is desired 

to make an attenuator with the dielectric filled waveguide depicted in 

Fig. 5(a). For the case where only the TE^ mode propagates one can vise 
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Eq. (19), or more simply Eq. (20), to find At) . Regardless of which of 

these equations is used the results are the same, thus demonstrating the 

validity of Eq. (19)« Çy making use of the relation between insertion loss 

and attenuation (viz., L * 8.686 tj) the following expression for the 

incremental insertion loss is obtained: 

(22) 

As in the example given above for the phase shifter assume that L = 2 db 

and that Ak'/k' = 0.05 • Then for a fractional change in the loss tangent 

of Atan 6/tan 6 = 0.05 it is found from Eq. (22) that ¿L «s 0.15 db . 

One should note that the values chosen for Af'/x' and A tan 6/tan 6 

are realistically related. This can be seen by estimating these fractional 

changes from the curves given in Figs. 3 and 4 for E = 5 kv/cm . By 

comparing the values for the change in insertion loss (0.15 db) with 

the change in phase shift (13°) computed from Eq. (l8), it is apparent 

that for presently available ferroelectrics phase shifting applications 

are more practical than those concerned with attenuating. This statement 

is expected to have general validity, since the attenuator configuration 

considered here is for a waveguide completely filled with ferroelectric. 

The attenuation due to dielectric losses is obviously greatest in this 

case. 

3. Electrically Tunable Filters 

Resonant cavities are used extensively at microwave frequencies as 

filter elements. In order to have microwave filters with electrically 

controlled pascband characteristics it is necessary to be able to vary 

the resonant frequencies of the cavities emp]oyed in the filters. One 

way of accomplishing this is to load the cavity with a dielectric material 

having a permittivity which can be controlled by an external dc bias. 

Due to the difficulties involved in calculating the resonant frequencies 

of cavities of complex geometry, it is of interest to be able to predict 

the change in resonance in a general manner. A formula for the fractional 

change in resonance A^œ of an arbitrary cavity is derived in Appendix 

D where it is shown that 

— - - 1 Ac1 
tu “ " 2 Q tan 6 K' (23) 
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In this expression Q is the unloaded Q of the cavity containing the 

ferroelectric. The original derivation of Eq. (23) is accredited to R. H. 

Pantell. The assumptions made in deriving Eq. (23) are that the vail 

losses In the cavity may be neglected compared to the dielectric losses, 

and that the Q of the dielectric Is greater than 10. Equation (23) is 

a general relation independent of the configuration of the cavity and of 

the ferroelectric sample. It can therefore be applied to any resonant 

system. One should emphasize here that the perturbation expression given 

toy Eq. (23) is not restricted to ferroelectric samples of small volume 

which is the usual restriction imposed upon perturbation expressions for 

the frequency shift. Equation (23) differs from this case in that it 

applies for sample volumes of any size, large or small, provided that 
tan 6 « 0.10. 

In order to determine the practicality of using ferroelectrics in 

electrically tuned cavity applications, consider a system having an un¬ 

loaded Q of 1000 and assume that tan 6 = 0.05 and AX'¡K' = 0.05 

By substituting these values (which can easily be obtained with presently 

available ferroelectrics) into Eq. (23), one finds that |^a>| * 0.5 

X 10 . When Q tan 5 » 1 , the fractional change in resonance is 

small, since a considerable amount of the energy in the cavity is stored 

outside the dielectric (in this example Q tan 6 = 50) . For a Mgh Q 

system, i.e., Q = 1000 , this is an obvious necessity. By storing more 

energy in the dielectric the unloaded Q of the cavity decreases and 

läqM increases accordingly. The maximum limit which can be reached 

is when all of the energy is stored in the dielectric and Q = l/tan 6 

In the example under consideration here this would occur when Q = 20 , 

which is a rather low microwave Q . When this condition is reached, 

however, it is found from Eq. (23) that 1¾ 25 x 10-^ . ’nils 

represents a sizable increase in the change in the resonant frequency of 

the cavity over the first case where Q tan 6 = 50 . Since it is evidently 

desirable to have Q tan 6 = 1 for maximum tuning, one may conclude that 

in order to make cavity tuning a practical application it is necessary 

to have ferroelectric materials with very low loss tangent. 

- 4l - 



There is one further remark which is germane to this discussion and 

requires some comment. In applications where it is desirable to tune 

cavities or resonant circuits, not only is the magnitude of the fractional 

change in resonance of importance, but it is equally important to know 

the ratio of Au to the bandwidth B (measured in units of angular 

frequency) of the cavity. That is, the effects of tuning the cavity will 

be easy to discern if Au = B ; however, if the reverse is true (Au = B) , 

then the change in resonance is of little value, since one cannot dis¬ 

tinguish the shift in resonance easily. Stated differently, if Au is 

less than B one cannot filter two signals which differ by Au since 

both signals are in approximately the same passband. By making use of 

the definition of the cavity Q given by Q = a¡/b one finds that for 

a given fractional change in resonance (expressed as |Au/<u| = C where 

C is a constant determined from Eq. (23)] the ratio Ac/B is simply 

Aq/B = QC . By using the values given in the example referred to above, 

one finds that for maximum tuning (Q tan 6=1 and Q = 20) Au/B = 0.5 . 

It is therefore clear that the use of ferroelectrics in electrically tunable 

filter applications is not very useful. If, on the other hand, the Q 

of the cavity were much greater or the loss tangent of the ferroelectric 

much smaller, one would find that it is possible to have Ai^B = 1 and 

that electrically tunable ferroelectric cavities (filters) would be 

practical. 

In order to predict the total change in the resonant frequency of a 

cavity from Eq. (28) when k' is varied over a finite range of values, 

Au must be summed up in a manner akin to summing the incremental phase 

shift Æ0 as outlined in the discussion relating to Eq. (l8). In this 

case not only does the resonant frequency of the cavity undergo a finite 

change but the cavity Q also changes and becoves a function of <' . 

The calculation of the change in the cavity Q , A3 , can be made in 

a manner analogous to the calculation of the change in the attenuation 

given by Eq. (19). However, it is found that this calculation depends 

upon the configuration of the cavity in the same way that the calculation 

of At| was found to depend upon the configuration of the transmission 

system. The determination of the formula for A3 associated with the 

change Ac will not be treated here, although it can be obtained by 

utilizing the techniques described in Appendix C. 
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B. AN X-BAND FERROELECTRIC PHASE SHIFTER35 

The general analysis presented in the preceding section indicates 

that for currently available ferroelectric ceramics, i.e., ceramics having 

a material Q between 10 and 20, the electrically tuned phase shifter 

represents a practical small signal microwave device application of 

these materials. As a consequence, the design and construction of an 

X-band electrically controlled phase shifter is discussed in this section. 

The phase shifter described here consists of a ferroelectric slab completely 

filling the transverse plane of a rectangular waveguide, with suitable 

dielectric matching sections placed symmetrically about the slab, thereby 

forming a band-pass filter. This type of structure is a simple realization 

of a reciprocal electrically controlled ferroelectric phase shifter; it 

was chosen as a method of studying the feasibility for using ferroelectrics 

in this type of device. Among the advantages of this configuration are: 

simplicity of construction and effectiveness of matching; high power 

capabilities; ability to describe the device analytically, thus readily 

permitting a comparison between theory end experiment; and ease of pro¬ 

viding bias to control the phase shift. Its disadvantages are common to 

all small-signal ferroelectric devices, and can be divided into two 

categories. The first category is concerned with the electrical character¬ 

istics of the device. Here one finds that since the loss tangent of the 

materials employed is in the vicinity of 0.10 to 0.05, the insertion loss, 

due to power absorbed in the ceramic material, is appreciable. Following 

the discussion given in section C of Chapter II one might expect at first 

that this can be minimized by choosing samples of small axial length. 

However, since the incremental phase shift through the ferroelectric sample 

is proportional to the insertion loss [see Eq. (18)] it is inconsistent 

to try to realize an electrically tuned ferroelectric phase shifter having 

very low loss. Similar statements apply, of course, to other small signal 

ferroelectric devices; i.e., as the sample volume becomes small the circuit 

losses also become small but at the same time, one loses the influence of 

the ferroelectric's nonlinear characteristics. 'The second category regard¬ 

ing the disadvantages of small signal ferroelectric devices is related to 

certain practical constructional difficulties. These are: (l) the necessity 

of providing a means of temperature stabilization and (2) the necessity of 
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providing a scheme for the prevention of dc breakdown across the ceramic 

interface at high-bias fields. 

1. Phase Shifter Design 

A longitudinal section of an X-band transmission-type phase shifter 

is shown in Fig. 6. The ferroelectric slab shown in the center of the 

device completely fills the cross section of the rectangular guide. The 

symmetrically placed low-loss dielectric matching sections also extend 

throughout the transverse plane and are designed to give the structure a 

band-pass filter chatactertstic with large bandwidth. Assuming that only 

the dominant mode propagates, the boundary value problem for such a con¬ 

figuration can be solved exactly, thereby permitting a complete descrip¬ 

tion of its properties. 

By controlling the permittivity of the slab with an external dc bias, 

both the complex propagation constant and the characteristic impedance of 

the ferroelectric section are varied. Phase shift results from the change 

in the imaginary part of the propagation constant. By referring to Fig. 

6 it can be seen that each dielectric interface or junction presents a 

discontinuity to an impinging wave. At each of these interfaces the 

boundary conditions are satisfied by an incident, reflected, and transmitted 

wave all in the same mode. Therefore by making use of the fact that each 

waveguide normal mode can be represented by a transmission line of character- 
33 istic impedance equal to the wave impedance of the guide, the overall 

equivalent circuit of the device becomes a series of transmission lines 

in cascade. 

By employing this approach, the properties of the phase snifter can 

be obtained with a minimum of effort. Since the waveguide is made up of 

only dielectric discontinuities, it is possible to permit only the TE^q 

mode or the dominant mode of the external waveguide circuitry to propagate 

within the filter. In accordance with this condition, the propagation 

constant y and the wave impedance or characteristic impedance defined 

by J^q/? can be detemined for each waveguide section by^° 

2 [A -2 7 = - -g U - J tan 6) , (24) 
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and 
-1/2 

K' (l - J tan 6) • (25) 

Here y and are, respectively, the propagation constant and character¬ 

istic impedance of each of the equivalent transmission lines of the filter 

and a is the guide width. In the ferroelectric section where ft* > 1000 

and tan 6 < 0.1 these equations can be simplified to 

7*“ V*7, tan 6 -f j) , (26) 

and 

* (27) 

Equations (2^) through (27), together with Figs. 3 and \ form the 

basis for designing the phase shifter. Assuming lossless matphing sections 

and a perfectly matched system, the insertion loss of the device is the 

intrinsic loss of the ferroelectric section. The insertion loss L and 

the total phase shift or phase delay 0 in traversing the ceramic slab 

are given by 

L = 4.343 f ¿V*7, tan 6 db , (28) 

and 

0 = f £ y*7' rad , (29) 

where t is the length of the ferroelectric slab, and where *' and 

tan 6 refer to the properties of the ferroelectric. Equations (28) and 

(29) are obtained directly from the real and imaginary ports of Eq. (26). 

The incremental phase shift resulting from changes in the permittivity 

of the ferroelectric is obtained from Eq. (29) by evaluating the total 

phase shift for two different bias fields and subtracting the results. 

For a fixed temperature, the values of k" used in this calculation are 
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determined from Fig. 3* In this way It is possible to predict how the 

incremental phase shift through the device varies with bias. Similarly, 

the behavior of the insertion loss can be determined from Eq. (28) and 

the curves given in Figs. 3 and U. It should be noted that, for small 

changes in the dielectric constant, Eqs. (28) and (29) can be combined 

to give Eq. (l8). Thus the solution of the boundary value problem for 

the geometrical configuration of Fig. 6 agrees exactly with the general 

theory, as expected. 

Matching into the ferroelectric is achieved by placing low-loss 

dielectric impedance matching sections synmetrically on each side of the 

ferroelectric. The combination of the matching sections and the ferro¬ 

electric thereby unite to form a band-pass filter. Since the ferroelectric 

is an integral part of the filter and since its properties are controlled 

by an external dc bias, the filter characteristics depend upon the bias 

voltage. The filter is therefore designed for one bias voltage (the 

average bias) and at some fixed temperature (chosen here to be 52°C). 

The dielectric constants and lengths of the Impedance matching sections, 

which can be determined from Eqs. (24) and (2fr), are selected so that the 

system is perfectly matched at two frequencies f^ and f^ • Thus, at 

fj^ , the lower frequency, the dielectric section adjacent to the ferro¬ 

electric is designed to be a quarter-wave matching transformer while the 

other dielectric section, furthest removed from the ferroelectric, is 

chosen to be a half-wave line at this frequency. The dielectric constant 

and position of this half-wave line can then be determined for matching 

at fg , the higher frequency. This last step is most easily carried 

out on the Staith chart using a trial and error procedure. 

The device illustrated in Fig. 6 was designed to operate between 8.7 

kMc and 9*3 kMc. Figure 7 shows a comparison of the measured VSWR character¬ 

istics and the theoretical predictions. The results show that the measured 

VSWR is below 2.0 from 0.1 to 9*5 kMc over the complete bias ranse, giving 

the phase shifter a 400 Me operating bandwidth. Generally, the curves 

tend to agree with the predicted behavior, indicating that this simple 

matching scheme is an effective one. 

2. Experimental Results 

A block diagram of the experimental setup used to measure insertion 

loss and phase shift is shown in Fig. 8. The insertion loss is measured 

- 47 - 



S
T

A
N

D
IN

G
 

W
A

V
E
 

R
A

T
IO

 

4.2 

FREQUENCY kMc 

FIG. 7--Measured VSWR characteristics and theoretical predictions. 
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directly on the ratiometer while the incremental phase shift is obtained 

by measuring the change in the minimum position on the slotted line due 

to a change in bias field. In terms of the measured shift in the minimum 

position on the slotted line & one has for ¿0 

¿0 s 2 0 & radians , (30) 

where 0 * 2«/Xg is the propagation constant of the slotted line. The 

accuracy of these measurements is approximately ± 0.2 db and ± 1.0° 

As shown in Figs. 3 and 4, the properties of the ferroelectric material 

are temperature sensitive and can be varied with dc bias. The practical 

design of the electrically controlled ferroelectric phase shifter therefore 

requires a method for controlling the temperature and the bias field. The 

photograph of the assembled device shown in Fig. 9 illustrates how this 

is accomplished. To provide temperature stabilization for the ferroelectric 

ceramic a thermoswitch was mounted in an external metallic heat sink surround¬ 

ing the waveguide and was connected in series with a Variac and lead-covered 

heating cable wrapped around the outside of the heat sink. A thermometer 

was inserted into the heat sink to monitor the temperature. In order to 

keep the bias voltage below 3000 v, a 0.100-in. waveguide height was used 

to house the ferroelectric and the matching sections. To further reduce 

the voltage the ferroelectric slab was divided in half, and a biasing 

electrode was placed between the two half-sections as illustrated in Fig. 

10. A fine wire attached to the biasing electrode was then brought out 

through the insulated high voltage probe shown in the center of the device 

in Fig. 9 in the manner indicated in Fig. 10. Arcing was prevented by 

introducing sulfur hexafluoride gas into the waveguide at atmospheric 

press'xe. 

