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HEAT TRANSFER IN DISSOCIATED AIR BY A
TWO-THICKNESS INTEGRAL METHOD

PART II: THE ZERO PRESSURE GRADIENT
LAMINAR BOUNDARY LAYER

by

John 0. Powers and Edgar Krahn

ABSTRACT: It has been previously shown (reference (a)), that
the two-thickness integral method of determining boundary-
layer characteristics provides reasonable results for
stagnation-point flows even when the effects of equilibrium
air dissociation are considered. This result implied that the
method may have more general application and it therefore
seemed advisable to explore additional characteristics of the
method in order to further assess the extent of its applica-
bility. The zero pressure gradient case, with its associated
limiting cases, i.e., zero Mach number and zero heat transfer,
has been used as a basis for this further evaluation primarily
because of the availability for comparison of computations
performed by "exact" Ylethods. In general, it appears that of
the profile representitions considered, a two--paraneter, sixth-
degree velocity profile gives the most desirable results for
a flat plate when used with the present method.
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SYMBOLS

Cf local skin-friction coefficient

Cf mean skin-friction coefficient

E total enthalpy thickness

f(xI) velocity ratio, u/U

G(x,rH) total enthalpy ratio, H/H1 - 1

h static enthalpy

hR recovery enthalpy

H total enthalpy

Hi(A*) polynomials used in equation (24) where
i = 1, . . . . 9 (coefficients of polynomials
given in Table I)

M Mach number

p static pressure

Pr Prandtl number, including chemical contributions

q heat-transfer rate

Re Reynolds number based on length x

R enthalpy recovery factor

ST Stanton number

T temperature

u x direction velocity component

U velocity at the outer edge of the boundary layer.

v y direction velocity component

v n direction velocity component defined by
equation (4)

x co-ordinate along body in stream direction
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y co-ordinate normal to body surface

YIY2,Y3,Yll quantities define by equation (18a)

ai coefficients of thickness ratio equations (23)
and (25) where i 0 0, 1, ... , 8 (given in Table I)

Bi coefficients given by equation (36) where
i = 1,2

6 viscous boundary-layer thickness in x,n plane

6* displacement thickness in x,n plane

A thermal boundary-layer thickness in x,n plane

ratio of the thermal to viscous boundary-layer
thickness in x,n plane

co-ordinate normal to body surface in transformed
plane

n momentum thickness in x,n plane
lX) first velocity profile form factor defined

by equation (11)

X2(x) second velocity profile form factor defined
by equation (11)

X Io(x),XHl(x),)L2(x) enthalpy profile form factors definedby equation (14)

J density thickness in x,n plane

absolute viscosity

maximum (6,A)

p density

-r shear stress

Subscripts

w wall conditions

vi
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y quantities in the physical plane

1 at outer edge of boundary layer

o stagnation conditions at outer edge of boundary
layer
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HEAT TRANSFER IN DISSOCIATED AIR BY A
TWO-THICKNESS INTEGRAL METHOD

PART II: THE ZERO PRESSURE GRADIENT
LAMINAR BOUNDARY LAYER

INTRODUCTION

1. The two-thickness integral method of computing laminar
boundary-layer characteristics at the stagnation point of
bodies including the effects of dissociated air in equilibrium
has been presented in reference (a). From that investigation,
it appeared that the method may have more general application
and, accordingly, it was considered desirable to investigate
additional characteristics of the method. The procedure pres-
ented was based on an extension of the Karman-Pohlhausen method
as reported by Morris and Smith (reference (b)), and had been
modified to include the latest information on the thermodynamic
and transport properties of air as determined by members of the
Thermodynamic Section, National Bureau of Standards (NBS). The
further investigation has been conducted on the zero-pressure
gradient boundary layer and the results have been compared with
the results of "exact" methods (references (c), (d), (e), and
(f)).

2. Van Driest (reference (d)) and Klunker and McLean (reference
(e)), both consider the temperature variation of the fluid
properties but do not perform calculations for temperatures at
which air becomes dissociated. The property values used in
references (d) and (e) were different, hence, discrepancies*
between these results may be attributed primarily to this
difference. The method of solution of the basic differential
equations was similar in that a transformation was used to
obtain an equation in integral form which in turn was solved
by the method of successive approximations. The transformations
were different, however, because Van Driest used Crocco's pro-
cedure which results in velocity as the independent variable
whereas Klunker and McLean used the procedure of Schuh which
yields normal distance as the independent variable.

