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ABSTRACT 

Two types of plasma core reactor, considered 

as a space propulsion system of thrust-to-weight 

ratio exceeding unity, are investigated; viz, the 

simple magnetic bottle and the homopolar con¬ 

figurations. The principal system variables are 

indicated, and some upper - and lower-bounds for 

these are derived. The major problem areas and 

difficulties affecting feasibility are discussed. 
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SECTION I 

INTRODUCTION 

By way of definition, let us call a propulsion system "low acceleration" 

if the ratio of its thrust to the initial vehicle^ gross weight is less than 1, 

and "high acceleration" if this ratio exceeds 1, If we confine our attention 

to the so-called advanced systems, it is immediately evident that there exists 

a bewildering variety of concepts for low-acceleration systems, such as the 

different types of electrical devices, but rather few ideas in the booster or 

high-acceleration category. In particular, if we arbitrarily consider ahigh- 

acceleration propulsion system to be "advanced" only if its I exceeds the 
sp 

800 to about 1000 seconds promised by solid-core nuclear reactors (like 

those under development in the Rover program),|then, only two such systems 

have been proposed. One of these employs a series of nuclear explosions 

and is currently under investigation in Project Orion. The other is the 

plasma-core fission reactor. 

This paucity of advanced concepts becomes understandable when we 

realize that, for all high-acceleration systems, the 1^ is proportional to 

/t/M, where T is the engine operating temperature and M is the molecular 

mass of the exhaust gas. If the exhaust material were dissociated hydrogen, 

M would equal 1 and be essentially minimized. The only way engine per¬ 

formance could then be further improved would be by raising the temperature. 

However, the maximum steady-state temperatures which even the most 

refractory structural materials can withstand correspond to I values in 

the neighborhood of 1000 seconds. 

The two ideas which have been proposed to overcome this formidable 

limitation both involve restricting the interaction between extremely high 

temperature gases and the adjacent solid materials. The first, the Orion 

approach, limits the interaction in time by operating in pulses of short 

duration. The other limits the interaction in space by simply eliminating 

all solid structure from the immediate vicinity of the hot gas, and replacing 

An oversimplification, to be sure, but nevertheless useful for 
purposes of categorization. 
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the confining walls by electromagnetic fields. This approach is represented 

by the plasma core reactor. 

The object of this paper is to examine the latter concept. It should 

be remembered, however, that all analysis will be subject to the constraint 

that the propulsion system must be capable of imparting a vehicle acceler¬ 

ation greater than 1 g. Removal of this constraint vastly simplifies the 

problem, but results in a device which does not appear to compete 

favorably with alternative low-acceleration schemes, such as the hydro- 

dynamically-driven gas-phase vortex reactor proposed by Kerrebrock and 

Meghreblian (Ref. 1). Conversely, a free-vortex gaseous-core reactordoes 

not appear attractive for application to high acceleration systems due to 

propellant flow rate limitations imposed by hydrodynamic instabilities. If, 

however, one ionizes the fissionable material, one may (in principle at 

least) stabilize or "straightjacket" the core by means of electromagnetic 

fields. One hopes, therefore, that use of external fields to stabilize the 

plasma against boundary layer turbulence and Helmholtz instabilities will 

permit flow rates of hydrogen propellant through the core which are con- 

sonent with high acceleration propulsion. 

In its simplest form, such as proposed by Taylor (Ref. 2), the plasma 

core reactor consists of a plasma of fissionable material which is confined 

within a roughly cylindrical or ellipsoidal zone about the axis of a cylindri¬ 

cal chamber by means of a longitudinal magnetic field. The latter is gener¬ 

ated by electrically conducting coils bearing strong currents, which sur¬ 

round the chamber. The field is uniform except for the ends of the cylinder, 

where it is more intense due to a higher concentration of coils. The re¬ 

sultant arrangement of parallel lines of force bunched in at the ends is 

frequently referred to as a "magnetic bottle", and each end is called a 

"magnetic mirror". Charged particles gyrate in helical paths about the 

magnetic lines of force. When the magnetic moment is an adiabatic in¬ 

variant of the motion, as is here assumed; i. e. , when fi ■ /Bis constant 

for slow changes in the magnetic field strength, B, during a single gyration, 

it follows that the component of kinetic energy of a particle in the plane 

orthogonal to B, Wj^ , must adjust itself to compensate for an increase in 

B (at the magnetic mirrors). Since the total kinetic energy, W - 
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is conserved, any increase in must be offset by a decrease of equal 

magnitude in the parallel component, W|| . If the mirror field is suffi¬ 

ciently strong, W|| diminishes to zero at some point in the axial direction, 

and the sense of the particle's helical trajectory is reversed. This is the 

physical explanation for the "reflection" of an ion or electron by a magnetic 

mirror. It is thus possible in principle to confine a plasma indefinitely 

within a magnetic bottle. Unfortunately, diffusion phenomena alter this 

situation. As will be shown inSection III, it is theoretically feasible to 

optimize (i.e., sufficiently minimize) the plasma diffusion rate, but the 

price comes high. 

Surrounding the glob of fissioning plasma, in the simplest device, is • 

a layer of hydrogen propellant which forms an annulus coaxial with the 

plasma but nevertheless inside the solid (but porous) chamber wall, through 

which it is radially injected. The hydrogen flows axially down the chamber, 

absorbing enthalpy from the plasma core. It is finally exhausted through a 

suitable nozzle, after being heated to dissociation but not ionization. 

The reason why hydrogen is not ionized in this case is basic to all 

nuclear rocket-propulsion systems, regardless of type. Fissionable 

material is much too expensive to waste, and must therefore be largely 

retained, while the hydrogen is of course expelled. Fox (Ref. 3) has 

demonstrated the impracticality of a system wherein the reactor core 

contains hydrogen mixed with a critical mass of fissionable material at all 

times, and the mixture is exhausted with no attempt at separation. Further¬ 

more, Bussard and DeLauer (Ref. 4) have shown that rather large separa¬ 

tion ratios must be achieved in order to attain economic feasibility. The 

hydrodynamic vortex system seeks to realize adequate separation by means 

of a mechanically-generated centrifugal field. The plasma core reactor, on 

the other hand, relies upon magnetic confinement of an ionized fissionable 

gas which "sees" the confining field barrier, and upon the escape of non- 

ionized flowing hydrogen which does not. 

Nucleonically, the system resembles an externally moderated "cavity" 

reactor, since the particle density of the fissionable material, as will be 

shown in Section II, need be only about 1 percent of that of a gas at standard 

temperature and pressure. External moderation is achieved by a layer of 
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suitable solid material surrounding the core (and actually comprising the 

wall itself). This cladding performs the dual function of moderation and 

reflection, in that fission neutrons born in the core are thermalized in this 

external layer, and eventually reflected back into the core. 
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SECTION II 

NUCLEONICS 

* r \ 

- »* In.order to fix the range of values of the important variables and 
V ' ■ / •• • . ■' V ¡, «, 

•parameters corresponding to a working plasma core reactor, it is necessary 

•to first consider the nucleonic aspects. In particular, we wish to know the 

minimum critical size and mass, as well as the corresponding particle 

density. In order to perform even a crude systems analysis, it is also 

necessary to know the way in which the critical mass and critical particle 

density vary with core size. The nucleonic calculations made here follow 

the method of Safonov (Ref. 5 and 6), whose results agree with those of the 

different approach used by Bell (Ref. 7), Elaborate machine computations 

are avoided with the help of the following simplifying assumptions: 

1 • The cylindrical geometry of the core, which is the most natural for 
V o.».«Aa.4 - j rrt ■ 

m 

propulsion applications, is approximated by a sphere. The simplification 

thus introduced is great, while the final results should not be much in error 

(because the obvious requirement that the critical mass and particle density 

be minimized will keep the L/D ratio within reasonable bounds). In other 

words, the "pancake" and "salami" extremes of cylindrical geometry are 

definitely precluded. 

2. The thickness of the layer of moderator-reflector surrounding the core 

is taken to be essentially infinite. This means that the layer is at least a 

few thermal-diffusion-lengths thick. Since the critical mass and density are 

relatively insensitive functions of the moderator-reflector thickness (pro¬ 

vided the latter exceeds about half a thermal diffusion length), it follows that 

this assumption need not introduce any serious errors. 

3. The moderating and neutron-absorbing effects of the hydrogen propellant 

flowing in the vicinity of the core are completely ignored. The justification 

for this assumption is that, while proper accounting for the nucleonic effects 

of the hydro,-.;n would not affect criticality calculations by more than about a 

factor of 2 at reasonable densities, it would increase the complexity of 

calculation enormously. 

The only modification of Safonov's treatment has been to eliminate his 

assumption that the reactor is at room temperature. Thus, instead of the 
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absorption cross section corresponding to a kinetic temperature of .0253 ev, 

we have employed the mean absorption cross section averaged over a 

Maxwell-Boltzmann distribution about each of several distinct moderator 

temperatures of interest. These are the lowest temperatures to which 

neutrons may, on the average, be "thermalized". Figure 1 shows how the 

Maxwellianized cross section varies with kinetic temperature. The 

quantity rj ; which is the number of neutrons released per thermal neutron 

capture in the core; also varies significantly with temperature, and this 

variation has also been taken into account. The much smaller temperature 

dependences of the Fermi age, thermal diffusion length, and transport 

mean free path for thermal neutrons in the moderator, have all been neg¬ 

lected. The first-order temperature effect is illustrated in Figure 2, which 

plots the product of rj and the mean absorption cross section against kinetic 

temperature. This product turns out to be inversely proportional to the 

critical mass and particle density. 

Most of the neutrons are moderated to the ambient temperature of 

the moderator-reflector and return to the core to cause fissions. Although 

this temperature may be as high as several thousands of degrees Kelvin 

instead of room temperature, it is nevertheless about an order-of-magnitude 

lower than the temperature of the plasma core itself. This raises the 

question of warmed-over neutrons. If a neutron undergoes a scattering 

event inside the plasma core before being absorbed, it will, on the average, 

gain energy in the process from the hotter nucleus of fissionable material. 

This will cause a decrease in effective fission cross section. Thus, one 

would expect a leakage of slow neutrons in velocity space radially outward 

from the origin, the magnitude of which would depend upon the ratio of the 

probability that a neutron will be scattered to the probability that it will be 

absorbed in fission or capture. The maximum value of this ratio for any 

fissionable material occurs for a head-on collision between a U-233 nucleus 

and a neutron, in which case it is still less than 4 percent. This means that, 

even under such extreme circumstances, an average of more than 25 neutron 

absorptions will occur for each scattering event. Thus we see that this 

effect may be neglected in the first approximation. 
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We can now proceed with the criticality calculations as follows: 

The thermal diffusion kernel is 

<f>(r,p) 

P_ 

3 Le L 

Bir Jlpr 

3»L.-ä-\ 
JT—L U 
3ay , a 

~T~*T 

2a 

L 

for a < r < p , and 

<f>(r,P) 

P_ 

3Le~ L 

Birl pr 

2P 

L, _ 

(1) 

(2) 

for r'Z. p. This kernel gives the thermal-neutron flux at a point r due to a 

unit shell source of thermal neutrons at p , where both r and p are within 

the moderator. L is the thermal diffusion length, a is the core radius, and 

£ is the transport mean free path for thermal neutrons in the moderator, 

y is a dimensionless constant, defined as the ratio of thermal current 

into the interior to the thermal flux at the interior boundary, which is a 

measure of the thermal-neutron sink strength of the core, i. e., the 

"interior greyness". 

The diffusion kernel must satisfy the boundary condition 

\ 
3 

d<ft (r, p ) 
dt 

r 

= y 0(a, p ) t 

a 

(3) 

which essentially says that the core acts as a sink for thermal neutrons. 

From Eq. (3), the directional flux at the interior boundary (r = a) can be 

written as 

(1 - 3y cos0), (4) 

Where 0 is the angle between the directional flux and the radial vector from 

the center of the system. 
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From the assorted boundary conditions available, one obtains, to 
first-order approximation, the relation 

(5) 

where A is the absorption mean free path of thermal neutrons in the core. 

This approximation is valid for Y < l, which is the only range of practical 
interest. 

The distributed source of thermal neutrons applicable to the present 

case was first given by Wallace and Le Caine (Ref. 8) as 

q(r) = Se 
.. (r-a)‘ 

4ar 

for r > a, and 

- erf(I^+ v/t\ 
(6) 

q(r) = 0 (7) 

for 0 < r < a. q(r) is the thermal source strength per unit volume at a 

distance r from the center of the system, S is the total fast-neutron 

source strength which is symmetrically distributed in the core of radius 

a, i is the Fermi age of thermal neutrons in the moderator, and 

erf(x) is the error function: 

The thermal flux in the moderator due to the source q(r) is r 
$ (r) = /4 * P 2q(p) 0 (r, p )d p , a < r, 

-8- 
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which integrates to 

$(a) = 

- (-r^) 

T 
~T 
a 

1 - erf (^) 

T 

a ï1 _ _ e 
L — © (10) 

The net current at the boundary is therefore 

J(a) = - y $ (a). (11) 

The multiplication constant of the system may now be written as 

k = 4 ” a2 y ^ $ (a) (12) 

since S is the number of fission neutrons released in a given generation, 

-4 ir a J(a) = 4 a2 y $(a) is the number absorbed in the core, and rj is 

the number born per thermal neutron captured in the core. Substituting 

Eq. (10) into Eq. (12), and setting k = 1 for criticality, and rearranging, 

yields the following expression for 3 Y : 
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Near a = L, which is a singularity of Eq. (13), 3 V may be approximated 

by the relation 

Since 1/A is proportional to the core density, the critical mass is 

given by 

M = (± 
C 3N «7 > \ A 

a \ 

(15) 

so that the critical particle density is just 

(16) 

By virtue of Eq. (5), Eqs. (13) or (14) may be substituted for a/A in Eqs. 

(15) and (16). A is the atomic mass, N is Avogadro's number, and < a > 
a 

is the mean absorption cross section for a Maxwell-Boltzmann distibution 

about the moderator temperature of interest ("thermal") < o > 
a 

is given (Ref. 9 and 10) by 

<cra> = < aa(T) > ga<T> 

= • 

10535 ga(T) T 

8831.4 g (T) T 
a 

15663 ga(T) T 

-1/2 

-1/2 

-1/2 

for U-235 

for U-233 • 

for Pu-239 

(17) 
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Making use of the numerical values for the temperature-dependent 

variables presented in Table I, one can plot the critical mass and particle 

density vs core radius. This has been done for all combinations of the 

fuels U-233, U-235 and Pu-239 with the moderators Be, C (graphite) and 

D20. Four different representative values of the moderator kinetic temp¬ 

erature have been used, and the resultant curves plotted in Figures 3-11. 

We are now in a position to calculate, from magnetohydrodynamic 

considerations, sets of values of system parameters which are consistent 

with the nucleonic constraints represented by these curves. 