Phase shift was measured in the 400 Me passbaad • between 9.I and 9.5 

kMc. Figure 11 shows the measured data together with the theoretical 

behavior at mid-band obtained from Eq. (29). The comparison was made at 

66 C rather than 52°C used in the design, since it was found experimentally 

that the former was the optimum operating temperature; i.e., at 66°C the 

insertion loss was found to be a minimum and the filter characteristics 

were observed to behave according to theory (see Fig. 7). An examination 
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FIG. 10—Configuration of ferroelectric slab in waveguide showing biasing 
arrangement and representation of rf and dc fields. 
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FIG. 11—Measured phase shift and theoretical prediction as a function of 
dc bias with frequency as a parameter. 
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of Figs. 3 and 4 reveals the properties of the material are very similar 

In the temperature range 52°C and 66°C. Since the dielectric constants 

and lengths of the Impedance matching sections are only accurate to vlthin 

certain tolerances, which vary for different matching sections, one would 

expect the operating temperature of the device to differ somewhat from 

the design temperature in order to compensate for the discrepancies. The 

differences between theory and experiment shown in Fig. 11 may be accounted 

for by considering the effect of impedance mismatched at the various 

dielectric interfaces due to changes in the dielectric constant of the 

ferroelectric section. The theoretical curve determined from Eq. (29) 

implicitly assumes that the system is perfectly matched internally. Since 

this condition was not fully realized experimentally, the theoretical curve 

deviates slightly from the measured results. 

The measured insertion loss of the phase shifter and the theoretical 

prediction, plotted as a function of frequency, are shown in Fig. 12. Ibe 

theoretical curve was obtained by adding the intrinsic insertion loss 

computed from Eq. (28) to the experimentally measured reflection loss 

determined from Fig. 7. The differences between the measured and the 

predicted behavior are explained by noting that the measurement of inser¬ 

tion loss gives the sum of the dissipation and the reflection loss of the 
37 entire device. The dissipation losses in any network are always greater 

than the intrinsic losses since they take into account the losses due to 

multiple reflections. In calculating the expected behavior of the phase 

shifter from Eq. (28), a fundamental assumption was that the ferroelectric 

slab was perfectly matched internally or that there were no internal 

resonances giving rise to increased dissipation loss. The difference 

between the measured and theoretical losses shown in Fig. 12 is therefore 

a measure of the losses due to internal resonances in the system plus the 

nonresonant loss in the matching sections. Since the loss tangents of 

the materials comprising the impedance matching sections were found to 

be of the order of 10 per cent of the loss tangent of the ferroelectric, 

the overall losses in the matching sections account for an appreciable 

fraction of the losses due to internal resonances. Hence, it should be 

possible to eliminate a considerable portion of the measured losses shown 

in Fig. 12 by using truly low-loss dielectrics for the filter sections. 
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3- Discussion and Comparison vlth Ferrite and Diode Phase SMfters 

Hie characteristics of the electrically controlled ferroelectric phase 

shifter shown In Pigs. 7, 11 and 12 indicate that for the configuration 

given in Fig. 6 incremental phase shifts of 40° to 50° are attainable over 

reasonable bandwidths with insertion losses averaging about 5 db. These 

results are In general agreement with those obtained by other investigators 

working at much lower frequencies with an entirely different geometry.^® 

The major disadvantages of the ferroelectric phase shifter are the necessity 

for temperature control in order to eliminate thermal fluctuations in the 

characteristics of the device, and the high values of insertion loss due 

to the losses in the dielectric materials. To estimate the magnitude of 

the variations in phase shift arising from thermal fluctuations, assume 

that the temperature of the ferroelectric ceramic varies by 5°C from the 

ambient temperature of 66°C. It is then found from Eq. (29) and the 

curves given in Pig. 3 that for a fixed bias of 10 kv/cm the phase shift 

can be expected to change by as much as 10° with accompanying small changes 

in the absorption and the input VSWR. 

To determine the relative merit of the ferroelectric phase shifter, 

a comparison can be made with the behavior of phase shifters which employ 

other types of nonlinear elements. For example, Reggia and Spencer^1 

have utilized ferrites to construct a reciprocal X-band phase shifter. 

Their findings show that with the proper configuration, phase shifts in 

excess of several hundred degrees can be obtained with insertion losses 

in the neighborhood of 0.5 db for rf power levels up to about 25 w. 

Although these characteristics are superior to those obtained with the 

ferroelectric device, it should be noted that the ferrite phase shifter 

requires a longitudinal magnetic field for operation which is generated 

from a long solenoid. Consequently, the phase shifting control unit is 

bulky, limits the response time of the device, and requires appreciable 

amounts of dc control power. To produce 40° to 50° of incremental phase 

shift in the ferrite device, approximately 50 mw of dc control power is 

required. The amount of dc control power needed to generate the same 

phase change in the ferroelectric device is estimated to be about 100 uw 

which is considerably less than the dc powers necessary to drive the ferrite 

device. The construction of fast compact-diode phase shifters has been 
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32 
investigated by Hardin, Downey, and Munushian. They have reported 

measuring phase changes of 4l° at 9 kMc with an insertion loss of 3*9 db. 

These results are only valid for rf power levels in the vicinity of a few 

milliwatts due to the fact that the absorption increases with rf power in 

diodes. The amount of dc control power required to produce the measured 

phase changes of 4l° is very nearly the same as required by the ferroelectric 

device. From these results it can be seen that the electrically controlled 

ferroelectric phase shifter is comparable to the diode device in the X-band 

region. Furthermore, the ferroelectric phase shifter will operate satis¬ 

factorily as a CW device for rf powers at the watt level, which is similar 

to the power handling capabilities of the ferrite device and far superior 

to those of the diode device. 
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CHAPTER IV 

THE LARGE SIGNAL MICROWAVE APPLICATIONS OF FERROELECTRIC CERAMICS 

A. INTRODUCTION 

As discussed In the second chapter, very little experlnental work 

has been done toward determining the small signal microwave character, 

istlcs of ferroelectric ceramics; and from the material presented in 

Chapter III it is evident that even less work has been done toward apply¬ 

ing them in the design of microwave devices. Insofar as the large signal 

microwave characteristics of ferroelectric ceramics, or indeed the large 

signal applications of these materials, are concerned it can truly be 

said that virtually no experimental or serious theoretical work has been 

done. An evaluation of the large signal properties of ferroelectric 

materials is of primary importance in predicting the behavior of nonlinear 

devices in which these materials are used as mixing elements. Among 

these devices are harmonic generators, pareunetrlc amplifiers, limiters, 
39-l»2 

and modulators. Recently, several investigators have proposed using 

ferroelectrlcs in such devices; however, in their work they have only 

considered the reactive nonlinearity of the materials. It is shown here 

that, as in the small signal case where the incremental complex permittivity 

is a function of dc bias, consideration should be given not only to the 

material's nonlinear reactive properties, but also to its nonlinear loss 

characteristics. 

The purpose of this chapter is firstly to describe, both theoretically 

and experimentally, the properties of ferroelectric harmonic generators 

employing conventional cavity-type circuits; and secondly, to describe 

from a theoretical viewpoint the phenomenon of traveling-wave harmonic 

generation along nonlinear transmission lines wuich utilize ferroelectric 
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ceramics for their nonlinear medium. It is shown hereinafter that the 

results of the harmonic generation experiment can be used to obtain ex¬ 

pressions for the dielectric nonlinearity, provided that a sufficiently 

accurate theory can be developed to describe the behavior of the harmonic 

generator. This has been done by carrying through a detailed circuit 

analysis of the device. Most theories dealing with harmonic generation 

in coupled resonant circuits have been limited to the case where either 
43-45 46 47 

nonlinear reactance J ' or nonlinear resistance * is employed as 

the coupling element. The more general case where both effects ure 

present simultaneously, as in ferroelectrics, has received relatively 

little attention. In the treatment of both the cavity-type device and 

the traveling-wave-type device both nonlinear mechanisms are included. 

Thus far only a limited amount of work has been done towards under¬ 

standing or utilizing nonlinear distributed systems as a means for harmonic 
46 generation. Riley has investigated, by means of the method of character¬ 

istics, the growth of harmonics in a wave traveling along a nonlinear 

transmission line using Junction diodes as shunt capacitors. The use of 

multiphase rectifier circuits to construct a particular kind of traveling- 
49 50 

wave harmonic generator has been suggested by Hedderly and Brown. 
51 Auld, Shaw, and Winslow have reported on obtaining travel!ng-wave 

frequency doubling in ferrites. Their analysis, which applies to a 

rectangular waveguide uniformly loaded with a thin ferrite slab, luxe been 

extended to Bady^ to the case of frequency doubling in thick ferrite 

slabs of anisotropic material. The possibility of using the distributed 

nonlinearity in a finite plasma column to obtain traveling-wave interaction 

between the fundamental and second harmonic frequencies which propagate 
53 as slow waves has been considered by Kino, Pavkovich, and Krenz. Finally, 

54 a recent experiment by Franken et al., demonstrates the feasibility of 

generating optical harmonics by what is basically a traveling-wave scheme, 

i.e., by focusing, an intense coherent light beam inside an optically 

nonlinear dielectric. The preceding references show that to date most 

of the work done on traveling-wave harmonic generation has been restricted 

to nonlinear systems which may be considered lossless. In the study of 

traveling-wave harmonic generation in ferroelectric ceramics presented 

in this chapter, a perturbation solution is developed for determining 
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the steady-state response of nonlinear TEM transmission lines and nonlinear 

cylindrical vaveguldes of arbitrary cross-section where the nonlinear medium 

comprises both resistive and reactive nonlinearity. 

Lastly, it should be mentioned that all theoretical and experimental 

work has been done for the case of zero bias and at temperatures tyLgh 

enough so that the ferroelectric ceramic operates above its Curie point 

(the material under consideration is the ceramic of 73 per cent BaTiO^ 

- 27 per cent SrTiO^ which, recall, has a Curie point at Tc = 20°C) . 

The ceramic can then be viewed simply as an isotropic nonlinesur dielectric 

displaying a nonlinearity which is an even function of field strength, 

and, accordingly, can be described analytically by Eqs. (9) and (10). 

Since the dielectric nonlinearity depends only upon even powers of the 

applied field, ferroelectric ceramics can thus be expected to generate 

odd harmonics. 

B. HABMONIC GENERATION IN CAVITY-TYPE CIRCUITS27 

This section deals with the theoretical and experimental aspects of 

harmonie generation in ferroelectric ceramics in coupled resonant circuits. 

In the theoretical work a detailed circuit analysis of a frequency tripler 

is presented. This analysis predicts that the first order saturation effects 

cure due to the power consumed by the nonlinear loss mechanisms of the 

ferroelectric. In the experimental work a successful frequency tripler 

which operates from 3 kMc to 9 kMc was constructed. The operating 

characteristics of this device are in excellent agreement with those 

predicted theoretically. 

1. Design and Description of Cavity 

Resonant harmonic generators usually consist of two coupled resonant 

circuita where the coupling is provided by a nonlinear mixing element. 

One circuit is tuned to the fundamental or pump frequency while the other 

is tuned to one of the harmonic frequencies. Power is converted directly 

from the pump frequency f^ to the harmonic frequency of interest kf^ 

through the dynamics of the nonlinear coupling element. 

Figure 13 shows a crosa-sectional view of an experimental harmonic 

generator constructed in the form of a coaxial cavity which has been 

designed to be simultaneously resonant in the TEM mode both at 3 kMc 
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FIG. 13—Cross-sectional view of coaxial cavity used for harmonic generator. 

- 62 - 



- 63 - 

FI
G.
 
i
4
-
-
T
r
a
n
s
m
i
s
s
i
o
n
 
l
i
n
e
 
e
q
u
i
v
a
l
e
n
t
 
c
i
r
c
u
i
t
 
o
f
 
t
h
e
 
c
o
a
x
i
a
l
 
c
a
v
i
t
y
 
g
i
v
e
n
 
i
n
 
F
i
g
.
 
13
* 

T
h
e
 
c
i
r
c
u
i
t
 

r
e
s
o
n
a
n
t
 
a
t
 

3Q
- 

i
s
 
a
 
s
h
o
r
t
 
c
i
r
c
u
i
t
 
a
t
 
f
r
e
q
u
e
n
c
y
 

Q
,
 

a
n
d
 
v
i
c
e
 
v
e
r
s
a
.
 



T 

and at 9 Wie. The cavity design is easily understood by referring to 

the equivalent transmission line circuit given in Fig. 14. Terminals 

a, b, c refer to the corresponding points indicated in Fig. 13. The 

schematic nonlinear coupling shown dotted between circuits can be omitted 

at low power levels in determining the linear resonances at and at 

. Thus at low power levels, or in the small signal case, the con¬ 

ditions for dual resonance at ni and can be obtained by finding 

a simultaneous solution to the equations describing resonance at and 

. These conditions are: 

tan + tan = -—i—— (rn 
M1 p 2 n1 z0 cT W 

and 

tan + tan 3^ = ^ ^ , (32) 

where ß = 2n/x is the propagation constant of the coaxial lines at 

ßl ’ ic the len&th oi' transmission line above the terminals 

ac shown in Fig. 13, is the length of transmission line below the 

terminals be shown in Fig. 13, Zq is the characteristic impedance of 

the transmission lines, and CT is the total capacitance including the 

dielectric between planes a and b . Equations (31) and (32) do not 

include the effects of the discontinuity capacitance in the region of the 

junction between the inner conductors; however, these effects can be made 

negligible by proper design. 

The dielectric used in this experiment was the ceramic composed of 

73 per cent b: -ium titanate and 27 per cent strontium titanate. In order 

to keep the dielectric losses small while retaining a large degree of 

nonlinearity, the operating temperature was chosen as 49°C. At this 

temperature, the dielectric constant K'^ was found from small signal 

X-band measurements to be 2000 (see Fig. 3). The high value of dielectric 

constant required that the dielectric sample be physically small; hence a 

cylindrical post, 0.020 in. long and 0.010 in. in diameter, was chosen. 

The small signal capacitance of this post was calculated to be I.76 ppf . 
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A micro-photograph of the dielectric post is shown in Pig. 15.(1) Note 

that the small post length permits setting up high electric field intensities 

within the dielectric at reasonable power levels. 

The dimensions of the cavity were obtained by finding a simultaneous 

solution to Eqs. (31) and (32) by graphical means when ^ “ 3 kMc. An 

examination of these equations reveals that the cavity dimensions are 

specified by three unknowns (viz., ^ , , and ZQ) . Since there 

are only two equations for determining the resonances at 0, and 30 
1 1 * 

the graphical method of analysis deserves some coament. The resonance 

conditions given by Eqs. (31) and (32) can be combined to give 

3 tan 3^ - tan ^ = -3 tan 3^ + tan ^ . 

3y plotting the right and left hand sides of this expression as a function 

of (or ßt) , one finds from this graph those values of and 

30^2 make the right and left hand sides equal. From these values 

together with the known values of and C^, one can plot curves of 

Z0 vs 3ß^ from Eqs. (31) and (32). ffiie intersection of these curves 

determines the characteristic impedance of the cavity Zq and 

(from which 30^ can obviously be found). In making use of this 

technique one can arbitrarily choose the size of the inner conductor (or 

the outer conductor) of the cavity; the other is determined by the equation 

for ZQ . As a matter of convenience, the diameter of the inner conductor 

of the cavity (Fig. 13) was chosen to be 0.125 in., making the total parallel 

plane gap capacitance, , be I.9 uuf . For dual resonance at 3 kMc 

and at 9 kMc the characteristic impedance of the transmission lines was 

found to be 20 ohms. Since this corresponds to a ratio of outer conductor 

to inner conductor diameter that is close to unity, the bottom portion of 

the cavity was expanded in the form of a biconical coaxial transmission 

line to allow sufficient space to introduce loops and probes into the 

cavity. As shown in Fig. 13, a loop was used to couple into the 3 kMc 

resonance and a probe to couple into the 9 kMc resonance. This coupling 

scheme was chosen since it permitted selective coupling into each resonance. 

