
REGISTER READING 

Fig. 4 - Operation oí the discriminators 

in the M. S. mode 

Fig. 5 - Typical acceleration versus time record 

APPLICATION TO AN 
ACTUAL ANALYSIS 

To illustrate the operation of this sys¬ 
tem, its application to the analysis of an 
actual set oí data will be described. 

The data presented herein came from a 
measurement program to determine the 
vibration occurring at various points on a 
missile due to the burning of its motor. The 
missile was held in an especially designed 

restraining mechanism at the restrained fir¬ 
ing facility at NAMTC, Point Mugu. 

The duration of the motor burning was 
approximately 4 seconds. The burning had 
two distinct phases: (1) a high-rale burning, 
boost phase, and (2) a lower-rate burning 
sustain phase. The boost phase lasted 
approximately 1 second and tue sustain 
phase lasted approximately 3 seconds. 
Figure 5 shows a typical vibration channel 
with three characteristics: (1) ignition 
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shock, (2) high-level vibration during the 
boost phase, and (3) low-level vibration. 
There was no shock at burnout. While 
the ignition shock is no particular problem 
to analyze, analysis of the vibration is a 
different story. The record is quite short 
to be cut into two separate lengths for 
separate analyses of the boost and sustain 
phases, although this would oe preferable 
to a single ordinary spectral analysis over 
the entire vibration duration. 

In order to analyze these motor- 
burning-induced vibrations, the M. S. mode 

of analysis, described in the preceding 
section, was used. Figure 6 shows a repre¬ 
sentative example of one of the oscillogr aph 
records obtained as results oi this analysis. 
It represents the variation of the spectral 
density within one frequency band over the 
duration of the vibration. Notice that the 
ignition shock, boost, and sustain phases are 
clearly defined. Figure 7 shows another 
oscillograph record, however, this record 
is for mean-square variation with time of 
the broadband (unfiltered) signal. The sep¬ 
arate phases are also clearly visible. One- 
fifth-of-a second integration time was used 
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Fig. 6 - Typical spectral density versus time 
analysis (in a frequency band) 
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for this analysis, so that 80 points (1/5-sec 
integration time by 4-readouts per Integra¬ 
tion time by 4 seconds) were obtained; this 
gives fairly accurate resolution of the vari¬ 
ation in spectral density, or mean square, 
with time even over this rather short inter¬ 
val of only 4 seconds. 

The final results, obtained from the 
computer, were in the form of 45 oscillo¬ 
graph records similar to Fig. 0. Each 
record represents the variation in spectral 
density, with time, within a frequency band. 
The optimum form in which to present these 
data would be a three-dimensional surface 
whose coordinates are spectral density, 
frequency, and time; see Fig. 8. Since pre¬ 
senting this three-dimensional plot in a 
usable form is somewhat of a problem, the 

results must be presented in some other 
manner. Several choices are available. As 
the results come out of the computer, they 
represent spectral density-time planes in 
this surface at various points along the 
frequency axis and they are directly usable 
as such. One can also take spectral density- 
frequency planes along the time axis; two 
such planes are shown in Fig. 9. 9A was 
taken during the boost and 9B was taken dur¬ 
ing the sustain phase. These power spectra 
were obtained by measuring the spectral 
density at the same two points in time on 
each oscillograph record. Still another 
method of presenting the dala is to take 
planes in the frequency-time plane at vari¬ 
ous spectral demity levels, although this is 
rather difficult and perhaps of not too much 
value in that form. A comparable and more 

Fig. 8 - Optimum plot of analysis results 
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Fig. 9 - Spectra at T seconds from beginning 
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useful form is to measure the percent of 
time that the spectral density exceeds vari 
ous levels for each of the frequency bands; 
this gives a- spectral density distribution 
curve (pig. 10). One could calculate this 
from the oscillograph records, but it. can 
be directly obtained by using the discrimi¬ 
nators and counters. 

hi addition to these types of analyses 
which are essentially standard, for this 
particular data it was desired to know the 
range of variation in the spectrum during 
both the boost and the sustain phase; to 
obtain this, the maximum and minimum 

values of each oscillograph record were 
measured for both the boost and sustain 
phases. A separate spectrum showing the 
band between the maximum and minimum 
was plotted for each phase (Fig. 11). It can 
be seen that a great deal of useful informa¬ 
tion can be obtained by use of this computer. 

OTHER ANALYSIS CAPABILITIES 
OF THE SYSTEM 

In addition to analyzing short-duration 
nonstationary random vibration, the system 
is capable of analyzing (1) long-duration 

Fig. 10 - Typical spectral density distribution 
curve (one frequency band) 

FREQUENCY , cps 

Fig. 11 - Maximum and minimum spectra 
density occur ring during each phase (typi¬ 
cal channel) 
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nonstationary random vibration, (2) station¬ 
ary random vibration, and (3; periodic 
vibration. The extension to long-duration 
nonstationary data is direct; one simply does 
the same thing over longer times. The com¬ 
puter can analyze stationary data by the 
same method; nowever, it is ca.pabie of ana¬ 
lyzing stationary data by a simpler method, 
designated as the Spectral Density (S. D.) 
analysis. 

Since the data is stationary, only a short 
portion is recorded on a contmuous loop of 
magnetic tape. Then the tape is played back 
and the output of each filter is analyzed one 
at a time. The output of the filter is squared 
and integrated as in the M. S. analysis, 
except that only one integrator is used 
instead of the commutated bank of five 
integrators. The output of this integrator is 
displayed on an oscillograph. To compute 
the spectral density one merely divides the 
deflection on the oscUlograph by the inte¬ 
gration time. Essentially, the computer 
operates exactly as most conventional vibra¬ 
tion analyzers. There is one major differ¬ 
ence though. In addition to the data, com¬ 
mand signals are recorded on the tape loop. 
These command signals are recorded on 
separate tape tracks and their function is 
to start the integration and stop the integra¬ 
tion. After the stop command and before 
the start command, the integrator’s Input 
and output are held to zero. In this manner, 
one of the annoying problems of loop 
analysis-what to do about the splice in the 
tape-is complotely eliminated, unless one 
were to deliberately put the start command 

before the splice and the stop command 
after the splice. These command signals 
also assure that all the filters analyze the 
same portion of the data and therefore they 
are used for all methods of analysis in this 
system. A block diagram of the S. D. ana¬ 
lysis mode is presented as Fig. 12. The 
S. D. analysis mode is identical to the M. S. 
analysis mode up to the integrators. For 
the S. D. mode, only one integrator is used. 
Its integration time is controlled by the 
duration between the start and stop com¬ 
mands. Also this integrator’s output goes 
to the oscillograph only. 

The other type of analysis possible with 
this computer is designated as the Ampli¬ 
tude Distribution (A. D.) mode. With it the 
amplitude distribution, actually the proba¬ 
bility density function, is computed. This 
analysis is also for stationary data and 
permits one to determine if the data is ran¬ 
dom or periodic. The results of analyzing 
a sine wave is presented in Part A of Fig. 
13; noise is presented in Part Bof Fig. 13, 
and a combination of sine and noise is pre¬ 
sented in Part C of Fig. 13. A block dia¬ 
gram of the computer for this mode of ana¬ 
lysis is presented in Fig. 14. The circuitry 
for this mode is identical to that for both 
the M. S. and S. D. modes up to the output 
of variable-gain amplifier. 

At this point in the A. D. mode, the out¬ 
put of this amplifier is connected to a bank 
of 11 discriminators biased in equal steps 
from 0 to full scale. Each discriminator 
opens a gate whenever its bias level is 

Fig. 12 - The analysis system for the S. D. analysis mode 
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Fig. 14 - Analysis system £or the A. D. analysis mode 

exceeded. Each gate (except iwmber 11) when 
opened, then adds a 1-Mc clock iothe register 
(electronic counter), associated with It. The 
first counter measures the time 0 is exceeded 
(in one direction) and the eleventh discrimina - 
tor signals an overload condition, if full scale 
has been exceeded. To calculate the probabil¬ 
ity that the signal lies between any two dis¬ 
criminator levels, one merely divides the dif¬ 
ference between the two corresponding counter 
readings by twice the zero counter reading. 

CONCLUSION 

A special purpose computer that will 
permit the detailed analysis of nonstationary 

as well as stationary data has been designed 
and built. No claim is made that this 
computer is the answer to all vibration 
analysis problems. This computer’s 
applications range from the analysis of field 
measurements to laboratory measurements, 
from records of a few seconds duration 
to an hour’s durati m, awi: from nonstation¬ 
ary data through stationary data even to 
periodic data. So it can be seen that in 
addition to this computer’s unique ability to 
analyze nonstatioiary data, it also is a 
very useful tool for the analysis of a large 
percentage of the total range of vibration 
analysis. 

134 



DISCUSSION 

Dr. Morrow (Chairman, Aerospace 
Carpir I had one question in cuiuiection 
with Fig. 13. There were probability den¬ 
sity functions plotted versus instantaneous 
amplitudes. I wonder if you don’t mean 
instantaneous value? 

Mr. Kelly: It’s not a peak amplitude. 
I tried to convey what you’re saying- 
instantaneous value. I don’t wand to be mis¬ 
leading and say it’s versus peak amplitude. 
It’s not. This is the density function. 

Mr. Galef (National Engineering Science 
Co.):~ I’m very curious to know what you 
would do with that three-dimensional spec¬ 
tral density, if you had it. To go a little 
further, why do we want the data in the first 
place ? It would appear that we want the 
data in order to tell what is going to happen 
to the equipment. If the process is station¬ 
ary, the spectral density is extremely useful 
in telling us what will happen to the equip¬ 
ment. If it is not stationary, I assume 
somebody, some time, will be able to tell 
us what will happen, but I haven’t seen any 
results yet of anyone who has analyzed the 
response to nonstationary random data. 1 
wonder if it might be worthwhile to suggest 
that, inste ad of using power spectral analy¬ 
ses when we have very definitely non¬ 
stationary data, it might be wise to consider 
getting something very closely equivalent to 
a shock spectrum-simply the response of a 
single-degree-of-freedom system of many 
different frequencies. In this case it would 
have to be a damped single-degree-of- 
freedom system. I think we would like to 
see a shock spectrum for perhaps 1, 5, or 
10 percent damping. This might tell us, in 
a very concise manner, what the data of 
your entire 4 seconds is doing, whereas I 
don’t really believe the three dimensional, 
power spectral density can tell us that. 

Mr. Kelly: Well, I have two comments 
on that: One, somebody has to set up a 
test level; and the question is how are you 
going to set up a test level, if you don’t 
know what is happening? The second 
comment-your reference to using a shock- 
spectrum type of equivalent-is that I have 
done a little bit of work on this; in fact, I 
modified a shock-spectrum computer to 
have damping. But essentially all you’re 
doing is saying, “Ah hah, now I have a filter 

whose response curves I know.” The only 
difference I can see is that you have one 
filter characteristic as compared to another 
filter characteristic. 

Dr. Morrow: May I add a comment to 
this. 1 think there has been a little bit too 
much worry over whether vibration is 
stationary or not. There is really nothing 
in the definition of power spectral density 
which says or implies anything about 
stationärity. It does turn out that the 
concept is more useful when the vibration 
has a certain degree of stationirity, but the 
idea of stationarity is very closely related 
to the concept of steady-slate conditions 
when one has periodic or quasiperiodic 
excitation. It’s generally accepted to be 
reasonable that a peak value and a fre¬ 
quency conslitute a good description of a 
sinusoid at a particular moment, if one 
can compute the response fairly closely on 
the basis of this information. Now, whether 
you can do this or not depends on whether 
the sinusoid is changing rapidly or slowly 
by comparison with the response time of the 
various resonators which may be excited by 
it. If things happen too fast, the steady- 
state computation gives you very little 
insight at all; whereas if things are happen¬ 
ing very slowly, then this traditional method 
of computation works very well. With sta¬ 
tionarity, it’s much the same story. Inthose 
cases where the variations are slow enough 
so that in the sinusoidal case you could use 
the steady-state analysis^ then for essenti¬ 
ally the same degree of slowness in the 
random case you can get useful results from 
power spectral density. 

Mr. Nute (Convair Astronautics): I 
would like to suggest an alternate answer to 
the last question, regarding the usefulness 
of a three -dimensional power spectrum plot. 
This relates to some work we have been 
doing quite recently, tío far, we've had no 
success, but it seems as if it should be 
promising. Namely, to use this three- 
dimensional plot to discover cases where 
you have modulated sinusoids. When devel¬ 
oped adequately, this could turn out to be a 
very powerful diagnostic tool for describing, 
let us say, the origin of certain types of 
vibration-particularly where you get two 
coupled modes of vibration whose frequen¬ 
cies are slightly separated, you will get a 
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certain frequency modulation of the spec¬ 
trum. I might say In this connection that I 
have heard of work done by a different firm 
(and I do not feel free to divulge too many 
details), where they took a stochastic pro¬ 
cess and they analyzed it. They took a 
power spectral density at one moment; 
took another density from a different inter¬ 
val of time which overlapped the first inter¬ 
val by about 98 percent; and took a third 
spectrum which overlapped the last one by 
98 percent. Thus they got a sequence of 
about 50 points-50 spectra. Each of these 
spectra had about four peaks. The four peaks 
occurred at the same frequencies but had 
different amplitudes. So they selected one 
of these peaks, let us say at 300 cycles, 
and then they took a height of the 300-cycle 
peak in each of these 50 spectra which 
gave them 50 points; they subjected this to 
another spectral analysis and they found 
that this was amplitude modulating at a very 
clear cut frequency. A physical signifi¬ 
cance was attached to this frequency which 
brings me to the question that I’m very 
anxious to see answered: When you are 
preparing a three-dimensional plot, you 
have a certain trade-off between the banc1- 
width and the frequency resolution of a 
single filter, or the resolution, or the 
amount of time that you allow to elapse from 
one sample interval to the other. As I say, 
in the case Í just described, the amount of 
time elapsing between one sample interval 
and the other was, you might say, less than 
zero-they had them overlap. But if you 
choose a spectral density with a very-high- 
frequency resolution you have to take a long 
sample interval and, then, the next sample 
interval has to start a lot later. Have you 
seen any work done in answer to this ques¬ 
tion of how to get the most out of the 
three-dimensional spectrum? 

Mr. Kelly: Offhand, I can’t say I’ve 
seen any work on that. I’d like to comment 
on this process a little bit. If you recall 
Fig. 3 on the commutated integrators, you 
will remember that during any integration 
time we read out four values of spectral 
density. So, we obviously have these values 
overlapping during that time and this con¬ 
tinues for the entire record. I don't know 
if tins is any help or not. 

Mr. Galef: I’d like to go back to your 
answer that you would use the three- 
dimensional spectral plot to get a 

specification and to Dr. Morrow's comment 
that if the spectral density is changing 
slowly, it is extremely useful. I agree com¬ 
pletely V««.-U Dr. Morrow; however, for the 
situation which you have showed which 
includes the shock of ignition and the very 
rapidly changing spectral density during 
first blast, I would hate to have to design 
something for a spectral density which was 
derived from the ignition shock. This would 
be an extremely difficult thing-nor would It 
be an appropriate thing. This is definitely a 
shock and should be treated as a shock. 

Mr. Kelly: I agree with you whole¬ 
heartedly. As a matter of fact, we don’t 
use that bit of data. I mean, you have to 
use some judgment when you’re analyzing 
this data; and, certainly, if it is a shock, 
I don’t think we should call it vibration. 

Mr. Bendat (Ramo-Wooldridge): I want 
to compliment the speaker for the material 
presented in his paper. I feel it represents 
a mr-st significant contribution; and the fact 
that there has been this discussion, I think, 
bears that out. As was pointed out in an 
earlier paper, when a process is ergodlc, 
a single representative record analyzed 
timewise can give you a great deal of infor¬ 
mation about the entire ensemble of which 
it is a part. When the process is stationary, 
this is no longer necessarily true; and when 
the process is nonstationary, it’s definitely 
not true. So that, for nonstationary phe¬ 
nomena; one record is never representa¬ 
tive of anything, except that one record. 
Therefore, it is essential in analyzing 
nonstationary phenomena to always obtain 
as many samples as possible and do con¬ 
ventional statistical averaging over the 
results. This was not brought out In the 
paper, but Tm sure that the speaker is 
aware of this point. Secondly, the last part 
of the paper presented some work with 
amplitude probability distribution analysis. 
This is another aspect of the problem that 
has to go hand-in-hand with power spectral 
analysis. He mentioned the fact that they 
compute the i rnoint of time that the record 
will stay above various levels. 1 would like 
to ask whether or not they may have e< .sl- 
dered ways of extending this to also consider 
the expected number of times per unit of 
time that you cross various levels-the so- 
called threshold-crossing problem which 
has application to fatigue studies? 
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Mr. Kelly: Yes, frankly, we did con¬ 
sider it but unfortunately the circuitry 
doesn’t lend itself to modification very readily. 

Dr. Curtis (Hughes Aircraft Co.): I 
would like to point out to Mr. Galef that one 
of the whole purposes of this computer was 
to be able to separate the shock from the 
following vibration, so that we didn’t com¬ 
mit the sin of which he is accusing us. 
Secondly, I would like to comment that this 
business of confidence interval and the 
probability distribution analysis are very 
intimately tied together, since it makes no 
sense to base your confidence interval on 
having a gaussian, or normal distribution, 
etc,, until after you’ve found out that you do 

have such a distribution. Therefore, this is 
another reason why you have to find out 
whether these peaks in the spectra really 
represent narrow bam! random vibration, 
or quasisinusoids, or some mixture of the 
two. Otherwise, you don’t know what varia¬ 
tion to expect. In case somebody is wonder¬ 
ing why didn’t we show confidence intervals 
about this data in this present paper-first, I 
don’t know how to do it for a nonstationary 
process; and second, we’re trying to say 
what went on during this one burning of a 
rocket engine for which we had a record 
of the complete duration. Usually, we’re 
in the position of taking a small sample 
of a long duration, then confidence intervals 
come into play. 
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A SPECTRAL ANALYZER FOR SHOCK ENVIRONMENT 

Ward P. Barnes 
Boeing Airplane Company 

Seattle, Washington 

Recent military specifications require that a shock environment be 
described xn terms of a shock-response spectrum rather than the tradi¬ 
tional terms of intensity, duration, and waveform. This paper describes 
a new method of determining the response to a shock pulse, the analysis 
equipment, and the results of analyses of both test shocks and actual 
shock environments. 

INTRODUCTION 

Recent Research and Development Pro¬ 
grams in the Aero-Space industry have 
emphasized the design and development of 
electronic packages. The reliability require¬ 
ments of these packages have in turn attached 
greater importance to dynamic testing in 
general, and to shock testing in particular. 
The definition of shock environment through 
the use of shock-response spectra is an 
example of one method developed to refine 
shock-testing techniques. 

The use of shock spectra, however, has 
necessitated the development of valid methods 
for determining the response of dynamic 
systems to shock. 

The purpose of this paper is to describe 
a response analysis method employed at 
Boeing, to describe the analyzer in detail, 
aid to present the results of some of the 
analyses. 

BACKGROUND 

Shock-test specifications have assumed 
a variety of forms. In general, however, 
they can be grouped into three categories: 

1. TestConditions Specified. A partic¬ 
ular test setup, or shock-test machine, Is 
specified. The test environment, though not 
defined, can be repeated for each test with 
a fair degree of accuracy. Shock-test machines 
of tne Naval Ordnance Laboratories are typi¬ 
cal of this type of specification. 

2. Shock Pulse Specified. The actual 
shock pulse is described in terms of maxi¬ 
mum acceleration, duration, rise time, fall 
time, and/or wave shape. This type of 
specification is represented by any one of a 
number of current MIL specs. 

3. Shock Spectrum Specified. Here the 
response to the shock pulse is specified in 
terms of the maximum acceleration experi¬ 
enced bv simple spring-mass systems. 
Recent specifications from STL have included 
test requirements of this type. 

The test conditions (drop height, impact 
medium, pneumatic pressure, etc.) can be 
readily determined for tests in the first 
category. The second type of specification 
required only that the shock pulse be moni¬ 
tored with an accelerometer and displayed. 
The shock-spectra method, however, requires 
that an analysis be performed to determine 
the response to the shock pulse. This 
requirement prompted the development of 
the shock-response analyzer described in 
this paper, 

SHOCK SPECTRUM DEFINED 

Undoubtedly there are engineers in 
environmental testing, and even in the partic¬ 
ular field of shock testing, that have not yet 
encountered shock-response spectra. For 
this reason, it would be advantageous to 
spend a few moments on a brief description 
of this type of specification. 
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A shock spectrum has been defined as 
follows: “A shock spectrum is the envelope 
formed by the maximum acceleration response 
of an infinite number of simple, undamped, 
single degree of freedom, spring-mass sys¬ 
tems when simultaneously subjected to a 
given shock environment.” In simple lan¬ 
guage, just what does this mean? 

Figure 1 shows the steps involved in 
developing a shock spectrum. Figure 1(a) 
shows a plate upon which are mounted three 
simple, undamped spring-mass systems with 
varying natural frequencies. Assuming the 
acceleration of the masses may be deter¬ 
mined v/ith an accelerometer, their response 
to the applied half-sine pulse would be as 
shown in Fig. 1(b), (c), and (d). The maxi¬ 
mum positive-acceleration response of each 
of the systems (a, , a2 , anda ) is shown in 
Fig- 1(e), plotted against natural frequency. 
If this procedure were to be repeated with 
an infinite number of spring-mass systems, 
the maximum positive response would form 
the envelope indicated by the upper dotted 

line. This is generally referred to as the 
primary shock-response spectrum. It 
should be noted that the maximum negative 
acceleration response of each of the systems 
would also form an envelope, referred to as 
the residual shock-response spectrum. 
Either the primary or, in some cases, both 
spectra are used to define a shock-test 
specification. 

SHOCK-TEST INSTRUMENTATION 

The system employed at Boeing for 
instrumenting shock environment is shown 
in the block diagram in Fig. 2. 

Normally, the shock is either produced 
with a machine in the laboratory or it is an 
actual, measured-fieldenvironment. Measure¬ 
ment of the acceleration level is accomplished 
with an accelerometer mounted on or adjacent 
to the test specimen. For part of the work 
done with shock spectra, however, the sig¬ 
nal has been synthesized electrically with a 
shock pulse simulator. 

natural frequency 

(•) 

Fig. 1 - Steps involved in developing a shock spectrum: 
(a), plate with three vibratory systems; (b), (c), and <d', 
acceleration response of the systems to half-sine shock 
pulse; (e), resulting shock-response spectrum 
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The shock pulse is measured by intro¬ 
ducing the electronic shock signal to the y 
axis of an oscilloscope and photographing the 
resulting tr-ace with a Polaroid camera. The 
response spectra is measured by performing 
an analysis on the shock pulse with the shock- 
response analyzer. 

SHOCK RESPONSE ANALYZER 

The basic analyzer (Figs. 3 and 4) is 
comprised of a series of simple electronic 
circuits, each analogous to one simple spring- 
mass system. The theory behind the opera¬ 
tion of the analyzer can be illustrated by 
analytically comparing an individual electrical 
circuit to the equivalent mechanical system 

», = the displacement ofM, , inches, 

Xj = the displacement of Mj , inches. 

The system of differential equations which 
describe the relationship between M, and m2 is 
as follows if friction ts neglected: 

dt 

d2Xj 

Mj -- k(x - *2) “ F( t ) . (2) 
dr' 

Eqs. (1) and (2) may be put into a dimen¬ 
sionless form by using the following substitutions. 

SHOCK PULSE 
SIMULATOR 

Fig. 2 - ShocK-test instrumentation 

The Mechanical System Let X, = aXi 

Figure 5(a) shows the symbolic mecha¬ 
nical system where, 

Mj = mass of the equipment being tested, 

Mj = mass of the test equipment table, 

w = spring constant of the linkage 
between Mj and M2 , pounds per inch, 

F(t) = the input shock pulse, Inches per 
second per second, 

then 
dx, dx1 

dt dt 
a 
dxl dT 

dt dT = a“n dX, 

d2X 

dT 

let 
Xj ” 0X2 
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Fir. 1 - The shock-response analyzer 

1'ig . 4 - Electrical components of the shock-response analyzer 

141 



then 
(ixj <iX2 ''Xj tlT 
_-a_=fl(lt dt 

dX2 

"JT 

If we neglect the resistance, then the 
system of differential equations which describe 
the electrical system are as follows: 

Let 

/ dX2\ 

dS/hlT-j /£T\ 
,|t2 dT 'dt' dT2 

then 

Define 

T = “n‘ 

a = Constant . 

From Eq. (1) and the above substitutions, 
we have 

M, a«/ 
daX, 
-L + ka (Xt - Xj) -- 0. 

dT2 

(3) 

From Eq. (2), 

aw. 2 
n 

d2Xj 

dT2 
- ka (X! X2) (4) 

Eqs. (3) and (4) become, 

d2X. 
-1 + (X, - Xj) = 0 

dT2 

d2X2 

dT2 

M, F 
M. 

--ilX, -X3) 
(¾ 

(5) 

(6) 

The Analogous Electrical System 

The electrical circuit which is equiva¬ 
lent to the mechanical system shown in Fig. 
5(a) is given in Fig. 5(b) where, 

Lj = inductance, henries 

c = capacitance, farads 

L. = inductance, henries 

e( t ) = input pulse in volts. 

d2qi (qj-qj) n 
1 -- +---0- 

1 dt2 c 

(V) 

L 2 

d2q2 

"dt2" 

(dj - a-2) _ = e (t) (8) 

Eqs. (7) and (8) can be put into dimension¬ 
less form by making the substitutions below. 

Let 

q, =aQi. 

then 

dqj d(a<Jl) d¿_ dQl 
"dT ~ 80 dt e d<0 

and 
l dQA 2 ,i2„ dlotw, - ., d'Q, 

d di _ \ g d0 / d0 _ _ 

dt2 d0 't * d<p2 

Let 

q2 = a02, 

then 

dq2 - d(<rQ2)d^ =aa, ^ 
dT = M dt ® 

and 

AU,'Wl d0 /^2 
dt2 d'f’ dt * dt2 

Let 
t = 0, 

then 
d0 _ 

Define j 

a = Constant. 
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Fig. 5 - Analogous vibratory systems: 
(a), mechanical and (b), electrical 

Eqs. (7) and (8) become, The Analyzer Circuit 

Liawl 
dsQ, 

— (Qj -Qj) = o. 

c 
(9) 

Also, 

d2Qi 
clc/>2 

+ (Qi - Q2) = 0 

d2Q2 L, -(¾ 
■ (0! - Q2) - 

d£2 L2 Ljaw2 

(10) 

(11) 

(12) 

By comparing the mechanical and electri¬ 
cal systems of differential equations, we find 
the following relations: 

(13) 

X^O, (14) 

Figure 6 shows the circuit diagram of the 
shock-response analyzer. Toe complete cir¬ 
cuit is essentially an extension of the electrical 
analogy (Fig. 5), and it comprises 20 tuned 
L-C circuits, each using the same inductances 
It should be noted that L, has 20 times the 
inductance of L2. The resistance circuit, with 
its switch coupled to the L-C circuit switch, 
functions as a voltage divider for locating the 
position of the response signal on the hori¬ 
zontal axis of an oscilloscope. 

Tape Speed Up 

The response of circuits with natural fre 
quencies as low as 10 cps was desired. It is 
extremely difficult, to devise a practical 
electrical circuit with a resonant frequency 
much less than 100 cps. This problem was 
solved by recording the shock on a tape loop 
and playing the loop back at eight times the 
recording speed. In this manner, it was 
possible to use circuits with resonant fre¬ 
quencies from 12.5 to 100 cps. 

X2=02 (15) 
Damping 

<t> T 1 
_ or -=- 
OJ <p 1 

— = L|Cd>2 or C = —r 
fit* 

li 
•P 

( 16) In the electrical circuit, as in any real 
mechanical spring-mass system, there is a 
certain amount of resistance or damping. 

(16a) The mechanical system called out in the test 
specification is theoretical, however, with 
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no damping. For accurate test results, it is 
therefore desirable to keep the resistance in 
the electrical circuit as low as possible. A 
problem faced in the use of an L-C circuit, 
is that the coUs necessary to produce induct¬ 
ance also create resistance. This resistance 
is not of sufficient magnitude; however, to 
have a significant effect on the response of 
the system to transient signals of short 
duration. Maximum magnification at 
resonance of the 20 circuits is shown in the 
envelope (Fig. 7). Response curves for the 
100-, 300-, and 500-cps analyzer circuits 
(actually 800, 2400, and 400 cps) are shown 
in detail. The result of the circuit resist¬ 
ance is shown later in the actual test results. 

It should be noted that the maximum 
response envelope is not flat throughout the 
frequency range. The drop in magnification 
at lower frequencies is due to the larger 
parallel capacitances required. The 

proportionally greater effect of series capac¬ 
itance in the inductive circuit is responsible 
for the slight drop at natural frequencies 
above 3000 cps. 

Operation 
An analysis of a typical shock pulse would 

be the best way to demonstrate the operation 
of the analyzer. The response to a half-sine 
shock will be used as an example. This 
shock pulse is selected as it has been the 
basis for a large percentage of shock-test 
specifications, and because it is by far the 
easiest shape to produce, requiring only an 
elastic impact between two masses. Figure 
8 shows the shock pulse, its spectrum, and the 
resoonse of each of the 20 tuned circuits 
to the shock. The response spectrum is the 
result of placing each of the response signals 
in its respective position according to fre¬ 
quency, with the time base extending into the Z 
axis, or perpendicular to the plane of the picture. 
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CIRCUIT FREQUENCY 

Fig. 7 - Magnification curves for the individual circuits. 

^Note: Magnification = * IT ') 

Looking now at the response of the indi¬ 
vidual circuits, the lower frequencies - 
because of a large mass and/or low spring 
rate - have only started to accelerate before 
the transient forcing function is passed. As 
a result, systems with natural frequencies in 
this range will not experience an acceleration 
as high as the level of the shock. Even low 
acceleration, however, can result in high 
relative amplitude at low frequencies. 

Systems with natural frequencies in 
the middle range experience what might be 
called “psuedo-resonance.” Response acceler¬ 
ations are considerably higher than the 
maximum acceleration of the shock pulse and 
continue at this level until diminished by the 
damping in the system. This effect can be 
seen with varying degree in frequencies 
through 200 cps. 

The response of each of the higl er natural 
frequencies can be generally described as 
a modulated shock pulse. Variation from the 
shock input acceleration becomes less as 

the natural frequency of the system increases. 
The respoii 'e would be undistinguishable 
from the input signal if the frequency were 
sufficiently high. 

TEST RESULTS 

Spectral analyses have been performed 
on both laboratory-produced shocks and on 
actual field data. Several examples of this 
work follow. 

Sawtooth Pulse 

Figure 9(a) shows the response of the 
system to a sawtooth pulse. This type of 
pulse has formed the basis for the great 
majority of recent “shock-spectrum” test 
specifications. The reason is -pparent when 
it is noted that the response accelerations in 
both positive and negative directions are of 
high magnitude, even at higher frequencies. 
It has been proven mathematically that the 
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Fig. 8 - Response of the 20 resonant circuits in the analyzer to a half-sine pulse 
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200 cpi 300 cpi 400 cps 

'AWTOOTH SHOCK PULSE 

i a ) 

200 cpt 300 cps 400 cpi 

REVERSE SAWTOOTH .HOCK PULSE 

O») 

SCALE : 

Vertical 

.Raspón»« spectrum 0.4 Volts/DIv. 
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Fig. 9 - Response of the analyzer to sudden acceleration: (a), the response 
to a sawtooth shock and (b), the response to a reverse sawtooth 
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negative response is equal to at least the 
maximum input acceleration to infinitely high 
frequencies, provided the input pulse drops 
from maximum to zero acceleration in zero 
time. This fact is shown to some extent in 
the responses to the sawtooth pulse at various 
frequencies (Fig. 9). Unfortunately, it was 
impossible to produce a “fall-time* of short 
enough duration with available equipment. 

Reverse Sawtooth 

An interesting comparison can be made 
between the response to the “sawtooth* shock 
pulse previously shown and the response to 
the “reverse-sawtooth" pulse shown in Fig. 
9(b). It might be assumed that simply revers¬ 
ing the shock pattern would have little effect on 
the spectrum. This, however, is not the case, 
as can be seen. The primary difference occurs 
at the higher frequencies where the short “rise¬ 
time" induces a response approximately twice 
the maximum acceleration of the shock pulse. 
Again, as before, an infinitely short rise- 
time result in a flat response spectrum to 
infinite frequency. 

Sine-Wave Response 

The response to a half-sine pulse has 
previously been demonstrated. This shock 

pulse, its spectrum, and the response at 75 
cps are repeated in Fig. 10(a). The results 
of continuing the shock pulse beyond this 
half-sine are shown in Fig. 10(b) through 10 
(e). As expected, the “pseudo-resonance” at 
75 cps to the half-sine pulse approaches a 
true resonant condition as the sine wave is 
continued. The maximum response acceler¬ 
ation of the resonant system can be several 
times the maximum acceleration of the shock 
pulse under these conditions. 

The significance of this effect is demon¬ 
strated in Fig. 11. The shock traces in Fig. 
11(a) and (b) represent the shocks experienced 
by large and small electronic packages, 
respectively, in pivot drop tests. Both shocks, 
while essentially half-sine in concept, are 
modulated by several continuous sine-wave 
pulses. The result of these small sine-waves 
can be seen in the response spectrums, where 
theoretical response accelerations at certain 
frequenct'is are shown to be at least 5 to 10 
times the maximum acceleration of the shock 
pulse. 

A similar response is obtained in the 
laboratory with shock machines having table 
resonances less than the maximum frequency 
of the required shock spectrum. 

2 Mllllstc,/Olv. 

SHOCK TRACI 

(«) 

2 MIIIImc./DIv. 

SHOCK TRACE 

0 ..<* TOO 

RESPONSE SPICTRUM. 

0 eft 700 

RESTONS! SPECTRUM 

I 

Fig. 11 - The response of the ana¬ 
lyzer to shocks resulting from field 
environment: (a), a pivot drop of a 
solid, simple structure and (b), the 
pivot drop of a complex structure 

lb) 
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DISCUSSION 

It is not intended in this paper to pre¬ 
sent arguments on the merits or disadvan¬ 
tages of the spectral method of shock 
measurement. A brief discussion of one 
important consideration is in order, however. 

Figure 12 (a) shows a spectrum from atypi¬ 
cal shock-test specification, >-equiring a level 
acceleration response from 100 to 700 cps both 
in the positive (primary) and negative (residual) 
spectrum. This response must be obtained in 
three mutually perpendicular axes. From the 
high-frequency response to the sawtooth shock 
(Fig. 12(b)), it is apparent that this type of 
pulse produces positive and negative response 
spectra within the required tolerances. As 
a result, testing is required only in one direc¬ 
tion of each axis of the test specimen. 

There is a second approved method, 
however, for meeting the shock-test speci- 
lications. The specimen may be tested in 
each direction of each of three mutually- 
perpendicular axes. In this case only the 

primary spectrum must fall within the speci¬ 
fied tolerances. Any one of a variety of 
pulse shapes are than able to produce the 
desired response. 

A comparison of these alternate methods, how¬ 
ever, discloses a great difference in damaging 
potential. The two opposite half-sine shocks 
(Fig. 12(c)) are typical of the type of shock 
pulse used when only one-half of the spectrum 
requirement need be met at one time. Com¬ 
paring the response to these “half-sine” 
shocks with the response to the “sawtooth” 
pulse reveals a considerable difference in 
damaging potential at this frequency. The 
sawtooth shock produces a continuous high- 
level vibratory response, diminished only 
by the damping in the resonant system. The 
use of opposed half-sine shock pulses pro¬ 
duces only a single transient half-sine 
response of this magnitude in each direction. 

There is, then, an apparent limitation 
to the spectral type of shock specification. 
Even though the peak acceleration each 
resonant system experiences is specified, 

Fig. 12 - Two methods of meeting 
a spectral shock-test specification 
((a), the specification envelope; (b), 
a single sawtooth shock response; 
and (c), opposed half-sine shock 
responses) 
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no consideration is given to the number oí 
times this acceleration is reached. This 
becomes oí even greater significance when 
multidegree-of-ireedom systems are sub¬ 
jected to the shuck, where the vibrating mass 
of the response system becomes a forcing 
function for a smaller component. 

CONCLUSION 

It is apparent that the problems associ¬ 
ated with testing to shock-spectrum specifi¬ 
cations are not derived from a failure in 
basic theory, but due to unfamiliarity with 
the concept. The discrepancy listed pre¬ 
viously is a result of this. Engineers, 

particularly at the test level, still think in 
terms of the shock rather than the response. 

This unfamiliarity results from there 
being no simple means to demonstrate the 
acceleration response to a shock pulse. 
Many shock-testing laboratories have no 
equipment for spectral analysis. The 
analyzer, described in this paper and pres¬ 
ently in use at Boeing, is a simple low- 
cost solution to the problem. It represents 
no new engineering concepts, but only a new 
application of well-proven principles. This 
analyzer has made it possible for Boeing 
engineers to study the response spectrums 
resulting from a multitude of shock environ¬ 
ments. It is likely that equipment developed 
on the same principles can be as useful elsewhere. 

DISCUSSION 

Mr. Forkois (U. S. Naval Research 
Laboratory): I was particularly pleased to 
see that you showed a positive sawtooth and 
a negative sawtooth and indicated that the 
spectra results were different. Last night 
when we discussed this problem, there was 
a general feeling on the part of some people 
that (for a given spectrum) there would be 
possibly very many shock motions which 
give you this spectrum. I’m of the opinion 
that any shock spectrum is a discrete func¬ 
tion of a particular siiock motion. Would 
you care to comment on this? 

Mr. Barnes: Yes, I’d like to mention 
one thing. I think a lot of people feel that 
this particular sawtooth pulse is an answer, 
and I think it is if we could produce it. It 
is getting a very rapid fall time that gives 
you this residual spectrum of high magni- 
tiide and high frequency. I agree with the 
fact that each of a variety of shocks would 
probably have a different spectrum. This is 
particularly true if your spectrum is modu¬ 
lated by a sine wave as you would have with 
a resonant shock table, etc. But there is, I 
would say, a correlation. These all car. meet 
certain specifications. I can show you a very 
large number of shock pulses that would all be 
close enough so that they wiuld probably fall 
in the same envelope as that required by the 
test specifications. I think this is one of 
the advantages of the shock-spectra method. 
It allows you to use a number of different 
shocks and still meet your specifications. 

Dr. Belsh ;im (U, S. Naval Research 
Laboratory): I would like to clarify the 
positive, negative, and residual shock spec¬ 
trum. There are really three kinds of shock 
spectra: the positive, which represents the 
maximu i positive peak; the nagative, the 
maximum negative peak; and the residual, 
which is of course the peak after the tran¬ 
sient has passed. The residual may be equal 
to the negative shock spectrum, if the dura¬ 
tion of the shock is short compared to the 
frequency of the responding system. I think 
this is something worth pointing out. I think 
also it is worth noting that one can code for 
shock-spectrum production from a digital 
computer by sending in the input, coding the 
computer for the response of a system, and 
obtaining from the computer all of the posi¬ 
tive, negative, and residual shock spectrum - 
also the Fourier shock spectrum. This is a 
verv general method, perhaps a little more 
sophisticated, but I also would want to remark 
that your analyzer is a very useful tool for 
the laboratory. This is a nondamped sysfom, 
I believe. Could you add damping to your 
system? 

Mr. Barnes: Yes, I’d like to comment on 
these one at a time. Your point is extremely 
well taken. For continuous shocks, of course, 
we can’t consider a residual until the shock 
pulse has passed. For a simple one-directional 
shock, such as I’ve shown, of course the 
residual is that part that goes below the 
line - just because it happens to be that way. 
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I think I might have been confusing on that 
point. I’d also like to reiterate what we have 
said. There are several methods of deter¬ 
mining shock spectra. We’ve tried analyzers. 
We’ve tried actually mounting accelerometers 
directly on some reeds and trying to plot 
these. The problem, of course, in all of 
these are time and cost. Now your third point 
regarding damping. We have damping in our 
system. It's an uncontrolled amount and 11 ’s 
fairly low. It would be very easy, and we have 
considered this, to add damping to the system 
so that we can get a more controlled amount. 
We would also, of course, like to get a system 
with no damping. Tm afraid it would be impos¬ 
sible with the type of system that we have. 

Dr. Belsheim. I think this is possibly 
one advantage of the computer coding - that 
there you can set your degree of damping 
very readily. We have a coding at our com¬ 
puter for obtaining the response of 100 dif¬ 
ferent frequency systems. We can choose 
the frequency and the damping and obtain 
various spectra. So, this perhaps is an 
advantage of a more sophisticated system. 

Mr. Barnes: This is definitely an 
advantage. Of course, you can actually code 
these tilings to get a negative damping if you 
so desire. You can fool around with this 
sort of thing, if you want and this definitely 
affords a great deal more flexibility than 
we have here. 

(NOTE- At this point some of the discussion 
was missed while changing tapes.) 

Mr. Hawkins (Sperry Gyroscope Co): 
Pursuing the same question area, practically 

to use any spectra to exactly define the 
original time function, it must be carried to 
an infinite number of frequencies; and, 
practically, we’re always limited to a rather 
finite range of frequencies, so that we cannot 
say that we’re rigorously defining the 
original function in the way in which we use 
spectra. 

Mr. Barnes: Yes, I think that reiterates 
what we’ve mentioned. 

Dr. Curtis (Hughes Aircraft Co.): I 
wonder if fhe author would care to describe 
briefly how he managed to get all the read¬ 
out of all the frequencies on the one photograph, 
which seems to me a very convenient method. 

Mr. Barnes: I think you’re referring to 
Fig. 8 showing the spectrum - the shock and 
the 20 responses. Actually, what we can do 
as you may have gathered from this, we can 
analyze each individual frequency by simply 
displaying the shock pulse across the x-axis 
of the oscilliscope. When we make a spectrum, 
of course, we run the time function into the 
z-axis and all you see then is the vertical 
response. This is how we make an actual 
analysis. But if we do care to look at the 
response and see what is happening, we can 
change the oscilloscope onto sweep, and 
then simply run this same frequency back. 
I mentioned we could put these things on a tape, 
loop; of course that is necessary to store a 
transient function such as this. This tape 
loop is around 10 feet long and we play it 
back at 30 in. per sec, so that every 4 seconds, 
approximately, we get another picture of the 
shock pulse. You can continue to display this 
shock or any response of any circuit at 
your leisure. 

* * * 
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METHODS OF VIBRATION ANALYSIS FOR COMBINED 
RANDOM AND SINUSOIDAL INPUTS 

J. P. Stoll 
Autonetics 

A Division of North American Aviation, Inc. 
Downey, California 

Generally, the designer needs to be aware of the probability that a 
specified level of vibration intensity is not exceeded during a given 
test. This report discusses two methods of determining this probabil¬ 
ity. In addition to the theoretical studies, an analog computer simula¬ 
tion of the mechanical system was made. 

INTRODUCTION 

In present vibration tests on many missile components, a program of combined raiidom- 
and sinusoidal-vibration testing is required. Heretofore, only sinusoidal vibration has been 
specified in such tests and the inclusion of random vibration has complicated the problem of 
predicting the effect of vibration on these components. Nevertheless, analysis methods are 
required in order to predict such things as whether a given component would fail in a combined 
vibration environment. 

The type of failure investigated, and which is the topic of this paper, was a deflection of 
some physical part due to vibration exceeding some maximum permissible value. For instance, 
a gas spin bearing (Fig. 1) has a certain clearance C between the fixed and moving parts. If the 
the deflection S = C, the bearing “bottoms," and there is metal-to-metal contact. Such a con¬ 
tact can cause damage to the bearing and may be considered a “failure." It was possible to 
define a ratio ß = S/C where ß is the ratio of rotor deflection to the total clearance C. Accord¬ 
ing to this definition, the bearing has “bottomed” when ß-\. For /3 < 1 transfer functions ß/x. 
have been defined for ß per R acceleration input, where ß/x, is a function of frequency. ! 

Fig. 1 - Single-mass and two- 
mass representations of 
mounting structure and bearing 
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The investigation was pursued along three lines, each of which will be discussed sepa- 
rately These methods are: (a) computation of expected peak bearing deflection levels; (b) 
analog computer simulation of the structure and bearing; (c) theoretical computation of mean 
number of bottomings per second. 

LIST OF SYMBOLS 

o 

S 

c 
ß 

f 

f 

A 

R 

f 

f 

C 

o 

P(n,r) 

e 

0 

1/0V2 

y 

b 

Standard deviation and rms value of a Gaussian random signal 

Deflection of the rotating part of a gas bearing from the equilibrium point 
with respect to the housing 

Clearance between the housing and rotating part of a gas bearing 

Ratio of bearing deflection S to clearance c 

Acceleration intensity in mult ip'as of earth’s gravity 

Input vibrational acceleration, usually measured In g’s 

Output vibrational acceleration at the bearing 

Sinusoidal component of vibrational acceleration 

Random component of vibrational acceleration 

Frequency in cycles per second (cps) 

Damping ratio 

Natural or resonant frequencies of supporting structure 

Duration of test with random vibration combined with a single sinusoidal 
frequency 

Lower frequency limit of random-vibration input spectrum 

Frequency above which the sinusoidal- and random-vibration inputs 
increase to their upper levels 

Cutoff frequency for the sinusoidal and random inputs 

Frequency of the applied sinusoidal vibration component 

A given level of ß at which crossings are counted 

Average number of crossings of ßa per second 

Total rms value of ß 

Total rms value of time derivative of ß 

rms component of ß due to random vibration input alone 

rms component of ci/3/dt due to random input alone 

The probability that n bottomings occur in t seconds 

Naperian base = 2.719 

Magnitude of sinusoidal component of ß measured at the bearing location 

rms value of a sinusoidal process 

Ratio of <3 to the rms of the random component <rn 

PoK 
2rrf0Q/°Ä 
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^(y) The Normal distribution curve for y, given as 

i M 
My) - exp|T| 

,F, (- n + i ; -b2/2 ] Confluent hypergeometric function, involving the variables 1/2, n + 1, and 
V 2 / b2/2 

inn( f ) Power spectral density function of random-vibration input 

kj(t) The kth member of an ensemble of sine waves, comprising a sinusoidal 
process 

I Off-) I Magnitude of G(f), the transfer function between the vibration input and ß 

T Time to take the output to cross a width d/3 

m Ratio of the rms ol the sine process /(^/2 to the rms of the noise tJn 

£ A measure of the ratio of sine process to that of equivalent fixed sinusoid. 
e/l + m2//l + a2/2 

S La place operator 

A rms sinusoidal input multiplied by the constant gains of the bearing- 
support combination 

B2 Acceleration-squared spectral density multiplied by the square of the 
constant gains of the bearing-support combination 

<t> Phase angle 

e Angle of integration 

n An integer, 0, 1, 2,. „ 

r(n) Gamma function of n defined as Pfn) = j e “x" d* for n >0. 

COMPUTATION OF EXPECTED PEAK 
BEARING DEFLECTION 

A method which has been often used to treat combined sinusoidal and random vibration 
is that of computing the peak deflection ß for the sinusoidal- and random-vibration Inputs 
separately and adding them together. Since a random signal actually has no definite peak 
value, it was assumea that 'be peaks were no greater than 3 times the rms value (the 3a 
value). Actually, the ran. signal has no peak as such but the probability of exceeding 3a is 
only 0.26 percent. A block diagram which shows how the random and sinusoidal components 
of the bearing deflection combine is presented as Fig. 2. 

Two forms of transmissibility of the supporting member were considered. The first, a 
second-order transfer function for a single mass (Eq.(l) and Fig. 1(a)), is a good approxima¬ 
tion of the actual transfer function for structural damping, if £ is sufficiently small. The 
second form studied was a transmissibility function for a two-mass system (Eq. (2) and 
Fig. 1(b)). 

(1) 
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Fig. 2 - Diagram of the manner in which vibration 
input contribute to bottoming of a bearing 
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The computations indicated in Fig. 2 can be carried out either manually or with the aid 
of a digital computer for different kinds of transfer functions and /3/«,. 

Since there is a finite probability that the random signal will at time -xceed the 3<r value, 
it was attempted to find a more realistic method of determining the incidence of bottoming. 
Next, it seemed feasible to employ analog methods of study. 

H + 

ANALOG SIMULATION OF BEAMNG AND 
SUPPORTING STRUCTURE 

As a first attempt in the simulation of a combination of a gas oearing and its support, a 
crude electrical analog circuit using passive circuit elements, as shown in Fig. 3, was con¬ 
structed. A random-noise generator and a sine-wave generator were connected in series and, 
after amplification, the combined output was fed into the network. The output of the network 
vr.z viewed on an oscilloscope, and the number of crossings of an appropriate output level 
representing /3=1 was counted by the operator. Although some useful results rere obtained 
from these tests, it was believed that it would be better to have some more sop» isticated 
investigation carried out with the aid of an analog computer. The computer mac e it possible 
to make many experimental runs by using several different sets of paramétra for the 
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Fig. 3 - Typical circuit diagram for simplified analog 
study of bearing bottoming 

structure and bearing and, therefore, improving the scheme by which bottomings were counted 
It was also thought possible to simulate the actual input more exactly. The computer results 

stratíg tïe vanity oSmelhõ“ ^ ^ thereby deraon- 

mpuTs 

A combination of inputs for a typical vibration test is shown in Fig. 4. The shapes shown 
a low for the fact that the vibration intensity in the physical system Js expected tobe iarg" 
on the inputs^"0168' ProPosed 9hake test these additional restrictions were imposed 

»mniiinrfi ^6 8ePar^te low-frequency attenuation of the sinusoidal displacement 
amplitude, a 3cr-limit was also imposed on the random input. 

2. After the inputs were added, hardware limitations caused the peaks of the total 
acceleration to be clipped at two or three times its total root-mean-square (rms) value and 
imposed a fixed displacement limit on the total vibration input to the equalized shaker. 

rtiffiJm86 addltlonal crJteria had t0 bc mechanized on the analog computer; however, some 
difficulties were encountered. These are enumerated below: 

.. L The three times rms acceleration limit was imposed on the random input but not on 
the combined inpu.s, because of difficulty in mechanizing the latter. However, on calculation 
ni™* ! Th rai,dom ^P“1’ 11 was found tliat « is much greater than the rms of the sinusoidal 
input in the cases cited here. Hence, this change should not materially affect the over-all 
results • 
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Fig. 4 - Typical acceleration profiles for combined, 
random- and sinusoidal-vibration input 

2. The displacement limit on the total input to the shaker was not mechanized because it 
would entail a double integration, followed by a double differentiation in the analog computer. 
The noise and drift introdouced by these operations made it impossible to obtain usable 
results. However, even without this limit, bottomings were not noticed at the low frequencies 
where it would apply, because the transmissibility of the mounting structure is small in that 
frequency range. 

3. The sinusoidal sweep was not carried to the upper frequency limit of the original 
specification in each case, because the highest frequency which the computer would handle 
was between fB and fc. However, this limitation was not expected to affect the final results, 
because the filters which were used to simulate the transmissibilities transmit relatively 
little energy above f„. 

4. The computer run was carried out in two separate parts for each case: the first, 
comprising the lower random input of the entire bandwidth combined with the lower aimisclj, 
swept from fA to the upper frequency limit of the computer; the second, comprising the 
higher intensity random input across the entire bandwidth combined with the higher level 
sinusoid, swept from fB to the computer frequency limit. Again, k is the writer’s opinion that 
these changes did not invalidate the results, because little of the random energy above fB 
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contributes to the over-all vibration “seen’ by the bearing. In the high-frequency run, the 
number of recorded bottomings would tend to be slightly high because of the high random 
input in the range from f. to f_ . 

It is expected that these changes in the inputs for the computer simulation would cause the 
results to err slightly on the conservative side. The grossest single assumption which has 
been made is that the transfer functions are linear and that there is no “bounce effect,” or 
absorption of energy, when the bearing bottoms. Therefore, it is possible to believe that the 
computer results do have some factual basis. Some of the computer results have been listed 
in Table 1. 

THEORETICAL CALCULATION OF THE MEAN 
NUMBER OF BOTTOMINGS PER SECOND 

In the course of this investigation, it was learned that the mean number of bottomings per 
second could be calculated theoretical’y if a sufficient number of assumtions were made. A 
theoreucal investigation has been followed along two lines: (1) a method by which a sinusoi¬ 
dal process could be substituted for the sinusoidal-vibration input and (2) a more exact but 
more difficult method involving the use of a fixed sinusoid plus random input. These theoreti¬ 
cal results have been compared with the analog computer data and hopefully will be compared 
with operational test results at a later dale. 

The chief assumptions which have been made for these theoretical calculations are: (1) 
the system is linear; (2) the sinusoidal and random inputs are independent and ergodic; (3) 
there is no “bounce effect” or absorption of energy due to snubbing of the contacting surfaces 
of the bearing when the bearing bottoms. It is recognized from journal bearing theory that the 
function /3/üj is nonlinear in general; however, it appears reasonable to assume linearity in a 
small region near bottoming. The third assumption causes the calculated results to be 
pessimistic, because the displacement of an actual bearing is limited and cannot reach as 
large values as predicted by the linear theory. 

SINUSOIDAL PROCESS PLUS 
RANDOM NOISE 

To find the probabUlty of bottoming during a given test, it is first necessary to determine 
the expression for the average number of bottomings per second of the bearing. This expres¬ 
sion is shown as Eq. (3), and its derivation which follows that of Bendat [ 1] is given in 
Appendix A. 

(3) 

where ß0 = the level of ß at which crossings are counted (in this case, ßa = 1). 2^= the 
angular frequency of the sinusoidal process in radians per second. 

1 J (2nf0)2 

n 

J /32 ! df 

cps random 
(4) 
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Hf 

random (5) 
Vaina/ f. f 

\0*_ 
[cps 

In the cases considered here, the frequency of the applied sinusoid is swept at a constant 
rate across the total frequency range, and it is necessary to break up the frequency range into 
several increments. The sinusoid is then assumed to dwell at a constant frequency within 
each increment. However, in most problems involving mechanical resonances it is necessary 
to consider only those frequency increments lying between the half-power points of each 
resonant peak. Therefore, for the problems discussed here, the time r spent in the range 
between half-power points was computed, and the sinusoid was assumed to dwell at the reso¬ 
nant frequency for that period. Thus, in the transmissibility function of Eq. (1), one peak is 
involved. For the function of Eq. (2), two peaks and two determinations of r are required one 
for each resonant peak. 

The values of 

ops 
Hf and ¢7 = 

n df 

can be Obtained by manual integration. The integration is made much easier, if it can be 
assumed that f3 = °° and f t = 0. In mose cases the integral over a finite band of filtered 
random output is nearly equal to the integral from 0 to If the over-all transfer function ßV 
cps is supplied in graphical form rather than an analytical function, the integrals can be 
obtamed graphically. Thus, experimental data can be used directly without the necessity of a 
curve-fitting process as required for the analog computer solution. In the problems worked 
here the integrations were performed graphically, and a typical curve representing /32/cps 
and ( 277f)2|f3Vcps I per input r2/cPs are shown hi Fig. 5. Values for a., a and other param¬ 
eters involved in the bottoming study are presented in Table 1. ’ 

When the value of is determined it is divided by 2, because there are 2 crossings of 

= 1 per bottoming. The probability p(n,r) can then be determined, where p(n,r) is the 
probability tliat there are n bottomings in r sec. Because it has been assumed that the inputs 
are normally distributed random functions and because the system is assumed to be linear 
the total output should be a normally distributed random function. Therefore, pfn ri follows 
a Poisson distribution and is given by 

P( n, T ) -V 

and p(0,t) , the probability that there are zero bottomings in r seconds is given by 

(6) 

P(0,T) (7) 

The results compare favorably with the analog computer results-that is, the cases yielding 
a very low probability p(0,t) of no bottomings in a given interval corresponded with the cases 
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mrouBNCY u:w* 

Fig. 5 - Typical curvns for ß2/cpä and (ß)2/cpa spectral densities 
per gJ/cps random input,includingtransmissibilities oibearing and 
support 

yielding a high number of bottomings in the computer simulation. Conversely, those cases 
which showed a high probability of no bottomings p(o,r) > 0.9 corresponded with the computer 
runs giving very few or no bottomings. These results are also presented in Table 1. 

The results giving the average number of crossings per second of ßa = 1 are accurate 

only if the magnitude of the sinusoidal component of ß is not much larger than the rms of the 
random component. From a comparison of the total probability densities of ß with random 
+ sine-wave process input and random + fixed sinusoidal input (Appendix A and Fig. 6), it is 
possible to draw the following conclusions: 

1. For a (the ratio of Q, the fixed sine amplitude to an, the rms of the random noise), 
equal to 1 or less, a sine-wave process of the same rms can be substituted for the fixed 
sinusoid. 

2. For a about 3, a sine-wave process with rms of l/Vit that of the fixed sinusoid must 
be substituted for the applied fixed sinusoid. As shown in Fig. 6, the probability densities are 
not very similar, yet it was possible to get good agreement with computer results by using 
this method. If a is much greater than 3, the probability density curves are so different in 
shape that the substitution of a sine-wave process for purposes of analysis does not appear 
practical. This situation is discussed in the next paragraph and also in Appendix B. 

FIXED SINUSOID PLUS RANDOM VIBRATION 

The substitution of a sinusoidal process for the input sine wave in a combined vibration 
input gives useful results, if the sinusoidal component is not large compared to the random 
component. However, ae ir some of the cases studied here, the sinusoidal component is 
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approximate and accurate only when the neak >! the «¡n, ^ ‘?<*icafed ior Ulis method are 
is measured are both fairly large com oared to the rme To! and lGVel at w,ltch bottoming 
solution is accurate when Iand^ ar "large comïared 1 ^ i8’ the 
than 1 discussed in the previous section is satisfactorv Th^ ^ ior " and y beine less 
per second „ „.en oy Ê, ,e, 

:;n * U ) 

of DessiVeCtS hyPergPCmetric functton> -hich is the series solution of a special form 

No /fp,J;n t 1; - d. 

n ^2n)(y) /a\J" / 1 

“ 2 Z-J nim \2/ lF|l 2,n .,-¾ (8) 

where 

N O 
TOn 

. Q_ 
a n 

y 

n = 0,1,2,3 

^2n)(y) = r-^- {0(y>} - 
dyJn (jyanU'ïr 

It can be shown [4] that Pl(y) can be approximated by 

i 

Pjfy) = a 2 Ffy - a) 
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Í 

“t A2 + 7ifnB2C 
(A-7) 

In the cases discussed in Uiis paper, ß0 = 1, and for each gyro bottoming there are 2 
crossings of ßa = 1. For these purposes the average number of bottomings per second is 

_2Ç2_1 

A2 + >rfnB2¡;J 
(A-8) 
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Then p<0,t) is determined by applying Eq. (7): 

(7) 

or some cf the cases given in Table 1, the order of the transfer functions is grater 
2. In these cases, the integrals Involved in obtaining <7n and ^ can be evaluated using Table E, 
2-1, of Newton, Gould, and Kaiser [2], or by graphical methods 

APPENDIX B 

As indicated In Fig. 6, the shape of the probability density of the combined fixed sinusoidal 
and random vibration becomes greatly different from that of the sinusoidal process plus ran¬ 
dom noise if a, the ratio of the peak of the fixed sinusoid to the rms of the random hiput is 
greater than about 3. Therefore, for these large values of a, the more exact solution of 

Rice [ 1,4] must be resorted to. 

Without going into the details of the derivation of the expressions it can be said that the 
same general considerations apply as In Appendix A. That is, It is necessary to find t e 

value of 

vx(ß0,e)pjkß,e)Ae Aß. (B-l) 

The probability densities 
process + random noise. 

p.(/3 ,») and p,(ß,()) are quite different from those for a sinusoidal 
Bendat [1] supplies the derivation of P\(ß0• and Pj¡( ß<&), giving 

1 fß0 - 0 cos 0 

Pi(/^ " — *{-7- 

P,(/3,0) 

j /ß t 2Tt(o0 sin 
(B-2) 

where 

vt *> /Tn 

Substituting Eq. (B-2) into (B-l) we have the result for the number of crossings of any 

level ß0: 

0 cos 9\ (ß + 2"fo0 Sin 
,A8Aß. (B-3) 
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Rice has solved this double integral directly, in terms ol a double summation, giving 

No;/fp‘(y)»r'(' Î'" + 1; * ?) 

^ Jn>(y)MJn .. 
mm (2) >F‘ 

l; 

T’) 
(8) 

where 

N o 
1 

B 0 

y 
1 

0 n 

2nfo0 

n = 0,1,2,3... 

d ^ 
^Jn)(y) = — {'P(y)} 

dy2n 

>f>H; n 
+ l; 

is a confluent hypergeometric function given by 

(B-4) 

ior h 1. 



In the case discussed in this appendix, the sinusoidal component of the combined vibration 
input is predominant, therefore a is large. It turns out that y is also large, since the bottom¬ 
ing level is considerably greater than the rms for the random noise alone. Fortunately for 
this case, as Rice points out, the value for 

n» o 

can be approximated by 

. i 
, 2 

P^y) - a F(y - a) 

, .‘lip, z ♦ y - a) z 2c1z 

1 /y - a /y - a\2 

Ivf a ^ /2 JK^ 2 ) 
(B-5) 

where 

is a modified Bessel function of order 1/4 and is plotted in Fig. 9. 

A curve if Ffy vs (y - a) has been plotted by Rice [ 4] and is replotted for a wider 
range of (y - a) as shown in Fig. 7. The confluent hypergeometric function In this case is 
simply 

since only the first term (for n = 0) of 

CD 

E i 
mm 
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Fig» y - Plot of “ «/2)* veraas (y - a) 
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1 

is used in Eq. (B-6). A plot of 

b*\ 1,2 
— I vs — 
2/ 2 

is shown in Fig. 8, and from these curves it is possible to obtain values of 

N,/V2 

for values of (y - a) from -4 to +6 and values of bJ/2 from 2 to 10. 

In almost all of the cases for this study the parameters were in these ranges. Table 1 
lists these parameters and gives a comparison of the average number of bottomings per 
second computed by this method and by the method of Appendix A. 

* * 

178 



A “QUiCK-LOGK" TECHNIQUE FOR SERVICE VIBRATION DATA 

Donald W . Nelson 
Boeing Airplane Company 

Seattle, Washington 

The purpose of this paper is to present a means by which service vibra¬ 
tion data can be processed so as to present an accurate picture of the 
vibration environment with a minimum of engineering and wave-analyzer 
time. 

INTRODUCTION 

The basic problem ol any missile manu¬ 
facturer is to produce a missile which will 
perform in a satisfactory manner. Operating 
conditions, vibration environment, and weight 
restrictions combine to pose a formidable 
engineering problem in the design of satis¬ 
factorily operating electronics packages and 
mechanical hardware. 

Unfortunately, the design requirements 
which meet vibration and weight conditions 
tend to go in opposite directions. In order to 
satisfy the demands imposed by these re¬ 
quirements, it is - among other things - 
necessary to have an accurate picture of the 
vibration environment to which the equip¬ 
ment is to be subjected. This includes not 
only vibration amplitude but also the distri- 
betion of energy in frequency described by 
wha* we call the “power spectral density.” 
An accurate knowledge of power spectral 
density, which tells us the “color” of the 
vibration, is extremely important and is 
found to have more influence on malfunction¬ 
ing of equipment than does the over-all 
vibration level. 

The purpose of this paper is to present 
a means by which service vibration data can 
be processed so as to present an accurate 
picture of the vibration environment with a 
minimum of engineering and w ive-analyzer 
time. In order to carry out tt is objective, a 
device called a “comb filter” is utilized in 
the process of selecting data samples which 
are to be further examined in more detail 

with the wave analyzer. The following 
description and figures are presented to 
show how the comb filter is integrated in 
the over-all vibration dula-handling system. 

METHOD 

First, the missile location at which the 
vibration environment is to be ana ' y zed is 
instrumented with piezoceramic acceler¬ 
ometers and connected to a conventional 
FM/FM Telemeter channel of suitable band¬ 
width. The output of the telemeter receiver 
is recorded on magnetic tape at the ground 
station. 

This step immediately brings up the 
problem of the selection of a satisfactory 
gain figure for the entire telemeter channel. 
The gain must be such that the accelerometer 
signal is well above the instrumentation noise 
level but below that which will cause over¬ 
loading and accelerometer signal clipping. 
Since random-vibration data and instrumen¬ 
tation noise look alike, the only practical 
way to differentiate between the two is to 
have the instrumentation noise absent or, in 
a real-life situation, present in an insignifi¬ 
cant amount. 

After obtaining a properly recorded 
vibration signal, the signal is then played 
off the tape and recorded on a multichannel 
oscillograph, with a paper speed of approxi¬ 
mately 1/4 inch per second. One oscillograpu 
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trace represents a direct recording of the 
accelerometer signal, while the remaining 
traces show the individual outputs of the 
“comb filter unit” whose input is connected 
to the accelerometer output signal. Figure 1 
shows a typical “comb filter recording." 

The “comb” in this case consista of a 
group of 24 narrow bandpass filters which 
are spread out side by side in the frequency 
domain of interest. The vibration signal is 
connected to the paralleled inputs of ail the 
filters, and the output of each filter goes to 
a separate trace on the recording oscillo¬ 
graph. Figure 2 is a bloch diagram of the 
comb filter unit. 

Several useful purposes are served by 
making an oscillograph recording of this tape 
which shows both the raw and the combed 
data. First of all, it gives - on a compara¬ 
tively short oscillograph record - an over-all 
picture of the vibration level and how it varies 
during the entire missile flight. By examining 
the remaining traces, which represent the 
outputs of the individual filters in the comb 
filter, it is possible qualitatively to measure 
the frequency distribution of the vibration 
energy and how this distribution changes with 
respect to missile flight conditions. 

The data presented by the comb filter 
outputs are very important to structural 
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INDIVIDUAL KILTER 
OUTPUT ATTENUATORS 

BAND PAOS 
FILTERS 

Fig. 2 - Diagram of the comb filter unit 

dynamics engineers because these data make 
it possible for them to select a minimum 
number of data samples which must be fur¬ 
ther analyzed on the wave analyzer. Data 
samples which have been found to be very 
important are those in which a large amount 
of energy is distributed over a comparatively 
narrow band. This characteristic does not 
show on the unfiltered data trace; and in 
many instances, the over-all energy level 
will show an appreciable drop - when, in 
fact, a critical situation exists. It is also 
possible, in many instances, to differentiate 
between true transient-type data and tran¬ 
sients which may be caused by instrumenta¬ 
tion overloading or other malfunctioning. 

The comb filter unit consists of a group 
of conventional, commercially available 
L. C. Filters, with approximately constant 
percentage-bandwidth. The inputs of all the 
filters are driven by a single 20-watt linear 
amplifier. Each filter has its own output 
attenuator which can be adjusted in several 
ways. 

One method is to measure the effective 
bandwidth of each filter and then to adjust 
the corresponding attenuators so that the 
output is indicative of the power spectral 
density of the input signal. This permits 
the engineer, by examination of the oscillo¬ 
graph record, to get a rough approximation 
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of the energy level distribution throughout 
the frequency spectrum. 

The other method, which is used almost 
exclusively, is to adjust each attenuator so 
as to get an oscillograph trace of optimum 
magnitude and dynamic range from each 
filter. When adjusted in this manner, the 
oscillograph record is primarily used to 

♦ 

observe how the distribution of energy 
changes with respect to time, so as to 
select data samples which will give the 
most vital information. 

It is these selected data samples 
which are run through the spectrum 
analyzer and yield the final power spectral 
density curves. 

* * 
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THE PRINCIPLES INVOLVED IN CHOCSING 
ANALYZER BANDWIDTH, AVERAGING TIME, SCANNING RATE, 

AND THE LENGTH OF THE SAMPLE TO BE ANALYZED* 

R. C. Moody- 
Technical Products Company 

Los Angeles, California 

This paper presents a dis- ussion (from a physical standpoint) of the 
function performed by the random-wave analyzer in random-wave test¬ 
ing. Other papers [1,2] have discussed the general techniques of 
random-wave testing, including the preparation of a specification 
vibration, calibration of accelerometers, and shaker tables. 

STATEMENT OF THE PROBLEM 

The basic problem in the analysis of 
random waves resides in the fact that power 
spectral density is described by an infinite 
integral. It is necessary to solve this inte¬ 
gral by analyzing a sample vibration.! This 
should be done in a manner which will give 
a sufficient confidence in the results of the 
analysis to permit us to make predictions. 
These predictions must be based on the 
behavior of the specimen under the condi¬ 
tions described by the infinite integral, and 
not be our approximate solution. 

Solving the infinite integral, by means 
of the approximate methods we must take, 
leaves three areas of uncertainty. These 
are: 

1. Having a sample of finite, and often 
very short length, we can only approximate 
the total ensemble. 

2. Since the filter is of finite bandwidth, 
it is difficult, in some cases, to produce a 

»This paper was not presented at the 
Symposium. 

tSince we have only a sample to work with, 
our "solution" is in reality an “estimate,” 
even if uli the analyzer operations are 
mathematically accurate. 

power spectral density plot having sufficient 
resolution to reveal all of the resonances of 
the specimen under test. 

3. We cannot average over an infinite 
time, and therefore, the power spectral 
density estimate will fluctuate; that is, it 
will consist of a fluctuating signal superim¬ 
posed on the true average. 

VARIABLES UNDER OUR CONTROL 

There are several variables in the 
analyzer system over which we have more 
or less control. It is by the optimum choice 
of these variables that we will be able to 
control the accuracy of the results. These 
variables are length of the sample, bandwidth 
of filter, and averaging time. 

Length of Sample 

When the sample is a portion of a real 
environment, such as telemetered data, the 
sample length is often not in our control. In 
some cases we will find that a sample of 
1/2 minute or more is necessary to establish 
a reasonable accuracy. In other cases a 
sample as short as 1 second may be used. 
The accuracy of the power spectral density 
estimate is proportional to the sample length. 
We are sometimes able to control the sample 
length when a shake-table type and random 
analyzing system is used. We can shake the 
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specimen as long as we deem desirable to 
obtain a suitable sample, Later in the 
memorandum we will discuss methods by 
which we can predict the probable accuracy 
of the power spectral density estimate in 
terms of the sample length. 

Bandwidth of Filter 

The wider the filter, the more confidence 
we may have in our power spectral density 
estimate, but the less detail we will obtain in 
the power spectral density plot.* This is the 
area in which the greatest compromise will 
have to be made. The accuracy of the esti¬ 
mate is proportional to the bandwidth; how¬ 
ever, we cannot increase the bandwidth 
without limit. Figure 1 shows the difference 
in detail obtained with filters of three differ¬ 
ent bandwidths.t Note that the 2-cps filter 
reveals a complex resonance characteristic, 
whereas the 10-cps filter indicates a single 
resonance. Figure 1 also illustrates the 
reason for dividing the infinite integral by 
the bandwidth of the lilter used. The area 
under the 2-cps filter curve is one-fifth of 
the area under the 10-cps filter curve. If 
the area under each curve is divided by the 
bandwidth used, they will all have the same 
area. 

In determining the filter bandwidth we 
must keep two things in mind. As a practical 
compromise, the filter should be no more 
than one-fourth as wide as the narrowest 
resonance expected to be encountered in the 
specimen. Under these circumstances the 
accuracy of the power spectral density plot 
will bo approximately proportional to the 
filter bandwidth. II, however, the resonances 
are narrower in width than the filter, the 
accuracy of the power spectral density esti¬ 
mate will be proportional to the width of the 
resonance in the specimen and not of the 
filter. Two solutions have been suggested 
for this dilemma. One method [3], that of 
Morrow, is to make two analyses. As an 

* We might think of a wider filter giving us 
more data per second, and thus shortening 
the time of analysis. 

fFor Figs. 1 and 2, the author owes gratitude 
to Dr. Wilbur Marks of the David Taylor 
Model Basin, Navy Department, Washington, 
D. C. 

