
U2LAS S IF I ED

A -''" Y;WD SEA/ES TECHNICAL INFORMSTION AGENCY
"ILIGTON HALLSAIO

ARIANGTON 12, VIRGINIA

V1 ICL ASSR fH fE1LD



NOTICE: When government or other drawings, specd-
fications or other data are iised for any purpose
other than in connection with a definitely related
govern•ent procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, f'urnished, or in any way
supplied. the said drawings, specifications, or other
data is not to bc rogarded by implication or other-
wise as in any manner licensing the holdvkr or any
other person or corporation, or conveying any rightr,
or p'n! fr-I on to nnanufnaturn, use or sell any
patented Invention that may in any way be related
thereto.



MEASUREMENI OF TEMPERATURE, SALINITY, AND VELOCITY OF WATER

THROUGH ELECTROLYTIC CONDUCTIVITY MEASUREMENTS

by L.L. Higgins

Technical Report No. 8609o01000-RU-000

15 March 1962

_I

i u m Prepared Under Office of Naval Research

C Contract Nonr 3474 (00), NR 062 276

SPACE TEC HN 01.O GY LA BORATO RIES, INC.
A S U B S I r I A R y 0 T H UM P S N 0 U 0 L * I 1, 0 C IN C .

8 4 3 3 F A L L ] R O O K A V E N U E C A N O G A P A R K , C A L I F n R N I A



TABLE OF CONTENTS

Page

1. INTRODUCTION

Z. CONDUCTIVITY DETECTOR

2. 1 Concept 2.1
2. 2 Related Techniques Z. 3
Z. 3 Description and Theory z. 4

3. TEMPERATURE DETECTOR

3. 1 Description 3. 1
3. 2 Separation of Variables 3. 7
3. 3 Resistance-Wire Thermometer 3. 11
3. 4 Comparison of Methods 3. 1 3

4. SALINITV DETECTOR
4. 1 Description 4. 1
4. 2 Separation of Variables 4.4
4. 3 TS-Meter 4. 5

5. VELOCITY DETECTOR

5. 1 Concept 5.1
5. 2 Electrochemical Methods 5. 4
5. 3 Description and Theory 5. 7
5. 4 Hot-Wire Anemometer 5. 14
5.5 Comparison of Methods 5. 25

6. SIGNAL PHENOMENA

6. 1 Electrode Effects 6. 1
6. 2 Differential Relations 6.7
6. 3 Correlated Signals 6. 11

7. CONDUCTING MEDIUM

7. 1 Medium Vai a'iles 7. 1
7. 2 Physical Data 7.4
7. 3 Ocean Environment 7. Zi

8. DETECTION THEORY

8. 1 Intrinsic (S/N) Ratio 8. 1
8. 2 Background Noise 8. 9
8. 3 Minimum Detectable Signal 8. ii
8.4 (S/N) Ratio 8.22
8. 5 Mode of Operation 8. 30



9. ELECTRODES

9. 1 General Considerations 9. 1
9.2 Eye-Type Electrode 9. 5
9. 3 Other Electrodes 9. 15
9.4 Polarization Impedance 9. 20
9. 5 Induction Probe 9. 25
9.6 CP-Electrode 9. 28
9, 7 Electrode Measurements 9. 35
9. 8 Design and Construction 9.63

10. RESISTANCE CALCULATION

10. 1 Potential Theory 10. 1
10. ý Axisymmetric Potential 10.8
10. 3 Homogeneous Volume 10. 1z
10. 4 Inhomogeneous Volume 10, 17
10.5 Homogeneous Surface 10.2.3

ii. DETECTOR HEAD

11. i General Considerations 11 i
11.2 Rankine Probe 11.Z
11. 3 Cylinder i1.i4
11.4 Wedge 1i.19
11. 5 Electrode Position 11.27

1Z. HEATING EFFECT

1Z. 1 Elementary Heating 12. 1
12.2 General Electrode 1Z. 3
12. 3 Internal Heat Generation 12. 13
1Z,4 Boundary Layer Heating 12. 17
12, 5 Heat Transfer Equation IZ.25
12.6 Non-Linear Heating 12Z 36

13, CONDUCTIVITY RESPONSE

13.1 Temperature Fluctuations 13.4
13. 4 Boundary Layer Response 13.14
13.3 Drift 13.2Z5
13.4 Response to Bubbles 13. 35
13. 5 Differential Probe 13. 39

14, VELOCITY RESPONSE

14. 1 Isotropic Turbulence 14, 1
14.2 One-Dimensional Case 14.9
14. 3 Proportional Fluctuating Flow 14. i0
14.4 Boundary Layer Response 14. 12
14,5 Mode of Operation 14.27

Ii



15. ELECTRONICS ANALYSIS

15. 1 Wheatstorm.e Bridge 15. 1
15. 2 Optimurm Bridge Network 15.9
15. 3 Balance Problem 15.23
15.4 Low-Noise Techniques 15. 30
15.5 Advanced Systems 15. 35

16. DETECTION EQUIPMENT

16. 1 General Description 16. 1
16. 2 Electronics Design 16. 5

17. LABORATORY EXPERIMENTS

17. 1 Electrode Experimeats 17. 1
17. 2 Water Tunnul Experiments 17.5
17. 3 Detection Equipment Experiments 17. 36

ADDENDUM

REFERENCES

.9'

iii



. T ,TRODUCTION

A A measurement of the el...-a_ resistance between electrodes im-
].rs•, :.--, flowing water cont:,• dissciveu z:ItL depends =n the tender-

".e of the water, the cone . i';',r, on of the electroly'te jolu-.ior ind
cert~i;. conditions, on ..' relocity of the water flowing between

"The techniq.'r:e : .nsidered in this Report take advantage
. •,ependeýnce of the elct .,.!aI conductitity of the water on these

0 f 1.=•, ý mai.e simultaneo4.;,, -L ]dependent and continuous measurements
of .he ." ature. concentr.:,,._io (salinity) and velocity at a point

in thJ t.-nds-d rnedi:,,&.,. En order to separate the contributions
Of LOO'~ ý ~nii~ *ctrolytic conductivity measurements

medust bed tLem: .I by a :tu, 1ek'It of the diel.ectric constant of the
meduman t eartfi7-_.c'La:. neating of the water flowing between theelectrodes. W c: i of' mos interest for the application of these

techniques are ,ie- wa... .nd t' water.

A brief descrir,. 6 .o.f.. . . ....... urement with the instru-
mentation covered in t.: s P. --,, th T sensitive element
of the detector consists of a .b omprized .,f s-;•all electrodes exposed
to flowing water of finite yti' , -vtc: conductivity. The electrode resist-ance depends on the conductlw .v '.'...anemdependsur onnth •lnity o 'V . in turn, is a function of thetemperature and salinity of th? ',r , o b).S variations in these quantities
give rise to electrode resiLtarce varA.ttions which are measurable with
electronic equipment. This mhc,, ,f .sueent is analogous to the
resistance-wire technique of but uses the water
itself as the sensitive eleme-n6 .aste. ý-rk thin e The temperature
coefficient of electrode re'1. ~tarce is L'outh .,.ve . Tha typicalfive testhat of typical
metalic resistance 'wires andi ' e.mparable :i that ý,' thermistor temper-ature sensors. The probe resitnce depe ind note:"'.•ecity if the water
is heated appreciably by the. ,C "":ctical cu .. r.t.. .ý-r:;ultant temperature
rise of the water as it passe, wl,.t',-er, the electros d-'.ds on its dura-
tion in the vicinity of the electrodes arni thrVohx'' the luidveloity. This mode of operation is toagos o that of 2 ie hlot-wire anrio'n-
eter. The salinity is dete.min .. inde.pende. of tli! te •.erature by meas-
,uring simultaneously the dielecLvic constant of the e.,- by Žeas-
d:Li.--rently on the salinity and ,emperatUre than docs the c•½ eci. ý-*,.ductivity. The se-2,,tivitv of ",.'e detector *s ,ige• .. a. - " o, .....-ven,. ,nal methods because i~a tc perature sen itivity •co\ffi n -
•r, and because nigher .apol.ied -- wer may be us d before tlbz! oc •:r..encj of
adverse effects. Tl'e rezpcns.e t me of the probe is limit e•nCO .-v it..
"oh, size since the thermal .nertial effects due to a ccoiing •roe-are not operative in the new de .ce. Also, the probe is rel•ft, Ivcl -as,-
to construct, even in very small sizcs, in a simple and ruggd confi v
•.Li direct -u,,. mcnt of the pr:"perties of the medium by pure],y Je.c
trical means, through an intrrin,.! .c measurement of the conductivit:r 90.d
dielectric constant, enjoys the -onvenience and extreme sensitiv-t. r
electronic measurements not post .ble with mechanical or other meacu7 V.

BSestAvailable Copy-
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very high power where the velocity signal dominates. Signals due to bub-
bles are characterized by their pulse shape. Temperature and salinity
signals are separated effectively by operating at ultra-high frequency
where the capacity of the electrode is important. Two frequencies exist
where either specific temperature or specific salinity measurements may
be made. This is a consequence of the differences in temperenture and
salinity dependence of the conductivity and dielectric consiant of the
medium.

(a) The factors which determine the ultimate differential sensitivity
of the detector to variations in temperature, salinity and velocity have
been determined. These limiting sensitivities depend on the operating
conditions; for e.xample, in the ocegn it is possible to measure temper-
ature Zariations of the order of 10- °C, salinity var ations of the order
of 10 %o and velocity variations of the order of lO knots. Comparison
with conventional measuring techniques indicates a superiority, in this
respect, of one or two order of magnitude.

(e) The frequency response of the probe is determined primarily by
its physical size. Theoretical studies of the power sensitivity spectrum
of the electrode to temperature, salinity, and velocity variations as
determined by its geometrical configuration have been made. The limL-
tations due to boundary layer flow have also been included.

(f) The electrical properties of the electrode sensing elements have
been investigated theoretically and experimentally. The potential field
of a given electrode and the associated function which determines the
sensitivity at a point in the electrode volume has been analyzed and
related to the overall resistance of the electrode. Measurements with
contact electrodes have been made of the electrode impedance as a
function of temperature, salinity, size and shape, frequency, surface
condition, as well as other factors. Numerous practical electrode
designs have been fabricated. Theoretical studies have been made of
the induction and capacitive type probes which show promise of being
superior to contact electrodes with respect to stability. Different
methods of mounting the electrodes to measure the fluid flow without
adverse effects due to the velocity boundary layer have been studied.

(g) Electronic equipment has been designed and constructed to meas-
ure temperature, salinity, and velocity variations with high sensitivity.
The optimization of the electronics for this purpose involves analysis
of the bridge network, techniques for balancing the bridge to a high
degree, choice of operating frequency, phase detection, and low noise
amplification systems. The existing equipment is capable of detecting
velocity variations and temperature (or salinity) independently.

(h) Laboratory experiments have been performed in a small water
tunnel to investigate the response of small probes to a known laminar
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or turbulent velocity field. Other experiments with the high sensitivity
detection equipment have been performed to measure very small temperature
variations in a well stirred tank of water.

The Report is divided into seventeen main sections, with subsections,
figures, tables and pages numbered sequentially in each of the main sections.
For example, the Fifth Figure in Section Twelve is numbered 12.5.
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2. CONDUCTIVITY DETECTOR

The measurement of the electrolytic conductivity of a flowing conduc-
ting medium, such as an aqueous salt solution, is discussed in this Section.
Electronic instrumentation which performs such a measurement will be term-
ed a "C-meter". for brevity sake.

21 i Concept

The electrolytic conductivity of' a solution is ordinarily measured
by placing a sample in a vessel which has two electrodes in contact with
the solution, If the properties of this "conductavitv Cell" -are known,
a measurement, of the electrical resistance between the electrodes is a
measure of the conductivity of the oluution., The conductivi.ty of a flowing
solution is obtained continuously in t.hc same way simply by making provi-
sions for the inlet and outrlet of the solution through the conductivilty
cell. The resistance measurement is fzequently made with a bridge network
operating at some converient frequency. A simplified diagram of such an
arrangement is shown in Figure 2.1 an oscillator supplies a signal to
a bridge in which the resistance of the cell constitutes one element of
the four-arm bridge. The output signal from the bridge is indicated on
an ac voltmeter and may be used as a measure of the variation of electrode
resistance from some reference value, The electrode resistance may also

•' be measured by the settings on the adjustable arms of the bridge which are
required to produce a null output.

The continuous measurement of the conductivity of a solution is of
particular interest in the case of an extended conducting medium such as
sea water, The variation of the conductivity of the medium from point to
point is obtained by moving the electrodes through the water and observing
the resultant variations in the voltmeter readings of the bridge output.
Accurate absolute measurements of the conducýttvity reqlu~ires a single elec-
trode cell with stable characteristics, stable reference resictances in the
bridge network, and/or a well calibrated voltmeter, Dýfferential measure-
ments of the conductivity of reasonable accuracy but g' sensitivi.ty are
best made by usirg two electrode cells in the bridge arrangement- instead
of one.. The other electrode replaces one of the other fixed '--rrýs of the
bridge, and the two electrode ce!ll are pbysically separated from each
other by a. distance comparable to,or larger than,the size of the largest
conductivity structure to be measured in the medium, The -onductivity
cells, themseLves, should be comparable tc',or smaller tban,the sm-dlest
conductivity structure that is to be measured,

The electrolytic conductivity of a. solution is a funcr.tion of the
temperature and salinity. The temperature coefficient, of most electrolyte
solutions is approximately 2 % per oC and the conductivity i! roughly
proportional to the concentration c:-' salinity of the solution. As a con-
sequence, a measurement of the conductivity st.rictu.re of the mediiam depends

2.1 Best Available Copy.
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Figure 2.1 . Continuous Flow Conductivity Bridge

on an unspecified combination of these variables which are inhomogeneous
over the (small) distances of interest. While, in some cases, it is of
interest to separate the relative contributions of temperature and salin-
ity to the conductivity variations, there are cases when a direct deter-
mination of the conductivity of the medium is useful. For example, if
one is interested in the way in which a certain turbulent field mixes
a scalar quanxr y in the medium, the measurement of the random conduc-
tivity field in the medium suffices to answer this question. This is
valid provided the scale of the structure which is measured is not so
small that thermal diffusion and/or ionic diffusion processes are

operative.

The refinement of the direct conductivity measurement, in order to
determine the values of the other properties of the medium, is the primary
purpose of this Report. We shall see that the temperature, salinity,
velocity and bubble content of the medium are measurable independently by
techniques involving the electrolytic conductivity measurement. If 5R
is a small change in electrode resistance of average resistance R, it may
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be shown that small changes in temperature, 8T, salinity, 5S, and velocity,
5U, of the medium moving at speed U relative to the electrode are related
by

where • is the temperature coefficient of conductivity, • is the salin-
ity coefficient of conductivityandiT the average temperature rise due
to heating of the medium as it flows through the electrodes. The develop-
ment and consequences of this equation are the object of a large part of
the analysis of this Report.

2.2 Related Techniques

The measurement of electrolytic conductivity has been used for many
years as a means of determining the concentration of aqueous solutions of
known temperature, and more recently as a means of measuring the temper-
ature of a solution of known concentration, Examples of these are now
given.

A stable electrolytic sensing element for measuring temperature for
direct current operation is described by Craig (1). It consists of a
solution of cuprous chloride, hydrochloric acid, and ethyl alcohol in a
capillary tube with 1 mm bore. The electrodes are made of copper. The
temperature coefficient of resistance is of the order of -2 % per °C.
Temperature measurements obtained with this element are accurate to with-
in 10 C. This type of electrolytic resistance thermometer can be used with
other electrolytes6 most of which have a resistance coefficient of the
order of -2 % per C, but which can be as high as -8.9 % per °C for a
42.7 % NaOH solution. Polarization effects',the development of gas, and
instabilities are likely to cause troubles. The use of ac equipment is
effective in reducing polarization effects. It is important to note in
this electrolytic resistance thermometer that it measures temperature
specifically since concentration (salinity) variations are eliminated
by always measuring the same mass of well mixed solution. Such a meas-
urement is, in general, not specific for a continuously flowing elec-
trolyte solution past the electrodes.

A technique quite similar to the conductivity sensor of this Report
is described by Prausnitz and Wilhelm (2), The authors describe an
electrical conductivity fluctuation measuring instrument. A small conduc-
tivity cell consisting of two platinum wires about L.0 mm apart and
1.2 mm in length is immersed in a turbulent Conducting solution in which
concentration microstructure is maintained by mixing dissimilar
solutions at the same tcmnperature. The variations in electrical resist-
ax.ce between the electrodes was used to measure the turbulent concen-

Best Available Copy
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tration fluctuations in the flowing medi'm. The experiments were so
designed that the concentration gradients were, relatively, much larger
than the temperature gradients in the solution. Thus, the measurements
were essentially specific to salinity. The instrument operates with a
10 kc carrier and solutions of .001 N - .050 N hydrochloric acid.

A very important example of a related instrument is the salinometer
based on the technique of a temperature compensated conductivity measure-
ment. A conductivity bridge instrument for this purpose was first success-
fully used by Wenner (3) and recently modified and improved by Schleicher
and Bradshaw (4). Composite instruments based on this principle for
simultaneously measuring salinity, and temperature as a function of depth
have been developed (5). The compensation and regulation of temperature
are a serious source of difficulty for high precision salinity measure-
ments by this means due to the large temperature coefficient of conduc-
tivity of sea water. A powerful method to eliminate much of the temper-
ature problem is temperature compensation, in which a compensating resis-
tor or condu2tivity cell forming one arm of the wheatstone bridge is
exposed to the same temperature as that of the sea water under measure-
ment. The ultimate accuracy of salinometers based on a conductivity meas-
urement rests on the tables of conductivity of sea water as a function

of temperature and salinity. A general review of this type of salinometer
is given by Paquctte and Hersey (6,7,8).

2.3 Description and Theory

A more detailed description of instrumentation for measuring the
conductivity of a flowing medium is given below.

Electrolytic Conductivity

The conduction of electric currents in electrolyte solutions is due

to the motion of the disolved ions rather than electrons as in the case
of metalic conductors, hence the term "ionic conductivity" or "elec-
trolytic conductivity." The conductivity of metalic and electrolytic
conductors are greatly different; for example, the conductivity of cop.-
per and sea water are in the ratio 1.O7 to l. Ohm's Law applies to elec-
trolytic conductors, e.g., aqueous solutions, but here the relation is
less straight forward to apply in practice because the cl1.cctroLyd.is ac-
companying the passage of a current may cause both the appearance of
insulating films on the electrodes and an increased electrolytic resist-
ance due to removal of ions from the solution .polarization). These ef.-
fects are large for direct currents and progressively smaller at higher
alternating currents.

The electrical conduction of an electrolyte depends on the nahure and
number of ions present. Gener.lly speaking, the greater the concentration
of ions the higher the electrical conductivity.. The conductivity is also
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strongly dependent on the temperature of the solution. It increases at
higher temperature because of the increased mobility of the ions respon-
sible for electrical. conduction. For most electrolyte solutions the
temperature coefficient of conductivity is about 2 % per OC. As an example
of this temperature dependence, the conductivity of sea water as a function
of temnerature from 0 °C to 100 oC is shown in Figure 2.2 A five fold.

increase in conductivity is experienced over this temperature range at,
this is typical for most electrolyte solutions, The variation of conr&1m'
tivity with concentration is itluctrated in Figure 2.3 for the two com-
mon and important electrolyte solutions of sodium chloride (NaC1) and
sodium hydroxide (NaOH)(9). The conductivity of NaCi increases with
concentration up to the saturation point, but NaOH has the interesting
property that a maximum in the conductivity occurs at a certain concen-
tration (15 '%) which is well below the saturation point for that solution.
The conductivity of sea water is also shown in that Figure as a basis
for comparison.. Reference will be made frequently to sea water as an
example of an aqueous electrolyte solution, w.ich primarily consists of
about a 3.3 % sodium chloride (NaCl) solution, since it represents one of
the most important waters in which the instrumentation described in this
Report finds application.,

Electirode Resistance

The resistance, R, of a uniform conductor is directly proportional
to its length,2 and inversely proportional to its cross-sectional area,
A. The constant of proportionality is the resistivity. p, or the conduc-
tivity, o-:

A 5A Oh

where h-1 (A/A) is the "cell constant.," The resistivity represents
the resistance between opposite faces of a centimeter cube of the conduc-
tor and has the units ohm-cm.. Correspondinglythe units of conductivity
are ohm- cm'1o The resistance between electrodes immersed in an elec-
trolyte solution is, in general-, a camplicated function of the shape of
the electrode configuration and container of the solution. Rather than
construct conductivity cells in which the cell constant is known accurate-
ly from the geometry, it is much simpler to calibrate each conductivity
cell by making measurements using an electrolyte of known conductivity
to oblain the cell constant,

A typical electrode cell arrangement frequently found in use in
electrochemical measurements is shrown in Figure 2.4 (10), The elec-
trodes consist of discs of p.latinum with, platinum black surfaces sealed
in a vessel in which the quantity a(, electrolyte is measured. A cell
arrangement of interest to the present detection tecnmiques is one which
allows the continuous flow of the electrolyte solution through the field
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Figure 2.4 Typical Condiuctivity Cell Design

Figure 2.5 .Hydrodynamic Conductivity Cell Design



of the electrodes. Such an arrangement must also take in consideration
the hydrodynamic porperties of the flow through the conductivity cell.
An arrangement of this type is shown in Figure 2.5 where both the elec-
trodes are in the same plane, thus, presenting a smooth flat surface to
the fluid flow. The electrodes consist of the central metal disc and
the outer metal region both separated by the flush electrical insulator.
The electrical wires leading to the electrodes are not shown in the photo;
one goes to the main stock and one to the central disc. The fluiC flow
is from the left to right over the wedge shaped structure. For spacial
differential measurements two conductivity cells are located in close
proximity with a given separation distance. This situation applies in
Figure 2.5 where an identical electrode cell is also located on the
other face of the wedge not visible in the photograph.

The dependence of the conductivity, C of a solution on small changes
in temperature and concentration (or salinity) can be expressed as

C; D, [+ PT (T - T,) +P(S~% -,S

where 0a. is the conductivity at temperature T, and salinity S,, and
and ; are the coefficients of temperature and salinity, respectively.
The convention will be adopted in this Report of expressing salinity in
units of grams of salt to 1000 gms of solution (%o)o With the notation

4T = T - T.

and
4S = S - S,

the above expression becomes

(r. ) AT + M

In general, the temperature and salinity coefficients of conductivity for
aqueous electrolyte solutions are positive; e.g., for sea water at 20 0C

S= +2.1. % per 0C

and

P=+2.5 % per

As mentioned above, the resistance between electrodes immersed in a
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solution is

ch

-1where h is the cell constant and oc the conductivity of the solution.
A small change in electrode resistance, dR, is related to a small change
in conductivity simply by

A 4%__ 14 ~)7

where R. is the electrode resistance at temperature T, and salinity S..
In terms of the coefficients of conductivity

4R =_ AT- ,A

Since sea water is one of the most important electrolyte solutions of
interest in this Report, it is of interest to look more closely at its
electrical properties. In Figure 2.6 the resistivity of sea water is
plotted as a function of temperature and salinity over the range of these
variables found in most of the world's oceans (11). The resistancy of an
electrode configuration in sea water with a cell constant of 1 cm. is
numerically equal to the resistivity given in Figure 2.6 . At a temper-
ature of 20 0C and a salinity of 35 %.the resistivity is a~out 21 ohm-cm
which corresponds to a conductivity of about .048 ohm- -cm" . The cor-
responding electrical conductivity varies non-linearly with both temper-
ature and salinity, increasing with increasing temperature and increasing
salinity. The conductiyity 1 ranges from approximately zero at river out-
lets to about .060 ohm cm for sea water of high salinity and temper-
ature. The fact that the resistivity (or conductivity) of sea water is
a sensitive measure of its thermochemical state in the oceans is a con-
sequence of the two fold change in this variable over the range of temper-
ature and salinity found in the oceans, whereas the temperature and salin-
ity variables themselves experience a far smaller fractional change over
the same range (a fractional change of about 1/10 for both)*. The temper-
ature and salinity coefficients vf conductivity for sea water are shown
in Figures 2.7 and 2.8 over the range of these variables of interest
in the oceans. It will be noticed that these coefficients are largest
in the deeper waters where the temperature and salinity are low. The
large temperature coefficient of sea water (or any electrolyte solution)
is compared in Figure 2.9 with that of typical metals used in resistance-
wire thermometers. The magnitude of the resistance of a wire or elec-
trode relative to the resistance at zero degrees is plotted in this graph;

*The fractional temperature change is with respect to absolute temper-
ature, e.g., 20 °C is 293 0K.
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it should be remembered, however, that the resistance of wires increases

with increasing temperature whereas the electrode resistance decreases
with increasing temperature. The temperature coefficient of wires is of
the order of 0.4 % per °C in comparison with 2 % per 0C for aqueous solu-
tions.

Electronic Equipment

A simplified electronic arrangement for measuring conductivity
variations in flowing water is shown in Figure 2.1 . Two electrodes of
suitable design are immersed in the water and the resistance between them
is arranged so that it represents one arm of a wheatstone bridge. A

bridge arrangement is well suited to the measurement of small changes in
the value of an electrical element about its average value. Variations
in electrode resistance due to conductivity changes caused by temperature
and salinity changes gives rise to a voltage across the voltmeter, thus
providing a means for measuring the combined temperatuie and salinity
variations. The source of electrical power indicated in this diagram
is an oscillator since it is necessary to use a source of high frequency
(e.g., 40 kc) electrical power to avoid electrochemical polarization ef-

fects at the metal electrodes. A great variety of instrumentation is in
use today for electrolytic conductivity bridge measurements to determine
the absolute salt concentrations in solutions of known temperature (12).

Although the absolute measurement of the conductivity of the water is

important, the present instrumentation finds its greatest value in measur-
ing small changes of conductivity in space and time. That is, interest
is centered on a differential conductivity measurement. Differential
measurements in time are performed by comparing the instantaneous signal

with the average signal over a given time interval. This is accomplished
in practice by an appropriate electronic filter; a simple single stage

high pass filter with a given time constant is an example. Differential
measurements in space can be performed by two sensing elements spaced a
given distance apart which is comparable or larger than the scale of

conductivity microstructure which it is desired to measure. Such an
arrangement is shown in Figure 2.10 . The equipment consists basically
of a source of alternating electrical current to drive the bridge net-
work; the double conductivity cell wheatstone bridge; electronic detec-

tion equipment consisting of amplifiers, detector and filters; and
display equipment for recording and measuring the resultant output signal
induced by the conductivity differences between the two electrodes.
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3. TEMPERATURE DETECTOR

The use of a measurement of electrolytic conductivity to determine,
specifically, the temperature of a solution is investigated in this Sec-
tion. Instrumentation based on this principle for a temperature measure-
ment will be termed a "T-meter" for brevity sake. The characteristics
of a T-meter are compared with those of a resistance-wire thermometer at
the end of this Section in order to evaluate the relative merits of the
new technique of temperature measurement.

3.1 Description

Temperature measurement by means of a conductivity measurement is
now studied in more detail. The kdy :problem of making specific temper-
ature measurements without errors due to salinity variations is set off
for special consideration in Section 3.2 . The outstanding property
of the present method of detecting temperature fluctuations is its rela-
tively high sensitivity and rapid response time.

Sensitivity

The original motivation for the development of the present detection
techniques was based on the fact that, from elementary considerations,
extremely small temperature fluctuations were potentially measurable.
The reasoning was based on the following analysis. Consider a pair of
electrodes immersed in a flowing medium of conductivity oc. The resist-
ance, R, of the electrodes is related to the conductivity of the fluid
medium by

1
R=-

oh

where h- 1 is the cell constant; h is comparable with the size of the elec-
trode volume. Assume that the measurement of the resistance of an elec-
trode is ultimately limited by the Johnson noise voltage which appears
across the resistance. Suppose a voltage, V, is applied to the electrode
for the purpose of measuring its resistance, R:

V = IR

where I is the electrode current. For a constant current, small varia-
tions in resistance, 5R, cause small variations in voltage, 5V, across the
resistance given by

5V 5R
V R

The smallest detectable resistance change is set by the condition that
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5V is equal to the random Johnson noise voltage (M)

SFV = ý '4kT6fR ,

where k is Boltzmann's constant, T the absolute temperature (kT = 4 x
10-21 joule), and Af is the bandwidth over which the temperature fluc-
tuations occur. Rewriting the above relations we obtain

_ R 'kTA f

R P

and
v2

P = 2-

R
where P is the electrical power dissipated in the electrode resistance.
If 5T is the rms temperature fluctuation of the electrode resistance,
then

6R= T,

where P, is the temperature coefficient of the electrical conductivity of
the fluid medium. The minimum detectable temperature fluctuation is
given by

1 / .kT~f
6T = -T: P7 '

Or PP

We illustrate the very small magnitude of this temperature variation for
an electrode moving at velocity, U, through sea water. The bandwidth,A f,
is limited by the physical size of the electrode. If ; is the physical
wavelength of the smallest scale of temperature microstructure in the sea
water measured by the instrument, then the bandwidth is

U•f =

The wavelength is related to the size of the electrode approximately by

the condition*

= h

and

*This condition is probably too severe, a more realistic one is A 2h

(see Sec. 13.1).
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that is, the cutoff wavenumber is equal to the cell constant of the elec-
trode.

The above expressions are illustrated by the following numerical
example for electrodes in sea water:

C- = .048 ohm- cm-1

Pr = .o2 lper 'C

h = 1 cm

U = 12 knots

V = 1 volt,

then

R = 21 ohms

P = 48 milliwatts

J f = 100 cps

= 6.3 cm,

and
5T = 3 x 10-7 °C.

Thus, this elementary analysis indicates that extremely small temperature
variations are 4etectable by this method with relatively fast response
time (1.6 x lo-0 sec). The analysis of the sensitivity is again carried
out in detail in Section 8.3 and, though the results there are not as
optimistic as above, it does not change our basic observation that the
present instrumentation is capable of high sensitivity with rapid response
time.

Background Noise

The minimum detectable temperature variation found above assumed
background noise due only to Johnson noise associated with the thermal
agitation of the carriers of electrical charge in the electrode resist-
ance. If there is a random salinity variation, 5S, present in the medium,
the minimum detectable temperature variation is given simply by

5T = ( 5 ,

where P is the salinity coefficient of the electrical conductivity.
This limit of detectability is usually much larger than that given pre-
viously for Johnson noise. The reduction or removal of this source of
background noise for the temperature measurements is discussed in tection
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3.2 , below.

Another source of background noise is associated with the temperature
rise of the water caused by the electrical power, P, dissipated in the
water. The average temperature rise, AT, of the water passing through
the electrodes is (Sec. 12.1)

P
2cAU '

where c is the heat capacity per unit volume of the fluid and A is the
"frontal area" of the electrode volume. For simplicity we assume here
that the frontal area is approximately

2A = hE

If the flow velocity, U, experiences random fluctuations, bU, (turbulence)
then the temperature rise fluctuates and appears as a false temperature
signal. The rms value of these temperature fluctuations sets the minimum
detectable signal as

6T= E- (5u)
As a numberical example of this noise limitation, we assume the values of
the previous numerical example, and in addition;

5U = .01 knot

c = 4.09 joule/cm3 /oC ,

then .03

,6 T 10O-5 °c

P z 50 mw

and BT l0"8 oC.

Thus, this source of noise associated with electrode self heating and
turbulence of the medium is a small but not negligible effect in com-
parison with Johnson noise for the example given.

The ultimate temperature sensitivity, when turbulence is the limiting
factor, occurs when the Johnson noise limitation equals that due to tur-
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bulence, i.e., when

U)0- Pl* 4T

Rewriting this expression with the forms given previously for the band-
width and temperature rise, we obtain the ultimate temperature sensitivity
according to this simplified analysis:

_____--]I.

For the numerical values given previously, this amounts to a temperature
sensitivity of about 10-7 C. The above expression shows the general
dependence of the sensitivity on the electrode size and relative tur-
bulence level, viz.,

that is, the sensitivity increases as the size of the electrode increases,

and decreases (slowly) as the turbulence level increases. The electrode,
thus, should be as large as possible provided it is not larger than the
smallest scale of microstructure to be detected; and should be moved at
high speed through the random temperature field. The above analysis is
again carried out in Section 8.3 in more detail and confirms the results
obtained here indicating a high temperature sensitivity even in the pres-
ence of a turbuleAt velocity field.

Effective Temperature

In the event that it is not possible to separate the temperature and
salinity variations in their effect on the measured conductivity varia-
tions, it is convenient to introduce the concept of "effective tempera-
ture," 6T*, given by

BT* B T +(• 5S

That is, the effective temperature is equal to that temperature variation
which would cause the same conductivity variation that the actual temper-
ature and salinity variations did cause. The sensitivity theory given
above applies strictly to effective temperature. If the salinity varia-
tions, 8S, are small relative to the temperature variations, 8T, (as is
the case in most of the oceans) the effective temperature is approximately
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equal to the actual temperature:

E5T* &T

when 
(

Frequency Response

Since the measurement of the temperature of the medium does not
depend on the cooling of a sensing element (as is the case with the re-
sistance-wire thermometer) but depends only on the mechanical transport
of the fluid through the sensitive volume of the electrode, the frequency
response is determined only by the physical size of the electrode. It
was pointed out earlier that the bandwidth,6f, set by this condition
was given approximately by

2g (Uh

This formula assumes that the velocity is essentially uniform over the
electrode volume. The boundary layer at the surface of the electrodes,
where the velocity falls to zero, must therefore represent only a small
portion of the electrode volume if the above formula is to be valid. As-
suming the typical dimension of the electrode is h, the boundary layer
thickness is of the order of

h V_
VU

wnere V is the kinematic viscosity of the fluid. We require that the
electrode dimensions are large in comparison with the above boundary
layer thickness:

h'> M --U ,

where M is a number of the order of ten. Rewriting the above relations
we have

and Su2

2.M 2
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As a numerical example, assuine the following:

7P = .01 cm2 /sec

U = 12 knots = 620 cm/sec

M = 10

and, therefore

h > 1.6 x lO'3cm

4 f 61 kc.

Thus, a very small electrode may be used, corresponding to a very wide
bandwidth, before the limitations of boundary layer thickness become

important. These matters are discussed in more detail in Section 13.2

3.2 Separation of Variables

The fundamental quantity measured in the present instrumentation is
the conductivity of an electrolyte solution and its variations. These
variations are caused by corresponding changes in temperature and salin-
ity if we neglect the miscellaneous other effects, such as pressure changes
and bubbles in the water as considered in detail in Section 6,1 .
Although one can argue, as we have done in Section 2.3 , that a conduc-
tivity measurement, of itself, is a significant parameter to measure in
the water, it is also of interest to measure specifically and independ-

ently the associated changes in temperature and salinity. Conventionally,

this is done by instrumentation which is specific to the particular
variable under consideration, e.g., a resistance-wire thermometer for

temperature and (at a much slower rate) a salinometer based on a temper-
ature compensated conductivity measurement for salinity. In this Section

we discuss a number of situations in which the conductivity measurement

is essentially a specific measurement of temperature.

Lcw Background

The first and simplest example of this is when, as a result of

natural circumstances, the variations of salinity happen to be much

smaller than those due to temperature. As shown in Section 7.3 this

situation pertains to some degree in most of the world's oceans. Typ-
ically, the variations in conductivity due to salinity microstructure

in the ocean are about ten times smaller than those due to natural temper-
ature microstructure. On the average, then, the signal from a detector
based on a conductivity measurement operating in the ocean measures temper-

ature variations and the contribution due to salinity is about 20 db

below that due to temperature. This fact is of great practical importance

in the application of such instrumentation to oceanographic research
problems.
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Another experimental situation where this simple principle of temper-
ature dominance applies is where a great deal of heat energy can be gener-
ated in the experimental region as, for example, in the turbulence field
behind a heated wire mesh or in a jet of hot water issuing into a volume
of cold water.

Well Mixed Solutions

Another situation where conductivity variations are due almost en-
tirely to temperature variations occurs when the solution is completely
contained in a vessel which is well stirred ard not in contact with un-
dissolved quantities of the salt in solution. In this case, there is no
source or sink for solute or solvent. The salinity microstructure dies
out relatively quickly due to mixing and is, to a very high degree, elim-
inated from the measurement. Te ease with which this is achieved in the
laboratory, and even in large water tunnels, is a very important factor
in the application of conductivity measurements to temperature measure-
ments in these situations. This principle does not, of course, apply
to the temperature microstructure in the water because many sources of
heat energy are present in or about the stirred solutions. As a matter
of fact, any form of energy, e.g., the mechanical energy of the flowing
water, must ultimately be converted to heat energy and consequently give
rise to temperature microstructure. A steady state equilibrium situation
is reached in which temperature structure is present but salinity struc-
ture is completely absent.

Zero Salinity Coefficient

Another technique for removing the effects of salinity microstruc-
ture is applicable in laboratory experiments where the concentration of
the solution may be varied at the discretion of the experimenter. By
referring to Figure 2.3 it is seen that sodium hydroxide (Na0H) has a
maximum in the curve of conductivity vs. concentration. If a solution
of such an electrolyte were to be adjusted to a concentration corresponding
to this maximum, then slight variations in concentration cause only small
second order changes in conductivity. If the conductivity of the solution
is expanded about this point, the leading term is

where m is a pure number and cr. is the maximum conductivity corresponding
Lo the salinity SA. For the NaOH solution of Figure 2.3

or = 0.35 ohm1 cm-I

S, 15 %

m ,2. .
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As an illustration, suppose that, because of a process outside the experi-
menter's control, a 1 % variation in NaOH concentration about S, is
continuously present, then the corresponding variation in conductivity is
only one part in 10 . This method constitutes either an additional re-
duction of salinity background over the last method or one which would be
applicable in the case where a source of the dissolved salt is always
exposed to the solution under measurement. The consLant m may possibly
be significantly reduced by an appropriate choice of a mixture of two salts
for example, NaOH and NaCl as is suggested by the curves of Figure 2.3

Dielectric Loss in Water

The conduction of electricity in electrolyte solutions discussed so
far has been attributed solely to the motion of charged ions. This con-
duction is characterized by the resistance of the medium to the flow of
electricity, which, in turn, implies a dissipation of energy in the
solution, i.e., electrically speaking, the medium is "lossy." This
source of dissipation of electrical energy is the dominant one over a
very wide range of the frequency of electrical oscillations. In aqueous
solutions, however, at very high frequencies of the order of or greater
than,10 kmc (radar frequencies) another mechanism of absorption of elec-
trical energy becomes important and is the dominant contribution to the
resistive component of the medium. This phenomenon has its origin in the
dipole relaxation absorption by the water molecules themselves (2). The
consequence of this is that the conductivity of the water at this high
frequency is independent of the salinity of the water (3). For example,
sea water and fresh water have essentially the same electrical properties
above 20 kmc. This phenomenon immediately suggests making the conduc-
tivity measurements at radar frequencies so that the measurements are
independent of salinity. The temperature coefficient of conductivity is
still quite appreciable (2 %per C) at these frequencies and is due to
the temperature dependence of the water molecule dipolar conductivity.

Correlated Signals

A measurement of conductivity variations is a specific indication of
corresponding temperature variations, even in a medium where there are
also salinity variations, if these two variables are linked by some re-
lation, i~e., if they are directly correlated. All that need be known
in this use is the average relation between temperature and salinity.
An example of this is found in the ocean where it has been known for some
time that masses of ocean water are characterized by a fixed relation be-
tween its temperature and salinity, i.e., the so-called "TS-diagram"
(4). Assuming this to be the case, if a small change in salinity,d S,
is related to a small change in temperature,4 T, by the equation

4 S =14 T
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then a. change in conductivity is given by

Thus, the conductivity is specific to temperature (or salinity, for that
matter) and the only thing that need otherwise be known about the medium
is the average value of the parameter / which is the slope of the TS-
dia ram. In Section 7.3 it is shown that in the ocean the typical value
of • is about 0.1 %o per °C. If we let

and

then

5 4 T(l+)MO T

For average ocean water 0.1. This principle represents a refinement
over the first mentioned technique applicable to solutions with relatively
small salinity microstructure. The correlation between temperature and
salinity variations is valid approximately for large scale masses of
water in the ocean but, obviously, it cannot hold down to the smallest
scale microstructure because of the great difference in the diffusion
constants for temperature and salinity. At the smallest scales no cor-
relation between temperature and salinity should be found and this prin-
ciple of the separation breaks down.

Salinity Compensation

The conventional means for correcting a measurement of a quantity
for variations in a spurious variable is to make a measurement of the
spurious variable and compensate the original measurement with this ad-
ditional data. Unfortunately no instrumentation presently exists for
rapidly measuring the salinity on a continuous basis for this means of
compensating the conductivity measurement. This technique can be general-
ized to apply in the case where two non-specific measurements of temper-
ature and salinity by two instruments with different response to two
variables are combined appropriately to obtain measures of the temperature
and salinity separately. Compensation is most effective if one instru-
ment responds predominantly to salinity*. This principle is enlarged on
in some detail in Section 4.3 and appears as a promising new method for
making continuous and simultaneous measurements of temperature and salin-
ity microstructure in water.

*and the other predominantly to temperature.
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Temperature Dependent Coefficients

If the temperature and salinity sensitivity coefficients depend on
temperature, these variables may be separated by operating the electrode
at two different temperatures. One measurement could be performed at
ambient temperature and the other at a higher temperature obtained by
electrically heating the water between the electrodes. In this way,
two equations based on the two measurements are obtained with two un-
knowns (temperature, and salinity), which may be solved. 'Phis method is
discussed in detail in Section 4.3 along with a class of other such
compensation techniques. The method as described above is difficult in
practice because the temperature dependence of the sensitivity coefficients
is small. Some aspects of this double type of measurement are discussed
in References (8,9).

3.3 Resistance-Wire Thermometer

One of the most reliable and widely used temperature sensors is the
resistance-wire thermometer. Such an instrument is potentially capable
of a sensitivity of the order of 100 p °C and is capable of accurate
absolute temperature measurements due to its stability. Temperature
measurements in water present some added practical problems over those
in air.

The resistance wire thermometer consists of a fine wire which is
exposed to the medium whose temperature is being measured. The resist-
ance of the wire depends on its temperature and, therefore, on the temper-
ature of the medium. Variations in temperature of the medium give rise
to resistance variations which are measured by electronic equipment,

The earliest measuremonts of temperature by a resistance thermometer
were those of Siemens in 1871, but it was left to Callendar some years
later (1887) to develop the science of precision resistance-wire ther-
mometry (5,6). A recent innovation in the use of resistance thermometers
in water is the metal film type element introduced by Ling (7).

The properties of resistance wire thermometers for practical use

are described by Mueller (10) and Lion (11). Some of the salient fea-
tures of these instruments are discussed briefly below. The development
of the basic theory of the operation of the wire element is put off to
Section 5.4 where it is treated in connection with the extension of this
instrument to the measurement of fluid velocity, i.e., the hot-wire ane-
mometer.

Wire Resistance

In general, the resistivity of metals increases with increasing
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temperature (positive resistance temperature coefficient), whereas the
resistivity of electrolytes and semiconductors decreases with increased
temperature (negative coefficient). Over the range of temperature where
the wire resistance is essentially a linear function of temperature, the
resistance may be expressed as

R = R0 (1 + PT)

where 4T = T-- T,, R Ois the resistance at temperature T., and P is the
temperature coefficient. R9 is the so-called "cold resistance." At room
temperature this coefficient is 0.39 % per 0C for pure platinum and 0.48 %
per 0C for tungsten.

Sensitivity

The sensitivity of a resistance-wire thermometer is defined as the
change in voltage, AV, across the wire due to a temperature, AT. For a
constant current I through the wire, we have

4v idR = In%4T

or the sensitivity is

AV
- = IR 0 P

This quantity is large if the three quantities P, I, and Roare large.
Aside from the choice of wire material which determines P, this calls for
a long thin wire which carries a large current. The practical limitation
to these extremes is set by the physical size of the region whose temper-
ature is to be measured and the fact that high currents cause excess
heating of the wire resulting in a self-induced temperature signal. This
effect relates to the heat transfer from the medium to une wire and is
treated later in Section 5.4 . Thc temperature sensitivitý of conven-
tional resistance-wire thermometers can be as high as 100 p C in air as
well as water.

Response Time

The temperature of the wire and medium are the same only if the
changes in temperature of the medium take place slowly enough for a
complete heat exchange between the wire and the medium. The rate of
change of wire temperature depends in a relatively simple way on the
heat capacity of the wire, the heat transfer characteristic, and the temper-
ature difference between the wire and the medium. It is shown in Section

3.1.2



5.): that the wire responds to temprerature changes liJke a series re-
sistance-capacitance circuit with a time constunt

time constant .. ........ ......

where d is the wire diameter, Cw the heat capacity per unit volume of the
wire, k the thermal conductivity of the fluid medium (water in this case)
andtVis the Nusselt number for the wire in the flowing medium. A rapid
response to temperature variations calls for a wire of small diameter.

Errors and Compensation

Spurious signals are generated in a resistance wire thermometer be-
cause of a) the strain-gauge effect in the thin wire due to the dynamic
pressure of the flowing medium (water) on the wire, b) self-heating of
the wire by the electrical current which generates a false temperature
reading dependent on the flow about the wire, and c) variations in shunt
resistance when the wire is immersed in a conducting medium such as sea
water. These effects can be reduced in a medium when the velocity is
uniform over two sensing wires in a symmetrical bridge but the temperature
microstructure is not uniform over the separation distance between the
wires. Double wire techniques provide some advantages which are not
possible with single wire measurements (12,13,14). The resistance-wire
technique may be used to measure several variables of the medium besides
temperature (8,9).

3.4 Comparison of Methods

The relative performance of the T-meter and resistance-wire ther-
mometer operating in water is now considered. This comparison is carried
out in more detail in Section 5.5 along with the comparison of the U-
meter and hot-wire anemometer. It is shown in that Section that the
temperature snesitivity of the T-meter is considerably greater than that
of the resistance-wire thermometer because of the former's higher temper-
ature coefficient of resistance and ability to dissipate greater power
in the sensing element before the limitations of electrode heating are
appreciable. The general utility of the T-meter is also superior be-
cause of the ruggedness of the sensor itself. The stability of calibra-
tion probably is not as good as that of the resistance-wire thermometer
and, because of the dependence on the salinity of the water, the T-meter,
in general, does not measure temperature specifically whereas the resist-
ance-wire thermometer does. The response frequency of both instruments,
for operation in water, is limited by the physical size of the sensors.
It is shown in Section 5.5 that electrode sensors can be made much
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smaller than wire sensors, thus, the T-meter is capable of a higher
frequency response than the resistance-wire thermometer.
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4. SALINITY DETECTOR

The use of a measurement of electrolytic conductivity to determine,
specifically, the salinity of a solution is investigated in this Section.
Instrumentation based on this principle of salinity measurement will be
termed an "S-meter" for brevity sake. A comparison of the S-meter with
,ther conventional electronic means of measuring salinity is not possible

since there are none (the conventional salinometer is a type of S-meter).
The instrumentation described in Section 4.3 is of interest since it
represents, it is believed, the first example of an instrument which
measures salinity specifically by electronic means.

4.1 Description

The measurement of the salinity of water by means of a conductivity
measurement is now considered in more detail. The primary limitation to
making a specific salinity measurement by this means is the temperature
backgrouid. In situations where a specific measurement is possible, the
salinity detector is capable of high sensitivity and rapid response. The
following analysis closely parallels that for the temperature detector in
Section 3.1

Sensitivity

The ultimate sensitivity of the detector to salinity fluctuations
follows directly from the simplified analysis for the temperature detec-
tor, but with a change in the n-coefficient:

5S= 1 4k f

where P is the salinity coefficient of conductivity, 4 f is the bandwidth
of the salinity fluctua1 ions, P is the electrical power dissipated in the
water and kT = 4 x 10"- Joule. Under the conditions assumed in Section

3.1 , this corresponds to a salinity sensitivity of abouL

DSz 1.1 x lO"7 %.

where P = 2.5 % per /•

This extremely high sensitivity to salinity variations is not realizable
in terms of a specific measurement unless -.onditions are such that the
temperature is low or can be compensated for in some way. This matter is
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studied qualitatively in Section 4.2 and in detail in Section 4.3

Background Noise

The above salinity sensitivity is based on the limitation imposed by
Johnson noise. If, in fact, the background noise is due to temperature
fluctuations, 8T, in the band of interest, then the sensitivity to salin-
ity fluctuations is simply

5S is 8T

If the temperature background of this type is negligible, consideration
must be given to noise associated with fluctuating electrode heating due
to velocity fluctuations, 6U. Following the corresponding analysis of
this effect for the temperature detector, we find that the ultimate salin-
ity sensitivity is

= (NT)i

where (T)n is the ultimate temperature sensitivity subject to the
same b~ckground noise. The ultimate salinity sensitivity is of the order
of 0" %0o.

Zero Temperature Coefficient

A notable case of interest is when the sensing element has a zero
(first order) temperature coefficient. Such a case is studied in Section
4.1 , whecre the resistive component of a complex impeda•ce 8erling

element is found to be independent (to first order) of temperature at a
certain frequency. This fortunate circumstance has tne advantage that
the salinity measurement becomes, to a high degree, independent of temper-
ature background noise. The second order temperature coefficient of the
sensing element is, however, finite.

Suppose that the resistance variations,4 R, of the sensing elements
satisfy the equation

ZR P'd S + 7 AT2

R
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where 1 is the salinity coefficient of the resistance, 4S andAT are
salinity and temperature fluctuations about their respective average
values, and is the second order temperature coefficient. The first
order temperature coefficient is assumed to be zero. The limit of detec-
tability for the salinity measurement, 65S, occurs when:

138S 6T 2

whereATrms is the rms temperature fluctuation background. As a numerical
e:eample, assume

1 -3
- OS = 2.5x10 per %o

2 P2 = 4 .0 x 10-5 per oC2

and 4ATrms = 10"3 oC

then

6S = 2x108 %V.

It is clear that if an instrument with a zero first order temperature
coefficient could bc obtained, salinity measurements to the limit of
sensitivity set by Johnson noise could be made. An instrument with such
a property is discussed in Section 4.3 . In addition, it should be
mentioned that this type of instrument is not limited with respect to
electrode power because of heating fluctuations which occur when velocity
fluctuations are present. Ths suggests the potentiality of even greater
salinity sensitivity than 10"'%odiscussed earlier in this Section.

Frequency Re oponse

Since the detector has no capacity for the measured variable (salinity),
the response of the detector is determined by its physical size. As in
the case of the temperature detector the bandwidth, Af, of the detec-
table salinity fluctuations is approximately*

2a h

where h-1 is the cell, constant of the electrode. This expression is valid
within the constraints imposed by the finite thickness of the velocity

*A more realistic condition is f U +) (see Sec. 13.1).
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boundary layer discussed in Section 3.1 and in more detail in Section
13.2

4.2 Separation of Variables

Let us now consider the methods for making specific salinity measure-
ments by means of a conductivity measurement in which variations in temper-
ature represent a small background. Several of the methods to be men-
tioned are just the inverse of the methods utilized to make specific
temperature measurements considered in Section 3.2

Low Background

The simplest situation in which specific salinity measurements can
be performed is when, because of experimental design or natural processes,
the salinity variations are much larger than those due to temperature.
An example of this is the measurement of the flow characteristics of a
jet of concentrated salt solution issuing into a volume of tap water at
the same temperature.

Correlated Signals

If the temperatare and salinity variations are directly correlated,
as discussed before, a specific salinity (or temperature) measurement can
be made through a conductivity measurement.

Temperature Compensation

The compensation technique involving two different measurements is
also applicable to salinity as well as to temperature as described pre-
viously. The simplest example of this is to simultaneously measure temper-
ature by some means in order to correct the conductivity measurement.
Salinometers based on a conductivity measurement utilize this technique.

Diffusion Effect

An important technique for separating salinity and temperature signals
is based on the 100 fold difference in their respective diffusion con-
stants. Because of the relatively small diffusion constant for salinity,
small scale temperature microstructure is removed by diffusion before
the diffusion process is operative in bmoothing out salinity microstruc-
ture. In the ocean one would expect to find small scale salinity micro-
structure present where Lemperature microstructure is absent because of
this effect (1).

This principle may be applied even to large scale temperature and
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salinity microstructure in the following way. The sensing electrodes are

located on a surface in such a way that a small volume in the undisturbed
fluid medium experiences a large distortion due to shear flow over the
surface. For example, this situation is achieved in laminar flow in a
pipe or at the stagnation point of a disc moving perpendicular to the
direction of motion. A similar situation exists in the turbulently mixed
region behind a wire mesh screen. After the fluid has experienced great
distortion, the previously large scale temperature and salinity structure
contains large gradients which preferentially removeby diffusion that
component with the highest diffusion constant. With a proper choice of
electrode size and position, the salinity microstructure could be measured
at a point where the temperature variations are small.

Zero Temperature Coefficient

The most desirable case occurs when the sensing element has a finite
salinity coefficient but a zero (first order) temperature coefficient.
In this case a specific salinity measurement can be performed even in the
presence of relatively large temperature background noise. A sensing
element with this property is discussed next in Section 4.3

4.3 TS-Meter

A principle of measurement is described in this Section which allows

the independent measurement of temperature and salinity. It is basically
a generalization of the ordinary compensation technique in which a primary

measurement is corrected by an independent secondary measurement. In the
present case the two sensing elements may be functions of both temperature
and salinity. The conductivity of sea water is an example of such a

measurable variable. An instrument based on this principle for measuring
temperature and salinity will be referred to as a "TS-meter."

Suppose there are two instruments which measure some parameter of
the water which depend, in general, on both the temperature and salinity.
If the dependence of the two instruments on these variables is distinct,
then the two independent measurements provide sufficient information to
solve for the unknown temperature and salinity (two equations, two un-
knowns). Examples of measurable quantities which depend differently on
temperature and salinity are the conductivity, c(T,S), the density, d(T,S),
and the dielectric constant, K(TS), as well as others. Our present
interest would be with quantities which are directly measurable by elec-
tronic means, i-e., conductivity and dielectric constant. The TS-meter
principle is most effective when applied to sensors which can be integrated
essentially into one, for example, the real (resistive) and imaginary
(reactive) parts of a complex impedance whose values depend differently
on temperature and salinity. It is simplest if these two impedance meas-
urements are performed at the same frequency, however, to obtain more
distinct information, it may be more desirable to perform the respective
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measurements at different frequencies. A practical example of the TS-
meter principle will occupy our attention later in this Section. First
we develop the theory of this principle, in particular an analysis of
the resultant errors and calibration. techniques.

Theory

The theory of the TS-meter is illustrated for an impedance whose
real and imaginary parts depend differently on temperature and salinity.

The impedance of an electrode, z, immersed in a flowing aqueous
electrolyte solution (e.g., sea water) consists of the resistive, R, and
reactive, X, parts:

z = R + ix

The resistive and reactive parts are both functions of the temperature
and salinity. It is fundamental ro the principle of the TS-meter that
these functions of temperature and salinity are different. If 6 R is a
small change in resistance about the average value R., and J X is a small
change in reactance about the average value X., then

where A T and A S are small changes in the temperature and salinity of the
solution, and the p-coefficients are given by

and

To insure the independence of the two measurements, we require (2)
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Let us simplify this notation to facilitate further analysis by introduc-
ing

and

t 6T a =AS

In this notation

191 = A2 L* 'ý

with the requirement that the determinant, D, is non-zero:

According to the principle of the TS-meter, we measure the quantity
Yl and Y2 with electronic instrumentation and then form appropriate linear

combinations of these signals to obtain a measure of the temperature (t)
and salinity (s) which are completely independent of each other. Let the

linear combinatiuns of the directly measured quantitics, yj and y2, be

s -AI ÷-

where t* and a* are signals which approximateas closely as the coeffi-

cients of the linear combination will allow, the temperature, t, and

salinity, s, of the medium. The choice of the above coefficients of y,
and y2 is based of the coefficients of t and a in the previous (inverse)
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set of linear equations. This linear combination of signals is accom-
plished in practice by an appropriate electrical network of passive
attenuator and adder circuits. The ideal choice of the above coefficients
follows from the usual solution of the linear equations

Yl = alt + bIa

y2 - a 2 t + b 2 s ,

namely (2):

Sb�6,

be b,

0. +.

Thus, the ideal choice of the constants of the linear combination (dis-
tinguished by hats) are:

AA

in which case, we have exactly

t* t

S 4 = .
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Such a choice of coefficients would accomplish our goal, that in, specific
and independent measurements of temperature and salinity.

The above ideal choice is obvious; the same solution could have been
obtained directly by requiring t = t* and s = a* so that

and

Ap' (A'n+8'.L

These equations are satisfied when

o +

/ = Azb,7 L-• b2 .

These four equations in four unknowns have the solutions already given
above.

The simplest example of a TS-meteris when one measurement (say,

yl) is almost exclusively a i±usurement of temperature, t, and the other
(say, Y2 ) almoot exclusively .•. mea~nviment nf .a!inity; s. Tn this
fortuitous case

aI = a b1  =0

(D = ab)
a 2  = 0 b 2  = b

and

Yl = at Y2  = bs
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It follows that = = O, therefore, choose B1 = A2 = 0 so that

t AlYy = B2Y2 o

In this case the measurements of both temperature and salinity are spec-
ific even for non-ideal values of A1 and B2, however, errors may occur in
the respective constants of proportionality (calibration factors). The
ideal values of A1 and B2 are

A =b_

A _~= ",.-.-_ ,

-'b

In the analysis that follows we will tend to associate the y - meas-
urement with a temperature measurement and the y 2 - measurement with a
salinity measurement (i~e., the subscript 1 is associated with t and the
subscript 2 with s). This association is not fundamental, however. The
test of the TS-meter principle is the accuracy with which t and s can be
measured. 'This topic is the subject of the following paragraphs.

Error Analysis

Errors in the temperature and salinity measurements occur when the
coefficients A1 , B1 , A2 , B2 are not exactly equal to their respective
ideal values due to spurious variations of the coefficients of each of
the two measurements, viz., a,, b,, a 2 , b 2 . Let the average value of
these quantities be indicated by a zero subscript. The instruments are
operated with the coefficients of the linear combination of yl and Y2
fixed at the average values:

A ,D Aio - -

A. A

where D, = alob2 0 - a 20 blo • The signals, y, and y,., are given at any
instant by
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where the coefficients are

Introduce the nctation:

then

The linear combinations of these signals are

where the values of t* and s* for the average coefficients are denoted by
t* and s*

Regrouping the above expressions

where we see that the measurement of temperature is not specific unless

FbI = bb2 = 0
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and the measurement of salinity is not specific unless

8aI = 8a 2 = 0

In general, these conditions do not obtain and errors in the temperature
and salinity will occur due to two effects: 1) variations in the constant
of proportionality for each variable, ioe., the calibration factor, and
2) the occurrence of spurious signals due to the opposite variable be-
cause the measurements are not specific.

To simplify the error analysis, assume the rms fluctuations of all
coefficients are equal to e:

(SO,_ (cf4)r"i _ ______

In the following, assume no correlation between fluctuating quantities,
and squared quantities are understood to be time averages:

Let the mean-square values of the temperature and salinity variations be
related by the constant Y.:

= t2s2

or S =s t
rmns rms

then

(A r

These are the expressions which give the resultant errors in the tezper-
ature and salinity measurements with the TS-meter. These relations are
simplified using the following equations which hold for the average values
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of the coefficients:

o Ao - /1 - 8Vo 4.

Squaring these equations we get

10 ~ ~ hl,4/4Z 610

7-

AZ4, &0 BZ"- bZ A zo.• . Ao .6A

Let A A

and

2/t/

= = -

and

Without loss of generality, we can choose the coefficients of the yl -
and v., - measurements so that

0 - 1IP I (a1 ob2o A O)
The quantity p may be either positive or negative, and, we shall see, plays
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a fundamental role in the error analysis. The (average) determinant is

so that

or, with consideration of the range of values of p., it follows that

We will see that the errors become unworkably large when p. -1 l; the er-
rors are smallest when p -W 0 (either one or the other measurement is
specific); and when p-=m -1 an intermediate situation exists. In terms
of the above notatio

furthermore,

o~ jo g:;ev q e 44 ,v , 4 0?I ,b r q

?A I,/4 Aff - z_ _

8--,, (/17 9)

It follows that
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or

/7L

-., i+- 6_7u),_ i

These are the error expressions that have been sought.

Three limiting cases of the above error formulas are now considered.

Case p = 1: In this case the errors are largest since the measurements
are only slightly independent. We have, approximately,

where the latter approximation is valid for Xe< i (e.g., in the ocean).
As a numerical example, assume small variations the coefficients,
S= .01, but the unfavorable value ý = 0.9, and' = 0.1, then
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( ) = 0. = 14 % error

( )rms -= 1.4 = 14o % error

The temperature measurements are of fair accuracy, but the salinity meas-
urements are completely confused unless long term averaging metho&s (cor-
relation techniques) are applied. Thus, in this case the TS-meter is of
no value in separating the salinity and temperature signals even though
e is small. This trouble lies in the poor characteristics of the y1 - and
Y- -measurements in that they differ only slightly from each other, and
measure almost the same quantities.

Case p O: In this case, either one of the other (or both) of the yl-
and Y2 " measurements are specific. We have approximately

where the latter approximation assumes 2 2- . If 24 then the
error of the salinity measurement is about e. As a numerical example,
assume fairly large instability in the coefficients: e = 0.1 and ; = 0.1,
. = 0.1 then

)r = 0.1 = l0 % errorrms
'.

rm = 0.17 = 17 % error

In this case, both the tcmperature and salinity measurements are meaning-
ful although the salinity measurements suffer somewhat additionally from
the lack of specificity of the measurements.
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Case ji = -1: This case illustrates the errors which occur when the
characteristics of y and Y2 are "orthogonal" as described in a later
paragraph. This is tAe next best thing to specificity if the latter cannot
be had in two instruments. The errors are approximately

where the latter approximations assume 7-<i. We observe, here, the
interesting fact that, in the case of orthogonal measurements, the lack of
specificity is somewhat of an aid in reducing calibration errors ( r2 factor)
for the temperature measurements. This suggests that there is an optimum
4-value for a given e. As a numerical example, assume e = °05 and Y= 0.1,
then

(•) = "035 = 4 % error

Lrms
=Oý35 = 35 %error

The temperature measurements are good in this case, but the salinity
measurements suffer appreciably from the relatively large temperature fluc-
tuations assumed in this example.

All the cases above indicate that, while relatively good temperature
measurements can be made in the ocean, the, salinity measurements• at best)
are only of modest accuracy. In a later paragraph it is shown how this
situ iuni can be consideixably im.poved upon by a s-ImpI-le and continuous
calibration tecbnique. First, let us consider a geometrical interpretation
of the quantities considered. so far.

Geometrical Interjetation

The quantities ac tually measured are yl and Y2:;

y]. alt + bl1S

Y2= a 2t + b2 s
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For a given value of yl or Y2 there is a whole range of values of t and s
which produce the same signal. Let us plot two of these characteristic
lines over the t-s plane as in Figure 4.1*

tt

Figure 4.1 Characteristic Lines of the TS-Meter

The average slope of the Y- - characteristic line is

and that of the Y2 - characteristic line is

The yl - measurement is specific to temperature if @1 - 0 (b, = 0), i.e.,
Y. is independent of s. The - measurement is specific to salinity if
Q = n/2 (a 2 = 0), i.e., Y2 is independent of t. The parameter 4 is

S=

*The point of intersection of these two lines detemines the instantaneous
t and s values.
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This relation shows that if either yl is specific to temperature (Q I = 0)
or y- is specific to salinity (9 - v/2) or both, then . = 0, and converse-
ly. The angle, 9, between the characteristic lines is 9 = @1 @9, and

/94. 71PA 02

or

A, Q~ -, 4- hi h,--

If the two instruments are not independent 4 = 1, 9 = 0, and the character-
istic curves intersect nowhere in the t-s plane. The characteristic lines
are perpendicular if 9 = g/2 which occurs when

in which case

In this case the two measurements are said to be "orthogonal." The ex-
treme case of orthogonal measurements occurs when

p. = -1

and aY = al(t + s)

y2  = b 2 (s - t)

Calibration Technique

A simple technique is available for cdllbcating the mcaourcment with
respect to temperature. A sharp pulse of electrical energy is dissipated
in the water in the electrode volume. As a result, a known temperature
rise occurs in the water. The coefficients of the linear combination of
the measured signals are adjusted so that t* exactly equals the known
temperature r1ue and s* shows zero response to the temperature pulse.
This situation is illustrated in Figure 4.2 . The duration of the meas-
ured pulses in this Figure is of the order of the response time of the
electrode. Adjustments are made to make the actual and ideal recponse
coincide. The pulsing for calibration can be done occasionally in order
not to interfere with the actual measurements, or, continuously and
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periodically at a frequency com-
parable with the cutoff frequency
of the electrode (inverse response

S-time). At the upper end of the
pass band of the instrument the
calibration signal would not inter-
fere with the majority of the sig-

• ,• __ nals being observed. The heating

Scan be in the form of repetative
sharp pulses, but a simple sinusoi-
dal heating signal is preferable.

IA corresponding simple and
I direct method for calibration with

respect to salinity is not avail-
------_ w able. The obvious method for cali-

0r brating, with respect to salinity,
by injecting a solution of known
salinity and temperature into the
field of the electrodq seems some-

-/ what cumbersome for the class of

instrumentation under discussion
in this Report. This procedure
may be used in precision salinom-

riMn eters based on a conductivity
measurement for individual samples

Figure 4.2 Pulse Calibration but is not suitable for continuous
flow measurements,

This calibration technique is studied analytically as follows. Sup-
pose the known pulse temperature rise is p. The corresponding outputs
from the two instruments are

yl = alp

Y2 = a2P

where use has been made of the fact that this signal can be separated from
those already occurring naturally, due to the t and s variations in the
fluid medium, by appropriate filtering. Futhermore, the calibration
temperature rise can be made much larger than the natural temperature
variations. This is particularly true for differential microstructure
measurements involving two sensing elements. The linear combination of
the pulse signals are

t* = A1a1P + Bla 2P

s* = A2 alp + B2 a 2 P
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The requirement is to adjust the coefficients (continuously) so that

t* = p = known

and s* = 0 (null value).