(1) 
Details of the sample fabrication can be found in reference 1. 
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FIG. 15--Microphotograph of ceramic dielectric post. Magnification is 32 X
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2. Equivalent Circuit and Analysis 

Since the natural resonances of a cavity nay he represented by lumped 

element resonant circuits, the harmonic generator cavity shown in Pig. 13 

can be represented by the equivalent circuit given in Pig. 16 over a narrow 

band of frequencies. Pigure 16(a)'shows the complete equivalent circuit. 

Here the linear elements L'^ , , and , 0'^ , C'^ 

denote the properties.of the and 3ß^ resonances, respectively. The 

capacitances and C'^ include the linear capacitance of the die¬ 

lectric post. Transformers ^ and T^ are ideal transformers rep¬ 

resenting the input and output couplings, and the ideal transformers Tg 

and Tj are electrical transformations which account for the nonlinear 

element possibly not being at a position of maximun electric field. Trans¬ 

former Tg applies to the fields at , and transformer T^ applies 

to the fields at 3ß^ • The complete equivalent circuit of Pig. 16(a) 

can be simplified to that of Pig. 16(b) for purposes of analysis. The 

linear circuit elements L , G1 , ^ and , , are 

obtained by reflecting , , and L'^ , G'^ , C'^ 

through transformers T and T. , respectively. The admittances 
2 2 ¿ ^ 

n Yq aná m YQ denote the transmission line admittance, YQ ■ l/ZQ , 

coupled into the cavity on the input and output sides, respectively. In 

order to carry out this last step the admittance Y^ must be reflected 

through transformers Tx and Tg on the input side and T^ and T^ on 

the output side. When this is done, one finds that the turns ratios of 

transformers ^ and Tg and T^ and T^ can be combined to give the 

equivalent turns ratios n = rn' and m = sm' used in Pig. 16(b). The 

constant current generator i shown in Fig. 16(b) corresponds to the 
cs 

incident source driving the resonance, and the voltages and 

represent the fundamental and third harmonic cavity fields generated in 

response to the drive, i^ . It should be noted ig has been arbitrarily 

defined as the current source exciting the circuit of the harmonic generator 

from within the cavity. If it is desired to describe this source in terms 

of what takes place outside the cavity [i.e., to the left of the terminals 

of transformer T. in Fig. 16(a)), one must divide the current i by 
1 6 

n , the equivalent input turns ratio of transformers T^ and T . 
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Ab indicated ia Pig. l6, the ferroelectric post may be represented 

by a nonlinear parallel RC circuit coupling the two resonances. A lumped 

circuit representation for the nonlinear coupling element is accurate since 

the longitudinal fields within the dielectric are approximately constant 

over the diameter of the post. That is, the electric field varies within 

the post as JQ [ (2x/X) r] , and the radius of the post, a , has 

been chosen to be sufficiently small so that J0 [(2x/X) ^c7 a] * 1 

Thus a lumped nonlinear capacitance and conductance can be defined for the 

post in the absence of bias by the following expressions: 

c(v) (v)^-=^ ch vn (33) 

n even 

and 

*(v) ■ o (v) Ü v" , (31,) 

n even 

where v * is the instantaneous voltage across the post, and is 

the length of the post. The set of coefficients cn in the power series 

expansion describing the nonlinear capacitance c(v) of the post are 

obtained from Eq. (9), and the set of coefficients gn in the power 

series expansion describing the nonlinear rf conductance g(v) of the 

post are obtained from Eq. (10). The case of most practical interest, 

and the one considered here, is where c(v) and g(v) can be written 

approximately as 

c(v) C0 + V (35) 

and 

g(v) «* [g0 0 ♦ g2 Õ V2] . (36) 

These equations assume that the terms proportional to the fourth and 

higher powers of v are always small compared to those proportional to 
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The analysis of the frequency tripler can now be carried out by 

conventional circuit techniques. The governing equations for the equivalent 

circuit shown in Pig. 16(b) can be written explicitly as node equations 

in which current conponents of each harmonic are equated at the nodes. 

The resulting set of coupled nonlinear integro-dlfferential equations 

are 

Here o> is the angular driving frequency. The harmonics which are generated 

arise from the nonlinear terms g(v) v and (d/dt) [c(v) v] where v is 

the difference in voltage between nodes. That is, in the nonlinear terms 

in Eq. (37) v is given by v^^ - v^ and similarly in Eq. (38) v should 

be replaced by " V1 • nonlinear terms appearing in the braces in 

Eqs. (37) and (38) have been written in simplified form so as to eliminate 

confusion with the functional notation. The voltages v^ and v^ , and 

the current i can be written as g 

V1 = Vl eJ<Bt ♦ VJ e" J<0t (39) 

v3 = V3 e3ja* ♦ V* e' 3Jajt (40) 

lg = Ig iJ“* ♦ I* .- Ja* , (41) 

where * denotes the complex conjugate. By using these expressions togeth¬ 

er with Eqs. (35) and (36) it can be shown that the governing equations, 

Eqs. (37) and (36), reduce to the following set of algebraic equations: 

ïg ■ (e01 + V »! * 3 (g21 ♦ j<œ2)(V^ YJ + 2 - vf Vj) , (42) 
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and 

o - (g03 + Tj) Vj - (gjj + 3J«2)(v3 - 6 v3 . 3 V^) . (43) 

In obtaining these equations the operator û appearing In Eq. (36) has 

been eliminated by applying it to each of the spectral components entering 

in g(v) y in Eqs. (37) and (38). When this is done, it is found that 

the coefficient relating the spectral components of current and (voltage)0 

at km is kn>(gn) . in writing out Eqs. (42) and (43), which apply in 

the frequency domain, this has been included by the simplifying notation 

^ 8n * ®nk * (^2) applies at the pump frequency o> and Eq. 

(43) at the third harmonic 3» . In these equations, and Y^ are 

the linear circuit admittances of the «1 and 3^ tanks at o> and 3o> , 

respectively, and are given by the relations 

*1 ■ A) ♦ °i ♦ J“*! ♦ 35^ w 

V ■ V V «“S+33% - (^) 
where n and m are the effective input and output transformer turns 

ratios. The complex amplitudes and represent the responses of 

the system at to and 3u) , respectively, to the pump driving function 

I . One can easily relate the amplitude of the drive I to the 
6 8 
incident power flow Plnc in the external transmission line by referring 

to the circuit of Fig. 17. For the case where Y, = Y„ . the 
in, a) 0 7 

transmission line is matched to the cavity input (i.e., P ^ s 0) and 

one finds that 

I 
8 

2 
(46) 

Equations (42) and (43) completely describe the behavior of the 

frequency tripler when Eqs. (35) and (36) correctly describe c(v) and 

g(v) . They are nonlinear algebraic equations and can be used to obtain 

the circuit model shown in Fig. l8. The nonlinear coupling admittances 

Yc 0110 Yc sh0WR ln Pi6* l8 analytically describe the reaction of 
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FIG* 17—Equivalent input circuit of the harmonic generator shown in Fig. 
l6. The admittance Yin, refers to the small signal input 
admittance at frequency 'oySff and is defined at some suitably 
chosen reference plane 1-1. 

the third harmonic fields on the pump fields and vice versa. In addition, 

due to the fact that each resonant circuit effectively sees a nonlinear 

parallel RC circuit in shunt [see Fig. 16(b)], the admittances Y 

and Yc take into account the anharmonic voltage dependent detuning 

effects of the pump fields on the resonance and of the third harmonic 

resonance. It should be noted that the nonlinear fields on the 
~ 1 

coupling admittance Yc^ given in Fig. l8 has a negative conductance 

term and is therefore the source driving the third harmonic fields. Based 

upon the fact that nonlinear terms are present in each of the resonant 

circuits, one would expect that the fundamental and third harmonic response 

curves should exhibit foldover. This effect can be seen qualitatively in 

the response of the fundamental circuit, for example, by solving for 

from Eqs. (42) and (43) when the inequality IV^HV^I is satisfied. 

In this case one finds that is the solution to a fifth order polynomial. 

By requiring that be real, one then finds that the solution to this 

polynomial (which represents the fundamental circuit response) can either 

have one, three, or five real roots depending upon the frequency of 

operation and the drive level I 
g 

This clearly indicates that 

the response will be multivalued over part of the frequency 

- 72 - 



CM 

ft) 
o 

—VW“ 

ro 
-I 

10 
O 

(0 
o 
o> 

hn/WH 
ro 

JO 

>-ü“ 

<5 

-1(- 
o 

—nnrp- 

-j 

►3 

ro 

>C3 

(0 JO 

O ^ 

¡2 
H 
5 
O 
< 

O 
z 
_l 
CL 
D 
O 
O 

or 
< 
u 

- o 

>n 
CM 
+ 
* 

>" 

CM 
U 
3 

CM 
O» 

fO 

II 

> r 
ro 

>■ 
CD 

I 

ro I to 

O 
3 
+ 
ro 
CM 
w 

i 
h 
10 

>y 

Ü 

- 73 - 

l
8
—
C
i
r
c
u
i
t
 
m
o
d
e
l
 
o
f
 
f
r
e
q
u
e
n
c
y
 
t
r
i
p
l
e
r
 



range and will have two peaks which, of course, fold over. From 

this discussion one would expect that at high signal levels the response 

V1 should exhibit the familiar hysteresis phenomenon with respect to 

frequency displayed by nonlinear resonant circuits. Here, mention should 

be made of the fact that the foldover curves obtained from the harmonic 

generator circuit are analogous to those usually encountered in nonlinear 

systems which undergo resonance. y The one surprising effect observed 

here is that the foldover curves have two peaks whereas the linear resonances 

at and have only one peak. From a physical point of view this 

behavior can be explained in the following way. As the pump fields are 

excited more strongly in the cavity, the coupling between the and 

resonant circuits increases because of the increased field strength 

across the nonlinear ceramic post. This in turn causes the third harmonic 

fields to react more strongly on the pump fields and therefore to have a 

greater influence on the fundamental circuit response. This behavior is 

in a sense analogous to varying the coupling between two linear resonant 

circuits. In this case it is clear that as the coupling increases the 

naturel, resonemces of each circuit, which are Initially degenerate, split 

into two different resonances which become the natural vibrations of the 

coupled circuits. In the case of the coupled circuits of the harmonic 

generator it might at first be thought that this argument is not applicable. 

However, one should bear in mind that the nonlinear terms coupling the 

fundamental and third harmonic resonances are capable of converting 

frequency. It is therefore not surprising that the reaction of the third 

harmonic fields on the pump fields should be at the fundamental frequency 

and that the resonant response of the fundamental circuit should accordingly 

be split into two peaks which fold over. The significance of the foldover 

effects is that at high power levels they become increasingly important 

and account, in part, for the saturation of the output by causing the 

fundamental and third harmonic circuits to detune from the present three 

to one frequency ratio. 

In the case where the efficiency is low one can assume that IvJ > |V^| 

and Eqs. (U2) and (43) can be thus linearized with respect to . The 

resulting equations may then be solved by an iteration process. In this 

case the products of linear terms are assumed to be much larger than the 
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products involving nonlinear terms. To second order in I the fundamental 
g 

response becomes (see Appendix E) 

V, - I 
1 S 

|ï j2 

(gQl + V + 3*ga + 1 8 v ,2 
,g01 + Yll J 

,-1 

, (^7) 

and the third harmonic response can be written as 

(833 ♦ 3Jox:2) 

(go3 + + 6(g23 ♦ ^2^ ■;—* 
lg01 + Yl^ . 

Considering the on-resonance (œ = fl. ) high Q (n^. » G, and 
P \ «**0 1 
m » G3) behavior with the system well matched, the input and output 

powers and the effective transformer turns ratio n and m are given 

by 

(*9) 

A |T3|2 (50) 

and 

n g01^Y0 (51) 

■2 = VY0 • (52) 

Observe that when the unloaded Q of the ß1 and 3ft^ resonances is 

high, as assumed here, the conductances and can be neglected 

compared with g^ , g^^ , n^Y^ , and m2^ . Thus in order to 

match into the cavity one must equate n^YQ and m^ to gQ1 and 

gQ3 ; respectively; this has beén done in Eqs. (5I) and (52)'. The 

equations for n and m are therefore only approximate since they omit 
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the effects of and and of the nonlinear conductive terms which 

appear in Yc and Yc (Pig. l8). It is shown in Appendix E that, 

consistent wièh the approximations used to obtain Eqs. (47) and (48) 

one can substitute Eq. (48) into Eq. (50) and obtain the followii« 

expression for output power when o> * G1 : 

*4 ♦ j # 
l6g01 (1 + Í15/2 Pinc] 

(;3) 

where Eqs. (46), (47), (51), and (52) have been used. Equation (53) is 

written in terms of pump frequency parameters, and is an absolute expression 

for output power. It should be noted that the first order saturation 

effects are due to power consumed in g21 , the nonlinear loss term. 

Finally the conversion efficiency q = (P /P ) x 100£ may be computed 
out m 

from Eqs. (53) and (49). The resulting expression is 

3(8^ ♦ n* cp) 

16 g01 (1 + 
(l5/2)(g21/g01) Plnc] 

P? Inc x 100^ (54) 

Ey examining the distribution of power flow in the harmonic generator 

network, one can formulate an alternative and more general proof to the 

statement that the power dissipation in g21 is responsible for the first 

order saturation between input and output power. It is shown in Appendix 

F that by starting with the nonlinear algebraic circuit equations given 

by Eqs. (42) and (43), one can derive an expression for the power absorbed 

Pabs at ^re9uenc^es ^ an(* 3œ in the nonlinear parallel RC circuit 

coupling the two resonant tanks (see Fig. l6). The resultant expression 

shows that there is no power absorbed in the nonlinear capacitance and 

that the power absorbed in the nonlinear conductance is given by 

abs = 6 g, 
'21 |v1I4 + 3 |v3|4 + 8 IvJ2 |v3I2- (v*3v ♦ V3 V*) 

3 1 V • (55) 

Based upon this equation and the previous discussion pertaining to fold- 

over, it is found that the behavior of the frequency tripler may be 
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described in the following manner. At low power levels, the output power 

is proportional to the cube of the input power, as expected from Eq. (53). 

As the input power level increases, the power absorbed in g21 becomes 

appreciable [see Eq. (55)] and the output power follows a square law 

relation with respect to the input power [see Eq. (53)]. For still higher 

input powers one enters the high power region where the reaction of the 

third harmonic fields upon the fundamental frequency fields (and vice 

versa) becomes significant and produces detuning between the two resonant 

circuits due to the foldover effects. In accordance with this one finds 

that in the high power region the output power saturates to the point 

where it is directly proportional to the input power. 