3. The recent work of Wilson (reference (f)) which is based
on the Crocco procedure, permits comparison with the two-
thickness integral method in temperature regions where dis-
sociation affects the property values. Wilson used the most
current NBS thermodynamic and transport data available at
the time of his investigation; however, since the amount of
transport property data was limited in the dissociation region,
it was necessary for him to devise an interpolation scheme
which produced reliable results over a wide range of stream-
to-reference-density ratios. Since the completion of the

1
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reference (f) investigation, the NBS (reference (g)) has
generated new transport property data in the temperature range
between 2700°R and 6000e0 R. The two sets of property data
compare very favorably with the largest discrepancy (approxi-
mately five percent), appearing in the Prandtl number at 28300 R.
The reference (g) data have been incorporated herein and the
interpolation scheme of reference (f) has been used for viscosity
determination at temperaLures above 60000P.

4. In Part I of this investigation (i.e., "Stagnation Point
Heat Transfer," reference (a)), a one parameter, fourth-degree
polynomial velocity-profile representation was used because
of its known suitability for stagnation point flows. When
applied to general cases, this representation results in a
limitation because of the single parameter, namely, thmL its
absolute value cannot exceed 12. Such a limitation is charac-
teristic of methods based on the Dohlhausen procedure. Ac-
cordingly, in the Part II investigation reported herein a
two-parameter velocity-profile representation was used in an
attempt to extend the range of applicability of the method.
In addition, fourth.-, fifth-, and sixth-degree velocity poly-
nomials have been used, and total as well as static enthalpy
profiles, both of'the sixth-degree, were investigated. While
altering the velocity profile representation avoids some
limitations, other limitations are introduced, The zero
pressure-gradient case has the advantage of presentin.. an
opportunity to explore soee of these limitations wlth .t
introducing excessive complexity.

ANALYS IS

5. The complete equations of woi:ion includiudng pressure
gradient for the flow of a real-gas compressible fluid P-3
given in reference (a). For a two-dimensional, zero pressure-
gradient boundary layer the equations become:

"A / -P(= 0,vj (continuity) (1)

o f "( -~~• '/ -,-• 2 •. , ) •a__ 06
4 (/ (momentum) (2)

* 'ý# 7,j (energy) ()

2
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It is noted that the Prandtl number used in the energy
equation includes contributions of both the -conductive and
ordinary diffusive energy fluxes for air in equilibrium dis-
sociation.

6. As in the reference (a) development, the partial differ-
ential equations (1), (2), and (3) are initially transformed
from the x, y plane to the x, xi plane by the Dorodnitsyn trans-
"formation in the form

C/?Ou
As n rPs,1_t of this transformation, the continuity, momentum,
and energy equations become:

CD_ 62+~ (4)

. X ) Q-, (5 )

p 2/: I ~ _ (6)

7. When it is assumed that the total enthalpy,

at the edge of the boundary layer is constant and equations
(5) and (6) are integrated from the wall to the outer edge
of the boundary layer, the result is,

= - (7)

and

•AI ._< (8)

&X fo'U'.

sC
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where qw and Tw are respectively the heat transfer and shear
stress at the wall. The corresponding integral equations for
the pressure gradient case are given in reference (a). The
boundary-layer momentum thickness, 0, and total enthalpy
thickness, E, are defined in the transformed plane as:

& 6'

where 6 ard . are the values of I at the outer edge of the
viscous and thermal boundary layers, respectively. The dis-
placement thickness, 6*, and the density thickness, A/•
which supply additional information but are not essential for
the solution of the s,'stem of equations, are defined as:

(9b)

The inverse transformations of these thicknesses, including
the viscous and thermal thicknesses, are:

U JQ

orA 1

•>Z -71

0

where quantities in the physical plane are indicated by the
subscript y and , is the maximum of 6 or A.