If the adjustments are made continuously, then for all time, we know that
the following equations hold

1 = Ala, + Bla2

0 = A2 aI + B2a 2

This being the case, we have

This points up the important fact that now the s* output is specific to
salinity, i.e., s* does not respond at all to changes in the temperature
of the medium. It is important to note that specificity of the salinity
measurement is insured even if only the later of the two conditions is
valid (this condition is easier to achieve in practice since it requires
a null measurement instead of an absolute measurement). The above cali-
bration technique makes possible the measurement of salinity microstructure
in the presence of relatively large temperature microstructure. Such a
technique is well suited to measure small scale salinity microstructure
in the ocean (with modest absolute accuracy) but probably not accurate
enough for high quality absolute measurements of salinity.

The error analysis for measurements using this compensation technique
is now given, but first we must decide now lo adjust the four "kniub&

to obtain the two condition equations given above. The two additional
conditions on the coefficients of the linear combination will be chosen
by requiring that the coefficients which experience the least variation
will be set to their respective average ideal values. This, provided it
does not conflict with the above condition equations (e.g., it is not
possible to hold both A2 and B2 constant, or A and B1 constant). To
calculate the mean-square variations in A , A 3 , assume that the mean-
square fractional variations in the coefftclents alb•a2P 2 are all the
same and equal to e. The corresponding variations of the ideal linear
combination coefficients can be shown with some manipulation to be
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(e -c-<i1)

(~Irni./T -I K 4/
and

For all values of IA(O -. 2 • ) the first of these expressions is the
larger. Consequently, the conditions we impose are

A

A2  = A2 0  A20  and B B Blo,

i.e., these "knobs" are permanently set at the average ideal values.
These conditions are compatible with the previous condition equations,
which now become

1 = AlaI + BI 0 a 2

0 = A2 0al + B2 aZ

Solving these equations for A1 and B2 we get

and

The corresponding t* and s* signals are
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or

Taking mean-square values and using previous expressions ve get

It is important to note that, as a result of this calibration process,
no appears in the errors for s*, i.e., temperature fluctuations of the
medium do not produce spurious s* signals. As a numerical example, take

= 0.1, i =0. 4 and e - .05, then

( )t_ s = .015 = 2 % error

( L) = 0.1 = 10 % error

The errors in the salinity measurement are due only to fluctuations in the
constant or proportionality and contains no error (to first order) as-
sociated with the temperature variations of the medium.

The means for improving on the above accuracy of the saliniLy mui-e-
ment is, as mentioned before, to expose the electrode volume to a solution
of known salinity and temperature. One consequence of the heat pulse cal-
ibration scheme is, however, that now the condition on the calibration
solution that its temperature be known can be relaxed. Since s* does not
now respond to temperature changes, this condition is no longer necessary.
This greatly improves the prospects of a practical method for also cal-
ibrating with respect to salinity, in which case the above errors in s*

can be iproved upon.
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TS-Meter at Radar Frequency

As a practical example of an instrument based on the TS-meter prin-
ciple, let us consider the impedance of an electrode at very high fre-
quency where the shunt volume capacity has an impedance of the order of
the volume resistance. It is shown that it is possible, by operating at
a certain frequency, to make a specific measarement of either salinity or
temperature because of the particular behavior of the salinity and temper-
ature coefficients of the electrode impedance.

The electrode impedance has the equivalent circuit shown in Figure
4.3 at very high frequency. The impedance, z, is given by

z = R+iX

where the resistive part, R, is

R r
l+ k2

and the reactive part, X, is Figure 4.3

Electrode Impedance

1 + k2

and k = rmc. The impedance phase angle, 9, iz

tan = R = -k----rwc

Suppose the resistance and capacity depend on a variable, t , such as
temperature and/or salinity. Tne fractional derivatives of R and X are

and
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where

It is apparent from these relations that the salinity and temperature
coefficients of the resistive and reactive components of the electrode
impedance are functions of the frequency dependent phase factor k.

The temperature and salinity fluctuations of the fluid medium are
measured by means of measurements of the fluctuations of the resistance,
R, and reactance, X. Is there a value of k for which these measuromcnts
are specific? To evaluate whether such a situation exists, let us assume
we are dea±ing with sea water which has the following coefficients at
20 0 C and 35 %o (Sec. 2.3 )

A- r-) S.9% J- ) .

To find if such a condition exists for the reactive component (for either
*tempexature or salinity changes) set

or

If such a value of k exists, this group of coefficients must lie between
+1. For temperature and salinity, respectively, this group is

Orr-,, A.
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Thus, values of k exist for which specific measurements of both temperature
and salinity may be made. The corresponding values of k are

k = 3.06 (independent of temperature)

kk. = 4.48 (independent of salinity)

The salinity coefficient of the reactance in the first case (k = k ) is

11 = -'V,7% 4,

The temperature coefficient of reactance in the latter case (k = kT) is

.=- DA#) = A ~ ý (ýV-.S.L7-r- =- 0,96S"'rs - P•f S

We now seek values of k for which the coefficients of the resistance
satisfy

or

-/, '~

If such a value of k exists, this group of coefficients must lie between
zero and two. We saw above that this is the case. The corresponding
values of k are

kim = 0.821 (independent of temperature)

kxt = 0.909 (independent of salinity)

The salinity coefficient of resistance in the first case (k = k ) is
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The temperature coefficient of resistance in the latter case (k = kr) is

These are precisely the same as the corresponding coefficients of reactance
at kv and k., o The relation between the values of k for resistance
and reactance is

""

The requirement of a certain value for k is really a condition on the
operating frequency of the instrument

k = rum =

where K is the dielectric constant of the water, 4 is the dielectric
constant of free space (Kt = 8.85 x 1O0"2 farad/meter) and 6 is the
conductivity of water. It is important to note that this is independent
of the electrode geometry but it is dependent on the properties of the
medium (which, in turn, depend on-the temperature and salinity). The
operating frequency, f, is

ko-

f -- = kf

where
a-Co

f. 2 it K

For sea water at 200C and 35 %o the dielectric constant and conductivity
are (Sec. 7.2 )

J< = 73.8

c" = 4.79 ohms-lemeter

and
f, = 1.17 kmc
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The operating frequencies, corresponding to these values, for the respec-
tive values of k are listed in Table 4.1

Table 4.1 . TS-Meter Operating Frequencies in Sea Water

k
SMeasure Measure

Temperature Salinity

Measure 0.909 0.821
Resistance 1062 mc 961 mc

Measure 4.48 3.06
Reactance 5.24 kmc 3.58 Imc

These are well separated, from the practical standpoint, and correspond
to ordinary radar frequencies. The availability of electronic compo-
nents is good at this frequency because of the developments of radar
equipment.

The operating frequencies in tap water with conductivity about
1/100 that of sea water and dielectric constant of about 80 lie in the
radio frequency range:

f. = ll mc.

A word of caution concerning the fact that the electrode element
can be made specific to either temperature or salinity is necessary.
This technique involves the same errors as were considered before in
the error analysis for the general TS-meter since the P-coefficeints
of the electrode also vary with the properties of the medium. We may
look on this technique as an intrinsic example of the TS-meter prin-
ciple applied to the sensing element itself, without the addition of
external and auxiliary electrical networks to perform the desired linear
combinations to obtain pure temperature and/or salinity signals. The
intrinsic 4-value of the sensing element may be defined as

k -

where the numerical value corresponds to that of sea water.

A fundamental problem lies in establishing exactly at what fre-
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quency the measurements are independent of either temperature (f,) or
salinity (fT), Continuous adjustments are required since these discrete
values of frequency change with the salinity and temperature of the
medium:

/-
Z2V- 0 ot ,(71-.)

For the measurement of salinity, it i clear that the simplest and most
effective way of locating f, precisely and continuously is by means of
the heat pulse calibration technique outlined previously.

It is a novel feature of this instrumentation that by just merely
tuning the frequency of the electrical power one can change from a temper-
ature measuring device (at fE.) to a salinity measuring device (at fs).
Thus, by an appropriate automatic time sharing procedure, in which the
operating frequency is very rapidly switched between fT and f., the one
instrument provides simultaneously independent measures of the temperature
and salinity fluctuations.
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5. VELOCITY DETECTOR

The measurement of the flow velocity of water by means of an elec-
trolytic conductivity measurement is studied in this Section. Instru-
mentation based on this principle of velocity measurement will be termed
a "U-meter" for brevity sake. The characteristics of a U-meter are com-
pared with those of a hot-wire anemometer in water at the end of thiu
Section in order to evaluate the relative merits of the new technique of
velocity measurement.

5.1 Concept

A more detailed description of the basic 2=oncepts underlying the
operation of the U-meter is appropriate. The process of measurement
consists of three steps: 1) velocity dependent temperature rise due to
heating, 2) electrical heating of the conducting medium, and 3) temper-
ature dependence of the electrical conductivity. These three processes
take place simultaneously at one and the same location, i.e., in the
water itself.

The first of these processes was used by Thomas (1) for the measure-
ment of gas flow velocity but the method applies equally well to the meas-
urement of any fluid flow. The method is illustrated in Figure 5.1 where
a gas is shown flowing in a pipe past an input thermometer, a heating
elementand an output thermometer, in that order.

/MF&¶ - -
7/7-

Figure 5.1 • Thomas Method of Velocity Measurement
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The gas enters at a temperature Tl, is then heated by a source which is
dissipating heat energy at a rate, P, and then leaves at a temperature,
TZ, after being heated. If the input and output temperatures are meas-
ured by thermometers, and the amount of input heating power is known,
then the flow rate of the gas can be determined from the relation

P = cAU(T 2 - TI)

where c is the heat capacity per unit volume of the gas, A is the cross
sectional area of the pipe, and U is the average flow velocity. The
volumetric flow rate is just AU. For a given input power the measured
temperature rise (T2 - T1 ) varies inversely with velocity, thus, the
temperature increases as the velocity decreases. The Thomas method
illustrates the basic idea of measuring fluid velocity by measuring a
known and artificially produced temperature rise in the flowing medium.

The second process involves the means of heating the flowing medium.
Instead of heating the fluid by its contact with a heated surface, as done
by Thomas, the medium may be heated internally by Joule electrical heat-
ing if it has an appreciable electrical conductivity. Such a method was
devised by Rein (2) for measuring the flow velocity of blood in animal
experiments. This method of based on that of Thomas, however, the flow-
ing medium can be heated approximately uniformly without using heating
elements which obstruct the flow. This situation is illustrated in Fig-
ure 5.2 . The steady state temperature rise is measured by means of

&r JAbWatr--
S7;

Figure 5.2 . Rein Method of Velocity Measurement

temperature sensitive elements in contact with the walls of the tube.
Heat is supplied to the conducting fluid by the RF field generated between
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the plates of a capacitor which surround the tube. The response time of
such a system is poor as a consequence of the long time required for heat
to be transferred by conduction through the walls of the tube to the ther-
mometers. Electrical heating can also be accomplished by direct elec-
trical conduction by placing electrodes on the inner walls of the tube
where it is in electrical contact with the flowing medium. Induction
coupling may be used (induction heating).

The third process pertains to the fact that the electrical conductiv-
ity of an electrolyte solution depends on its temperature. This fact has
been taken advantage of by Craig (3) in order to measure temperatures in
a way analogous to the resistance-wire thermometer but uses the temper-
ature coefficient of an electrolyte rather than that of a wire. This
idea was discussed in detail in Section 2.3 where it was found that the
temperature of a flowing liquid of finite conductivity could be measured
by means of electrodes in contact with the fluid. It was shown there
that, the resistance, R, of the electrode is related to the temperature,
T, of the fluid by

where R. is the resistance at the temperature T,, and is the temperature
coefficient of conductivity of the medium.

The essence of the concept of the U-meter is that the above three
processes can be combined into a single sensing electrode which simultane-
ously heats the fluid, measures its temperature and hence determines the
fluid velocity. This situation is shown in Figure 5.3 . The fluid
enters at temperature T1 and leaves at temperature T2 after being heated
at a rate, P, by electrical currents which flow in the medium from the
immersed electrodes. The resistance of the electrodes is measured simul-
taneously by means of a bridge network.

70 POWEv~ _J,gCE- tlVD

T-

Figure 5.3 U-Meter Method of Velocity Measurement
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The temperature rise and velocity are related, as with the Thomas method,
by

P = cAU(T 2 - TI)

The average temperature of the fluid in the electrode volume is

T2 - TI
T1 + 2

and the electrode resistance is

[I_ P (T2 - T

Combining the above relations we obtain

2cAU - (T1- T,

This method differs from the previous one discussed in one important
respect, viz., only one temperature measurement is made. As a consequence,
the velocity measurement is subject to errors due to temperature fluctu-
ations of the medium. This effect is reduced by operating at high power
in order to cause a large temperature rise in the electrode volume. Neg-
lecting temperature fluctuations of the medium, resistance-velocity relation
becomes

/ -2cAU

There is considerable similarity between this type of sensor and
the hot-wire anemometer. The similarity lies in the use of electrical
techniques to measure resistance changes of a temperature sensitive element
which is heated electrically. The major dissimilarities are: 1) the
medium itself is used as the sensing element instead of a wire, and 2)
heat transfer is by direct transport of the medium instead of cooling.
The latter difference is responsible for an improved response time of the
U-meter.

5.2 Related Electrochemical Methods

Several methods are described below which make use of electrolytic
conductivity to measure the velocity of solutions. These methods, however,

*An identical unheated electrode located upstream is suitable for measuring
T, to avoid this problem.
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depend for their operation on special electrochemical effects, whereas the
present detector is based on the simple mechanism of Joule heating by an
electric current in a conducting medium.

It has long been known that the direct current resistance of an elec-
trode immersed in an electrolyte varies with the movement of the electro-
lyte. Apparently the first attempt to measure fluid velocities by means
of an electrolytic conductivity measurement was reported in 1917 by Clever-
don (4) - he akked "Can the velocity of water be measured by passing an
electric current through it?" It was observed that the resistance be-
tween two electrodes immersed in water increased as the flow of water
increased as shown in Figure 5.4 . Direct current was used in these tests
and it was emphasized that the results
of the measurement were very erratic 60
and changed in an unpredictable way k 60L

with experimental conditions. The ex- u
planation of these results is not .
clear. If the effect is due to an o
electrochemical effect based on ve-
locity dependent electrolyte concen-
tration gradients, then the resistance
should have decreased with increasing Q 20
velocity. If a heating effect is op- W
erative, the resistance should in-
crease with increasing velocity as I
observed, however, the electrical cur- I 2 3 4 9
rents and voltages involved seem to be'
too low (about a milliwatt) to account P

for the observed effect. Cleverdon Velocity

Boyer and Lonsdale (5,6) studied Measurement

a probe for measuring low water ve-
locities (fraction of a knot) by electrolytic means. The current flowing
between small electrodes with an applied de voltage isshown to vary as
the square root of the velocity of the fluid. An example of the velocity
characteristic of the probe is shown in Figure 5.5 . The electrical
power involved in these measurements amounts to a fraction of a milliwatt.
The authors ascribe the operation of the sensor to an unknown combination
o .omplex electromechanical phenomena, pre~uia'uly the main one bcng a
dissolved oxygen reaction at the cathode.

0 .......... /I _ _ •

VeZ.Or/7y (rPs)

Figure 5.5 . Boyer and Lonsdale Velocity Measurement



Ranz (7) describes an electrolytic methcd for measuring water ve-
locities. The operation of the sensor is based on a convection-control-
led mass transfer process in which the rate of mass transfer results in
an electrical signal across the probe. It is also stated that the response
time seems to be comparable with1 or better thanhot-wire detectors because
"the measuring probe has no capacity for the transferred quantity." In
water, these processes are possible whenever electrolysis occurs under
conditions of concentration polarization (8,9), and they exist in relatively
uncomplicated form as the limiting currents in polarographic analysis (10).

VOi)1% (a.)T-S

/0

/

/E ac00rY0

I I *

S/0 /0 /000

Figure 5.6 Ranz Velocity Measurement

The typical dc current-voltage characteristic of a probe as shown in
Figure 5.6a and Figure 5.6b illustrates the observed current - velocity
characteristic. The power dissipated at the electrode is of the order
of a small fraction of a milliwatt.

Eskinazi (11) describes the results of velocity measurements based
on an electrolytic conductivity measurement. A dc current flows between
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two small closely spaced electrodes and the resultant voltage across the
electrodes shows the following velocity dependence: voltage = velocity2
+ constant. The electrode power amounts to only a small fraction of a
milliwatt (20pa at 1 volt). The following statement was made concerning
the origin of the effect: "The narrow electrical passage in the electrode
gap is distorted by the velocity of the medium that flows through the gap.
The velocity of the medium increases the length of the electrical path
between the electrodes and consequently increases the overall resistance
of the gap." It will be remembered that Cleverdon (4) also found an in-
crease in electrode resistance with an increase in fluid velocity.

The topic of the variation of limiting direct currents in electrolyte
solutions which is associated with the rate of mass transfer at electrodes
is studied in detail in the book by Delahay (12).

5°3 Description and Theory

In this Section the operation of the U-meter is studied in greater
detail.

The sensing element of the U-meter is the water itself. Water of
finite electrical conductivity is heated by the electrical current which
flows in it as it passes through the field of a small electrode. The
resultant temperature rise of the water depends on its duration in the
vicinity of the electrodes and, therefore, on the fluid velocity. The
electrical resistance between the electrodes and/or the conductivity of
the flowing medium depends on its temperature and, consequently, on the
velocity of the water. Thus, velocity variations give rise to electrode
resistance variations which are measurable by electronic equipment.

Electrode Resistance

The electrical resistance of electrodes immersed in an electrolyte
solution depends on the temperature of the solution and provides the basic
means for translating the velocity dependent temperature of the flowIng
aqueous solution into an electrically measurable quantity. The electrode
resistance may be expressed as follows over the practical range of interest
from 0' C to 100' C (boiling):

R Rf{1- P(T T.) -(To)
2 3 ,

where R, is the electrode resistance at the reference temperature T.,and
P and Y are the linear and quadratic temperature coefficients of the conduc-
tivit of the solutioný For most electrolyte solutions a is of the order
of 2 per 0C. For sea water of 35 %- salinity at 200 C:

0-1 -4 o-2
P .021 C_ and )' 3.9 x 10" C_

*See Addendum No. 1.
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A rough measure of the non-linearity of the temperature dependence of
the electrode resistance is that temperature rise (TM - To) where the
changes of resistance of the linear and quadratic terms are equal:

TN-- To = 28

which for sea water occurs at about 28 0C. Actually, the non-linearity

is appreciable for temperature changes considerably less than this. The

non-linearity is, thus, not small and must be considered fur large temper-
ature changes. In particular, it is much larger than the non-linearity of
typical resistance wires.

For small temperature changesAT%= T - TD, where only the linear term
is important

R R, El- AT]

or
A- -RT _ -- AT
RO

where R = R - R, and a = PT. If the non-linearity of the resistance is
included, this expression becomes

For sea water the coefficient of the r.oi-linear term is approximately

o 0.86

The average value of 6T termed the "over temperature" and To + AT the
"operatlng temperature."

Heat Transfer Equation

Fundamental to the operation of the U-meter is the relation between the
rate at which heat is generated by electrical energy and the fluid velocity.
The heat transfer takes place primarily by forced convection of the inter-
nally heated fluid, and transfer by conduction, free convection and radiation
are usually small. The heat transfer equation is discussed in detail in
Section 12.5 . The forced convection term is

P 2 cAU 5
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where P is the input in electrical power to the water, c is the heat
capacity per unit volume of the water, A is the "frontal area" of the
electrode, U is the fluid velocity, and' is the average temperature rise
throughout the electrode volume (Sec. 12.1 ). This expression is approx-
imately valid over the range of Pgclet number greater than ten (PR 7, 10).

If I is the (rms) current to the electrodesthe heat transfer equation
is

I1R = 2cAU• .

Combining this with the (linear) resistance equation, we obtain

12R . -BU
R - Re

2cA
where B = --PRO

This expression is analogous to the corresponding equation for the hot-
wire anemometer tut with a different velocity dependence. Because of the
difficulty of calculating the frontal area of a given electrode, the param-
eters of the above equation are best obtained by experimental calibration.
The velocity dependence of the above equation is shown in Figure 5.7 a-
long with the same quantity for the hot-wire anemometer. The dynamic pres-
sure as measured by a pitot tube is included for comparison.

Figure 5.7 • Velocity Calibration Curves
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Electronic Equipment

A simplified electronic arrangement for the U-meter is shown in
Figure 2.1 . The electrode sensing element constitutes one arm of a
wheatstone bridge. Variations of resistance due to velocity variations
produces a voltage across the voltmeter, thus, providing a means for meas-
uring the changes of velocity. A source of alternating current is utilized
to heat the water because of troublesome problems associated with elec-
trolysis at the electrodes when direct current is used. As with the hot-
wire anemometer, the associated electronics of the velocity detector may
be operated in several ways, two of the most important being a) constant
current operation (CCO) shown in Figure 5.8 and b) constant-temperature
operation (CTO) shown in Figure 5.9 . In the CCO mode the current is held
constant and the resultant resistance variations are detected as voltage
fluctuations across the electrodes. In the CTO mode, which also implies
constant-resistance-operation (CRO), the heating current is automatically
adjusted to hold the temperature (or resistance) constant and the result-
ant heating current fluctuations reflect the changes in velocity.

Sensitivity

The sensitivity to velocity variations is defined as the magnitude of
the factor of proportionality between the velocity fluctuations,-&U, and
the consequent fluctuations in voltage, AV, across the electrode resist-
ance.

In the constant-current mode, differentiation of the following equations
for constant current, I:

V 7= Il

yields the sensitivity

V~) zc.A

Expressing I in terms of C, it follows that

In the constant-temperature mode, the sensitivity is obtained in a
similar manner, but, with the resistance held constant. The sensitivity
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Figure 5.8 .Constant-Current-Operation
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in this case is

and the dependence on a is

or

Since 0 is, at best, about 0.4 for typical aqueous electrolyte solutions
(without boiling at the electrodes) it follows that the sensitivity in
the CCO mode is always less than that in the CTO mode.

Constant Power Operation

The above analysis adheres to the customary analysis for hot-wire
anemometer. Frequently it is necessary to operate the U-meter at very
high power where the efficient transfer of electrical energy from the
power source to the electrode is important. This is achieved when the
source resistance equals the electrode resistance, i.e., the source is
matched to the electrode. This arrangement corresponds to constant-power-
operation. This case is analysed below and includes the correction for
the non-linearity of the resistance which was not included in the above
sensitivity formulas.

The electrode resistance is

R = R(l-- 1 AT- Y 4TZ

and the small change in resistance UR caused by a small change 64T in the
average electrode temperature rise is given by

S =- + z r.

where a = 0T. The average electrode temperature is related to the
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electrode power, P, by

P
= 2cAU

and a small change in this temperature due to a change, 8U, in the ve-
locity satisfies

BAT B

Combining the above relations, and retaining only terms to the 2nd order
in a

where for sea water

Frequency Response

Since the velocity measurement does not depend on a cooling effect,
as with the hot-wire anemometer, the frequency response is determined
primarily by the physical size of the electrode. This topic is consider-
ed in detail in Section 14 . It was pointed out in an earlier Section
that the bandwidth,Af, of the velocity measurement is approximately

where h is the cell constant of the electrode. An electrode with a
typical dimension of I mm (h = 0.1 cm) moving at .0 knots (U = 514 cm/sec)
measures velocity fluctuations over an 820 cps bandwidth.

Additional Effects

Several other aspects of the U-meter are now mentioned briefly. The
presence of the velocity and thermal boundary layers at the electrode
surfaces modifies the response characteristics of the velocity detector.

*A more realistic condition is Af = I . See Section 14.

5.13



This effect is similar to the "end effect" in the case of the hot-wire
anemometer and is studied in detail in Section 14.4 . The problem of
errors in the velocity measurements due to temperature fluctuations in the
medium is analysed in Section 8.3 . The non-linearity of the resistance-
temperature characteristic is studied in Section 12.6 and the response of
the U-meter to non-uniform velocities over the sensing volume of the elec-
trode is analysed in Section 14.1

5.4 Hot-Wire Anemometer

In this Section a review of the hot-wire anemometer (HWA) will be made
both as background information which is particularly useful because of the
similarity with the U-meter and to develop formulas which will allow direct
comparisons with the U-meter. Practically all of the concepts of the hot-
wire anemometer carry over directly to the electrode velocity detector.
This review is based primarily on the excellent general introductory
articles by Hinze (13) and Kovaszray (14). Several others may be consulted
for references to all aspects of the hot-wire anemometer (15,3.6,17,18),

The hot-wire anemometer is the principal tool for turbulence research
today. The detecting element of a hot-wire anemometer consists of a fine
wire which is heated by an electrical current and cooled by the flowing
medium. The resistance of the wire depends on its temperature which, in
turn, is determined by the fluid velocity. ThusA velocity variations give
rise to resistance variations which are measured by electronic instru-
mentation.

The earliest work (1894) on the hot-wire concept for air velocity
measurement appears to be due to Weber (19) and Oberbeck (20). It was
not for almost two decades that a number of investigators turned to the
development of this instrument for air flow measurements in aerodynamic
research (1912). The first systematic study (1914) of the basic prin-
ciple of the hot-wire anemometer, i.e., the loss of heat from wires (cyl-
Inders) in a flowing fluid, was carried out both theoretically and experi-
mentally by King (21). The realization that the response time of the
detector could be improved artificially by electronic compensation tech-
niques was first accomplished (.1.9?8) by Dryden and Yuethe (29,23). The idea
and advantages of maintaining the wire at a constant temperature by a feed-
back system was advocated in 1934 by Ziegler (24). Since that time the
hot-wire anemometer has been widely developed in all aspects of its use,
and has found application in airflow measurements from the very lowest
velocities (25) to supersonic speeds (26). The use of this instrument in
water has been slow to develop since the work in 1929 of Richardson (27);
the first application was made about 1947. A similar device, using a hot-
film instead of a hot-wire, was advanced by Lin in 1955 and has been
found more useful for measurements in water (28).

The properties of the hot-wire anemometer are analysed in the following
paragraphs.
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Wire Resistance

The electrical resistance of a wire depends on its temperature as
follows:

where Re is the resistance at temperature To, T is the temperature of the
wire, and a and Y are the linear and quadratic temperature coefficients
of resistance of the wire. For tungsten:

0 = 5.2 x 10- 3 o°l , 7= 7.0 x 10-7 oC-2

and for platinum

0 - 3.5 x 10-3 o°C' ^Y -5.5 x o0-7 °C'2

The quadratic term is appreciable relative to the linear term for temper-
atures of the order of

• 5000 0C

Since hot-wires are ordinarily operated at temperatures of the order of
1000C, the non-linearity is usually small.

Assuming linearity we have

R - R,[l + 4T]

or

•R

where R - Rb, a R and T - To = AT. The average value of the temper-
ature difference, dT, is termed the "operating temperature" or "over temper-
ature.f"

Heat Loss Equation

For an incompressible fluid, in which the heat transfer does not
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modify the flow, King (21) it is found that the rate of heat loss, P, from
a circular cylindrical wire in steady flow is

whereX and d are the length and diameter of the wire, K is the thermal
conductivity of the medium, and c is the heat capacity per unit volume of
the medium. This can be transformed into non-dimensional form by the
usual dimensionless groups:

r- T ZNusselt number

Reynolds number

-• • Prandtl number ,K

where 7is the kinematic viscosity of the fluid medium. King's theoretical
law becomes

This law has been superseded by the empirical relation (29,30):

0. 57

which is valid for both air and water.

For therma.l equilibrium conditions between the wire and flowing
medium in steady state flow, the heat loss from the wire, P, is just equal
to the Joule heat generated in the wire by the passage of the electrical
current, I, through the wire resistance R:

5
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or

where the temperature dependent parameters P, F, and R are evaluated at
the "film temperature," Tf, defined by:

ATTf = TO + 2•

The average temperatureT, in the vicinity of the wire is defined to be

S= Tf To = A T

i.e., half the wire over-temperature. It is usual to write the above
relation in the form

... '-• = A + S/-'O
R!- Ro

where

A-7 O*3
A= 4.÷ /'•7 ~

Constant- Current-Operation

The sensitivity of the hot-wire in constant-current-operation is
found by diffAr~ntiation of the following relations

x_ _ 4= (1 = constant)

and

V = R

with the result:
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Expressing I in terms of a we find

The response of the wire to rapid velocity fluctuations is limited
by its thermal inertia. This effect is calculated by equating the rate
of change of the heat content of the wire to the input electrical power
minus the heat loss to the flowing medium:

where co is the heat capacity per unit volume of the wire material) and
(v/4) d2. is the wire volume. Combining the above dynamic equation with
the resistance equation

R - R, (1 + P&) ,

and considering only small increments in resistance and velocity about
their respective average values RI and UO:

/, (•,) Hr <-=I

then we obtain the following simple differential equation

where
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and V

The quantity M is the "time constant" and indicates the response time of
the hot-wire anemometer. The response time of the resistance-wire thermom-
eter corresponds to the case cc = 0. The above differential equation has
the following solution for periodic velocity variations:

where tan L = M. The detector response falls off at high frequencies
(a•M -l) and the resistance variations lag the velocity fluctuations by
a phase angle 41

The attenuation and phase shift due to the thermal inertia of the
wire may be corrected automatically by means of a (passive) compensation
network with inverse transfer characteristics. By this means, the response
time of the hot-wire in the CCO mode may be increased 'by more than a factor
of ten.

Constant-Tempe rature-Operation

The sensitivity in constant-resistance-operation is found in a manner
similar to that for COO:

=V _L

LAL'5)Iro 4- /* (7709
or

~ 1.4 )
In water the over-temperature is limited by boiling effects to about 20 C,

thus, the maximum value of a is about

a = .005 x 20 = 0.1

and it follows that the sensitivity in the CCO mode is always less than
in the CTO mode. Expressing I in terms of a we find
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The response of the wire in the CTO mode is improved over that in the
CCO mode. Assume the automatic feedback circuit which holds the resist-
ance constant does so with a small but finite error BE. The increment
in feedback current,4I, whidh holds the temperature constant and which
also represents the fluctuating output signal) is related to the small
resistance fluctuation by

where gm, is the transconductance of the feedback loop. Substituting this
relation in the heat loss and resistance equation we find after some
manipulation that the time constant in the CTO mode is

,* 1 cro __o 4

where M is the time constant in the CCO mode. Thus, if the transconduct-
ance is large the OTO time constant is smaller than that in the COO mode.
The improvement is of the order of 100 in practice.

Sensitive Volume

The dimensions of the volume in space which the hot-wire senses is
determined by the length and response time of the wire. For measurements
in an isotropic homogeneous turbulence field, the largest dimension of the
sensitive volume determines the overall response of the velocity detector.
For measurements in water, the length of the wire usually sets the limitation,
rather than the time constant of the wire. Let k (Q) be the cutoff wave-
number associated with the wire length where the aetector response begins
to fall off. Let kc(M) be the corresponding cutoff wavenumber associated
with the wire time constant. Suppose we require that the wire length be
the determining dimension of the sensitive volume:

where

Substituting the expression for M (with a 0) we find
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which is a coundition on the wire Reynolds number for a given wire and
medium. With the expression for the Nusselt number this condition is
approximately

For a tungsten wire in sea water:

K .006 watt/m° 0 C

= - .01 cm2 /sec

cw = 2.6 joule/cm3 /°C

, = 300 d

P 1 4.7

the condition is

I C 30,000

or

U 105 cm2/sec

This condition is satisfied for essentially all experiments in water.
Thus, the wire length is the determining factor of the sensitive volume
(resolution) for operation of the hot-wire in (locally) isotropic turbu-
lent water.

&]pical Values

For comparison with the U-meter, ty,,caM- vales for the operation of.
a tungsten hot-wire anemometer in sea water are listed in Table 5.1 .
These numbers may be compared with those for the U-meter in Section 5.5
A graph of the wire Nusselt number as a function of velocity and wire
diameter is shown in Figure 5.10
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Table 5.1 . Typical Values for Operation of a Tungsten Hot-Wire
Anemometer in Sea Water at 3 Knots (154 cm/sec)

Property Value

Diameter (d) 3 microns

Length () 1 mu

Length/Diameter (//d) 330

Resistivity 5.5 x 10"6 ohm-cm

Resistance (R) 8 ohms

Temperature Coefficient (P) .0051 per 0

Over-Temperature ( XT) 20 0 C

S= 0 .10

Time Constant (M) 3.4 x i0"6 sec

Wire Heat Capacity (co) 2.6 joule cm"3 oC'I

Wire Thermal Conductivity (Kw) 2.0 watt cm"I °C-i

Reynolds Number (R) 6.4

Nusselt Number (AN) 3.0

Prandtl Number (P) 4.7

Kinematic Viscosity (V') .0072 cm2 sec"I

Water Thermal Conductivity (9) .0063 watt cm"I C'l

Wire Temperature 6000

Current (1) 0.17 amp

Voltage (V) 1.4 volts
Powecr 1r) MI. -
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Measurements in Water

The measurement of water flow velocity by means of a hot-wire began
in earnest in about 1947 although measurements at low fluid velocities
(convection cooling) had been performed by Davis (31) in 1924. Litera-
ture on hot-wire measurements in water are listed in References ( 31-46).

The hot-wire anemometer for use in water has not experienced as much
development and successful application as it has for measurements in air.
This fact is due in part to some of the problems and characteristics which
are listed below for operation in water:

a) Electrolysis - the use of direct current to heat the wire sets up a
potential difference along the length of the wire which gives rise to
electrolysis effects associated with the dissolved salts in the water.
This results in gas bubbles forming and sticking to the wire, thus,
changing its heat transfer characteristics. This problem is largely over-
come by the use of alternating current which greatly reduces the elec-
trolysis process.

b) Corrosion - in tap water and sea water it is found that the bare wire
material quickly develops a surface film due to the corrosive action of
the electrolyte. Similar adverse effects take place if dissimilar metals
are present at the probe due to galvanic currents between the metals. The
use of a very thin non-conducting coating or film on the wire reduces the
problems due to corrosion. The coating reduces the response of the wire,
however, at high frequencies.

c) Contamination - the hot-wire has a tendency to accumulate gas bubbles,
dirt, lint and surface contaminents when operating in all but the very
purest water. This causes changes in the calibration of the wire and
produces erratic and non-reproducible results. This is overcome somewhat
by slanting the wire to the direction of flow and by avoiding protuberances
at the wire mounts which might accumulate foreign matter. A regular wire
cleaning procedure is advisable.

d) Calibration - as a result of the above effects it is necessary to
frequently calibrate a hot-wire instrument to overcome its instability.
Dynamic calibration techniques, such as exposing it to a known turbulence
ieled, have also been suggested.

e) Operating Temperature - the temperature in the vicinity of the wire
must not exceed the'boiling point of water, thus, large over-temperatures
are not possible as is the case in the air. This results in a lower
sensitivity to velocity fluctuations.

f) Background Noise - the background noise due to temperature fluctuations
in the water are relatively larger as a. consequence of the low operating
temperature.

g) Conductivity of Water r- precautions in the choice of wire parameters
and mounting posts must be taken to avoid the possibility of the elec-
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trolytic conductivity of the medium providing an appreciable current path
(resistance) which shunts the wire and which is also subject to temper-
ature, and salt concentration variations. This effect is largest in sea
water.

h) Strength - the hydrodynamic force of the water on the wire is about
1000 times the force experienced in air at the same velocity. A thicker
wire is called for to withstand this force at high velocity.

i) Power - the power required to heat the wire in water is much higher
than that in air because of the high thermal conductivity and heat capac-
ity of water.

J) Time Constant - as a consequence of the above properties of water,
the cooling of the wire is more efficient in water. This results in a
more rapid response than in air, under the same conditions.

An instrument very similar to the hot-wire anemometer which seems
to be better suited to instruments in water is the hot-film anemometer
introduced by Ling (28,44). The sensing element consists of a very thin
platinum film fused to a glass surface supporting the film. It is rugged,
less subject to contamination than the hot-wire and apparently has a
favorable thermal response time.

5.5 Comparison of Methods

The properties and performance of the U-meter (UM) and hot-wire
anemometer (HWA) for operation in water are now compared. The compar-
ison will cover the velocity sensitivity, frequency responsejand general
utility of each of the sensors. The temperature sensitivity of the
instruments when operated as the T-meter and resistance-wire thermometer
is also analysed.

As a basis for comparison of the minimum detectable velocity varia-
tion, the following criterion is assumed: require that both velocity
detectors must a) operate at the same average over-temperature, Z-T, and
b) possess the same cutoff wavenumber, ke, in a homogeneous isotropic
turbulent velocity field. Of course, the same flowing medium under
identical conditions is also required for the comparison. In the case
of the electrode sensor, the average over-temperature is defined as

where the integration is carried over the entire electrode volume, and
w is the sensing distribution function of the electrode (See. 12.2). In
the case of the wire sensor the average temperature simply refers to the
"film temperature" rise, Tf - To, which is just half (by definition) of
the wire temperature rise, Tw - T,:

ATWA 71- -
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The criterion for comparison requires

-u = A TH W

The quantities we will want to compare are, for example, the sensi-
tivity, signal-to-noise ratio, or resistance, etc. If 4 is one of these
parameters then we wil3 be interested in the ratio

q(1HW4)

where the subscript, A simply means that a comparative ratio is formed
for the parameter Y.

As we shall see later in Section 9.3 , there are very few electrode
geometries which readily allow mathematical analysis. For this reason
we choose a simple electrode geometry which is mathematically tenable,
though admitedly idealized. An electrode of uniform current density
which is completely confined in a circular cylinder as shown in Figure

5.11 is assumed. The average fluid flow is perpendicular to the axis
of the cylinder and the electrodes are represented by discs on the top
and bottom of the cylindrical volume. Fringe fields are neglected and
the velocity boundary layer on the disc electrode surfaces is assumed
to be of zero thickness. This type of U-meter probe is to be compared
with a hot-wire of length) and wire
diameter d as shown in Figure

5.12 . The corresponding elec-
trode probe for UM will be taken
diameter equal to its height and

length, which will be called the
dimension of the cylindrical elec- U41 W
trode. This dimension must be
chosen so that the electrode has
the same cutoff wavenumberp k,,
of the hot-wire detector. The
cutoff wavenumber is some multipla
o f A -1: Y

CONAJ _ A 47

Figure 5.11 . Cylinder Electrode

The magnitude of ft is of the
order of unity; its actual value has been calculated in Section 14.1
for a square cylinder: *m 0.67*

*This is incorrect. The proper value is m = 1.29. This number is more
favorable for the U-meter in the comparison with HWA.
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This idealized electrode structure
is shown in Figure 5.13 to the same

scale as Figure 5.12 .

In numerical calculations we
will assume the properties of the
hot-wire anemometer listed in Table

1/07-- WIRC 5.1 operating in sea water.

U

vow.UMraS +

Figure 5.12 . Hot Wire "

Resistance

The resistance of the wire and
the resistance between the electrodes
are not greatly different for use Electrode
in sea water in spite of the great Figure 5..3 . Velocity Probe
difference in their respective
conducting volumes. Mis is due to
the fact that the conductivity of typical wire materials is many orders
of magnitude greater than that of sea water. The ratio of UM and HWA
resistances is

S,.

where p is the resistivity of the wire material and 6 is the coinductivity
of sea water. For a tungsten wire in sea water at 20°C (i.e., "cold"
conditions)

dp = (.o48)(5.5 x 10-6) = 2.6 x lO"7

and for a typical hot-wire the (cold) resistance ratio is

RA - 63
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Thus, the electrode resistance is larger than the wire resistance by a
factor of 63, for example

R(HWA) = 8 ohms

R(UM) = 500 ohms

For operation in tap water the ratio is about 100 times larger (RA ;d 6300).

The temperature coefficient of resistance

is of opposite sign and different magnitude for the hot-wire resistance
and electrode resistance. The hot-wire resistance increases with in-
creasing temperature, whereas the electrode resistance decreases at high-
er temperature (i.e., the conductivity of the water increases with temper-
ature). The ratio of the temperature coefficients for the UM and HWA
detectors is approximately

-. 020 ---:-4 (&JA+-.005
The coefficient of electrode resistance is 4 times as large as that for
the hot-wire.

Power

The steady state electrical power dissipated in the velocity probes
depends on their respective heat transfer equations. For the U-meter:

P = 2cAU Z-

where c is the heat capacity per unit volume of the water, A is the frontal
area of the electrode, and U is the flow velocity. For the cylindrical
electrode configuration, the frontal area is (Sec. 12.2 )

The heat transfer equation for the hot-wire is (See. 5.4 )

P =

5.'28



where K is the thermal conductivity of the water, and /V/is the Nusselt
number of the wire (which depends on the velocity U). The ratio of these
is

where P is the Prandtl number of the water, and I is the Reynolds number
based on the wire diameter (the P~clet number is PR):

R Ud
V

For a 3L diameter hot-wire in water at 400 C and 3 knots

P = 4.7 A - 6.4 / AV = 3.0

Under these conditions the power ratio is (2 = 300 d)

P = 400

Thus, 400 times as much power is dissipated in the U-meter electrodes as
in the hot-wire.

Frontal Area

A greater swept volume of water is involved in the measurement with
the U-meter compared with the hot-wire anemometer. It is for this reason
that a higher power level may be used with the U-meter. The frontal area,
A, of the electrode sensor satisfies the equation

P = 2cAUE-T

The corresponding frontal area of the wire, A,, may be defined by the
relation

cp 2A,0AT = 27r tIAM5E7
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or( ) (

At large Reynolds number, we have

thus, the frontal area of the wire decreases with Increasing velocity and
wire length (i.e., with increasing R). For 3 micron wire at 3 knots in
sea water

A,, =0.31 (Ad).

The power ratio, I, is

This ratio is roughly equal to (j/d).

Signal-to-Noise Ratio
The intrinsic signal-to-noise ratio, A , is more basic than the

sensitivity of a detector. A comprehensive expression* has been obtained
for, A , in Section 8.3 for all modes of operation and both types of
detectors. In that Section we found that the intrinsic signal-to-noise
ratio is

A = ý4 r EL

where E is a parameter given in Section 8.3 which depends on the type of
detector and mode of operation. The ratio of signal-to-noise ratios, AA ,
for the two velocity detectors is

*We take H = 1 in that expression and drop the asterisk notation.
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where the other variables are assumed equal for the two detectors. This
ratio is illustrated for the constant-power-operation (CPO) mode:

E = 93 (+20 db)

S= 400 (+26 db)

and

= 37,000 . (+46 db)

Thus, the minimum detectable velocity variation in the case of the U-meter
is considerably less than that of the hot-wire anemometer; in terms of
amplitudes the relative detectability is

S= 
190

This remarkable increase in detectability is attributable to the greater
power dissipated in the electrode and the more favorable temperature
coefficient of electrode resistance. If the velocity measurements by
means of both detectors is subject to temperature noise as the primary
background noise, the difference in detectability of both detectors is,
of course, reduced. In the extreme case of high background noise there
would be no difference in detectability between the two.

The theory given above refers to an electrode with a temperature
uniformity of 50 % (Sec. 12.2 ). We shall see in Section 12.4 that bound-
ary layer effects frequently lower the temperature uniformity of an elec-
trode thereby lowering the maximum average electrode temperature rise
2YT. The non-uniformity of the temperature distribution in the vicinity
of a hot-wire is of no importance since the wire is placed at the hottest
point anyway. Thus, in Lhe above comparison, consideration should bc
given to this effect which acts unfavorably in the case of the U-meter in
comparison with HWA. If m is the temperature uniformity of the electrode,
the velocity sensitivity iN proportional to m5 . For example, if m = 10 %
instead of the 50 % assumed above, the relative detectability of the
U-meter is only 40 = 190/5 times superior to that of the HWA.

Frequency Response

In the comparative analysis of the sensitivity of the U-meter and
hot-wire anemometer above, the cutoff frequencies of the two probes were
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assumed equal. In this paragraph this constraint is removed in order to
make a comparative analysis of the frequency response of the two detec-
tors. It was shown in Section 5.4 that the response of the hot-wire
anemometer in water is determined solely by its length in an isotropic
turbulent field. A similar conclusion was drawn in Section 12.5 with
respect to the U-meter and the physical size of the electrode volume.
Thus, in a comparison of the response of these detectors, it reduces to
the question of the practical limitation to how small the respective probes
can be made. The smallest practical hot-wire detectors are believed to
be about 3 microns in diameter and 0.5 mm in length ( A: 150 d). A
U-meter probe constructed from a small hypodermic needle described in
Section 9.8 has an electrode volume of less than 0.3 mm typical dimension.
It appears that, if necessary, this can be improved on for this type of
probe design. Thus, electrode sensors can be made comparable or smaller
than the smallest hot-wire sensor. By the use of a special cross-wire
electrode described below, it is possible to construct essentially a point
velocity sensor of very small dimensions (.O1 mm).

Consider the probe structure shown in Figure 5.14a and 5.14b consisting
of two crossed wires which are separated at the point of crossing by a
distance comparable with the wire diameter. The sensitive volume of this
electrode configuration is in the immediate vicinity of the crossing in
spite of the fact that the entire wire length is exposed to the conducting
fluid (assume the supports are insulated, however). If d is the wire
diameter, the cutoff wavenumber is estimated to be, roughly,

2
kc W

The length, ), of the wires need not be very large in comparison with the
wire diameter as is the case with the hot-wire sensor. Experience with
hot-wire construction enables us to estimate the smallest practical limit
to this type of electrode structure, viz., d = 34. Thus, the cutoff wave-
number is about

kuck 6000 cm"

This represents an improvement in this respect by a factor of about 50
over the wire sensor. At a velocity of 3 knots the corresponding band-
width, 4f, is

kcU

A f . k-- = 150 kc

and the Reynolds number of the wire is about 5. Modifications of the above
electrode structure allows operation in a boundary layer near a wall and
with an additional wire or wires, differential spacial (double or triple)
measurements may be made.
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Figure 5.121 . Cross-Wire Electrode

The above discussion indicates that, in all cases, it is possible

to construct electrode sensors with a smaller sensitive volume than hot-

wire sensors.

Utility

The comparison og the sensitivity and freqlency response of the

U-meter with the hot-wire anemometer indicates the potential usefulness
of the former in fluid velocity measurements. The general utility of the
electrode velocity sensor for such measurements is now considered. Be-
cause of the shape and structure of the probe type electrodes, the sensor
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is intrinsically rugged. This property facilitates the general handling
of the instrument and it is not subject to impact damage by bits of matter
in the flowing medium. The durability of U-meter sensing elements is,
thus, superior to that of the fragile hot-wire detector. The stability
of calibration of the U-meter for absolute velocity measurements, however,
is probably not as good in this respect as the hot-wire anemometer.

Temperature Sensitivity

It has been necessary to delay the analysis of the temperature
sensitivity of the T-meter (TM) and resistance-wire thermometer (RWT)
until now because of the need of formulas which had to be developwd before-
hand. The intrinsic signal-to-noise ratio, 4 , for temperature measure-
ments is (Sec. 8.3 )*

where Q is the relative temperature variation, and the other quantities
are defined in Section 8.3 We are interested in the ratio

/1 A"/rm)

This ratio is

PA 400 (+26 ab)

A.) /(+12 db)

and

AA (1 0 (+38 db)

Thus, the minimum detectable temperature variation is

r6-40 80

times smaller for the T-meter relative to the resistance-wire thermom-
eter.

*We assume H <l in that equation and write P = P-H.
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6. S.!-.NAI PHENOýMNA

In this Section, a study of the physical effects which cause measur-
able changes in electrode impedance is made. This includes the effects
already considered in earlier Sections as well as others, The differential
relations which exist between changes in electrode impedance and the inde-
pendent variables, temperature, salinity and. pressure, are also develop-
ed. The consequences of correlated independent variables on the imped-
ance measurements are considered at the end of this Section.

6.1 Electrode Effects

We wish to make a detailed study of all physical effects which cause a
measurable change in the impedance of an electrode. One can regard these
effects, on one hand, as mechanisms for producing useful signals for meas-
uring the properties of the medium, or on the other hand, as effects which
cause background noise tending to mask the desired signal. The electrode
impedance includes contributions from both volume and surface properties
and consists of resistive and reactive components. The detection.of the
resultant. changes in impedance are performed with electronic instruments
operating at a given frequency. For several reasons it is desirable to
make these impedance measurements at relatively high frequencies (greater
than 1000 cps). The on.Iy effects we consider here are ones which produce
changes In impedance occurinp and measurable in the passband of the detec-
tion equipment. Phenomena not considered here are active electrode effects
which oause a potential to appear across the electrode impedance, for
example, a) A magnetic induction effect. In which a strong magnetic field
present at the electrode coupled with the flowing conducting fluid induces
a potential (1,2,3,), b) An elect-rokinetic effect associated with the
relative motion of the ions at the electrolyte/electrode interface in
which a "streaming potential" is developed (4), c) The potential caused by
variations in the inhomogeneity of the electrical properties of the medium
which induces a space ciharge in the elect.rode volume (5), oar d.) Velocity
dependent limiting direct currents in a solution determined by mass transfer
rates at the electrode (6,7,8,9), Though these effects can, and have been
used to measure the velocity of a fluid, we will not consiider them here
because the resulting potentials produce no effective change in the elec-
trode tmped.nce at the fhigh) frequency of the impedance measurement.

There are many electrode effects, but any given one produces changes
only if there is a corresponding change in the thermodynamic variables,
viz., tempereture, pressure, salinity, chemical composition and the relative
velocity of the fluid witr. respect 4.o the sensing electrode. The magni-
tude of effect: cc. sidededbelow will be with respect to small relative
fluctuations in These 'rariables such as (5T/T) or (5U/13). We begin with
the two main effects of interest ._r: 1i'e present. measuring techniques.



Conductivity

The electrode impedance consists primarily of the resistance asso-
ciated with the volume conductivity of the electrolyte. The conductivity
is a relatively strong function of temperature and salinit• of the water.
In sea water, a I % change in temperature (relative to 293ý K) at 200 C
gives rise to a 6 % change in conductivity and electrode resistance; a 1 %
change in salinity at 35 %,causes about a 1 % change in conductiv~ty. If
A. is the temperature coefficient of conductivity (about 2 % per C) and
Sthe salinity coefficient (about 2.5 % per %Q, the change in electrode
resistance is

R 07 5T,

where 8S, and BT are the changes in salinity and temperature, respectively.

Heating Effect

The electrical energy developed in a resistive load is dissipated in
that load as Joule heating resulting in a temperature rise, The electrical
power dissipated in the resistance of an electrode immersed in a flowing
conducting medium heats the medium and causes a temperature rise in the
fluid as it passes through the field of the electrode. It may be shown
that the average temperature rise, 9T, of the fluid which is flowing at
velocity, U, through an electrode of frontal area A is given by

= P

where c is the heat capacity per unit volume of the fluid, and P is the
electrical power dissipated in the electrode. Since the conductivity of
the medium is a function of temperature, this causes a change in the elec-
trode resistance. Differentiating this relation and combining it with the
one above, we find that fluctuations in the flow velocity cause the fol-
lowing changes in electrode resistance:

BR P,

This velocity dependence of the electrode resistance goes to zero if the
temperature rise, -, is small, i.eo, if the applied power is small. For
an average electrode temperature rise of E = 20 0 C, a 1 % change in
velocity causes a 0.4 % change in electrode resistance.

Dielectric Constant

Just as the resistance between the electrodes can be calculated from
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the geometry and the conductivity of the medium, so can the capacity be
calculated from the geometry and the dielectric constant of the medium.
The resulting resistance and capacity satisfy a relation which is inde-
pendent of the electrode geometry and dependent only on the properties of
the flowing medium

RC = oy-

where C is the (volume) electrode capacity, K is the dielectric constant of
the fluid, K, is the permittivity of free space, and a-is the conductivity
of the medium. Thus, if the electrode resistance is known, the capacity
may be calculated. The electrode capacity and resistance are in parallel.
If, as is the case in many instances, the reactance, X, due to the electrode
capacity is small in comparison with the electrode resistance, R, the
reactance is given approximately by

X =,-(BaC)

where W is the angular frequency at which the impedance is measured. The
quantity R C is independent of electrode geometry and is compar4ble to
unity only at very high frequency, e.g., in sea water (35 %., 20uC)

RwC = 1 at f = 0- = 1.2 kmc

In tap water the corresponding frequency is about 10 mc. The dielectric
constant of the fluid is a function both of 0 temperature and salinity; the
temperature coefficient is about 0.5 % per C and the salinity coefficient
is about 0.2 % per . Thus, in sea water, a 1 % change in temperature
causes a 1.5 % change in electrode reactanceI and a 1 % change in salinity
causes a .07 % change in reactance.

Impurities

If a localized inhomogeneity or a foreign particle in the medium
passes through the electrode volume a change in resistance is observed.
Examples of such impurities are gas bubbles, bits of matter, oil traces,
and marine organisms such as plankton. Ordinarily these impurities are
non-conductors and produce the same effect as a gas bubble of the same
shape; in general, however, any impurity with a conductivity different
from that of the medium will cause a small change in electrode resistance.
If Sv is the volume of a (spherical) non-conducting bubble, the resulting
average resistance change is (Sec°lO.L. )

R = V
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where v. is the effective volume of the electrode field. Thuspea bubble
with a volume 1 % of that of the electrode (about 20 % the size in linear
dimensions) produces a 0.5 % change in electrode resistance. Since the
bubble volume varies as the cube of its diameter, the resistance change
becomes quite small for relatively small bubbles.

Magneto-Hydrodynamic Effect

The electrical currents which flow in the fluid medium induce a (weak)
magnetic field which interacts with the conducting medium producing an
auxiliary current which varies periodically with the frequency of the ap-
plied alternating current. As a consequence, a virtual change in elec-
trode impedance occurs. This effect occurs at the operating frequency
whereas that produced by a strong static magnetic field occurs at zero
frequency. The effective electric field strength produced in the elec-
trode volume is

where B is the magnetic field produced by the currents flowing in the
medium and is of the order of (10)

P00
B = )

where V is the voltage applied to the electrode, IL is the permeability of
the medium and L0 is the permeability of free space. The power developed
in the electrode due to this effect is of the order of

7UPL Vco- "
BP ;Z a- 0-- b3

where BR is the effective change in electrode resistance associated with
this effect, and b is the typical electrode dimension. Re-arranging terms,
we find that a small change in velocity, 6U, causes an effective change
in electrode resistance of the order of

8R_ "- (R~b) 3 ( p)

This magneto-hydrodynamic effect is very small. An electrode of 30 ohms
resistance with a cell constant such that Rob - 1, experiences a 30 x 10-17

change in resistance for a I % change in velocity at 3 knots in sea water
(•i).
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Adiabatic Temperature Rise

If a body moves through a fluid, a temperature rise, At, over ambient
temperature is experienced at the stagnation point due to the adiabatic
compression of the medium given by

dU
2

AT=2c '

where d is the density of the mediumand c is the heat capacity per unit
volume. A similar temperature rise is experienced due to friction heating
caused by viscous forces acting at the surface of the body. If an elec-
trode is located at a point where such a temperature rise takes place, the
conductivity will be changed due to the temperature rise. As a consequence,
the electrode resistance becomes velocity sensitive. The resultant change
in resistance due to a change in velocity is

8R. _ = (dU2' /U)R - r c/ (V

a I % change in velocity causes a 1O"5 % change in resistance in sea water
at 3 knots velocity - a very small effect.

Electrochemical Surface Effects

Complicated electrochemical processes take place at the electrolyte/
electrode interface and give rise to additional contributions to the elec-
trode impedance which are both resistive and reactive. This surface
impedance is associated with the capacity of the electric double layer,
the reaction resistance of the electrochemical process, and the concen-
tration polarization impedance associated with the diffusion rates of the
ions involved in the conduction processes (Sec. 9.4 ). These phenomena
are critically dependent on the chemical constitution of the electrolyte
and metal electrode, the condition of the electrode surface, and operating
frequency as well as the fundamental variables of temperature, pressure,
and velocity. Because of the complexity of these processes and since
their actual properties must, in each case, be determined experimentally,
it. is not worth while to give approximate formulas for these effects.
Briefly, let it be mentioned that by the appropriate choice of operating
conditions, a 1 % change in temperature, salinity or velocity can cause a
change in electrode impedance (mostly reactance) of the order of 1 %. Also
by another choice of operating conditions these effects can be made quite
small, for example, by operating at high frequencies with platinum black
electrodes.

Geometric Distortion

The resistance of an electrode configuration imm.ersed in an elec-
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trolyte depends on the size and shape of the electrode system. Variations
in temperature cause a distortion of this geometry due to the thermal
expansion of the materials with which the electrode conductivity cell is
constructed. Differential pressures over the electrode volume can also
distort the electrode. For example, the electrode geometry is changed by
acoustic vibration fields much like the operation of a capacity microphone.
The pressure effect is negligibly small in practically all situations in
comparison to other effects. Concerning the thermal expansion of the
conductivity cell (11), the effect is dependent on the expansion coeffi-
cients of the cell mqterials; typically a 1 % change in temperature causes
only about a 3 x 10-) % change in electrode resistance. The response time
of the electrode system depends on the constitution of the cell, and the
heat capacity and heat transfer properties of the electrode cell materials.

Spectrum Dilation

If a random distribution of some scalar variable, such as temperature
or salinity, exists in the medium to which the electrode is responsive,
it is possible to measure the velocity by means of the spectral distribution
of the scalar variables. This is done by spectrum analysing the detected
signal and thereby determining the width of the distribution which is
proportional to the average velocity. IfAcis the physical wavelength of some
component of the distribution which is easily determined by the spectrum
analysis (e.g. where spectral distribution falls off rapidly),then the
width of the spectrum in the frequency domain is, Af, where

Af =u-Ac

If the turbulence field is in an equilibrium condition, •¢ is a constant
and the bandwidth, Af, is proportional to velocity. This means of measur-
ing velocity is statistical in nature and the accuracy of the measurement
is determined by the product of the bandwidth and smoothing time, t, (or
response time) of the measurement. If Avis the physical wavelength of the
turbulent velocity fluctuation, 5U1, then tho smallest value of this veloc-
ity fluctuation which is just measurable is

I/u\

For example, if the scalar field cutoff wavelength is Ac = 0.2 cm, and
the velocity field being measured is A,, 20 cm, a velocity measurement
of 10 % accuracy is possible.

Summary

In summary, the largest effects to be considered are those due to
conductivity variations, the heating effect, impurities, and spectrum
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dilation, All of these effects are considered and exploited in this
Report. The variations in dielectric constant and electrochemical effects
can either be minimized or optimized, as the case may be, to facilitate
the physical, measurements of the conducting medium. The effects due to
geometric distortion, adiabatic and friction heating and magneto-hydro-
dynamic effects are all quite negligible.

6.2 Differential Relations

This Section deals with expressions which relate changes in electrode
impedance to small increments in the independent variables such as tem-
perature or velocity. Coefficients which indicate the sensitivity of the
electrode impedance to changes in these physical variables are introduced.
Reference should be made to Section 7.1 for a description of the three
types of variables, viz., independent property and system variables.

Let j be the set of n independent (signal) variables where :L -
1,2,...,n. These variables are, of course, independent of each other.
Let Jj.ý be the least set of property variables which are necessary to
completely describe the value of the electrode impedance, z. Suppose
this set consists of m variables and j = l,2,.o.m. These variables
depend only on the independent variables. Let[{*Jbe a set of p system
variables or parameters where k = 1,2,... ,p. The variables are independent
of each other and the independent variables. The electrode impedance is
completely determined if the independent and the system variables are
specified, however, mathematical expressions for the impedance usually
involve explicitly only the property and system variables

The total differential of the electrode impedance, dz, with respect to the
independent variables, d, is given 'by

Dill

The partial derivatives of the impedance, z, with respect to the independ-
ent variables, 1 , are given, in turn, by
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Consider a small but finite increment, Az, in the electrode impedance;
the fractional change in the impedance is, to first order in finite
increments, 4i,

The coefficient of in this equation is denoted by PL and is call.ed
"the J, -sensitivity coefficient" (of the impedance):

The units of •j are the inverse of These coefficients are given by the
expression

~ *JAJ

- J: L4&ýj ( ý)].h1J

where

The quantity, S , is the "j sensitivity exponent of the impedance"
and ýj: is the " ;• -sensitivity coefficient of U/" The property 4j
in these coefficients is evaluated at that value corresponding to the
reference values of the independent variables, 1-. The quantity
is dimensionless, and j. has dimensions of inverse -

As an exampole of these coefficients, consider an electrode with the
equivalent circuit shown in Figure 6.1 . We seek the temperature coef-
ficient, P,, of this impedance. The resistance, R, is due to the volume
conductivity, o of the solution and thc capacity, C, is due to the volume
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dielectric constant, ic, of the solution. If h 1 is the cell constant of
the electrode then, the resistance and capacity are given by:

We assume that the capacity is small so
that

at the operating frequency 1J/21. In this
case, the electrode impedance is approxi-
mately

- (R"- A..

Figure 6.1 .Electrode The a-- and . - sensitivity exponents of

Impedance the impedance are

The temperature - sensitivity co 8 fficients of the conductivity and dielec-
tric constant of sea water at 20 C and 35 %*(Sec. 7.2 ) are

( k-7- -.- K" "-

The temperature coefficient of the electrode impedance is

which consists of real and imaginary parts. 9 The fractional impedance
change ( Az/z) can also be written in terms of other dimensionless quanti-
ties, viz.,

which is "the - sensitivity exponent of P• , " and
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which is "the ' - sensitivity exponent of the impedance" in this notation:

and

For example the temperature-sensitivity exponent of conductivity of sea
water at 20 C (293°K) is

The aji - sensitivity exponents for the properties of sea water under
standard conditions are listed in Table 6.1 . The References for this
data are given in brackets; if none appear, the data is taken from Section

7.2 . The pressure-sensitivity exponents are all quite small and for
this reason pressure effects have not been studied for detection purposes
in this Report. Since the dependence of the electrical conductivity of
sea water is of primary importance to this work, the temperature and
salinity coefficients of conductivity (denoted simply by P and P ,
respectively) are shown in Figures 2.7 and 2.8 for the range of temper-
ature and salinity found in the oceans (12).

Table 6.1 . Absolute Sensitivity Exponents of Physical Properties
of Sea Water

T =293 0K
1.,-•

S =35%
P = 1Atm +I L4 O

Property( ) W

Density (d) -0.080 +0.026 +4.3 x 10-5 (13)

Conductivity (a-) +6.2 +0.89 +6.8 x 10-5 (14,15)

Dielectric Constant (K) -1.5 -0.095

Heat Capacity (c) -0.071 -0.020 -1.4 x 10-5 (16)

Kinematic Viscosity (V) -6.7 +0.027 -4.0 x l105 (17)

Prandtl Number (F) -7.8 +0.043

Schmidt Number (5) -12.8 +0.027

The sensitivity exponents of Table 6.1 indicate the relative magni-
tude of signals caused by temperature and salinity variations in the ocean
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for the reference temperature (293°K) and salinity (35 -) used in the
Table. As shown in Section 7.3 , the rms salinity and temperature
variations are related by

--- 0.11 %oper 0 C

so that ( Z 0. 11 9 unity

rZ -- N35

6.3 Correlated Signals

The measured variables, temperature, salinity, and velocity are
usually thought of as independent variables. In certain situations, how-
ever, these variables are coupled or correlated with each other so that a
change in one implies a change in the other. The best example of this to
the relation which exists between temperature and salinity of given large
masses of sea water, i.e., the so-called "TS-diagram." We now analyze
the consequences of this correlation between temperature and salinity
microstructure on the measurement of the conductivity of sea water.

Fluctuations in conductivity of sea water are related to temperature
and salinity variations by

where P, and P' are the temperature and salinity coefficients, respectively.
Define a dimensionless parameter, )Y, which indicates the relative magnitude
of the salinity variations with respect to the temperature variations:

Also, define the related parameters

where

The correlation between the temperature and salinity variations is
determined by the correlation coefficient,/O, which is defined by

(.47-- S)
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The rms value of the conductivity variations is

or

If the correlation is very small (p <c<), then

if the temperature and salinity are completely correlated (p tl), then

if the salinity variations are very small in comparison with the tempera-

ture variations, then

In the ocean ) is approximately 0.1 (small) and p is probably near +1.0

for large scale microstructure, and zero for microstructure smaller than
the dissipation length (Section 13. ) of the temperature structure. In
any case, we see that, in the ocean, the conductivity variations on the
average are due primarily to temperature variations:

Effective Temperature

The changes of conductivity in a solution are due to a combination of
corresponding fluctuations in temperature and salinity. The magnitude of
these conductivity fluctuations can be described in terms of a fractional
change, ( Ao/o), or in terms of an "effective temperature change," AT
which causes the same fractional change in cinductivity. We could also
speak of an "effective salinity change," AS , which produces the same
fractional change in conductivity. If the conductivity change ( Ao-/o-) is
known, then we have
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We will tend to talk more in terms of the effective temperature, AT
because in the water media of most interest, viz., in the ocean andwater
tunnel experiments, the condt'ctivity fluctuations are due primarily to
temperature fluctuations, i.e., the following inequality holds in several
important cases

Typically, in the ocean the conductivity ,ariations due to salinity are
about 1/10 those due to temperature (Sec. 7.3 ).

The effective temperature is related to the actual temperature and
salinity variations as follows:

or

~7-w- 67 7-4
The rms value of the effective temperature is

where the temperature and salinity fluctuations are assumed to be inde-
pendent. If, on the other hand, these signals are correlated then,

~z /

where the latter approximation assumes "Y--•l as is the case in the ocean
where Y is about 1/10.