Fig. 1 - Complex resonances which are not 
shown by a 10-cps filter are revealed by a 
2-cps filter. The 10-cps filter has five 
times as much energy in its passband as 
does the 2-cps filter, therefore, the area 
under the 10-cps filter plot is five times 
greater than the 2-cps plot. C.enerally, the 
plots are normalised by dividing the filter 
output by its bandwidth, and so obtaining the 
energy per cycle. In such cases, the area 
under aÚ plots will be the same. 

adaption to this technique we shall use the 
narrowest filter we have to establish the 
resonances present. We will then make a 
second analysis, in which a wide filter will 
be used, and by this analysis we will impi ove 
the accuracy of the power spectral density 
estimate. 

This Is readily done with the Technical 
Products Company TP-625 Wave Analyzer 
System. In the first case a 2-cps filter is 
recommended for use. The power spectral 
density plot will reveal a rapid energy versus 
frequency change if sharp resonances are 
present. The frequency of the resonances 
will be noted. These regions of interest 
can then be scanned with a wider flit«», say, 
of 10 to 50 cps. Scanning can start at any 
arbitrary point below the resonances in the 
spectrum and end at any other point above 
the resonances. When the “integrate” mode 
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of the TP-633 Power Integrator is used, a 
better approximation of the energy within 
these scanned frequency limits can be ob¬ 
tained. This will establish the Y-axis scale 
of the first plot, within the frequency band 
chosen. An example of this technique is 
shown in Fig. 2. 

Fig. 2 - Power spectral density is defined 
by an infinite integral. If the integral is 
averaged over an infinite time, the result 
will be approximately as shown in the 
figure. If the integral is averaged over a 
short time, the resonances of the speci¬ 
men under test will be revealed. The 
ordinate of the integral plot is propor¬ 
tional to tV mean square, as is the area 
under th * c t r u m plot. The energy 
between 1 equencies can thus be 
estimated. 

The second method [4,5], by Press and 
Tukey. a pends on “prewhitening.” In this 
sc hem >t ,lte and random noise is applied 
to a variable filter, which may become quite 
complicated In some cases. The output of 
the variable filter is applied to the specimen 
under test. The filter is adjusted to remove 
as many of the hills and dales in the power 
spectral density plot as possible. If this is 
done well, we will obtain a “pastel” output 
from the specimen, which will have no rapid 
energy changes. The power spectral density 
plot will reflect the energy distribution when 
adjusted with the frequency characteristic 
of the variable filter. 

Averaging Time 

The infin te integral which defines power 
spectral density requires an infinite averaging 
time. The error in not being able to average 
over an infinite time can be predicted, as will 
be discussed later. However, the error, or 
uncertainty, can never be less than that im¬ 
posed by the Sample length. 

In the TP-625 Wave Analyzer System 
there are two modes of averaging. The first, 
called the "averaging” mode, is variable con¬ 
tinuously from 0.1 second time constant to 
100 seconds. The second, called the “inte¬ 
grating” mode, has a time constant of about 
250,000 seconds and therefore approaches 
the true infinite average. 

When a function is summed over a 
period of time it must be divided by the time 
to obtain the t’me average. When the aver¬ 
aging mode of the TP-625 Wave Analyzer is 
used, the R-C averaging circuit will discharge 
as well as charge, this being tantamount to 
continuous time division. Thus the average 
is taken over the time constant of the R-C 
filter. The integrating mode of the TP-625 
Wave Analyzer, however, makes use of an 
operational integrator; and with the consc 
quent high storage capacity the rate of 
discharge is very slow, or absent, for all 
practical purposes. Thus, when the Integrate 
mode is used, the average is taken over the 
entire time of the analysis, and there is no 
division by time. The area under a power 
spectral density curve is equal to o2 and is, 
of course, the integral of the power spectral 
functions over the frequency range fb - !.. 
The integrate mode gives this integral 
directly. Since the integral has the value v1, 

it is a direct check on the measured value of 
the input, i.e., a itself, obtained before the 
analysis is made. 

The averaging time, if very long, will 
tend to obscure the detail in the power spec¬ 
tral density plot. Figure 2 illustrates this. 
The curve with the detail employs the aver¬ 
aging mode of the TP-625 Wave Analyzer; 
and, as can be seen, the average value of the 
function from moment to moment Is well 
established. The smooth curve was made 
with the integrating mode, and it is in fact 
the integral of the detail curve. For each 
value of the abscissa, the ordinate of the 
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FREQUENCY IN CPS 

Fig. 3 - The solid curve illustrates the energy distribution in a 1-cps 
bandpass filter. The dashed curve indicates that the distribution is 
restored by making the smoothing filter, which follows the rectifier, 
have a cutoff frequency four orfive times lower than that of the band¬ 
pass filter. Note that frequencies below about 0.2 cpc, shown by the 
cross-hatched area, are rectified but not smoothed.' Thishasthe 
effect of a very-low-frequency signal superimposed on the smoothed 
dc output. Therefore, there is an uncertainty as to what thetrue mean 
is at any instant of time. The uncertainty can be reduced by making 
the time constant of the R-C filter large — the condition also required 
to restore the normal distribution. 

Coefficient of Variation = According to Morrow [31 \ e can write 

Standard Deviation of Estimate 

Mean of Estimate 

(D 

<„2> . BW * SL 
where 

Oj = rms deviation 

(2) 

Physically, this coefficient can be interpreted 
a« a fluctuation superihipused on the true es¬ 
timate. It is the probable error inherent in 
our estimate due to the finite length of the 
sample and rate of analysis. The coefficient 
of variation should not be used as a measure 
of uncertainty when its numerical value 
exceeds 0.2 (20 percent). a,/<aJ> can be 
calculated I 3], or it can be arbitrarily as¬ 
sumed to have some nominal value, say, 0.1. 
When it is used, we make two assumptions: 
(1) the power spectral density does not vary 
in any appreciable degree over the passband 
of the filter and (2) it does not appreciably 
change over the averaging time of the 
analyzer. 

<nJ> = average of the instantaneous 
squares 

nw = effective bandwidth* of bandpass 
filters in cps 

SL = sample length in seconds. 

*A method of determining the effective 
bandwidth is given in the TP-633 Power 
Integrator handbook. It is also described 
in a Technical Products Co. memorandum 
“Effective Squared Bandwidth of TP-218 
Fillers," Dec. 1, 1959. 
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smooth curve is directly proportional to the 
area under the detail curve. With a plot of 
this sort one can establish the energy be¬ 
tween any two frequencies in the detail curve. 

Another illustration of how the averaging 
time can obscure the detail of the plot is 
shown in Fig. 1. If the averaging time is 
made long, the curve for the Z cps filter will 
tend toward a single resonance shape having 
the same area as before, but a smooth shape 
such as the 10-cps filter has. 

RELATIONSHIP BETWEEN 
THE VARIABLES 

It ’ s often helpful to the engineer to 
obtain a physical picture of a mathematical 
relationship. In this section we will attempt 
to express the problem in physical terms. 

Let us apply a white, and normally dis¬ 
tributed, random wave to the analyzer input. 
We will choose a 1-cps-wide bandpass filter. 
We will connect a cathode-ray oscilloscope 
across the output of this filter. The cathode- 
ray oscilloscope will show a single wave¬ 
length of the trequency to which the analyzer 
is tuned. This single cycle will have a 
blurred appearance due to its random phase. 
It will wax and wane in amplitude at a ran¬ 
dom rate of up to approximately 1 cps and 
will reach a maximum about each 0.8 sec¬ 
ond [ 6]. As we observe this wave, we will 
be inclined to wait a considerable time before 
we attempt to state its probable average 
value. In other words, we require a (airly 
long sample to make a good estimate. 

Now, if the 1-cps filter is switched out 
of the circuit and replaced by a 10-cps filter, 
we will find that ten times as many maxi¬ 
mums occur in a second than in the previous 
case. We are now able to make a good esti¬ 
mate in about one-tenth of the time. In other 
words, for the same degree of accuracy, we 
need only one-tenth of the sample length. In 
fact, the product of bandwidth and sample 
length is a measure of the accuracy of the 
estimate. In this example we have looked at 
the instantaneous fluctuations of the filtered 
signal before they are averaged. The next 
step is io rectify and smooth these inslanta- 
neous fluctuations and obtain their average. 

after rectification. Before rectification, the 
spectrum is nonlinear and the randomness of 
the wave thereby is destroyed. The altered 
spectrum is indicated by the dash line. The 
passband of the R-C smoothing filter, which 
follows the rectifier, is shown by the dot-dash 
line It has a much lower frequency cutoff 
tha i the bandpass filter for two reasons. The 
firf f reason is to restore the randomness of 
the wave. It can be shown [7] that a narrow 
frequency band of a nongaussian spectrum 
tends toward normalcy. Now, if the wave 
does not have a normal distribution, the 
usefulness of the power spectrum is impaired. 
Therefore, to avoid this we should make the 
cutoff frequency of the R-C filter about one- 
fourth to one-fifth of the bandwidth of the 
bandpass filter.* This restores the normal 
distribution. 

The second reason is to reduce the fluc¬ 
tuations in the rectifier output. As shown by 
the continuous spectrum of Fig. 3, there are 
an infinite number of frequencies in the band, 
extending from 0 cps to something more than 
1 cps, of the rectifier output. The R-C filter 
will smooth out all of these (average them) 
above 0.2 cps. Frequencies below 0.2 cps 
are not effectively smoothed. If the energy 
below 0.2 cps is a significant part of the 
whole, we can visualize the effect as that of 
a very-low-frequency random signal super¬ 
imposed on the dc output of the rectifier. 
There will then be an uncertainty as to the 
exact value of the average at any time. A 
measure of the uncertainty in the power 
spectral estimate is the ratio of the cutoff 
frequency of the R-C filter to the bandpass 
filter; it is more usual to express this rela¬ 
tionship as the product of the bandpass filter 
width, with the time constant of the averag¬ 
ing filter. 

THE MEASURES OF ACCURACY 

There are two measures commonly used 
by which we can establish the accuracy of our 
estimate. These are approximately equiva¬ 
lent. The first of these is the statistical co¬ 
efficient of variation. 

Figure 3 shows the spectrum of the 
output of a 1-cps bandpass filter before and 
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Example 1 

Assume a permissible error of 10 per¬ 
cent.* This-makes the coefficient of variation 
equal to 0.1 

<«J> 

1 

. TÏW ^ SL ' 
(3) 

The required product of bw and SL must then 
be 100. This can be obtained by either 
nw = 1 cps and si, = 100 seconds, or by 
aw = 100 cps and SL = 1 second, or by inter¬ 
mediate values. 

How much confidence! can wc have in 
the error being within 10 percent? It has 
been pointed out [ 4] that the error has an 
approximate normal distribution when it is 
less than 20 percent. Consequently, we can 
establish confidence bands for the eslimated 
error. Such confidence bands can be estab¬ 
lished by referring to cumulative distribution 
tables I 8 ], or from a probability density 
curve with a cumulative distribution 
abscissa [ 91. 

* 

Example 2 

We ask ourselves, what is the probability 
that al will be within the limits necessary 
for cy<(aJl> = 0.1 = 10 percent? That is, 
what is the probability of <r, remaining in the 
region of *1 times its assumed value. Refer¬ 
ring to Table A-4 of Ref. 8, or to the prob¬ 
ability curve on page 988 of Ref. 9, we see 
that there is a 34.13-percent probability 
that Oj will be greater than -1 times its 
assumed value. Thus the probability that o, 
will be between fl is 68.26 percent; or we 
have a 68-percent confidence that the error 
will be within 10 percent. There is, therefore, 
also a 32 percent probability that the error 
will be greater than 10 percent. We can 
establish additional confidence bands. Thus, 

’¡'This is not to be confused with instrumenta¬ 
tion error in data acquisition, processing, 
and/or analysis. 

tEstimates of error vary in precision. It is 
important that the estimate be accompanied 
by a statement of the confidence we have in 
the estimate. 

what is the probability that the error will be 
within 20 percent, in other words, within 
twice its assumed value? From crl = -2 to 
a. = +2 in the table referenced above is 
0.9722 - 0.0228 = 0.9494 =95 percent. Thus 
the confidence that the error will be within 
20 percent is 95 percent. 

The same coefficient, may be 
used to estimate the uncertainty due to a 
finite averaging time as well as the error 
due to sample length. Again, according to 
Morrow [ 3], 

<»J> »'i * BW * T 

where T = averaging time in seconds. 

It is the us’ii'i case where the sample 
length is the dominating uncertainty, since T 
is readily adjustable over wide limits. Also, 
the uncertainty can never be less than the 
amount imposed by the sample length. In 
effect, the above formula says that, for the 
same confidence level, the averaging time 
should be half the length of the sample in 
seconds. 

A second measure of the accuracy of 
our estimate makes use of the chi-square 
distribution [8,10,11]. Figure 4 is an 
example which was constructed from 
Table A6-b in Ref. 8. The ordinate of 
Fig. 4 is the ratio of the observed to the true 
power spectral density; the abscissa is 
“degrees of freedom,” and the parameters 
are confidence bands. Degrees of freedom 
is a term used by statisticians to indicate 
the ratio of the mean-square fluctuation of 
a variable to the true squared average. It 
is given by ( 11] 

n = 2 X nw X SL (5) 

where 

n = degrees of freedom 

BW = effective bandwidth 

SL = sample length. 

Example 

If the effective bandwidth is 3.5 cps 
(typical of a TP-218H Filter) and the sample 
length is 10 seconds, the number of degrees 
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Fig. 4 - Xhe ordinate of the figure gives 
the ratio of the true mean to the observed 
mean. As an example of its use with a 
bandwidth of 10 cps and a sample length 
of 2 seconds, the degrees of freedom is 
40, Entering the abscissa at this point 
indicates a 1-percent confidence level that 
the observed mean will be less than 0.55 
of the true mean, and 99-percent confi¬ 
dence that it will be less than 1.6. It is 
also evident that, for the same 40 degrees 
of freedom, we have a 70-percent confi¬ 
dence that our estimate will be below 1.1, 
and 30 percent that it will be below 0.88. 
Our observed mean thus has a dual param¬ 
eter nature - the interval of the estimate 
must be accompanied by an expression of 
the confidence level. 

of freedom is 70. The abscissa of Fig. 4 is 
entered at this point, and we have the follow¬ 
ing contidence bands: 

Table 1 

J Confidence 
(%) 

That Value 
Will Be Above 

That Value 
Will Be Below 

99 
95 
90 
80 
70 

0.649 
0.739 
0.790 
0.856 
0.905 

1.43 
1.29 
1.22 
1.14 
1.08 

This data could be prepared another way. 

Table 2 

Confidence 
(¾) 

That the Value 
Will Be Between 

98 
90 
80 
60 
40 

0.649 and 1.43 
0.739 and 1.29 
0.79U and 1.22 
0.856 and 1.14 
0.905 and 1.08 

It is evident that we need a large number 
of degrees of freedom to obtain a high confi¬ 
dence in an estimate. The problem is most 
acute at the low-frequency end of the spec¬ 
trum due to the narrowness of the filter re¬ 
quired to resolve the resonances. At higher 
frequencies the accuracy increases because 
we are able to use much wider filters. 

A NOTE ON THE SCANNING 
RATE OF FILTERS 

If filters are scanned too rapidly, two 
phenomena will occur: a growth and a decay 
transient. The energy will not have time to 
rise in the filter, and hence we will record 
an output which is less than the steady-state 
output. This results in a “blurring" of the 
output amplitude. Technical Products Com¬ 
pany recommends that the maximum scanning 
rate be chosen from Eq. (6) below 

= (f)2 (6) 
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where BW = filter bandwidth and CPS/S - cycles 
per second per second. This rate will allow 
the energy to rise to very nearly the 



steady-State value before the filter has been 
moved in the spectrum by more than 25 per¬ 
cent of its bandwidth. However, it is possi¬ 
ble to scan the filter at a faster rate when 
the power spectrum is comparatively 
smooth - “pastel,” for example. In this 
case we can use the equation (BW)3 = CPS/S. 

All energy contained in the filter must 
decay as the filter is moved in the spectrum. 
Decay is not instantaneous; and thus energy 
present in one bandwidth of the filter will 
still be present, but at a lesser degree, in 
the next adjacent bandwidth. This produces 
a blurring effect; stated in another way, the 
filter appears somewhat wider than its 
effective stationary width. 

When the filter is scanned at a rate 
according to Eq. (6), the transient effects of 
the filter may be regarded as negligible. If 
scanning is made at higher rates, the appar¬ 
ent increased filter width should be taken 
into account. Hence, we have an amplitude 
blurring and a width blurring, which are 
functions, in a complex way, of the 
smoothness of the power spectral density 
plot. 

In conclusion, It has been the author’s 
intention to present a brief introduction to 
the principles involved in choosing analyzer 
constants. Only the physical aspect has 
been presented, and it is recommended that 
the cited references be studied. 
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AUTOMATIC TRANSMJSSIBÜIIY PLOTTER 

M. Matrullo and D. R. Thomas 
The Martin Company 
Baltimore, Maryland 

Describei a technique developed to obtain, quickly, vibration transmis* 
sibility da a. Only equipment which could be considered standard in 
most aero-space company facilities is used. 

INTRODUCTION 

Present-day techniques used to obtain 
vibration transmissibtlity data on aircraft 
and missile subassemblies and ground sup¬ 
port equipment require an excessive expend¬ 
iture of engineering manpower solely for 
data reduction. A typical technique consists 
of (1) recording the forcing function and the 
various responses of the article under test 
on an oscillograph, (2) visually measuring 
the trace amplitudes, and (3) ratioing these 
values to obtain the desired transmissibility 
as a function of frequency. When a large 
number of data points are to be evaluated, 
such as in preliminary engineering study 
tests, one can readily see that the cost and 
time factors will be quite large. Aside from 
these important factors, this technique is 
cumbersome and at times produces inaccu¬ 
rate results because of wave form distortion. 

A technique has been developed at the 
Baltimore Division of The Martin Company 
to minimize the conditions outlined above, 
and it is done through the use of equipment 
which could be considered “standard” in 
wos* aero-space company test facilities. 
The system consists basically of a Technical 
Products Company Spectrum Analyzer, log 
converters, difference networks, and X-Y 
plotters. F gure 1 shows a oiock diagram of 
the system. 

»This paper /as not presented at the 
Symposium. 

EQUIPMENT 

The analyzer is the Technical Products 
Company TP625 wave analyzer system which 
includes a TP627 wave analyzer and a TP626 
oscillator. This analyzer uses the heterodyne 
principle whereby a local oscillator combines 
with the incoming signal to produce a new 
frequency. This frequency is passed by a 
narrow bandpass filter and recombines with 
the local oscillator, thus allowing the re¬ 
covery of the original signal. The process 
is a continuous one, with the entire frequency 
spectrum of interest being scanned by auto¬ 
matically changing the oscillator with a 
constant-speed motor. The center frequency 
of the filters is in the vicinity of 97 kc, thus 
allowing the use of crystal filters with their 
inherent high Q characteristics and making 
it possible to have highly selective filters 
in the audio range of frequencies. 

The oscillator-modulator, TP643, which 
is also made by Technical Products Company, 
is used to provide a method of maintaining 
synchronization between the shaker driving 
frequency and the frequency that the analyzer 
is scanning at any instant of time. If the 
shaker is driven sinusoidally, it will be nec¬ 
essary that the frequency being scanned by 
the analyzer is identical to the frequency 
driving the shaker. This becomes important 
when extremely narrow bandpass filters are 
used. For wider filter widths, however, it is 
only necessary that the driven frequency be 
within the passband of the filter. Th; TP643 
oscillator-modulator makes it possible to 
obtain exact synchronization. This is done 
in the following manner. The oscillator- 
modulator has a crystal controlled oscillator 
having a frequency of 97 kc. The local 
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oscillator frequency combines with this 
frequency and the difference frequency is 
used to drive the shaker. Since the local 
oscillator is common to both the oscillator- 
modulator and the wave analyzer, the fre¬ 
quency driving the shaker (input frequency) 
will be the same frequency that the analyzer 
will be scanning (output frequency). 

The system has a frequency response 
of from 10 to 20,000 cps. The óscillator 
scanning can be driven either internally at 
fixed sweep rates or externally using any 
scanning rate desired 

The logarithmic converters used are 
Moseley Model 60B. These units have a 
dynamic range of 60 db and an adjusted fre¬ 
quency response of 10 to 20,000 cycles. 
They are used in pairs as computing ele¬ 
ments in performing the necessary division 
to obtain transmissibility, and their outputs 
are terminated in a resistance-type differ¬ 
ence network. The readout device used to 
detect this difference is a Moseley Model 5 
Autograf recorder which has been converted 
to potentiometer operation (Fig. 2). 

The normalizing circuits are calibrated 
10-turn potentiometers used in conjunction 
with step attenuators. Their purpose is to 
adjust the gain of each transducer and 

its respective signal conditioner, so that the 
electrical signals being applied to the analy¬ 
zers are of equal magnitude when identical 
physical phenomena are present on each. 
This unit also serves to attenuate all channels 
equally in the event that the signal amplitude 
out of the signal conditioners exceeds the 
dynamic range of the analyzers. Simultane¬ 
ously changing the signal level of both trans¬ 
ducers into the analyzers will not affect the 
ratio of the two signals. However, with 
proper adjustment of the equipment operating 
range for the physical phenomena expected, 
dynamic ranges well in excess of 40 db can 
be obtained with a single setting. The limi¬ 
tations will most likely be determined by the 
transducer amplifiers used as signal condi¬ 
tioners, since a 60-db dynamic range can be 
obtained easily in both the analyzers (when 
used with narrow band filters) and the log 
converters. 

OPERATION 

The system functions in the following 
manner: A transducer is located at an area 
ot interest on the specimen being vibrated, 
which we will consider the “response” or 
“output,” and a transducer is located at a 
point on the shaker table fixture where the 
force is being applied, The signal from this 
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transducer is called the “input” or 
“reference” signal. These transducers 
terminate into identical amplifiers which 
condition the signals for acceptance to the 
normalizing circuits. The type of signal 
conditioning needed depends on the trans¬ 
ducers being used. 

The normalizing circuits adjust the 
sensitivity of the transducers and their 
respective amplifiers, so that the ratio of 
the “output” to “in; it” will be unity when 
both transducers experience identical 
physical units of forte. 

The normalized sig tais are then applied 
to identical analyzers having narrow band¬ 
pass filters. The analyzers are made iden¬ 
tical, by adjusting the input gain controls so 
that equal inputs give equal outputs. For 
sinusoidal testing, we have selected a 10- 
cycle filter, since it will adequately define 
resolution for most transmission testing. 
It is narrow enough to suppress electrical 
and mechanical distortions ordinarily pres¬ 
ent in the transducer outputs from approxi¬ 
mately 15 cycles up. For resonances lower 
than this, it is advisable to use narrower 
filters. The 10-cycle filter also satisfies 
conditions encountered when synchronizing 
tape-recorded data which will be explained 
in greater detail later in this paper. 

The frequency sweep rate of the vibra¬ 
tion table and the analyzer sweep rate are 
adjusted so that specimen resonances en¬ 
countered during the testing will not be 
blurred. This rate is determined by the Q 
of the structures at resonance. The sweep 
rates available with the Technical Products 
equipment used at the Martin Baltimore 
Division are 0.185 cps/sec* to 0.375 
cps/seca for 0 to 250 cps. These rates go 
up by a factor of 10 when sweeping from 
0 to 2500 cps. Thus, if testing is to be 
performed from 10 to 500 cps, the slowest 
sweep rate available would be approximately 
2 cps/sec2. This rate is too fast for some 
resonance conditions, in which case it world 
be necessary to use an external drive. 

The filtered signals from the analyzers 
are then applied to two identical logarithmic 
converters which produce an output propor- 
uonul to the logarithm of the applied signals. 
Here, again, the gains of the log converters 
can be made identical by inserting a poten¬ 
tiometer at the inputs of these units or, if 

preferred, by considering an analyzer with 
its res active log converter as a unit and 
adjusting the over-ail gain by the gain con¬ 
trol of the analyzer. The latter method has 
been adopted, since it minimizes the number 
of adjustments to be made when operating 
the system. 

The log converter outputs are combined 
into a difference network, and the resultant 
signal is applied to the Y-axis of the Autograf 
recorder. Since the two signals have been 
converted into logarithmic form, the differ¬ 
ence plotted on the recorder is also in log 
form. The system thus plots transmissi- 
bility in decibels with an accuracy of +l/2db. 
This method offers the advantage of a greater 
dynamic range than can be obtained using a 
linear plot. 

The frequency is plotted along the X-axis 
which is driven by a voltage obtained from a 
potentiometer, mounted on the frequency 
dial of the local oscillator. 

MAGNETIC-TAPE OPERATION 

It is often desirable to perform trans¬ 
mission testing on several points of a 
structure without subjecting the structure 
to repeated testing. With a limited number 
of automatic plotters, this can be accom¬ 
plished by recording the raw data on magnet¬ 
ic tape and then reproducing this tape into 
the plotter. However, with sinusoidal testing, 
it becomes necessary that the frequency on 
tape be synchronized with the frequency being 
viewed by the analyzer at any instant of time. 
This synchronization is obtained by using the 
“speed lock” features of the tape recorder. 
A block diagram of the system is shown in 
Fig. 3. 

During the recording process, the 
forcing frequency into the shaker is also 
recorded on a separate track of the tape 
recorder. The capstan drive is taken from 
the tape system’s built-in precision standard 
60-cycle oscillator. In the playback mode, 
the recoi-ded forcing frequency is used to 
control the tape speed. This is accomplished 
bv comparing the recorded forcing frequency 
with the reference frequency taken trom the 
oscillator-modulator. Any difference be¬ 
tween these frequencies will produce a volt¬ 
age which changes the frequency oi the 
capstan motor source, thus correcting the 
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Fio 4 - TransmissibiUty of a simple cantilever-beam 
acceleration output to acceleration input 

tape speed until both frequencies are identi¬ 
cal. The use of a 10-cycle filter in the 
analyzer permits analysis at the start of 
the playback operation until the system is 
synchronized. Synchronization has been 
maintained to greater than 500 cps. 

To evaluate the performance of the 
transmissibility plotter, a clamped 
cantilever beam system was designed and 
fabricated as a test model. Beam dimen¬ 
sions were 1/2 by 1 inch wide by 12 inches 
long, with a 3-inch square base (Fig. 4). 
The beam and base were one piece of alumi¬ 
num so that proper beam edge conditions 
could be obtained. The beam base was 
cemented to the shaker, and a transmissi¬ 
bility plot was obtained as shown in Fig. 4. 
The dashed curve (Fig. 4) is the theoretical 
♦ransmissibility which agrees very closely 
with the measured results. The deviation 
from the measured cm ve in the second mode 
response is due to the assumptions : de in 
the theoretical calculations. The tec.-., do 
show the accuracy of the system, basad ’ ^ 

first mode calculations, and the wide dyna¬ 
mic range of the system. 

SUMMARY 

The system provides a plot óf trans¬ 
missibility versus frequency upon the 
completion of testing. This represents a 
considerable saving of engineering manpower. 
The plots are continuous, and errors due to 
point-to-point methods of evaluation are 
eliminated. As a result of the filtering, 
extraneous signals are rejected, and a true 
transmission plot is obtained for the fre¬ 
quencies of interest. The filtering action 
also makes it possible to plot transmissibility 
using a random input forcing function. 

The use of the oscillator-modulator 
eliminates costly servo systems. This unit 
also eliminates any tracking errors, since 
the frequency to which the analyzer is tuned 
is identical to the forcing frequency applied 
to tbe shaker. 

♦ 
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Section 3 

ANALYSIS AND DESIGN 

RESPONSE OF A VIBRATING SYSTEM TO SEVERAL TYPES 
OF TIME-VARYING FREQUENCY VARIATIONS 

A. V. Parker 
Collins Rp.dio Company, Cedar Rapids, Iowa 

This paper presents an analysis and discussion of two types of sweep 
methods: the logarithmic sweep function which is used in many testing 
laboratories and the so-called "log-log" sweep function. 

INTRODUCTION 

In laboratory testing programs, it is common to use sweep testii g in which the test frequency 
ij, varied continuously over the frequency range of interest. Many military vibration specifica¬ 
tions require this method of testing. Little has been done, however, to determine the best type of 
frequency variation to use or the effect of using a particular type of sweep. 

F. M. Lewis has analyzed the response of a system to a linear sweep, which is characterized 
by a constant time ral. of change of frequency [1]. However, more commonly used in vibration 
testing laboratories today is the logarithmic sweep, which is produced by turning a logarithmically 
calibrated frequency control dial at a constant angular velocity. 

Both the linear and logarithmic sweeps have a failing which is undesirable for sweep testing 
purposes. Under each of these sweeps, a piece of equipment being tested receives more significant 
stress reversals at resonant points of high frequency than at those of low frequency, assuming 
there is equal damping in each case [1]. Also, sweeping lowers the peak amplitude of the response 
curve, and under these two sweeps this diminuation in response is more pronounced at low-resonant 
frequencies than at higher resonant frequencies, again assuming equal damping on the resonant 
systems being compared [1]. Both of these facts result in less potential damage being administered 
to the equipment at low-resonant frequencies than at higher resonant frequencies; this results in 
the completion of the required number of test cycles on resonant frequencies at the upper range of 
interest before those resonant frequencies in the lower frequency range have completed sufficient 
testing. By the time sufficient potential damage has been administered to the resonant points at 
low frequency under the accelerated life testing process, failures may have occurred at the reso¬ 
nant points of higher frequency due to the excessive potential damage administered at those fre¬ 
quencies. A suggested solution to this problem is the use of the so-called "log-log" sweep [2].* 

The log-log sweep provides an equal number of stress reversals between the halt-power 
points of all resonant systems with equal damping. It will also be shown that under the log-log 

*The log-log sweep is so named because it is generated by turning a frequency control dial cali¬ 
brated on a log-log scale at a constant angular velocity. 
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sweep, the dimi filiation in amplitude o£ vibration due to sweeping is independent of the frequency at 
which resonance occurs. This paper analyzes and discusser ;hc pro pcrt-Av-o ui tlic* logarithmic and 
log-log sweeps and presents mathematical solutions lor the equations of motion; these solutions 
are presented in the form of trailsmissibility envelopes. The mathematical model used in the 
analysis is the simple linear oscillator. Response curves, generr'ed from these solutions, should 
be useful to engineers in applying the methods of accelerated life testing to sweep tests using 
these sweep functions. 

THE LOG-LOG SWEEP 

Consider the differential equation for the forced vibration of a simple linear harmonic 
oscillator 

I..Ä ! cá + Kx = P„ cox F(t) (1) 

where m is the mass, with damping coefficient c, which is attached to a spring with constam. K. 
Po is the amplitude factor on the driving function cos F(t), and x is the displacement of the mass 
measured from the relaxed position of the spring. 

The present proolem, as outlined in the introduction, consists in finding and studying the 
sweep function F(o which provides an equal number of cycles between frequencies corresponding 
to equiamplitude points on the response curve independent of the natural frequency. 

For example, if an equipment has resonances at 50 and 250 cps, the function F(t) should gen¬ 
erate the same number of cycles between the response curve's half-amplitude frequencies (about 
50 cps) as it does between the half-amplitude frequencies (about 250 cps), provided damping is the 
same in each cse (Fig 1). 

K cycl«* K cycles 

Fig. 1 - Response curves of an equipment having resonances at 50 and ¿50 cps 

It should be kept in mind from the beginning that when the response curve is referred to, 
what is actually involved is the envelope of the response curve. Maximum response acceleration 
during a cycle is the desired quantity which permits analysis of the damage due to the cycle, so 
it i*i only the acceleration (or displacement) peaks which are of interest. The common method of 
presenting the response curve is as a plot of transmissibility versus the ratio of driver frequency 
to natural frequency. Transmissibility is defined as the ratio of transmitted force to applied 
force. Hence, in the present problem involving the simple linear oscillator, transmissibility .s 
wrH*«‘n aã 

/(Kx.)2 + (cxa)3 

V Po 

where x,. is the envelope value of x and xe is the envelope value of x. 
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Now consider two simple linear oscillators, the ».rst having a natural frequency «n and the 
second having a natural frequency a^n where a > 1. Both systems have equal damping. Under 
frequency dwelling the response curve can be written as 

fe)T * (* if 

where s c/cr. The quantity au,n replaces in the expression for the second oscillator. Let H 
represent the fraction of maximum T where the equiamplitude points are chosen on the response 
curves. From the expression (just pr -sented) for the response curve, the expression 

,,,2 - rate2(1 - 
2 

"n lÆVl - MT^,]2)2 ^ 4^IHTm.,]a (1-ÍHTm.,i2) * ÍHTm„S2 . 

is obtained which gives the frequencies about wn which correspond to the equiamplitude points 
which have been chosen on the response curve. The smaller of the two values will be referred to 
as uin - Aw, and the larger will be called wn + Aw2. By substitution of awn into Eq. (2) in place of 
u>n, the corresponding pair of frequencies associated with awn are obtained. In this case, the 
smaller will be called awn - AwJ, and the larger will be called no>n + Aw2 (Fig. 2). 

From Eq. (2) it follows that 

(awn t Aoij)2 - a2(a)n + awj)2 

and 

Tius leads to 

(awn - AwJ)2 = a2(wn - Aw,)2 . 

and 

Aojj = aAa>2 

Acdj = aAfiJj . 
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Thus the ;ondition on the sweep function F(t) can be wiTtt an as 

F («[<-'„ t - F (c(a[«n - Aoij] = F ( [^n ♦ Ao,,] )j - F^Gft^ - A«,])) , (3) 

where t G(a). This is true because F(t) is the angle which ¡.he argument of the driving function 
has passed through trom time zero to time t. F(t)/2w is then the number of cycles which have 
occurred between time zerr and time t, provided F(t) is expressed in radians. If «¡ represents 
initial frequency at time zero, FlGlfoij)) = o. 

Crede and Lunny [2] state without proof that the condition of.Eq. (3) is satisfied if 

h = cu* , (4) 

where h is the rate of change of driver frequency with respect to time, and c is a constant. The 
letter h will be referred to as the sweep rate, F(t) will be called the sweep function, and c is the 
sweep constant. For increasing frequency c > 0, and for decreasing frequency c < 0. 

Now what kind of sweep function is obtained as a result of the hypothesized sweep rate? 
Since 3F(t)/at = Ü), Eq. (4) is integrated twice to give 

and then 

Fit) = - I in (-c»0-ct) + «J (6) 

where a0 and a, are constants to be evaluated. Substituting zero into Eq. (5) for t, it is seen that 

1 
° Coi J * 

Then 

F(t) <= - i In (1 - Cf'jt) + i In oji + . 

The expression (i/c) In wi + a, is merely the phase angle of the driver which will be called a. The 
resulting sweep function Is then 

F(t) - - I in (1 - cojjt) + a . (7) 

It will now be shown that this sweep function does indeed possess the property described by 
Eq. (3), even though the analysis used in its development was based on the response curve asso¬ 
ciated with frequency dwelling. Differentiating Eq. (6) with respect to time. 

Mil 
at 

CO. 

t - CM.t (®) 

Solving Eq. (8) for t results in 

t - Ofo.) « j - j-rj • (9) 

Let •. end t2 be the times at which me driving function attains the instantaneous frequencies 
o»n - Ao)j, and -on * Aoij, respectively. Likewise let t J and be the times at which the driving 
function attains the instantaneous frequencies a[o>n - Ao.t] and ¿[o.n + Ao>2], respectively. Then a 
necessary and sufficient condition that F(t) satisfies Eq. (3) is that 
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F(t2) - F(tj) = I,t'2) - F(t;) . (10) 

Substituting into Eq. (10) results in 

F(tj) - F(t,) = - j In Aw, 
"i In -ï— wn - Aw, 

1 . "n ' — In -7-7- 
c 0Jn + Aüij 

s-In _T F(ti> - F(t¿) . 

Thus the conjecture is established. 

This sweep function F(t ) has come to be called the log-log function (21. It is desirable to 
know if the log-log sweep function share's the property expressed in Eq> (3) with any other possible 
sweep function. It is conceivable that if another sweep function possesses this property, it may be 
easier to handle analytically. Assume ?!(t) is such a function. Then 

fftj) - ^(t,) = fctj) - ?<t;) di) 

where the subscripted t's have the same significance as before. Also ?(0) = 0 and dF(t)/df = w, 
since f”(t) is a sweep function. Substituting t, = 0, and expressing time in terms of frequency in 
Eq. (11), results in 

(12) 

Differentiating Eq. (12) with respect to wn + Aw2, and then with respect to a, results in 

(13) 

(14) 

It follows from Eqs. (13) and (14) that 

(15) 

Since the right-hand member of Eq. (15) is independent of wn + Am2 and the left-hand member is 
independent of a, it is true that 

F’ (constant c) (wn + Aw2) . (16) 

Since wn + Awj can have ar.f positive value, it may as well be replaced by w. Integrating the 
resulting equation with respect to 1/w, 

F j^- - = - (constant c) In ^ + (constant K) . (17) 

Letting w = w, in Eq. (17), it is seen that 

F(0) =0 = - (constant c) In ^ + (constant K) . 

Thus 

F (? [i, - Tr]) = Ff») = (constant c) In . (i8) 
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Differentiating Eq. (18) results in 

dp . (0i deu 
-r- ~ to - Teona tant c) 
tit a) dt 

Calling the constant in the previous equation i/c results in h cwhich is known to generate 
the log-log sweep function. Thus Fit) = F(t) and the uniqueness of F(t) is established. 

It is interesting to note that since « = ^/(l-c^t) becomes unbounded as coqt -1, the product 
co, sets not only a practical but an absolute limit to the time consumed by a single sweep. 

Non the response curve will be found for a simple linear oscillator excited by a log-log 
sweeping function. In order to find the transmlssibility envelope, the envelopes of the displace¬ 
ment and velocity of the oscillator must be found. This is done by solving the differential equation 
resulting from the substitution of Eq. (7) into Eq. (1). This results in 

(19) mû + ci + Kx = P0 cos ~ In (1 " coqt) + 17j • 

The auxiliary solution to this equation is neglected since it represents only transient response 
which will soon die out under damping. Before finding the particular solution, Eq. (19) is put in a 
more convenient form by dividing through by m. This results in 

(20) 
S + 2ni + Wn X = — cos [- i In (1 - cnt) + a] 

where 

c 2 K 
2n = = - anti 

By the usual method of operators a particular solution 

P. 
m(a - ß) 

|£»‘ ^ cos F(t) t-a,dt - £ COS (21) 

is obtained where a * -n + iS and /5 = -n - iS. ^ is the usual damped natural frequency «n/T-£J. 

Rewriting Eq. (21) results in 

i-nt P. . 
x . -sin ait cos 

+ sin ait sin 

* cos ait dt 

- cos ait cos cr 

- cos ait sin 

a ^ cos j[ln Z^\ en 

a sin [in €n 

I cos [ln Z'] £"* si 

j1 sin [ln Z'] £n* si 

1 cos St dt 

n St dt 

sin St dt 

where 

z = (1 - cw;t) = — . 
(22) 
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In order to obtain the envelope of x it is necess iry to find the phase ancle a which extrem 
alizés x and substitute it into Eq. (22) to give xe. "hat phase angle is obtaflied by solving the 
equation, 3x/3cr = 0, for cr. 

This results in 

where 

and 

cr - tan 
j I cos ait - d7 sin ait 

cos ait - sin ait 

?l - ^ cos ^ln r] £n 

j* sin [in ZCJ e 

= cos [in Zcj €nt s 

04 = [ sin [ln Z'] £n 
•'n 

* cos ait (It 

02 = I sin I ln Zc I <-nt cos St Ht 

sin ait dt 

4 sin ait dt 

(23) 

Rewriting Eq. (22) ir. terms of 0’s gives 

E-nt p f 

—— h -.jm l 

1 e'nt P ( 1 
: l cos a + -- ( 02 s*n ~ cos f s^n 17 • 

(24) 

Substituting a from Eq. (23) into Eq. (24) gives 

(25) 

where = cos ait - öj sin ait and 02 = ^3 cos ^ ” ^1 s^n ^ * 

Next, the velocity envelope of the oscillator must be found. First, Eq. (22) is differentiated 
with respect to time to obtain 
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It is then necessary to find the phase angle c which extren alizés x and substitute it into Eq. 
(26) to solve for ie. That phase angle is obtained by solving t*.e equation, 3i/3cr = 0, for o. Sub¬ 
stituting the result in Eq. (26) results in 

% = (27) 

where 

, (n sin 23t „ In cos Sit . „ 
'^1 ~ l-Z-cos “t| @2 ”1-— + sln 

and 

, /n sin Sit o /n cos Sit . „A „ 
'/'a = I-z-cos wt J - I--- + sin ut) Sj . 

Recalling that 

T ■Y (Kx.)^ + (ci ) 2 

it is now seen that the response curve may be written as 

T = .^3~ * *52(4>i + nt • (2®^ 

The only remaining problem in the computation of the response curve is the evaluation of the 
0 integrals. These integrals are oscillatory integrals and extremely impractical to solve by 
numerical integration techniques. For example, consider öl. In most cases of practical interest 
Si will be 30 radians per second or larger; and in a great many cases, it will be one to three orders 
of magnitude larger than that. Thus the factor, cos Sit, oscillates rapidly about the t axis as t 
increases. In many vibration testing programs, t runs over 400 seconds. Furthermore, the 
sweep constant c would necessarily be smaller than 10-4(l/radians) to fulfill many of the govern¬ 
ment specifications for vibration testing. Thus the integrand factor, cos [(1/c) in (1 - cw.t)], 
would also oscillate rapidly as t increased. Therefore, a plot of the integrand function would 
include thousands of peaks and troughs of nearly equal size. Summation of the area under the plot 
of the integrand function by numerical integration techniques would consequently involve taking 
extremely small incremental steps to insure that all accuracy wasn't lost. Another complication 
arises due to the fact that even the larger high-speed digital computers now in use have a floating¬ 
point word size of only 9-decimal digit capacity or less. It would be necessary to resort to mul¬ 
tiple precision programming, in order to compute the integrand factor int with sufficient precision 
to maintain any accuracy in the final answer. This, too, would slow down the computing process 
greatly. Considering the fact that 0i is only one of four such 0 integrals, it becomes apparent 
that this approach to the solution for the many variations of damping and sweep constant which will 
be desired is inconceivably time consuming and expensive. 

In this light, a series solution approach was taken. First, the 0 integrals were written 
entirely in terms of the variable Z. This resulted in 
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and 

(30) 

(31) 

(32) 

For purposes of handling, it was convenient to code -n,'cuii as bj a.id '¡¡¡/cu>i as h,. Each of 
the Integrands in the integrals in Z was then put in the form of a power series which was inte¬ 
grated to give an infinite series solution to the integral. Thus, 

sin bjZ dZ A Jco, [in Z^] {£(b‘tib’)' - e<h' + ib’>-} dZ 

-T J cos [ln Z'] ¿ |r [(b, + ib2)K - (bj - ibj)Kj dZ 

J [in Z'] Z dZ 
K ■ 0 

= ï Í (z" + z ") g 
Z*rK sin K(? 

JfT dZ 
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K '-0 

<IZ 

1 rKZK-1 * in K- 

K = 0 

2 Z] K! K + 1 + ç K * l - ^ 

1 r^Z^4^ sin 

K “ 0 
2 Z] K! 

(K UJ (Z* * Z'*)-ï (f - z *) 

(KM)3 +fi 

,KZKM s K y (K » 1) cus 1 (in Z?) sin 1 M) 

(K + I)3 
2 

Í33) 

where r - v/b^ t bj and 6 = tan"'(b^bj). 

In the same manner, 

J"cos (in Z*) í 
Z » „ rKZK<> cos K0 

1 cos b/ dZ 
(K + 1) nos (in Zf) + ^ sin (ln Zc) 

(K + 1)J 

T ( l\ b,z V rKZK*1 sin 
I sin y In Zc J e 1 sin b2Z dZ = gT 

* K «=0 

Kf? (K +1) sin (ln Zc) - ^ cos (in Zc) 

(KM)3 ♦ftV 

, (34) 

(35) 

and 

f / b.Z V1 rKZK 1 cos KÖ 
(K + 1) sin Lln Z* -i cos (in Zc^ 

sin \ln Zv) c 1 cos b2Z dZ ri 
J K* 0 (KM)3 *0 

2 
(36) 

The summation of the resulting series is also a formidable computational job. The factorial 
term in each denominator insures absolute convergence, but in most cases rZ will be of the order 
of magnitude of 104 or larger, and it would be necessary to sum tens of thousands of terms in 
each series before suitable accuracy of the final result was insured. And, as in the case of the u 
integrals, it would be necessary to use multiple precision programming techniques in order to 
maintain accuracy when differencing two very large numbers of nearly equal size. 

The solution to this enigma is obtained by rearranging the series in a form more tractable 
for computational purposes. Consider the integral 

It was shown earlier that 

sin b3Z dZ . 

j cos [in Zc] € 1 sin bjZ dZ 
1 V"1 rKZK*' sin K@ 
2 Z_. V K-0 

Zf 
+ 

Z~* 

K + 1 - 
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The recursion relation 

sin (rZ sin 0 + nö) (i t „ t i'l f1 il*!--»1" (JÜJÚif-1-r\ = si 

- rZ y1 (fZ)K »iMK +" + 1)0 I_i_„ 

*To l K t n + 2 1- “ 

is used to rewrite the integral as 

J" cos [in ZCJ 
b.Z 

2ceT7 COS sin (rZ sin 6) cos* 

(OJ \R /KM j 

__- W C°M E ^n'1 ci 
Un ~ t J——-- 

1 = 0 

+ sin (rZ sin 0) sin 

+ cos (rZ sin 6) cos 

(- ¿) r 
cos KÖ 

(-?)■ sin I y tan* cj 

K-0 

(--1) t: 
k^o 

/ Wn\K /K+l i 1 
.in K0 U -7) cos tan'1 ¿j 

C v^TT 

e cos (rZ s 
( ^ *Ín*e(-^) SÍn ([C ‘“H'1 ^)] 

• n e) »in \in ?■')¿_,- . .T , . .¿ 
«’» fj ^2C2 + ! 

i-1 

Note that crZ = wn/<a. 

The details of this computation and the results for the other integrals have been completed by 
the author, along with curves generated from these results. For values of w/w < 1, the new 
series converge relatively rapidly. For un/u < 1, asymptotic expansions were obtained. It will 
be noted that 

21 
K = 0 

i rK¡,K*l H# r'zMinJW z± dz 

. f zi Ê a2-tzi 
J K * 0 J 

dZ . (37) 

The final expression was integrated by parts using the relation 

_bt«x 
«d* £,»dx 
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(-i)K (b + i-j) r 

or in the ease at hand 

(38) 

is the type of expression encountered. It can be shown that the numerator of the integrand in 

tlonofSS10n 38 ÍS t>ounc)ed 311(1 the maBn*tude of the error in the asymptotic expansion is a func- 

since c « 1, ai/coit need not be much less than one to obtain good accuracy. A detailed error 
analysis of the asymptotic expansions has been developed by the author, along with the develop¬ 
ment of the expression for response and the response curves generated therefrom. 

A significant point which emerges from the final expressions for response is that they are 
dependent only on the parameters -/^n, s, and c. y 

THE LOG SWEEP 

The development of the analysis of the log sweep is analogous to that for the log-log sweep, 
The approach to the problem and the techniques used in the solution for the response are the 
same. 

(Kj = constant) (39) 

and 

K2 ln tu = (H) (Kj = constant) 

by the above conditions. So, 

dû} 

Ht (41) 
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t seconds * seconds 

Fig. 3 - Log sweep for an equipment with resonances at 50 and 250 cps 

By integrating Eq. (41), there results 

In a; = —— t + K, (K3 = constant) (42) 

or 

Kl K3 qj = e 1 e 3 
(43) 

Time is measured from t = 0, so from Eq. (43) the initial frequency w, is 

Since 3F( t)/3t = a), integrating Eq. (43) yields 

(44) 

F(t) u,i*\ K, il t 
e ' * K,. 

(45) 

K3 is simply the phase angle a which will be ignored at present. The constant "¡Kj/Kj will be 
called c so that 

F(t) = ee r 
(46) 

Hence, Eq. (46) gives the logarithmic sweep function. Equation (46) is then differentiated, with 
respect, to time to give 

which is solved for t, yielding 

As in the log-log case, consider two simple linear oscillators with equal damping. The first 
has a natural frequency of while the second has a natural frequency of awn with a > 1. Again 
the equiamplitude points about an are called wn - Aand ¿'n + Aw2. It follows, as before, that 

209 



(he equiarnplitude points about awn are a(^n - Awj) and a(wn + 'iojj). The times at which <*>n - Awj, 
and ü)n + Awj occur are called t¡ and i3, respectively, and the times at which a(o>n - Acj) and 
a(;.Jn + Aw2) occur are called t Í and t2, respectively. Hence, the condition that the frequency under 
the log sweep spends the same time between u>n - Aw,, and wn + Aw2 as between a(wn - Aw,) and 
o(oin + Aw,) is true, provided 

From Fq. (47), it follows that 

t2-t, = t2-t,. 

In 
(*)„ + A>x»0 

In 
¿i» i At*j| 

Ji ln ‘"n ^ A'^2 _ J ln f a<V 
w, £Dn - Aw, », " a(wn - Aw,) 

C . a<“n + Awj) 
—- In --- 

a(wn - Awj) 
In - 

(48) 

Thus the criterion of Eq. (48) is satisfied, and the conjecture is established. 

From Eqs. (46) and (47), it follows that 

F<t) = — . (49) 

Thus, 

c(w + Aw2) c(wn - Aw,) 

f(‘2> - ^i> = —- —zri- 

and 

, , c[a(wn+Aw2)] c[a(»n-Aw,)] 

So F(t2) - F(t[) = a[F(12) - F(t,)], and in contrast with the log-log sweep, the logarithmic 
sweep provides a greater number of cycles between the equiarnplitude noints about a»n than it 
does between the equiarnplitude points about the lower frequency »n. 

The log sweep function is substituted into the differential equation for the linear oscillator 
resulting in 

* 2 X + 2nx + <^n X (50) 

which must be solved to obtain the log sw-'ep response curve. Solving the differential equation by 
the method of operators again results in Eq. (21). The result is rewritten in a form free of the 
imaginary unit. This gives 
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The phase angle <r which e.xtremalizes x is found l-y solving the equation 3x/3a 0 for v. Sub¬ 
stituting this into Eq. (51) yields the envelope of t«.° amplitude which is 

en,P 

ohi 
° y* i * ¢2 (52) 

where 

and 

^ * cos tot dj ~ sin ait 

$2 = cos ait Ö3 - sin ait 

r’ Í 
9j = I COS \C€ C / €nt 

r* ( 
9j = I sin \c€ c / e" 

r‘ Í 9j = I cos \cc c / e''* si 

r ( 94 = sin \ce c / £n 
«'ll 

cos at dt 

4 cos ait dt 

sin at dt 

sin at dt . 

Equation (51) is differentiated to obtain the velocity of the oscillator mass. This results in 

cntP 

£ -ntp 

— j-S sin 2it 04 - s cos 2¡t 62 j sin a 

I S sin Sit 0J + Si cos Sit 0j I cos a . (53) 

The phase angle a which extremalizes x is found by solving the equation òi/aa = 0 for a. Sub¬ 
stituting this solution into Eq. (53) gives the envelope of the velocity which is 

— iV t (54) 

where 

and 

(i sin at - cos at h-d cos ait + sin aiti 0 
) 

1^2 = s'ln ” cos j + sln • 

Thus the expression for the response curve has the same form as in the log-log case, that is, 

(55) 
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The onl> difference is the form of the S integrais. 

Numerical integration of these 0 integrals is out of the question for the reasons set forth in 
the log-log analysis. A series-solution approach is again used. First, a change of variable is 
made to facilitate handling. This results in 

- f 
■h J, 

cos (61) Z' ' cos 

l sin (fZ 
n 

(í'L 

(«?■■) (ez) z\ 1 / cos 

if 
-i i 

cos (cZ) Z (sf‘) 

^.1.1 Z jdZ , 

(^lnz)dZ, 

In zVfZ, 

and 

c f ,-f\ »("i /2JC . _\ 
= =T J, ,ln icZ) zV a,n[-^ ln zj dZ . 

These integrals are then written in the form of series. For example, 

/ \ / - \ / i"* -iw£ \ 

dZ 
e f ZV ‘ / V (i«lK .. £ (•* z\"1 . 

= =1 \ í 4f KT- —T 

f fz zl5! ' *) +i ^ r- iez)K e f2 Z(5T ' ‘’tfi f-iez)* 
5—r— L-kt dz * Í j -—^-Zj kT 

* 1 K»0 ‘ TT» 
dZ 

_e z 

"l 

(nc t ¡ Sc\ 

"i Y](1 *co*77 
K) (iez) 

e z 

4n)| 

4w¡ 

(nc . aJc\ 

=7 =7) sp (1 i 

4 

ir 

COS 77K) ( icZ) 
..f(- 

„ nf . üj£ 
K + 7T + i a>| OÍJ 

„ né . o)t 
K + — + i- Oij 0)j 

\ (1 + cos frK) (ifZ)K [K + 
nc 1 

"ij 

[/.. nC^ 2 / a£\2 1 

(1 + cos ttK) (iez)K 'M) 
K! [(«•“) 

'wet 

irJU 1 
(56) 
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'¡g 1 S'1 . 1 • CO» ¥.)(ic?'.* 

".J 
^ V1 n ^ 

♦ COS t / — r- . 
co* KV iè'Z) ‘ K 

«■ t 1 
Similarly, 

(1 - COS ' Kii icZ) 

'l l\f w:l% 

+ cos <o% 
V 1 (1 - cos 7tK)(ÍSZ) K 

^ c [(- • 5)" (IT 

3 ' Tí 
nc ^ 

»111 i.)t - cos ui 
Sí 1 t cos 'iK)( icZ)K 

• [(-ï)’-(¾^ 
Sí 1 + cos »K)< 1C'Z)K 

4 ^rm 

and 

<5t'nt T ne -V. -V.. sin <‘>t - cos mi 
ce"' i nc (1 - cos rrKKieZ) 

(«;") -(fTIj 

Substitution results in 

sin '-y (eZ)K 

K = 0 K' 
I ne\2 /wc'J 

\K wi ) ” ( “1 

-$f ’"“tl 

cos y (fZ)K 

«-o K! 
2 /Se\2l ' / . ^ nc\¿ [ cvC 

r+1 * "J ’(“i 

(56) 

(57) 

(58) 

(59) 
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and 

mi K. 

cos (fZ)* K 

l(k ■ ")‘ M 

sin V (c7)k t C \2 K”1 2 y ' 

(IT 
For convenience in writing the quantity ■ ¡ is called A. The expression Tor response in 

terms of transmissibility then becomes 

]/ [Tj V 'a2k 

rK 
_2_ 

2 ‘ 2A K 

\2 cos ,,- <c'Z)11 

1 Z-J K’ (A2K2 + 2A ;K < 1] 

. , ( :\2\ ly_Sin 1-f (gz>*_\ t 
\‘n J j \ K' [.»2(K ' n2 * 2A:(K 

COS 
rrK («)K 

Z-j K' [a2(k • n2 • 2A:(K * n ♦ ti 
\ K"0 

(60) 

These final series are certainly absolutely convergent and yet, as was the case with the log- 
log series, the computational problems involved in their summation are formidable. In most 
caces of interest, the sweep constant c will be of the order of 10 or larger, A s 10 , : < 2, 
and Z ; 1. Hence, tens of thousands of terms must be summed to attain reasonable accuracy. As 
in the log-log case, precision is also a problem. Since many of the partial sums In these series 
would be far more than nine orders of magnitude greater than the sums of the series, multiple 
precision programming would be necessary throughout the computation. Therefore, as in the log- 
log case, the series were manipulated into a more tractable form. 

As an example of this process, consider that 

cos (fZ)* cos (fZ)K 

K1 [A2K2 * 2 :AK + 11 2 

The recursion relations 

i_J ÿ1_ro% t ( 
* l I k » 0 «V ' + S1 

cos ( * 1 
/l - ; 21 

f 
kTo K1 IAK tí ■ i yl -Í2] r (61) 

cos (cZ)K 

Trt K1 1A(K < N) t ; t i /l -T5! 

_ , r=-| sin -y- (fZ)K 

/l -e1 [ = COS cZ t A( cZ) ) 
J ‘Tõ) K! [A(K +N t 1) +Í t . VI -Î2] 

AN * í t i 

and 

"K K sin -X- (eZ)14 

4”^ K! [A(K * N) * 1 i 

|aN tç t i /ï -ç: 

00 

i"} = sin cZ-A(cZ) } - 
J k=o K! 

COS -y- (SZ)K 

[A(K *N • 1) +f ti /Î - i*] 
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were then applied to Eq. (61) to obtain 

co, '2K (S7)* 

¿—> K1 [A2Kj * 2 AK + 1) rrm 
K * 0 V 1 

CfZ 
'■ZL 

t>k / x*1 rV1. -11/1-:2 

2 L„) ï,n L A,“ 
' ' 1*0 

rí /a2)2 * 2A.j * 1 i »0 

/7k /a2,)2 t 2A;j * 1 J 
(62) 

The resulting series will obviously converge relatively rapidly for <a <-n < 1. The details of 
this work, including the ultimate expression for response in terms of these series and curves 
generated therefrom, have been developed by the author elsewhere. 

As was done before in the log-log case, asymptotic expansions were developed for the region 
in which . > 1. In the case of "j, note that 

1 

2 ' /"N \ 
--- f cos (cZ) Zl 1 ' cos ÍIn Z J ilZ 

(63) 

The last integral in Eq. (64) can be integrated by parts repeatedly by the relation, 

J xbt**dx 

to yield power series in (rZ)*1. 

xhc** 
a .¡•’■(lx , 

An interesting feature regarding the final results for transmissibility in both risgions is that 
they are functions of only w/wn, i, and A. The parameter A takes on new significance when it is 
noted that its value is equal to the log-log sweep parameter c if both sweep functions have the 
same rate of change of frequency at the natural frequency wn. In the log case, 

and in the log-log case, 

"l »,t/c Mi,4j 
a t = "ê £ = -T 

Boj 
dt (1 - c.c,t)a 

(64) 

(65) 

If the respective time rates of change of frequency are evaluated at <cn and equated, the 
result is 

(Jlaln 
e 
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or 

o - A . 
‘'"’ri 

This provides a convenient method of comparison betv/een the two sweeps. 
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DISCUSSION 

Mr. Galef (National Engineering Science Co.): I didn't understand why we considered the 
number of cycles proportional to the frequency to be a disadvantage. Actually, one would think 
that the 250-cps device would have to remain on the missile for as long as the 50-cps device. It 
would, therefore, in the life of the missile be subjected to five times as many cycles. If your 
sweep test is being used as a fatigue test (I rathe, assumed that it was because of the fact that 
you are concerned about number of cycles), then you must have the same time within each fre¬ 
quency band and not the same number of cycles. 

Mr. Parker: In terms of damage, though-we're not It «king at the thing on the missile now. 
No doubt the missile will not provide a log-log sweep rate. We're in the laboratory; and in carry¬ 
ing out a sweep program, wo want to provide the same amount of potential damage for each reso¬ 
nant structure in there. If we provide so many more significant stress reversals at the resonant 
system of high frequency, we may overtest that before we gel done ai lhe low-frequency range. 

Mr. Galef: If it fails, it deserves to fail. 

Mr. Parker: You're going against the whole philosophy of testing then. 

Mr. Galef: No, f disagree. You're trying to design something which will last a certain num¬ 
ber of hours or seconds-whatever you call it-in the missile. During this number of seconds, it 
gets as many stress reversals as it deserves because of its natural frequency. You should give it 
that many, not some number related to some other natural frequency. 

Mr. Parker: I’m thinking we want to give it as much damage as it deserves. 

Mr. Galef: Yes!!! 

Mr. Stern (General Electric Co.): Just a comment on the previous statement. I think the 
point that was trying to be made was that in this log-log sweep you're trying to do something that’s 
desirable from a theoretical or a laboratory standpoint, but when you actually test you're trying to 
simulate. Simulation doesn't mean you do what you'd like to do. You more or less do what i jually 
occurs in the natural environment. My question is this: Can you give a brief description of the 
hardware? That is, just what would this device look like that would do this log-log sweeping? 
Just a simple description of how an operator might actually do this. 
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Mr. Parker: You'd generate it in an analogous manner to the log sweep, the only difference 
being that your frequency control dial would be calibr ated on a log-log scale rather than a log 
scale. 

Mr. Galef: You would drive this at a linear rate then? 

Mr. Parker: Constant angular velocity, yes. 

Mr. Galef: Oh, then this would be something that would be built into the oscillator when you 
build it then. 

Mr. Parker: Yes. As far as 1 know no one is doing this at present, however. 

Mr. Gertel (Allied Research Associates): I'd like to make a comment on the looseness of 
terminology we become trapped in-this log-log sweeping. It isn't very explicit because if we're 
presumably talking about a log-log sweep, which means tne sweep rate or df <lt as a function of 
frequency, Usa straight line. Depending on the exponent of the equation, defining this sweep 
rate, you can get any number of straight lines and, presumably, could describe these as being log- 
log sweeps. 1 think we have to be careful with this terminology because you get completely dif¬ 
ferent results depending on what the slope or exponent of our log-log sweep is. If the exponent of 
our sweep equation is the first power, this is essentially the same as a linear sweep rate—or one 
that would be plotted as a straight line on linear coordinates. We wind up with a situation where 
we have a conatant time in the response which, as Arnold Galef tried to point out, gives essenti¬ 
ally the same type of condition one might find in a missile. A missile flies for a finite period of 
time. All the equipments in it, with a first power logarithmic sweep, would experience constant 
time during the testing process. If, on the other hand, we use a second power, we find a slightly 
different situation. We find that the responding system experiences a constant number of cycles 
in the response. This type of testing philosophy is found to be desirable for aircraft use or sys¬ 
tems that must be subjected or must withstand say years of life where we really don't care about 
subjecting them to a constant time test. We really want to get them out to some number of cycles 
which is well beyond the endurance limit cycles. 

Mr. Parker: The accelerated life idea. 

Mr. Gertel: Yes. Well in conclusion here I think we want to be extremely careful about the 
terminology o"f log-log sweep or log sweep. I think we have to perhaps refer to the equation which 
defines the sweep rather than this type of terminology. 

Mr. Parker: Well, I defined them in terms of how they were generated on a frequency control 
dial. Ÿou have this equation <Wdt equals some constant to some power of <*>, and I realize that all 
these will plot linearly on log-log paper. But I was defining these in terms of how they were gen¬ 
erated on a frequency control dial, and the log-log case would be the case in which dw/dt was 
proportional to -A in the log case, it's proportional to 
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CORRELATION OF SINUSOIDAL AND RANDOM VIBRATIONS 

B. M. Hall and L». T. Waterman 
Missiles and Space Systems Engineering Department 

Douglas Aircraft Co,, Inc. 
Santa Monica, California 

Equations arc derived in this paper to show the relationship between a 
sinusoid at resonance, a sinusoidal sweep, and random Gaussian vibra- 
uons. The sinusoids are defined in terms of zero to peak accelerations, 
where,18 the magnitude of the random vibration is given in power spec¬ 
tral density. The work done by internal dampling forces is used as a 
basis lor establishing equal fatigue damage. 

INTRODUCTION 

There is probably no subject in the field 
of shock and vibration which is as controver¬ 
sial or as prominent as the subject of 
random- versus sine-wave vibration testing. 
The purpose of this paper is to present de¬ 
tailed equations showing a method of finding 
the equivalence between random- and sine- 
wave testing. On this basis one may then 
proceed rationally to the use of either the 
sine-wave or the random-vibration technique. 

Before diving into the mathematics of 
the problem, it would be advisable to review 
some of the circumstances which make this 
investigation such an urgent one. In the field 
of aircraft and missiles, the rapid transition 
from propeller driven vehicles to jet and 
rocket powered vehicles has resulted in a 
vibration environment which is essentially 
random. For the thousands of items of 
structure and equipment which were designed 
to specifications (such as MIL E 5272), there 
immediately arises the question o£ their 
suitability for operation in random-vibration 
fields. This question could of course be 
answered by a gigantic «qualification pro¬ 
gram along with a complete switch from 
sine-wave facilities to random facilities. 
The cost of such a program is staggering; 
and upon closer examination, the complete 
switrh is .¡ot particularly desirable, since 
sine-wave qualification tests are still a 
valuable tool iur locating and examining the 
nature of resonances in equipment. The 

common sense approach to the problem is 
therefore, a program which maintains the 
sine-wave test technique and adds in addition 
random tests on large assemblies and struc¬ 
tural specimens. These test units would 
usually be assembled at one of the large 
companies or at a large government test 
center where random facilities are rapidly 
becoming available. The common sense 
approach also needs a suitable theory to 
correlate the levels to be used in each type 
of testing. 

PRINCIPLE OF CORRELATION 

The principle of correlation developed 
in this paper is that each type of test pro¬ 
duces the same damage on a second-order 
system model. The equations are derived 
to show the relationship between a sinusoid 
at resonance, a sinusoidal sweep, and ran¬ 
dom vibrations. The sinusoids are defined 
in terms of zero to peak accelerations, 
whereas the magnitude of the random vibra¬ 
tion is given in power spectral density. The 
work done by internal damping forces is 
used as a basis for establishing equal fatigue 
damage. 

A dynamic system subjected to a ran¬ 
dom fatigue environment will deteriorate with 
time. This is usually explained in terms of 
the S-N curve for the material being stressed 
However, if the environment is stopped short 
of failure, it is necessary to use Miner’s 
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hypothesis, or the equivalent, to determine 
the amount of the accumulated damage. 
Miner’s hypothesis establishes a linear rela¬ 
tionship between the number of cycles and 
the percent of fatigue damage; this suggests 
that the work done on the system can be re¬ 
lated to the fatigue damage, and the only 
sources of dissipative energy in a linear 
system are the damping forces. Hence, using 
the work done by the damping forces as a 
basis for the damage criterion is equivalent 
to using Miner’s hypothesis for accumulated 
damage. 

SINUSOIDAL WORK PERFORMED 
BY A SINGLE MODE 

Although the formulae for the work 
performed by a simple spring-mass-damper 
combination are well known, a short deriva¬ 
tion will be given in order to introduce the 
symbols and nomenclature necessary for 
the ensuing discussion. Consider for instance 
a single normal mode of a lightly dampled 
dynamic system. 

The equation of motion is 

y¡ = yfi 

M = = generalized mass 

oi = natural frequency of the mode in 
radians per second 

0 is the reciprocal of twice ¢, where 

ç is the percent of critical damping of 
the system. 

If the system is excited by a force at a 
sinusoidal constant frequency and constant 
amplitude, the response is 

where R indicates the real part 

+ Mojjj y = Force. 

The increment of work done by this system 
is 

and 

HW 
dy 

dy ^ F,! -r dt, 
d Ht 

(D 

(2) 

Substituting Eq. (2) into Eq. (1) and integra¬ 
ting over N cycles gives 

Equation (5) may be integrated in Eq. (3) 
to find the work done for N cycles. It will be 
noticed that the phase angle drops out by 
virtue of the integration. 

w = 
NMmn 

J Ht (3) 

where 

Fd = force due to damping 

y = amplitude coefficients of the mode 

f. = amplitude at any station along the 
mode shape 

Assume that the structure is oeing 
vibrated by a uniform rigid body acceleration. 
This situation occurs when equipment or 
structure is fixed to the head of a shake 
table. Consider for example Fig. 1. 

The force on the specimen is given by 

Force = f¡ Cg . (7) 
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Fig. 1 - Dynamic model 

Substituting Eq. (7) into (6) gives 

■,îHm2 G2 [Hl2 / w \ a 

QMr,»2 l“N / E 

(8) 

where 

m = > Mj f, 

G = Zero to peak acceleration of the 
table in g units. 

A useful form of Eq. (8) occurs when the 
forcing frequency is at resonance. This is 

w = °g:l (9) 
"(resonance) » 

RANDOM WORK PERFORMED 
BY A SINGLE MODE 

For the case of random excitation 
where S denotes the power spectral density 
in g2/cycie/secoiid, the mean-square accel¬ 
eration response of a general damped second 
order system is 

o 

where ä2 is the mean-square acceleration 
response in g's. 

If the power spectral density is constant, 
the result is response to “white noise." Hence, 
it may be shown that 

This is the total mean-square (ms) 
acceleration response of a general second- 
order system. Although there are refined 
mathematical techniques available by which 
one may compute the work performed by 
white noise, a more intuitive approach will 
be used here. To determine the work done 
by random vibration, it is convenient to 
represent the excitations by a sufficiently 
large number of discrete forces to approxi¬ 
mate the continuous state. This is accom¬ 
plished in the following manner. 

It has been established that 90 to 95 per¬ 
cent of the response of a normal mode is 
obtained from excitation within a bandwidth, 
say 15 percent for the 0-range of interest, 
bracketing the resonant frequency. This 
bandwidth is divided into a number of equal 
width frequency slots where discrete excita¬ 
tions will be applied at the center frequency 
of each slot. If these slots are sufficiently 
small, each random component will have 
essentially a constant frequency but with 
randomly varying phase and amplitude. 

The problem is to devise an equivalent 
sinusoid for each slot which will produce 
the same rms response as the random 
environment. Starting with the basic 
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definition of power spectral density, the Consider a single normal mode of the 
mean-square excitation is given by: dynamic system of frequency, wN. If random 

excitation is continued for a time T1 the 
SA(V number of accumulated fatigue cycles is 

G 2-- (12) approximated by 
k 2v 

where 

= width of slot. 

Now, since is constant, (¾ is also 
constant, the work performed by a sinusoid 
in the k'h slot is from Eq. (8). 

m2 R2 í.¿ 

20Moj2 

N, k-l»v!2 
N 

(13) 

where is the zero-to-peak value of the 
sinusoidal excitation. The mean-square 
value of Gk is 1/2 Gjj which is equal to Sk2 
in Eq. (12). Since the equivalent sinusoidal 
excitation will be applied at each slot for 
ihe same length of time and wk varies 
between slots, clearly the number of stress 
reversals Nk must also vary between slots. 
In order to take care of this problem, the 
following technique will be employed. Let N 
be the number of cycles in the slot contain¬ 
ing the resonant frequency, then 

Nr N. (14) 

N = 
6JN T1 

2tt 
(18) 

Hence the total work done can be written 
from Eq. (17) 

w 
Tt g2 m2 S 

4M 
(19) 

It is to be emphasized that work is inde¬ 
pendent of the damping in the system. On 
the basis that the fatigue damage is propor¬ 
tional to the work done by the internal damp¬ 
ing forces, the work done by a sinusoid at 
resonance, Eq. (9) is set equal to the work 
done by “white noise,” Eq. (17), this gives 

G - (20) 

where 

G = zero-to-peak acceleration of 
sinusoidal excitation at resonance 
g’s 

S = power spectral density g3 /cps 

Equation (13) may now be rewritten with 
the aid of Eqs. (12) and (14), and summed 
over all the frequency slots. 

íún = resonant frequency rad/sec 

0 - damping magnification factor. 

w rï^JL2*^ ÿ !„k|j 
2QMoj2 fr? 