SECTION III 

PLASMA PHYSICS 

A. Magnetic Bottle Confinement of a Plasma Core 

The Sherwood program is directed toward heating a plasma to thermo¬ 

nuclear temperatures ( ~ lO^-deg K ) and confining it within a physical 

chamber for seconds, or for at least significant fractions of a second. The 

heating problem is much more acute than that of confinement. In the plasma 

core reactor, however, the situation is reversed. We are dealing with a 

plasma which is some 10, 000 times colder, and 1000 times denser, than 

that in a thermonuclear reactor, and this plasma must be confined for sev¬ 

eral minutes (corresponding to rocket burnout) rather than for seconds. One 

of the principal reasons why it is harder to confine a cool dense plasma than 

a hot rarified one is the Coulomb collisions between the constituent charged 

particles which result in diffusion of the plasma across the confining mag¬ 

netic field. That is, the "guiding centers" of the Larmor (or cyclotron) 

orbits shift from one magnetic line of force to another as a result of colli¬ 

sions between the particles. It is clear that the denser the plasma, the 

greater the frequency of such collisions. Furthermore, the collision fre¬ 

quency increases with decreasing temperature. This is because the Coulomb 

scattering cross section varies inversely as the square of the kinetic temp¬ 

erature, as may be seen immediately by replacing 2mv2, which is four times 

the particle kinetic energy, by the equivalent expression, 6kT, in the 

Rutherford formula for the differential Coulomb scattering cross section: 

(18) 
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Effective confinement within a magnetic bottle entails both radial con¬ 

finement by means of an axial field and longitudinal confinement by means of 

magnetic mirrors at the ends. Let us consider each of these modes in turn. 

B. Radial Dif.Vsion 

It is well known (Ref. 11 and 12) that, to first-order in the density 

gradient (where the divergence of the stress tensor is replaced by the grad¬ 

ient of an isotropic pressure), like-particle collisions produce no net 

diffusion. In this approximation, therefore, the ion-electron collisions are 

solely responsible íor the diffusion of plasma across magnetic lines of force. 

In order to study plasma diffusion as a function of reactor-operating 

parameters such as temperature, magnetic-field strength and radial dimen¬ 

sion, it is necessary to calculate the flux across the confinement zone due to 

ion-electron collisions. F or every ion diffusing across the magnetic field 

there will be o£^ > electrons, where ' s the mean degree of ionization 

of the plasma atoms. Figure 12 plots the Saha equation (Ref. 13 and 14) 

X = 
3.16xlO-7T2‘5e-Ev/kT 1 1/2 

p + 3. 16 X 10-7 T2'5 e"Ev/kT (19) 

for gaseous uranium. The curves give the fractional ionization, x, as a 

function of temperature and pressure, under the assumption that 

o^rnax = ^ > (20) 

i. e., that no atom is more than singly ionized. For optimum confinement 

with this restriction, let us also assume that no atom is un-ionized; i.e. , 

<”5r> = Anax ~ ß = i ■ (21) 

At a pressure of 1 atm. , for example, this implies a temperature upwards of 

15, 000-deg K. Unless otherwise noted, it will be assumed throughout this 

paper that Eq. (21) holds for the fissionable material, while for the hydrogen 

propellant, 

(Ph) ' ß'll ~ °- (22) 

so that the electrically neutral hydrogen will be unaffected by the presence of 

the magnetic field confining the fissionable material. 
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Since electrons and ions occur in equal numbers in the plasma, they 

must diffuse at the same rate. The justification for this assertion is based 

upon the fact that, for temperatures and particle densities of interest, the 

Debye length or "shielding distance", 

(23) 

is very small compared with a characteristic plasma dimension. The Debye 

length is a measure of the distance over which ne can deviate appreciably 

from^n . (In general, 1, ^ ^ Z, Z being the atomic number. ) n and n 

are, of course, the electron and ion particle densities, respectively. Thus, 

for T = 10^-deg K and ng = 10^ cm"^, we have, for the maximum value of h 

which might ever be realistically contemplated, 

^max ~ 2. 7 X 10 cm (24) 

This implies, for example, that over a region whose thickness is 27 mi- 

'crons, ne must equal .On. to within one-hundredth of 1 percent. The exist¬ 

ence of charge neutrality in the macroscopic domain greatly simplifies many 

calculations, and will be implicitly used throughout the subsequent analysis. 

The particle flux due to plasma diffusion has been calculated by Simon2, 

Longmire and Rosenbluth , and others. In a previous, more detailed, paper 

(Ref. 15), Longmire derives an expression for the flux of particles of Type 1 

due to collisions with particles of Type 2, viz.: 

Actually, a more typical value for h would be some two orders of magni¬ 
tude smaller than h 

y max 2 
Op. cit. 

3 
Op. cit. 
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where 

F, = - SI m (_2 m 

B mitii Ztt kT 
Hj (xj) n2 (xj) 

!i!; Ip 
kT c 

1 () B 

B à xj 
+ 1 

1 J »z^l) 

"z'11!1 àxl 

M 

m, 
— +—) — 
'1 e2/ 2 

1 1 ¿kT 
kT àxl 

(26) 

and 

Stt c2e2 

3 B2 
In m 

miny 27rkT nl(xl^ n2 (xl^ (27) 

In Eqs. (26) and (27) the following definitions were assumed: 

m., Cy s mass, charge and particle density, respectively, of particles 

of type j (j = 1, 2); 

Xj ^ X + (Vy./w ) = x-coordinate of the guiding center of a particle 

whose coordinates in phase space are x, v; 

Vp 2= relative drift velocity of unlike particles; 

M as nij + m2; 

m s= nrijn^/M; 

and 

mv kT 1/2 

min ele2 
(28) 

If we associate particles of Type 1 with ions and particles of Type 2 

with electrons, and substitute 3kT for mv2, Eq. (28) can be written 

k3T3\ 1/2 

0 min 2e3 \'irne 

<h/p0> . (29) 
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» • i * »ipai.t 

. •* y 

This is the mean value of the ratio of the Debye length to the value of the 

classical impact parameter corresponding to ff/2 deflection, 

2. 2 
p = e / m V . ro e e (30) 

(pQ is that value of the classical impact parameter, p, for which the poten¬ 

tial energy is just twice the original kinetic energy of the scattered electron). 

For convenience, we will employ the notation of Spitzer (Ref. 16) and put 

A = 0 (31) 
min 

We now list some of the changes of notation, assumptions and other 

simplifications introduced: 

1. Put 1 s ion and 2== electron, so that 

n /i0 = n n 1 n. 
i 

n_ =f= n 
2 e 

(=<0n. = n.) 
i i 

e, s= -e. = -^e — e 
1 i e 

-e 

e., s= e = e = 4. 8 X 10 
2 e 

-10 
esu. 

(32) 

(33) 

(34) 

(35) 

(36) 

Assume cylindrical geometry, in which the plasma is confined radially 

by means of a magnetic field B = in the z-direction, and diffusion 

occurs in the radial direction only. In particular, we calculate the 

outward flux (or current, which is the same thing in the one- 

dimensional case) of particles originating within an infinitesimal 

volume about the axis. The system is axi-symmetric; i. e., independ¬ 

ent of azimuthal coordinate. Eqs. (26) and (27) are evidently invariant 

under a coordinate transformation from x^ to r, so that r may be sub¬ 

stituted everywhere for x^ without modifying the final results in any 

way. 

The magnetic field is homogeneous in the annular region between the 

coils and the plasma boundary. The plasma is sufficiently dense, 

however, for diamagnetic effects to be significant. The magnetic field 

vanishes inside the plasma, so that in the region 0 < r lí R, the con- 

-16- 
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tribution to the diffusion flux of the field intensity gradient terms must 

not be neglected. 

The plasma temperature is constant throughout the core volume. 4. 

5. 

6. 

Charge neutrality considerations discussed earlier require that the 

ion-electron relative drift velocity be negligible, i.e., that 

effectively vanish. Consequently, no ambipolar diffusion takes place. 

Assume that n (r) falls off linearly from the value n at the axis to e e 
zero at r = R. Thus we may write 

n (r) = n e e 

n r 
e 
R 

(37) 

whence 

7)ne(r) dne(r) 

dr d 

n 
— = const. 
R 

(38) 

7. The electron rest mass, me» will be used in place of the reduced mass, 

m, throughout. (Actually, m/me = 0. 999 + ). 

Since the plasma is taken to be spatially isothermal (4 above), the last 

term in the braces of Eq. (26) vanishes. From 5, the first term in the 

braces also vanishes. The third term drops out because e. = -e», by Eqs. 

(35) and (36). The remaining (second) term may be evaluated as follows: 

The linearized equation of motion for a steady-state plasma with no 

electric or external field is simply 

VP=!xB, (39) 

where V P is the magnetic pressure gradient which, by means of Maxwell's 

curl B equation can be written 

VP = -Lv xBxB 4rr 

477 
(40) 

The last expression results from expansion of the triple vector product. 

For an uncurved field, i.e., where the magnetic mirrors at the ends are 
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neglected (as indicated in 2 above), the first term on the right-hand side of 

Eq. (40) vanishes, so that we have 

V P = - 
4 ff 

(41) 

Integrating both sides yields 

P constant. (42) 

This can be written 

P 
o 8 V 

(43) 

where the subscript o refers to the axis and the subscript R to the outer 

boundary of the plasma. Pq is maximum when Bq vanishes. Taking this to 

be the case, the (maximum) magnetic pressure is 

P = BD 8 n • (44) 
o R 

(Eq. (44), incidentally, is numerically equal to the magnetic energy density. ) 

For equilibrium confinement, the magnetic pressure must exactly bal¬ 

ance the hydrostatic pressure of the plasma at the outer boundary, so that 

we have 

n kT =/3 o 
(45) 

where n is the total number of free particles per cubit centimeter of plasma 
o 

at the axis; it is, by virtue of the present assumptions, numerically the same 

as nc in Section II. Making use of Eqs. (33) and (34), 

n^i^n + n.) = 2n . (46) 
6 1 6 

By definition, /3 is the ratio of the hydrostatic pressure at the axis to the 

magnetic pressure at the boundary: 
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T 

ft nk T 

8n 

16 n kT 
_e_ 

B2 
(47) 

where the subscripts have been dropped for simplicity. Henceforth all hy¬ 

drostatic pressures and particle densities will refer to the axis and all 

magnetic-field intensities will refer to the outer boundary of the plasma 

unless otherwise noted, as in the functions ne(r) and B2(r) appearing below, 

which depend upon the radial coordinate. 

Obviously 

Eq. (47) can also be written as 

0< ß < 1. (48) 

= 16 n n^kT/ß (49) 

The square root of the right-hand side of Eq. (49) is numerically the same as 

the magnetic field intensity which serves to confine the plasma. It is 

minimum when ß = l and becomes infinite as /3—^0. In Figure 13, B is 

plotted vs. T and n^ for /3 = 10 , 10 and 1. The smaller values of ß are 

of interest chiefly because magnetically confined plasmas of high ß tend to 

be unstable. 

We have assumed (4 above) that 

VT 
*r = 0, (50) 

so that Eq. (49) implies that 

B2(r) = B2 
16 Tr n (r) kT 
_e 

/3 
(51) 

This means that since, by Eq. (37), ne(r) varies inversely as r, it follows 

that the magnetic pressure inside the plasma must vary directly as r, and 

the magnetic-field intensity inside the plasma is consequently proportional 

to r1/2. Thus we are assuming that as a result of plasma diamagnetism, 

B2 (r) falls off linearly from the value B2 at r = R to the value zero at the 

axis, while the hydrostatic pressure increases linearly from the value zero 

at the boundary to its maximum at the axis, since the density gradient is 
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ß nk T 
I (47) 

16 ít n kT _e 

B2 B2 
Sn 

where the subscripts have been dropped for simplicity. Henceforth all hy¬ 

drostatic pressures and particle densities will refer to the axis and all 

magnetic -field intensities will refer to the outer boundary of the plasma 

unless otherwise noted, as in the functions njr) and B2(r) appearing below, 

which depend upon the radial coordinate. 

Obviously 

0 < ß < 1. (48) 

Eq. (47) can also be written as 

B^ = 16 ff n^kT/ß (49) 

The square root of the right-hand side of Eq. (49) is numerically the same as 

the magnetic field intensity which serves to confine the plasma. It is 

minimum when ß = 1 and becomes infinite as /3—*-0. In Figure 13, B is 

plotted vs. T and ne for ß = IO-2, 10-1 and 1. The smaller values of ß are 

of interest chiefly because magnetically confined plasmas of high ß tend to 
be unstable. 

We have assumed (4 above) that 

so that Eq. (49) implies that 

(50) 

B2(r) = B2 
16 77 n (r) kT _e 

ß 
(51) 

This means that since, by Eq. (37), ne(r) varies inversely as r, it follows 

that the magnetic pressure inside the plasma must vary directly as r, and 

the magnetic-field intensity inside the plasma is consequently proportional 

to r1/2. Thus we are assuming that as a result of plasma diamagnetism, 

B2 (r) falls off linearly from the value B2 at r = R to the value zero at the 

axis, while the hydrostatic pressure increases linearly from the value zero 

at the boundary to its maximum at the axis, since the density gradient is 
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constant and the temperature gradient vanishes. 

Differentiating Eq. (51) thus yields 

2B(r) JM!! -. ■ y*- • (52) 
dr p 9r 

Substituting for the density gradient from Eq. (38) and dividing both sides of 

Eq. (52) by B2(r) and substituting Eq. (51), we obtain 

1 *B(r) _ 
8ffn kT 

e 

B(r) ¡r 
ßR 

, 16 ff n (r)kT 
___ 

ß 

(53) 

If this expression is evaluated at the axis (from which region it is desired to 

calculate the diffusion flux), B^ vanishes and ne(r) = ne, so that we have 

1 3B(r) 

B(r) 3r 
r-o 

8ffn kT 
_e_ 
R(l6ffn kT) e 

2R 

(54) 

Hence, using Eqs. (35) and (36), the second term in the braces of Eq. (26) 

finally reduces to 

e, 1 1 9B 1 3B(r) 

e2 B Jxj B(r) 3r 

- JL . 
2R 

With all the previous simplifications, Eq. (26) now reduces to 

2 
Q 2 2 

F = - 5î. Ï_S_ In A 
1 3 B2 

m n 
e e 

2ffkT 2R 

(55) 

(56) 

Writing Eq. (27) as 

F2=- 

8ff 2 2 * — ce In A 
3r \ 3 

m 

2. ffkT 

n / \ c(r) 

B2(r) 
(57) 
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and performing the indicated differentiation, we have 

2n (r) èn (r) « 2 2 . a F-  -ce In A 
2 -X 

m 

2ffkT 
B2(r) 

2n^ (r) . > 
e ' ' d B(r) 

B3 (r) dr 

a 2 2 
on c e In A 

2 ffkT 

àn (r) 
2n (r) e 

Ò r 

2n\<r| ÒB(r) 

B(r) d r 

(58) 

Substituting, as before Eqs. (37), (38) and (54), and evaluating the resultant 

expression at r = 0, we obtain 

o 2 2 
F, = - — S-5- In A 

2 3 B2 

m 

ZnkT 

2n2 2n 

R 2R 

g 2 2 
= £_£_ ln A 

3 B2 

m n 
e e 

277kT R 

(59) 

From Eq. (25), we can at last write the radial diffusion flux as the sum of 

Eqs. (56) and (59): 

F( 1, 2) = F(i, e) = F 

2 . 2 2 
4/7 c e In A 

m n 
e e 

27rkT R 

(60) 

Eq. (60) may be simplified still further, but perhaps it would be more 

illuminating to evaluate it first for a numerical example of possible interest. 