3« Experimental Results 

A block diagram of the instrumentation used to perform the harmonic 

generation experiment is shown in Fig. 19« All measurements were made 

with a pulsed source since high peak power with low average power was 

required to drive the harmonic generator. The source was triggered 10 

times per second and yielded a 2.3 nsec pulse. The low duty cycle of 

2.3 X 10 ^ was chosen to minimize the heating of the dielectric during 

the "on" time of the pulse. For the ceramic post shown in Fig. 15 and 

for power levels of the order of a few kilowatts, the rate of increase 

of temperature within the post is approximately £S£/t « 9.50C/usec . 

Therefore, to keep ÆT small, a short pulse was used, and to permit the 

temperature of the ceramic to relax back to the ambient temperature of 

the cavity, a long period between pulses was employed. 

The apparatus shown in Fig. 19 was used to measure the power flow 

and to observe the pulse shapes. The incidental power was monitored 

through a 20 db directional coupler with a thermistor and power meter 

and was controlled by means of the variable attenuator. The incident 

power was also campled by a 20 db directional coupler and put through 

a transmission-type wavemeter, a crystal, and onto vertical channel A 

on the oscilloscope for observation. The third harmonic output power 

from the cavity was sampled with a 3 db directional coupler and broad¬ 

band crystal; the power level at the crystal was amplified and fed to 

vertical channel B on the oscilloscope. Reflected power at the funda¬ 

mental frequency was monitored in the same manner as the third harmonic 
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output with a 10 db directional coupler and a second oscilloscope. In 

each case the precision attenuators were used to obtain a fixed vertical 

deflection of 2 cm on the oscilloscope. The peak output and reflected 

powers were then aeasured by noting the change in the attenuator readings 

from the calibration level which was obtained by feeding a known amount 

of power Into points X and Y shown In Pig. 19- Appropriate low-pass 

and band-pass filters were utilised, as shown in Pig. 19, to separate the 

fundamental and third harmonic signada. 

To control the wall temperature of the cavity, a thermoswitch was 

mounted in the external metallic heat sink surrounding the cavity and 

vus connected in series with a Varlac and lead-covered heating cable 

wrapped around the outside of the heat sink. A thermometer was also 

inserted in the heat sink to monitor the teaqperature. Sulfur hexafloride 

gas was fed Into the cavity at atmospheric pressure through a hole drilled 

in the center of the tapered inner conductor of the cavity as shown in 

the simplified assembly drawing of the device given in Pig. 20. Iftis 

served two purposes. The first was to partially cool the dielectric, and 

the second was to act as an insulator for the prevention of breakdown. 

The experimental characteristics of the harmonic generator are given 

in' Pigs. 21 and 22. As indicated previously, the ferroelectric material 

used In this experiment was a ceramic of 73 per cent BaTiO^ - 27 per cent 

SrTiO^ . The equilibrium temperature of the cavity was held at 49°C. 

The device was observed to triple from 3*010 kMc to 9.030 kMc with the 

measured conversion efficiency shown in Pig. 21. Figure 22 is a plot of 

the same data given in Fig. 21, but in a form which demonstrates the 

dependence of output power upon input power. The experimental results 

shown in these figures were obtained by adjusting the tuners on the 

output and input side of the harmonic generator for a match. Viewed 

together, Pigs. 21 and 22 show that output power is proportional to the 

cube of input power in the region between 0 and 350 w where the 

conversion efficiency is below 1.5$. Between 350 w and 1000 v the 

first order saturation effects due to g21 occur [see Eq. (53)] and the 

output power becomes proportional to the square of the input power. In 

this region the conversion efficiency rises linearly to about 6.5$. 

Beyond 1000 w of input power, higher order saturation effects apparently 
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FIG. 20--Simplified assembly drawing showing the essentials of the harmonic 
generator. The internal cavity dimensions together with the coupl¬ 
ing loop locations (not shown here) are given in Fig. 13* The 
external dimensions given here are included to indicate the overall 
size of the device; the dimensions of the other parts, external to 
the cavity, have been omitted since they are not critical. The 
enlarged drawing of the inner conductor of the cavity shown in the 
upper right hand portion of the device gives the details of the 
sample mounting and the arrangement for introducing the sulfur 
hexafluoride gas (SF^) into the cavity. 
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FIG. 22-Third haraonic output power as a function of input power. The 

slopes of the lines show how output power depends upon input power 
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begin to occur and the linear relation between conversion efficiency and 

input power is no longer realized. The conversion efficiency in this 

region reaches 8.5^ for an input of 2100 w and approaches an extrapolated 
saturation level of 10^6 at about 3000 w. Data were taken only up to input 

powers of 2100 w because breakdown was observed to occur beyond 2200 w. 
The theoretical efficiency curve shown in Pig. 21 was derived by 

matching Eq. (5^) to the experimental curve. Fron the known constants 

°1 ' Pinc ' ^ ^1 the nonlinear coefficients c2 and g21 were 

determined and were found to have the following values: 

c2 = - 2.98 X 10'7 wif/v2 

g21 3 + I.62 X IO"9 mhos/v2 

For the case under consideration the value of the linear loss term g 
f -3 01 

was found to be 2.65 x 10 mhos . This value was computed from the small 

signal X-band value of k”1 (k'^ = l60) obtained by other means.56 The 

results given in Fig. 21 illustrate two significant points. The first is 

that the theoretical curve does not deviate fron the measured curve up to 

efficiencies which are greater than half of the extrapolated saturation 

level; the second is that the experimentally determined values of Cg 

and gpi are in excellent agreement with those obtained from independent 
C 1 27 

large signal measurements. ' It can therefore be concluded that the 

theoretical expressions given by either Eq. (53) or Eq. (54) represent 

an accurate description of the power flow in the harmonic generator when 

both nonlinear reactive terms and nonlinear loss terms are present simultan¬ 

eously, as denoted by Eqs. (35) and (36). 

The discussion of the heating effects occurring in the dielectric 

indicates that during the time of the pulse, the temperature of the 

ceramic post can be expected to increase. Figure 23 shows how these 

thermal effects distort the pulse shapes. Figure 23(a) is a typical 

oscilloscope trace photograph of the "on" resonance behavior when 

200 < P^n < 2000 w . The 3 kMc incident pulse is 2.3 nsec long and is 

reasonably square; however, the 9 kMc output pulse and the 3 kMc reflected 

pulse show considerable distortion. The point to be noted here is that 

where the output pulse is a maximum, the reflected pulse is a minimum, 
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which is the condition that one would expect. Figure 23(b) gives typical 

oscilloscope trace photographs of the 3 kMc incident pulse and the 9 kMc 

output pulse as functions of frequency when 200 < < 2000 w for a 

5 usee incident pulse. The distortion of the pulses shown here can be 

explained qualitatively in terms of the heating of the ceramic. During 

the time of the pulse, the heating of the ceramic causes its «nn»n signal 

dielectric constant to decrease (see Fig. 3). ais in turn causes the 

resonant frequency of the cavity to increase. As a consequence, the 

output pulse does not reproduce the square-wave shape of the input pulse. 

It is of interest to note that at high power levels the thermal effects 

limit the effective pulse width of the third harmonic signal to about 

1 usee and produce time delays of as much as several microseconds between 

the start of the input pulse and the peak of the output pulse. 

Figure 2k gives the measured frequency response of the third harmonic 

for various incident power levels. The differences in slopes above and 

below resonance are a direct consequence of the temperature rise in the 

dielectric Just discussed. The extra resonant hump appearing in the upper 

two curves at f % 3*02 kMc is due to the nonlinear effects appearing 

in the coupled circuits of the harmonic generator. 

4‘ Discussion and Determination of the Large Signal Characteristics of 

the Ferroelectric Cer«H c 

It is evident from the results of the experiment described in the 

foregoing paragraphs and the correlation obtained between theory and 

experiment that at microwave frequencies ferroelectric ceramics exhibit 

large signal nonlinear characteristics in both the dielectric constant 

and rf conductivity. The nonlinear behavior of the ceramic of 73 per cent 

BaTiO^ - 27 per cent SrTiO^ has been used successfully to construct an 

efficient frequency tripler operating from 3 kMc to 9 kMc. Efficiencies 

of nearly 10$ have been realized with input power levels of 2-3 kw. These 

performance characteristics are generally much better than what can be 

expected of diode devices operating in the same frequency range. In 

addition, the ferroelectric harmonic generator is a high power device 

capable of generating hundreds of watts of peak power. 

The first order nonlinear properties of the 73 per cent barium 

titanate - 27 per cent strontium titanate ferroelectric ceramic have also 

been found by fitting the theoretical expression for the conversion 
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Incident pulse

Output pulse

Reflected pulse

Time (p sec/cm) 
(a)

On or below 
resonance

Above resonance

Far above resonance

«- Time (p sec/cm)
(b)

FIG. 23—Typical pulse shapes observed for harmonic generator. These pulses 
occur for input powers in the range 200 < P. < 2000 w
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efficiency [Eq. (54)1 to the measured curve (see Pig. 21). The values 

so obtained for the nonlinear coefficients c^ and have been used 

to determine the constants k'^ and k”^ entering in Eqs. (9) and (lO). 

This has been done by utilizing the expressions for the nonlinear capacitance 

and conductance given by Eqs. (33) and (34). The resulting values for 

<'3 and *"3 are compared in Table I with the values obtained by Johnson1 

freo independent large signal measurements. It is clear from this compari¬ 

son that the results of both experiments are in excellent agreement. This 

not only demonstrates that the values for the coefficients listed in Table 

I are correct, but also shows that the circuit analysis of the harmonic 

generator culminating in Eqs. (53) and (54) accurately describes the be¬ 

havior of the device. By using the average values of ^ and k”^ 

the large signed nonlinear properties of the ferroelectric titanate ceramic 

may be cast in the notation of Eqs. (9) and (lO) and may be written as 

«’(E) = €, 

o(E) = €r 

2200 - 7-5 X 10"11 E2 

160 Õ ♦ 29 X 10'12 Õ E2 

farads/m 

mhos/m , 

where E is in volts per meter. The linear terms a 2200 and 

k”^ = 160 used in these expressions have been determined from small 

signal measurements (for details see reference 1). The resultant expres¬ 

sions for €1(E) and o(E) apply in the temperature range 49 - 52°C 

and for field strengths up to E = 20 kv/cm . Since the results of 

the two experiments are in close agreement, it is felt that they accurately 

describe the first order nonlinear behavior of the ferroelectric ceramic 

when operated above its Curie point. Since it appears that there is little 

or no dispersion in the properties of the material in the neighborhood of 

3 kMc, these results are considered to be accurate at frequencies some¬ 

what higher and lover than 3 kMc. 

Finally, it should be noted that for such device applications as 

parametric amplification and parametric limiting, the material must be 

biased in order to have a first order nonlinearity. In this case the 

nonlinear coefficients will also be functions of bias and may be measured 

either by using the techniques described herein or by .using those described 

in reference 1. 
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TABLE I 

Comparison of nonlinear coefficients k'3 and *"3 obtained from har¬ 

monic generation and large-signal experiments for ferroelectric cersmic 

of 73 per cent BaTi03 - 27 per cent SrTiOj 

Nonlinear Coefficient Harmonic Generation Large-Signal 

___Experiment Measurements 

-8.1* X 10‘n 

♦25 X 10 -12 

-6.5 X 10-11 

♦3^ X 10-12 

C. HARMONIC GENERATION ALONG NONLINEAR TRANSMISSION LINES'^ 

The propagation of waves of large amplitude in nonlinear media leads 

to the progressive distortion of the waves as a function of distance, due 

to the fact that the different parts of the waves travel with different 

characteristic phase velocities. This phenomenon, which has long been 

recognized in mechanical systems, as in the case of finite amplitude 

sound waves, ,59 has recently become of interest in electrical systems. 

When the losses in the nonlinear medium are small, the distortion of the 

waves will eventually result in the formation of shock waves. Since the 

process of deforming the wave is accompanied by the generation of harmonic 

frequencies, such a scheme may be employed as a method for constructing 

traveling wave frequency multipliers. Devices of this nature would have 

the advantage over conventional harmonic generators of being extremely 

wi|ie-band due to the absence of resonant circuits and also of being very 

simple to fabricate. Moreover, such devices could easily be constructed 

for frequencies ranging into the optical portion of the spectrum. 

The objectives of the present section are to obtain analytic expres¬ 

sions for the power flow in the first few harmonics along nonlinear trans¬ 

mission lines and nonlinear waveguides that are excited by sinusoidal 
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signala. The analysis of these systems is carried out by conventional 

perturbation theory, taking as the nonlinear medium a generalized dielectric 

material having a nonlinear dielectric constant as veil as a nonlinear 

dielectric conductivity. The physical embodiment of such a medium is 

the ferroelectric ceramic composed of 73 per cent BaTiOj - 27 per cent 

SrTiO^ operated above its Curie point (20°C). This material is used 

throughout to illustrate quantitatively vhat can be expected of distributed 

systans comprised of both nonlinear reactance and nonlinear resistance. 

At this point it is important to emphasize that in this work both 

nonlinear reactive and nonlinear loss mechanisms are taken into account 

in analyzing the deformation of the wave as a function of distance along 

the line. This is in contrast to the calculations which are usually made 

concerning shock wave formation in nonlinear dissipative media. It is 

customary in these calculations to neglect loss terms and higher order 

nonlinear terms when analyzing the deformation of the wave shape and 

determining the position of shock formation. When a shock forms there 

is an equilibrium set up between nonlinear reactive and loss processes 

and the shape of the front becomes very nearly stationary. In the usual 

analysis of nonlinear propagation, loss and higher order nonlinear terms 

are introduced into the calculation only for the purpose of determining 

the shape of the stationary profile, fy making use of this technique, 

it has been shown that the width of the shock front in ferroelectrics60 

and ferrites is related to the relaxation times of the respective media. 

A more general theory of shock wave formation along nonlinear transmission 

lines, with particular emphasis placed on the possibility of using such 

lines as harmonic generators and as saw-tooth voltage generators, has been 

given by Khokhlov. His analysis, which applies to nondispersive non¬ 

linear media, treats the case in which lineen’ losses are taken into account 

during the process of deforming the wave. 

The analysis presented herein is limited to the case of weak non- 

linearities and to the case where dispersion is absent in the lossless 

nonlinear terms. The latter restriction implies that the resulting wave 

form will have high harmonic content and that the harmonics generated 

along the line will interact strongly with one another. From the results 

of the analysis of the nonlinear transmission line and the known nonlinear 

properties of the ferroelectric ceramic a calculation is made of the 
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expected performance of a rectangular waveguide filled with this nonlinear 

material, used as a traveling-wave harmonic generator. The general treat- * 

ment of the waveguide problem shows how the model used in this example 

must be modified to account for the presence of simultaneous frequency 

and mode conversion. Lastly, by using the experimental results obtained 

from the cavity-type ferroelectric harmonic generator, a comparison is 

made of the relative merit of the cavity vs the traveling-wave device. 

The comparison brings out the superiority of the resonant system and 

indicates ways of improving the distributed system. 