(15) 
Hence the equivalent power spectral density 
is 

If the limiting value of the above summation 
is taken, it may be shown that 

s 20 O2 
(21) 

J im Aoj 0 
nQa>N 

(16) 

Notice that this is the same value as given 
by [“Sinicin Eq.(ll). The total work now 
becomes 

w = 
vNg2 m2 S (17) 

It is to be noted that this relationship 
is identical with that derived by equating the 
rms response of a sinusoidal resonance to 
that of the rms response due to a white noise 
random excitation. This equival nee is not 
surprising since the work equations are 
essentially mean-square response 
equations. 

t 
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WORK PERFORMED BY A 
SINUSOIDAL SWEEP 

For the sinusoidal sweep, it is necessary 
to devise a scheme for adding work done at 
different levels of magnification as the fre¬ 
quency is swept through the frequency spec¬ 
trum. Assume that the frequency spectrum 
may be divided into a number of bands each 
Af cycles/second wide. Assume also that 
the number of cycles of work performed by 
the sweeping sinusoid may be approximated 
by Af( f/f ' ) where f is the center frequency 
of the band and f ' is the sweep rate in 
cycles/second/second. From Eq. (8),the 
work performed in the kth band may be 
written as 

w = 
m2 G2 R3 

QMo>n 4rr f ' 2 Aùv (22) 

Summing and passing to the limit as 
Awk - 0 and the number of segments in¬ 
creases without limit, the integral 

|H| 2 daj 

again results and its value is wQt^/a. Sub 
stituting this result into Eq. (22) gives 

q2 g2 
Work due to sweep =-. (23) 

8f'M 

Now equating this to Eq. (19) to get the 
random and sinusoidal equivalence, we get 

1 
T, r 

2S 

G7 
(24) 

Notice that the equivalence equations are 
independent of the system damping and 
resonant frequency. 

APPLICATION OF THE 
EQUIVALENCE EQUATIONS 

A sweeping sine-wave test is very 
cumbersome to apply if one is required to 
sweep at a constant rate throughout the 
entire spectrum as is implied by Eq. (24). 
It is noted however, that all the work per¬ 
formed by a sweeping sinusoid is done at or 
near resonance. In view of the foregoing and 

in the discussion that follows, Eq. (24) may 
be rewritten by replacing f with the time 
necessary to sweep an octave and the 
octave bandwidth. 

To , 2SAf0 

Ti Ga 
(25) 

where 

Af0 = octave bandwidth 

T0 = time to sweep an octave. 

This approximation to the equivalence 
formula is easier to apply and is backed by 
physical reasoning as seen in the following 
discussion. This form of the equivalence 
equation is a good approximation to the 
logarithmic sweep which is available on 
most shake tables. 

In applying Eq. (25) to an actual system, 
some careful considerations must be applied. 
First of all, the equations must be general 
for a system containing many modes, and, 
second, due consideration must be given to 
the nonlinearities of an S-N curve (Fig. 2). 
The latter consideration may be satisfied 
by setting T0/T, equal to unity. That is to 
say that the time taken to sweep through one 
octave must be equal to the total time the 
random noise is applied. As experimental 
data become available it may well indicate 
that some number other than unity be chosen 
for T0/T,. For the purpose of this discussion 
it will be assumed that this number is ab¬ 
sorbed in the constant 2. This follows from 
the fact that the sweep can do work only at 
the frequencies it is sweeping while the 
random is doing work on all frequencies of 
the system. The effect is to boost the ran¬ 
dom levels until they are causing rms stress 
responses in the same order of magnitude 
as the sweeping sinusoid. If one were to 
reduce the interval of consideration to say 
1/3 octaves, he would have an even closer 
equivalence of stress levels. 

To demonstrate the applicability of 
Eq. (25) to a system with many resonances, 
consider Fig. 3. Assume there is one mude 
in a given octave. 

The random noise is applied to all 
octaves for T1 but it is doing work only in 
the octave containing the resonance. The 
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1 

Fig. 2 - S-N diagram, 1020 steel 

iù RESPONSE DUE 
TO SWEEP 

FIRST SECOND THIRD 
OCTAVE OCTAVE OCTAVE 

FIRSI SECOND THIRD 
OCTAVE OCTAVE OCTAVE 

Fig. 3 - Consideration o£ response 
due to sinusoidal sweep plus ran¬ 
dom noise for one mode in a given 
octave 

Fig. 4 - Consideration of response 
due to sinusoidal sweep and ran¬ 
dom noise for modes in other 
octaves 

sweep is of course only doing work in the 
octave containing the resonance. The levels 
are adjusted so that each does the same 
amount of work in time T1 

Now consider modes in the other octaves, 
Fig. 4. The random noise is applied at the same 
level for the same time as previously, but 
now it is doing work in all octaves since there 
arc resonances there. It is necessary that 
equivalence be established for each mode 
independently (or octave as in this example). 
This equivalence is an approximation for 
high-0 systems, since in the derivation the 
integrals were evaluated for a constant level 
from zero to infinity. Therefore, the sweep 
time Tj for the first octave must remain the 
same as before since the random is doing 

the same work as in the previous case. By 
the same reasoning, then the sweep time 
must be adjusted in octaves two and three 
so that they are each swept in time T,. This 
equivalence is plotted in Fig. 5 as S/G2 versus 
frequency. This chart also contains reso¬ 
nance equivalents for reference. 

In using the graph, it is assumed that 
the slope of 6 db/octave Is pretty well 
established from theoretical considerations. 
The vertical position of the curve is deter¬ 
mined by the constant 2 in Eq. pi) and the 
equivalence time factor. It is assumed that 
experimental data will become available 
to better determine the actual value of 
these constants. 
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Fig. 5 -- Equivalence curves for the ratio of c/o2 

Figure 5 is replotted as s versus o 
curves (Fig, 6) for easier reference. To 
use the curves one would first determine 
the time duration of test and then enter 
the curves to find the octave levels for 
the sweeping sinusoid and the white noise 
inputs. 

CONCLUSION 

The theoretical analysis given In this 
paper is intended as a basis for a rational 
approach to the equivalence of sine-wave 
and random testing. A test program is 
currently underway at Douglas to determine 
experimentally some of the theoretical 
constants derived in the paper. Due to the 
difficulties of fatigue testing, these constants 
will be determined as statistical quantities 
only 

Fig. 6 - Equivalence curves for random 
noise versus sweep 
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DISCUSSION 

Mr. Parker (Collins Radio Co.): I think 
I tend to agree with you that the log sweep is 
better in the case when designing something 
for a very limited lifetime like a missile. I 
was thinking more in terms of designing 
something for an indefinite lifetime. 

Mr. Hall: Well, I’m glad you’re thinking 
in those terms. Frankly, we haven’t found 
that kind of a beast yet at Douglas. 

Mr. Bieber (Lockheed Missiles and 
Space Div.): I wonder if you’d clear this up 
for me. Are you saying that as long as you 
dissipate the same amount of damping energy 
in these various tests that you produce the 
same amount of da mage ? 

Mr. Hall: Providing we work the proper 
stress levels. Remember we had this discus¬ 
sion on the fact that we can’t use a very 
low-level random vibration because we’d do 
an infinite amount of work, but we’d never 
produce any damage. If you can get the 
stress level high enough, then the criteria 
that the time taken to sweep one octave must 
be equivalent to the total time your random 
is applied. That is correct and that is what 
our experiments show. 

Mr Galef (National Engineering Science 
Co.): Tee argument about the time to sweep 
one octave being the same as the total time 
at random would seem to be applicable if the 
bandwidth of your resonance is one octave. 
The bandwidths of most resonances that I’ve 
seen are much, much less than one octave, 
sometimes as little as 1, 2, or 3 percent. 
Would you then say that the time at each 2 per¬ 
cent should be the whole time? Wouldn’t you 
also have to say that now the sweep time is a 
function of the Q, which it seems you previ¬ 
ously said was not a function ol the Q? 

Mr. Hall: It is definitely not a function 
of 0. The equivalence is based on the fact 

* * 

that it is completely independent of all the 
system parameters of the specimen being 
tested. Now this is on a work basis. Let me 
point out, if you have a very sharp q system, 
there is a possibility, when you consider the 
nonlinearities of the S-N curve, that we are 
going to get a statistical scatter in our cor¬ 
re latió- But I think that this is minor. I 
think this is always going to happen. There 
are nonlinearities in other things that enter 
into any test system, but these are minor. 
The point is that we don’t have any systems 
with Q so low that we cannot get all the work 
done in the particular octave in which the 
resonance is contained. 

Mr. Shoulberg (General Electric Co.): 
In your future planning do you propose dupli¬ 
cating failures on things other than simple 
beams ? I don’t do much testing on simple 
beams. I a¿n involved in some complex com¬ 
ponents. I think the criterion here is going 
tobe in duplicating damage or actual failures 
for a correlation, Am I not right? 

Mr. Hall: You have correctly stated a 
hypothesis. You have also correctly stated 
that this test was designed for one purpose 
and one purpose only. That is to check the 
theory. That beam has absolutely no use to 
anybody except to check our theory here and 
it does check that. Now as to the other problem 
you bring out. What about components? That 
is a problem which, frankly, we haven’t 
started into yet, but I’m sure that we are 
going to use the equivalence we derived here 
as the basic foundation for going into com¬ 
ponents and deriving the equivalence. I don’t 
know of any other logical way to do it. We’ve 
run into relay chatter and things which depend 
strictly on not very nonlinear-type phenomena. 
To answer your question, we are going to use 
this theory in our future testing to start out 
with. Now what the statistical correlation 
is going to show the next time I talk to you 
folks, I don’t know. 

* 
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EFFECT OF DETUNING IN COUPLED SYSTEMS 
EXCITED BV SINGLE-FREQUENCY SWEEPS 

Charles T. Morrow# 
Space Technology Laboratories, Inc. 

Los Angeles, California 

The response of two resonators, coupled without loading, to excitation 
by a single-frequency sweep or a periodic vibration has been calcu¬ 
lated. The derivative of the response has been taken with respect to 
the resonant frequency of either resonator. This derivative is 
expressed in such a way that a value greater than unity shows detuning 
10 be more important than strengthening as a way of improving relia¬ 
bility. Plotted curves serve to emphasize that this is true for a wide 
variety of conditions. 

The measurement of dynamical parameters for quantitative application 
of Hu* curves is often difficult. A procedure is therefore given for the 
Mrect experimental investigation of the effect oi detuning in items of 
practical equipment, by means of temporary additions of mass or stiff¬ 
ness. The procedure leads to design changes that greatly reduce 
stress. 

INTRODUCTION 

■ st engineers who consider themselves 
to be shock and vibration specialists are 
familiar with the phenomena of resonance. 
Yet, five years ago, little attention appeared 
to be paid to such phenomena in the practical 
routine engineering of equipment items when 
the phenomena were more pertinent to relia¬ 
bility than to nominal perlormante. Since 
then, there has been an increasing emphasis 
on the control of resonance parameters and in 
particular on the benefits of staggering the 
resonances of coupled systems. This has 
received little discussion at symposia, how¬ 
ever. Since major changes in the practice of 
shock and vibration engineering are seldom 
accomplished without extensive discussion, it 
appears likely that resonance, on the average, 
is still not receiving the attention it deserves. 
The fact that virtually no data are available to 
equipment engineers on the resonance char¬ 
acteristics of standard parts such as var.vum 
tubes and relays tends to support this obser¬ 
vation. 

Vibration test requirements are still 
chosen with little or no regard for specific 
characteristics of resonance. It would be too 
complicated, of course, to try to simulate 
every peak and valley in the data on which a 
requirement may be based. In time, it may be 
possible to arrive at general over-all plans 
for the resonance characteristics of particu¬ 
lar classes of equipment and shape the spectra 
listed In the various test requirements so as 
to encourage compliance with the plans. In 
the meantime, the spectra used are still gen¬ 
erally uniform with frequency. The final test 
for the completed item of equipment may be a 
complex-wave or random-vibration test, 
whereas the requirement for testing at lower 
levels of assembly may be a single-frequency 
test. Except for this distinction when It is 
made, there is little variation in spectral 
shape or over-all severity of excitation 
according to level of assembly. Since the 
requirements have so little obvious connection 
with resonance (except when fixed-frequency 
excitation of the more prominent structural 
resonances is a part of a specification), they 

*Now at Aerospace Corp., Los Angeles, California. 
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constitute a distraction from resonance. Even 
the most sophisticated engineer sometimes 
oecomes so absorbed in the purely formal 
aspects of compliance with requirements that 
he forgets to think about resonant frequencies. 
Yet, the qualification tests for subassemblies, 
parts, and vendor-supplied items do not 
ensure satisfactory operation or reliability 
in a compiete assembly unless resonances are 
subject to some degree of control - eitner as 
a recognized but informal supplement to the 
specifications or as an inadvertent result of 
the practices of the designer. 

The design engineei is not necessarily a 
shock and vibration specialist. Five years 
ago, one could say with little fear of contra¬ 
diction that after a failure of a part in an 
equipment vibration test, the design engineer 
would simply "strengthen" the part. This, of 
course, affected the over-all dynamics and 
often even resulted in a beneficial detuning, 
but he did not think in these terms. It is 
probable that the situation has changed some¬ 
what. It is equally probable that further prog¬ 
ress can be made. 

There have been powerful practical 
obstacles to progress In the use of the con¬ 
cepts of resonance even though the applica¬ 
tions may seem to many people to be obvious 
and in little need of further discussion. Simple 
criteria for routine shock and vibration 
practices have been essential. Yet habitual 
use of them tends to dull the imagination. 
Furthermore, the more enterprising engineer 
who attempted an investigation of equipment 
dynamics, even in an emergency situation 
where drastic measures involving unusual 
effort were warranted, often found his meas¬ 
urements too complicated and confusing to be 
useful. He gave up in dispair. 

This paper records a brief investigation 
of detuning of two coupled resonators for the 
special case of no loading. The presentation 
of the result is novel, and its quantitative 
aspects may be useful even to those engineers 
who are completely conscious of the signifi¬ 
cance of resonance. Qualitatively, the pres¬ 
entation should serve as a motivation for those 
who are not. The paper concludes with a 
discussion of a practical shortcut method of 
effecting detuning, which though little applied 
at present, will be found useful in many cases. 

I HE DYNAMIC MODEL 

The model for the analyses is shown in 
Fig. 1. One resonator is mounted on another 

Fig. 1 . Two mechanical resonators, 
coupled in cascade, and excited by 
vibration or shock 

which in turn is excited by motions of shock 
or vibration. To relate this model to prac¬ 
tice, the lower resonator might represent the 
frame of an item of equipment, mounted on a 
damped isolator. The upper resonator might 
represent a resistor mounted by its leads 
within the equipment or It might represent the 
grid of a vacuum tube.* Alternately, the 
lower resonator might represent a terminal 
board at its first resonance, supporting the 
resistor or vacuum tube. 

It will be assumed that the upper reso¬ 
nator does not load the lower — that is, the 
presence of the upper resonator does not sig¬ 
nificantly affect the motion of n^; in other 
words, the upper resonator Is of light and 
flexible construction by comparison with the 
lower. While this is by no means true in 
general of coupled resonators In practical 
equipment, it is a limiting case of importance. 
Furthermore, the detailed investigation of 
equipment failures Involving coupled resona¬ 
tors is quite likely to disclose not only coinci¬ 
dence of resonance frequencies but light load¬ 
ing. Thus, the coupled resonators under 
analysis here constitute a better model when 
equipment must be redesigned than during the 
early design stage. 

Instead of the six quantities, ml, Cl, k,, 
c2, k2 , it is more convenient to use the 

following four parameters in the calculations: 

•Leaving the body of the rexistor free to 
vibrate, with no clamping or cementing, is 
not necessarily the best practice for extreme 
vibration environments. 
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EFFECT OF DETUNING 

f 2 

(1) 

(2) 

0, 27iflmi/cx, 

and 

02 (4) 

These are sufficient iux the calculations to be 
performed, provided there is no loading. 

The aspect of interest is the response of 
the upper mass, since the response of the 
lower, under the assumption of no loading, is 
the same as that of the simple resonator. 

STEADY-STATE RESPONSE 

The treatment here is limited to consid¬ 
erations of the magnification or trausmis- 
sibility, without consideration of phase. This 
is given for a simple resonator by 

As indicated in the introduction, design 
engineers often have a tendency to think of 
redesign, after shock and vibration failures, 
in terms of strengthening parts. Except when 
isolators are specifically in mind, it is not 
entirely common to think in terms of altering 
the transmission path so as to reduce the 
stress. Yet Eqs. (6) and (7) suggest that this 
is often the best basis for redesign. In fact, 
this is what the designer often actuaily accom¬ 
plishes through an inadvertent detuning. The 
equations also suggest that sometimes manu¬ 
facturing tolerances have a relation to relia¬ 
bility, not so much through control of strength 
as through control oí the transmission path by 
means of relative tuning. 

These effects can be estimated from Eq. 
(6). However, for small changes, the deriva¬ 
tive of Eq. (6) with respect to f, or f2 is 
more informative. The question one would 
like to ask is, "What percentage change in 
response will result from a given percentage 
change in mass or stiffness?" When the ratio 
is greater than unity, one can assume that the 
detuning effect is more important than any 
change in strength. 

1 + f*/f„2Q3 (5) 
ui - fJ/f02)2 + f2/f 2Q2 

Hence, tor the model of Fig. 1, it is given by 

1 + f2/f,J Q2 

,2Qi2 
(61 

(1 - flVl2 * f2/f i2Qi: 

1 + f2/f 2 Q>,2 

(i-f2/fs2)2 * f2/f22Qj2 
1^2 

From either Eq. (1) or (2), it follows that 

log log \ 1°K k - j log m . 

Thus 

df I 
i Im-coml 

1 
2 

dkl 
k lm»con«t 

(10) 

and 

df I 

i lk=const 

JL dm I 
2 m |k const 

di) 

As Eq. (6) is symmetrical with respect to 
f f,, Q., 0,, it does not really matter which 
subscript is associated with the upper reso¬ 
nator. 

For Q, » 1, 02 » 1 and fi ^ f2,E,l (6) 
reduces to 

M = (0, • Qjl • (7) 

Thus, m can have extremely large values for 
these conditions. For example, if Qi 02 - 1° > 
M = loo . o's much higher than this are often 
found in equipment. 

Consequently, the derivatives of interest 
should not only be made dimensionless but 
divided by two. 

fi 3M fiMi . fJMï 
ãit §T7 = 2M at, 2M 3fj 

(12) 

il 3MJ II lût 
" 2Mj 3fJ + 2M| 3Í! 

f2 Jl 1Û1 + -i2 lûi 
2M ' 2M2 3f2 2M, 3f2 

(13) 
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The greatest damage potential occurs 
when the exciting sinusoid is tuned to one 
resonant frequency or the other. For a vibra¬ 
tion environment of periodic nature, as it 
occurs during use or transportation of an item 
of equipment, it would lie unnatural to expect 
the excitation frequency to shift as f j or f2 
is changed. However, for a single-frequency 
sweep as performed during a laboratory test, 
the maximum responses of the upper mass 
will occur approximately when f - f, and 
when f - f j. It is assumed that these maxi¬ 
mum responses are indicative of damage 
potential, and that the sweep is so slow that 
the resonators are fully excited. It is further 
assumed that Cq and C2 are constant. 

Equation (6) is symmetrical with respect 
to f i and i2; for present purposes, it dcJS 
not matter whether f, is associated with the 
other. The conditions of greatest interest are 
therefore summarized adequately by obtaining 
two expressions for (f2 2M) <SW/3f2) accord¬ 
ing to whether f - fj or f = f2. The q's are 
assumed to be constant. The expressions for 
( f ! 2M) OM/ at,), if desired, may then be 
obtained by symmetry. 

Hence, from Eq, (13), 

f 2 
2 3M 1 1 2 

2M 3f* " f25 (1 - f,3/f2V ♦ ifT22Q22 

r3(l -r2 - 1/2 Q22) 
(18) 

(1-r2) + r2 /02 

where r = fi/f2* 

Now assume, alternately, that f f 2. 

-il '2 

"i 
1 + f22/f 2Qi2 

(1 - f 22,f 2) ^ f22/f,2Q,2 

1 

(1 - f22/f,2)‘ + f22/f,2o2 
(19) 

1 + 1/Qj 

L i/Q2 J 
= d+Q22) ” const 

(20) 

ÍM, 
3f, 

2(1 - fj2^!2) (-Zfj/f,2) + 2f ,/f 2 02 

-2 [(1 - f.Vf,2)2 * f/Zf,2?,2]” 

2f^/fi2 - 2t//fi - Ift/ffQ? 

[(l-f22/f,2)2 MjVf^Oj2] 
(21) 

Hence, from Eq. (12), 

f 2 f22 1 - f22/fi2 - f j2/2f |2Q 2 

™ df2 »I2 (1 - f22/f,2)2 + t£/i 2Qj2 

provided that q2 ts large and r,/f2 is not too 
small. 

(16) 

3M? 2(1 - i?/ifj) - 2f f/fjQi 

3f, ~ r 2 13/J 
2 [(1 - f,2/f22) > f,2/f22Q22j 

= (l/r»)(l - l/r» - t/ar2«?!2) (22) 

(1 - 1/r2)2 ♦ 1/r2 Qj2 

which is simply Eq. (18) with r replaced by 
ils reciprocal and q2 replaced by cq. Thus, a 
plot of Eq. (18) will enable one to determine 
values for (f ,/210 (3M/t)f2'; when either f is 
constant at or equals f 2 and changes with it. 

By symmetry, 

-5f 2/f 3 «. -jf 4/f 5 - f 2/f 3f)2 
*117 f ? 17 2 _ (17) 

fi-fl2/f2i2. 

!i iM. 
2M 3f, 

r2( 1 -r2 - 1/2 Q2a) 

(1 - r2)2 + r2/Q22 
(23) 
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Fig. 2 - Curves of the derivative of the 
response of the upper mass of Fig. 1 

when f equals f, and changes with it, and 

f, M 1/r 1 - 1/rJ - 1/2 Qj2) 

' 1 (1 -l/r^)2 t l/r2Q2 

Thus, all necessary information is con¬ 
tained in any one of Eqs. (18), (22), (23), and 
(24). The first of these is plotted in Fig. 2 
for various values of q2 .* The importance of 
detuning when f t - f 2 and a sinusoidal exci¬ 
tation is expected in the neighborhood of 
either is quite evident. When the ordinate 
plotted is greater than unity and a failure that 
occurs in the terminal resonator necessitates 
a redesign, detuning should be considered as 
an alternate to strengthening. 

Furthermore, when the ordinate is 
greater than unity, manufacturing variations 
have more effect on the transmission path by 
way of detuning than they do by way of effect 
on local strength. When environment is per¬ 
tinent to reliability, it is customary to use for 
conceptual purposes a chart which shows an 

’¡'The fact that each equation involves the Q of 
only one resonator should be surprising. If 
the f siting frequency is tuned to either res¬ 
onator, the o of that resonator should not 
affect the derivative so long as that 0 is con¬ 
stant, whether or not the frequency of the 
resonator (and the excitation) is changed. 

overlap be.'ween the disitrlbution of the 
environment and the distribution of the 
strength. The environment and strength 
are both assumed to be measured at the 
same point, essentially the location of the 
faib're. ft is assumed tacitly that variations 
in the strength do not affect the environment, 
and that safety margins may be defined to 
express the relation of an independent 
strength to an independent environment. Fig¬ 
ure 2 shows that this is not necessarily true 
for vibration; in fact, the safety margin does 
not necessarily increase when the strength 
increases. The chart is conceptually satis¬ 
factory only if it is recognized that the varia¬ 
tion in the local excitation results in part 
from the same causes as those of the varia¬ 
tion in strength, as well as from variations 
^ ffectively in the ultimate source of the 
excitation. 

A PRACTICAL DETUNING TECHNIQUE 

It is possible to show that the benefits of 
detuning are of the same general magnitude 
when the excitation is random.* A similar 
result would be expected for shock, although 
here there is somewhat more uncertainty 
about what one can say concerning the 
response of the second resonator than in the 
case of random or single-frequency excita¬ 
tion. There should certainly be adequate 
motivation for staggering resonances where 
possible, regardless of the type of excitation. 
Applied as a general policy, such staggering 
provides generous benefits when loading is 
small, and it does no harm when loading is 
large. In the latter case, there is some con¬ 
ceptual difficulty Irom the fact that the 
resonances of a component are not the same 
as the resonances of the parts. This is 
seldom critical, however, and can usually be 
ignored. 

Yet, it can not be said that all designers 
try to stagger resonances or that there is as 
yet a systematic approach to the staggering of 
resonances. Failures during environmental 
test of an assembled component often occur 
because of coincidence of resonance frequen¬ 
cies. Yet, little evidence of the cause comes 
directly io the designer as a result of a quali¬ 
fication test. Usually, he carries out a tenta¬ 
tive redesign, and the test is tried again. 

*C. T. Morrow, B. A. Troesch, and H. R. 
Spence, "Random Response of Two Coupled 
Resonators without Loading," Journal of the 
Acoustical Society of America, Jan. 1960. 
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F’g. 3 - Experimental detuning of a two-resonator system 

In many cases, valuable indications of the 
best redesign may be obtained by experiments 
on the component before it is removed from 
the shaker — especially if there are any rea¬ 
sons to believe that damping and loading are 
low.* It is necessary only to have some way 
of measuring the response in the region of the 
failure point on a relative basis and to have 
sufficient access to the interior of the com¬ 
ponent to make experimental changes that will 
affect the transmission path. When there is 
malfunction or performance deterioration 
without permanent damage, the undesired 
effect may often be used as a measure of 
response. Microphonics in vacuum tubes and 
chattering in relays lend themselves to this. 
In other cases, it may be possible to apply 
strain gages, use optical observations or even 
apply X-ray techniques. Experimental mass 
loaus or stiffeners can usually be applied 

*If there is a heavy schedule of qualification 
tests, the component may be removed to an 
auxiliary shaker. 

simply by cementing. A cement or tar that 
hardens on cooling may be convenient. The 
possible experiments that can be tried with a 
two-resonator system are suggested in Fig. 3. 

It is not necessary to take time for pre¬ 
cise dynamic measurements before using this 
technique. It is merely necessary to make 
experimental changes andobserve their effect. 
The final official design change may not always 
lie the same as what is tried experimentally. 
For example, if mass loading is beneficial, it 
may be preferable to reduce the stiffness of a 
spring. 

CONCLUSION 

It is hoped that this paper will increase 
the emphasis on detuning techniques where, 
for one reason or another, they are not con¬ 
sciously used now and that the final sugges¬ 
tions will make their application easier in 
many cases. 

DISCUSSION 

Mr. Hawkins (Sperry Gyroscope Co.): 
This condition that you have here of coupling 
two masses '.egether which are widely sepa¬ 
rated in mechanical impedance seems to me a 
condition that you would necessarily try to 
avoid in a design that had to meet shock and 
vibration environments. Wouldn't you say this 
is true? 

Dr. Morrow: I think one should try to 
avoid it, yes, but it's not necessarily avoided 
in practice. 

Mr. Hawkins: I just want to emphasize, 
though, that this is a good design principle — 
to try to avoid this sort of thing. If you du 

231 



encounter it this critical tuning that you have 
here is probably a very good approach. 

Dr. Morrow: I'm glad you agree with one 
of the main points I was trying to make. I 
would also like to point out that it is relatively 
easy to get into this type of problem with typ¬ 
ical electronic equipment involving vacuum 
tubes, and also with equipment involving 
potentiometers with very finely made wipers 
within. Typically, one designs electronic 
equipment to a very short time schedule. The 
main problem the designer encounters is 
getting all the parts in and when, finally, the 
man on the board has succeeded in doing this, 
off the thing goes to the manufacturer. Then 
it often takes some time to figure out just 
what we've got and to do something about it if 
it doesn't work out right. So one can very 
easily get into this problem because of the 
practical limitations of the field we're work¬ 
ing in. 

Mr. Gertel (Allied Research Associates): 
I just wish to make the simple observation 
that adding mass changes the frequency by its 
inverse square root. This has a rather small 

effect on altering the resonant frequency. 
Unless tee bandwidth of the resonance that 
you're concerned with is extremely narrow, 
you would probably have to add considerable 
mass to effect any significant change. 

Dr. Morrow: Well, 1 think you'll find that 
the q's of typical resonances inside a piece of 
equipment do tend to run fairly high unless 
special techniques are used to keep them low. 
For example, if you arc trying to design a 
vibration isolator you find that you have to 
use quite a bit of care to get the Q a great 
deal below 10. This is with damping material 
particularly selected for the purpose. Now, 
within an item of equipment with the various 
other problems that are involved in there, 
often it is necessary to use metal parts with 
very little damping; it is quite easy to get Q's 
of 10 or higher. Under these conditions, yes, 
maybe you do have to add a little bit of mass — 
maybe you have to add 10 or 20 percent to get 
very much change — but I think it's interest¬ 
ing that there are times where you gain by 
weakening a spring, or adding a mass, which 
you would expect, of course, to increase the 
stress in the spring. 

* * 
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NATURAL BENDING FREQUENCIES AND MODE SHAPES OF MISSILES 

HAVING A MULTIPLE-TANK CONFIGURATION 

J. D. O'Rourke and C. L. Conrad 
Chrysler Corporation Missile Division 

Detroit, Michigan 

This paper covers an investigation of the problems of predicting the 
natural frequencies and mo^e shapes of a clustered-tank missile. It 
is shown by illustration that a single-tank representation of multiple- 
tank configuration is not feasible, and a general method of solution is 
proposed. A solution is presented for a simplified problem which is 
proved by a laboratory test. The complexities of the clustered-tank 
problem are discussed. 

INTRODUCTION 

The evaluation of the flight dynamics of a 
particular missile requires a knowledge of Uie 
natural frequencies and mode shapes of the 
structure. If a resonant condition should exist 
between the natural frequencies of the struc¬ 
ture and the control or propellent sloshing 
frequencies, the mission of the missile could 
be jeopardized. 

As the missions and payloads of the sec¬ 
ond generation of military missiles and space 
vehicles have become more demanding, the 
practice of staging and clustering missiles 
lias become common. The clustered missiles 
are usually the lowe* gtages of space vehicles 
and consist almost enthely of propellent tanks 
with attached engines. The practice of clus¬ 
tering has complicated the problems of accu¬ 
rately predicting the natural frequencies of 
vibration and forced industry to reevaluate the 
existing methods of analysis. 

The matrix iteration procedure, as 
applied to a system represented by discrete 
masses, was chosen as the method of analysis 
in this paper because it is readily adapted for 
programming on digital computers of the card 
punching type, and can accommodate changes 
in the program as more information becomes 
available. While this method is not as accu¬ 
rate as many other methods, it has sufficient 
accuracy for the lower modes of vibration 

which are of primary importance in structural 
work. 

SINGLE TANK REPRESENTATION 

In Reference [1|, the fundamental fre¬ 
quency of vibration for a missile, having a 
multitank booster, was computed by treating 
the missile as a single beam composed of 
discrete masses. This assumption is com¬ 
mon in vibration problems but could give 
questionable results in the case of clustered- 
tank configurations. 

Before attempting to establish a general 
method of solution, an analysis of two parallel 
tanks was made and compared to a single-tank 
representation of the two tanks. Both the 
single-tank and double-tank structures were 
of constant stiffness El and had mass distri¬ 
butions simular to that of a missile. 

A description of the mathematical models 
of the two systems is presentea in Fig. 1. The 
springs supporting the attached tank of the two 
tank structure have stiffness constants which 
are large enough to produce bending in the 
supported tank. It was determined that the 
natural frequency of the system L.creases as 
the spring stiffness is increased until a point 
is reached where the ratio of spring stiffness 
to tank bending stiffness becomes large, and 
the frequencies remain nearly constant. 
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Fig. 1 - Systems represented by discrete masses 

A comparison of the unrestrained bending 
modes is shown in Fig. 2. The single-tank 
structure has a higher frequency than the two- 
tank structure, although its stiffness is less 
than a representative two-tank structure 
would be. Also, the attached tank mode shape 
is out of phase with the main tank mode shape. 
Two conclusions were drawn from this com¬ 
parison: 

1. The two-tank configuration could not 
be accurately represented by a single equiva¬ 
lent tank. 

2. The natural frequency of the system 
was greatly affected by the phase relationship 
of the attached tank. 

To verify these two conclusions, a labo¬ 
ratory test was conducted on a two-beam 
system, and the results were compared to the 
results of an analytical study of the same 
system. 

LABORATORY TEST 

The test specimen consisted of a main 
cantilevered beam from which a second beam 
was elastically supported at two points. The 
beams were standard "I" beams with doubler 
plates and concentrated masses added to 
present a nonuniform case. 

The test specimen was cantilevered from 
a heavy supporting structure and excited by 
electrodynamic shakers as shown in Fig. 3. 
The response of the specimen was determined 

by placing velocity-type vibration pickups at 
equal intervals along the beams; these were 
used to measure both frequency and displace¬ 
ment to obtain a mode shape. The outputs of 
the pickups were routed through a data- 
sampling switch, and recorded on an oscil¬ 
lograph recorder. The data-sampling switch 
was used to select the output from the vibra¬ 
tion pickups in an orderly sequence to 
describe the mode shape. 

The test specimen was first subjected to 
a low-level sinusoidal input from one or more 
shakers and measurements taken. The fre¬ 
quency was increased from a low level until a 
resonant condition was reached. Resonance 
was determined by placing the shaker arma¬ 
ture input on the horizontal channel of an 
oscilloscope and the output from a vibration 
pickup on the vertical channel. The frequency 
where the pattem became a straight line at a 
45’ angle was the resonant condition. The 
resonant condition was checked by exciting the 
specimen by single shakers at different points 
and simultaneously at as many as three points. 
No significant shift in frequency or mode 
shapes were noted by these changes. 

RESULTS 

The first three bending modes of the 
restrained two beam system are shown in 
Figs. 4, 5, and 6. Both the test results and 
analytical results are presented for com¬ 
parative purposes. Examination of the figures 
indicates that the mode shapes and frequencies 
of the analytical resuiis agree reasonably well 
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Fig. ¿ - Comparison of unrestrained masses 

Fig. Î - Restrained two-beam system (laboratory test) 

with the test results for the first two modes. 
It may be pointed out, that the supported beam 
showed an out-of-phase relationship with the 
main beam in the first mode frequency. The 
main beam in both cases had the normal first¬ 
mode deflection curve for a cantilever beam. 
The third- mode frequency and shape do not 
correlate, but it was later established that the 
test frequency was erroneous due to a mount¬ 
ing structure resonance. The curve was left 
in to show that the third-mode shape for a 
two-beam system is similar to the normal 
second-mode shape of a single cantilevered 
beam. 

Small discrepancies between the analyti¬ 
cal and the test results can be traced to 

discrepancies in the mathematical represen¬ 
tation of the test specimen. For instance, 
handbook values of the elasticity modulus, 
shear modulus, and inertia, etc., were used 
and the beam assumed perfectly restrained, 
which could not be duplicated completely in 
the laboratory. This indicates that while the 
laboratory test served its purpose of verifica¬ 
tion of the analytical technique, an estimate of 
the accuracy of the analysis could not be made. 

ANALYTICAL TECHNIQUE 

The analytical technique used throughout 
this paper is the matrix iteration procedure 
as applied to systems represented by discrete 
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Fig. 4 - Restrained two-beam system (first mode) 

Fig. 5 - Restrained two-beam system (second mode) 
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Fig. 6 - Restrained two-beam system (third mode) 

masses. This method is widely used and dis¬ 
cussed in many text books, and therefore, only 
the general equations are presented in this 
paper. 

The analysis considers the structure to 
be divided into rigid segments, with the total 
mass of each segment concentrated at its 
center of gravity. The points at which the 
masses are concentrated are known as control 
points. The equations of motion for this sys¬ 
tem wore written in terms of flexibility influ¬ 
ence coefficients, Cjj. These coefficients 
represent the deflection of control point i due 
to a load at control point j. The coefficients 
are obtained by placing a unit load at a control 
point and calculating the resulting deflections 
at the remaining control points. The integral 
form of the influence coeificient equations was 
used in this analysis to allow solutions of 
systems having nonuniform properties. The 
general influence coefficient for a cantilevered 
team in bending is as follows. 

where 

x¡ = distance from fixed end to i 

Xj = distance from fixed end to j 

K = variable along x axis 

Ei = bending stiffness 

(JK = shear stiffness. 

The influence coefficients obtained from this 
equation include shear flexibility. 

The equations of motion were then trans¬ 
ferred to matrix notation, and programmed on 
a digital computer. The influence coefficient 
equation was also programmed to expedite the 
problem solution. The matrix equation is 

(y) = ^2[C][m]{y} 
where 

(y) = displacement matrix 

f d\ 
El (»j +*,) 

,Vd\ 
El ùj = frequency 

I OK ff,r *1 ¿xj 

[C] = influence coefficient matrix 

[ml = mass matrix. 
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This equation is solved by an iteration 
procedure to obtain the fundamental bending 
frequency and mode shape. This is done by 
assuming a set of displacements yj, y2, y3 ... 
and performing the indicated operations. The 
resulting displacements are then made rela¬ 
tive to a single displacement which is reduced 
to unity. Iteration is continued until the dis¬ 
placements stabilize to a definite pattern. 

To obtain the higher bending modes of the 
system the orthogonality relation is intro¬ 
duced. This relation is used to eliminate the 
lower mode components from the higher 
modes, allowing convergence to a higher 
mode. In matrix form this relation appears 
as a sweeping matrix [s]. The matrix equa¬ 
tion for higher modes takes the form of 

general equation increases, '.or instance, the 
influeuce coefficient matrix ici for a single 
beam in bending comprised of n masses is 
represented by 

cn C12 ■ Cln 

C21 c22 • ■ • r2n 

_Cnl Cn2 ■ ’ ' Cnn_ 

While the influence coefficients matrix for 
n = 4, combining bending and torsion, is 
represented by 

{y} = [C] [m) isl {y} 

where [s] = sweeping matrix. 
„¡5A AA 1 „AS AS cn C12 I c13 c14 

I 

For the unrestrained case the beams are 
first restrained and the [c] matrix computed 
and then the restraints removed by applying 
the equations of motion needed for equilibrium 
of the unrestrained elastic body. The [G] 
matrix, which is used to compute the unre¬ 
strained frequencies, is formed from the fol¬ 
lowing relation 

cu 

where 

C AA 
21 C 

AA 
22 C 

A0 
23 C 

AJ 
24 

0 A 1 ee eo 
^32 I C33 C34 

-42 C 
ee 
43 

Gii = ci. 
S X “ 1 NT-! 

1 - S2 f-f C|<i mk 

S - M. " 

MI - S2 Zj Ck' 1 

where 

AA 
cry = linear deflection at 1 due to unit 

force at j 
ss 

Cjj = angular deflection at i due to unit 
moment at j 

A0 
Cj j = linear deflection at i due to unit 

moment at j 

io = Pitching moment of inertia of bolh 
beams about the base 

S = Static moment of mass to the right 
of the base taken about the base 

M = Total mass. 

DISCUSSION OF THE ANALYTICAL 
TECHNIQUE 

The matrix iteration process for systems 
represented by discrete masses is a very 
general method, in that the system car. be 
adapted to cover a variety of structures with¬ 
out changing any of the basic processes, i?or 
more complicated structurée the complexity 
of the individual matrices comprising the 

Cij = angular deflection at i due to unit 
force at j. 

It is readily seen from this discussion 
that the computation of the influence coeffi¬ 
cient matrix for a given situation will be the 
difficult step towards a solution with this 
method of analysis. However, the influence 
coefficient matrix for a simple case may be 
systematically enlarged for more complicated 
cases. For instance, the iniiuence coefficient 
matrix for two-beam systems is shown in Fig. 
7. The portion ol this figure designated as 
Blocks I and II represents the matrix needed 
for single-bean; problems, while the remain¬ 
ing blocks are needed for solution of the two- 
beam problem. 

It may be noted here that the influence 
coefficients have the property of symmetry, 
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Fig. 7 - Influence coefficient matrix for two-beam system 

AA AA , M «A 
i.e., Cjj = Cji and = Cj¡; thus, only half 
of the influence coefficients need to be cal¬ 
culated for a given matrix. The [G] matrix 
does not have the property of symmetry. 

At this time the matrix iteration method 
has been successfully programmed to provide 
the natural bending and torsional frequencies 
and mode shapes of such items as shafts, 
rotors, control surfaces, and complete mis¬ 
siles. In one instance, it was modified to 
provide for a cantilevered mass off the main 
structure to predict the bending frequency of 
the Jupiter missile, where the cantilevered 
mass represented the rocket engine. This 
was done in conjunction with a full-scale test 
to verify that the cause of an additional fre¬ 
quency was the cantilevered engine. Previous 
methods of analysis could not account for this 
frequency which was caused by the phasing of 
the engine and main structure. 

The programs, just mentioned, indicate 
the versatility of the matrix iteration pro¬ 
cedure, but they do not provide a clear indi¬ 
cation of the advantages and disadvantages of 
the method. These may be summed as follows: 

Advantages' 

The matrix iteration procedure can be 
readily programmed on a digital com¬ 
puter. 

The input data for an established pro¬ 
gram may be obtained through routine 
calculations. 

The inputs may be easily modified to 
provide a different mass distribution 
and stiffness, etc.; this allows the pro¬ 
gram to be used as a preliminary 
design tool. 

Disadvantages: 

More sophisticated systems offei 
greater accuracy, especially in the 
higher modes which are of interest in 
elastic body flight dynamics and tran¬ 
sient stress analysis. 

Only relative deflections of the tanks 
are known in terms of the simplified 
configuration, i.e., where the masses 
are located. 

CONCLUSIONS 

The ultimate goal is to provide a solution, 
using the matrix iteration method, which will 
accurately predict the natural frequencies and 
mode shapes of a missile having several tanks 
attached at any angle for combined bending and 
torsion. The solution for this program would 
require a complex influence coefficient matrix 
similar to the case described in the Discussion 
of the Analytical Technique. 

A solution of a multitank miss, le has been 
obtained using only the bending portion of the 
matrix and restricted to one plane. However, 
no conclusions can be drawn at this time and 
no attempt has been made to include the 
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torsion effects. It, is felt that tin groundwork 
for the final solution has been prepared and 

the solution can be obtained in the near 
future. 
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DISCUSSION 

Mr. Stern (General Electric Co.): I won¬ 
dered if any place in your paper you consid¬ 
ered the shear and rotary inertia of the« 
discrete masses. 

Mr. O'Rourke: We did figure out the 
shear flexibility, the rotary inertia we didn't 
take into account. 

Mr. Stern: The only reason I mentioned 
it is that you said that there was somewhat of 
a disagreement between the two systems wi.en 
you had the equivalent beam. I would expect it 
to be somewhat different, but some of the dif¬ 
ference might be the result of the fact that the 
shear and rotary inertia corrections would be 
somewhat different for these two different 

systems. You wouldn't have the same error 
in both and this might be the reason for the 
difference. 

Mr. O'Rourke: This is a good point. I 
don’t know too much about the effects of the 
rotary inertia, since we don’t include it; but 
we feel that it is probably more effective in 
the higher modes. 

Mr. Stern: Well, what I was thinking of is 
that if you had, say, an aircraft wing with a 
pontoon quite a ways below it, if you just broke 
the wing up into discrete masses and you just 
stuck the pontoon up on the wing, you would 
have quite an error. This might be introducing 
some errors in your solution. 



CONCEPTUAL APPROACH TO 
VIBRA HON CONTROL FOR SYSTEM RELIABILITY 

L. I. Mirowitz 
McDonnell Aircraft Corporation 

St. Louis, Missouri 

This paper presents a unified approach of vibration control during sys¬ 
tem design and subsequent development. Considerable emphasis is 
placed on a scheme of systematically predicting the vibration environ¬ 
ment for new design configurations in which tr.e structural impedance 
of the airframe is used in the extrapolation process from old to new 
configurations. The use of data defining the failure susceptibility of 
equipment in a vibration environment—the Component Functional Pro¬ 
file— is recommended in order to define an Index of Reliability which 
assesses quantitatively the relative merits of equipment to operate 
reliably in the predicted environment. Frequency sweep testing is 
used for the qualification and development tests of equipment, with 
random-vibration testing preferred in those instances where actual 
Right failure has been encountered and ground testing must 0e under¬ 
taken to establish corrections. _ 

INTRODUCTION 

Many approacnes are in use today for 
controlling the vibration environment existing 
in airframes. This effort is intended to lead 
to a reliable weapon system. Advances in the 
state of the art to date have been concerned 
primarily with test techniques for simulating 
the vibration environment in ground reliability 
testing. Comparatively little work has been 
done in the field ol environment prediction. 
Because oi the many test techniques available, 
there exists controversy in their utilization. 
For example, should one use sinusoidal sweep 
testing versus random-vibration testing, com¬ 
bined environment testing versus separate 
environment tests, and a number of other 
combinations. In most cases the test tech¬ 
niques are based on various assumptions of 
the vibration environment to wnich the system 
will be exposed in actual use. Quite often 
these assumed environments are based on 
military specifications modified to account for 
past operational experience on similar 
vehicles. 

It is generally agreed that the state of 
affairs existing in tne area of environmental 
predictions is less than satisfactory. Also, 

though a number oi sophisticated test proce¬ 
dures and test systems have been developed 
for more thorough ground testing of equip¬ 
ment, much still has to be done in establishing 
a quantitative measure of the equipment relia¬ 
bility when exposed to the test and operational 
environment of the flight vehicle. Further¬ 
more, it is the writer's experience that much 
of the science of vibration control is based on 
intuitive thinking and abstract manipulations 
of data which are difficult for engineering 
personnel not specializing in this field to 
comprehend. 

The need exists for a more systematic 
approach to the problem of vibration control 
for system operational reliability, encom¬ 
passing the total phase of engineering devel¬ 
opment of an operational system. In many 
ways, this approach can be patterned after 
the methods used in the stress analysis of 
structures. In this case, one goes through the 
following basic steps: prediction of the loads, 
analysis of the structure, predicted margin oi 
safety, proof testing, and opcrali.inal test 
experience. In a similar vein, a total pro¬ 
gram for vibration conti ol should include the 
equivalent steps followed in stress analysis. 
These are: predicting the environment—the 
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vibratory loads, analysis oí the structure for 
resonance response—structural impedance, 
predicted Index of reliability—margin of 
safety, ground development and proof testing, 
and operational experience and correction of 
deficiencies. 

The purpose of this paper is to present a 
unified approach to vibration control during 
system design and subsequent development 
based on the systematic procedure used in 
structural stress analysis and encompassing 
the five major steps indicated above. Con¬ 
siderable emphasis is given to the proposal of 
a more systematic method of environmental 
predictions. The use of data defining the fail¬ 
ure susceptibility of equipment to define an 
index of equipment operational reliability will 
be stressed. In conjunction with this, the 
importance of sinusoidal sweep testing is 
pointed out, with random-vibration testing 
prelerred in those instances where actual 
flight failure has been encountered and ground 
testing must be undertaken to establish cor¬ 
rections. 

SYSTEM DEVELOPMENT 

The development of a system, be it a 
complete weapon system or a subsystem of 
the weapon system, involves three distinct 
phases. These phases are design, prototype 
development, and production development. 
These phases, including some important con¬ 
siderations within each phase of engineering 
development, are shewn in Fig. 1. In essence, 
the design phase is concerned with the initial 

requirements, the establishment of design 
criteria, the use of past experience, and— 
from ihe standpoint of the environment—the 
establishment of an environmental control 
program, including definite design criteria 
and analysis approaches. In addition, during 
the basic design, considerable development 
testing on components is conducted, the 
results of which are incorporated in the 
philosophy of the design. The development oí 
the prototype is basically a test phase of the 
complete system in which the deficiencies in 
the system are uncovered and in which cor¬ 
rections for these deficiencies are determined 
and developed. Production development 
involves operational experience, additional 
design effort lor the production system, flight 
development and proof testing, and further 
corrections of deficiencies. A complete plan 
for vibration control must incorporate a pro¬ 
gram for each of these engineering develop¬ 
ment phr^’s. 

THE DESIGN PROBLEM 

Figure 2 describes the various steps 
required for the vibration control effort 
during design. The first problem during this 
phase is the prediction of the internal struc¬ 
tural environment which serves as the input 
to the various pieces of equipment fastened to 
the structure. At the present time, the 
scheme of predicting this internal environ¬ 
ment involves military specifications—for 
example, Ref. (1|—supplemented by past 
experience on similar airframes int,,fHvely 
extrapolated to the new configuration. 

Fig. 1 - Phases of engineering development 
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Fig. ¿ - The design problem 

Predicting the Environment 

The vibration environment which is exhib¬ 
ited by an airframe 1» characterised as ran¬ 
dom since it is not possible to predict at any 
instant of time what the level of vibration will 
be during a mission. The cause of this envi¬ 
ronment may be such sources as propulsion 
excitation, rotating machinery, gusts or air 
turbulence, or the turbulent aerodynamics 
within the boundary layer surrounding the air¬ 
frame. Though many of the basic sources of 
structural vibration (the external stimuli) 
probably are truly random, the vibration envi¬ 
ronment internal to the structure, which acts 
on various items of equipment supported by 
the airframe, cannot be characterized com¬ 
pletely in this form. This is because the 
structure, through which the external excita¬ 
tion must pass, acts as a filter which shapes 
the original random (white noise) time-varying 
environment into one which has more or less 
distinctly defined frequency characteristics 
whose amplitudes are not predictable with 
certainty. Thus the environment concerned 
with the analysis of equipment reliability 
should be considered as a frequency selective 
vibration environment with random amplitudes. 
The frequency selection is that associated with 
the resonance characteristics of the structure. 
This is shown in Figs. 3 and 4 which present 
in-flight measured vioration data at two points 
on the F-101 aircraft correlated wilh the 
resonant behavior cf the structure measured 
during ground-vibration testing for both the 
low- and high-frequency range. The data is 
presented in spectral form as response versus 

frequency, the in-flight measurements being 
represented by a harmonic analysis of the 
time-varying random-vibration environment. 
As noted, there exists strong correlation 
between the peaks of the vibration environ¬ 
ment and the resonant points of the structure, 
including reasonable correlative trends with 
the relative amplitudes of the structural 
impedance at each resonance. 

Assuming that the random internal vibra¬ 
tion environment is frequency selective and is 
shaped by the structural impedance of the air¬ 
frame and assuming a more or less random 
white noise external stimulus, the possibility 
is presented of defining an equivalent random 
external environment which, when modified by 
the structural impedance of any airframe, will 
predict on the average the internal environ¬ 
ment for new configurations. In essence this 
scheme is as follows: 

In-flight measurements are taken on 
existing airframes. 

The impedance or frequency response 
behavior of the structure is measured at the 
points at which in-flight measurements are 
obtained on the airframe and the Generalized 
Impedance at resonance is established. 

These data are cascaded in accordance 
with the output over input response of linear 
dynamic systems. A solution for a pseudo 
white noise: input or external environment, 
designated as the Equivalent Random Enviion- 
ment (E.R.E.), can be obtained. This pseudo 
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Fig. 4 - High-frequency correlation of flight-environment and ground-vibration test data 

environment has the characteristic that, when 
multiplied by the Generalized Impedance, it 
will on the average define the structural 
response environment which is the internal 
environment acting on equipment. From 
measurements on existing vehicles, the 
Equivalent Random Environment, (E.R.E.), 
can be correlated with aircraft or missile 
flight parameters to establish trends. 

The E.H.E. then serves as the estimate 
of the external input for a new configuration 
which is in the design phase. It is then cas¬ 
caded with the calculated or estimateo Gen¬ 
eralized Impedance of the new configuration 
to arrive at a first prediction of the internal 
environment. 

Generalized Impedance of the 
Structure 

The prediction of the environment, using 
the E.R.E. approach, requires a definition of 

the so-called Generalized Impedance or 
Admittance of the structure. The necessity 
of using a Generalised Impedance becomes 
obvious when consideration is given to the 
fact that the external environment acts over a 
surface rather than at a point on the airframe. 
Generally, the impedance of a structure is 
obtained by exciting the airframe with one or 
at most a small number of mechanical shakers 
and measuring the response at a finite number 
of points on the structure. The ratio of the 
oscillating force applied to the structure to the 
response ol the structure at the point of force- 
application is defined as the point impedance. 
The reciprocal of this quantity is the point 
admittance. This is shown in Fig. 5. Since 
the only structural response of significance is 
that which occurs at resonance, the point 
impedance at resonance is a measure of the 
inherent structural damping. Point impedance 
data is readily available through ground- 
vibration testing and model testing and is 
usually obtained for other reasons during the 
development program of the airframe. In 
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particular, ground-vibration tests conducted 
for flutter and control system coupling are a 
source of this information. The problem with 
the point impedance is that all the force enters 
at a point on the structure. On the other hand, 
the random environment is distributed over a 
major part of the surface of the structure. 
The question then arises what is the imped¬ 
ance of a random pressure acting on a surface 
in terms of a force acting at a point. Figure 5 
shows various methods of modifying the point 
impedance or admittance to define a surface 
admittance parameter which is denoted as the 
Generalized Impedance (or Admittance). 
These correction factors are based on con- 
siderations of generalized work concepts and 
mahe use of the mode shape of the structure 
at its various resonances. 

E R E- Sj (3) 

where 

S0J = Mean square of respt».se 

s0 = Power spectral density of response 

Ãj = Generalized admittance at reso¬ 
nance üjk 

Awj = Bandwidth at resonance 

w = Frequency 

s ¡ = Equivalent random environment 
(E.R.E.). 

Equivalent Random Environment (E.R.E.) 

The following analytical steps define the 
E.R.E. 

so* ^ so<“> (1) 

= ä2(6>> Sjfíü). (2) 

Substituting Eq. (2) into Eq. (1) and assuming 
«if“) = s¡ (Equiv. Random Environment) then 

It is to be noted that, at the higher frequency 
end of the vibration spectrum, the Generalized 
Impedance approaches a point impedance since 
the mode of deformation of the structure at 
resonance encompasses a smaller and smaller 
part of the surface. In other words, at the 
higher frequency end, it is assumed that only 
the external environment acting near the point 
of interest influences the motion at that point. 
It is also important to recognize that known 
discrete inputs should be eliminated from the 
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data used to calculate the E.R.E. since known 
frequency inputs would tend to throw the ran¬ 
dom representation of the external environ¬ 
ment out of reasonable tolerance limits 
Having obtained numerous E.R.E. values 
under a variety of flight conditions for a ’ 
variety of flight vehicles, it should be pos¬ 
sible to obtain trends of the E.R.E. with 
various Right parameters. Such trends are 
indicated by the sketches in Fig. 6. In par¬ 
ticular, trends with airspeed, Mach number 
altitude, load factor, and possibly location on 
the airframe would be of extreme importance. 

With the use of the E.R.E. trend data, the 
analyst is in a position to choose values of the 
E.R.E. compatible with the trajectory or 
design performance boundary of the new con¬ 
figuration. The only remaining step is the 
calculation of the structural Generalized 
Impedance of the new configuration or esti¬ 
mates of this impedance at the various 
resonances. The estimated impedance is 
then cascaded with the E.R.E. to arrive at the 
predicted internal structural vibration envi¬ 
ronment which impinges on equipment. This 
environment will have the same shape as the 
structural impedance when plotted on an 
amplitude versus frequency plot. However 
its amplitude will be determined by the appro¬ 
priate E.R.E. The environment, in spectral 
form, will exhibit peaks and valleys where the 
peaks conform to the expected resonance 
points and the valleys to the antiresonance 
points of the structure. 

Something needs to be said about the 
calculation or estimation oí the Generalized 
Impedance of the structure prior to having a 
structure built. There are two requirements: 

the resonant frequencies and the magnitude at 
resonance. Frequency analyses are usually 
conducted as part of the airframe structural 
analysis by the Dynamics Group at each com¬ 
pany. However, the frequency range of inter¬ 
est is usually below 100 cps. For higher 
frequency resonance, more sophi jticated 
approaches may be required including the 
dynamics of plates, shells, and local brack- 
etry. Methods are required to do this in an 
economical manner. For example, analog 
simulation can be used. McDonnell Aircraft 
Corporation has a passive network analog 
which is ideally suited for such studies. In 
regard to the magnitude of the impedance at 
resonance, the problem is a much more dif¬ 
ficult one. Since the magnitude at resonance 
is a function of the effective damping provided 
by the structure, the problem really resolves 
itself to a definition of structural damping 
under a variety of complex dynamic deforma¬ 
tions. In this regard, models could be built in 
which some of the details of the actual design 
are reproduced to a smaller scale. Estimates 
can be made based on tests conducted on older 
configurations of comparable design. These 
tests would define the damping available in 
built-up structures or plates for dynamic 
structural deformations at higher resonance 
modes. More effort needs to go into this area 
to determine what can be done in a realistic 
fashion. 

Qualification Testing 

Once the expected vibration environment 
has been estimated, the next step is to define 
qualification test requirements for individual 
subsystems and components of subsystems 
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This is shown on the chart in Fig. 2. As a 
minimum, qualification tests need to comply 
with the military specification requirements. 
These spectra are simplified environmental 
vibration criteria consisting of straight lines 
when plotted on a "log-log" vibration spec¬ 
trum graph. This point is important since it 
gives consistency and uniformity to equipment 
fragility levels independent of applications on 
particular airframes. However, it is neces¬ 
sary to supplement the simplified environ¬ 
mental criteria by the expected internal 
vibration environment determined by the 
E.R.E. extrapolation approach for the partic¬ 
ular design configuration. This means that 
the qualification test environment will reflect 
the expected frequency selectivity of the 
structure to which the equipment is mounted. 
For actual qualification testing, sinusoidal 
sweep testing is preferred since failure curing 
qualification testing can be associated with 
amplitude and frequency of the failure environ¬ 
ment. In fact, it is considered essential that 
the qualification test process include simpli¬ 
fied failure testing of the component, again 
using a sinusoidal frequency sweep test tech¬ 
nique. The fragility or failure level of the 
equipment can then be determined approxi¬ 
mately in terms of the amplitude and frequency 
of the imposed vibration. 

Failure Testing, The Component 
Functional Profile (C.F.P.) 

Ii' essence, the concept of failure under 
an environment involves two ingredients. One 
is the characteristic of the environment itself 
which is defined in terms of amplitude versus 
time in a time domain, or amplitude versus 
frequency in a frequency spectrum domain. 
The other ingredient is the equipment failure 
susceptibility which can also be expressed in 
an amplitude-frequency-time domain. It is 
important to differentiate between an irre¬ 
versible failure which occurs when perform¬ 
ance • eases during the application of the 
envirc.iment and this condition remains after 
the environmental level has been reduced or 
removed, and a reversible failure, in which 
malfunction of the system occurs during the 
application of the environment with normal 
operation r ‘turning once the environment has 
been removed. Irreversible failure of a sys¬ 
tem usually involves considerations of the 
fatigue of the internal mechanism and there¬ 
fore the time duration of the environment 
acting on the equipment is an Important 
parameter. For reversible failures, the 
duration of the en\ ironment is not considered 

important, but rather the problem is one of 
ihe magnitude of the environment. 

The boundary defining the susceptibility 
to failure of the equipment in a vibration 
environment is defined as the Component 
Functional Profile (C.F.P.). In the case of 
irreversible failures, the C.F.P. becomes a 
surface when plotted in an amplitude- 
frequency-time domain and is shown in Fig. 
7. The Component Functions« 1 Profile for the 
case of reversible failure or msilfuiiction is 
shown in Fig. 8. 

As In the case of the environment, the 
C.F.P. also exhibits peaks and valleys whose 
magnitudes are subject to statistical varia¬ 
tion. The valleys are representative of 
environmental regions In which the equ .tient 
Is most susceptible to failure. - opposi.'e 
is true for the peaks. It is postu ated that tre 
valleys are associated with internal resonance 
of the equipment itself (in general, structural), 
which in turn causes system malfunction, fail¬ 
ure, or out of tolerance operation. Assuming 
this to be the case, it can be expected that the 
frequency location of each valley is more or 
less fixed and not subject to large variation 
among various specimens of the same basic 
unit. This is because the resonant frequency 
of a dynamic system is sensitive only to the 
one-half power of variations In the structural 
parameters. 

The critical areas of equipment failure 
are obviously associated with the valleys of 
the C.F.P. The frequencies corresponding to 
these valleys are denoted as the critical fre¬ 
quencies of the equipment. The magnitude of 
the environment required to cause failure at 
these critical frequencies is subject to equip¬ 
ment tolerance to a much higher degree than 
the variation in the critical frequencies them¬ 
selves. Therefore, one can expect a reason¬ 
ably large scatter in magnitude of the vibra¬ 
tion environment required to cause failure at 
the critical frequencies of the system. The 
C.F.P., therefore, must be thought of as the 
most probable failure surface or boundary 
within a multitude of similarly shaped failure 
boundaries. The interesting part of the 
C.F.P. is that there exists, in all probability, 
a most critical valley or a region of minimum 
environment required for failure and that 
other valleys require a more severe failure 
environment. This region is denoted as the 
most critical frequency of the equipment and 
in all probability is associated with a partic¬ 
ular mode of equipment malfunction or 
failure. 
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ACCELERATION 

CRITICAL fREOUENCY 
(COMPONENT RESONANCE) 

Fig. 7 - The component functional profile concept 
(irreversible failure) 

ACCELERATION (g| 
CRITICAL FREOUENCY 

COMPONENT 
FUNCTIONAL PROFILE 
(FAILURE BOUNDARY) 

MEAN ENVIRONMENT 

FREOUENCY 

Fig. 8 - The component functional profile concept 
(reversible failure) 

When an item of equipment is exposed to 
an environment which is characterized by a 
shaped wide band spectrum (a random ampli¬ 
tude environment with predominant frequen¬ 
cies), damage takes place because of the 
nearness of the environment to the valleys of 
the C.F.P. and, in particular, the nearness of 
only a portion of the environment to the most 
critical valley of the C.F.P. Thus, in general, 
failure or malfunction can be associated with 
a particular mode of failure resulting from a 
particular internal resonance which is stimu¬ 
lated by a particular portion of the environ¬ 
ment. The problem of reliability in a vibra¬ 
tion environment, therefore, is associated with 

mismatching the frequency dependence of the 
environment with the frequency dependence of 
the equipment C.F.P. Having estimate 
during the design phase, the expected envi¬ 
ronment based on the E.R.E. approach and 
having determined the C.F.P. of the equipment 
as part of the qualification testing of the 
equipment, it is possible to define an Index 
of Reliability which reflects the margin of 
safety available in the installation against 
failure due to a vibration environment. This 
is Indicated in Fig. I). 

In actual practice, considering th« eco¬ 
nomic consequences of defining with reasonable 
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strtistical accuracy the C.F.P. of a component 
or equipment, it is not feasible at this time to 
define the C.F.P. of each system with a con¬ 
fidence level acceptable to the statistician. 
This is not considered necessary, however. 
From an examination of Figs. 7 and 8, the 
really important point is the definition of the 
critical frequencies of the equipment and, in 
particular, the most critical frequency of the 
equipment. It is only of secondary importance 
to define with a high degree of confidence the 
mean value and the limits of the failure ampli¬ 
tude at the critical frequencies. Knowing that 
each piece of equipment must pass a standard 
qualification test which assures that all val¬ 
leys are above a minimum level of vibration 
environment, it is then only necessary to 
assure that there exists a 'requency mismatch 
between peaks of the expected environment and 
the most critical valley of the C.F.P. This 
mismatch should be adequately conservative 
to account for the fact that a complete statis¬ 
tical analysis of the failure boundary has not 
been attempted. In the case of reversible 
failures, it is believed that failure testing of 
one sample is sufficient to give this type of 
information. In the case of irreversible fail¬ 
ures, possibly three or four samples would be 
required to define the most critical valley of 
the C.F.P. 

With the Component Functional Profile 
concept of defining an Index of Reliability of 
equipment failure in a vibration environment, 
it becomes immediately apparent that the 
vibration-test technique to be employed during 
tne design phase of system development should 
be the frequency sweep technique of testing. 
Even though this environment is not repre¬ 
sentative of the actual situation that can be 
expected to occur in flight, it gives rise to 
information defining critical parameters of 
the equipment in a form directly usable with 
the estimated vibration environment. This 
estimated vibration environment is given in 
terms of amplitude versus frequency and takes 
into account the fact, even in the design stage, 
that the structure acts as a filter which shapes 
a random environment into one having pre¬ 
dominant frequency components. 

Modification of Environment 

With the use of the equipment C.F.P. and 
the frequency dependent vibration environ¬ 
ment, the designer is in a position to define 
the reliability index in a quantitative manner. 
To improve the index, he can make definite 
design changes in the structure, provide shock 
and vibration isolation to modify the environment 

for better compatibility with the equipment 
failure boundary, or choose a different equip 
ment component which has a more satisfac¬ 
tory C.F.P. in relation to the expected envi- 
ronment. The complete vibration control 
program for the design phase is shown in 
Fig. 9. 

DEVELOPMENT PHASE 

During and following the design phase, 
the airframe structure is built and assembled, 
and preparations are made for 'round testing 
of the prototype airframe; this s the initial 
stage of the development pnase of the system. 
Figure 9, which presents the total vibration 
control program proposed during design and 
development, shows the detailed steps to be 
followed during the development phase. As a 
first step, the structural impedance calcula¬ 
tions, conducted during the design phase, can 
be checked through ground-vibration testing 
using the frequency response technique of 
testing. Subsequent to the structural ground- 
vibration tests, the complete system, includ¬ 
ing the airframe, is to be tested dynamically 
by driving the airframe with mechanical 
shakers using the predicted E.R.E. spectrum 
modified by the other known discrete fre¬ 
quency inputs. All the subsystems of the 
complete weapon system are operative and 
their performance is checked during the 
vibration environment test. Frequency sweep 
testing again is preferred in order to clearly 
establish the amplitude and frcouency where 
malfunction may occur. This data can then be 
used with the C.F.P. of the system to upgrade 
the Index of Reliability. McDonnell Aircraft 
Corporation ha» conducted such complete 
system environmental tests in which the 
actual airframe is used to shape the Internal 
environment. This was done on the Alpha 
Draco Missile and the Mercury Capsule. The 
environment internal to the airframe, which 
can be measured during these tests, can also 
be compared at that point with the qualifica¬ 
tion test requirements specified during Uie 
design phase. 

Correction of deficiencies follow the 
result of the ground proof test and complete 
system tests. The next phase involves flight 
testing of the complete system during which 
measurements of the actual airframe envi¬ 
ronment can be obtained. These data can then 
be compared again with the C.F.P. of various 
equipment to modify and upgrade the Index of 
Reliability, and to help in the analysis of fail¬ 
ures and subsequent correction of deficien¬ 
cies. As part of this failure analysis effort, 
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! andom-vibration testing is employed using 
the actual in-flight vibration environment as 
recorded on magnetic tapes. In addition to 
random-vibration testing, sinusoidal frequency 
sweep testing also is conducted to pinpoint the 
frequency amplitude relationship characteris¬ 
tic of the type of failure encountered. This, 
again, can then be used in conjunction with the 
C.F.P.tn upgrade the reliability of the system. 
A similar plan is in effect for the production 
development phase which is the last phase of 
the development process of a complete weapon 
system. 

CONCLUSIONS 

A proposed method of vibration control 
during the design and development of a weapon 
system has been presented which should lead 
to a reliable weapon system. The approach 
is based predominantly on the sinusoidal- 
frequency-sweep testing method which permits 

the determination of failure as a function of 
frequency and amplitude, thus defining the 
"Component Functional Profile." A method of 
systemizing the prediction of the vibration 
environment for new configurations based on 
the experience collected on old configurations 
is proposed. This method, based on the fact 
that the structure filters a random external 
environment, is denoted as the Equivalent 
Random Environment (E.R.E.). Various steps 
in the vibration control program during design 
and development are discussed, and impor¬ 
tance Is attached to the use of ground testing 
of the airframe structure and the complete 
system using sinusoidal frequency sweep test¬ 
ing. The use of random vibration testing is 
preferred in those instances where actual in¬ 
flight failure has been encountered and ground 
testing is undertaken to establish corrections. 
In this case, the actual environment impinging 
on the component can be measured in flight 
and reproduced in the laboratory under con¬ 
trolled conditions. 
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DISCUSSION 

Mr. Gaid (National Engineering Science 
Co.jman you tell us about any success that 
you have had in predicting this structural 
impedance, particularly at the higher frequen¬ 
cies, with models? I don't tend to be too 
optimistic about it, and I'd like to know about 
other people's experience. 

Mr. Mirowitz: We haven't done this 
modeling. North American, Columbus, I 
believe, has built models which duplicate the 
structural details of the full scale aircraft. 
They have taken measurements on this for 
other purposes. I don't have the answers, but 
I think there is reason to believe something 
can be done. You could use for example, older 
structures and determine what your structural 
damping is by testing those full-scale struc¬ 
tures which are similar to the design you are 

proposing. This structural damping gives you 
Immediately the impedance at resonance. 
Although I don't know the exact answer, I think 
it's possible. 

Mr. Stern (General Electric Co.): I think 
the things you are proposing are In the wrong 
place, judging by that chart you had initially. 
Many ot these things that you can change are 
the sort of things you can negotiate and dis¬ 
cuss while you're still proposing. But once 
you have signed a contract and you've agreed 
to do certain tests, this is a contracturai 
obligation. There is no more discussion or 
negotiation, that is, there shouldn't be if the 
man who is supplying the item to the customer 
knows what he is doing and what he has agreed 
to do. So it would seem that the procedure you 
have here is the sort of thing that you could 
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apr .y while you were still negotiating a con¬ 
tract. Once you have agreed fo certain things, 
particularly ”qual tests," you're more or less 
fulfilling the legal portion of a contract. "Qual 
tests," for instance, are extremely rigid pro¬ 
cedures. It's not a place to experiment. You 
certainly don't under test or the customer is 
dissatisfied. You certainly wouldn't over test 
or the designer will object quite seriously. 
So, while this proposal and everything you 
have here does sound quite desirable, what I 
question is whether this could be put into 
effect in the manner in which things are nego¬ 
tiated and purchased in day-to-day business. 

Mr. Mirowitz: I don't know hov/ much 
negotiation you have done with the Govern¬ 
ment. I assume you have done quite a bit. 
I’m not an expert in negotiation, but I know 
that in every contract you are continuously 
negotiating regarding test requirements, 
design criteria, etc., because new things come 
up all the time. When you get a contract, 
years pass by between the original concept of 
the contract and the final culmination. You 
get new test data. You get new knowledge 
which may change the original detailed 
requirements. That’s the reason why we get 
paid. That's our job, to bring this to the 
attention of the customer and find out if he 
will go along with changes. Now, if he doesn't 

♦ 

go ah ijg, obviously there is nopoint. Secondly, 
this is worthwhile just in proposal work. We 
agree on that. The customer isn't here. Even 
during preliminary design stages, we can do 
things which would build more reliability into 
the system, I believe. 

Mr. Stern: Well, let me say this about 2- 
year development or 2-year delivery. Many 
times you have to sign a contract and deliver 
in perhaps 4 months. This happens quite 
often. Now perhaps there should be a distinc¬ 
tion, that you could use this in the development 
of a large structure where the delivery time 
is extended. But even then, many times when 
you're talking to the customer, either you're 
dealing directly with the Government or sub¬ 
contracting to, say McDonnell, Boeing, 
Lockheed—one of the large aircraft com¬ 
panies—they will be quite specific about how 
these changes can and cannot be made. Even 
though there may be slight improvements, and 
there are always breakthroughs day to day, it 
will really have to make substantial savings, 
not just in cost butin weight—something really 
exceptional before they would want to delay 
the program or do anything to slip the delivery 
date. That's why I say, I think this procedure 
is something that would be very difficult to do 
once you've signed the contract and you have a 
legal obligation to deliver. 

* * 
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CUMULATIVE FATIGUE DAMAGE 

DUE TO VARIABLE CYCLE LOADING 

J. R. Fuller 
Transport Division 

Boeing Airplane Company 
Seattle, Washington 

If it is established that structural components or attached equipment 
items are subjected to random stress cycle amplitudes at essentially 
a single frequency, then the fatigue life can be estimated by the method 
proposed herein. If the stress time-history is broadband, there are 
indications that the life is a function of the stress power spectrum and 
frequency distribution. 