The fractional electrode resistance variations in terms of the effect-
ive temperature change is simply:
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7. CONDUCTING MEDIUM

The analysis of the detection instrumentatiin of this Report calls
for the consideration of many variables and parameters which describe the
phenomena under study in the conducting fluid medium. It is useful at
the outset to list precisely what variables will be considered, it being
assumed that those not mentioned will be of negligible importance to the
analyrtý. The variables have been classed either as "medium variables"
because they describe the physical state of the medium in which measure-
ments are being made, or "system variables" because they describe the
state of the instrumentation which is operative in the measurements. In
the interest of illustrating the performance of properties of various
aspects of the instrumentation, certain typical or standard values of the
physical variables will be decided upon and used in numerical examples
throughout the Report. The oceans represent one of the most important
conducting media for the application of the present instrumentation, there-
fore some of the average properties of the ocean environment are presented
in Section 7.3 for estimating the performance of the detection equipment.
Tables of physical data are given in Section 7.2 for several conducting
solutions which are of interest.

7.1 Medilm Variables

The conducting medium under consideration~here, is assumed to be an
aqueous electrolyte solution (liquid) which, in general, is inhomogeneous
in concentration and may contain solid impurities. It is this medium
which we wish to adequately and concisely describe by a set of variables
which specify the physical state of the water. Simplifying assumptions
will be made where necessary to make the problem subject to analysis. The
thermodynamic properties of the water are described by a chosen set of
"thermodynamic variables" and the other physical properties by so-called
"property variables." Special reference will be made to the two important

cases of sea water and tap water. Measurements performed by detection
equipment refer to measurements of "independent variables," which, as we
shall see, are taken to be the thermodynamic variables of temperature,
pressure, and salinity. The volume of localized inhomogeneities such as
bubbles is another ipdependent variable of the medium. Also measured is
the velocity of the water with respect to the sensing instrument. Velocity
is a relative quantity and should properly be considered both as a medium
variable and system variable.

Thermodynamic Variables

The description of the thermodynamic state of a medium involves the
description of the thermodynamic state of each of its homogeneous phases.
Each phase is specified by its content, i.e., the quantity of each chem-
ical substance it contains, and a specification of two other thermodynamic
quantities such as temperature and pressure. A property of the medium is
uniquely determined by specifying the temperature, pressure, and content,
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provided the relation between the property and these variables is known
(1). If the property under consideration is the density, then this
relation is called the equation of state; this relation is known to high
accuracy for sea water and fresh water (2,3).

The content or phase description of the water media of interest, viz.,
sea water and tap water, must be considered in more detail. In the case
of sea water, it has been found that regardless of the absolute concen-
tration, the relative proportions of the different major constituents are
virtually constant, except in regions of very low salinity where minor
deviations may occur. Oceanographers have made use of this principle of
constancy of ratios of the major constituents of sea water in order to
utilize the measurement of a single component to determine the salinity,
S(), of a sample. We will assume that sea water is of constant relative
composition to the degree of accuracy with which we are presently concerned.
Sea water may then be considered as a composite electrolyte solution whose
properties are single-valued functions (unique) of temperature, T, pressure,
P, and total salt content or salinity, S. The typical composition of sea
water may be found in the Reference (4).

For tap water, the principle of the constancy of ratios of the com-
ponent salt concentrations is not valid. The concentration of dissolved
salts varies widely depending on the tap water used (5). In order to
work with a single variable to describe the concentrations of salts in
tap water, we will define an effective salinity, S, based on the electrical
conductivity of the tap water sample. This is done in the following man-
ner: if O-is the measured conductivity of the tap water sample, and Soand
aare the adopted standard salinity of sea water (Sec. 7.2 ), then the
effective salinity, 8, of the tap water is defined by the equation

The adopted standard values at 200 C are 50 = 35 %,and ao .0479 ohm-l cm-l;

typically the conductivity of tap water is about 1/100 times that of sea
water so that S is typically about 0.3 %*.

Random localized impurities in the water, for example bubbles, will
be considered to be internally homogeneous and ,haracterized by their
volume v.

Property Variables

The dependent variables of the medium are those physical character-
istics other than the temperature, salinity and pressure and will be termed
"property variables." The electrical conductivity, dielectric constant
and density are examples of property variables. The property variables
are only functions of temperature, salinity and pressure; if 4 is a prop-
erty of the medium, then it satisfies the equation

q)= function (T,S,P).
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The pressure dependence proves to be of negligible importance in the
present research.

Numerous properties of the medium are of interest in the present
analysis; not all of these properties are independent, however. For
example, the kinematic viscosity is the ratio of dynamic viscosity and
density. In this Report we will prefer to work with the least number
of independent properties necessary for the analysis, and the most
dimensionless properties as, for example, the Prandtl number (6). We
chose the following list as the preferred set of medium properties:

Density (d)
Electrical Conductivity (a)
Dielectric Constant (K)
Heat Capacity per Unit Volume (c)
Prandtl Number (?)
Schmidt Number (s)
Kinematic Viscosity (1).

These are functions only of

Temperature (T)
Salinity (s)
Pressure (P)

In the analysis work will be done with other property variables (e.g.
resistivity) which are not independent of the above property variables as
required to simplify the analysis, but will reduce most of the final
results to the above minimal set of property variables. The dependence of
these variables on temperature and salinity is covered in Section 7.2 and
on pressure in Section 6.2 •

The parameters or variables which relate to the characteristics of
the detection instrument are termed system variables. The most important
of these, actually, is the quantity which is measured, that is the elec-
trode impedance. Others are the electrode power, size and velocity in the
water medium. The system variables have average values which are control-
lable by design. Their fluctuating values are dependent on the indepeled-
ent variables to be measured, viz., temperature, salinity, pressure, cavity
volume and velocity.

Standard Conditions

The standard conditions for the thermodynamic variables which are
assumed in this Report for sea water are the following:

Temperature 200 (293 0K)
Salinity 35 %-
Presuure 1 Atm
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For calculations where reference to tap water is necessary, the same
standard temperature and pressure will be used. A standard concentration
of dissolved salts and gases is not as meaningful in the case of tap water
as sea water because of the great variability in the composition of tap
water from one location to another. It seems more useful to assume a
standard electrical conductivity (a property variable) as a value for
reference. The value assumed for tap water in this Report is 1/100 that
of standard sea water,

4.8 x l0-4 ohm' cme"

which corresponds to about 0.4 %odissolved salts (in a variety of propor-
tions) in pure water.

The assumed standard conditions for the property vari~bles pertinent
to this work follows immediately from the above standard conditions be-
cause of their unique dependence on temperature, pressure and concentration.
These standard values for sea water and tap water (and/or fresh water)
are given in Table 7.1 below. More detailed data'is found in Section 7.2
at non-standard temperature, pressure and concentration.

Table 7.1. Physical Properties of Standard Sea Water and
Tap Water at 200 C and 1 Atm.

Variable Sea Water Tap Water

Density (d, gm/cm3 ) 1.0248 0.9982

Conductivity (a ohm-lcm"I) .0479 .00048

Dielectric Constant (W) 73.8 80.1

Heat Capacity (c,joule/cm3 /°C) 4.092 4.174

Kinematic Viscosity (V,cm 2/sec) .0106 .01004

Prandtl Number (F) 7.30 7.01

Schmidt Number (s) 770 -'700

7.2 Physical Data

The measurement of temperature, salinity and velocity of water by the
principles of this Report requires that the water have a finite electro-
lytic conductivity. The water media of most interest for these measure-
ments are sea water and tap water. Other electrolyte solutions of interest
in experimental measurements are, e.g., sodium chloride and sodium hydrox-
ide solutions. The electrical conductivity, under varying conditions,

7.4



of a number of aqueous solutions are given in this Section along with
other physical properties which relate to the analysis of the detection
techniques. Since many of these properties are approximately those of
pure water, its characteristics are alsco listed (although its electrical
conductivity is altogether too low for practical measurements by the
present techniques).

This somewhat extensive compilation of physical data was felt to be
worth while because of its present and future usefulness in the appli-
cations of these instruments. The aqueous solutions for which data ;nd
references are given are:

Sea Water
Artificial Sea Water

NaCl Solution
Tap Water
Pure Water
NaOH Solution
KC1 Solution

For general information concerning the properties of water and aqueous
solutions reference should be made to Dorsey (7) and the Physical and
Chemical Handbooks (8,9,10). Because it is necessary to operate the
velocity detector in a way which brings the water near boiling, it is of
inierest to know the physical properties over the range from 0 - 100°C,
which will be done in as many cases as data is available. Much of the
data presented in this Section has been processed so that it is in units
convenient to the present analysis, (e.g., salinities (%Q instead of
concentration (mole/liter)). Vo claims will be made for the accuracy of
the data in this Section other than to say that its treatment was carried
out with care and with consistency checks. In some cases the accuracy is
not as good as the original data because some significant figures have
been dropped in the interest of space and because very great precision in
the values of the properties is not called for. In only a few cases the
data has been smoothed from original data and may implicitly overstate
the accuracy of the data. The differential coefficients with respect to
temperature, salinity, and pressure of many of the properties considered
here are given in Section 6.2 . For the purpose of making numerical
calculations as examples throughout this Report, certain "standard uundi-
tions" have been defined as discussed in Section 7.1 and in the following
paragraphs.

Sea Water

Sea water is of primary concern as an electrically conducting solution.
The general physical properties and chemical composition of sea water may
be found in the References (4,9,15). The experimental data on the conduct-
ivity of sea water (11,12) has been tabulated in Table 7.2 as a function
of temperature and salinity. It is necessary to convert from the chlorin-
ity, Cl, of the water to the salinity, S, by the accepted formula (13)
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S = 0.03 + 1.805 (cl)

where both S and Cl are expressed in %ounits. This data is shown in
graphical form in Figure 2.6 of Section 2.3 over the range of temperature
and salinity ordinarily found. in the ocean. The temperature and salinity
coefficients computed from this data are shown in Figures 2.7 and 2.8
of Section 2.3 . The electrical properties of sea water at very high
frequencies in the radar range are treated by Saxton and Lane (14). ror
the calculation of numerical examples, it is useful to define a "standard
sea water" corresponding to a standard salinity and temperature. The
standard temperature will be taken as 20 0 C which is more like the temper-
atuses found in the laboratory than in the average ocean temperature
(15 C). Concerning the standard salinity, we use that of the so-called
"normal water" prepared by the Hydrographical Laboratories in Copenhagen,
Denmark (13). The chlorinity of normal water is 19.381 %*corresponding
to a salinity_ýf 3J.02 %&, The conductivity of this standard sea water
is .04790 ohm cm" , and the density is 1.0248 ga/cm . Although our
interest in the properties of sea water extends over the temperature range
from 00 - 100°C, data is not available over this range but covers only
the range from 00 - 30 0 C. Furthermore, many of the physical properties
of actual sea water have not been measured. It is customary where such
gaps exist in the data to use as an approximation the properties of a
corresponding sodium chloride (NaCl) solution. This procedure is adopted
here; data on NaCI is given in a following Section. Some of the physical
properties of standard sea water are shown in Table 7.3 as a function of
temperature; the source references are given at the bottom of this Table.
The variation of the density of sea water over the range of temperature
and salinity ordinarily found in the oceans is shown in Figure 7.6 of
Section 7.3 . Also in that Section are found data on the average values
of the properties of sea water as a function of depth.

Table 7.2. Electrical Conductivity of Sea Water as a Function of
Temperature and Salinity at Atmospheric Pressure (l Atm)

-1 -l1.
(ohm- m ) ,3 j4 35 36 37

0 2.667 2.749 2.827 2.904 2.979 3.016

5 3.082 3.178 3.266 3.352 3.429 3.481

T 10 3.498 3.617 3.711 3.804 3.906 3.968

(0C) 15 3.945 4.073 4.179 4.286 4.403 4.470
18 4.207 4.367 4.1454 4.566 4.679 4.773
20 4.405 4.545 4.669 4.790 4.904 4.988

25 4.988 5.043 5.168 5.316 5.432 5.556

30 5.587 5.682 5.780 5.917 6.042 6.173
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Table 7.3 • Properties of Normal Sea Water (35.02 %Q as a
Function of Temperature at Atmospheric Pressure.

UU

(° C) MJ

0 1.0o281 4.0971 2. 955 33-84 1.83
5 1.0277 4.964 3.403 29.39 1.57

10 1.0270 4.0956 3.855 25.94 1.36

15 1.0260 4.0937 4.337 23.06 1.19

18 1.0253 4.0927 4.617 21.66 1.11

20 1.0248 4.0920 4.790 20.88 l.06
25 1-0234 4.0883 5.367 18.63 0.94

30 1.0217 4.0860 5.968 16.76 0.85

Bef. 3,16 17 11 11 18

Artificial Sea Water

The relative chemical composition of sea water is found to be quite
uniform over a wide range of salinity and contains a large number of
constituents, the most abundant being common salt, NaCl. Formulas for
mixing solutions .-.hich close',, a.pproximate that of -sea water have been
developed and can be used where it is important to simulate as closely as
possible the actual conditions which exist in a sea water environment
(20,21). The approximate quantities of the main components of one formula
for artificial sea water solution is listed in Table 7.4 (19). Because
of the complexity of working with these artificial sea water solutions in
routine laboratory work and because the precise chemical composition of
solutions used in experimental work is not germain to th2 present exper-
iments, these solutions were not used. Only the simplest of approximations
to sea water was used in the laboratory tests, namely the NaCl solution,
discussed subsequently.
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Table 7.4 . Composition of Artificial Sea Water

Salt Salinity (%Q)

NaCl 25.2

MgCl 2  5.3

Na2 0 so4  4.2

CaCi2 1.2

KCl 0.7

NaHCO3  0.2

KBr 0.1

NaCl Solution

A solution of sodium chloride (NaCi) of appropriate concentration
(salinity) has physical properties which closely approximate those of
sea water. This is of practical importance for experimental work in the
laboratory because of the ease and simplicity of working with a solution
of common salt instead of the more complicated artificial sea water solu-
tion discussed above. This electrolyte solution is probably the simplest
and most commonly available, hence there is a considerable amount of data
available on its physical properties. It is somewhat surprising that much
of the data at higher concentration (- 4%), of the order of that found
in the oceans, has been measured only in the last decade. For use as a
substitute for sea water, some convention must be established in order to
be able to decide when sea water of given salinity and temperature is
equivalent to a NaCl solution. The following convention is adopted: a
standard NaCl solution is one which has the same electrical conductivity
as sea water of 35.02 % salinity at 200C temperature. The co~ducjivity
of sea water at this temperature and salinity is 0.04790 ohm- cm' . A
NaCl solution has the same conductivity at 20 C at a salinity of 32.84 %.
A sodium chloride solution of this salinity has been used in laboratory
experiments as the electrical equivalent of standard sea water. The
adopted convention insures the equality of the electrical conductivity of
these solutions, however, with respect to the other physical properties
small differences exist. Since the NaCl solution is a convenient sub-
stitute for experiments which are intended to approximate sea water, some
of the properties of NaCl solutions with a salinity covering the approxi-
mate range of sea water salinities have been computed at atmospheric pres-
sure (I Atm) and listed in Tables 7.5 to 7.11 . The electrical conduc-
tivity data was taken from References (22-26); the density from (27), and
the molecular weight of NaCl is 58.45 gms. The electrical properties at
high frequencies (radio and radar range) is found in References (28,14,
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29,30). The physical properties of standard NaClosoluti 8 n (32.84 ) have
been computed as a function of temperature from 0 - 100 C and are listed
in Table 7.12 ; the References to this data appear at the bottom of the
Table. The diffusion coefficient was assumed to vary in proportion with
the electrical conductivity over the temperature range in question (31,
32). The electrical conductivity of standard NaCl solution at temperatures
above 100 C, listed in Table 7.13 and plotted in Figure 7.1 , are of
interest in the operation of the velocity sensor at great depths in the
ocean where because of the greater pressure the boiling point is increased
(see Table 7.17afor pure water). The conductivity of NaCI solution as
a function of concentration (mole/liter) is given in Table 7.14 .

Table 7.5 . Concentration (moles/liter) of NaCl Solution as a
Function of Temperature and Salinity

(mole/liter) S (W)
c 30 31 32 33 34 35 36

15 .5239 .5418 .5597 .5776 .5955 .6134 .6314

16 .5238 .5416 .5595 .5774 .5953 .6133 .6312
T 17 .5237 .5415 .5594 .5772 .5952 .6131 .6311

(0C) 18 .5235 .5413 .5592 .5771 .5950 .6129 .6309

19 .5234 .5412 .5591 .5770 .5949 .6128 .6307
20 .5233 .5411 .5589 .5768 .5947 .6126 .6306

21 .5231 .541o .5588 .5767 .5946 .6125 .6304
22 .5230 .5408 .5586 .5765 .5944 .6123 .6303

23 .5229 .5407 .5585 .5764 .5943 .6122 .6301

24 .5228 .5406 .5584 .5762 .5941 .6120 .6300

25 .5226 .5404 .5583 .5761 .5940 .6119 .6298
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Table 7.6 • Density (gm/cm 3 ) of NaCl Solution as a Function
of Temperature and Salinity

(gIm/cM ) - * S (%ý - -

1000(d-1) 30 31 32 33 34 35 36

15 20.77 21.51 22.26 22.98 23.66 24.39 25.13

16 20.51 21.22 21.95 22.70 23.41 24.13 24.87

T 17 20.29 20.90 21.70 22.41 23.15 23.86 24.59

(0C) 18 20.00 20.68 21.42 22.14 22.87 23.59 24.31
19 19.77 20.45 21.14 21.90 22.62 23.34 24.06

20 19.62 20.20 20.90 21.67 22.37 23.o8 23.79

21 19.24 20.96 20.63 21.40 22.11 22.82 23.53
22 19.00 19.71 20.39 21.14 21.85 22.56 23.29

23 18.78 19.40 20.17 20.90 21.59 22.30 23.03

24 18.51 19.20 19.90 20.64 21.33 22.05 22.79

25 18.28 18.98 19.67 20.38 21.08 21.81 22.54

Table 7.7 . Resistivity (ohm-cm) of NaCl Solution as a Function
of Temperature and Salinity

(ohm-cm) s N I

/o 30 31 32 33 34 35 36

15 25.39 24.64 23.94 23.28 22.66 22.08 21.52

16 24.83 24.10 23.41 22.77 22.16 21.59 21.05

T 17 24.29 23.57 22.90 22.28 21.68 21.11 20.58

( 0 c) 18 23.77 23.07 22.41 21.79 21.21 20.66 20.14

19 23.26 22.57 21.93 21.32 20,76 20.22 19.71

20 22.76 22.09 21.47 20.88 20.32 19.79 19.29

21 22.29 21.63 21.02 20.44 19.89 19.38 18.89

22 21.83 21.19 20.58 20.02 19.48 18.98 18.50

23 21.39 20.76 20.17 19.61 19.08 18.59 18.13

24 20.95 20.33 19.76 19.22 18.70 18.22 17.76

25 20.53 19.93 19.36 18.84 18.33 17.86 17.41
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-l-1c 2., oTable 7.8 - Equivalent Conductance (ohm'imole-cm of NaCM
Solution as a Function of Temperature and Salinity

ohm-mole- 30 31 32 33 3ý 35 36

15 75.16 74.90 74.63 74.36 74.10 73.84 73.59
16 76.88 76.61 76.33 76.06 75.79 75.53 75.27

T 17 78.62 78.34 78.06 77.78 77.51 77.24 76.97
(0 18 80.37 80.08 79.81 79.53 79.25 78.98 78.72

19 82.16 81.86 81.57 81.28 80.99 80.71 80.43

20 83.95 83.65 83.35 83.05 82.76 82.47 82.19

21 85.76 85.45 85.15 84.84 84.55 84.25 83.96

22 87.59 87.28 86.96 86.65 86.35 86.05 85.75

23 89.43 89.11 88.79 88.47 88.17 87.86 87.56

24 91.29 90.97 90.64 90.31 90.00 89.68 89.38

25 93.18 92.83 92.50 92.16 91.83 91.51 91.19

Table 7.9 . Electrical Conductivity (ohm-l CM-1) of NaCl Solution
as a Function of Temperature and Salinity

(ohml cm- I___S

100 30 31 32 33 34 35 36

15 3.938 4.058 4.177 4.295 4.413 4.529 4.646

16 4.027 4.149 4.271 4,392 4.512 4.632 4.751

T 17 4.117 4.242 4.367 4..489 4.613 4.736 4.858

(0C) 18 4.207 4.335 4.463 4.590 4.715 4.841 4.966

19 4.300 4.430 4.561 4.690 4.818 4.946 5.073

20 4.393 4.526 4.658 4.790 4.922 5.052 5.183

21 4.486 4.623 4.758 4.893 5.027 5.160 5.293
22 4,581 4.720 4.858 4.995 5.133 5.269 5.405

23 4.676 4.818 4.959 5.099 5.240 5.379 5.517

24 4,773 4.918 5.061 5.204 5.347 5.488 5.631

25 4.870 5.017 5.164 5.309 5.455 5.599 5.743
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Table 7.10 . Salinity Coefficient of Conductivity (% per %) of NaC1
Solution as a Function of Temperature and Salinity

(%per s -

PIP 30 31 32 33 34 35 36

15 3.043 2.949 2.854 2.763 2.675 2.594 2.521

16 3.o4. 2.947 2.852 2.761 2.673 2.592 2.519

T 17 3.039 2.945 2.850 2.759 2,671 2.590 2.517

(°C) 18 3.037 2.943 2.8M8 2.757 2.669 2.588 2.515
19 3.035 2.941 2.846 2.755 2.667 2.586 2.513

20 3.033 2.939 2.844 2.753 2.665 2.584 2.511

21 3.031 2.937 2.842 2.751 2.663 2.582 2.509

22 3.029 2.935 2.840 2.749 2.661 2.580 2.507

23 3.027 2.933 2.838 2.747 2.659 2.578 2.505

24 3.025 2.931 2.836 2.745 2.657 2.576 2.503
25 3.023 2.929 3.834 2.743 2.655 2.574 2.501

Table 7.11 • Temperature Coefficient of Conductivity (% per °C) NaC1
Solution as a Function of Temperature and Salinity

per "C) S(Q

PT 30 - 36

15 2.275
16 2.249

T 17 2.224

(0c) 18 2.198

19 2.173

20 2.147
21 2.121

22 2.096

23 2.070

24 z.o45

25 2.019
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Table 7.12 Properties of Standard NaCl Solution (32.84 as a