1* Nonlinear Transmission Lines Utilizing Ferroelectric Ceramics 

As a realization of a nonlinear transmission line loaded uniformly 

with a ferroelectric ceramic, consider a line with distributed linear 

inductance l per unit length in the series branches and nonlinear dis¬ 

tributed shunt capacitance c(v) and conductance g(v) per unit length 

as illustrated in Fig. 25. Since the voltage and current are uniquely 

defined on a TEM transmission line and since the electric field intensity 

E is proportional to the voltage v on the line, the distributed nonlinear 

capacitance and conductance per unit length can be found from Eqs. (9) 
and (lO) and may be written as 

c(v) * I V" * (56) 
n even 

and 

g(v) g/ v” , (57) 
n even 

where v » v (z,t) is the transmission line voltage. Equations (56) 

and (57) are functionally identical with Eqs. (33) and (34). The only 

difference between the two sets of equations is that in this representa¬ 

tion c(v) and g(v) refer to the distributed capacitance and conductance 

per unit length, whereas in Eqs. (33) and (34) they refer to total lumped 

capacitance and conductance. 
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The differential equations describing the propagation of T0Í vaves 

along the transmission line given in Fig. 25 are 

òv • òi 
37s -^St (58) 

* - g(v) V - [c(v) v] . (59) 

This system of equations constitutes a set of nonlinear hyperbolic 

differential equations. Calculations of how simple vaves, governed by 

these equations, distort vlth distance may be obtained by using the 

method of characteristics vhich essentially allows one to follow the 

trajectories of points of constant voltage down the line and thereby 
1*8 4l 63 

follow the progressive deformation of the wave. Riley and Landauer * 

have both made use of this method to investigate some of the properties 

of electromagnetic shock vaves occurring in one-dimensional isotropic 

nonlinear media. The ensuing analysis is concerned with the way in which 

the amplitudes of the harmonic frequencies grow with distance in response 

to the distortion of the wave arising from the nonlinearity of the ferro¬ 

electric medium. Solutions describing this process of traveling-wave 

harmonic generation are obtained by developing the line voltage, v(z , t) , 
64 

in a perturbation expansion in a manner similar to the one given by Auld 

for the propagation of finite amplitude waves in gyromagnetlc media. 

2. Perturbation Solutions 

The nonlinear wave equation describing the behavior of the voltage 

v(z , t) along the transmission line illustrated in Fig. 25 can be obtained 

by eliminating the current i (z , t) between Eqs. (58) and (59)* The 

resulting equation is 

02v 
^(v) —Z + l 

dt2 
g(v) + 2 

òc(v)| òv 

Òt J òt 

òg(v) ò c(v) 

òt òt‘ 
(60) 

By making use of the power series expansions for c(v) and g(v) given 

in Eqs. (56) and (57)> it is possible to express Eq. (60) explicitly in 
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fr¬ 

ieras of the known nonlinear coefficients cn and ^ . assuming that 

the amplitude of the signal is limited to the case where the inequalities 

lc0l >> lc2v I and IgJ » IggV2) hold, and neglecting the higher 

order nonlinear terms, Eq. (6o) becomes 

3k, 
02v 

Ò? 
♦ 2v 

ÒV 

-I ♦ — 5 l»s —I .(61) 

It is then apparent that the nonlinear terms appearing in this equation 

are small in comparison to the linear terms and can therefore be treated 

as a perturbation. This represents the case of most practical interest 

for ferroelectric materials. 

Steady-state solutions to Eq. (6l) are sought for the case where the 

transmission line is excited by a sinusoidal source with angular frequency 

a) . These solutions can be obtained by noting that at each point along 

the line the voltage is a periodic function of time, with the fundamental 

period equal to the period of the forcing function. Accordingly, the 

voltage can be expressed as a Fourier time series in which the Fburier 

coefficients are allowed to vary with distance to account for the progres¬ 

sive deformation of the wave. To determine the growth of the harmonic 

amplitudes with distance, the Fourier coefficients can be expanded as a 

power series in the parameter 5 * ^ . The transmission line voltage 

V (z , t) can therefore be written as 

00 00 

- U ’ *> ■ I I SPVk(p)(«> J** , (62 
k=-«o p=0 

where is equal to in order to have v(z , t) be a real 
quantity. 

It is now possible to reduce the problem to the solution of a set of 

linear ordinary differential equations by substituting Eq. (62) into Eq. 

(6l). performing this substitution and equating equal powers of { 

and invoking the orthogonality relations for the terms exp (jkojt) 
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one obtains the following system of inhomogeneous equations: 

‘\(0) 

2 ̂ .0 
dz 

(63a) 

ih M V A S-1 A I r 

¡V ' \ vkP) * î 1 t [“2(-" 
m,n»-«o 8*0 r«0 

♦ 2ur(k - m) n - Jcö(m n) Sk] v(r) v(s-r) v(p-l-s) 
k-m n m-n ,(63b) 

where = 11818 been introduced for convenience, and 7^ the 

square of the complex propagation constant of the ktb harmonic along 

the linearized line and is given by 

A - - ♦ Jto«0k (61.) 

The system of inhomogeneous differential equations given by Eqs. (63) 

applies in the frequency domain. In obtaining these equations the operator 

n appearing *n Eq. (6l) has been eliminated by applying it to each of 

the spectral components Included in the terms òvfòx. and v^ (0vßt) 

where v is given by Eq. (62). When this is one, one finds in a manner 

exactly analogous to the discussion following Eqs. (42) and (43) that the 

coefficient gn is multiplied by ku> . In Eqs. (63) and (64) use has 

been made of this fact by introducing for the sake of brevity the nota- 

MO" g^.ta^ . 

The governing equations describing the propagation of a wave in a 

generalized nonlinear dielectric medium containing both nonlinear reactive 

and nonlinear resistive components are given by Eqs. (63) and (64). 

Since the nonlinearity of the dielectric material is an even function of 

voltage, it is easily seen that a sinusoidal excitation at the fundamental 

frequency uj/2« will only generate odd harmonic frequency ko)/2« along 

the line. 

Equations (63) can be integrated successively to any order in p 

to obtain approximate solutions. By assuming that the transmission line 
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Is Infinite and that the generator voltage Is given by 

, (65) 

the boundary conditions at the two ends of the line can be written as 

(0) . i V8 ; (0) • 0 for p ï 1 , (66) 

vjM (0) . 0 for |k| / 1 , 

and 

VÍP) (2) satisfies a radiation condition as z -*«» . (67) 

The relations (O) » 0 for |k| / 1 given in Eq. (66) iaply that 

at the input end of the nonlinear line provisions are made to filter out 

all of the harmonic frequencies by providing a parallel arrangement of 

ideal filters, the kth filter having zero impedance at the kth harmonic 

and infinite impedance at all other frequencies, nils is shown schematically 

in Fig. 26. It should also be noted that the relation (O) » V^/2 

V J V. 
•y* 

j 

Series combination 
of ideal voltage 
source and ideal 
filter at fundamental. 

Parallel arrangement 
for ideal filters for 
filtering out harmonics. 

Nonlinear transmission 
line. 

FIG. 26—Illustrative circuit showing the input circuit of the nonlinear 
transmission line. This circuit arrangement physically provides 
the desired boundary conditions given by Eq. (66). 
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given in Eq. (66) implies that the voltage source at the input end of 

the line is in series with an ideal filter which only passes the funda¬ 

mental, and that this series combination is in parallel with the harmonic 

filters (Fig. 26). Solutions to Eqs. (63) can be obtained in a simple and 

direct manner by using, for example, Laplace transforms. Approximate 

solutions for the fundamental, third, and fifth harmonic frequencies have 

oeen found by carrying through the analysis to second order using this 

technique. The resulting expressions which describe the behavior of the 

harmonic amplitudes v^z , t) can be conveniently written as 

vk (z » t) - Aj^z) cos (ko* - ^z) ♦ B^z) sin (taut - ^z) , (68) 

where ^ is the phase constant of the kth harmonic determined from 

Eq. (64). The response functions A^z) and Bk(z) are listed in Appendix 

G for k ■ 1, 3# 5» as Eqs. (G. 1) through (G. 6). The superposition of 

the harmonic amplitudes given in Eq. (68) analytically describes the progres¬ 

sive distortion of the wave launched on the nonlinear transmission line. 

The power transfer on the line can be computed from the relation 

2x 

P(z) cut) V (z , cut) d (cut) (69) 

where the voltage, v(z , cut) , is given by 

00 

*(*,<*)■■][ vku, taut) , (70) 

k-1 

and the current, i(z , cut) , is found by integrating Eq. (58): 

= ' 5C / -7¾ ^ d W • (71) 

The static contribution has been omitted from Eq. (71) since it does not 

contribute to the power flow. By making use of the orthogonality relations 

for the sine and cosine terms it can be shown that Eqs. (69), (70) and (71) 

reduce to 

00 

Hz) = £ Pk(z) , 
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where P^U) is the power flow in the harmonic and Is given by 

In the derivation of this formula it has been assumed that the linear losses 

in the system are small enough that the approximation <*» ko> / lcQ can be 

made. The parsmeter used here refers to the characteristic impedance of 

the transmission line (Zq 3 Jl>/cQ) • 

An examination of the functions A^z) and Bjz) reveals that the 

expressions for the power flow in the harmonic frequencies depend explicitly 

upon the amplitude of the generator voltage Vq . At microwave frequencies, 

it is desirable to relate these expressions to the power delivered by the 

generator Pq which is directly amenable to measurement. This can be 

accomplished by noting that at z = 0 , P^ * P(z) . From Eqs. (0. 1) 

through (G. 6) for ^8, it is easily 

shown that 

3 “Vto J. 
16 0 

(7M 

and that the power in the harmonics vanishes at z = 0 . The first terra 

appearing on the right hand side of Eq. (TM gives the power transfer on 

an infinite linear line while the second term represents the effect of the 

distributed nonlinearity. 

The results of the preceding perturbation analysis show that the power 

flow along the nonlinear transmission line is divided among the propagating 

harmonics, as one would expect. Due to the presence of loss, the power 

transfer in the harmonics initially grows with distance, reaches a maximum, 

and rapidly attenuates thereafter. As a consequence, when the losses are 

moderately large, the amplitudes of the harmonics will not be sufficient 

to cause shock wave formation. 

- 97 - 



3. An Example 

Based upon the results given in Eqs. (73) and (74) and the approximate 

solutions listed in Eqs. (G.l) through (G.6); the performance of a traveling- 

wave harmonic generator utilizing the ferroelectric ceramic of 73 per cent 

BaTlO^ - 27 per cent SrTiO^ will now be discussed. As a specific example, 

consider the case of a rectangular waveguide completely filled with this 

material as shown ia Fig. 27(a). The waveguide illustrated in section 

A-A of this figure is assumed to be excited in the TE^ mode at the funda¬ 

mental frequency f = 3 kMc via the standard size S-band guide (inside 

dimensions 7.214 x 3*4o4 cm). The waveguide height has been reduced in 

the ferroelectric section in order to build up the field strength and 

hence the voltage at the center of the guide for a given amount of input 

power. In the example considered here the waveguide height has been 

chosen to be b = 0.5 an* To eliminate reflection losses at the ferro¬ 

electric interface it is assumed that suitably designed impedance matching 

sections are placed on the input and output sides of the ferroelectric 

section. For matching at one frequency these can take the form of simple 

quarter-wave transformers or for matching over a band of frequencies more 

elaborate schemes may be employed such as discussed in Chapter III regarding 

the X-band phase shifter. It should be noted that in this example the 

transverse variations in fields are not taken into account. However, 

in the general nonlinear transmission line problem these field valuations 

must be included since they introduce mode conversion. This effect is 

treated in the next section. 

An approximate equivalent transmission line circuit for the waveguide 

can be obtained by equating the transmission line characteristic impedance 

<z0 ' y*7ÿ> to the Impedance of the TE^. mode defined on a power-voltage 
65 

basis, and by equating the transmission line propagation constant 

(r ='\/zÿ) to the propagation constant of the TE10 mode. Here z and y 

are, respectively, the series impedance per unit length and the shunt 

admittance per unit length of the transmission line. The resulting 

equivalent transmission line circuit is illustrated in Fig. 27(b). The 

linear shunt inductance (a/2b)(a /« ) per unit length which accounts 

for the dispersion characteristics of the TE^ mode has been drawn dotted 

since the susceptance of this element is negligible in comparison to the 

linear susceptance of the shunt capacitance due to the extremely high 
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Z 
SECTION A-A 

FIG. 27—Waveguide version of a ferroelectric traveling-wave harmonie 
generator: (a) longitudinal section, (b) equivalent circuit. 
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permittivity of the ferroelectric. At the fundamental frequency of 3 kMc, 

the equivalent circuit therefore approaches that of à TEM transmission 

line. Accordingly, assuming that provisions are made for the suppression 

of higher order modes, the uniform waveguide structure becomes a simple 

realization of a nonlinear transmission line propagating a TiM-like wave 

at microwave frequencies, and will serve to demonstrate the behavior of 

the functions derived above. 

Hie large signal microwave characteristics of the ferroelectric ceramic 

of 73 per cent BaTiO^ - 27 per cent SrTiO^ are known in the temperature 

range U9 - 52° [see Eqs. (12) and (13)1* Since the voltage and field 

strength at the center oi the guide are related by v = E b , one can 

compute the parameters entering in the functions Ak(z) and B^z) . 

Then, by using Eq. (7^) to determine Vg , the power flow in the various 

frequencies can be computed from Eqs. (73) and (G. 1) through (G. 6). 

The results of the computations for the present example are shown in Fig. 
6 T 

28 for generator powers [equal to in Fig. 27(a)] of 10 and 10 

watts. These power levels give field strengths of 3 kv/cm and 9*5 kv/cm , 

respectively, at the center 0 the guide, and are consistent with the 

conditions required for the perturbation solution to be valid. It is 

evident from these considerations that for experimental purposes it 

would be necessary to drive the system shown in Fig. 27(a) from a pulsed 

source. 

The curves shown in Fig. 2Ô clearly demonstrate the effects of the 

losses in the nonlinear transmission line. The linear loss terms present 

a certain attenuation to each frequency component generated along the line, 

while the nonlinear loss terms not only provide attenuation but at the same 

time are partly responsible for the conversion of energy to higher harmonics. 

The net effect of the reactive and the resistive frequency conversion 

mechanismp and the overall losses in the system is to cause the power flow 

in the harmonic frequencies to initially build up in a manner analogous 

to what takes place on the lossless line, to reach a maximum which does 

not necessarily occur at the same position for each harmonic, and to 

attenuate for large distances. 
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FIG. 28--Calculated power flow in the fundamental, third, and fifth harmonic 
frequencies. The dashed curves apply for 10° watts while the solid 
curves apply for 10' watts. 



The conversion efficiency tj^(z) for the ktl1 harmonic generated 

along the nonlinear transmission line may be defined by the relation 

Pk(z) , . tl(z) » -2— X 100* , (75) 

pi 

where is the net power transferred into the nonlinear section 

at the fundamental frequency. The conversion efficiency is plotted in 
7 

Fig. 29 for the third and fifth harmonics for an input power of 10 watts. 

Since power is lost at the fundamental frequency due to circuit losses 

as well as to conversion losses, there exists a critical length zcr^t > 

over which the power level is high enough to cause appreciable frequency 
• * 

conversion. From the curves given in Fig. 29 it can be seen that, for 

obtaining optimum traveling-wave interaction between fundamental and third 

harmonic frequencies, * 0.3 cm • For z > zcr^t tbe attenuation 

of the fundamental signal is great enough to decrease the nonlinear coupling 

to the point where all frequencies effectively propagate approximately 

independently along the lossy line. 