4
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PROFILE REPRESENTATION

8. The foregoing development differs from the Part I (refer-
ence (a)) development only in the fact that the pressure
gradient terms have been omitted for the basic equations. In
the Part II investigations, an attempt was made to extend the
range of applicability of the method and accordingly, a two-
parameter velocity-profile representation was used instead of
the one-parameter representation as used in Part I. It was
also considered desirable to utilize fourth-, fifth-, and
sixth-degree polynomials for the velocity profiles to evaluate
the relative advantages of each by comparing the results with
other methods. Parametrically, the velocity profiles are
presented in the form:

where r - n/6 and the parameters X1 and X2 are defined by
equation (17). In forming the profiles, it was considered
desirable to utilize as many wall boundary conditions as
practical since the phenomena of interest occur primarily
at the wall. The boundary conditions used varied with the
degree of the polynomial and are the following:

fe(O) - 0 fl(o) 0 f 2 (0) - 0

f'(O) - 0 fl(O) - -l f 2 (o) - 0
f(O) - 0 fz(0) - 0 f;(O) - -i

f o (l) - 1 fl(l) - 0 f 2 (1) - 0 (12)

o(l) -0 o (]) - f 2 (l) - 0

0 (1) 0 fl(1) - 0 i2(l) - 0 (used only
for fifth-
and sixth-
degree
polynomials)

fo(1) - 0 fl(1) - 0 f 2 (1) - 0 (used only
for sixth-
degree
polynomials)

where the dot denotes differentiation with respect to -.
Physically, these conditions correspond to the zero slip con-
dition at the wall, satisfy the momentum equation at the wall
through the second and third derivatives of the velocity profiles,
and insure a smooth transition to the external inviscid flow. As

5
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a result of the use of these boundary conditions, the polynomials
become:

-4r 1/3 (47n - I ) or

f 0 1/3 (5 ij- 5_-4 + 3.I 5 ) orL 2• - 4 + 67-5 T126
55~i-1 _ ±j 5 27j

( - -2 -4
11/6 (21 - 3TJ + r,) or

f1 1/4 (ii- 2T + 24 -4 5) or (13)

5712 + 4 15-6
1/10 (2- + - I- 10"1 + 3"j6)

" 1/18 (-, - + 27j4 ) or
' - 3 .. 4 -5

f2 6 1/36 (r- 6r + 854 - 3r1 ) or

1/60 (- - I0T3 + 4 -151 + 4-6

9. Total enthalpy profiles are used primarily herein whereas
in Part I (reference (a)) static enthalpy profiles were used.
While the choice of total enthalpy profiles results in some
simplification of the mathematical expressions involved it
does impose a limitation on the method which is discussed in
Paragraphs 20 through 22. The form of the total enthalpy pro-
file is the same as that of the static enthalpy profile; namely:

/ _'/. - ý7 - ---"/ / "• /..-,/- /•_;; " -/ý
A'I (/)4)-A 4 A (~G~k (14)

where TH -=•/A and •Hot k HI X H 2' are defined by equations

17 and 18. The physical boundary conditions are at y - 0,
H - Hw , and the second and third derivatives of the enthalpy
profiles satisfy the energy equation, and at y - oo, H - H1
and the first three derivatives of the enthalpy profiles are
zero. The corresponding transformed plane boundary conditions
and, hence, the polynomials, are therefore:

Go(0) - 1 G1 (0) - 0, G2 (0) ' 0

Go(0) = 0 GZ(0) -1 "G2 (O) - 0

6o(0) - 0 G"(0) - 0 G2 (0) - 1

o() - 0 G1(1) - 0 G2(l) - 0
Go() - 0 G1 (l) - 0 b2 (l) - 0

60(1) 0 "1(1) - 0 G2 (l) - 0
do(1) - 0 G6(l) - 0 "62(1) 0

6
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"1 -5 
6Go 1•) : - 2ý% + 5TIH - 6T'H + :9"H

G ( - 1/10 (q- + I0 - 107 + 35J ) (16)
- 3 4 H 5 6

G2 (,• 1 ) 1/60 (-+H 1 0 3 - 2 _ 7 1 - 4-)S+ H -20H + 515H - 41H

10. The equations (11), (12), (14), and (15) result in the
following definitions of the profile parameters

? ( ,Y) = 7 W ~ 4 -
)1

A X) i (17)
h•,o(×) -/

The expressions for the profile parameters, or form factors,
are then derived for the zero pressure gradient case by direct
differentiation of the transformed momentum and energy e-
quations (equations (5) and (6)). These expressions are:

.0 2 (18a)

'q2

where the Y'S, which are determined from real-gas. property
values and hence are functions of pressure and enthalipy, are
defined as:

7
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2

(18b)

and A* is the ratio of the thermal and viscous thicknesses,
i.e., A* A.