Function of Temperature

U 0

-. rJ ON

H ~

~~~~~' ~~C H~U- ~ ) * ) -+ U
T ~ ~ ; qHCY ooH 4) £IH 1O

(0c) 1: 0

0 1.o246 81.4 2.93 34.17 51.0 1.79 0.82 536

5 1.0243 79.5 3.37 29.68 58.7 1.53 0.94 546

10 1.0237 77.5 3.82 26.20 66.5 1.33 1.o6 557

15 1.0228 75.6 4.27 23.42 74.4 1.16 1.19 568

18 1.0221 74.5 4.58 21.9 79.6 1.08 1.28 574

20 1.0216 73.8 4.79 20.88 83.1 1.03 1.34 578

25 1.0201 72.0 5.29 18.90 92.2 .920 1.474 587

30 1.0185 70.2 5.82 17.18 10o.4 .828 1.62 595

35 i.o166 68.5 6.35 15.74 110.7 .751 1.77 602

40 1.o148 66.8 6.92 14.46 120.5 .685 1.93 609

45 1.0126 65.2 7.50 13.34 130.6 .628 2.09 616

50 i.0104 63.6 8.09 12.36 141.o .578 2.25 622

55 1.0079 62.0 8.73 11.45 1522. .536 2.43 628

60 1.0054 60.5 9.40 10.64 163.7 .497 2.62 633

65 1.0023 59.0 10.08 9.92 175.6 .464 2.81 637

70 0.9997 57.6 10.79 9.27 187.9 .435 3.0 642

75 0.9967 56.1 11.51 8.69 200.5 .409 3.2 646

80 0.9939 54.7 12.26 8.16 213.6 .385 3.4 649

85 0.9906 53.4 13.03 7.68 227.0 .364 3.6 651

90 0.9872 52.0 13.82 7.24 240.8 .345 3.9 654

95 0.9839 50.7 14.64 6.83 255.1 .327 4,1 656

100 0.9806 49.4 15.48 6.46 269.7 .312 4.3 658

Ref. 27 33 22-26 22-26 22-26 32 31,35 34
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Table 7.12 • Properties of Standard NaCi Solution (32.84 %
as a. Function of Temperature

-H 4

T 43j

0 1.31 13.7 218o 4.1o9

5 1.33 11.5 1630 4.107
10 1.36 9.78 1250 4.107
15 1.39 8.35 975 4.104

18 1.40 7.71 844 4.103
20 1.41 7.30 769 4.102

25 1.44 6.39 624 4.097

30 1.46 5.67 511 4.095

35 1.47 5.11 424 4.092

40 1.49 4.60 355 4.o88

45 1.51 4.16 300 4.085
50 1.53 3.78 257 4.079
55 1.54 3.48 221 4.074
60 1.56 3.19 190 4.068

65 1.57 2.96 165 4.061
70 1.59 2.74 145 4.054

75 1.60 2.56 127 4.o47
8o 1.61 2.39 113 4.037

85 1.62 2.25 10o 4.030

90 1.63 2.12 88 4.021

95 1.64 1.99 80 4.012
loo 1.65 1.89 73 4.003
Ref. - 7 - 17,41

7.1lii



Table 7.13 • Electrical Conduc- Table 7.14 . Electrical Conductivity
tivity of Standard of NaCi Solution as a
NaCI Solution aF~nU rn of Concentration
(32.84 %Q at
High Temperature

T Conductivity .

ic~~r +3+ [
S(o0) ohm- cm'
100 0.155

120 0.181 ~ __

140 0.209 0.0 114 .0000
160 0.232 0. 0005 112 .0056

180 0.252 0001 1ll .0111

200 o.269 0.005 108 .0541

220 0.285 0.01 i06 .106
240 0.299 0.02 1o4 .208

260 0.310 0.05 100 0.500

280 0.319 0.1 95.9 0.959

300 0.328 0.2 91.4 1.83
320 0.336 0.5 84.3 4.22

340 0.344 1. 77.1 7.71
360 0.350 1.5 71.9 1o.8

Ref. 26 2. 67.3 13.5
3. 59.0 17.7

4. 51.4 2o.6

5. 44.5 22.2

Reference (22)

Tap Water

In most respects tap water behaves very much like pure water, The
main difference between these two waters is in their electrical conduc-
tivity. The conductivity of tap water is typically 500 times that of
distilled water. The concentration of dissolved salts in tap water varies
considerably from location to location; in Los Angeles water the salinity
is about 0.50 %o) in WashingtonD.C. it is about 0.22 %o(5). The term
salinity here refers to the grams of total filterable residue per liter
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of solution which is very rarely equal to the same quantity per 1000 grams
of solution (Q. The common unit used in water analysis is mg/liter or
approximately 10-3 %.. The conductivity of the water is related to the
total concentration of the ionized substances. The amount of dissolved
matter in a sample (in m§/litir) iay often be estimated by multiplying
the conductivity (in l10 ohm- cm- ) by an empirical factor which varies
from 0.55 to 0.9, depending on the soluble components of the particular
water (36). The conductivity per unit concentration of the ions commoniýy
found in tap water is l1steý in Table 7.15 for water with a conductivity
of about 100 micro-ohm- cm- (5,37,38,39). This data was prepared from
the values and behavior of the conductivity at infinite dilution (3). It
is necessary to specify the concentration (or conductivity) because the
conductivity of the water is not directly proportional to the concentration,
although it is a rough approximation. As a rough estimate of the coeffi-
cient,/\ listed in Table 7.15 at a conductivity other than 100 micro-
ohm lcm-, we have

A~d) - /<- / -~ /< ( .06)
A (loo)

where a-is in units of micro-ohm'l As an example of the conductivity

of ordinary tap water, we list in Table 7.16 the concentration and conduc-
tivity of the individual and total ions according to the coefficients in
Table 7.15 . Applying the above correction to the total conductivity for
the two waters, we obtain the corrected conductivity at the bottom of Lhis
Table along with the conductivity/concentration ratio. This ratio falls
within the range previously mentioned (.55 - .90).

The effective salinity with reference to sea water was defined in
Section 7.1 as

S EPP

whgre q., So are the standard conductivity and salinity of sea water at
20 C (.04179 olm cm , 35 Q). The values of mare listed at the bottom
of Table 7.16 for Los Angeles and Washington, D.C. waters. This quantity
has been refl ica Lu stndar-dize tap watcr ..... urements. by measuring only
the conductivity and not the individual salt concentrations.

The variability of the conductivity from location to location is il-
lustrated in Table 7.16 , but it also varies with time and water source
in a given city. Laborltory measurements here usually give a conductiv-
ity of about 500 i' ohm-cm instead of the 740 g ohm 'cmL listed in
Table 7.16 taken from Reference (5).

For the other physical properties of tap water the values for pure
water may be used with good accuracy.
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Table 7.15. Conductance Factors of Ions Commonly Found in Water

A, Equivalent Conductivity (250C)
10" 6 ohm-lcm-1

Ion Per me/l Per mg/l

HCO3 Bicarbonate 43.6 0.715
3

Ca++ Calcium 52.0 2.60

CO- Carbonate 84.6 2.82
3

Cl" Chloride 75.9 2.14

Mg++ Magnesium 46.6 3.82

NO3 Nitrate 71.0 1.15

Ke Potassium 72.0 1.84

Na+ Sodium 48.9 2.13

SO- Sulfate 73.9 1.54

Table 7.16 Conductivity of Tap Water

Los Angeles Washington, D.C.

Concentration Conductivity Concentration ConductivityIon / 10/6 .le-1 mg/i -6 -i

Bicarboriate 215 154 79 56

Calcium 27 70 34 88

Carbonate 90 254 59 166

Chloride 44 94 5.2 11

Magnesium 12 46 1.9 7
Nitrate 1 1 1 1

Potassium 18 33 1.7 3
Sodium 56 119 5.1 11

Sulfate 39 60 34 5Z

TOTAL 502 831 221 395

Corr.
Conductivity 740 372

Ratio o.68 0.60

0.54 %M 0.27 %,
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Pure Water

In many respects the physical properties of pure water and tap water
are almost identical. The main exception is the electrical conductivity.
Because of the availability of data on pure water, its physical properties
will be used and tabulated under the assumption that they can be used
with accuracy for ordinary tap water. Tables for the properties of inter-
est 0 are listed in Table 7.17 as a function of temperature from 0 C to
100 C. This full range is of importance because the detection equipment
is operated near boiling when water velocity is being measured. The
sources of these data are listed at the bottom of the Table. Entries
without references were computed from combinations of data with references.
The data 6efers to atmospheric pressure (1 Atm). Vapor pressure data
above 100 C shown in Table 7.17ais of interest in connection with boiling
at great depths in the ocean (Sec. 12.6 ). The properties of water at
high (radar) frequencies is found in References (30, 29, 45).

Table 7.17a. Vapor Pressure of Pure Water it High Temperature

(0C) Vapor Pressure

T (ATM)

100 1.00

120 1.96

140 3.57

160 6.10

180 9.90

200 15.3

220 22.9

240 33.0

260 46.3

280 63.3

300 84.8

320 il

340 144

360 184

Ref. (46)
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Table 7.17 . Properties of Pure Water as a Function of Temperature

CU

0)

(0c)

S-0,

0 •9998 87.74 1.787 4.217 554 1.314 13.6

5 1.0000 85.76 1.516 4.203 565 1.344 11.3

10 .9997 83.83 1.306 4.191 576 1.374 9.51

15 .9991 81.95 1.139 4.183 587 1.403 8.12

18 .9986 80.84 1.055 4.178 593 1.419 7.44

20 .9982 80.1o 1.004 4.174 598 1.433 7.01

25 .9970 78.30 .8929 4.168 607 1.456 6.13

30 .9957 76.55 .8010 4.160 615 1.478 5.42

35 .9940 74.82 .7237 4.153 622 1.498 4.86

40 .9922 73.15 .6582 4.146 630 1.520 4.33

45 .9902 71.51 .602z 4.139 637 1.539 3.91

50 .9880 69.91 .5533 4.131 643 1.557 3.55

55 .9857 68.34 .5117 4.123 649 1.574 3.25

60 .9832 66.81 .4746 4.114 654 1.590 2.99

65 .9806 65,32 .4428 4.106 659 1.605 2.76

70 .9778 63.86 .4141 4.097 664 1.621 2.56

75 .9749 62.43 .3886 4.088 668 1.634 2.38

80 .9718 61.03 .3657 4.078 671 1,645 2.22

85 .9686 59.66 .3453 4.069 673 1.654 2.09

90 .9653 58.32 .3269 4.059 676 1.665 1.96

95 .9619 57.01 .3103 4.050 678 1.674 1.85

100 .9584 55.72 .2952 4.040 680 1.683 1.75

Refs. 41,42 4],30 41 43 44 - -
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KC1 Solution

The cell constant of a given conductivity cell is ordinarily deter-
mined by a measurement with an electrolyte solution of known conductivity
rather than by a computation based on the geometry of the electrodes. The
most common solution for this purpose is potassium chloride (KCI). The
conductivity of this solution is known to very high accuracy for a number
of concentrations (47). The specific conductivity at selected points is
listed in Table 7.18 .

Table 7.18 . Conductivity of KCl Solution

Salinity o(ol& 
1 cm 1 )

00 C 18°C 250C
71.1352 0.06518 0.09784 0.11134
7.41913 0.007138 O.011167 O.012856
0.745263 0.0007736 0.0012205 O.001409

NaOH Solution

Some of the physical properties of sodium hydroxide solution (NaOH)
are given because of their rather remarkable electrical conductivity
properties. Among these are: relatively high conductivity, large temper-
ature coefficient, and a salinity coefficient which is either positive,
negative, or zero. The use of solutions of caustic soda present some
hazard in laboratory experiments and therefore care must be taken in han-
dling such solutions. This compound is available and is quite inexpensive.
It is not corrosive to iron containers. The curves of conductivity vs.
salinity for several temperatures shown in Figure 7.2 were calculated
from available data on the equivalent conductivity vs. concentration (48),
and the density vs. concentration (27). The molecular weight of NaOH is
40.01 grams. Because of interest in a solution whose conductivity is
independent of salinity variations (0 = 0), the conductivity at a salinity
of about 20 % has been computed as a function ofotemperature as shown in
F1gure 7.3 . The temperature coefficient at 20 C is 4.1 % per 0 C; at
0 C this coefficient is as high as 8.9 % per 0 C at saturation ( -30 %).

7.3 Ocean Environment

Data on the typical values and characteristics of the temp~rature,
salinity and velocity in the oceans are useful to estimate the performance
of the present instrumentation at sea. Both steady state and turbulence
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data are of interest.

Great liberties have been taken in obtaining the typical or average
characteristics of the ocean. It should be emphasized that this data has
value only in making the most general predictions concerning oceanographic
experiments. The average values quoted at a given depth represent the
average for all oceans of the world and all time, i.e., a year-round time
average. This average is called the "world-time-average." The data
obtained refers to only the upper 500 meters or 1500 feet of the ocean
depths. When an average in depth is taken it means an average only over
this range of depths. The basic data on which the averages are based are
obtained from The Oceans (49). Simple mathematical expressions are fitted
to the data for steady state and turbulent quantities.

Temperature Distribution

The world wide temperature distribution in the ocean during the year
(49) when averaged with respect to surface area and time yields the fol-
lowing data

Table 7.19 . Average Temperature of the Oceans

(Meters) Average (0c)
Depth Temperature

0 23.3

200 14.5

40o 10.6

A simple mathematical form which fitr, this world-time-average data is

where y is the depth, T(O) is the surface temperature, T(oo) is the hypo-
thetical temperature at great depth (although the equation is valid only
for y less than some maximum value yA), and X is a constant indicating the
rate of temperature decrease with depth. Solving for the three parameters
of this equation by means of the three data points above:

T(o) = 23.3 °C
T(co) = 7.4 0C

T(o) - T(oo) = 15.9 °c
-1

A 817 feet
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and for yA = 1500 feet we have

Ay4 = 1. 84

The resulting static temperature profile is shown in Figure 7.4 . The
average temperature over depth from 0 to yA , T., is derived from the
formula by integration:

where

substituting values we obtain

g(l.84) = 0.458
To = 14.7 0 C. ('-'15 °C)

This temperature is attained at a depth of about 640 feet where
The root-mean-square temperature difference, A1o, averaged over depths
from 0 to ypis again found by means of integration to be

substituting values we have

AT, = 3.8 'C. (-4 °c)

Combining the previous results it can be said that the world-time-
depth average temperature in the ocean is

T = 15 f 4 0c.

for O<Y< 1500 feet.

The temperature gradient is found by differentiation to be

E7. 6)
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and the average gradient is

substituting values we get the world-time-depth average gradient:

(•)-- .o89 oc/ft.

--. 01 °C per ft.

Salinity Distribution

Lacking extensive data on world salinity distributions, as such, use
can be made of the fact that there is a more or less fixed relation between
temperature and salinity for a given mass of water. In the upper 500
meters of the ocean this TS-relation is roughly linear, except at the
surface, for most waters of the world. A world-time-average has been taken
of available data (50) and is presented in the next Section. In any case,
this data provides information for determining the average salinity profile
which is of the same form as that for temperature because of the linear
relation between temperature and salinity:

where X is the same as for the temperature distribution. Substituting the
values found in the next Section we obtain

s(o) = 36.14 %o
s(o) = 34.45 %

s(o) - s(oo) = 1.69 %o

and 
A"1 , 817 feet.

The salinity gradient profile has the same shape as that for temperature and
is shown in Figure 7.5 . Following exactly the same procedures as in the
last Section for temperature we obtain

So = 35.22 %. (-,-35.2

Aso o.= o .

Thus, we can say that the world-time-depth-average salinity in the oceans
is
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S - 35.2 t 0.4 %.

for 0<•Y< 1500 feet.

The salinity gradient at depth y is

and the average over depths from 0 to yj is

Substituting values we get the world-time-depth-average salinity gradient:

ý= -- .00095 %oper ft.

--. 001 %.per ft.

TS-Diagrsm

Given masses of ocean water show a characteristic relation between
temperature and salinity. Typically this relation is linear in the upper
500 meters of the ocean except at the surface (less than 100 meters) where
the TS-relation frequency becomes confused. The world-time-average of
TS-curves based on available data (50) satisfies the linear relation in
the' depth range from 500 - 100 meters:

(S .5,)-X (7--7)-
where 35.22 .

T 14.7 'c
and X 0.11 %,per .C,

This average TS-diagram is shown in Figure 7.6 superimposed on the density
curves of sea water taken from Reference (51). The dots on the straight
line segment represent the situation at the surface (y = 0) and maximum
depth considered (y = 1500'). The middle point is the average temperature
and salinity which is at an intermediate depth (y = 640'). The slope of
the TS-diagram is
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A statistical average of this slope and its rms variation obtained for
the data mentioned above is 4-) 16
This correlation between T and S is valid for relatively large regions of
sea water but on a microscale it does not continue to hold because of
diffusion processes which take place at different rates for thermal con-
duction and ionic diffusion.

Table 7.20 . Properties of Average Ocean Water as a Function of Depth

0

0 2.3,3 36.14 1.0247 4.o89 19.0 2.02 2.46 5.28

200 19.8 35.77 1.0254 4.0921 20.6 2.1.3 2.49 4.86

400 17.1 35.49 1.0259 4.093 22.0 2.22 2,52 4.55

600 15.0 35.26 1.0262 4.o94 23.2 2.29 2.54 4.32
800 13.4 35.08 1.0264 4.094 24.2 2.35 2.57 4.14

1000 12.1 34.95 1.0266 4.095i 25.0 2.4o z.58 4,00

1200 11.1 34,84 1=067 4.095 25.6 z.44 2,59 3,90

1400 10,2 34,75 1.0267 4.o96 26,3 2.47 2,60 3.8o

1600 9.6 34.69 1.0268 4.096 26.8 2.49 2.60 3.74

Other Properties

With a knowledge of the averege temperature and salinity as a function
of depth, it is possible to calculate all of the other properties of sea
water as a function of depth from known physical data tabulated in Section

7.2 . The world-time-averages of several useful properties are listed
in Table 7.20 as a function of depth. The depth average of these data is
the value at about 600 to 700 foot depth.

Turbulence Charactc istlcs

The velocity in the ocean is a random function of position for the
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smaller scale fluctuations and is amenable to analysis in the fraxaework
of homogeneous anisotropic (layered) turbulence theory. The velocity
fluctuations give rise to the mixing of existing temperature and salinity
gradients, thus, producing microstructure of these variables in the water
(52,53,54). Measurements have been made which show the existence of
temperature microstructure (55,56) but no measurements are yet available
on salinity microstructure in the ocean. Over the velocity range where
viscosity is not important (inertial subrange) the velocity spectrum varies
as k/W (k wavenumber) (57,58); the wavenumber, kA, where viscTus dissi-
pation becomes important (near the surface) is about k4 = 2 cm (59,60,61),
i.e., the smallest blobs of water in motion are about 5 mm in size. Tem-
perature and salisi,ýy microstructure is expected to have a spectrum which
also varies as k"1 3 in the inertial subrange, if these fluctuations are
thought of as being injected into the spectrum before the inertial range
starts (58), and if the spectrum is due tq the turbulent mixing of the
existing ocean gradients, it varies as k • (54).
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8. DETECTION THEORY

This Section deals with the factors which set limits on the detection
of small variations of temperature, salinity and velocity in water. The
theory developed here depends in part on results of later Sections,
consequently familiarity with these Sections will facilitate the under-
standing of the present Section. The analysis below is carried out for
temperature (T-meter) and velocity (U-meter) measurements, and with
appropriate changes, the theory for temperature measurements is applicable
to salinity measurements (S-meter). The ultimate sensitivity of these
measurements is studied from the standpoint of the minimum detectable
signal and the signal-to-noise ratio in the presence of given background
noise. The operation of the instrumentation in modes suitable for velocity
and temperature (and/or salinity) measurements is also included.

8.1 Intrinsic Signal-to-Noise Ratio

All electronic detection devices are limited, at least, by Johnson
thermal noise which is developed across the resistance of the sensing
element. The signal-to-noise ratio (intrinsic) of a detector relative to
the Johnson noise is a useful dimensionless quantity of fundamental sig-
nificance in connection with its sensitivity.

The velocity detector (U-meter) and temperature detector (T-meter),
which are based on an electrolytic conductivity measurement, and the hot-
wire anemometer (HWA) and resistance..wire thermometer (RWT) are now analysed
in a general way to obtain their respective intrinsic signal-to-noise
ratios. It is found that a single formula applies to all these instruments
(with appropriate changes in parameters) in any of the modes of operation
discussed in Section 8.5

The analysis begins by assuming the detecting element to be a pure
resistance, R, at a temperature, T., which is operated in electronic equip-
ment with a bandwidth f. The mean-square Johnson noise voltage, n-, across
this resistor is to^c lJ

e = 4kToRPf

where k is Boltzmann's constant. The intrinsic signal-to-noise ratio,A,
for voltage fluctuations Av across the sensing element is defined as
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In the instruments considered above, there exists a certain maximum power
which can be dissipated in the resistance, R, in order that the temperature
of the sensor not exceed some maximum value. Call this maximum power P*.
Define the ratio

(0s H• l)

where P1 is the actual steady state power dissipated in the resistance.
The si;nal-to-noise ratio is now

A *7,~ 4' V'4N

where V, is the rms voltage across the element, and the fractional voltage
fluctuation is

Had we considered the signal as current fluctuations, Al, then

where

and

V1 = RI 1

The resistance of the sensing element varies (we assume) linearly with
its average temperature. For an electrode sensing element

R = R°0 [ -PET - 1T] ,
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where R. is the resistance at the average ambient temperature To, P is the

temperature coefficient of the conductivity of the fluid.EF is the average
electrode temperature rise due to electrical heating, and 5T is the temper-
ature fluctuation of the medium averaged over the sensing volume of the
electrode. For a wire sensing element, the corresponding equation is

R = Ro l + PT, + p5T ]

where, here, P is the temperature coefficient of resistance of the wire,
ZTw is the wire over-temperature, and 6T is the temperature fluctuation of
the medium averaged over the length of the wire.

To put these equations on an identical basis, the maximum allowable
temperature rise, &T*, must be qualified for both cases. The maximum
temperature of a heated wire occurs at the wire surface. In the case of
an electrode, the maximum temperature occurs in the downstream region of
the electrode and is equal to the exit temperature. The average temperature
of the medium in the case of the wire is the so-called "film temperature"
which is half the wire temperature

z T 2 "

Utilizing this fact, the resistance equation may be put in the following
form which is applicable to both electrode and wire sensors:

R = R, [ I + -T + E'58T]

whereZ-T is understood tu be the average temperature rise of the fluid
medium and for the wire sensor

C = +2 C ' = +1

and for the electrode sensor

6 = -1 = -1

Define the dimensionless quantity

= .3T*
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whereaT* is the critical average temperature of the medium beyond which
boiling sets a limitation.

The power dis._ipated in the sensing element is related to its average
temperature rise, AT, at a certain velocity, U, by an equation of the form

P = -function (U)

or

where Uo is some reference velocity (for example, the steady state
operating velocity) and f(x) has the form

f(x) a + bxm

and we require

f(l) = = a + b

This form is applicable to both the U-meter and HWA. In the case of the
HWA, the heat loss equation is (Sec. 5.4

/0 = z 7 v

where

0,-ýz 01 4-0,57U

and

In terms of the above quantities

where M. is the value of/i at U = Uo, and
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or

0. 57

and m = 1/2. In the case of the U-meter the heating equation is (See.
12.1)

P = 2cAUATT

which applies for heat transfer by forced convection only. It follows that

P* = 2cAUo NT*

and

or

a = 0, b = 1, m = 1

Combining the equations for resistance, power and temperature, we
get

Small changes in the variables of this equation (resistance, power, veloc-
ity, and temperature) are related by the following equation which is
obtained by differentiation and evaluated at steady state conditions
(U = U0 , P PI):

or
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where

•, U0

and

Later, in Section 8.5 we find that, in a given mode of operation,
the variables r,],,i, and v are related by

i = -v tanIf

r = v(1 + tan)

p = v(1 - tang)

where ( is the mode angle. For modes of operation where 0- I :SI i4
it is preferable to detect voltage fluctuations (v),and for Yt/4iýJl4l[ A/2
it is preferable to detect current fluctuations (i). Substituting these
equations into the one obtained above we get for voltage fluctuations:

and for current fluctuations

-cD< /4E K * )/+ D r

We are now in a position to write down the signal-to-noise ratio in
the general case. We assume for simplicity, however, that the velocity
fluctuations, u, and temperature fluctuations, 9, are uncorrelated.
Correlated signals simply add another term to our final result. The above
equations are the same on the right side, but differ on the left by the
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complicated expression in square brackets which is a function only of the
mode angle 9 and the group £a*H. With reference to the earlier expressions
for the intrinsic signal-to-noise ratio,A, we can now write a single
expression for both cases of voltage and current fluctuations as follows:

where F = F(r, ea*H) is defined as follows:

-1 KC t-f-)

The function IFI is given in Table 8.1 for the main modes of operation
and for temperature and velocity sensors of either the wire or electrode
type. The values listed refer to sea water at 200C and a velocity of
3 knots (154 cm/sec); the wire diameter is 3 microns (see Table 5.1 );
the maximum temperature, ET*, is 2000 corresponding to an average water
temperature of 400 C in the sensitive volume of the detector. The param-
eters of the wire and electrode are listed in Table 8.2

Table 8.1 • Values of the Function IFI

Mode Angle H 0 H =0 H= H= 1

00 (CCO) 1 1 0.60 1.2
450 (CPO) 0.50 0.50 0.50 0.50
90° (CV0) 1 1 3.0 0.86

-455 (CR0) oo co 0.75 3.0
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Table 8.2 . Parameters of Wire and Electrode Sensors

a b m e s' a* (%per°C)

Electrode 0 1 1 -1 -1 0.4 2.0

Wire 0.19 o.81 1/2 2 1 0.1 0.5

Table 8.3 . Values of the Function 1El

Mode Angle H H.= 0 H = H =I

0o (cco) o.4o 0.10 o.4o 0.081
450 (cPo) 0.20 0.05 0.33 0.034
90 (cvo) o.4o 0.10 2.o 0.058

-45° (CRO) co 00 0.50 0.20

In the case where the velocity signal dominates (H-0l)

where

When the temperature signal dominates (H--.0)

where, now
E =
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The values of the function I El are listed in Table 8.3 for the assumed
conditions. The apparent paradox of infinite signal-to-noise ratio in
Table 8.1 and 8.3 for the CEO mode of the temperature detectors arises
because noise in the feedback loop has been neglected. This is a special
case of the "divergent mode" of operation when A--'.oo which occurs when

-tanr +E*- Van 1 + 26aH

In any case, the active modes are of no use in connection with temperature
detectors.

To compare the relRtive merits of the wire and electrode sensors, we
are interested in the following ratios

A (7- -WT) { ij

4(Uer3 L)) ___ __ __ (H-.1)

~Ei( H/WW)

These comparisons are considered in more detail in Section 5.5.

8.2 Background Noise

The desired signal at the output of a detector bridge network is ac-
companied by other signals which are classed as background noise. In the
last Section one of these noise signals was considered, viz., the funda-
mental noise associated with the thermal agitation of the conducting
element (Johnson noise). Other background signals are now considered in
order to develop the theory of the minimum detectable signal in Section

8.3.

The (complex) output voltage at the wheatstone bridge output or
detector input, Av, is given by(Section 15.1

where v is the input voltage to the bridge, m is the bridge factor, and
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nz is the variation in the impedance z. The variations in impedance are
due to variations in temperature, salinity, velocity and boiling in the
sensitive volume of each electrode. The resultant signal at the detector
input is

where the summation extends over the different types of impedance fluctu-
ations in each electrodeand the voltage vn is due to Johnson noise. All
of these terms are assumed to be statistically independent over the fre-
quency band of interest. The mean-square,AV , of the net signal is

Each of these individual terms is discussed below.

Temperature nVO(temperature) = MVMIP26T2 )

whoro M is the magnitude of the bridge factor, V is the rms input voltage
to the bridge, M1 is the number of sensing elements (Sec. 15.2 ), P is the
temperature coefficdent of the electrode resistance, and 5T is the rms
temperature fluctuation.

Salinity The term associated with salinity variations is exactly the
same as that for temperature but with the salinity coefficient resistance
instead of that for temperature. In the analysis that follows, the salinity
variat~ionn, will -ho rmi1-A.tI ~nir9 it. will 'he-i1. +.lint +1h-.h

variations actually represent the "effective temperature" variations
(Sec. 3.1 ).

Velocity 8 V2 (velocity) = M2V2 M 1
2j-T 2 (U)2

where ET is the average electrode temperature rise, and (bU/U) is the rms
relative velocity variation.

Boiling AV
2 (boiling) = M2V2M1 K ( ,

where K is a dimensionless constant determined empirically in Section
17.2 , P is the electrode power, PAthe power level where boiling noise

becomes appreciable and the exponent n is found by experiment to be of the
order of 10 to 25.

Johnson Noise (vn)2 1+MRkT afF
Sms = 8.3
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where M R is the total resistance in parallel with the detector input
(Sec. i5.2 ), R is the electrode resistance, and F is the overall n6ise
factor* (Sec. 15.4 ) of the detection electronics.

The qualitative behavior of W2 as a function of electrode power is
shown in Figure 8.1 . At low power the signal is due only to Johnson
noise. As the electrode power increases the temperature (or salinity)
variations are first detected. At still higher power the signal due to
velocity variations dominates, and finally, at the highest power, boiling
in the electrode volume produces a signal which masks all the others.
The optimum power level for detecting temperature or velocity variations
in the presence of the other background signals is considered in the next
Section.

8.3 Minimum Detectable Signal

The analysis of the limits of detectability of temperature and/or
velocity signals is now given. Reference will be made to the formulas
for the respective signals or background noise given in the last Section.

Temperature Signal

The minimum detectable temperature variation is calculated first.
The rms "signal" in this case is

VIV3T

The "noise" consists either of Johnson noise which is important at low
electrode power, or velocity fluctuatLons whicI2 are :Lmpor~anL at nigrier
electrode power. Boiling noise is of negligible importance over the range
of interest for temperature measurements. At low power the temperature
measurement is said to be "detector-noise-limited," and in this case

AV2 (temperature) = X (vn ) rms

or

where the minimum detectable temperature is denoted by BT,,, and k is the
minimum signal-to-noise ratio for detectability of the signal. Let the
input resistance of the bridge network be M2R, and P the power dissipated

*The noise figure is 10 log F.

8.11



s Of/A*

Irj

I .I

Figure 8.1 Detector Output Signals as a
Function of Electrode Power
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in the electrode(s) which is a factor M4 of the total power into the bridge
(see. 15.2(

V:2

The bandwidthaf, of the detection system corresponds to the cutoff fre-
quency of the electrode of dimension, b, and moving at speed, U, through
the water (Sec. 9.1 ):

&f U

where mb is the "cutoff wavelength" of the electrode (Sec.13.1 ). The
"cutoff wavenumber," kc is

2,tkc -- m2b
m3b

Combining the above relations, we obtain the minimum detectable temperature
variations (for a given required signal-to-noise ratio) in the detector-
noise-limited case:

The sensitivity improves as the electrode power, P, is increased. This
situation is illustrated in Figure 8.2 in the low power region of the
graph.

At higher electrode power where2T is appreciable, the temperature
measurements are limited by velocity noise. The temperature measurement
is "velocity-noise-limited" in this case

AV2 (temperature) = AV2 (velocity)

or
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Figure 8.2. Minimum Detectable Temperature asa Function of Electrode Power

8. /
8..Minimum Detectable Velocity as

Figure 8..a Function off Electrode Power
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or

The temperature rise, AT, due to electrode heating is (See. 12.5 ):

Z- PAT- = P

2m&cbZU

Thus, in the velocity-noise-limited case

T/ P

The sensitivity decreases as the electrode power is increased. This
behavior is shown in Figure 8.2 .

The limiting cases considered above indicate that there is an optimum
electrode power, called "critical power," for temperature measurements,
P = Pc, where the minimum temperature variations are detected. This optimum
value applies when

2 5T
2  = KT2

Combining this relation with previous expressions we find --

12~~ -_____ r c7

At this optimum value of electrode power, the minimum detectable temperature

variation, 6T0 is

5T• = T3 8TV

or
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The significant dependence of 5Tvon these parameters is

thus, small temperature variations are best measured at high speed with
large electrodes (provided they are not larger than the temperature struc-
ture under study) and in waters of low ambient turbulence. The dependence
on relative turbulence level is insensitive, however.

The variation of bTvwith P is conveniently expressed in terms of the
opt 4mum temperature sensitivity, 5Tv, and the critical power, Pc, as
follows:

/

where 8Tvis velocity-noise-limited for P > Pc and detector-noise-limited
for P< Pc. This function is shown in Figure 8.2 .

As an estimate of the minimum detectable temperature variation, 5T',
and the critical power for temperature measurements, PC, we assume a unity
signal-to-noise ratio and a noise factor (Sec. 16.1 ) of two:

?ý= 1 (0cab)
F = 2 (3db)

Also assume the use of a double sensing element bridge using eye-type
"-LC U L-UV. b~ UI.J V *LL4:: VI 1ULLCLU 11i-LLUMiueI.tý W.Ve 64.LVte .LI LtLU.LtJ* :i:

these conditions we have

and

4TV- /6 31 n

8. 

=6
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and

These values of NT€ and P. are tabulated for several situations in Table
8,4 of the next Section.

Velocity Signal

The minimum detectable velocity variation is now calculated. The
"signal" in this case is

and the "noise" is that due to internal noise, temperature variations and
boiling noise. In the case of velocity measurements, we must distinguish
between the voltage V1 (rms) applied to the bridge for the purpose of the
measurement and the (incoherent) voltage V2 (rms) which is utilized solely
to heat the water flowing in the electrode volume. The total power dis-
sipated in cach electrode, P, consists of the power, P1 , due to the signal
source, and the power, P2, due to the heater source:

P = P1 +P2

This matter is discussed in more detail in Section 8.5

If the velocity measurements are "detector-noise-limited," then

AV2 (veiocity) = A (vr 2

where A is, now, the minimum signal-to-noise ratio for velocity measure-
ments. This equation implies

where

8.17



742

&= ' •(Q~
and

The minimum detectable rms velocity variation in this case is 8UV,. Com-
bining these relations, we find

As discussed in Section 8.5 , this equation is applicable when the aux-
iliary heater power is off (P 2 = 0). This expression is shown in Figure
8.3 in the low power region of the graph. The velocity detectability

improves as the electrode power increases.

At higher electrode power where the velocity measurement is "temper-

AV2 (velocity) a A AV2 (temperature)

or
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The detectability continues to improve as the power increases.

At very high pover, where the measurement is "boiling-noise-limited"

&V2 (velocity) -A AV2 (boiling)

or

or

where

P P1 + P2

In this case, the detectability is worsened by further increasing the
power. Thus, an optimum power, P*, exists for the detection of velocity
fluctuations.

the sum of the background noises, thus, in general

A graph of this function is shown in Figure 8.3 as a function of total
electrode power, P, for P2 = 0. In actual operation, however, when
p >>p , the signal power P1 is held constant and further increase in P
is madce up by an increase in P2. When P is comparable with or less than
Pc, the heater power is off (P2 = 0). This matter is discussed in Section

8.5.

The absolute minimum detectable velocity variation, 5Uv,, occurs,
generally, at P, power level well above P , where Johnson noise is negli-
gible and P1 is a constant. In this region, only the last two terms of
the above equation are appreciable and
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where P* is the optimum electrode power and

and

where ETAis the electrode temperature rise at P = PA i.e.

PA

2m4ecb U

For large values of n, P* ;Pand

buvol/2( )

Thus, velocity measurements are best performed at the highest possible
electrode temperature, consistent with the limitations of boiling noise,
and at low electrode velocity (for example, in the vicinity of a stagnation
point). Numerical examples of the minimum detectable velocity are given
at the end of Section 8.4

Resistance Signal

The minimum detectable resistance change,i2Rv(rms), as determined by
Johnson noise is

or
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or 5M 76
- M, MrM (. .i

The ultimate detectability of resistance variations is set by the maximum
allowable electrode temperature rise. This follows since, if

U
Sb

and
P 2-Mncb2UJYT

then

This expression represents the minimum detectable resistance change due
to S effect taking place at the electrode which changes the electrode
resistance. For an optimum differential bridge with two resistive eye-
type electrodes, we have

and

As a numerical example, assume

A=i

F =2

kT = 4 x 1021 joule

E- = 100C

c =4.1 joule/cm3 /0C

b = 0.5 cm
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then

8.4 Signal-to-Noise Ratio

Consider a fluid medium with velocity fluctuations 5U(rms) and temper-
ature fluctuations bT(rms) in the pass band of a detector moving at velocity
U through the medium. The signal-to-noise ratios for temperature and
velocity measurements are, respectively:

Ar A (T 2

where A is the minimum signal-to-noise ratio for the detectability of a
signal. These ratios are now investigated as a function of electrode
power.

Temperature Signal

The signal-to-noise ratio, Ar, is a maximum where the minimum detec-
table temperature is smallest, i.e., at P =P where 5Tv = 5TO:

At other values of electrode power in the vicinity of P., we have

This function is illustrated in Figure 8.4 . The useful range of power,
P, for temperature measurements is determined by the condition:

In order to determine the limits of this range of electrode power, assume
6T>_6Tva The lower limit is set by the internal detector noise; denote
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Figuee 8.4. Signal-to-Noise Ratio for Temperature and Velocity
Measurements as a Function of Electrode Power
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this limiting power by PTV:

AroA

or

Rr , PC•- ET # ?•
-P-

P•P

or

The upper limit is set by velocity noise; denote this limiting power by

or

or

or

where A is the frontal area of the electrode. Thus, the useful range of
electrode power for temperature measurements is

and the following inequality is valid:

P1 g < Pc< P
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In terms of the quantities P1 , P., and P., we have

? +A
and

and

Velocity Signal

The signal-to-noise ratio, , is a maximum where the minimum detec-
table velocity is the smallest, i.e., at P = P* where 8U = 6UVo:

At other values of electrode power in the vicinity of P*, we have

This function is illustrated in Figure 8.4 . The useful range of power,
P, for velocity measurements is determined by the condition:

In order to determine the limits of this range, assume 8U>>8U.. The lower
limit is set by temperature background noise and occurs at P = P":

or

PA Il (t0 '(
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or "- "-

For X 1, P" = a Px, and, in general,

The upper limit is set by boiling noise and occurs at P = P:

.1 .•', ) /P, -

or

Thus, the useful range of electrode power for velocity measurements is

xPx - P ! P"4

and the following inequality is valid:

P x < P, < PW8

In terms of the quantities P', P* and PvB, we have

and

and
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Numerical Examples

The results of the previous Sections are now evaluated under specific
assumed conditions as examples of the quantities that have been discussed.
Three representative situations in which the detection equipment might be
used are: a) experiments in the laboratory, b) oceanographic experiments,
and c) water tunnel experiments. The conditions which are assumed to
pertain in these experimental situations are described in more detail
below. In all cases, the use of an optimum double element wheatstone
bridge with eye-type electrodes is assumed.

Laboratory An experimental arrangement similar to that used for the work
of this Report is assumed. A tub of artificial sea water is stirred in
such a way that the turbulence intensity is high (--10 %) and the average
water speed is low (0.5 knot). By appropriate thermal shielding the ther-
mal microstructure may be reduced to a low level (10 ý 0 ) for structure
of small scale (1 cm).

Ocean An experimental arrangement at sea is assumed in which the detec-
tor is moved at low speed (3 knots) through deep ocean water where the
turbulence level (.001 knot) and temperature variations (10 p0 C) are small
for structure of small size (i cm).

Water Tunnel Assume the detector is used for hydrodynamic research in a
water tunnel filled with NaCl solution (or tap water). A relatively high
speed (20 knots) is assumed in water of I % turbulence intensity, and
high temperature microstructure (.010C). A small scale probe (.05 cm) is
used in the tests.

Numerical examples of the minimum detectable signals, and ouher
parameters, are listed in Table 8.4 under the assumed conditions liqted

in Table 8.5
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Table 8.4 . Numerical Examples of Minimum Detectable Signals

Parameter Laboratory Ocean Tunnel

U 0.5 knots 3.0 knots 20 knots

(5U/U) 0.1 .0003 .01

8T 10 I°10OC .01 0C

bU .05 kts .001 kts 0.2 kts

-Ty 3.2 °oC 0.5 p.°c 9.o0 11oC

b5UYo 0.8 pkts 4.8 gkts .018 kts

Smax 10 db 26 db 60 db

(0max 96 db 46 db 21 db

b 0.3 cm 0.3 cm .05 cm

A 0.13 cm2  0.13 cm2  .0038 cm2

R 27 ohms 27 ohms 160 ohms

Af 24 cps 150 eps 5.9 kc

P- .035 mw 0.25 mW .008 tw

"Pc 0.52 mW 0.15 watts 16 mw

Px 2.8 mw 5.0 watts 31 watts

_* 170 watts 1.0 kw 350 watts

PV5 600 watts 1.9 kw 490 watts

P5 550 watbs 3.3 kw 640 watts

kc 6.0 c m-l 6.0 cm- 1  36 cm-1
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Table 8,5 . Assumed Values of Numerical Examples

Parameter Value

M 0.25

M, 2

M2 1

M3 0.5

M4 0.5

m3  3.5*

M4 1.5

K .002

n 23

X 1

F 2
200C

c 4.09 joule/cm3/oC

P 2.1 % per C

kT 4 x 10"21 joule

*A more suitable value is m3 •2. See Section 13.1 and 14.1.
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8.5 Mode of Operation

The performance of a velocity detector depends on the mode of opera-
tion of the electronics, for example, constant-current or constant-temper-
ature operation. A general description of the mode of operation of a
detector is given in this Section. Techniques for determining the temper-
ature and velocity structure in the med4 ur, and for locating the optimum
operating power, are also considered.

Velocity Detector Mode

Consider a resistive sensing element, R, utilized to detect the
velocity of a flowing medium. It is customary to distinguish four modes
of operation of this sensing element in conjunction with the associated
electronic equipment:

1. Constant-current-operation (CCO)

2. Constant-resistance-operation (CRO)
(Sometimes called constant-temperature
operation, CTO)

3. Constant-voltage-operation (CVO)

4. Constant-power-operation (CPO).

T11his terminology is used in connection with the operation of a hot-
wire anemometer, and is, of course, directly applicable to the velocity
detector of this Report.

These four modes of operation are never exactly achieved in prac-
tice and all gradations between the "pure" modes of operation are pos-
sible. It is useful to introduce a single parameter, the "mode angle,"

which is capable of characterizing any mode of operation.

Suppose a voltage, V, is applied to the resistance, R, causing a
current, I, to flow and dissipating a power, P. These four electrical
quantities are interrelated and if any two are known, the other two
may be calculated. We would prefer to think of I and V as the inde-
pendent variables and P and R as the dependent variables (orthogonal
pairs). Let the steady state or average values of these quantities be
denoted by a zero subscript. Ohm's Law is

V
I,

and the Joule Heating Law is

P = VI

For a particular mode of operation, a known relation between the inde-
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pendent variables (voltage and current) exists, therefore only one variable
suffices to determine the other three. Considering only small increments
of the variables about their average values, a simple diagram can be
drawn to show the various modes of operation as in Figure 8.5 . The slope
of these (linear) relations local to the average operating point is

where ý is the "mode angle." Clearly, by the proper choice of this angle
the four modes of operation may be identified as well as all intermediate
modes. For a unique characterization, we require that

-nX/2 < P < /

The values of ? for the main modes of operation are listed in Table 8.6
below.

Table 8.6 . Mode Angle for Detector Operation

Mode Mode of
Angle Operation

00 CCO

450 CPO

900 CV0
-450 CR0

Several relations between the electrical variables are conveniently
written down by introducing the following dimensionless variables suitable
for small signal analysis:

V -V" R -Ro
V -- r -V0  R0

I- I P-PF
Io 0 Po

The current-voltage relation becomes

i = -v tan

and
r = v-i
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Figure 8.5. Mode Angle

Figre .6.Feedback Circuit for the
Figre .6.Active Mode of Operation

8.32



p = v+i

and

It follows from the relation

i = -vtanr ,

that the relative current fluctuations are larger than the relative
voltage fluctuations (therefore, preferably measured) for those modes for
which

n/4 (•Ie < , 2 ,

and, conversely when
o Ic•j n/i4

Active Mode

The negative mode angles -n/2 < T< 0 apply to instruments utilizing
negative feedback to regulate the electrical variables. The most important
example of this is the CRO mode in which the resistance is held constant
by regulating the power to the sensing element.

Consider the sensing element as a load on a source of voltage V.
which has an internal impedance Z. The resultant voltage, V, and current,
I, of the sensing element are

I V SV
R+Z
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The voltage source, Vs, consists of a constant voltage, Vs., and a variable
voltage, aVs, which originates in a feedback loop based on variations in
the resistance of the sensing element:

Vs = VS" + av .

The main circuit for the sensing element is shown in dark lines in Figure
8.6 ; the light lines of this Figure correspond to a bridge network to

measure resistance variations providing the input signal for the feedback
loop. Assume the light and dark circuits are independent (for example,
by operating the two at different frequencies) except for the signal in
the feedback loop which sets &Vý.

Small changes in the variables of the equation

yields 1.4- (X )
or

v=5 +rM

where SV$

and (-•
Ma= (o< M< 1)

The feedback loop involving the wheatstone bridge makes a measurement of

4R
R,

and amplifies it by a factor A and, thus, generates the signal LV6 . These
quantities are related by

v--- A 608.
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or
v = Ar

This defines the meaning of the gain, A. Combining the above equations
we get

v = (A + M) r

comparing this equation with that involving the mode angle:

r = (l +tan? )v,

we find

The total circuit is called "passive" if the feedback loop is non-
operative (A = 0) and "active" otherwise. The values for the three main
passive modes are given in Table 8.7 below.

Table 8.7 Passive Modes of Opei'ation

jMo de (~ M tan~

COO 00 a 0 1 0

CPO 450a 1 1/2 1

OVO 90 0 0 0 0c

The interesting "active" case is when the feedback is large (A-.-ftoo);
in this case

tan = -I and r= -450

which corresponds to constant-resistance-operation.

The feedback loop can be characterized by its transconductance, gm,
which is defined as
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or

or

Dual Operation

Methods are now considered for determining the temperature and velocity
fluctuations in a medium with detection equipment capable of dual velocity
and temperature measurements.

Consider the output signal from the bridge, with the exclusion of
boiling noise;

.AV2 = (vn) 2 Ims + AV2 (temperature) + &V2 (velocity)

Let the intrinsic signal..to-noise ratio of the detector output be

aV2

The above expression for, •,V may be written

A0 = 1 + AP1 + BP(P 1 + P2 )2  ,

where the quantitic A and B are determined as follows. The temperaLure
signal is equal to the detector noise at P1 = Pr':

1 ,AP .

The temperature signal is equal to the velocity signal at P1 + P2 = Px:

A z BPx2
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It follows that,

The dependence of Ai(which is proportional to the detector output) on
P1 and Pz provides a means for determining PrN and Px from which the
properties of the turbulent medium may be determined.

The power level P is determined experimentally by first observing
the output for P2 = Pi = 0 which is due entirely to Johnson noise:

AO = I

Then, with P2 = 0, the signal power is increased until the output is

doubled at which point P1 = PI1

2 = __ + 1PTIV

or

P11  =

,xut: term aue bo ve.Locity is neglected at this power level. Then, with
P 1 1 = P ,' the heater power is increased until the output is again
doubled at which point P2 = P22:

or

Now that Pg and P. have been determined, the optimum operating power for
temperature measurements is calculated as follows:
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A similar technique may be used for determining the optimum operating
power, P*, for velocity measurements, however, a close estimate is

P*ý'O .5 Pus -

where P1,8 is the point where boiling noise is comparable with the velocity
signal. The above equation is useful since the boiling noise decreases
very rapidly below Pu8.

In dual operation, a procedure must be defined for setting the values
of the signal power, P1, and heater power, P2. The signal-to-noise ratios
for temperature and velocity measurements are degraded only slightly, or
not at all, if the following "program"' is followed. For temperature measure-
ments where P:! P. shut off the heater source (P2 =a) so that P1 = P2 .
Fior velocity measurements where P :> Fxset the signal source so that

Pi= Pxand make up the additional power with the heater source:

Following this procedure, the temperature measurements are not at all1
impaired and, in the case of the velocity measu---1-1 '- -_

U'ý;JUW J.U IVLU. r = r, V2 =0) by at most a factor

which is nearly equal to unity. In general, it may be shown that it is
nenpsgary ornly that, -P1  In ordpr that >k,. is not red~iced ap-
preciably below its full value.
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9. ELECTRODES

The properties of electrodes suitable for measuring the conductivity
in a flowing medium are studied in this Section. Surface contact elec-
trodes are covered primarily, although some of the properties of induction-
coupled and capacity-coupled probes are also considered. Experimental
measurements on electrodes and design techniques are described at the
end of this Section.

9.1 General Considerations

The electrodes for detection purposes in water should be designed
with two considerations in mind, one relating to the electrical properties
and the other to the hydrodynamic properties of the electrode configura-
tion. The combined constraints of these factors on the choice of an
electrode are th:. following. It is required that the fluid flow be lam-
inar and unifori over the sensitive volume of the electrode, and that the
field of the electrode be localized and as uniform as possible. The
uniformity of the flow and electrode field is important to avoid "hot
spots" which occur at a stagnation point or at the edge of an electrode.
The only way to avoid the high current density which occurs at an edge
is to have the electrode and insulators intersect at 900. A well local-
ized field is produced by two electrodes in close proximity with an elec-
trode area comparable with the area of the insulators between the electrodes.
It has not been possible to design an electrode which meets all these re-
quirements, in particular, one that a) has no stagnation point, b) has
a ravoraoie k(ltcieatIn~g) PI-eiU.C g'a~ilcnL uvtzl iuý. bk.ý6Vul~u~le, E)

of smooth or streamlined shape, and, d) has a finite and fairly uniform
current density over the entire electrode volume. The ruggedness of the
electrodes is an important practical consideration. One type of electrode
which fulfills all of these requirements, except for the "edge effect,"
is an electrode flush mounted in a plane. The simplest type of flush
electrode is the "eye-type" consisting of a central electrode, a concen-
tric insulator and an outer electrode of large extent. For measurements
which call for a small sensitive volume, a "probe-type" configuration
is used. This consibLts of a thin streeiulined probe with , -an electrode
located at the tip.

The theoretical properties of the electrode studied in this Section
are based on the analysis developed in other Sections, in particular, the
formulas of Section 10.

Electrode Characteristics

The various properties of an electrode arrangement are described by
"characteristic numbers" which, along with some reference dimension, may
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be used to calculate the performance of the sensor. These properites
have been developed at various points in the Report and are brought to-
gether here for a comprehensive understanding of electrodes. The char-
acteristic numbers depend only on the "shape" of the electrode configura-
tion and are referred to some reference dimension, b, which is chosen
arbitrarily to characterize the "size" of the electrode. The dimension
b is usually comparable with the radius of the configuration.

Resistance Number

The resistance of an electrode is ordinarily described by the "cell
constant," RC, which has units of inverse length. The "resistance num-
ber," m, is defined by the equation

Fo'b =m

Effective Electrode Area

For electrodes with dissimilar positive and negative electrodes,
with non-uniform current density, the "effective electrode area," S3,
is defined by the equation (Sec. 10.5 )

where the integration is carried out over the surface of both elec-
trodes and

The effective separation between the electrodes, might be described
by the length

R6S

If the field is uniform, the area S is just equal to the actual elec-
trode area. The characteristic number of S is defined by

2
S=m 6b
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Frontal Area

The average temperature rise, NF, of water passing through the elec-
trode volume is given by

2cAU

where P is the power dissipated in the water, c is the heat capacity
per unit volume of the water, U is the water velocity and A is the "frontal
area" of the electrode (Sec. 12 ). The characteristic number for A is

A= m 4b 2

Effective Volume

A measure of the volume of the field of an electrode is the "effec-
tive volume,"11. defined by (Sec. 1.2.2 )

/ = V V21-

and

V = m2b
3

Dipole Moment

The field at great distance from an electrode corresponds to that of
a dipole. The number, m., which determines the dipole moment of the elec-
trode is defined by the equation (Sec. 10.1)

where r is the radius from the center of the electrode, and g/l?- 0 is
the polar angle from the axis of symmetry of the electrodes.

Radius

The root-mean-square radius of the electrode configuration is defined
by

and the corresponding characteristic number is
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r =m mlb
rms

The average radius is defined simply as

r fcIdv

Cutoff Wavenumber

The finite size of the electrode configuration limits the size of the

smallest blobs of water whose properties are measured with full response.
The cutoff wavenumber for temperature measurements, kc, of an electrode
due to its finite size is defined to be (Sec. 13.1

= - [fL w•dj = 2-

which is related to the rms-radius by the equation

r
rms

The cutoff wavenumber for velocity measurements is (Sec. 14.1Ef -

where c = I is the first moment of the w-distribution:

Temperature Uniformity

The maximum temperature rise,4 Tmax, of water passing through an
electrode sets the limit of electrode power before boiling sets in. The

average electrode temperature rise, ET, however, determines the sensitivity
to the velocity of the medium. The "temperature tniformity" of the elec-
trode is defined as (Sec., 12.2 )

Ar9,
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Uniformity is desirable in order to achieve high sensitivity.

Static Heat Transfer

If the water in the electrode volume is static, the heat transfer
to the medium is determined by thermal conduction. The "static heat
transfer constant," m7 , is defined by the equation (See. 12.3

= P

where K is the thermal conductivity of the medium.

A list of the characteristic numbers discussed above is given in
Table 9.1

Table 9.1 . Electrode Characteristic Numbers

Parameter m-Number

Resistance Number m

rms-Radius ml

Effective Electrode Area m6

Frontal Area m4

Effective Volume m2

Dipole Moment mO

Cutoff Wavenumber m3

Temperature Uniformity m 5

Static Heat Transfer Constant m7

9.2 Eye-Type Electrode

One of the simplest and most practical flush electrodes is the eye-
type electrode illustrated in Figure 9.1 . The simplicity of this elec-
trode configuration does not extend to its mathematical analysis. Neither
closed form or series expressions have been obtained for its potential
field or resistance. The negative or ground electrode lies in a plane in
the region p >b where2b is the outer diameter (pupil) of the electrode
configuration. The positive electrode also lies in the plane in the region
p 0 a wherega is the inner diameter (iris) of the arrangement. The region

b : p > a is a coplanar instLlator. The "size" of the electrode refers
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to the dimension, b, and the "shape" to
the ratio c = a/b.

OLTE- Resistance

/AS(4A7)O9,f.•, . E.. LEXao 'The resistance of the eye-type

electrode is evaluated only in the
limiting cases of small (a -- 0) or
large ( 1-•i) inner electrode. The
resistance for intermediate values of
a (0< a< l) is estimated graphically
with the aid of the limiting cases.

The limiting case a 4 b is consid-
* . .... A.A* Aered first. In this case the resist-

/ .. "."'.. ance is low and the field in the gap

is similar to that of a slit between
semi-infinite planes of opposite

polarity as discussed in Section

9.3 . The current density near the

Figure 9.1 Eye-Type center of the electrode is approximately
Electrode equal to that for the case when a = b,

for which the solution is known. The

unit potential gradient for the case
a = 1 is (1,2,3)

0

where p =A b, J,(x) and J (x) are Bessel functions of the first and
second order, p is the radius, and E(A) is the complete elliptic integral
of the secund kind. The resulting current density in this case becomes

infinitely large for p--pb and the electrode resistance is zero. How-
ever, if in the region p w b, the gradient is replaced by that of a cor-

responding slit with a gap (b.- a), a finite electrode resistance is
obtained which is an approximation for the case a -w 1. The unit poten-
tial gradient for the slit is given in Section 9.3 as
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where

XI

and

Provided b- a -<. a, the above approximations to the potential gradient
feather into each other in the vicinity of p S a. Calculating the resist-
ance by the formula (Sec. 10.3

we find

This is the approximation to the resistance number for the eye-type elec-
trode for a - 1, and is shown in Figure 9.2 as the dotted curve in the
region a ; 1.

In the limit a-w 0, the resistance reduces to that of a disc (Sec.
9.3 ):

1

or
1

R6b =

The next higher approximation in terms of small a requires the use of the
variational method described in Section 10.3, however, that has not been
done because of the complexity of the method. This approximation has
been carried out in the following way: Assume that the gradient over the
central electrode is approximately the same as that for a disc, viz.,
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where

and

The coefficients A* and A1 are known in the two limiting cases:

1=: A0 = JE12 A, = i/4

0: AO=l Al=O .

The resistance number is

/
+f fo-A, -7,

On the basis of the values of A. and. A1 in the limiting cases, the fol-
lowing estimation is made for small a:

which corresponds to the values:

A0 = 1 + 0.36 a
2

A1 = o.49 a
2

The approximate resistance number is
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This function is shown in Figure 9.2 as the dotted curve in the region
of small a values. A smooth curve joining the two limiting approximations
is also shown in Figure 9.2 , and the resulting resistance number is
listed in Table 9.2 . The "standard" eye-type electrode used in this

work is
Table 9.2 . Resistance Number for

"6he Eye-Type Electrode o.477

a (Rdb)a (Rdb) (R a = 0.219

0.0 0.250

0.1 0.249 2.49 R6b = 0.459

0.21 0.246 1.23

0.3 0.239 0.797

o,4 0.229 0.573 Potential Field

5 0.216 0.432 The potential gradient for
0.5 O 6 0the region p < a is approximately
o.6 0.200 0.333

0.7 0.182 0.260

0.8 0.159 0.199 b (V;=7(0
0.9 0.129 o.143
1.0 0.0O00 0. 000 where p = Vsa and f(V) = A-0 + AlV 2 .

The gradient for the region p7,b
is found from the above expression by integration over the inner elec-
trode (4):

where p = A b and

The potential in the gap a<p..ýb is calculated from the above potential
gradients by an approximate method since the direct analytical method is
too complicated. The approximation is based on the fact that near the
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of the electrodes, whether on the electrode proper or in the gap, the
magnitudes of the gradients are approximately equal. On this basis we
conclude that near the inner electrode

and near the outer electrode the gradient is

Integrating these expressions in the gap region we obtain the dashed
curves of Figure 9.3 for a = 0.477. The smooth curve joining these is
approximately equal to the potential in the electrode gap. Of course,
the potential is zero for pb and unity for p, a. The axial potential
is shown in Figure 9.3 as the dotted curve and represents a smooth curve
joining the known values close to, and far from, the surface. The first
moment, m., of the surface potential found by numerical integration of the
curve of Figure 9.3 is

/

,,,,.= df? --- h4z
0

The moment u~may also be obtained from the surface gradient at large
distance from the electrode:

According to Section 10.1 , the gradient for a dipole field is

and on comparing these expressions we find

vmY"

which is in fair agreement with the above graphical method of obtaining
mo•-

The corresponding potential gradient, given by the expressions above
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for b(V4 ), is shown in Figure 9.4 . The di1vergence of the current
density dt the edges of the electrodes is apparent in this graph. The
axial potential gradient Is shown as the dotted curve in Figure 9.4

At great distance from the electrode (p .> b) the potential field
corresponds to that of a dipole. The equipotential (solid lines) and
current (dotted lines) surfaces in this case are shown in Figure 9.5
where the two opposite charges, which constitute the virtual dipole, are
located at the center of the electrode. The horizontal line corresponds
to the plane of the electrode.

o0I

\ \.... /

Figure 9.5 . "Potential and Current Surfaces at Great
Distance from the Eye-Type Electrode"

The sensing function, w, is
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This function shows even a larger range of variation over the electrode
volume than the gradient, b (J, plotted in Figure 9.4

Characteristic Numbers

Because of the complexity of the field of an eye-type electrode,
it is not possible to calculate the characteristic numbers exactly. In
addition, a difficulty arises because of the infinitely large current
density at the electrode edges, which causes the "effective volume," v.,
and "effective electrode area," 8, to be zero. Both of these quantities
are finite if a slight radius of curvature at the edges is assumed; in
that case the parameters depend logarithmically on the radius of curvature.
The frontal area, A, is estimated to be

A = 1.5 b 2 , or m2 = 1.5

for a = 0.48. As shown earlier the resistance number in this case is

Rdb = m = 0.459

and the dipole number is

mo = 0.23

9.3 Other Electrodes

The properties of several other types of electrodes are of use in the
theoretical and experimental analysis of the present detection techniques.
MosBt of the ones discussed below have been singled out because of their
intrinsic simplicity and ease of mathematical analysis.

Parallel Plates

The simplest electrode arrangement consists of two parallel rectan-
gular plates with a uniform field between the plates. Edge effects are
neglected. The simplest parallel plate geometry corresponds to a cubic
electrode volume with sides of length 2b. This arrazigemeat '. used several
times in this Report to illustrate basic principles. The characteristic
numbers of this simple electrode arrangement are listed in Table 9.3
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Table 9,3 Characteristic Numbers of Spherical, Cubic
and Cylindrical Electrodes

Square

Parameter Sphere Cube Cylinder

Velocity Cutoff Wavenumber 1.40 - 1.661

Temperature Cutoff Wavenumber 2.81 - 3.45
Average Radius 0.750 - -

rms-Radius 0.775 - -

Frontal Area 2.79 4.OO 3.71

Effective Volume 4.20 8.00 6.28

Effective Electrode Area - 4.00 3.14

Temperature Uniformity 0.375 0.500 o.426

Dipole Moment - -

Resistance Number - 0.500 o.636

Static Heat Transfer Constant 10.5 -

Uniform Spherical Volume

A spherical sensing volume inside of which the potential gradient
is uniform and zero outside is an ideal distribution function in that it
is of least extent for a given effective volume. Such a distribution
function is not realizable in a practical electrode configuration with
infinitely conducting electrodes. Let b be the radius of the distribution,
and wo the value of the distribution inside the sphere. By the normal-
ization condition we have

00

The rma-radius is

or
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The average radius If is

The frontal area, A , is (See. 12.2

Aer jCrde (17-V IV<

where p is the transverse distance from a given axis through the center
of the sphere, and x is the distance along that axis. The fluid flow is
assumed to be uniform throughout the spherical volume. Evaluating the
integral we find

A =(n)b2 m4  8L

The effective volume, v,, is simply the volume of the sphere:

thus,

The cutoff wavenumber for temperature and velocity are given in Sections 13.1
and 14.1.The resistance and effective electrode area of the spherical
volume are undefined. The static heat transfer constant is calculated in
Section 12.3 . The maximum temperature rise occurs on the path along a
diameter:

The temperature uniformity is

'nV = -____, - b4 --- •
47;ý& 44h

The above characteristic numbers for the uniform spherical volume are
listed in Table 9.3 , where b is the reference dimension.
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Uniform Cylindrical Volume

The (square) cylindrical volume with a uniform potential gradient
and equal diameter and height is useful in the comparison of the present
detector with the resistance wire sensor. It is a type of parallel plate
electrode, where the ends of the cylinder represent disc electrodes.
Fringe field effects are neglected. The cutoff wavenumber for temper-
ature and velocity for this electrode volume is estimated in Sections 13.1
and 14.1. The maximum temperature rise occurs for a path along a diameter
so that the temperature uniformity ratio is

W:T 4 M5
6Tmax 1

The characteristic numbers of the square cylinder are listed in Table
9.3 , where b is the reference dimension (b = cylinder radius).

Dipole Electrodes

The dipole electrode consists of two spheres of radius, a, whose
centers are separated by a distance, 2b. The potential field and
resistance of such an electrode is treated in References (5,6).AAn opti-
mum ratio (a/b) exists for a given separation, 2b, at which the current
density is a minimum. A single ellipsoidal electrode is considered in
Reference (7).

Toroidal Type

The configuration whose electrodes coincide with the surfaces of a
toroidal coordinate system is termed a "toroidal electrode." A sketch
of such an electrode is shown in Figure 9.6 . The arrangement is similar

to the eye-type electrode with
the exception of the donut

CWDOCTIQ. 6 insulator. The current densityM-•D If /v7 Mis not infinitely large at the
/I A) ./ , edges of this electrode. Exact

4-L. gCia94F expressions are available for
the resistance of the general
toroidal electrode (8,9,10).

• ... , ., lit-Type

Two coplanar semi-infinite
",'. / plates whose edges are sepa-

/ rated by a distance, 2a, form
a slit-electrode as illustrated

AX• in Figure 9.10 . The resist-
ance between the plates is

Figure 9.6 . Toroidal Electrode zero (logarithmically). The
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current density becomes infinitely
C oJDUvCnm large at the edges of the slit. The
MMlLgv•- unit potential gradient in this case

is(i)

"" for Ixl> a andy =O. For J4;.a

g'and y 0

The potential in the gap on the sur-

Figure 9,10. Slit-Electrode face is

A two-dimensional strip-type electrode C ,
of finite resistance is discussed in
References (12,13).

Disc Electrode

A special case of the eye-type electrode is the disc electrode which
occurs in the limit a..< b, where a is the radius of the disc. The
resistance number of the disc electrode (one side only) is (14):

1

The unit potential gradient on the surface is (pc a)

-2

and for p> a

and the potential in the plane of the disc is (p0a)
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Parallel Wires

Two parallel wires of finite length make a convenient electrode for
experimental purposes. The resistance between wires of finite length),
with guard insulators to reduce the potential problem to that of wires
of infinite length is (15,16)

where d is the wire diameter and c is the separation distance between the
wire axes. This function is plotted in Figure 9.11 . An optimum shape
factor, c/d, exists for a given separation, c, for which the (peak) cur-
rent density is a minimum.

Cross-Wires

Two wires which cross at 90 and whose axes are separated by a
distance larger than, but comparable to, the wire diameter is a convenient
arrangement for producing an electrode with a small sensitive volume. The
resistance between such wires of infinite length is finite. This arrange-
ment is discussed in Section 5.5

Two opposed probe shaped electrodes, as usually used to produce an
arc, are also a convenient arrangement for producing a small sensitive
volume. The resistance of such an arrangement is studied in Reference
(17).

9.4 Polarization Impedance

The resistance of an electrode is attributable to the volume conduc-
tivity and the impedance at the surfaces of the electrodes. The surface
impedance is due to polarization effects which are discussed below.

In the absence of complicating effects, the conduction of electricity
in electrolyte solution obeys Ohm's Law. The chief complicating factor
is polarization. This effect comes from some inhomogeneity in the elec-
trolyte at the electrode surfaces caused by the ionic motion. For example,
in some electrode processes a film of oxide or some other substance forms
on the electrode surface and sets up a resistance to the passage of cur-
rent across it. Other effects which cause a surface impedance are a)
a difference in concentration of ions between the electrode solution
interface and the bulk solution, b) a reaction occurring on deposition
of ions, or c) the evolution of gases at the electrode surfaces. Polar-
ization effects are always traceable to rate phenomena of some sort.
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These involve the slowness in diffusion of dissolved substances, slowness
in establishment of subsidiary chemical equilibria and slowness in the
electrochemical reactions themselves. The various contributing factors
are not always sharply distinguishable.

For polarization effects which are determined by diffusion of concen-
tration gradients, the thickness of the surface layer is estimated by
means of the diffusion constant for the process. For an alternating elec-
trode current of angular frequency, w, the "skin 4epth" is of the order
of

2D
~0) J

where D is the diffusion constant. For an electrode in sea water with a
40 kc applied voltage we have

D = 1.47 x 10'5 cm2 /sec

S= 2.5 x 105
and

2c7.7 x 10" am,

which is about 200 molecular diameters. This result applies approximately
to all solutions at the same frequency.

Electric Double ayr

In addition to the surface effects mentioned above, there is an
atomic polarization associated with the distribution of electric charges
in the immediate vicinity of the interface between the two phases. As a
consequence of this charge distribution, a virtual electric double layer
exists with a corresponding effective capacity per unit area.

Probably the simplest concept, of the nature of the charge distribution
at an electrode solution interface is that & e to Helmholtz who proposed
that the site of the potential difference between two phases lay across
two layers of charges of opposite sign. This Helmholtz electrical double
layer structure is analogous to a parallel-plate condenser with the dis-
tance between the plates corresponding to the thickness of the double
layer. The capacity, CO, of an electrode area, A. is by this model

A d

where Kis the dielectric constant of free space (8.85 x 10l•- farad/meter),
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d is the molecular distance between the plates and / is the effective
dielectric constant in the interface region. As 9. example, in water
wherek- 80 and the molecular size of d'Z 2 x 10- cm, we find a capacity
of 350 mfd/cm2 . This proves to be about two orders of magnitude larger
than found by experimental measurement. Gouy advanced the theory that the
solution side of the layer consisted of a diffuse layer of ions in equi-
librium with the field of the electrode and thermal kinetic forces of the
solution. Gouy and Chapman (18) calculated the capacity per unit area
as

where F is the Faraday constantj is the gas constant, c is the concen-
tration, and T is the absolute temperature. This expression also yields
values which are too high, but because of its fundamental simplicity and
because it shows the proper dependence on the concentration, it will be
used for reference purposes. A constant of proportionality, A, will
absorb any discrepancies. As an example, consider sea water at 200 C
(0.57 mole/liter solution of NaCm) and a dielectric constant k = 7 4 ,
we find by the above formula CO/A - 580 mfd/cm . Experimental results
will be compared with the Gouy-Chapman formula as follows

A

where A is of the order of .01.

Electrode Reaction

The electrode polarization, aside from the electric double layer,
has its origin in the factors at the surface which operate in controlling
the speed of an electrode reaction, viz., the rate of the electrode
process itself and the rates of diffusion of the reactant and prod.ct.
Concerning the mechanism of these processes, Randles (19) has made a
theoretical investigation of the current passed by an electrode at which
an electrochemical reaction is in equilibrium, when it is subjected to a
small alternating potential relative to the solution. Consideration of
the electrode process and diffusion shows that the reaction is equivalent,
electricallyto a capacity and resistance in series.

Randles' analysis shows that if the reaction at the electrode (e.g.,
the neutralization of positive ions by electrons at the cathode) taken
place at a rate kc moles/sec/unit area, where c is the concentration of
the reactants, then the effective electrical resistance and capacity of
the reaction are
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where F is the Faraday constant, ýthe gas constant, and D the diffusion
constant of the reactants. At high frequency the capacity is small and
the resistance depends only on the reaction rate. At low frequency the
capacity is large, and the resistance is large and independent of the
reaction rate (k OV21Di ).

Electrode Impedance

The equivalent circuit of the overall electrode impedance is shown
in Figure 9.12 . The volume resistance due to the conductivity of the
electrolytic solution is represented by R; the capacity of the electric
double layer is Q.; and we have chosen to separate the impedances cal-
culated by Randles into one which corresponds to the resistance of the
reaction rate, Rk (reaction resistance), which is independent of frequency
and the other so-called "Warburg impedance," z,. The Warburg impedance
consists of a resistance and capacity of equal impedanceand which are

determined by the diffusion con-
S... stant of the reactants and varies

inversely as VP (20,21,22). The
electrolysis processes are repre-
sented by the loop in parallel

with the double layer capacity and
the current which passes through
it is termed the "Faradaic leakage"
current. The reaction resistance,
Warburg impedance and double layer

I capacity are all associated with
phenomena located at the immediate
surface of the electrode. The dot-

O. ted parallel capacity in Figure
9.12 is the volume capacity of

the solution between the electrodes
and is ordinarily quite small.

Equivalent Circuit of Combining the previous
Figure 9.12 Electrode Impedance expressions, the components of the

surface impedances are
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With these formulas, we can illustrate the limiting conditions under
which one has either a non-polarizable or completely polarizable elec-
trode. The electrode surface is completely polarized if the reaction
rate is zero (k = 0), i.e., there is no ion flux across the double layer;
or if the diffusion constant is zero (D = 0); or if the frequency is very
high (w -p co) where the double layer capacity effectively shunts the
Faradaic impedance components. In these cases the electrode surface
behaves reversibly. The electrode is non-polarizable if both the reaction
rate and diffusion constant are large (k -- co, D-o oo).

Electrochemistry

The electrolytic conductivity of an aqueous solution and the phe-
nomena associated with electrode processes are fundamental topics of
electrochemistry. For an understanding of these complex topics it has
been found necessary to consult numerous texts to adequately cover the
subject. A list of the important works are given in the References (18,
21,23-29).

9.5 Induction Probe

The problems of electrochemical effects with contact electrodes are
eliminated by the use of a probe based on magnetic induction. Alternating
currents are induced in the m.dium without mannln &pn1trinal contact with
the medium. This "induction probe" produces a well localized sensing
field and can be placed in a streamlined housing without producing "hot
spots," which is not possible in the case of a contact electrode. This
method is accomplished by having the electrolytic solution constitute a
conducting link between a current transformer and a voltage transformer.
In another arrangement the solution forms the secondary winding of a
transformer whose impedance is being measured. The induction probe has
been used successfully for precision electrochemical conductivity meas-
urements (30,31,32,33), in physiological conductivity measurements (34),
and in salinity measurements of sea water (35-41). The relations between
the operating frequency, probe size and electrical properties are ana-
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lysed below with special reference to the application of this kind of
sensor to the present detection equipment. The toroidal configuration
is natural to this type of sensor and will be used throughout the ana-
lysis Rs an example of the method (42). Some of the analysis of the
electromagnetic log velocity meter (43) is pertinent to the induction
probe.

Analysis

A fundamental requirement for high sensitivity resistance measurements

of any electrode system is that most of the electrical energy required for
the measurement be dissipated in the resistance being measured. The ef-

ficiencyq , of the measurement is defined here as the ratio of the energy
dissipated in the water to total energy dissipated in the induction probe

coil and water. Assume that the resistance of the water is determined by
measuring the reflected impedance of the probe transformer. This situa-

tion is illustrated in Figure 9.9a and the equivalent circuit of this ar-

rangement is shown in Figure 9.9b . The conducting path in the electrolyte

N/V"

7l 7, Y

I ____. __ ___ ___ __

Figure 9.9 . Equivalent Circuit e-f Induction Probe
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solution constitutes a single turn secondary winding of the transformer.
The capacity in parallel with the primary is resonantly tuned to the
operating frequency in order to neutralize the inductance of the trans-
former. The core losses and winding resistance are effectively lumped
together in the resistance r in Figure 9.9b which determines the Q of the
transformer. The resistance of ýhe conducting path in the medium is R
and its reflected impedance is N R where N is the turns ratio of the
transformer. At resonance the equivalent circuit is that of Figure
9.9c where R11 is the parallel resonant resistance of the LC-circuit.
The impedance of the transformer is a pure resistance in this case given
by

where

Rll =. rQ2

and OL

The efficiency, • , of the electrode is

-(v g (V ) e--

where

Bn2

and V is the input voltage to the transformer. For high efficiencye
should be small (<. 1). Let the resistance of the electrolyte, R, and
the inductance, L, of the toroidal transformer be given by

H m
R =-m

6b

and

L = nN2pqb

where m and n are numbers characteristic of the toroidal geometry, b is
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the outer diameter of the toroid, p. is the permeability of the toroid
core material, pis the permeability of free space and Cis the conduc-
tivity of the solution. Combining the above relations we obtain the
following condition on the operating frequency:

f- ---------

This result is independent of the number of turns N. For a given ef-
ficiency and toroid proportions (cm,n fixed) the operating frequency is
low if the Q, permeability (it), conductivity (6), and size (b) are large.
Thus, a small induction electrode in tap water calls for a relatively high
operating frequency. As an example, consider the following numerical
example which corresponds to a commercially available toroidal core oper..
ating in sea water:

m=2

n= 0.1

= 0.4
Q = 100
S= 2 0 0

= 4A x 10-7 henry/meter

s = 4.8 ohm"1 meter- 1

b = I cm = lO02 meters

Then
f = 660 kc

For N = 100 turns we have

L = 2.5 mh

C = m3Ommfd

r = lO0 ohms

The resistance r also includes core loss. The maximum power that can be
transferred to the medium is determined by the saturation limit of the
core.

9.6 CP-Electrode

Metal electrodes immersed in an electrolyte introduce an impedance
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of their own associated with the electrode surfaces. Conventionally,
this effect is minimized by greatly roughening the surface microscopically
by the platinum black process, thus, providing a larger electrode area.
The exact opposite of this is to make the surface a poor conductor of
ionic currents by coating it with a very thin but non-conducting coat of
insulating material. In this way the Faradaic currents are eliminated and
electrical energy is coupled to the medium through the capacity of the
insulating coat. This coating functionsas a reaction rate inhibitor
(k = 0 in Sec. 9.4 ) by stopping the flux of reaction components across
the electrode/solution interface. An electrode with this property is
termed "completely polarized," thus, the designation "CP-electrode."
Some aspects of this type of electrode are discussed by Reilly (33).

An inductance coil is placed in series with the electrode leads and
is tuned .j04A i_4l77A/,

VC,/S7WC.r _1W_ I/ PEPOWC

44,yg-p c.PAcrry

CO CT _ C4PPAQ7y

- -AAAA AA

Figure 9.13 . Equivalent Circuit of CP-Electrode
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to the series capacity of the coat and double layer. This eliminates
the capacitive reactance leaving only the desired resistance of the
conductivity cell. This is better understood by considering the sequence
of diagrams shown in Figure 9.13 . The upper diagram (a) shows the
equivalent circuit of a conventional electrode consisting of the primary
volume resistance, R, the electric double layer capacity, C,; and the
polarization impedance, z , which provides the path for Paradaic leakage
currents. With the addition of the thin insulating coat to the electrode
surfaces, the equivalent circuit becomes that of diagram (b) in which
the polarization impedance has been eliminated because of the high resist-
ance of the coating. The inductance coil shown in diagram (c) tunes out
the electrode capacitiet at some relatively low frequency. The small
resistance, r, shown in diagram (c) is the residual resistance of the
inductance coil and only the coat capacity has been drawn since it is
found to be much smaller (therefore higher reactance) than the double
layer capacity. Diagram (d) shows the overall equivalent circuit at
resonance where the reactance of the coil exactly cancels that of the coat
capacity. In this case the impedance is purely resistiveconsisting of
the unknown, R, and the known coil resistance, r.

As an illustration of a CP-electrode, consider an eye-type electrode
coated with a thin layer of insulating material of thickness,4, as shown
in Figure 9.14 . This coating can be made non-conducting, inert, anti-

AY35

A . SLi' I .OAJ /COuA7

.'.IVI444R

Figure 9.14 . Coated Eye-Type Electrode

corrosive, and impermeable even at thicknesses of the order of .0001
inches. An anodized surface is such an example which has found wide
practical use even in hostile marine environments and where rough han-
dling is involved.

Analysis

We now determine the relations between the operating frequency,
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conductivity of the medium, electrode size and insulating coat parameters.
This analysis is based on the equivalent circuit diagram of Figure 9.13
with the condition that the series inductance, L, and capacity, C, are
resonant at the operating frequency, f. The figure-of-merit of the induc-
tance coil is

r

where a) is the operating angular frequency and r is the residual resist-
ance of the inductance coil. The maximum attainable value of Q in prac-
tice is of the order of 100. The volume resistance, R, of the medium
satisfies the relation

Rb =m m

where 6 is the conductivity of the water, m is a dimensionless number of
the order of unity and b is a typical dimension of the probe, say, the
outer radius. The condition for resonance of the coil and condenser is

oaLC = 1