The results given in Figs. 2Ô and 29 show that it is possible to 

generate considerable harmonic power with the traveling-wave scheme, but 

with low conversion efficiency. By comparing this device with the cavity- 

type device one might expect that the distribtuted system would require 

about Q times the drive power necessary for the lumped system. In 

addition, due to the lower circuit impedance of the distributed system 

and to the loss of energy to undesired higher harmonics, one might further 

expect that the conversion efficiency of the distributed system would be 

much less than what is obtainable from the lumped system. The cavity- 

type ferroelectric frequency tripler operating from 3 kMc to 9 kMc discussed 

above serves to illustrate these points. This device was observed to give 

a third harmonic conversion efficiency of 8.5 per cent for a peak input 
6 T 

power of 2000 watts. By comparing the input powers of 10 - 10 and 2200 

watts required to drive the traveling-wave and cavity-type devices, 

respectively, it becomes apparent that these input powers are essentially 

related by the Q of the cavity which was approximately 1000. Further¬ 

more, the measured conversion efficiency of 8.5 per cent is about 40 

times better than the theoretical prediction for the traveling-wave device. 

- 102 - 



- 103 - 

F
I
G
.
 
2
9
—
C
o
n
v
e
r
s
i
o
n
 
e
f
f
i
c
i
e
n
c
y
 
f
r
o
m
 
f
u
n
d
a
m
e
n
t
a
l
 
t
o
 
t
h
i
r
d
 
a
n
d
 
f
i
f
t
h
 
h
a
r
m
o
n
i
c
s
.
 



The contrast between these devices clearly demonstrates the superiority 

of the lumped system. It should be noted, however, that it may be possible 

to construct efficient traveling-wave harmonic generators by using circuits 

which have distributed filter characteristics such as periodic structures. 

Circuits of this nature have two highly desirable features. The first is 

that they have a much higher Impedance level than uniform transmission 

lines, and the second is that they can be designed to suppress the un¬ 

wanted harmonics by filtering them out. Both of these properties directly 

contribute to improving the conversion efficiency of traveling-wave systems. 
66 

As an application of these principles, it has been shown that high 

efficiency frequency doubling can be obtained by using a dispersive 

distributed circuit having a low-pass filter characteristic 

which cuts off between the second and third harmonics. Aside from the 

considerations concerned with conversion efficiency, it should be emphasised 

that harmonic generators employing distributed circuits have the advantage 

over lumped circuits of being broadband or of being able to generate 

harmonic power over a wide range of frequencies. 

D. HARMONIC GENERATION IN NONLINEAR WAVEGUIDES 

The problem treated in the preceding section dealt specifically with 

a nonlinear TEM transmission line where voltage and current are uniquely 

defined and have the same value throughout the entire transverse plane. 

In the more general waveguide problem this is not the case since the 

variations in the transverse fields must be taken into account. Ibus, 

treating the waveguide as a TEM structure, as discussed above, is only 

an approximation Which allows one to estimate the process of traveling-wave 

harmonic generation in ferroelectric ceramics at microwave frequencies. 

Due to the nonlinearity of the dielectric medium and the transverse 

variations in the fields, a different value of permittivity is associated 

with each point in the transverse plane of the waveguide. These transverse 

variations in permittivity are of considerable importance since they are 

responsible for the presence of mode conversion in nonlinear waveguides. 

The effect that the transverse variations in permittivity have upon the 

propagation of a wave may be seen qualitatively by noting that it is 

possible to derive distributed constant networks for field problems by 
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using finite difference techniques.As an example, consider the two- 

dimensional transmission line network representing the TE^0 modes in a 

uniform rectangular waveguide filled with a lossless nonlinear dielectric 

as shown in Fig,, 30.^ From this network representation it is apparent 

that, in contrast to the linear problem, when the dielectric medium is 

nonlinear, the phase velocity of the wave is different for each point in 

the transverse plane since each of the component longitudinal lines has 

a different relative excitation level due to the properties of the mode 

distribution. Thus in the nonlinear waveguide the variations in the 

transverse fields cause the mode distribution of the wave to be progressively 

deformed or, what is essentially the same, cause the propagation of a wave 

in one mode to be broken up into a set of normal modes. Similarly, the 

longitudinal variations of the wave cause progressive distortion of the 

wave as a function of distance and the simultaneous generation of harmonic 

frequencies. 

To analyze the nonlinear waveguide problem, consider a cylindrical 

waveguide of arbitrary cross-section completely filled with ferroelectric 

for z > 0 as shown in Fig. 31. Assume that the guide is illuminated by 

an incident wave in one mode, i.e., in the region z < 0 let 

^ > t) = a [^(p) exp (Jot - 7jz) ♦ c.c.] 

(76) 
if (r , t) = a [^(p) exp (jout - y^) ♦ c.c.] , 

where p is the transverse position vector, a is the amplitude of the 

signal, the subscript i refers to the incident mode, and c.c. denotes 

the complex conjugate. At each point within the waveguide the fields 

must satisfy Maxwell's equations, 

V X ÍÍ = - r— 
at 

7Xir=?.|f 
(77) 

It is evident from this equivalent circuit that, for the case of 
plane wave (or TEM wave) propagation, the transverse coupling vanishes; 
hencethe two-dimensional transmission line network reduces to a degenerate 
set of ordinary one-dimensional transmission lines. 0- 
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FIG. 30—Two-dimensional transmission line network representing the TE^ 
modes in a uniform rectangular waveguide filled with a lossless 
nonlinear dielectric medium. This circuit applies when = Az . 
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where ti and t are given by Eqs. (9) and (10), respectively. As discussed 

above in connection with Eq. (62), steady-state solutions to Eqs. (77) are 

sought in the fom of a Fourier tine series, and, since the response is a 

function of the strength of the excitation, they are also sought as a power 

series in the amplitude a of the drive. Thus, one can write 

!f(r , t) 

W W n 
h»-« p»i 

<P) (?) Jkrnt (78a) 

and 

«0 « 

.pajw(?)eji« > 
(786) 

k=-00 pal 

where ^ a t and a . <nje perturbation scheme used 

here is somewhat different from the one used in the solution of the trans¬ 

mission line problem, where the Fburier coefficients were expanded as a 

power series in the parameter multiplying the nonlinear terms in the differ¬ 

ential equation [see Eqs. (6l) and (62)]. The choice of the present 

perturbation method is dictated by the fact that when one is dealing with 

a set of nonlinear vector equations as given by Eqs. (77) this technique 

allows one to obtain solutions more conveniently. After substituting Eqs. 

(78) into Eqs. (77) and employing Eqs. (9) and (10), it can be shown [by 

using the orthogonality of the exp (jœt) terms and equating terms with 

the same power of p] that the following set of linear inhomogeneous 

boundary value problems results: 

7 K S<p) . . jta*0S<P> 

7X<P) = ^P) 

(79a) 

" p-1 p-s-1 

L L L ^0^3-J'tv[^n-Ïiï's'r) 
m, n=-oo g=1 r=l 

• <79b) 
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In deriving these equations the amplitude of the signal has been restricted 

to the case vhere only the first tvo terms in the power series expansions 

given by Eqs. (9) and (lO) are of significance. Equations (79a) and (79b) 

represent the three-dimensional generalization of Eqs. (63a) and (63b). 

Equations (79) can be integrated successively to obtain solutions 

to any order in p . The boundary conditions which must be Imposed on 

these equations are the usual conditions on the waveguide walls together 

with the continuity relations at z > 0 given by 

(?) • (1 ♦ r) (?) ¡ (?) * 0 for p « 2,3A • • • 

(?)■(!• r) (?) ¡ (?) * 0 for p * 2,3,It . . . (00) 

S¡iP) (?) • 0 ¡ «<P) (?) » 0 for |k| * 2,3,¾ . . • 

and a radiation condition as z -»« . Here P is the reflection coef¬ 

ficient for the fundamental owing to the discontinuity at z ■ 0 , and 

it is assumed, as discussed above in connection with Fig. 26, that all 

harmonics are short-circuited at z « 0 . In the process of successively 

integrating Eqs. (79) to build up approximate solutions, it should be noted 

that for each value of p the Inhomogeneous terms appearing in these 

equations constitute a known distribution of sources which can be expanded 

in the normal modes of the problem under consideration. Thus the inhomogeneous 

terms analytically describe the generation of higher order modes within the 

waveguide. The significance of these higher order mode solutions is that 

a finite number of them will not be cut off in the dielectric loaded guide. 

Hence, the power flow in the guide will not only exist in a series of 

harmonic frequencies but also in a finite set of propagating modes. If 

provisions are not made to extract the power in all of the existing modes 

at any one frequency, the efficiency of harmonic generation will be greatly 

reduced from the case of the nonlinear transmission line propagating a 

single TEM mode. The power transfer in the k harmonic and the n n 

mode, P. (z) , can be computed from Poynting's theorem and the orthogo- 

nality relations for the modes. The conversion efficiency from the funda- 

mental to the k harmonic and n n mode, tj. (z) , may be written 

- 109 - 



i 

as 

\,n 

K M 
(a) , •— X 100* , (81) 

ln 

vbere P^Q Is the net power input at s * 0 . 

lhe solutions to the waveguide problem represented by Eqs. (78), 

(79)» and (80) may now be applied to the example of the rectangular wave¬ 

guide excited in the TE^q mode discussed above. From the form of the 

nonlinearity and the syametry of the problem one would expect that odd 

harmonics will be generated as well as all TEn0 mooes where n is an 

odd integer. The calculation outlined in Appendix H shows that this is 

indeed the case. Equation (H. 10) of Appendix H is an expression for 

the electric field generated within the ferroelectric medlun. It can be 

seen from this equation, which is correct to third order, that both third 

harmonic fields are generated as well as higher order modes (e.g., the 

TE^q mode). Thus, one can generally expect the power flow in the guide 

to be split into a large number or propagating modes and harmonics. By 

comparing the solutions in Appendices G and H, it is apparent that the 

growth of the harmonic amplitudes (in each mode) is very similar to the 

transmission line response functions A^(z) and B^(z) . In addition, 

the mode conversion properties of the system have the same analytic form 

as the frequency conversion properties. One can therefore conclude that 

the power generated in the TE^ mode at the third harmonic given in Fig. 

28 is less than the values predicted due to the power lost in the other 

propagating modes, especially the TE^ mode. 

E. CONCLUSIONS 

The material presented in this chapter has been concerned with harmonic 

generation in ferroelectric ceramics. The cavity-type harmonic generator 

described in detail in section B represents the first successful large 

signal microwave device application of ferroelectric ceramics. Moreover, 

in the analytic description of the device it has been found possible to 

explain the causes for saturation in the input - output characteristics 

of the device. It is of interest to compare the efficiency of third 
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fcamontc generation obtained here rfth that obtained by other Investigators 

using different nonlinear «ateríais. Chang4'1 has experlaented with gemanlun 

point contact dlcdea and has reported «ensuring third hsmonic conversion 

efficiencies of about 2 per cent for tripling at 6.6 Me. ttl. should be 

coopered to the conversion efficiency of 8.5 per cent «easured ulth the 

cersnlc of 73 per cent BaTlOj - 27 per cent amo, . ferrites also find 

considerable use ss hamonlc generators; houever, these «ateríais ire used 

primarily In fre,ueucy doubling applications. As frequency doubler, ferrites 

us^ll, give conversion efficiencies scoevhat 1,.. tta„ 10 per c«,t, «though 

Melchor, Ayres, and Vartanian6» have report»! «ensuring efficiencies as high 

a. 25 per cent. ÜMed upon these considerations, It appears that fro« the 

device standpoint ferroelectric, are c,rt««y c-petltlve with diodes and 

ferrites In applications dealing ulth frequency «ultlplleation. 

Hie proble« of uave propagation m nonlinear dielectric aedla ccnprl.lng 

nonllnearltles In both the dielectric const«! <uk! the dielectric conduo 

tlvlty has also been treated In this chapter. By using perturbation 

techniques the steady-state response of nonlinear TW tr«anlsslon lines 

«d nonlinear cylindrical waveguides of arbitrary cross-section ha. been 

obtained, for »online« lossy dielectric «dl. the perturbation method 
of developing solutions represent, a staple and direct «y of treating 

the propagation probl«. Basically, the solutions found for th, «plltude» 

of the harmonic field, generated along the line describe how the progres¬ 

sive deformation of a wave nay be synthesised by Fourier series. The 

results of the solution, for the nonline« transmission line have been 

applied to the problem of traveling-«», hamonlc generation, where ,u«tlt.. 

tlv, results have been obtain»! by using the hnown large sign« ctaracterlstlcs 

of a ferroelectric ceramic of 73 per cent B.T10 . 27 per cent SrTIO, « a 

model of the »online« dielectric. These results not only predict what c« 

be expected of traveling-wave harmonic generators utilizing ferroelectric 

ceramics, but «so describe the analytic behavior of the functions derived 
herein. 

Generally speaking, tràveling-vave harmonic generators are not as 

efficient as cavity-type devices, and require significantly more drive 

pover due to the absence of the resonant circuits. The lower efficiencies 

obtained from the traveling-wave devices are primarily due to the existence 

of a large number of undesired harmonic frequencies and a finite number of 
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higher order propagating modes, each of which extracts available power from 

the harmonic (and mode) of Interest. In addition, the Impedance level of 

traveling-wave devices is to & great extent the controlling factor in 

determining the amount of harmonic power generated, and since it is relatively 

low for uniform transmission lines it causes the conversion efficiency for 

devices of this nature to be poor. As a consequence, it is necessary to 

employ dispersive distributed circuits which reactlvely filter out the 

unwanted frequencies and modes in a manner akin to the behavior of resonant 

circuits, and at the same time have impedance levels which are favorable 

for the process of harmonic generation. The major advantages of the 

traveling-wave device are the possibility of having broadband interaction 

and the relative simplicity of construction which is especially attractive 

in the millimeter wave and optical regions. 
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CHAPTER V 

SUHIARY AND CONCLUSIONS 

The prevailing objective of this report has been to describe through 

both analysis and experimentation how ferroelectric ceramics can be used 

in microwave device applications. To this end the work has been divided 

into three parts. Ifce first part, comprising Chapter H, deals specifi¬ 

cally with the current known microwave properties of the ferroelectric 

titanates as well as with a brief de-cription of the outstanding physical 

characteristics of these materials, -fte titanate material discussed most 

extensively and used throughout the course of this investigation is the 

ceramic composition of 73 per cent BaTii^ - 27 per cent SrTiO- . 

The major portion of the work reported herein is devoted to the 

remaining two parts which constitute Chapters III and IV. Chapter III 

deals with the small signal microwave applications of ferroelectric 

ceramics. In the first portion of this chapter the general incremental 

behavior of phase shifters, attneuators, and tunable cavities is given 

in considerable detail. The incremental formulas expressed as Eqs. (l8), 

(19), and (23) are all independent of the specific ferroelectric material 

and of the configuration of the device in which it is incorporated. On 

the experimental side, the latter portion of the chapter describes the 

design and construction of an X-band ferroelectric phase shifter. Although 

the performance of this device is at best marginal (see Pigs. 7, n, and 

12), it clearly demonstrates the limitations of ferroelectrics in small 

signal devices and further shows what important design considerations 

are made for a typical application. 

Uitly, the material of Chapter IV treat, in some detail the problems 

of harmonio generation in ferroeleotrio ceramics in cavity-type devices 

and along nonlinear transmission lines. These analyses are novel in the 

sense that they include provisions for both nonlinear reactive and - 

- 113 - 



resistive mechanisms for frequency multiplication, and in addition, each 

analysis gives a rather complete circuit description of the behavior of 

the device. Most other studies of harmonic generation reported in the 

literature have avoided analyzing a particular circuit configuration in 

detail. As a consequence, these analyses have usually been Incapable of 

predicting saturation phenomena. Moreover, studies of traveling-vave 

harmonic generation have not given due consideration to the process of 

mode conversion in nonlinear waveguides which accompanies the process of 

frequency conversion. 