THERMODYNAMIC AND TRANSPORT PROPERTIES

11. Since the real-gas characteristics of the present method
are dependent oii the air property values, only the most recent
data on the properties of air in equilibrium dissociation have
been used. These values have been generated by the Thermo-
dynamics Section of the National Bureau of Standards and were
obtained from references (g), (h), and (i). The density, as
used in the computations, was taken inversely proportional to
the temperature at constant pressure for temperatures up to
25200R. For temperatures greater than 25200R, the density
was then determined as a function of pressure and enthalpy by
curve fits to the data of reference (h) as developed by Schmid,
reference (j). In addition to an accurate knowledge of the
dpnai ty it was neessary to have relible values of the

viscosity and Prandtl number so that the derivatives of the
quantities lnpg and lnpp/Pr could be formed. The values
given in reference (i) were considered adequate for tempera-
tures below 2700°R; however, for temperatures between 27000R
and 60000R, new constant-pressure transport-property tables
were generated by Klein, reference (g), presenting the data
at small temperature increments to facilitate differentiation.
Since the derivatives of the property values are needed only
at wall temperatures, the tables of reference (g) were termi-
nated at 6000°R which is considered more than adequate for
practical wall temperatures. The only transport property
information needed at. higher temperatures was the viscosity
for the computation of the stream Reynolds numbers. Viscosities
at temperatures above 60000oR were determined by the interpolation
scheme of reference (f).

8
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12. The need for accurate determination of the property
derivatives (i.e., equation (18b)) is apparent from their
contribution to the velocity and enthalpy form factors; equation
(18a). In fact, under some conditions, int.ccuracies in these
derivatives could result in the loss of solutions as will be
discussed in the section on limitations. In an effort to
obtain maximum accuracy of the derivatives, the data of refer-
ences (g) and (i) were smoothed by the numerical procedures
described in reference (k), numeric~lly differentiated by the
methods outlined in Chapter IV of reference (1) and re-smoothed
to obtain the first derivative. This procedure was repeated,
using the results of the first differentiation, to obtain
the second derivative. It was then necessary to make slight
additional adjustments to assure the proper agreement between
the derivatives and the original quantities. The values used
are presented in Figure 1.

SOLUTION OF THE SYSTEM OF EQUATIONS

13. The basic system of equations to be solved consists of
equations (7); (8), (9a), (11), (14), and (18a). Examination
of th... .. ..tinn. tht. . .. ..ut.on may rea-dily be
obtained if the profile parameters are assumed to be inde-
pendent of x (also 11, hw, Uand P are constant). This is
physically equivalent to the assumption of similar profiles
which is consistent with other zero pressure gradient analyses
(e.g., references (c), (d), (e), and (f)).

14. As a result of the above assumptions, equations (7) and
(8) may be integrated. Using the definitions of shear stress
and heat transfer as:

_,._ u(19)

SdL 2' (20)

where the subscript w refers to quantities at the wall, the
integration gives, (for 0 - E - 0 at x - 0):

2 -(21)
2 ef

9
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___ ___ X 
(22)

15. We now develop equations (9a) so that the ratios e/6
and E/1- may be expressed in terms of the profile parameters
and the boundary-layer thickness ratio A*. This is ac-
complished by inserting the polynomials for the velocity and
total enthalpy in equations (9a) and performing the indicated
integration. The results are expressed in terms ai's and
Hi(A*) where the ai's are constants the Hi(A*)'s are
polynomials in A*. The constants and the coefficients for
the polynomials are presented in Table I for fourth-, fifth-,
and sixth-degree velocity profiles and for A* greater or less
than one. The required ratios are:

,S O-<:><'- cý.• *÷'W- 2 cr ) i, - 2< ,"A 2

-0<A,?-% ,, - 2•8 A•2  (23)

X/-4!.,A +V4A'•4 A, + 4 11444 AA.

A',~',All 7ba (24)

The additional quantity:

C <2 (25)

is developed from equation (9b) in a similar manner; however,
the values of A._/A must be determined by direct integration
after the values of and X are known.