INTRODUCTION 

Fatigue failures are difficult to anticipate 
because so little is known about the basic 
nature of fatigue. There are questions as to 
how the cracks originate and how fast they are 
likely to grow under repeated loadings, when 
fatigue damage begins, and how it appears to 
accumulate. Qualitatively, it is known that 
points of high stress concentration are danger 
points for fatigue failures. Therefore, actual 
tests must be conducted on specific parts, 
which are loaded precisely as they are in 
service and under similar environmental con¬ 
ditions, before a reasonably accurate estimate 
of the fatigue life in service can be ascer¬ 
tained. 

Since the formation of a fatigue crack is 
a very localized phenomenon, its place and 
time of inception depend not only on the 
geometry and the loads applied to the part, but 
also on the textural stresses In the metal at 
critically stressed regions which may arise 
from forming, heat treating, or machining. 
The size, shape, and orientation of the indi¬ 
vidual grains as well as their crystalline 
structure and the nature of the grain bounda¬ 
ries all influence the fui umtion anti growth of 
the crack from a microscopic or submicro- 
scopic point of w( -mess until it can be seen 
with the naked eye. Any Influence Uiat affects 
the mechanical behavior of the metal, sucli as 
heat treating or forming can certainly be 

expected to have an effect on its fatigue prop¬ 
erties. However, attempts to predict the 
fatigue life of a metal from a knowledge of Its 
various measurable properties have not met 
with complete success for even the simplest 
type of specimen and a constant stress cycle. 

Present theories for estimating fatigue 
damage due to service stresses can deal only 
with oscillatory stress time histories with 
random amplitudes; they cannot deal with the 
noncyclic character of truly random load time- 
histories. 

In the present state-of-the-art, the dis¬ 
tribution of peak stresses is generally 
assumed to cause the same fatigue damage 
as an Identical distribution of stress cycle 
amplitudes. The fatigue analysis Is then con¬ 
ducted by one of several different methods, 
some of which will be mentioned or discussed 
herein. The purpose of the discussion is to 
review the phenomenological aspects of var¬ 
ious pertinent fatigue damage investigations, 
in order to appraise our present knowledge 
and to point the way to research needed to 
attain the objective of being able to estimate 
the service life of structural and equipment 
components in the design stages of product 
development. 

The objective of future cumulative-fatigue 
damage theories should be to estimate service 
life under truly random loads. It is likely that 
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rational use of the samt statistical parame¬ 
ters that are used in power spectral or 
generalized harmonic analysis studies can 
clarify and improve our ability to estimate 
fatigue life under random loads. 

EARLY FATIGUE DAMAGE 
STUDIES 

Studies were started more than 30 years 
ago to try to correlate the fatigue lives of 
standard-type specimens which were sub¬ 
jected to cycles of stress of various ampli¬ 
tudes with conventional S-N relationships for 
the same type of specimen. Most of this 
research has been done on round-polished 
specimens stressed in reversed bending; 
however, some tests have been made usin,r 
direct axial loads. 

The earlier investigations of this type 
dealt with the effects of cycles of overstress* 
on the endurance limit of a given material. 
French [1] defined a so-called "damage line" 
by this type of testing. This damage line was 
determined in the following manner: An S-N 
curve was first obtained, using all new spec¬ 
imens. Then several more identical sped- 
mens were run at a low overstress for var- 
ious fractions of their normal lifetime as 
determined by the S-N relationship. Each of 
these "prestressed” specimens was then 
cycled at the endurance or fatigue limit [2].* 
If a specimen failed while being run at the 
fattgue limit, it was assumed to have been 
damaged by the prestressing operation at the 
overstress. Specimens that did not fail after 
prestressing were assumed to have accumu¬ 
lated no damage. Other series of specimens 
were then tested in a similar manner at other 
overstresses until it was possible to inter¬ 
polate between the number of cycles applied to 
the specimens of each overstress series and 
determine a point where no damage was 
inOicted on the fatigue limit. The locus of 
such points at the various overstresses then 
determined the damage line. 

Similar test: have also been conducted 
by Moore [3], Kommers [4,5], and others. 
Kommers determined new fatigue limits for 

*An overstress or understress is defined as a 
cvclic ■’tres» greater or less than the endur¬ 
ance limit, respectively. 

ÎThe American Society for Testing Material, 
Manual on Fatigue Testing, considers the 
term fatigue limit" preferable to endurance 
limit. 

the pi eaueftaed specimens. He then expressed 
the damage as the percent change in the initial 
fatigue limit caused by the prestressing, where 
either understresses or overstresses were 
used as the prestress. His results indicate 
that there is a rapid increase in damage with, 
an increase in the number of cycles at the 
higher overstresses. That is, damage 
increases at an Increasing rate with the 
number of overstress cycles applied. He 
concluded that a material which has been sub¬ 
jected to an overstress and then to an under- 
stress will fail even though the final stress is 
below the Initial fatigue limit, because over¬ 
stressing causes a decrease in the initial 
fatigue limit. Other observations showed that 
there appeared to be an actual increase of the 
latigue limit for some materials due to some 
cycling at low overstresses. Apparently, 
these materials were not damaged signifi¬ 
cantly until a very large percentage of the 
normal fatigue life at these overstresses had 
been expended. 

Lea [6) conducted overstress and under¬ 
stress tests on an annealed 0.32-percent 
carbon steel having a tensile strength of 
72,000 psi and a rotating-beam fatigue Limit 
of 3i,00*i pai. The estimated fatigue life at 
40,000 psi was 12,500 cycles. By cycling a 
specimen just under the fatigue limit and by 
repeatedly increasing the stress in small 
increments up to 40,000 psi, i* v.-as possible 
to apply 40,000,000 cycles at the latter stress 
level before failure occurred. The normal 
life at 40,000 psi had been increased 3351) 
times. Swanger and France [7] also report 
some interesting results similar to these. 
This type of testing is reported in many 
places in the literature and is generally known 
as coaxing. 

Gough [8] and many other investigators 
believe that understressing tends to work the 
peak textural stresses in the material into a 
more uniform distribution and, in effect, 
increases the fatigue limit. Overstressing, 
on the other hand, is believed to aggravate the 
textural stress condition by more severe 
plastic deformation, particularly in the 
partially unrestrained material at the sur¬ 
faces. It is here that fatigue cracks generally 
form. 

Much of the fatigue damage work reported 
In the literature has been along the lines dis¬ 
cussed above. It is not directly applicable to 
design problems, bit it has aided greatly in 
providing a better general understanding of 
fatigue damage from a phenomenological 
viewpoint. 
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BLOCK-TYPE CUV ULAT*VE 
DAMAGE TESTS 

Most so-called, cumuíative-fatigue dam¬ 
age studies have been concerned with the 
effects of prestressing at one overstress on 
the subsequent endurance at another over¬ 
stress or "test stress." These studies have 
led to methods for estimating the fatigue lives 
for variable-stress-cycle loading and can be 
applied to certain design problems. Important 
general conclusions can also be drawn from 
these more recent investigations. Fur Uie 
purpose of discussing these conclusions, the 
following terminology will be used: 

S = Maximum stress of a stress cycle 

N = Number of cycles to failure, applied 
to a specimen at a stress, S 

n = The number of cycles endured at any 
stage of a fatigue test at a stress, s. 
n always less than N. 

R = Cycle ratio, the ratio of the number 
of stress cycles applied at a given 
stress level to the expected fatigue 
life as estimated from the S-N curve 
for that stress level, R - n/N 

D = Fatigue damage done to a spec'men 
by previous fatigue stressing, meas¬ 
ured as the percent shortening or 
lengthening of the fatigue life at the 
final or test stress level. 

Palmgren [9,10] is reported to have sug¬ 
gested a method for analyzing data for fatigue 
tests at several stress levels. The method 
was then considered by Miner [11], Luthander 
and Wallgren [12], and others for design pur¬ 
poses. Miner conducted tests on 2024 
aluminum-alloy plain sheets and riveted 
joints, and the method generally carries his 
name in this country. 

In analyzing data by this method, it is 
assumed that there is a linear relationship 
between the prestress cycle ratio and damage 
at any given overstress level, and further¬ 
more, that during the course of any fatigue 
test, the damage is equal to the summation of 
all of the prestress cycle ratios. Thus, the 
damage, d, and the cycle ratio, R, would be 
equal to n/N for each block of cyclic stresses 
applied, and would sum to unity ú failure. 

Müller-Stock, Gerold, and Schulz [13], 
and Kommers [14], Rí chart and Newmark [15], 
Shanley [16], Freudenthal and Heller [17], and 

other investigators have shown that such a 
simple relationship between damage and cycle 
ratio does not actually apply, but that damage 
more likely varies with some power of the 
cycle ratio. Freudenthal and Heller ] 18 ] are 
presently conducting a fatigue-damage inves¬ 
tigation using a theory based upon a nonlinear 
relationship between cycle ratio and fatigue 
damage. 

In early investigations, usually only two 
different stress levels were used. Thus, the 

■affect of a certain block of prestresu cycles 
would show either a healing or damaging 
effect to the remaining endurance at a dif¬ 
ferent test stress. For example, if after n, 
cycles at a stress S,, a specimen is cycled to 
failure at a different stress level, S2, the 
cumulative ratio is n1/N1 + n2/Nj and should 
be equal to 1.0 according to Miner's theory. 
However, in most cases it was found to be 
greater or iess than unity. 

It has been demonstrated that the order 
in which the stresses are applied makes a 
difference in the total number of cycles to 
failure. That is, an initial maximum cyclic 
stress, Sj, greater than the final stress, s2, 
ordinarily gives a cumulative cycle ratio less 
than 1.0, while an initial stress less than the 
final stress may give a value of cumulative 
cycle ratio greater than 1.0. 

Richart and Newmark [151 showed that as 
the number of alternate blocks increased 
without bound the value of the cumulative cycle 
ratio appeared to converge to some definite 
value regardless of which stress block had 
been applied first. But even then, the cumu¬ 
lative cycle ratio was usually different from 
unity. It appears that a cumulative cycle ratio 
most nearly equal to unity will occur when the 
prestress and test stress a^e nearly the same. 
This is to be expected because the constant- 
cycle fatigue lives at the two stress levels 
would be very nearly equal. 

A point that stands out in nearly all of 
these tests is that a specimen which is being 
cycled In fatigue is in a nearly constant state 
of change, particularly If the maximum stress 
of the cycle is an overstress. V. a “Iren set 
specimens were all cycled at a constant maxi¬ 
mum stress for an equal number of cycles, 
and then an S-N diagram determined using 
these prestressed specimens, and including 
the cycles of prestress in the new plot, the 
new diagram would cross the S-N diagram for 
the original specimens at the value of the pre¬ 
stress. This would occur because continued 
cycling of a prestressed specimen at the 
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p rest3''’ss value would cause failure as pre¬ 
dicted by the original S-N diagram. Also, it 
has been shown by test that prestressed spec¬ 
imens will give a new S-N diagram. However, 
the fatigue lives are usually more scattered 
than for tests at a single stress level. 

Figure 1 shows test results obtained by 
Kommers [14] on rotating-beam specimens of 
SAE 1020 steel. The diagram shows the new 
S-N relationships that were determined after 
prestressing the specimens at 36,000 psi for 
various prestress cjrcle ratios, R. Figure 2 
shows the same test data except that the 
cycles of prestress are included with the test 
stress cycles to failure. 

It. may be noted in Fig. 2 that the "rota¬ 
tion” jf the diagrams with respect to the 
basic S-N curve or a vertical line through the 
point of rotation is approximately proportional 
to the cycle ratio of the prestress. Thus, for 
zero cycles of prestress, R = 0, a test point 
would lie- on the S-N curve, and for R = 1.0, 
the specimen would fail before any test stress 
cycles could be applied. In the latter case, 
the point representing zero cycles of test 
stress would be plotted on the vertical line 
through the point ot rotation. 

From a sitidy by Kommers [14], data and 
test data obtained by Bennet [19] and others, it 
appears that S-N diagrams for prestressed 
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specimens will "rotate" in a clockwise 
fashion atout the point on the original S-N 
diagram corresponding to the value of the 
prestress. This illustrates some of the 
principal findings of the earlier fatigue 
damage studies — that a high overstress 
generally has a damaging effect on the sub¬ 
sequent remaining fatigue life at a lower 
stress, and that a low stress may show a 
healing effect on the endurance at a subse¬ 
quent higher stress. 

A possible effect of prestressing speci¬ 
mens at one or more values of prestress is 
further indicated in Fig. 3. In this illustra¬ 
tion, it is assumed that an overstress, Sj, is 
applied to all of the specimens for n, cycles. 
The specimens will be sufficiently changed by 
this prestressing operation that they will yield 
an S-N curve different from that of the origi¬ 
nal specimens. If this new S-N curve is 
determined and if the cycles of prestress are 
included in its representation, a curve such as 
2-2 in Fig. 3 will result. Two things may be 
noted concerning curve 2-2: first, it crosses 
the original S-N diagram at the value of the 
prestress, and second, it is rotated in a 
clockwise direction with respect to the origi¬ 
nal diagram. If, after cycling at Sj for nj 
cycles, the specimens were subjected to an 
additional n2 cycles at s2 and another S-N 
relationship were established including the 
cycles n, i- h2, a curve such as 3-3 would 
possibly result. 

This implies that if the applied cyclic 
stresses are always within the finite life 
range of the basic S-N relationship, the 
fatigue life can be bracketed on the original 
diagram between the numbers of cycles 
required to cause failure at the upper and 

lower maximum cyclic stresses. Presuma¬ 
bly, the location of the point representing the 
numbe'* of cycles to failure would fall within 
this bracket and would be a function of the 
general configuration of the blocks of the 
applied cyclic stresses. Of course, an 
approximation for an equivalent random vari¬ 
ation in stress cycles could be attained only if 
the pattern of blocks of stresses were repeated 
a sufficiently large number of times such that 
the order of the application of the stresses 
within the pattern or spectrum would make no 
discernible difference in the total number of 
cycles to failure. 

Damage curves can be used to compare 
this observation with test data. If the damage 
is equal to the cycle ratio as Miner and others 
have surmised, then curves ol constant fatigue 
damage are the same as curves of constant 
Iprestress cycle ratio. It is possible, then, to 
construct curves of constant damage by using 
Miner's theory and an S-N diagram. For this 
type of plot, me basic S-N diagram is the 
curve for a damage of 1.0. The data from 
Kommcrs'114) test data shown in Fig. 1 have 
been replotted in Fig. 4. The solid curves 
show the number of cycles to failure after 
various cycle ratios, F, of the ap.,090 pst 
prestress have been applied. The dashed-line 
curves are loci of constant fatigue damage 
determined by Miner's method for pre¬ 
stressing at 36,000 psf. The basic S-N 
diagram is obtained by test-stress cycles 
only; therefore, the prestress cycle ratio 
for this curve is zero. The number of cycles 
between the dashed-line damage curve, 
D = 0.2, and the basic S-N diagram, S = 0, 
corresponds to 0.8 of the fatigue life at the 
test stress, because the total or cumulative 
cycle ratio must be 1.0. 

S OR COG S 

CURVE 1-1. BASIC S-N 
CURVE 2-2. TOTAL CYCLES TO 

FAILURE IHCLUDIMG n, CYCLES 
AT 31 

CURVE 3-3. TOTAL CYCLES TO 
FAILURE INCLUDING n, CYCLES 
AND n2 CYCLES AT $2 R, D',*^2 LOG N 

Fig. 3 - Variation of total cycles to failure 
for various prestressing operations 
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Fig. 5 - Comparison of Miner's theory with test results for 
SAE 1020 steel, Kommers [14], 1945 

Figure 5 shows the total number of cycles 
to failure for Kommers' tests including the 
cycles of prestress at 36,000 psi. The dashed- 
line curves are those predicted by Miner's 
theory, and the two solid curves, R = 0 and 
R = 0.8 are those determined by test. These 
curves clearly illustrate one serious and 
unconservative defect in Miner's theory — the 
assumption that no damage is entailed when 
cycling below the fatigue limit. Figure 5 
shows that the failure may occur at 1,000,000 
cycles at a stress approximately 3000 psi 
below the fatigue limit after a cycle ratio of 
0.8 had been applied at the prestress. Cer¬ 
tainly these stresses below the fatigue limit 
aiiá meir effect on the fatigue life should not 
be discounted. 

DEVELOPMENT OF A CUMULATIVE- 
DAMAGE CRITERION FOR 
VARIABLE-CYCLE LOADING 

When structural or equipment systems 
subjected to broadband excitation tend to 
oscillate at one predominate frequency, then 
the stress time-histories at given points will 
have stress cycle amplitudes which are ran- 

=" domly distributed. This type of load cycle 
environment is often simulated on ordinary 
fatigue test equipment in so-called, spectrum- 
type tests. In this type of testing, the load 
cycles are rearranged and grouped according 
to increasing or decreasing amplitudes and 
the resulting spectrum of cyclic loading is 
repeated many times before the specimen fails. 

258 



80 

70 

MAJOR STRESS 60 
AMPLITUDE, SA 
ÎOCOPS! 5 0 

LOAD CYCLE B 40 
1000 aooo 

30 
I04 10® IO* IOT 

TOTAL CYCLES TO FAILURE 

CYOES CYCUS 

* *0,000 
CYCLES 

Fig. 6 - Test results for unnotched rotating-beam specimens of 
SAE 1045 steel, subjected to load cycle B, Dolan, et al [20], 1949 

If a specimen is cycled under some vari¬ 
able load pattern between two limiting over¬ 
stresses, the greater of which is sA and the 
smaller sa, then failure may be expected to 
occur at some number of cycles greater than 
that which would cause failure by cycling at 
sA alone and less than that which would cause 
failure by cycling only at s„. Thus, by cycling 
under some variable load pattern whose upper 
and lower bounds are overstresses, it would 
seem likely that the fatigue life would be a 
function of the variable load pattern and the 
stress levels, and that it could be related to 
the basic S-N diagram. 

Dolan, Rlchart, and Work [20] conducted a 
rather extensive series of tests on notched and 
unnotched rotating-beam specimens of several 
materials using three different variable load 
patterns, which they refer to as load-cycles B, 
A, and G. Two of these patterns, B and A, 
were of the rectangular two-stress-level block 
type, and the third, pattern G, was a sine wave. 
All three had a duration of 10,000 cycles. For 
purposes of discussion, only the results of the 
tests on the steel specimens from the above 
paper will be considered. In this work of 
Dolan, et al, the major (larger) maximum 
stress, sA, was always an overstress, and the 
minor (lesser) maximum cyclic stress, s, 
was either an overstress or an understress. 
Also, the major maximum stress, sA, was 
varied from specimen to specimen, while the 
-niuui maximum, s., was held constant. The 
results of load-cycle B tests on SAE 1045, 
where both SA and sa were overstresses, are 
shown in Fig. 6. The variable-cycle test 
results shown in Fig. 6 are plotted at the 

major maximum stress value; all test points 
having the same minor maximum stress are 
represented by the dashed curves. Thus, 
Curve 2 represents test results wherein S„ 
was 60,000 psi and sA was selected between 
60,000 psi and 75,000 psi. Naturally, these 
dashed curves must intersect the S-N diagram 
at the value of the minor maximum stress, Sa, 
because at this point there was no variation in 
the maximum stress. 

It is of particular interest to noie that 
these curves are nearly parallel even though 
a rather limited amount of data is presented. 
This suggests that the slopes of the dashed 
curves may be a function of the loading spec¬ 
trum used for these specimens and that the 
ratio of the slope of the S-N curve kSN, to the 
slope of the variable cycle curves, k, , may be 
a constant and may depend only on some func¬ 
tion of the variable-cycle pattern. 

Other similar tests were conducted on 
SAE 4340 specimens for which S, was con¬ 
siderably below the fatigue limit. One group 
was tested at a value of s, equal to 78,000 psi 
and another at 60,000 psi. As in the previous 
tests, the type-B load cycle was used. The 
results of these tests are shown in Fig. 7, the 
authors having approximated the experimental 
data by the solid curves. However, straight 
lines would ? opear to fit the variable-cycle 
test results equally well. 

For the teste of SAE 1045, where both SA 
and s, were overstresses, it was evident that 
Lhe variable-cycle curves must intersect the 
S-N diagram at S. in each case. Also, the 
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Fig. 7 - Test results of unnotched rotating-beam specimens of 
SAE 4340 steel, subjected to load cycle B, Dolan, et al [20], 1949 

test results lor the SAE 4340 specimens show 
that the variable-cycle straight lines, when 
extended, intersect the extended "sloped-leg” 
of the S-N diagram at Sa. This occurs even 
though a new fatigue limit is different from 
the fatigue limit of the initial S-N curve. 

The type-B load cycle used in the tests of 
SAE 4340 consisted of 1000 cycles of SA and 
9,000 cycles of s,. where s, was below the 
fatigue limit. Thus, the fatigue lives, as com¬ 
puted by Miner's theory, would be 10 times 
the number of cycles as indicated for each 
point on the initial S-N curve. Of course, 
Miner's curve would terminate at the fatigue 
limit of the S-N diagram. These curves and 
those ascertained by the authors may be com¬ 
pared with the test results on the diagrams in 
Fig. 7. If the slopes of these two variable- 
cycle curves are a function only of the distri¬ 
bution pattern they should be identical, 
because the testing apparatus, the specimens, 
and the load pattern were the same for both 
series; only the value of s. was different. An 
inspection of these curves shows that this may 
well be the case. 

Tests similar to those previously dis¬ 
cussed were also conducted using load-cycle 
A, which consisted of 5000 cycles of SA and 
5000 cycles of S„. The results of these tests 
are shown in Fig. 8. From these results it is 
evident that the variable-cycle curve lies quite 
close to the S-N diagram even though the test 
results are somewhat more erratic and even 
fall to the left of the S-N curve at times. As 
would be expected, the slope of the variable- 
cycle curve more nearly approaches the slope 

of the S-N diagram, because more cycles of 
SA were included in the load pattern. Thus, 
the ratio of kSN to nv should be nearer unity. 

With the data presented from Dolan's tests 
using the two load patterns B and A as a basis, 
it is possible to interpolate for the expected 
relauonships for other patterns having differ¬ 
ent ratios of na to (na + Na) ; where na and Nt 
represent the number of cycles in a load pat¬ 
tern at SA and S,, respectively. 

If the load pattern were constant at SA, 
where SA is any overstress, then failure would 
occur on the S-N diagram and the ratio of kSN 
to kv would be 1.0. But if only a very small 
percentage of the load pattern cycles were at 
SA and the remainder at s., then the slope of 
a variable-cycle curve so determined would 
be extremely high and, in theory, would 
approach a vertical line through the point 
(n. , S„ ) on the S-N diagram. In the latter 
case the ratio of kSN to k„ would approach 
zero as kv becomes infinite. 

If the ratio of k SN/k v is set equal to ß, 
where 

0 < /3 < l.o 

then the two limiting points of ß (0 and 1.0) 
together with the two interior points deter¬ 
mined from Dolan's tests provide four pointr 
on a curve, 
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Fig. 8 - Test, results for unnotched rotating-beam specimens of 
SAE 4340 steel, subjected to load cycle A, Dolan, et al [¿O], 1949 

ENVELOPE OF STRESS - TIME RELATIONSHIP 

Fig. 9 - Variation of distributicr. coefficient, ß, for loading spectnuns 
of two stress levels of Dolan, et al [201, 1949 

This relationship has been plotted in Fig. 9. 
An approximation to the experimental curve is 

fl 
1000 N.\ 

NÃ^j- 
(2) 

If we consider a decreasing arrangement 
of load-cycle amplitudes for a 1000-cycle load 
pattern between SA and S. and plot it on a 3- 
cycle semilog plot, the ratio of the area under 
this log-distributtou pattern (from log l0 1.0 = 0 
to log i0 1000 = 3.0 and from SA to S.) to the 
area of the field on which it is plotted is equal 
to the distribution coefficient, /l,as previously 

defined. The stress cycles greater than 
S. produce a block of area equal to 
log10 (1000NA/NA + N.). Thus, ß may be 
taken equal to the above mentioned block 
divided by the area of the entire field, which 
was 1.0 times logl0 1000 or 3.0. 

On the basis of a 1000-cycle load pattern, 
load-cycle B of Dolan's tests [20] would have 
100 cycles at SA and 900 cycles at S,. The 
minor maximum stress, Sa) is the lower limit 
of the plot, and cycles at this stress will not 
contribute to the area being computed, bat 
cycles of greater stress will. Therefore, 
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For load-cyclc A there would be 500 cycles at 
SA and 500 cycles at s,, and the distribution 
coefficient, fiA, could be computed as follows: 

log 500 
log 1000 

2.7 
3 

0.90 . 

Of course, if all cycles were at sa, ß would be 
zero; if all were at SA, ß would equal 1.0. 

Thus far, patterns having only two stress 
levels, one at SA and the other at Sa , have 

been considered. However, it is necessary to 
considc continuously varying loading spectra 
for the method to be of any appreciable value. 
Dolan's load-cycle G varied as a sine wave 
between SA and Sa. The results of these tests 
are shown in Fig. 10. In this diagram, the 
dashed-line drawn through the test results has 
a value of ß equal to 0.90. The value of ß 
based on the area procedure, just noted, has 
been computed for a sine-wave, frequency- 
distribution spectrum. The diagram on the 
left side of Fig. 11 shows the frequency- 
distribution spectrum, and the diagram on the 
right side shows the resulting 1000-cycle 

Fig. 10 - Test results for unnotched rotating-beam specimens of 
SAE 4340 steel, subjected to load cycle G, Dolan, et al [20], 1949 

Fig. 11 - Frequency distribution and log-distributicn 
for a sine-wave loading spectrum 
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log-distribuüon pattern. Il may be noted that 
the computed value of ß is 0.90, which is 
identical with the above test value. 

.og-distribution patterns, the ratio of the 
shaded area to total block area yields the 
value of ß in each case. 

Another point which is of interest in this 
discussion is that at any given stress level 
the value of ß may also be represented as the 
ratio of the actual horizontal distance between 
the variable-cycle diagram and a vertical line 
through the S-N diagram (or S-N diagram 
extended) at sH, to the distance from the basic 
S-N diagram to the same vertical line at the 
same stress level. Thus, for the previous 
diagrams in Figs. 7, 8, and 10, which show the 
results oí tests by Dolan, et al, the ratio of BC 
to AC (or in Fig. 7 for S. = 80,000 psi and 
load cycle B, the ratio of B'C to AC) is the 
same as the ratio of <SN to kv and is equal ‘o ß. 

If the distribution coefficient, ß, is 
known, the number of cycles to failure 
under a spectrum-type loading pattern 
may be expressed as nv where 

log Nv = log Na - /3(log Nj. - log Na) 

and 

The results of Freudenthal's tests on 
7075-T6 are presented in Fig. 13. All points 
plotted on this diagram were obtained as the 
anti-log of the mean log N for 20 separate 
tests. Thus, the 300 tests represented on this 
figure provide some of the most extensive 
information yet obtained in a cumulative 
damage study. 

The test results for the 9 variable-cycle 
load patterns have been plotted at SA in Fig. 
13, and the results based on the computed 
values of ß have been plotted above the actual 
test results and connected to them by short 
solid lines for purposes of comparison. Ihe 
results are also presented in a tabular form 
in the Table 1. It may be noted that tltw 
average net error in ß was only 1.52 percent. 
Those distributions which showed the greatest 
error are A, C, B', and C", but no reason for 
these larger deviations can be determined. If 
these four patterns are considered alone, the 
average net error Is only 2.91 percent. 

Nv = N„(^) 
It should be mentioned again, in connec¬ 

tion with the previously discussed variable- 
cycle tests and the foregoing analysis, that all 
of the variable-cycle results were plotted at 
SA , the major maximum cyclic stress. This 
would seem to be the logical way t< identify 
these test results; however, as will be shown 
later for random loading, a different stress 
level may have more significance. If a 
variable-cycle test value plotted at SA were 
projected vertically downward onto the S-N 
curve, it would indicate a constant stress 
cycle which would have the same fatigue life 
and which could he considered as an equivalent 
constant stress cycle. 

Freudenthal [21] has conducted variable- 
cycle, rotating-beam tests on 2024-T4 and 
7075-T6 aluminum alloys. For purposes of 
comparison, however, only the 7075-T6 tests 
will be discussed here. In Freudenthal's study, 
20 specimens were tested at each of 6 differ¬ 
ent stress levels for a careful determination 
of the S-N Also, 27 specimens were 
tested at identical stress levels for each of 9 
different distribution patterns. The 9 distri ¬ 
bution patterns (A, B, C), (A', B’, C), and 
(A", B”, C") are shown in Fig. 12. The 3- 
cycle log-distributions are plotted adjacent to 
each frequency distribution pattern. In the 

Thus, it would appear that the previously 
described method of estimating the fatigue 
lives of specimens or parts which are sub¬ 
jected to variable-load patterns need not Nj 
complicated to conform exactly with any given 
set of results. The method appears to yield 
values that are within the accuracy of the test 
results themselves. 

CORRELATION OF CRITERION WITH 
RANDOM-LOAD FATIGUE TEST 
RESULTS 

Random-load fatigue tests on 2024-T3 
notched and unnotched sheet specimens in 
reversed bending have been reported by 
Trotter [22J. The loading was obtained by 
broadband excitation of an essentially single- 
degree-of-freedom test system. The test 
system oscillated at about 40 cos with random 
amplitudes. A stress-cycle amplitude his¬ 
togram lor 400 cycles was shown to fit the 
Rayleigh frequency density curve very well 
with the maximum clearly at the root-mean- 
square amplitude. The maximum stress- 
cycle amplitude in the 400 cycles was less 
than 3.8 times the root-mean-square 
amplitude. 

The Rayleigh probability density function 
is shown in Fig. 14 and is given by 

N, 
N(f-1) ■ 

(3) 
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VâftlABLE OCLE TESTS 

NUMBER OF CYCLES TO FAILURE 

Fig. 13 - Freudenthai’s tests of rotatrng-beam specimen« of 
7075-T6 aluminum alijy [21], 1955. (Note: These data represent 
the results of 300 fatigue tests.) 

TABLE 1 
Comparison of Freudenthal's Test Results on 

7075-T6 Aluminum Alloy with Computed Results 

Distribution 
Pattern 

Value of ß 

Difference 
At - 

Percent 
Error 

Test 
ßc 

Computed 

A 
B 
C 
A’ 
B' 
C 
A" 
B" 
C" 

0.723 
0.766 
0.582 
0.531 
0.6C2 
0.508 
0.794 
0.812 
0.677 

0.673 
0.755 
0.660 
0.554 
0.580 
0.509 
0.776 
0.822 
0.777 

+ 0.050 
+ 0.011 
-0.078 
-0.023 
+ 0.062 
-0.001 
+ 0.018 
-0.010 
-0.100 

+ 6-.91 
+ 1.44 
- 13.40 
- 4.33 
+ 9.65 
- 0.20 
+ 2.27 
- 1.23 
- 14.79 

Total Net Error, percent - 13.68 

Average Net Error, percent - 1.52 

where 

P(Sp) _ a 
-SpVaSp (4) 

Sp = stress cycle amplitude 

S¡, = root-mean-square stress cycle 
° amplitude. 

It will be noted that the Rayleigh proba¬ 
bility density function would indicate an even¬ 
tual infinitely large stress-cycle amplitude as 

a result of the exponential in the probability 
expression. This fact presents some dif¬ 
ficulties in making a fatigue life estimate by 
any method. However, it must be realized 
that very large stress-cycle amplitudes are 
generally limited, because the structural part 
will not behave linearly under high dresses. 
Trotter chose to analyze his load-cycle data 
by Miner’s method, and showed a sample 
computation wherein the maximum stress 
cycle amplitude was assumed to be 6 times 
‘.he root-rnean-square amplitude. 

The random load tatigue life relationships 
were estimated by the proposed method using 
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Fig. 14 - Rayleigh probability density function 

Fig. 15 - Cumulative, Rayleigh probability function 

a 1000-cycle load spectrum derived from the 
Raleigh probability density relationship. For 
this purpose, it was necessary to compute the 
cumulative probability function P(Sp), where 

P(Sp) = I P(Sp) dSp . (5) 

The cumulative probability function is 
shown in Fig. 15. This function is the enve¬ 
lope of the load-cycle spectrum. The load- 
cycle spectrum and the corresponding log- 
distribution function are shown in Fig. 16. It 
win be noied that only one cycle In 1000 will 
exceed 3.7 times the root-mean-square, 
stress-cycle amplitude. Furthermore, the 
log-distribution plot is parabolic, therefore, 
the valut of ß WclS er mputed as follows: 

, = , 0.667 . (6) 
(3.7)(3.0) 

Trotter's S-N relationships and variable 
cycle test results for the unnotched and 
notched specimens are shown in Figs. 17 and 
18, respectively. The vertical line, CD, 
representing N„ was established by drawing 
the steepest tangent, AD, through the S-N data 
to find the point of intersection, D, at zero 
stress-cycle amplitude. The point B was then 
established at 66.7 percent of the distance 
from A to C, measured from C. The line DC 
represents the variable-cycle fatigue life for 
a maximum stress of 3.7 times the root- 
mean-square stress, if the fatigue data were 
plotted at the maximum cyclic stress, SA, 
divided by the ultimate tensile strength of the 
material. If the variable-cycle fatigue life is 
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Mg. 16 - The 1000-cycle, load-cycle spectrum and log-distribution 
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expressed in terms of the root-mean-square 
peak stress divided by the ultimate strength, 
the stresses represented by the line BD are 
divided by 3.7; that is, the slope of BD is 
reduced by a factor of 3.7 to obtain ED for 
both the unnotched and notched data. 

It will be rioted that the line ED is a fairly 
good estimate of the variable-cycle fatigue 
life, particularly for the unnotched specimens. 
It also appears to be a superior Mímate to 
that predicted by Miner's method. 

A PROPOSED FATIGUE LIFE 
INVESTIGATION FOR 
BROADBAND RESPONSE 

It has been proposed [23] that the two 
most important parameters for a future cumu¬ 
lative damage theory art those parameters 
which describe a truly random process, such 
as the stress at a critical point in a structure. 
These are the power spectrum and tt.- proba¬ 
bility distribution. It Is well known that the 
area under the power spectrum is the variance 
for a stationary random process. The vari¬ 
ance is a measure of the magnitude or severity 
of the stresses. The power-spectrum shape, 
on the other hand, shows the relative impor¬ 
tance of the various frequency components in 
the random-stress time-history. For exam¬ 
ple, a simple relationship involving the second 
moment of the power spectrum about the zero 
frequency axis, developed by nice [24], tndi- 
calef. the number of times that the stress 
time-history will cross the zero stress level 
in a giver, period of time. Thus, it would 
appear that the second and possibly higher 

moments might be used in a cumulative 
damage criterion, since they supply the 
influence of spectrum shape. 

For the simplest possible power spec¬ 
trum represented as a single, very sharp 
peak on a "power-frequency" plot, the asso¬ 
ciated stress time-history is a simple 
sinusoid of a given frequency. If the power 
spectrum shows a somewhat broader peak or 
several peaks of very nearly the same fre¬ 
quency, the associated stress time-history 
will be roughly sinusoidal at an average 
frequency and will display random variations 
in amplitude. These two cases are, in effect, 
the only cases for which the previously dis¬ 
cussed cumulative-damage criteria will ’pply. 

If the stress power spectrum is "broad¬ 
band," that is, if the power spectral density is 
significantly different from zero over a wide 
frequency range, then the associated stress 
time-history is not cyclic In any way, and 
existing fatigue damage criteria cannot be 
applied without making arbitrary simplifying 
assumptions. 

A promising approach for establishing a 
rational, cumulative-fatigue-danaage criterion 
would be to study the separate effects on 
fatigue life ox stress power spectrum shape 
and root-mean-square stress for the same 
stress frequency distribution. Test series of 
simple, small specimens — subjected to 
(1) stress time-histories, having different 
stress power-spectrum shapes but the same 
root-mean square stress, and (2) ither 
series, having the same power-spectrum 
shape but different root-me an-aqua re 
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Fig. 19 - Typical stress-power spectrum 

Fig. 20 - Power-spectrum building blocks for a random-load, 
cumulative-damage test program 

stresses — would be required in order to 
isolate and study the effects of these vari¬ 
ables. The stress-power spectral shapes of 
primary interest are those having character¬ 
istics vhich are more or less typical of actual 
stress power spectra for structures and 
equiprmnt components subjected to random 
service loads. These are often composed of 
one, two, three, or more very definite peaks 
such as that shown in Fig. 19. This would 
suggest that a basic triangular or spike¬ 
shaped spectrum building block could be used 
to approach the more complex shapes. Fo¿ 
example, the power-spectrum shape (Fig. 20) 
could be derived as the sum of the two build¬ 
ing blocks A and B. Of course, the first and 
higher order moments of the power spectra 
about the zero frequency axis would vary, as 
block A and block B were shifted on the fre¬ 
quency axis, and would provide a description 

of the spectral shape. The moments of a 
power spectrum are defined as follows: 

Mn = I f%(f) df . (7) 

It was mentioned previously that the number 
of times that a random stress time-history 
crosses the zero stress axis with positive (or 
negative) slope per second is a function of the 
second moment. This means that the second 
moment of the power spectrum provides sig¬ 
nificant information on the shape of the power 
spectrum and is probably a very meaningful 
parameter for a fatigue damage theory. The 
number of zero crossings per second with pos¬ 
itive (or negative) slope was related by Hice 
to the second moment of the power spectrum 
about the zero frequency axis, and is given by 
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The second moment of the power spectrum is 
somewhat analogous to the moment oí inertia 
in elementary mechanics, where the moment 
of inertia of the area of a structural section 
provides information on the shape and bending 
properties of the section. 

DISCUSSION OF RESULTS 

In general, previous fatigue damage 
studies can be separated into the following 
categories. 

1. Studies in which the changes that 
occur in the fatigue limit due to prestressing 
at overstresses and understresses were 
investigated. 

Generally, it has been observed (1) that 
oversti essing tends to reduce the ordinary 
fatigue life at a subsequently lower overstress 
and (2) that it tends to increase the fatigue life 
at a subsequently higher overstress. 

Cumulative-damage studies have been 
directed toward the expression of fatigue 
damage as a function of the prestress cycle 
ratios. Miner and some other investigators 
assumed the fatigue damage was equal to the 
summation of the cycle ratios, but others have 
shown that fatigue damage vanes in a more 
complex manner with the total or cumulative 
cycle ratio. Richart and Newraark proposed 
that damage might vary with a power of the 
prestress cycle ratio for a given prestress 
and test stress. They also emphasized that 
the order of application of a small number of 
blocks of different cyclic stresses had a very 
definite effect on the fatigue life, but that as 
the number of applications of the pattern of 
blocks increased, the order became less 
significant. 

(8) 

2. Those wherein the effects of pre¬ 
stressing are studied in terms of the change 
in the number oí cycles to failure at a differ¬ 
ent stress level. 

3. Investigations designed to study fatigue 
service life by subjecting test Specimens to 
load patterns which are repeated a relatively 
large number of times before failure occurs. 

4. Studies for single-degree-of-freedom 
systems oscillating at a nearly constant fre¬ 
quency but with random amplitudes. 

The findings of studies in the first two 
categories indicate, in general, that cycling at 
an overstress lor a portion of the fatigue life 
damages the specimen by causing the fatigue 
limit after prestressing to be lower than the 
fatigue limit displayed by the basic S-N dia¬ 
gram. However, there are indications that 
some cycling at very low overstresses can 
raise the fatigue limit preceptibly for some 
materials. 

Understressing just below the basic 
langue limit can raise subsequently deter¬ 
mined fatigue limits for some materials, in 
some studies successive increases in the 
stress level from an initial high understress 
has led to extremely long lives at final 
stresses considerably above the initial fatigue 
limit. This type of manipulation is known as 
coaxing. 

In the present investigation of faligue 
under variable-cycle loading, extensive use 
has been made of test data from previous 
fatigue damage studies. In most of these 
investigations tests were conducted at two or 
more stress levels on small rotating-beam 
specimens. Rotating-beam tests are rela¬ 
tively easy to conduct, and the cycling rate is 
usually high: therefore, many investigators 
have used this type of test to obtain a large 
number of results in a reasonable period of 
time. 

The method for estimating latigue life, 
under variable-cycle loading proposed in this 
study, has been derived from the extensive 
variable-cycle test data obtained by other 
investigators. Data from two studies. In 
particular, have proved very useful for this 
investigation. These data were obtained by 
Kommers |14] and Dolan, Richart, and 
Work [20]. 

Kommers obtained new S-N relationships 
after separate series oi identical specimens 
had been subjected to various cycle ratios of 
a single high overstress. Thus, the effects of 
this overstress were demonstrated for other 
stress levels. In the present study these data 
were used to demonstrate the changes that are 
likely to occur in S-N relationships which 
show the total cycles to failure including the 
cycles of the initial overstress. This was 
accomplished by merely "adding-in" the 
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i ycles of the initial overstress or prestress 
to show the total cycles to failure. 

This "adding-in" of the prestress cycles 
causes curves for prestressed specimens to 
"rotate" in a clockwise direction atout the 
value of the prestress on the basic S-N dia¬ 
gram. The limiting rotation appears to be a 
vertical line through the point of rotation on 
the basic S-N curve. This vertical line 
represents the limit as the prestress cycle 
ratio approaches unity. Furthermore, a study 
of this type of plot indicated that the rotation 
between the basic S-N diagram and the ver¬ 
tical line was approximately proportional to 
the prestress cycle ratio. Other test data are 
needed, however, to evaluate this rotation 
effect further. 

Qualitatively, the rotation effect illus¬ 
trates two of the important findings of pre¬ 
vious fatigue damage studies. It indicates 
that an overstress has a damaging effect on 
the fatigue life at a subsequently lower over- 
stress, and that it appears to have healing 
effect on the fatigue life at a subsequently 
higher overstress. Quantitatively, it indicates 
a range of cycles wherein failures should 
occur for variable-cycle tests if the maximum 
cyclic stresses arc all overstresses. 

If all of the maximum cyclic stresses for 
a given loading pattern are overstresses, then 
cycling at the major or greatest maximum 
stress alone would cause failure at NA cycles 
as determined from the basic S-N diagram. 
By cycling at the least or minor maximum 
cyclic stress alone, failure would occur at N„ 
cycles. Thus, the inverval for any pattern of 
maximum cyclic stresses can be defined by 
vertical lines through the major and minor 
stress levels on the basic S-N diagram. The 
present study proposes that the number of 
cycles to failure within this interval is a 
function of the pattern of maximum cyclic 
stresses. 

A review of the variable-cycle test data, 
obtained by Dolan, et al, provided information 
for an evaluation of ; in the relationship, 

In this equation, Nv is the fatigue life for a 
variable-cycle pattern of loading. The dis¬ 
tribution coefficient, ß, relates the cycles to 
failure for the variable-cycle loading to the 
endpoints of the interval, na and N„. 

It was also observed from some of Dolan's 
test data, where the minor maximum cyclic 
stress was below the initial fatigue limit, that 
the life interval could be established by extend¬ 
ing the basic straight-line S-N diagram to the 
value of the least or minor maximum cyclic 
stress. Therefore, to predict the variable- 
cycle fatigue life by the present method, it is 
only necessary (1) to define the interval of 
possible failure from an accurately deter¬ 
mined S-N relationship and (2) to evaluate the 
distribution coefficient, ß, lor the loading 
pattern at hand. 

The distribution coefficient, /s, as it is 
presently evaluated, may be computed as a 
simple ratio of areas. For simplicity and 
convenience, a 1000-cycle envelope of maxi¬ 
mum cyclic stresses is plotted on a semilog 
basis from 1 cycle to 1000 cycles. This is 
done by plotting the difference between the 
major and minor maximum stresses, SA, and 
Sn, in order of decreasing magnitude from 1 
cycle to 1000 cycles. Then the ratio of the 
actual area under this plot to the area of the 
field on which it is plotted, is the value ß. 
With this information, the variable-cycle 
fatigue life, Nv, may then be computed. 

The results of this study reaffirm the fact 
that stress cycles below the fatigue limit can 
to helpful if applied initially and can be dam¬ 
aging if they are preceded by stress cycles 
considerably above the fatigue 'imit. Also, 
the variation in ß with (Na/Na + N„), would 
imply that an occasional high-stress cycle is 
not "remembered" by the material if it has a 
probability of occurrence of less than about 
0.001, provided it would not damage the part 
if it were applied statically. Any static pre- 
loading, or machining, or forming operation 
that would change the basic S-N relationship 
can also to expected to affect the fatigue Life 
under variable-cycle loading. 

The method presented herein has been 
applied to tests reported by A. M. Freudenthal. 
This extensive program of tests with various 
loading patterns shows good agreement with 
the method. An example was also shown as to 
how farigue lives computed by the proposed 
method compared to random amplitude con¬ 
stant frequency test data reported by Trotier, 
In general, the correlation of computed life 
with actual life was good, particularly lor the 
unnotched series of specimens. The computed 
lives, for either case, provided better esti¬ 
mates than given by Miner's method. 
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CONCLUSIONS 

The results of study of the data of pre¬ 
vious fatigue damage investigations indicate 
that it is possible to estimate fatigue life 
under variable-cycle loading with reasonable 
accuracy. In order to estimate the variable- 
cycle fatigue life by the method outlined herein 
it is necessary to know the basic constant- 
cycle S-N relationship and the pattern of 
cyclic stress variation. 

The range of stresses in the variable- 
cycle load pattern establishes an interval of 
cycles to failure on the constant-cycle S-N 
diagram. The number of cycles to failure 
falls within this interval and is established by 
the use of a distribution coefficient which 
accounts for the distribution of stresses within 
the load pattern. 

Another manner of interpreting the data 
of this variable-cycle study is in terms of an 
equivalent fatigue strength, which is simply 
the constant-cycle fatigue loading which pro¬ 
vides the same fatigue life as the variable- 
cycle loading. 

If it is established that structural com¬ 
ponents or attached equipment items are 

subjected to random stress-cycle amplitudes 
at essentially a single frequency, then the 
fatigue lue can be estimated by the proposed 
method. If the stress time-histories do not 
show a single frequency, then it is theorized 
that the fatigue life is also dependent on the 
stress power spectrum as well as the proba¬ 
bility function for the random process. 
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STATISTICAL INFERENCES ON ENVIRONMENTAL CRITERIA 

AND SAFETY MARGINS* 

K.. W. Mustain 
Nortronics Division, Northrop Corporation 

Hawthorne, California 

INTRODUCTION 

It is planned to conduct environmental 
tests in such a manner that actual safety mar 
gins can be determined for important compo¬ 
nents and modules of the G AM-87 A guidance 
system. This proposed environmental test 
program requires the application of environ¬ 
ments greater than the service or critical 
stress environment to obtain the safety mar¬ 
gins that exist between critical stresses and 
failure strengths. The primary objective of 
this report is to present some meaningful 
statistics on the relationships between failure 
strength and critical stress. Within any pro¬ 
gram, the amount of strength testing con¬ 
ducted is dependent upon various practical 
considerations such as the availability of test 
facilities, the capabilities of these existing 
facilities to produce the increased environ¬ 
ments, the financial limitations, the resultant 
manpower requirements, and the feasibility of 
completing the tests in the allotted time. 

Certainly, these factors influence the 
number of items of each module or component 
that can be tested for the GAM-87A Project 
For these reasons, R wilt be necessary to 
limit the environmental testing of certain 
components and modules to small ¡.ample 
sizes. These sampling variations and the 
empirical test strengths must be amplified, 
c.aritand supplemented by statistical 

interpretations. Many analytical questions 
arise about the test levels and the applicable 
statistics. What can be reasonably expected 
from tests wherein different sample s'?es are 
used? What is the effect of small sample size 
on failure probabilities? What confidence 
limits can be applied to mean failure stress 
values? How do variations in safety margins 
sample size, range, standard deviation, con- ’ 
fidence intervals, etc., reflect on the statisti¬ 
cal inferences resulting from the fragility 
te sts ? 

This report has been prepared to present 
some usable information on the many ques¬ 
tionable areas. In preparation for this report 
numerous statistical calculations have been 
made and supporting pictorial material in the 
form of graphs have been prepared. These 
accompanying graphs display data on confi- 
dence leveis; range/standard deviation ratios; 
probability of failure for various standard 
deviations; and probability of failure for range 
values. The range and standard deviation data 
have been normalized to the service or criti¬ 
cal stress environment. Some fundamental 
statistics have been prepared and plotted to 
show information on confidence levels. These 
data indicate the confidence intervals wherein 
the mean failure stress, the standard devia¬ 
tion failure stress, and the failure stress 
range can be expected to occur. In this regard, 
confidence levels and corresponding intervals 

*This paper was not presented at the Symposium, 
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are presented as a function of n, the sample 
size. Using these graphical aids, the interval 
that will be expected to include (1) the mean 
failure stress or (2) the standard deviation of 
failure stre¡ s or (3) the failure stress range 
can be found for the desired confidence level 
and the selected value of n. Range/standard 
deviation ratios have been used to show range 
values that are comparable to standard devia¬ 
tions for certain values of n in terms of the 
critical stress, Sc. Standard deviation data 
converted to values of the critical stress, sc, 
are exhibited graphically for location around 
the mean failure stress, Sm, and for the 
resultant probability of failure below critical 
stress levels. Similarly, data have been pre¬ 
pared to display the expected failure proba¬ 
bilities below the critical stress level for the 
variables n, Sm, and R, the range of the test 
data. Thus, failure probabilities can be pre¬ 
dicted when the sample size, the sample range, 
and the mean failure stress have been deter¬ 
mined. This provides a convenient tool for 
statistical inferences on probabilities when 
limited numbers of specimens are available 
for environmental testing. 

CONFIDENCE LIMITS FOR FAILURE 
STRESS DATA 

Since it is planned to establish fragility 
levels or strengths of GAM-87 A modules and 
components by empirical tests above the serv¬ 
ice or critical stress, Sc, consideration must 
be given to the expected values of Sm , the mean 
failure stress. What confidence limits can be 
applied to mean failure stress values that are 
based on small samples? The answer to this 
question requires some study and research 
into the distribution and the variance of means. 
Research in this direction results in reviewing 
some fundamental theorems that are applicable 
to the location of sample means: 

1. The mean of the distribution of sample 
means is the mean of the universe of individual 
values from which the samples are taken. For 
example, samples taken from a normal dis¬ 
tribution with a population mean, ^, of 50 would 
have sample means of 50 for n - 9, 25, 100, etc, 

2. The variance of the distribution of sam¬ 
ple means equals the variance of the universe 
of individual values divided by n , the size of 
the scmple: am2 = a2/n. This is the same as 
saying that the standard deviation of the dis¬ 
tribution of sample means equals l/s¡ñ times 
the standard deviation of the universe of indi¬ 
vidual values: aa - o/jñ. For example, sam¬ 
ples taken from a normal distribution with a 

population standard deviation, cr, of 10 would 
have means distributed with ^ equal to 3.33, 
2, and 1 for n equal to 9, 25, and 100, re¬ 
spectively. 

3. Sample means tend to be normally dis¬ 
tributed. This relationship is a function of n. 
The distribution of the sample means becomes 
more normal or Gaussian as the size of the 
sample is increased. 

4. When samples are small the distribu¬ 
tion of the sample means is deserbed by the 
t or Students distribution. 

5. The sample size, n, affects the con¬ 
fidence interval. The larger the sample size, 
the narrower the confidence interval and the 
better the estimate of the universe value. The 
preciseness of statistical inferences increases 
with the \[ñ. 

Having covered the fundamentals that 
essentially define the location of sample 
means, it is appropriate that the discussion 
continue with some typical assumptions and 
examples to illustrate some oí the possible 
mean statistics or parameters. Let it be 
assumed that tests on n (begin with n > 50) 
modules or components have been conducted 
and that the mean failure stress, Sm, has been 
determined. In addition, assume that the 
standard deviation of the universe from which 
the sample was taken is known to be a. Then, 
certain confidence statements can be made 
about the mean failure stress based on large 
samples (say n > 50). The distribution of the 
means is considered to be normal or approxi¬ 
mately normal. Therefore, confidence limits 
for the mean failure stress can be determined 
in terms of observed values of sample sta¬ 
tistics. The confidence level, /3, expressed in 
percent is called the confidence coefficient. 
The normal curve areas are used to determine 
confidence limits for large values of n. For 
each ß value, there is a corresponding mul¬ 
tiple, t, that is used to calculate fhe confi¬ 
dence interval. Confidence limits for the mean 
failure stress are defined by: 

Confidence Limits = Sm ± t s/yïï . (1) 

Multiples for some ß values applicable 
to the normal distribution are shown in Table 
1. Suppose that a confidence level of 95 per¬ 
cent is desired for the test; thus, using the 
multiple for ß = 0.95, the mean failure stress 
can be expected to fall within the interval 
described by the values of ± 1.96 s/yñ. 
That is, 95 out of 100 times the sample 
mean of n items will lie between the value 
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TABLE 1 
Multiples for Some Values Applicable 

to the Normal Distribution 

fl t 

0.50 
0.75 
0.90 
0.95 
0.975 
0.99 
0.995 
0.999 

0.67449 
1.1503 
1.6449 
1.9600 
2.2414 
2.575« 
2.8070 
3.291 

of Sm - 1.96 n/s/K and the value of Sm+ 1.96 s/y/ñ. 
Tn like manner, for a desired confidence of 99 
percent, the confidence interval can be ex¬ 
pressed as reaching from S,,, - 2.5758 sA/n to 
Sm + 2.5758 s/vTT. 

Now, it must be pointed out that the con¬ 
fidence limits given herein have revolved 
entirely around samples that are relatively 
large (say n > 50). The next logical step is to 
define equivalent limits for data based on sam¬ 
ples less than 50. What happens to these con¬ 
fidence limits as n becomes less than 50? 
Actually, the distribution of the sample means 
(for small values of n) departs from the nor¬ 
mal form and tends to assume the "Students” 
t distribution. The t distribution was origi¬ 
nally formulated by W. S. Gosset, a chemist 
employed by Guinness Breweries, who used 
the pen name of "Student." Gosset published 
papers in 1907 and 1908 that discussed sta¬ 
tistics from exact sampling tests that led to 
the "Student” t distribution. Fortunately, 
because of "Student's" work, the exact dis¬ 
tribution tor a normal universe has been 
established for sample values of the statistic 

S/y/ñ 

where s represents an estimate of the uni¬ 
verse standard deviation and x is the sample 
mean. The t distribution is symmetrical 
about its mean and departs but slightly from 
the form of the normal distribution. Whereas 
the t distribution is founded on empirical data, 
it seems to be a reasonable guide for statisti¬ 
cal inferences on small sample data. The t 
distribution depends on a parameter, degrees 
of freedom, which is equal to n - 1. There are 
individual t distributions for the individual 
degrees of freedom. Thus, for each value of 
n - 1 there is a separate distribution curve of 
t values versus probabilities. These t values 
become the multiples for the equation 

Confidence Limits = Sm 1 t s/yñ . (1) 

Tables of percentage points of the t distribu¬ 
tion can be found in several popular texts on 
statistics. These tabulations contain values 
of t corresponding to selected cumulated 
probabilities for different degrees of freedom. 
Some typical t values are listed for illustra¬ 
tion in Table 2. It can be seen from Table 2 
that the confidence interval equals twice the 
quantity (t s/y/ñ). Therefore, to state the con¬ 
fidence intervals in terms of standard devia¬ 
tions, t distribution points were multiplied by 
(2/y/n) for various sample sizes, n, and for 
selected confidence levels. These values of 
2 t/y/li are shown in Fig. 1. They represent 
the width of the confidence interval in units of 
sample standard deviation. The confidence 
intervals in standard deviations for corre¬ 
sponding confidence levels are depicted as a 
fun tion of n. Sample sizes of 2, 3, 4, 5, 10, 
20, 61 and 121 were used for the calculations. 
These curves indicate the confidence that can 

TABLE 2 
t Values for Various Cumulated Probabilities, 

and Sample Sizes (n) 

Sample 
Size 

n 

Probability 

0.50 0.75 0.90 0.95 0.^75 0.99 0.995 0.999 

2 

5 

in 

20 

30 

1.00000 

0.74070 

C. 70272 

0.68763 

0.08304 

2.4142 

1.3444 

1.2297 

1.1866 

1.1739 

6.3138 

2.1318 

1.8331 

1.7291 

1.6991 

12.706 

2.7764 

2 2622 

2.0930 

2.0452 

25.452 

3.4954 

2.6850 

2.4334 

2.3638 

63.657 

4.6041 

3.2498 

2.8609 

2.7564 

127.32 

5,5976 

3.6897 

3.1737 

3.0380 

636.619 

8.610 

4.781 

3.883 

3.659 
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Fig. 1 - Confidence intervals for means 2t/n1/a 

be reasonably expected for mean failure stress 
values recorded during empirical fragility 
tests on GAM-87 A guidance units. 

Perhaps, the most important lesson to be 
learned from these statistics is that confidence 
values are meaningless unless both the confi¬ 
dence level and the corresponding confidence 
limits, or interval, are clearly defined. Figure 
1 shows that the larger the sample size, the 
narrower the confidence interval and the bet¬ 
ter the estimate of the true environmental 
failure level. For example, the 95-percent 
confidence levels for n = 2, 3, 4, 5, 10, 20, 61 
and 121 exhibit confidence intervals of 17 97 
4.97, 3.18, 2.48, 1.43, 0.936, 0.512, and 0.36,’ 
respectively. It is seen also that for a fixed 
confidence interval, the confidence level in¬ 
creases directly with sample size. For in¬ 
stance, with a constant confidence interval of 
*2 standard deviations, the confidence levels 
for n = 2, 3, 4, and 5 are 78.5, 92.5, 97.2, and 
98.9 respectively. Tabulated data used to 
construct Figure 1 are presented in the Ap- 
pendL (Table A). P 

To provide similar information on sample 
standard deviations, calculations have been 
m,'»dc to establish confidence intervals for 
population standard deviations estimated from 
sample statistics. Confidence data, defining 
the expected spread of standard deviations 
have been prepared by different methodologies. 
In compiling these confidence data, several 
approaches have been investigated. Consid¬ 
eration has been given to the relevance of the 
normal distribution, the t distribution, the v2 

distribution, and some constants commonly 
•.isccl in quality control statistics, 

First, the determination of confidence 
intervals for the standard deviation of the 
population based on large samples was 

accomplished in a manner analogous to that 
for the mean. Confidence limits for a general 
parameter are given by 

Confidence Limits = g i t . (2) 

ffg is the standard deviation or the stand¬ 
ard error of the statistic. Previously, the 
confidence limits of the mean failure stress 
were given as Sm t t s/^. The ratio of s/y7f 
represents the standard error of the mean and 
s is an estimate of the population standard 
deviation taken from sample data. Similarly, 
the confidence interval (under certain condi¬ 
tions), for the population standard deviation, 
is defined by 

Confidence Interval = s i t */i/2n . (3) 

The term »//in is derived from the fact that 
the standard error or the standard deviation 
of the distribution of sample standard devia¬ 
tions from a normal population is approxi¬ 
mately a/sPln . Therefore, the preciseness of 
the estimate of the population parameter in¬ 
creases with the square root of jn. The ex¬ 
pression i i t a/yjh becomes reasonably 
accurate for large values of n where appli¬ 
cable t values are taken from the normal 
distribution. For values of n less than 30 the 
a- mstribution is generally used. The ß 
values and the corresponding t values for 
the normal distribution given In Table ’ cm 
be used with Fq. (3) to determine the coa- 
ndence intervals for the standard deviation 
of the population based on standard deviations 
from large samples. For instance, it can be 
expressed with 95-percent confidence that 
the population standard deviation lies in the 
range s ± 1.96 */73n when n is large (say 
n ' 30, preferably larger). In like manner, 
99-percent confidence exists when the popu¬ 
lation standard deviation lies in the region 
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between s + 2.5758 n/yfh\ and s - 2.5758 
s/^n. 

The X3 distribution is considered a 
fairly accurate representation for standard 
deviation limits when n is less than 30. This 
distribution is skewed to the right and tends 
to approach the normal cur''e as n increases. 
Thus, there is a trade off point between the x2 
distribution and the normal distribution that 
occurs somewhere above the value of n = 30. 
Since the t distribution also approaches the 
normal distribution for large values of n, it 
can be used to fill the void between n = 30 and 
the x - normal trade-off point. The rela¬ 
tionship between the t and the normal distri¬ 
bution as n increases is clearly shown in the 
portion of a t table in Table 3. The normal 
distribution is equivalent to the case of n = a>. 

TABLE 3 
Portion of a t Table Showing the Relationship 
Between the t and the Normal Distribution as 
n Increases 

n 
« 

0.90 0.95 0.99 0.999 

30 

31 

41 

61 

121 

00 

1.699 

1.697 

1.684 

1.671 

1.658 

1.645 

2.045 

2.042 

2.021 

2.000 

1.980 

1.960 

2.756 

2.750 

2.704 

2.660 

2.617 

2.576 

3.659 

3.646 

3.551 

3.460 

3.373 

3.291 

Tue curves in Fig. 2 show confidence 
intervals based on the t distribution that are 
equivalent to the value of 2 t s/^ for n 
equal to 2, 3, 4, 5, 10, 20, 61, and 121. Again 
it is seen that the larger the value of n, the 
smaller the confidence interval. Further¬ 
more, the confidence interval approaches zero 
as n becomes infinite. Thus, it can be seen 
that the larger the sample, the better the 
estimate of the population parameter from the 
sample statistic. Tabulated data used to con¬ 
struct Fig. 2 are presented in the Appendix 
(Table B). 

Some supplementary confidence data on 
population standard deviations were prepared 
by utilizing statistical factors taken from 
quality control tables. The confidence inter¬ 
vals shown in Fig. 3 were computed by using 
quality control factors c2 and c3 with an 
applicable equation for t values. The math¬ 
ematical derivation for this new approach 
follows. The exact formula for the standard 
deviation of the distribution of sample standard 
deviations from a normal population is: 

S = yr^T-T) - 210! , (4) 

where a' is the standard value of a and c2 
equals a constant that varies with n, relating 
the average standard deviation j for samples 
of n observed values each to the standard 
deviation er' of the universe sampled, the 
relation being 5 = c2o-'. 

Fig. 2 - Confidence intervals for standard 
deviations sit s/y2n 
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Fig. 3 - Confidence intervals for standard 
deviations 2 t (c3/c2) 

The factor c3 is a constant also that 
varies with n and is defined mathematically 
as: 

= ®t/c2 b4 = b2/cj (11) 

B1 c2 - 3c3; B2 = c2 + 3c3 (12> 

^ (6) 

Equations (2) and (4) can he combined to 
formulate the specific confidence limit 
equation: 

(13) 

+ 3 c, 
+ Ü3 

c 2 
(14) 

Confidence a' f 5" 
Limit - s fn-1) - 2nc2 . (7) Then 

Using the relation 0 = c2(t', Eq. (7) becomes: (15) 

Confidence 
Limit s ± t (n- 1) - 2n c22. (g) Similarly, 

This is simplified to: 

Confidence Limit ±t -i-i/ïzr 
C2(/ n (9) 

which is condensed to: 

or 

Confidence Limit = s ±t 

c. 
Confidence Limit = s ft — s 

‘2 

f' J 
(10) 

This solution is easily verified by using other 
relationships commonly used to establish 3 
sigma limits for quality control charts. In 
this case the value of 3 is equivalent to the 
selected t value from a normal distribution. 
In quality control statistics, the uprd ’ "H 
lor a sigma chart is given as b45 aii'* 
lower limit is given as B3 

B3ã = ff - ã . (16) 

Since the t value is equal to 3 in these 
two equations 

Sigma Limit» - õ i t or s ± t (17) 

It can be seen that Eq. (17) is the same 
as the confidence expression previously 
derived as Eq. (10). Values of 2 t(c3/c2> for 
n = 2, 3, 4, 5, 10, and 20 have been plotted in 
Fig. 3 from data that are presented in the 
Appendix (Table C). 

The X2 distribution has been used to 
prepare the confidence data on universe 
standard deviations that are shown in Fig. 4 
and tabulated in the Appendix (Table D). For 
values of n less than 30, the distribuí ion of 
the sample variances (o2) falces the torm of 
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Fig. 4 - Confidence intervals for standard 
deviations X2 distribution 

the X2 distribution. Percentage points of the 
X2 distribution can be found in most statistical 
textbooks. The form of the x2 distribution 
varies with the number of degrees of freedom 
which is n -1 in this case. The chi-square 
distribution exhibits a distinct curve for each 
value of n and is a skewed distribution that 
approaches normality for large values of n. 

Confidence limits for universe standard 
deviations were obtained from the x2 ex¬ 
pression, 

The chi-square value is equivalent to a 
selected percentage point from x2 tables for 
n - 1. For example, the lower and upper 0.99 
confidence limits for the universe variance are 

'1 2 n cr* , n <J* 
_- anti -- 

X0.00S *0.995 
for n-1 forn-1 

The square roots of these values yield the 
upper and lower limits for the universe stand¬ 
ard deviation with a confidence of 0.99. Values 
of -Jn/x2 for different values of » for confidence 
levels of 0.50, 0.80, 0.90, 0.950, 0.980, and 
0.990 have been computed and are presented 
in the Appendix (Table D). Corresponding con¬ 
fidence intervals have been determined also 
and are listed in Table D and portrayed 
graphically in Fig. 4. 

The next set of confidence data to be 
presented applies to the range parameter, K . 
Again, some quality control factors have been 
used to obtain confidence intervals for universe 

ranges. The confidence intervals shown in 
Figs. 5 and 6 were established by using quality 
control factors d2 and <i3 with applicable 
equations for limits. The distribution of the 
range Is not symmetric for small sample 
sizes. If samples are drawn from a normal 
distribution with standard deviation a', the 
average of the distribution of the range is 
dj a' and the standard deviation is d, o'. 

The variance of the range is (dj/d2)2. The 
factor d2 is a constant thatjyaries with n, 
relating the average range R for samples of 
n observed values each to the standard devia¬ 
tion a' of the universe sampled, the relation 
being R = d2 o'. The factor d3 is a constant 
also that varies with n and is often designed 
as crw, the standard deviation of the range for 
the specific value of n. The ratio R/a' is 
equal to w. The standard deviation of the 
range,. ctr, was given_as d3 o'. Now, since o' 
can be estimated by R/d2, then aR becomes 
equal to (dyd,) R. This last expression fits 
neatly into the equation for the confidence 
limits of a general parameter (Eq. 2) to yield 
the universe range: 

d3 _ 
Confidence Limits = R i t -t— R . (19) 

a2 

This equation is indeed similar to the 
equation derived for the standard deviation 
limits given in Eq. (17) with the exception that 
Eq. (19) contains symbols associated with the 
range parameter. Equation (19) can be easily 
verified by using other relationships that are 
used In quality control statistics to determine 
3 sigma limits. Once more, the value of 3 is 
assumed to be the selected t value. In quality 
control statistics, the upper limit for a range 
chart is given as b4S and the lower limit is 
given as D3 R. 

w.jO 



DJ = D 

Dj = d 

d 
d3 = - 

d 
D4 = - 

Then 

Similarly, 

Fig, 5 - Confidence intervals for 
ranges 2 t (d3/d2) 

Fig. 6 - Confidence intervals for ranges 2 t d3 

l/d2i D4 = Vd2 (20) 

2 - 3d3; Dj = dj + 3 d3 (21) 

(22) 

1 + 3 
37' 

(23) 

D4r = R + 3 ÍÍR . (24) 

D3R = ?-3^R. (25) 

Since the t value is equal to 3 in these 
last two equations 

Range Limits R t t (26) 

Equation (26) is identical to the confidence 
limits previously given in Eq. (19). Values of 
2 t (dj/dj) for n = 2, 3, 4, 5, 10, and 20 are 
shown in Fig. 5. Tabulated data for n = 2 
through n = 25 are listed in the Appendix 
(Table E), for confidence levels of 0.50 0 75 
0.90, 0.95, 0.975, 0.990, 0.995, and 0.999. 

Another confidence expression for the 
range is easily formulated by combining Eq. 
(2) with the standard deviation, aR, of d, o'. 
This new confidence equation is 

R i t d3a' = R ± t d3s . (27) 
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This confidence limit equation can be 
easily substantiated by additional quality con¬ 
trol relationships used to determine 3 sigma 
limits. Again, the value of 3 is considered to 
be the selected t value. In quality control 
statistics, the upper limit for a range chart is 
given as d2 <t‘ and the lower limit is given 
as D1 a', 

D, - dj - 3dj, Dj = d, + 3 dj (28) 

Dj = dj a' - 3dj o' (29) 

D2 o' - d2 i/* + 3dj o' . (3ô) 

Now since o’ can be estimated by H/d2, 
then Eqs. (29) and (30) become 

D, o' - It - 3 dj <r' (31) 

D2 a' = R + 3 d j o' , (32) 

Whereas the t value is equal to 3 in these 
last two equations, the range limits are: 

I 1 t dj cr' = R 1 t d3 « . (33) 

This equation is the same as the limits 
that were defined by Eq. (27). Values of 2 t d3 
for n = 2, 3, 4, 5, 10, and 20 are displayed in 
Fig. 6. Tabulated values of 2 t d3 are giver, 
in the Appendix (Table F), for confidence 
levels of 0.50, 0.75, 0.90, 0.95, 0.975, 0.990, 
0.995, and 0.999. Sample sizes from n = 2 
through n = 25 are included in the Appendix 
(Table F). 

A third set of confidence data for the 
range parameter has been prepared based on 
probability information that is depicted in 
Fig. 7. Several distributions of the relationship 

w R'cr from a normal universe are plotted on 
probabilhy paper for n = 2, 4, 6, 8, and 10. 
The abscissa represents the probability that 
the value of w (for the selected value of n) 
will be less than the corresponding ordinate 
value of z. It can be seen that this relative 
rango distribution varies with n and tends to 
become normal with increasing sample size. 
The deviation from normality appears to be 
greatest near the lower left corner of the 
graph for small percentile points. 

Confidence limits can be calculated from 
these probability points, P (w < Z), by multi¬ 
plying the 7. value for the selected percentile 
point by o'. Since o' is estimated as being 
equal to R'd2, the limits for any chosen con¬ 
fidence level are given by 

7 o' = z I/d2 . (34) 

Values of Z/d2 have been calculated for n = 2 
through n = 12 and are listed in the Appendix 
(Table G). Tabulated values are given for 
probabilities of 0.001, 0.005, 0.010, 0.025, 
0.050, 0.950, 0.975, 0.990, 0.995, and 0.999. 
The tabulated values can be multiplied by the 
sample range to obtain the desired upper and 
lower range limits. For example, the upper 
range limit for n = 10 with a probability of 
0.999 is equal to 1.94 R. The corresponding 
lower limit for n = 10 with a probability of 
0.001 is 0.351 R. 

FAILURE PROBABILITIES 

Any discussion concerned with the prob¬ 
lems of environmental criteria and their cor¬ 
responding safety margin tests requires the 
consideration of applicable statistics such as 

Fig. 7 - Probability of the relative range u - RAr 
for various sample sizes 
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averages, standard deviations, and ranee-, 
niidence data for these statistics related in 

nn‘VHrae Par.ameU'rs *ere thorougWy ex-d 
poonded in the previous section to lay a solid 

probabilities1" p3?1811^1 inferences on failure 
aMe« « L Primarily, this study is aimed 
or M •Jnherein sma11 samPle sizes, n < 50 
cal reas^sar ThSe rÍOr PraCtlcal and economi- ta reasons. The discussion will continue for 

?es forrPmeeanffatS|tabli£*hlnß faÜ"re Prübabüi- 
t on a , IUre !’tress values as a func¬ 
tion of range or standard deviation. In turn 
the reliability of these failure probabilities’ 

,,y 
prevto, SC W'" SrC“""a ^ 

In small samples the range and standard 
deviatmn are likely to fluctuate together H 

ÍÍsoS Í« iarf dheVÍ1atÍOn is ,aree- range is 
ionissman ,1 If the devla- 
ñ "arce Tarnte s“86 iS hkvly to be small, large samples, however, the occurrence of 

one extreme value will cause the range ïo be 

arriad’ may have less effect on the stand¬ 
ard deviation. On the other hand, if the prob 
iem is to analyze variability wherein sm?" 
samples are the rule, then the range ^'be 
employed as r substitute for the standard 

substituye fIn ^diti0n tn beine an efficient 
! 1 ! he standard deviation in small 

sampies, the range is easy to calculate. For 
that reason, it is usually preferred to the 
standard deviation in quality control analysis 
thaTd 8mall'8ample data are shown in Fig! 8 
that demonstrate the concurrent fluctuations 
Twpnf1'” standard deviations and ranges. 
Twenty-five random samples of Size 5 were 
drawn from a normal distribution. TheTr 
standard deviations and ranges were comouted 
and plotted. Even with this simple stSclf 
exercise, it is seen that the range and the 

ISn fÍríhdeCratÍOn ClOSely f0ll0W each other- In fact the two curves are almost identical in 
shape, the peaks and vniipv« „re in aereempnt 
This clearly substantiates’the fact that the 
range is an efficient substitute for the ^andard 
deviation when small samples are used. 