The capacity, C, of the insulating coating between the metal backing and
conducting solution is

C K.nb
2

where * is the dielectric constant of the insulating coat, n is a dimension-
less number of the order of unity which is characteristic of the probe
geometry, andA is the thickness of the coating. Suppose that the resist-
ance r is some factor, e, times the volume resistance, R, of the elec-
trode

•R=r

This parameter should be relatively small so that most of the input elec-
trical power is dissipated in the water whose conductivity is being meas-
ured.

Combining the above five relations, we find the operating frequency,
f: / ,

Thus, once the optimum values of the quantities K, 4 ,E,Q have been
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determined, the operating frequency depends primarily on the electrode
size, b, and the average conductivity of the water, 6.

The required inductance value, L, for the given conditions is

which is independent of the size of the electrode. The residual coil
resistance is simply

r=- db

and the capacity of the insulating coat is

C =Af&,nb 2

Both of these components are independent of the frequency.

A measure of the quality of a CP-electrode is the ratio of displace-
ment current across the capacity of the coating to the conduction current
through the coating. It is only the conduction current which gives rise
to the undesirable effects of the polarization impedance. The leakage
conduction current through the insulating coat is through an effective
resistance Rc indicated in Figure 9.15 below. The impedance, z, of the

1R•

Figure 9.15 . Coat Capacity Leakage Resistance

network of Figure 9.15 is

-9 3
RCVC
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or

(R 14-

where K = wCRc =* C_ I a . The inductance value is chosen so that there
iý no reactance component which, if K >'>l, implies the resonance condition
M LC 1. In this case, the impedance is purely resistive

+
A?

The figure-of-merit, F., of the coating is defined as the inverse of the
correction term in the above expression

F c = RRC.2C2 'R \ K2
rRc)

The resistance R c is given by

Re =-!C 2 &

nb

where p. is the dc resistivity of the coating-This formula may be opt1mis-
tic because of the possibility of pin-hole5 in the coating. Dielectric
loss in the coating is not pertinent in connection with reducing the ef-
fects of Faradaic currents. The figure-of-merit of the coating is

4- L
4L = 6)

and

We note the figure-of-merit increases with increasing conductivity in
contrast to the figure-of-merit of ordinary conductivity cells.

The peak voltage across the fi).m must not be high enough to cause
electrical breakdown, If V is the rms voltage across R and,8V the rms
voltage across the coat, then we have approximately

-4-V- = _L = CO, = W"V Ha4; R
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For the case of interest with CQ > 1, the voltage across the insulated
coating is much larger than the voltage applied to the volume resistance.
The peak voltage across the condenser is ff 6V. If P is the power
dissipated in the resistance R then the peak value of &V is

(AV)peak C2

This peak voltage should be some safety factor, say five, below the
breakdown voltage of the coating determined by the dielectric strength
of the insulating material, This represents a condition on the maximum
allowable power input to the electrode., For precision measurements this
is of no real concern because the power involved is small, but for the
high power applications of this Report, this peak voltage limitation is
important. If there were no recourse from this limitation (see below),
then coated electrodes would, in fact, be unuseable for the high power
applications involving heating at the electrode.

The peak voltage calculated above is much larger than the voltage
across R because the circuit is resonant. If electrical power is
coupled to the medium at a frequency, w, well above the resonant frequency,
u,, then

v =

where

RWC R

In terms of input power, we have

(4V) peak :()/2'

Thus, an effective way of coupling high power to the water without voltage
breakdown is to operate at a frequency well. above the resonant frequency
of the CF-electrode.

The power efficiencyp, i.

R 1
4-R r +-C

Even for e as large as Oo,. the efficiency is relatively good (w0 %).
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The dissipation of power (resulting in a temperature rise) in the resist-
ance r is not important if a) the temperature coefficient of r is small,
b) an adequate heat sink mounting is used, and c) if the residual effect
is corrected by temperature compensation networks.

The requirements of the insulating coat are that it be durable with
rough usage; non-corrosive in the chemical environment; non-conducting;
of high dielectric constant; easy to apply; low dielectric loss factor;
low thermal conductivity; high dielectric strength; low absorption of
water or be impermeable to the solution in question; not a catalyst to
the chemical components of the solution; and be capable of operating
satisfactorily to temperatures of 1000C; and these requirements must be
met for coat thickness from 10 microinches to 1 mil. A number of practical
coating materials have been developed which largely meet these require-
ments (44). Two important examples are teflon and the anodized surface
(45,46,47,48).

The magnitudes of the quantities calculated above are illustrated
for the case of sea water and tap water. The coating material is assumed
to be aluminum oxide which is the main constituent of an anodized metal
surfaee* The assumed values and calculated parameters are listed in Table

9.4 .- The electrode volume is a simple cube 1 cm on a side (b = 0.5 cm).

9.7 Electrode Measurements

Experimental measurements of the impedance of an electrode are dis-
cussed in this Section. The experimental equipment used for this purpose
is described in Section 17.1 . The dependence of the electrode impedance
on the following variables is considered: temperature, concentration, size,
shape, frequency, age, non-linearity, electrode material, and the evolution
of gas at high power.

Size

The resistance of an electrode in a conducting solution is inversely
proportional to the size of the electrode configuration for a given shape.
For an eye-type electrode, the resistance is given by

R0 6b = m

where Rois the electrode (volume) resistance, 6 the (volume) conductivity
of the solution, b the outer radius of the electrode and m is the resist-
ance number which is only a function of the ratio of the inner-to-outer
diameters, (a/b). The approximate electrode resistance for the two
important cases of sea water and tap water are shown in Figure .9.16 for
an eye-type electrode of "standard" proportions: a/b = 0.48 and m -0.46.

The impedance of a practical electrode is complicated by polarization

... and teflon.
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Table 9.4 • Numerical Values for CP-Electrode in Sea Water
and Tap Water

Parameter Sea Water Tap Water

Insulating Material Aluminum Oxide Teflon

Electrode Resistance (R) 21 ohm 2100 ohm

Conductivity (6) .048 ohmicm, .00048 ohm-cm1

Coat Thickness (Ab) .0001" .0003"

Electrode Size (b) 0.5 cm 0.5 cm
Inductance Coil - Q 100 50

e-Parameter 0.1 o.4
Dielectric qonstant (A:.) 8.8 2.1

Resonance Frequency (fo) 250 kc 16 kc

Coat Capacity (C) 3100 nmmfd 240 mmfd

Inductance (L) 130 4h 0.42 h

EQ-Parameter 10 20

n-Parameter 4.0 4.0

m-Parameter 0.5 0.5

Power Efficiency (I) 91 % 71 %
Coat Resistivity (p) 3 x 1O14 ohm-cm 1017 ohm-cm
Coat Resistance (Rc) 7.5 x 1010 ohm 7.5 x l013 ohm

K 3o7 x 10 8  2.0 x 101 0

Figure-of-Merit (F*) 3.7 x lO7 109

Voltage Safety Factor 5 5
Dielectric Strength 200 volto/mil 1000 volts/mil

Maximum Heater Voltage 13 volts 120 volts(4 Vmax) 1 ot 2 ot

Maximum Heater Power (P) 1 kw 1 kw

Heater Power Frequency (f) 40 me 5.4 mc
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effects at the electrode surfaces. The impedance associated with the
surface, which is part resistive and part reactive, varies inversely as
the square of the electrode size for a given shape. The fact that the
surface impedance and volume resistance depend differently on electrode
size suggests a method for measuring the two independently. Jones and
Christian (49) used the technique of mrwking measurements with a cylindri-
cal electrode volume ('iniform field) of variable length. For a complex
electrode field, such as that of the eye-type electrode, it is necessary
to keep the relative proportion(shape of the electrode constant and ob-
taining the size dependence by constructing two or more similar electrodes
of different size. Two such electrodes were used in tests which were
about a factor of three different in size as shown in Table 9.5 . The

Table 9.5 .Proportions of Two average diameter ratio, (2a/2b), of

Eye-Type Electrodes both elec-rrodes is 0.474; the av-
erage size ratio is 3.00. The av-

(Inches) (Inches) Ratio erage values of a number of measure-

Electrode 2a 2b ments on these electrodes are shown
.in Table 9.6 ; R is the series

1.399 .848 .471 resistance; Rll the parallel resist-
2 .134 .281 .477 ance; C the series capacity and C1l

Ratio- 2.98 3.02 the parallel capacity; and kil =
a.AItIC The relation between these
quantities is

and c
kkl= 1

1
03C

The quantities actually measured are Ril and C1 1 , and are corrected to
200 C. The salinity of the solution is approximately 38 %* and a 40 kc
source of low amplitude (- .05 v.) was used.

The reason for performing the measurements is to determine the surface
capacity and the resistive contributions of the volume and surface. These
quantities are obtained in the following way. Let the subscripts 1 and
2 refer to the two electrodesd R is the resistance of the electrode sur-
face, Ra is the volume resistance,. X is the surface reeLctance, and A is
a pure number independent of electrode size and is defined by

4R =Aax
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Table 9.6 Impedance Measurements The quantity- -'l is the
phase factor of the surface

1 2 impedance. The four meas-
Electrode I ured quantities Rl, R2 , Xl,

ki 7.95 ohm 25.7 ohm X2 are related by

ClI .0365 mfd • .0332 mfd

kll .0725 0.213 l lO + AR 1  X1 = AXI

R 7.91 ohm 24.5 ohm

C 6.97 mfd 0.764 mfd R2 0 + R2  X X2

k 13.8 4o 71
Since the volume resistances

X 0.574 ohm 5.23 ohm for the two electrode sizes

are known to be related by

R2 0  R1 O ,

we can rewrite the above equations as

with the solutions for RlO and A

and

where a = (bl/b2 ). With the data of Table 9.6 , we obtain the constant
A which is independent of size and only sightly dependent on temperature

and salinity for a given electrode shape (a/b = 0.48):

o0. 24
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The volume resistance for the two electrodes are

R10 = 7.77 ohms

R20 = 23.3 ohms

A check of the fact that the surface impedance varies inversely as the
square of electrode size is

1 = 1.006

that is, the agreement. with theory is within . % error.

Temperature

The electrode impedance, consisting of the volume resistance and
surface resistance and capacity, are functions of temperature. Measure-
ments of the temperature coefficients were performed by two methods, as
described in Section 17.1 . Data obtained for the two different experi-
ments are shown in Figure 9.17a and Figure 9.lTh. The volume resistance,
RO, is calculated from the measured series resistance R and surface react-
ance, X, (due to the surface capacity) by the expression

R. - R -- AX ,

where = 0.24. The correction term A X is typically about 7 % R. The
temperature coefficient of resistance at 25 C for the data given is

- W) = .019 ±. 002 per O

which agrees with the expected coefficient givcn in Section 7.2 (P.
+2.02 % per °C) within the accuracy of the data. The temperature coef-
ficient of the surface capacity as determined from the data of Figure
9.17a and 9.lTh, is only a rough value because of the rather serious
scatter of the data points due to hysterysis temperature effects at the
electrode surface. The temperature coefficient of surface capacity of
Figure 9.lThis +0.4 % per 0C and for Figure 9.17a+2.0 % per 0C. This is
only one illustration of the erratic and confusing behavior of the surface
capacity which is a sensitive function of the nature of the electrolyte
solution and electrode surface condition and well as other variables. The
temperature coefficients of the surface impedances found by Jones and
Christian (49) is of this same order of magnitude (+1 % per 0C) for dif-
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ferent solutions and electrode materials.

Concentration

The variation of total series electrode resistance and series capacity
with concentration (salinity) of NaCl solution for an eye-type electrode
is shown in Figure 9.18 . The series capacity is due to the surface
impedance exclusively, but the series resistance includes both the volumes
and surface contributions. A stainless steel eye-type electrode was used
(a/b = 0.48) and the measurements were performed at 40 kc and 23 °C. The
measured salinity coefficients of resistance and capacity at a salinity
of 32.8 %4orresponding to standard sea water) are

= +1.50% per
So 3.oob

- -0.80 -2.45 % per %o

The salinity coefficient of resistance agrees with that expected from the
known data for NaCl solutions (Sec. 7.2 ). The variation of resistance
over the range from 1 %ato 100 %ois almost inversely proportional to the
salinity; the difference being accounted for by the variation of equivalent
conductance with the concentration. The variation of surface capacity with
salinity (or concentration, c) agrees with that for the electric double-
layer capacity:

where the expression on the right is the capacity per unit area expected
from the Gouy-Chapman theory of the electric double-layer capacity (Sec.
9.4 ). The measured exponent of the concentration dependence is +0.49

which agrees with the above expression. At a salinity of 32.8 %o(c 0.57
mole/liter) corresponding to standard sea water:

and for the electrode area of (a = 0.170 cm)

ca2 = .091 cm2

the measured value of C = 0.35 mfd yields

C/na 2 = 3.8 mfd/cm
2
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or
= .0066

Shape

The variation of electrical properties with the relative proportions
(shape) of the eye-type electrode is measured with the equipment described
in Section 17.1 which consists of ten eye-type electrodes with the same
outer radius b but different inner radius (a). Table 9.7 lists the
dimensions of each electrode. The outer diameter of all electrodesis 1.27
cm (0.500"). The impedance measurements were performed at 40 kc in NaCi

Proportions of Eye-Type solution of 32.8 %osalinity, Td 1
Table 9 7 Proportiones oa conductivity 6 = .0479 ohm cm

Ta 97 •Electrodes _The electrodes were made of stain-
Eea 2 less steel and the data was takenElectrodea

No. (a/b) (cm) (cm2 ) at 20.8 OC and corrected to 20 °C.
Table 9.8 lists the measured

1 0.105 .067 0.014 quantities (Ell and CII) and derived
electrical properties ior each elec-

2 0.198 .126 0.050 trode. The volume resistance,RE,

3 0.299 .190 0.113 is calculated from the formula

4 0.399 .254 0.203 A
5 0.500 .318 0.318 RW=R-

6 0.599 .380 0.453 where it is assumed thatX. 0.24

7 0.700 .444 0.620 approximately for all (a/b). The

8 0.800 .508 0.810 volume resistance, R,, and surface
capacity are also shown in Figure

9 0.900 .634 1.261 9.19 . In order to compare the
observed properties with theory,
the capacity per unit area, C/na 2,

is plotted in Figure 9.20 and the resistance number, R.6a, in Figure 9.21.
The theoretical curve of RPa = (a/b)m from Section 9.2 is also plotted
in Figure 9.21 and agrees with the observed data within experimental error.
For a "standard" eye-type electrode with (a/b)= 0.48, we find

m(0.48) = R.6b = 0.215 x (0.48)"l = 0.45 .

A theoretical expression for the capacity per unit area for the eye-type
electrode has not been developed. For the particular electrodes of this
experiment the following figure is approximately valid

C/na2 8 mfd/cm2

This parameter is sensitive to the properties of the solution and condition
of the electrode surfaces.
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Table 9.8 . Impedance Measurements vs. Shape Factor

Electrode R1 1 (ohm) Cll (mfd) k11  R(ohm) C(mfd) R.(ohm) C/na 2

No. (mfd/cm

1 113 o14o 0.398 97.6 0.102 89.6 7.28

2 40.6 .o146 0.149 39.8 0.673 39.0 13.5

3 25.7 .0188 0.121 25.3 1.30 25.0 11.5

4 19.4 .0296 o.144 19.0 1.46 18.6 7.22

5 13.3 .0330 0.111 13.2 2.73 13.0 8.60
6 11.4 .0415 0.119 11.3 2.99 11.2 6.61

7 8.65 .053 0.115 8.55 4.06 8.46 6.56

8 6.7 .077 0.129 6.60 4.70 5.85 5.80

9 5.0 .103 0.129 4.93 6.30 4.86 5.00

Frequency

The resistance of an electrode due to the volume conductivity of sea
water is known to be independent of frequency over a very wide range of
frequency extending from dc to radar frequencies. This is not the case
for the surface impedance, however, since the Warburg impedance (Sec.

9.4 ) is a function of frequency. The electric double-layer capacity
and reaction resistance are supposedly independent of frequency. The sur-
face impedance is in series with the volume resistance; at very high
frequencies the volume dielectric constant gives rise to a capacity in
parallel with the volume resistance. As a result of these effects the
total electrode series resistance, R, and capacity, C, or parallel resist-
ance, R11, and capacity, CII, are functions of frequency. Ordinarily the
frequency dependence of electrolytic cells for electrochemical measurements
is determined by several point measurements in the region from I kc to 10
kc. The frequency dependence in such cells can be kept quite small by prop-
er cell design which makes the vnlime resistance large in comparison to sur-
face impedance. This is not possible with the present electrodes since the
size of the electrode is fixed by other considerations. Thus, at high
concentrations (e.g., soa water) the volume resistance is not large in
comparison with the surface impedance. This is particularly true if smooth
stainless steel or brass surfaces are used instead of the more desirable
platinum black surfaces. For this reason the frequency dependence of the
eye.-type electrodes is relatively large and is measurable over a wide range
of frequency.

The total series resistance, R, and reactance, X, of the brass eye-type
electrode of Figure 9.36 is shown in Figure 9.22 as a function of frequency
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from 10 kc to 40 me. The temperature and salinity of the NaCl solution is
20 OC and 32.8 %e. The resistance does not become independent of frequency
until the range from 1 mc - 10 mc are reached where, presumably, the resist-
ance is due almost exclusively to the volume conductivity of the solution.
This limiting resistance is 25.5 ohms from which the resistance number, m,
of the electrode can be calculated:

R0 6b = m = 25.5 x .0479 x 0.332 = 0.41

where 6 = .0479 ohm- cm- is the conductivity of the 32.8 %oNaCl solution
and b = 0.332 cm is the outer radius of the eye-type electrode. This
value of resistance number for (a/b) = 0.48 is lower than the theoretical
value (0.459) and the value measured previously by another method. This
may be partly due to the drop in resistance which is noticeable in Figure
9.22 for frequency greater than 10 mc. This effect can be formally
explained by a capacity in parallel with the volume resistance. Such a
capacity is constituted by the volume dielectric constant of the water,
however, it is too small to explain the observed effect. If C. is the
volume capacity, it is related to Ro by

RoCo -•- ,

where K (=74) is the dielectric constant of the sea water; and K, (=8.85
x 10-12 farad/meter) is the permittivity of free space. Combining this
with the previous relation, we obtain

C' M 4.7 mmfd
m

The parallel capacity necessary to explain the effect of Figure 9.22 above
10 mc is found to be about 120 mmfd which is considerably larger than the
volume capacity expected. The explanation of this effect is not known.
Other measurements to higher frequencies from 50 mc to 400 mc were made to
confirm the observed effect. A further reduction in series resistance and
an increase in series reactance was found., though at a somewhat slower rate
than indicated in Figure 9.22 . The origin of the observed effect may be
in an electrochemical effect at the electrode surface or in the capacity
and inductance of the leads to the electrode proper.

For frequencies below about 3 me, the observed reactance is due exclu-
sively to the series capacity associated with the electrode surface. Other
measurements indicate that this capacity is largely that of the electric
double-layer and as such should be independent of frequency. The series
capacity of the electrode is shown in Figure 9.23 and is found to be only
somewhat frequency dependent below 3 mc. It is again concluded, therefore,
that the series capacity is mostly due to the electric double-layer. The
contribution of the Warburg and reaction resistance ishowevernot negligible
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in its effect on the total series resistance as shown in Figure 9.22 where
at frequency below 3 mc, the resistance R increases with decreasing fre-
quency. Measurements on a stainless steel eye-type electrode have been
performed down to 1 kc. Both the resistance and reactance continue to rise
sharply as indicated in Figure 9.22 , although the series capacity is found
to b2 larger (lower reactance) for stainless steel than for the brass elec-
trode. If A R is the series resistance due to the surface

R =R, + AR ,

and d X M X is the surface reactance, the ratio

A RX

can be calculated from the observed data as shown in Figure 9.24 . The
variation of ý with frequency is not large and at 40 kc the value is approx-
imately

A 0.28

which compares fairly well with the value ;> = 0.24 obtained for a stainless
steel electrode at 40 kc by the method of measuring the size dependence.

The data of Figure 9.22 is pertinent to the choice of the operating
frequency of detection equipment using such electrodes. Ideally, one
would want to measure only the volume resistance without any contribution
from the surface impedance. It is clear that even at 40 kc, which was used
in the detection equipment, the contribution of the surface impedance is by
no means negligible. At 40 kc, the following data applies:

A = 0.28
-x = 16.3 ohm

R = 30.0 ohm

AR 4. 6 ohm

and tanr = - =-54R

-280

and

Z (R2 + x2)l/2 = R(l.29) 38.8 ohms

In this case, about 15 % of the power to the electrode is dissipated in
the surface resistance:
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1, 4.__6 - 0.153

The optimum frequency for operation appears to be at about 3 me where the
electrode reactance is a minimum. This fact was decisive in the choice
of the high power heater source used to heat the water in the detection
equipment for velocity measurements; a frequency of 3.7 mc was finally
decided upon.

Age

If all experimental variables are held constant and measurements of
electrode resistance and capacity are made as a function of time, it is
found that the measured quantities vary with time. This is termed the
"aging effect." The variation is largest immediately after cleaning the
surface of the electrode or immediately after immersing it in a solution.
The capacity variations are largest, amounting to about 100 % change within
a day; the resistance variation amounts to about 2 % change over the same
time interval. Allthings being equal, the variation of impedance shows a
regular behavior with time; both capacity and resistance vary logarithmically
with time.

This effect was determined experimentally by thoroughly cleaning six
standard eye-type stainless steel electrodes with No. 600A Wet-O-Dry emery
paper. The resulting surface was brigrT. and smooth with the exception of
the very fine mesh of random scratches caused by sanding. The appearance
of the surface was unchanged under visual inspection at the end of the experi-
ment when removed from the solution. Care was taken to see that while im-
mersed no bubles or other contaminants formed on the electrode surface. The
resulting data is shown in Figure 9.25 . The measurements began a few min-
utes after cleaning and were continued almost two days at which time the rate
of change had become small and difficult to measure with reliability. Only
the curve of best fit to the many data points is included in this Figure in
the interest of clarity. The six straight lines of negative slope corre-
spond to the measured capacity of the six electrodes and the lines of pos-
itive slope to the corresponding resistances. These lines show similar be-
havior for resistance and capacity, respectively, but differences in slope
between electrodes is observed.

The observed changes with time can be expressed by the following formu-
las which take the time t = 100 minutes as a convenient reference value:.
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where C is the series capacity and R the series resistance, and the aver-
age values of the constants for the six electrodes are

A = -0.26

B -- +.0078

c(0oo) = 0.65 mfd

R(100) = 23.0 ohms

These formulas indicate rapid changes in the impedance values as t -- %-0,
which is precisely what is observed; the changes take place so fast in
the first minute after cleaning that it is somewhat difficult to make the
measurements fast enough to track the changes due to the aging effect.
These tests were performed at 18 °C and 50 ONaCl salinity, however, similar
behavior has been observed with these and other electrodes at other temper-
atures and salinities.

Non-Linearity

The impedance of an electrode is dependent on the applied voltage, i.e.
it is a non-linear element. This effect is measurable even below the point
where the current density is high enough to cause gas evolution, where, of
course, a marked change in resistance and capacity is experienced. Two meth-
ods are used to measure the non-linearity, a) the direct measurement of the
impedance as a function of applied voltage or, b) an indirect method based
on the deviation from balance conditions of a non-linear bridge as the input
voltage is varied. The theory of this method is developed briefly below.

Assume a wheatstone bridge measurement in which all arms are approxi-
mately equal to the resistance being measured, R(O). For simplicity we
assume a purely resistive measurement. This arrangement is shown in Figure

9.26 , where the error voltage output from the bridge is &V, V is the
voltage across the load being measured, and 2V is the voltage applied to
the bridge. The wheatstone bridge resistances are

R -3=R 4=0(' and R 2 -_RV;= ()

where R(O) is the resistance of the load at zero voltage. The load resist-
ance, R(V), is assumed to be only slightly non-linear. For an equilateral
bridge we have the approximate relation

= &9.55
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where the bridge is adjusted to
balance (4V = 0) at Vo = V. The
load resistance is assumed to be

V" a linear function of voltage:

where

is the voltage coefficient of
resistance. Combining these
relations we find

or

Figure 9.26 Non-Linear V )•Wheatstone Bridge • I-

The curve is shown in dimensionless form in Figure 9.27 . In measurements
of rms voltages, only the magnitude of the output voltage is measured, so
that the sign of k must be determined independently. The bridge output is
maximum at V = Vo/2 where

8(LA =kV0 ,

which provides a convenient way to measure voltage coefficients. The main
virtue of this technique is that the accurate measurement of the actual
impedance values is not necessary. The measurement of LV depends on the
gain, G, of thn bridge detection equipment.

In actual measurements the bridge is never brought to precise balance
at V = Vo because of noise voltages in the detection system or, because of

imperfect settings of both the resistive and reactive components necessary

to balance the bridge. As a consequence, added to the above parabolic curve,
is a linear term as shown by the dotted line of Figure 9.28 •

Measurements of this type were performed on the standard eye-type elec-

trode in 33.2 %.NaCl water at 40 kc. The data is plotted in Figure 9.28

Similar data was obtained at VO = 0.1, 0.2, 0.5 and 2.0 volt6, from which

the voltage coefficient was calculated as shown in Figure 9.29 . At low

voltages (less than 1 volt) a coefficient of about 0.75 % per volt is found.
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This is about 25 times as large as that of usual composition type reBis-
tors. Above 1 volt a marked deviation is observed which it is believed is
due to heating in the electrode volume, or a higher order non-linear contri-
bution.

Direct measurements of resistance and capacity of the electrode shows
that the series capacity increases markedly with increasing voltage. The
voltage coefficient of capacity amounts to +30 % per volt at 5 kc and falls
to +3 ; per volt at 40 kc. Above a certain critical voltage, which varies
from 0.6 volt at I kc to 3 volts at 40 kc, where electrolysis effects be-
come important, the capacity makes a large antd erratic jump. The resist-
ance of the electrode is found to decrease with increasing voltage. The
coefficient, k, is about-1 % per volt which is in accord with the above
measurement technique. Above the voltage where electrolysis effects are
important, the resistance also shows an erratic change as found with the
series capacity.

Gas Evolution

The evolution of gases at an electrode due to electrolysis effects
for dc currents is a well known phenomenon. For alternating currents the
electrolysis process is limited by reaction rate effects and the effect of
ionic diffusion. Generally, one would expect the evolution of gas products
to decrease as the frequency increases because of the tendency of the reac-
tions to more closely approximate a reversible process (52).

The evolution of gas at the electrode surfaces is due to electrolysis
and boiling or out-gassing of the water if the electrical heating of the
water is sufficient. The observation of these processes is complicated by
the fact that part of the gas may be reabsorbed in the water making the
bubbling less profound. Visual observation is, of course, the simplest meth-
od and for this reason was used in spite of the limitations it holds for the
interpretation of the data. Another more sensitive method of observing the
inception of electrolysis effects or other non-linear processes is to meas-
ure the rectified dc current produced for a given applied ac current. This
technique proves more sensitive than the visual technique, although the
observed rectified voltages are relatively small (.01 % of applied voltage).
The rectified current bohavcs the following way: no rectified current is
measured until a certain critical applied voltage is reached (of the order
of 1 volt depending on frequency) when the rectified current suddenly jumps
to a definite but small value which was more or less independent of further
increases in applied voltage. The "Jump" was used as an indication of the
inception of appreciable electrolysis effect.

The critical potential (rms) at which gas evolution is detected is
shown in Figure 9.30 as a function of frequency. The data for the eye-type
electrode (30 ohm at .0 kc) as measured by the two techniques shows a simi-
lar behavior, but the visual method is less sensitive than the rectifier
method. We will rely more on the rectifier method since it is the first to
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indicate the presence of gas evolution effects. As expected, a higher
applied voltage is required to cause electrolysis at higher frequency.
The curve to the far right is for a needle type electrode (350 ohm at
40 kc) of much smaller dimensions than the eye-type electrode. It requires
less voltage to cause electrolysis on this electrode at a given frequency
due to the higher current density. The data points of Figure 9.30 can be
expressed in the form

1V. V ~AV.0

where V. is the critical applied potential at the inception of gas evo-
lution, VO is the critical voltage at low frequency, the frequency f is
expressed in kilocycle (kc) units, A is a dimensionless constant, and d
is the effective diameter of the electrode in centimeters. The values of
the constants obtained from the data of Figure 9.30 are

V, = 0.6 volts

A = 13.2

where the diameter ratio between the 30 ohm eye-type electrode and the
350 ohm needle electrode is 10.5.

The above empirical relation sets an upper limit to the power that
can be usefully dissipated at an electrode in a static solution without
adverse effects of gas evolution. This relation must be taken into con-
sideration in the design of a high power electrode. The critical elec-
trode power, P., at which gas evolution is detectable in static water is

v41L
R,

where R is the electrode resistance, and h the typical dimension of the
electrode (actually, the inverse cell constant). We wish to plot specific
data based on this expression, but must first determine whether this crit-
inal value depends on the conductivity of the water solution.

The measurement of the critical voltage as a function of salinity was
determined by the simpler visual method. The resulting data is shown in
Figure 9.31 . These measurements were performed only on the 30 ohm eye-
type stainless steel electrode at 40 kc. The current density is plotted
as a function of salinity and is a slowly v~rying function of salinity.
The critical current density, J., in amps/cm , fits the formula

J,= 3.2 (: OI

where S is the salinity in %*. The critical current density for sea water
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and tap water are

Sea water: Jc = 4.2 amp/cm2 at S = 33 %

Tap water: J = 1.5 amp/cm2  at S = 0.33 %o

The above experimental data is combined to give the maximum applied
electrode power which can usefully be used as a function of frequency for
the cases of the 30 ohm eye-type electrode (6.6 mm diameter) and 350 ohm
needle electrode (0.63 mm diameter) in static tap water and sea water.
The resulting curves are shown in Figure 9.32

Electrode Material

Certain electrode materials are more suitable for use in a given solu-
tion than others (50,51). Experiments have been performed with electrodes
of the following materials: platinum, stainless steel, gold plate, brass
and copper. Quantitative measures of the relative merits of these materials
have not been made, but it was found that the platinum electrodes are supe-
rior to all others. This is particularly true at high electrode power.
Stainless steel electrodes are satisfactory at lower voltages. Brass and
copper electrodes proved to be subject to corrosion or tarnishing. Com-
binations of electrode materials such as copper and stainless steel are
not satisfactory because of their instability.

9.8 Design and Construction

The details of the design and construction of electrodes used in exper-
imental work are discussed in this Section. The conductivity cells of the
present work have been made, not only with the conventional considerations
in mind, but also the requirement of compatibility with the hydrodynamic
flow conditions at the electrodes. Two classes of electrode types are
considered: the flush type and probe type. The metal of the electrodes is
an important factor in its behavior in a given electrolyte solution. Plat-
inum is the preferred material but, because of the expense and lack of
availability, only wire stock has been used to form electrode arrangements.
Stainless steel has been used mostly for electrodes because of its avail-
ability and resistance to corrosion. Epoxy resin is the most used insulat-
ing material although hysol, teflon, and formvar have also been exploited.

The design and construction of conventional conductivity cells is
reviewed briefly below.

Conventional Cells

Electrolytic conductivity cells of conventional design are made either
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for precision measurements in which a fixed sample volume is measured or
for measurements to monitor chemical processes.

For precision measurements of resistance with alternating current the
cell resistance should not be too high because of errors due to stray ca-
pacities, nor too low because of residual lead resistance. A convenient
resistance is about 1000 ohms. An example of a convenient cell design is
given in Reference (59). Conductivity cell proportions are chosen so that
for a given solution conductivity the cell resistance is of this order.
This is not possible for the present detection equipment since both the
size and conductivity are specified. The impedance of the solution due
to the volume conductivity is a pure resistance at frequencies less than
the radio frequency range. In practice several other effects give rise to
reactive components which introduce errors in the resistance measurements.
The simplest example of this is the capacity between the cell leads and
the small capacity in parallel with the cell with the solution as the
dielectric. Another of these is the "Parker effect" associated witb capac-
itive coupling between the cell leads and the solution (53). Surface
impedance effects can be minimized by a method due to Kohlrausch in which
the electrodes are coated with platinum black. The platinizing solution
recommended by Jones and Bollinger (54) is 0.025N hydrochloric acid con-
taining 0.3 percent of platinic chloride and 0.025 percent of lead acetate;
the lead acetate improves ýhe adherence of the deposit. The platinizing
current should be 10 ma/cm , the polarity being reversed every ten seconds.
Even a barely visible deposit greatly reduces the frequency dependence
(due to the reactance of the effects at the electrode surface) and a depos-
it corresponding to a few coulombs/cmZ is ample. The electrode effects are
largest at high concentration, and is strongly dependent on the nature of
the surface material and electrolyte solution. Double cell compensation
techniques are effective in minimizing the errors due to both temperature
and surface effects (55,56). Also, two independent leads to each elec-
trode may be used so that lead resistances can be completely eliminated by
the "four leads" method used in resistance-wire thermometry. A modifica-
tion of the four leads method also makes possible accurate do measurements
without serious surface impedance problems (57,58).

Flush Type Electrodes

The flush type electrode presents a locally flat surface for the fluid
flow. In addition it should be rugged, electrically well shielded, pos-
sess a localized field, and not be exposed to impact)as it would be if
placed on a leading edge of the detector head. Several examples of this
type of electrode have been constructed and are described below.

Hydrofoil Electrode - ýhe first electrode constructed with hydrodynamic
considerations in mind is shown in Figure 9.33 . Four No. 14 gauge plati-
num wires are placed in the leading edge of a hydrofoil shaped head made
of Epocast epoxy resin. The arrangement consists of two conductivity cells
placed in close proximity for differential spacial measurements. The
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Figare 9.33 • Hydrofoil Electrode
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spacing between centers of a pair of wires is 1/8 inch and between the
centers of each pair is 3/8 inch. The full angle of the leading edge is
about 800.

The lessons learned from this construction are the following. It is
undesirable to place the electrodes at a sharp leading edge since they are
particularly subject to damage in ordinary handling. The electrodes are
not in a well shielded arrangement and it was necessary to add a large
area copper plate below the electrodes to provide an adequate localized
ground connection. Also the construction technique for this type is un-
satisfactory, particularly because the whole detection head is cast of.
epoxy resin. It is obvious that the tolerances of construction were poor
so that the electrode pairs are geometrically dissimilar.

10 Ohm Wedge Electrode - the second flush type electrode constructed em-
bodies the lessons learned from the hydrofoil electrode. This stainless
steel electrodc is shown in Figure 2.5 . The resistance of this elec-
trode in sea water at 40 kc is about 10 ohms. The wedge angle is 360, the
length in the direction of flow of the wedge face is 3.2 inches, the
height of the leading edge is 5.0 inches, the outer and inner electrode
diameters are 0.86 inches and 0.41 inches, respectively, and the correspond-
ing inner/outer diameter ratio is 0.476. Identical electrodes are placed
in the same position on each of the wedge faces. The currents flow from
the central electrode to the main stock which is a common ground for both
electrodes. The central electrodes are mounted in position by an epoxy
resin cast. This is found to be poor practice; the electrode should be
mounted mechanically by some means before the insulating epoxy resin is
cast.

30 Ohm Wedge Electrode - a larger stainless steel detector head is shown
in Figure 9.34 with six electrodes, three on each side of the wedge faces.
These electrodes are used in pairs for differential measurements; varia-
tions in spacing are obtained by choosing various combinations of elec-
trodes. The wedge angle is 360, the length of the wedge face is 6.37
inches, the height of the leading edge is 12.0 inches, the outer and inner
electrode diameters are .279 inches (.709 cm) and .123 inches (.340 cM),
respectively, and the inner/outer diameter ratio is 0.480. The main stock
is a common ground for all six electrodes. In construction, the central
electrodes were positioned by a press fit insert and then cast into position
by Epocast epoxy resin. The flush electrode surface was obtained by grind-
ing. The leads to the electrodes are brought through drill holes in the
back of the wedge block.

30 Ohm Dipping Electrodes - a convenient dipping electrode for laboratory
work is shown in Figure 9.35 . The length and diameter of the stainless
steel cylindrical body are 6.0 inches and 1.25 inches, the outer and inner
electrode diameters are .281 inchcs (.714 cm) and .136 inches (.317 cm),
and the inner/outer diameter ratio is 0.484. The diameter of the cylinder
is sufficiently large to insure that the electrode closely approximates
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Figure 9.34 .30 Ohmn Wedge Electrode

Figure 9.35 Dipping Electrode
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the eye-type electrode in an infinite plane. The electrical connection to
the BNC connector is made through the hole at the end of the cylinder.

Brass Electrode - a brass electrode constructed for laboratory use at radio
frequencies is shown in Figure 9.36 . The electrode proper is located in
close proximity to the type-N RF connector which facilitated the measure-
ments at very high frequency. The attached glass container, which is at-
tached with beeswax, holds the electrolyte solution in the vertical posi-
tion. The sensitive volume of the electrode is well contained within the
solution volume. The diameter of the brass ground plate is 4.0 inches,
the outer and inner diameter of the electrodes are .261 inches (.663 cm)
and .125 inches (.317 cm), respectively, and the diameter ratio is 0.478.
The brass center electrode is cast in epoxy resin.

Probe Type

The small size and streamlined shape is of primary concern in the design
of the probe-type electrodes described below.

No. 21 Hypodermic Needle - a convenient design for a probe-type electrode
consists of a hypodermic needle with an insulated coaxial center wire, the
sensitive volume is located at the tip. This design is relatively rugged,
the center wire is electrically shielded by the needle tube, and the tip
is readily streamlined. Such a probe was constructed with a No. 21 gauge
(.0318 inch diameter) stainless steel hypodermic needle with .016 inch diam-
eter stainless steel center wire. This probe is shown in Figure 9.37 .
One of the problems of construction was application of the insulating coat
to the center wire. If a wire is simply dipped in a lacquer solution and
brought out, beads of lacquer form on the wire instead of a uniform coat.
It is found that by removing the wire very slowly from the coating solution,
this beading phenomenon does not take place. taper on a coated wire is
obtained by light sanding, in this condition it may be firmly pulled into
the needle tube in order to fix into position. The streamlined tip is easily
shaped by means of a slowly revolving sanding table with fine wet sandpaper.
The tip is shaped by varying the angle of contact of the needle with the sand-
paper while simultaneously spinning the needle between thumb and forefinger.
The center wire should be tested electrically for self-continuity and isola-
tion from the needle tube. If the tip is damaged in use it is easily re-
shaped by the above sanding process. The probe impedance in sea water at
40 kc is about 350 ohms.

Platinum Wire Probe - a probe well suited to high power operation was con-
structed using two parallel 0.0126 inch diameter platinum wires (No. 28) of
1.7 rim length and separated by 0.7 mm. A close-up of the end of this probe
is shown in Figure 17.21. A prob.Lem develnped with this electrode because
of small cavities in the front of the stem where stagnant water was easily
heated to boiling temperature, thus, producing noise. The stem of this
probe is not strong enough for relatively long lengths (say, 30 diameters)
to withstand vibration when exposed to turbulent flow. The probe impedance
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Figure 9.36 Brass Electrode

Figure 9.37. No. 21 Hypodermic Needle Probe
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in sea water at 40 kc is about 40 ohms.

No. 27 Hypodermic Needle - in the interest of making probes as small as
possible, an electrode was made using the smallest available hypodermic
needle size which is No. 27 gauge or .016 inches -0.4 mm) diameter and
1/2" in length. This is about half the diameter of the No. 21 gauge needle.
A photograph of this unit is shown in Figure 9.38 . The construction
procedure was similar to that of the No. 21 gauge needle above but a No.
34 formvar coated copper center wire was used. The wire was secured in the
tube with Epocast. The gap between the center wire and tube at the tip is
approximately .001" (.03 mm) which is an indication of the smallest scale
of microstructure that can be detected with this probe. The probe resist-
ance in sea water at 3.5 mc is about 400 ohms. No problems of construction
were encountered with this small probe and, if smaller tubes were available,
it would be reasonable to attempt construction of a smaller probe.

A convenient electrode configuration whose resistance is approximately
calculable from the geometry is the parallel wire electrode as shown in
Figure 9.39 . This consists of two No. 28 platinum wires 0.4 inches in
length and spaced 0.13 inches apart. The electrode resistance of this
unit is about 30 ohms in sea water. One important thermal advantage of
this parallel wire arrangement is the low thermal time constant of the
electrode surfaces due to the high thermal conductivity and low heat capac-
ity of the metal wires.
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Figure 9.38 .No. 27 Hypodermic Needle Probe

Figure 9.39 Par-allel Wire Electrode
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10. RESISTANCE CALCULATION

The analytical machinery necessary for calculating the resistance
of a given electrode configuration is developed in this Section. Consid-
eration is given to the case of the potential field and associated func-
tions in both a homolgeneous and inhomogeneous conducting medium. It will
be apparent that the analysis of the potential problem for even the sim-
pleat electrode configurations is complicated and approximate methods
must be resorted to.

10.1 Potential Theory

The fundamental definitions and certain properties of the potential
field of an electrode configuration are discussed below.

Fundamentals

We are interested in obtaining the electric potential as a function
of position for a given electrode configuration. With a knowledge of this
function all properties of the electrode arrangement may be calculated.
Static potentials will be considered since the resulting fields are ap-
plicable, for the electrodes of interest, to alternating fields up to radio
frequencies.

The general double electrode configuration is one which consists of
two surfaces of infinite conductivity (electrodes) immersed in a conduc-
ting medium of conductivity, o, which is confined in a volume of given
shape by surfaces of zero conductivity (insulators) which are terminated
on the electrode surfaces and/or at infinity. The conducting medium is
contained in the surface consisting only of electrodes and insulators. A
potential is maintained between the electrodes by a source of electromotivo
force.

Denote the potential at a point in the medium by V. Assume that the
potential on the "negative" electrode is zero, and that on the "positive"
electrode is V0 . It is convenient to introduce the "unit potential," f,
which satisfies

V •; 5V,

thus, 0 = 1 on the positive electrode and 0 = 0 on the negative electrode.
The electric field at a point in the medium is
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The current density, T, is given by

The rate at which energy is dissipated in the medium by Joule heating at
a point, i.e., the power density, Pv, is

0/0 J . -'V) -- 6-r •2

If P is the total power dissipated in the electrode volume and R is the
electrode resistance, then

P VO

The power density may be written,

where

This function satisfies the relation

where the integration extends over the entire volume of the conducting
medium. It follows from the fact that

The function w plays a fundamental, roll in the theory of electrode sensors
and is termed the "sensitivity distribution function." The equation of
continuity is (1):

or

For a homogeneous conducting medium the potential problem reduces to the
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solution of Laplace's equation

for the boundary conditions:

1 on positive electrode

• = 0 on negative electrode

n = 0 on insulator surfaces

The latter boundary condition implies no current flow through the insulator
surfaces.

Except for those fortunate cases where the electrodes and insulators
coincide with some natural coordinate system, the solution of the above
Laplace equation i1 difficultat best and usually requires integral equa-
tion methods. This arises because of the mixed boundary conditions on
the enclosing surface which cone.ists partly of electrodes (r = oo) and
partly of insulators (c= 0). In many cases, approximate methods must
be used to obtain the potential field.

Validity of Electrostatic Theory

The periodic potential at a point in the electrode volume may be cal-
culated by electrostatic theory provided the frequency is not too high.
The relaxation time of the medium sets the upper frequency limit. This
same limit also occurs when the electrode resistance, R, due to the conduc-
tivity of the medium is comparable with the electrode capacity, C, which
depends on the dielectric constant, 9, of the medium. If fA is this maximum
frequency, then

21 RC = ,

where

RC = K__

hence,
-0

and k. = 8.85 x 10"12 farad/meter is the permittivity of free space.
Another limitation at high frequency which modifies the potential field
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at some distance from the electrode is the skin effect. The skin depth,
B, is given by (2)

-

where p. = 4TI x 10" henry/meter is the permeability of free space. Since
the distribution function,7w, ordinarily falls off rapidly with distance
from the electrode, we arbitrarily set as an upper limit to the frequency
due to the skin effect as

where b is the mean radius of the electrode configuration. Denoting this
frequency by fg, we have

Numerical examples of these limiting frequencies are listed in Table 10.1
for sea water and tap water. The smaller of the two frequencies fX or
fb sets the upper limit for the validity of electrostatic theory in the
given medium and for the given electrode.

Table 10.1 . Maximum Frequency for Valid-
ity of Electrostatic Theory n

7-Sea Water Tap Water If the conductivity of
1 the medium is inhomogeneous,

fx 1.2 kmc mc the potential does not satisfy
c 5Laplace's equation; but sat-

fa 530 mc 53 kmc isfies the equation

i 74 81

C 4.8 ohm-in1  .048 ohmon, V

b 1 Cm 1 Cam where 0 is a (known) function

1.0 1.0 of position. Expanding this
equation we find

*Maximum Frequency L.170-4~

If the conductivity gradients are everywhere .perpendicular to the currents
which flow in the homogeneous case, the solution to the inhomogeneous poten-
tial problem is identical with the homogeneous case. A first order equation
for the potential is obtained by defining
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where a" is the average conductivity of the medium and 4 is the unit
potential for the homogeneous case. Neglecting second order terms, we
find

which is Poisson's equation since the quantity on the right side is known
everywhere. The boundary conditions on the first order potential correction
are

C9 0 on both electrodes

n- =0 on insulators

Impedance Boundary Condition

Electrode surfaces are not always perfect conductors. Extremely thin
deposits of partially conducting material may form on the metalic elec-
trodes. As a consequence, the potential problem is modified in that the
boundary conditions for the problem are changed. Suppose that the surface
admittance per unit area of the electrodes is Y + iao which is due to an
(assumed) infinitely thin contaminating film. Within the conducting medium
the potential, 0, still satisfies Laplace's equation;

however, the boundary conditions are now mixed

+ r 1 On positive electrode

II =0 on negative electrode

S= 0 on insulators .

The additional terms are due to the (complex) impedance of the boundary.

If the surface impedance is low

the first order solution, V , to the potential problem satisfies the
approximate boundary conditions
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on both electrodes

C) on insulators

where 4. is the solution for zero surface impedance and + (P
If the surface impedance is small, the following relation is approximately
valid

whr ted t a 1,

where an is the potential in the medium at a point on the positive elec-
trode and 0the potential in the medium at a poin~t on the negative t~lec-trode 4( 1.• , II•0).

Dipole Field

The potential field of a simple electric dipole is of interest be-
cause of its close similarity to the field at great distance from certain
double electrode configurations.

The potential field, V, of a dipole is (3)

-477-Ke.r P 4r/1 r'

where . is the electric dipole moment, ( is the angle between the radius
vector r and the plane of symmetry of the dipole. A dipole field is ob-
tained for a positive and negative charge of magnitude q separated by a
distancej , provided r >>X . The magnitude of the dipole moment is

p =q)

The "equivalent dipole moment" of a double electrode configuration may be
defined in the following way. Let b be a reference dimension of the elec-
trode, and suppose that the unit potential field at large distance (r ,> b)
from the electrodes is

where m, is a dimensionless number which depends on the details of the
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electrode geometry. Equating the potential of a dipole to that of the
electrode system:

r 47r/Tea r~ /
we obtain the equivalent dipole moment

The quantity in brackets is termed the "unit dipole moment." If C is the
capacity of the electrode configuration, the induced charge, q, on the
electrodes is

q= CV.

This provides a means of defining the "effective length," . , of the
equivalent electric dipole of the electrode:

p =q

or

R -L *7r- got. tc?

The capacity, C, of the electrodes is related to the resistance between
the electrodes by (See. 10.3):

C

Consequently, the effective size of the equivalent dipole is

=. 4v(Bmb) m~b

The function ) for a dipole field is found by differentiation:
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10.2 Axisymmetric Potential

The potential field of an axially symmetric electrode configuration
is a useful special case to consider. The electrodes of primary interest
are of this type. The flush type electrode has the added simplification
that the potential defined on the electrodes and insulators lies in a
plane. Formulas for obtaining the axisymmetric potential field are discus-
sed below. These formulas are later used to calculate the resistance of
a given electrode.

Green's Function

The electrostatic potential of a given surface potential distribution
may be obtained by Green's function method (4):

where 0 is, the surface distribution, G is the Green's function (which is
zero on the boundary in this case), and the integration is carried over
the surface which contains the field distribution. For a plane b undary
(e.g., z = 0) with a radially symmetric potential distribution, .(p), a
particularly simple Green's function is obtained by the image method (5)

.0f

where r 1 is the distance between the source point and the field point as
shown in Figure 10.1 and

The potential on the axis ( 4 = 900) is

10.8
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Figure 10.1 . Plane Axisymmetric Potential Distribution

Legendre Polynomial Expansion

Consider the axisymmetric potential field corresponding ti the surface
distribution which is zero for p ;-b. The inverse distance r- may be
developed in a series of Legendre polynomials (6)

/ / 0 0 /(p

where it is assumed that

0 ip ib<r

Differqntiating with respect to the argument of Fn) we get the expansion
for rji (7):

where the prime denotes differentiation. Substituting this expansion in
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the integral 1 A

we find

where

and

Tb numbers mn are the moment coefficients of the potential distribution

over the plane 0 4 p < b. The functions Fn(00) are obtained from
the known expressions for P.; the first few of which are:

F0 =0

F2 = • oo•2I _ _.
F 3 = 0

945 4. 10 2,l3F4='- OBs .- 102CBý+8CO

F5 -0 ... etc.

In general ~cs=0.

At a great distance from the potential distribution (r >p b) only the
leading term is important:
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which is Just the field of a dipole. The conBLant m. is
/

Laplace's Formula

An expression due to Laplace for an axisymmetric potential distributionis (8):
2-7r"

f 1= J 1- jd-t) ý f
0

where

CC%~

The function • (z) is just the axial value of the potential 0'(pz)

1(Z) = #(Oz) .

If no axial charges existithe above expression gives the potential,
at all points accessible from the axis without crossing a charged surface

(9).

Bessel Integral

Solutions of Laplace's equation in cylindrical coordinates for axisym-

metric boundary conditions in the plane may be represented by the integral
(10,11)

0

where F(k) is a weight function determined by the boundary conditions. On

the plane boundary
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Inverting this expression by the Fourier-Bessel integral (12) the function
F(k) is found to be

oA

10.3 Homogeneous Volume

The calculation of resistance of a given electrode in a homogeneous
medium is, at best, difficult. Certain methods of calculation are more
suited to a given configuration than others. In the interest of a wider
choice, several methods of resistance calculation are considered below.

Surface Integral

Frequently the simplest direct way of calculating the electrode resist-
ance is the following. The current, I, from the positive electrode is

where 3 is the current density and the integral is carried out over the
surface of the positive electrode. By convention, Tpoints into the medium
on the positive electrode and is parallel to d&. The current density is

where V. is the potential between the electrodes. By Ohm's Law Ve = IR.
Combining the above relatics we have

Similarly on the negative electrode

and

10.12



Volume Integral

Another formula for electrode resistance is obtained by considering
the total power dissipated in the electrode medium. The power density is

PV j v 7V.

The volume integral of the power density is equal to the total electrode
power

By the Joule heating relation:

= PR

or
d.0-

For a homogeneous medium

Defining w = Rd( s ),, we have as before:

1= fwdl)

Green's Function Surface Integral

An expression for the resistance may be derived from the Green's
function representation of the potential field. The potential by Green's
function method is (4)

where the integration iE ca.ried out over the surface enclosing the conduc-
ting medium, and G is a Green's function suitable to the problem.

First, let G1 be a Green's function which is unity on one electrode
(say, the positive one) and zero on the rest of the surface, then
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- c .

Now, let G2 be a Green's f'~nction which is unity on the negative electrode
and zero over the rest of the enclosing surface) then

2r2f z A ,A

It will be recalled that

J- _ 0--
and

hence, it follows that

or

Define another Green's function G*, such that

thus,
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This formula gives the desired result of the electrode resistance as a
surface integral involving only the boundary value potential.

It remains to get the functions G1 and 02 which can be done in a
direct manner from the solution of a particular potential problem. This
will not be done, however, since a simpler means of obtaining the function

is found later in the next paragraphs.

For a radially symmetric plane potential distribution which is zero
for p > b (i.e., on the negative electrode) the above integral becomes
(with p =b, n = Vb)

/

Bessel Surface Integral

Consider an axisymmetric potential distribution in the plane z = 0
which is zero for p > b. The Bessel integral representation for such a
potential given in Section 10.2 is

where

p-ýb

and
z = b

The normal gradient of on the surface is

The integral of this expression over the surface of one electrode or the
other is (Ra)-1 . Assume, for example, that one electrode is the region
A>1 (over which 6 = 0) and the other is the region 0 - A --. a (over

which = 1). This is the "eye-type" electrode (Bec.9.2 ). In this case
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or

7rrA

0

___ X.

The expression for F(k) is (Sec. 10.2 )

Substituting this expression and inverting the order of integration we get

. A (__ -,) w,,) vT n,<) Wk
o

Let w = ca and v =u- , then

,,-7,, % <> ý ,)

The integral in square brackets is (13,14,26)

T, (Vv){jO 16
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where K(x) and E(x) are complete elliptic integrals of the first and
second kind, respectively. Call this integral A(x)/x. Finally, with
the assumed limitations on boundary potential:

0

-J27r/ ) A(AA
where o! = 1. Thus, an integral over the surface potential distribution
Smay be made to obtain the electrode resistance. This is just what was

accomplished previously by a Green's function method. Comparing the two
results, it follows that

Approximate Methods

Upper and lower limits to the electrode resistance can be obtained by
the following technique (15). If a non-conducting surface is introduced
into the electrode volume the electrode resistance is greater than without
it. Frequently, by the introduction of an appropriate surface, the cur-
rent lines can be distorted into those corresponding to a simpler potential
problem in which the resistance is more readily calculated. The resist-
ance calculated in this way is an upper limit to the actual electrode
resistance. Similarly by the appropriate introduction of conducting sur-
faces, a lower limit to the resistance can be obtained.

A variational principle may be used to obtain a least upper limit of
the electrode resistance when an approximate expression for the resistance
is known (15). The principle is based on the fact that the power dis-
sipated in the electrode is least if the expression for the resistance is
precisely equal to the actual value. Thus, any expression for the resist-
ance with an adjustable parameter can be optimized to obtain a least upper
limit to the actual resistance. Several examples of this technique are
given in References (16,17,18,27).

10.4 Inhomogeneous Volume

Formulas are developed below for several cases where the conductivity
of the medium is inhomogeneous over the sensitive volume of the electrode.
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These expressions are used to study the response of an electrode to random
fields with microstructure smaller than the size of the electrode, and the
response to small bubbles and boundary layer effects.

Gradual Inhomogeneity

Conductivity variations in the field of the electrode introduce small
pzrterbations in the unit potentiaý function, 0, obtained for the case
of homogeneous conductivity. If 1 is the new solution, introduce the
small error potential u so that

01 = + u

Since the boundary conditions for i and are the same, the error poten-
tial, u, has the boundary condition that it is zero on both the electrodes
and VWL is parallel to the insulator surfaces. Let the conductivity at
a given position be (r and it is assumed that it differs only slightly
from the average conductivity oc. Define a dimensionless function of posi-
tion, _ , which accounts for the variations in conductivity:

where 1C< 1. The expression for the resistance variations is best ob-
tained by considering the power dissipated at the electrode. The elec-
trode power, P, is

where R is the electrode resistance. Combining the above relations and
neglecting second order terms:

/ (/*,, f ý )V-, + f4k. - ,4,,

The second order terms are small if the conductivity variations are small
and vary gradually with position. Since

we have
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where 4AR - RI - R. The last term is zero, as shown below. From the

identityo

integrating and applying Gauss' theorem

The surface integral extends over the electrodes and the non-conducting
(insulator) boundaries. Since the u is zero on both positive and negative
electrodes and is parallel to the non-conducting boundaries, the sur-
face integral is zero.

Finally, we have

The factor Rois the cell constant of the electrode. The minus sign
indicates that an increase in conductivity ( i• 0) causes a decrease in
electrode resistance. If £ is uniform over the electrode volume then

Spherical Inhomogeneity

Consider a small spherical volume of radius a in the electrode field
of conductivity o5 which is a factor K times the conductivity, o53 of the
rest of the medium:

0-

The diameter of the sphere is much smaller than the typical dimensions of
the electrode so that the (undistorted) potential gradient is essentially
constant in the vicinity of the sphere. The potential field distortion
in the vicinity of the sphere is a well-known problem in potential theory.
The problem corresponds to the electric field in the vicinity of a spherical
dielectric inhomogeneity (19). The potential is given by
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for r > a and

for r < a where

is the undisturbed potential field in the vicinity of the sphere. The
field inside the sphere is uniform but a factor (3/K.+ 2) smaller than
the undisturbed field. The induced field outside the sphere is that of
a dipole.

The electrode resistance, , before the insertion of the sphere is

where o-is uniform over the total electrode volume vo. The electrode
resistance with the spherical inhomogeneity is

14-

d f IVo

where Av is the volume of the sphere. Substituting the above values for
the distorted potentials and integrating over the respective volumes, we
obtain

=/_ _/ 2 __ 2

or, if AR = R - Rz<RO, then

kk /: Ie \4) 1

Thus, the change of resistance depends on the local value of the function,

(74 1', and the volume of the sphere. This is basically a result of

Weiss' sphere theorem (20). This result is valid for a small shpere which
is not close to the boundaries of the electrode volume. It will be noticed
that this expression does not reduce to the expression previously obtained
for the case of a small gradual inhomogeneity (K-•.). This, presumably,
is because the change in conductivity is not gradual everywhere; in partic-
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ular, at the spherical boundary where an abrupt change is experienced.
For the case of a non-conducting spherical volume ( K = 0) we get the"resistance of a bubble"

IL.-~ 'd()% = -±

This fact will be used in Section 13.4 to analyze the response of the
detector to bubbles.

Similar analysis has been applied to the change of conductivity of
conducting solutions due to a suspension of small non-conducting volumes,
i.e., the so-called "obstruction-effect" in electrolytes (21). Other
shapes such as oblate and prolate ellipsoids of given orientation have
been analyzed with respect to this effect (22,23,z4,25).

Surface Layer Inhomogeneity

Consider a conducting medium which is otherwise homogeneous except
for a very thin volume of material at the surfaces of electrodes. The
thickness of this surface layer inhomogeneity is assumed to be small in
comparison with the typical dimensions of the electrodes so that the
current density is essentially uniform over the surface layer. If the
magnitude of the boundary layer inhomogeneity is small, the following
expression is valid

where I is the fractional change in conductivity:

and a is the boundary value of conductivity and d. the average value. If
y denotes the local coordinate perpendicular to the electrode surfaces,
the above integral can be broken into two parts consisting of integrals
over the positive and negative electrodes:

- 9 P- f'1 a, JtI -f AA (W) f 's
where is essentially constant over the layer region, and the upper
limit to the integral of I with respect to y indicates integration over
the complete depth of the bgundary layer where ? is finite. Define the
boundary layer thickness, b , by

/ g 4)
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where L is the maximum value of A in the vicinity of the electrode sur-
face as shown in Figure 10.2 and

- (~) ~ f 6/4 ~)~A&*+ >A (17Y/A)

If the fractional change t is independent of position on the electrodes the
expression simplifies to

A useful definition for the effective
electrode area (of each) follows
from this expression by comparison
with the result for parallel elec-

A^ ' 6 A - • trodes of area S which are sepa-
AkEA 1A E* rated by a distanceR.. In this

case of a uniform field

The area S for a general electrode
is defined by equating the above

A ,~expression for a uniform field
"6 •with that for the actual field:

Boundary Layer I-I (/• 7

Figure 10.2 Inhomogeneity /-- 2-j A

S is called the "effective electrode area" and represents an average area
for each electrode. In this notation the fractional change of electrode
resistance for a uniform boundary layer is

If the electrode field, C )4 is uniform but 6) varies with position,
the expression is
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where v, is the "electrode volume" (Sec. 12.2 ). This expression is
used in Section 14. 4 to calculate the boundary layer resistance of an
electrode.

10.5 Homogeneous Surface

The theory of developed in this Section for the surface impedance of
an electrode. Only the simplest case is considered of a surface of
uniform properties but the existence of a non-uniform current density is
included.

Surface Impedance

Consider a double electrode configuration with a uniform surface
admittance per unit area Y + iuo immersed in a homogeneous conducting
medium. The surface conductance per unit area is Y , and the surface
capacitance per unit area is 13. The surface layer is assumed infinitely
thin. Consider the tube of current shown in Figure 10.3 in which the
element of area dA2 on electrode No. 2 is the projection along the cur-
rent lines of the element of area dA on electrode No. 1. The conduct-
ance of the tube of current due to iHs volume conductivity is

a-dTjA, vo, _ rdA __ _ _

where 0 2 and 0i are the unit potentials on each of the electrodes which
depend on the point on the electrode. Define the function f such that

The surface admittance of electrodes No. 1 and No. 2 are, respectively

Figure 10.3 . Elementary Tube of Current
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The net differential electrode admittance due to the currents flowing
through these elements of area is

J- = - I +.

Define the quantity, A , such that

4,1, (vWJ.
or

This quantity depends only on the electrode configuration, and is unity
for identical electrodes in a symmetrical arrangement. Substituting in
the above equation, we find

S +• p,

Define the ratio, F, of the volume conductivity of the electrolyte to
surface admittance as (28,29)

The dimensions of this complex quantity are inverse length, and depend
only on the physical properties of the electrolyte and electrode material.
With these definitions, we have

where R is the electrode resistance for zero surface impedance. The
integration may be taken over the surface of either electrode (ifA is
properly defined)) hence, the subscript has been dropped.

The important case of practical interest is when the surface imped-
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ance is small compared with the volume resistance, i.e.,

or
2F -e- ROB " f-

or

2Ff -4 1

where S is the effective electrode area and Rd-is the cell constant of the
electrode. We saw in Section 10.31 that if the surface impedance is small
f =: -70o , where A is the potential for zero surface impedance. In this
case, to first approximation:

The first integral is unity. The effective electrode area, S, defined
earlier is given by

By the definition of , this may also be written

Utilizing this fact, we find

The "figure-of-merit," F*, with respect to surface effects of a given
electrode/electrolyte interface is defined as

F 21 F1
R6S

It is usually desirable in practice, that this number be small. The
figure-of-merit improves (smaller) if the electrode configuration is of
large dimensions; the volume conductivity is small and the surface admit-
tance is large.
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A difficulty is sometimes encountered with the above definition of
8, since at the "edges" of certain electrodes the current density be-
comes infinitely large in such a way that S is zero. The quantity, F,
may be written

where

is the phase factor of the surface admittance. The figure-of-merit is

Applications of this theory of the effects of the surface impedance of
electrodes is found in References (30,31,32).
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11. DETECTOR HEAD

The sensing electrodes described in an earlier Section must be mounted
in such a way that they are exposed to the fluid flow in order to measure
the properties of the medium. The mounting configuration for the elec-
trodes is termed the "detector head." it is necessary to study the hydro-
dynamic flow about this solid on which the elements are mounted. This
flow may be laminar or turbulent and may involve either potential or
boundary layer flow. The detector head distorts, in one way or another,
the previously existing velocity field at the point of measurement because
of the presence of the probe. This Section deals with these hydrodynamic
considerations as they relate to the properties and performance of the
detector for measuring velocity and scalar Lurbulenee fields in water.

Two main types of electrodes can be distinguished: the "probe type"
consisting of a small electrode occupying the end region of a long, thin
probe-shaped body and the "flush type" which is an electrode configuration
which can be imbeddedin a surface allowing locally rectilinear flow.
Numerous detector head shapes can be mentioned which fall into these two
classes. Each of these has various advantages and disadvantages. The
sensing elements -ay be mounted singly or as double (differential) or
multiple sensors on the same or different detector heads. The basis for
determining the relative merits of a given shape are discussed in this
Section. Also, three specific types are discussed in detail: 1) Rankine
probe, 2) cylindrical headand 3) wedge head. A description of the opti-
mum position for the electrodes on the detector head is based on the above
analysis.

11.1 General Consideratiorsi

The velocity field about the detector head is of importance to the
present instrumentation both as a velocity detector and a temperature or
concentration detector. The hydrodynamic properties of the axisymmetrical
probe type head and two dimensional flush type detector heads involve the
determination of the velocity field for potential flow, the velocity bound-
ary layer thickness and the point where the flow becomes turbulent on the
surface of the probe. The velocity field about the sensing electrode is
fundamental to the determination of the effective frontal area of the elec-
trode for the heating equation (See. 12.2 ). The boundary layer thickness,
which should be as small as possible relative to the electrode dimensions,
is of importance in connection with the dynamic response of the detector
(Sec. 1 4 . 4 ), and determines the extent of the undesirable temperature rise
at the surface due to electrical heating (See 12.4 ). The turbulence
transition point on the surface of the detector head dictates the limiting
position of the electrode on the head, since, for proper performance, the
sensing element must be located in the undisturbed laminar flow region
usually found on the forward surface of the body. If the electrode is
operated in the turbulent region of the flow, it is measuring fluctuating
signals due to the probe itself. The velocity field for potential flow
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yields information on the directional response of the detector as a
velocity sensor and information on the point where cavitation may result
and confuse the measurements.

There are two main classes of electrodes; the "probe type" and the
"flush type." The probe type is characterized as follows: an electrode
is mounted on the end of an axially symmetric probe-shaped body. The
stem of the probe is cylindrical a short distance from the nose and the
electrode dimensions are comparable to the stem diameter. The dimensions
of the probe are usually small, say, of the order of 1 mm. The velocity
field in the region of the electrode at the nose of the probe is not
uniform over the sensing volume of the electrode and a stagnation point
exists within the electrode volume. The boundary layer thickness is not
constant on the surface of the electrode. The analytical study of probe
type detector heads is complicated because of the general nature of the
flow over the region of importance at the nose.

The flush type is characterized by an electrode which can be imbedded
in a surface over which the fluid can be locally uniform. The simplest
case of this is a plane surface with a flush mounted electrode in it; the
surface may be cylindrical, as for example on the inside of a pipe or
outside of a rod with the electrode flush with the surface; or lastly,
the surface can be doubly convex or concave if the radii of curvature
are much larger than the typical dimension of the electrode. Ordinarily
no stagnation point exists in the electrode region. The flow in the region
of the electrode is two-dimensional and the velocity boundary layer thick-
ness there can be considered constant over the surface of the electrode.
The analysis of the flow in this case is generally simpler than that for
the probe type because of the simpler velocity distribution.

Examples of the flush type detector heads for two-dimensional flow
are cylinders of circular, parabolic, ellipli-c and wedge shaped or airfoil
cross section. Some of these types are illustrated in Figure 11.1 ; the
small rectangles indicate the possible location of pairs of flush type
electrodes. The two simple types, the circular cylinder and the wedge,
are studied in detail later in this chapter.

Examples of the probe type detector head are the ilankine semi-infinite
solid, cone, hemisphere and ogive. Some of these types are illustrated
in Figure 11.2 ; the shading at the nose represents the location of the
insulator between the center and outer electrode. The flow properties
of the Rankine half-body are considered in detail beI-:.

11.2 Rankine Probe

The only probe shape which fulfills the requirements for a practical
detector probe and which has a velocity field for potential flow which
can be put in relatively simple analytical form is the semi-infinite
Rankine solid. Its surface corresponds to the interface between a fluid
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Circular Cylinder Wedge

Elliptic Cylinder Stagnation Flow

Figure 11.1 . Two-Dimensional Detector Heads for Flush-Type Electrodes

Hemisphere

Cone

__r- U

Ogive

Figure 11.2 . Axisymmetric Probe Type Detector Heads
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in uniform flow in which is placed a point source of another fluid. The
resulting streamlined shape is rounded at the nose and assumes an almost
constant stem diameter a short distance from the nose. Although the
analysis given below is strictly true for a Rankine half-body, it is approx-
imately valid for a rod terminated by a particular ellipsoid of revolution,
in particular, a hemispherical tip. Since the Rankine probe shape is
defined in an intrinsic way, only a single parameter (e.g. diameter) is
necessary to specify its geometry fully. In spite of the fact that the
velocity field can be expressed analytically in closed form, we will see
that the details of this probe are somewhat complicated. This is in marked
contrast with the simple shapes of t±e circular cylinder and wedge consider-
ed in the next Sections.

Potential Flow

The velocity field for axisymmetric flow about a rankine semi-infinite
body is obtained by superimposing the fields of a point fluid source and
a uniform stream (1,2). For flow from'right to left as shown in Figure
11.3 , the velocity potential function, •, and Stokes Stream Function, 4,

are

+ 61r

where r is the radius from the point source, and a is the distance from
the source to the stagnation point.

Fe

Figure 11.3 .Flow About a Rankine Semi-Infinite Solid
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The radial and angular components of velocity are

The stagnation point where u = u= 0 obviously occurs where Q = 0 and
r = a. The streamline surface ('+ = const.) which passes through the
stagnation point also corresponds to the shape of the probe body:

therefore the surface of the Rankine probe is described by

r = a sec(9/2) .

On this surface the stream function is zero ( o= 0). The potential
function at the stagnation point assumes the value 0= 2Ua. This surface
can be traced by Rankine's method (3) or direct calculation from this
equation. If p =r sing is the distance from the axis, the equation of the
surface is given by

P 2a (- cosa)

If x = r cos@ is the distance along the axis, the surface is described in
parametric form by

x = a coo9- sec(Q/2)

p = a sing, sec(9/2)

These variables have been calculated for a range of values and are listed
in Table 11.1 . At great distance from the stagnation point on the surface
of the body, (§-w) we see that the radius approaches p = 2a and the con-
stant a is related to the stem diameter by

da =

A curve of the Rankine surface is plotted in Figure 11. 4 where it m ay be
seen that the probe shape assumes the diameter d only a short distance
from the nose. At a distance along tho axis from the stagnation point
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Table 11.1 . Rankine Body Functions

Degrees .OO (p/a) o * o(o) u/Uo(oo

0 1.000 0.0000 1.0000 0.0000 0.0000 0.0000

10 0.9886 0.1743 0.9973 0.1738 O.Oll4 0.1746

20 0.9542 0.3473 0.9960 0.3432 0.0458 0.3512

30 0.8966 0.5177 0.9914 0.5045 0.1034 0.5312

40 0.8152 o.684i o.9845 0.6533 0.1848 0.7168

50 0.7093 0.8452 0.9754 0.7865 0.2907 o.9096

60 0.5774 1.oo00 0.9639 o.9014 0.4226 1.113

70 0.4175 1.1472 0.9502 0.9955 0.5825 1.331

80 0.2267 1.2856 0.9333 1.068 0.7733 1.566

90 0.0000 1.414z 0.9136 1.118 1.0000 1.827

100 - 0.2701 1.5321 0.8904 1.146 1.270 2.122

110 - 0.5963 1.6383 0.8631 1.154 1.5963 2.466

120 - 1.000 1.7321 0.8313 1.146 2.000 2.880

130 - 1.521 1.8126 0.7943 1.124 2.521 3.408

140 - 2.240 1.8794 0.7550 1.095 3.240 4.148

150 - 3.346 1.9319 0.7016 1.059 4.346 5.236

160 - 5.412 1.9696 05.6438 1.029 6.412 7.302

170 -11-300 1.9925 0.5770 1.007 12.300 13.190

180 -co 2.0000 0.5000 1.000 oo 00
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(Continued) Table i1.1 . Rankine Body Functions

Degrees ( ILa) (p/i) (s/d) u/U
Q

0 0o0000 .0000 0.0000 0.0000

10 0.0029 .0436 0.0437 0.1738
20 0.0115 .0868 0.0878 0.3432

30 0.0259 .1294 0.1328 0.5045

4o o.o462 .1710 0.1792 0.6533

50 0.0727 .2113 0.2274 0.7865

60 0.1057 .2500 0.2783 0.9014

70 0.1456 .2868 0.3328 0.9955

80 0.1933 .3214 0.3915 1.o68

90 0.2500 .3536 0.4568 1.118

100 0.3175 .3830 0.5305 1.146

110 0.3991 .4096 0.6165 1.154

120 0.5000 .4330 0.7200 1.146

130 0.63q3 .4532 0.8520 1.124

140 0.8100 .4699 1.037 1.095

150 1.087 .4830 1.309 1.059

160 1.603 .4924 1.826 1.029

170 3.075 .4981 3.298 1.007

180 co .5000 00 1.000
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equal to the stock diameter (where 9 = 1470) the probe diameter is
already 96 % of the asymptotic value. The radius of curvature al the
stagnation point is found by differentiation (4) to be ( 4 /3)a = - d. The
distance from the nose in the direction of flow (i.e. toward the3 stem of
the probe) is denoted by )t:

S= a - x

The theory of potential flow about a Rankine solid is most simply
expressed in parametric form with 9 as the parameter. It is sometimes
more descriptive if the flow properties can be plotted as a function of
arc length, s, along the surface from the stagnation point. The arc
length for negative values is understood to be the distance along the axis
up stream. Beginning with the expressions

r = a sec(9/9)

and

and with some algebraic manipulation, the arc length is given in integral
form by either I

or

a,

which can be reduced to integrals of elliptic form. For small 9 the
arc length is approximated by

which is a good approximation up to 9 = g/2. The integral expressed in
terms of elliptic functions is (5)
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where F(ý,k) and E(q,k) are elliptic integrals of the first and second
kind of modulus k ahd amplitude r. This function is tabulated in Table
11.1 ; also tabulated there is the function s (0):

s = 2a tan(@/2) S*(Q)

where

The arc length, a, is always greater than the distance along the axis

from the nose buL

limit (S -,t)-o.89 a

Q-W n

The velocity on the axis (Q = a) is

(Uý) = 1l_ (a)2 (r > E)

and the velocity on the surface is

(jU)2 =sin2 (9) + sin 4(9)

or

()=2 sin(9/2) 1-34s~~G2

This latter velocity distribution is tabulated in Table 11.1 and plotted
in Figure 11.5 as a function of arc length. For comparison the surface
and axial velocity for a sphere are:

Li -
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In order to relate some of the results of stagnation flow to the flow at
the nose of a probe, we will be interested in the rate of change of the
axial velocity with distance from the stagnation point. For a Rankine
body it is (at r = a)

du 2fu 81
dr W

For a sphere it is

du 3 6 U2\

where, here, a. and da are the radius and diameter of the sphere, respec-
tively. The sphere with the same velocity in the stagnation flow region
as a Rankine half-body is that one for which

8(H) = 6(-!L)

or ds =()d

There are four points of interest on the surface of the Rankine
body. 1) The stagnation point where the velocity is zero and the
pressure equal to the ambient plus dynamic pressure 1/2 pU , 2) The
"neutral point" where the velocity and pressure assume the ambient or
free stream values, 3) The "cavitation point" where the velocity is a
maximum and the pressure a minimum, and 4) The transition point where
the flow becomes turbulent. The stagnation point, of course, occurs
at the nose. The neutral point occurs where

or

3 -)

which has two solutions

sin(/2) I . 1Q
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and

sin(l/2) = 11/F , Q= 70.60

The latter value is the one of interest and occurs at s; a(1.34). The