10
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16. If equations (11) and (14) are differentiated with respect
to 7 and nH and given in terms of the wall values (i.e., 71 -TH
- 0) we have

/* /0 (26)

2(27

These two equations, equations (21) through (24), and the
equation (18) now independent of x, constitute the systems of
equations which were actually solved.

17. The method of solution was Iterative and consisted of the
following steps, First values of X and X2 were assumed, f
was then computed from equation (26) and next 6w/A*, XH /*

and X 1 /A*
3 were determined from the first, third, and fourth

equation (18). These quantities wera inserted in equation (27)
and a cubic in An was formed. The root of the cubic to be used
was decided on the basis of physical reasoning and then 6w,
XHI, and XH2 were computed. Now all quantities of interest

were available and it was necessary to check the assumed values
of X1 and X2 . The second equation (18) gave a direct check
on X2 ; however, it was necessary to combine equations (21)
through (24) to check X, in terms of the computed 6w. When
the differences between the computed quantities and the
quaiiLiies as determined by the checking equations was less
than 0.001 percent, '.i;) .ýilition was considered satisfactory.
If the checking equation was not satisfied, X1 and X2 were
incremented by both positive and negative quantities and the
iteration process was repeated until satisfactory results
were achieved.

18. After the system of equations wYas solved, the values of
6* and.-Awere obtained from equation (25) and equation (9b),
respectively. Next, the inverse transformations, equations
(10), were applied to obtain the boundary-layer thicknesses
in the physicL. plane as a function of the square root of x;

i.e., or -V/4?e is constant. T'he shear stress and heat

11



NOLTR 61-25

transfer at the wall may now be expressed as function of /7
by equations (19) and (20). if the local skin-friction coef-
ficient, cf, is desired it may be derived from equation (21)
as:

where 0/) is given by equation (23) and Cf is the mean friction
coefficient. Similarly, if a Stanton number,

is desired, equation (29) may be developed Lo give:

2/0 (29)

where E/A is given by equation (24) and hR is the recovery
enthalpy.

19. When computing the recovery enthalpy as defined by the
relations:

(30)

and

(31)

some investigators, (e.g., references (d) and (e)) have
found that R is a function of Mach number and wall--to-stream
temperature ratio. The heat-transfer results presented herein
were calculated using total enthalpy profiles and are based

"on a unity recovery factor to avoid ambiguity as to the choice
of recovery factor used in the computations. The heat-transfer
results of reference (f) have also been adjusted to a unity
recovery factor. For purposes of compaxison some recovery
factors have been computed for the case of an insulated wall
using only static enthalpy profiles. Difficulties, discussed
in Paragraph 21, were encountered when the total enthalpy
profiles were used to derive the insulated wall recovery

12
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factor. The recovery factor for the static enthalpy profiles
is:

where fw is found from equation (26) with X, equal to zero.
The quantity A* is found from a form of equatiriu (24) derived
with a static enthalpy profile and with E/A, A1 , and XH
equal to zero. 2

LIMITATIONS OF METHOD

20. The one-parameter velocity profile representation, as
described in Part I, reference (a), results in a limitation
to the range of applicability of the present method. This
limitation occurs because under most physically realistic
flow conditions the absolute value of the profile parameter
cannot exceed 12. Physically, the existence of profile param-
eters less than minus 12 indicates that flow separation would
occur and if the parameter exceeded plus 12 it indicates that
velocity overshoot occurs within the boundary layer, While
the latter case is possible under some conditions of heat
transfer it is normally not probable for cases with heat
transfer to the surface and, therefore, is a limitation on
physical grounds. Actually the significant root of the equation
for the velocity profile parameter became imaginary in the one
parameter method after its value reached 12. The limitations
of flow separation and velocity overshoot are general and also
apply to the two-parameter velocity profile representation.
In this case, the limiting values of X1 and X2 are found by
equating the derivative of the velocity profile to zeru. Iae..

(x,_ý) - 0, which gives a linear relation between the variables
X, and X2 for a fixed value of ý. Xhen f is eliminated

from the family of such linear relations yielding an envelope
whose interior represents the allowable values of X1 and X2 .

The envelopes vary with the degree of the polynomial and are
presented in Figure 2 for fourth-, fifth-, and sixth-degree
polynomials. It is noted that the higher degree polynomial
yields a larger envelope, While these envelopes were not
exceeded for any of the flat-plate cases presented, they are
useful as an indication of the validity of solutions obtained
in more general cases such as with pressure gradient.