Several useful statistics, i.e., mean ranee 
..ndard deviation, etc., can be calculated 8 ’ 

iata of a sample and from these, esti¬ 
mas can be made of population parameters 
• metimes it is necessary to find approximate 
values of certain statistics rather Z, *. 

(slTn Z th°r ar indlvidual large sample 
ardydyv a hsetrt,mate1°f P0Pula‘lon stand¬ ard deviation is the sample standard deviation 
f ) ‘ If 1 t>amples of size n are taken the 
average standard deviation, ï, is eguaÍ to >,/i 
and tor this condition the average standard’ 

df'iati0.n !s a better estimate of the population 
standard deviation than any single sample 

mat *1 Viati0n- Anothcr rnethod of esti¬ 
mating the standard deviation of the population 
13 by ‘he statistical relationship of 
*. R;' (see Previous section and Fig. 7). 
The standard deviation is estimated from the 

of weïwch8uP by USÍng the Value of the mean of w which is represented symbolically bv d 
T us, the standard deviation is equal to R/d * 

ô Z^rOXÍrtÍOn iS B00d if ^universe r 
S°; lEfhnearly n0rmal- Appropriate 

of.d2> tbe average value of », have 
ranae^nd relation8hiP between 
range and standard deviation for the environ- 
mental statistics which are the primary 

dSion 11?1® rePOrt RanSe/atandaL otviation ratios are presented in Fig. 9 to 

st^ndJ3^6 ValneS ihat comParable to 
standard deviations for constant values of n 
in terms o. the critical stress, s . A familv 

are chsnba^d ? = 2’ 3’ 4’ 5- 10- 20> and 450 
aíd SaUo. ^range’ R’ and the stand- 

Í ’ s’ ^ n°rmalize(i by the 
critical stress. Thus, values of range k 
over critical stress, sr , for corresponding 

stress °s St!Tla,rd d8viation> s> over critical stress, sc, can be obtained from this graph 
for various sample sizes. An examination of 
these data shows that, for small s^mpís t£ 
R/S values approach the s/s values. For 

m S “fjS” “ 's, ” 
* Sc for the case where n = 2. This is 

I'i'^ndf nv1*! Keneral approximation of 
ix standard deviations per range that is used 

divTaUons^i?^8, the s« standard aeviations per range become fairly valid for 
sample sizes as great as 450. More precisely 
the range over critical stress value is 6 009 
times the standard deviation over critical 
stress value for n = 450, 

Now’ jhat some pertinent points regarding 
ranges and standard deviations have been 
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Fig. 9 - Range vs standard deviation 
as a function of n 

covered and explained, this report will present 
statistical information designed to provide 
probabilities that components and modules will 
fail ai environments below the service, speci¬ 
fied or critical stress environment. That is 
statistical data will be given so that failure 
probabilities (below the critical stress, s ) 
can be inferred from statistics obtained during 
environmental tests of G AM-87 A components 
and modules. First, probabilities based on 
standard deviations above the critical stress 
will be presented and then equivalent proba¬ 
bilities determined from normalized range 
values will be given. To illustrate standard 
deviation probabilities, assume a normal or 
near normal distribution for the population or 
universe. Then, the individual values of the 
stress failure levels will be normally dis¬ 
tributed, the mean failure stress will be fairly 
representative of the universe mean, and the 
standard deviations of the sample stress 
failures will tend to be distributed in a form 
ranging from the skewed chi square to the 
normal distribution. Next, calculate the mean 
failure stress and the standard deviation in 
units of critical stress. What can be inferred 
about failure probabilities from these two 
sample statistics? Based on these statistics, 
what percentage of components and modules 
can be reasonably expected to fail at ampli¬ 
tudes below the critical environmental stress? 
These questions car >e answered by proper 
application of the te- statistics to predict the 
percentage of items (similar to the sample 
items) that can be expected tp fail below the 
critical stress level. 

1 iie methodology of establishing compo¬ 
nent and module failure probabilities is fairly 
simple. The environmental amplitude between 

the mean failure stress, s„, and the critical 
stress, Sc, is defined in multiples of standard 
deviation (normalized by the critical stress). 
Basically, the problem is to determine what 
portion of a statistical distribution is either 
above or below the critical stress amplitude. 
With an assumption of normality and with the 
number of safety margins (standard deviations) 
determined, the areas of the normal curve that 
are above and below the critical stress level 
can be found and their corresponding proba¬ 
bilities can be established. The area of the 
normal curve that falls below the critical 
stress limit is equivalent to the probability 
that items similar to those used in the tes' 
sample will fall. 

The determination of the normal curve 
tail that lies below this critical line is accom¬ 
plished by calculating the value of the trans¬ 
formation Sm - s,/* and, in turn, finding the 
corresponding probability from tables of the 
normal distribution. For example, if the 
standard deviation, ,, is equal to 0.5 s and 
if S is equal to 3.5 Sc, then S„, - sc/. becomes 
J.o sc - Sc/0.5sc. Thus, the transformation 
value is 5 standard deviations which repre¬ 
sents a failure probability of 0.0000003. In 
other words, it can be reasonably expected, 
with the stated conditions, that only three 
items out of 10 million will display fragility 
levels that are less than the critical or spec¬ 
ified environmental level. 

The fragility levels of the components and 
modules are assumed to originate from popu¬ 
lations that display normal or Gaussian dis¬ 
tributions. A normal distribution is defined 
by this noncumulative formula, where x is the 
mean and a is the rms or standard deviation: 
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ff*) _1_ 
a srZñ 

exp (x-x)3 
2er î~ (35) 

distrlbu.inn ic ÜVe CUrV0 üf lhe n0rn>a' 
and il . 1 Synirnotr,cal about the mean 
arl UM1'8^60- 11 is wel1 known that the 
area withm the *3a iimits is equivalent to 
. ‘ Peri'pnt of the total area and that the 
urning points occur at ±1= values The 

gl^n by:Ve n0rmal dl8tribut‘on function is 

cum f(x) 
ST* 

exp ~ f* -8)3 

2 ..2 
dx . (36) 

ch ™s equation is frequently altered to 

(ns™,ío7S‘0n °r ““ to - instead of the area from -® to x There uro 
many tables in statistical literature whh 
values for the ordinate and area oï the norm-1 
frequency curve. An excellent set prepared ov 
tne National Bureau of Standards contains V 

normal ^ normal ordi^ate L the 
valúes* area/7m.- These latter 
values, cum f (x; irom -* to tx) are related 
to rum f(x), £q, (36), as f0ll0W8i re,ated 

rum ffx) = cum f (x; -x to +,) 

J_- cum f (x; -x to +xt 

2 • (37) 

tho EquatIon ^37) ls equivalent to the area of 
the normal curve that lies above the critical 
limit. In this case, the critical stress S i« 
indicated by -x and, since the normal curve is 

0?“ ™ft0abT,ï,he Tan- -°¾ uccebs 'E(l- 37) consists of the area 

between i* plus the area of an upper tail. 
+ us upper tail extends from +x to +<» ar+S s 
numerically equal to 

1 ~ Cl»" f (x; -X to +xi 

Notice that this is the second expression of 
the I,iih SldC 0f Eq- (37>* This upper tail has 
cal strees«rr ? that is below the crit- 

èstVnd thf Therefore> ‘he area of inter¬ 
est and the probability of failure is given by 

1 - '-~ui* f (*; -X to +X) 
(38) 

tion oÆf/Eq- (38) are Plotted as a func 
tionofsafety margins (mean failure stress, 
sm over critical stress, Sc) for constant 
Thi?? of.ftandard deviation, s , in Fig. 10. 
™Ä0i KUreS Shows the Probability of an item failing below the critical or specified 
environment when the standard deviation is 

Z‘i tul’°-5s- s- »■“ “»¡t. 
toom/to 4 5T, * r."s' 01 ■*'«» "."Bin, m l to 4.5. It is shown that the probability 
of failure, pf, becomes graater with larger * 
values of the standard deviation and conversely, 
s ' d ™ae.s f°r increases in the ratio of 

eÂ' Pf VaIue plotted on ‘he 
were made o„ “V rfia80n that ealculations were made only for case- wherein S was 

o?fun ° °r goecater than "c- The probability 
of failure is 0.50 when the mean failure stress 

thelvmme/'f CiritiCal 8tress for ‘hen half of 

crSTressïeveT511 ^ UeB aboVe the 

Usage of the data in Fig. 10 to nredici 
ailure probabilities requires that test data be 
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íunrtL1 ' ^r0babÍ1,Ít’/ ?f faüure vs mean failure stress, as a 

R = 0°500 S 8ample SÍZe ÍOr tWO ran8es: R = 3.00 Sc and 

converted into values of the ordinate (mean 
failure stress, Sm over critical stress, S ) 
and standard deviation. Whereas the statis¬ 
tics shown in Fig. 10 aie based on proven 
statistics, the validity of utilizing this graph 
requires some meaningful confidence state¬ 
ments regarding the sample data. Some indi¬ 
cation of the validity of sample mean failure 
stress values and sample standard deviation 
stress values can be obtained from the con¬ 
fidence information presented in the previous 
section (Figs. 1 through 4). 

failure probabilities have been presented 
in terms of standard deviations and mean 
failure stress that can be supplemented by 
applicable confidence data. In establishing 
these eoiuidcuce data, an attempt was made 
to remove biased values by corrections that 
reflected the sample size and the statistic or 
parameter. However, it is desirable to show 
additional data on failure probabilities that 
display more vividly the effects of sample 
size on the possible failure of components and 
modules at test levels below the critical stress 
environment. For this reason, numerous com¬ 
putations have been made to provide failure 
probabilities on the range, R, statistic for dif¬ 
ferent values of n, the sample size. The use 
of range values yields additional graphs that 
clearly indicate the relationship between sam¬ 
ple size, n , and the probability of failure. 
Several graphical displays that exhibit the ef- 
iect oi sample size on range failure probabili¬ 
ties are presented in Figs. 1! through 19. 

These range data have been prepared by 
combining the w relationship shown in Figs. 7 

iind 9 with values of the transformation 
sm - V». More speciiically, range values in 
terms of the critical stress have been divided 
by the appropriate value of d for n to obtain 
equivalent values of the standard deviation in 
terms of the critical stress. In turn, these 
standard deviations have been used in the 
transformation - sc/s to find failure prob¬ 
abilities for the range at various sample 
sizes. Thus, for a given range, a given sam¬ 
ple size, and given value of s - s (or ~ ) 
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Fig' 13 - Probability of failure vs mean stress 
for n = 2, as a function of range 

the probability of failure below the critical 
stress can be established. 

Figure 11 shows the effect of change in 
range and sample size on failure probabili¬ 
ties. This figure contains data for n = 2, 3, 
4, 5, 20, and 450 and for ft = 0.500 S,. and 
R = 3.00 Sr. An examination of these data 
shows that increasing values of mean failure 
stress are associated with decreasing failure 
probabilities for any constant value of n. It is 
seen that smaller failure probabilities accom¬ 
pany larger values of n for constant range 
values. Also, this graph shows clearly that 
the smaller the range, the smaller is the prob¬ 
ability of failure. The three-dimensional 
spectrogram of Fig. 12 shows failure proba¬ 
bilities as a function of range and mean failure 
stress for various sample sizes. This field 

diagram approaches a four-D illustration by 
virtue of the several failure blankets created 
by the different n values. An excellent indica¬ 
tion of the relationships among the range, the 
mean failure stress, the sample size, and the 
failure probabilities is provided bv this three- 
dimensional plot. The data tend to peak near 
the high range values and the low mean failure 
stress values. The n blankets clearly display 
the lower failure probabilities that occur for 
greater sample sizes with constant range and 
mean failure stress values. Figures 13 
through 19 show detailed failure probabilities 
as a function of range for seven individual 
values of n. They also show families of 
curves for n = 2, 3, 4, 5, 10, 20, and 450, 
respectively. For example, Fig. 13 shows 
failure probabilities for n = 2 with range 
values of 0.166 Sc, 0.20 Sc, 0.25 Sc, 0.333 sc, 
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FÍg- 15(;rPr0bailiUty °îfailu^ vs mean stress 
-or n = 4, as a function of range 

-"Ä, « 200s' R.2S0SC R1.300Sc 

10-™ 

Fig. 16 . Probability of failure vs mean stress 
tor n - 5, as a function of range 

288 



Fig. 18 - Probability of failure vs mean stres 
for n - 20, as a function of range 

Fig. 19 - Probability of failure vs mean stress 
for n = 450, as a function of range 

0.50 Sc, 0.75 Sc, 1.0 Sc, 1.5 Sc, 1.75 Sc, 2.0 Sc, 
2.5 Sc, and 3.00 Sc These graphical presen-' 
tâtions provide an adequate representation of 
failure probabilities as related to the sample 
size, the mean failure stress, and the range. 
An analysis of these data shows (1) lower 
failure probabilities for the lower range 
curves, (2) less probability of failure with 
greater stress levels, and (3) less chance of 
failure with greater values of n for constant 
range and constant mean failure stress. This 
last efieci is easily seen when Fig. 13 (n = 2) 
is compared with Fig. 19 (n = 450). 

SUMMATION 

This report has encompassed the results 
of an extensive statistical investigation that 
was designed to provide supporting data for 

environmental tests to failure of modules and 
components from the GAM-87A guidance sys¬ 
tem. Although, these statistics were studied 
with this test to failure program in mind, it is 
felt that the statistics of this report are appli¬ 
cable to many similar statistical sampling 
problems. Statistics were presented that 
thoroughly expounded confidence data on 
means, standard deviations, and ranges. Sev¬ 
eral methods of establishing confidence lim¬ 
its for each of these universe parameters 
were given. Failure probabilities below the 
environmental specification or critical stress 
level were displayed for modules and com¬ 
ponents. These failure probabilities were 
determined with the assumption that fragility 
levels of the various items were normally 
distributed. Data were included for failure 
probabilities based on (1) standard deviations 
and (2) ranges as functions of the mean failure 
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BanEe fêlure probabilities were pre- 
sente^ in considerable detail to illustrate the 
effect °f variations in range and sample size 
on failure probabilities. The usage of the 
range statistics is especially recommended 

dlzes less than 12. The mean, the 
“r,d deviation, and the range confidence 
intervals ana levels were discussed, displayed 

hîformbU/atedhl0r. eaSe °f utilization- Sufficient information has been given on these parameters 
so that meaningful statistical inferences can 
be made on the parameters and their corre¬ 
sponding failure probabilities. 

The confidence data can be used to pro- 
vide some degree of assurance that a test value 
obtained will be reasonably indicative of the 
true universe parameter, i.e., the mean failure 
stress, the failure stress range, or the stand¬ 
ard deviation of the failure stress. These con¬ 
fidence data can be used to set limits which 
may be expected to include the parameter value 
that would have been obtained if the test engi¬ 
neers had conducted fragility tests on an ex¬ 
ceedingly great number of test specimens. 
Now then, the establishment of confidence lim¬ 
its on either large or small samples is akin to 
making a statistical inference. Essentially 
this statistical inference consists of using 
sample statistics from a universe to estimate 
the parameter of that universe. 

Since statistical inferences are usually 
mace in terms of probability percentiles, the 
test engineer or the analytical engineer must 
select the degree of assurance required for 
the tests. Suppose that 99-percent limits have 
been selected; then it can be reasonably ex- 
pected with 99-percent confidence that the 
universe or population parameter will fall 
within these limits. In a similar manner, an 
inference could be made that the parameter 
would be in limits 99 times in 100 and out of 
fimits 1 time in 100. 

Use of the confidence inferences provides 
the test engineer with some practical feeling 
lor the validity of the tes* data. It becomes a 
simple matter to proceed ..om the selected 
degree ol assurance on the estimated param¬ 
eter to the determination of the failure prob¬ 
ability of future specimens. This is easily 
accomplished with the use of the failure prob¬ 
ability charts given in this report. 
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APPENDIX 

TABLE A 
Confidence Intervals for Means 

Tabulated value = 2 t/yTi 

V 

n \ 
0.50 0.75 0.90 

1 

0.95 0.975 0.990 0.995 0.999 

_2 1.4142 3.4142 8.9291 17.969 35.995 90.025 180.06 900.32 _3. 0.94281 ï.8517 3.3717 4.9683 7.1652 11.460 16.269 36.486 0.76489 1.4226 2.3534 3.1825 4.1765 5.8409 7.4530 12.941 5 
_6 

0,66250 
Ö. 59334 

1.2024 
1.0622 

1.9067 
1 64*9 

2.4833 3.1264 4.1180 5.0064 7.7010 

_7_ 0.54242 0.96252 1.4689 1.8497 
¿ • ijo29 
2.2441 

3.2892 
2.8025 

3.8974 
3.2632 

5.6003 
4.5046 _8 0.50285 0.88692 1.3397 1.6720 2.0090 2.4745 2.8491 3.8219 V 0.47093 0.82687 

0.77773 
Ô.73647 

1.2397 1.5373 1.8343 2.2369 2.bbb0 3.3607 10 
U 

0.44444 
0.42200 

1.1C93 1.4307 1.6881 2.0554 2.3336 3.0238 
i.093u 1.343C 1.5882 1.9112 2.1597 2.7651 12 0.40267 [0,70119 

Ö.67058 
1.0369 1.2707 1.4971 1.7931 2.0188 2.5617 13 0.38578 0.98664 1.2086 1.4200 1.6943 1.9017 2.3952 14 0.37087 0.64362 0.94659 1.1548 1.3537 1.6101 1.8027 2.2562 ' ..15. 0.35756 0.61973 0.90953 
0.87650 

1.1076 1.2960 1.5372 1.7174 2.1379 16 0.34560 0.59835 1.0658 1.2450 1.4734 1.6430 2.0365 11 0.33476 0.57903 0.84689 1.0283 1.1995 1.4168 1.5775 1 9476 18 0.32489 0.56144 
0.54541 
0.53066 

0.82005 0.99457 1.1588 1.3862 1.5191 1.8691 19 
20 

0.31585 
Ö. 307 52 

0.79566 
0.77328 

0.96396 
n Pufino 

1.1218 1.3207 1.4667 1.7995 

21 
2<r~ 

0.29981 
0.29266 

0.51709 
0.50448 

0.75272 
0 7?n71 

0.91041 1.0575 
1.2794 
1.2418 

1.4194 
1.3763 

1.7365 
1.6803 

23 0.28600 0.49276 0.71608 0.88487 
1 • \J¿&¿ 

1.0032 
1.2073 
1.1755 

1.3369 
Í.3006 

1.6284 
1.5814 24 

25 
0.27978 
0.27394 

0.48181 
0.47Í56 

Ö.6997Ö 
0.68436 

0.84454 
0 

0.97894 
n Q*AÍA 

1.1461 1.2672 1.5379 

26 0.26846 0.46193 0.66997 0.80780 0.93532 
l.lloo 
1.0933 

1.2362 
1.2074 

1.4980 
1.4611 27 0.2832» 0.45287 0.65649 0.79116 0.91560 1.0695 ‘ 1.1804 1 4268 28 

29 
Ö.25841 
0.25379 

0.44437 
0.43631 

0.64380 
0.63177 

0.77551 
0 7fi07* 

0.89706 1.0472 1.1552 1.3947 

30 0.24941 Ö.428C5 0.62042 0.74680 0.86314 
1.U2DO 

1.0065 
1.1316 
1.1093 

1.3645 
1.3361 31 0.24525 0.42139 0.60969 0.73361 0.84759 0.98783 1.0883 1.3097 41 0.21260 0.36460 0.52596 0.63129 0.72743 0.84475 Ö. 92805 1.1091 
ÖJ586Ö2 

61 0.17378 0.29746 0742782 0.51222 0.58874 0.68123 
121 0.12301 

0 
0.21016 

n 
0.30140 

n 
0.35998 

A 
0.41271 0.47589 0.51998 0.61327 

-=-L v -1 ..V. u 0 0 0 

Note: Tabulated value x standard deviation = confidence intervals. 
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TABLE B 

Confidence Intervals for Standard ’Jeviations 

n ü.bû - 0.75 0.90 0.95 

lue - Z Z/yJ 

0.975 

¿n 

' 0.990 
1 

0.995 0.999 
2 

3 
1.0000 

0.66667 
2.4142 6.3138 12.706 25.452 63.657 127.32 636.62 
1.3092 2.3842 3.5132 5.0666 8.1036 11.504 ?.fî ft on 4 0.54086 1.0059 1.6641 2.2504 2.9532 4.1301 5.2703 9 1507 

5 0.46846 0.85027 11.3483 1.7560 2.2107 2.9119 3.5402 R 
6 0.41955 0.75107 T 1.1634 1.4841 1.8264 2.3258 2.7559 ï QA-nn 
7 0.38355 0.68061 1.0387 1.3079 1.5868 1.9817 2.3074 3.1852 8 0.35557 0.62715 0.94730 1.1823 1.4206 1.7497 2.0146 2 7025 9 0.33300 0.58468 0.87658 1.0871 1.2971 1.5817 1.8067 2 3763 10 0.31427 'Ô. 54994 0.81979 1.0117 1.2008 1.4534 1.6501 2 1M1 11 ^0.29840 0.52076 0.77285 0.95007 1.1231 1.3514 1.5271 1 Qt^Q 

12 
1Q 

0.28473 0.49581 0.73317 0.89855 1.0586 1.2679 1.4275 1.8114 U.2/2/9 j" 0.47417 0.69908 0.85460 1.0041 ï. 1981 1.3447 1.6937 0.26225 0.45511 0.66934 0.81655 0.95723 1.1385 1.2747 1.5954 15 0.25284 
.. 

0.43821 0.64314 0.78317 0.91637 1 1.0870 1.2144 1.5117 16 0.24438 0.42310 0.61978 0.75360 0.88031 1.0418 1.1618 1.4400 17 

18 

0.23671 

0.22973 

0.40944 

0.39700 

0.59884 

0.57987 

0.72712 

0.70327 
0.84820 1.0018 1.1154 1.3771 

19 

20 

0.22334 0.38566 0.56261 0.68162 0.79326 

U.sfboOï 

0.93387 

1.0742 

1.0371 
1.3217 

1.2725 0.21746 0.37524 1 0.54679 0.65187 0.76951 0.90470 1.0036 1.2279 21 0.21200 1 0.36564 0.53225 0.64375 0.74778 0.87808 0.97316 1.1881 22 0.20694 0.35672 0.51881 0.62702 0.72779 0.85370 0.94530 1.1515 23 0.20223 0.34843 0.50634 0.61156 0.70934 Ö.83122 0.91968 1 1132 24 0.19783 0.34070 0.49476 0.59718 0.69221 0.81040 0.89605 1.0874 25 0.19370 0.33344 0.48391 0.58376 0.67628 0.79108 0.87412 1t0592 26 0.18983 0.32664 I 0.47374 0.57120 0.66137 0.77309 0.85374 1#0331 27 0.18618 0.32023 0.46421 0.55943 0.64743 0.75627 0.83471 1 0089 28 0.18273 0.31422 0.45523 0.54837 0.63432 0.74050 0.81089 0.98619 2H 0.17946 0.30852 1 0.44673 0.53793 0.62200 0.72568 0.80015 0 964ftt 30 

31 
0.17636 

0.17342 
0.30310 

0.29797 
0.43870 
0 4*3111 

0.52807 0.61033 0.71170 0.78441 0.94475 

41 0.15033 0.25781 0.37191 0.44639 
0.59934 

0.51436 
0.69850 

0.59733 

0.76957 

0.65623 
0.92608 
0 7ft49ft 61 0.12288 0.21033 0.30252 0.3622C 0.41630 0.48170 0.52775 121 0.08698 0.14861 0.21312 0.25455 0.29183 0.33651 0.36768 0 00 0 0 0 0 0 0 0 _ _o__J 

Note: Tabulated value x standard deviation = confidence intervals 
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TABLE C 

Confidence Intervals for Standard Deviations in Standard Deviations 

i abuiated value = 2 t(e3 >2) 

n 0.50 1 0.75 0.90 0.95 0.975 0.90 0.995 0.999 
"1 

2 1.50 3.62 9.47 19.1 38.2 95.5 191 955 
3 

4 

0.653 

0.646 

1.68 

1.20 

I 3.05 4.50 6.48 10.4 14.7 33.0 
1.99 2.69 3.53 4.93 6.30 10.9 

5 0.527 0.976 1.55 2.02 2.54 3.34 4.06 6.25 
6 0.470 0.842 1.30 1.66 2.05 2.61 3.09 4.44 
7 0.422 0.748 1.14 1.44 1.74 2.18 2.54 3.50 
8 0.386 0.681 1.03 1.28 1.54 1.90 2.19 2.93 
0 1 C.359 0.630 0.944 1.17 1.40 1.70 1.95 2.56 

10 

11 

0.335 0.586 0.874 1.08 1.28 1.55 1.75 2.28 
0.316 0.552 0.818 1.01 1.19 1.45 1.62 2.07 

12 0.301 0.524 0.77b 0.950 1.12 1.34 1.51 1.92 
13 0.287 0.498 0.735 0.898 1.06 1.26 1.41 1.78 
14 0.274 0.476 0.701 0.855 1.00 1.19 1.33 1.67 
15 0.264 0.458 0.672 0.818 0.957 1.14 1.27 1.58 
1Ü 0.254 0.440 0.644 0.784 0.915 1.08 1.21 1.50 
17 0.246 0.415 0.622 0,755 0.380 1.04 1.16 1.43 
18 0.237 0.410 0.600 0.727 0.847 1.00 1.11 1.37 
19 0.231 0.399 0.582 0.705 0.820 0.965 1.07 1.32 
20 0.224 0.387 0.564 0.683 0.794 0.934 1.04 1.27 
21 0.218 0.376 0.548 0.662 0.770 0.904 1.00 1.22 
22 0.213 0.368 0.535 0.846 0.750 0.880 0.974 1.19 
23 0.208 0.359 0.522 0.630 0.731 0.857 0.948 1.15 
24 0.204 0.351 0.510 0.615 0.713 0.835 0.923 1.12 
25 0.199 0.343 0.498 0.600 0.695 0.813 0.899 1.09 

Note: Tabulated value * standard deviation = confidence interval. 
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TABLE D 
Confidence Limits and Intervals for Standard Deviations 

Tabulated limits = -x2 iciijuiaiea limits = y/n 
1 

n 

0.50 

Lower 
Limit 

0.50 

Upper 
Limit 

0.50 
Interval 

0.80 
Lower 
LimH 

0.80 

Upper 
Limit 

0.90 

Interval 

0.90 

Lower 
Limit 

0.90 

Upper 
Limit 

0.90 
Interval 

2 1.229 4.439 3.210 0.859 11.2 10.3 0.722 22.6 21.9 
3 
4 

1.040 2.283 1.243 0.807 3.77 2.96 0.708 5.40 4.69 
0.9867 1.816 0.829 0.800 2.62 1.82 0.715 3.37 2.65 

5 0.9636 1.613 0.649 0.802 2.17 1.37 0.726 2.65 1.92 
6 0.9516 1.498 0.546 0.806 1.931 1.125 0.735 2.28 1.54 
7 0.9446 1.423 0.478 0.813 1.785 0.973 0.745 2.07 1.32 
8 0.9409 1.371 0.430 0.817 1.682 0.865 0.753 1.92 1.17 
9 0.9384 1.332 0.394 0.819 1.604 0.785 0.762 1.82 1.06 

10 0.9370 1.302 0.365 0.825 1.548 0.723 0.769 1.73 0.96 
11 0.9362 1.278 0.342 0.829 1.503 0.674 0.775 1.67 0.89 
12 0.9359 1.258 0.322 0.833 1.466 0.633 0.780 1.62 0.84 1 9 

L *“ 0.9356 1 1.241 0.305 0.838 1.436 0.598 0.787 1.58 0.79 
14 0.9360 1.227 0.291 0.841 1.410 0.569 0.791 1.54 0.75 
15 ,0.9360 1.214 0.278 0.843 1.387 0.544 0.796 1.51 0.71 
16 0.9363 F 1.204 0.268 0.847 1.368 0.521 0.800 1.48 0.68 
17 0.9368 1.195 0.258 0.850 1.351 0.501 0.804 1.46 0.66 
18 0.9373 1.186 0.249 0.852 1.335 0.483 0.808 1.44 0.63 
19 0.9379 1.178 0.240 0.855 1.320 0.465 0.811 1.42 0.61 
20 0.9386 h 1.172 0.233 0.857 1.307 0.450 0.815 1.41 0.59 
21 0.9387 1.166 0,227 0.860 1.301 0.441 0.818 1.39 0.5V 
22 0.9394 1.160 0.221 0.862 1.291 0.429 0.820 1.38 _0.56 

0.55" 
23 0.9398 1.155 0.215 0.864 1.282 0.418 0.824 1.37 
24 0.9404 1.150 0.210 0.866 1.273 0.407 0.826 1.35 0.52 
25 0.9409 1.146 0.205 0.868 1.262 0.394 0.829 1.35 0.52 
26 0.9413 1.142 0.201 0.869 1.255 0.386 0.830 1.34 0.51 
27 0.9419 1.138 0.196 0.871 1.249 0.378 0.833 1.32 0.49 
28 0.9423 1.135 0.193 0.874 1.244 0.370 0.836 1.31 0.47 
29 0.9429 1.131 0.188 0.675 1.239 0.364 0.838 1.31 0.47 
30 0.9433 1.128 0.185 0.876 1.231 0.355 0.839 1.30 0.46 
31 0.9438 1.125 0.181 0.877 1.227 0.350 0.841 1.29 0.45 
41 0.9479 1.103 0.155 0.8896 1.188 0.298 0.8575 1.244 0.386 
51 0.9515 1.089 0.137 0.8985 1.163 0.265 0.8692 1.211 0.341 
61 0.9543 1.080 0.126 0.9055 1.146 0.240 0.8783 1.188 0.310 
71 0.9567 1.073 0.116 0.9111 1.133 0.222 0.8856 1.171 0.285 
81 0.9586 1.067 0.108 0.9158 1.122 0.207 0.8916 1.158 0.266 
9! 0.9609 1.062 0.101 0.9196 1.114 0.195 0.8970 1.147 0.250 

101 i 0.9622 1.059 1 0.097 0.9232 1.107 0.184 0.9014 1.138 0.237 

‘sote. Tabulated limit x standard deviation = confidence limit. 
Tabulated interval x standard deviation = confidence interval. 
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TABLE E - Continued 
Confidence Limits and Intervals for Standard Deviations 

n 

0.950 
Lower 
Limit 

0.950 
Upper 
Limit 

1- 

0.950 
Interval 

0.980 
Lower 
Limit 

0.980 
Upper 
Limit 

0.980 
Interval 

0.990 
Lower 
Limit 

0.990 
Upper 
Limit 

0.990 
Interval 

2 0.631 45.1 -)- 44.5 0.549 112.9 112.4 0.504 225.6 225 
3 0.638 7.70 7.06 0.571 12.2 11.6 0.532 17.3 16.8 
4 0.654 4.30 3.65 0,.595 5.90 5.30 0.559 7.47 6.91 
5 0.671 3.21 2.54 0.613 4.10 3.49 0.579 4.91 4.33 
6 0.685 2.69 2.00 0.630 3.30 2.67 0.599 3.82 3.22 
l 10.697 2.38 1.68 0.646 2.83 2.19 0.616 3.22 2.60 
8 0.707 2.18 1.47 0.658 2.54 1.88 0.628 2.84 2.21 
9 0.717 2.03 1.31 0.669 2.34 1.67 0.640 2.59 1.95 

10 0.725 1.92 1.19 0.679 2.19 1.51 0.651 2.40 1.75 
0.733 1.84 1.11 0.689 2.07 1.38 0.661 2.26 1.60 12 J————. 0.740 1.77 

h—- 1.03 0.697 1.98 1.28 0.669 2.15 1.48 13 0.747 1.72 0.97 0.704 1.91 1.21 0.678 2.06 1.38 
14 0.753 1.67 0.92 0.711 1.846 1.135 0.686 1.98 1.29 15 0.758 1.63 0.87 0.718 1.794 1.076 0.692 1.92 1.23 16 0.763 1.60 0.84 6.723 1.750 1.027 0.S99 1.865 1.166 

I 17 0.768 1.569 0.801 0.729 1.711 0.982 0.704 1.820 1 11 A 
_18 0.772 1.543 0.771 0.734 1.676 0.942 0.710 1.777 1.067 19 0.777 1.519 0.742 0.739 1.646 0.907 0.715 1.742 1.027 20 0.780 1.498 0.718 0.744 1.618 0.874 0.720 1.710 0.990 21 0.784 1.480 0.696 0.747 1.594 0.847 0.724 1.681 0.957 22 0.787 1.462 0.675 0.752 1.572 0.820 0.729 1.655 0.926 23 0.791 1.446 0.655 0.756 1.553 0.797 0.733 1.632 0*899 24 0.794 1.432 0.638 0.760 1.535 0.775 0.737 1.610 0 873 25 0.797 1.419 0.622 0.762 1.515 0.753 0.740 1.590 0.850 2G 0.800 1.409 0.609 0.766 1.504 0.738 0.746 1.573 0.827 27 0.803 1.398 0.595 0.769 1.488 0.719 0.748 1.552 0.804 28 0.805 1.385 0.580 0.772 1.473 0.701 0.751 1.541 0 790 

29 0.807 1.376 ] 0.569 0.775 1.460 0.685 0.754 1.523 0 769 30 0.810 1.369 1 0.559 0.778 1.448 0.670 0.757 1.513 0.756 31 0.812 1.358 0.546 0.780 1.437 0.657 0.760 1.498 0.738 41 0.8312 1.296 0.465 0.8023 1.360 0.558 0.784 1.407 0*623 51 0.8450 1.255 0.410 0.8184 1.310 0.492 0.801 1.950 n Ran 
61 0.8557 1,227 ^ 0.371 0.8308 1.276 0.445 0.614 1.310 () 49Q 
71 0.8644 1.207 0.343 0.8409 1.250 0.409 0.825 1.281 0 456 ' 81 0.8717 1.190 0.318 0.8493 1.230 0.381 0.835 1.258 0 4?3 
91 0.8778 1.177 0.299 0.8563 1.214 0.358 0.842 1.240 0.398 101 0.8828 1.167 0.284 0.8624 1.201 0.339 0.849 1.225 0.376 

Note: Tabulated limit x standard deviation = confidence limit. 
Tabulated interval < standard deviation = confidence interval. 
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TABLE E 

Confidence Intervals for Ranges (in S) 

Tabulated values = 2t((i3 d,) 

II 0.50 0.75 0.90 0.95 1 0.975 0.990 0.995 0.999 

2 1.51 
-j- 

f 3.65 9.54 19.2 38.4 96.2 193 962 
3 0.856 

J- _ 1.58 3.06 4.52 6.50 10.4 14.8 33.2 
4 0.654 1.21 2.02 2.72 3.58 5.00 6.38 11.1 
fi 

-.-,--- 0.550 0.998 1.58 2.06 2.60 3.42 4.16 6.40 
6 0.486 0.870 1.35 1.72 2.12 2.70 3.20 * CO 
7 0.442 0.784 i. 19 1.51 1.83 2.28 2.66 3.68 
8 0.410 0.722 1.09 1.36 1.64 2.02 2.32 3.12 
9 0.384 0.674 1.01 1.25 1.50 1.83 2.08 2.74 

10 0.364 0.636 0.950 1.17 1.39 1.68 1.91 2.48 
11 0.348 0.606 0.900 1.11 1.31 1.57 1.78 2.28 
12 0.334 0.580 0.858 1.05 1.24 1.48 1.67 2.12 
13 0.322 0.558 0.822 1.01 1.18 1.41 1.58 1.99 
14 0.310 0.538 0.792 0.966 1.13 1.35 1.51 1.89 
15 0.302 0.522 C.766 0.932 1.09 1.29 1.45 1.80 
10 0.294 0.5C8 0.744 0.9C4 1.06 1.25 1.39 1.73 
17 0.286 0.494 0.724 0.878 1.02 1.21 1.35 1.66 
18 0.280 0.482 0.706 0.856 0.996 1.17 1.31 1.61 
19 0.274 0.472 0.690 0.834 0.972 1.14 1.27 1.56 
20 0.268 0.464 0.672 0.818 0.950 1.12 1.24 1.52 
21 0.264 0.454 0.660 0.800 0.928 1.09 1.21 1.48 
22 0.258 0.446 0.648 0.784 0.910 1.07 1.18 1.44 
23 0.254 0.438 0.638 0.770 0.892 1.05 1.16 1.41 
24 0.250 0.432 0.626 0.756 0.876 1.03 1.13 1.38 
25 0.248 0.426 0.618 C.744 0.862 1.01 1.11 1.35 

Note: Tabulated value» * range - confidence intervals. 
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TABLF F 

Confidence Intervals for Ranges in Standard Deviations 

f- -,- - * 1 113 

n 0.50 0.75 0.90 0.95 0.975 0.990 0.995 0.999 

2 1.71 4.12 10.8 21.6 43.4 109 217.2 1090 
3 1.45 2.85 5.18 7.64 11.0 17.6 25.0 56.2 
4 1.35 2.50 4.14 5.60 7.36 10.3 13.12 22.8 
5 1.28 2.32 3.68 4.80 6.04 7.96 9.68 14.88 
6 1.23 2.21 3.42 4.36 5.36 6.84 8.10 11.64 
7 1.20 2.12 3.24 4.08 4.94 6.18 7.20 9.92 
8 1.17 2.06 3.10 3.88 4.66 5.74 6.60 8.86 
9 l.M 2.00 3.00 3.72 4.44 5.42 6.20 8.14 

10 1.12 1.96 2.92 3.62 4.28 5.18 5.88 7.62 
11 1.10 1.92 2.86 3.50 4.14 4.98 5.64 7.22 
12 1.09 1.89 2.80 3.42 4.04 4.84 5.44 6.90 
13 1.07 1.86 2.74 3.36 3.94 4.70 5.28 6.64 
14 1.06 1.84 2.70 3.30 3.86 4.60 5.14 6.44 
15 1.05 1.81 2.66 3.24 3.78 4.50 5.02 6.26 
16 1.04 1.79 2.62 3.20 3.72 4.42 4.92 6.10 
17 1.03 1.77 2.60 3.16 3.68 4.34 4.84 5.96 
18 1.02 1.76 2.56 3.12 3.62 4.28 4.76 5.86 
19 1.01 1.74 2.54 3.08 3.58 4.22 4.68 5.74 
20 1.00 1.73 2.52 3.06 3.54 4.18 4.62 5.66 
21 0.994 1.72 2.50 3.02 3.50 4.12 4.56 5.58 
22 0.988 1.70 2.48 3.00 3.48 4.08 4.52 5.50 

0.982 1.69 2.46 2.96 3.44 4.04 4.46 5.44 
1 24 
i- 0976 1.68 2.44 2.94 3.42 4.00 4.42 5.36 r 25 0.972 1.67 

ci 1 2.92 3.40 3.96 4.33 5.32 

Note: Tabulated value x standard deviation = confidence interval 
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TADLE G 
Probability Limits tor Range 

Tabulated values = iv Hj 

n 0.001 0.005 0.010 
J 

0.025 0.050 0.950 0.975 0.990 0.995 0.999 

2 0 0.0089 0.018 0.035 0.080 2.46 2.81 3.23 3.52 4.12 

3 0.035 0.077 0.11 0.18 0.25 1.96 2.17 2.43 2.61 2.99 

4 0.097 0.17 0.21 0.29 0.37 1.76 1.93 2.14 2.28 2.58 

5 0.1G 0.24 0.28 0.37 0.443 1.66 1.81 1.98 2.10 2.36 

6 

7 

0.21 

0.26 

0.30 

0.24 

0.34 0.418 0.493 1.59 1.72 1.88 1.98 2.22 

0.388 0.462 0.532 1.54 1.66 1.80 1.90 2.12 

8 0.29 0.379 0.421 0.495 0.562 1.51 1.62 1.75 1.85 2.04 

9 0.32 0.407 0.451 0.522 0.586 1.48 1.58 1.71 1.80 1.99 

10 0.351 0.432 0.478 0.542 0.604 1.45 1.56 1.68 1.76 1.94 

11 0.378 0.457 0.498 0.561 0.621 1.43 1.53 1.65 1.73 1.90 

12 0.399 0.476 U.i>16 0.577 C.635 1.42 1.51 1.62 1.70 1.87 

Note: loUilated values < range = confidence limits. 
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THE COUPLED-COMPRESSION ISOLATOR FOR 
SHOCK AND VIBRATION1 

K. D. Hawkins 
Sperry Gyroscope Company 

Great Neck, New York 

An experimental design for an isolator, culled a coupled-compression 
isolator, lias been developed This paper describes the design and pre¬ 
sents results for two isolator«: one intended for wide-range attenuation 
of aircraft vibration and the other for protection of shipboard equipment 
from hifch-impact shock. 

INTRODUCTION 

Isolators are essential to the reliable 
performance of military vehicles and weapons 
systems. Yet isolators are an unwanted 
necessity. They take space and add weight, 
require special design considerations and, 
in some cases, worsen lhe effect of the envi¬ 
ronment on the equipment. Some of the dis- 
advantages, common to most isolators, have 
been largely overcome by an experimental 
design developed by this Company. This new 
type of isolator is called the Coupled- 
Compression Isolator. The design is capable 
of meeting a wide range of isolator applica¬ 
tions. In this paper, description and results 
are presented for the coupled-compression 
isolator designed for wide-range attenuation 
of aircraft vibration and another designed for 
protection of shipboard equipment from high- 
impact shock. 

DESCRIPTION 

In its elemental form, the isolator con¬ 
sists of a pad of resilient material, four metal 
plates, and straps or cables, connecting the 
assembly. Figures 1 and 2 provide a good 
picture of how the assembly is put together. 
The dimensions of the isolator depend on the 
environments, the load, and the function to be 
Performed. For performance equivalent to 
conventional isolators it might be one third 

Fig. 1 - The coupled-compreBHion isolator 

or less in height, although possibly cover¬ 
ing more area. 

The characteristics of the resilient pad 
and the connecting straps are important. 
These determine completely the performance 
of the isolator. In all experimental designs 
tested to date, the resilient pad has been a 
molded rubber pad of cellular construction, 
called a buckling pad. The buckling pad pos¬ 
sesses unique nonlinear spring properties in 
compression which make it particularly ver¬ 
satile lor use as an isolation medium. The 
buckling pad, initially still in compression, 
gets softer as the walls begin to buckle. How 
this characteristic is used to advantage will 
be shown later. The straps of the isolator are 
of primary importance because they hold the 
mount together and thus secure the equipment. 
They must be very strong in tension and yet 
be able to buckle freely in compression. 

'•‘This paper was nut presented at the Symposium. 
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multi-ply coated 
SYNTHETIC FABRIC STRAP 

Fig. Z - Cutaway view showing interior construction 
of the coupled-coimression isolator 

Coated synthetic-fiber fabrics are able to meet 
most, or all, requirements for strap material. 
The straps also influence the directional prop¬ 
erties of the isolator and the orientation of the 
tension fibers is sometimes important. 

OPERATION 

The coupled-compression isolator is 
designed so that, regardless of the direction 
of the applied load, the resilient pad will be 
compressed. The action of the isolator is 
illustrated in Fig. 3. Under compression the 
straps buckle allowing unrestrained compres¬ 
sion of tlie pad. Under tension the straps go 
into tension, and with a coupling action cause 
pad compression. Under shear loads, the 
straps go into diagonal tension, again causing 

pad compression. The compressive elastic 
properties of the pad provide the restoring 
force for all directions of loading. Thus, a 
single thickness of pad serves for tension, 
compression, and shear loads but is itself 
always compressed. Conventional isolator 
designs which are self-capturing require sep¬ 
arate pads for tension, compression, and 
shear loads plus clearance space. A compar¬ 
ison of a conventional cup-type vibration 
mount with an equivalent coupled-compression 
isolator is shown in Fig. 4. 

The action of the straps and pad, a* large 
amplitudes, is inherently nonlinear mid is 
accompanied by considerable energy loss. As 
a result, maximum vibration transmissibilities 
at resonance range between 2 and 5, and 
shock energy is attenuated in an optimum 

SHEAR LOAD 

Fig. 3 - Action of the coupled- 
compression i-oIator under lead 
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Fig. 4 - Size comparison of .coupled-compression 
isolator with conventional elastomer mount 

manner. Attenuation of vibration is equal 
to that obtained with the best conventional 
isolators. 

The performance under shock and vibra¬ 
tion is largely determined by the characteris¬ 
tics of the buckling pad. The buckling pad has 
been made in a variety of sizes, thicknesses, 
and cell configurations to meet different 
requirements. All the pads, however, have 
the same property of developing a lower 
spring constant when compressed. The load- 
deflection curve shown in Fig. 5 is typical. 
The nonlinearity and hysteresis, shown by the 
curve, result in low magnification at reso¬ 
nance and excellent absorption of energy. The 
best wide-range vibration attenuation is 
achieved when the pad is statically loaded by 
gravity or precompression, so that its normal 
position is one of partial buckling. This 
desired preload is automatically maintained 
by the coupled-compression isolator, regard¬ 
less of orientation in the gravity field. 

For installations requiring precise 
returnability, such as inertial systems or 
shock protection where low-frequency vibra¬ 
tion isolation is not important, the buckling 
pad would not be precompressed to partial 
buckling but would normally remain in the 
stiffer, initial position. For shipboard shock 
protection, this initial stiffness would readily 
provide mounting frequencies above propeller 
excited frequencies, but shock loads would 
cause soft protective-buckling action. Yield¬ 
ing metal braces have been used to obtain 
similar shock protection, but such designs are 
not good for repeated shocks; and they are 
bulkier and more directional. 

ADVANTAGES 

In the foregoing discussion, several unique 
advantages of the coupled-compression isola¬ 
tor have been indicated. It might be useful to 
review what these advantages are for different 

Fig. 5 - Load-deflection character- 
isticsof coupled-compression shock 
isolator, compared with equivalent 
cup-type shock mount 

applications. For aircraft and missile instal¬ 
lations, large savings in space and weight are 
possible. One ounce of isolator weight per 20 
pounds of equipment is practical. The clear¬ 
ance between the isolated equipment and the 
support structure need be only a fraction of 
what is usually required for mounts. For 
MIL-F-52720 vibration environment, a 3/8- 
incii clearance would be sufficient for all sizes 
of equipment. Heavy equipment would nor¬ 
mally require more mounting area than light 
equipment, but additional area is likely to be 
available on heavy equipment. In some appli¬ 
cations, this new design will require more 
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m¡2tÍnB area than convel‘tional mounts. This 
benefit/arè obhTia ^fsaí,vantaee bu' several 
area Fir«! r°m inct'^s^ mounting 
over ihn | ; 'Wort loads are distributed 
lighter base d 6 structure Permitting a 
Sornnri wilh less reinforcing. 
die natural °l îhe äull‘)()rt raises ine natuidl frequency of the isolated structure 

developVldCS cla,npine of modes that do 

and Jl0ieMhÍPb0ard Sh0Ck I)rolection, space 
and weight are usually not critical - even so 

mo.mf0 Tmally used by conventional 
Sors_re«nn USed by couPled-compression 
(,. ,. resu bs ln a stable mounting with two 

because the S m0re protcction This is because the new isolator provides much 
greater available displacement plus the soft 

foUbe fünvCuÍeoThÍCh all0WS lhiS displacement fully used for maximum shock protection. 

anntilHaj0r^ViUltaee is the flexibility of 
tor n0'1 OÍ thS couPled-compression iso¬ 

lator. Because it is adaptable in area and 
- '.illness and does not require extra reinforce- 
men at mounting locations, it is much easier 

m¿ rñni, S’red,,''lastic centers which mini- 
modes Frúmí1 ,,ndesirable isolator nodes lor that matter, the buckling pad can 

employed by itself as an isolation cushion 

contain^"16"4 that iS normally smrounded or 

PERFORMANCE TESTS 

Development of the coupled-compression 
isolator has proceeded in the direction of two 

Onn°,r TZZ need: aircraft vibration isola ¬ 
tion and shipboard shock isolation. For air- 
craft Vibration isolation, the effort was towards 
I inn6 fav ^ Wlde-rawe vibration attenu¬ 
ation, for shipboard shock isolation, the objec¬ 
tive was better shock attenuation with no * 
greater height than standard shock mounts 
Applicable speciiicalions for the aircraft iso- 
FWf W6re ^IL'C_172n (Vibration Mounts for 
F1 sr79°r1/CirEqllipment in Aircraft) and MIL- 
E-5272C (Environmental Testing of Electronic 
Equipment). Applicable specifications for the 
shipboard isolator were MIL-M-17185 (Tests 

«71^ Ín,ShÍpboard Applications) 
ana MIL-1-17113 (Snock and Vibration Speci- 
fic at ions for Electronic Equipment). For both 
types of isolators, experimental models were 

"U. am evaluated under laboratory condi¬ 
tions comparable to those required in the 
above specifications. The results in all 
cases were highly successful. 

AIRCRAFT VIBRATION ISOLATOR 

,,i The design of the coupled-compression 
isolator for aircraft application started with 
the selection of a buckling pad. Various pads 
differ ’n*’ by i/'f-mch size were molded of 
elf e n1 !yPeS °f eIastomers mid with differ¬ 
ent cell shapes. Practical considerations 
required that only one pad be selected for 
complete testing and evaluation. A pad of Dow 

orning No. 50 silicone rubber, having 1C 
Ceft îî16 square incb' was chosen. This 
pad had the best all-around performance when 
supporting a 7-1/2-pound load. For the initial 
experimental tests, the strap material used 
was 1-inch-wide, self-adhering, silicone, 
rubber-coated, fiberglass tape which was 
readily available. Plates were 1/32-inch- 
thick aluminum. Special vibration test fix- 
ures were built to insure precise control of 

input motion over the entire test spectrum 
I1'1?,/0*™1 ‘f tinE "f one isolator at a time 
(Elf,. C). Vibration transmissibilitv was 
measured from 5 to 2000 cps at .036-inch 

h??onnanlP!ltU,d/i (5 t0 70 cps) and at 10 S (70 
fm-mf0 P® Vlbration attenuation was uni- 

nmly good tor all directions of static load¬ 
ing, tension, compression, and shear: and it 

w®r«0mnarable t0 the best conventional iso¬ 
lators Resonant frequency magnification 
varied between 3 and 5. One of the transmis- 
sibility curves is shown in Fig. 7. 

Separate vibration experiments wit; the 

operation'tnBh°mei buckl’nS pads showed their operation to be unaffected by high-altitude 
pressures equivalent to 60,000 feet or by 
extreme cold temperatures of -65°C. Normal 
operation at temperatures up to +150°C was 

!fd but Can be safely Predicted because 
mer ?,RPTnAPr?^tÍeS 0Í the Silicone elas‘°* mer used. Available strap material of syn- 

ZiTZ Z COated nylon fabric can also meet all of these environmental requirements 
a"f iiavt adequate strength for the 30-g crash 
safety shock. h 

SHIPBOARD SHOCK ISOLATOR 

, ; coupled-compression isolator for 
shipboard shock is a scaled-up version of the 
a,7raf‘ lypc A 50-pound capacity was 
selected lor experimental evaluation. The 
buckling pad, for this capacity, was 6 by 6 by 
i-1/8 inches and had 3/4-inch square cells 
Plates were 1/8 inch-thick steel and the strao 
was Permacel 161 Strapping Tape, containing* 
fiberglass tension strands. The complete 
assembly was 7-1/4 by 7-1/4 by 1-5/8 



Fig. 6 - Vibration test fixture for coupled, 
compression isolator (aircraft type) 

inches. Figure 8 shows how this experimental 
mount was assembled. 

Testing consisted of static load versus 
deflection measurements, vibration up to 55 
cps, and high-impact shock testing on the 
standard Navy High-Impact Shock Machine for 
Lightweight Equipment. For comparison pur¬ 
poses, identical tests were conducted on two 
types of cup-type shock mounts: Barry Con¬ 
trols Corp. C-2060 and NC-20SO. The latter 
uses silicone elastomer elements, and it is 
not specifically recommended for shipboard 
shock use. These mounts are 1-1/2 inches 
•iigh, they take less mounting area than the 
coupled-compression isolator and are rated 
at 50-pound load for shipboard application. 

The results of the load-deflection tests 
are shown in Fig. 5. The high initial stiffness 
and the large, soft-displacement capacity of 
the coupled-compression insulator are clearly 
shown. The cup-type mount becomes increas- 
inS y stiff and has limited capacity. 

The results of the vibration tests are 
summarized in Fig. 9. Resonur.t frequencies 
were approximately 35 cps, as planned, except 
for the coupled-compression isolator, in the 
shear direction, for which resonance occurred 
at 15 cps. This was attributed to the vertical 
orientation of the tension fibers for the strap 
material used in the experimental mount. The 
addition of diagonal tension fibers would con¬ 
siderably stiffen the mount in shear. For 
equipment employing isolators in different 
mounting planes, unequal axial and shear stiff¬ 
ness is often desirable and may actually sim¬ 
plify the pi -blem of maintaining elastic cen¬ 
ters at the center of gravity. Resonant 
frequency transmissibility was much lower for 
the coupled-compression isolator than for the 
standard cup-type shock mount. 

The instrumentation used for shock-test 
measurement is shown in Fig. 10. The load 
weight for four shock mounts was a 200-pound, 
one-inch-thick steel plate. Shock waveforms 
were measured in the center of the load plate 
and were recorded on a high-speed oscillo¬ 
graph by instruments having flat response to 
3000 cps. Comparison of peak accelerations 
for various shock amplitudes and directions 
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Hg. 9 - Vibration tianbinis'jibiiity for the 
coupled-compression shock isolator, com¬ 
pared with equivalent cup-type shock mounts 



Fig. 10 - The instrumentation used for Navy shock-test measurement 

showed the coupled-compression isolator to 
be lower in all cases by a factor of 1-1/2 to 4; 
however, a much more meaningful comparison 
was made by the use of shock spectra. The 
acceleration-time records were digitized, and 
undamped shock spectra were computed by 
electronic digital computer. The results for 
a 5-foot vertical, hammer-drop shock are 
presented in Fig. 11. The coupled-compression 
isolator has better attenuation in the lower 
frequency range by a factor of 2 or more and 
by a factor of 1-1/2 at the higher frequencies; 
the peaking up at 300 cps is due to resonance 
of the load plate. 

Greater improvement in shock attenuation 
was expected than was actually obtained. The¬ 
oretically, oecause of the softer characteris¬ 
tics and the much greater available displace¬ 
ment, the coupled-compression shock isolator 
should transmit 4 to 5 times less shock than 
the equivalent cup-type mount. An investiga¬ 
tion as to wiiy this didn't occur revealed sev¬ 
eral reasons. First, the timing of the basic 
oscillatory motion of the shock machine table 

coincided in a critical way with the natural 
oscillations of the coupled-compression iso¬ 
lator - which caused a compounding of shock 
input energy across the mount. The cup-type 
mount, having much higher natural frequency 
under shock, was not affected in this way. 
Second, the metal elements of the cup-type 
mount deformed elastically under tension 
luõulng and thuc provided additional displace¬ 
ment not initially considered. Another factor 
concerned the amplitude of the shock which 
was somewhat less severe than might be 
expected on a larger test facility, or in actual 
service. Larger shock amplitude, of course, 
would favor the coupled-compression isolator 
because of its greater displacement capacity. 

Certain improvements in the pad material 
and changes in its dimensions are expected to 
improve its shock-attenuating abilities further 
Another change would be the use of heavier 
strap material. Nonmetallic strap materials 
are available which have adequate strength 
for heavy equipment under large shock loads; 
howover, there is no reason why metal cable 
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cannot he incorporated into the strap material 
it additional strength is desired. 

CONCLUSION 

It should be emphasized that the results 
reported in this paper are for an experimental 
program to evaluate a new-type isolator, and 
additional work must be done before product 
use can be planned. Construction and evalua¬ 
tion of additional sizes, inclusion of newer 

sti ap and pad materials, and complete quali¬ 
fication testing are yet to be done. The 
success of these initial tests has been sig¬ 
nificant. The unique nonlinear properties of 
the buckling pad and the space and weight 
saying features of the coupled-compression 
action promise to advance the art o! shock 
and vibration isolation. It is hoped that 
reporting the results to date will incur crit¬ 
ical appraisal of this new isolation device 
and will be a step toward better shock and 
vibration protection in the future 

* 



1 

VIBRATION INTERACTION OF FOUNDATION 

EQUIPMENT AND PIPING 

V. H. Neubert and J. E. Cadoret 
Electric Boat Division 

General Dynamics Corporation 
Groton, Connecticut 

' °r som'' tyPes of equipment, 'he vibration coupling between various 
components may be neglected and eaclj component studied separately, 
e'ther analytically or experimentally, to determine natural frequencies 
and mode shapes. However, in many cases interaction must be consid¬ 
er.-d to determine adequately vibrational characteristics of the system. 
As an example, this paper presents the results for a typical small ship 
component in winch interaction between piping, foundation, machine, and 
mounts was investigated. In the IBM 704 solution, 132 static and 69 
dynamic degrees of freedom were considered. 

INTRODUCTION 

Shock or vibration response of various 
system subcomponents is often predicted by 
experimental or theoretical studies of indi¬ 
vidual components. In many cases this is 
justified. In other instances, it is necessary 
to consider the entire system in order to pre¬ 
dict vibratory behavior of any part of the sys¬ 
tem at the drawing board stage. Usually, it is 
quite obvious whether interaction will be 
important; however, the complexity of the 
system may make it impossible to perform a 
reliable theoretical analysis, or too costly to 
make an experimental mockup for each item 
on a ship, for example. 

When machines are sound mounted on 
foundations, vibration coupling between the 
iiiãunme and foundation is usually not impor¬ 
tant. Piping or conduits connected to the 
shock- or sound-mounted machines may have 
undesirable "shorting" effects on their 
response. A particular example is presented 
in which foundations, equipment, piping, and 
mounts were studied simultaneously to deter¬ 
mine the importance of mass and flexibility of 
the various parts of the system. 

SYSTEM STUDIED 

The system includes a small machine that 
is fairly typical of several small components 

Fig. 1 - Diagram of the system 

on suit marines (Fig. 1). The foundation is 
made of 2-inch schedule 40 piping, connected 
with solid-steel corner blocks. This founda¬ 
tion has been studied quite thoroughly pre¬ 
viously for steady-state vibration and shock 
! l!. A 3-inch pipe has been connected to the 
machine, for the purpose of this theoretical 
study only. The piping lies entirely in the 
X/ or horizontal plane. The mount stiffnesses 
used are those of a Mare Island 6E100 
resilient mount. A total of four mounts 
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were used - one connected to each corner 
of the foundation 

Four cases were investigated analytically 
and are presented in this paper. They are the 
following: 

Case A. The entire system 

Case R. The system excluding mass of 
the piping 

Case C. The system excluding mass 
and flexibility of the piping 

Case D. The entire sy stem excluding 
only the rubber mounts. (That 
is, the machine is bolted 
directly to the foundation.) 

In all cases the machine was considered 
perfectly rigid, although it was recognized that 
this assumption is justified only in the low- 
frequency range. Machine flexibilities can he 
included and they assume greater importance 
for equipment without rubber mounts. 

ANALYTICAL APPROACH 

In this relatively simple system, the 
qualitative effect of interaction on the lowest 
natural frequencies could be estimated by 
slide rule, at least for the cases where the 
mounts essentially decouple the foundation 
from the rest of the system. However, in this 
and more complex problems quantitative 
results can best be obtained from a high¬ 
speed digital computer or by experiment. 
Faith in calculated results naturally depends 
on correlation with, or direct use of, experi¬ 
mental measurements as much as possible. 

The discrete-mass method was used for 
which the computer technique has been 
described previously [2, 3|. Bending, shear, 
stretching, and torsional deformations of 
piping and structural elements were included. 
Damping was not included. Rotary inertia was 
included for the machine but not for pipe or 
foundation elements. Fourteen mass points 
were included for the foundation and seven for 
the 3-Inch pipe. 

For this problem, the flexibility or influ¬ 
ence coefficient matrix s was obtained by 
inverting a 132 by 132 static stiffness matrix. 
The dynamic matrix equations for free vibra¬ 
tions were then of the form, 

X “ — Smx . 

Since rotary inertia vas not included (except 
for the ma"hine), 69 dynamic degrees of free¬ 
dom were used for Case A. The mathematical 
model is shown in Fig. 2. The total mass of 
the machine is 326i//g which corresponds to 
6.6M on the diagram. Cther masses are also 
related to M. 

RESULTS 

Natural frequencies, mode shapes, and 
impedances were determined for the four 
cases. Natural frequencies up to 500 cps are 
tabulated. 

TABLE 1 
Natural Frequencies of System (cps) 

For cases A, B, and C inspection of the 
table as well as impedance curves (Figs. 3-7) 
reveals that the mounts effectively decouple 
the foundation from the rest of the system. 
Tiie natural frequencies, identical in each of 
these three cases, are those involving motion 
only of the foundation. The first six values 
for Case C represent rigid body motion of the 
machine on the mounts. In Case B, these val¬ 
ues are slightly higher because the stiffness 
of the piping has been included. In Case A, 
each of the sLx values is slightly lower than 
for Case B because the mass of the pipe has 
also been considered. Inspection of Figs. 3 
and 4 reveals this same trend in resonances. 
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lhe natural frequencies, labeled "(pipe)" 
m Table 1, are those which appear because 
the mass of the piping has been included in the 
calculation. These, therefore, disappear in 
Cases B and C. 

Some of the calculated mode shapes are 
shown in Figs. 8 through 13. Long dashed 
lines indicate the displacement amplitudes for 
a modal pattern. The short dashed lines, con¬ 
necting mass points, indicate the components 
of motion parallel to the coordinate axes. The 
first ni'xle for Case A (Fig. 8) indicates ver¬ 
tical motion of the machine on the mounts 
The pipe must also participate, but the founda- 
tion does not. The second mode of Case A 
(Fig 9) involves translation of the machine in 
the horizontal plane and slight twisting about 
the y-axis. The sixth mode (Case A) shows 
fi!re ro*a*‘Qn the machine about the y-axis 
(Fig. 10). The eighth mode of Case A (Fig. 11) 
indicates that the machine stands still while 
the foundation bends in the x-direction 

Only one mode, the ninth, has been plotted 
for Case C (Fig. 12). Piping is excluded for 
Case C Here the foundation twists and the 
machine on the mounts is motionless. 

In the first mode for Case D, only the pipe 
participates (Fig. 13), each mass moving in 

the vertica' direction. The dotted impedance 
curve in i .g. 4 indicates that the most signif¬ 
icant motion in the x-direction of the machine 
plus foundation occurs at 54.5 cps. At low 
frequencies, the impedance curve approaches 
a stiffness line which is primarily that of the 
foundation legs as clamped-clamped beams. 

Point impedances for the center-of- 
gravity of the machine in the vertical direction 
are shown in Figs. 5 and 6. Mount effective¬ 
ness is shown for Cases A through D, in that 
the impedance curve approaches the mass 
line of the machine. For Case D, the stiffness 
line (Fig. 6) is that of the stretching or axial 
distortion of the legs of the foundation. In an 
actual case, the machine and bedplate mass 
and elastic properties would greatly reduce 
Fils impedance. 

Since damping was not included, the 
impedances at resonances would be zero, and 
at antiresonances, infinite. For this presen¬ 
tation, these values have been arbitrarily cut 
off rather than continued as straight vertical 
lines off the graphs. 

EXFEPJMENTAL CONFIRMATION 

This study was primarily a computer 
exercise. In a separate study using the same 
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Fig. 9 - Second mode Í9.7 cps), Case A 
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Fig. 11 - Eighth mode (114.2 cps), Case A 
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STIFF MOUNTS 

Fig. 13 - First mode (43.8 cps), Case D 

foundation, the decoupling due to resilient 
mounts was demonstrated [4] experimentally 
for a situation similar to Case C. It was 
siiown that ihe measured point impedance was 
almost identical with that of the bare founda¬ 
tion. Experimental and analytical studies of 
the impedance properties of the foundation, 
such as given in Fig. 7 for Case A, are also 
reported elsewhere [2l, and the agreement is 
excellent. The machine and pipe combination 
used here is a hypothetical one which has not 
been studied experimentally. 

SUMMARY AND CONCLUSIONS 

Results demonstrate the importance of 
piping mass and flexibility, and machine mass 
on the frequencies, mode shapes, and imped¬ 
ances of a particular system. Machine flexi¬ 
bility should also be considered, depending on 
the frequency range of interest. 

Decoupling of the system by resilient 
mounts is demonstrated. This as well as the 
appearance of the mode involving stretching 

of the foundation legs is felt to be a demon¬ 
stration of accuracy of computer approach 
used. 

Impedance curves indicate the ratio of 
force to resulting velocity at ihe same point. 
Transfer impedance can also be obtained and 
used to relate the velocity at a point to a driv¬ 
ing force at another point. 

Structural damping has not been included. 
For shock response, the amount of damping 
neglected would not have a significant effect 
on maximum stresses. Obviously, for steady- 
state problems a small amount of damping will 
be quite significant near resonant frequencies. 
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Section 4 

ACOUSTIC ENVIRONMENTS 

ACOUSTIC PROBLEMS ASSOCIATED WITH UNDERGROUND LAUNCHING 
OF A LARGE MISSILE 

H. N. McGregor, et al* 
The Martin Company, 

Denver, Colorado 

Acousllc problems associated with the underground launchine of a 
^ ^ mlS8Úe were investigated by high-intensity, random-noist testine 

^ r°mPOnentS and !tructures- A high-intensity, randóm-no^ 

the reductiotTof thenâcoUCíd ÍOr thlS purj,ose- Ac°U8tic treatments for 
were funct^onallv test'd" «"vironment were evaluated. Components 
levels from UO to 168 dh" chamber at over-all random 
tveis rom no to 168 db. Structural segments were tested under sim- 

_ tt,d lAuncl1 loads at random levels from 157 to 166 db. 

INTRODUCTION 

Two of the important tactical require¬ 
ments of an ICBM weapon systems are a min¬ 
imum reaction time and protection against 
nuclear bombardment. To achieve this twofold 
tactical requirement, hardened underground 
silos containing missiles in the ready-to- 
launch condition will be employed for certain 
ICBM's. Underground launching causes the 
missile to be subjected to severe acoustic and 
and acoustically induced vibration environ¬ 
ments because of the confinement of the acous¬ 
tic energy within the silo launch and exhaust 
ducts. 

Martin-Denver has completed studies and 
tests with the following objectives: Obtaining 
information for the prediction of the in-silo 
launch acoustic and vibration environments- 
determining the functional and structural ’ 
responses of missile components and 

structures to simulated acoustic environments: 
and of evaluating selected acoustic treatments 
for use in the silo launch duct to reduce the 
acoustic environment to levels compatible 
with missile components and structures. 

To achieve these objectives the program 
was divided into four test phases as follows: 
Vibration and acoustic measurements obtained 
during aboveground captive missile firings; 
localized high random acoustic testing of 
selected missile structural segments; high- 
level random acoustic testing of certain mis¬ 
sile components; measurement of the acoustic 
performance of launch duct acoustic treat¬ 
ments. 

Since there were four distinct test ohases 
and a facility development phase to the over¬ 
all program, this paper has been prepared in 
five sections and the appropriate credit is 
given with each section. 

«This paper contains several sections. Appropriate credits are given with each section, 
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Fig. 1 . Acoustic facility 

ACOUSTIC SOURCES AND 
TEST FACILITY* 

In order to meet the required objectives 
of the program, an acoustic facility with high- 
intensity random and sinusoidal acoustic 
sources incorporated was built at the Martin- 
Denver plant. An over-all view of the facility 
is shown in Fig. 1. 

The anticipated silo acoustic environment 
dictated the performance requirements for the 
random noise source. Specifically the source 
was to be capable of producing sound pressure 
levels up to approximately 170 dbt over a 3- 
by 3-foot section of missile structure and in a 
74-cubic foot reverberation chamber. 

Various methods of producing high- 
intensity random acoustic energy were inves¬ 
tigated, taking into account cost, reliability, 
conversion efficiency, frequency response, 
and the acoustic energy per unit surface area 
of the transducer. The latter becomes quite 
significant when the amount of acoustic energy 
that must be concentrated over a 9-square foot 
area is considered. 

Based on these factors, the method of 
generating random noise with a multiple 
disc siren as established at the Wright Air 

‘^Prepared by H. N. McGregor. 
'Reference level 0.0002 dynes per square 
centimeter. 

Development Center [l] was selected for the 
noise source. An acoustic source based on 
this concept was designed and built. 

The siren consists of four concentric 
counter-rotating discs with randomly posi¬ 
tioned ports contained in a cylindrical cast- 
aluminum housing (Fig. 2). The rotors are 
driven circumferentially by standard size "V" 
belts from four electric motors. The first 
prototype unit built employed variable speed 
motors to establish optimum rotor speed 
ratios relative to sound pressure level and 
spectrum shape. The random siren is coupled 
to an exponential horn with a theoretical cutoff 
frequency of 22 cps. The horn is of heavy 
laminated glass cloth and honeycomb sandwich 
construction to provide fatigue strength and 
damping. 

A narrow-band analysis (5 cps) shows the 
presence of irregularities in the spectrum. 
Although these irregularities present problems 
in the analysis of test data, the spectrum 
shape was adequate for proof testing of com¬ 
ponents and structures. To improve the spec¬ 
trum shape, two sirens were connected in 
parallel (Fig. 3). Rotor speeds of the two 
sirens were adjusted so that the summation of 
the output of the sirens produced a smooth 
spectrum. A narrow-band analysis of the 
single and parallel siren arrangement is 
shown in Fig. 4. Sound pressure level meas¬ 
ured at the mouth of the horn radiating into 
free space for the single and parallel siren 
arrangement as a function of inlet air pressure 
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f ig. ¿ - Random siren 

Fig. 3 - Parallel sirens 

is shown in Fig. 5. Also shown in Fig. 5 are 
the sound pressure levels measured in the 
reverberation chamber and near the surface 
of a missile structure. 

In addition to the random acoustic source 
a sinusoidal source was required with the 
ability to produce sound pressure levels of 
160 db from 30 to 1000 cps over a 55-ft2 area. 
This was achieved by constructing a high- 
pressure sinusoidal siren (Fig. 6), employing 
components from the random siren, where 
possible. 

The 20-port rotor of the siren is belt 
driven by a variable-speed, JG-hp, dc motor. 
Pulley ratios ar» changed to allow operation 
over the frequency range from 20 to 1000 cps 

Fig. 7 

Compressed air to operate the random 
and the sinusoidal sirens is obtained from an 
iUhson TE-1 ermpressor unit which consists 
of two T-56 turboprop engines, geared together 
and coupled to a modified compressor section 
from a T-56 engine. Compressor performance 
curves for various temperatures, at the facil¬ 
ity elevation of 6000 feet above sea level are 
shown in Fig. ö. 