cavitation point occurs where u is a maximum or where

du

This applies when

sin(Q/2) =

or 9 = 109.3 , s = a(2.43)

At this point the velocity assumes the value

ma F

so that the theoretical cavitation number, a; of the Rankine body is (6)
(I l u,?r--.... r n(jff:ient).

The transition point is considered later as a special topic related to
turbulent flow.

In connection with the directional responseI it is of interest to stiudy
the yaw flow about a Rankine body. This problem is complicated but can be
analysed by the distributed dipole source method of Von Karm~n (7).

Boundary Layer

The thickness of the velocity boundary layer on a Rankine solid has
not been calculated, however, methods are available for carrying out this
calculation (8,9). The lengthwise boundary layer for a thin cylinder has
been treated by Glauert and Lighthill (10).

Transition Point

Because of the favorable pressure gradient at the nose of the Rankine
probe, the transition point from laminar to turbulent flow occurs beyond
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the neutral point (9 = 710). The location of this point has not been
calculated but methods for this purpose are available (11).

11.3 Cylinder

A cylinder constitutes one of the simplest shapes as a detector head
for one or several individual electrodes. The cylinder has the practical
advantage of being a convenient bhape for construction purposes.. The
pertinent hydrodynamic properties of a cylinder for flow perpendicular to
its axis are now considered.

Potential Flow

The incompressible flow about the cylinder of diameter d illustrated
in Figure 11.6 is described by the potential function, •, and stream
function,+ , as follows (12)

S= U(r+ !) cosQ

a2

U(r - -) sing

where a = d/2 is the radius of the cylinder. The free-stream flow is
perpendicular to the axis of the Pylinder. The radial and angular velocity
components are

At the stagnation point = 2Ua, and = 0. The velocity on the plane
9 = 0 is

and on the surface r = a

(UU * 2 sing
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At the stagnation point
(r = a, 0 =) p

du_
dr \a) d

The neutral point, where the
velocity and pressure assume
the free stream value, occurs . I
at-

sinG = 1/2 or = 300

The cavitation point where the Figure 11.6 Flow About a Cylinder
velocity is a maximum and the
pressure a minimum occurs at
Q = 900 where u = 2U and the theoretical cavitation number (underpres-
sure coefficienFafs (6)

(U) =

If two sensing elements are located at 0 + 9l and the cylinder is
rotated at an angle cz from its steady state position, the difference in
velocity Au, at the two sensors is

__ =2 {sin(Ql -c•) - sin(Ol+cx)I

or

_u 4 cosQ 1. since ik4 cosG1  (a<l)U

If both sensors are on the same side, no difference in velocity is expe-
rienced between the elements for variations in a.

Boundary Layer

The thickness of the boundary layer on a cylinder is given in Table
ll.2 in dimensionless form as a function of angular distance along the

surface (13). The velocity profiles cannot be expressed in similarity
form, but change shape with distance from the stagnation point. The
quantity P is refined by
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where y is the distance normal to the surface. The rate of change of

velocity with distance from the surface is characterized by the value

Swhich satisfies

du U

the displacement thickness is denoted by

and • 9 denotes the thickness where the velocity differs by only 1 % of

the potential flow value.

Table 11.2 . Boundary Layer Thickness for Flow Past a Cylinder

(Degrees) s* s () min

0 o.143 o.62 1.46 1850

10 o.145 o.66 1.53 2030

20 o.147 070 1.60 2210

30 o.149 0.75 1.67 2400

4o 0.51 0.81 1.75 2600

50 0.53 0.87 1.83 2810

60 0.55 0.994 1.93 3020

70 o.60 1.03 2.04 3600
80 o.68 1.16 2.17 4620

90 o.84 1.41 2.34 7050

The relative thickness of the boundary layer with respect to the elec-

trode size, and the relative size of the electrode with respect to the
size of cylinder are the pertinent factors which must be considered in the
design of cylindrical head with flush type electrodes. If b is the radius
of the sensing electrode, define a ratio m such that

a
m b

where a is the radius of the cylinder. This ratio should be as large as
conveniently possible and in practice should be of the order of 10 if the
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electrode is operated so that it can be considered a flush type. If y
is the displacement thickness of the boundary layer, define the ratio n
such that

b

y

This quantity should be large to avoid the limitations associated with
boundary layer flow (Sec. 134.4 ); it should be of the order of ten or
greater. Combining these expressions we obtain a constraint which depends
only on the flow about the cylinder, viz.,

a
mn = -* jy

which should be comparable ur greater than 100. This condition implies

where y = a

A condition is thus established on the minimum value of the Reynolds
number (Ua/V) as a function of position on the surface of the cylinder;
for rnn = 100 this condition is

min= V

which is listed in Table 11.2 . As an example, suppose a cylinder of 4"
diameter (10 ca) is being considered for a detector head for research at
speeds less than 100 knots. The value of mn as a function of 9 and U is
shown in Figure 11.7 , where it is been that the head becomes unsuitable
for measurements ( mn < 100) at speeds of the order of 0.1 knots if the
clectrodes are mounted at an angle of 300.

Transition Point

Because of the favorable pressure gradient on the forward side of the
cylinder, the turbulence transition point does not occur on the forward
side and occurs at approximately Q = 900 over a wide range of Reynolds
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numbers (14). This situation is illustrated in Figure 11.8 where the
angle 9 , at which transition occurs, is plotted against the Reynolds
number based on the cylinder radius. Also plotted there are the curves mnn
100, 1000. The allowed region for the location of an electrode is to
the right of the curve mn = 100 which sets the minimum Reynolds number
based on boundary layer thickness; and at angles less than Qx where the
flow is laminar. As an example, the dotted curve of Figure 11.8 refers
to a 4" cylinder with an electrode at 300 for speeds from 0.1 knot to
100 knots. Such an electrode is well removed from the turbulent region
of the cylinder over the entire velocity range.

ul. 4  Wedge

The flow about a wedge is similar in several respects to that of a
flat plate, and the angular region between the faces provides space requir-
ed for connections and placement of flush type electrodes. A notable
difference between flat plate and wedge flow is the delay of the turbulence
transition point in the case of the wedge due to a favorable pressure
gradient. The properties of flow about a wedge are considered below.

Potential Flow

The flow about a wedge at zero angle of attack is described by
Laplace's equation for the wedge shaped boundary (15). By complex
variable techniques it may be shown that the radial and angular components
of the velocity field are

u - _ Uk(r )m cos (m+1) gr I)

u = + )Jk T sin (m + 1) Q

where kU is the velocity on the plane of symmetry (9 = 0) at a distance t
upstream from the leading edge, and m is a parameter given by

2mm +=m+l

and fin is the wedge angle as shown in Figure 11.9 • The constant k is a
pure number of the order of unity to be described later. Stagnation flow
corresponds to 0 = I (m = 1) and flow along a flat plate to P = 0 ( m = 0).
The magnitude of the velocity at the radius r is independent of 9:
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Figure 11. 9 .Flow About, a Wedge

Figure 11.10. Finite Wedge with Square Base

Figure 11.11. Finite Wedge with Circular Base



This represents, therefore, the velocity on the wedge surface and plane
of symmetry.

The above expressions assume a wedge of infinite extent. As a result,
the velocity becomes indefinitely large (for m> 0) at great distance
from the edge. For a detector head of finite size with a wedge shaped
leading edge this is of course, not so. The above velocity field does
apply in the vicinity of the edge, and the constant k can be selected
so that U corresponds to the free stream velocity at great distance from
the detector head. If we consider the two finite wedge shapes of 360
wedge angle shown in Figure 11.10 and Figure 11.-11, and let the length
represent the length of the wedge face, then the constant k is about 1.42
for the square base and 1.48 for the round base. These constants are most
readily obtained by the resistance-paper plotting method for solving two
dimensional potential problems (16). In the case of the finite wedge with
the square base, the side of the square was chosen equal to the base of the
isosceles triangle of angle P,

side = 2X sin 2

In the case of the finite wedge with a circular base, the circle was
chosen to be tangent to the faces of the wedge so that its radius is

radius = 2-tan (j)

The stagnation point on the wedge at the leading edge is degenerate
for an infinitely sharp wedge and usual stagnation flow results cannot be
used there unless a finite rounded edge is assumed. The neutral point
whcre the velocity and pressure assume free stream values has meaning
only for a finite wedge and occurs at about (.035),L from the leading edge
of the finite wedges of Figure l.10and Figure 1l.llas indicated by the
small arrows in these Figures. The cavitation point on the wedges occurs
soon after the transition from the wedge face to the base shape.

The flow about other types of finite wedges are given in References
(17,18).

Table 11.3 . Wedge Functions

Wedge 1 m *99 Rx(0)

Angle I

0 0 0 1.72 3.02 5.14 660

360 0.2 .111 1.33 2.08 4.16 3200

900 0.5 .333 0.99 1.44 3.59 6600

1800 1 1 0.65 0.80 2.45 12600
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Boundary Layer

The boundary layer velocity profiles for (infinite) wedge flow can

be expressed in similarity form with the parameter

2 2 V
where y is the distance normal to the wedge surface, and u(r) is the
velocity on the surface corresponding to potential flow at a distance r
from the leading edge. Define another parameter,t , such that

ý l+m r= f = , [•V r

The rate of change of the boundary profile velocity with distance from the
wall is characterized by the value ts:

The displacement thickness, * , of the boundary layer is

The distance from the wedge face where the velocity aiffers by only 1 %
from the potential theory value is denoted by IT. The throe measures
of the boundary layer thickness are listed in TNle 11.3 for several
values of wedge angle (19).

The thickness of the boundary layer based on the displacement

thickness y relative to the typical radius of the sensing electrode, b,
mounted on the face of the wedge is denoted by n:

b
n

and should be of the order of 10 or greater to minimize the undesirable
effects associated with boundary layer flow (Sec. 14.4 ). The extent of
the wedge faceI , with respect to the diameter of the electrode, 2b,
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is denoted by m:

m
2b

and should be large, say, of the order of 10. Combining these factors,
we arrive at a constraint which depends only on the flow properties

2y 2 V -p r

This can be rewritten as

St _

- ~~ (i 7-1

where use has been made of the relation

u(r) = kU )M

A minimum value for mn is about 100 to insure satisfactory performance.
The corresponding minimum value of Reynolds number is

Emin ( min (

These minimum values are listed in Table ll.4 as a function of position
(r//) of the electrode on the wedge face for a 360 wedge with k = 1.5,
m = 0.111 and E* = 1.3A. The above relation of mn vs. (r/A) is plotted
in Figure 11.12 for a 36 finite wedge for which the value of k = 1.5 is
assumed. The length of the wedge face (t) is taken to be 4" (10 cm) and
the velocity covers the range from 0.1 knot to 100 knots. It is seen
that the wedge shaped detector head is not suitable (mn < 1O0) for
velocities below 0.3 knots for an electrode placed at r/A = 0.3.
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Table 11. 4 . Minimum Reynolds Number for mn = 100 and 360 Wedge

Angle with k = 1.5

(r/) V minimum

0.1 6)150

0.2 11400

0.3 16,300

0.4 21,100

0.5 25,60o

0.6 30,200

0.7 34,600

0.8 38,900

0.9 43,200

Transition Point

The point on the surface of a wedge where the flow becomes turbulent
is farther removed from the leading edge the greater the wedge angle be-
cause of the more favorable pressure gradient. In particular the transition
point on a wedge (P A 0) occurs later than that on a flat plate. Flow
stability calculationSby Pretch (20) yield the result

=~r R )
7) x

where R (0) is a critical Reynolds number based on the displacement boundary
layer t~ickness which is a function of the wedge angle and determines the
point at which the flow becomes turbulent. The number R (f) is listed in
Table 11.3 for several wedge angles. Substituting the rAlations

y -- U(r

and

u(r) kujm (1 m

we obtain the critical Reynolds number bnr;edon the length I-and the position
of the transition (r/I)):
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This proves to be of no practical importance as a constraint on the head
design. For 360 wedge angle and k = 1.5 and r = A we have

= ) ( = 3-9 x16

At 100 knots, the lengthL is 7.5 cm (3"); thus, even in this extreme case
the length of the wedge face is not small.

11.5 Electrode Position

The optimum position of an electrode on a detector head depends on
whether the sensor is used for conductivity (temperature, or salinity) or
velocity measurements. These two cases are considered separately.

A conductivity detector is least subject to noise associated with
turbulence (by the heating effect) if the average velocity over the elec-
trode volume is high. Therefore, for a given free stream velocity, U, the
electrode should be placed where the surface velocity on the detector head
is highest, i.e., at the cavitation potnt. Opposing this consideration is
the requirement that the electrode be removed as far as possible from the
region on the head where the flow becomes turbulent (transition point).
This is accomplished by moving the electrode forward towards the stagnation
point where a favorable pressure gradient exists for maintaining the sta-
bility of the flow. Another consideration is the thickness of the boundary
layer which should be thin in comparison with the size of the electrode.
This, again, is accomplished if the electrode is moved forward where the
boundary layer is thinnest. The variation of boundary layer thickness,
over the surface is, however, not large. A compromise of the above consid-
erations suggests positioning the electrode about half-way between the
stagnation point and the transition point. Usually this is in the vicinity
of the neutral point where the surface velocity equals the free stream
velocity.

A velocity detector is least subject to conductivity fluctuations
(due to temperature or salinity fluctuations) if the electrode is operated
at high average temperature rise (AT large). If the power to the elec-
trode is limited by other considerations and the electrode boiling point
has not been reached, a large temperature rise is obtained by moving the
electrode to a position on the detector head where the velocity is lowest.
This calls for placing the electrode in thc vicinity of the stagnation point.
This position is also favorable from the standpoint of boundary layer
thickness and distance from the turbulent flow region. A difficulty with
placing the electrode right at the stagnation point is the large variation
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in velocity over the sensitive volume of the electrode so that a hot spot
within this volume occurs which causes a lower limiting average electrode
temperature and, consequently, a lower velocity sensitivity. Thus, the
optimum electrode position for the velocity detector is close to the
stagnation point (comparable with the electrode dimensions) but not center-
ed on the stagnation point.
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12. HEATING EFFECT

The operation of the probe to detect the velocity of the medium (U-
meter) depends on the electrical heating of the fluid as it passes through
the electrode volume. This heating effect is investigated in greater de-
tail in this Section and involves the process of internal heat generation
and heat transfer in the electrode volume. Relatively simple special cases
are analysed to study these complicated processes independently.

12.1 Elementary Heating

We consider now the simplest case of the heating effect, illustrative
of the process in a general electrode.

The simplest electrode geometry is that of parallel plates with a
uniform field between the plates. We assume fringe field effects are zero.
The geometry is shown in Figure 12.1 , the velocity is assumed to be con-
stant in time and uniform over the field of the electrode and parallel to
the length side (1) which is the x-axis. Boundary layer effects are
neglected. The volume,•, of the electrode is

thid the area of the electrode is

S = )
The "frontal area," A, of this
geometry is the projected area

~ F of the field volume on a plane
"perpendicular to the x-axis:

A =hw

The resistance of the electrode,

Figure 12.1 • Parallel Plate Electrode R, is

R h
6X w

The power, P, dissipated in the water is
2
V0_

where V. is the applied rms voltage. The resultant Joule heating causes an
increase in temperature of the water as it moves through the electrode
volume. The power per unit volume, P.) (i.e., the power density) is
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uniform throughout the sensing voltmie:

Pwh

Consider a small incremental volume, dv, of thickness dx and area A = hw

moving at speed U through the electrode:

dv ý Adx

the rate at which heat energy is dissipated in this volume is

P
Pdv--dx =c- (L dvPv dt)

where c is the heat capacity per unit volume of the water and (dT/dt) is
the rate of temperature rise of the water. Since dx/dt = U, we have

dT P
dx = cAU

or integrating with respect to x

T(x) -

Thus, the temperature (relative to ambient) increases linearly from zero
to its maximum value (at x =,P) called the "exit temperature rise,"AT,
given by

P

This situation is illustrated in Figure 12.2 This is the fundamental

I 7,Y, ---K 7- 71ErzJ~e4 -V9

Figure 12.2 . Temperature Rise in Electrode Field
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equation for the heating effect. The average temperature, 4T, in the field
of the electrode is half this value:

2

As a numerical example, consider sea water flowing at 3 knots through elec-
trodes with a 1 mm x 1 mm frontal area into which 10 watts of electrical
power is being dissipated:

U = 3 knots = 154 cm/sec

c = 4.09 joule/cm3 /oC

A = (I mm) 2 = 0.01 cm2

P = 10 watts

then AT = 1.6 0C

and and Z- = 0.8 Oc

It is clear that a great deal of power is necessary to heat water even a
small amount and this only at relatively low velocities and in small elec-
trodes.

Curves of the heating equation

,dT = -L-=2ZTT
cAU

are plotted in Figures 12.3a and 12. 3b . Two graphs are necessary because
of the number of variables involved and the power per unit area, (P/A), is
used as a parameter to cjugle the two graphs. The graphs apply to pure
water (c = 4.18 joule/cm-/ C) but may be used only with slight error for
sea water (c = 4.09 joule/cm3/7C). For example, if 1 watt is dissipated
in an electrode of 3 mm frontal dimension ( /-' ), Figure 12.3a indicates the
power per unit area is 12 watts/mm2 . Figure 12.33b indicates that if it is
moving through the water at 10 knots, the exit temperature rise is 0.54 0C.
The average electrode temperature rise is half this value: 0.27 0C.

12.2 General Electrode

The heating equation for a general electrode configuration is now
considered. The analysis of such an electrode is reduced to the specifi-
cation of several parameters of the electrode geometry which serve to
characterize its properties with respect to the heating effect. An il-
lustration of the temperature distributions due to electrical heating
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which might be expected for probe and flush type electrodes are shown in
Figure 12.4 .

/AeCT77 (e

C0-ty 7-0 OR

WAL.L 7-

Figure 12.4. Electrical Heating in Electrode Volume

Joule Heating

Consider an electrically conducting medium of conductivity 6. The
power density at a point is

wherej and• are the current density and electric field, respectively.
By Ohm's Law we have

and
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where V, is the electrode potential (rms) ando is the unit potential.
Substituting the above relations we get

pv d V,2

If P is the electrode power, and R its resistance then

2P R,

and =

where Rd is the cell constant (See. 9.1 ) of the electrode. Integrating
over the volume of the electrode field we get the identity

ft d 1L-

In terms of the function

the power density at a point is

Pv Pw

and the "average power density," Tr, over the sensitive volume of the
electrode is

where the "effective volume," v., of the electrode is

1 = voJw2dv

Thermal Energy Equation

The temperature at a point in a medium satisfies an equation which
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accounts for the transfer of heat by convection and thermal conduction
and internal heat generation. We assume an incompressible medium with
properties, such as density, thermal conductivity, heat capacity, which
are independent of temperature. The dynamic relation between these
quantities is (1,2)

where Z is the fluid velocity, g is the thermal conductivity, and c is
the heat capacity per unit volume of the medium. The temperature, T, is
understood to be the temperature relative to the average ambient temperature.
The terms in the above thermal energy equation due to friction heating and
bouyant (natural) convection have been omitted. Since the medium is in-
compressible

and by a vector identity we have 0

Thus, the energy equation may be written in the form

where k = ,/c is the thermal diffusivity. Thermal conduction is important
only where temperature gradients change rapidly with position, that is, in
the thermal boundary layer. Outside this boundary layer region the conduc-
tion term may be neglected and

which applies for the case of heat transfer by forced convection only.
For steady-state forced convection

Frontal Area

The heating equation for forced convection described in Section 12.1
is

2cAU
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where 7 T is the average electrode temperature rise, P is the electrode
power, c is the heat capacity per unit volume, U is the free stream, and
A is an area termed the "frontal area" of the electrode. A formula for
the frontal area for a general axisymmetric electrode in non-uniform steady
flow is described below. The special case of uniform flow is considered
at the end of this Section.

Let, be the velocity potential function and'/dbe the (Stokes) stream

function for fluid. flow over a streamlined axisymmetric probe. Fluid flow
is from left to right. The streamline. ' )pass a radial distance *from
the axis of symmetry at infinity to the left. The arc length along a
stream line is s and is zero on the potential surface which goes through
the stagnation point at the nose of the probe. The potential function
is a function of Iand s: ý(ys),

and
5P (y,o) =o for ally.

The thermal energy equation for forced convection only, is

since-u is parallel with the streamlines. If U is the velocity of the
medium relative to the electrode, define the parameter such that

U = U U

at great distance up-stream from the electrode 2 = 1. In this notation

D T w(-U)

which is the rate of temperature rise of a water particle following a given

streamline. Integrating this, we obtain the temperature at the point
T(s, y ):

The "exit temperature profile" is defined to be
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The "average electrode temperature rise," -- , due to electrical heating
is defined to be*

ST = f dv,

where the integration extends over the entire volume of the conducting
medium.

The element of volume, dv, is (See Fig. 12.5 )

dv = (2npdh)ds

but by the continuity equation we have

(2nAydy)U = (2npdh)u

and /da
dv = Zgydy

The exit temperature profile, when
integrated over the plane perpendic-

(.0• ular to the axis of symmetry, is

-- _, - - This quantity is equal to a temper-

ature, AT, times an area, A:

Figure i2-.5. Axisymmetric Flow T.A =P

The temperature,4 T, is termed the
"exit temperature," and A the "frontal area." By definition, we require
that the exit temperature is twice the average electrode temperature rise,
or

2

With these definitions, it is now possible to derive a formula for the
frontal area, A, of the electrode which is a function only of the electrode
geometry. The expression for n may be rearranged as follows

*Remember /wdv = 1
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or
A ri

By the definition of the frontal area, A, we find

Substituting the expression for the exit temperature profile, T(cn, y),
we find

This integral depends only on the electrode geometry.

In the case of uniform flow ( 1 = 1) over a flush-type electrode,
Lhe above formulas become

.,€-.

and _O&
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where the x-axis is the direction of flow, the y-axis is perpendicular to
the plane of the elect-rode; and the z-axis lies in the plane perpendicular
to the direction of flow, This re.ativt.,.y complicated definition of elec-
trode frontal area reduces, in the case of the uniform field of Figure
12.1 , to the frontal area described there.

--- As an example of the concept of

frontal area, consider the cylindri-
A ���c al electrode volume of Figure 12.6

The flow is assumed uniform and per-
pendicular tothe axis of the cylinder

I I ). and parallel to the disc electrodes
at the ends of the cylinder. The

U/ current density is assumed uniform
within the cylinder and zero out-
side. Performing the integration,
we find

Figure 12.6 Qyllnorieal Electrode A 3= .--C

where
4W

inside the cylinder and zero outside,

Temperature Uniformitj

We saw in the case of a simple rectangular electrode that the temper-
ature increases linearly with distance in the electrode field to the maximum
temperature equal to the exit, temperature. This temperature rise is uniform
over the surface of the electrode volume perpendicular to the direction of
flow. In a general electrode configuration this is not the casei the exit
temperature rise varies with position over the down-stream region of the
electrode volume. Let A Imax denote the maximum temperature at some point
in electrode volume (down-stream), the "temperature uniformity" is defined
as the iatio (denoted by m5 )-

ATm= = < 1].
STmax

in the case of the uniform parallel plate electrode, of Figure 12.1 , the
uniformity is 50 %; in the case of the cylindrical electrode of Figure

12.6 , the uniformity is 42 %. High unm.formity is desirable since more
power may be dissipated in the water (with resultant higher velocity senEi-
tivity) before boiling sets in at a "hot spot.." When the effects Df boundary
layer heating (See. 12.4 ) are taken into tonsideration, the uniformity is
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much less than that calculated from the geometry of the electrode. In
practice the uniformity seldom exceeds 10 %.

12.3 Internal Heat Generation

The temperature distribution produced by internal heat generation in
several problems is stud•2d in this Section. Heat generation is by Joule
heating associated with the electrical power dissipated in the electrode
volume. The results of this Section are used to develop the general heat
transfer equation described in Section 12.5 . Although boundary layer
heating should appropriately be included in this Section, it is treated as
a separate topic in Section 12.4 because of the extent of the subject.

Thermal Conduction

Consider the case of internal heat generation in a static fluid (like
a solid) and the resultant steady-state temperature distribution. The
thermal energy equation is

K

and assume the boundary condition T = 0 at infinity and(• T/ln)= 0 at the
surface of the electrodes. The latter condition assumes the thermal conduc-

tivity of the wall is much less than that of the medium ( Kw<<g). The
exact solution of Lhis equation for a given electrode configuration is, in
general, not possible to obtain. As an illustration of a soluble problem,
consider the case of a uniform spherical electrode volume of radius b.
Since the thermal conductivity of the wall is small, this problem also cor-
responds to a uniform hemispherical volume at a plane boundary as shown in
Figure 12.7 . The general time dependent solution, after the electrode

power is switched on, is given in
References (3,4). The steady-state
solution of this radially symmetric

problem is obtained in the following

& z way. The sensing function is

/1k 0 .:,r :5

"0 for r > b

Hemi spherical

Figure 12.7 Electrode Volume where v. = 4vb3 /3 is the effective

volume of the spherical electrode.

Define the quantity 9 such that

12-13
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that is
3PQ

The solution for the condition Q(x )-= 0, is

This distribution is shown in Figure 12.8 . The average electrode temper-
ature rise, IT, is defined to be

For a general electrode, we
introduce the dimensionless
number, m7 , such that

-T -P

where, in this case, b is the
reference dimension for the elec-
trode. In the case of a hemi-
spherical volume

M7 3

As a numerical example for a
sphere in water

Radial Temperature Distri- m7 = -1- = 10.5
u 1 bution of the Heated 3

Spherical Volume = .006 watt/cm/°C

b = 0.5 cm

P = I watt
and aT = 32 'C

T x 40 Oc
max

If the ambient temperature is 20 °C, the peak temperature at the center of
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the sphere is 60 0C.

Pulse Heating

Consider the case of the dissipation of a very short pulse of elec-
trical energy in the electrode volume. The duration of the pulse is short
in comparison with the transit time for flow through the electrode volume,

b/U, and short in comparison with the time for heat transfer by eunduction
or convection to be appreciable. The thermal energy equation is, in this
case,

c =Pw

where P is the pulse power and c is the heat capacity per unit volume of
the water. The resulting temperature field is

T =(1-•) t

T

where t is the pulse duration. The average electrode temperature is

-W 7- O (P)JwA'
If w is uniform over a volume vo, then

•TPt

V0 c

since/
swdv = 1 and wv, - I

The "effective volume," vof a general field distribution is defined by
analogy with this expression:

I = vo JwZdv

/-% A

and, as before

1 = fwdv

The average electrode temperature satisfies the relation

.LTdv5
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As a numerical example, suppose the pulse is comparable with those used in
radar applications:

t = 1 sec

P = 200 kw

v0 = (Irnm) 3 = .00 cm3

C - 4.1 joule/cm3 /!C

and -YT = 50 °C

Surface Heating

A certain fraction of power dissipated in an electrode is lost in the
surface resistance. If Y + i14 is the (uniform) admittance per unit area
of the electrodes (Sec. 10.5 ) the power dissipated per unit area is

where V5 is the root-means-square of the voltage drop, vs, acros• the
surface impedance at the point under consideration, and vsVs = Vs . If
the surface impedance is small in comparison with volume resistance, we
have in

vs ;V + i4

where Jn is the current density perpendicular to the electrode surface.
Substituting the relation

where v, is the electrode voltage, we find

where k a•1/y . The power dissipated per unit area is

JAE All

- CY

where P is the power dissipated in the medium (which is approximately
the total dissipated power). The total power dissipated in the surfaces,
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PS isf )PsJ is

where the surface integration extends over both electrode surfaces. By
means of the definition of "effective electrode area," S (Sec. 10.5 ):

we have

As a numerical example, consider the case of a surface impedance which is
predominantly capacitive (Sec. 9.7 ):

k =4

R =30 ohms

X = .026 ohm lo"-2
S =1cm2

and
Ps (0.15) P

or 15 % of the electrode power is lost in the surfaces. The power dis-
sipated in this manner is ultimately transferred to the flowing medium
by conduction and thence by forced convection from the electrode volume.
The theory cf this process is similar to that of the hot-film anemometer
(5).

1z.4 Boundary Layer Heating

In this Section, the consequences of uniform internal heat generation
in the boundary layer region of the electrodes are considered. Several
simple cases are analyzed first in order to estimate the temperature
distribution in an actual velocity boundary layer.

Uniform Velocity

Consider the case of a fluid flowing with uniform velocity parallel
to a flat wall of thermal conductivity which is either zero or infinite.

12.17



There is no velocity boundary layer. The fluid is heated internally and
uniformly throughout the region Oc x<cA. at a power density, Pv, as shown
in Figure 12.9 . The steady-state temperature equation is

where U is the fluid velocity, .T< the thermal conductivity of the fluid and
c is its heat capacity per unit voliume. In order to solve the ýoundaýy
layer equation we assume ( T/ Zxd') is small compared with ( T/D y).
At great distance from the wall, outside the thermal boundary layer, the
temperature is determined by forced convection only

V5x = Pv

with the solution

T.(x) = j) PV

Assume a temperature distribution of
the similarity form

I UMFVW-Mr
II-"ft .JTE .kJ where y y " Y(x). It may be shown

•j V.. ." ,, - by substitution that such a solution
',_ "..' " . .. is possible if

%and the function, v, satisfies the
Figure 12. 9 .Thermal Boundary LayerequationF for Uniform Velocity

with the boundary conditions

v(o) = 0 for w » iC

"(o) forKw

The solution for v in the case of zero wall conductivity is trivial,
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it is as if no wall were there at all: v = 1 for y.0. The solution for
the case of infinite wall thermal conductivity may be found exactly by
ordinary methods (6), however, this solution has not been carried out. A
sketch of the expected solution is shown in Figure 12.10. The slope at
the wall, v'(0), is of the order of unity for . The thermal
boundary layer thickness at x = e and 1 is

or

where
p 7

a• c

R= Z (7Y= kinematic viscosity).

Linear Velocity Profile

Consider, now, a velocity pro-
file which varies linearly with the
distance from the wall. ,

where U is the velocity at a dis-
tance 6 from the wall. The bound-
ary layer temperature equation in
this case is rmoui

_ Figure 1210.olution
• • - Fi e '0 for Uniform Velocity

At great distance from the wall, outside the boundary layer, this equation
becomes

which has the solution
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Again, we seek a similarity solution in the form

77(A,,) -=I~) /-)I
with y = • Y0 (x). This solution requires that

and v() satisfies

with the boundary conditions

v(00) = 0
and IV(O) = 0 for kw, >'

-b(o) = 0Po x kO w>> k•

The solution to this equation has not been obtained and probably is not
expressible in closed form. A sketch of the expected solution is shown
in Figure 12.11. The thermal boundary layer thickness at x = A fori-

I -.1

- \\

Kw -<

Figure 12.11. Similarity Solution for Linear Velocity Profile
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Jr - L .

For the case of zero wall conductivity the temperature distribution along
the wall, T(x,O), is

Boundary Layer Profile

The above cases are now applied to the analysis of the thermal bound-
ary layer for a boundary layer velocity profile.

The velocity distribution in the boundary layer of a flat plate at a
distance L from the leading edge has a thickness comparable with

The rate of change of velocity at the boundary is (7)

adv . 40, 532. A

If the region of uniform heating of length X is located relatively far
(A< L) from the leading edge, the boundary layer flow may be considered
approximately parallel to the wall.

It is readily shown that in water the thermal boundary layer is thinner
than the velocity boundary layer. Assuming this to be the case, the thermal
boundary layer forms in the linear velocity profile of the velocity bound-
ary layer. Thus, the result of the previous case is approximately valid
for boundary layer flow. In that case, we found

, . (�-�3

where for a flat plate b satisfies

0, SSZ U U

or
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The ratio of thermal and velocity boundary layer thicknesses is

For example, if L = 10 and P = 5, then 6u = 2.6 5r. The following
References are cited in connection with the theory of the thermal boundary
layerswith internal heat generation (8-12).

Maximum Boundary Temperature

The temperature in an electrode volume reaches its maximum value in
the velocity boundary layer as a consequence of the lower velocity there.
The "temperature uniformity" described in Section 12.2 is the ratio

•T-

where 2-T is the average electrode temperature rise and&, is the peak
temperature in the electrode volume. This uniformity ratimoas determined
by the sensing function distribution, w, which is primarily a geometrical
consideration, and, more importantly, by the temperature distribution in
the boundary layer region. The uniformity is calculated below for the
approximate formulas for boundary layer heating developed in this Section.

The maximum temperature in the boundary layer for kAw Kand x - was
found to be

In~j (V-)
where

3102

The temperature distribution over most of the electrode volume is assumed
to be that corresponding to uniform velocity:

W.) ( X~5

Thus, the average electrode temperature is

The temperature uniformity is
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-II

IS -P IWO

Unfortunately, the value v(O) has not been computed, but is expected to be
approximately two. As a numerical example of the temperature uniformity
as determined by boundary layer heating, assume the values

v(O) = 2

P =4

L = 3.9
then m5 = 5 $ uniformity

Thus, boiling inception in the downstream boundary layer takes place

@max = 800, ambient temperature = 20 0 C, and absolute temperature = 100 0C)
when the average electrode temperature is

-=.05 x800 C 4 9c

This illustrates the relatively severe limitation on the highest operating
temperature of the electrode set by boundary layer heating. If this ef-
fect could be removed by some artifice, a uniformity of the order of 35 %
would be expected, or

ST =0.35 x 80 0Cs 30 C.

The uniformity in the boundary layer is somewhat improved over that calcu-
lated above since the Prandtl number, P, decreases rapidly with increasing
temperature.

Boundary Layer Flux

We wish now to evaluate the heat transfer by convection in the boundary
layer region. In particular, we want to evaluate the boundary layer flux
thickrness, "*:
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where the inte!ral is evaluated at x = . aad

UIV))
and

The case of zero wall thermal conductivity is simple for any velocity
distribution near the wall:

5* = 0

This is a result of the continuity equation for thermal energy:

Integrating this equationover the volume enclosed by a surface just out-
side the region where Pv is finite (e.g., in the wall it= 0) the conduction
term is zero: k

Thus, by the definition of u and 9 we have

and the quantity 6* is zero. As a corollary to this result, we find that
wherever the conductign term is small compared with the convection term,
the contribution to 8 is small. This is true even where u is a function
of y since in the region where conduction is small we have ug =l. Thus,
the contribution to 5* occurs only in the region where thermal conductivity
is important, i.e., in the thermal boundary layer. It follows that

*

For the case of infinite wall conductivity we consider first the case
of uniform velocity. The temperature distribution is

and
Q = )(

Since the velocity is uniform, u , and
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i.e., 5* is euqal to the "displacement thickness" of the thermal boundary

layer.

For a linear velocity profile at the wall we have

rey7 'tI(()f ) V ~
and (3

The velocity, u, is given by

The boundary layer flux thickness is

Where conduction is negligible, 19 w 1.

Stagnation Flow

In the region of a stagnation point the velocity is low and, con-
sequently, the temperature rise is large. A thermal boundary layer forms
in this region with a peak value which exceeds the average electrode temper-
ature. The analysis of this problem may be carried out as above for bound-
ary layer flow and the temperature rise depends primarily on the value of
the distribution w along the streamline which passes through the stagnation
point.

12.5 Heat Transfer Equation

The electrical power dissipated in the flowing conducting medium is
trasxferred away from the electrode region by a number of physical mech-
anisms. The heat transfer equation is the relation between the electrical
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input power and the rate of heat loss by all the mechanisms of importance
for steady-state equilibrium conditions. The derivation of this equation
is extremely difficult for a given electrode configuration. As a con-
sequence, it will be necessary to make a dimensional analysis of the trans-
fer mechanisms instead of solving the problem for a specific electrode
configuration. The results of this simplified analysis will allow us to
decide which mechanisms are of importance and under what conditions. To
estimate the magnitude of each heat loss mechanism a ratio (denoted by the
subscript X) will be taken with respect to the primary mechanism of heat
transfer, forced convection without conduction.

The typical dimension of the electrode volume is2 , and the velocity
of the electrode relative to the medium is U. Only the case of low wall
conductivity (g .e.K) is considered. The following mechanisms of heat
transfer are considered:

Forced Convection

Conduction

Free Convection

Radiation

Forced Convection

Forced convection is the primary mechanism of heat transfer from the
electrode volume. This process consists of the mechanical displacement of
the internally heated water from the electrode volume by the transport of
the fluid flow. Conduction is not necessary for this process tn take place.
The rate of heat transfer, Q, is

k(forced convection )- g cAOZ

where 1T is the average temperature rise due to heating, and c is the heat
capacity per unit volume. The other mechanisms of heat transfer are com-
pared with this expression.

Since we have assumed that the wall conductivity is low (kw -.
the heat transfer in the boundary layer region does not require special
consideration as it would if heat were transferred to the wall.

Conduction

Heat transfer by conduction to the medium outside the electrode
volume is important only at very low velocity. We saw in Section 12.3
that 4(conduction) = -?5-7 -b ET-
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where the numerical coefficient is a rough estimate for a typical elec-
trode. Comparison with forced convection yields

4~(conduction) = 4.~uto~ j)=# ( ) -bg 1)4(force'd convection) = •

In terms of the Prandtl and Reynolds numbers

we have

This relation is valid for very low velocity or more exactly, for small
Pýclet number:

For the case of large Pcclet number, P" >> 1, a thermal boundary layer
forms at the surfaces of the electrode volume. Neglecting heat transfer
to the non-conducting wall, we have approximately

where the boundary layer temperature gradient is assumed to be approximately

The ratio of heat flux relative to forced convection is

(CAI .. A6

The expressions for the flux due to conduction at high and low P4clet
number are equal at the value

12 .06
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If the "edges" of the electrode distribution are not sharp, the transition
P~clet number is more nearly equal to unity.

Free Convection

As a consequence of the slight decrease in density of water as it is
heated, a bouyant force acts on the water passing through the electrode
volume. The coefficient of expansion is defined as

where d is the density of water. This bouyant force gives rise to heat
transfer by natural convection out the top of the electrode volume. A
simplified analysis of this effect is given below for a cubical volume of
dimension L.

First, consider the case when the inertial forces on the water accel-
erated by the bouyant force is larger than the viscous forces, i.e., the
Reynolds number is large compared to unity:

The bou ant force, 5F, on an incremental slab of water of thickness 5x and
area X i

where A d is the change in density due to the temperature rise dT(x) at
station x

and the temperature rise is assumed to be

5 (x) /' L' T
where

7T= -,

Thus, we have

The inertial force on this incremental volume due to its vertical accel-

eration is
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whor " (d 2 y/dt 2 ) is the vertical acceleration of the slab. Assume that the
vertical velocity is some power, n, of the distance x:

where LU is some velocity factor to be determined. Differentiating this
expression we find

and

Equating this to the bouyant force

8F(iriertia) 8F(bouyant)

we find that n = 2 and

2 1/ u• -U 2 A 7T

or

or

where is the Grashoff number

and the Reynolds number is

The heat flux through the top of the cube is (for 1 > 1)
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The ratio of this flux to that due to forced convection is (Ri 1).

A (free convection) . I-

where

Q(forced convection) = c A2UdT

For the case where the viscous forces on the incremental slab dominate
over the inertial forces (R41l) we have

where ýi is the viscosity and the derivative represents the vertical shear
velocity. Again, assuming the form (with a new n and 4 U)

we have /V

Equating the viscous and bouyant forces

5F(viscous) = 5F(boW/ant)

we find that n = 3 and

or

o r ( 4 U

"Tne heat f lux in this case Is (Ri )1)
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The ratio of heat flux by free convection to forced convection is

4X(Fxet- ca4V167iO) - -- -4-

The expressions for free convection heat flux at high and low Reynolds
number become equal at a Reynolds number of

]R 30 ~ 1

Radiation

Since the heated water in the electrode volume is at a higher temper-
ature than the environmental temperature, it looses heat energy by thermal
radiation. The heat flux per unit area lost by a body at absolute temper-
ature T in an environment at absolute temperature To "%s

P, ,_ (T t-1 4)

where P. is the emissivity of the surface and c* is the Stefan-Boltzmann
constant:

12 2.= 68 x o112 watts/cm.

If (T -T 0 )4<T, the radiation law is approximately

where T is the averagc absolute temperature and N T(x) is the temperature
rise at a point on the surface of the body. Averaging this expression
over the surface of the cubical electrode volume, we obtain approximately

The ratio of radiation to forced convection heat flux for unity emniosivity
is approximately

~(radiation) -7

12.31



Summary

In order to estimate the importance of the above contributions to the
net heat transfer from the electrode volume, let us determine when each
contribution is comparable to the primary mechanism of forced convection.
This implies the condition 4A (mechanism) = 1.

The conduction term is comparable to forced convection when

Q• (conduction) = =(PR -. 6

or

PR= 36

This condition is plotted in Figure 12.12 for water and P = 4. For R 4 9
the conduction term is larger than the forced convection term and conversely
for R> 9.

The free convection term is comparable to forced convection when

4A (free convection) =1 = 1 (4) for R > 4

and

Q4(free convection) = = for < 4

where the Grashoff numberA, is

The above conditions are plotted in Figure 12.12 for the case

)= 2.5 x 10-5 0C-1

.= 01 cm 2/sec

g = 980 cm/sec 2

and AT = 20 0C

The latter temperature is approximately the maximum allowable exit temper-
ature without boiling in the boundary layer. Free convection is more
important than forced convection in the region below the curve denoted
by "free convection" in Figure 12.12.
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The radiation term is comparable to the forced convection term
when .

ck (•A'+7°A) /• - t•

or

This condition, which is independent of electrode size, is plotted in
Figure 12.12 for the values

65'm = 5.7 x 10"12 watt/cm2

T. = 293 'K

c = 4.1 joule/cm3 /oC

Radiation dominates forced convection for a velocity less than

U = 2.5 x 10.4 cm/sec

The heat transfer by radiation is much less than that by free convection
and conduction in all circumstances and may, consequently, be neglected.

The region of practical interest for the values of velocity, U, and
electrode size,A, as shown in Figure 12.12 is taken to be

.01 kts < U-C 100 kts

and 0 1 cm < 1< 0 cm

The spot in this Figure corresponds to the values of U = 3 kts and
•=1 cm which are typical values for oceanographic experiments. This
point is well within the region where heat transfer is almost completely
due to forced convection.

The heat transfer equation is based on steady-state or equilibrium
conditions when the input electrical power, P, is equal to the total heat
flux, Q, from the electrode volume. In this case,

and
S= z(forcd convection) + 4(free convection) +

+Q(conduction) + 4(radiation)
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or

P (forced convection) 1 + (conduction) A(recneto)

where, in the last equation, the contribution of radiation flux is neglect-
ed. The terms in wiggly brackets are denoted by Q4 T he following ex-
pression is suggested as one which is applicable for a wide range of
conditions

___ -+

z PAP

where the second term is due to conduction and the last term to free con-
vection. This form is chosen since it reduces, in limiting cases, to the
expressions previously obtained. For most practical cases, this expres-
sion is approximately

which contains only the term due to conduction. This function is plotted
in Figure 12.13 for P = 4.

-FORCeL? C~vVVS<_70A./VcAL'Y

Figure 12.13. Heat Transfer Equation Correction Term

Finally, the heat transfer equation is

P c

I2 -cAUZTýI- ý • - m

This expression is considered only an approximation to the actual heat
transfer equation, which must be determined experimentally for each
given electrode configuration.
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12.6 Non-Linear Heating

The theory developed in previous Sections assumed that the conduc-
tivity of the medium is a linear function of temperature. This assumption
is valid for relatively small temperature changes (say, less than 10 C).
We now consider the general case where the conductivity is an arbitrary
function of temperature and wide temperature variations will be considered.
Since the resulting inhomogeneity in the electrode volume is extremely
difficult to analyze in general, only two special cases of uniform flow
In a parallel plate electrode are considered. The analysis of this one-
dimensional flow provides information to estimate the sensitivity of the
electrode to velocity changes in the case of heating to the boiling point
of water.

One-Dimensional Flow

The two special cases of non-linear heating in one-dimensional flow
are: a) parallel plate electrodes with uniform fluid flow parallel tothe plates, This case will be denoted by (.-) because the fluid flow is
perpendicular to the electrical current lines. This situation is illus-
trated in Figure 12.14 . Fringe field effects are neglected, and the
separation between the plates is small enough so that the current lines
are perpendicular to the electrodes in spite of non-uniformity in the
conductivity, b) parallel plate electrodes (porous screens) with uniform
fluid flow perpendicular to the plates (from one to the other). This case
will be denoted by (11) because the flow is parallel to the electrical
currents. This situation is illustrated in Figure 12.15. Fringe field
effects are neglected. These examples serve to illustrate the extremes
of non-linear heating corresponding to electrical current flow (C )n
perpendicular and parallel, respectively, to the fluid velocity (E) and
electrical conductivity gradient ( V). An actual electrode presumably
demonstrates a non-linear heating behavior intermediate to the above
extreme cases.

(.I-) Case - The temperature rise due to electrical heating increases in
the direction of fluid flow, therefore, the electrical conductivity of the
medium also increases in this direction. Since the current density is
perpendicular to the flow velocity and conductivity gradient, we have

which implies there is no potential field distortion (since 7Y - 0)

due to the inhomogeneity of the medium (Sec. -0.1 ).

The temperature distribution satisfies the equation

where P is the electrode power, R the resistance, c the heat capacity per
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Figure 1.214. Perpendicular (i) Double Plate Electrode
Heating Arangement.

Parallel (1.) Double Plate Electrode
Figure 12.15. Heating Arrangement

12.37



unit volume of the water, U the flow velocity, T the temperaturr and Co
the conductivity of the water which is a function of temperature. The
uniform unit potential gradient is

and rewriting the above equation:

orc) c U hL"
where d(T.) is the conductivity at the ambient temperature T.. Integrating
over the length,/e, of the electrode

! r(7A-) d- PRI r (-r)A _-() - CUhm517

where TA is the exit temperature, and the function F. (units of temper-
ature) is defined by the above integral of the conductivity. If we denote
the "cold resistance" by R, then

o= -

and the frontal area of the electrode is

A =wh

The parameter V (which gives the reduction of resistance due to the heat-
ing) is defined by

and

S=VA

Integrating th heat.ng equation again with the co ductivity as a function
of position, L1,r(x)1 , we get

but the term in brackets is unity (Sec. 10.3 ), thu

r 7 =1 -2.38
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and f ¢

T r4 r -- 7

and

This parameter may be evaluated if the variation of the conductivity,
6(T), of the medium is known over the temperature range of interest T,
to TA.

(11) Case - In this case the full effects of potential field distortion
are present since the conductivity gradient is everywhere parallel to the
potential gradient (current lines). Although the field intensity
is distorted because of the inhomogeneity of the conducting medium, in
this simple case the direction of the current lines is unchanged and is
everywhere parallel to the flow velocity (-T). The total electrode cur-
rent, I, is independent of x, thus

=:=,ki) V. q-'7 -=. OQ7ýN

where V, is the electrode voltage, and A = wh. The electrode resistance,

R, satisfies

R V

and the temperature distribution satisfies

Combining these relations, we have

Integrate this equation with 6 a function of temperature, 6(T):
7-

~A
which defines the function F l. The "c.•ic, R.. th.' ca-e
is

i.e, 39



and define the parameter ) 11 (which gives the reduction of resistance
due to heating) such that

then

Now, integrating the temperature equation with d a function of x, dET(x7) ,
we obtain

7A -7, 714A R~A 4

The term in brackets is unity (since RAC = 1), thus

P

and

-~ ~ • Z r;-,, 1 (.
/7 , =j

and

This parameter may be evaluated by means of data on the temperature
dependence of the conductivity.

If the conductivity is independent of temperature

d(T) =6(T.)

Fl, F..L -TA - T

and 11.

The conductivity of 32.8 %oNaCl solution (See. 7.2 ) has been used
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to calculate the parameters ?& End •.An initial temperature of
20 nC = T. is used for the situ-ation i laboratory work where the maximum
exit temperature before boiling at 1 atmosphere is 100 0C = T.. An
initial temperature of 0 0C = T. is used for the situation deep in the
ocean where the temperature is near freezing and the pressure is high
enough that temperatures as high as 360 0C = TA (critical point) may be
reached before boiling sets in. These curves are shown in Figure 12.16.
Unfortunately the small temperature dependence of the heat capacity was
not included in this data. The resulting error is, however, only about
2 %, at worst. The curve of ý (T., TA) for a general electrode will
presumably lie between the respective )1 1, and JA curves. The velocity

dependence of the electrode resistance for non-linear heating is now
considered.

Velocity Dependence

The variation of electrode rvsistance with velocity follows from the

relations

and

p
T-- T0 = cAU

For a given power, P, and cold resistance, Re, the resistance, R, depends
on the velocity, U, through the temperature dependence of 9 . In order to
plot this dependence it is convenient to define a reference velocit , U1 0 0 ,
which represents the velocity at wh-nh the exit temperature is 100 C or

The method of measuring the electrode resistance depends on the mode of
operation of the associated electronic equipment. Three modes of operation
may be distinguished: a) constant-current-operation, b) constant-power-
operation, and c) constant-voltage-operation. The constant-temperature
mode is not pertinent to the present analysis.

For constant-power-operation (CPO) the velocity U relative to Ulo0
is found to be

U210  //0- -

For constant-current-operation (CCO) the power is

P 12 P
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where the electrode current I is held constant. Then

- x -cAV cA V

where Pe:[Ro. The relative velocity is

-tG 7A-.,.7D

and Po )T, 100)
100 cA(l00 - -'7

For constant voltage operation (CVO) the power is

V151

where the electrode voltage, V,, is held constant. Then

where Pe = V./R 0 . It follows that the relati.ve velocity is

and
P"

U100  G.A(100- T4) 2 (T., 100)

Curves of 7.A and ý 11 vs. (U/UGoo) for thcse threc modes of operation

ar: shown in Figurel2.17 for CPO, F gurel2.18 for CCO, and Figurel2.19 for

CVO. These curves are calculated directly from the data of Figure 12..O ,

which shows the relation between U/Uo 0 and TA end T, for the three modes

of operation. The data of Figure 12.I0 follows from that of Figure 12.1.6 •
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It will be noticed that changes in resistance due to changes in velocity
become larger in all cases at low speeds of the order of U1o where the
temperature rise due to heating is large. If we assume that the charac-
teristic curves for a general electrode lie at some intermediate value
between the (_L) and (ii) cases, the average (450) of these two cases is
approximately applicable to most electrodes. These curves are shown in
Figure 12.21 for T0 = 20 0 C, and Figure 12.22 for T, = OOC.

The differential sensitivity of resistance to small changes in velocity
is calculated in the following way. Define the "velocity sensitivity
exponent," au, as (See. 6.2

where 5R and 5U are small increments in resistance and velocity, respec-
tively, at the steady-state ,pcrating point. Now

BR ow rjU U

and R RO

thus,

Since

TA-- Tc, 4 = T
cAU

it follows that

7-= -cU LP U)i

The derivative ( P/BR) depends on the mode of operation of the elec-
tronics. Collecting the above expressions we obtain

(0r ) , A- _V
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It is convenient to define a factor M as follows:

9 M- (M,< )

Solving the above equation for (2R/a U) we find

Furthermore, define the quantity Jsuch that

~ I-M
Thus, we can write

and

or

To evaluate •, consider the circuit of Figure 12.23 which .ows the
sensing element of resistance R as a load on a power source of internal
impedance Z and voltage Vs(which is a constant). The voltage on the
electrode is

V , = V s R +,

and the power dissipated in the electrode is

P 2 R
P-1 2V (R + z)2
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Figure 12.23. Signal Generator and Sensing Element

It is easily shown that

R /,;P~

pý (j / -5R Z+R

therefore
i _P

The values of this function for three modes of operation are shown in
Table 12.1 .

Table 12. The Function " for The CPO mode is of particular
Three Modes of Opera- interest:
tion (M )O

Mode of Source - 1
Ope.ration Impedance 5 and

CPO Z = R and

coO Z W R I - M au -M.

CVO Zd< R I + M This sensitivity coefficient is
-evaluated for the simple cases
(-L) and (11) considered previous-
ly, which take into account the

non-linear heating. It should be remembered that if the exit temperature
rise,A-T, is relatively small (say, less than 100 C)the sensitivity coef-
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ficient reduces to that obtained previously for linear heating, viz.,

0e,~ ji + 4-= P4 (.m)

0.15 at T, 0 0C0 AT = 10 °C

"2 0.10 at To =20 0C, 6T = 10 0C

For the (L.) case we have

and

17-

It follo'us that

and

In a similar manner, it may be shown in the (11) case that

These two limiting sensitivity exponents, are shown in Figure 12.24as a
function of exit temperature for ambient temperatures of 0 0C and 20 0C.
The velocity sensitivity exponent, au, for an actual electrode will assume
a value intermediate between au.Land aull shown in this Figure (450).

For operation at atmospheric pressure, high velocity sensitivity calls
for the highest possible electrode power without boiling (TA = 100 C).
For operation at greater pressure, for example deep in the ocean, an
optimum power level exists which corresponds to an exit temperature of
about 1500C.
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13. CONDUCTIVITY RESPONSE

The factors which set the limits on the frequency response of a
measurement. of the electrolytic conductivity with an electrode probe are
considered in this Section. The analysis covers those variables which
effect the conductivity directly, as temperature and salinity, or indirectly,
such as bubbles. The self-heating at the electrode is assumed small enough
so that velocity effects may be neglected. The primary factors which deter-
mine the conductivity response are the size and configuration of the elec-
trode structure, the velocity boundary layer flow, and thermal and ionic
diffusion processes.

The frequency response of a probe is related to its physical size and
velocity through the medium. The relations between physical dimensions,
frequency, and probe velocity are summarized below. If a component of the
conductivity structure in the medium has a physical wavelength, A , the
frequency, f, of the resultant electrode resistance variations is related
to the speed, U, of the probe through the medium by

f = U or f

The wavenumber, k, of this component is

k,•= 2n k-1

k - • or

and

f = or 0 ) kU2g

where

The inverse wavenumber, k 1, is a measure of the "'blob size" of the struc-
ture under consideration in the medium. The relation between frequency,
wavelength and velocity is plotted in Figure 13.l for the range of these
variables which are of interest in most fluid measurements. As an example,

U 3 knots- 154 cm/sec
k-1 =3MM

-l1

k = 3.3 cm1

S= 1.8 cm
and f =85 cps

Reference must be made to the temperature and salinity structure of
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the medium when the response to conductivity structure involves diffusion
processes. This is necessary since the conductivity at a point is a

function only of the temperature and salinity and thermal diffusion is

not the same as (more rapid) ionic diffusion. Thus, the diffusion of the

conductivity structure involves the combined effects of thermal and ionic

diffusion. If a, T, S, represent small variations of the conductivity,
temperature, and salinity about their respective average values then

T 5

where P and are the temperature and salinity coefficients of the conduc-

tivityT The equations which govern the temperature and salinity structure

at a point in the medium where the velocity is u, are

7 V - l Z

where a and D are the thermal and ionic diffusivity constants of the medium.
These equations relate to the redistribution of the respective scalar

variables by forced convection and diffusion. It is clear that, unless
the diffusion terms are small, the conductivity structure depends on the
individual temperature and salinity structure. If the structure is deter-
mined by convection only, then

In this case the response of the probe to conductivity, temperature and
salinity are identical. In an isotropic homogeneous turbulent field with
random temperature and salinity structure, the size of structure where
viscous forces are important is (1,2)

where72 is the kinematic viscosity, and 6 is the dissipation per unit mass.
This dissipation length in the ocean is of the order of 3 mm which is the
approximate size of the smallest turbulent blobs of sea water. The cor-
responding size which determines the smallest blob size for temperature
and salinity structure is smaller ths.n this dimension since the Prandt].
number,P, and Schmidt number, 5, are greater than unity in water:

F# • and r ? 7

•S and S 6 8oo

Since S >. F, the salinity structure extends to smaller scales than the
temperature structure.
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The determination of the response in the general case for a given
electrode configuration involves the description of the random conduc-
tivity field in a turbulent medium, consideration of the effects of thermal
and ionic diffusion in the region of the boundaries of the probe, and the
distortion of the random field by the non-uniform flow velocity in the
immediate region of the probe. This general cAse is exremely difficult
to analyze andcertain simplifying assumptions and special cases will be
studied to understand the main factors which limit the response of the
probe. The theory of the flow of the random scalar field through the
sensitive volume of the electrode involves the motion of points in the
medium, thus the Lagrangian description (instead of the Eulerian) is
appropriate (3). In the case of non-uniform flow in the electrode region
the analysis of the identity transport is cumbersome and involves the
concept of "drift' For uniform flow (U - constant) the problem is relatively
simple. The analysis is greatly simplified by assuming a "frozen" random
scalar field which is static and not decaying by diffusion (i.e., a -l- 0,
D -0 0). Special chses of the above considerations are the subject matter
of the following paragraphs. The response of the probe to small bubbles
in motion through the electrode volume is also considered.

13.1 Temperature Fluctuations

The response in the case of uniform flow without diffusion is now
considered. Since the response in this case is the same for conductivity
as well as temperature and salinity structure, we will talk in terms of
temperature response because of the numerous cases in which the conduc-
tivity signal may be assigned almost exclusively to a temperature signal.
Since the velocity is uniform, no account i's made ot the effect of the
distortion of the random temperature field by the probe itself. Two spe-
cial cases are considered: a) the simple case of a one-dimensional temper-
ature field and one-dimensional electrode field distribution, and b) the
more general case of a three-dimensional temperature field and electrode
distribution.

One-Dimensional Case

We assume:

a) One-dimensional electrode along x-axis.

b) Constant velocity, U, parallel to x-axis.

c) No boundary layer effects.

d) Small temperature fluctuations.

e) One-dimensional temperature variations along the x-axis.

The dynamic temperature equation for the temperature field is

a3.
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Making the substitutions:
T - To

T

-u U ,

where T, is the average emblealt, temperature, and x is a unit vector in the
direction of the x-axis, the dynamic equation becomes simply

This has the general solution

s = s(x- Ut) ,

which represents the "frozen" temperature structure of the medium as it
flows through the field of the electrode. The temperature field s(x) is
assumed to be known, at least with respect to its average statistical
properties. The average relative temperature over the electrode, 0, is
defined as

and

where w, here, is the electrode distribution function for unit frontal
area. Therefore, the average temperature as a function of time is

-s'÷ -~ 0o x,

or as a function of distance

We proceed in the conventional way to analyze the stochastic properties
of the average temperature over the electrode by means of correlation
functions and power spectra.

The correlation function, R@(i), of 0 is defined as (4)

1-I-
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and is an even function of T. Carrying out this operation we find

however the quantity in wiggly brackets is just the correlation function
of the temperature at points in the medium:

With further manipulation, we find

~fd 7dxJ -IV' Wv'(X') RS (x'-/-x-')
+O -#a

+-04 --tv6) va

'fi (tt / /k V N W

where the correlation function of the electrode sensing function, w, is
= ~ ~f -v x)-x+)ex

The expression

gives the correlation function of G in terms of the k'nown or given
correlation functions of the probe and the temperature fluctuations of the

medium. By the convolution theorem, the relation between the corresponding

power spectra may be obtained as follows. The power spectrum of Q is

-too
-W 8 p(T) asCU-,)~ic

13.6



_-f
4(a) 7r

Thus, a very simple result is obtained for the power spectrum of the
average electrode temperature fluctuations. The quantity -A 9 (w) is the
power spectral density response of the temperature probe. At low fre-
quency (or long physical wavelength) we have (w -" 0)

1-1.0

~-go-0• - 0,o

Thus, for the large scale temperature structure

and

Three-Dimensional Case

We now consider the detector response in au isotropic homogeneous
random temperature fluctuation field under thle assumption that the probe
does not disturb this turbulent field. The temperature field is frozen
and three-dimensional 7 and the electrode field distribution is also three-
dimensional. This assumption is valid for temperature structure consider-
ably larger than the sensing volume of the probe but is unrealistic for
the smaller scale of structure. As shown in Section 10.4 the fractional
change in electrode resistance, z R, is given by

where R is the electrode resistance, 6 the -mcan conduactivity of the water,
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and A 6 the change of conductivity relative to the mean value. The volume
integration extends over the entire electrode volume. If the conductivity
is uniform over this volume, the above formula reduces simply to

"'•=-- o"
since

In terms of the distribution function w = Rd( VO )2 , the fractional change
of resistance formula is

In the analysis below, we follow the theory developed by Uberoi and
Kovasznay (5) for the measurement of random fields. Following their
notation for the case of mapping a scalar field we have

L -K=-

and

or

where integration extends over all field points S in the electrode volume.
The kernel K(M) is ncrmalized so that

The correlation functions of the conductivity structure (due to temper-
ature structure), P(A ), and measured field, fs(A ), are

where we assume an isotropic homogeneous field so that these functions
depend only on the magnitude of, r , the distance between the two points
in question. The above averages represent averages of the quantities over
a large volume of the fluid with homogeneous statistical properties. The
corrcsponding spectra of t(r) and-L r() are
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and the inverse relations are

The correlation function of the sensitivity distributicn function, J('r),
is

and the corresponding power sensitivity spectrum

where, again, we have assumed the simplest case of a sensing function which
is radially symmetric ( K(79) = K(s), s = ItI). The measured correlation
function, P(A ), is related to the actual correlation function, p(A), by

Ida,) 0(;e<,) P, (r- •) <_, V< ,
and the power spectra are related by

fl(k) = S(k). -E(k)

The correlation function 4 (O) is rmalized such that

_f -ý(r) dq V,• (1,
This follows since

The sensitivity power spectrum, S(k), also satisfies the condition

S(O) = I ,

since 

' 0 ý ) d l r

s<)= [o <)=l c) -/

Even in the case of radial symmetry the expressions for the cor-
relation function and spectrum of the electrode sensing function are
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complicated. Two cases of interest can be analyzed and are of use in
estimating the response of the electrode to random fields.

The first of these is the first order correction to the mean-square
output of the detector, i.e., P(O), when the extent of the correlation
function p(.A) becomes comparable to the extent of the electrode config-
ration, i.e., comparable with the extent of the correlation function

(T). The mean-square output, P(O), is given by/>¢•)= J ¢O eD) dv(-)
If the correlation function ý(i) is of small extent in comparison with
p(T) then

f•[ (o) -• )d v(•? -
and the actual and measured mean-square values are equal. The first order
correction is obtained by assuming for small T

The "micro-scale" (1) of the temperature (scalar) fluctuations is O1/2
Substituting this in the expression for p(O), we get

The latter integral can be expressed in terms of the root-mean-square
extent of the kernel function K as follows

Let -c then on integration over the angle between x and a we
obtain /

and

where

The correction to the measured correlation function becomes
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For an electrode with a uniform spherical sensing distribution of radius
c, we have

rms 5

In order to get an idea of the response of the electrode in the case
where the scale of the microstructure is small in comparison with the size
of the electrode we consider the second simple case of an ideal spherical
distribution furction. If the radius of the sphere is c, the value, Ko,
of the sensitivity kernel within the sphere is

KO(dc3 = I ,

that is, KO is just the inverse of the effective volume, v., of the sphere.
The correlation function *(T) is proportional to the volume of intersection
of two spheres of radius c with centers a distance T apart. With this geo-
metric interpretation the integral which gives is found to be

This correlation function is shown in Figure 13.2 . The corresponding
power sensitivity spectrum is

Cos -

This function also is shown in Figure 13.2 . For large wavenumber
(kc -ý71) the spectrum varies as the inverse 4th power of k.

The "cutoff wavenumber," kc, of a given electrode in a random scalar
field is defined in the following way. The power sensitivity spectrum
of a typical electrode is shown in Figure 13.3 . For small waven.xrkbers,

the spectrum is given approximately
by 24c/ 3~ =/ -

which &efirnes the moaning of thc
cutoff wavenumber, k c, in analogy

with the micro-scale of the fluc-
tuation field. Expanding theS\ expression

for small kM, .-re find

Figure 13.3 Cutoff Wavenumber forElectrode in a Random

Scalar Fluctuation Field
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Spectrum for a Spherical Electrode Volume
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or

or

kc Xrms

This is the relation between the cutoff wavenumber of the electrode and
its rms radius. For a uniform spherical distribution of radius c, we
have

ko - 2.23
C C

The power sensitivity spectrum, S(k), obtained for the sphere serves
to illustrate the general response of an electrode configuration with a
localized field with sharp edges. In the three-dimensional case for a
sphere the spectrum varies as the inverse 4th power of a wavenumber; in
the two-dimensional case for a cylinder the spectrum varies as the inverse
3rd power of the wavenumber; and for the one-dimensional case of a "box"
the spectrum varies as the inverse 2nd power of k. As is well known, the
spectra fall off more rapidly if the distribution function, w = K, varies
smoothly with position without sharp discontinuities. The sharp dis-
Qontinuities or edges give rise to a higher content ii the spectra at the
higher frequencies. The rapid fall off of the spectra in the one-, two-
and three-dimensional cases for a smooth distribution function is most
markedly illustrated when the kernel K is a Gaussian function of position
in which case the corresponding spectra are also Gaussian at large wave-
numbers. In the case of a practical electrode distribution, the distri-
bution function varies as the inverse 6th power of the distance from the
electrode and in the immediate vicinity of the electrode the sensitivity
varies smoothly as a function of position, excepT in the case where "edges"
(Sec. 9.1 ) exist between the metal electrode and insulators. There-
fore, we would expect tne power sensitivity spectrum of a three-dimensional
electrode configuration to fall off more rapidly than the inverse 4th
power of the wavenumber at large values, except for th• contribution of
the "edges" which probably, again, give rise to the k- behavior at large
k. The problems of obtaining, analytically, the precise form of S(k) for
a given eye-type or probe-type electrode are formidable and will not be
attempted.

The correction function,J (%), and power sensitivity spectrum, S(k),
are needed in Section 5.5 for the square cylinder (diameter = height) for
the analysis there. Since this electrode volume does not have spherical
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symmetry, its analysis is considerably more complicated than that of the
sphere and is somewhat similar to that obtained for a resistance-wire
detector of finite length and zero diameter. As a first approximation
to the desired functions, it is asserted that it is very similar to that
of a spherical distribution function of the same volume. If d is the
cylinder height and diameter, the corresponding sphere has a radius, c,
given by

d=2c =(0.818) 2c

The sketch below (Fig. 13.4 ) shows how similar these two geometric volumes
are. Both have sharp e~ges and

. -should both vary as k- at large
/• wavenumber. The cutoff wavenumber,

based on the value for a sphere,
is

k V'1013 1- 82kc = / = Td/2)

Figure 13.- Spherical and Square
Cylinder Electrodes

13.2 Boundary Layer Response

The response of a probe when velocity boundary layer effects and
diffusion are appreciable is studied in several relatively simple special
cases. The response of the clectrode resistance to a step-change in the
conductivity of the medium for stagnation flow and flow parallel to a
flat plate is considered.

Stagnation Flow

Three special cases of stagnation flow of increasing complexity are
given below.

Case I - We first consider the simplc case of an idealized sensing elec-
trode mounted at the stagnation point in axisyvmmetrical flow against a wall.
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Assume the sensing function of the electrode is uniform over a cylinder
of height h and diameter h and is coaxial with the axis of symmetry as
shown in Figure 13.9 . Assume the conductivity, ci, of the medium has
a step-change in it as a function of position:

CTr.0

at t = 0, where T is the ambient or average value of the conductivity.
This situation is illustrated in Figure 13.5 ; where

is the relative conductivity of the medium. As shown in Section 13.3
the material surfaces remain paral-
lel to the wall. Assume, first,
that the diffusion constant for the

•_ . e temperature and salinity is zero so
.,...'. that the distribution of o in space

is nut subject to a smoothing action
. I) •due to diffusion processes. In this

case, the edge which is at y = h at
t - 0 moves toward the wall such
that its distance, Ye . from the wall
satisfics

Figure 13.5 Step-Change in
Conductivity and by the continuity equation for

the conducting fluid medium, we know
that for all time (t > 0) that

The resistance change,AR, of the electrode is

where R. is the steady-state value of clectrode rcslstancc, v, is the
electrode volume. Evaluating the integyal.'

-1. = 1
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Thus, the step-change in conductivity causes an exponential response in
the electrode resistance. This is precisely the same response of an RC
electrical network to a step-change in voltage. Following this analogy,
the power sensitivity spectrum of the probe in this case i13 (6)

Case (II) - Next consider the same case of stagnation flow without a
velocity boundary layer but include the effect of finite diffusivity of
the conductivity of the water through the diffusion of temperature and
salinity in the water. We are not interested in the detailed conductivity
distribution in the electrode volume but only the average conductivity
over the sensing field of the electrode. The dynamic equation for the
relative conductivity (assuming only thermal diffusion) is

-~ -I
__ '-~Vo = X<V

The average electrode resistance is

where the volume integration extends over the cylinder of height and
diameter h. Since r is only a function of y we can write

The axial and radial velocities for potential flow are

u =-UI (i_)

v =2 U ( 3

Integrating the dynamic equation we have

or

13.16



where the surface integrals extend over the surface of the cylindrical
electrode volume. The term on the right is zero since there is no
conductivity gradient in the direction perpendicular to the cylindricul
surface (i.e., parallel to the wall) nor is there a gradient allowed at
the wall itself and the contribution to the integral due to the end of the

cylinder at y = h is negligibly small if h is much larger than the dif-
fusion layer. The other surface integral iso• •,.6k -_ -_ • < ) L • o/ )

where use has been made of the fact that the conductivity is only a function
of y and the radial velocity (v) is only a function of the radius. Thc
volume integral is

Combining the above exprersions we have

or

The solution to this equation is Ot

It is important to note that the same response is obtained in the case
of finite diffusivity as in the case of zero diffusivity and that no
recourse has been made to the details of the conductivity distribution
in the electrode volume. The basic assumption that made this possible
was that y = h was well outside the region where diffusion is appreciable
i.e.,

h >> (heat diffusion)
U

or h 'ýý UD (salinity diffusion),

which are very small distances in practice (-10 5cm). These conditions
can be restated. as

RP > I (heat diffusion)

RS > 1 (salinity diffusion),
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where A is the Reynolds number based on the typical electrode dimension
h and

P = 1 (Prandtl number)
a

? -(Schmidt number)
D

Case III - In the case of flow with a velocity boundary layer, we shall
see in Section 13.3 that the leading edge of a step-change in conductivity
proceeds toward the wall in such a way that the distance from the wall
falls off exponentially with time outside the velocity boundary layer,
but within the boundary layer this distance varies inversely with time.
This has the result that the overall electrode resistance rises exponen-
tially at first, but later it rises more slowly to the peak value. This
situation is illustrated in Figure 13.6 . The long tail which lingers on

due to the boundary layer effect
cam be considered undesirable in
that it implies a poor response
characteristic to variations in
conductivity flowing into the
detector volume. In the actual

situation, however, this tail does
•-j not continue on indefinitely, sinoe

thermal and ionic diffusion process-
es come into play when the conduc-
tivity gradients near the wall be-
come large. This effect occurs

Swhen the edge of the step-change
0 •in conductivity has moved well into

the velocity boundary Rayer (since
the Prandtl and Schmidt numbers are

Figure 13.6 Response to Step- considerably greater than unity
in Stagnation Flow in water). When these diffusion

processes become operative the
"tail" again proceeds to fall off

exponentially but with a different time constant than (h/U) and also at
a rate which depends on the diffusion constant. In the following para-
graphs we attempt to express this situation analytically.

The equation for the conductivity distribution is (thermal diffusion
only)

or in cylindrical coordinates
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where u and v are the axial and radial velocities, respectively. For
potential flow these velocities are

u -- -Uh=

V 1U

and for flow in which a boundary layer is present we have (7)

where is a tabulated boundary layer function and

kUV

Only the case of a conductivity distribution which is a function of y is
considered so that the radial terms in the above equation are zero since
o• is independent of p:

or by a change of variable (y -.

To solve this equation for the given boundary conditions, which are

y = h , = 6(t)

y = 0 oY = 0

we begin with separable solutions

Substituting this form, the two equations for T and r- are obtained
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and

whereA is a parameter (eigenvalue). The corresponding equation for
ionic diffusion is obtained by replacing the Prandtl number, P, by the
Schmidt number, S. The solutions to these equations (eigenfunctions)
are

where is some function which is not readily obtainable for the
general form for 01 and satisfies the boundary conditions

'A (0) 0

ZA (00) o

The time dependent boundary condition at y = h is satisfied by developing
the function e(t) in the above eigenfunctions as follows:

a. 1kUt
7o (

where

The eigenvalues (and associated eigenfunctions) may consist of a dlccrcte
set of values in which case this integral becomes a summation over these
discrete values. We will not attempt to solve the equation for ZA (r)
in the general case but will consider one limiting case of that set of
functions. Suppose 6(t) is some function of time of finite duration, i.e.,
a pulse. At times which are great in comparison with the pulse length
or (h/U), we see that because of the decay of the exponential factor in
the above integral that only the contribution for the least value of
remains. This means that the input pulse finally attains a limiting
shape near the wall, the amplitude of which delays exponentially with
time.

If the flowing is without a boundary layer, i.e., potential flow,

the velocity function is

in which case the least eigenvalue and corresponding eigenfunction are
readily found to be
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and

and the limiting conductivity distribution is

The decay of the overall electrode resistance in this case has already
been considered irrespective of the existence, or not, of a diffusion
process and agrees with the above value of time constant ( A = 1). In
the velocity boundary layer ( 1 i) where 0 is approximately

the solution in this case is more difficult (8). A rough ectimate of the
least eigenvalue can be obtained in the following way. Beginning with
the equation

we approximate the derivatives by

where 5 is a distance comparable with the distance over which 2 is
appreciable. To this approximation, the minimum eigenvalue is the minimum
with respect to 5 of the expression

or

at

The final state distribution is appreciable over distances of the order of

and decays in time approximately as

132
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For water p v 2 and S%4  10, so that this distribution is within the
velocity boundary layer but not much thinner in the case of thermal dif-
fusion.

To summarize the above analysis of the response of the detector to
a step-change in conductivity at a stagnation point, we can identify
four stages of the rise of the overall electrode resistance to the final
value:

1. Exponential region with a time constant (h/U) corresponding to
potential flow with no diffusion.

2. Hyperbolic region in which boundary layer flow is operative but

not diffusion.

3. Exponential region with time constant (h/U)P?' for boundary
layer flow with thermal diffusion causing that part of the
conductivity change associated with a temperature change to dif-
fuse into the medium, and

4. Exponential region with time constant (h/U)S-V for boundary
layer flow with ionic diffusion causing that part of the conduc-
tivity change associated with a salinity change to diffuse into
the medium.

Since the thermal diffusion layer is comparable with the velocity
boundary layer thickness, the hyperbolic region is not of long duration
when the step-change in conductivity is due primarily to a temperature
change. One observes simply a smooth transition from one exponential.