Table II gives values of In A for some representative temperatures 

and particle densities. It should be noted, however, that for low temp¬ 

eratures and high densities (corresponding to the upper right-hand portion of 

the table), the theory tends to break down. ^ This is precisely the regime 

T 
Spitzer, Op. cit. p. 73. 
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which is of practical concern. However, since in the present approximation 

we are interested only in gross order-of-magnitude effects, this complica¬ 

tion will be ignored. 

Since the plasma core reactor is to ultimately constitute the heart of 

the propulsion system of a space vehicle, it is natural to require that its 

size and critical mass be minimal, in order to minimize the launching 

weight and overall cost per mission. A significant fraction of the latter will 

undoubtedly be the cost of the fissionable material alone. Figures 3-11 

indicate that a plutonium core moderated by means of a heavy water reflec¬ 

tor should satisfy this requirement for a plasma radius of 30-40 cm. This 

in turn would imply a critical mass of less than 600 grams and a corre- 
18 - 3 

spending critical particle density of about 5x10 cm . It is clear, how¬ 

ever, that most of the weight of the entire vehicle aft of the tankage is likely 

to be concentrated in the moderator-reflector. Figure 14 shows, as might 

be anticipated, that when overall system weights are taken into account, D_0 

loses its great attractiveness, even neglecting the intrinsic engineering dis¬ 

advantages of a liquid relative to a solid. In fact, if two thermal diffusion 

lengths are deemed necessary for effective moderation, a 40-cm radius core 

surrounded by a layer of DX) will weigh some 14 times that of a Be-reflected 

core of the same size, or about 63 metric tons. It is clear that a weight 

penalty of 58. 5 metric tons is unacceptable, so we turn to a beryllium-clad 

core (see Figures 9-11). 

The choice of fissionable material will, in the final analysis, depend 

upon such factors as economics, relative safety, and the temperature to 

which the moderator-reflector can be cooled. For concreteness, however, 

let us assume that the fuel is U-233 and that the moderator-reflector is 

maintained at 293-deg K (0.0253 cv). In this case, Figure 9 implies a mini¬ 

mum radius of about 45 cm and a corresponding critical mass of 5 kg and 

critical particle density, n , of 3. 3 x 10^9 cm“^. 

Anticipating a later result, viz., that diffusion considerations require 

that R be maximized, and for purposes of simplifying calculations, let us 

compromis«* by taking R = 220 cm, which is quite large, but certainly not 

impossible. A glance at Figure 14, incidentally, shows that enlarging the 

dimension in this manner will bring the weight of the Be layer up to the same 



value the D2Olayer had for a 40-cm radius core. Although it appears we 

are back where we started weight-wise, we have nevertheless (by enlarging 

the core) vastly improved the diffusion properties of the plasma and conse¬ 

quently ameliorated the confinement problem. Moreover, it is possible 

that a thickness of only one-half diffusion length (about 12 cm for Be) might 

prove worthwhile in spite of somewhat increased fuel inventories, partic¬ 

ularly for the larger cores. 

A U-233 core 220-cm in radius, surrounded by "thermal" Be, corre¬ 

sponds to a critical mass of 34-kg (6. 8 times the minimum value possible, 

which occurs at R = 45 cm), and, even more significantly, reduces the 

critical particle density to 2 x 10 0 cm (which represents a 16. 5-fold 

decrease from the 45-cm value). Thus, identifying n = nc, Eq. (46) implies 

that 

n = n /2 = 10^® cm 
e c (61) 

At a temperature of 2. 5 x 10 -deg K, this corresponds to a hydrostatic 

pressure 

P = nkT = 2 x 1018 x 1. 38 x 10'16 x 2.5 x 104 

= 6.9 x 108 dyne cm ^ (62) 

or about 6. 8 atmospheres. If )3 = 0. 1, this corresponds to a magnetic 
-3 energy density of 6. 9 joule cm . Figure 12 shows that at this pressure 

and temperature effectively all of the uranium is at least singly ionized. 

Figure 15, which plots the Saha equation for hydrogen (Ev = 13.6 ev) in the 

same way that Figure 12 does for uranium, shows that if the hydrogen 

temperature is not permitted to exceed about 40 percent of the plasma 

temperature, or about 10, 000-deg K, at a pressure of the order of 10 atm., 

then its fractional ionization should be less than one-half of 1 percent. 

Figure 13 shows that these values of n^ and T imply that a minimum 

(/3= 1) magnetic-field strength of 13. 17 kilogauss is necessary for plasma 

confinement. Therefore, if we assume, as before, that plasma stabiliza¬ 

tion will require a value of ß - 0. 01, we are faced with the task of 

generating the enormous field strength of 131.7 kilogauss. Although this is 

smaller than fields which have already been produced in the laboratory 
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(albeit, for short periods of time), it still represents a formidable engin¬ 

eering difficulty, principally because of the requirement that the coils and 

associated field-generating apparatus be lightweight; i.e., flyable. It is 

possible, however, that by resorting to a pulsed B-field instead of a steady- 

state one and to "force-free" coils, such às described by Furth, Levine 

and Waniek (Ref. 17), such strong fields may be rendered flyable. 

Let us summarize the values of the system variables thus far selected 

as representative: 

R = 220 cm, 

in18 -3 n = 10 cm , 
e 

T = 2. 5 X 104 deg K, 

(i = 0.01 

B = 1. 317 X 10^ gauss. 

Substituting these values into Eq. (60), along with the value 

In A = 3. 89 

from Table II, we have 

(63) 

(64) 

F = 4 77 X 8.99 X 1020 X 23.07 x 10'20 x 3.89 

3x1.73x10 10 

9. 11 x 10 
-28 10 

36 

2 77 x 1. 38 x 10‘16 x 2. 5 x 104 220 

_ in18 -2 -1 
= 5. 74 x 10 cm sec 

This implies a radial diffusion velocity 

v = — = 5. 74 cm sec 
r n 

e 

(65) 

-1 
(66) 

Indeed, it appears that pulsing B may prove to be the only practical 
method of stabilizing the plasma-hydrogen interface against Helmholtz waves. 
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which compares with the thermal electron velocity 

(th) = 
3kT 
m 

3 X 1.38 X 10"16 X 2. 5 X 104 

9.11 X 10 

8 -1 
= 1.07 X 10 cm sec 

-28 (67) 

in the ratio 

V /v(th) = 5. 36 X 10 8 . (68) 
r e 

Of course the ions move, on the average, ^233 = 15. 26 times slower than 

the electrons, i. e., 

v!th) = 6.99 X 10^ cm sec ^ , (69) 

but enormous space charge effects would quickly develop unless the macro¬ 

scopic diffusion rates were equal. 

The diffusion time across the core, from the axis to the plasma- 

hydrogen interface at r = R, is simply 

t- = R/v = 220/5. 74 = 38. 33 sec . (70) 
d r 

There are several alternative methods for achieving at least a 

theoretical degree of feasibility for the system (insofar as radial diffusion 

alone is concerned). Since the propulsion-system burning time, t^, is not 

likely to be less than, say, 2 30 sec (which is just bt^) for typical astronautic 

missions, we can either accept the loss of about seven critical masses per 

mission by this particular diffusion mechanism^, or we can choose to in¬ 

crease the diffusion time, t^. For the numerical case under consideration, 

the critical mass is 34 kg, so that radial diffusion alone would account for 

the dissipation of some 238 kg of fissionable material. 

Although, for a sufficiently large vehicle, this situation need not be 

regarded as intolerable, a plasma-core propulsion system nevertheless 

In order to maintain criticality during the last "throughput" (i.c., 
from t, -t , sec to t, sec after launch), we take the total number of through- 

b d b 
puts, fa, , to be (7i: 

¿i 



loses much of its appeal when the fuel cost per mission is comparable with 

the research and development cost of the entire vehicle program. More¬ 

over, other loss mechanisms are also present, such as end losses out of 

the magnetic mirrors and surface erosion of the plasma due to the frictional 

effect of axially-flowing hydrogen. This erosion will be enhanced by 

Helmholtz waves at the plasma boundary and other instabilities which might 

exist inside the plasma. 

It is not unreasonable, therefore, to establish as a prerequisite for 

the demonstration of system feasibility that (insofar as radial diffusion 

processes alone are concerned) the reactor must not lose all of its initial 

charge of fissionable material before the first 230 seconds of flight have 

elapsed. Perhaps this requirement is too stringent. Indeed, it may be 

removed if there is a decrease in the unit cost of fuel, an increase in bud¬ 

get, or if some way can be found to retain within the vehicle most of the 

plasma which is lost to the magnetic bottle proper, and to continuously re¬ 

inject this plasma back into the magnetic bottle. A possible method of 

accomplishing this for losses in the axial direction will be discussed later. 

Let us see where both directions lead. First we will retain the 

limitation 

td >230 sec, (72) 

and subsequently we will weaken it. 

Accepting Ineq. (72) for the moment, it remains to manipulate the 

values selected for the system parameters in the numerical example above 

in such a way as to multiply t^ by the required factor of 6. It would appear 

from Eq. (60) that there are four different ways of doing this, viz., to 

increase B or T, decrease ne, or increase R. The interdependence of 

these variables, however, should be immediately evident. There are, in 

fact, only two independent ways of increasing t^. Combining Eqs. (49), 

(60), (66) and (70), we get 



= 3B2RZ /2 ff kf 

4rrn c^e^lnA \ me e v 

= AR2 T3^2 

where 

(73) 

12 k [KjlE. 
/3c2 e2ln A me 

(74) 

A is approximately constant, since the In A does not vary much over the 

range of temperatures to which we are limited by ionization and heat*trans¬ 

fer phenomena, and over the range of particle densities to which we are 

limited by nucleonic considerations and fabrication problems. (See Table 

ID. 

Instead of eliminating B in Eq. (73), we could have eliminated one of 

the remaining variables. The present form, however, appears to suggest 

the available avenues of manipulation in a physically more realistic way. 

Thus, Eq. (73) tells us that, in order to multiply the left-hand side by 

6, we can either increase R by a factor of 61^2 = 2.45, or T by a factor of 
2/ 3 

6 = 3. 30, or else increase both by smaller factors. 

Considerations of pressure vessel weight and plasma stability set an 

upper limit on the axial flow rate of propellant. It therefore appears that 

the hydrogen flowing past the plasma core will be heated to a final (exhaust) 

temperature somewhat lower than, but nevertheless of the same order as, 

that of the core. If one denies the inevitability of this, several shortcuts to 

feasibility present themselves. These will be mentioned in the General 

Discussion. For the meanwhile, let us assume that the possibility of more 

than tripling the plasma temperature does not hold much promise. Figure 

15 shows that if the hydrogen is permitted to exceed about 12, 000-deg K at 

the pressures of interest, the fractional ionization becomes quite signifi¬ 

cant; the newly created hydrogen ions, being electrically charged, then 

respond to the externally imposed magnetic field, thereby tending to nullify 
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the preferential confinement of the fissionable material within the magnetic 

bottle, which is the crux of the entire propulsion system. 

This temperature limitation is unfortunate for several reasons, even 

though the "electric bill" for energy supplied to the magnetic coils, (which, 

of course, we wish to minimize) is directly proportional to T (see Eq. (45)). 

First, it sets an upper limit to the exhaust velocity and specific impulse 

ultimately attainable by any magnetically confined plasma core reactor 

system which expels hydrogen, although this limit is indeed substantially 

higher than that corresponding to a solid core (i.e., fixed-bed) nuclear 

rocket. Secondly, there is a very definite reason, independent of rocket 

performance as such, for desiring to raise the plasma temperature to about 

40, 000-deg K. Since the ionization potential of hydrogen is 13.6 volts, the 

n = 2 level (where n = principle quantum number) corresponds to an energy 
2 

of 13.6/2 = 3.4 electron volts. This is equivalent to a temperature of very 
4 

nearly 4x10 -deg K. Strictly speaking, it would be most desirable for the 

kinetic temperature, kT, to be 6. 8 ev, in which case the mean energy of the 

plasma particles would be 10. 2 ev, but the most probable energy, 1/2 (kT), 

would be just 3.4 ev. This is depicted in Figure 16, where the peak (most 

probable value) of the Maxwell-Boltzmann energy distribution precisely 

corresponds to the second hydrogen quantum level at 3.4 volts. Since the 

slope of Figure 16 is not too steep between the abcissas E = 1/2 (kT) and 

E = kT, an operating temperature of 4 x 10^-deg K instead of 8 x 10^-deg K 

(kT = 6.8 ev) would not represent an extremely large sacrifice in energy 

transfer efficiency. 

Thus, if we were able to "tune" the maximum of the Maxwell- 

Boltzmann temperature distribution of the fissioning plasma to this reso¬ 

nance for hydrogen, we should expect that the hot plasma would "talk" better 

to the hydrogen, i. e., the rate of absorption by the hydrogen propellant of 

radiant energy emitted by the plasma would be at a relative maximum. 

Actually, the absorptivity of hydrogen is seriously small only for very 

low pressures at temperatures in the 10-20, 000-deg K range. In fact, for 

pressures ~ 50 atm, the absorptivity approaches unity (Ref. 18). Thus the 

real problem in the annular flow device is getting the hydrogen heated up to, 



say, 8000-deg K, rather than from 8000 to the final exhaust temperature of 

10-12, 000-deg K since radiation is the primary energy transfer mechanism. 

However, some preliminary radiative transfer calculations indicate that 

wall-cooling considerations will prohibit any further increase of T, even in 

devices with significant rates of radial hydrogen diffusion through the 

plasma. 

In passing, it is interesting to note that Eq. (73) predicts a sort of 

Maxwell demon effect in the plasma, which preferentially retains the more 

energetic particles and allows the less energetic ones to escape. In other 

words, the colder the plasma, the faster the diffusion rate. The explanation 

of this intuitively anomalous circumstance lies in the fact that the Coulomb 

scattering cross section for ion-electron collisions (the dominant diffusion 

mechanism) decreases with increasing temperature. 

We now turn to the remaining method for increasing t^: by virtue of 

Eq. (73), the only recourse available is to enlarge the radius of the core to 

R = 2.45 X 220 = 539 cm . (75) 

This alternative looks as unattractive as the former one. A chamber almost 

11 meters in diameter (even excluding the space occupied by the concentric 

layer of propellant'.) would present formidable fabrication problems. Also, 

the volume which the confining magnetic field must occupy would be so large 

that the total amount of energy supplied by the coils to maintain this field 

would be excessive. Furthermore, according to Figure 9, the critical mass 

for a core of this size would be about 180 kg, substantially defeating the pur¬ 

pose of the core enlargement. 