Acquisition and measurement equipment 
located in the instrumentation and control 
building provides a centralized integrated 
instrumentation system for the recording and 
analysis of acoustic, vibration, strain, and 
temperature data. 
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Fig. 4 - Narrow-band analysis 

Fig. 5 - liandom siren performance 
(single and parallel arrangement) 
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Fig. 6 - Sinusoidal siren 
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Fig. 7 - Sinusoidal siren performance 
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Fig. 8 - Compressor performance curves 

ACOUSTIC TEST OF STRUCTURES' 

In order to establish the probability of 
acoustically induced fatigue failure of the 
missile structure during the in-silo launch, 
segments of the missile structure were tested 
with localized high level random acoustic 
excitation [2]. Simulated launch loads were 
applied to the segment with a hydraulically 
operated loading fixture (Fig. 9). Normal 
incidence was employed for these tests. Pre¬ 
liminary studies and limited testing indicated 
that the areas on the missile most susceptible 
to acoustically induced fatigue would be the 
sections not containing propellants. Such sec¬ 
tions, typically, are constructed of ring 
frames, stringers, and riveted skin; in con¬ 
trast, the propellant tanks are made from 
chemically etched continuous structures with 
a minimum of stress risers. 

Seven structural segments were tested at 
sound pressure levels from 157 to 167 db for 
a period of 10 minutes per specimen. Of the 
seven specimens tested, three experienced 
failure. A typical failure is shown in Fig. 10. 

In most cases the failure originated in the 
foi'Tn of a "hairline crack" at the junction of 
the skin panel and stringer. This crack then 
propagated parallel to the stringer for several 

Prepared by D. Dinicola and H. Williamson 

inches and cither terminated or was deflected 
towards the central area of the panei In one 
instance the ring frames were damaged at the 
junction of the ring frame and stringer. 

Structural modilications were made to the 
structure to increase its resistance to acous¬ 
tically induced fatigue and to enable it to with¬ 
stand a transient overpressure occurring in 
the silo during engine start-up. To meet the 
structural requirements imposed by the over¬ 
pressure pulse, additional ring frames were 
added to the structure. The original long 
unsupported skin panel bays were broken up 
into smaller panels by the installation of a 
spacer element between the ring frame and 
skin panel. 

The segment which exhibited the shortest 
time to failure was modified and retested. 
This segment was the conically shaped transi¬ 
tion section located between the first and sec¬ 
ond stages of the missile. Extensive tests 
were performed [3] to determine the vibration 
response of the structure to acoustic excita¬ 
tion and its ability to withstand the anticipated 
silo acoustic environment. A vibration survey 
was conducted to determine the major reso¬ 
nant frequencies and mode shapes of the 
structure under simulated launch loads; this 
was accomplished by applying a constant (25 
pounds) sinusoidal force input at the junction 
of a ring frame and stringer and measuring 
the acceleration response at the driven point 
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Fig. 9 - Loading fixture 
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Fig. U - Driving point impedance 

and at several other points on the structure 
Driving point impedance as a function of fre¬ 
quency was computed and is shown in Fig. 11. 

«V . /( e s'gtli^icanct: oi the localized acoustic 
excitation used for these tests had to be deter 

whf/h/1? r.el.at,i0n to the actual environment in 
which the total surface of the missile is 
excited. The interpretation of high-level, 
localized, acoustic excitation tests depends 
upon the knowledge oi the dynamic properties 
oi‘he "i188*1,6 stl"-cture and the acoustic field 
within the silo. Although the dynamic proper¬ 
ties of the structure can be experimentally 
measured and (within a limited frequency " 
range) computed, establishment of the spatial 
time distribution of the acoustic pressures 
upon the surface of the missile during silo 
lausch presents a difficult problem. 

The coefficient can be determined experimen¬ 
tally and can be used to express the accéléra- 
tion response of the structure to a random 
acoustic input over a broadband, or for a 
series of discrete frequency bands, depending 
upon the definition of c,,. The acceleration 
response of the structure during complete 
acoustic excitation as would occur in the silo 
can be represented as follows: 

A, = pjatl ♦ pjaij ♦ ♦ pnain 

where 

Ä, = sum total of all acceleration 
responses occurring at Section 1 

Pn * acoustic excitation over Section n 

The following analysis was applied in an 
attempt to correlate the results of localized 
acoustic tests and to predict the probability i 
structural failure during silo launch. The 
response of the structure to localized acoust 
excitation, assuming a linear system, can be 
represented as follows: 

where 

A, = P,au 

ain = coefficient relating acoustic exci¬ 
tation at Section n to response at 
Section 1. 

This technique can be used to predict the 
response of the structure in the silo environ¬ 
ment with reference to the response measure- 
ments made during localized excitation tests 
if the following assumptions are made: 

1. The acoustic field is random and 
uncorrelated. 

*1 - acceleration response at section of 
excitation 

pi "■ localized acoustic excitation 

“u = coefficient relating acoustic exci¬ 
tation and acceleration response. 

2. The coefficients, a,,, a,., . . . , a 

are approximately equal due to the "" 
symmetry of the structure. 

3. The coefficients relating the response 
at a given section to the acoustic exci¬ 
tation at another section, and con¬ 
versely, are equal, i.e.; a =, a 

nni mr, * 
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4. The root-mean-square acceleration 
response at a given section is the root- 
mean-square summation of the individ¬ 
ual contributions from all the sections. 

Thus, 

where 

K = number of equal area sections on the 
surface of test specimen. 

i'he difference in acceleration response 
between localized and complete excitation can 
be used to express the localized acoustic sound 
pressure level in terms of the equivalent silo 
sound pressure level. 

dl> ( local i mi test) dh (silo) 

The structure was excited with random 
acoustic excitation over a 9-square foot area 
at a sound pressure level of 136 db. This level 
was used to minimize the possibility of fatigue 
of the structure during the test. The acous¬ 
tically induced acceleration occurring on the 
remaining 9-square foot areas of the struc¬ 
tural segment was recorded on tape. A 1/3- 
octave analysis of the da r was performed and 
the average acceleration level in 1/3-octave 
bands for each of the 9-square foot areas was 
computed. Results of this test indicate 
approximately a 6-db difference in the accel¬ 
eration response between localized and com¬ 
plete acoustic excitation for the structure 
tested. 

As the final phase of this test effort, the 
structure was proof tested at 166 db with the 
static load on the structure programed to 
simulate the dynamic loads during silo launch. 
After 10 minutes of testing at this level, no 
significant failures were observed which would 
have affected the flight of the missile. 

ACOUSTIC TEST OF 
MISSILE EQUIPMENT* 

A total of 40 missile components were 
tested 141 in a random acoustic noise field at 

‘Prepared by J. M. Otera. 

test levels up to 172 db, in order to establish 
i heir acoustic threshold of malfunction or 
damage. Selection ol the components was 
based upon previous vibration test results and 
the criticality of the component function during 
silo launch. During the tests, the components 
were functionally operated, and all critical 
operational parameters were monitored or 
recorded. The components were exposed to a 
series of acoustic excitation levels in the 
reverberation chamber starting at 130 db and 
increasing in 6-db increments until the com¬ 
ponents malfunctioned, or until the limit of the 
test facility (166 db) was reached. Higher test 
levels (172 db) were achieved for small com¬ 
ponents, such as relays, which could be posi¬ 
tioned in the throat of the exponential horn, 
coupling the random noise source to the rever¬ 
beration chamber. The components were 
either mounted rigidly on an interior surface 
of the reverberation chamber or suspended 
wit!) shock cord. A typical component installed 
in the reverberation chamber is shown in 
Fig. 12. 

The ideal method would have been to 
mount the components on a fixture with the 
same mounting-point mechanical impedente 
as encountered in the missile however, the 
engineering and hardware fabrication required 
to simulate mounting-point ir.pedence could 
not be accomplished with) i the time span of 
the program. Of the 40 components tested, 
which included control system, electrical, 
cryogenic, hydraulic, and pnen ;:atic compo¬ 
nents, only four experienced out-of- 
specilication deviation when subjected to the 
acoustic environments. 

In conjunction with the vibration and 
acoustic tests of the transition section dis¬ 
cussed previously, a guidance component was 
installed on its mounting hardware in the 
structure and functionally operated while the 
surface of the structure supporting the com¬ 
ponent mounting bracketry was excited with 
random acoustic energy at 158 and 165 db. 
The electrical signals from the component, 
together with the accelerations on the compo¬ 
nent, were recorded on tape. The recording of 
the electrical signals from the component were 
played back into a missile-control-system 
mockup. Engine displacement and accelera¬ 
tions were measured to determine the effect 
of the acoustically induced error signals upc. 
missile guidance and the structural vibration 
produced by the engine gimbling. Results of 
these tests, along with random vibration tests 
of the component at predicted acceleration 
power spectral densities, showed that vibration 
isolation of the component was necessary. 
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Fig. li . Comjpunent installation 

In general, missile components which 
have successfully passed airborne vibration 
requirements will withstand short term direct 
acoustic excitation up to 160 db without mal¬ 
function or failure. Relatively simple methods 
of protection can be provided for most compo¬ 
nents which exhibit acoustic sensitivity. 

In another respect, however, a high per¬ 
centage of component malfunctions, or fail¬ 
ures, will occur due to the increased acous¬ 
tically induced vibration environment during 
silo launch [5|. To overcome this problem, 
components must be either relocated to areas 
of the missile having lower vibration environ¬ 
ments, isolated, or as a last resort redesigned 
to withstand the environment. 

SILO ACOUSnC LINER 
INVESTIGATIONS’1 

Measurements and computations indicate 
an expected sound pressure level in the silo 
of aouroximatcly 165 to 170 db at the tailskirt 
of the missile. If no method is used to atten- 
uate the acoustic energy propagating up the 
launch ouct, these sound pressure levels will 
occur throughout the launch duct and expose 
Lhe missile to levels considerably higher than 
those encountered during above-ground launch 

’’'Prepared by J. R. Pitsker, Jr. 

The object of this phase of the test pro¬ 
gram was to evaluate various launch duct 
acoustic treatments and to obtain a practical 
treatment that provided sufficient attenuation 
to reduce the sound field about the missile to 
levels approaching above-ground operation [6], 

Silo launch-duct acoustic treatments were 
evaluated with a 50-foot-long, 1/16-annular 
segment of a full-scale silo launch facility. 
The test facility is shown in Fig. 13. The 
test duct is joined by a conical transition 
section to an exponential horn fitting, either 
the sinusoidal or random siren. A remov¬ 
able 22-foot extension of the test duct pro¬ 
vides an acoustic termination to prevent the 
generation of undesirable standing waves in 
the test section of the duct. Acoustic treat¬ 
ments evaluated were: wedges, multilayer 
structures, and uniformly continuous struc¬ 
tures of (1) metal wool, (2) bonded glass 
wool, and (3) unbonded glass wool. As a 
result of these tests, a 3-foot-thick, bulk, 
unbonded, glass-wool configuration was 
selected for the acoustic material with which 
to line the experimental silo-launch facility. 
Plane wave attenuation performance of this 
liner is shown in Fig. 14. 

In addition to the acoustic attenuation 
tests, tests were conducted to determine 
compatibility of selected acoustic materials 
with missile prupellents. 
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Fig. 13 - Liner test facility 

Fig. 14 - Liner attenuation 

PREDICATION OF VIBRATION LEVELS1“ 

Introduction 

This section describes how the acoustic 
lieid surrounding the Titan missile,determines 

'“Prepared by F. M. Condos. 

the vibration environment seen by the compo¬ 
nents within the missile, summarizes the 
measured above-ground Titan acoustic and 
vibration environment, and presents a method 
for predicting the vibration ervironment when 
the acoustic field surrounding the missile is 
altered to that of an underground in-silo launch 
condition, or to that of a larger but similar 
missile. 

The discussion is limited to the method 
of predicting the in-silo vibration environment. 
The actual prediction of vibration levels for 
an underground launching of the Titan involves 
a detailed discussion of the in-silo acoustic 
environment and is beyond the scope of the 
present paper. 

Description of Titan Vibration Environment 

From the beginning of the W/S107A-2 
Captive and Flight Test Program, vibration 
measurements were made throughout the var¬ 
ious compartments of the missile at the 
mounting points of equipment, such as the 
three-axis reference system, guidance equip¬ 
ment, rate gyro, and electrical inverter. 
Measurements were also made on primary 
airframe structure, on items such as 
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Stringers and frames which were typical smal 
component mounting locations. 

The measurement program covered all 
phases of the missile test program: Stage I 
ground firing, Stage II ground firing, Stage I 
ground firing with Stage II on top of Stage I 

n n v!?ht TiiBuration)* “d stiige I and Stage 
II flights. The data indicated that the ground 
firing of Stage I and Stage II represented the 
most severe vibration environment (exceeding 
or equaling the flight levels), and it was pos¬ 
sible therefore to concentrate most of the 
measurement effort on ground firings, using 
landlme instrumentation which was more 
readily available than high-frequency teleme¬ 
tering channels. 

The typical flight vibration history for the 
fore and aft compartments is shown in Fig. 15. 
The initial ground level occurs with engine 
ignition and thrust build-up. The missile is 
held down a nominal 4 seconds after engine 
start and then released. The release results 
in a rather large launch transient caused by 
release of strain energy and explosion of the 
launch bolts. The transient can have a peak 
value of 250 g at the aft end and 6-10 g at the 
forward end. This transient decays very 
rapidly, and the vibration returns to the level 
noted before lift-off. There is no evidence 
that the missile vibration environment has 
been instantaneously changed by the release 
of the missile. 

Following lift-off, the .ibration levels 
gradually decrease in all compartments to a 
minimum level at about 15 seconds after 

lift-off. The minimum level is less than Î 
grms for the forward compartments. Com- 
partment V, the booster engine compartment, 
has the highest level of any compartment at 
this time. From this data, it must be con¬ 
cluded that the hefore-lift-off vibration is 
caused primarily by acoustic excitation. As 
mentioned earlier, the absence of a sudden 
reduction in missile vibration just after Hft- 
off precludes any effect of the missile being 
tied down The gradual reduction from lift-off 
to lift-off plus 15 seconds must then be the 
result of loss of ground-reflected acoustic 
energy and shifting of the sound source farther 
alt as the missile rises above the rocket flame 
deflectpr plate. The Mach number at 20 sec¬ 
onds is on the order of 0.2, which is too low 
to effect the sound field. 

vibration occurs during the transonic region 
ana at maximum aerodynamic pressure. 
These are caused by aerodynamic disturbances 
on the surface of the missile. The over-all 
level is approximately equal to the prelift-off 
level. The vibration spectrum shape during 
the period of aerodynamic excitation is very 
nearly the same as that of the ground spec 
trum, except for a slight increase in low- 
frequency energy up to 200 cps. 

Beyond the aerodynamic disturbance 
region, the level again drops to a minimum. 

^™!i!n?«r!ÍÍ0,í re!ults in sorae ml,K>r shock transients with levels of 40- to 50-g peak in 
the a« portion of Stage II. Stage II flight has 
v*bi at lull levels of less than 3 grms In any 
compartment. The vibration is relatively 
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constant throughout tho flight of Stage H and 
represents the amount of vibration mechani¬ 
cally transmitted through the Stage II struc¬ 
ture, since no acoustic field can exist above 
the atmosphere. 

There are several conclusions which may 
be drawn from these flight characteristics 
which aid in the prediction of vibration levels 
expected for en underground launching, and 
for larger missiles. 

1. The major portion of the vibration 
environment is the result of acoustic excita¬ 
tion of the structure, since the structure is 
not capable of transmit ¡ng vibration any 
appreciable distance. This is evident from 
the gradual decrease in vibration after lift-off 
and the very low-vibration levels during Stage 
If flight. 

2. The aerodynamic disturbances in the 
transonic region result in nearly the same 
vibration environment as the ground acoustic 
field. As expected, the aerodynamic effects 
are the most pronounced at the conical sec¬ 
tions, and less pronounced at the cylindrical 
sections of the missile airframe 

3. Propellant loads have very little effect 
on the structure's ability to transmit vibration. 
This is concluded from the fact that the vibra¬ 
tion level near the end of flight for bath Stage I 
and fl is the same as the level earlier in the 
flight. 

4. The vibration environment before lift¬ 
off appears to be related to the flight environ¬ 
ment in frequency content as noted from the 
similarity of spectrum shapes before lift-off 
and during flight. 

Statistical Method of Data Analysis 

It was deemed most practicable to spec¬ 
ify Titan design and test vibration levels on a 
compartment basis, one level for each com¬ 
partment. In this manner, a component could 
be located in any position within the compart¬ 
ment and would not be restricted to a specific 
location by environmental requirements. 

Since the vibration environment at every 
location within a compartment could not be 
measured, a number of typical locations were 
selected for measurement. From these meas¬ 
urements, it was necessary to predict a com¬ 
posite compartment environment which would 
apply to any component. The acceleration 
spectral density analysis of measured vibration 

was observed to have variations from location 
to location and from flight to flight, but meas¬ 
urements from the same compartment were 
found to exhibit the same general spectrum 
shape. It was decided to make a statistical 
approach to the problem. 

The acceleration spectral-density data 
1er each compartment was divided into 50-cps 
bands. The highest g2/cps value in each band 
was used as a data point. All data points of 
the same frequency band taken from the same 
test condition, such as side-by-side, tandem 
captive, or flight, constituted the population. 
No grouping by axis or direction was made. 
The population was evaluated to determine its 
distribution. The log normal distribution was 
chosen as the best fit. With the establishment 
of a log normal distribution, it became a sim¬ 
ple process to predict the probability of cer¬ 
tain g2/cps levels occurring. 

The 90-percent probability level was 
selected as a good design criteria. This level 
may seem rather low but there is justification 
for this. First, the data points are always the 
maximum level in that band width. Secondly, 
data from all directions or axes and from 
light and heavy components were combined in 
the population. This tends to broaden the dis¬ 
tribution. Thirdly, overlaying the maximum 
points which make up the population shows 
that the majority of these points fall at or 
below the 90-percent level. Figure 16 is a 
presentation of the 90-percent probability 
levels for each compartmer:1 Note that there 
are levels for both Stage I and Stage 0 ground 
firings. 

Advantages and Shortcomings of 
Statistical Analysis 

The value of a statistical method is that it 
allows one to extrapolate vibration data out 
into a region beyond the measured levels with 
a degree of confidence greater than that 
obtained by taking maximum measured values 
and increasing these by a safety factor. A 
statistical analysis is less influenced by a 
single high value, which may be the result oí 
improper calibration, than is a maximum 
envelope approach. At the same time it does 
not completely ignore an extreme high or low 
actual value. Disadvantages are that the sta¬ 
tistical method results in a higher overall, 
root-mcan-square vibration level than that 
indicated by any individual measurement. 
This is because one assumes that the maxi¬ 
mum g Vcps level is constant over the 50-cps 
band, when It may actually occur over a 
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Fig. 16 - Titan vibration levels 
(90-percent probability) 

narrower band. It is felt that this conserva¬ 
tism is not detrimental since any single reso¬ 
nance responds to the energy admitted by its 
band width and is a little affected by the over¬ 
all. root-mean-si)uare level. In addition, a 
particular structural resonance may shift in 
frequency slightly from missile to missile, 
further reducing the need for resolution. 
Additional previously mentioned disadvantages 
are those which tend to broaden the distribu¬ 
tion and induce conservatism. A final disad¬ 
vantage is the inability to establish an accu¬ 
rate confidence level relative to the actual 
environment because of the large number of 
variables associated with the data samples. 

Acou?Hc: Lévela 

Acoustic levels were measured in and 
about the missile to establish the acoustic 
profile applicable to the missile for captive 

firings [2|. The acoustic profile is shown in 
Fig. 17. These are average levels. There was 
evidence ol a 1- to 2-db shadow effect on the 
side opposite the deflected flame. The levels, 
shown for Stage II when it is placed on top of 
Stage I, are extrapolated because all data were 
taken with Stage n beside Stage I. Tyaical 
spectrum shapes are shown in Fig. If. 

Prediction of Equipment Vibration Levels 
from the External Acoustic Field 

The preceding paragraphs have dealt with 
the environment of an existing missile, estab¬ 
lished after the missile had been developed. 
Obviously, this information is of little value 
except to verify the accuracy of the original 
predictions and design criteria. The principal 
value of these data lies in their use for pre¬ 
dicting vibration environments for an under¬ 
ground launching, or for a larger missile. 
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To predict the vibration environment of 
another missile, or for an underground launch» 
mg, it is necessary to consider the expected 
acoustic field and the new structure and to 
make certain assumptions based on engineer¬ 
ing judgement. 

A detailed description of the acoustic 
levels and of the acoustic prediction methods 
for above ground or underground launchings 
is beyond the scope of this paper. It suffices 
to say that the acoustic field can be determinec 
by analytical and empirical means sufficiently 
accurately to apply the method outlined here. 

Structural differences between the mis¬ 
siles providing the vibration data and the mis¬ 
siles used for an underground launching have 
to be considered. The Titan structure is of 
typical aircraft construction with frames and 
skin riveted and welded together. Equipment 
is installed on brackets attached to stringers 
and frames or on trusses attached to the 
structure. A larger missile will have a simi¬ 
lar configuration appropriately sized to 
increased loads. Major dynamic modes will 
remain similar to the Titan and will fall below 
30 cps. In general, it can be concluded that 
the structure will respond to the acoustic 
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environment in much the same manner as the 
Titan .did because of the similarity. Changes 
which would most effect the response are 
increased skin mass and increased local 
stiffness. Since stiffness control is limited to 
frequencies below panel resonance, the effect 
is apparent only up to about 200 cps. Because 
of this and because analysis of panel itiffness 
is cumbersome, it was ignored as a significant 
factor. Only the mass effect was used as a 
structural consideration. As previously men¬ 
tioned, the vibration is predominantly a rcsul* 
of acoustic excitation. For the parpóse of 
prediction, it is assumed to be the only source. 

The remaining assumption is that the 
structural response to acoustic excitation is a 
linear function. This was quickly established 
by structural acoustic tests which indicated 
the response of stringers and frames to be 
linear over an acoustic level of 140 to 165 db. 

The prediction of vibration levels becomes 
a matter of applying a factor (f) to the 
90-percent probability level of the accelera¬ 
tion spectral density level for each frequency, 
based on the following relationship: 

where 

M, = skin mass per square foot for the 
Titan 

M, = skin mass per square foot for new 
missile 

Adb = difference in acoustic spectrum 
level for a given location on Titan 
and new missile 

Typical acoustic spectra for Compartment 
IV of Titan for above-ground and underground 
firings are shown in Fig. 19. By the use of the 
above relationship, the vibration enviiomnent 
for Compartment IV during an underground 
firing of a "new" missile was calculated yield¬ 
ing the random vibration spectrum shown in 
Fig. 20. 

The aerodynamic flight environment of 
the "new" missile is considered to be similar 

fig. ¿0 - Predicted level for under¬ 
ground launching (Compartment IV) 
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to that of the Titan, which is a function only of 
the re-entry vehicle snape. Trajectory will 
effect the duration and time of occurrence of 
the maximum flight vibration but should not 
alter the maximum level. Levels for equip¬ 
ment attached directly to the engines can be 
established on the basis of increased mechan¬ 
ical energy' since the low area-to-mass ratio 
precluded the possibility of high acoustic 
response. 

Conclusion 

The foregoing is a simplified method for 
establishing vibration levels on structurally 
similar missiles prior to actual measure¬ 
ments or tests. The method avoids the use of 
mathematical .analyses of structural response 
which are tedious and tend to give an 

appearance of accu .’acy unwarranted by the 
data, assumptions, or calculations required. 

CONCLUSION 

Acoustic problems associated with the 
underground launching of a large missile e 
be solved by the employment of launch-duct 
acoustic treatments, minor modification to 
the missile structure, and vibration isolation 
of components where required. 

In general, most missile components are 
relatively insensitive to direct acoustic exci¬ 
tation up to sound pressure levels of 160 db. 
Component vibration levels, due to acoustically 
induced structural vibration, are higher than 
levels occurring during above ground launch 
and in general require vibration protection of 
the components. 
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DISCUSSION 

Mr. Fuller (Boeing Airphîne Co.): What 
was the philosophy of this random test with 
the horn? How did you interpret this in terms 
of life '> Did you know anything about the cor¬ 
relation of pressures over the panel or did you 
know anything about the shaping of the power 
spectrum to the proper value ? What did you 
do with the test data once you got it? 

Mr. McGregor: There were several prob- 
lems involved. First, the acoustic spectrum 
generated by the siren approximated the spec¬ 
trum which was anticipated for the siio. The 
question arose, how shall we test the struc¬ 
ture? Shall we use normal incidence, grazing 
incidence, or some angle between? After 
many discussions it was agreed to disagree. 
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A'e said go ahead and test with normal inci¬ 
dence. The interpretation of failures is, I 
think, a rather difficult thing to assess fron: 
these tests. Actually the tests were merely 
proof tests. If the structure withstood this 
excitation for at least 10 minutes, it was con¬ 
sidered that it would withstand the silo envi- 
lonment. We’re now conducting tests on the 
panel which I showed you there in which a 
little more refined techniques are being 
employed to correlate exposure time and 
fatigue life. 

Mr. Troiter (Boeing Airplane Co.): I 
wonder if you could tell us whát were your 
spectral shapes and levels that you could 
achieve with your random sound generator ? 

Mr. McGregor: The sound pressure 
levels achievable were 166-167 db when the 
horn was placed against the structure. In the 
70 ft reverberation chamber sound pressure 
levels were up to 168 db. and to 172 db in the 
horn. 

!&; Barnes (Boeing Airplane Co.): Is 
there any technique that you people have devel¬ 
oped for providing shaping of your spectrum ? 

Mr. McGregor: To be honest with you, 
no. While we were building the acoustic facil¬ 
ity we did not have a compressed-air source 
in which to run an evaluation program on our 
siren, so every weekend we would pack the 
siren and all the instrumentation associated 
with it and take it up to Climax, Colorado, up 
to the molybdenum mine up there, and use the 
compressed-air source up there. Every Sun¬ 
day night we'd come back with all the pieces 
and work the rest of the week and try it the 
next weekend. We finally got a siren which 
was structurally sound and we were very for¬ 
tunate that the spectrum of the siren output 
very closely approximated the missile spec¬ 
trum You can get some shaping of the spec¬ 
trum by varying rotor speeds. You run into 
some problems in which you have a set of 
speed ratios on the rotors, I guess you could 
call them forbidden speeds, at which the thing 
turns into a sinusoidal generator. 

of tests, ! or a 2-minute burst and then we 
went out and inspected the structure. The 
philosophy was that it lessened the mean time 
to failure. If it lasted for 10 minutes, we 
would have a reasonably high degree of confi¬ 
dence that it would withstand the relatively 
short exposure time during siio launch. 

Mr. Brown (Varian Associates): lam 
wondering about the setup wheFe you used the 
two sirens in parallel—where they tended to 
smooth out tlie field of your wave. What do 
you attribute the better results to? Is it more 
or less the two waves impinging there at that 
y-throat ? Do they tend to randomly cancel 
some of the more spurious points ? 

Mr. McGregor: I think the reason the 
spectrum smoothed out is because both of the 
sirens are not running at exactly the same 
speed and are not producing exactly the same 
spectrum. We did not have sufficient time to 
go Into more detailed tests becae of our 
current test program. What we an to do is 
to set up the two sirens in parai, el and take a 
look first at one siren and look for the peaks 
and valleys in the spectrum, and then set up 
the other siren so that it would fill in the val¬ 
leys and maybe knock off the peaks. 

Mr. Brown: Would there possibly be an 
application for using two smaller sirens then 
using again a duplicate y-throat and coupling 
four together like that? Could that smooth it 
out even more, do you think? 

Mr. McGregor: Well, I think so. I think 
if you went to many-many sirens you would 
probably get a very smooth spectrum. 

Mr- Brown: Now how about in the expo¬ 
nential horn in there, you placed the blast 
right up to the test item, more or less a sur¬ 
face contact. What would be the difference if 
. --u removed it possibly a meter or so. Is it 
more advantageous to have it next to the horn? 

Mr. McGre^r- Voc^ is. As wc "uîl 
the horn away, tfie sound levelb drop down. 

(Note: At this point, part of the discus¬ 
sion was lost while changing tape reels.) 

Mr. Brown: What's the shape of the 
wave ? Do you consider that it is extremely 
plane for a full-zero-degree incidence? 

Mr. Klein (Space Technology Labora- 
tories)• Could you tell me how you determined 
the duration of the structures test? 

Mr. McGregor: The structures tests 
were performed in increments in which the 
structure was irradiated, for the first series ' 

Mr. McGregor: I can say this. We placed 
the random siren against a concrete block and 
measured the sound distribution across the 
face of the block—no phase measurements 
now, just pressure measurements—and the 
pressure measurements in 1/3-octave bands 
seemed to be reasonably uniform across the 
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face of tlie horn. Of course when you go 
against the structure, you have a panel reso¬ 
nating here and one over there, and you will 
get some change in the sound field. 

Mr. Fuller: When you tested these at 
normal incidence, didn't you see any standing 
wave phenomena that would change the shape 
of the spectra that you were trying to repro¬ 
duce ? In other words, when you measure the 
spectra from the random source did you meas¬ 
ure it with something in front of it, like the 
block, or was this a free-field measurement 
that was analyzed to give the spectrum ? 

Mr. McGregor: We found, with the siren 
radiating into free space and then against the 
concrete block, that the change in the spectrum 
shape was very small. This was not true in 
the reverberation chamber. 

Mr. Fuller: You didn't notice any reso¬ 
nances due to the air column even in the ran¬ 
dom test, then? You had no air column effect? 

Mr. McGregor- No appreciable effect. Of 
course, the horn itself is a little over eleven 

* 

feet long. The theoretical cut-off frequency 
was 22 cycles. 

Dr. Vigness (Chairman, U.S. Naval 
Research Laboratory): I think in al) of this 
kind of work, which is really rather new, that 
we don't, have a feel, in terms of db, as to what 
constitutes a magnitude which really would 
give damage. If we would speak of it in terms 
of psi, then around 150-160 db it begins to be 
appreciable in psi. When you get something 
less than l/10th of a psi it probably won't 
hurt anything if you are worrying about struc¬ 
tural damage. But when you begin to get 
something greater than l/10th of a psi, then 
you might begin to worry about structural 
damage caused by resonant effects and such. 
So, if you begin to convert mentally until you 
have a feeling, in terms of the db values, of 
the pressures involved, I think you'll begin to 
feel what might cause damage. Of course, the 
levels would be entirely different when you 
are worrying about microphonics and noise in 
your equipment generated by the excitation 
noise. But if you're worrying about fatigue 
and structural damage, then try to get an idea 
as to the forces involved, the pressures and 
the area. 

* 
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EMPIRICAL PREDICTION OF SPACE VEHICLE VIBRATION* 

Kenneth McK. Eldred 
Western Electro-Acoustic Laboratory, Inc. 

Los Angeles, California 

The material presented in this paper lias been drawn from a much 
larger study! of Structural Vibrations in Space Vehicles [1], The paper 
gmes a brief background of the sources of space vehicle vibration, and 
illustrates the variation of the two major exciting soutces, rocket noise 
and boundary layer pressure fluctuations, during a typical launch. This 
introduction is followed by a summary of available vibration data for 
current missiles at both launch and maximum dynamic pressure flight 
phases. Two empirical correlations between the excitation and result 
mg vibration are presented and discussed. 

INTRODUC ION 

Vibration is of major concern in the de¬ 
sign and development of a successful missile 
or space vehicle. This concern stems directly 
from the flight failures which have been traced 
to excessive vibration of structure or equip¬ 
ment. Usually, excessive vibration manifests 
itself either in the fatigue failure of skin and 
structure, or in the malfunction of electronic 
and mechanical equipment. Although fatigue 
failure is normally associated with relatively 
long exposure periods, it can occur in a short 
time if the vibration is very severe or the fre¬ 
quency high. On the other hand, equipment 
malfunctions are usually amplitude sensitive 
and independent of exposure duration. How¬ 
ever, either type of problem can be disastrous 
to the successful accomplishment of a mission 
by a complex vehicle, which requires the co¬ 
ordinated and precise functioning of many sys¬ 
tems and their diverse components. 

consideration can, in turn, guide both system 
and mission concepts toward increased relia¬ 
bility at minimum penalty. 

The major sources of excitation for vi¬ 
bration in space vehicles and high performance 
aircraft are jet or rocket noise, boundary layer 
and base pressure fluctuations, and other phe¬ 
nomena which are characterized by continuous 
frequency spectra and random amplitudes. 
Hence, the task of predicting vibratory re¬ 
sponses and stresses for these vehicles is 
more formidable than formerly when the ex¬ 
citing forces were primarily sinusoidal in na¬ 
ture. furthermore, although structural fatigue 
is predominant at frequencies below 500 cps, 
equipment malfunction and electronic compo¬ 
nent fatigue extend the frequency range of con¬ 
cern to at least 10,000 cps. H^nce, in many 
cases, when predicting vibration response for 
advanced aircraft and space vehicles all fre¬ 
quencies below 10,000 cps must be considered. 

Consequently, it is desirable to assess the 
probable operational vibration environment of 
a vehicle while it is still on the drawing board. 
Correct evaluation of the probable environment 
at this early date can provide a realistic basis 
for considering vibration requirements, 
together with all other basic vehicle require¬ 
ments, in the preliminary design stage. This 

The vibration response of any portion of 
the vehicle resulting from a source of mechan¬ 
ical energy depends on the characteristics of 
the source, the path between the source and 
the receiver, and the characteristics of the 
receiver itself (Fig. 1). At low frequencies, 
the response oí the entire vehicle to external 
sources is a maximum at the basic body modes, 

î'fhis paper was not presented at the Symposium. 
Í The study was conducted by the Norair Division oí Northrop Corp., and the Western Electro- 
Acoustic Laboratory, Inc., as_co-contractors, and was sponsored by the United States Air Force, 
Vibration and Acoustical Section, Dynamics Branch, Structures Laboratorv, Wright Air Develop 
ment Division, under Contract AE33(616)-6486. K meveiop- 
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Fig. 1 - Sketch of the complex transmission of 
mechanical energy from source to receiver 

and the magnitude of the response depends 
primarily upon the location relative to the 
body mode shape, the magnification factor for 
the mode, and the magnitude of the forcing 
function over the entire vehicle. At higher 
frequencies, the maximum responses occur at 
the resonances of the various panels and the 
magnitude of the response depends on the 
characteristics of the source, the panel, the 
transmission path between panel and receiver, 
and upon the receiver. At frequencies above 
the panel, fundamental resonances, the factors 
influencing response, become very complex 
and the possibility of resonances along the 
path becomes sufficiently high as to suggest 
that the path be treated as a transmission line 
with lumpoa parameters which, in addition to 
source and receiver characteristics, deter¬ 
mine the vibration response. 

From this brief discussion, it is clear 
that a detailed stepwise approach for the pre¬ 
diction of vibration for any general case would 
be exceedingly complex and cumbersome. 
Further, it is clear that a practical analytical 
solution of the vibration characteristics of a 
mechanical system must lie in judicious sim¬ 
plification of the system to a series of sub¬ 
systems whose solutions are known. It is also 
clear that an analytical approach is not Pasi¬ 
ble for general prediction at the early de. gn 
stages where the structure is not reason. ,iy 
fixed in concept; however, many prelimin. ry 
decisions regarding equipment location, iso¬ 
lation and specification and the definition of 
potential structural fatigue problem areas 
must be resolved in the early design stage. 
Therefore, it is desirable to examine available 
vibration data to determine its usefulness as a 
predictive tool for the probable vibration envi¬ 
ronment of new designs. 

The purpose of this paper is the presen¬ 
tation of vibration data, the comparison of data 
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obtained in different classes of vehicles and 
different flight phases, and an analysis of the 
broad trends which can be of assistance in the 
prediction of vibration environments. Before 
discussing the data, it is necessary to consider 
some of the circumstances regarding the 
measurements and analysis. 

The nature and quality of reported vibra¬ 
tion data is profoundly influenced by the tech¬ 
niques employed in selecting, locating and 
mounting the vibration transducers, and by the 
recording and analysis of the data, in addition 
to the procedures used in designing and spec¬ 
ifying the test conditions. The many optimum 
requirements for measurement procedures 
are not always simultaneously attainable and, 
consequently, much data must be obtained 
under less than desirable circumstances. 

The various major difficulties which arise 
in the comparison of vibration data taken by 
several organizations, assuming all data to 
have teen corrected for the usual response 
factors, stem directly from three basic prob¬ 
lem areas. These are: 

1. Alteration of the frequency response 
of the mounted transducer from its laboratory 
calibration because of the interaction between 
the vibratory characteristics of the transducer, 
mounting device, and local structure. 

2. Nonuniformity of the measured quan¬ 
tity, e.g., acceleration as velocity, as an aver¬ 
age, as a root-mean-square, a mean peak, or 
peak, etc., together with the lack of measured 
statistical distributions to determine the rela¬ 
tionship between these quantities. 

3. The analysis of data with a variety of 
filter bandwidths, and often the reduction of 

COMPARABILITY OF VIBRATION DATA 
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data, measured by a filter whose bandwidth is 
wider than the bandwidth of a vibration reso¬ 
nance, to a fictitious power spectral density. 

Because of the latter two factors, com¬ 
parison of much of the valuable data presentlv 
available is only i»ssible when the data are 
transferred to an arbitrary standardized form 
of presentation. Por standardization of the 
data in this paper, certain ground rotes were 
followed which were felt to introduce the least 
error in determining and comparing the vari¬ 
ous empirical trends. The data which were 
available to the author have been reduced by 
inters of one of the following bandwidths: 1/2 
octave, 100 cps, and a series of smaller band- 
widths ranging down to 2 cps. The results 
were reported as displacement or acceleration 
in terms of mean square per cycle, root- 
mean-square (rms) for the bandwidth, mean 
peak, etc. Statistical distributions of either 
peak amplitude or instantaneous amplitude 
were also occasionally presented. 

To obtain standardization for comparison, 
all acceleration data were converted to the 
rms amplitude for the original bandwidth. 
Where the analysis bandwidth was narrower 
than the bandwidth of the resonant phenomena, 
the energy under each resonance was summed 
ana the result reduced to the rms amplitude 
whiun is associated with the single resonance. 
Sinusoids, where identifiable, were considered 
separately as appropriate to each of the sum¬ 
mary figures. Where only the maximum mean 

square amplitudes per cycle of resonant peaks 
were reported, the rms value for the total 
resonant vibration associated with each peak 
was estimated, assuming that the q of the 
resonance was 15, which seems typical for 
many missile structures. Where mean peak 
data were given for the value of resonant 
vibration, it was assumed that the resonant 
peak amplitudes would follow a Raleigh peak 
distribution and the rms amplitude was com¬ 
puted by dividing the mean peak amplitudes by 
1.19. Furthermore, although a few of the 
reported results gave data abov; 1000 cps, the 
lack of reported calibration of the installed 
transducers (except for one organization) made 
these data suspect and of indeterminate value. 

SUMMARY OF AVAILABLE 
MISSILE VIBRATION DATA 

The vibration environment in a missile 
varies rapidly with lime during a typical flight 
profile. This rapid variation can lie illustrated 
by the continuous recording of the noise in a 
forward compartment of a small ground-to- 
ground missile. It might be noted that a 
recording of noise is illustrated rather than a 
recording of vibration simply because of the 
availability of the former. 

Figure 2 from [Ref. 2] illustrates the sev¬ 
eral phases of noise or vibration environment 
which are usually found in missile flight data. 
Thu rocket noise at launch provides a high 
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level of vehicle response, which decreases 
rapidly as the vehicle leaves the pad and 
accelerates. However, as '-chicle velocity 
increases, the pressure fluctuations in the 
turbulent boundary layer increase in magni¬ 
tude and the vehicle response begins to 
increase. The transients shown on the graphic 
level recording represent a shock as the vehi¬ 
cle passed through the transonic region, and 
a second shock when the sustainer engine was 
ignited. As can be seen, the response con¬ 
tinued to increase until the maximum dynamic 
pressure (8) was reached, at which time in the 
flight profile the boundaiy layer pressure 
fluctuations are maximum. As the vehicle 
continued to accelerate into less dense atmos¬ 
phere, the a decreased, as did the response. 
However, when the vehicle descended into 
more dense atmosphere in the terminal por¬ 
tion of the flight, the vehicle <i and response 
both increased. 

It is evident from Fig. 2 that the two most 
severe vibration environments are a result of 
rocket noise at launch, and aerodynamic phe¬ 
nomena at maximum q. The relative severity 
of these two forcing functions and their 
responses in a specific vehicle depends on 
many factors, including the flight profile and 
the launch configurations, as discussed in 
ÍRef l]. It should be noted that, lor some 
vehicle types, other forcing functions may 
also be of comparative severity. 

The quest for missile vibration data which 
has general application toward empirical cor¬ 
relation studies is very laborious and difficult. 
Tnis difficulty results from the problems 
encountered by vibration engineers in industry 
when they are forced to compete with other 
important groups for the assignment of telem¬ 
etering channels. In most cases, this compe¬ 
tition severely limits the number of trans¬ 
ducers which can be used and requires 
commutation of the various transducers. Fur¬ 
thermore, these limitations require that poten¬ 
tial problem areas and important equipment 
receive priority for transducer locations, so 
that ideal surveys, which trace vibration at 
various structur'd locations throughout the 
vehicle, are seldom realized. 

Figure 3 presents data obtained at the 
launch of rocket powered ballistic missiles 
from transducers located on structure in the 
middle and forward portions of the vehicles. 
The data were obtained from [Refs. 3-18), 
which include five missiles with gross launch 
weights less than 15,000 pounds, and three 
missiles which have gross launch weights in 
the 100,000- to 300,000-pound range The 

lightweight vehicles are denoted by open sym¬ 
bols and the heavier missiles by the solid 
symbols. It is evident from the figure that the 
vibration amplitudes in the heavy missiles are 
on the order of 20 to 25 percent of the ampli¬ 
tudes measured in the lightweight vehicles. 

Figure 4 gives similar data for vibration 
at the maximum -, flight jîhase for six missiles, 
four of which are lightweight and two of which 
are in the heavyweight class. Again, it is clear 
that the vibration of the heavy missiles is sig¬ 
nificantly lower than the vibration of the light 
missiles. It is noted that the vibrations given 
ir the figure are thought to result only from 
pressure fluctuations in the boundary layer 
along the vehicle's skin. Thus, the figure does 
not include the data from a missile which 
responded to the high turbulence created by 
the wakes of its dive brakes or another vehicle 
which was excited by base pressure fluctua¬ 
tions. These two known special cases of aorn- 
dynamic excitation are discussed in [Refs. 16, 
17, 19, 20]. 

Figure 5 presents available data lor 
vibration of missile structure located near the 
engine. There is a rather large scatter in the 
data, and no consistent division is seen between 
light and heavy missiles. Rather, It appears 
that much of the data represen*« power level 
vibration. This is not at al unexpected 
because oí the large variability of the vibra¬ 
tory energy output of different types of rocket 
engines. 

Figure 6 summarizes the data obtained 
on lour pieces of equipment, two of which were 
located in «ach oí two types of heavy missile. 
The ranga of data represents many repeat 
nights with the transducers located at the 
same positions. In general, the vibration 
appeared to be sinusoidal at several harmon¬ 
ically related frequencies which were gener¬ 
ated by the particular equipment. Obviously, 
thcoc data represent specific cases and are 
included here only because of the large amount 
of d ita measured on each of these equipments, 
and to give some feeling for the range of 
amplitudes which might be encountered on or 
near equipment vibratory sources; however, 
the prediction of vibration near any equipment 
vibratory source should be predicated on 
measurements of the specific type of equip¬ 
ment when mounted on a foundation of known 
impedance. 

In each of the figures in *he preceding 
discussion of missile vibration, a median 
curve was fitted to the data. These curves, 
taken from Figs 3, 4, and 5, are summarized 
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in Fig. 7- In addition, medians for the rms 
acceleration amplitudes measured in several 
types of aircraft [211 are presented for com- 
Pf1"1!?" with the missile data, ft can be seen 
that the median of the data for the B-52 
exceeds that for the B-47, whereas the median 
tor the jet fighter vibration data lies between 
the medians of the two bombers. The medians 
for light missile launch and maximum n flight 
are generally higher than those for the air¬ 
craft, whereas the medians for the heavy mis¬ 
siles are significantly lower and are of the 
same order as the jet fighter and B-47 vibra¬ 
tion. Note that the vibration on structure 
located near the rocket engine is considerably 

Thus’ this figure clearly demonstrates 
that the severe portions of the vibration envi¬ 
ronment in the light missiles generally 
exceeded those experienced in high perform¬ 
ance jet aircraft; however, the vibrations in 
the heavy missiles of the IRBM and ICBM 
category have been generally of the same 
order as those of the aircraft. It should be 
emphasized that Fig. 7 only shows trends, 
since a very large scatter around the median 
exists for all the data. 

It f .muld be noted again that the relative 
severitv of launch and maximum q flight phase 
vibration depends upon both the flight profile 
and the iamich configuration. For example, 
a 11 le munch data result from surface faunches 
rather than silo launches. A comparison of 
the surface launch noise environment with the 
Silo launch environment based on the informa¬ 
tion of ¡Ref. 1] indicates that the magnitude of 
vibration might be on the order of 3 to 5 times 
greater in a siio than on the surface. Thus, 
the silo launch vibration equipment for heavy 
missiles might be expected to approacli the 
surface launch vibration environment in the 
light missiles. 

empirical prediction of 
VEHICLE VIBRATION 

The objective of the comparison of vibra¬ 
tion data in this paper is to assist the engineer 
in his understanding of the phenomena which 
are responsible for, or control, the vibration 
in a space vehicle, and to assist him in the 
prediction of the resulting vibration environ¬ 
ment. As is the case in many young technol¬ 
ogies, when the state cf the art is not suffi¬ 
ciently complete to perform direct analytical 
solutions of specific problems, or when the 
analytical approach involves excessive com¬ 
plexity, it is desirable to attempt to derive 
direct empirical correlations which may be 
used as predictive tests and which define 
apparent trends. 

i ne success of an empirical correlation 
generally depends upon the degree to which 
the correlating parameters represent the 
actual physical phenomena under study, and 
their actual scaling laws. In addition, the 
development of an empirical correlation which 
will stand the test of time often depends upon 
the relationship between the presently avail¬ 
able range of each of the parameters and the 
range of the parameters which will eventually 
be encountered. For example, empirical cor¬ 
relations of jet noise from data which repre¬ 
sents only a small range of jet velocities 
would, in all probability, not result in a proper 
scaling law for the velocity parameter, and in 
consequence, be a very inaccurate predictive 
tool for velocities which diffe:- significantly 
from those considered. The preceding eau- 
tionary factors represent the basic hazards 
of the empirical approach, and suggest that 
empirical correlations be re-examined con- 

to assurc that they remain consistent 
with advances in the general "state of the art." 
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Di <*ct Correlation oí Noise and Adjacent 
':ii uctural Vibration in Aircraft 

Ore approach to tlie correlation of vibra¬ 
tion "esponse of aircraft with external noise 
has been suggested previously by Convair 
122 - 241. This correlation was obtained by 
direct comparison of the external sound pres¬ 
sure level on the B-58, resulting from jet 
engine noise, with the vibratory response of 
adjacent internal structure. Thus, vibration 
measurements in the nose of the aircraft were 
compared directly to sound pressure levels 
measured on the external skin of the nose 
section, and vibration measurements in the 
aft end of the aircraft were compared to sound 
pressure levels measured on the external 
skin of the aft section, etc. Since the external 
noise environment or. the B-58, and other- 

types oi jet aircraft varies considerably from 
the relatively low noise levels forward to the 
very high levels toward the aft end, a compar¬ 
ison of this type includes a range ..f external 
nmse levels of the order of approximately 
oil an. ^ 

A similar comparison of external noise 
and internal vibration from Snark data ^25 26l 
is given for two frequency bands ¡n Fig'. 8.’ 
The lower sound pressure levels and their 
associated vibration data are obtained at for¬ 
ward fuselage stations, and the higher sound 
pressure levels and the associated vibration 
data are obtained at afterfuselage stations 
adjacent to the rocket booster exhaust ft 
should be noted that the small variations in 
sound pressure level at one microphone 
position result from data of repeated firings 
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and that the deceleration data include some 
■com transducers attached to airplane struc¬ 
ture and oriented in various directions. 

As might be expected, the data exhibit 
considerable scatter, so that it is possible 
only to estimate a trend line through the 
points; however, more significant than the 
scatter, is the slope of the trend line. Note 
Unit if the acceleration amplitude increases by 
a tactor of 10 for an increase of 20 db spl, a 
direct linear relationship exists between the 
internal structural vibration amplitude anil 
the adjacent external sound pressure ampli¬ 
tude. In this event, the trend line through the 
data gives a constant of proportionality 
between external sound and internal vibration. 
However, if the trend line has a slope of less 
than unity, as is the case of the low-frequency 
data of Fig. 8, a direct linear relationship 
between internal vibration and adjacent exter¬ 
na] sound pressure cannot be proved by the 
correlation. 

Several factors might, individually or 
collectively, be responsible for slopes less 
than unity. These factors include: 

1. Structure borne transmission of vibra¬ 
tion from high external noise level 
areas to those of lower external noise 
level; 

2. Nonuniform structure throughout he 
fuselage (which undoubtedly contributes 
to scatter); 

3. Nonlinear response of the structure; 

4 Unfortunate selection of transducer 
location with respect to model 
response. 

Before considering any of these factors 
in more detail, it is helpful to examine the 
slopes of the trend curves as a function of fre¬ 
quency Figure 9 summarizes the results of 
this type of direct correlation for four aircraft 
type structures, including the B-66 of [Ref.-27], 
together with Snark, B-58 and B-52. The 
upper portion of the figure gives the slopes of 
the trend curves and the lower portion gives 
the average rms acceleration for each octave 
band when the adjacent external octave band 
spl is 15Û db. It is clear from Fig. 9 that 
some correlation between adjacent external 
noise may exist above 150 cps for the Snark 
and at the higher frequencies for the other 
aircraft where the slopes of the trend curves 
approach unity. Since a large number of ran¬ 
domly selected transducer locations are 

included in *ue various surveys, it is doubtful 
that the ac>. dental location of transducers with 
fespect to the various vibration modes accounts 
for the lower slopes at the lower frequencies. 
Similarly, since several experiments give the 
same general conclusion with regard to the 
trend curves, it is not felt that structural non¬ 
uniformity is a particular factor in the deter¬ 
mination of the slope of the trend curve, 
although it undoubtedly is a most significant 
factor in the scatter of the individual data. 

The role of nonlinear behavior in the 
structure cannot be evaluated with respect to 
the trend curves from the available data; how¬ 
ever, it is considered to be less important 
than the fact that the response at any general 
position in the structure is given by the sum 
o! the noise energy transmitted directly to 
adjacent structure, plus the noise energy 
received at more remote locations and trans¬ 
mitted as vibratory energy through the struc¬ 
ture to the position. Thus, at higher frequen¬ 
cies better correlation would be expected 
between adjacent acoustical excitation and 
response because the vibrational energy 
transmitted through the structure from remote 
locations has been attenuated and makes only 
a minor contribution. Conversely, at low fre¬ 
quencies the vibi allouai energy transmitted 
from the areas which have the highest external 
noise levels to those with lower external noise 
levels would be expected to exceed the local 
excitation. This general result might be antic¬ 
ipated since the attenuation of vibratory 
energy transmitted by bending waves along the 
fuselage is essentially constant per wave¬ 
length. Thus, the high-frequency energy suf¬ 
fers considerably more attenuation than does 
low-frequency energy when both are trans¬ 
mitted for the same distance through the 
fuselage. 

Correlation of Ballistic Missile 
Launch Noise and Response 

The vibration data given in Figs. 3 and 4 
for structure forward of the engine area of 
ballistic m.ssiles during both launch and max¬ 
imum dynamic pressure flight, consistently 
showed that the vibration environment of the 
large and heavy missiles was significantly 
less than the vibrat on of the smaller and 
lighter missiles. This suggests that the next 
generation of space vehicle launch platforms, 
which are anticipated to be considerably 
larger than the present ICBMs, m ght have 
even less severe vibration. On the other hand, 
changes in launch configuration, engine param¬ 
eters, or maximum q could result in increases. 
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Fig. 9 - Summary of aircraft empirical correlation of 
external noice with acceleration of adjacent structure 

It is, therefore, desirable to determine an 
empirical relationship between the response 
and the forcing function, appropriately modi¬ 
fied by the vehicle's structural parameters. 

It is believed that an empirical correla¬ 
tion can be found by equating the available 
energy of the forcing function with the mechan¬ 
ical energy of the resulting vibration. It is 
fundamental that these two quantities are 
related since all of the incident acoustical 
energy which is absorbed by the vehicle must 
result in vibration and be dissipated through 
damping. Unfortunately, the results of this 
approach have been inconclusive, probably 
indicating insufficient sophistication in the 
definition of one or more of the pertinent 
parameters. 

However, an alternative approach to the 
correlation of the aunch acoustical lorc ng 
with vehicle response appears to give encour¬ 
aging results, and will be discussed in detail. 
It is well known that complicated (and even 
simple) structure has many resonances, dis¬ 
tributed throughout the frequency range, which 
occur at frequencies above the fundamental 

resonant frequency. Consequently, the 
response of a structure to i random forcing 
function, which has energy approximately 
equally distributed over a broad frequency 
range, exhibits many resonant peaks. Simi¬ 
larly, the majority of the missile launch data 
in Fig. 3 are representative of the vibration 
amplitudes associated with one or more of the 
many resonances which occnr in tiw missile. 

It is well known that the natural vibration 
characteristics of many complex structures 
can be approximated by individual considera¬ 
tion of each resonance or mode of vibration, 
assuming it to be essentially unaffected by, 
or decoupled from, any other mode. The 
response of the vehicle in any one of these 
modes can be obtained from expressions sim¬ 
ilar to those developed for the single degree 
of freedom if an appropriate definition can be 
obtained for the amount of the total mass 
which is involved in actual vibratory motion, 
and lor the effective or "generalized force" on 
the vehicle. Viewed in this perspective, the 
total response of the vehicle at any location is 
simply the sum of the contributions from all 
of the vehicle's vibratory modes. 
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of a Ih? S(lu;u'e displacement response 
°t a sing!® degree of freedom system to a 
continuous random forcing function is given by: 

X * 
0 '% p( f )5 

(1) 

where 

X is the mean square displacement, 

0 is one divided by twice the damping 
ratio, r b 

„ is the natural frequency in radians/ 
second / ' 

FY f)2 is the mean square force per cycle/ 
second 

and 

is the stitfness of the system. 

__The mean square acceleration ratio 
associated witli this response can be 

readily obtained from Eq. (1) to give: 

(ÎJ 
(2) 

where 

w is the weight of the mass. 

th» J*1 °,rd!r t0 a,)ply lhis sin,Ple concept of 
the single degree of freedom system to the 
vZ^‘Cal f°rrelation of multimode missile 
vibration it is necessary to consider the 
relationship between the generalized force 
and ge„eraJizcd mass of the vehicle with the 
s ngle forcing function and single mass in the 
single degree of freedom solution. For exam¬ 
ple, the generalized force on a panel in a 
space vehicle resulting from acoustic excita- 
ínH» f'tt ’ '" addition to the actual magni- 
Z» f,th0 “l"“? Pressure, primarily upon the 
¡P emaciation of the sound pressure or 
the distances over which the pressure is m 
phase, in relationship to the distance between 
modes in the panel's bending response p is 

similarTLthaí V'™ acou8tic Phenomena are similar, except for a scale factor, their spa¬ 
cial correlations are similar when compared 
on a wave number basis. Here, the wZe 
number fkr) is equal to the number of radians 

rha/“1/d‘SíanClí (u,/c ^ times a distance 
characteristic of the size of the object or 
missHe; For the purpose of this correlation 
r is delined as the radius of the vehicle, and 

it i» assumed that the spacial correlation is 
essentic.ly simular at launch for geometrically 
similar vehicles and similar launch configura¬ 
tions when compared at equal values of kr. 

Now, the natural frequency of any mode 
of two geometrically similar panels varies 
inversely with the ratio of the panel dimen¬ 
sions (or the scale factor). Consequent]v 
since the distance between nodes on the panel 
varies directly with the scale factor, the reia- 
tionsh.p between the scaled spacial correlation 
of the sound pressure and the scaled shape of 
lie bending panel remains unaltered when 

compared on a constant kr basis. It can al.- i 
be shown that the generalized mass of the 
scaled panel would be the same proportion of 
the total mass ior the same mode of vibration 
Hence, it would be expected that any empirical 
correlation for geometrically similar struc¬ 
tures would be a function of kr and that for 
this purpose Eq. (2) should be written 

(3) 

where 

represents the constant of proportion¬ 
ality for all factors in Eq. (2) and is a 
function of kr . 

It is clear that both the damping in the struc¬ 
ture and the type of structure will affect any 

asbmh reZinSe 'vith iorcine function, 
as both additional damping or additional stiff¬ 
ness in a specific vehicle will reduce the 
response for a fixed forcing function. There- 
lore, in absence of sufficient data describing 
diese two factors for the various missiles of 

ig. 3, a constant a of 15 was assumed for all 
missiles and all natural frequencies The 
missile weight m was taken as the gross 
aunch weight, but the stiffness variable 

unknown correlation as ^ additional 

The forcing functions were calculated for 
urlace launch of each ol the eight missiles 

frnmerSnntfe nin*Fig- 3’ US‘ng FÍfíS- 7 :lnd 10 from [Ref. i], together with ihe appropriate 
engine parameters, to deline the external 
noise envirenment. The estimated value of 
mean square force per cps was obtained by 
integrating the predicted mean square pres¬ 
sure per cps on the vehicle and multiplying 
his result by the square of the vehicle’s sur¬ 

face area. It is obvious that this quantity 
cannoi represent the true generalized force 
on the vehicle, but it should he proportional 
o the generalized force for constant values 
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Fi K- 10 - Variation of the parameter /» with kr for the data of Fig. 3, whej 
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of kr. Equation (3) was then solved for ß for 
each of the (a g) data points in Fig. 3. 

The results are given as a function of kr 
in Fig. 10. ß appears to be almost constant, 
slowly decreasing with increasing wave num¬ 
ber. The standard deviation of 20 log 3 is 
approximate V 3 db, which indicates that 68 
percent of t< ¿ values of /; are between 0.5 and 
2.0, as seen in the histogram of Fig. 11. 
Although it would be desirable to effect a 
reduction in the scatte.' of the values for ß, it 
is actually somewhat surprising that the scat¬ 
ter is so small when all the assumptions are 
considered. Several comments are pertinent, 
including: 

First, it is improbable that all of these 
missiles are dynamically similar, since a 
wide variety of structural design concepts are 
represented. 

Second, the forcing functions have been 
estimated through necessity, as insufficient 
measured launch noise data has been made 
available. While it might be thought that Ute 
use of an estimator rather than measured data 
would help to insure consistency, the estima¬ 
tion did not consider minor and largely 
unknown variations in rocket deflectors and 
other configuration details. 

Third, the assumption of constant Q for 
all missiles and all frequencies. 

Fourth, it is well known that the launch 
noise environment has a relatively short 

duration and that the response cannot be con¬ 
sidered stationary from lhe statistical view¬ 
point. Consequently, variation in response 
can be expected at the same location for dif¬ 
ferent launches or short duration engine 
runups. 

Fifth, the scatter at various transducer 
locations and various flights of one missile is 
seen to be almost as great as the total scatter 
in the figure. 

When these and other factors are consid¬ 
ered, the results of this correlation are 
encouraging. Perhaps the most startling 
result is the fact that the mean value of ß is 
approximately one, as in the single degree of 
freedom case. This indicates tnat the ratio of 
generalized force to generalized mass remains 
constant with wave number and that the method 
of obtaining the forcing function used for the 
correlation forluitiously gives the ratio exactly 
equivalent to the single degree of freedom 
case. 

It would be higltly desirable to test this 
empirical correlation with additional data and, 
wherever possible, to use measured launch 
noise data in the comparison. It would be 
desirable also to test an extension of these 
concepts to the maximum dynamic pressure 
portion of flight; however, the necessary flight 
parameters were not available for such an 
extension. In lieu of this test, it appears that 
the value of ß in Fig. 11 could be used at a 
desired confidence level, together with the 
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Tig. 11 - Histogram of /3 from Fig. 10 

boundary layer pressure fluctuation forcing 
function in section 3 of [Kef. l| to estimate 
tins response. 

As a final note on the broad trend exhib¬ 
ited between vibration amplitude and weight of 
missile, the data obtained in the calculations 
indicated that the mean square acceleration at 
a constant value of kr varies roughly inversely 
with the square of the radius of the missile 
or inversely with the two-thirds power of the 
gross weight. This relationship, illustrated 
in Fig. 12, is subject to innumerable restric¬ 
tions and should be interpreted only in this 
vein. For example, a change in launch config¬ 
uration to a silo might bring a fivefold 
increase in the vibration, or less, depending 
upon the acoustical treatment in the silo. 
Also, a change in the thrust-weight ratio, 
mass-stiffness ratio, damping, type of rocket 
stream, etc., can each affect this generaliza- 
tion, and should be interpreted analytically 
with Fig. 10 as a possible guide or reference. 

CONCLUSIONS 

The data and discussions suggest the fol¬ 
lowing conclusions: 

!• general, the maximum vibration in 
space vehicles occurs either at launch, as a 

result of rocket noise, or during the maximum, 
dynamic pressure flight phase, as a result of 
boundary-layer pressure fluctuations; 

2. The rms accelerations on missile 
structure associated with the resonant ampli¬ 
fication of either of the above random noise 
inputs appears on the order of ? g for light 
missiles weighing less than 15,000 pounds 
and on the order of 0.5 g for heavy missiles 
weighing over 100,000 pounds. Note that these 
amplitudes result from surface launch and 
present maximum q values ana that variation 
in launch configuration or increase in maxi¬ 
mum q will change these values; 

3. The rms accelerations of various vehi¬ 
cle resonances increase in level with increas¬ 
ing frequency, at a rate approximately propor¬ 
tional to the square root of frequency; 

4. Rms acceleration amplitudes on mis- 
sde structures near operating rocket engines 
in both heavy and light missiles are on the 
order of 3 to 10 g, independent of flight phase. 

A correlation between external noise and 
vibration of adjacent structure showed promise 
for aircraft at the higher frequencies; however 
the results were negative at low trequencies 
indicating that the vibration of structure in 
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uÓaal'/f^'nónoT"1: f0r,,BUrldC'' h accéléra- 
vehicles and engines 8 “ aUnCh welSht based on present 

regions remote from the location of the max- 
inn m noise levels is a summation of direct 

ttrr1 t\?atK>n :irld vibraUon transmitted 
through the structure from the areas of max¬ 
imum noise The results are consistent wUh 

c conc ept of a consent value of attenuation 
i-^r waveiength of the t.ansmitted vibration 
bending wave, as demonstrated from a Snark 
experiment. The data also exhibited differ¬ 
ences between types of aircraft which may 
resu , from differing structures. 

,eii-P»rical correlation of missile-launch 
‘-K11 <iaU Sh0Wed that Prediction of re so-' 

nant vibration could be made by considexing 

the mean square force per cycle input to the 
vfmC|e,regafd.less 01 8Pacial correlation, the 
vehicle s weight, and frequency. The data 
indicate that the ratio of generalized force on 
the vehicle to the generalized mass taking part 
m the motion is constant lor constant values of 
the wave number associated with the noise 
input. 

ft is hoped that the discussions of this 
paper will stimulate the release of additional 
data regarding missile vibration and the test¬ 
ing of these data against the two methods of 
empirical comparison discussed herein, as 
well as stimulate further efforts toward effect¬ 
ing usable empirical correlations. 

REFERENCES 

1. "Structural Vibration 
(to be published as a V 

"pace Vehicles" 
JI> TR) 

2. K. M. Eldred, "Analyst ^ .-oise Data for 
Convair, Pomona, Tartar M V-l SN-3 
and SN-e," Paul S. Veneklasen and Asso¬ 
ciates Report dated 10 Sept. 18&8 

3‘ oí Corp°rai mís- 
an JPL Pr°gress Report 20-185, Apr. 1953 

4 tBlakf 311(1 M' 01es°n, "Vibration Data 
Obtained During Firings of Vanguard," 
rTOL Report »,102 and Memos 6261-292 
-315, and -46 from Oct. 1957 to Feb. 1958 

5' DouSlaE’ "Vibration 
Data on Thor," t,pace Technology Labor¬ 
atories, TR-59-0000-00566, Jan 1959 

e. S. Morrison, H. Beckwith, R. Vargas, and 
D Dougtas, "Vibration Data for Thor " 
STL Reports No’s. 112, 114, ns 117’ 
118, 119, 123, 126, 138, 140, 146,’ 164,’ and 

7. D. Douglas, "Quick Look," Vibration 
rtepmt of Titan A-5, STL Report, Mar. 

8' fromT^Tr^K '™ration Measurements 
JW ™ CF-2284 PkÍnS ^ n APL/ 

L- Burns’ and R- Lewis, 
°rog»am for Determination of Polaris 

wthert LMSD 

349 



10. B. cameron, "Report of Polaris FTV-1 

It- R. Blake, "Report of Polaris 
Series Vibration Environment " 
Jan. 1959 

FTV-1 
Part II, 

a *!’ Flight Vibration and 
Acoustic Environment in Polaris," Lock¬ 
heed LiVISD 461291, Oct. 1958 

13' AvCra«er<?’ "Prel,m‘nary Analysis 
AX-0 Structure," Lockheed DD 16920 
July 1959 ’ 

20. K. M Eldred, "Base Pressure Fluctua- 
tiocs (to be published in Journal of 
Acoustical Society) 

21- E. J. Lunney and C. E. Crede, "Establish¬ 
ment of Vibration and Shock Tests for 
Airborne Electronic Equipment,'1 WADC 
TR57-75, Jan. 19bo 

22. Convair Report FZS-4-149, "Method for 
Predicting B-58 Vibration Environment," 
Oct. 1957 

23. Convair Report FZM-4-803, "B-58 Envi¬ 
ronmental Vibration Qualification Tests," 
Feb. 1958 

H. H. Beckwith, "Vibration Data on Atlas 
Series A," STL GM-TR-0165-0048, Sept. 

1 ' ü!;.,11'116.5’ H- Beckwith, and D. Douglas, 
V ibration Data for Atlas #3B, 4B, 5B, 

8B, 9B, ilA, 11B, 13A, 15A, 16A." STL 
Reports Oct. 1958 to Nov. 1959 

16. A. Fine and D. Bell, "Captive Firings of 
ferner, NOLC Report 215, Sept. 1955 

17. G. Tatum and B. Delaney, "Review of 
Shock and Vibration Test Requirements 
for Terrier," Vitro TR-34, Feb. 1952 

18. H Beckwith, "Vibration Data on Final 
Stage Able-1," STL Report, July 1958 

19. W. S. Shipley and N. F. Jacobson. Jet 
Propulsion Laboratory, p. fii Shock and 
Vibration Bulletin, No. 26, Part I, Sept. 
1958, CONFIDENTIAL P 

24. Convair Report FZS-4-160, "B-58 Pre¬ 
dicted Vibration Environment and Vibra¬ 
tion Range Curves for Environmental 
Test," Feu. 1958 

25. D. T. Egbert and W. W. Harter, "Vibra¬ 
tion and Acoustic Environment Measure¬ 
ments as Applied to Snark Missile Equip¬ 
ment," Shock and Vibration Bulletin, No 
24, Feb. 1957 

tic and Vibration Data Analysis," Northrop 
Report NAI-56-686, Vols. I and II, 1956, 
N69D Missile N3305, Nov. 1956; NAI-57- 
584, Nov. 1957; NAI-57-582, "Internal 
Acoustical Treatment," Jan. 1958; NAI- 
57-584, "Salted Grain Booster Bottles." 
July 1958; NAI-29-25, "Summan- of 
Acoustic and Pressure Data Booster 
Blast Off Program,” Dec. 1906 

27. D. C. Kennard, Jr., "Some Vibration as 
^PHfied by the RB-66B Airplane," 
WADC Technical Note 59-158, May 1959 

* * * 

350 



' AN estimate of missile environmental 
ACOUSTIC PRESSURES RESULTING FROM A 

SUBSURFACE LAUNCH, BASED ON MODEL TESTS" 

Edwin C. KainpH 
Convair 

San Diego, California 

--del thrust and'mals flow ExcXn?1'”^0 7 Í/9W of ^-scale 

^JLÜÜ^ou'tic output W the mode .^ancT^af The 'fuU-'scale'^AUas 

introduction 

,rability 0i lht Atlas missile to 
attack while m the surface launch c.«tiiguraCion 
prompted a study to determine the feasibility 

sibRi^r nf f larh- T° i,recludc ‘he pos ■ bility Of a missile failure due to equipment 
malfunction resulting from the expected 
increase in environmental acoustic pressures 
m the subsurface installation, a number of 
ests were run to provide a reasonable esti- 

n< t. 3 of the expected sound pressure levels. 

AtlJ^5^ a !'/30'scale model of the 
full !,.Ti le Wfre emPloyed to establish the 
full st ale acoustic environment for several 
proposed eonditions. This model was selected 
because it was considered that it would pro- 

a 

nCaie surface static firings had established 
near- and far-field sound pressure levelc. 
^f. ati0” .°.f the model under similar free- 
;T d,c°nditions waa required so that correla¬ 
tion between the acoustical outputs of the two 
sources could be effected. That is, a com¬ 
parison between sound pressures at particular 
corresponding locations was required so that 
amplitude and frequency scale factors could 

■ Hub paper was not presented at the Symposium. 

f rTTu *,k:dc liU IOTB were required 
so that they might be applied to data derived 
from subsurface model firings to enable a 
reasonable estimate of full scale piessores. 

MODEL RELATIONSHIPS 

The physical dimensions of the model 
employed were 1/30 those of the full-Kale 
«nao nuoeiie. me operating parameters 

ümeÂÍt0 th08e 0f ^ the time this study was made, although consider- 
able improvement in performance has been 
obtained since that time. The approximate 
operating exit temperature was 5000-degree 
fahrenheit and the exit velocity was apnrovj- 
mately Mach 3. Model thrust Ld m!ss flow 
were direct functions of the scale and were 
approximately 1/900 full scale or 180 pounds 
per booster and 1 pound per second per 
booster, respectively. 

, .T.he establishment of a sound pressure 
lZVn a*FartlcuIar volume is dependent upon 
be acoustic power of the source. H identical 

directivity indices are assumed, a ratio of 
ff?“ niCK^T.erB betweer> two sources can be 
ertabHshed by comparing a sound pressure 

resuWmTfrim ír0m °ne SOUrce with that \ ting from a second source, provided the 
point of measurement remains ¿iLd See 



f,ÍatanCCS would P~vc 

B but at mnre ‘■onvenient raiial distances. 

oowe’-TÍ«!11 eStablÍ8h'jd thí,í the acoustic 
P we, (i WL) generated by a source of this type 

(Ai .i1“’ ™ °f the exit cros£ sectional area 
iuv oMhfn' ^f^ OÍ the f,uid (V). the den- 
of sound (a) ^ the atmosPheric speed 

m % *Lii. 
fll5 

^T^inR that the mo,lel and ‘he Atlas had 
dentical v, p and », the ratio of acoustic 

powers was merely a function of the area 
ratio which was 900:1. 

,The s'lunfi Pressure level (sn) at a par¬ 
ticular radius K is equal to the acoustic power 
per unit area. power 

SPl. PtL 
4K’ 

onn i*1 iihe ratl° oi the acoustic powers were 
J00.1, the sound pressure level resulting from 
the operation of the Atlas, measured at a par- 
hat rj radlUSf(R) :wd angle, would be equal to 

that resulting from operation of the model 
when measured at a distance of r/30 at the 

WMldS.i VuerifiCatlon of this relationship 
would establish equivalence of the sound pres¬ 
sure levels resulting from operation of the 
model with those of the Atlas, provided that a 
factor of 30 was applied to all linear distances. 