21. In a somewhat similar manner, the choice of sixth-degree
total-enthalpy profiles imposes a limitation on the values of
the wall heat transfer which may be obtained. This limitation
results in an inability to represent the zero heat-transfer

13
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total-enthalpy profile and implies that calculations near
zero heat transfer may be suspect. In this case, A H2 is
zero and G (TH) - 0 yields a condition when n- - 0 such

that no further values of G -0 are possible for 7

between zero and one. An additional zero derivative, however,
is necessary in the TH range to represent properly the zero
heat-transfer total-enthalpy profile. Fortunately, this
limitation does not exist when either the pressure gradient
or wall enthalpy gradient is non-zero.

22. Another limit which is app14icable to the zero pressure
gradient case is brought about by unfavorable combinations
of property values (i.e., equation (18b)), and flow conditions.
By combining the first two equations of (18a) with equation
(26), a quadratic equation may be formed in terms of A 1.
When the resulting equation is solved for XI the discrimi-

nant may become negative and, hence, lead to complex values
of • i. This limit, which varies with the degree of the
velocity polynomial, is not violated if the following
inequalities are satisfied.

Fourth degree -/D•/ - (/&-It24 • (33)

Fifth degree / - l - (34)

.].4

Sixth degree -49/ -12t(54')-'-/2,(D (35)

where//3 i -> , / A A YO /('4-A (36)Y

Since and fB2 /(Ho - hl) are functions of wal~l temperature

and pressure it is difficult to generalize with respect to

14
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the above inequalities. Figure 3 has therefore been plotted
for 0.1 atmosphere pressure and presents the value of the
left-hand member of the inequality (designated as G (B1 ,ae)

as a function of hw/RTO, where RTo - 33.7098 BTU/lb, for
constant values of fw and Ho - h1. Since 1. must be positive
and generally lies between one and two, this presentation gives
a qualitative guide to the combination of conditions which
should fail to give solutions. The curves, which are ex-
ceedingly irregular because of the real-gas properties used,
i.e., Figures Ic and ld, indicate that the criterion should be
examined on a per case basis. It was also noted that changes
in Y 11 which were smaller than the expected accuracy of the
numerically determined second derivatives could change a case
from violating to satisfying the criterion. From this it
must be concluded that still further accuracy is needed in
determining the property derivatives, i.e., the equation (18a)
quantities. Figure 3 shows in addition that excessively
large values of (Ho - hl) and small values of f 2 have a greater
probability of failing to yield solutions. One may also
observe that for a perfect gas with constant Prandtl number
and constant coefficient of specific heat and viscosity described
by the Sutherland's law the value of fl is always positive and
hence, the criterion is satisfied in almost all practical cases.

RESULTS AND DISCUSSION

23. It was pointed out in the section on limitations* that
the use of total-enthalpy profiles precluded investigation
of the zero heat transfer (i.e., insulated wall case). In
order to obtain a skin friction Mach number relatio.shin for
zero heat transfer, a limited number of computations were made
wLth static enthalpy profiles and sixth-degree velocity pro-
files. The results, in terms of Cf / vs. Mi, are pres-
ented in Figure 4. In Figure 5 the corresponding insulated
wall enthalpy recovery factor is presented. These compu-
tations were made using equation (32) and also by using the
square root of the Prandtl number taken at the derived wall
temperature in zero heat transfer. The present values are
compared with those of references (d) and (e). From Figure
4a it is seen that the agreement in Cf f-R is reasonable at

Ir-1 cause of the indicated limitations all results are given
in the figures with symbols used to represent actual computed
values. In some cases the curves have been faired through
regions where solutions are not attainable.
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all stream Mach numbers with slight discrepancies occurring
at Mach number near one. Correspondingly good agreement is
noted in Figure 5 for the insulated wall enthalpy recovery
factor where the greatest discrepancy between the methods
is in the order of five percent. As has been noted by other
investigators, the enthalpy recovery factor curve varies
closely as the square root of the wall Prandtl number. These
results indicate that if investigations are to be conducted
by the two parameter integral method, use of static enthalpy
profiles should give reasonable results for cases near zero
heat transfer, whereas, the use of total-enthalpy profiles
would fail to give satisfactory values.