It would appear, then, that the simple magnetic bottle mode of 

confining a plasma core reactor is rather unpromising, on the basis of 

radial diffusion alone, unless methods can be found to remove or weaken at 

least one of the above restrictions. Thus, it might become possible, either 

by means of a reduction in the cost of fuel or by some scheme whereby a 

fraction of the critical mass, perhaps up to 50 percent, is embedded within 

the moderator-reflector cladding, or by a combination of such factors, to 

weaken Ineq, (72) by as much as a factor of 4. If such were the case, Ineq. 

(72) would be replaced by 

t^ > 57.5 sec , (76) 
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and the still-needed factor of 1.5 further increase in t, might easily be 
1/2 a 

achieved by increasing R by a factor of 1. 5 = 1. 22, from 220 to 269 cm. 

An enlargement of this small order would, almost certainly, not introduce 

any serious complications. Note that the remaining restriction, viz., the 

temperature limitation, has not been modified. This is because it is felt to 

be the most recalcitrant of all. 

Accepting the above optimistic concessions for the sake of illustration, 

let us calculate some of the principle characteristics of the resultant 

system. Since we now have 

R = 269 cm , (77) 

and since we assume, as before, that we are dealing with a U-233 core mod¬ 

erated by an external layer of beryllium one thermal-diffusion length 

(23.6-cm) thick, it follows that the diameter of the entire system (excluding 

the coils, which would undoubtedly be embedded within the Be) is 

D = 2 (R + LBe + Y) , (78) 

where Lge is the cladding thickness and Y is the thickness of the hydrogen 

layer surrounding the plasma. For simplicity, let us circumvent the 

elaborate heat-transfer analysis necessary to evaluate Y, and assume that 

Y~R. (79) 

Preliminary calculations indicate that, in the core size range of interest, 

this approximation should hold fairly well. 

Eq. (78) then becomes 

D = 2 (2R + Lße) 

= 2 (2 X 269 + 23.6) (80) 

= 11. 23 meters , 

or slightly less than 37 feet, of which over 17 feet is actual plasma. 

According to Figure 14, the beryllium layer has a mass 

M = 160 metric tons . (81) 
r 

From this value alone it may be deduced that, in order for the vehicle 

acceleration to exceed 1 g, the thrust developed by the plasma-core pro¬ 

pulsion system must be rated in the millions of pounds at the least. 
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Figure 9 tells us that the critical mass is 

and 

so that 

As before, 

and 

M = 49 kg 
c 6 

14. i n 1 ® n =1.0x10 cm 
c 

.„17 -3 
n = 8 X 10 cm 

e 

T = 2.5- X 104-deg K 

ß = 10"2 . 

(82) 

(83) 

(84) 

(85) 

(86) 

Thus, from Figure 13 we see that 

B = 117. 8 kilogauss. (87) 

This corresponds to a magnetic energy density 

„ „2 2n kT i Q ,/ 4 ? 
fi = £_ = __2— = 1.6 X 10 X 1. 38 X 10" X 2.5 X 10 x 10 
V 8n ß 

= 5.52 x 10^ erg cm ^ 

' (88) 

and therefore a magnetic pressure 

= 5. 52 x 10^ dyne cm 2 

= 545 atm 

= 8012 psi . 

Of course, the hydrostatic pressure of the plasma is only 

P„ = 5. 45 atm 
ri 

= 80. 12 psi . 

(89) 

(90) 

Neglecting ohmic losses, we can calculate from Eq. (88) the electrical 

energy which must be supplied to the magnetic coils: 
) 

Î 
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(91) 

E r 5. 52 X 108 X 1 ff X 2693 

= 4. 50 X 10^8 erg 

= 4500 megajoules , 

where the chamber has been assumed spherical for simplicity, as in the 

nucleonic calculations of Section II. 

There are two reasons why it might be of interest to consider time- 

varying B-fields. First, there is the possibility of recovering a significant 

fraction of the externally-supplied ohmic power losses by means of period¬ 

ically varying the multiplication constant in a manner appropriately related 

to the variation in B and in plasma volume. 

If B were pulsed so as to compress the plasma during part of each 

cycle, after which the plasma were allowed to expand nonadiabatically after 

having generated nuclear energy at an increased rate, it would do work 

against the confining field which could be tapped from external windings as 

electrical energy. Thus there would exist a process of direct conversion of 

nuclear-generated thermal energy into electrical energy whose efficiency 

would depend, of course, upon the ratio of maximum-to-minimum plasma 

volume, and therefore upon B'/B, where B' is the field intensity peak and B 

is the minimum value of the field intensity in each cycle. For a sinusoidally- 

varying magnetic field, it is clear that the root-mean-square field intensity 

must at least equal the steady-state value which would ordinarily be required 

for plasma confinement, and the field intensity minimum, B, should be 

greater than zero. 

Secondly, Helmholtz waves and other plasma oscillations might be 

smoothed out by superimposing, upon the confining field, a time-varying 

component whose frequency is comparable with the wave frequency, or is 

related to the rate of growth in amplitude of the disturbance. Although the 

magnitude of such a component could, in principle, equal the magnitude of 

the entire confining field, in practice there is no reason why it could not be 

much smaller. 

In view of the above considerations, it is of interest to calculate the 

magnitude of the ohmic losses in the plasma for the case where B varies, 

but; where there is no time-varying electric field. In particular, let us 
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investigate how long it takes for the ohmic losses in the plasma to dissipate 
2 

an energy comparable with the magnetic energy density, B /8rr. We assume 

that 

f^~0, (92) 

ff~°. (93) 

Vp/2 ~V p* ~V P„ ~ 0» (94) 1 6 

and 

V0~O, (95) 

where V0 is an external force, such as gravity. Then the linearized 

equation of motion, 

P y-^=JxB-Vp- pV0 (96) 

reduces to 

j X B = 0 . (97) 

Making use of Eqs. (92), (94) and (97), we can simplify the generalized 

Ohm's law, 

m c2 T 

|{= E + y xB + -£-Vp - j-xB - T| j , (98) 
n e2 at ene e ene 

e 

to 

Now since we assume that 

E + V X B = J . (99) 

d E 
—— = 0 , (steady state) 
0 t 

Maxwell's equation, 

Vxff=¡ÍTT+ 4,,7 

reduces to 

V X B = 4 ff"j 
or 

j = V X B / 4ij . 

Substituting Eq. (103) into Eq. (99) yields 

Ë + V X B = -5-V X B . 
4 n 

(100) 

(101) 

(102) 

(103) 

(104) 
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Taking the curl of both sides of Eq. (104) and assuming the resistivity, , 

to be constant, we have 

V X (Ë + V X B) = —-— V X V X IT 

V 

4 n 
V V2b 

(105) 

after resolution of the triple vector product. The first term on the right- 

hand side of Eq. (105) vanishes because of Maxwell's equation, 

V • B = 0 , (106) 

so that 

V X (Ë + V X B) = --2- V 2 B . (107) 
4 n 

2— - 2 
Let us approximate V B by B/R . Making this substitution in Eq. (107) 

yields 

- V X (Ë + V X B) (108) 

The change of magnetic flux through a moving surface whose element 

of area is dS, may be easily shown to be^ 

d_$ 

dt 
(E + V X B) dS 

Substituting for the integrand from Eq. (108) yields 

5 ■ .tf// s dS 

V 

4 * R2 
$ 

See, e.g., Spitzer, Op. cit. , p. 37. 

(109) 

(110) 

-34- 



Therefore 

4 r2 /ul - 4;7r2 
»? y $ 7 

so that 

¢=6 

7 

4 7T R2 
t 

dll) 

(112) 

Hence the time constant (e-folding time), T , is just 

t - 4 r2 
7 

(113) 

It is interesting to note that, for the same resistivity, Eq. (113) tells us 

that our 269-cm radius core will dissipate only two-thirds the power of 

the previously considered 220-cm core. 

Let us approximate our plasma (for which, it will be recalled, 

= 1) by a Lorentz gas; i. e., a hypothetical fully-ionized (z - Xf - 1) 

gas in which the electrons do not interact with each other and all the 

positive ions are at rest. Since the ions are actually moving with about 

one-fifteenth the thermal velocity of the electrons, the latter approximation 

is not excessively erroneous. We can then use the well-known expression 

for the electrical resistivity of a Lorentz gas, 

3/2 1/2 „ 2 2 . A 
ir m Zee In A 

7l =-5- * (114) 

2(2kT)3/2 

In order to arrive at a more accurate expression for the resistivity, the 

electron-electron collisions must be taken into account! In the present 

case (z = ^ = 1), this may be done by dividing by the correction 

factor 0.582. Eq. (114) then becomes, after collecting constants, 

r) 

7=-6.53 X 1012 . (115) 
0.582 t3/2 

^Altlimigh negligible for calculating diffusion effects, collisions of this 
type arc significant in determining r] . 
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Substituting Eq. (115) in Eq. (113) yields 

4»rR2 T3/2 

6. 53 X 1012 In A (116) 

With T = 2. 5 X 104 deg K, R = 269 cm, and (from Eqs. (28) and (31), 

with ne = 8 X 1017 cm-3) In A = 4.00, Eq. (116) becomes 

t = 4n * 2692 X 2. 53/2 X 106 

6. 53 X 10*2 X 4 

= 0.138 sec 
(117) 

Sin« the Urn. during which the ohmic di.eipation occur, i. taken to be 

230 .ec (even though we have ae.umed the original charge of pla.ma to be 

confined only 57. 5 .ec), it follow, that the number of time., N\ which the 

magnetic energy, E, muat be aupplied to compenaate for the lo.se. in the 
pulsating plasma is 

N' = 230/t = 230/0.138 

= 1667 . (118) 

But t is only the e-folding time and perhaps it would be slightly more 

accurate (as well as simpler) to take 

~ ivuu . (119) 

Using Eqs. (91) and (119), and neglecting losses in the coils themselves,1 we 

find that the total electrical energy which must be expended in the course of 

one mission in order to maintain the confining magnetic field against 

disipation in the plasma is 

storTedeiSn thlay/lCHUallTbe ^ si8nificant» s^ce the heat energy density 

in the f ”ld itaelf ^ deMi‘V ■‘°red 

magnitude effects, lctWusVr8r««ntChisW«m;i;"luore<i ^ ^ ^ 
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E. , » N'E « 103 X 4. 50 X 1()16 
tot 

= 4.50 X 1019 erg 

= 4.50 X 106 megajoules. 

(120) 

The rate at which this energy must be supplied; i. e., the ohmic- 

power dissipation of the plasma, is, of course, simply 

dE _ _E 

dt T 

4.50 X 106 

0. 138 

17 
3. 26 X 10 erg sec 

ôZ, 600 MW 

(121) 

or, in the approximation of Eq. (119) 

dE _ Etot _ 4.50 X 1019 

dt 230 

17 -] 
= 1. 96 X 10 erg sec 

= 19, 600 MW. 

(122) 

We neglect the correction factor (Vg^j^/Vpiagnja)* which is introduced 

in Eqs. (120)- (122) by the use of a time-varying magnetic field instead of a 

steady-state field, since the skin thickness becomes appreciably smaller 

than R only for very high plasma frequencies. Detailed discussion of this 

point would be premature, because engineering considerations involving 

inductance problems will undoubtedly set an upper limit on the frequency, 

while the growth rate of Helmholtz waves at the plasma-propellant inter¬ 

face will set a lower limit. 

If it is to propel a spaceship with a thrust of, say, 10 -lb at an I in 
sp 

the neighborhood of 2000 sec, the plasma-core reactor system must pump 

hydrogen at a rate of some 2 tons/sec, continuously raising its enthalpy 
5 -1 

by about 10 -cal gm . These figures imply a total reactor-power level 

of the order of 10 MW! For a system of such magnitude, the fraction of 
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reactor-power output which must be employed merely to confine the plasma 

is of the order of 5 percent, if coil losses are added to the plasma losses 

given by Eq. (122). 

The volume of the core (assumed spherical) is 

V = 4 n (269)3/3 = 8.154 x 107 cm3 

= 81.54 m3 . 

(123) 

-3 Thus we are dealing with a core-power density of about 12. 27-KW cm” , 

which is rather high by the standards of nuclear reactors currently in 

operation, but certainly comparable with the power densities contemplated 

in some of the more advanced fixed-bed reactors proposed for rocket 

propulsion. 

C. Radial Diffusion: Alternative Treatment 

As a check on the foregoing calculations, it is worthwhile to derive 

the diffusion velocity, v^, by a different (although somewhat cruder) method 

than that employed in the previous subsection. It will also be intuitively 

enlightening, in that typical numerical values for several physically signifi¬ 

cant quantities hitherto not discussed will be presented, as they are needed 

for calculating vr. 

Simon (Ref. 19) derives the following expression for the diffusion 

flux or current^ of plasma particles across the magnetic lines of force: 

D dn o e 

1+(wt)^ dr 
(124) 

This is nothing but the one-dimensional statement of Pick's law, which 

governs the diffusion of neutrons in a reactor core, the diffusion of foreign 

matter in a crystal, and other mathematically analogous phenomena. The 

coefficient of the negative density gradient is usually referred to simply as 

the "diffusion coefficient". In Eq. (124), this coefficient is a combination of 

Since we always restrict plasma diffusion to one dimension, it will be 
noted that flux and current are synonymous throughout this study. 
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several factors, r is defined as the mean time between ion-electron 

collisions, (0 is the electron cyclotron frequency given by 

(<> 
eB 
m c e 

(125) 

and Dq is the hypothetical diffusion coefficient in the absence of a magnetic 

field, given by 

Av 
D = -- , (126) 

° 3 

where v is the same as v in Eq. (67), viz., 
e e 

v = (3kT/m )= 1. 07 X 10^ cm sec * , (127) 
e e 

and A is the ion-electron collision mean free path, given by 

A = —Î— . (128) 
n o 

e 

Here a is the usual Coulomb scattering across section for ion-electron 

collisions, but multiplied by the correction factor 81n A to account for the 

multiplicity of long-range collisions relative to the number of close 

encounters. The predominance of long-range effects, wherein the typical 

scattering involves the vector sum of numerous minute deflections of a 

particle as a result of its simultaneous interaction with thousands of other 

particles, is a peculiar characteristic of all relatively dense plasmas. 

Thus 

a - (129) 

In the presence of a magnetic field the diffusion coefficient, which is then 

defined as one-third the mean-square displacement of electron guiding 

centers divided by the mean time between ion-electron collisions, is 

> 

X 

D 
o 

1 + (<u t) 
2 

( 13* , 
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which is just the coefficient of the negative density gradient appearing in 
Eq. (124). 

First, let us evaluate Eq. (129), which is physically just the integrated 
(omnidirectional) cross section for ion-electron collisions which result in 
90-degree deflection of the electron: 

a = 8 g * 4.00 X 4. 84 X 10“40 

9 X 1.382 X 6.26 X 108 

= 4. 99 X 10-14 cm2 

’ (131) 

4 

Considered as a geometric cross section, this value corresponds to an 

"effective diameter" of 2. 52 x lO'7 cm, which ie about 10 time, the actual 
diameter of a uranium atom. 