♦ ¡„¡t,TheJnitial aS8umPtion of equivalent direc¬ 
tivity indices was necessary due to limited 

Nevertheless. examination of 
ZSiTi fourteen types of rockets [2\ 
indicated that this assumption was valid Fur¬ 
ther verification was provided by the agree¬ 
ment of the model test and full-scale data at 
two points (Figs. 1 and 2). 

Frequency distribution differences 
between the model and full-scale sources 
were resolved by utilization of the Strouhal 
Number 

Í5 
V ’ 

where 

f = frequency 

v = jet velocity 

D - exit diameter of the sour-e. 

FREE-FIELD MODEL TESTS 

*—werte; ufua.aurea ay 
means oi two Altec Irnsing M-14 microphone 
systems employing two 21 BR 180 micro¬ 
phones. FM recording techniques were 
employed ind the signals were recorded on 
an Ampex 800 series magnetic-tape recorder, 
the frequency response of the entire system 
was 40 to 15,000 cps. 

The model was operated In an upright 
position with the jet exhaust deflected at an 
angle of 90 degrees (parallel to the ground). 
There were no reflecting surfaces in the 
vicinity of the test area. 

- pu&iuons were selected 
to facilitate comparison with full-scale data 
as well as to provide free-ileld data at the ’ 
particular points. One microphone was located 
' . , 4 from ttle deflector face at an angle of 
34 degrees from the thrust axis. The face of 
the microphone pointed up to minimize ground 
effects and was located in the horizontal plane 

f the jet exhaust. The second microphone 
was po&iVoned 4 inches from the body of the 
missile with the face located 9 inches above 
the booster exit. 

, /1,- *«=ouii.mg irom static 
tirings of an Atlas missile [l] indicate that 
the sustainei rocket does not significantly 
contribute to the acoustic levels which result 
from booster rocket operation. Therefore, to 
simplify operation of the model, all meu-ure- 
ments reflect the result of booster operation 

The data resulting from several model 
firings are compared with full scale Atlas 
data m Figs. 1, 2, and 3. Figures 1 and 2 are 

SZITZ leVf SOUnd pre8Sures versus Strouhal Numbers for the two measurement 
positions. Figure 3 is a replot of the data of 
r7n 2 ^°. show the octave levels occur¬ 
ring in the area of the missile instrument nod 

theTS i0 the BCaled PreS8llres createdC 

Examination of the figures indicates that 
reasonable agreement was obtained by apply- 
2ngtlh® Hiw-MffaC 1 8 discussed earlier and the 
2-to 3-db differences noted were probably 
not due to error in scaling theory but rather 
to measurement errors. 

FLY-OUT TUBE MODEL TESTS 

Establishment of correlation between full- 
scale and 1/30-scale model free-field data 



Fig, 
f î levels versus Strouhal number (DF/V) 

Fig- 2 Free held. 
Octave sound pressure levels 

versus Strouhal number (DF/V) 

» 



Fig. 3 - Free field. 

FREQUUCV (c«*s) 

i,Avc reasonable assurance that scaling could 
be successfully applied to the model under 
conlined conditions and that full-scale pres- 
sures could be accurately described from 
l/30-scale mouel pressures Therefore a 
1/.10-scale model of the proposed "ily-om 
.ubc was employed in conjunction with the 
1/30-scale missile model to simulate the 
desired mode of operation. 

The "fly-out tube" model consisted of a 
U-tube configuration. The legs were circular 
stainless steel tubes approximately 38 inches 
long with wall thicknesses of 0.050 and 0.125 
inch and inside diameters of 8 8 and 7 2 

for thc intake an'j -haust 
tubes (Fig. 4). A flame deflector, consisting 
of a hollow graphite block, joined the two b-bes 

directed the rocket exhaust at an angle . ' 
180 degrees. The entire assembly was buried 
in sand so that acoustic radiation from the 
walls of the tubes would not influence the 
desired data. 

Four Altec-Lansing 21BR200-1 micro¬ 
phones were employed to measure the acous¬ 
tic pressures in and about the fly-out tube 
model Two microphones were flush mounted 
in the intake tube; one was !oc?.W 8 «aches 
above the plane of the booster nozzle outlet (a 
point corresponding to the center of thc equip¬ 
ment pod on the full-scale missile) and the 
other was mounted 32 inches above the same 
reference level. The microphones were resil- 
leniiy mounted to minimize spurious signals 
which could result from excessive microphone 

vibration. Acoustic pressures at the mouth of 
the .ntake tube were measured by a microphone 
mounted 4 inches above ground, In an upright 
position, and 4 inches from the intake tube 
Another microphone similarly mounted in 
relation to the exhaust tube, was used to 
measure pressures at this point. An acceler¬ 
ometer was mounted on the rocket model 
directly opposite the microphone located 9 
inches above the plane of the booster nozzle 
outlet. The purpose of obtaining the acceler¬ 
ometer data was to assure that vibration of 
the r issile model did not distort the desired 
acoustic data. Thermocouples wore also 
employed at several locations in the tube to 
preclude possible errors due to microphones 
exposed to excessive temperatures during the 
tests. All data were recorded on magnetic 
tape using the same equipment as in the free- 
Held tests. 

Sound pressure levels were recorded 
under constant thrust conditions, as a function 
of the position of the missile in the tube The 
selected positions were 0, 6, 8.25 and 18 inches 
above the initial launch positions, which cor¬ 
responds to 0, 15, 20.6 and 45 feet for the 
full-scale tube. 

The acoustic pressure data resulting 
from these tests were analyzed in octave and 
ixeo frequency banes of 5 and 200 cps. 

Comparison of the data obtained at the 
various operating conditions indicates that the 
position of the missile in the tube affects only 
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the ac )uStic pressures at the frequencies 
relate i to the harmonic modes of an open-open 
pipe V hose effective length is equal to the total 
length of the ''fly-out” tube. For the model 
configuration tested, the fundamental frequency 
was approximately 75 cps, which is equivalent 
to 2.5 cps full scale. Extrapolating the meas¬ 
ured pressure levels at this frequency with 
the pressure rfistributior. i’uiction in the tube 
indicates that a maximum rms pressure level 
of 171 db (re 0.0002 microbar) will occur at 
the center of the equipment pod as the missile 
leaves the tube. This corresponds to an rms 
pressure of 1.0 psi. 

Octaves not containing this frequency 
component did not appear to vary as a function 
of either missile or microphone position. 
Therefore, other acoustic pressures were 
averaged for the four missile positions and 
the two microphone positions. Thacc aata are 
ishown in Fig. 5 as Octave Sound Pressure 
Levais versus Strouhal Number. A compari¬ 
son of the octave pressures of the confined 
model with those of the free-field condition 
shows that the increase due to confinement 

ranges from 7 to 20 db per octave. The 
narrow-band data analyses indicated that no 
outstanding discrete frequency peaks were 
present. It appeared that reverberation was 
the primary factor influencing the increase in 
acoustic pressure over the free-field condition. 

An additional requirement of this investi¬ 
gation was to determine the effect, if any, of 
variation of the exhaust deflection angle on the 
internal sound pressure levels. Theietore, 
another test model U-tube was constructed' 
similar to the 180-degree U-tube just 
described with the exception that the rocket 
exhaust was directed at an angle of 150 degrees 
rather than 180 degrees. Instrumentation and 
test procedures were the same as for the 180- 
degree U-tube test. 

Analysis of the data resulting from these 
tests indicated that no significant differences 
ex'sted between he resultant acoustic pres¬ 
sures generated in the TRO-degree or the 150- 
degree U-tube. The fundamental mode of the 
open-open pipe was again strongly stimulated 
and the general level at other frequencies did 
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FÍ8' 5 ' ÜCtaVC SOUnd Pres®ure levels versus Strouhal number (DF/V) 

Fig. 6 
Octave sound pressure levels versus frequency 

in cpB full-scale Atlas missile 

not vary signifleetly from the 180-degree 
leveis. Comparative data are presented in 
r ig. 6 as octave sound pressure levels vers 
frequency for both the 150-degree and 180- 
degree U-tubes. 

CONCLUSIONS 

The com iusions based on the results of 
this study were: 

L A reasonable estimate of the expected 
t ^iC,leVelB afcomPanying a proposed sul>- 
providedIaUnCh °f ^ AUaS missile had ^en 

2. An equipment fragility study would 
have to be made to preclude possible equip¬ 
ment malfunction, but in the event of sTpos- 
sibl* problem it appeared a reasonable 
solution could be effected by improving the 
noise reduction of the equipment canisters 



or by increasing the absorption of the "fly¬ 
out" tube 

3. The possibility of structural fatigue 
damage was considered slight excluding a 
possible coincidence of the basic missile 
mode and the open-open tube resonance. If 
this occurred, determining one or the other 
could easily resolve this difficulty. 

therefore, it appeared that no unusual 
acoustical problems would emerge as a result 
of a full scale effort. 

Doubts had been expressed concerning 
the reliability of test results obtained by 
employment of a model of such reduced scale. 
However, considering the excellent correla¬ 
tion achieved between the full-scale and 1/30- 
scale model data, this method has been shown 
to produce reliable design information at 
minimum cost. 
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Section 5 

PANEL SESS-ON 

THF ESTABLISHMENT OF TEST LEVELS 

FROM FIELD DATA 

Moderator: Professor Charles E. Crcdc 
California institute of Technology 

Panelists: Mr. Maurice Gerte) 

Allied Research Associates, Boston 
Mr. Neal Granick 

NASA, Goddard Space Flight Center 
Dr. Thon ias Rona 

Boeing An plane Company, Seattle 
Dr. Robert Mains 

General Eieclric Company, Schenectady 
Dr Allen Curtis y 

Hughes Aircraft Company, Culver City 

ment wiU fail I d detc‘•rruning the probability that a given equip. 
^nmeTtal daJ" ®erv,c® are a«'d with the problem of translating envi- 
laborMorv min ? reallstlc laboratory tests. Simulation is the In of 
laboratory testing to create a condition that is repre* • n .live of the 
acmai environmental condition to which equipment will be . ublcted In 

is context, a simulated environment is not necessarily similar to the 
actúa., environment but rather has the same damaging potential Van 

potnmirrlTheseantoKe, ^ “> evaLfelhÄlgmg1 
es ,h t ' 1 ! ' t°8t'u,er Wlth analytical and empirical techniques for 
establishing laboratory test levels were considered by the panelists and 

orm he subjects of the prepared presentations. In presenting the at r 
eral discussion which followed, a verbatim transcript has not been 

been cündensed and 

OPENING STATEMENT OF 
THE MODERATOR are no known answers to many questions that 

ca.. be asked. 

Dr. Crede 

This panel has been assembled (1) to pre¬ 
sent a cross section of the latest thinking on 
the problem of establishing test levels from 
field data and (2) to give members of the au¬ 
dience an opportunity to obtain comments on 
their problems from the experts on the panel. 
I have deliberately avoided saying that the ex¬ 
perts will answer your quest; iia because there 

Essentially everyone engaged in the de¬ 
sign or manufacture oi equipment for military 
use has a problem in determining test condi- 

,ns;.,The very stringent requirements for 
reliabiluy of such equipment dictates that the 
equipment should be subjected to shock and 
vibration tests in the laboratory. The objec- 
tive of such tests is relatively easy to state: 
The laboratory tests should cause all failures 
and malfunctions that would later occur in 
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field service, cut should not be so st* ingent 
as ™ squire exr ssive overdesign of equip- 
■iiuil fins objective sounds innocent enough, 
out sr empts a . its implementa* on have intro¬ 
duced problems of enormous complexity. 

It wi , common praxi -, before World 
/ar n ’ , subject at leas* some types of equip¬ 

ment • laboratory shoe', and vibration tesis; 
how< er, the e-,! >i. mees gained during World 
V n broue’it about some drastically differ¬ 
ed viewpoin s on laboratory tests. In the first 

af f ._.the ->• verity of shock encountered dur- 
■m -i,.,,. ^arfare was found to be much 
greatr . a! . "^rly assumed, notably in 
cm. .echón with nav„ ^ ^jps. In the second 

a , , sume oí the probo ^r^which arose 
rough! about a greatly inc interest in 

the measurement of field condn f s and in 
treatment of equipment design by ■ *oretical 

at hods. The measurement of she s\md 
.nation during those early days wa. .. iCndi- 

capped by the unavailability of good in: ■ >« 
ments and by the lack of good techniques 
vhc use of such instruments as did exist. \ 

required shock and vibration tests. Often the 
testing requir ments were based upon concepts 
’est known only to those responsible for for¬ 
mulating the requirements. At the present 
tima, even with a much greater quantity of 
me.’s ’red data, laboratory tests must be spec¬ 
ified ’ ’en though the measured data cannot be 
applies i'>rectly to the specificavion of tests. 
Our pane'.s' Mr. Granick has had extensive 
experienc. laboratory testing and is famil¬ 
iar wb„ i concepts used to formulate 
testing procedo cs. I will ask him to outline 
the considerable’ i that are important when 
specifying laborai ry tests when field meas¬ 
urements are u.ava 'ble for this puxpose. 

EMPIRICALLY 
SHOCK AND 

Neal Granick 

FORMIL VTED 
VIBRATIL.' TESTS 

•i’at advances in instrumentation have oc 
red in recent years, and lack of field data 

of g ' d quality no longer is an important ob¬ 
stem.. , . the orderly formulation of laboratory 
festino 'i ocedures. An insufficient quantity 
of data r.. , be a limitation in some instances; 
however, vijor problem at the moment is in 
the area of .. ’Iving measured field data to the 
speeificatioi laboratory tests. Perhaps 
some of the -, - ision during this evening 
may point the ‘ 
this problem. 

\ 

»ay o a better understanding of 

Laboratory tests, ,a:d down in specifi¬ 
cations for equipment, a. in many cases a 
mixed blessing. On the w» 'e, they represent 
a better estimate of the requ -ements to be 
placed upon equipment than cc ’d be expected 
from every user of the specific ;on. many of 
whom are unacquainted with the x ial field 
conditions. To this extent specific^, vins are 
desirable. From a contractual vpoint, 
specifications are necessar- io define u'.è 
conditions which the contractor is requir > 1 io 
meet. Unfortunately, specifications w'-'x., >t 
forth required tests create the impression 
that ultimate field conditions are well known 
ana will be effectively simulated by the labo¬ 
ratory test specified. It has been my exper¬ 
ience that users of specifications have much 
more confidence in the requirements set forth 
therein than have the persons who formulated 
these requirements initially. 

Before we had many valid measurements 
of field conditions, we had specifications that 

I remember a session from .(.-other Shock 
and Vibration Symposium, not long . to, in 
which a young man rose to ask a ven. “arch¬ 
ing question. As I recall, the topic oí i at C- session also was the interpretation of £b.,d 
data. The discussion that preceded his vik s- 

’Jiton had centered largely on data reduction 
. V;d analysis with the usual quarrelsome de- 

•£'that bear so importantly on the value of 
u % lhat had been presented. Now, what 
he ^ .led to know was simply this: After the 
cur i. # controversies were settled, and 
aßro*- \>< somehow is reached on the cor- 
rectne.. '^tlie information . . . what will be 
dene with , ¡çHe asserted that he too had 
collected dau-. \..m field measurements, but 
still was at a loflJ\b> see how this could be 
fitted Validly into a -N^cification. Could any¬ 
one there in the audience him answer this 
question? After a few stunned 
silence, some of the more courageT^^puls 
in the audience tried. It seemed to me ti/TNie 
opinion of each successive speaker only con- 
used him all the more, for each idea was 

«liferent. 

It is almost axiomatic that the more one 
nows about the possibilities for error In try¬ 

ing to interpret and employ field measure¬ 
ments for developing specifications, the less 
confident he will become in using this ap¬ 
proach, alone. For the core of the problem 
o es not just reside in whether the environ- 

•it is random, quasi-sinus: idal, or some 
ci. « ’lex combination. Nor is it simply a 
qu - "i of the extent of errors introduced by 
instm citation and telemetry limitations 
Th.>re ,1 SO many other critical factors that 
bear cn t ’e value of a closely derived 



-*pmf(cation that have nothing whatever to do 
with the measurements that underly it. Let me 
cite a few of these. 

To begin with, how many measurements 
should be taken to state the environment ex- 
pected at every different component location 
in a flight vehicle of today's complexity ? 
Would you say ten thousand, a hundred thou¬ 
sand, or a million? I’m sure I don't know the 
answer but the number must be astronomical 
In the second place, if we had all these meas¬ 
urements, how well do you suppose we could 
duplicate them in the laboratory? Isn't it al¬ 
most universal practice to test with rigid fu¬ 
tures and colinear vibration; conditions that 
are practically non-existent in the field? 
Thirdly, when vibration in a laboratory test 
becomes uncontrollably noncolinear, what re¬ 
lation does this bear to a Held measurement 
that we were trying so vainly to reproduce ? 
If we take tima enough to reflect on thest- 
matters, then sooner or later we arrive at a 
single conclusion. There is a restricted use 
to which measurements can be put, so we must 
augment our data with certain experience and 
judgment factors. 

In my opinion, field measurements can he 
applied directly only for specialized problems. 
For example, measurements can be used to 
describe the conditions that exist at the inter¬ 
face of a payload with a boost vehicle. This is 
particularly true if we have some knowledge of 
the structural impedance conditions that exist 
at this interface; however, even here one must 
be cautious not to extend these measurements 
to include other payloads indiscriminately' 

For the problem of testing a multiplicity 
of separate components whicn may be used in 
the same payload, I am equally convinced that 
we must rely heavily upon other sources of 
information to write our vibration test levels. 
1 he specification which defines component 
tests always must be written well in advance 
of the flight vehicle's operational readiness 
date. Hence, usually there are few measure¬ 
ments from the vehicle itself that would be 
pertinent to this task. Nevertheless, there are 
other sources of information from which we 
can draw. For example, extrapolated data 
taken from other vehicles can be used If the 
measurements are numerous enough and have 
been interpreted with a liberal factor of safety. 
Secondly, we can perform transmi ssibility 
studies on likenesses of the vehicle or payload 
which can yield rewarding details about the 
component vibration. Lastly, past testing his¬ 
tory can be employed for classifying compo¬ 
nent vulnerability. This information can be 

osed for deciding which components will need 
to be protected without even running a test. 

I am sure there are people in the audience 
who have used these empirical techniques with 
reasonably good success to develop a compo¬ 
nent evaluation program without benefit of ac- 
cura*o pertinent field data. The point is, that 
to b successful one must embrace a rather 
conservative attitude about what one will ac¬ 
cept when the tests reveal the component to be 
marginally acceptable. Since the test that was 
specified is not truly related to a known field 
environment, but was employed for the very 
purpose if screening possible weaknesses, to 
accept marginal performance from a compo¬ 
nent is to invite disaster. These are the 
building blocks of the systems. Reliability 
cannot be built on a weak foundation. 

To summarize, I would advise that we 
employ field measurements directly for spec¬ 
ifying tests only to the extent that they are 
modified to take into account limitations in 
their number, dependability, and in our own 
ability to reproduce these field conditions in a 
laboratory. Any des.sion to modify previous 
specifications after analysis of flight data 
should be carefully weighed against the confi¬ 
dence level that these few measurements truly 
reflect all the conditions imolied by their 
usage. 

Dr. Crede 

When a person attempts to define shock 
and vibration independently, he encounters 
some difficulty because he often finds that in 
some respects one is a special case of the 
other, or vice versa. Nevertheless, in a non¬ 
technical sense, shock and vibration are con¬ 
sidered separately. They are discussed in 
different paragraphs of equipment specifica¬ 
tions, and the shock and vibration tests are 
usually conducted upon different types of test¬ 
ing machines. The distinction is further justi¬ 
fied because, even though the two phenomena 
are genetically related, different concepts of 
data analysis are found convenient at least ¿or 
purposes of specifying laboratory tests. 

The fundamental components of a meas¬ 
urement system arc a transducer which cre¬ 
ates a signal proportional to the instantaneous 
value of some parameter of the vibration, for 
example, acceleration, and a recorder which 
transcribes a time-histor> of the signal trom 
the transducer. This signal may be tran¬ 
scribed on paper, film or magnetic tape, as a 
function of elapsed time. This time-history 

361 



is the fundamental form of the measured data, 
although 'with some types of instrumentation 
systems it may be transformed to another 
form before the analyst tus an opportunity to 
work it over. Although the time-history is the 
fundamental form of the data, usually It is not 
useful except in its most elementary form as 
a basis for the specification of laboratory 
tests. Some data reduction or data analysis 
musí lirsl i a- done, uitcn apply : rig or e concept 
of data icJucuui n the ultimate objective is a 
vibration test and «mother if the objective is a 
shock test. Dr. Curtis has had extensive ex¬ 
perience in data reduction, and I will a„k him 
to outline come important considerations in 
the reduction of data \'r the purpose of speci¬ 
fying laboratory vibra 

REDUCTION OF MEASURED vibKATION 
DATA FOR USE IN SPECIFYING 
LABORATORY TESTS 

Allen Curtis 

To restrict these comments to the reduc¬ 
tion of measured data rather than the evalua¬ 
tion of data, wc should perhaps start on the 
basis of following assumptions: 

The measured data to be reduced 
must have adequate accuracy and 
fidelity. 

The data must have been obtained at 
a sufficient number of known opera¬ 
tional conditions to define, with some 
confidence level, the complete envi¬ 
ronment. 

The locations at which measurements 
were made were chosen to yield data 
which can be interpreted by designers 
or those responsible for deriving test 
levels. 

Before analysis can commence, it is nec¬ 
essary to know a few rather obvious facts such 
as the frequency range over which the data is 
valid, the sensitivity of the particular instru¬ 
mentation channel, etc. Lei us assume that all 
these "details” have been taken care of and 
Lnat we have a record of the time-history over 
some time-period, during which the physical 
processes which generate the vibration are not 
necessarily constant. Now what are the quan¬ 
tities needed by the person who has to evaluate 
the data 9 rf we ¡eave f0J the moment , the 
techniques of correlation in the time domain, 
and confine ourselves io the more common 
(though not necessarily superior) techniques 

of spectral analysis in the frequency domain, 
there are p. abably four major quantities of 
interest: 

The variation, at a particular time (or 
over a restricted time interval) of the 
vibration magnitude as a function of 
frequency, i.e., spectral analysis. 

The variation, at a particular fre¬ 
quency (or in a particular frequency 
band) of the vibration magnitude with 
time. The variation with time can 
then be correlated to physical proc¬ 
esses. This I like to call magnitude 
time-history analysis. 

The characteristics of the vibration 
magnitude, e.g., is the vibration sinus¬ 
oidal, quasi-sinusoidal or a random 
process. 

The accuracy of, or the confidence 
band which must be placed about, the 
observed values dua to uncertainties 
caused by the measurement techniques 
and/or the method of data analysis 
employed. 

Of these four items, I think the first, 
spectral analysis, lias been much discussed, 
and T would like lo pass to the second one, 
,»aicL perhaps has received less attention. 
We can probably all agree that a significant 
proportion of vibration failures are caused by 
fatigue. Thus, if our knowledge of cumulative 
damage in fatigue is to be exploited, the time 
periods for which the vibration magnitude 
equals or exceeds various levels must be 
provided in describing the field environment. 
Ideally the variation in each frequency band 
should be given although experience shows 
that the variation of the overall magnitude 
often suffices since the shape of the spectrum 
is usually maintained . 

A paper presented at this Hymposium by 
Mr. Kelly‘‘describes such a time variation 
analysis carried out to ascertain the vai lation 
of vibration during the burni q oi a rocket 
motor, and illustrates the fallacy of averaging 
ihe vibration over the total burning time. 

The last Iwo items, which are somewhat 
interrelated, have perhaps received the least 
attention. Consider the question of the 

*R. D, Kelly, Hughes Aircraft Company, "A 
Method for the Analysis of Short-Duration 
Nonstationary Random Vibration," p. 



characteristics ot the vibration magnitude. It 
:s just as incorrect to assume that all vibra¬ 
tion is random and should be described in 
îhr*m8i,°f spectraI dl'nsit>' a« *t is to assume 
that all is sinusoidal. If meaningful tests are 
..° Kt ®P®cificd. then the data reduction process 
luust determine the appropriate quantities by 
which to describe the vibration magnitude. In 
general this means that a statistical analysis 
of the vibration in each frequency band must 
be carried out. Only in this way can we know 
tor example, whether a peak which shows up 
in a spectral analysis is really a sinusoid, or 
at least a coherent signal, superimposed on a 
general random process. We have had a very 
real example ot this In the vibration due to 
resonant burning at the recent finding of a 
vintage solid-propellant rocket motor. Also 
in this way, we may justifiably specify a ran¬ 
dom, sinusoidal or combination test proce¬ 
dure. 1 

T.ie last item regarding the confidence 
bands whicn must be placed about the meas¬ 
ured data is probably rather new. and I think 1 
see some members of the audience who I hope 
will contribute more than I on this subject. 
Essentially the problem can be reduced to 
giving up our gay practice of saying, "The vi¬ 
bration level is so much," and adopting a more 
realistic attitude by saying, "The vibration 
level observed is so much," and, based on the 
sample size and data reduction method used, 
lies within these two levels with a certain 
probability. Of course, this can only be done 
if we have made a statistical analysis of the 
signal sc that we know how to go about estab¬ 
lishing these confidence bands. 

A final comment which seems appropriate 
concerns the format in which this reduced data 
is presented. Assuming that the analysis has 
yielded some sort ot plot of vibration levei 
versus frequency, it would appear desirable 
to add to the curve some ancillary information 
to aid m the evaluation of the data, either by 
the immediate user, or at some later time. 
For example: the bandwidth of any filters 
used; the filter sweep rale employed, if any; 
the integration or averaging time employed- 
the time duration of the data sample; and per¬ 
haps something regarding instrumentation em¬ 
ployed. Of course, the employment of confi¬ 
dence levels takes most of these factors into 
account and serves the same purpose. I men¬ 
een this because many of us have managed to 
obtain data from one source or another but 
hesitate to use it for lack of this type of infor¬ 
mation. Thus, inclusion of this type of infor¬ 
mation with the reduced data would broaden 
its usefulness considerably. 

Dr. Crede 

Now, if the objective is to specify shock 
tests rather than vibration tests, it is common 
practice to take a somewhat different view¬ 
point of data reduction methods. I will ask Mr. 
Gertel to outline some important considera¬ 
tions in data analysis for the purpose of spec¬ 
ifying laboratory shock tests. 

REDUCTION OF MEASURED SHOCK 
DATA FOR USE IN SPECIFYING 
LABORATORY TESTS 

Maurice Gertel 

My purpose on this panel is to present a 
technique for analyzing and reducing transient 
environmental, shock and vibration data into a 
form which will permit a rational development 
of future laboratory shock test procedures. 
The methods of shock data reduction that T 
will present are known to many of you as 
Shock Spectra techniques. I will review the 
concept briefly for the benefit of those who 
may be new to the problem Shock Spectra 
(sometimes called system response spectra) 
are in effect an analytical extension of a phi¬ 
losophy which has been successfully used in 
the development of some of the empirical shock 
tests which are currently in vogue. In partic¬ 
ular, I wish to cite the example of the Navy's 
Hi-Impact shock machine. This test machine 
was developed on the basis of producing dam¬ 
age in equipment similar to the damage which 
was experienced under actual combat condi¬ 
tions. Equipment response deflections are 
associated with damage if high stresses result 
hence the association of shock spectra with " 
damage. The shock time-history of the Navy 
'est machine bears little, if any, resemblance 
to the actual shipboard shock environment, yet 
*t has successfully demonstrated its ability to 
screen out equipment which in all probability 
would not withstand the rigors of Naval com- 

,, t T'ie lmP°"tant point in my presentation is 
that shock procedures should be developed on 
the basis of producing a desired degree of 
damage in equipment. The method of data re¬ 
duction should therefore be ca lable of discern¬ 
ing the damaging potential in the environment 
as opposed to defining the environment itself 
This approach doesn't rule out shock tests 
which are an exact reproduction or duplication 
of an actual shock environment. In some in¬ 
stances where the waveform is simple, this 
might be desirable. The concept of damage 
simulation, however, does open the possibility 
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° ®h°Ck tests whose time histories have no 

asm ha:re8e^lanCe t0 aotual environments, 
Just t r,^aT 0i the Navy sl>ot:k machine. 
rn-Mh ,! f f ,er!'Se llbit longer, the 
cabm^nrfthh°H da,a reduction which is appli¬ 
cable for the damage simulation concept is 
com1^ y USufU! f0r dascribing both simple and 
complex shock conditions; whereas other tech- 
niques concerned primarily with defining the 

dUficulTfb aS 1Fo,ur,er ;lnalysis) are extremely 
iifficult to apply to complex shock patterns. 

The data reduction parameters involved in 
the damage simulation or shock spectra concept 
r,be fadlly de:ermined by examining the 
idealized equipment shown in Fig. 1. Here 
each idealized mass spring combination may 
be consuiered as a separate, simple compo¬ 
nent in a large equipment, or as the effective 
mass and compliance of each normal mode of 
vroration m a complex structure. In either 
case, it can be seen from the equation of mn- 
lon in Fig. i that the response acceleration- 

rl,’!1! "r.f0mponent-i« Proportional to the 
relative deflection across the elastic element 
of the system. (Damping in most structures 
is small and can be ignored here.) Inasmuch 
as stress in any element is proportional to its 
deflection (or strain), the stress in each ele¬ 
ment of the system is proportional to the rc 
sponse acceleration of the mass. In general 
the response of a structure to shock is vibra¬ 
tory motion and continues for an appreciable 
number of oscillations. The damage which 
can occur in each structurai element (or mode) 
in tig. 1 is a function of whether the vibratory 
response accelerations proauce deflections 
and stresses which exceed ultimate stress or 
safe fatigue allowables. Unless the shock is 
extraordinarily severe-e.g., resulting from a 
crash or explosion—failure rarely occurs 
during a single application of shock, ¿father 
uaniage tends to accumulate progressively ’ 

during several repetitious of the shock and 
repeated reversals of vibratory response 
until in lure ultimately iccurs. 

With this brief background, it is perhaps 
evident to many of you that the concept of data 
reduction for shock damage simulation has 
much in common with defining fatigue inputs 
for structural materiais. By analogy with 
structural fatigue problems, the parameters 
for shock data reduction are (1) response ac¬ 
celeration (or stress) and (2) the number of 
cycles or repetitions of response peaks. Nat¬ 
ural frequency is of course an important pa¬ 
rameter here so that the damaging potential 
of the shock can be examined in relation to 
different components. 

Figure 2 shows, step by step, the process 
of reducing shock data into a form which is 
useful for developing shock tests with damage 
simulation as the objective. First, the time- 
history of the shock input is applied to a 
single-degree-of-freedom analog of a simple 
equipment and response time histories are 
obtained lor different system natural frequen- 
cíes. An operational analog computer repre- 
sentation of the simple system is used here 
for illustrative purposes. Actually, mechani¬ 
cal analogs or numerical computation tech¬ 
niques can be used to determine the response; 
however, operational analog computers are 
generally conceded to be most versatile and 
convenient for the type of fine-tuning control 
of t ie system natural frequency and damping 
which is required here. I might add thnt there 
is no standard on the value of damping to use 
m this analysis, although q-s of 50 to 100 are 
usually convenient and represent typical values 
for structures. 

The second step in the shock data reduc¬ 
tion process is to summarize in digital form 

Fig. 1 - Idealized equipment 



the important characteristics embodied in the 
system response time histories. A convenient 
way oí accomplishing this is to obtain histo¬ 
grams or bar charts denoting the number of 
cycles of response peaks embodied in the re- 
sponse time history. There are perhaps many 
ways of accomplishing this and one method is 
illustrated in Fig. 2. Horizontal graph lines 
Of any convenient increment are superimposed 
on the response. The procedure is to count 
the number of times the response crosses 
each incremental level. Dividing the total 
number of crossings at each increment by 4 
gives the cycle count. (It is usually conven¬ 
ient to lump positive and negative amplitudes 
together for the cycle count.) fn Fig. 2 the 
engtii of each bar in the chart indicates the 

number of peak responses which exceed the 
response amplitude represented by the b ir. 
for example, 5 peaks exceed increment 1 but 
only 3 peaks exceed increment 2. I would like 
to inject a word of caution here that there is 
no standard technique for making cycle counts 
of peak responses. If the data are intended 
for developing a shock test, the counting tech¬ 
nique is not too critical oecause only relative 
comparisons of data severity are involved. If 
the data are intended for design purposes, then 
it would be desirable to cull the fatigue litera¬ 
ture tor more sophisticated counting methods, 
n any event it can be seen that converting a 

response time history to digital form results 
m a loss of detail, e.g., the order of occur¬ 
rence of high and low peaks is not evident. 
Therefore, it is desirable to include a copy of 
the original time history with the reduced data. 

Tiie next step is to assemble the data into 
a form which will show at once the effect of the 
shock transient on systems with any natural 
frequency. A three dimensional presentation 

which accomplishes ttiis is shown in Fig. 3. 
Tiie reduced data are presented as a surface 
whose coordinate axes are peal/ response, 
natural Irequency of the responding system 
and the number of response cycles which ex¬ 
ceed any given value. The surface is faired 
through the ends of the bars in each histogram 
since in the limit the width of these bars can 
be made to approach zero and define a smooth 
surface. 

Hie surface 1 have described is known as 
a Three-Dimensional Shock Spectrum. A sim¬ 
plified and much older version of this is the 
Two-Dimensional Shock Spectrum The two- 
dimensional spectrum is actually the intercept 
of the three-dimensional spectrum at N = 1 in 
Fig. 3. The two-dimensional spectrum is of 
particular value when defining a very severe 
shock which is expected to cause failure in a 
single application of the shock, Obviously, in 
this case there is no need to consider the fa¬ 
tigue effect introduced by lower levels of re¬ 
sponse. 

In summary, ! have described an analyti¬ 
cal technique for reducing shock transients in 
a manner which discloses their relative dam- 
aB*nB potential. If two shock surfaces are 
compared the higher surface is considered the 
more damaging. If they intersect, then it is 
reasoned that each shock is more critical than 
the other only in the region where each is 
higher. The principal limitation of the data 
reduction method described lies in the analogy 
which is implied between equipment failure 
and structural faibne. c.sofar as equipments, 
broadly cons cued, are fabricated of structural 
©lements, the failure analogy is r«3LSor»able 
and vibration endurance data on electronic 
and other components tends to confirm this. 
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}• ig. 3 - I href!-dimensional shock spectrum 

I must point out, however, that there is a class 
oí equipment failure, described as "temporary 
malfunction," e.g., electrical noise, loosening 
of fasteners, etc., for which the presented data 
reduction technique doesn't fully apply. This 
isn't a major handicap, however, and until we 
find a way to design tests for malfunctions the 
present method based on simulating structural 
damage will ensure the structural integrity of 
the equipment we plac e in future vehicles. 

Dr. Crede 

Now, if we have followed the advice of Dr. 
Curtis and Mr. Gertcl, we will have separated 
out from the complexities of a time-history 
certain numerical parameters which indicate 
the nature and severity of the field conditions. 
From our knowledge of these field conditions, 
we can determine the over-all time during 
which the equipment will be subjected to these 
conditions. For example, equipment installed 
in a manned aircraft may be required to en¬ 
dure hundreds or thousands of hours of vibra¬ 
tion whereas that installed in a ballistic mis¬ 
sile must withstand only a very few minutes 
of vibration. Finally, we may know something 
of the nature of the equipment to be tested 
which can be applied in selecting appropriate 

tests. Dr. Itona, if you wer a supplied with 
reduced data as outlined by Dr. Curtis and 
Mr. Gertel, together with the other informa¬ 
tion that I mentioned, what concepts would you 
apply in devising a laboratory test to best 
simulate the field conditions? 

TEST PROGRAM BASED ON 
MEASURED ENVIRONMENT 

Thomas P. Rona 

The question, as phrased, may imply that 
the only thing I can use is the data supplied by 
my copanelists. Actually, what I shall try to 
do is to limit the proportion of the test de¬ 
signer's judgment which enters into the defini¬ 
tion of the tesi, and attempt to Increase the 
rational elements. We should not delude our¬ 
selves by thinking that by rational we mean 
absolutely incontrovertible. It is simply a 
matter of where the elements of judgment do 
come In the picture. 

Specifying a rational shock and vibration 
test program is, in general, impossible on the 
basis of measured environment only. While 
"environment," translated as meaning here 
input and output phenomena connected with 
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Fig. 4 
Proof of design, workmanship, and life (enduranreT 

of rational" and "duplicaPve-.est programs n ) 

yiuratlon and shock, is one of the essential 
ingredients of such rational test programs, 
other iniormation types are just as indiscen- 
"7’’ *• - !Su*e 4 characterizes the component 
of what may be thought of as being an -dea» 
situation. Two "rational” test program deter 
mination processes are compared with a "du- 
p! .nat ive process in order to illustrate the 
specific requirements of both types. 

Before examining the detailed nature of 
sue., requirements, the following preliminary 
statements should be clearly spelled out: 

Practical considerations of operational 
nature citen do impose constraints that dom¬ 
inate the technical considerations discussed 
here. It cannot be our purpose to conceive 
methods that would modify the respective 
V,eights given to operational and technical 
constraints. 

.Ivin» oi iniormation about the 
type of equipment to be tested (among others 
the safety factors, mission success probabili 
and performance penalty paid for overdesign 
will often supply valuable indications in orde 
o decide between "rational" or "empirical" 

test programs. 

The objective pursued here is to clarify 
the differences in input requirements and in 

quality of test results expected rather than to 
take a definite stand In favor of one or the 
other of the r-pproaches discussed. 

« . . ** vv/i. t-Digiij prooi ot 
workmanship, and life (endurance) test pro¬ 
grams in two categories. "Rational" test pro- 
grams are the ones which, presumably, would 
start from all the available necessary Infor¬ 
mation in order to obtain results with a mini¬ 
mum of equipment and effort. For want of 
better description, we call "duplicative" the 
type of test performed when only the shock 
and vibration input characteristics to a given 
piece of equipment are known together with 
some arbitrary failure criteria. Our efforts 
are exerted toward duplicating inputs as ac¬ 
curately as possible in order to produce 
hopefully, identical fait--res. 

The horizontal lines represent types ol 

ïïL”. »T."“"'“1' ^desi8” R-"!™»»- 

ume-mstory and/ur statistical properties of 
excitation or forcing phenomena. When vibr: 
tion and shock inputs are not transmitted 

m?untinti point8-th« spatial 
distribution of input phenomena is also re¬ 
quired. 
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n 5 ¡'¡«ally, the information 

detad«i Hvh W Ch WOuld ,ead ,0 a complete, deU, ed dynamic hintory oi the whole strnr- 

mv , ,î!n K !* SmalleSt ^»^'ocnt) under 
any aibitrary vibration input. It is clear that 
such complete information would never be 

hÍ.1®/» h47evcr' mass sti«ness :u,d damp- 
% distribution, possibly the vibration modes 

inH af °r n,,t ' ass,>ciated natural frequencies 
and damping ral,os, as well as the relationship 
r.tween these vibration modes and excitation 

input terminals and measuring probe locations 

brn.'niimp07a7e' As a matter o1 Practical limitation, the degree of resolution that is 
necessary for the knowledge of the structure 
s determined largely by the shortest ■ wave¬ 

length" that is conceivably present in the 
structure. 

Under the heading "probes," we mean ac¬ 
celerometers, displacement meters, velocity 
meters, strain gages, strain indicators, and 
in general, any device which will give infor¬ 
mation w th respect to the absolute or relative 
motion of one portion of the structure. As 
stated above the information required includes 
relation of the output probe indications and the 
structural motions. In aUUilion to this, it is 
necessary to be in position to relate probe in¬ 
dication with respect to suspected or -greeted 
failures 1 

distribut, an probability can be made on an 
analytic .1 basis. 

Damage accumulation is the process serv¬ 
ing at the base of our prediction that the fail¬ 
ure probability of a given structure or sub- 
assembly will increase monotonicafly with the 
duration oí shock and vibraron history. The 
small number of damage accumulation con¬ 
cepts now available should not prevent us from 
recognizing that they are central o the whole 
idea of rational test program planning. 

Finally, failure criteria are necessary in 
order to establish a clear-cut end point for 
lailure test programs. Such criteria are quite 
evident when physical rupture of structural 
components are involved; they are, however, 
not so ¿>bí¡ vhen failure is a function of 
performance de.erioration of electronic equip¬ 
ment, or ( > a ebaage in temperature, chemical 
structure. etc. 

F'gure 4 also illustrates the role of these 
various input data categories with respect to 
test program planning. It is readily apparent 
that if by "environment" we mean shock and 
vibration Input phenomena these are only re¬ 
quired for duplicative programs. They are 
not essential (and possibly not even useful) to 
the so-called "rational" processes. 

The output function, in certain cases, must 
satisfy a certain number cf analytical condi¬ 
tions in order to evaluate damage accumulation 
or incipient failure threat. A typical example 
would be that a random vibration environment 
is required to be Gaussian and reasonably 
narrow band before a meaningful prediction of 
amplitude distribution probability or peak 

If the measured output is of sufficiently 
simple form to allow analytical application of 
the available and accepted damaee accumula¬ 
tion formula, and if, further, the measured 
output is uniquely related to t’.e expected fail- 
ure(s) the test program is deeb d without 
difficulty in principle. The practical applica¬ 
tion of such a process, however, is a matter 
of some complexity (Fig. 5). 

L--. 
I 

;-^-1 
nsr , 

I OINEHATO« ) L-, 
Fig. 5 - Rational test program design 



The experimental approach to the ’'ra¬ 
tional' test program design has been described 
previously. Essentially it uses automatic 
machine computation for Step II and conse- 
«luenUy does not require the analytical sim¬ 
plicity of the output functions. Requirements 
on structure information are often less strin¬ 
gent than in the analytical approach. 

To conclude, the "ration"!’’ and empirical 
approach for test program design are comple¬ 
mentary rallier »han competing. When suffi- 
«.«.muita is on hand; when talent, manpower 
and time are not restricted; when design is 
critical with respect to performance and reli- 
uoiiity, the rational approaches are advocated 
When manpower and time are the predominant 
constraints, the empirical test program has 
considerable merit and may even be Uk only 
possible approach. 

Dr. Crede 

that it is reasonable to devise a test in which 
the same damage processes are developed in 
the test as in field service. 

i Environmental loads" « whatever 
phenomenon causes damage. 

Damage process" = the process lead¬ 
ing to eventual malfunction or failure. 

"Same" = identical in nature, rate, and 
extent.) 

2. Either the loads or the damage proc¬ 
esses (or both) are not known, so that any test 
is at best only a sorting process of doubtful 
correlation with field service. 

3. A middle-ground between Cases 1 ar.ci 
2, in which the loads are partly known and the 
damage processes partly understood. 

Some of us have had occasion to explore 
in detail the problem of specifying laboratory 
tests on the basis of a detailed analysis of the 
field data. Personally, I can recommend that 
as a most stimulating type of merda.' exercise; 
however, I have some reservations that the 
concepts outlined by Dr. Rona lead to more 
generally useful results than those outlined by 
Mr. Granick. The fifth member of our panel 
Dr. Mains, has over the years run head-on 
into the problem of making a choice between 
these alternatives, or possibly compromising 
between the alternatives and thereby devising 
an optimum test. I will ask him to compare 
tile relative merits of the two approaches and 
to indicate how he would use the data from 
various sources in arriving at the best test. 

RELATIVE MERITS OF EMPIRICALLY 
FORMULATED TESTS VS TESTS 
FORMULATED FROM MEASURED 
DATA 

Robert M. Mains 

In devising a test, it is necessary at the 
' l;tset to consider the problem carefully and 
determine which of the following conditions is 
applicable: 

1. The "environmental loads" are known 
and the "damage processes” are known, so 

♦Thomas B. Rora, "Equivalent Vibration Pro. 
NoaT7fsrmLthu k atÍgUt' Vit,wPolnt." Bullet» No. 27, Shock, \ ibration and Associated Envi. 
ronments, Part II, p. |29l UNCLASSIFIED 

In addition to the load-damage process 
categories, let us consider the various types 
of tests and their purposes: 

The prototype acceptance test, in which 
the effort is to prove the adequacy of a design 
under as near to service conditions as can be 
managed. 

The design dev lop e <t tc t, in which the 
effort is to gain inte .-ma un us .ful in estab¬ 
lishing the characteristics of a design, in de¬ 
veloping data for design improvement, or in 
choosing between various design alternatives. 

The quality control test, in which the ef¬ 
fort is to sort the "good" ones from the "bad" 
ones, and to hold the bad ones within some 
acceptable reject rate. 

When we spp >k of degree of realism or 
simulation in a test, the key to the degree of 
realism is the similarity of the damage proc¬ 
esses involved. Since this is the case, it is 
entirely possible to have an empirically de¬ 
veloped test which is nearly 100-percent real¬ 
istic because it causes the same damage proc¬ 
esses as the field service. On the other hand, 
it is equally possible to have a test formulated 
from measured data which is only 10-percent 
realistic because the essential damage proc¬ 
esses are not developed. To achieve these 
two extremes, one might say that it would 
require a very lucky empiricist tn the first 
case, and a very anintormed or unobservant 
applier of data in the second case. 

We could define "relative merit of a 
test" as the odds in favor of the test being 
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100-percent realistic, or alternatively the 
maximum percent of realism which could be 
expected from lhe test under normal circum¬ 
stances. This would be a good measure of 
relative merit for a prototype acceptance test, 
but a poor measure for a quality control test. 

If we define relative merit of a test as 
the degree of achievement of the test purpose, 
then this applies equally well to the prototype 
acceptance, design development, and quality 
control tests. From this point of view, the 
prototype acceptance test is the only one which 
needs to be realistic 3« to nature, raie, and 
extent of the damage pi\x,cSBe». It should be 
derived directly from measured data, and the 
loads should be monitored to produce 100- 
percent realism, once it has been shown that 
the resulting damage processes are correct. 
(Be wary of attempting to accelerate the rate 
of damage by arbitrarily increasing the load. 
This often leads to nonlinearitics: twice the 
load rarely produces twice the damage.) 

The design development test needs to in¬ 
volve the same damage process as the field 
Sei «íce ‘o nature only. The rate or extent of 
damage may bt juggled to suit the particular 
design aspect being tested. This test need not 
be based on measured data except indirectly 
since the cause and effect relationship between 
lhe test load and the desired damage process 
must come from somewhere. 

The quality control test u eds no meas- 
uicd dui«. . :r simulaiion purposes. What it 
needs are measurements to establish that It 
is controlling quality: field failure rate ver¬ 
sus factor:/ reject rate and the like. 

To summarize the situation, consider the 
illustration (Fig. 6). In Circle No. 1, we see 
the available data in terms of what we know 

about the loads, the responses to the loads, 
and the resulting damage processes. In Circle 
No. 3, we see the purpose of the test, prototype 
acceptance, design development, or quality 
control. Circle No. 2, then, is the simulation 
or test which translates the data into the ac¬ 
complished purpose. For a high degree of re¬ 
alism, tests based on measured data are to be 
preferred. When realism is not so importa.it, 
then empirically developed tests are adequate. 
Much 01 ou*- work at present seems to fall 
somewhere between these two cases because 
the loads are not adequately known, or the 
structural action is too complex, or the dam¬ 
age process is not understood. It does little 
good to argue the relative merits of one test 
versus another unless this can be done on the 
basis of answers to the questions: what is the 
field service damage process, and how well 
does the test in question simulate this damage 
process in nature, rate, and extent ? 

Dr. Crede 

Now that our panel of distinguished ex¬ 
perts have stated their views on the several 
topics put to them, there may be persons in 
the audience with different opinions on these 
subjects, or with questions on points touched 
by the panelists but not answered explicitly. 
The subject of laboratory testing and failure 
of equipment is a very broad one. much 
broader than could be discussed this evening 
or in any other reasonable period of time. To 
gain maximum benefit from the discussion this 
evening, we should limit ourselves to those 
explicit topics discussed by the panelists. You 
may address your comments to anyone of the 
panelists directly or to the panel in general: in 
the latter case, if no member of the panel then 
volunteers to comment, Í will direct the ques¬ 
tion to a member of the panel whom t select. 
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mscuss’ON 

jíèCüSSITY for EMPIRICAL tests in 
the EARLY STAGES OF A PROJECT 

,,,,, °r- staIlard (The Martin Company, Den- 

Z] rnTU'd that Dr- Mains in his Hlustra- 
U°n (Fig. 6) seemed to have put the cart before 

started8« í0r|*TSt ,,rotîra,ns’ because he had started out with environmental data. 0. 
Mallard cited the case of the Titan II progr?m 
It was a new pm^am ar in silo launch, and 

Tr-ST ^n0 bke it before on the 

S wer he T r " thrUSt- Coniidential draw¬ 
ings were out already ;uid as far as the envi- 
ronment went, it was a question of making as 
g„od a guess as possible. By the time real 
environmental data became available, tests to 
qualify components would be underway on the 
basis of the guesses, in favor of this method 
he could point to the Titan I program where, 
with the same approach, there had been, so 
far something like 18 successful flights out 
of J5. It would be very nice to have all the 
environmental data on hand so as to specify a 
realistic test but there was not the time. A lot 
oi judicious guessing was necessary to get a 
program on tne road 

Dr. Mains agreed entirely with Dr. Stal- 
•ard and was hurt that any other views should 
be imputed to him. He said, "If you've got to 
start and you don’t have any data, then you go 
ahead and start. You do so on the basis of ° 
your reasoned, best judgment at the time and 
if you ve overshot, you back up. You jiggle 
m . . on the proper test as you gain exper- 

fNCREASING VIBRATION TEST LEVELS 
TO ACCOUNT FOR DAMAGING EFFECTS 
OF OTHER ENVIRONMENTS 

Mr. Fine (The Martin Company) noted 
that in rea! environments, vibration stresses 
would be superimposed on other stresses, for 
instance, those due to fQmperature of humid- 
ity. He asked, "Shoulu we not, in designing 
our laboratory tests, raise the vibration test 
levels to try to account for the damage due to 
these other stresses?" 

tr HiWh/a d that ¡t wouId be admirable 
to do this, ,f we knew how. If we knew the 
damage processes and the way in which dam¬ 
age accumulated from the various stresses 

P.erhaPs we should be able to increase ’ 
the vibiation level to account for these other 

k3XeM.Heaidn0tbelieVeWehadthiS 

Mr. Fine agreed, but pointed to cases 
w-T6 h®”18 bad Passed vibration tests and, 
although temperature cou d ha ve been added 
as well this was not done because the people 
lad been falsely led into a feeling of security 
since these items has passed the vibration 
test with a good margin. He asked if some 
i actor of safety should not be aaded, although 
he realized it would not be easy to obtain. 

Dr. Mains said that he knew of at least 
one case, quite recently, where only the addi¬ 
tion of the temperature as well would have 
found the trouble. In that case no amount of 
increase in the vibration level would have 
done the job. 

CONFIDENCE LEVELS FOR DATA 

Mr. Barkham (Lockheed) addressed Dr 
Curtis with regard to analysis of data. "You 
mentioned that snecification writers should 
give greater consideration to confidence bands 
with regard to analyzed data. What do you 
mean and where does this lack of confidence 
n the data come from ? I presume you are 

speaking of power spectral density plots and 

presentation«' Could you elabo¬ 
rate a little more on this, Dr. Curtis?" 

Dr. Curtis responded, "Assuming we have 

tahe nrolmh? ^638 ^ a no: :r‘ai ^tribution, the probable error is based on the fact that 
when we take a certain iength of time over 
which we obtain the mean squared value, we 
have taken a certain sample size. The bigger 
the sample size, the better is our estimate of 
the mean-squared value. Similarly, the wider 
the bandwidth, the more frequencies we're 
averaging over. True, resolution is lost in 
the shape oi the spectrum, but confidence is 
gained because, to put it in the statisticians' 
terms, we wind up with more degrees-of- 
freedom. They're not vibration degrccs-of- 
freedom; they're some other kind that f .w* 
understand too well. Anyhow, the wider the 
bandwidth, the more are the degrees of free¬ 
dom and the greater is the confidence lhat the 
observed value is truly the mean squared 
value of the random process.” 

Mr. Barkham, referring to a fijure of 

mBntirCüs that.Dr- CurtiE had previously 
ment oned said, "Normally when we attempt 
-amS’' a mean-squared value, we cake ! 
«ample about ¿ seconds long. Are these val- 
ues that you express representative of a par¬ 
ticular length of sampling time?" 
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was fust ™?íShreplÍedJ ,'Wo’ ,he f*Kure I used was just one 1 happened to have around I took 
a loop „t tape 4-1/2-seconds long and used h 

dÏffjes C'0,t HdWÍd'h filter' The number of 
rnis n d0m ls twice the bandwidth 

>mes Ute integration time of the eitective 
the me1^ SinCí\v'L‘ b^ve a Gaussian procesa, 

mean-squared value which I compute from 
a particuhir observed sample should have a 
ch. squared ( v2) distribution. With the many 
degrees-of-freedom and using ,v2 tables, J can 
find the 80- or 90-percent confidence limits. 
Without being too rigorous statistically, this 
means that, for the 80-percent confidence in- 
terval, if I observed a value of 1 g Vcps at 
100 cycles the upper limit was 1.2; the lower 
limit was 0.8. Thus, if I have a stationary 
process and sample over and over again 80 
percent of these samples will be between 0 8 
and 1.2. The one sample I made came out at 
1, so I m only 80 percent confident that it ac¬ 
tually is between 0 8 and 1.2." 

Mr. Kuoppamaki of Lockheed, Sunnyvale, 
remarked that this confidence interval was 

hmCJ\rnf.d Wi'L}‘ at!Uils of the :lnalyzer and had 
./.1. /° do Wlth the test levels. He mentioned 
that here are confidence intervals which are 
directly connected with test levels. These 
consider the damage process. There are the 
¿n no-go tests and we speak of test levels 
with respect to the expected environments. 
That phase of the problem should be gone into 
Mi. Kuoppamaki referred to a paper bv Dr 
Mains in the 28th Bulletin* in which he dis¬ 
cussed simulation, described damage proe- 
osses and explained that we are concerned 
with statistical distributions. He asked "Dr 
Mams, would you amplify a little on the’same 
subject from the standpoint of test levels? 
Should we place our lest levels somewhere in 
the mean of our expected environments, or 
should we probably be a little above the mean 
and how much above the mean ?" 

Dr. Mains replied, "The answer to your 
question would take much longer than we have, 
but I will comment briefly. First of all, the 
margin that you want to put into a test should 
be predicated upon the degree of disaster that 
results from the failure. If it doesn't make a 
great deal of difference whether the failure 
occurs or not, I'd be willing to hit for the 
middle of the statistical range for my test 
level But a the result of the failure is cata- 
strophic, I would \v<tnl to double or nuiybe 

triple that test level, depending on the situa¬ 
tion. f like to temper my mathematics with 
judgment rather heavily. 

ON SHOCK TESTING 

Dr. Morrow (Aerospace Corporation) 
considered that none of the panelists had 
really come to grips with the problem of es¬ 
tablishing test levels from field data. He 
thought Mr. Granick had come closer than the 
others and he had been talking about establish¬ 
ing test levels without field data. There were 
many things that must be considered, some of 
which had already been mentioned, but there 
was one important subject about which little 
had been said. This subject was feasible tests 
and their limitations. He asked Mr. Gertel if 
he would like to say something on feasible 
methods of shock testing; about how he would 
use some of the data he had discussed in ar¬ 
riving at test levels for shock test equipment; 
and in particular how he would make use of 
the three-dimensional (3-D) shock spectrum 
(Fig. 3), in view of the fact that in practice we 
deal with systems having multiple degrees of 
freedom. 

out that the 3-D spectrum was an extension of 
the well known two-dimensional (2-D) shock 
spectrum. As to devising a machine to do the 
Shock tests, he believed that it was a question 
of the severity of the test. H a test was very 
severe, then the 2-D spectrum was all that 
was needed. The test item would be proved 
in one or two blows. On the other hand, if the 
shock in question was one that had to be re¬ 
peated say 100 times, then it would be desir¬ 
able to Incorporate in the shock machine 
features which would impose the damaging 
factors over a number of applications. The 
third axis in the 3-D spectrum then came into 
the picture; however, whether you had a 2-D 
or a .i-D spectrum the process of arriving at 
a test machine could be rather empirical 
-cu would create ouiut hori oi a shock device 
and obtain a shock spectrum ot either variety 
as need dictated, and compare this spectrum 
with required service condition. He knew of 

wtfhhnlqUt1°thei thail the ernP‘rical for mak¬ 
ing the machine approach the required spec¬ 
trum. He wanted to emphasize again that the 
principal value of the spectrum is for compar- 
mon of one environment with another. 

■R. M. Mains, "Introduction to Shock and Vi- 
-ra. . r, aimulation," Bulletin No. 28, Shock 

‘ ’■‘ition and Associated Environments, Pari 
IV, p. 225, UNCLASSIFIED. 

ir Crede took up Dr. Morrow’s query 
about using the shock spectrum when in prac¬ 
tice we are dealing with multidegree of free¬ 
dom systems. He considered the answer lay 
in a comparison of the shock spectrum as a 
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design tool and as a means for specifying a 
shock test. From a design standpoint, the 
shock spectrum left many questions unan¬ 
swered. Based as it was on a linear, single- 
degree-oi-freedom system, evidently it would 
not apply to systems with many degrees of 
freedom, nor to systems which have nonlinear- 
ities or thaï have feedback loops, nor to many 
o her types of systems. But as a simple yard¬ 
stick lor comparing a field condition with a 
laboratory test, the shock spectrum had con¬ 
siderable utility. 

Mr. Davis (General Electric Company) 
wondered if some of the shock test specifica¬ 
tions were really satisfactory, fn particular 
he had in mind a component shock test which 
called for 3 shocks in 6 directions for a total 
ol 18 shocks, each at the same g level and for 
the same duration. "If we are going to do 3 
shocks in a given direction, it seems to me it 
might be more logical to specify that the dura- 
110,11,6 changed from shock to shock, so that 
we would tend to excite different resonances 
in the particular component." 

Mr. Gertel replied that if the shock spec¬ 
tra of the machine which was called upon to do 
lie test embodied frequency components rep¬ 

resentative of the real environment, as it 
should, then there would be no need to modify 
the siiuck durations. He continued, "Actually 
you 11 find in a particular shock test that there 
are two aspects which create the damaging 
condition. One is the velocity change embodied 
in the shock test. Certain low-frequency sys¬ 
tems will respond primarily to the velocity 
change rather than to the acceleration time 
history. The stiff components will respond 
primarily to the peak acceleration of the shock 
pulse and to the high-frequency components 
that may be embodied in the pulse." 

Dr. Crede mentioned some of his experi¬ 
ence concerning the Navy lightweight shock- 
testing machine that, he thought, bore on the 
question. The shock is produced in this ma¬ 
chine by a hammer striking an anvil to which 
the equipment is mounted by a suitable test 
fixture. The horizontal velocity which is pro- 
uuetd by the blow is arrested by the bottoming 
of springs. In writing the test specifications 
it was recognized that one rather severe fre¬ 
quency condition was introduced to ihe exclu¬ 
sion oi others, thus the specification was 
written to call for hammer drops of 1 3 and 
5 feet successively. This would give the tabic 
three different velocities. The distance to the 
cop was deliberately kept constant in order 
to produce three different periods from the 
initiation of the motion until the termination 

of the motion. Dr. Crede asked Mr. Forkois 
of NRL to comment on this reasoning. 

Mr. Forkois verified that the 1, 3, and 
5-foot hammer drops were still specified for 
the lightweight machine test. 

Dr, Vigness of NRL felt that Dr. Crede 
might have been referring to the medium- 
weight shock machine. An attempt was made 
to make the shock test fairer to different 
equipments by reducing the travel distance of 
the anvil from 3 to 1-1/2 inches. (Blake at 
NHL at one time reduced it to 3/4 inch.) The 
travel time is frequency sensitive because if 
the equipment being tested has a natural fre¬ 
quency corresponding to the period of travel 
of the anvil, the equipment would be at the 
wrong position when the anvil is brought 
abruptly 10 a stop. The test would be unfair 
to equipment that might be tuned to cause 
damage, and easier on other equipment. In 
addition to natural frequencies of the anvil, 
the four-way mounting plates and other things 
would discriminate against equipments having 
the same natural frequency. These frequen- 
eies may not exist on shipboard, yet the fre¬ 
quencies present on the ship may be in the 
same area. The machine is not perfect and 
NRL would like to change a lot of things 

--- aciicu tue panei to com¬ 
ment on the following point. "Although we 
know all shipboard conditions are different 
we have attempted to duplicate shipboard con¬ 
ditions fairly exactly. This is impossible, but 
we attempt to do it by generating the same 
frequency components as on the ship. Oí 
c°uf,se.we can t include on our shock machine 
afl the frequency components involved The 
present trend in the design of shock machines 
is not to try to simulate exact field conditions 
but to use a simple pulse for a shock output; 
the latest is the sawtooth pulse. I rather think 
Die smipie pulse is a good thing since a simple 
pulse does not discriminate against a partic- 
ular frequency which only by accident would 
exist m the field." 

by Mr. Davis (of GE) and commented as fol- 
iows. "We are trying to attain two things by 

freq!'encies oi a shock pulse so 
that it Anil be a good shock test. First, all 
resonances in the test object should be excited 
thus the pulse must have a certain duration 
compared to the lowest resonant frequency. 
Secondly, the pulse should have a rate of 
change, rise time or decay time, fast enough 
to excite the higher resonant frequencies 
Assuming that the pulse is long enough and 
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sharp enough we find that, unless the wave 
shape is sloppy, the positive spectrum seldom 
has valleys; it may have some peaks. Mr 
Davis is doing his test three times in each di¬ 
rection When he changes direction the posi¬ 
tive becomes the negative, thus, altogether he 
win nave tested all frequencies in each direc¬ 
tion This ties in with Dr. Vigness’ comment 
m that we now try to use pulse shapes for 
which we can predict the spectra ahead of 
time, and know what kind of spectra wefre 
going to get out of the machine, rather than 
building the machine and measuring what we 
get This is not a criticism, but perhaps re- 
iiects how some machines come about. 

Dr. Mains, commenting on Dr. Vigness' 
remarks, said, "This is almost a put-up deal 
since I'm reasonably sure Irwin knew I wanted 
to say something on this subject. I'd like to 
see our shock specifications in some other 
form than a machine, such as in the 901 test, 
or a shock response spectrum; I can't do any¬ 
thing with these things. What I need is either 
a time pulse or its Fourier Transform. It 
doesn't matter which, since they're both the 
same. We can then do something toward being 
more rational. As long as we’re stuck with a 
est that's required to be done on a given ma¬ 

chine in a given way, or as long as the shock 
test is described only in terms of a single- 
dearee-of-freedora response spectrum, we 
can't go anywhere," 

Mr. Gertel commented that the simple 
shock pulse is desirable in that it is getting 
away from attempting to recreate the exact 
time-history of the field environment. On the 
other hand, the triangular- or sawtooth-type 
pulse does subject all components to equal 
responses. If the actual environment has 
holes in its spectra, the use of a sawtooth 
pulse would prevent our taking advantage of 
these holes and may result in overdesign. 

Mr. Bob Hawkins (Sperry Gyroscope) 
maae the following comments: "The panel has 
chosen to make a dividing line between empir¬ 
ical test methods and rational test methods. 
When the subject of shock testing and the pos¬ 
sibility of going toward an idealized pulse 
came up, I noticed that the question of whether 
we are testing in an attempt to simulate, arose. 
Empirical testing is still an attempt to simu¬ 
late. The examples that Mr. Granick gave are 
really simulation, not by measurement but by 
observation. When we talk about a triangular 
pulse or white noise, however we're really no 
longer trying to simulate the environment but 
aie attempting to make it easy to perform the 
test. We’re also trying to make it easy to 

understand and control the test. This may be 
a more likely objective when one considers 
the difficulties of simulating the environment. 

The question came up regarding the value 
of shock spectra and Dr. Mains mentioned the 
desirability of Fourier Transform information, 
We have discovered in our laboratory that if 
you take a shock spectrum and divide it, as 
many people have, between the maximum re¬ 
sponse during-the-pulse shock spectrum and 
the after-pulse shock spectrum, the ringing 
responce that occurs after the end of the pulse, 
the after-pulse shock spectrum divided by 
omega (^) is equivalent to the Fourier Inte¬ 
gral Transform. We have used this very con¬ 
veniently because we have the same computer 
program for both sets of information. The 
Fourier Transform is useful to do a mathe¬ 
matical operation on a multidegree-ol-freedom- 
system and to ccme up with response informa¬ 
tion. The shock spectrum is convenient if you 
want to talk about the severity of a shock, the 
equivalence of shock data, or design informa¬ 
tion from a magnitude point of view. Both have 
merit. One is for a highly analytical purpose 
and the other for comparative evaluation pur¬ 
poses. Both can be obtained by a similar type 
of calculation. There is some equivalence 
there. We observed it by coincidence and then 
developed a mathematical proof."* 

Dr. Mains said that he was glad to know 
about this residual spectrum being the same 
as the Fourier Transform and asked, "Bid 
your residual spectrum have an amplitude and 
phase ?" 

Mr. Ralph Blake (Lockheed, Sunnyvale) 
answered as follows; "The computer people 
at the Naval Research Laboratory got the 
jump on us in this same way. We asked them 
for Shock spectra Whiii, Vtiicia weie asking 
for Fourier spectra of miscellaneous signals. 
They used the same program for both of us. 
They gave the Fourier spectra people the 
after-shock or ringing, and they gave us the 
peak value. There is an amplitude and phase. 
You can express the ringing as a sine aial co¬ 
sine term." 

HOW MUCH SHALL WE OYERTEST ? 

Mr. Ray Yaeger (Chrysler Corporation) 
commented as follows: "Legislative technol¬ 
ogy is a great favorite of mine and I greatly 
favor the simple pulse. The major reason is 

*See Information Exchange, this Bulletin. 
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‘ hat I know of no one who can tell me that my 
simple pulse is not duplicated m the field 
sometime. Neither can I guarantee that a 
complex pulse is going Í ■ replace the meas¬ 
ured field pulse at any given time. 

You've been running around the question 
of time, which is one that I get frequently. 
You discussed orders of magnitude and how 
far off we are. In the missile business when 
we're talking about short-term flight problems, 
I feel that we're always off by at least a factor 
of 3 because of this 3-directional business. 
We go to great lengths to set up a test in terms 
of time, magnitude, etc., then turn around and 
run it three times as we should because we've 
got to run along three different axes. I fre- 
quantly get into differences of opinion, partic¬ 
ularly with designers. They accuse me, or 
people in the .laboratories, of overtesting .heir 
equipment by factors of 3, since their equip¬ 
ment may not have failed until it was tested in 
the third direction. I would appreciate com¬ 
ments on this." 

Mr. tlertel was inclined to agree with the 
designers, particularly it the test excited a 
coupled type of response that doesn't occur in 
the direction of the input. When a vibration is 
applied to a system which is nonisoelastic, it 
will have a strong tendency to vibrate in some 
cross axis other than the direction of the input 
A very strong likelihood of overtesting exists 
if the cross-sensitivity persists when the test 
is repeated in the other input direction. Mr. 
Gertel felt that, if a resonance of that nature 
did occur and the test called out a prescribed 
duration of testing at resonance, a duration 
test should not be repeated at a cross-sensitive 
resonant frequency when the same input fre¬ 
quency had been tested on some other axis. 

Mr. Granick felt that we must go back and 
look at the objective of the test. He said, "If 
we're attempting to qualify components and our 
objective is to attain a margin of safety in these 
components, I would be concerned about ac¬ 
cepting a component which passes 2 or 3 
shocks but won't take the fourth. You can feel 
more confident about a component that takes 
all 6 or 18 shocks and still survives. Since a 
component is a building block of a system, a 
weak component will get you in trouble on the 
complete system. A system test is another 
matter. Here we want to be closer to the real 
environment." 

Dr. Mains asked Mr. Yaeger, "Are you 
talking about a prototype acceptance test or a 
quality control test in this case ? Is this some¬ 
thing you do as a production checkout?" 

Mr. Yaeger answered, "All vibration test¬ 
ing is involved, but particularly qualification 
lest mg wnere one is in a very formal part of 
the program and is demonstrating to the cus¬ 
tomer that the equipment will work in the spec¬ 
ified environment. Someone mentioned fatigue 
failures, but these are not always fatigue con¬ 
siderations so that we can carefully pin them 
down as to their directional nature. Some¬ 
times we're talking about noise in a circuit." 

Dr. Mains continued, "Yes, sometimes 
you're talking about gyro precession; some¬ 
times you're talking about just genera! deteri¬ 
oration of performance; however, most of 
these things have to do with something that 
has a damage versus time or damage versus 
number-of-eycles relationship like a fatigue 
relationship. I find it difficult to believe that 
these other processes, about which we know 
very little at the moment, are any less vari¬ 
able in their distribution than the fatigue of a 
piece of steel. You do very well if the spread 
in life for a piece of steel in a fatigue test is 
no more than a factor of 5. I would be sur¬ 
prised if the deterioration of a vacuum tube 
had any smaller deviation than a factor of 5. 
So if your people are complaining about fail¬ 
ures in the test, I haven't much sympathy for 
them unless the test is already a factor of 5 
longer than the service life. Do you see my 
point?" 

Mr. Yaeger said, "The only thing is that 
I've sat in on too many meetings where people 
have spent hours debating whether to run a 
test at 5or 10g, or sometimes even 5 or 6 g. 
These debates between customer and contrac¬ 
tor have been very bitter and sometimes 
there's a great deal of money involved. This 
is why I mentioned this order of magnitude In 
the answer. We're off 3-1 or 10-1 in some of 
these, yet I know of cases in which people have 
seriously debated the requirements within one 
digit." 

Dr. Mains commented, "I'll probably be 
looking for a new job when I get back to Sche¬ 
nectady if f say this, but as far as I'm con¬ 
cerned, the customer is not always right. I 
nprsnnnjiy have no objection to telling him ;» " 

Dr. Kona commented that, in the light of 
these enormous spreads in the results and in 
the use to which we put the results, the confi¬ 
dence limits defined by Dr. Curtis were not 
as frightening as they looked at first sight. A 
power spectrum out by only 20 percent is 
pretty good. 

Dr. Curtis said, "I would agree with you, 
but unfortunately I picked the wrong curve. 
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Perhaps I should have taken the more usual 
case of the 1 -second integration time and the 
2-cps bandwidth which is so popular. I think 
you would have found they were a little wider. 
But this is only one of many in-series inac¬ 
curacies in the process, all I would like to do 
is reform and not kid ourselves that it isn't 
there." 

ESTABLISHMENT OF TEST 
LEVELS FROM FIELD DATA 

Mr. Julius Bendat (Ramo-Wooldridge) 
commented as follows: "The subject is the 
establishment ol test levels from field data. 
--By its very nature, it seems to me that 
the underlying aspect of the whole problem is 
statistical. This has been stressed to some 
extent by Dr. Curtis and by a couple of the 
questions, but has been largely ignored by the 
others. Field data is, by its very nature, ran¬ 
dom. You are going to take samples out of a 
population which is unknown to you and are 
going to try to use these samples as a basis 
for simulating the environment in question. It 
seems to me that one makes certain assump¬ 
tions, usually about the underlying environ¬ 
ment, and, if we're going to make a science 
out of this work, we have to test these assump¬ 
tions. Tests need to be established for ran¬ 
domness, for periodicity, and for stationarity 
or nonstationarity of the data, particularly as 
a missile undergoes various changes. Tests 

need to be established for normality, if nor¬ 
mality be ornes a strong assumption for later 
conclusions. Tests need to be established for 
the nature of the probability distribution of 
peak values, etc. Dr. Mains, I think your dia¬ 
gram emphasized the need for repeated exper¬ 
iments and tor statistical analysis of repeated 
experiments. I wonder if you would comment 
on that point." 