24. Since the case of equal wall and stream temperatures
reduces to the zero heat-transfer case at zero Mach number
it was considered a desirable case for comparing the results
obtained by using velocity profiles of varying degree. Fourth-,
fifth-, and sixth-degree velocity polynomials were used as
well as a sixth-degree total enthalpy presentation. The
computed values of cf e are shown in Figure 4 as a function
of Mach number. As might be expected the higher degree pro-
file polynomials give the better agreement with the less
approximate methods. The sixth-degree presentation is within
less than one percent of the Blasius value at zero Mach number.
As the Mach number is increased, however, the results of the
methods (i.e., references (c) and (e), and the present method)
diverge considerably, differing by as much as 20 percent at
Mach number 20. As will be seen later, this difference is not
typical of most cases but may be interpreted as an indication
of a difficiency in the present method when computing cases
where the wall-to-stream static enthalpy ratio is in the order
of o•e •nd th- Mach number is large.

9q. The methods of references (c), (d), and (e) do not include
the effects of air dissociation on the thermodynamic and trans-
port properties and, hence, comparisons with the two-thickness
integral method in regions where dissociation is present are
at best qualitative. The recent work of Wilson, reference
(f), does present an opportunity for quantitative comparison
in the dissociation region. Following Wilson the skin friction
is presented in Figures 6 and 7 as a function of wall-to-stream
static enthalpy ratio for constant values of the parameter
U2 /2hI at stream enthalpies of 93.24 and 466.3 BTU/lb (i.e.,
3000 and 15,000 BTU/slug). Both fourith.- and sixth-degree
velocity polynomials and total-enthalpy profiles were used to
obtain the results which are presented and again the agreement
is considerably more favorable when the sixth-degree polynomials
are used. The results obtained with the sixth-degree velocity
profiles are generally within approximately five percent of
the reference (f) values with the notable exception of the

16
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region of low wall-to-stream enthalpy ratio. The reason for
this difference is not clear at present but is believed to
be associated with the occurrence of an inflection point in
the transformed plane velocity profiles which is uniquely
fixed in Tl by the polynomial approximation. The transformed
plane inflection point itself appears to be necessary to
accommodate the large static enthalpy gradients which are
present in these highly cooled wall cases,

26. In Figure 8 the present results are compared with those
of reference (f) on the basis of a modified Reynolds analogy
parameter, • p _

The Stanton number for the present results were determined
using a unity recovery factor. It Was therefore necessary
to alter the reference (f) results to include a unity recovery
factor so that a common basis of comparison was achieved.
Here again, the sixth-degree velocity profiles appear to give

a better representation of the physicas pictuxe. With respect

to heat transfer, however, Figure 9 shows good agreement
between the two methods which implies that the differences
indicated in the modified Reynolds analogy factor are due
to the previously discussed differences in the skin friction.

With respect to the two-thickness integral method, it appears
that the use of either the fourth- or sixth-degree velocity
profile representation give essentially identical values of
the heat transfer.

27. A limited investigation of the effect of pressure level
on the skin-friction coefficients and modified Reynolds
analogy factor was conducted. The results presented in
Figures 10 and 11 do not show any striking features except
possibly a larger effect of wall-to-stream enthalpy ratio
at the larger pressure levels.

28. As a final comparison between the results of the reference
(f), and the present method, velocity and static enthalpy
profiles in the physical plane are presented in Figure 12.
The case presented is for a wall-to-stream enthalpy ratio of
one and as previously discussed (Paragraph 25) represents the
area of greatest divergence between the two methods. It is
interesting to note that, in the lower half of the boundary
layer, the profiles are quite similar. While it is difficult
to generalize, this may indicate that quantities such as heat

transfer and skin friction which are dependent on derivatives
of the profiles at the wall could be reasonably well repre-
sented.

17
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CONCLUSIONS

29. in general, it may be concluded that the two-thickness
integral method utilizing a sixth-degree polynomial velocity
profile representation gives reasonable results when compared
with the "exact." methods.

30. The present investigation has also revealed limitations
of the two-parameter polynomial-approximation procedure most
of which must be examined on a per case basis. Among the
limitations are the following:

a. The possibility of loss of solutrons due to un-
favorable combinations of thermodynamic and transport property
derivatives.

b. The failure of total enthalpy profile polynomials in
cases of zero, or near zero, heat transfer.

18
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