The collision mean free path is, from Eq. (128), then 

1 
\ = 

8 x 1017 x 4. 99 x 10“14 

2. 50 x 10 cm 

' (132) 

This implies that, on the average, an ion travels approximately 100 times 

its effective diameter and 1000 times its physical diameter before colliding 
with an electron. 

The mean time between ion-electron collisions is 

T _ A _ 2.50 x 10“5 

e 1. 07 x 100 

= 2.34 x10 sec . 

1 his corresponds to a collision frequency 

(133) 

vc ~ I/t = 4.27 x 10*2 sec”^ . (134) 
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Substituting the field strength given by Eq. (87) into Eq. (125), we 

find that the electron cyclotron frequency is 

(o = 
4.80 X IQ"10 X 1. 18 X 105 

9. 11 X IO"28 X 3.00 X 1010 

= 2. 07 X 10^ sec”* 

(135) 

This implies that the magnetic field corresponding to the particular plasma 

density in question is not strong in the usual magnetohydrodynamic sense. 

A strong field is one for which the radius of gyration (Larmor radius), aT , 

is less than the collision mean free path, A . The following equivalent 

criterion is often used: 

(O 

V c 

(O 

V c 

In the present case 

_ 
V c 

= 0.48 

> 1, (strong field) 

< 1, (weak field) 

2.07 X 1012 

4.27 X 1012 

(136) 

(137) 

(138) 

so that our 118-kilogauss field is indeed a weak one. This may appear 

rather strange, until it is realized that the plasma with which we are 

dealing is perhaps 1000 times denser than the most dense plasmas ordin¬ 

arily treated in astrophysical or thermonuclear work. 

Another way of seeing that the field is weak is to compare the 

magnetic diffusion coefficient, D', with the nonmagnetic diffusion coeffi¬ 

cient, D^. According to Eq. (130), this is equivalent to comparing (e)r)^ 

with unity. But (wr) is, by Eq. (134), the same as co / v , so that 
c 

(orr)^ = 0. 23 

< 1 
(139) 



Hence 

«e 

D' ~ D 
o 

In particular, 

D 
o 

— - 2-50 X IQ"5 X 1.07 X 108 

3 3 

= 891.67 
2 

cm 
-1 

see 

(140) 

(141) 

and 

D1 = 891.67/1.23 = 724.93 cm2 see-1 (142) 

Thus D' is about 19-percent smaller than Dq. Substituting Eq. (38) into 

Eq. (124) and using Eqs. (130) and (142) yields 

F = D' ne/R = 724. 93 x 8 x 1017 /269 

9 miß -2 = 2. lo x 10 cm sec 

This corresponds to a radial diffusion velocity 

V = F/n = 2.70 cm sec"* 
r e 

(143) 

(144) 

and a diffusion time 

td = R/vr = 269/2.70 

= 99.74 sec 
(145) 

These compare with the following values obtained by the methods discussed 

in subsection B: 

F = 3.74 x 1018 cm'2 sec'1 

V = 4.68 cm sec"1 , r ’ 

t^ = 57. 5 sec 

(146) 

(147) 

(148) 
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Thus it is seen that the method of the previous subsection leads to results 

which, although perhaps more precise, differ from the results obtained by 

the simpler treatment òf the present section by only 42 percent. 

In conclusion, it is of interest to evaluate the Debye length, h, in the 

plasma. According to Eq. (23), 

h 
I kT ~ 

V 4 n e 

1.38 X 10'16 X 2.5 X 104 

4 77 X 8 X 1017 X 23.07 x lO’20 

1.22 x 10' cm 

(149) 

Using Eq. (132), we find that 

X _ 2. 50 x 10~5 

h 1.22 x 10'¿ 

= 20.5 . 

(150) 

This means that, on the average, an electron traverses a distance of 

some 20 Debye lengths, i.e., 20 times its own "neighborhood", between 

successive scattering events. 

D. Axial Diffusion: Magnetic Mirror Losses 

The particle loss rate due to leakage through a magnetic mirror has 

been calculated by Judd, MacDonald and Rosenbluth (Ref. 20) and others 

(Ref. 21), starting from the spatially-independent Fokker-Planck equation 

or from the Boltzmann equation: 

where f is the velocity space-distribution function, d a / d fi is the 

Rutherford differential-scattering cross section, cq is the velocity 

vector, and v is the relative velocity of collision. Since the Coulomb 
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collisions result mainly in small-angle deflections, the integrand, in Eq. (151) 
may be expanded in terms of vector velocity increments ôc = c' - c* 

o o o 

and 5c j = ci " ci ■ ^ assumed that all particles whose velocity 

vectors lie within the "cone of escape" in velocity space, which is the 

coaxial cone defined by 

0 < 0 (152) 

where 

6 = arcsin /F , (153) 

and 

R = mirror ratio = B /B . 
max o (154) 

are immediately lost from the system. 

The criterion for reflection implied by Eqs. (152) - (154); viz. , that 

the angle between the axis and the velocity vector exceed a critical value, 

6c (which depends on the mirror ratio) is an immediate consequence of 

the adiabatic approximation, in which the magnetic moment is an integral of 

the motion, and of the conservation of total particle kinetic energy. 

The assumption that particles which are scattered into the escape 

cone disappear from the system is approximately valid only when the 

collision mean free path is much larger than the linear dimension, L, of 

the system. In the present case, however, the latter is likely to be of the 

order of 10 cm, while A , from Eq. (132), is only 2.50 x 10’5 cm. Thus, 

for the actual system under consideration, back-scattering is all-important; 

i. e., the average particle which is deflected into the escape cone will be 

scattered out of it, and perhaps back into it, many times before arriving at 

the physical boundary of the system where the magnetic mirror is located. 

In other words, that region of the plasma which is much more than a single 

mean free path from the end will not "know" what is going on at the end. 

(See Figure 17). 

The justification for this approximation will be examined at the end of 
Subsection E. 
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We will nevertheless assume immediate loss of all particles which 

are deflected into the escape cone, as above, but all results obtained from 

the subsequent analysis must be modified by the factor 

(155) 

which is twice the number of mean free paths contained in the system 

length, as though there were magnetic bottles laid end to end. The 

reason for the factor of 2 in Eq. (155) may be seen as follows: Let the 

initial rate of particle-density decrease be dne/dt = he. Now, he will 

itself decrease with time, so that in the limit as t 1 > °o, i. e. , when 

ng = 0, he will also vanish. Since the process is linear, it follows 

that the mean value of he, during the time when the entire chamber of 

length L is being emptied, is just 

<he> = . (156) 

Thus the relaxation time is twice what it would be if h remained at its 
e 

initial value instead of decreasing. 

Returning, then, to the simplified model in which all particles inside 

the escape cone are considered to have vanished from the system, we see 

that this assumption is equivalent to the boundary condition 

f(c2, 6 ) = 0 for 6 < 6 
c 

If it is further assumed that f is factorable as follows: 

f(c2, 0 , t) = h(c2, t) g (cos d ) 

and that g (cos 6 ) is nearly isotropic outside the escape cone, 

to the following expression for the density loss rate: 

(157) 

(158) 

one is led 

A(R), (159) 
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2 ? 
where < l/v> and <l/v > denote averages of 1/v and 1/v , respectively, 

over a Maxwell-Boltzmann distribution, and A(R) is a function of the 

mirror ratio, approximated by 

MR) = —Í-— (1, 
l°8,o R 

Note that the mass appearing in the right-hand side of Eq. (159) is that of 

an ion, not an electron. 

Integrating Eq. (159) and substituting from Eq. (160), 

(161) 

e 

so that 

10 

t . (162) 

Rearranging this expression, and defining a scattering time, 

(163) 

477e4n^<l/v> <l/v2> InA 

we can write 

(o) 

n (164) e 
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Figure 18 is a plot of Eq. (164), and shows how the particle density falls off 

with time as a result of mirror losses, assuming there is no replenishment. 

Performing the integrations implicit in the Maxwellian averages, we 
find that 

Substituting Eq. (167), in Eq. (159) yields 

(165) 

(166) 

(167) 

4n^ e 4ln A j—— 

3rr log k \nzih 
10 V i 

(168) 
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where the factor ne appearing in the right-hand side is now the same as 

n 
e 
(o)‘ 

Similarly, Eq. (163) becomes 

TX = 

3kT 10g10 R lm{ kT 

4 nl°) e4 In A V 
(169) 

Since Bq is already as high as 117, 8 kilogauss, it does not appear reason¬ 

able to postulate a mirror ratio greater than about 5 .1 For R = 5, B - 589 
,., ma* 7 
kilogauss, which is about one-half the maximum magnetic field intensity 

ever achieved in the laboratory. Note that the volume over which B need 
max 

exist is very much smaller than the volume where the field is just B . For 

R = 5, 

log10 R = 0.70 . (170) 

Substituting this value into Eq. (168), we have 

¿ = . 4 X 64 X 1034 X 5.32 X 10“38 x 4.00 

3 x 1.38 x 10 x 2.5 x 10 x 0.70 

2 n 

XV 233 xl.67xl0“24 x 1. 38 x 10"16 x 2.5 x 104 

(171) 

K in2? -3 -1 = - 5. 14 x 10 cm sec 

In accordance with our earlier remarks, if L = 103 cm, the rate at which the 

particle density decreases should be (N^ f1 times the value given in Eq. 

(171), where 

Nx = 2 x 103 /2. 50 x 10"5 
7 d?2) 

= 8 x 10' 

From Eq. (168), the loss rate is inversely proportional to the logar-ithm 
of R. This weak dependence implies that large mirror ratios are simply 
not worthwhile. 
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Thus the effective loss rate is 

Similarly, 

n e 5. 14 X 1027/8 X ID7 

- 6.45 X 10^ cm"^ sec-^ • 

(173) 

TX 
8 X 10 17 

-6.45 X 10 r$ 

= 1.24 X 10"2 sec, 

(174) 

Thus, according to Eq. (164), one-half of the original plasma will have es¬ 

caped through the mirror after only 12.4 milliseconds. This loss rate is 

clearly intolerable. Eq. (169) tells us that the situation would be improved 

if n = nj^ were decreased or T were increased. The latter is probably 

impractical for reasons previously mentioned. It should be noted, however, 

that one of these reasons; viz., the necessity of preventing propellant ioniza¬ 

tion; loses much of its importance in the present case of axial diffusion 

through a magnetic mirror relative to the previous case of radial diffusion. 

The explanation for this lies in the fact that Tvocm.^2 (or n « m"^2). 

Hydrogen atoms which were ionized and trapped within the magnetic bottle 

could only be confined there 233-1^2 or about one-fifteenth as long as the 

uranium ions, so that there exists a convenient mechanism for preferen¬ 

tially rejecting the lighter ions in a composite plasma. In spite of this 

favorable circumstance, wall-cooling problems still may prohibit any fur¬ 

ther increase in T. 

The alternative is almost as unattractive, because the only way to de¬ 

crease ne and still maintain reactor criticality is to increase the core 

volume, which is already very large. A further slight enlargement of the 

core is conceivable, although severely limited by the concomitant weight 

increase of the moderator-reflector, by the aggravated fabrication prob¬ 

lems, and by the fact that the critical mass would be incremented by an 

amount which is roughly proportional to the increment of a charac¬ 

teristic linear dimension. Because of this lastpoint, ne varies approximately 
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— 2 . - 3 
as R instead of as R Considering the "core as a cylinder of 

volume 77R L, we see that ne is not significantly reduced by increasing L, 

although by virtue of Eq. (155) the scattering time, which is just the half.! 

life of a plasma leaking through a magnetic mirror, is proportional to L. 

On the other hand, is proportional to the square of the radius. 

Obviously, no reasonable size increase could possibly improve t 

by a factor of 10 , which is the absolute minimum required for any degree 

of feasibility; (10 would keep mirror leakage to much more manageable 

proportions). Therefore, it is clear that some alternative method must be 

found to remedy this axial diffusion problem; otherwise the simple magne¬ 

tic-bottle type of plasma core reactor must be deemed unsuitable for rocket 

propulsion. Several possible solutions of this problem can be imagined, but 

all entail further complication of the system. One of these involves addition 

of a Stellarator-type "divertor" just outside each magnetic mirror. (See 

Figure 19). This ingenious device; first proposed by Spitzer (Ref. 22), see 

also Burnett, et al. (Ref. 23); provides a magnetic trough wherein plasma 

particles which would otherwise strike the chamber wall are skimmed off 

before doing so. There are several obstacles to be overcome, however, 

before such a scheme could be applied in a practical manner. The most 

serious of these follows from the large uranium-hydrogen macroscopic 

interaction cross sections (particularly for scattering and charge-exchange) 

due to the relatively high-density of the hydrogen in the region which a 

uranium ion must traverse before reaching the divertor. 

Perhaps the most promising approach to the problem of improving 

mirror confinement is to rotate the plasma. This will be discussed in more 

detail in subsection E, but before doing so, two points should be mentioned: 

First, the present analysis has completely neglected ambipolar effects, 

which result in enhanced diffusion due to the fact that, at thermal equili¬ 

brium, electrons diffuse faster than ions (simply because they are moving 

faster). In order to prevent large space charges from developing, the ions 

are "dragged along" by the electrons. In principle, ambipolar effects can 

be minimized by maintaining the electrons at a lower temperature than the 

ions. This would, incidentally, diminish the radial diffusion. In practice, 

however, this might be exceedingly difficult to do. 

-50- 



Secondly, as in the radial diffusion case, a "Maxwell's-demon" effect 

seems to exist. The explanation is twofold: (a) From Eq. (168) it is seen 
• -3/ 2 

that ne ec T so that, just as with radial diffusion, the colder particles 

tend to escape earliest. (This is another reason, incidentally, for the pre¬ 

ferential rejection of hydrogen ions from the magnetic bottle-on the average 

they would be colder than the uranium ions residing within the bottle), (b) 

The mean energy of the escaping particles is one-third the mean energy of 

the confined particles, or one-half kT (Ref. 24). This, of course, is inti¬ 

mately connected with (a), the result of preferential confinement of those 

particles whose (random! kinetic energy is greater. 

E Plasma Rotation 

The idea is to superimpose upon the axial and mirror B-fields, an 

electric field which is everywhere orthogonal to them. This essentially 

radial-electrical field would result from the maintenance of an electro¬ 

static potential gradient between the wall of the core chamber, (which 

would then be designated as the outer electrode), and an inner coaxial 

electrode which need not be of solid material, but could be a plasma itself. 

The fissioning plasma would occupy the interelectrode volume, and would 

be electr©magnetically pumped by the crossed electric and magnetic fields. 

The plasma would then tend to rotate on a coaxial surface of revolution in a 

direction orthogonal to both B and Ë. In this way an associated Hall electric 

field is produced which exactly cancels the externally imposed Ë-field in 

the plasma frame of reference. 

Crudely stated, the centrifugal force associated with plasma rotation 

serves to keep the plasma from approaching the axis (6 < 0c) where, as we 

have seen, mirror leakage would occur. In principle, it is possible to 

truncate the escape cone arbitrarily far out in velocity space. This will be 

clarified in the subsequent analysis. 