Prom the results of the experiments performed on the ferroelectric 

frequency tripler (see Pigs. 21, 22, and 2k) it appears that the most 

promising application of ferroelectrics is in large signal devices. This 

is based upon the fact that with presently available ferroelectrics, which 

are far from ideal from the microwave standpoint, third harmonic conversion 

efficiencies of nearly 10 per cent can be realized. 

At the present time, the general use of ferroelectrics in microwave 

devices appears to be impractical, except in certain specialized cases. 

This is due to the low material Q (typically between 10 and 20) and to 

the extremely high dielectric constant (typically between 1000 and 2000) 

of these materials. Nevertheless, ferroelectrics do have the potential 

of repUcing ferrites in a variety of applications such as phase shifting, 

cavity tuning, parametric amplification, and harmonic generation. In each 

of these applications the materials could be used up to wavelengths of 

3 to 6 millimeters and would be biased with electric rather than magnetic 

fields. This is not meant to infer that ferroelectrics can replace ferrites 

in all types of microwave devices. For example, ferrites have the unique 

property of being gyromagnetic which makes such nonreciprocal devices as 

isolators, circulators, and gyrators possible. 

Finally, it seems Justified that further work should be done on 

investigating - the large signal characteristics of the materials in the 

presence of dc bias. By applying a bias to the material, the nonlinearity 

becanes directly proportional to the rf field and becomes a function of 

dc bias. From these large signal characteristics one could evaluate the 

possibility of using ferroelectrics in device applications involving 

parametric amplification, parametric limiting, and frequency doubling. 
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It vould also ba of mtarost to continu, the vork on trayellng-uav. hamonlc 

generation by perfomlng sa»e experlMnts to test the theory of Chapter IÏ 

and by doing additional «ork on distributed nonlinear filter circuits. A 

very graphic Illustration of uby this uork on traveling-«,, hansonlci Is 

of Interest can be found by referring to «g. 2k »hich demonstrates just 

ho. narrowband the cavlty-type tormonlc generators are. The travellng- 

.ave device has the obvious advantage of being ulde-band. As a final 

observation one should note, above all, that since any device Is as good 

as the materials of «Ich It Is comprised, much Important .ork In the 

future .111 be directed to.ard understanding ani Improving the micro«,, 

characteristics of ferroelectric materials. 



APPENDIX A 

SQN EFFECT PROPERTIES OF FERROELECTRIC CffiAMICS 

In the steady state, when all field quantities vary as exp (Jojt) , 

the fields within the ferroelectric ceramic are governed by Maxwell's 

equations 

V X ? « - jo) p0 £ , (a. i) 

and 

V X * Jo> €0 (1 - J tan 6) £ . (A. 2) 

By making use of Ohm's law ? = o £ and by eliminating ? between Eqs. 

U. 1) and (A. 2), one obtains the wave equation for the rf current density 

i in the dielectric medium 

2 

^ 1 ♦ (?) (1 - J tan 6) ? = 0 , (A. 3) 

where c is the velocity of light in free space. 

To determine the skin depth in the ceramic, consider a semi-infinite 

slab of material in which ? varies with the depth of penetration (taken 

to be the x-direction). 3y assuming that the current flow is limited to 

the z-direction or is parallel to the surface of the slab, Eq. (A. 3) 

becomes 

d% /„f 
^r+(;) ^ d - J tu 6) . o • (a. 4) 

The solution to this equation which vanishes at x . . nay be written as 
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vhere ■ - (-) <' (l - J tan 6) and Is the current density at 

X * 0 . Since k* > 1000 and tan 5 < 0>1 , one finds from the expression 
2 

for p that the factor hlch determines the decay of current in the 

dielectric is exp [- ~ (^) tan 6 xj . Finally, by defining the 

skin depth A as the distance at which the current density is attenuated 

by a factor of e"^ of its value at the surface, one has 

2 
A ■ 

(f ) tan & 
(A. 6) 



APPENDIX B 

THE INCREMENTAL BEHAVIOR OF ELECTRICALLY TUNABLE PHASE SHIFTERS 

In order to determine the general incremental behavior of ferroelectric 

phase shifters, consider the arbitrary waveguide configuration shown In 

Fig. B. 1, where reference planes 1 and 2 are chosen sufficiently far from 

the Junction so that all higher order modes are vanishingly small at these 

points. 

It Is desired to find the Incremental change In phase shift ^ 

for an Incremental change In complex permittivity ùe. of the nonlinear 

ceramic. The system Is assumed to be well matched so that reflection 

losses can be neglected. In addition, wall losses are taken to be 

negligible In comparison to the losses occurring within the ferroelectric. 

Within the volume bounded by reference planes 1 and 2 the fields must 

satisfy Maxwell's equations: 

V X ÏÎ = - Jo> ï? V X » - Jo> Î?' 

Vxl?= Jœ € f V X if' * Jo> (e ♦ òe) f', 

where the primed quantities refer to the conditions existing after e has 

been changed to c + Ac . Assume that the fields at reference plane 2 

can be represented in terms of the fields at reference plane 1 by 

'-J0' 

where 0 is the phase shift through the device, and rj is the attenuation 

of- the signal at reference plane 2 relative to reference plane 1. For gnu'll 
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FIG. B. 1—Arbitrary waveguide configuration with ferroelectric. 



changes ln c , one can write 

t' - ?♦ át 

^ ♦ A ? 

and 

(B. 3a) 

0' ■ 0 ♦ A 0 

n# - ij ♦ aij 
(B. 3b) 

where AÍ and A? represent the changes in the fields due to the change 

In « and A 0 and A i) are, respectively, the change In phase shift and 
attenuation. 

The Incremental phase shift A 0 can be computed by considering the 
vector identity 

V • (* X tf'* - X fr) - ff'* ‘ (V X *) - . (7 X t) 

- t . (7xff'*) ♦ t' . (7x^) , 
(B. 4) 

where * denotes the complex conjugate. By taking the volune integral 

of Bq. (B. 4) over the volume V enclosed between reference planes 1 and 

2 and by converting the volume Integral on- the left hand side to a surface 

integral, one obtains the relation 

$ ÇÍX f'* - 2' X fr) • da 

S 

“ ^ • tf) dv 

+ jo*0 / (?'* • f. r . ^) 
J V-Vf 

♦ jo** / (tr*. . ^) dv 
JVf 

/ ? dv , 
J V 

dv 

+ J Wù£* (B. 5) 
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where use has been made of Eq. (B. l). In deriving this equation, the 

volume integral containing terms in c has been broken up into an integral 

over the volume of the ferroelectric Vf (the only place where the pennit- 

tivity is complex and can undergo a change) and an integral over the remain¬ 

ing volume V - Vf enclosed by the surface S . Due to the boundary 

conditions on the waveguide walls the surface integral vanishes everywhere 

except at the two reference planes S1 and S2 . For a constant input 

signal at reference plane 1 (i.e., and it is found, 

by substituting Eqs. (B. 2) and (B. 3b) .'into Eq. (B. 5), that 

2J sin * ^ - *1 f (ï^ X 3j) . d? 

f 

where Im denotes the imaginary part. By equating the imaginary terms 

in Eq. (B. 6) and assuming small losses (viz., e"« e') one obtains, 
to first order in A , 

(B. 7) 

f 

By making use of the relations for the output power P and the power 
, . . . « _ out 
lost in the dielectric P given by 

lost ^ 

(B. 8) 

and 

f 
(B. 9) 
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Eq. (B. 7) reduces to 

1 Ae' 
lost 

2 € ' tan 6 P 
(B. 10) 

out 

For small losses the insertion loss of the device is approximately 

given by 

L « lost db . 
0.23 P 

(B. 11) 
out 

Hence, by combining Eqs. (B. 10) and (B. 11) and noting that €' * , 

one obtains the formula for the incremental phase shift 

^ * 0,115 Lradia-18 • 
(B. 12) 
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appendix c 

THE DOBŒNTAL BEHAVIOR OP EMCTRICAUiY TUNABLE ATTENUATORS 

In reference to Mg. B. 1, it le dealred to find the Increaental 

change In attenuation 4) oa a «Ignftl passing between reference planes 

1 and 2 when the complex pemittivity of the ferroelectric changes by an 

incremental amount de . It Is assused that wall losses can be emitted 

and that the system is well matched so that reflection losses are negligible. 

Between reference planes 1 and 2 the fields within the Junction must 

be solutions to the Maxwell curl equations. These are: 

Vxï--Jon0ï? Vxf'--jan0tf' 

Vxff.ja*? ?x - J a*« ♦ de) , 

where the primed quantities refer to the conditions existing after e has 

been changed to c + de . As discussed in Appendix B, assine that the 

relation between the fields at the reference planes can be expressed as: 

^.^e-n-J* ïÇ.lÇe-1'- 

where for small changes in e one has 

J*' 

(C. 2) 
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P 

I 

and 

= t + $ 

ij' = ij ♦ A) 

(C. 3b) 

The incremental attenuation A) can be computed by considering the 

vector identity 

V . (t X £'* ♦ X fr) « ff'* • (V X £) - £ . (V X £'*) 

♦ £* • (Vx £') - £' • (7 X 
(C. h) 

where * denotes the complex conjugate. By converting the volume integral 

of Eq. (C. 4) into a surface integral over the volume enclosed between 

reference planes 1 and 2, one obtains 

(£ X £'*■»■£' X £») • da = - j <an0 J (£' •£*♦£'*•£) 

«• j OX / (£' . £4 + . £) ¿y 

dv 

v-vt 

4- J cu^e* / £'» . £ dv (C. 5) 

where use has been made of Eq. (C. 1) and where S , V , and Vf have 

the same meaning as discussed in connection with Eq. (B. 5) of Appendix 

B. By making use of the boundary conditions on the waveguide walls and 

by substituting Eqs. (C. 2) and (C. 3b) intç Eq. (C. 5) the following 
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equation is obtained: 

(¾^ X ) . di*- 

• ^) dv ♦ 2Ja)e0 

X bJ[) • da 

R (ï* • dv 

2J«)e* J Re (Í' . &) dv ♦ Jcdûé* . t dv (C. 6) 

where It has been assuned that the signal level at reference plane 1 has 

a constant value. Ry collecting first order terns In A and taking the 

real part of Eq. (C. 6), it is found that 

One can now simplify this expression by using the relations for input 

P0’'61* Pin > output power P , and power lost in the dielectric P ■“* oui lost 
given by 

1 
2 

(DC dv » P 
lost 

(C. 8) 

(C. 9) 

(C. 10) 
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By substituting Eqs. (C. 8), (C. 9), and (C. 10) into Eq. (C. 7) and noting 

that Pl08t = Pin " Pout ' 7) reduces t0 

Observe that no restriction has been placed upon either P^08t or 

€ 7€ * as was done in the derivation of the phase shift formula. In that 

derivation it vas found that for small losses (a necessary requirement if 

the phase shifter is to have any practical value) and for c 7c ' « 1 

the resulting equation for ¿0 vas Independent of the configuration of 

the device. Here one finds that both òe7€* and the volume integral in 

Eq. (C. 11) sure in general of the same order of magnitude. Therefore, 

the formula for the Incremental attenuation is given by 

1 AT P. . 1 a*" r 
äi *--- ♦ - - / (£ • ¿IV ♦ Ifr • Æ?) dv , (C. 12) 

9 c" p J»p V 
out out vf 

and is correct to first order. 
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appbhdix d 

1® HKSWDnW, BfflAVIOR OF EtacniIQUiï TOMBLB OIVITIK 

To determine the generel Incrementei behavior of resonant cavities 

containing ferroelectric staples, consider the artltraiy cavity configura- 

on shown in Fig. 0. 1. The ferroelectric saaple is assuned to he of 

arbitrary shape end site and the cavity valls ere assuned to be perfectly 

reflecting. The resonant frequencies of such a system are the natural 

HO. D. 1—Arbitrary cavity configuration with ferroelectric sample. 

codes of vibration of the fields enclosed within the vol™ bounded by 

reference plane 1-1 and can be found by placing an electric short at the 

reference plane. Then by allowing the complex permittivity of the non¬ 

linear ceramic to change from s to e ♦ * , it Is possible to detem'ne 

the resultant fractional change In the resonance of the cavity 

For each value of permittivity the cavity fields are governed by 

r 
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Maxwell's equations: 

and 

where 

7 X If « - Jcqi0 I? 

7 X tf ■ Jœe ? 

(D. 1) 

7 X ?' « - J (to ♦ dn>) 

7 X » J (to dB))(e ♦ dc) 

(D. 2) 

« ï ♦ ^ 

If ' » if ♦ Æ? . 
(D. 3) 

The incremental change in resonance Ad is most easily found by consider¬ 

ing the vector identity given by Eq. (B. U) of Appendix B. Prom this 

identity one can easily show, by making use of the divergence theorem and 

by utilizing Eqs. (D. l) and (D. 2), that 

(^) (? X IfX if* ) • d? » - J<dMq I if • if'* dv 

+ J (a) Ai$nrt / if' • Ifr dv ♦ J (to Ao)(e Ae)# / 2 • ?' 
V J V J V 

* dv 

- J(D€* f *'• dv (D. M 

where V is the volume of the cavity enclosed by the surface S which 

extends over reference plane 1-1. The surface integral in Eq. (D. U) 

vanishes identically due to the boundary conditions on the cavity walls 
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and on the surface of the reference plane. Hence, one can write 

Substitution of Sq. (0. 3) into Eq. (D. 5) results in the following 

equation, correct to first order changes: 

+ f m2 dv ♦ 2 J «* / In 0? . dv - 0 (D. 6) 

where Lb denotes the imaginary part. If one takes the real part of 

this expression and observes that c is only complex over the volume of 

the ferroelectric sample and can only undergo a change de in this 

volume, one finds 

(D. 7) 

It has been assumed here that in the volume outside the ferroelectric 

V-Vf the permittivity is that of free space . 

An examination of the integrals appearing within the braces on the 

left hand side of Eq. (D. 7) reveals that they can be written in terms 

of the energy stored in the cavity. Therefore, in the low loss approxima¬ 

tion, l.e., when /e' « 1 , Eq. (D. 7) reduces to the following first 

order expression: 

U 
diel = 0 (D. 8) 
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vhere U£ is the average electric energy stored in the cavity, including 

the dielectric 

VT ‘o/TÏ I*'2*'** *'/„ W2* > 
V-Yf Vf 

and vhere is the average energy stored in the dielectric sample, 

wK L m2*' • 

vf 

Note that for small losses one has 

-^0 /v l?|2dï ! 
use hac been made of this relation in deriving Eq. (D. 8). 