curve to the other.

Flat Plate Flow

The response of a uniform elprtrlwde imbedded romc distance from the

leading edge of a flat plate, as shown in Figure 13.7 , is now considered
with respect to the effects of the
potential and boundary layer flow
and diffusion processes.

U VZ.w41 I In the case of uniform flow
.I / without a boundary layer and with

v . zero diffusion, the response of the
BA 4,eI ),",detector to a step-change in conduc-

tivity shows a fundamental difference
>._,-." from that of stagnation flow, viz.,

there is no "lingering."t The posi-
•I tion of the edge of the step-change

X=6 X=L XLt in conductivity is

Electrode Volume in

Figure 13.7 • Flat Plate Flow x. =
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where it is assumed to be at the leading edge of the plate at zero time.
The resulting electrode resistance as a function of time is

U /

where e is the step fractional change in conductivity and the electrode
of length X is located a distance L from the leading edge. This response
curve is shown as the solid line in Figure 13.8 . The rise of the elee-

0

Figure 13.8 Response to Step-Change in Conductivity
in Flat Plate Flow

Lrode resistance is linear with time and complete after a -time (iu);
this waB not the case for stagnation flow which gave an exponential
response.

If diffusion is allowed but no velocity boundary layer the above
situation is changed only in that the edge of the step-change becomes
"fuzzy" when it reaches the electrode and causes rounding of the sharp
changes in slope in the above Figure at the front and back edges of the
electrode. The extent of this fuzzy edge is of the order of (L = 1 cm,
U = 3 kts = 154 cm/sec)

2 x 10- cm
XU c

for thermal diffusion and

FDL -4
2 V 7j- = 3 x 10 cm

for ionic diffusion, both of which are quite small.

For the case of finite boundary layer flow but no diffusion, we need
the results for flow on a flat plate discussed in Section 13.3 . There we
find that in the boundary layer)the surface of the step-change in conduc-
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tivity becomes distorted as shown in Figure 13.7 and Figure 13.13. Well
after the step has passed the back side of the electrode volume in the
uniform flow (tU >> L +.I), the thickness of the boundary layer, y, is
(Sec. 13.3

SL-- (m = .332)

If the height of the uniform electrode is/ , then, in this case, a "tail"
varying inversely with time is obtained on the response of the overall
electrode resistance change:

as shown in Figure 13.8 . This situation is analogousto the behavior in
stagnation flow under the corresponding conditions. The magnitude of this
effect when it first sets in (Ut z J) is about 20 % of the final value
for U = 3 kts, L = 1 cm, -V= .01 cm /sec, and , = 1 mm. The effect is,
thus, appreciable. As with stagnation flow this undesirable effect does
not persist indefinitely because thermal and ionic diffusion processes
set in which give rise to the exponential tail.

The diffusion process becomes important at a distance 5 from the wall
when the conductivity gradient (d/r) causes diffusion transport comparable
to the convection transport:

ý 57 (m = .332)

or

The velocity boundary layer thickness, 4, is of the order of

C L L

so the diffusion process takes place well within the velocity boundary
layer since

P =

for thermal diffusion, and

1 .
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2I

for ionic diffusion with U = 3 kta, L = I cm and 7'= .01 cm 2/sec.

When the above diffusion processes set in, the tail on the overall
electrode resistance response curve changes from the inverse time charac-
teristic to an exponential one with a time constant related to the rate
at which conductivity (via temperature or salinity) leave the boundary
region by diffusion, i.e., a time constant of the order of

0( ( j ) I _V2-_
for thermal diffusion and

J)L Y)

for ionic diffusion and the conditions assumed above. This analysis shows
that the effects of boundary layer response are definitely appreciable and
lead to response times considerably longer than the time to transit the
electrode volume, (./U).

In summary, four distinct phases in the overall response of the detector
to a step-change in conductivity for flow along a flat plate can be
identified:

1. A linear region where diffusion and velocity boundary layer flow
are not important.

2. A hyperbolic region associated with the slower velocities in the
velocity boundary layer but where diffusion is not yet operative.

3. An exponential region with a time constant much larger than the
electrode transit time caused by the diffusion of temperature
(heat) to the boundary layer and finally,

4. An exponential region with a still larger time constant caused by
diffusion of salt concentration to the region near the wall.

On comparison with stagnation flow we also find the same four cor-
responding regions, with the exception that the initial period in flat
plate flow is linear instead of exponential. Concerning the magnitude of
these effects limiting the electrode response, we find that they are much
larger and distinct for flat plate flow. An obvious conclusion to be drawn
from these facts is that to avoid the limitations of boundary layer response,
the sensing electrode should be used in a probe-like configuration with the
sensing volume occupying primarily the stagnation flow region.

13.3 Drift

Sir Charles Darwin (9) introduced to concept of "drift" which refers
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to the deformation in fluid flow of material surfaces, i.e., the motion
of individual fluid particles. Classical hydrodynamics usually involves
the velocity field streamlines as a function of position relative to the
moving body, as specified in the Eulerian manner. The study of hydro-
dynamic drift involves knowledge concerning the history of individual
particles which is described by the time at which a fluid particle reaches
any given point. In addition to the customary streamline surfaces, then,
there exists surfaces of constant "drift" i.e., surfaces on which the time
relative to the initial reference configuration is constant. Darwin (9)
studied the drift surfaces for the cylinder in uniform flow perpendicular
to its axis and Lighthill (10) obtained the corresponding information for
a sphere. In the paragraphs below we consider drift surfaces when laminar
boundary layers are involved in stagnation and flat plate flow.

Stagnation Flow

Consider the axisymmetrical flow of a fluid impinging on a wall at
right angles to it and flowing away radially in all directions. Such a
case occurs in the neighborhood of a stagnation point of a body of revolu-
tion in a flow parallel to its axis. This situation is illustrated in
Figure 13.9 where y is the distance from the wall` p is the radial distance
from the axis and the velocity on the axis is U towards the wall at the
reference distance y = h. First consider the case of potential flow in
which no velocity boundary layer exists at the wall. The radial and axial
velocity components in this case are:

v U

u=-U rh)h

Since the axial velocity is independent of radius, fluid particles which
lie in the plane y=z*iminitially, do so for all time. The distance of the
material surface from the wall is determined by the equation

which has the solution

The "drift surfaces" are t = constant, and refers to planes parallel to the
wall.

The velocity field in the case of axisymmetric stagnation flow with
finite viscosity in which a boundary layer is formed (axisymmetrical
Hiemenz flow) is known (7). The velocity field is given by
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where

r and

and the functioni satisfies the

equation

w -/ - 5= Mt
= 1. Since the axial velocity

is independent of radius, the mate-
rial surfaces parallel to the wall
initially remain so for all time.
The distance from the wall satisfiesFigre 39 Axisymmetric Stagna- the equation

Figure 13.9 . tion Flow

or

Integrating this equation we get

S---

For r >7 1 this equation yields the same result as the potential flow
given previously, but for e<l the material surfaces move slower than in
the case of potential flow and linger much longer in the boundary layer
before approaching the wall closely. The function can be approximated
by

ý-- Z-with I.= O.5690

for tZ I and by

P f " with m = 1.3120

for J I., The integral above is for the case .-;>lapproximately equal
to
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or

which approximates potential flow if both r and r. are much greater than
unity. For the case 3< 1, the integral is approximately

I A - ~~~J'_ 2~~ ~
3:/

Thus, well within the boundary layer the distance from the wall varies
approximately inversely with time:

Flat Plate Flow

Consider a fluid flowing parallel to a flat plate at velocity U in the
undisturbed stream as shown in Figure 13.10. In the absence of a velocity

boundary layer, the drift surfaces
7Ad TR*J ,7PY-F are simply
7 /--•- = Ut

-- for 0 e y, which are planes perpen-
• •- dicular to the surface of the flat

plate. The existence of a velocity
~ boundary layer modifies the drift

7777, -, 711'/ -7 7,'/',,'/1I27 surfaces near the plate in the fol-
K (=k Llowing way. At a distance x down-

stream from the leading edge, the
Figure 13.10. Flat Plate Flow fluid that passes between the wall

and the height y 2 is equal to the
amount of fluid that passes between the wall and yl if y 2 lies on the
trajectory of a particle which passes through y,:

0 0 !

where U,(x,y) is the velocity at the point (x,y) parallel to the plate.
This provides a means for obtaining the equation of the particle trajectories.
The velocity field in the boundary layer of a flat plate is given by (11)'
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where

and f(J ) is a function which satisfies the equation

with ý1= O: f =fO; • = 0o: flI . Values of this function are
recorded in Table 13.1 and plotted in Figure 13.11. Evaluating the above
integral we find

This is the equation of particle trajectories or streamlines. The time
required for a particle beginning at Yl at t = 0 to reach the point (L, Y2)
dowstrea is found by integrating the equation

U1K (41
where the integration is carried out over the trajectory so thatI =
and

Performing the integration we get

with P

If we let • = •g. the drift integral becomes

This simple closed form for the drift in the boundary layer of a flat plate
has been evaluated with the known values of the function f and is recorded
in Table 13.1 and plotted in Figure 13.12. If J> 3 the function f()
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Table 13.1 . Functions for Boundary Layer

Drift for a Flat Plate

(-j-)OR X r(i) y

0.0 .0000 .0000 0.0000

0.2 .0830 .0066 0.0576

0.4 .1660 .0266 0.1630

0.6 .249 .0597 0.2994

0.8 .332 o.lo61 0.4610

1.0 .415 0.1656 0.6442

1.2 .488 0.2380 0.8383

1.4 .566 0.3230 1.0533

1.6 .637 0.4203 1.2770

1.8 .696 0.5295 1.5017

2.0 .7500 0.6500 1.7320

2.2 .7939 0.7812 1.9591

2.4 .8446 0.9223 2.2049

2.6 .8793 1.0725 2.4376

2.8 .9079 1.2310 2.6660

3.0 .9309 1.3968 2.8931

3.2 .9491 1.5691 3.1173

3.4 .9633 1.7470 3.3365

3.6 .9740 1.9295 3.5529

3.8 .9819 2.1161 3.7637

4.0 .9877 2.3058 3.9740

4.2 .9919 2.4981 4.1810

4.4 .9947 2.6924 4.3868

4.6 .9968 2.8883 4.5907

4.8 .9980 3.0853 4.7952

5.0 .9990 3.2833 4.9975

5.2 .9993 3.4819 5.1973

5.4 .9998 3.6809 5.3972

5.6 .9999 3.8803 5.5971

5.8 .9999 4.0799 5.7970

6.0 1.0000 4.2796 6.0000
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is approximated closely by

I - Z ,with ýt*= 1.72077.

The drift integral in this case is easily evaluated to be

L = 1 ,

as expected outside the boundary layer. For c3 (inside the boundary
layer) the function f(1 ) is approximated by

with m =0.33206.

In this case1 the drift integral becomes

= 4(-Ut) 3 =

To find 'he equation of the drift surfaces (t constant), introduce the
dimensionless similarity variables

y _-_
X . ,Tt

then for t = constants a functional relation exists between (X,Y) which is
just the shape of the material surfaces- Substituting these variables:

These similar drift surfaces are drawn in Figure 13.13 and tabulated in Table
13,1 , For small X:

The trajectories or streamlines of the fluid have the equation
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13.4 Response to Bubbles

The effective change in electrode resistance, (.4R/R), due to the
presence of a small spherical cavity of different conductivity in the field
of the electrode was found in Section 10.4 to be

where 4v is the volume of the spherical cavity, RE is the cell constant,
K is the ratio of the conductivity ýj of the cavity to the conductivity o-
of the medium:

K - r

and the field gradient Is that which wow4d be obtained at the location
of the cavity if it were not present. For a non-conducting bubble, K = 0.
The pulse shape of the resistance variation is described by the trajectory
of the bubble as it passes through the electrode field, w.

The average resistance change due to a cavity is defined as

where v, is the effective electrode volume. For a bubble (K = 0)

A simple case for which a pulse height distribution can be calculated
is when the sensing function of the probe is a function only of the radial
distance, r, from the center of the electrode and the velocity is uniform.
Consider a flush electrode with the uniform flow velocity parallel to the
wall and along the z-axis. The sensing function, w, is only a function of
the radius, r, from the center of the electrode. The trajectory of the
bubble is 2 alon§ the 2 z-axis and through the poirit (x,y). The radial distanco
is r = x + y + z and z = Ut. If w is a decreasing function of radius,
the pulse height occurs at the least value of r, i.e., at z = 0, and at
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Lhat point equals the "distance of closest approach," p, where p = x + y 2
The pulse height is then(for a given bubble volume Av)

6V- (K =o)

and the maximum pulse height occurs at p = 0:

Define the relative pulse height, h:

where 0_ h _ 1. The number of pulses, dN, of pulse height h is propor-
tional to the element of frontal area gpdp at the radius corresponding to
the pulse height h:

WN=C (irp 4e) i/

where c is the concentration of bubbles of volume &v, U is the speed of the
detector and t is the time. The number of pulses per unit pulse height is

and can not be normalized in the usual way because there are infinitely
many (non-integrable) very small pulses. It is necessary to define the
"pulse height distribution," ý(h), as follows

where Nv is some reference number of pulses which is equal to the number
that would pass through a (frontal) area Av

Nv = cAUt

Therefore, we have

The integral distribution function of this function is defined as
eIZ

h ZAv
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The average pulse height and higher moments are all zero because the
distribution is not integrable:

2 -A

As an example of the pulse height distribution function, assume a
radial sensing function which approximates that of a dipole electrode
(Sec. 10.1

+ .
where b determines the size of the electrode. In terms of h we have

h.or / ()

/0

Carrying through the differentiation of this expression, we get the distri-
*bution function

It is easily shown that this distribution has a minimum at

h = hV = 2/3

This provides a convenient standard for reference. Define Av as the frontal
area corresponding to pulses of height 1 > h >e 2/3:

Av- •"-/ 2-%

and

This function as well as its integral distribution is shown in Figure
13.1 4 . The following relations hold for this distribution:

/\ 3

\A3I) = 0
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•(o) 0-0,

and

The above analysis assumed a uniform bubble size. If there is also
a distribution in the size of bubbles, the overall pulse height spectrum
consists of a weighted average of the above pulse height distribution
function.

13.5 Differential Probe

The overall response of a differential double element probe is different
than that for each probe, since large scale conductivity structure measured
by each probe tends to cancel out. We consider the overall detector recponse
of such a double probe for measurementsý in an isotropic-homogeneous fluctu-
ation field. The analysis applies equally well to the menasurement of
velocity (turbulence) and scalar variables such as temperature and salinity.
The probe elements are assumed to be very small in comparison with the
separation distance, 2•, between the probes.

The analysis follows the lines of the three dimensional case in Section
_3.l. Let Kl(•) and K2 (T) be the sensing distribution functions of each

probe normalized so that

f k, ( ý-) 4 V )- _ -, • ' = ,

The outputs --CLj() and -5L(-) from each probe are~combined in the wheat-
stone bridge network such that the net output .Sl( x') is the difference of
the outputs of each probe:

x,/

where t and-), are the position vectors of the two (point) probes relative
to the mid-point between the two. The differential probe geometry is shown
in Figure 13.15. Since we are conccrnej here only with isotropic turbulence
fields, the orientation of the vectort is unimportant. The individual
outputs are given by
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and

V~)

where • (') is the measured quantity at the field point'-i. The overall
output ia

- tis(-~2) k, (~x j (g) dV (:e)
It is convenient to define the overall kernel as

If we assume the probes to be ideal
/Vl/ point probes (K, and K? are delta-

functions) the overall output is the
"difference of the values of 1 at the

12 7 two probe points:

We seek the correlation function
,(W) and spectrum S(M) of the

distribution function K(1) under the
assumption that the two probes

experience no relative motion (no
Figure 13.15. Differential Probe variation of separation and no rota-

tion) as the double probe is trans-
lated through the random medium (i.e. A is a constant). The cmrrelation
function is

#(f)= //<(S-) K 7L- -yg

-kzg (_-")K4 o4tl / ~~)k ~

In addition, assume that the distribution functions of each individual
probe is identical (but located at different positions) so

K (-) = (--) Ko(€) ,
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and that this distribution is spherically symmetric. In this case the

correlation function is

where

In the limit of a point probe these correlation functions become 5-functions.
The overall correlation function r(•) is not spherically symmetric. The
spectrum, ,(2), of the double probe is giv-en by (5)

Evaluating this integral under the assumption that the probes are ideal
points, we get

and the spectral response depends on the relative orientation of the double
probe and the wavenumber. In an isotropic random field we are concerned
only with the angular average of S(r)

where G is the angle between and X . Carrying out this integral we find

This is the power sensitivity spectrum for a double (differential) detector
with point probes. For small scale structure, which is not correlated over
the distance between the two probes (ki > 1), the response is just that of
two independent probes as expected. For turbulent structure which is large
with respect to the separation distance (kg -< l) the response spectrum is
given approximately by

S(k) 1(kA.)2

which approaches zero for kl-i. O, which illustrates the cancellation of the
large structure by the differential probe.
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For probes of finite size the behavior of S(k) approximates that of the
individual probes provided the separation distance 2 )_ is relatively large
in comparison with the typical dimensions of the probe electrodes. If the
finite size of these electrodes is included, the overall spectrum is given
approximately by

where SO(k) is the power sensitivity spectrum of each probe. As an example
of this, the overall response for a dif erential probe is sketched in
Figure 13.16 for electrodes with a k"• behavior at large wavenumber. The
cutoff wavenumber, kc, is

k x
rms

where Xrm. is the rms radius of the electrode distribution. The lower cut-
off wavenumber, ky, for the differential probe is defined by

-=2
1 (k,,)2

or
kV = -•-

The ratio of upper and lower cutoff wavenumbers is

/ *yI ý

I

2\N

Figure 13.16. Overall Differential Probe Response
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14. VELOCITY RESPONSE

The factors which determine the frequency response of the U-meter
are considered in this Section. The primary factors are the size and
configuration of the probe electrode, the velocity and thermal boundary
layers at the electrode surfaces, and the thermal properties of the
probe materials. Simplified special cases are analyzed to understand
these effects individually. These simplifications are similar to the
ones which were first used in connection with the analysis of the
response of the hot-wire anemometer (1). The temperature(and salinity)
of the medium is assumed to be uniform throughout the medium except

for changes caused by electrode heating. The velocity response in a
given mode of operation (e.g., CTO) is considered at the end of this
Section.

14.1 Isotropic Turbulence

What is the response of the velocity detector to an isotropic homo-
geneous turbulence field? We can attempt to solve this case only under
the assumption that the probe itself does not disturb the flow. While
this assumption is valid for turbulent structure, large in comparison
with the sensing electrode, it is not so for turbulent structure compara-
ble to or smaller than the probe. The turbulence is actually quenched
to some degree where the shear flow is high near the surface of the probe.
This effect will be neglected in what follows.

The analysis of the turbulent response for the velocity sensor is
analogous to that of Section 13.1 for the response of a temperature
detector to a random temperature field. First it is necessary to estab-
lish how a turbulent velocity field in the vicinity of the electrode
determines the change in electrode resistance. The assumption that the
turbulent field is not disturbed by the probe is satisfied if the average
velocity is uniform over the electrode volume; we assume this to be the
case. Let TI be the tcmpcrature at a point in the fluid medium which has
an average value To and a fluctuating value T:

T, = To + T

with TAvV. = 0

The average temperature T0 , which is a function of position with respect
to the electrode, is assumed to be zero at great distance upstream from
the heating field of the electrode (zero ambient temperature). If we
consider only heating due to Joule heating by the electrical power dis-
sipated in the electrode, and neglect thermal diffusion and friction heating,
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it is shown in Section 12.2 that the temperature T1 satisfies the equation

&,- -,

where P is the average total electrode power, c is the heat capacity per
unit volume of the fluid, w is the electrode sensing distribution function,
and _l is the velocity of the medium at a point which consists of an aver-
age component U and a turbulent componentS:

U1 ="U I. u

We assume the velocity field U is independent of time and we are attempting
tc, measure the turbulent velocity field,-u, with the sensing electrode.

The velocity detector responds to the temperature of the medium aver-
aged over the electrode volume

where the integration extends over the entire volume of the fluid about the
electrode. Dividing the electrode resistance into static and fluctuating
components we have

The term (A&R/R) is a time dependent quantity which is a measure of the
fluctuating time dependent temperature T(,,t) which, in turn, is a function
of the turbulent velocity field.

We obtain the first order equation for T under the assumption that the
velocity fluctuations are small in comparison with the average velocity:

S<< 1
U

Also we assume constant-power-operation (CFpO), although the move general
case of the other modes of operation may easily be obtained. The dynamic
temperature equation when expanded in static and fluctuating terms is
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0. VC7. f-17T

Neglecting the second order term and separating static and fluctuating
terms:

and

*'T -"Z* ,

The first of these determines the temperature field in the vicinity of the
electrode and the latter is the relation between the fluctuating temper-
ature field, T, and the turbulent velocity field, u.

The fundamental problem in the response of the velocity detector is
to find the statistical properties of (.R/R) in terms of the statistical
properties of u (correlation function and power spectrum) from the equations

and

and

under the buomdary condition that To is zero at great distance from the
electrode except downstream in the wake of the electrode volume. It should
be mentioned that, while u is assumed to be a homogeneous turbulent field,
T is not a homogeneous fluctuation field, being most intense in the im-
mediate vicinity of the electrode volume and in the electrode wake and small
elsewhere. As a matter of fact it can be shown that the rms valud'of T is
proportional to the static temperature field To, The inhomogeneity of the
T-field is not, however, of a nature which precludes the direct analysis
of the problem since the above relations are linear and the i-field is
homogeneous.

The simplest method to obtain the statistical properties of (, R/R)
is to decompose the velocity field into individual wavenumber components
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and obtain the periodic amplitude of detector output. Let the velocity
at a point in the medium be

where - is the position vector relative to a frame fixed in the medium.
The position of the probe in the medium is

r- =- - Ut

where I is the position of the point in the medium relative to the probe.
The velocity field relative to the probe is, thuu,

. - U+- . •-

We seek a solution of the form

T= e

Substituting this in the differential equation for T, we find

which has the solution

The To-distribution generated by heating in the electrode field satisfies
the equation

or

with the boundary condition T,(x,y,z) 0 at x = -co. The solution of
this equation is x

The temperature at a point in the medium is, thus,
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The electrode resistance as a function of time is

-TXJW p4-kOw).
If the turbulent structure is large in comparison with the probe size
(k -4-0), this reduces to

since, as we saw in Section 12.2,

-fb f00
_ -- _ d _ I-p-p/ .1.O

where

2cAU

and T,(+OO,y,z) is the exit temperature distribution. Ift is the position
of the probe in the medium,

-- Ut

then, the electrode resistance measured at the position is
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Define the quantity a L1)so that

Ak(K

which has the units of a velocity:

Now turn to the formulation used in Section 13.1due to Kovasznay and
Uberoi (2)

where the kernel K(6) is a function of the sensing distribution of the

probe. Assuming a periodic velocity field, as before, we find

6) X ( -Z9-

and

If this is compared with the expression obtained previously

-~~a 2Aipo

we find

K (ys) = K z() = 0

and K X(19) = K(-B) . 2A -%j w f,-

The power sensitivity spectrum, 8(Ik) of the probe is
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where-4('T) is the correlation function of the kernel:

In an isotropic turbulent field we are interested only in

where Q is the angle between-k and -. Carrying out this integration

The calculation of the power sensitivity spectrum, s(k), with the
kernel X

where

- = x. + y 3 +

is not simple even in the case of a radially symmetric and uniform (spherical)
electrode distribution function w. Relatively simple expressions may be
obtained, however, for a one-dimensional distribution function and a one-
dimensional turbulent field.

The cutoff wavenumber, kc, for the velocity probe is defined by the
value such that

for small wavenumbers (k-<<k). From the expansion

we have
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Substituting the expression for

where the latter expression follows from a change of variable and order of
integration and the fact that

K(?) dV(S) = 1

The above integrals may be evaluated in a straight forward, though somewhat
tedious, manner to obtain the cutoff wavenumber of a probe with a uniform
distribution function over a spherical volume. If b is the radius of the
sphere, we find

and
k( sphere )

c b

An approximate expression for the cutoff wavenumber for a square-cylinder
(height = diameter = d) is obtained from the above result by requiring
that the sphere have the same frontal area as the square-cylinder, viz.,

[rb2= 31t 2 d

or b = 1.15

and

k c(square-cylinder) = d=

In Section 5.5 the sensitivity of a hot-wire anemometer is compared
with that of the U-meter under the assumption that their respective cutoff
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wavenumbers are equal, and that the U-meter probe is a square-cylinder.
The cutoff wavenumber of a hot-wire of length Z follows from the analysis
of References (2,3):

k (hot-wire) =6.00

Thus, the U-meter and HWA have the same cutoff wavenumber if

d =1.297-

14.2 One-Dimensional Case

The formulas of the last Section are now evaluated for the case of a
uniform one-dimensional electrode distribution and a one-dimensional tur-
bulent field. We have (for unit frontal area, A 1)

4X

and

Assume a uniform electrode distribution function:

w(x) =
0 otherwise

then

( 2 (x) 0

K(x) =
0 otherwise

1.4.9



The corresponding correlation function is

and the power sensitivity spectrum is

+ 
2.

]2-

where a = kt. These four functions as sketched in Figure 14 .1

/

-o o .

Figure 14.1. Velocity Response Functions for 0ne-Dimensional Case

14.3 P roportional Fluctuating Flow

An important and realistic simplification is the assumnption that the
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fluctuations in the velocity at a point, U, is proportional to the steady-
state velocity at the point, U. and the constant of proportionality, u,
is independent of position:

U- U =uUo , OuI.<.c-cl)

where u is small and only a function of time. This is termed "proportional
fluctuating flow." The analysis for this case is now set up for flow about
a probe which distorts the otherwise uniform flow in the vicinity of the
probe. A solution is not carried through because of the great analytical
complexity, however, a simple experimental method for measuring the power
sensitivity spectrum in this case is developed.

The temperature equation in three-dimensions is

Y_ VT

where P is the electrode power, w is the electrode distribution function,
and T is not necessarily uniform. Let

U oUo+uU. ,

T, T% +T

and p =p + pp ,

where, here, we allow for variations in the total electrode power. Sub-
stituting these expressions, neglecting second order terms, and separating
static and varying quantities, we find

V 7o_ C
and

where T,(r) is the steady-state temperature distribution due to the elec-
trode heating. The electrode resistance depends on the average electrode
temperature

where
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and

The power spectrum of Z T is not easily calculated from the electrode
geometry. A very convenient experimental method exists, however, which was
first used by Ziegler to measure the response of a hot-wire anemometer by
a power modulation technique (4). We notice in the differential equation
for T that power fluctuations, p, enter in the same way as velocity fluc-
tuations, u. For this reason, the variation of ET with u for constant
power (p = O) is identical with the variation of ZT with -p for constant
velocity (u = 0). Thus, since it is experimentally easier to make arbi-
trary variations in p electronically than to vary the fluid flow velocity
u, the E-I-response is best measured by making appropriate modulation of
the electrode power at constant fluid velocity. This experimental method
of determining the velocity response is so simple and direct that it is not
worthwhile to carry out a laborious analytical computation of the response.

14.4 Boundary Layer Response

The temperature rise at the surfaces of the electrodes experiences a
more or less abrupt increase near the surface due to the existence of the
velocity boundary layer (Sec.12.4 ). The resulting temperature boundary
layer makes an additional contribution to the overall electrode resistance,
called the "boundary layer resistance." We study in this Section how this
resistance contribution responds to fluctuations in the velocity of the
conducting medium. In general, for a given electrode geometrythis is a
very complicated problem and is necessarily analyzed here under simplified
limiting cases of very low and very high frequency periodic velocity
fluctuations.

The electrode geometry considered is shown in Figure 13.7 and consists
of a uniform electrode field of length e imbedded in a flat plate at a
distance L from the leading edge. The free stream flow is parallel to the
plate and the velocity boundary layer in the vicinity of the electrode is
essentially constant if L%>• . Since we are dealing with water as the
flowing medium with a Prandtl number of about 5, the thermal boundary
layer is thinner than the velocity boundary layer and their relative thick-
ness is some fractional power (eog., 1/2 Or 1/3) of the ratio

For this analysis we assume this ratio to be very large so that the velocity
profile in the vicinity of the thermal boundary layer varies in proportion
with the distance from the wall (Sec. 12.4 )o The free stream velocity
is assumed to vary periodically-

U(l + ift) (e .«)
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The temperature and velocity bouidary layers are calculated in the two
extreme cases of very low (w ---. O) and very high (D --- oo) frequencies.
The intermediate frequency between these extremes occurs when all the
differential terms of the dynamic equation for temperature

are comparable. This occurs when the following approximate relations
hold:

where Ck, is the thermal boundary layer thickness and 5 is the velocity
boundary layer thickness. Solving these equations

2r~ ~~T ( ) - Us;L-m- •

where we have used the fact that the thickness of the velocity boundary
layer is

and the Prandtl number is

1.= ýand a=-a c

For example, assume the values

L 10 P = 5 V= .01 cm2/sec

U = 3 knots (154 cm/sec) I= 1 imn

then
- 5

r = 2 x 10 3 CM = 5-o
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=f = 60 cps

Thus, the cases considered below are for velocity fluctuations much lower
and much higher than a frequency of the order of 100 cps. %be periodic
temperature associated with the velocity fluctuations is expressed in
the form

Low Frequency Limit

First we calculate the temperature boundary layer in the limiting
case of low frequency velocity fluctuations. Assume the thermal conduc-
tivity of the wall,kw , is much less than that of the water, k . The
solution to this problem is obtained in four steps:

1) Obtain quasi-static temperature variation in water for the
case Kv = 0.

2) This quasi-stationary temperature variation at the boundary
implies a heat flux between the wall and the water for kw
finite but Kw <<K .

3) Solve the temperature boundary layer equation for given
boundary flux.

4) Integrate resultant boundary layer temperature over surface
to get boundary layer resistance as a function of frequency.

This procedure will give the firsý order approximation to the fluctuating
temperature field in the low frequency limit.

The dynamic temperature equation in the boundary layer approximation
is

where U(y) is the velocity as a function of distance from the wall (inde-
pendent of x), and Pv is the uniform power density in the field of the
electrode. Near the wall the velocity U(y) is expressible in the form

U(y) = u (Y

where U is the free stream velocity and 6 is a distance determined by the
slope of the velocity boundary layer at the wall at a distance L from the
leading edge. The steady-state solution of this equation is discussed
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in Section 12.4 in similarity form and will be denoted by T.:

where

and

and v satisfies the following second order linear differential equation with
boundary conditions appropriate to a wall of zero thermal conductivity( k.. = o)

with

4v(o) = , v() =0

The quasi-static solution of the dynamic temperature equation which applies
in the limit o3 -w 0 is simply the secular solution in which the temperature
change is that obtained from the static solution by a direct variation of
the velocity U i.e.,7 o-

which follows from the velocity dependence given above for the static
solution T.. At the wall the quasi-stationary solution is

This temperature variation at the wall corresponds to the case of zero
wall conductivity ( tv = 0). In the next paragraph we use this temperature
variation to find the temperature field in the solid wall for Aw finite
but very much smaller than that of the water ( «<K). This finite but
small conductivity would only slightly change the wall temperature Tlo(xO)
obtained for the case Kw = 0.
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The solution for the temperature field in a solid with a periodic
wall temperature is given in Carslaw and Jaeger (5). If Tw(x,y,t) is the
temperature at the point (x,y) in the solid at time t, and if the harmonic
boundary temperature is the real part of

T" (11)o0y&) = A&'X)t

then the temperature in the solid wall is the real part of

7-w = A e-l4 • .= A e- ÷) V"Z-WW .•

where a(w = K/cv is the thermal diffusivity of the wall material and y
is the distance into the wall. We assume here that the variation of the
wall temperature, A(x) along the wall is much less than the variation of
temperature into the wall so that conduction along the direction parallel
to the wall can be neglected. The resulting heat flux from the wall to the
medium of thermal conductivity K at its surface satisfies

where T is the temperature in the medium bounding the wall (water) and the
temperature gradients are evaluated at the interface (y = 0). We assume
that Kw K so that

The temperature gradient in the water is much less than that in the solid

wall. The expression for the temperature gradient in the wall is

which is J45 out of phase (lag) with the periodic surface temperature
fluctuations. With the knowledge of (dT/dy) we seek in the next paragraph
the resulting temperature field in the water which would result from such
a boundary flux.

We seek a similarity solution of the form

7 Q ( X~) AtI. 1
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and [K#

where these quantities are the same as those in Section 12.4 . We consider
the steady-state solution to this problem since it corresponds to the
quas~i-stationary solution which is appropriate to the first order approx-
imation in the low frequency limit, The steadyv-state tUmperature equation
in the boundary layer approximation without internal heating and with a
linear velocity profile is

which, with the substitution of the above similarity solution, becomes
I

This equation must satisfy the boundary condition that the temperature
gradient at the wall is proportional to some power, n, of the distance,
x, along the wall

(t7, -Z W/(o),() -

or g(x) satisfies the equation

Without loss of generality, we may set

"'(0) = 1

in order to make the value of g(x) definite. It follows that

and the similarity function, w, satisfies the ordinary linear differential
equation of second order
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with w(oo) = 0 and 1(0) = 1. The solution of this equation is difficult
and has not been obtained. The temperature in the flowing medium is

where B and n are specified by the boundary heat flux. We show later that
n = 2/3 for the problem of interest.

The results of the previous four paragraphs are now combined to obtain
the expression for the quasi-stationary boundary layer temperature profile.
The quasi-stationary temperature fluctuation at the wall for zero wall
conductivity ( *ý, = 0) is

Se~~t ( -I,o V - (0vc) •(• 60 a °

This temperature is equated to the wall temperature of the solid boundary

A(X) = 6 T-FO (x,o)
The resulting boundary heat flux from the wall to the water for <W small"
but finite produces a boundary layer temperature profile in the water which
is the first order correction to the quasi-stationary solution in the low
frequency limit and will be denoted by eT.ll The gradient of eT11 is
specified by the known flux from the wall. The gradient at the wall in the
water is

ld= t0Cr]< ýN
This(~7o(77Vc

This temperature gradient represents the given boundary condition for the
boundary layer problem of cooling a wall in a linear velocity profile;

Substituting previous expressions we get (LY

fKw) V;•. V-

Thus
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and 
-v3

yc/ a) cU

With these values we obtain the expression for TI1.

The fluctuating boundary temperature is

E (T1 o + TII) i) t

By definition, the quasi-stationary solution, T1 O, follows the velocity
fluctuations in phase and without attenuation. The first order correction
term does not. The ratio (Tjl/TiO) can be obtained from the expressions
for each: h

where the velocity boundary layer has a slope at the wall of (U/6) where

5 k U L(k 3)

We notice that

so that the first order correction term lags the quasi-stationary solution
(therefore the velocity) by 1350, thus, tending to cancel it out to some
degree.

The frequency response of the boundary resistance at low frequency
Is obtained by integrating the temperature field over the volume of the
electrode field. The change in electrode resistance (6R/R) with the
change in velocity e = AU/U is (Sec. 5.3
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where 0 is the temperature coefficient o eiectrical conductivity of the
water. For a uniform sensing function (•)VY this expression becomes

LiI-6U) 77) IN~/

where v. is the effective electrode volume. At zero frequency (w--o0) and
T1l -- 0, we have

The boundary layer amplitude and phase response of the electrodes to velocity
changes is the ratio

f/ to dV !7-io A,
where the integration is carried out over the entire electrode volume. It

is shown in Section 12.4 that the temperature profile Tlo consists of two
parts, one corresponding to heating in the region near the wall where the
velocity boundary layer plays an important role (T 1 0 1 ) and the other cor-
responding to simple heating in the free stream (TIo 0 ). If the velocity
boundary layer is thin in comparison with the typical electrode dimensions,
then the integral for the quasi-stationary term is (Sec. 12.2

To this approximation and by referring to the expression for T1 1 we have

S- 1 jdV ) - (

1O0
where the electrode volume is assumed cubical for zimplicity, v.

and the integral over w(ý ) has been doubled because of a contribution at
both electrodes. Performing the integrations we get
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4- -(O 4T

/--

where . j

7 -)

For the following conditions:

' = 5 (water at 4.0 0C)

L = 10J

k = 3 (flat plate)

/ = 20kw• (water and celluloid)

and estimated values for the boundary layer functions, the value of mois

about

m, 3

Finally, the response amplitude is

,hich, if the correction term is small, can be written approximately as

'LK I // j

This is the desired expression for the electrode response to velocity fluc-

tuations in the low frequency limit when boundary layer effects are taken

into account.

The next order correction term at low frequencies can be developed from

the work of Lighthill (6). The term makes a contribution even for zero wall
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conductivity ( 0 O) and varies as the first power of frequency, conse-
quently it oecoimeý smaller than the above correction term in the limit of'
low frequezncy velocity fluctuations.

High Frequency Limit

In the limit of very high frequency velocity fluctuations, the velocity
boundary layer and temperature boundary layer become very thin. This has the
desirable result that for a velocity detector which senses a volume of the
fluid, instead of the surface conditions (such as a hot-film anemometer),
the response improves at higher frequency. This situation applies only to
the boundary layer effects. The analysis for this problem follows the work
of Lighthill (6) and others (7,8).

If the impressed velocity is

where U is the uniform free stream velocity parallel to the plate. Light-
hill shown that in the limit of high frequencies, the periodic velocity

profile at the boundary is

In this case the velocity boundaryj layer thickness is of the order of

In this analysis we assume the velocity boundary layer to be of constant
thickness with respect to x (nrarsal-el flnw) so that the boundary layer
velocity component perpendicular to the wall is zero.

The dynamic temperature equation for the thermal boundary layer is

C

where

Substituting these expressions we get the equation for the static temper-
ature profile
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which has been solved before (Sec. 12.4 ), td the equation for the period-
ic temperature profile is

The approximation to the limiting case of high frequency (w -• 0) is ob-
tained by retaining only the terms involving m and the highest derivative
order of the dependent variable T

The solution at great distance from the wall where the diffusion term is
small is simply

which, if the exponential term is small, is just the temperature fluctuation
obtained in Section 14..3 where boundary effects are not considered. For
the solution near the boundary we assume a wall of zero conductivity
(K~ =--O) so that

and To is essentially independent of y over the high frequency boundary
layer since it is thinner than the static one. In his case the solution
valid near the wall (as well as elsewhere) is

I>vUYý) eTfT, -= -,,'

This result supersedes the previous approximate solution at great distance
from the wall and agrees with it (for P > 1) except for the factor

-- = •- 3 in water.

Lighthill (6) gives the solution for constant wall temperature and a
finite temperature gradient at the wall.
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The eiectrode resistance is

where is uniform over the electrode volume. Assume the exponential
boundary layer is much thinner than the static boundary layer, To, and the
typical dimension of the electrode (.) is much larger than the thickness
of the boundary layers. In this case,

#j4U> dv ý'A2 wL
> Co

since throughout most of the electrode volume

Thus, we have,

where a factor of two has been included in the boundary layer integral
to account for integration at both electrodes and the limit of the integral
has been extended to infinity because (bT./ x) is constant over the
region where the boundary layer functions are appreciable. From Section

12.4 we know that

AY - 44)-

and the exponential integral is
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Combining these results we get

where

-71t Z V(O)

For water and L = 101 , this is estimated to be approximately

m o3C O ;

The reduction in response due to the boundary layer effects is expressed
as the ratio of the change in resistance, 4R, with the boundary layer
term to that without the boundary layer term, denoted by,A ROD. The
resulting amplitude response is;

If the correction term is small this may be expressed as

,?Ko 211DL

This expression is similar to the low frequency approximation. It should
be mentioned that & Roo goes over into zR, as the frequency goes from a
very high value to a very low value where the response is not limited by
the physical size of the detector probe.

The reduction of the velocity detector response due to boundary layer
effects is shown in Figure 14.2 , in the limits of very low and. very
high frequency. This curve of this Figure gives both the amplitude and
phase response as a function of frequency f = w/2v. In the low frequency
limit the response is determined by the term

14.25



t tttttt-l- - -ýt -ýH
------ It - V_ m --, - _q A .IL ----
--------- -

CD rh

---------- ------------------- -------

+ + -------

t 

,

Mill

4-1-

44+

+ +H+44! + - ;J+

ilia
:Ll _LLI I 1 -14, w

ti-i -11 t 4-

44.-

14.26



and in the high frequency linit by

These two factors are of equal importance at the frequency

= 27r Mno

and at this frequency both terms equal

where R is the Reynolds number based on the length/ . For water (V= .01

cm2 /sec) and

m 0 3 U = 154 cm/scc

o =30 , .i=0.1 cm

the frequency and response factors are

f = 2.5k jf = 1.6"U

0..(

It is important, and fortunate, that the detector response is little

affected by boundary layer phenomena, and the small effect that there is,
is quite small at all frequencies except in the region corresponding to
the time to transit the electrode volume.

14.5 Mode of Operation

The velocity response in a given mode of operation is now considered.
Assume a proportional fluctuating velocity field. The relative change in
electrode resistance, r = (4R/R.), is related to the relative change in
average electrode temperature, 9 = (T/ -T), by

r =-aQ ,

where a = • •T. The relative change in velocity, u, for periodic fluc-
tuations is given by (for constant electrode power)
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9 = -h(w)u

where u is the angular frequency and. h(w) is the complex transfer function
of the probe. We saw in Section 14.3 that if the electrode power also
experiences a fractional change, p, that

Q = -h(a))(u - p)

Combining the above relations, we find

r = ah(u - p)

In a given mode of operation, the power and resistance fluctuations are
related by (Sec. 8.5 )

where P is the "mode angle." If the rebistance, r, is measured in order
to determine the velocity fluctuations then

r = Och(n)u

At higher frequencies, w -- cxo, the response h(cu) falls off due to the
finite size of the probe and the electrode resistance does not respond
fully to the velocity fluctuations. This difficulty is alleviated by
operation in the constant-resistance mode (CTO). To show this, assume
that the power, p, is now measured in order to determine the velocity
fluctuations, then

It is clear that the quantity in brackets becomes independent of h(M) if
we choose = -450, which corresponds to constant-resistance operation,
and

p=u

Thus, in this case the velocity fluctuations are fully measured even
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though the transfer function h(w) may be falling off due to the response
limitations of the probe. This shows that the advantage of the CTO mode
applies equally well to the U-met.' as it is known to apply to the hot-
wire anemometer. The applicability is valid only, however, if the velocity
fluctuations are proportional to the steady-state velocity field. Thus,
in this case, the frequency response of the U-meter probe may be improved
over the limits set by its finite size.

The degree to which this is possible is set by the feedback loop in
the electronics which makes the constant-resistance-operation possible.
As shown in Section 8.5 , if R, is the electrode resistance, and gm the
transconductance of the feedback loop, then

The amplitude response in this mode of operation falls to half-value
(-6 db) when

o(A4O)3t2koý] j Ik- o))
or when the probe response has fallen to

hMo) [/- 2Z
As an example, assume the probe response varies as (power spectrum varies
as inverse fourth power):

where wc is the cutoff frequency without constant-resistance-operation.
Also assume,

P = .02 per °C

ZT = 20 °c

S= 0.40

R = 30 ohms

1= 0 ohm1

then, the new cutoff frequency is

Jcd= 3.5 wc
1c 15 w
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Thus, the bandwidth of the U-meter is increased by a factor of 15 in the
CTO mode.

If the velocity field is turbulent in three dimensions, instead of a
proportional fluctuation field, the advantage of the CTO mode is nullified
for the U-meter. Only a "statistical" compernsation is possible in this
case to account for the fall off of the power sensitivity spectrum at
high wavenumber.
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15. ELECTRONICS ANALYSIS

The performance of the detection equipment depends primarily on its
ability to detect minute changes in the sensing elements. The optimization
of the electronic instruments for measuring such changes is studied in
this Section. In particular, the best type of wheatstone bridge, the
reduction of internal noise, and practical problems of operating with
balanced bridges are considered. More advanced techniques for further
improving the detection equipment are discussed briefly at the end of
this Section.

15.1 Wheatstone Bridge

Some of the fundamental properties of wheatstone bridge networks are
established below. It is necessary in the theory of alternating current
networks to introduce complex quantities for the variables under consider-
ation - we adopt the convention that small letters represent complex quan-
tities (e.g. voltage v) and capital letters the magnitude of thise quantities
(ej. voltage V). The conjugate of a variable vis denoted 'by v (thus,

v v = Vf). First, the relation between input and output for a general
bridge is developed and then the optimum sensitivity for a special bridge
of practical importance is obtained. The input impedance of a bridge
is also derived.

The measurement of small changes in the impedance of an electrical
element is best made with the aid of a bridge network. This is due to the
fact that in such a network an output which is proportional to the varia-
tions can be obtained rather than an output which also includes the large
contribution due to the average value of the electrical component. Exam-
ples of such networks are shown in Figure 15.1 and Figure 15.4

A number of advantages of the use of bridge netwojrks can be pointed
out in connection with performing differential measurements in which
two elements of identical properties are used to measure a variable to
which the elements are responsive. These sensing elements constitute
two arms of a bridge network and are physically located at different
points where the values of the variable being measured may not be
equal at all times, but are on the average. Thus, the average bridge
output can be adjusted to zero) and, then, if a finite output is ob-
served, it indicates differences in the magnitude of the physical varia-
ble being measured at the two points separated in space. Such an ar-
rangement is well suited to measure slight differences in properties of
microstructure in a medium. Large changes in the measured variable which
are uniform over distances of the order of the separation between the
sensing elements are not detected. Since the output of the bridge circuit
is small in magnitude in comparison with the input voltage required to
make the measurement, a large amplification of the output signal can be
used before the signal becomes inconveniently large. Such large amplifi-
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cation would not be possible without a bridge network unless a filter was
used to pass only these frequencies of interest. The use of such a filter
is not possible if the bridge is operated at high frequency and the fluc-
tuations of interest extend to low frequencies because of practical limit-
ations in the construction of very narrow band filters. The 'ýIfferential-
spacial bridge arrangement is also well suited for canceling out spurious
electrical noise signals which are homogeneous over the separation dis-
tance of the electrodes but which have large time-varying components in
the frequency band of interest. Finally the measurements become essen-
tially independent in amplitude and phase fluctuations in the electrical
power source for the measurement.

As is well known the output of a bridge is proportional (for small
increments) to the combination (1)

q,-3 - .244
where the four quantities are the impedances of the arms of the bridge;
the balance condition for null output is

A symmetrical bridge is defined as one in which, on the average, we have

In a symmetrical bridge if 1- andZLare the sensing elements, the output
is proportional to

where z is the average value of za and andz2 are the respect-
ive varia ons of these two impedances. The rms average output in this
case is V 2 larger than the individual component variations if the .two
are uncorrelated, i.e., the output of a double element bridge is V2 times
larger than that of a single element bridge; if three elements are used
the improvement factor is V3, and if all arms of the bridge are sensing
elements, the improvement is 4 = 2.

In the following paragraphs some of the detailed properties of bridge
networks are considered.

Bridge Equation

Consider the four-arm wheatatone bridge network of Figure 15.1 in
which z1 = Z + Az is the sensing element consisting of an average value z
and a small variation Az; Z2, z3 and z4 are the complex impedances in
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Figure 15.1. Wheatstone Bridge Network
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the other arms; and z 5 and z 6 are the input and output impedances of the
detector and source, respectively. The complex voltage applied to the
bridge network is v, and the bridge output voltage is Av. As is well
known, the bridge is balanced so that there is no output (Av = 0) when

zI z3 = z2 z4 .

We will assume this condition to hold precisely only for average values,

consequently

z z3 = z2 z4

which holds only when Az = 0. In the analysis of the bridge we will assume
only slight deviations from balance and only first order terms will be
retained. The voltage v appearing across the input impedance to the
bridge, zS, is given by

where v6 is the source voltage in series with z6. For a detector of
infinite impedance (z = co), the voltage Av. which appears across the
detector is given by Zhe well known expression (2)

41J~(,,z - F,_____

where

3 -s-.) 4)

is the "complex balance factor" or "bridge transfer function." Small incre-
ments in the bridge elements are proportional to b. By Th6venin's theorem,
the volbage Av which appears across a detector of finite impedance, z5,
is

where zkis the impedance of the bridge looking back from the detector.
Combining the above relations (and temporarily writing Av = v5 for symmetry
of notation), we have the general bridge equation:
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For first order theory the source impedance, z6, and detector impedance,
z5, appear only as shown in the last two factors since to first order z,
is independent of z , and atis independent of z 6. This fact is discussed
in a later para;;phi.

An important special case of the aqove bridge equation is when the
source is matched to the bridge (z6 = ze) and when the detector input
impedance is infinite (z5 = 00):

I"__ __ =% 0:3(k

V (-- - 1)(-i

where we have used the fact that z, - z + Az. Define the (complex) bridge
factor) m, as

or since z Z3 - z z4, m can be expressed in the more symmetrical form
(involving only Kwo instead of four impedances) as

The bridge equation now takes the simple form

The bridge equation can always be written in this form even without the
special assumptions used here. If we consider the magnitudes of the above
equation it becomes

V (i-

where M is called simply "bridge factor." If we consider the rms value of
the above equation, the voltage ratio of output to input is called the
(steady state) "balance factor," B,
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Sensitivity

The sensitivity of a bridge (or any device) is defined as the change
in output, AV, per unit change in the measured quantity, AZ:

(*z)
and the "sensitivity exponent" or "fractional sensitivity" as

M AV)

which is identical with the bridge factor.

Let us find the optimum sensitivity (i.e. maximum M) for a given
impedance z (3,4). Let the ratio of z2 to z be

where

and

It follows that

The optimum (maximum) value of M is found first with respect to n by the
condition

m = 0On

with the result n 1, or z2 = z. The value of Mnow is

M= z(114 jr) .
It would seem that for = i the sensitivity is infinite (a resonance
condition) but because of the finite resistance of z, the value of
must be less than %. We find this optimum ?-value by observing that the
real (resistive) parts of z and z2 must be positive (for passive linear

15.6



elements) so

cos 2 0 or 0 <-( +f

also CsQO 0 ori

With a little consideration it is easily shown that the optimum value of
which is consistent with these constraints is

COB 9 = - sin g

so that the optimum M -value is

M I
max 21sn0

If z is a pure reactance (g - A/2), the sensitivity is infinite. If z is
approximately a pure resistance as is the case for electrodes, we have
9 Ae0 and

M
max 2

In this case X = X •0 and z= z R = 2 . The values for z3 and z4 can
be any finite value provided

z z

We will see later that different optimum values are obtained if we are
concerned with the signal-to-noise ratio rather than the less fundamental
sensitivity of the bridge. The sensitivity of the wheatstone bridge is
considered under other conditions in References (5,6,7,8).

Input and Output Impedance

The input impedance, z, to the wheatstone bridge network shown in
Figure 15.2 is required. The source voltage and current are v and s,
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respectively. The quanti-
ties A,B,C,D and. X are com-
plex impedances and

V = 8z .

Following Maxwell's theory
of networks, we write

v = s(A+B) + t(A) + w(B)

0 = S(A) + t(A+X+D) + w(-X)

o = S(B) + t(-X) + w(B+C+X)'

The solution to these three
linear equations by deter- Figure 15.2 . Bridge Impedance

minants is

v A B

0 A+D+X -X

0 -X B+C+X
s=.

A+B A B

A A+D+X -X
B -X B+C+X

Expanding and simplifying, we obtain

z DC(A+B) + AB(D+C) + X(A+B)(C+D)
a -(A+D)(B+C) + X(A+B+C+D)

It is convenient to define three quantities:

z = ýA+B)(C+D)
* (A+B+C+D)

z A+B I+ DS= 7 B + 1 +
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The first of these, z , has the form of the input impedance when the
bridge is balanced; i.e., when AC = BD, and is independent of X. The
quantity, b, is the balance factor for the wheatstone bridge; at balance
b = 0. These quantities are related to z by

1 1 b2

z • z
0 x

which may be shown by direct substitution, and some amount of algebraic
manipulation. This is an exact expression - not one developed as an
approximation which retains leading terms in powers of b. A similar
result is obtained for the impedance of the wheatstone bridge looking back
from the detector (impedance X is then the source internal impedance).

It will be noticed that near balance where

B =Ib1l ,

that Z z

Therefore, to first order in the balance factor, b, we can write

Z = z 0,.

which is the familiar result for an exactly balanced bridge.

15.2 Optimum Bridge Networks

The wheatstone bridge of optimum sensitivity is not necessarily
optimum with respect to signal-to-noise ratio if noise is generated
internally in the arms of the bridge. This topic is studied in some
detail in this Section for single and double sensing element bridges.
The basic concept on which the optimization of these bridges is based is
considered first.

Detectability Concept

The relative merit of a bridge is frequently expressed in terms of
the "sensitivity" of the network. The sensitivity is defined as the
magnitude of output signal for a given (small) change in one arm of the
bridge which is due to changes in the particular physical variable being
detected. A more important basis for judging the merit of R. bridge
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network in a detection system is the "minimum detectable signal" (9).
This is defined as the smallest change in the physical variable under
consideration which is just detectable by the instrument. The term
"AuBt detectable" requires a statement of the signal-to-noise ratio
whicn is assumed -or the signal to be considered "detected." In opti-
mizing a given detection instrument, it is preferable to optimize the
"detectability" rather than the "sensitivity." The former concept is
intrinsically involved with background noise whereas the latter is in-
volved essentially with the "gain" of the instrument. Thus, "maximum
sensitivity" is not considered as important as the "minimum detectable
signal."

The noise which limits a certain instrument is of two distinct types:
that which originates in the instrument itself (internal noise) and that
which is in the medium (external noise). In the case of an internal
noise limited instrument, the concept of detectability is of prime im-
portance and will not necessarily have optimum conditions which are the
same as those based on maximum sensitivity. For an external noise limit-
ed instrument the minimum detectable signal is set already by the envi-
ronment, and it is proper in this case to optimize the detector by max-
imizing the Rensitivity.

Optimization Criterion

The criterion for optimizing the wheatstone bridge network for the
detection of small changes in impedance will be based on the "detect-
ability" concept. This assumes that the noise which limits the measure-
ments is internal to the bridge network. The criterion is the following:
given the total power, P, developed in the bridge network; the impedance
z which is subject to variations which one is trying to detect; the
source of noise is due to Johnson thermal noise only; and the signal-to-
noise ratio, *, which just permits the detection of a signal (over the
passband of the equipment); then choose the impedances of the source,
detector and bridge network such that the detectable impedance variation
is a minimum. If the noise limiting the measurement is due to an external
source, the "sensitivity concept" applies and the bridge is optimized in
the conventional way for maximum bridge output signal power. Lord
Rayleigh (6) shows that this is achieved by matching the source impedance
to the bridge input impedance (conjugates of each other); the detector
impedance is matched to the output impedance of the bridge (conjugates
of each other); and all arms of the bridge are of equal impedance, i.e.,
equal to the impedance, z, of the measured element. The optimization
of the bridge which follows, refers properly to the operation of the
detector with impedances which are independent of applied power, that is,
for the measurement of temperature and salinity, but not for velocity.
As is known, the sensitivitV to velocity fluctuations depends on the mode
of operation, i.e., CCO, CVO, CPO (See. 5.3 ), but for impedances which
are independent of applied power (linear elements) the mode of operation
is not of importance.
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Single Element Bridge

"In Section 15.1 we saw that the output signal, Av, from a bridge
is given by (see Figure 15.1

where

Added to the output, Av, is a noise voltage, v , due to thermal noise
voltage fluctuations. The root-mean-square ofthe thermal noise is (10,25):

= j~v~4. - 4f-

where k is Boltzman's Constant, T the absolute temperature, Af the
bandwidth sad Re fxj denotes the real part of x. This thermal noise is
due to the resistive part of the impedance in parallel with the detector
input, i.e., z5 and zd.

The total signal, Av., at the detector input is

AvT = Av + vn ,

where the signal, Av, and noise, v , are assumed to be uncorrelated. The
signal-to-noise ratio (power), ý, •s defined as

and is assumed to be given and fixed. Combining relations

where P is the given total power dissipated in the bridge,
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Rewriting the above equation we get

which is the square of the balance factor averaged over the band of
frequencies, Af.

The optimum source and detector impedance are determined by minimiz-
ing the above expression. Since the source impedance does not appear in
this equation (except for a second order term in zd) it is not pertinent
to the persent optimization criterion. In practice it is matched to the
bridge network (4,* = z6 ) for maximum power transfer. The detector imped-
ance is determined by minimizing

which requires (since Re {z5 } is positive)

aI
Thus, the detector impedance is a pure reactance (preferably large).
Using this result we have

which is applicable for either single or double sensing element bridges.

For a single element bridge we have

and
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Define the magnitude of the fractional impedance imcrement, 1 , as

combining these relations we obtain a relatively complicated relation
which is a function only of the impedances .2 and z, and the given
impedance z. This expression is, however, symmetrical in z2 and z 4. It
may be shown that the process for optimizing with respect to one is the
same as for the other because of the interchangeability of the two varia-
bles. This greatly simplifies the analysis because we may set

z 2 v z4 ,

and optimize with respect to z 2 (or z4). Assuming this, we have

If we write

where

and

=ZZ Z e
then / /

The minimization of t with respect to n yields the result n = 1, which is
the solution of the equation ( /ihn) = 0. Thus, the magnitute of
zlz2,z3 and z4 are all identical. For this value
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It would appear that L could be reduced. to zero by an appropriate choice
of T in this equation, however, this is not possible for linear circuit
elements (fixed vklues). This follows because the resistive component
of all impedances must be positive or zero:

or

The optimum value of • is found by inspection of the "allowed" region
of P for a given 0. The first and last of the above equations set the
bounds on this allowed region:

With some consideration, it may be shown that the optimum value of
lies on part of the boundary of this region, viz. :

P = /F1ý(o -li< 7
At this value, we have

P

where

This is the minimum detectable signal obtained by the optimization crite-
rion for the singie element bridge. For this optimum arrangement, we have
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The voltage, vl, which appears across z, z + Az is related to the input
voltage, v, by

The "efficiency,"I , of the bridge is defined as the ratio of power
dissipated in the electrode to the total power, P, that is:

Mj' -L M"__ _ 09_

The bridge equation is

or

16 V (magnitudes)

where

/=4/ 6

For pure resistance sensing elements, as is approximately the case
for the electrodes of this Report, we have Q 0, z = R = Z. In this
case ( ± v/4, 02 ± 04 .- ± ./4 and

and

A15-1
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The arms of' the bridge are:

Such a bridge is shown in Figure 15.3 with inductances as the positive
reactive components.

Figure 15.3. Optimum Single Resistive Element Bridge

Double Element Bridge

Consider now the problem of optimizing a wheatstone bridge network
with two equal, but independent, sensing elements. The network for this
case is that of Figure 15.1 where

and we must also include an impedance z which appears as a load across the
bridge input and is due to a possible conducting path between the individ-
ual elements. Variations in zx do not cause variations in bridge output
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(to first order). This "cross impedance," zx, will be written

z = Kz ,x

where K is some complex number. The requirement of steady state balance
is satisfied if

z3 = z4

which will be assumed. As in the case of a single sensing element the
detector impedance is a large pure reactance and the source impedance is
the conjugate of the bridge input impedance (matched). The bridge
equation in this case is

IV

where Az ý AzI - Az2 and the bridge factor is

M =M = 0.250o

The input impedance to the bridge is given by

_L_ = I + 4

where K-_ I< _ =a

The bridge output impedance is

d 2l(z + z3)

The equation for the minimum detectable variation developed previously
is
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or

If we write

where

and

then

1~4o cas + 'Y C C*Lqc'4e COSce-1
K'

Minimizing M0 with respect to n (ýM/"NX..)yields the condition

and on substitution of this result we have

The number n is independent of •, The optimum value of r is found by
inspection under the constraints

a&>

or

or

The minimum value of M is clearly at the minimum allowed value of
cos( T+G) since all te~ms are positive, therefore

+ + = -
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Thus, z and z3 = z4 are in quadrature independent of the value of K'
(or K). Subs~ituting this result, the optimum value of M is found to be

where

For the important case of purely resistive elements and cross resist-
ance (0 0, 0' = 0, z =R) we have

V = ± ir/.

and

The efficiency (per electrode),, is

and the efficiency for both electrodes together is just 2,.1 The bridge
network corresponding to this case is shown in Figure 15.- for inductive
reactive components.

The simplest case for K = cc for large cross resistance we have
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n~1

M -2
0

z 3 = z= i 4

E+ R
d 2 - 2

=a R + i R

and 2 1

If ,f"

Figure 15.4 . Optimum Double Resistive Element Bridge
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Results and Comparison

The results of the analysis above are now given for the case of
infinitely large cross resistance (K = co) in the case of the double
sensor. A comparison is made between the single and double sensing ele-
ments to show that for differential measurements of microstructure which
is not correlated over the separation distance between the double sensing
elements, that the double sensor is more suitable, i.e., its minimum
detectable signal is smaller than that for a single sensing element. In
the case of the single element the smallest detectable impedance difference,

was shown to be (assuming a resistive sensing element)

2.M 2.41)l

and that for a double sensing element is

74) Z.oo (M = 2.00

the ratio of these quantities is

4.4

If AT is the rms effective temperature fluctuation in the medium which
produces signals in the passband of the equipment, and Pis the temper-
ature coefficient, and if furthermore, the temperature fluctuations at
each of the double sensors are uncorrelated (because they are separated
Sufficiently), it was shown in Section 15.1 that

but

where the subscripts on AT refer to the minimum detectable temperature
fluctuations in each arrangement. Finally, combining the above relations
we find
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Thus, the minimum detectable temperature of the double sensor is about 60 %
that of the single sensor, i.e., the detectability is about 4.7 db better.
It is for this reason, among others, that the high sensitivity detection
equipment developed and described in Section 16.1 is based on the double
sensing element arrangement.

To summarize, we list in Table 15.1 below some numerical factors which
characterize the bridge networks. It is useful to introduce some dimen-
sionless numbers which describe the properties of the bridge; they will
be denoted by Mi where i is a subscript which identifies the property of
the bridge; M is the bridge factor which has already been introduced (no
subscript); M is the number already introduced to account for the S/N
theory; M1 is the number of electrodes; M2 is the resistance of the input
impedance to the bridge relative to the resistance R of the sensing ele-
ment (Re• • = M2 R); M3 is the resistance of the output impedance of the
bridge relative to the resistance R of the sensing element (Rel&A - M 3R);
M4 (=, ) is the fraction of power absorbed by each sensing element; and
M5 is the total power efficiency of the electrodes (M5 = MIM4 ).

Table 15.1 Table of M-Numbers for Optimum Wheatstone
Bridge Networks

Single Double Four

Number Element Elements Elements

M 0.294 0.250 0.250

M 2.41 2.00 4.O0
0

M1 1.00 2.00 4.00

M02 0.707 1.00 1.00

M3 0.707 0.500 1.00

M4 0.415 0.500 0.250

M5  0.415 1.00 1.00

Also included in the last column are the results for an equilateral
bridge with four equal (on the average) resistances, R; the source is
matched to the bridge (z. = R); the detector impedance is assumed infinite
(z5 = -o). These are the optimum conditions for the equilateral bridge
for maximum detectability.
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15.3 Balance Problem
The operation of the detection equipment is improved in several respects

if the bridge is adjusted to a high degree of steady state balance. This improve-
ment is associated with the reduction of noise originating in the signal
source, linear detector, and spurious noise in the amplifying system. For
a system which is manually balanced, there is a practical limit to the degree
of balance which is set by the natural instability in the electrode ele-
ments. A higher degree of balance is possible when the balance is set by
automatic means (See. 15.4 ). The variations in balance conditions can
present a very troublesome practical problem if a wide range of gain control
is not available and if suitable adjustments of the bridge are not available.
This situation sometimes arises if it is necessary to adjust the bridge to
balance by an inadequate remote adjusting arrangement and is due to the fact
that, if the bridge deviates too far from balance, the output signal is so
large that the sensitive input amplifiers saturate. There is no means of
determining whether the bridge adjustments are improving or worsening the
balance condition in this situation. Proper balancing of the bridge is
accomplished most readily by two independent controls which are "orthogonal."
The above aspects and others concerning the problem of balancing a bridge
network are considered in more detail below.

Balance Convergence

A four arm wheatstone bridge is brought to balance, i.e., a null output,
by the adjustment of the components of the bridge. This can be done, in
general, only if two adjuFtments are available which are at least somewhat
independent. For a highly refined balance one must make quite a few adjust-
ments, alternating between the two, to achieve the desired balance. Unless
care is exercised in choosing the adjustable components it may prove very
difficult or impossible to obtain a null condition. This difficulty lies
in the degree of dependence or independence of the two controls. This prob-
lem of balance convergence has been'studied in References (11,12,13,14).
The results of these works are briefly summarized here with some minor modi-
fications.

Consider a bridge initially near balance. With reference to Figure 15.5,
it may be shown that the bridge output can be represented as the radial dis-
tance from the origin to a point in the complex plane. The bridge output
lies on a line as any one of the bridge elements is adjusted; the family of
lines for any two adjustable elements cross each other at an angle Y. The
bridge output follows the zig-zag path of Figure 15.5 as adjustments are
alternately made between the two elements. The angle A in this Figure
indicates the error in any one gdjustment. If the corsslag angle between
the families of lines, /, is 90 the bridge balances rapidlywhereas if Y
is a small angle the convergence is poor. The two adjustable elements are
said to be "orthogonal" if their relative crossing angle is 900.
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Figure 15.5 Bridge Balance Convergence

If' the bridge output is reduced on the average by a factor k, called the
"convergence coefficient," with each adjustment, it may be shown that

!0

*~~~4L/ J4e

where rms values are assumed. In practice the angle 6 is about 10°. The
convergence is rapid and convenient if k is less than about 0.5, In which
case the angle Y satisfies, approximately, the condition (for tan i = .03)

600 < Y < 900 .

It remains to find out how to choose the adjustable elements so that the
above condition holds. Hague (15) shows that if

D = ziz 3 - z2z4
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where the impedances zl, z 2 , z and z are those of the arms of the wheat.-
itone bridge (D = 0 at balanee, if x and y are any two adjustable impedance
elements of the bridge which are parts of the above impedances, then

For the symmetrical differential bridge illustrated in Figure 16.3 used in
the high sensitivity detection equipment in which the reactance of the
electrodes is relatively small we have

where L is the inductance in two of the arms of the bridge and the electrode
resistances and capacities are r r2 and cl, c2 , respectively. Assume r1
and cI are the adjustable elements (or r2 and c2 , see Figure 16.3 ) then
x = rl and y = -1/wcj and by the above formula

For the bridge network of Figure 3.6.3

thus

tan 1=1.85  and 7= 62°,

therefore, the convergence of the bridge should be satisfactory.

Degree of Balance

A convenient measure of how well a bridge is balanced is the ratio of
the voltage,AV, at the output of the bridge to the voltage, V, at the input.
This ratio is called the "balance factor" and designated by B:

The degree to which a bridge can be balanced under quasi-steady state
conditions depends on the over all stability of the fixed and variable
elements of the bridge. If thE< bridge is of a symmetrical (e.g. Figure 15.'
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type the balance factor, will be inherently superior (i.e. smaller) to
that of an asymmetrical or single element type bridge (e.g. Fig. 15.3 ).
The balance factor for a symmetrical bridge of the type shown in Figure
15.4 is expressible in terms of the difference,AR, in the resistances of

the electrodes as

V 1'

It is of interest to quote the results of experience with bridge balance
adjustments performed in laboratory experiments: if two electrodes are
constructed with care so that they are mechanically similar to tolerances
readily attainable in shop work, (e.g. t e 3" electrodes of Fig. 9 . 3 4 )
a balance factor of the order of 3 x 10 is obtained straight away based
on the similarity of the electrode construction, that is, their resistances
are equal to about 1 %; if balance adjustments are made manually and contin-
uously while the electrodes are immersed in flowing water, t e balance
factor can be improved about a factor of 100, or B = 3 x 10 ; this state
of balance is not stable, however, and if adjustments •re made about every
15 minutes the average balance factor is about 3 x 10- ; if good quality
resistors are used as bridge elements instead of electrodes in water,7a
much higher degree of balance is possible, amounting to about B lO- in

the best cases, for short periods of time.

Methods of Adjustment

In laboratory experimento it is usually a simple matter to provide
sufficient adjustable elements (more than two) in a bridge network so that
the convergence to a null is virtually guaranteed, even if the convergence
coefficient of one pair of controls is not good. In experiments where one
does not have easy access to the bridge network because it is remotely
located close to the external sensing electrodes, as for example in some
oceanographical experiments, greater case must be exercised in choosing
the proper adjustable elements. Several methods of making the two inde-
pendent adjustments may be mentioned which have applicability to the balance
of a bridge by remote means.

The first and most direct means is through the use of small reversible
motors that adjust suitable bridge elements. The operator controls these
motors by means of electrical wires from the detection equipment through
cables to the bridge network and electrode elements. For a fine adjust-
ment, the elements must have high resolution and many Lurns (e.g. ten turn
potentiometer). Two such elements are required. Several other indirect
means of balancing depend on the non-linearity of some element of the
frequency dependence of the bridge network. If the bridge is slightly
non-linear the balance may be refined by adjusting the power to the bridge;
if it is frequency dependent the balance can be controlled by varying the
frequency of the power source slightly. The above have the advantage that
no auxiliary wires other than those necessary to drive the bridge are
required. Whether these two adjustments are orthogonal or not must be
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determined by experiment. Another method involves the use of a heating
element attached to a temperature sensitive component, although this
requires an additional wire to supply the adjustable electric power to
the heating element.

Phase Detector

When a bridge is adjusted to balance, the residual output signal
from the bridge has a phase which bears no known relation to that of the
input, i.e., the output signal phase relative to the input phase is random-
ly distributed (but fixed). As a result, if the output signal is envelope
detected it may or may not respond fully to the resistance variations of
the electrode as desired. A special arrangement, thus, must be used to
accomplish this, which Involves the use of a phase detector. The theory
of this technique is presented below. The output signal (complex), Av,
from a bridge circuit to which a signal v is applied is given by the form

Av _

v

where m is the "bridge factor," z is the impedance of the sensing element,
and Az is a small change in the sensing element(s). The variables are,
in general, complex. If the bridge is balanced (Az = 0), the signal Av
is zero; if not, the signal Av is finite and may be termed the "unbalance
signal." If the applied signal is

-0 = /P-- y ea

where V is the rms value of the applied voltage, and

and L e

then the output signal is given by

It will be noticed that small changes in the magnitude, of the
sensing element impedance are 900 out of phase with small. ch•nges in the
impedance phase angle, AQ. The changes AZ are due primarily to variations
in volume resistance and the changes AQ are due to variations in surface
reactance. The rms value, AV, of the output signal is

*The signal is actually the real part of Av i.e., Re (AV)
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The actual method of obtaining this si nal requires closer consider-
ation. The modulation of the signal Re Av, caused by variations in
Z and 9, is obtained by an envelope detector which is operating essentially
as a linear detector. As such, the output of the linear detector closely
approximates the signal value AV. The detection process is subject to
several limitations which are discussed below.

The unbalance signal consists of a steady state component and a vary-
ing component caused by the constant and variable parts of the impedance
changes AZ and A@. Denote the constant parts of AZ and AG by AZ and AG
and the variable components by AZ' and A9', then o

and

449 A i-,,6

A faithful reproduction of the signals AZ' and AG' is desired from the
detection equipment. The limitations encountered may be seen by expanding
the output signal, AV, as follows:

.~ (-- + Z ( -

Unless the variations are small compared with the constant values, non-
linear distortion and harmonic distortion of the signals AiZ, and A9' will
occur. If these variations are small (i.e. the bridge is not critically
balanced in the steady state) then the above linear detec"'r output signal
is approximated by

/4Z ý ) (42
where

The linear detector is followed by a filter which rejects the do and
slowly varying components. The resulting signal is
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vhere

4 V =- 4 +V V'
The outpuIlt signal is, thus, a linear combination of the desired signals.
The last, and possibly most important, limitation is that for a given
steady state unbalance, c0, the coefficients

are, in practice, completely unknown and uncontrollable. Since the varia-
tions AZ' are generally considerably larger than A9' variations, the out-
put signal can be greatly altered by slight variations in the steady state
balance conditions (for a given e ). Furthermore, it is desirable to make
independent measurements of the A21 and AG' variations by some means.

Because of the above limitations of non-linear distortion, harmonic
distortion, dependence of the output signal on the details of the bridge
balance and the mixing of the impedance magnitude and phase variations,
it is not advisable to make a direct linear detection of the bridge output
signal. These problems are avoided by a suitable method of phase detection.

Suppose a signal of known amplitude (rms), A, and phase, ,is added
to the bridge output signal:

F~ 0~ (Wt_ VIM Z (44-) ac(--0 4 oo- ~ i+/r)
and this signal is applied, as above, to the linear detector. In order to
avoid non-linear distortion and harmonic distortion, assume that A is much
greater than the signal variations. In this case the rms value (averaged