The geometry of the system is represented in Figure 20. This 

geometry, which is essentially that of a homopolar motor (the plasma 

corresponding to the armature), has been studied in conjunction with several 

thermonuclear projects (Ref. 25-28). 
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A criterion for confinement may be derived as follows. As before, 

let m., s. , me, and ve be the masses and velocities of ion and electrons, 

respectively. For ions, the balance of radial forces may be expressed as 

2 
m. V. v.eB 
11 1 

—- + -- + eE = 0, (175) 

where the first term on the left-hand side is the centrifugal force, the sec 

ond term is the magnetic force, and the third term is the electric force. 

Similarly, the balance of radial forces for electrons may be written; 

2 
m V 

e e 
r 

V eB 
-- - eE = 0. (176) 

Multiplying both sides of Eqs. (175) and (176) by (r/m.) and substituting the 

definitions: 

eBr 
m.c 

i 
(177) 

we have 

cE 
B (178) 

and 

+ VLvi + VLVE = 0 

(m /m.) V 
e i e V. V 

L> e VL VE 0. 

(179) 

(180) 

vL is just the Larmor velocity of the ions ( = w. r), and v_ is the first-order 

E X B drift velocity of both electrons and ions. Eqs. (179) and (180) are 

quadratic equations in v. and v whose solutions are 
i e 

1 + 
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For vTe! vL<< 1 we catl exPand the radicals and drop all terms above first- 
order. In this case 

Vi - ve Ä VE cE/B. 
(183) 

Rewriting Eqs. (179) and (180), 

Vi = " VLvi " VLVE ' vL(vi + VE>’ (184) 

K'mi) V€ = VLVE + VLVE = ''l'1'. + VE>- (185) 

Adding Eqs. (184) and (185), we get 

V i + ("’./"'¡I % = vL(ve - vi> • 

so that 

V. - V 
i e 

1 , m , 
„2 , _e 2 

vT \ i m. e 
\ 1 

1 * ,,2 j. e 2 V. + - V 
i rm e eBr 

The azimuthal diamagnetic drift-current density is just 

(186) 

(187) 

For the system which will be considered, this is equivalent to be the 
condition that the electric field,intensity be small compared with about 
4000-statvolt cm-1 or 1. 2 x 10° volt cm . 
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n e e 
]d (V; ve> • (188) 

Substituting Eq. (187) in Eq. (188) yields 

n m. 
e i 
Br 

2 / % 
vi M ST) ve (189) 

We can now solve Maxwell's equation: 

V * 6 = 4»J + j- if 

or, since we are dealing with a steady-state electric field, 

(190) 

V X B = 4ffj (191) 

The only nonvanishing component of curl B is in the azimuthal direction: 

V X B = ( V * B) e 
d B dB _r_ z 

Sz ' 0T 

à B 

a 

(192) 

since the magnetic mirrors at the ends are here neglected for the sake of 

simplicity. Thus, combining Eqs. (191) and (192), we can write 

a Bz = dr (193) 

or, since the other components of B and j are assumed to vanish, we can 

replace the partial differentials in Eq. (193) by total differentials: 

- dB = - dB = 4rrdr. 
z "(j (194) 
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Substituting Eq. (183) into Eq. (189) yields 

n m. 
e i 
Br 

Substituting this expression for j. in Eq. (194) and integrating: 
0 

(195) 

(196) 

(197) 

Now the elec tric-field intensity between coaxial-cylindrical electrodes is 

given by 

E ^ E(r) = 
In ( b ) r 

a 

(198) 

where is the electrostatic potential difference between the inner electrode 

at r = a and the outer electrode at r = b. Substituting Eq. (198) in the in¬ 

tegrand on the right-hand side of Eq. (197) yields 
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where the magnetic field has been assumed to vanish at the inner electrode, 

in accordance with the diamagnetism of the plasma. Thus 

B4(b) 
“4~ 

m 

4ffnemjc2 (1 + -mr)?2 

2 [ In (b/a) ] 2 
(200) 

or 

B4(b) = 

m 
«1 2 

8,rnemic < 1 + ^ (p 

In (b/ a) 

This can also be written as 

m (201) 

n B4(b) 
- z 
Srrm.c 

i 

2U2 
a b 

b -a 
In (f) T 

('*=r) 
(202) 

Defining 

a = 

m.c 
i 

0. 1136 gm~* sec^ cm"^ 

(203) 

and 

2U2 
ab 

Q 53 7T~~2 
b - a 

In 

2 

(204) 

and taking 

1 + 
m 

m. 
i 

1 , (205) 

which is a good approximation, since 

m 

m 6 < 3 X 10'6 , (206) 
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we can write Eq. (202) as 

n 
e (207) 

?" 

This is the confinement criterion sought, which relates the particle density 

to the magnetic-field intensity and the electric potential. 

Over the range of inner electrode radii of interest, Q varies by more 

than three orders of magnitude. It is therefore of interest to examine the 

behavior of Q(a), where b is a parameter, especially since nucleonic, 

structural and plasma diffusion considerations will, to a large extent, fix 

the radius of the outer electrode. Figure 21 plots Q(a) for different values 

of the parameter b. For any value of b, Q attains a maximum for that 

value of a, which satisfies the relation: 

a 
b 

(208) 

This may be seen immediately by setting 

¿Q 0 (209) à a 

Thus 

(210) 

0 . 

Canceling and rearranging terms, this condition becomes 
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(211) 
1 + 

2 
a 

b 
I Z 

-a 
1 , 

which is equivalent to Eq. (208). The maximum is found to occur for 

b ^ Z. ZZ à i |212 

i. e., where the radius of the inner electrode is about 45 percent that of the 

outer electrode. This maximum value of Q is numerically 

max = 0.16 b (213) 

Figure 21 shows, however, that the peak is rather flat, so that not much is 

lost by going to values of a which are substantially less than optimum, in 

order not to sacrifice too much interelectrode volume. In particular, let 

us select as a typically desirable value 

b/a = 6 . (214) 

We are now in a position to apply several conditions for plasma con¬ 

finement in a device with homopolar geometry. These conditions take the 

form of inequalities derived by Anderson et al3 to describe the limita¬ 

tions of the Liversmore Homopolar Device. The first says that the electric- 

energy density multiplied by a "mechanical-advantage" factor ( pcZ/2nkT), 

must greatly exceed the thermal-energy density: 

E2(r) / pc2 \ > > n k T, 
8/r yZnk't j (215) 

where Ë (r) is the electric-field intensity, p the plasma density, and n s= 

2ne is the total particle density of the plasma. Ineq. (215) represents a 

necessary condition for confinement. The following expression, however, 

represents a sufficient condition: 

n k T < 
1 
T p < < 

Br 
8 /7 

cit, , Eqs. (60)-(62). 

(216) 
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Here Bj ^ Bo is the magnetic field at r = R, in the median region (midway 

between the mirrors). At the mirrors, this magnetic field is incremented 

by the magnitude B2, so that the resultant field is B = B, + B , and the 
rricLx 1 2 

mirror ratio is 

R = X + . (217) 

In this notation, the angular velocities appearing in Ineq. (216) are 

Thus 

(o. 
J 

eB. 
J 

2m. c 
i 

(j = 1,2) 

(t)/ù) = B / B 
2' 1 2 1 

We can therefore write the first part of Ineq. (216) as 

(218) 

(219) 

nkt < 1 
T p 

E(r) 
(220) 

Essentially, this says that the rotational kinetic-energy density of the 

plasma must exceed the thermal-energy density. The quantity in brackets 

will be recognized from Eq. (183) to be the azimuthal ExB drift 

velocity of the plasma. 

The second part of Ineq. (216) says that the rotational kinetic-energy 

density must, in turn, be greatly exceeded by the magnetic-energy density: 

2 

2 

E(r) c 
B, 

B. 
i 

TT « (221) 

This condition obtains from considerations of centrifugal force balance and 

plasma stability. 

Let us evaluate Ineq. (215) to see numerically what lower bound it 

places upon the electric-field intensity and the voltage. We make the 

following substitutions: 
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p = n.A/N 
i 

= 1.93 X 10 ^ gm cm ^ , 

-1 

(222) 

where A = 233 gm mole , N is Avogadro's number, and n. = n = 5 x 10 
1 le 

-3 
cm . Also 

17 

nkT = 2n kT = 1018 x 1.38 x 10"16 x 2. 5 x 104 

= 3.45 xlO8 erg cm~^ 

Thus Ineq. (215), which can be written in the form * 

(223) 

becomes 

E(r) » ±*T 

E(r) » 4 x 3.45 x 10 

3.00 x 1010 

77 

P 

1.93 X 10 
(224) 

or 

-2 -1 
E(r) » 5.87 x 10 statvolt cm (225) 

Recalling the upper bound on E established in the footnote on p. 54, 

we may write the resultant condition as 

4 x 103»E(r) » 5.87 x 10'2 esu . (226) 

ihis is not a particularly difficult condition to satisfy. We may translate it 

into upper- and lower-bounds on the electrostatic potential difference 

between the plasma annulus and an electrode by the use of Eqs. (198), and 

(214). Let b vary between 300 and 500 cm and a vary between 50 and 

83. 33 cm. Then, if we approximate the radial position of the plasma 

annulus by the arithmetic mean of the radial coordinates of the two elec¬ 

trodes, it follows that the corresponding values of r = ^r^ vary between 

66. 67 and 175 cm. Substituting each of these values for r into Eq. (198) 

yields 

We will consider here cores of slightly greater radial dimension 
than tne 269-cm core treated previously. 
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TT/-\ _ T «P 

( ) ' ï. 7918 X 175 = TTTTf (lar8er Camber) . (227) 

and 

E(r) = r'7918 X 66.67 = 719745 («waller chamber) . (228) 

Let us use the more stringent case for each inequality. Thus we substitute 

from Eq. (228) in the left-hand part of Ineq. (226), and from Eq. (227) in 

the right-hand part. This enables us to write 

5 
4.78 X 10 esu» q> » 18.41 esu (229) 

or 

g 
1.43 X 10 volts » <p » 5523 volts. (230) 

Let us turn next to Ineq. (220). In order to avoid boundary-layer 

problems and complications such as supersonic shock waves, we take the 

rotational drift velocity of the plasma to be simply 

E(r) c/Bj = 10^ cm sec"* , (231) 

which approximately corresponds to the speed of sound in hydrogen at 10*- 

deg K and 1 atm. The ratio will vary typically between 2 and 4. Let 

us use the former value, since it will result in the more stringent condition. 

Making the above substitutions, Ineq. (220) becomes 

3.45 X 106 < X 1.93 X 10"4 X 1012 X 2 , 

or 

3.45 X 106 < 1.93 X 108 , 

so we see that the condition is indeed satisfied. 

Finally, we consider Ineq. (221). This says that 

(232) 

Bj » 877 X 1.93 X 10 
8 

or 

B2 » 48.60 X 108 gauss2 (233) 
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If we relax the » sign to > , upon taking the square root of both sides, we 

obtain the condition 

Bj > 69.7 kilogauss . (234) 

This completes the limiting conditions which govern homopolar confinement. 

Figures 22 and 23 summarize the juxtaposition of the foregoing in¬ 

equalities with the confinement criterion expressed by Eq. (207). The 

intersection of the "forbidden zones" in these figures defines a parallelo¬ 

gram-shaped region, within which the corresponding values of system 

parameters are at least theoretically compatible (if not practically feasible). 

Within this region a smaller parallelogram has been inscribed with dotted 

lines. This area represents the preferred regime of operation, where the 

azimuthal drift velocity of the plasma exceeds 5 x 10^-cm sec”*, and B^ 

does not exceed 150 kilogauss. A typical set of values might be selected as 

follows: 

Bj = 100 kilogauss 

cp = 180 kilovolts 
5 

V. = V = 5 x 10 cm sec 
1 e 

, in17 -3 
n = 5 x 10 cm 

e 

(235) 

b = 400 cm 

a = 66. 7 cm 

The most severe problems affecting such a system are those associat¬ 

ed with the maintenance of a 180-kilovolt potential drop within the core; 

that Bj be of the order of 100 kilogauss and the mirror field be upwards of 

200 kilogauss; and, of course, the heat transfer problems endemic to all 

high-temperature propulsion devices. There is no reason to believe, 

however, that some system resembling that characterized by Eq. (235) 

could not eventually be built. Let us then examine the question of what 

has been "bought" by discarding a simple magnetic bottle in favor of a 

homopolar scheme with its concomitant complication and strong electro¬ 

static field. In particular, how has the problem of axial confinement 

(in the face of mirror leakage) been alleviated? 

The well-known reflection criterion for a simple magnetic mirror is 
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> w ,/B max (236) 

where B = B, + Bn is the field intensity at the mirror, W is the total 
max 12 

particle kinetic energy, and ,/ is the magnetic moment, which is defined 

as the ratio of rotational kinetic energy to magnetic field intensity: 

Wi m. V? 
^ s = _L_±_ , (237) 

B 2B 

where Wj^ and vj^ are the components of the particle's kinetic energy 

and velocity, respectively, perpendicular to the mirror axis. Using Eq. 

(237), we can write Ineq. (236) as 

— < R , (238) 
Wj_ 

where R is the mirror ratio, B /B,, and all energies and velocities are 
max 1 ° 

referred to the median or B^ region of the magnetic bottle (i.e. , midway 

between the mirrors at z = L/2). Writing 

W = W + W|| , (239) 

where Wy is the component of kinetic energy parallel to the mirror axis, 

we can put Ineq. (238) into the form 

W|| < Wj_ (R - 1) . (240) 

For a magnetic bottle within which the plasma rotates, such as in the 

present homopolar geometry, it is easy to show that the condition which 

corresponds to Ineq. (240) is 

W|| < Wj. (R-l) + i m.v| /iij , (241) 

where v-, = v. = v is the Ë x B drift velocity given by Eq. (183). Ineq. 

(241) says that those particles are confined whose parallel component of 

kinetic energy is less than the sum of the two terms on the right-hand side. 

The first of these terms is identical with the right-hand side of Ineq. (240), 

so that the second term represents what has been gained in plasma confine¬ 

ment by resorting to Ë x B drift. Let us see what this gain would be for a 

typical system. With 



and 

(242) 

WL = y-miVL = 4k Tin (243) 

and with R = 2, the right-hand side of Ineq. (240) becomes 

W± (R-l) = 

= 8 X 1.38 X 10"16x 2.5 X 104 
ñ 

= 8.79 X 10-12 erg . 

(244) 

On the other hand, for Vg, = 10^ cm sec \ the right-hand side of Ineq. 

(241) becomes 

W-L + -r mi 4 (¾1) 

= 8. 79 X 10-12 + 233 X 1.67 X 10 24 X 1012 
4 

= (8.79 + 97.28) x 10 
-12 (245) 

= 106.07 x 10‘12 erg . 