Dr. Mains said, "If people were to go away 
from this meeting thinking that they would have 
to get busy and try to devise tests to test tests 
to test tests to determine whether a time func¬ 
tion is truly statistical, I would feel that we 
had failed miserably. I couldn't care less 
whether we have a stationary time function. I 
couldn't care less whether we have white noise. 
What I want to know is, when I design a family 
of missiles ol which several hundred are going 
to be made, what is the environment for which 
I must design that missile? We did not start 
this business about random vibration for the 
purpose of making an argumentative device for 
the mathematicians. We were concerned with 
trying to find a means of generalizing the de¬ 
sign environment so we could draw intelligent 
conclusions for design choice. Once you re¬ 
alize that you have a random-like function, 
this then allows you to make an intelligent de¬ 
sign choice. It doesn't matter whether it's a 
stationary time function or not. And so on for 
some of the other things." 

* 
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Section 6 

EVENING SESSION 

ZERO SHIFT IN PIEZOELECTRIC TRANSDUCERS 

An informal session on this problem was held at the U.S. Naval Supply 
Center, Oakland in conjunction with the 29th Symposium on Shock, 
Vibration and Associated Environments 

Mr. omurt (Sandia Corpo.'ation, Albuquer¬ 
que) opened the session by presenting and dis- 
cussin- some records of zero shift phenomena 
obtained during field tests by Sandia Corpora¬ 
tion. 

Mr. Smart: Figure 1 is a playback of a 
tape that we obtained from the 300-foot drop 
tower at Sandia, Albuquerque. You can see in 
the upper trace from an Eudevco 22H! tliat this 
one does have zero shift, the result of a cross¬ 
axis g load. The 2216 is a compression-type 
accelerometer. It has a wafer element with a 
mass and a spring load (preload, it is generally 
called); and ordinarily in an accelerometer of 
ihis type, we don't experience any appreciable 
zero shift in the sensitive axis, especially at 
these levels (approximately 1000 g). The cross 
lines (Fig. 1) are roughly a hundredth of a sec¬ 
ond. In a compress-type accelerometer, sub¬ 
jected to a ballistic drop, you get a considerable 
cross-axis component which, acting on the rel¬ 
atively heavy mass causes it to slide across 
the crystal element. Even if it does not get a 
displacement because of surface roughness, it 
can give you either a positive or a negative 
shift. In this case, it went positive. We have 
examples, however, that go in either direction 
and in some types of accelerometers we get a 
much more pronounced shift than this. In 
some cases, It will be way off scale, but this 
one is pronounced enough so that you can tell 
the signal has been completely masked. 

A voice: How much lateral movement do 
you think you get? 

Mr. Smart: It doesn't depend on how much 
lateral movement you get; say you have two 
rough surfaces and you shift them slightly with 

respect to each other, you can then affect the 
preload of the spring. Three microinches of 
compression or release of compression in one 
of these accelerometers will give you about 
100 v. 

Figure 2 is a record of a drop on which I 
had a number of accelerometers that we were 
trying out. We had not been able to make any 
of them shift in the laboratory os, our drop 
tables, but this was on an actual tower drop in 
an actual weapon. Notice the one at the top, 
in particular, has a tremendous shift, roughly 
equivalent to 600 or 700 g. This particular 
one was an Endevco 2224 and the load was in 
the sensitive axis. Now, I might mention that 
the 2224 is not a compression type, it is an 
annular-shaped element that is captive on a 
post in the center, and the mass is on the out¬ 
side so that there is no preload; and also there 
can be no shift of the mass and element with 
respect to each other. Now, this gets into 
another type of a zero shift not caused by 
movement but bv something else which I won't 
go into at this time. The time base in Fig. 2 
is 1 ms between small pips and 10 ms between 
the larger pips. That shock signature would 
be roughly 2 or 3 ms. Notice the second rec¬ 
ord from the top is a Clevite 2C1 which gave 
us satisfactory results. There was no observ¬ 
able shift. The third record is a 2216 shocked 
cross-axis, but it did not shift. The bottom 
one is a Clevite 2C1. On these two (the second 
from top and the bottom), we had asked that 
the weight be reduced to a minimum to get 
away from what we thought might be an over- 
stressing oi the piezoelectric element which 
would result in a shift; and of the two samples 
of the test, neither one shifted, which in some 
measure beats out our contention, but it will 



Figure 1 

need more than just the one drop of two accel- 
erometers to give us anything definite. Now I 
might mention, we had two Endevco 2224's on 
that test. One shifted, one did not. 

Figure 3 is from the same test as Fig. 2. 
The top record is from the Clevite 5C1 which 
shifts negatively just slightly. That again was 
in the sensitive axis. Out where you see the 
second signal is a bounce. This was a ballis¬ 
tic drop; the test item landed on the nose and 
then bounced on the cable. The second one 
down is another Endevco 2216 which shifted 
slightly. The Endevco 2216, we have found, 
shifts less often than any of the other compres¬ 
sion types that we’ve tried. The next one down 
is a Glennite A316 mounted cross-axis and you 
can see we've got some shift there also. So 
we seem to get it in tht bender design too. 

Figure 4 is the final record of this par¬ 
ticular test. The top trace is froivi another 
Endevco 2216 which had a slight positive shift 

The second one down is an Endevco 2224 which 
gave a good signal. The third one down is 
another Endevco 2216 with a slight shift, and 
the bottom was another Glennite which kind of 
rattled after it was all over. You can see It 
liad somewhat of a shift and then it really went. 
Cross-axis, the bender construction doesn't 
seem to be very strong. Again, those time 
marks are 1 ms apart. 

Figure 5 is from another drop. The angle 
there, the attitude, was 45°. This one I put in 
to show you one shift in particular; see the 
arrows (Fig. 5). That one started out where it 
says Clevite 5C1, on left side. The shock was 
about 200 g. Now that is a real one. We don't 
always get them that large, but often enough to 
really mess things up. Notice also the Fndeveo 
2216 there; we get a slight negative shift. No¬ 
tice the long time constant on these, even on 

w^cil a shift in base line of maybe 
10,000-g equivalent, according to the calibra¬ 
tions (that one was calibrated tor 2000 g). 
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Figure 4 

381 



1! 

Figure 5 

2b2 



Figure 6 shows traces from another one 
in the same series oí tests, but these wei'e nut 
r'-cordcd on tape. They are direct recordings 
on the Consolidated unit before we had our tape 
unit working, so we didn't have as much con¬ 
trol over how "pretty" they come out as we do 
when we use the tape. I wanted to show you 
the fifth from the top (circled), a characteris¬ 
tic type of zero shift. The signal is completely 
obliterated, you can't get anything out of it. 
The fourth from the top here is another one, 
tiiese are about 3000-g shocks. Those two were 
both cross-axis. The first and second from 
the top are 1200-g shocks; so you see that out 
of five crystals, wo didn't get a good trace. 
These were compression-type accelerometers 
shocked in a cross-axis sense, and these I 
think, characteristically, will give you more 
movement than any of the others becaus.. of the 
mechanical shift. 

Now on the 155-mm lecouless gun (Fig. 7), 
using the Endevco 2224 type and employing a 

doughnut-shaped (annular) element, the third 
trace from the top is a kind of a .ionreturn-to- 
zero type of thing. Breach pressure is the top 
curve. The second from the top is the breach 
strain curve so that we know by these curves 
when the acceleration should be back to zero. 
Again, the intervals are one millisecond. The 
fourth from the top is about a 3000-g shock 
pulse with a rise time of about 2 ms, so it is 
not a particularly sharp pulse. Both of these 
liad the shill. 

Also from the 155-mm recoilless rifle, 
Fig. 8 shows that the acceleration curve didn't 
come back to zero at the same time that the 
pr essure curve did. This is seen again in 
Fig. 9, the second trace. The shock was about 
3500 g and almost 3-ms rise time. Notice the 
tail off there, and notice that the third trace 
actually goes negative. The cable on these are 
cut out there somewhere and when you get into 
the area marked on Fig. 9, you're getting a 
cable deformation that can affect the signal. 
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Figure 10 is a 5-1/2-inch, air-gun test 
which again doesn't give you a real sharp input 
spike. The gun is built to give a triangular wave 
so it is not a sharp rise time device. Looking 
at the second trace, the point where the cable 
is cut is circled, so disregard that; it is not a 
zero shift. These are Endevco 2224's. 

In Fig. 11, the second is about a 1000-g 
pulse peak. This one shows one of the effects 
we get. The trace hasn't come clearback at tiie 
time that it is cut. It actually looks as if it may 
have started up a little right at the circled 
point. The rise time was about 7 ms on that one. 

in Fig. 12, the second trace- has very defi¬ 
nitely started back up. Rise time is about 7 ms 

on that one, so these are not sharp rise times. 
And agaiû, tiii.-. was an aiuiulur element Fig¬ 
ure 13 shows the same thing, a negative base¬ 
line shiit of some kind. Now I can't convince 
myself that this is the same phenomenon that 
we're getting on the drop tower. Maybe some 
of you can help me figure out what the differ¬ 
ence is, but this does not look like rhe same 
type of shift. If you remember, the others 
came to a specific place, broke sharply, and 
from then on had a normal RC recovery. But 
you see what I've been calling a zero shift is 
something that takes off and you can't even 
tell what the peak is, whereas on the others 
we get a pretty good signal, except that it tails 
off. Those are actual records from field test 
data. 

Figure 10 
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Dr. Bouche (Endevco CorfXjration, Pasa¬ 
dena) then discussed lhe results of a survey'1' 
which had been made at Enrtevco. 

Dr. Bouche: I'll tell you about a survey 
wo made, as the result of a number of people 
mentioning that this "something" was happen¬ 
ing. I gathered together some 14 or 15 pick ¬ 
ups, and we applied a series of drop tests to 
them and tried to discover just what the gen¬ 
eral characteristics of this zero shift were. 
I'd like to classify the zero shift a little bit 
more definitely, so that we can focus our at¬ 
tention and distinguish it from so-called nega¬ 
tive undershoot, resulting from insufficieit 
BC time constants of the pickup and input re¬ 
sistance to the amplifier, and insufficient fre¬ 
quency response in the following amplifier. 
To distinguish it from these, I'd like to call it 
an effect such that an accelerometer continues 
to have a measurable voltage output that per¬ 
sists for a finite period of time after the shock 
motion is completed. And, I think, because the 
voltage output docs not immediately return to 
zero, we've beên calling it "zero shift." 

To perform this type of survey test, we 
used a little drop-ball shock machine we de¬ 
veloped at Endevco. It consists of nothing 
more than an anvil about '1 or 2 inches in di¬ 
ameter and 1 or 2 inches long. We attached 
the accelerometer to the bottom of the anvil 
and impart the shock motion by dropping: a ball 
on the anvil. One can perform an absolute 
calibration of the anvil , or the accelerometer 
attached to the anvil, by measuring the velocity 
of the anvil after impact. With this, we're 
able to apply shock motions up to as high as 
16,000-g, half-sine pulse, with a duration of 
50 ms. If we want lower acceleration, we put 
rubber pads on the anvil and get correspond¬ 
ingly lower accelerations. With 1-1/2-ms 
duration, the acceleration applied is about 
325 g. In the test wc connected the pickup, in 
most cases, directly to an oscilloscope and 
put some capacity in parallel across the pickup 
to reduce the pickup output and also to obtain 
sufficient time constant. In some cases, we 
did put a cathode follower or preamplifier be¬ 
tween the accelerometer and the oscilloscope, 
but no filtering circuits were used. 

In this series of tests we applied first, a 
series of increasing accelerations, 1600 g, 

' R. R. Bouche "Survey Report on Quasi- 
Constant Voltage Outputs from Piezoelectric 
Acceleration Pickups Subjected to High Shock 
Motion Accelerations." Endevco Technical 
Data, Nov. 11, 1960. 

2400 g, 4500 g, 8500 g, and 16,000 g, ail along 
the sensitive axis of the pickup. Then we ap¬ 
plied 1800 g in a direction inclined 45 degrees 
from the sensitive axis of the pickup. This 
motion was preceded and followed by shock 
motions of 8500 g or higher. After that we ap¬ 
plied 2300 g along the sensitive axis of the 
pickup in one direction, and followed it by a 
shock in the other direction, of the same mag¬ 
nitude, generally speaking. We applied about 
five series in both directions for a total of 1.0 
shots; that is, we applied the acceleration into 
the base of the pickup, out of the base, and so 
forth. You notice that in Fig. 14, lor example, 
there is a negative shift which is about 5 or 7 
percent of the total acceleration. In Fig. 15 
ihere is a positive shift which is on the order 
ol 15 percent of the peak acceleration, and in 
Fig. 16 it is about 20 percent of the peak ac¬ 
celeration. The frequency with which we ob¬ 
tain these shifts is indicated in Table 1. in the 
second column ol Table 1, the various accel¬ 
erometers are designated by letters; the basic 
design ol those of letter A is the same, and 
those of letter B is the same, etc. One thing 
that we could tell from the results tliat we ob¬ 
tained is that, generally, the shifts occurred 
more frequently, the higher the accelerations 
that were applied in the 8500- to 16,000-g re¬ 
gion, with the exception of one of the pickups. 
Pickup No. 5, exhibited shifts almost every- 
time we dropped it at accelerations as low as 
a few hundred g; however, in that particular 
case, we were subjecting the pickup to accel¬ 
erations far in excess of rated acceleration, 
by a factor of 20 or so. One thing that I 
thought was a little interesting about this, is 
that the shifts seemed to be somewhat of a un¬ 
predictable thing that was not tied down to the 
compression-type accelerometer, as Mr. 
Smart has already pointed out. There were 
shifts in annular-type accelerometers and 
shifts in other types of accelerometers, so we 
couldn't predict it on that basis. And, for the 
results of the tests tliat we conducted, I 
couldn’t draw any conclusions tliat would in¬ 
dicate the zero shifts exhibited a definite 
trend because of the accelerometer's previous 

Fig. 14 - Output of 
acceleration pickup 
of Design B? sub¬ 
jected to a 16,000-g, 
-r>0-mo shock pulse. 
(The negative shift 
is 6 percent of the 
peak output of the 
pickup.) 
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Fig 15 - Output of ai.- 
csle *•'»». ion pickup ot 
Ousigr. Ü subir.cfed ‘u 
u d5D0-g,200 rnsshock 
pulse (The positive 
zero shift is 20 percent 
of the peak output of 
the pickup.) 
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Fig. 16 Output ac¬ 
celeration 'TÍ pickup 
ui Design Ail sub¬ 
jected to £i 2400-g, 
250-ms shock pulse. 
(The positive shift 
is 20 percent of the 
peak output of the 
pickup.) 

TABLE 1 
Summary of Quasi-constant Voltage Output Shifts from Piezoelectric Acceleration 
Pickups Subjected to the Same Applied Accelerations up to 16,000 G, Except Where 
Otherwise Indicated 

Pickup 
No. Pickup Basic Design Pickup Model Number 

Number Shock 
Motions 
Applied 

Number Voltage 
Shifts 

Occurred 

1* 

2 

3 

4 

61 

6* 

7 

8 

9 

10 

11 

12s 

13# 

14§ 

A1 

A1 

A1 

A1 

A 2 

B1 

B1 

B1 

B1 

B2 

B2 

B2 

C 

D 

Endevco 2211 

Endevco 2213 

Endevco 2215 

Endevco 2242 

Endevco 2219 

Endevco 2225 

Endevco 2225 

Endevco 2225 

Eudevco 2225 

Endevco 2224 

Endevco 2224 

Endevco 2224 

Manufacturer X 

Manufacturer Y 

13 

22 

20 

25 

11 

14 

20 

21 

22 

18 

i n 
i i 

U 

8 

8 

" Only increasing accelerations between 1600 g and 16,000 g as well as 1800 g inclined accel¬ 
erations applied. 

ÎOnly increasing accelerations between 325 g and 8500 g were applied. 
1 Only increasing accelerations between 1600 g and 16,000 g as well as 2300 g alternating 
direction accelerations applied. 

•*Only increasmg accelerations between 1600 g and 16,000 g were applied. 
''Only increasing accelerations between 8500 g and 16,000 g were applied. 
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history, or that it was a function of the trans¬ 
verse component of the applied acceleration, I 
thi nk some of the other people who have made 
these tests have indicated that they liave ob¬ 
serv’d some trend in one or other of these 
directions, but in our particular tests, limited 
in that we were using relatively short duration 
pulses, I could not draw such conclusions. 
There seems to be a trend, though, that the 
shifts were a function of the stress applied to 
the crystal in the accelerometers; that is the 
stress in the crystal for the same applied ac¬ 
celeration. For example, in Table 1, the stress 
in Accelerometer A2 was 1Ü times tilt stress 
in Accelerometer A1 fur the same applied ac¬ 
celeration. Likewise, the stress in Acceler¬ 
ometer R2 is 10 times the stress in Acceler¬ 
ometer B1 for the same applied acceleration. 
You will notice in the case oi Accelerometer 
A2, that the frequency of occurrence of the 
shifts was much greater than in Al. The fre¬ 
quency in B2 was greater than the frequency in 
Bl. In fact, I did try to use some sort of a 
philosophy in making the test. Once it was de¬ 
termined that a particular design of acceler¬ 
ometer shifted, T. lost a little interest in that 
accelerometer, because if I found one that did 
not shift, I wanted to do everything to that one 
to malte it shift. I wanted to build up some 
evidence for the tendency for it not to shift and 
this is why you'll notice that the Endevco 2225 
accelerometer was tested so many times. I 
tested four of them and subjected them to quite 
a number of shock motions; and of the four, 
only one shifted and that one shifted only three 
times out of 14 shots. Figure 17 is a picture 
from the same pickup as in Fig. 16 but using a 
less-sensitive time scale to have a look at 
what happens to the output after the shock— 
what happens to the zero shift as it progresses 
as a function of time. It seems that the decay 
of the final portion of the zero shift is con¬ 
sistent with the time constant of the measuring 
circuit, which in this case was 5 ms. That is, 
the zero shift had returned to zero within 5 ms 
after the pulse was completed. But on the 
other hand, there seems to be slightly flat por¬ 
tion for a period of about 4 ms. This might 
suggest that some crystal, deformation is 
occurring in the crystal of the accelerometer 

Fig. 17 - Acceleration 
pickup of Design A2. 
(The acceleration pulse 
and zero shift is sim¬ 
ilar to that shown in 
Fig. 16. The input 
time constant of the 
pickup c.nd electric 
circuit was 5 ms.) 

Fig. 13 - Output of ac¬ 
celeration pickup of 
Design Al subjected to 
an 8500-g, 80-ms shock 
pulse 

Fig. 19 - Output of 
acceleration of De¬ 
sign Bl subject toan 
85^0-g, 80-ms shock 
pulse 

after the shock motion is completed; and this 
deformation in the accelerometer, if it were 
to continue to give an output, would be a de¬ 
formation that would be changing over this 
short period of time of 4 ms. 

I think the general type of thing that we 
can tell from these tests is that the zero shift 
is present, that it seems to be a result of 
something happening in the accelerometer, 
and that it appears to happen at the higher ac¬ 
celerations. and that the frequency oi occur¬ 
rence of this shift does seem, to vary from 
one design of accelerometer to another. In 
something like the Endevco 2225 accelerom¬ 
eter, in which the stresses in the crystal are 
very low compared to other accelerometers, 
zero shifts did not occur nearly as frequently 
as in other cases, so this is maybe a direction 
we can start in in designing accelerometers to 
correct for this. The indications are so far 
that the Endevco 2225 has been used quite suc¬ 
cessfully in field tests, although I think that 
Mr. Jensen will probably mention that he did 
get a shift from one out of Use four that I 
tested, 

Alter Mi.-. Jensen's account of his investi¬ 
gations, Mr. Kapiloff (Westinghouse, Sunny¬ 
vale) Inquired about the possibility of using an 
electrumeter on the accelerometer and cathode 
follower to try for any latent change on the 
cable on the disconnect. Mr. Smart (Sandia 
Corporation, Albuquerque) replied that they 
had used electrometers, they had shorted üie 
grid just before the pulse, and when they had 
got a shift the only difference had been that it 
lasted much longer. There was still an RC 
return, but it was very long because now there 
was no grid-leak resistor. Mr. Smart was 
then asked why should a change continue to be 

Al 
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generated long alter the source or physical 
reason lor the charge had disappeared. He 
replied that, when polarized, there was a con¬ 
stant charge on the crystal. Now, if the lattice 
were overstrained, the configuration might ac¬ 
tually be changed slightly as it would if a volt¬ 
age or force were applied. Then would it not 
he possible lo have a permanent or semiper¬ 
manent change in the total charge ? Such a 
change would be analogous to the change of 
magnetism when a magnet was shocked. You 
could polarize a ferroelectric by shock. 

Mr. Bradley (Endevco) agreed but said 
that would not mean that you would continue to 
have a latent charge. You could change crystal 
configuration to such a degree that you would 
get a different charge pattern or characteris¬ 
tics. Mr. Smart suggested that leak-off would 
then follow the circuit parameters. He pointed 
out that in his particular circuit, the time con¬ 
stant was about 2 seconds and all the zero shifts 
they had observed, except those from the guns, 
had leaked off at the circuit rate (Figs. 1-6). 
What he was suggesting as a hypothesis to think 
about was a change in the remanent polariza¬ 
tion caused by the shock overstressing the ele¬ 
ment, analogous perhaps to exceeding the elas¬ 
tic limit in a metal, or something of the sort. 
In reply to a query from Mr. Bradley, Mr. 
Smart said he would expect it to return to zero 
eventually. 

Mr. Fowler (U. S. Sonics) pointed out that 
to make any appreciable changes in the char¬ 
acteristics ol the crystal you would have to put 
on enough force to get about 1500 v across the 
normal thickness of the crystal used in accel¬ 
erometers. The force would be between 10,000 
and 15,000 psi to make any appreciable differ¬ 
ence. He went on to say, "I believe theie are 
a whole series of different effects in tlu zero 
shifts shown. Some of the figures of the wave¬ 
forms were clearly due to cable motion which 
upsets the characteristics of some accelerom¬ 
eters very much indeed. So you would have to 
throw out some of the results for that reason. 
Some of them may have been frictional decel¬ 
erations after the shock—that is, they may have 
been genuine accelerations. Both the cable and 
the coupling capacitors and some amplifiers 
have a semipermanent shift, a shift in the elec¬ 
trical characteristics after you put a pulse in 
and some of the figures clearly show that. 
Some of the experiments with the cable show 
¿hat they were doing this. It is a well known 
effect." As a final possibility, he suggested 
that a tew accelerometers with a number of 
mechanical connections in them really do liave 
a ca :acitance shift on experiencing high 
shocks. 

Mr. ..mart inquired if Mr. Fowler was 
saying th.it there really was no zero shift. If 
the things Mr. Fowler had mentioned were so 
elearly evident, would he point them out. Mr. 
Fowler pointed oui one case where the shift 
had occurred before the pulse and said this was 
very much like cable motion. Mr. Jensenagreed 
but said he had pointed this out at the time. 
Mr. Smart said that they went to great lengths 
to immobilize cable and to get the electronics 
out of it. If it could be shown there was an 
electronic problem, he would be happy to try 
eliminating it. Mr. Fowler said he did not 
mean that no accelerometers really showed 
the effect. However, there were a lot of ac¬ 
celerometers in which there were many me¬ 
chanical connections and putting stress on the 
case of accelerometer could affect lhe sensi¬ 
tivity. He liad been associated with Raytheon 
in developing a line of crysb 1 accelerometers 
and, broadly speaking, he would that they 
had not shown these effects at all. Mr. Smart 
asked Mr. Arndt (Clevite Corporation) to com¬ 
ment. 

Mr. Arndt confirmed the high stresses 
needed lo cliange the polarization of any of the 
ceramics. He gave a typical figure of from 
15,000 to 20,000 psi. He went on to say, "If 
you do stress a ceramic to the point where 
you affect the remanent polarization, the ef¬ 
fect of this is a reduction in the piezoelectric 
eifect, but it does not imply any permanent 
voltage appearing across the electrodes. You 
just sort of squeeze some of the energy out of 
it so to speak, so tliat on further stressing, 
the output is less than it was originally. 

Mr. Jensen went on to describe the re¬ 
sults of an investigation'" which had been made 
at Sandia Corporation. Mr. Jensen: 

The investigation was carried out with a 
Guitón AT-2 Ballistic Pendulum. With this 
machine shocks can be repeated at about 40- 
second intervals, but maximum accelerations 
are limited to about 600 g for 9/10 ms. It was 
necessary, therefore, to use transducers likely 
to be most sensitive to the phenomenon, and 
from past experience Guitón A391TM were 
chosen. 

The test set up was as follows: Guitón 
Pendulum, the cathode followers supplied with 
it, a Tektronix 536 oscilloscope, and a Hughes 
memo-scope. The oscilloscope was used as 

"'H. J. Jensen, "Zero Shift in Piezoelectric 
Transducers," Sandia Corporation, Reoort 
SCDC 2006. 
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a trigger generator to supply the memo-scojie 
with an initiating pulse at the proper time. 
The pulse Irom the reference accelerometer 
was amplified by the Tektronix 536 and used 
for self-triggering. The trigger set the hori¬ 
zontal sweep on the 536 into operation. The 
rise time of the sv/eep was th.cn used to con¬ 
trol delay of the sweep initiation on the Hughes 
memo-scope, the delay being necessary be¬ 
cause a period of time elapses while the shock 
travels the length of the pendulum slug. 

It was then required that assurance oc ob¬ 
tained that the cathode followers would not he 
overloaded. It was found that these V’oukl ac¬ 
cept a 30-v, peak-to-peak signal through a 
1000-micromicrofarad capacitor. The deflec¬ 
tion sensitivity of the Hughes memo-scope was 
set at 1/10 V per centimeter and reman ed at 
that level throughout the entire test. The gain 
of the cathixie-follower, low-pass filter com¬ 
bination was 0.48. In addition, accelerometers 
with higher sensitivities were mounted in the 
test position and the shocks passed through the 
system undistorted. These two tests should be 
satisfactory evidence that zero shift was not 
being caused external to the transducer. 

Tlie next step was to round up all the 
Guitón ASOlTM's available. Several of these 
had been used at one time or another and sev¬ 
eral were new. Ali loin, mout 30 samples 
were tested. These were installed on the pen¬ 
dulum and the first 3- to 6-shock pulses were 
recorded on the memo-scope and then photo¬ 
graphed. 

It has observed that the majority of trans¬ 
ducers shifted to some extent at least and sev¬ 
eral shifted quite radically. It was immediately 
apparent that the outputs of these accelerom¬ 
eters on the first to third shock pulse bore no 
resemblance either in amplitude or wave form 
to the true shock pulse. 

The tests were repeated the next day after 
the transducers had been disconnected and 
stored inactively overnight. Shifts were again 
observed on those v/hose tendency it had been 
to do so on the previous test. The magnituce 
of the shift seemed to be about 25 to 50 per¬ 
cent less. 

A transducer was then selected from this 
group which repeatedly showed significant 
amounts of "zero shift," the intention being 
to use this for the balance of testing. This 
was done not will» the idea that it would be 
representative but that the effects could more 
readily be studied under the limited labora¬ 
tory conditions. The observations v/hich had 

been made from the Inactive storage effects 
naturally lead one to wonder it the same phe¬ 
nomena would redevelop if the entire test set 
up were left active for long periods of time. 
Toward this end, a test series was conducted 
with the selected transducer left actively in¬ 
stalled witli all associated electronics in ac¬ 
tive operation. The transducer was given 
three consecutive shocks at 40-second inter¬ 
vals alter periods of: 3, 6, 12, 24, and 48 
minutes; 1 hour and 36 minutes; and 18 hours. 
At no time was a "zero shift" observed. 

At tins point, one might reason that the 
tendency to "zero shift" could be a result of 
charges accumulated during storage or in¬ 
duced by a potential on the cable used to con¬ 
nect the transducer to the cathode follower. 
It: was then observed that a small "zero shift” 
(less than 25 percent of that observed after 
storage) took place after each momentary 
disconnection of the cable at either the trans¬ 
ducer or the cathode follower. The trans¬ 
ducer was installed after an overnight shelf 
period and given several 550-g shocks. Alter 
s¡'.owing decreasing shifts, the transducer 
performance again became normal. The cable 
was then removed momentarily at the trans¬ 
ducer, reconnected, and the transducer was 
shocked three times. There was a small 
amount of "zero shift," at first—and then the 
transducer again achieved stability. The con¬ 
nector was then removed momentarily at the 
cathode follower. It was then noted that the 
shift took place in the opposite sense when the 
disconnect was made at the cathode follower 
rather than at the ti ansducer and a series of 
tests was conducted to confirm this observa¬ 
tion. The observation was found to be true. 

An attempt was then made to exaggerate 
tills condition by placing a battery across the 
transducer. With this arrangement, the bat¬ 
tery could be placed across the transducer in 
either sense without also placing it across the 
cathode follower. It was noted that the sense 
of the "zero shift" was a function of the sense 
in whicli the battery was placed across the 
transducer. This test was also conducted with 
a 10-minute waiting period between the point 
at which the battery was placed across the 
transducer, and the point at which it was 
shocked. No decay in the tendency to shift 
was observed during this period of time. A 
number of tlie above tests were then per¬ 
formed on the Clevile ICI Serial Number 002. 
This unit was selected because it was on hand 
and readily adapted to the mount and for no 
other reason. This unit did not exhibit a 
tendency to shift under any of the above con¬ 
ditions. 
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I! is recognized that these investigations 
arc not complete. No attempt has been made 
to make them so, nor can the results be inter- 
oi <úeü as being representa five of a product or 
class of products. What is significant is that 
'zero shift" lias been shown to exist in a trans¬ 

ducer. Furthermore, this "zero shift" has 
been induced and controlled by strictly elec¬ 
trical means. This is not to say that mochati- 
ical effects cio not contribute but rather to sa.y 
that "zero shift" must be thought of in "inclu¬ 
sive" terms rather than "exclusive." It has 
been observed that certain transducers within 
a i.ype are less subject to "zero shift" than 
others. Further investigation should be 
directed to finding out what design parameters 
are involved in eliminating this undesirable 
phenomenon. Until a solution has been 
achieved, we are forced to the conclusion that 
a very serious limitation on the use of piezo¬ 
electric transducers for shock measurement 
has been imposed. 

Mr. Bradley asked if Mr. Jensen had any 
explanation for the change in zero shift with 
disconnection of the cable at one end or the 
other. He felt there were adequate theories 
to account for all the other happenings. Mr. 
Jensen did not have a theory. 

Mr. Bradley then outlined his views. 

"Tf seems to me that there are two major 
eliects, and they can probably be broken down 
into several subcategories. Certainly in some 
kinds of designs there are mechanical shifts, 
particularly, you'd expect to see them in com¬ 
pression accelerometers when impacted at 90 
degrees to their sensitive axis. I tlnak this 
has been pretty well shown by some of the 
figures. This could also be tied into the case 
stress effects that have been mentioned by 
Mr. Fowler. These are all quite easily ex¬ 
plainable but then we get into the units with 
which lhe bulk of Mr. Smart’s field tests and 
the bullí oi our tests at Endevco were con¬ 
ducted; these are either a bender element 
which exhibits these characteristics repeatedly, 
or the annular type. If I'm not mistaken, in 
the bender element the crystal is totally iso¬ 
lated irom the case. In fact, it's up on a ped¬ 
estal where the diameter of the pedestal is 
something like 30/1000 inch, and it is hard to 
see where any stresses from the case can be 
coupled into crystals. I would say that in a 
bender element, the case effects or physical 
shifts, must be ruled out. The same is true in 
the annular concentric crystal where the crys¬ 
tal is supported on a post or around a post 
and the mass is around the crystal. These 
are some of the kinds which are shown in the 

figures, and also I believe some of them are 
the Cîûvite units. There could be complete 
failure I believe, because the only thing that 
can shift, arc the bond lines between crystal 
and mass and this would be a total failure 
rather than a change in preload or change in 
the mechanical pressures on the crystal. So, 
it seems quite evident to me that something is 
happening in the crystal. I wish it were not 
true, but I think we have to face it: We have 
long experience which tends to indicate that it 
does not take 10,000 pounds per square inch to 
affect the polarization of a crystal. As long as 
5 years ago, we started cycling our acceler 
ometers for a period of some 3 weeks in 
terms of all kinds of shocks: hot shock, cold 
shock, and something on the order of 30,000 g. 
Now this was done, not because we were try¬ 
ing to beat them to death, but because we found 
that they were not as stable as they should be 
until we went through this process We have 
documents on, I would guess, thousands of 
units showing that as they went through this 
process, there were shifts in polarization. 
This shift in polarization is observed as a 
shift in sensitivity; however, a shift in sensi¬ 
tivity is a shift in polarization. And if you 
were to observe it during the time it was 
shifting, you would discover that it would ap¬ 
pear just like the dc shift m the figures: be¬ 
cause when the polarization changes, the 
crystal either gives up or hikes on charges, 
and this in essence changes the voltage across 
the crystal until the charges have a chance to 
leak of! and equalize. So 1 think the problem 
is with, us and very much in the cry: tal. 

"Let me go one step further to say that ft 
is probably not unusual to expect this to hap¬ 
pen, because most metals when dynamically 
loaded will .show hysteresis; and i assume, 
therefore, it is reasonable to expect dielectric- 
materials will also show hysteresis and par¬ 
ticularly a hysteresis that is time sensitive, 
a hysteresis where the material on the first 
cycle never returns to zero but on subsequent 
cycles usually does return to zero. If you 
wait a few hours or days and do it again, you 
very often find that you go through the first 
hysteresis again. I'm not oaying that tills is 
wliat is happening, but I'm saying that it seems 
to be analogous and that, this is the sort of 
thing that is going on within the crystal. The 
best solution to it is what I think has been 
shown here, that is to reduce the stress on the 
crystal so that hysteresis becomes small. It 
does seem to be stress sensitive." 

The following discussion then occurred. 

Mr. Fowler- You are discussing here the 
shift in sensitivity. I don't deny that over a 

one 
u oO 



period oí t:ine, particularly when these crys¬ 
tals are new, they spontaneously will slowly 
lose a certain amount of their polarization. I 
would make a very, very strong distinction be¬ 
tween the sensitivity of the accelerometer and 
the sensitivity of the crystal element, you're 
saying that in the ring accelerometers which 
arc cemented onto ,i post, that you're not 
changing the stress in the crystal when you 
stress the case. If you work out how many 
tentlis of a micro inch deflection it takes in 
the crystal to upset its sensitivity, I think you 
might change your mind a little. Have you 
tried actually measuring the sensitivity of the 
crystal—that is, for instance, the ratio of its 
resonant frequencies ? 

Mr. Bradley: Very definitely. 

Mr. Fowler: You’re relating the change 
in actual sensitivity of the crystal to the shock 
testing and so on tiuii you've done to it. It 
seems to me that you would have to make some 
very careful measurements to show whether 
ihc shift in sensitivity that you measured on 
the crystal after you've talcen it out of the ac¬ 
celerometer and you've gol: it mounted between 
a pair of whiskers, whether this was due to 
shock or duo to temperature cvcling, etc. 

Mr. Bradley, I don't think we have done 
anything exactly as you've laid il eut. I will 
say though that we have put stresses into the 
case on these concentric-ring accelerometers 
that are so great that they permanently deform 
the case and this has no effect on the crystal. 

Mr. Fowler: Well, that's very interesting. 

Mr. Bradley: In other words, we have 
verified that the stresses from the case into 
the crystal have no effect on the Crystal. 

Mr. Fowler: I think you said you didn't 
understand what happened to the experiment, 
with the battery in tb, cable. 

Mr. Bradley: The battery, I can under¬ 
stand. Just why, when you disconnect the cable 
at one end, you get a positive shift and when 
you disconnect the caille at the other end you 
get a negative shift—(his is verv hard to under¬ 
stand. 

At this point, a 10-minute break was taken. 
Resuming ike discussion, Mr. Fowler said, 
"The suggestion has been made that all of these 
experiments should be repeated without an ac¬ 
celerometer but with a good quality mica ca¬ 
pacitor, there are some uncased ones for com¬ 
puter use which are of extremely good quality. 

They should be of the same capacity as the ac¬ 
celerometer, and then subject this apparatus 
to all these tests including the shock test." 

Mr. Smart: Wc did this on the air gun 
using regular 5-percent silvered mica capac¬ 
itors and wc got nothing, absolutely nothing. 
In other words, in place of the accelerometer 
we had a capacitor witli the plates in the same 
axis that the plates of the accelerometer would 
lie, and as 1 recall, we got nothing except a 
little line noise. 

A voice: Have you tried putting batteries 
and switches in series with it to put pulses in 
it? 

Mr. Smart: No, we have not. However, it 
was charged with the cathode voltage of the 
cathode follower. So it did have about 30 v 
across it. Our cathode follower lias about 40 v 
on the input. We have an 0.01-microfarad 
input capacitor. The accelerometer had about 
500-microfarad capacity, so it would have had 
all the voltage across it, or pretty near all. 
We fully expected a signal. Wc did not get one 
that I can recall. 

Mr. Bradley: One of the conclusions that 
we have reached here is that the whole sys¬ 
tem ought to be tested under all tríese condi¬ 
tions, without using the crystal and the accel¬ 
erometer. The best indication to me that there 
may be another effect in addition to the crys¬ 
tal effect is this cable disconnect business 
where disconnecting at one end you get one ef¬ 
fect and at the other end you get another effect. 
It seems more important to put a single pulse 
generator-not a train of pulses, but a single 
pulse-into the system and look for shifts. Do 
you get any shifts ? 

Mr. Smart: Rignt across the accelerom¬ 
eters ? 

Mr. Bradley: Yes. 

Mr. Smart: Well, I've done it both ways. 
I've used a single pulse, Tekironix pulse gen¬ 
erator both with the accelerometer discon¬ 
nected and with a capacitor where the accel¬ 
erometer was. When I disconnected the 
accelerometer, I fed the capacitor in series, 
simulating a voltage circuit with a series ca- 
pacitor. In other words, it would be the 
Thevenin equivalent of the piezocircuit which 
would be a charge generator with shunt capac¬ 
itance. So, then, when I put the shock pulses 
in, I put in a voltage and a series capacitor. 
And I'm fairly confident oi the cable when 
stationary; now I'm not so confident of it in 
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the test. Mr. Fowler probably has a point. 
Die ones he said were to him, at least, clearly 
eases ot cable deformation, whereas in the gun 
tests, we do not have much control over the 
cable. This is a good point, maybe: but in 
those also, we have used the capacitor to re¬ 
place the accelerometer on the 5-1/2-inch air 
gun and have never iiac! a signal. 

I Irme very exhaustively tested, under 
single pulse conditions, the entire system that 
we use. Not only in the laboratory, but at the 
tower and in places where they are- actually 
used. We actually calibrate with a simulated 
accelerometer-. 

Mr. Fowler: There is one thing i'd like to 
say that may clarify the position Fm taking. 
I'm not arguing that some accelerometers 
don't show the zero shift because 1 believe 
some accelerometers do; but, 1 believe it's 
faulty mechanical design. I'm just saying that, 
in general, accelerometers don't have tills ef¬ 
fect. 

Mr. Smart: Have a look at Figs. 2 and 3. 
Take the Clevites for Instance. On the more 
sensitive one, the 5-millivolt-per-g acceler¬ 
ometer, we goi a shift similar to the one at 
the top (Fig. 3). On this same drop, look at 
the two 2C1 (Fig. 2). Witli these there is only 
a decrease in the seismic mass, and the ca¬ 
pacitance is ihc same. The mass was de¬ 
creased to where the sensitivity dropped from 
8 millivolts per g in the 50 to 2.5 millivolts 
per g in the 2C1. Those two (Fig. 2) did not 
shift on the same drop with roughly the same 
g load and the same duration. 

Mr. Fowler: That would have been halving 
the mass ? 

Ted Smart. That would have been chang¬ 
ing the sensitivity by a tactor of about 3 to 4, 
by only changing the seismic mass. 

Mr. Fowler: Then apparently for just a 
3-to-l change in the stress in the crystal we 
go from no effect at all to an effect in which 
the crystal broke. 

Mr. Smart: Right. On this 1-g load. Yes, 
that's correct. This was about 1000 g, roughly. 

Mr. Fowler: If you'd really affected the 
crystal that uch, this accelerometer wouldn't 
have worked afterwards or would have been 
so drastically different you would have noticed 
it. It is not reversible you see, if you damage 
it. 

Mr. Smart: Olí, 1 realize that.. But we're 
not suggesting that it’s been damaged, because 
we can use it again on the next test and ge: a 
pi-ifeclly satisfactory signal. 

Mr. Fowler: To my mind, and ï don't 
know whether the gentleman from Endevco 
would agree with this, in this particular case 
it VAjuld really rule oui the possibility of it 
being the crystal. 

Mr. Smart: No, I've gone along with you 
so far, but I can't agree with you there. Whv 
would you say that? 

Mr. Fowler: Well, it may lie a few- 
percent shift in capacitance; this is feasible. 

Mr. Smart: That particular crystal, like 
any of these others, may shift on one shock 
and not on the next. Or, I'll tell you some¬ 
thing else,that happened—you can take one ac¬ 
celerometer and subject it to continued shocks, 
the amount of shift will decrease and after 
awhile you won't get any. Bui, if you reverse 
it, go back the other way, it will start all over 
again. And we can do this time after time. 
Isn't that right? 

Mr. Jensen: That is correct. 

Mr. Smart: And we can do it on the same 
accelerometer and successive calibrations 
will not show any difference in sensitivity. 

Mr. Fowler: Well, I would suggest in that 
case, on tills particular accelerometer, that 
it sounds as if it must be a mechanical effect— 
that somehow you are altering the tension in 
the case and changing the stress in the crys¬ 
tal. As I say, wo have accelerometers which 
arc- basically very similar to these, and they 
don't show the effect. 

Mr. Arndt: Well, my orly real comment 
is that I don't understand it. I'm inclined to 
agree that a reduction of 3 to 1 in the mass 
and therefore stress on the crystal for a given 
acceleration, should not make such a tremen¬ 
dous difference such as we saw between the 
very large zero shift and no apparent zero 
shift, If the trouble were in the crystal mate¬ 
rial I would think that it would not be quite so 
violent. Now, we don't understand what it is, 
if it is in the crystal, so we can't make any 
very conclusive statements about it. But the 
feeling is, that it wouldn't be such a radical 
change. 

Mr. Fowler: Would you think inure would 
be any difference in the behavior of the 
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iow-curie point, comparatively low-activity 
barium titanatc, tlie almost pare barium titan- 
ates, as compared 'vitli tiie very high curie 
point, very large activity crystals the,'; both 
our companies maké—because I would guess 
that we've got a mixture of materials in the 
accelerometers we are talking about, and it is 
possible that maybe perhaps some of the almost 
muv barium titanates might behave differently 
as they are easy to polarize for instance. 

Mr. Arndt; Well, I wouldn't be surprised 
to find a difference. Frankly, I know very 
little about the physics of these crystals. My 
interest i« more on the application side, and 
my attitude at the moment is that most any¬ 
thing could happen and I don't think I could say 
one way or the other. Certainly, in certain 
respects there are very big differences be¬ 
tween, say a sí.'".tight barium titanatc and some 
of the other materials. 

Mr. Bradley: All of the data shown con¬ 
cerning our annular designs, is tor lead ziv- 
conate titanatc with curie points well above 
700 degrees, and still we see the dc shift. I 
would suspect it: would be worse than pure 
barium titanatc because the coercive torce on 
alloyed barium titanatc is very low, but most 
commercial barium titanates have calcium 
and lead in them that i aise this coercive force 
and therefore should improve the stability. 
Lead zircouftle is another order of magnitude 
a better in coercive force, isn't that right? 

Mr. Edleman (National Bureau of Stand¬ 
ards): I have a comment which is completely 
negative, and I offer it only because maybe 
someone can make something of the experience 
we've had. Wc'ye reported driving several 
different pickups with sustained sinusoidal ac¬ 
celerations over a fairly long period of time, 
with acceleration levels up to 12,000 g. We 
have been doing this while we were calibrating 
the pickups and in this study we found no sign" 
of any shift. Now from the comments that I've 
heard tonight, apparently there was no reason 
to expect any, but perhaps the fact that none 
showed up is significant. If any had been pres¬ 
ent we would have found them. We were mak¬ 
ing very careful calibrations repeatedly and 
the pickups were exposed to these very high 
levels ol acceleration over a wide frequency 
range and over a period ol several weeks. Now 
the pickups were of several different kinds, 
one without any inertial mass, another with a 
very heavy inertial mass and neither of them 
had any case, so there was no question of the 
oasp effects. I just offp'’ this and hope that 
perhaps this will tell you what the zero shift 
is not due to. 

Mr. Jensen: May I ask you a question 
Mr. Edlomnn? Did you observe any nonline¬ 
arity? Mr. Louche suggested to me sometime 
back that if on a continuous sinusoid test, zero 
shift did occur a1; the end of each half cycle 
that this would show up as a nonlinearity. 
Maybe you could elarily (hat a bit Dr. Douche? 

Dr Bouche: I don't remember the exact 
subject at the moment except that we were in 
a gene ral discussion about the fact that, one of 
the pickups that did exhibit shift quite a bit, 
was noniinear in its amplitude response. I 
mention this with some hesitance, because of 
all of the piezoelectric accelerometers v/ith 
which I've been associated, it is only with one 
accelerometer that I've noticed any nonlinear¬ 
ity and this particular one did have the most 
zero shifts. Tins particular accelerometer 
exhibited nonlinearity at low accelerations 
compared to other accelerometers in which 
we have no indication of amplitude nonlinearity 
up to thousands of g. 

Mr. Ames ( Frank ford Arsenal): I can only 
tell you of our experience. We have noticed dc 
shifts in fairly low-g ranges of several hundred 
g and up to maybe 20 or 30,000 and we blamed 
it. on the instrumentation rather than on the 
accelerometer. To eliminate these dc shifts, 
an electronic engineer redesigned the cathode 
lollower, and along with this had the techni¬ 
cians make what he called a stumpometer. 
This was a metal rod in a solenoid, and by 
pushing a button he could repeatedly hit the 
accelerometer and produce cic shifts. He 
tested continuously until, by redesign of the 
cathode follower, he didn't get any dc shifts. 
I don't know what bearing that has on the case 
but that was our experience. And, as far as 
we re concerned, we don't have that problem 
now; it might be that by a careful examination 
of some of our records, it might possibly be 
noticed in the transverse shocks but, we con¬ 
sider the problem solved as far as we're con¬ 
cerned. 

Mr. Jensen: I think there wouldn't be a 
one of us here that wouldn't agree that this is a 
possibility, and probably one of the first things 
that anyone would think of, on the other hand, 
you can't explain the randomness ol occurrence 
nor can you explain how some particular class 
of accelerometers will exhibit this much less 
frequently, especially in the case where the 
sensitivity of a "nonshifting" accelerometer 
could be a whole order of magnitude more than 
in the case where it was shifting. 

Mr. Dort (David Taylor Model Basin): 
The small accelerometers are exactly what 



yt,u ncc.' for mode; I work il you want to mcas- 
ure rasponae of the models to underwater ok- 
plosions. We've boon trying to use thorn for 
the past 5 years and we've always been brought 
up short by this very zero shift. Since we're 
mainly interested in tilings such as velocity 
and displacement, even a snu 11 amount of zero 
shift will shoot us down, because zero shiit 
amounting to as tittle as 1 percent of the peak 
acceleration integrated to get a velocity and 
double integrated to got a displacement means 
that it immediately drifts off screen one way or 
the other. We found the random effect. We've 
also found that at roughly 2000 g, you get 
roughly 20-g zero drift (sometimes one direc¬ 
tion, sometimes the other). These show up in 
the integrated records. We generally record 
into an !<C circuit without a preamplifier so 
there is no voltage on the accelerometer. We 
follow the RC circuit with an electrometer 
impedance amplifier which will give us a 1000- 
megohm input impedance and run our record¬ 
ing equipment. The electronics have been 
checked with small pulse generators and work 
fine. We made checks with the cable dead 
ended rather than connecting it io a capacitor, 
and got no real cable effects. If we could got 
rid o( this zero shift, it would be real handy 
because the small accelerometers are just 
what we need in model work. 

Mr. Jensen: Well, I’m in complete agree¬ 
ment. Our problems deal with flight test vehi¬ 
cles, where the installation has Lo be made 
several weeks before we can actually conduct 
the test, and during which time the entire in¬ 
stallation and all the associated electronics 
lie ctormanl. We can't control some of the 
factors that might be controlled in laboratory. 
For instance, we can't very well keep the ac¬ 
celerometers shorted and reliably reconnect 
them sometime during the flight, and we can't 
keep a running record of the accelerometers' 
past history. It becomes a problem of elimi¬ 
nating the source of the trouble rather than 
trying to correct it. 

Mr. Hancock (Endcvco): None oi the data 
presented has given any definite indication that 
the accuracy of the peak amplitude is impaired 
by the zero shift. Have you, or has anyone 
demonstrated that the indication of amplitude 
is off by X percentage or is affected by this 
shift ? 

Mr. Jensen: In the investigation'1' we made 
and which I described to you earlier we liad 

' H. J. Jensen, "Zero Shift in Piezoelectric 
Transducers, Sandia Corporation Report 
SCDC 2006. 

some gold examples. We used a ballistic pen¬ 
dulum • > get a half-sine pulse. This was very 
repeatable and we could demonstrate it with 
other types of pickup. Well, we tool: a trans¬ 
ducer and installed it after an overnight shelf 
period and gave it several 550 g shocks. With 
die initial pulse, the accelerometer indicated 
zero acceleration and shitted negatively. On 
the second pulse, there was a little accelera¬ 
tion and with successive shocks perfora anee 
gradually improved, it was no<. '¡nti! the fifth 
and sixth shocks that it began to approach the 
hall-sine pulse we knew was tin r 3. 

Another example is Fig. 1 in the report* 
which chows in i im bottom trace ?. positive 
zero shift. The pulse was actually a square 
wave. 1 believe in Luis particular case we 
could have intuitively corrected for the zero 
shift, but if it had been an unknown waveform, 
I am sure v/e could not have justified any par¬ 
ticular correction. 

A voice: How did you produce a square 
pulse V 

Mr. Jensen: Impacting honeycomb. 

Mr. Bradley: It is a possibility that the 
crystal is acting like a transistor? i d have 
to say out of ignorance that I assume it is not 
a possibility. I wouldn't see how it worked. 

Mr. Fowler: You can dope seme of these 
materials until they are semiconductors, but 
the resistivity of one that is piezoelectric 
would be far too high; there is just no appre¬ 
ciable conduction. They are tens of megohms 
at the very least and usually hundreds and 
even thousands. 

Mr. Kapiloff: But, we have been talking 
about the possibility of a change in the struc¬ 
ture due lo severe acceleration and we have 
considered, too, the tact that there may be 
some impurities in some of these crystals 
that are not present in others. Also we have 
potentials, that exist, either from the ampli¬ 
fier or from the counter emí oí the crystal 
itself. Now, would that constitute a transistor 
effect clo you think? I'm trying to see if we 
can't lind some other explanation for these dc 
siiifts and that occurs Lo me as a possibility. 

Mr. Fowler: I don't believe that would be 
a possibility. There is a possibility that might 
occur in some of these experiments and which 
would account for zero shifts far greater than 
which have been mentioned. Most of these 
higher resistivity crystals are extremely pyro 
electric. For instance, if you take a good crys¬ 
tal out of an oven at 250 degrees and put it 
down on something cold, if you touch it within 
the next 10 minutes you would get a pretty nasty 
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shock off it. For a matter oí only a tow de¬ 
grees centigrade change in a matter of a sec¬ 
ond or two, you would get more voltage shock 
than from the zero shift that you're talking 
about. 

Mr. Bradley: I'd like to change the subject 
a liitle. We've been talking about all the prob¬ 
lems here and how what a problem zero shift 
is, and it certainly does seem to be, but a 
seems to me that there is a good chance of 
overcoming it. In our tests, ou two separate 
designs, not one zero shut showed up in over 
50 tests. I don't know whether this will be 
duplicated under ail circumstances, but other 
tests may show up zero shills under certain 
conditions which would give us a clue. It does 
seem to me that it is an effect that is control¬ 
lable, and one which will, and is, yielding to 
some solution. I don’t think it is as hopeless 
as all of us discussing the problem here might 
make- it sound. 

Mr. Fowler: Could I ask somebody from 
Sandia, on the air gun experiments, whether 
ihe temperature ol the accelerometer at the 
end of the shock was effectively exactly the 
same as it was at the beginning? 

Mr. Smart: The man who designed it says 
it is strictly isothermal. I use this word hesi¬ 
tantly. In other words, there is no temperature 
change in the shock and especially up until the 
time the cable has been cut. The cylinder is 
accelerated and, at a later time is decelerated 
by compressing the air in the muzzle. Up until 
the Urne that the cable has been cut, which is ap¬ 
proximately 6 feet from tire breech (and the thing 
is 120 feet long), the designer maintains it is 
completely isothermal. There is no pressure, 
effectively, in front of the cylinder at that time 
because Ire has a low-pressure valve at the 
other end so that he has no deceleration until 
he wants it later—so he says. This is a ques¬ 
tion we. brought up when we started seeing this; 
we sain, well, you've got pressure there, your 
working against a difterencc in pressures, 
maybe you're heating these things, and wctried 
an accelerometer liuil was tux: niera ture compen¬ 
sated or that was supposedly flat (or v/as fiat in 
our tests at least) up to 500 degrees or so. 

Mr. Bort (David Taylor Motel Basin): 
Most of these accelerometers, fed into anelcc- 
tromelor circuit with enough impedance, drift 
you off screen immediately ñ vou warm them 
up—this is something you simply avoid when 
you're working with them, but they are indeed 
very temperature -sensitive 

SUMMARY 

Mr. Fowler (U. S. Sonics): The position 
I would take is that I would suggest that a great 
many oi these results are due to sonic extra¬ 
neous factor. It may be a genuine acceleration 
that you don't realize you've got. It might be a 
pyroelectric effect which is very active in these 
crystals. It might be electret effects in the 
cable or just plain cable. It might be electronic, 
but most people apparently thought of this and 
eliminated it. I believe that some accelerom¬ 
eters which have much too much mechanical 
complication about the holding of the crystal 
will really show a shift. Also prcceptibie :z 
shifting capacitance and a shifting in sensitiv¬ 
ity. wimiher, rcir.a1 ling after that, there is 
any real zero shift in the way it has been de¬ 
scribed, from the nature of these ferroelec¬ 
tric crystals I would very much doubt, but. 
from what has been said I look tor some results. 

Mr. Bradley (Endevco): I think our feel¬ 
ing is that we have eliminated a lot ol the ex¬ 
traneous possibilities although there is always 
cause to suspect anything that hasn't been 
thoroughly tested out in the system. It appears 
to us that the mechanical design can be a 
problem but has been eliminated in mes', de¬ 
signs that have been brought out in the last 
lew years. The remaining cause seems to be 
in the ferroelectric material. It appears to 
us tlat it is stress level sensitive, since our 
tests definitely show high-stress level in the 
crystal will create zero shift while a low- 
stress level, for the majority of cases, does 
not. Now why does the crystal, show these 
shifts when it is supposed to be so stable ? 
As has been mentioned, the pyroelectric ef¬ 
fect is a very strong effect generating hun¬ 
dreds of volts per degrees centigrade shift 
in temperature. The piezoelectric effect 
that's seen in ferroelectrics is a combination 
ol what is true piezoelectric and what is true 
electrostrictive. In a ferroelectric material, 
you do get domain movement. Now this is a 
friction movement, and it would seem reason¬ 
able to suspect that some heat is generated 
internally in this process which could be the 
source oi our shift. This doe« appear to be 
internal to the crystal. In fi'ial summary, I 
think that the newer design runs which have 
been produced in the attempt to elimínate 
zero shift, have definitely reduced the prob¬ 
lem. I believe the users will agree that zero 
shifts have gotten a great deal smaller and a 
great deal less frequent with some of the 
newer designs that have been tested. I think 
this is the direction that will bring success. 

* 
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Socticiiî 7 

INFORMATION EXCHANGE 

THE PATRIO CGÍVIPUTOR 

Pierre M. Harmell 
Washington University 

INTRODUCTION 

At present, inatrie mathematics are not 
very extensively employed in vibration theory, 
although this is inevitable. Examples of the 
application of matric analysis to the descrip¬ 
tion of vibration generators is given in [Ref. 
1J, to the description of the theory of elastic 
structures in [Ref. '¿\, in mechanics in general 
!'H in electricity |4! and electronics [5|, and 
in servomechanisms [6|. Increasingly, matric 
methods are permeating ail scientitic areas. 

An electronic computor specifically 
designed for the solution of matrically 
formulated mathematical problems will 
therefore be of extreme importance both for 
purely mathematic problems, and as an aid in 
Hie analysis and synthesis of physical sys¬ 
tems. This is being achieved in The Matric 
Computor which is presently under devel¬ 
opment. 

Classification of the Matric Computor is 
simplest by pointing out that it employs elec¬ 
tronic amplifiers and network components as 
does the electronic diflerential analyzer. It 
at present does not employ numerical tech¬ 
niques; however, just as the electronic 
machine has displaced the mechanical dif¬ 
ferential analyzer, so will the Matric Com¬ 
putor displace the electronic differential 
analyzer. 

The Matric Computor, however, is a 
more general machine and permits matric 

mathematic operations to be performed; it is 
not limited to differential equation systems. 
These matric operations include sums and 
products of numerical matrices, inversion, 
coordinate transformations, and (he solution 
of systems of algebraic and differential equa¬ 
tions. Certain problems in linear program¬ 
ming and in least squares are also accessible 
to the computor. 

The outstanding attribute cl the new 
computor is its functional simplicity. It 
requires neither a schematic diagram, nor 
programming. 

THEORY 

A rigorous derivation of the mathematic 
theory of the computor is given in [Ref. 7] and 
repeated in [Ref. 8 |. Briefly, an ensemble ol 
admittance amplifiers, , and admittance 
components, ys|:, are interconnected as shown 
in R'g. 1. The jk are prescribed current 
sources, and the wk are the admittance ampli¬ 
fier outputs, recorded on digital voltmeters 
for steady problems, or oscillographically for 
time-varying problems. 

To as dose an approximation as desired, 
by making the amplifier admittance ampli¬ 
fication large, the equation of physical state 
of the electronic network in Fig. 1 is described 
by the matric equation: 
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In thn above equation, there is a 1-to-l recip¬ 
rocal correspondence between each matric 
entry and the correspondingly ordered physi¬ 
cal admittance component illustrated sche¬ 
matically in Fig. 1. In other words, an 
electronic synthesis network lias been devised 
in which each mathematical term is repre¬ 
sented by one and only one physical device; 
and reciprocally. 

This extraordinary property ol a 1-to-l 
reciprocal correspondence, or homeomor- 
phism, between the matric mathematics and 
the physics of the electronic synthesis net¬ 
work is the crucial essence of the Matric 
Computer. 

APPLICATIONS 

As a concrete example, consider the 
matric differential equation system 

1.00 + 

0.400 

(It 

! t 3.00 

-0.607 1.33 

1.00 4 ^¡- -0.600 

1.50 ï.00 + dt 

' 43.3 “I 

-18.00 

35.0 

(2) 

which has v.he eigenroots \ = 2,06 and 
>■. = 0.11C '1 i ; 0.238. The ideograph or 
logical schema in the pattern of Fig. 1 for 
this matric differential equation is shown in 
Fig. 2 after physical scaling by multiplying 
all entries in Eq. (2) by 10 b. As seen in 
Fig. 2, all constant mathematic terms are 
represented by conductances in microohms, 
differeniial coeiiicients by capacitances in 
mierolarads, and th3 prescribed constant 
vectors by microamperes from current 
sources. The unknowns to be determined, the 
vectors ix] , are scaled in volts, and read 
from the admitl.anca amplifier outputs. 

Figure 3 is an oscillographic record of 
the solution to lids matric differential equa¬ 
tion system, obtained on a rudimentary 
machine. As may be noted from the oscillo¬ 
graph, the solil ion has the typical oscillatory 
behavior predicted by the complex pair of 
eigenroots, and the final steady state mag¬ 
nitude of the solution vector col (x,. x.,. x,! 
converges on (10, -10, 20). 

It is clear that ideographs such as Fig. 2 
are noi necessary to enter the problem on the 
Matric Computer. That is, the new computor 
is so organized that the matric equations 
being solved, themselves represent the pro¬ 
gramming. No patching and no schematic 
diagrams arc required. 

As a second example, consider the single 
differential equation 

fl2x dx 
dt2 + dt 

X f(t). (3) 

The matric theory of differential equa¬ 
tions teaches that this problem can be 
replaced by an infinite variety c) equivalent 
first-order mathematic systems. This pro¬ 
vides great latitude and flexiDilly in the 
logical schemas utilized to solve such equa¬ 
tions on the new machine. 

In Fig. 4, two of the possibilities of 
entering the given example un ihe Matric 
Computor are shown to emphasize its sim¬ 
plicity. The problem is actually being solved 
on a very elementary form of machine con¬ 
structed solely for the purpose of exhibiting 
certain conceptual aspects of the theory. The 
"d" in the matrix is a shortc-ned version of 
"d/dt. " As can be seen from the photograph, 
each constant coefficient of the matrix is 
entered as a conductance, and each differ¬ 
ential coefficient "d" as a capacitance, and 
both plugged into the elementary com¬ 
putor. 
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Fig. ¿ Logical schema of 
matric differential equation 
system (l) 

The 1-to-l reciprocal correspondence 
between the entries of the mathematic matrix 
and the computor entries is clearly evident; 
each mathematic entry has an admittance 
component in the corresponding matric array 
in the machine, and zero mathematic entries 
are represented by zero admittances (absence 
of components). In a machine for problem 
solving, the admittance-magnitudes would be 

Fig. 3 - Oscillographic recording of solution 
to matric problem synthesized according to 
Fig. 2 

dialed into the appropriate matric array on the 
machine and not plugged into jacks as shown 
in the rudimentary machine illustrated in Fig. 4 

EXPERIMENTAL RESEARCHES 

A theory is only a theory in the physical 
domain; it must be verified to discover whethe 
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An improved machine is now under devel¬ 
opment. Tt will he of (10 X 10) order, nnd will 
he truly a Mairie Compuior. Ail problems 
will be entered merely by dialing-in the 
mathematic coefficients. Obviously, power 
supplies, means for reading out solutions 
osciliographically and on Jigiial voltmeters, 
means for entering initial conditions for dif¬ 
ferential equation problems, means for obtain¬ 
ing eigenroots, and the like, must all be pro¬ 
vided in this final-design, practical machine. 

Furthermore, this machine will be 
adapted to the solution oí linear variable- 
coefficient, and also to nonlinear equations. 
For the solution of nonlinear problems is well 
within the purview of the Mairie Cotnputor as 
is easily shown. All the required electronic 
components for this purpose, however, are not 
yet available although in principle this can be 
surmounted. 

This is a very ambitious undertaking for 
a smalt research group, but the importance of 
the end result, a new electronic computar 
based upon a new theory, justifies the efforts. 

the underlying assumptions and idealizations 
in the theory are valid. For these well-known 
reasons, a strong experimental rescarcn pro¬ 
gram has been in evidence alongside the 
theoretical researches; the two are, in fact, 
complementary and mutually supporting. 
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Fig. 4 - Elementary (6 x 6) order matric 
computor solving differential equation (3) 
by two methods simultaneously. (Note the 
hameomorphism between matric entries 
and computor synthesis components.) 
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DERIVATION OF THE RELATIONSHIP 

BETWEEN THE "RESIDUAL” SHOCK SPECTRA AND 

THE FOURIER INTEGRAL SPECTRA 

H. Southworth, .Tr. 
Sperry Gyroscope Company 

Great Neck, I<ong Inland, New York 

D'.irmg tlie pan ’• i Session on the Fi stabil s liment of Test Levels from 
field Data at the ¿9th Symposium on Shock, Vibration and Associated 
Environments, there was a discussion on the relative value of Shock 
Spectra compared to Fourier Integral Spectra when used to represent 
amplitude-time shock pulses in the frequency domain. During tills 
discussion il was mentioned by Mr. R. D. Hawkins, Sperry Gyroscope 
Company, that there was a mathematical relationship between the 
Fourier Integral Spectra and the "after pulse" or "residual" shock 
spectra. This fact evoked considerable interest and therefore the 
loliowing ttnaiytical proof is presented here for the benefit of those 
interested in title subject. 

INTRODUCTION the shock pulse, plotted as a function of the 
frequency of the system. 

The tollowing derivation relates the 
"residual" or "after pulse" shock spectrum to 
the frequency composition of a time pulse as 
defined in Fourier Integral Theory. The 
"residual" shock spectrum is derived in 
general mathematical notation for continuous 
functions without damping. 

Consider in Fig. 1 a one-degrcc-of- 
freedorn mechanical system of natural fre¬ 
quency, fn, mounted on an infinitely rigid 
base. - The base of this system is subjected to 
an arbitrary input acceleration as a function 
of time in Fig. 2. This acceleration pulse 
xB( t ) lasts over the time interval 0 < t < T 
where T represents the completion time of the 
pulse. RESIDUAL" SHOCK SPECTRUM 

"Residual" shock spectrum is defined as 
the maximum absolute value of the accelera¬ 
tion of a one-degree-of-freedom system after 

We can write the differential equation of 
this system as: 

o T 

Figure 1 Figure Z 
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Using tim definitions of relative displace¬ 
ments and accelerations between mass and 

we obtain. 

- R ‘ ah •■b :2) 

XR + M XH ; ‘ r.D (4) 

X., + as“- X 2-,. ■'R ~ -j) ’ (5) 

At initial time (t = 0' the relative dis¬ 
placement and velocity aie zero: 

xR(0) . d (G) 

= 0 . (7) 

Taking Laplace Transforms of Eq. 5, 

S2xR(St + w2xr(S) - -XjjffO . (8) 

Solving for .’¿kCS) : 

;-rr-7xß(S)l ■ ^ o IA* I 

Since [w/fs2+ai2)l x„(f.) is the product of 
the transforms of sin wt and xB( t), the 
inverse transform is then the convolution of 
these functions. 

xR(S) 

y?S*) - ~h \ sin "(t-'r)Xn(r) dv . 0--) 
•a 

Taking the time derivative, 

xR(t) -- I cos w( t - T) xB(r) dr. (H) 

At the completion time of the pulse T, the 
relative displacements and velocities are 
given by: 

sin ui (T - t) xB(r) dr (12) 

cos ca (T - v) xB(r) dr. (13) 

xr(T) 

am - _ ! rT 
as ~ « I 

Since xc.;t} .. 0 for any time domain out¬ 
side the pulse- duration we can extend both 
limits of integration io plus and minus infinity: 

xr(T) 
1 

CO 
I sin ai (T ” 7 ) n;d(t) dv 

CO 

(14) 

xr(T) CD 

j cos „I (T - r) xn(r) sir . 

- CD 

(1Í.) 

After the siiock pulse t > r, xB(t ) - o and 
Eq. (5) can be written: 

XK + íiJ2xr - 0 ( 11)) 

with a solution, 

xR - A cos ui ( t T) ’ h sin ( t -T) (11) 

Xjj - c sin [ui(t-T) + ¢1 . (18) 

Differentiating, and dividing by oj, 

~ = c cos [íü(t - Ti + ¢1 . (19) 

Considering the initial conditions t = T 
for after the pulse, Eqs. (14) and (15) become: 

1 
CO 

sin !ú (T-T) Xjj(r) dr c sin c/i (20) 

00 
i cos ,-1 (T - r) xb(t) ,-It = c cos 

ID 

(21) 

Squaring Eqs. (20) and (21) and adding: 

sin ai(T -T) xB(r) 

J 

+ I cos os (T - T) xB(r) 
CD 

Expanding, 

r-2 = -i f cos air + sinwT sinair) Xgf'rtdr ' 1 {(«. 

(sin coj cos cor - cos coT sin cor) xDV r) dr 

co^ 

r cn -, 2 

(23) 
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Removing [murions indepenrient of the 
integration outside the integral sign: 

Finding the second time derivative of Eq. 
(18) and using the ¡act that x,, 0 after the 
uoi.se in Eq. (3) we obtain: 

. i 
cf j X, ( -r ) ('OR COT fir "M -.in ' ( t -T) (2V) 

coy T 

Squaring. 

r 

c2 • < cor;2 Oil 
-- i 

1 x'j.I't’) sin u;r dr 

( xn( r ) cos <hJT rir 
• <n 

O' 
\ sin wr c 
•u a> 

The positive rr.'sidual sliock spectrum 
after the pulse R(w) is detined as the maxi¬ 
mum absolute value of the mass acceleration 
in tills equation. Therefore, 

Tims. 

R(ci) |xu| 

T C ,< 

(28) 

R( .i) r a ^ I l xb(t) cosoirdr 

(24) 
lL ” 

rr 
1} xu(r) s 

-.2 
Sin OJT dr I |> 

I ; 

(29) 

x‘b(t) cos cot fir 

r si.n2c x¡j(t) sin cjî'dr ¡ 

> ' J 

THE FOURIER INTEGRAL 

A function xu(t) can be expanded within a 
finite time domain by use of the Fourier 
Series expansion formula. 

a “ 
T .rf.., , (**•/, I xnC) = T + [:in COS Nut + bN :;in Nwt]. (30) sin uT ros ciT i xj,(x ; sin ur dr l X[)(7 ) cos cni H r - “ 1 " 

X», ' -L 

s i n *• cüj 

+ COS'* col 

-1 2 
XyC r) co:; u)~ d r 

j » 

I j si sin air d t 

c.. . r - -2 ¡iin wT cos a'T \ Xp(T) sin cor dr \ co? cotd t >. 

(25) 

Collecting terms and taking a square root of 
both sides of the equation: 

1 
G " Ü 1 I xn(T) COSUTdT 

+ I » xn( r) sin cot fir > 
LL n( ’ J i 

^v/2 
y (26) 

If the frequency spacing between harmonics 
approaches zero v/c will approach a continu¬ 
ous distribution ol frequency components 
known at the Fourier Integral identity over an 
infinite time domain. 

I." 
xn( t ) - I a(i.:) cos ut du + I bfaii sinut doj (31) 

Jo -o 1 

where, 

<!(") =-^ j XDf < ) COS a,T dr (32) 
x a 

i f" 
h(w) - — I xß(T) sin dr . (33) 

- CJ 

Rearranging, 

x‘ri(t) j [nafa.) cosan +nli(u) sinajt]dai (34) 
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ri :<B( t ) = — I S( <^) COS ( ut + r/l 70.1. (35' 

where 

S(^) - yv'* (..(..O) 2 + ’'2 (i>(^)) 
211 2 (30) 

S(.v) •I •'j( ^ ) COS (JT ,1 7 

L ■ 'r 

rr 
! j Xi/T) s i n ur .Irj 

S(u) ui Eq. (37) is defined as the frequency 
composition of xu(c). 

RELATIONSHIP BETWEEN "RESIDUAL" 
SHOCK SPECTRA AND FREQUENCY 
CONTENT OF THE PULSE 

By comparing Eqs. (29) and (37), 

i r 
S(.-j) 

i .° 

+ ï(J(r) sin WT (ItJ j" 
(38) 

Consequently, i e relationship of the 
"residual" shock sf ctrum to the frequency 
composition of a tii pulse as defined in 
Fourier Integral T! >ry is given by: 

Sf 
ROO 

(C 
(30) 

where R(. ) and SC- are respectively the 
"residual" shock sp. :tra and the frequency 
composition of the ourier Integral both a 
function of the angu or frequency 

* * 
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