Equation (D. 8) can be simplified considerably by writing Ug and 

Udiel in term8 of the unloaded Q of the cavity containing the dielectric, 

1 • 6 • j 

aou. 
Q --5 , (D. 9) 

P 
rl06t 

and the dielectric Q , i given by 

2u) U 
diel 

'diel 
tan 5 

lost 

(D. 10) 

In Eqs. (D. 9) and (D. 10) Plost represents the power consumed in the 

ferroelectric sample. Combining Eqs. (D. 8), (D. 9); und (D. 10) with 

c' = €q k' produces 

Au _ _ 1 1 Af' 
œ “ “ 2 Q tan 6 ' 

which is the desired result. 
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APPENDIX E 

CALCULATION OF THE CONVERSION EFTICIBfCY 

OF THE RESONANT HARMONIC GENERATOR 

The objective of this appendix is to obtain an expression for the 

conversion efficiency of the resonant harmonic generator discussed in 

the first half of Chapter IV. In this calculation it will be assuned 

that the fundamental response is much larger than the third harmonic 

response. The analysis is consequently limited to the case of low, or 

at most, moderate, conversion efficiencies. 

The set of coupled nonlinear algebraic equations given by Eqs. (42) 

and (43) completely describes the behavior of the hamonic generator. 

When |V1I>|V3| , one can linearize these equations with respect to 

V^ and rewrite them as 

• ■(«Ol + V * 3<821 * *“2)^1 ^ * Vf Vj/Vj)] V1 (E. 1) 

(¾ + 3 J«c2) V3 - [(g03 + ïj) » 6 (g23 + 3 JuCg) V1 V*] Vj .(E. 2) 

Solutions to Eqs. (E. 1) and (E. 2) can be obtained most easily by using 

the method of successive approximations (iterations) in which a linear 

algebraic equation is solved at each stage. Observe that since this 

calculation applies in the low efficiency region, one can assume as a first 

approximation that the product of the nonlinear coefficients with the 

square of the voltage is small compared to the linear terms, or that 

I 

vi " —6— 

«01 * *1 

V , (g23 + J(PC2> v3 

(g03 + Y3^ 

(E. 3) 

(E. 4) 
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í 

This first approximation is valid when I has very small amplitude. 
w 

To obtain the second approximation, Eqs. (E. 1) and (E. 2) are solved 

for and , respectively, and Eqs. (E. 3) and (E. 4) are substituted 

into these expressions. In the second approximation it is assumed that one 

can neglect terms in the product of the nonlinear coefficients squared vlth 

the voltage to the fourth power. To this order of approximation one has 

8 

(gQl + ^) + 3(8^ ♦ Jaxjg) ii! 

2 1 

jg01 + YJ 

(E. 5) 

» 

and 

(s23 * 3JœCg) V' 

(Sq3 + + 6(g23 ♦ 3Ja»2) 
HI21 * 

lgoi ♦ 

(E. 6) 

Equations (E. 3) and (E. 6) are valid when |V.|>|vJ and when I is 
^ j 8 

small or when the efficiency is moderately low. 

The conversion efficiency can now be found by calculating the third 

harmonic output power in terms of the input pump power Pln . 

Considering the on-resonance (o> * high Q (n^ and 

m^ Yq » 0^) behavior, Eqs. (E. 5) and (E. 6) become 

8 

2 , I1/ 
(g0l + n Y0^ + 3^g21 * Jtll C2^ / 2 y \ 

(goi + n Y0) 

(E. 7) 

and 
3(821 ♦ Jil1 c2) V3 

(3 801 + m2 Y0) + 18 (g21 ♦ c2) 

-,(E. 8) 

^s01 + n Y0^ 
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where use has been made of the relation = . By combining 

Eqs. (E. 7) and (E. 8) and requiring that the system be well matched 

at the input and output terminals [Eqs. (51) and (52)], one obtains 

3(ggi + J c2^ -^g 

Ilj‘ 
^01 + ” ^g21 + J ni c2^ “I” 

2 g01 
^01 + 7 (¾. + J ni c2) 4 

(E. 9) 

From Eq. (E. 9) the output power given by 

pout ■ 2 Kl2 = 68„, |v,I2 ’03 "3 01 '3' 
(E. 10) 

can easily be found. In order to relate P .,. to P, (P, is eaual 
out in ' in ’ 

t0 Pinc since the system is matched), Eq. (U6) is used, i.e., 

IV = 2 n Y0 Pinc = 2 g01 Pinc * ^E* 11) 

By substituting Eqs. (E. 9) and (E. ll) into (E. 10) and neglecting all 

terms of higher order than the product of P, with the nonlinear coef- 
inc 

ficie.its, one finds after some algebraic manipulation that 

(E. 12) 

It should be emphasized that Eq. (E. 12), which is the desired result, is 

consistent with the approximations used in deriving Eqs. (E. 5) and (E. 6). 

The conversion efficiency tj = (Pout/Pln) X 100* can be computed 

from Eq. (E. 12) by inspection and is given as Eq. (5^) in the text. 

- 135 - 



APPENDIX F 

DETERMINATION OF PONTO FLOH IN THE HARMONIC GENERATOR CIRCUIT 

A general relation for the power distribution in the harmonic generator 

network can be obtained from the nonlinear algebraic circuit equations given 

by Eqs. (k2) and (43). These are rewritten here for convenience as Eqs. 

(F. 1) and (F. 2): 

*8 * (g01 * V V1 + 3 («21 * J“s|)(»f ♦ 2 »1 V3 V3 - Vj2 Vj) (F. 1) 

0 ■ («03 ♦ *3) Y3 - («23 ♦ 3Jœc2)(ï3 - 6 V1 v* Vj - 3 V*) . (F. 2) 

With reference to Fig. F. 1, the power delivered by the generator P 

at a) and the power transferred to the load P at 3a> can be expressed 
out 

as 

AIV< 

By substituting Eqs. (F. 

simplifying, one has 

*gen “ ^lost, cd + ^ % 

. Pout " " Plost, + 2 

“ 2 (vi O gen e l g' (F. 3) 

Pout * 2 B Y0 ^31 (F. 4) 

1) and (F. 2) into Eqs. (F. 3) and (F. 4) and 

[(6^ ♦ JœCgKl^r + 2 l^l2 lv3l2 - V*3 V3) 

2 i„ |2 
Re * 3Ja3C2)(Vl V3 “ 6 |V1|Í; |V3|2 - 3 lV3|4) 

(F. 5) 

.4, 
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where 

Plo.t, » - 2 <«01 ♦ 81 ♦ "2 ^ |Vll2 <F- 7> 

and 

PloBt, 3a»‘2(g03 + 03> |V3|2 ' (P’ 8) 

Observe that the linear loss terms in the nonlinear conductance g(v) have 

been included in the expressions for the power lost in the œ 

and 3u> resonant circuits. By subtracting Eq. (F. 6) from (F. 3) and 

making use of conservation of power, one obtains the following relation 

for the total absorbed power PvaP^ + P v _ : 
abs abs, o> abs, 3œ 

p.bB ' 6 % |<% * lvil4 + 2 lvii2 lv3l2 * VI3 v3)J 

- 2 Re|<%3 ♦ 3J<11C2)(V7 V* - 6 IvJ2 |V3|2 - 3 . (F. 9) 

This equation can be simplified considerably by noting that = 3 ! 

whence 

abs 
= 6 g 

21 IvJ* ♦ 3 |v3lu + 8 IvJ2 |v3l2 - (V*3 v3 ♦ V3 V*) (F. 10) 

It should be emphasized that the power absorbed in the nonlinear coupling 

element shown in Fig. F. 1 is due only to the conductance g(v) , as 

expected. 



APPENDIX G 

RESPONSE FUNCTIONS AHD ^(0 FOR THE NONLINEAR 

transmission line 

to* functions ^ (t) am B|¡ (i) »ppenrlng In Eq. (68) have been 

«■Putea to second order In the perturbation parameter 5 . ¡U b„ 

successive Integrations of Bjs. (63). Approxhmit« solutions .ere there- 

fore obtained for the fundamental, third, and fifth harmonic frequencies 

lb. final result, of the citations are given by the folloulng exprès- 
slons: 

\ (*) a V e 
“0^2 

-¿Si“ 1 - e -2¾5 

.-2. 
512 

2 r 
♦ '“>2 - 3{j I ßj 1 - 2e 

-20^2 

I-&**'-* “ -«i 1-(1 + ItOjz) e 
-^2 

(G. 1) 

B1 ■¿“''n 
s 

"è"5i 

+ ¿-H- 

1-(1 + ^z) e 
-^2 

32 ojß 

+ e 
■JkXjZ 

i ^ I*2 • ¢) ■ 1 - 2 e 
-20^2 

► 
(G. 2) 
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plus 

Ae (*) * ■ I uVo e’3aiZ ki01!* ♦ ^ u (o)2 - C2) 1 + SOjZ 

B 

- (l ♦ ^z) e 

’3aL* 
(i) * ^ miVj, e ¿ “tj 1 + 2¾1 - (1 ♦ ^i) « 

(0. 3) 

(0. 4) 

9 « °fz r í>í> 
Ajíz)-U2 — 2o<1 - 5(œ - qJßiZ 

128 ß 
VG * 

■50^2 

Bs M-1 u2 ¿ [(m2 - t2) ♦ lú< ß 2] V e 
? 128 ß. 

(0. 5) 

(o. 6) 

where 

0 „2 
---=0^0 ’ 

and and ß^ are, respectively, the attenuation and phase constants 

determined from the real and imaginary parts of the complex propagation 

constant given by Eq. (64). These expressions are valid when ß1 » 

which applies in the case of ferroelectrics. 
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APPENDIX G 

RESPONSE FUNCTIONS (z) AND (z) FOR THE NONLINEAR 

TRANSMISSION LINE 

The functions (i) and (z) appearing in Eq. (68) have been 

cooputed to second order in the perturbation parameter Ç » ytc^ by 

successive integrations of Eqs. (63). Approximate solutions were there¬ 

fore obtained for the fundamental, third, and fifth harmonic frequencies. 

The final results of the computations are given by the following expres¬ 

sions: 

(G. 1) 

(G. 2) 

- l4l - 



plus 

A= (î> ■ “v0 lift* ♦ I « («.2 - J2) 

. „ . ,.. -V .Wll - (1 ♦ IkXjz) e 

s<2) * ¿ “2 [**i • 5(“2 - iX* 

B5 U) ' ‘ ^ “2 ^ ' 5?) ♦ ^A*) v0 .■50ll, 

VG e 

-50^2 

where 

u = a) — c.cÄ V2 
0 2 G ’ 

Vi 

(G. 5) 

(0. 6) 

and and are, respectively, the attenuation and phase constar.ts 

deterained from the real and imaginary parts of the complex propagation 

constant given by Eq. (64). These expressions are valid when 

which applies in the case of ferroelectrics. 



APPENDIX H 

HAVE PROPAGATION IN NONLINEAR RECTANGULAR WAVEGUIDES 

The problem of vave propagation in nonlinear waveguides has been 

solved formally in Eqs. (78), (79), and (80). To illustrate the behavior 

of these solutions and to show how the example given in section C of 

Chapter IV must be modified when the transverse variations in the wave¬ 

guide fields are taken into account, consider the problem of illuminating 

the rectangular guide of Pig. H. 1 in a TE10 mode. The waveguide walls 

are assumed to be perfectly conducting so that the boundary conditions 

Ferroelectric 

FIG. H. 1—Nonlinear rectangular waveguide. 

and fi.îf=0 are satisfied where fi is the unit vector 

normal to the waveguide surface. 

Solutions to Eqs. (79) can be found by successive integrations. 

For p = 1, 2 Eqs. (79) reduce to 

7 X • -jtaVg Ï*1'2) 

7 X • Jta*0 - jx'^) J*1-2) 
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These are linear equations and give as possible solutions all TE and TM 

modes. Prom the continuity relations at z = 0 given by Eq. (8o) it 
can be seen that only the TE^ at angular frequency a> is of concern. 

Uhus by including both an incident and reflected wave in the TE^ mode 

for t < 0 and by matching these solutions at z » 0 to the TE10 mode 

in the region z > 0 , one has as the first order solutions in the 

electric field E^ 

z < 0 

*(1) 
y 

(äH‘ f' e'l1 Jot 
(H. 2) 

(H. 2) 

Here A is the amplitude of the drive which is chosen to be real and is 

related to the incident power P. in the TE,Ä mode bv me io ^ 

Inc 

“V2 

The propagation constants ^ and ^ x for the TE10 mode in the region 

z < 0 and z > 0 , respectively, are given by 

(H. 4) 

.2 _ M2 2 
¡I "“VO 

'll ”(i]2 • “Vo (K'l ■ • 

(H. 5) 

(H. 6) 

Note that the second order fields which are any linear combination of the 

normal modes of propagation vanish at z = 0 for all frequencies including 

the fundamental frequency [see Eq. (8o)]. One can therefore choose the 

second order solutions to Eqs. (H. 1) to have zero amplitude. 
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;r(;rt :: r“" id ^ - 
field.«, ' ae g0ÏWnl,,g'i““0“ for the tUrd order 

7x ■ - Jl«m0 

7x^3) - Jtae0 . ^(3) 

.Ljta£o (<'3 • j<'3,(^ • >íi)) tl 
(He 7) 

Z‘ :: r zTr r *be ^to 8iv- ^ 
the fi / ' 3 °nly' ^ CooblnIng tlle resulting equations at the fundamental (* . t) «„j thlrd (k , ^ q^tions at 

lloulng inhooogeneous Helahoit. equation, for ^ g(3) 
1 °3 

^ ^3) * “Vo <* 1 - J*"!) ^3) 

’ " Vo <*'3 ’ Jr'V 

♦ 2 (^1). s<J)) ^1) 

(^1) • Sj1') ¿y 

(H. 8) 

and 

^3) ♦ 9 «Vo (»'i - J-t-j) ï<3> 

- - 9 Vo <*'3 - ^ • (H.9) 

TT7 “ t0 ^ (I’ 8) ^ (i- 9) 0“ »* found by ^ Of 
he atandard techniques, a, general solutions to these equaÍZ cM 

hen be determined by adding the conpl^ntary solutions to the particuUr 

integru. and invoking the continuity relation, at s . 0 given by Ec' 1, 

The solution, derived in tUs .ay contUn those nodes include i„ tZ ^ ' 
homogeneous terns involving gj1) and ^1) - E(l)# ... , 0 :z - ~ *~.-tt 1:: (h- 9)’ 

Ch excites these modes in the nonlinear medium. 
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air finding the solution, to Eqs. (I. 8) and (H. 9) and combining them 

»ith Eq. (H. 3), one finds that the expression for the electric field in 

the region * > 0 correct to third order is given by 

71 + ri,l 

•ri,l + ri,l#)z 

i Jot - r, k , M2 (<'3 - JK'V 

h V 3 ’'i.!1. M - 6 Ao*. 
iri + ri,i, 

00 

(»', • j«"3) 

[lz ri,l * ri,l‘>2 - ri,3] 

__2__JL 
e ^ 2 „ 2> 

ri,í • r3,3> 

«ï + ri,l 

3 ri,i‘ . .- r3-32' 3Jojt (He 10) 

where use has 
been made of Eq. (78a). The propagation constants , 
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’ and r3,3 aPPearinß in thla equation can be expressed as 

r3,l "(«) ' 9 “2Vo (,i'l • J*"i) (fl-11) 

ri,3 ■ [tj * “Vo <*'l * •>*"!> (*• 12) 

r3,3 ' (i) • 9 “Vo <*'l • J«"!) . (H. 13) 

The solution for the electric field in the region z < 0 has already been 

given in Eq. (H. 2). To determine the magnetic field in the guide it is 

only necessary to substitute Eqs. (H. 2) and (H. 10) into the equation for 

the curl of t and integrate with respect to time. 
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