This is some 12 times the value in Eq. (244). If v— were chosen as 5 x 10^ 
-1 ** 

cm sec , the homopolar contribution to the rotational kinetic energy 

would be only 25 percent of the value given in Eq. (245), and the combined 

thermal- and drift-rotational kinetic energy components would be only about 

3.8 times the thermal component alone (nonrotating plasma). Although this 

is still a significant improvement, rotating the plasma loses much of its 
5 -1 appeal when Vg, gets much less than 5 x 10 cm sec . That is why the 

preferred region in Figures 22 and 23 (dashed parallelogram) is bounded on 

lhe left-hand side by this velocity. 

In passing, it might be mentioned that homopolar confinement has 
1 2 

been found experimentally, both at Los Alamos and at Livermore, to 

* Ander son et al. , op. cit, 
7 
Boyer et al. , op. cit. 
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result in a relatively high degree of plasma stability. 

A further advantage of the present scheme follows from the greater 

number of reactor control mechanisms, which are naturally afforded, com¬ 

pared with the simple magnetic bottle. Some of the more obvious methods 

for controlling the multiplication constant of a rotating plasma-core reactor 

of the type, discussed above are: 

1. Variation of the constituency (poison, fuel and moderator) 
of the plasma inner electrode. 

• 

2. Doping of the hydrogen propellant with material of appro¬ 
priately variable constituency. 

3. Variation of the mirror separation, L, by axial motion of 
one or both mirrors. 

4. Variation of the plasma re-injection rate. 

5. Variation of the intensity of the axial magnetic field. 

6. Variation of the mirror ratio. 

7. Variation of the electric field intensity. 

It will be noted that methods 1 and 7 are peculiar to homopolar geo¬ 

metry. Methods 5-7, being electromagnetic in nature, are particularly 

attractive because the relatively fast response-times characteristics of 

electromagnetic controls make them amenable to an electronic negative- 

feedback system. 

In concluding this analysis of plasma motion and diffusion, it is 

worthwhile to check the adiabaticity of the plasma under the conditions 

repeatedly employed above. All previous calculations have implicitly 

assumed that the usual adiabatic approximations are valid and, in par¬ 

ticular, that the magnetic moment is an integral of the motion. Post 

(Ref. 29) gives the following useful criterion for adiabaticity in mirror 

machines: 

2ffaL < 0.2 , (246) 

L 
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where ^ is the Larmor radius (radius of gyration) of an ion, given by 

m. c vi 
aT = _i_± 
L eB 

m. c / _ 
i / 8kT 

eB y nmi 
(247) 

Substituting Eq. (247) into Ineq. (246), and taking B to be 10^ gauss and L 

to be 400 cm (which is the smallest value which can be contemplated for an 

actual device) we find 

Zn a. 27rm. c 
i 

eBL 

27T X 233 X 1.67 X 10 24 x 3 x 10 
~ -: IÖ—e- 

4.8 x 10 w x 103 x 400 

10 

(248) 

x 8 x r. 38 x 10'16 x 2.5 x 104 

n x 233 x 1.67 x 10 ̂ r 

= 5.74 x 10 . 

This is some 348 times smaller than 0. 2, so that g is indeed constant to 

very high order over the course of a single cyclotron orbit. 
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SECTION IV 

GENERAL DISCUSSION 

Let us briefly recapitulate what has thus far been determined about 

the characteristics of a plasma core reacto^, and attempt to indicate the 

areas of uncertainty or technical lacunae, and the direction indicated for 

further research. 

From a strictly nuclear point of view, it is quite feasible to construct 

a critical plasma core of reasonable dimensions and fuel inventory. It is 

found, however, that the core must be greatly enlarged beyond its theoreti¬ 

cally minimum size for non-nuclear reasons. In addition to the necessity 

of enlarging the core dimensions in order to minimize plasma diffusion 

processes (which has already been discussed in some detail), there is also 

the need for maximizing the optical depth of the hydrogen layer, which has 

not been considered quantitatively in this paper. Another reason for 

enlarging the core stems from our initial constraint upon the system 

variables requiring that we end up with a Iftgh-acceleration vehicle. This 

implies thrust levels upwards of 10 lb and, therefore, propellant flow 

rates at least of the order of several tons per second. In order to pump 

hydrogen longitudinally across the core at such rates without resorting to 

excessive axial velocities (which have the effect of aggravating Helmholtz 

instabilities), it is clear that the cross-sectional area of the hydrogen 

annulus coaxial with the plasma must be rather large. 

Although we have Maxwellianized Safonov's nucleonic calculations, 

thereby accounting for the possibility of steady-state moderator-reflector 

kinetic temperatures significantly above 0.0253 ev, the results are never¬ 

theless crude. The principal simplification, which must be removed by 

more detailed calculation in the future, is the omission of hydrogen in the 

core and, more significantly, the neglect of the fuel void represented by 

the hydrogen. There exists some indication (based on machine computations 

at Los Alamos with the "Sn" code of the criticality of an assembly consist¬ 

ing of Godiva surrounded by a reflector-enclosed void) that the void occu¬ 

pied by propellant will not be as detrimental to criticality as had been 
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previously anticipated, provided certain very definite relationships between 

plasma radius and distance to the inner reflector wall are maintained. 

In addition to a careful neutronic analysis of the plasma-core system 

using one of the appropriate machine codes, a quantitative investigation of 

reactor kinetics is also indicated for the future. As we have seen, the 

plasma state of the fissionable material in some ways actually simplifies 

the potentially serious problem of control. This is because the existence 

of electromagnetic fields augments the multiplicity of available control 

mechanisms which are naturally suited to a gas-phase cavity reactor. 

Moreover, while magnetic field fluctuation does not promise instantaneous 

control (due to inductance problems), it may easily afford much faster 

response times than would be possible with any mechanical system; and in 

the homopolar scheme, electric field fluctuation appears most promising 

of all. 

Nucleonic calculations have effectively fixed the plasma particle 
17 18 - 3 

densities required for criticality at 10 - 10 cm . Although U-233 

was consistently assumed to be the fuel in the subsequent (plasma physics) 

numerical calculations, Figures 3-11 show that results remain substantially 

the same if U-235 or plutonium are used instead. Indeed, although the 

former appears slightly more favorable from theoretical considerations, 

the latter two are more likely candidates from the viewpoint of net fuel 
17 -3 

cost. Particle densities much below 10 cm imply unpractically large 
18-3 

core volumes, while values much above 10 cm tend to be too difficult 

to confine for a sufficient period of time, and appear nucleonically unneces¬ 

sary. The next step, then, is to graft onto these nuclear requirements a 

framework of restrictions which are imposed by considerations of plasma 

physics -- particularly diffusion phenomena. 

Our analysis has shown that, at the price of enormous field strength 

and physical dimension, it is possible to sufficiently ameliorate the radial 

diffusion losses. Axial (mirror) losses, however, pose a more serious 

problem; one which demands further complication of the system in order to 

cope with it. One is thus led to consider solutions which almost present 

more problems than they solve, such as the addition of gadgetry like the 

divertor, or rotation of the plasma. The latter approach, however, holds 

great interest, in spite of its problems, and lends itself (conceptually) to a 
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variety of field configurations and propellant flow geometries. One of the 

more promising of these schemes is the homopolar field arrangement where 

the inner electrode is a plasma. For this reason, and for the sake of con¬ 

creteness within the confines of a study of such limited scope as this, the 

latter has been selected for detailed investigation. In particular, of the 

two propellant-flow geometries which appear natural for a crossed-field 

cylindrical device (radial flow through the rotating plasma annulus and 

axial flow along it), only the latter is expected to lead to a high-thrust 

device, for reasons which will become apparent from the following dis¬ 

cussion. 

Let us consider the former flow pattern. It is clear that, a homopolar 

arrangement where the dominant propellant flow is radially inward (if 

limited to the same subsonic propellant velocities as in the hydrodynamically- 

driven free vortex) would be inferior to the latter for the following reasons: 

1. The free-vortex device does not require heavy field-generating 

and heat-rejection paraphenalia. 

2. The magnetohydrodynamic device cannot expel hydrogen at 

temperatures much above 12,000-deg K, whereas the hydro- 

dynamic device is not necessarily limited by ionization phenomena 

(although it is probably limited by problems of fission-fragment 

heating). 

3. The greater the magnitude of the axial magnetic-field intensity 

in the homopolar device, the further the maximum allowable 

radial inward flow of hydrogen is depressed below its free-vortex 

value (for the same Mach number in both cases). 

The latter parenthetical qualification gives an indication as to why, in 

the face of the foregoing objections, one might nevertheless be interested 

in a homopolar device in which the propellant is forced radially through the 

plasma from a peripheral-injection region to an axial-expulsion region. The 

maximum radial flow rate of propellant which can be tolerated without 

collapsing the plasma is proportional to the square of the vortex Mach 

number and, at least conceptually, it is much easier to accelerate a plasma 

to great supersonic velocities by electromagnetic means than it is to 

accelerate a non-ionized gas by means of fluid jets. It is this second-power 
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velocity dependence which makes supersonic rotational velocities attractive, 

but there are several serious drawbacks. First, there are the boun^ftry- 

layer and shock-wave problems associated with such velocities. Although 

supersonic velocities are not absolutely necessary for a homopolar device 

with axial propellant flow, such as treated analytically in subsection E of 

Section III, as they arc for a radial flow device, they would nevertheless be 

advantageous for stabilizing the plasma against Helmholtz waves and axial 

erosion. In subsection E, however, the maximum rotational velocity was 

taken to be 10 -cm sec ^ (i.e., Mach 1 for hydrogen), precisely in order 

to avoid supersonic flow problems. This option is not available for a radial 

flow device, so supersonic problems must be faced. 

Even more serious is the problem of the electrical power which is 

wasted in rotating the hydrogen. This problem arises in the following 

manner. In a radial-flow homopolar device, the propellant would be forced 

through the material wall of the chamber which comprises the moderator- 

reflector (thereby cooling the latter by transpiration). The propellant would 

then find itself confronting the rapidly rotating plasma annulus (through which 

it would proceed to diffuse) until it emerged on the other side into the in¬ 

terior void encompassing the cylindrical axis of the core -- from which 

region it would be axially exhausted through a nozzle. In the process of 

traversing the plasma, it is clear that the propellant must, of necessity, 

achieve a tangential velocity comparable with that of the rotating plasma 

driving it, because at the relatively high densities of both plasma and 

propellant the interaction cross sections are extremely large. The diffi¬ 

culty lies in the fact that the rotating propellant, when finally expelled, 

carries off a substantial quantity of energy with it. If the propellant attains 

a rotational velocity of only Mach 1, for example, while its flow rate is, say, 

two-metric tons per second, the power dissipated in "corkscrewing” the 

hydrogen out the nozzle is of the order of 100,000 MW! Moreover, this 

power must be supplied electrically, because the plasma drift is maintained 

byworkdone on it by the electric and magnetic fields . Inorderto estimate how 

much core power is thus wasted, this electrical energy must, therefore, be 

multiplied by the reciprocal of an overall efficiency factor governing the 

conversion of nuclear energy in the core into electrical energy in the field' 

The extra coil weight, not to mention heat-rejection problems due to energy 
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conversion efficiencies ¿i ^ood tlenl less limn unity (which nrc associätccl with 

the power dissipation by this mechanism alone) are obviously intolerable. 

One method, which might he employed to recover some fraction of the 

rotational kinetic energy of the propellant, may he described as follows: 

A profile of propellant azimuthal velocity will exist between the inner- and 

outer-boundaries of the plasma annulus . The propellant will have minimum 

azimuthal velocity at the outer interface (which would equal zero in the 

absence of hydrogen viscosity), and will achieve its maximum rotational 

velocity near the inner boundary where it emerges in the course of its in¬ 

ward radial flow. If the plasma were periodically compressed and expanded 

by means of periodic fluctuations in the intensities of the confining fields, 

the result would be that, after plasma compression, each region of hydrogen 

bounded by the surfaces of revolution at and Tj + drj would find itself 

immersed in a region of plasma, formerly located at (>rj). whose 

rotational kinetic energy is now less, instead of more, than that of the 

hydrogen itself. The latter would thus tend to drive the plasma, imparting 

kinetic energy to it in the process, and losing some of its own rotational 

energy (which is directed energy, not heat). As the plasma expands, it 

does work against the confining magnetic field, which may be tapped off the 

external coils as electrical energy. The mechanism, therefore, is to con¬ 

vert the mechanical energy of the non-ionized gas into mechanical energy 

of the plasma, and then to convert the latter directly into electricity. 

It is evident that the need for detailed analysis of the foregoing proposal 

is indicated. Should results show the scheme to be impractical, or of inade- 

quate efficiency, it is conceivable that some other way might be found of 

recovering the power spent in uselessly spinning the propellant. 

Thus we see that a radial flow homopolar device in which the plasma 

rotates subsonically would not only result in a low-acceleration propulsion 
I 

system, but also one which could not compete favorably with a free-vortex 

system. High (vehicle) acceleration could be achieved with a radial flow 

homopolar system only by resorting to supersonic velocities which, in turn, 

engender very formidable difficulties. These considerations appear to 

justify the preference of an axial propellant flow scheme where the plasma 

need not rotate supersonically. This is why the latter type has been studied 

in some detail in subsection E, even though a radial flow scheme seems to 
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í 
afford superior heat transfer properties such as high propellant-outlet 

temperatures. The axial flow pattern appears to be the one most adaptable 

to the enormous propellant flow rates necessary for high-acceleration pro- 

pulsion -- rates which even a matrix of thousands of parallel free vortices 

could not accommodate. 

In passing, it is interesting to note that, should it indeed prove feasible 
7 -1 

to have - 10 cm sec (about Mach 10), the right-hand side of Ineq. (241) 
k -9 

would be 9.7 X 10 erg, which is some 1,100 times the value of the right- 

hand side of Ineq. (240). In such a case, the axial-diffusion problem, 

characteristic of the simple magnetic bottle, will have been essentially 

solved by rotating the plasma. 

Next, we come to some of the most formidable problem areas of all. 

These have not been treated heie, but could well comprise the subject-matter 

of additional papers. The first of these areas concerns plasma instability. 

Perhaps the greatest source of instability in the simple magnetic bottle, and 

in the axial-flow homopolar device, will prove to be Helmholtz waves gen¬ 

erated at the plasma-propellant interface because of the relative motion of 

the gasses. Other instabilities, such as those of the flute, kink- and 

sausage-types, must also be investigated. Furthermore, it is necessary 

that an analysis be made of the assorted types of oscillations to which plasma 

cores of several configurations would be susceptible, and the methods for 

damping them. 

The remaining problem area is probably the most crucial of all. The 

central question within this area is: Given a hot ionized gas, which is itself 

a heat source, and given a region of non-ionized gas (such as hydrogen), 

whose function is to absorb radiant energy and which is situated between 

the hot source and a physical wall enclosing the entire cavity, what is 

the temperature profile throughout the absorber as a function of its thick¬ 

ness? This would appear to be a trivial problem of applying the Stefan- 

Boltzmann law, except for a number of serious complications. First, the 

absorptivities and emissivities of hydrogen, and particularly of uranium, 

at the temperatures and pressures of interest, are not well known. To 

calculate these quantities theoretically as functions of temperature, well 
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into the range of ionization, is a problem of great magnitude and complexity. 