over one cycle of the carrier frequency W) of the signal from the filter
which follows the linear detector is

Since the phase angles P and ý are now constant and controllable, the
independent variations AZ' and A9' ma be measured by adjusting the relative
phase angle (P--•) between 0 and 90 , respectively. Thus, the varia-
tions of surface impedance (AG') may be measured independently of the
variations AZ' due primarily to volume resistance variations. Such an
arrangement is used in the detection equipment as shown in Figure 16.10.
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A measurement of the correlation between AZ' and AG' variations may
be made by measuring the rmse value of AV' for various relative phase
angles (p- ).

15.4 Low Noise Techniques

Internal noise sets the limits of detectability of the temperature,
salinity and velocity sensors in certain experiments, for example, in the
ocean. For this reason measures should be taken to reduce internal noise
to as low a level as possible. Techniques for noise reduction are now
considered.

Amplifier Noise

The output signal from the bridge must be amplified to a suitable
level for its proper measurement. As shown in Section 15.2 , the detector
input impedance should be a large pure reactance. A vacuum tube amplifier
largely fills this requirement and will be used as the basic preamplifier
unit. Optimization of detectability is a requirement on the noise figure
rather than a requirement on gain. The noise figure, F, is defined as the
ratio of signal-to-noise ratios in the input and output circuits:

F " ____ _

where A denotes signal-to-noise ratio. When a number of successive stages
are involved with noise figures F, F 2 , F 3 ... , and power gains GI, GZ,
G3 ... , then the composite noise 'igure is given by a formula due to
Friis (16)

When all stages are identical with the first

if a, 1.

The simplest and most effective vacuum tube amplifier at moderately
high frequencies is the grounded-cathode triode. This arrangement has
the advantages of the highest available power gain (hence maximum possible
reduction of second stage noise) and a good noise figure (17). The dis-
advantage of instability (oscillation) at high gain due to interelectrode
capacity may be neutralized by appropriately tuned inductances when the
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required bandwidth is sufficiently narrow. The disadvantage of shunting
the signal and resultant loss of gain is not important at frequencies of
the oider of 40 kc. If a wide bandwidth is required, other types of
amplifier are more suitable e.g., the double triode cascade amplifier.
At moderate frequencies where parasitic capacitances can be neglected,
the noise figure of the grounded cathode triode amplifier is (17)

F= /9,- 2,5"

where gnais the transconductance of the triode, R1 , is the effective internal
resistance of the signal source at the triode input, and the equivalent
noise resistance (due primarily to the shot effect from random emission
of electrons from the cathode) is given approximately by (18)

A good noise figure may, therefore, be obtained with a triode of large
transconductance (and may be further improved by paralleling tubes).

Input Transformer

The degradation in the noise figure of a detection system due to the
equivalent noise of the input amplifier tube is reduced by having the
signal which is being detected generated in an impedance which is large
in comparison with the noise resistance of the amplifier. If the impedance
in which the signal is generated is fixed by other considerations, the
improvement can be achieved by a transformer which effectively changes
the signal impedance level. Consider the idealized input circuit of Figure
15.6 where a signal AV is generated in a resistance RI, and passes through

Figure 15.6 . Input Transformer
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a transformer of turns ratio N to the grid of the input tube of the amplifier.
We assume the inductance of the transformer is tuned out by the capacity
shova in the primary over the bandwidth of the signal centered on the
carrier frequency; also that the quality of the transformer is high (high Q)
so that the input impedance to the transformer is much larger than that of
the source impedance Rlo These assumptions are not always valid for very
high carrier frequencies (above radio frequencies) but are valid to a high
degree in the present detection equipment at 40 kc. The requirement of a
good noise figure is that the impedance of the transformer as viewed from
the grid of the tube is very much higher than the effective noise resistance
of the amplifier tube, that is

where M is a number much greater than unity. This condition is better
achieved by a higher turns ratio; however, for a very high turns ratio the
quality of the transformer suffers. The improvement in noise figure for a
turns ratio greater than that corresponding to M = 10 is slight, although
the signal AV does experience a higher gain (equal to N). For the case at
hand we have R1 = 15 ohms, gS = 9,300 micromhos, N = 30 and M = 50. The
corresponding nolse figure o this input stage is only 0.1 db. The voltage
gain of the input transformer is 30.

Linear Detector Noise

The very slight amplitude modulation on the steady state unbalance
carrier wave from the bridge output contains the information concerning
the minute variations of the electrode impedance. This low frequency
modulation is picked off the carrier wave by a linear detector and further
amplified. The linear detector consists of a diode which is a source of
ordinary thermal noise at higher frequencies but at lower frequencies an
additional noise signal is present, called "excess noise." The noise porer
density of excess noise i.- roughly inversely proportional to the frequency
(19,20).This additional source of noise can be reduced by proper selection
of diodes and operating conditions, and by greatly amplifying the carrier
wave plus modulation before envelope detection. A good diode is generally
one which has a large contact area, i.e., a junction diode rather than a
point contact diode. Operating a number of these diodes in parallel is
also helpful in reducing diode excess noise. The diode excess noise power
varies roughly as the square of the average diode current, therefore the
average rectified diode current should be as small au possible. If this
rectified current is zero, the excess noise is zero. If it is possible to
amplify the carrier wave plus modulation considerably, before envelope
detection, the excess noise of the diode will be relatively small compared
with the desired signal and the fundamental thermal noise of the input
stages.

This latter method places constraints on the steady state unbalance
signal of the bridge network, the peak voltage on the linear detector and
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the gain of the preamplifier stages. The conditions imposed on the detec-
tion equipment apply at the low end of the band of frequencies of interest
in the amplitude modulation signal where the excess noise is largest. The
noise ratio due to excess noise may be as large as 40 db at an average
current or 1 ma.

Source Noise

Amplitude modulation of the signal source which drives the bridge
appears at the output of the bridge and is indistinguishable from the
desired modulation if they occur over the same band of frequencies. This
source noise is greatly reduced if the bridge can be balanced to a high
degree; it is also reduced, of course, by having the source as free as
possible of amplitude modulati.on noise. The requirement imposed on the
degree of balance of the bridge and the source noise, in order that it not
be a problem, is now calculated under the assumption that the source noise
should be equal to the Johnson noise at the output of the optimum differ-
ential bridge illustrated in Figure 15.4 . The mean square Johnson noise,
(vn)rms , at the bridge output is

where R is the electrode resistance and Af is the bandwidth of the modula-
tion signals which one is attempting to detect. This assumes a detector
of high input impedance. Let the rms noise modulation, over the band of
frequencies of interest, on the source signal, AVn, be a small fraction,,
of the rms voltage, V, applied to the bridge

An = eV .

The rms noise output voltage, 5AV, from the bridge is

where AR is the steady state difference in the two electrode resistances
of the differential bridge and is a measure of the degree of balance of
the bridge. We require that the noise at the bridge output due to source
noise be so small that

5AV = (Vn)rms

Combining the above relations we find
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where P = (V2 /4R) is the electrical power dissipated in one electrode.
As discussed in Section 15.3 , it is reasonable to expect, in practice,
a bridge balance (with occasional manual adjustment) of the order of

For an electrode power of 100 mw (P = 0.1 watt), end a bandwidth of

Af = 100 cps, this corresponds to a source noise level of

e 6 x 1O06

This is a fairly low level of source noise. Improvements in the amount of
source noise can be obtained by regulation as discussed in Section 15.5
Our original requirement in the above calculaticon was that the noise as-
sociated with the source be equal to Johnson noise; in detection systems
with very good noise figures (1 db) this requirement should be somewhat

more strict.

Other Noise

A very distrubing source of signals is hum associated with the avail-
able 60 cps power and its first several harmonics. A large step towards
eliminating this problem is to use dc on the filaments. If transformers
are used in low signal level circuits they should be wound to cancel ac
pick-up and should be adequately shielded from ac fields. Ground loops
should be avoided by using a single ground connection and by small resistors
approximately placed in the input networks. The contribution of hum is
also reduced directly by the use of feedback in the input amplifiers. As a
last resort, a hum compensation network can be constructed with variable
phase and amplitude to cancel out the residual hum due to power frequencies
(although this is usually quite difficult because the first several har-

monics must be adjusted to cancellation independently). Notch filters at
60, lO, and 180 cps can also be used. Problems with power frequency hum
can sometimes be reduced by the use of 400 cps bulk power, particularly if
the signal modulation frequencies of interest cover a bandwidth less than
400 cps.

It is very difficult to construct a detection system of very high
sensitivity in the audio band which is not subject to microphonic problems.
In spite of the fact that the detection equipment may be microphonic, this
source of noise can be largely eliminated by proper shock mounting of
sensitive components and by locating or mounting the overall detection
electronics in a vibration free environment.
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The use of large negative feedback in the amplifier stages is effective
in reducing noise due to gain variations associated with component insta-
bility, hum, and spurious signal injection caused by variations in the
temperature of components in an irregular air cooling stream.

15.5 Advanced Systems

The detection equipment described in Section 16. is capable of very
high sensitivity with a relatively narrow bandwidth. Modifications of this
equipment to make the operation more convienent: less subject to certain
sources of noise; capable of a wider frequency band; and subject to dif-
ferent modes of operation, are more or less direct improvements which would
constitute the next stages of development of the equipment. Because of
limitations of time the refinements have not been attempted at this time,
but will be described briefly below.

Heterodyne Detection System

Detection equipment operating at high frequencies in the radio fre-
quency range or higher, is called for as a possible solution of some prob-
lems in the detection technique (e.g. polarization impedance problems) or
as a means to make specific measurements of salinity (Sec. 4.3 ). In such
a situation it is not always convenient or even desirable to amplify the
bridge output signal directly at the carrier frequency before linear
detection. The procedure followed is to change the carrier frequency by a
mixing process to a lower frequency (the heterodyne process) for amplifi.
cation. The intermediate frequency for this amplification is usually of
the order of 1 mc. (e.g. 455 kc). Mixers for changing the carrier frequency
can usually be o&,.ained with a noise figure which does not greatly reduce
the sensitivity of the measurements. After amplification at the inter-
mediate frequency, the modulation signal is detected in the usual way. The
development of a heterodyne system was not necessary in the present equip-
ment because operation at very high power from the signal source, which
calls for high operating frequency, was not necessary at the low operating
speeds used in the water tub experiments in the laboratory (see, 174 )

Automatic Source Regulator

If the balance of the bridge is imperfect for one reason or another,
the amplitude modulation noise of the source tends to mask the desired
signals. Signal sources of good design which have well regulated power
supplies and include measures to reduce the effects of hum modulation,
have a relatively low level of noise about the carrier frequency of the
source (22). Noise of this type can be reduced by a regulating system on
the output of the source oscillator which is so designed to insure the
reduction of amplitude modulation noise to a low level. Such a system
involves a linear detector on the source output followed by high amplifi-
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cation to detect the amplitude modulation noise; and then a feedback
system using the detected signal as input, to automatically regulate the
noise modulation. A feedback system of this type is not easily constructed
if it is to operate effectively; no estimate of the amount of improvement
of such a system can be reliably given now without experience with it in
actual operation.

Automatic Balance Regulator

A high degree of steady state bridge balance has a number of advantages
in a practical detection system. Because of inherent spurious instability
in electrode systems of identical construction as used in a differential
detection system, the degree of bridge balance cannot be maintViaed better
than a certain value; a balance factor of the order of 3 x 10 is a
practical minimum. A steady state balance to a much higher degree is
possible if an automatic fast acting system is used which regulates the
bridge to zero average output. The term steady state rcfers to fluctuations
at frequencies from dc to the lowest frequency of interest in the detector
system (e.g. 1 cps). The automatic balancing regulator should not work to
higher frequencies otherwise it would regulate out the desired signals.
Such an automatic system requires two separate and independent channels
of regulation, one to regulate amplitude and the other to regulate phase.
This is due to the fact, in ac bridges, that it requires two separated
adjustments to bring the bridge to balance. A feedback system of this
type is complicated and would require considerable development for a
practical system, particularly because of its tendency to instability
caused by large transient signals. An extension of this balance regulator
system is to increase its bandwidth to cover the entire band of frequencies,
even those over which the signal is to occur, so that the bridge always has
zero output. The signal is obtained,not from the bridge output but, by
appropriately filtering the regulating voltages which are replicas of the
variations in electrode impedance. Such a technique is similar in some
respects to that used in hot-wire anemometers in the constant-temperature-
mode of operation.

Wide Band System

The detection equipment of the present Report has been designed for a
relatively narrow bandwidth (about 100 cps) but this bandwidth iB suf-
ficiently large to cope with the fluctuations measured in laboratory tests
and those of interest in many oceanographic measurements. If measurements
of very fine microstructure at high speeds are desired, the bandwidth must
be much wider. For example, 50 kc bandwidth is required for 0.1 mm struc-
ture at 30 knots. In a narrow band system the problem associated with
instability in bridge balance is at its worst because it happens at frequen-
cies not far removed from the band of interest. In a wide band system the
problems of balance instability can be almost completely eliminated if it
is not necessary, also, to measure slowly varying components. This is
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accompaished by having a sharp notch filter on the output of the bridge
which rejects the carrier and closely neighboring frequencies and pases
frequencies well removed from the carrier. ThiG has the consequence that
steady state unbalance signals from the bridge network do not reach the
input amplifier of the detection systea. Consequently, very high gain
before linear detection can be used since the amplified wave consists only
of the desired signal with no carrier. The practical limitation to this
system is the notch filter which sets a lower limit to the signal modulation
frequencies detected. In the present narrow band equipment it is not
possible because a filter of very high attenuation at the center frequency
(40 kc) and also very narrow bandwidth (-I cps) is not possible. For
special applications the woide band system with the notch filter would be
quite useful and probably simpler than the present detection equipment.
No attempt has been made to develop the methods and techniques of such
a wide band system.

Constant Resistance Operation

The technique of constant-temperature-operation, familiar in hot-
wire anemometer instrumentation, can be applied directly, without modi-
fication, to the present technique for measuring water velocities.
Fundamentally, this involves a feedback circuit which regulates the
power dissipated in the water so that the electrode temperature, and
resistance, is held constant. This system is more complicated than the
passive arrangements such as constant-current or constant-power oper-
ation. Considerable development work on this mode of operation has
been carried out in connection with the hot-wire anemometer and this
experience may be used in application to the electrode systems of
this Report (23,24).

Impulse Noise Limiter

The passage of localized impurities in the water through the elec-
trode volume, such as bubbles, bits of matter and plankton, causes very
large and sharp pulses in the detection system. Unless one is specif-
ically interesLed Iii detecting these impurities, they present a trouble-
some problem to the detection system when set for operation at very high
sensitivity. The problem arises in the difficulty for practical ampli-
fying systems to recuperate back to normal operating conditions after
a very large transient signal. This is to say nothing of the possible
resulting impact damage to paper recording devices and disturbingly loud
popping sound produced in audio speaker system for monitoring the deter:-
tion sounds. This problem can be met by an impulse noise limiting
device which functions by not allowing very large transient signals,
which occur very rapidly (pulses), from passing through the overall
detection equipment (21). Such a device is used in tuplitude modu-
lation receivers. This technique is only possible ::n a situation where
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the desired signal does not itself experience changes over a ve,.-y wide
dynamic range in time comparable with the transit time through the
sensing volume of the electrode.
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16. DETECTION EQUIPMENT

Electronic equipment is described in this Section which embodies the
principles and techniques analyzed in the preceding Sections of this Report.
This instrumentation distinguishes itself by its ability to detect extremely
s•all changes in the properties of flowing water.

16.1 General Description

Instrumentation for measuring temperature, salinity and velocity
fluctuations in sea water by means of electrolytic conductivity is shown
in Figure 16.1a and 16.1b.This detection equipment is dual purpose in the
sense that the velocity fluctuations and conductivity fluctuations (which
are a measure of the temperature and/or salinity fluctuations) can be
measured independently by a selection of the operating power level. The
sensing elements consist of two identical eye-type electrodes suitably
mounted for differential microstructure measurements. The constant-power
mode of operation (CPO) is used when detecting velocity fluctuations. In
the arrangement for detecting conductivity fluctuations (C-meter) no at-
tempt has been made to separate and identify the contributions due to temper-
ature and salinity. Although, as used in the laboratory tests, the conduc-
tivity fluctuations are due almost exclusively to temperature variations
since the salinity microstructure is removed by continuous mixing.

Design Considerations

The design philosophy of this equipment has been oriented to the utility

of the equipment for laboratory research. As a consequence the design is,
in almost all respects, straightforward ard simple, in order to insure its
easy understanding, checkout, repair and, if necessary, modification. All
functional units are built as separete and convenient chassis units. Several
of the components are commercially available units which have been inte-
grated into the overall detection equipment. No attempt has been made to
miniaturize the equipment or to make the equipment portable.

The choice of the carrier frequency is based on a number of factors.
The fundamental consideration is that the carrier frequency be at least an
order of magnitude larger than the highest modulation frequency to be detect-
ed. The carrier wave frequency should be inaudible (greater than 3,6 kc)
because of the disturbing effectq cf the high pitched carrier signal in the
audio system. The constraints of the electrical components with respect to
size, quality, availability, stray capacities, simplicity of design, etc.
requires that the carrier frequency be not too high or too low; the LF
range (30 kc - 300 kc) is a convenient range in this respect. If a sharp
bandpass filter, of the order of a few hundred cycles width at the carrier
frequency, is required and inductances of moderately high Q (about 100)
are used, instead of crystal filters a carrier frequency of about 40 kc is
arrived at. Because of polarization effects (Sec. 9.4 ) at the electrodes
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a high operating frequency is called for. A frequency of 40 kc is effective
in reducing polarization effects with stainless steel electrodes in sea
water (compared with a frequency of 1000 cps which is ordinarily used in
electrolytic conductivity measurements). Operation in the radio frequency
range is required to completely eliminate electrode polarization effects.

The use of an ordinary radio receiver as a detector of the bridge out-
put has been considered but found unsatisfactory for the present applica-
tion for the following reasons. The relatively large steady-state output
from the bridge saturates an ordinary receiver; the bandwidth before
linear detection is too wide; there is no phase detection capability; the
output bandwidth does not extend down to I cps; the audio system is subject
to hum noise; and the linear detector usually does not have the capability
of large amplitude input before detection. The modifications of such a
receiver would be so extensive that the advantage of its availability would
bt nullified.

Functional Diagram

The overall functional diagram of the detection equipment is shown in
Figure 16.2 ; it consists of the following blocks:

a) Signal source

b) Heater source

c) Bridge network

d) Electrode elements

e) Detection electronics

f) Display units

g) DC power supplies

These blocks are discussed in detail in Section 16.2 . The equipment
functions as follows: The signal source provides the 40 kc power to drive
the bridge network and electrodes; the heater source provides the power to
the electrodes when velocity measurements are being made; variations in the
electrode impedances cause the bridge to unbalance and the bridge network
output signal is amplified, detected and filtered in the detection electronics;
a suitably large signal consisting of the desired modulation is monitored
and analyzed in the display equipment. The dc power supplies provide plate
and filament voltages to the most sensitive components of the equipment,
viz., the heater source, signal source and detection electronics. The detec-
ted signal is sufficiently amplified when it reaches the display equipment
so that these units need not be on do power. The details of each block are
indicated by Figure numbers in the overall block diagram of Figure 16.2

The basic network of the electronics consists of the symmetrical wheat-
stone bridge network shown in Figure 16.3 . This is the optimum arrange-
ment for a double sensing element bridge for obtaining the minimum detectable
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Figure 16. 2 .Overall Block Diagram of Detection Equipment

Figure 16. 3 B asic Bridge Circuit Diagram
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signal. The capacity in parallel with the source impedance and in series
with the detector impedance are for matching purposes (the detector imped-
ance is shown matched to the bridge, however, optimum detectability is
obtained if the detector impedance is large). The resistance of the elec-
trodes (27 ohms) is due mainly to the volume conductivity of the sea water;
the capacity in parallel with the electrode resistance is due to polarization
effects at the electrode surfaces. The other two arms of the symmetrical
bridge are equal inductances of reactance equal to the resistance of the
electrodes at the operating frequency. The ground on the bridge at the
point indicated is required by the constraints of electrode design.

Equipment Design

The typical operating characteristics of the detection equipment are
shown in Table 16.1 . The frequency response of the pre-amplifier stages
and overall system is shown in Figure 16.4a and 16.4b.

Table 16.1 Performance Characteristics

of Detection Equipment

Carrier Frequency 40 kc

Heater Frequency 3.7 mc

Electrode Impedance 27 ohms

,Bandwidth 150 cps

Noise Figure 0.3 db

Overall Gain 160 db

Signal Source 160 mw

Heater Source 15 watts

16.? Equipment Design

The dceign details of the elcetronics of the detection equipment are
covered in this Section.

Signal Source

The bridge of the detection equipment is driven by a signal source
operating at 40 kc. The block diagram of this source is shown in Figure

16.5 ; it consists of the following units:

a) 40 kc oscillator

b) Atteniator

c) Bandpasu filter.
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The 40 kc oscillator is a Hewlett-Packard Model 200CD oscillator with 160 mw
maximum output into 600 ohms; the attenuator is a Hewlett-Packard Model 350B
attenuator of 600 ohm impedance. The 40 kc bandpass filter circuit is shown
in Figure 16.16 •

Heater Source

For the detection of velocity fluctuations at the electrode, it is
necessary to heat the water flowing through the electrode volume. As dis-
cussed in Section 9.4 , this is best done with high frequency power to
avoid electrode polarization effects. A frequency much higher than 40 kc
is also desirable in order to operate the heating source separately and
independent of the signal source without affecting the critical balance
conditions of the bridge. The heater source for this purpose operates at
3.7 me and is capable of about 16 watt output (8 watts per electrode). The
block diagram of the heater source is shown in Figure 16.6 ; it consists of
the following units

a) Crystal oscillator

b) Variable attenuator

c) Power amplifier.

The variable attenuator is a Hewlett-Packard Model 355B attenuator of 50 ohm
impedance. The power amplifier is a General Radio Model 1233A with the out-
put modification described in its manual for operation at the higher than

ordinary frequency of 3.7 mc.

a) Crystal Oscillator - The input signal for the power amplifier of the
heater source is generated by a stable cyrstal oscillator at 3.7 mc. The
crystal oscillator employs the Miller circuit which is equivalent to a
tuned-grid-tuned plate arrangement. The schematic for this circuit is
shown in Figure 16.7 . Spurious amplitude modulation is avoided by the
use of DC filament and plate voltages. Tho output is 3.1. volts in a 50
ohm load (200 mw).

Bridge Network

The bridge notwork of the detection equipment consists of the circuits
for the adding and distribution of the input signals and output signals.

It contains the fixed and adjustable components of the wheatstone bridge,
with the exception of the electrodes themselves, and a network for the
phase detection of the desired signal. The overall block diagram of the
bridge network is shown in Figure 16.8 , and is sub-divided into the
following blocks:

a) Balance adjustment unit

b) Variable amplitude and phase unit

c) Input/output unit

d) Coupling unit.
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These are discussed in detail below.

a) Balanqe Adjustment Unit - The wheatstone bridge is initially unbalanced
due to tolerances in electrical components and electrode construction.
These errors are compensated for to reduce the average output from the
bridge by means of the balance adjustment unit shown in Figure 16.9. This
unit consists of coarse and fine adjustments of both the resistive and
reactive bridge components. As shown in Section 15.3 , the components
have been chosen so that the controls approach those of the ideal orthogonal
controls in order to facilitate the convergence to balance.

b) Variable A+ Unit - The amplitude modulation of the small steady-state
carrier wave from the bridge is detected after amplification by an envelope
detector. As shown in Section 1-5.3 , the phase angle of the impedance fluc-
tuations at the electrode determines how well the fluctuations are detected
by the envelope detector. As a matter of fact, if the phase angle is set
at one certain value, the impedance fluctuations would not be detected at
all! To rectify this situation an elementary phase detection technique has
been used. It consists of mixing (adding) a wave of adjustable amplitude
(A) and phase ( ) to the bridge output wave. Adjustments of the amplitude
and phase of this added signal are accomplished by the network shown in
Figure 16.10 . This circuit receives its signal from the balanced line,
but is decoupled from this line so that adjustments of its components do
not unbalance the bridge. The amplitude is adjusted by means of a Hewlett-
Packard Model 350B attenuator. The variable phase shifting network covers
the range from -450 to +1350 by means of a continuous knob adjustment which
covers the range ±_45 and a switch selected phase shift of either 00 or +900.
The continuously adjustable phase network is of somewhat novel design and
provides for the above stated range of phase shift with an output amplitude
which is essentially independent of phase setting (constant output within
±O.7 db).

c) Input/Output Unit - The signal applied to the wheatstlone bridge is coupled
to it through a transformer to the balanced line. The output from the bridge
is with respect to ground (single ended) and is taken from the midpoint of
two identical inductances, of reactance equal to the resistance of the elec-
trodes, which are across the balanced line and constitute the other two sym-
metrical arms of the bridge besides the electrodes. This network is shown
in Figure 16.11 . Also provided in this circuit are the capacitors in
parallel with the input and in series with the output to match the source
and detector to the resistance of the bridge.

d) Coupling Unit - Two separate signals are applied to the electrodes:
a 40 kc wave from the signal generator source and a 3.7 mc wave from the
heater source. In order that these two signals are coupled only to the
electrode load and not also into each other's output impedance, a special
coupling unit is required. This is accomplished by the network shown in
Figure 16.12 . Tank circuits are placed in the lines which pass the appro-
priate signals and stop the others. The tank circuits in the balance line
from the signal source pass the 40 kc signal through the inductances but
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stop the heater signal coming from the other direction since they are tuned
to 3.7 mc. The tank circuits in the balanced lines from the heater source
pass the 3.7 me power through the capacities but stop the 40 ke signal
power coming from the other direction since they are tuned to 40 ks. Since
the two signals were separated by almost a factor of 100, it was not ne'P-
sary to use a more sophisticated balanced bandpass/band-stop filter for each
power source. The component values were calculated by requiring the imped-
ance of the units when "passing" to be 1/50 of the electrode resistance
and to be resonant at the appropriate frequency. The resulting impedances
at resonance are about 50 times that of the electrodes (if Q > 30).

Detection Electronics

The function of the detection electronics is to amplify and detect the
feeble modulation of the carrier wave and present an adequately large and
noiseless signal for input to the monitoring and display instruments. The
overall block diagram of the detection electronics is shown in Figure 16.13.
The components of this equipment consist of the following:

a) Input unit

b) 40 kc amplifiers

c) 40 kc bandpass filters

d) Variable attenuator

e) Linear detector

f) Audio amplifiers

g) Low pass filter

h) Output box

Basically) the detection electronics serves to transform the impedance
level of the signal in the input unit; amplifies and filters the carrier
plus modulation in the pre-amplifiers; linearly detects and filters the
carrier modulation; further amplifies the low frequency modulation in the
post-amplifiers. A number of switching arrangements facilitate all phases
of the measurements with the detection electronics.

a) Input Unit - This unit, which is detailed in Figure 16.14 , receives
a 40 ke si nal from the bridge network output and/or a 40 kc signal from the
variable A; unit. The two signals are mixed with a passive adder and
transformed from the low 15 ohm impedance level to the relatively high level
of 13.5 K to improve the overall noise figure of the detection equipment
as discussed in Section 15.4 . The 40 kc signal experiences a gain of 30
in amplitude through the transformer. The high turns ratio of the trans-
former is made possible by operating the transformer at resonance. The
switching arrangement of the input unit allows the independent adjustment
and detection of either or both the carrier plus signal and the phase
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shifted carrier. The signals are matched for all switching positions.

b) 40 kc Amplifiers - The carrier plus signal modulation is amplified
considerably before linear detection by several stages of amplification.
The amplifiers for this purpose are operated as individual units. The
schematic for these units is shown in Figure 16.15 . The amplifier is
designed for low noise operation over a wide frequency range, and consists
of an RC coupled amplifier of two stages with negative feedback to reduce
distortion and stabilize the gain.

The gain with a 600 ohm load is about 15 db and into a high impedance
is about 22 db. A switch to by-pass the amplifier (0 db) is also provided.
Approximately 20 db negative feedback is used. The input impedance is of
the order of several megohms and the output impedance is about 800 ohms.
The frequency response at the -3 db points extends from 3 cps to 1 mc with
a 600 ohm load, and from 0.6 cpe to 500 kc with a 10 K ohm load. Care was
taken in the construction to provide adequate heat sinks for the high power
resistors and to protect the other elements from thermal variations due to
air currents.

To obtain the lowest noise figure in the first stage of amplification
of the detection equipment, it was found necessary to by-pass the feedback
network with the 0.1 mfd capacitor which is dotted in Figure 16.15 • With
this arrangement the equivalent input noise is 0.12 microvolts for a 1 kc
bandwidth. This noise level is about 5 db above the minimum noise expected
from the amplifier based on a transconductance of 9,300 micromhos. When
the amplifier is used in combination with the input transformer the combined
noise figure is about 0.3 db. The amplifier gain in this arrangement with
a tuned filter as a load is about 38 db.

c) 40 kc Bandpass Filter - Two of these filters are used as interstage
band bandpass filters for the carrier plus modulation between the 40 ko
amplifiers. The filters are of the constant-k type with it-section input
and output and 600 ohm impedance at the center frequency. The insertion
loss is P.0 db and the 3 db passband is 40+5 kc. Outside the passbaund,
the skirts of the filter charactsristic fall off at 18 db per octave. The
schematic for this filter is shown in Figure 16.16 .

d) Variable Attenuator - This unit consists simply of a 100 K potentliometer
and is used to adjust the signal level to the optimum valuc for the linear
detector.

e) Linear Detector - The signal modulation is removed from the carrier wave
by the linear detector and filtering networks shown in Figure 16.17 . The
main design consideration in this unit is the provision for the detection
of a large amplitude carrier wave. The peak voltage applied to the diode
for maximum output of the amplifiers is 36 volts. The filtering networks
following the diode have a passband from 0.5 cps (or DC) to 400 cps. The
amplitude of the rectified carrier wave is monitored by an external meter.
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f) Audio Amplifiers - The signal modulation from the linear detector is
further amplified by units which are identical with the 40 kc amplifiers
of Figure 16.15 . The load impedance, however, is 10 K ohms instead of
600 ohms. The passband extends from 0.6 cps to 500 kc.

g) Low Pass Filter - This unit consists of a simple RC filter with a time
constant suitable for the particular measurements under consideration. The
passband used in the present equipment Is 150 cpS.

h) Output Box - This unit consists simply of four output connectors for the
detector signal and a switch for grounding this signal for calibration tests.

Display Equipmen

The output signal from -the detection equipment is analyzed wiLh the
following equipment: voltmeter, paper recorder, speaker system, spectrum
analyzer and oscilloscope.

Power Supplies

Direct current power supplies are used to supply plate, bias, and
filament power. The supplies are mounted in a separate rack, with a
distribution panel, in order to remove all ac power from the detection elec-
tronics rack and, consequently, reduce hum levels. Four separate power
supplies are required:

a) Lambda Model 50 set at 450 V at 350 ma supplies power to all unit
amplifiers, crystal oscillator and HP 200 CD oscillator. A series
resistor in the distribution panel lowers the voltage to the HP
200CD oscillator to 190 volts at 90 ma.

b) Lambda Model 50 set at 4oo V at 250 ma supplies power to the
General Radio Model 1233A HF power amplifier.

c) Lambda Model C-831M set at -300 V at 120 ma supplies bias power
to the HP 200CD oscillator and GR 1233A RF power amplifier. Series
resistors in the distribution panel lower the voltage to the HP
200CD oscillator to -135 V at 90 ma and to the GR 1233A to -100 V
at 30 ma.

d) American Avionics Model 1032A set at 6.3 V at 9.5 amps supplies
filament current for all the detection electronics.

The display equipment is operated on ac power since the signal levels are
high at the inputs.
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].'(. LABORATORY EXPERIMhNTS

Experimen-ns with the probes and associated e:lectronjc equipment to
measure the temperature, salinity and velocity of water, which have been
performed in the laboratory, are described in this Section. This descrip-
tion covers a) the experimental methods for measuring the properties of
electrodes, b) water velocity measurements in a special water tunnel
capabJ.e of laminar and turbulent flow, and c) the measurement of conduc-
tivity and velocity structure in a steady-state turbulent medium with
high sensitivity detection equipment.

17.1 Electrode Experiments

The apparatus and methods for measuring the characteristics of elec-
trodes in water, the results of' which have 01lCready bcen disCusseKd in Sec.
9.7 , are now considered. The experiments have been designed to determine

the dependence of the resistive and reactive components of the electrode
impedance on frequency, salinity, temperature, and the size, shape and
material of the electrodes. Non-linear effects associated with gas eve-
lutton and corrosion, and time dependent (aging) effects have also been
measured. The special methods for each of these measurements are consid-
ered below. The most important of these is the measurement of the elec-
trode impedance under conditions which approx,<imate those of' the detection
equipment, i.e., under "standard conditions." In most of the work these:
conditions refer to a temperature of 20 0C, an NaCl. solution of j2.8 Apo
salinity, a frequency of h0 kR, and the eye-type electrode (a/b = . hS) of
about 30 ohms resistance to which a voltage of about 0.1 volt is applied
(3 ma, 0.3 rmw). The outside diameter of the standard eye-type electrode
is about 0.28 in.

A wheaL ,btosu bridge -Pcir e .ccitruch s u 'cur; t-u' w as u u.;c;,t:.0 . oI,, I
the requirement for measurements of relatively high L;1'c(!islIon over Ij. .,]dc
variety of experimental conditions. The equipment is of straightforward
design and consists of an approximately equal arm resistive bridAge net-
work. The substitution method is used as the most reliable method for
null.it•ying bridge defects such as non- lincarl ties, spurious capacities,
and unbalance in the input transfonmer to the brl(tgp, Au 0, back- up provi-
sion, a version of Wagner ground arrangemenr, is used to oba.in reive>
accurate measurements even withort the substitution method._ Thic, eye>',--
ment is shown in Figure 'A.-a b c rommerc-.12 11mi.t L.,sa not axva.±[,ab*i1c which
covered tha rannge of r'cr..er-, *'.;anc, x3'coqu-riry aind inout jvower
which are of interest in these experiments. General Radio decade resist-
ances and capacities are used as references. A Hewlett-Packard Model
233 oscillator is used as a source to cover the desired amplitude and
frequency range. The detector consists of a hewlett-Yackard 150A amplifier
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and 400D vacuum tube voltmeter, with either the variable type Kronhite
filters, or with fixed bandpass filters at 40 kc for operation under
standard conditions. The filters are required to remove the higher har-
monics of the carrier frequency in the bridge output in order to obtain
a null output. The substitution box for switching between the unknown
electrode impedance and the reference impedance is corrected for capacity
differences in the cabling in the two switch positions. Measurements to
I in lO were readily made, and beyond this accuracy, the absolute values
of the reference impedances used are in question.

Frequency

In order to investigate the properties of the polarization impedance,
which is relatively large for smooth stainless steel electrodes in salt
water, it is necessary to cover a very wide frequency range extending
from the kilocycle range to the radio frequency range. The measurements
from 1 kc to 500 ko were performed with the substitution bridge described
above. The range from 0.5 mc to 40 mc was covered with the General Radio
RF bridge Model 1606A and a General Radio Model 1330A oscillator as a
source. The detector for this range was a Hanmarlund SP300 radio receiver.
It was found that care must be exercised in the cabling to the electrode
for measurements in the radio frequency range. For reliable measurements
a special electrode (Fig. 9.36 ) was constructed which made possible con-
necting the electrode to the RF bridge with a short low capacity connector.
Reliable measurements were made with this arrangement except possibly at
the highest frequencies around 50 mc. As a matter of interest, measure-
meuLts were also made in the region from 50 mc to 400 mc by means of a
Hewlett-Packard Model HP830A bridge with an HP608D source, HP417A detector,
and HP415B indicator. At these frequencies the polarization impedance of
the electrode is negligibly small, however, capacity (and inductance)
effects of the electrode volume and lead in wires become measurable.

Temperature

The measurement of the temperature coefficient of electrode resistance
and capacity involves some difficulties because of the polarization effects
associated with the surface of the electrode. The technique for these
measurements involves either the use of the water tub described in Section
17.2 whose tempcrature can be adjusted from 17 °C to 40 °C or several

beakers of identical solution but at different temperature. If an elec-
trode of high heat capacity is used, the temperature of the electrode
proper does not track that of the solution. This has the disadvantage
that the surface of the electrode is at a different temperature than that
of the bulk solution. As a result, thc temperature which affects the
surface impedance is different (and unknown) from the measured temperature
of the solution. This effect causes erratic measurements of the temperature
coefficient. The obvious solution to this problem of allowing time for the
temperature of the electrode and solution to stabilize is also complicated
by the fact that the polarization impedance is time dependent (aging).
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This technique is effective if use is made of electrodes of very low heat
capacity and high thermal conductivity. Such an electrode is the parallel
wire type shown in Figure 9.39 which has a short thermal time constant.
An eye-type electrode made by printed circuit techniques on a material of
low thermal conductivity would also be suitable for such measurements.

The measurement of the salinity coefficient of the electrode is not
subject to the above difficulties since the electrode has no capacity for
salinity. The salinity coefficient is simply measured by varying the con-
centration of the solution by dilution with distilled water at the same
temperature as the original solution.

High-Power

The measurement of electrode impedance at relatively high power is
of interest in connection with effects which depend on the electrode cur-
rent-density and gar evolution. These non-linear effects can be measured
by three methods.

The first of these, which is covered in Section 9.7 , is most suitable
for small non-linearity effects and is based on the amplitude dependence
of bridge balance. This method is not suitable for operation at very high
power because of the power consumed by the arms of the bridge other than
that being measured.

A second method involves the direct transfer of electrical power frnm the
source to the electrode. A McIntosh MC-30 power amplifier has been used for
tests at the highest power levels (30 watts at 40 kc). The impedance is
determined by measuring the voltage across the unknown load and across a
small resistance in series with this load. If the load has a relatively small
reactance, X, and a resistance R, and the small series resistance is r (see
Fig. 17.1 ) the voltage V1 across the total load is related to the voltage
V2 across the known series resistann.e by (r <e R, X << R)

R=r( 'V2

A measurement of V1 and V2 gives the (integral) R in terms of the known
(small) resistance, r. The phase angle of the unknown load z = R + iX may
be measured by means of an oscilloscope. The voltage V1 is applied to the
horizontal plates, V2 to the vertical plates and the resulting elliptical
trace indicates the phase angle tan- (X/R) by the usual method. This method
is well suited for impedance measurements at high power since essentially
all the power generated is dissipated in the unknown load.

Another technique for the observation of gas evolution at high power
uses the circuit of Figure 17.1 but the resistance r is paralleled by a
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large condenser (dotted) which
shunts the high frequency signal
to ground. The voltage V2 is then
measured with a dc voltmeter and
Indicates the rectifier action of
the electrode impedance due to its
non-linearity. The resistance

need not be small in comparison with
S... R. This technique has been used for

S e qualitative measurements of the in-

ZCd _ : ception of gas evolution and proves
I to be more sensitive for this pur-

pose than the visual method (See.
9.7 ). The method has not been

developed to the point where reli-
able quantitative measurements car
be made because of some erratic ef-

Figure 17.1. thdanoeMeaure t fects in the variation of V2 withF1 at igh Power applied voltage V1 .

Size and Shape

The volume resistance and surface impedance of the eye-type electrode
is, in spite of its apparent geometrical simplicity, difficult to calculate
on the basis of potential theory. These quantities must be determined by
direct measurement. The dependence on size was measured on two eye-type
electrodes of (inner/outer) diameter ratio of 0.478 and a factor of three
difference in size (resistance of about 10 ohms and 30 ohms in sea water).
The shape dependence was detenained using the equipment of Figure 17.2 •
This arrangement provided for ten insertable eye-type electrodes of various
inner diameters and constant outer diameter. The electrode material is
stainless steel. The size dependence was also crudely measured to very
small size by the use of the hypodermic needle probes (Sec. 9.8 ) which
are roughly similar to the eye-type configuration but about ten times
smaller than the 30 ohm eye-type electrode discussed above.

Conducting Solutions

Electrode measurements have almost exclusively been performed in NaCl
solutions and tap water. The standard NaCl soaution is that one which has
the same conductivity as 35 %•, sea water at 20 0C, viz., a 32.8 %o salinity
solution (Sec. 7.2 ). The salt solutions were made up using distilled
water and were ba&,d on weight rather than volume proportions. For meas-
urements which were not critically dependent on salinity, tap water was
mixed with a calculated amount of salt to make up, approximately, the
desired salinity. Such a solution was used in the recirculating water
tub for water tunnel and other measurements. The salinity of such a
solution can be determined after mixing by a hydrometer density measurement.
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Figure 17.2 Electrode Diameter Ratio Experiment

For this purpose a U.S. C-and G.S. salinity hydrometer was used, with
appropriate corrections, for solutions approximating 35 %o sea water.
Solution temperatures were measured by ordinary glass thermometers to an
accuracy of about 0.1 °C. The conductivity of a given solution, such as
that in the water tub, was monitored over long periods by a standard elec-
trode. Loss of water by evaporation or salt by leaks and spilling can
be corrected for either by the addition of salt or water, as the case may
be.

17.2 Water Tunnel Experiments

Measurements of the velocity of water with the U-meter have been
performed in a small water tunnel specially constructed for this purpose.
In the paragraphs that follow, the properties of the water tunnel are
described and experimental results of velocity measurements in the tunnel
are analyzed.

Experimental Equipment

The water tunnel experimental equipment is described below in terms
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of the mechanical equipment, electronic instrumentation and hydrodynamic
performance characteristics. A functional diagram of the water tunnel
experimental arrangement is shown in Figure 17.3 and photographs of the
equipment are shown in Figure 17.4 . The equipment consists, basically,
of a recirculating reservoir of artificial sea water, a small diameter
glass tube test section which is long enough to establish fully developed
laminar or turbulent flow, a small electroC¢e probe coaxially mounted at
the end of the glass tube, and the associated electronic equipment to
provide high power to the electrode and to measure the variations in elec-
trode resistance.

Mechanical Euipment - The water pump filter used is a Sears and Roebuck
Model No. C56G2B8 centrifugal pump with a 1/3 HP electric motor capable of
a maximum throughput (with filtering) of 1.9 cfm at zero pressure or 20
psi at zero throughput as shown in Figure 17.5 . The maximum fluid power
is 1.1 cfm at 12 psi. The filtering system holds about 0.5 cu. ft. water.
This system has operated satisfactorily for about one year on artificial
sea water. The water tunnel system may also be operated directly from
the tap water supply which provides a higher pressure (85 psi) but which
is poorly regulated. This arrangement is only suitable for veloclLy meas-
urements in tap water which has a much lower conductivity (x 100) than
sea water. The recirculation tank is an ordinary galvanized wash tub
size no. 1 filled to about 8" depth and with a mear. diameter of 18" and
1.2 cu. ft. water volume. The mean recirculation time with the pump and
filtering system is about 1 minute. The heating and cooling of the water
is achieved by a 5 turn copper coil around the tank which is supplied with
either hot ( - 58 'C) or cold (-- 18 'C) tap water. The salt water temper-
ature can be changed fairly rapidly (2.8 °C/minute) in order to make temper-
ature coefficient measurements. The heating and cooling cycle is shown in
Figure 17(.6 . The heat power transfurred to the water at the maximum rate
is 6.5 kw. No temperature regulation system is used. The salt solution
is ordinarily a mixture of 99.9 % pure Murtons salt with tap water to a
concentration of 32.8 %o corresponding to 3.6 lbs. of salt in 110 lbs. of
solution (1.7 cu. ft.). This solution has the same electrical conductivity
as 35 %o sea water at 20 °C. The watce temperature is measured by a glass
thermometer in the tub. The concentration of the solution is monitored by
means of a calibrated conductivity cell immcrsed in the tank. The solution
is easily adjusted by slight additions of either salt or tap water. The
flow to the water tunnel is controlled by a number of gate valves• the first
two of which are used to adjust the amout of recirculation to the tank and
the driving pressure. The actual flow to the tunnel is controlled by a
needle valve with a low pitch thread which is capable of fine adjustment.
The rate of flow through the tunnel is monitored by a mercury manometer
which measures essentially the pressure drop across the test section glass
tube. The water throughput is measured by direct volumetric means and
correlated with the manometer readings. The test section consists of a
3.5 mm inside diameter glass tube 28" in length. The probe is mounted at
the end of the glass tube where the fluid flow is fully developed for both
laminar and turbulent flow. The diameter of the electrode probes is small
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Figure 17.4 Water Tunnel Experimental Equipment
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in comparison with the tube diameter so that the axial velocity is appro;:-
imately equal to the expected theoretical value. The tube is connected to
a flexible hose so that the glass tube can be easily backed off from the
water seal at the probe to facilitate the changing and maintenance of the
detector probes. The flow in the vicinity of the probe is viewed through
the glass tube with an X15 power microscope. Because of distortion caused
by the glass, a higher magnification was not possible nor desirable. The
probe is mounted on an end block which Is used to position the probe cen-
trally in the tube and also to provide a low resistance (large area) return
path for the water. The return pipe is of large diameter for low resist--
ance and contains a thermometer which shows the increase in water temper-
aucre due to thle power input at the electrode. The test section, end-block,
return pipe and associated valves are mounted on a common wooden frame which
protects the glass tubing and provides a rigid alignment.

Electronic Equipment - The electronic equipment necessaiy for these experi-
ments consists of a high power and high frequency source of electrical
energy, and metering equipment to measure the electrical properties of "the
probe. This equipment is illustrated in Figure 17.3 . Tha source of elec-
trical energy to heat the water is supplied by a Central Electronics Model
600L RF power amplifier driven by a Model 190 Textronix signal source. The
RF power is dissipated directly in the resistive load of the probe. The
resistance of the probe, while operating at high power, is determined by a
measurement of the voltage across the probe and the voltage across a small
known resistance in series with the probe resistance. The latter measurement
indicated the current in the load, which, together with the total voltage,
provided the necessary data to calculate the probe resistance. For refined

measurements of changes of resistance with velocity, the probe is operated
in a bridge network which is capable of dissipating high power. The varia-
tions in probe resistance due to fluctuations in water velocity were observ-
ed by means of a linear detector which responds to the envelope of the volt-
age fluctuations across the loaa. The detected voltage fluctuations are
then recorded and analyzed by the display equipment consisting of an oscil-
loscope, speaker, paper recorder and spectrum analyzer.

Flow Characteristics - The range of controllable average velocity, t, and
flow, Q, in the water tunnel is

1.0 cm/sec ¶_ -- 570 cm/sec

1.0 cm3 /scc-! Q $< 55 cm3/scc ,

which correspn-ndn to the Reynolds number range

30 '-< N 29,000

where, in terms of the tube diameter, d, we have

A -I-d2R = 1_d
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The tube diameter was chosen so that both laminar and turbulent flow could
be obtained. The transition between these two flow regimes occurs at a
Reynolds number of about 2300 where

UX = 76 cm/sec = 1.5 knots

Qx = 7. ý cm3 /sec

Rx = 2300

The velocity on the axis, u,, is related to the average velocity, 4, by

UA = 2.00 U for laminar flow (1)

and

UA = 1.25-M for turbulent flow (2)

therefore, the full range of axial velocities is

2.1 cm/sec(.04 knots) t u, < 720 cm/sec(14 knots)

It is this velocity wbich is measured in the tunnel since the small elec-
trode probes are located on the axis of the -tube. The hypodermic needle
probes which have been used arc small enough that they do not appreciably
change the velocity distribution across the tube: the frontal area of a.
No. 21 gauge needle is 5% A, and that of a No. 27 gauge needle is 1% A,
where A is the cross-sectional area of the tube. The turbulence intensity
on the axis, just above the critical Reynolds number, is approximately 5%.
The length of the tube is long enough that the flow is fully developed in
both laminar and turbulen't flow (3). For laminar flow it is necessary that
(•/d)> 100 for R ý 2300, and for turbulent flow that (,/d) ; 50. A
summary of the water tunnel characteristics is given in Table 17.1 . The
flow characteristics depend, of course, on the temperature of the water
which can be varied from about 15 oC to 50 OC. The velocity profile in
laminar and turbulent flow is shown in Figure 17.7 and indicates the size
of a No. 21 gauge hypodermic needle probe relative to the tube diameter.

Experimental fluid velocity measurements in the water tunnel described
above, are covered in the remaining paragraphs of this Section.

Resistance-Power-Velocit• Relation

The relation between the fluid velocity and the clectrode resistance
and power has been measured in the water tunnel under a wide range of
conditions with the No. 21 hypodermic needle probe. The electrode resist-
ance, R, was measured with a bridge network to accurately measure the
relatively small !hanges in resistance wi'.h the velocity, U, and power, P.

17.3.1
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Table 17.1 . Water Tunnel Characteristics

Tube Diameter 0.35 cm

Tube Length 70 cm

Length/Diameter 200

Tube Area .096 cm2

Maximum Velocity (Turbulent.) 720 cm/sec (14 knots)

Maximum Velocity (Laminar) 154 em/sec (3 knots)

Maximum Fioi (Turbulent) 55 ca,3 /a cc

Maximum Flow (Laminar) 7.3 cm3 /sec
I

The applied voltageV, was actually measured and the power computed from
the measured resistance (PR = V). Measurements were carried out only for

laminar flow. The resistance measurementswerc performed at many points
in the velocity range 20 cm/sec-< U - 100 cm/sec and in the power range

0.- watt -< P - 4 watt. The upper limit tu the power was set by the incep-
tion of boiling at the electrode due tc the electrical heating of the

water. Examples of the observed data are shown in Figure 17.8 . The resist-

ance decreases linearly with increasing electrode power (U = constant) for

low power and decreases less rapidly at higher electrode power.

The resistance-power-velocity relation follows from the heat transfer
equation (See. 12.5

P = 2cAUAT AT

and the resistance-temperature equation (Sec. 5.3

R = , ~ + 1q3

where ZT is the averagu electrode temperature rise, k accounts Lor the non-

linearity of the variation of resictance with temperature, and C Is a.
dimensionless factor which accounts for beat transfer from the electrode

volume by means other than forced convection. The data of Figure 1.7.8
may be used to determine the frontal area, A, of the electrode as follows.

The measured slope of these curves, (dR/dP)o - 0, at zero power is compared

with the above formulns by differentiation.

S-1

where this expression is evaluated at zero power ( a! = 0). Assuming the

values appropriate for sea water at 20 °C

.17 13
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S= .0213 per 0C c = 4.09 Joule/cm 3/°C

and using the measured values of U, R., and slope, the value of A d is
computed and is shown in Figure 17.9 - The slow variation of these quan-
tities with velocity is due to the variation of rA due to thermal conduc-
tion in the boundary layer region (A = constant). The expression developed
in Section 12.5 for c fits the observed data when

where F = 7 and A = U -, and .= .008 cm is the typical dimension of the
gap in the hypodermic needle electrode. The factor 30 is considerably
larger than the one found from dimensional analysis (30 instead of 6). This
could easily be accounted for by the scatter in the data points since the
factor is quite sensitive to the (small) slope of the curve. The frontal
area, A, is found by considering the asymptotic value of 4X at large
velocity I A-• as U-w oo); the value obtained is

0-4 2
A -=-4.o xl cm

which is what might be expected from the actual dimensions of the electrode
gap.

The validity of the two equations relating R, P, ZIT and U over the
wide range of velocity and power used in this experiment may be established
by expressing the data in the form

whrre R -- R

R,

and P (a 0)

The value of Y is obtained from the observed data by noting that

where all the quantities on the right are measured. All the data points of
this experiment have been reduced in this way and are shown in Figure 17.10.
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The theoretical curve fits the data best If' we choose the non-linearity
constant to be k • 0.68 (see Addendum No. 1).

A more direct relation which gives the water velocity as a function
of the measured resistance and power is obtained in dimensionless form as
follows. Solving the equation

r = r(z) =-a [I-- 1c]

t'or a, we obtain

a a(r)= 1-- 2k

2k2

0C -r + kr 2
- 2k r3 (r.O).

By means of this equation, a measurement of the relative resistance change,
r. determines a. The vclocity U, is then given by

SPP

Since cý also depends on velocity (only through the Reynolds number R),
it is desirable to rewrite this equation in dimensionless form as follows

where the dimensionless number B is*

2cA"V

For -.he No. 21 hypodermic needle in sea water, we have

2oAV
= 211 milliwatt,

•For a cubic elecitrode volume of dimension •, we have

17.18



for
c = .09 joule/cm3sec

-V =.011 cm 2/sec

= .0213 per 00

.= .008 cm.

For a given electrode and medium, this dimensionless group depends only on
the electrode power. The relation

is plotted in :Pigure 17. lla for the observed data and is quantitatively
expressed. by the relation

velocitypower
velocity resistance

The auxiliary graph of QA P, vs. U, shown in Figure 17. llb, may be used
to obtain directly the connection between velocity and B/a(r) - power/
resistance.

Leaminar-Turbulent Transition

An effective illustration of the performance of the U-met~r probe is
obtained by observing the U-meter output as the throughput (cm.)/Bec) of the
water tunnel is B:lowly increased through the transition region at critical
Rey-nOlds ninbr kx 210 Relnw -this value.. the flow is lam~inar, and
above, the flow is turbulent. The observed velocity fluctuation signal is

shown in Figure 17.1Ia.

U-meter Output in the Lwninar-
Figure 17.12. Turbulent Transition Region

1,1.19



EITTT

Fr11TrF~f44-1 -1 -14F1 i~vi Iv

LIJ

I~ I A_____ I

17I I



The signal indicated in this Figure represents the fluctuating velocity
component of 4 cps band.idth centered at 100 cps. The change in velocity
for the two flow regimes amounts to about 10 %, however, this change occurs
abruptly at the transition point and only a slight change in the valves
which control the flow is required to trigger this instability. The ef-
fectiveness of the measurement is indicated by the signal-to-noise ratio
between the two regions of flow which amounts to better than a factor of
.00 (4o db). In laminar flow there are, presumably, no velocity or temper-
ature fluctuations in the 100 cps band due to the diffusion damping by the
relatively lvng Length of the glass tube.

Output- Input Relation

In a given velocity field, how does the velocity detector output
voltage vary with the input voltage to the sensing element? This output/
input relation depends, of course, on the fundamental mechanism by which
the sensing element is responsible to velocity changes. The importance
of an experimental measurement of this relation is that it determines,
with the present detector, whether it operates on the basic principle of
heating the water by an amount dependent on the water velocity or whether
one of the complicated electrochemical processes mentioned in Section

5.2 is operative.

This experiment was performed by exposing the detector to a steady-
state turbulent velocity field and observing the magnitude of the random
output voltage as the voltage applied to the electrode is varied. The
water tunnel was operated steadily at a super critical Reynolds number
( = 52.00) where the flow is turbulent and the rms velocity fluctuations
amount to about 4 % of the average velocity (4 knots). For the actual
measuremdents thi fluctuations in a narrow band(4cps at 150 cps), where the
spectrum is flat, were recorded on a Sanborn recorder. The average mag-
nitude of the fluctuationn wa8 estimated visually from a 30 sec. sample
of the renording. This experimental technique of measuring a steady-state
tu-bulenL volocity has the advantage that the relatively small changes in
rosistanuce do not have to be measured with highly stable dc equipment and
w'•tcr velocity as would be required if the flow velocity was a constant
(itaJiir flow). Thi., is analogous to the advantage of a: amplification
over do amplification.

The expected magnitude of the output follows from t.-e bridge equation
for Ean equal arm resistive bridge (which was used for trna test) (Sec.

v I (8R
15.1)

where 5V is the fluctuating output voltage, and V is tl.e voltage applied
to the electrode, and R is the electrode resistance. iThe relation between
the voltage fluctuations, BV, and velocity fluctuatiovi, 8U, is derived
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as follows. The factor of proportionality, K, between the relative resist-
ance and velocity fluctuations is

where

K (- L

This derivative is evaluated by means of the expression (assuming constant-
power-operation).

- = i +[ i jM

7 U a4)U]

and UA
-V

Performing the indicated derivatives, we find

_-_ - Ro 0

The Prandtl number (P) and kinematic viscosity (p ) arc .. .. .. ... ýn....nAa ..
of temperature over the temperature range of Int3rest. Defining the fol-
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lowing quantities

V" vz

c A --•2cAv

M

then

and

Since

P1.

and defining the function f(a) such that

S2

we find

The quantities cz, A and BO are interrelated by
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The functions defined above are plotted in Figure 17.13 over the range of
Reynolds number,A, and temperature parameter, a, of interest in most
experimental work. The parameter a is limited by boiling in the electrode
volume usually to values less than u = 0.3. It is observed that for such
values, the function f(a) differs only slightly frcm unity. If this factor
is neglected, we find

Only the number B. depends on the applied electrode voltage, V:

0 :2c A k

hence, it follows that the functional behavior of the input-output relation
is

5V-~ V3

This is the characteristic behavior of the U-meter which is based on the
electrode heating effect. If the velocity dependence of the probe was
due to an electroche-.ical surface process, the above relation would be
linear in V instead of cubic.

The observed experimental data is shown in Figure 17.14. The relative
output voltage of the velocity detector is plotted against the applied
electrode voltage and. compares favorably with the expected cubic relation.
To get a better indication of how well the output follows the cubic curve,
the data is plotted logarithmically in Figure 17.1.5. A straight line of
best fit through the observed points has a slope of 3.2 which is close to
the expected value of 3.0. This cubic relation is seen to hold over three
orders of magnitude in the output signal.

Turbulence Spectrum

The ability of the velocity detector to measure high frequency, small
scale, turbulent velocity fluctuations has been demonstrated by measuring
the spectrum of turbulence in pipe flow. This is accomplished by operating
the water tunnel at supcrcritical Reynolds number where the flow is turbu-
lent. The probe is located centrally in the tube, and measures the axial
turbulence intensity. The experiment was performed at two Reynolds numbers,
one at the maximum capability of the water tunnel (it = 18,600) and at about
1/3 that value (A-= 6,100). The corresponding axial velocities, including
a correction for the shape of the velocity (3), are 730 cm/sec (14.3 knots)
and 240 cm/sec (4.7 knots). The spectrum measurements were carried out by
means of a General Radio wave analyzer Type 736A which measured the ampli-

17.24
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fied signal from the bridge network. The bandwidth of the analyzer is
constant and equal to 4 cps. The output of the wave analyzer was meas-
ured by -a vissual Judgement of the average reter reading and also by making
a visual estimate of the rms amplitude of a 30 sec. sample of the random
meter output signal recordea on a Sanborn recorder.

The resulting output rms voltage spectrum vs. frequency of the detec-
tor is shown in Figure 17.16. The performance of the velocity sensor is
indicated by frequencies involved in these measurements (up to 20 kc) and
the low internal noise level observed in the measuxrements. The turbulent
energy spectrum, F(k) is proportional to the square of the data of Figure
17.16, and is replotted in Figure 17.17 as a function of the wavenumber k:

k = 2tU
f

where U is the water velocity on the axis of the tube, and f the frequency.
The diagonal line at the lower left of the graph may be used to convert
the linear ordinate to a l~ogarithmic scale. The data for both Reynolds
numbers is seen to coincide fairly well with the solid line through the
data points. It will be noticed that data is obtained to wavenumbers as
high as k = 210 cm . The wavenumber corresponding to the tube diameter,
d, is kd d = 2.9 cm-1; the wavenumber cnorresponding to the cutoff
response size of the No. 21 gauge needle probe is estimated to be

kc (gap 6 6 _=120 cm1
C gpdiameter) = .05 cm

The dotted curve in Figure 17.17 represents the corrected energy spectrum
under-lbe assumption that the probe response falls off at 6 db per octave
( .- k ) over the range of the correction; this is based on the statistical
considerations of U3ection 14.1 und Lhe end of Section 13.1

The rms velocity fluctuation, u, on the axis is related to the energy
spectrum by JF )d

where U is the axial velocity, N is a numerical constant, d is the tube
diameter and the spectral density is normalized so that F(0) = 1. An
estimate of the size of the blobs or lumps of fluid over which the va3ýocltty

is correlated is given by c.0

According to the data of Figure 17.17 , we find that

dk ý )-t7

T /L~
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that is, the size of the lumps is about 1/10 of the tube diameter. This
result is comparable to the mixing length found experimentally for turbu-
lent flow in smooth pipes (4). The constant N depends somewhat on the
Reynolds number, particularly for turbulent flow just above the critical
Reynolds number. The measurements performed here are not precise enough
to make a distinction between the value of N for the two Reynolds numbers
used; the approximate value found here is

The spectral distribution is seen to follow the -5/3-Law only over a limited
wavenumber range, and at the highest measured wavenumber range the spectrum
falls off as the 6th power of the wavenumber. This behavior is not in
disagreement with other measurements of turbulence spectra for fully devel-
oped pipe flow (5,6).

Boiling Noise

If sufficient power is dissipated in an electrode in a flowing medium,
the fluid is heated to the point where boiling takes place in the electrode
volume. This process sets a practical upper limit to the amount of power
that msay be dissipated in an electrode in the interest of performing sen-
sitive velocity measurements. Experiments have been performed to investigate
this process, which constitutes a background noise, with the No. 21 gauge
hypodermic needle probe and with the parallel platinum wire probe discussed
in Section 9.8

The boiling process is characterized by its more or less abrupt
beginning once a threshold electrode power has been reached. The noise
signal that is observed is due to the random fluctuations in electrode
resistance due to the spontaneous formation of bubbles of varying size in
the sensitive volume of the electrode. If 5R is the rms resistance fluc-
tuation about the average value, R, an expression which fits the observed
boiling noise, and which is useful In theoretical analysis, is

/R2.
r .R K

where P is the electrode power, K is a dimensionless constant, PA is some
reference power level of the order of the threshold value, and n in an
exponent with a value between 10 and 25. For a symmetrical bridge network,
the voltage fluctuation, EV, at the bridge output is related to the resist-
ance fluctuation, 8R, in one of the arms of the bridge by

where V is the voltage applied to the element of resistance R. The varia-
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tion of 8V (rms) with V (rms) is, then,

2 A

The measured output signal as a function cf electrode voltage in the region
where boiling is important is shown in Figure 17.18. This data represents
the boiling noise in the 100 cps and 300 cps band and was measured in
laminar flow with the platinum parallel wire probe. The theoretical curve
with n = 15 is fitted to the 100 cps data. The noise depends on the fre-
quency band under consideration; the total broad band boiling noise increas-
es somewhat faster than the noise in the 100 cps band. Experiments under
various conditions indicate that the exponent n assumes values between 10
and 25. It is apparent in Figure 17.18 , that the noise fits the theoret-
ical curve only in a narrow region above the boiling threshold, and that
as the electrode power is increased appreciably above this point, the noise
output levels off. Only the r'egion of sharp rise near the threshold is of
interest in connection with the limitation of the detection equipment, since
the boiling noise is already very intense for power only a small amount
above the threshold power level.

The spectral distribution of boiling noise as a function of frequency
is shown in Figure 17.19 • The erratic nature of the boiling noise is
reflected in the scatter of the data, however, there is an indication that
the spectrum shows the 1/f characteristic over the range of the measurements
(30 cps - 16 kc).

The constants of the theoretical expression for boiling noise are
obtained by comparing the noise to the signal obtained in a velocity field
of known turbulence. The resistance variation 5R/R (rms) due to velocity
fluctuations, !J/U (rms), is

where

2cAU

The resistance variation due to boiling noise is

k (IT)
The experimental method of obtaining the constants K and PA is to place
the probe in the water tunnel in turbulent flow and increase the electrode

1-7.3-2
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power P until the boiling noise equals the velocity signal. In this case,

j'- tZ

For convenience, let us define PA to be the electrode power level where
this occurs (see Sec. 8.4 )

then

The following values are obtained experimentally,

.0213 per °C

2MA =7 °c

U = 0.15

BU o.04
U

and K =3.6 x 1o"5

It should be pointed out that the value of K is extremely sensitive to the
choice of PA because of the large value of the exponent n.

The dependence of the electrode power, P, on velocity, U, to produce
the same level of boiling noise is shown in Figure 17.20 . The noise was
chosen and fixed at a valuu appreciably larger thanl Lhe velucity signal
produced in turbulent flow. The measurements were performed on the platinum
parallel wire probe and the effective frontal area, A cA , was measured
by the slope of the resistance vs. power curve (at zero power) and found
to be

A(A -- 4.5 x l10 3 cm3

The value agrees with that expected from the physical size of the electrode
volume ( \ = 1). The average temperature rise at the fixed level of boiling
noise in this experiment is Z-T = 12 °C. The uniformity of the electrode

l.735



in this case (for 20 °C ambient temperature) is

m5 " 12 0  C 15 % uniformity
-5 Tmax 100 'C- 20 'C

When boiling noise is large enough to mask the turbulent velocity
measurements, no visual manifestation of the boiling process is observed.
Although operation at higher power levels than this is of no interest in
the detection equipment, it is of interest to observe the locations in the
electrode volume where boiling first takes place. The extreme case of
boiling effects which are visible was studied by photographic means as
illustrated in Figure 17.21a to 17.21d . In the first Figure (a) the
electrode power is zero; and in the others it is of the order of 1.00 watts.
Only a small incrEa.se in electrode power is required to cause complete
boiling once boiling incepLion has benn reached. The flash photos were
taken with a time constant of 3 x 10- sec.

17.3 Detection Equipment Experiments

The primary function of the detection equipment is to detect extremely
small fluctuations in temperature, salinity and velocity of a flowing conduc-
ting fluid meditm, such as sea water.

Measurements have been made with the detection equipment described in
Section 16.1 to determine the conductivity and velocity structure in a
tub of thoroughly stirred artificial sea water. The stirring of the water
produces the turbulence which is measured and also is effecLive in removing
large scale conductivity structure by mixing the existing temperature and
salinity structure. The steady-state temperature and salinity structure
which remains is produced by the slow temperature change of the total mass
of water, evaporation at the surface of the water, and dissipation of the
energy associated with the mechanical stirring of the water. The water is
contained in a No. 1 galvanized 4 tub (22 inch diameter, 9 inch depth) and
the volume of water is 3.4 x 1O cm3 . Two eye-type electrodes of approx-
imately 30 ohms resistance are used as sensors and are centrally located
in the water and separated from each other by a distance of 5 cm. The
electrodes are placed in the jet from the propeller for stirring the water
where the average velocity is estimated to be about 10 cm/sec. The conduc-
tivity structure in the tub is believed to be due primarily to temper-
ature structure rather than salinity structure. This is based on estimates
of the expected temperature and salinity structure calculated from the
observed rates of change of average water temperature, water depth varia-
tion due to evaporation, and power input by the stirring miotor.

The magnitude of the temperature and velocity structure is determined
by comparing their associated signals with the known internal noise signal
of the detection equipment as the electrode power is varied. This method
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is described in Section 8.5 . The measurements were performed in a
narrow band of frequency from 2 to 6 cps which was determined by an
adjustable Kronhite Model 330-M filter. An appreciable amount of the
measured fluctuations in the properties of the water fall in this band for
the existing flow velocity over the electrodes. Let P1 be the power dis-
sipated in each electrode from the 40 kc source, and P2 the electrode
power from the 3.7 mc heater source. The magnitude of the temperature
structure in the passband of interest is determined by observing the
detector output as the power P1 is increased from a small value with
P2 - 0. The observed data is shown in Figure 17.22 at very small values
of P1 the output is due exclusively to the internal noise of the detector
(Johnson noise), and above a certain value, PBN, the output signal power
varies in proportion with the applied electrode power. If A denotes the
ratio of the detector output power to the noise output; power, we find that
(Sec. 8.5 )

/P,

This expression is valid provided the electrode power is not high enough
to cause appreciable heating in the electrode volume. The value of PrN
corresponds to the point where A is twice (+3 db) the detector noise. As
shown in Figure 17.22 , the value of Prv is found to be 0.25 t.±w for the
2 - 6 cps passband of the detection equipment.

The ýncazurcd val-ue of PRr is used to establish the magnitude of the
effective temperature structure as follows. When P - P..., the contribution
of internal detector noise is equal to that due to temperature, i.e.,

(v•) V6V2 (temperature)

or
Mkr F4R4P -A V '_ ,M ý

where these quantities are defined in Section 8.3 . The electrode power,
P1 = P~m , is related to the voltage, V, applied to the bridge by

M2k

Substituting this expression we find
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where 5T is thQ effective temperature structure (rms) of the vater over
the bandwidth df. For an optimum double element differential bridge,
this reduces to

Substituting the measured values:

PWN = 2.5 x 107 watt

4f = 4 cps

F = 1.08 (+0.3 db)

and

P = .0213 per C

k7 = 4 x l0"21 joules

then we find

bT = 36 P C

The velocity structure is detertined by setting the 40 kc power at
P3. P and vairying the .hratcr rower P2. The quantity A in this case is
(sec. 8.5 )

provided P2 >:2 P.N • The observed output is also shown in Figure 17.22
and may be used to determine P. which depends on the magnitude of the
velocity structure. The measured value of heater power, P2 = P2 2 , where
the output power is doubled ( A = 4) occurs at

P2 2  ('P- P

which serves to determine Px which is found to be Px = 4.4 mw for the 2 - 6
cps band of the detection equipment.
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The magnitude of the turbulent velocity fluctuations, 5U, over this
band is found as follows. When P2 = Ix, the temperature and velocity
signals are equal

2 2
4V (temperature) V4 (velocity)

or 5T 7

where Px

The value of A and U can be estimated from the experimental conditions, or
measured directly as follows. The electrode resistance change, AR, is

Re

where Re is the cold resistance and the average electrode temperature
-T at electrode power P is

2cAU

Differentiating these reiatluis, we riud that th•, ata of c•agc of elec-,
trode resistance at zero power. is

-kU.

The quantities on the left are directly measurable. Substituting this
relation in the expression for the rms value of 5U, we find

wbere C) AT,0

With the expression for 8T involving measured quantities we find
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and for the measured values

R,, 27 ohms

(-) = O. 41 ohm/watt

PX= 4.4 x 10"3 watts

we find

0- = 01 = 1.2%

This measured value of turbulence over the band of interest is lower than
expected, presumably because only a relatively small band of the spectrum
of velocity fluctuations has been considered.

The optimum power level, Pc' for detecting the temperature structure
over the detector noise and velocity signals is shown in Section 8.4 to
bc

and the signal-to-noise ratio at this point is

For the measured values we find

= 134 pwatt

(r)•x = 358 (25 db)

At this point the minimum detect~bhe temperature variation 5To is
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Referring to Figure 17.22 , it is observed that the curve with
P2 = 0 for measuring the temperature structure deviates from the straight
line for electrode power in the region of P1 Px" This is due to the
fact that the electrode power in that region is large enough to cause
appreciable heating so that the detector becomes responsive to turbulence.
If this effect is included in the expression for A , we find

)tA,
which is the solid curve in Figure 17.22 , and fits the observed temper-
ature data (P2 = 0).

A measurement of the lifetime of salinity structure over the band of
interest was performed by dumping a small volume of tap water (about
100 cc) in the tub and observing the resultant detector output. Samples
of the signals obtained are shown in Figure 17.23 ; the bottom trace is
drawn to show the average build-up and decay of the salinity structure.
The decay time constant which fits the data best is about 50 sec. The
volume of tap vater was injected as far as possible from the propeller
and electrodes, so that no Fignal" is observed until after a definite time
del ay. The injected salinity structure is rather thoroughly mixed by
the time it becomes measurable by the sensors. The background signal present
in these traces is due to the existing temperature structure in the water
(36 p OC) which is 25 db above the minimum detectable temperature with
this detection equipment (1.9 i 00).
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ADDFDUM NO. I

2nd Order Temperature Coefficient

Let 0 be the temperature coefficient of conductivity

where this coefficient is a function of temperature. If h"I is the cell
constant of an electrode, the electrode resistance, R, is1

1

Differentiating this expression, we find

and

where

The expansion of -the electrode resistance about ambient temperature is

R M R, [+aT+ T2

where T is the temperaturc relative to ambient temperature (T = 0).
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Differentiating, we find at ambient temperature

and.

Comparing these expressions with the previous ones, we find

where it is understood that the functions of 0 on the right are evaluated
at T = 0. Define the dimensionless number, k, such that

and

9:R 7~-- + ( TZ-

The above formulas are used to evaluate k and from the data for 1(T)
of Figure 2.7. At 20 uC in 35 %* sea water, we have

S= +.0212 per 0C

PT= -3.21 x 10-4 0c

Y = +3.86 x 10-4 °C' 2

and k = +0.858
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