Experimental measurements would appear to be highly desirable for direct 

empirical use and also as checks for any theoretical analysis. Since the 

radiation properties of various fissionable materials at extreme temper¬ 

atures represent unknown factors shared by all truly advanced (i.e. , post- 

Rover) controlled nuclear rockets, it follows that a broad experimental 

program directed toward measurement of these and related properties would 

be of great interest for large classes of systems in addition to those dis¬ 

cussed here. 

Another factor complicating theoretical analysis of the heat transfer 

properties of a plasma core reactor with longitudinal propellant flow is the 

radial distribution function for plasma particles in configuration space. In 

practice, fuel ions will be distributed in the steady-state throughout the 

hydrogen, falling off from maximum density at the interface to some mini¬ 

mum value at the wall, according to a law which will depend upon the field 

geometry and other factors. These fuel ions, while diffusing out of the core 

and therefore constituting an undesirable economic loss, also constitute a 

doping of the relatively transparent hydrogen by particles which are much 

more opaque to the inciden* radiation, thereby enormously alleviating the 

wall-cooling problem. Indeed, the possibility exists of further doping the 

hydrogen with a good radiation absorber having suitable nuclear properties 

(low atomic mass, poor neutron absorber). All these points introduce the 

tantalizing hope of solving the all-important problem of maintaining the wall 

temperature within manageable bounds, but vastly complicate the analysis. 

Further complications of the heat-transfer problem involve taking 

into account (1) the absorption by plasma particles of radiation emitted by 

other plasma particles, (2) hydrogen re-emission, (3) effects of wall 

impurities dislodged into the chamber interior, and a host of other factors. 

In addition to the foregoing, several ancillary, but nevertheless signi¬ 

ficant problems exist within the area of heat transfer. One of these involves 

the quantitative determination of the relative importance of conduction and 

convection processes compared with thermal radiation. While the latter is 

likely to be the dominant mode of heat transfer at the high core temperatures 

envisaged, it is of interest to make detailed calculations of the other 
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processes for purposes of comparison. Another problem is that of fission 

fragment heating. By far the ¡largest fraction of usable energy produced by 

fission reactions within the core appears in the form of kinetic energy of 

pairs of fission fragments whose charge-to-mass ratios greatly exceed 

that for singly ionized uranium. These fragments quickly dissipate their 

energy by an assortment of interactions with the surrounding matter. In 

the process, the latter gets somewhat ionized and, of course, heats up. 

The range of these fragments in hydrogen at the densities of interest is 

such that any optically sufficient thickness would probably also suffice to 

stop them. Dififculties arise, however, if one tries to imagine a rotating 

plasma scheme where centrifugal force throws the fuel ions out to the wall, 

with only a minimal thickness of hydrogen intervening. In this case, which 

is typical of the hydrodynamic vortex scheme, a fraction approaching one- 

half of the fission energy is dissipated inside the wall -- an intolerable 

situation for any device attempting to achieve temperatures more than twice 

that possible in solid-core reactors. 

It is interesting to note that, should the heat-transfer problem (that 

is to say, the aggregate of all the foregoing heat-transfer difficulties) prove, 

that in the final analysis, to be tractable, it would be tempting to reconsider 

a possibility which has been rejected a priori; viz. , to allow the plasma 

temperature to greatly exceed 25,000-deg K, and to hold the average pro¬ 

pellant temperature constant by increasing its flow rate by the necessary 

amount. The obvious drawback would be the creation of a layer of propellant 

(of indeterminate depth) in the immediate vicinity of the plasma interface 

which is ionized. The advantage in terms of decreased plasma radius or 

increased confinement time (or both), however, is equally obvious. 

If the foregoing problems appear formidable, it should be apparent 

that they are far from exhaustive. To cite several further areas requiring 

attention, there is the problem of maintaining, without breakdown, very 

intense electrical fields between a solid (or liquid film) electrode and a 

pl.isrna electrode, while another plasma occupies the intervening region. 

Also, the problems of coil construction and plasma particle-dynamics in 

(he face of strong pulsating magnetic fields of different geometries bear 

. lose scrutiny. For that matter, the strictly hardware problem of 

gc-nerat ing a 100-kilogauss steady-state field with lightweight equipment 

¡(.self represents a major project. 
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A further area of investigation of potential interest concerns the 

possibility of loading the moderator-reflector with fuel, thereby decreasing 

the particle density of the plasma which must be magnetically confined for 

criticality. It is clear that order-of-magnitude decreases in core density 

are impractical because the fission power density is directly proportional 

to the fuel density. However, even a factor-of-two core density decrease , 

achieved by depositing half the fuel inventory within the moderator cladding, 

would be welcome indeed. The maximum practical moderator loading will 

very likely be the largest value for which the fission heat generated may be 

removed entirely by heat exchange to the propellant; i.e. , the value beyond 

which preheating the propellant can no longer cope with the heat transfer 

requirements and heavy radiators become necessary. 
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SECTION y 

CONCLUSIONS 

The above discussion gives some indication of the extremely limited 

scope of the present treatment of the plasma core reactor relative to the 

bewildering variety of problems which beset this concept. We have, 

however, been able to establish some upper- and lower-bounds within which 

the values of the principal variables of any working system must lie. The 

factors governing these limitations are summarized in Table III. 

The very existence of such a large number of constraints serves to 

emphasize, not only the intrinsic difficulties which a plasma-core reactor 

system possesses, but also the many directions from which help is possible. 

A breakthrough in any of these directions could significantly alter the 

prognosis. 
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Figure 3 - Critical Mass and Particle Density vs Radius for U-233/D^O 
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Figure 5 - Critical Mass and Particle Density vs Radius for Pu-ZS^D^O 
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Figure 6 - Critical Mass and Particle Density vs Radius for U-233/C 
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Figure 8 - Critical Mass and Particle Density vs Radius for Pu-239/C 
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Figure 9 - Critical Mass and Particle Density vs Radius for U-233/Be 
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Figure 10 - Critical Mass and Particle Density vs Radius for U-235/Be 
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Figure 11 - Critical Mass and Particle Density vs Radius for Pu-239/Be 

-87- 



T CK) — 

Figure 12 - Fraction of Singly Ionized Uranium Atoms vs Temperature 
for Various Pressures 
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Figure 14 - Moderator-Reflector Mass vs Radius of Spherical Critical 
Cavity 
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Figure 15 - Fraction of Singly Ionized Hydrogen Atoms vs Temperature 
for Various Pressures 
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Figure 21 - Q vs a for Different Values of b 
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Table« J 

Nucleonic Temperature Data 

' U-233 ? r 

E (ev) v T (°K) t1/2 
8a/T‘/2 <V 1 <<Ta> 

0.02 232. 19 15.237 0. 988 .064842 572. 6 2. 3 1316.98 

0.0253 293. 71 17. 138 0. 986 .057533 508. 1 2. 3 1168.63 

0.04 464.37 21.548 0. 980 .045480 401. 7 2. 3 923.91 

0.06 696. 56 26.392 0. 980 .037132 327. 9 2.3 754.17 

0.08 928.74 30.475 0. 984 .032289 285. 2 2. 3 655.96 

0. 10 1160.93 34.073 0. 993 .029143 257.4 2. 3 592.02 

0. 12 1393.11 37.324 1.004 .026900 237.6 2. 3 546.48 

0. 125 1451.16 38.094 1.007 .026435 233. 5 2. 3 537.05 

0. 13 1509. 21 38.849 1.010 .025999 229.6 2. 3 528.08 

0. 14 1625.30 40.315 1.018 .025251 223. 0 2. 3 512.90 

0. 15 1741.39 41.730 1.026 .024587 217. 1 2. 3 499. 33 

0. 16 1857.48 43.099 1.036 .024038 212. 3 2. 3 488.29 

0. 17 1973. 58 44.425 1.049 .023613 208. 5 2. 3 479. 55 

0. 18 2089. 67 45.713 1.062 .023232 205.2 2. 3 471. 96 

0. 19 2205.76 46.966 1.077 .022931 202.5 2. 3 465.75 

0. 20 2321.86 48.186 1.093 .022683 200. 3 2. 3 460.69 

0. 22 2554. 04 50.538 1. 129 .022340 197. 3 2. 3 453. 79 

0. 24 2786.23 52.785 1. 173 .022222 196. 3 2. 3 451. 49 

0. 26 3018.45 54.940 

0. 28 3250.46 57.013 

0. 30 3482.83 59.016 

NOTE: <aa> = ga(T) „oa = 88318a<T> T'‘/2 
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Table I 

Nucleonic Temperature Data (Continued) 

^ v U-235 

E (ev) T(°K) t1/2 gam <1’a> V >!<»„> 

0.02 232.19 15.237 0.985 .064645 681.0 2.1 1430.10 

0.0253 293.71 17.138 0.974 .056833 598.7 2.1 1257.27 

0.04 464. 37 21.548 0.949 .044041 464.0 2.1 974.40 

0.06 696. 56 26.392 0.936 .035465 373.6 2.1 784.56 

0.08 928.74 30.475 0.934 .030648 322.9 2.1 678.09 

0. 10 1160.93 34.073 0.932 .027353 288.2 2.1 605.22 

0.12 1393.11 37.324 0.926 .024810 261.4 2.1 548.94 

0. 125 1451.16 38.094 0.924 .024256 255.5 2.1 536.55 

0. 13 1509.21 38.849 0.922 .023733 250.0 2.1 525.00 

0. 14 1625.30 40.315 0.918 .022771 239.9 2.1 503.79 

0. 15 1741.39 41.730 0.913 .021879 230.5 2.1 484.05 

0. 16 1857.48 43.099 0.908 .021068 222.0 2.1 466.20 

0.17 1973.58 44.425 0.902 .020304 213.9 2.1 449.19 

0. 18 2089.67 45.713 0.896 .019601 206. 5 2.1 433.65 

0.19 2205.76 46.966 0.889 .018929 199.4 2. 1 418.74 

0.20 2321. 86 48.186 0.883 .018325 193. 1 2.0 386.2 

0.22 2554. 04 50.538 0.870 .017215 181.4 2.0 362.8 

0.24 2786.23 52.785 0.858 .016255 171.2 2.0 342.4 

0.26 3018.45 54.940 0.846 .015399 162.2 2.0 324.4 

0.28 3250.46 57.013 0.833 .014611 153.9 2.0 307.8 

0. 30 3482.83 59.016 0.822 .013928 146.7 2.0 293.4 

NOTE: <t,a> =ga(T)%a^-?-7_ = 10535ga(T) T'*/2 



Table I 

Nucleonic Temperature Data (Continued) 

Pu-239 

E (ev) T (°K) ml/2 T 8am 8a/T1/2 < aa> 9 9 < <r > a 

0.02 232.19 15.237 1.013 .066483 1041.3 2. 1 2186.73 

0.0253 293. 71 17.138 1.057 .061676 966.0 2.1 2028.60 

0.04 464. 37 21. 548 1. 302 .060423 946.4 2.0 1892.80 

0.06 696.56 26.392 1.972 .074720 1170.3 2.0 2340.60 

0. 08 928.74 30.475 2.783 .091321 1430.4 1.9 2717.76 

0. 10 1160.93 34.073 3.431 .100960 1577.2 1.9 2996.68 

0. 12 1393.11 37.324 3. 907 .104678 1639.6 1.9 3115.24 

0. 125 1451.16 38. 094 3.996 .104898 1643.0 1.9 3121.70 

0. 13 1509.21 38.849 4.075 .104893 1642.9 1.9 3121.51 

0. 14 1625.30 40.315 4.203 .104254 1632.9 1.9 3102.51 

0. 15 1741.39 41. 730 4.297 .102971 1612.8 1.9 3064.32 

0. 16 1857.48 43.099 4. 361 .101186 1584.9 1.9 3011.31 

0. 17 .1973. 58 44. 425 4.400 .099043 1551.3 1.9 2947.47 

0. 18 2089.67 45.713 4.417 .096625 1513.4 1.9 2875.46 

0. 19 2205.76 46. 966 4.418 .094068 1473.4 1.9 2799.46 

0. 20 2321.86 48. 186 4.404 .091396 1431.5 1.7 2433.55 

0. 22 2554.04 50.538 4. 345 .085975 1346.6 1.7 2289.22 

0.24 2786.23 52. 785 4. 255 .080610 1262.6 1.7 2146.42 

0. 26 3018.45 54.940 

0. 28 3250. 46 57. 013 

0. 30 3482.83 59.016 

NOTE: <„a> 
v o 
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Table II 

In A 

ne (cm"3) 

S" 
0 

H 

1014 1015 1016 1017 5 X 1017 1018 

io4 7. 14 5. 97 4.83 3.68 2.86 2. 53 

2 X 104 8. 16 7. 01 5.86 4.71 3. 90 3.56 

2. 5 X 104 8. 50 7. 34 6. 19 5.04 4. 24 3.89 

105 10.6 9.43 8.28 7. 13 6. 32 5.97 

106 13.6 12.4 11.2 10. 1 9. 34 8.96 

107 15.9 14.7 13.6 12.4 11.6 11.2 
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SYMBOLS 

LOWER CASE ROMAN 

a 

a 

e 

f 

g 

g=ga(T) 

g» h 

h 

j 

k 

k 

m 

m 

n 

P 

Po 

q(r) 

r 

t 

V 

X 

plasma radius -- Section II 

radius of inner electrode in crossed-field device 

radius of gyration (Larmor radius) 

radius of outer electrode in crossed-field device 

velocity of light 

particle velocities -- Eq. (151) 

electric charge (If no subscript appears, e denotes the 

electronic charge) 

velocity space distribution function 

acceleration due to gravity at the earth's surface 

cross section correction factor (see Table I ) 

factors of velocity space distribution function with separated 

variables 

Debye length or "shielding distance" 

current density 

reactor multiplication constant 

Boltzmann constant 

particle mass 

reduced mass -- Eq. (27) 

particle density 

pressure, atm -- Eq. (19) 

value of the classical impact parameter corresponding to 

irJZ deflection of an electron by an ion 

thermal neutron source strength per unit volume at a 

distance r from the center of the system 

radial coordinate 

time 

particle velocity 

fractional ionization--Eq. (19) 

x-coordinate of the guiding center of a plasma particle 

whose coordinates in phase space are x, v -- Eqs. (26) and 
(27) 
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UPPER CASE ROMAN 

A 

A 

B 

D 

D 
o 

D' 

E 

E 

F 

I 
sp 

J 

L 

L 

M 

M 

N 

N' 

N 

P 

Q 

R 

R 

S 

T 

V 

V] 

W 

Y 

Z 

atomic mass, amu 

parameter defined in Eq. (74) 

magnetic field intensity 

diameter of plasma core 

diffusion coefficient in the absence of a magnetic field 

diffusion coefficient in the presence of a magnetic field 

energy 

electric field intensity 

diffusion flux 

specific impulse 

net neutron current — Section II 

thermal diffusion length -- Section II 

length of plasma core 

molecular mass of propellant exhaust gas 

mass, gm 

Avogadro's number 

number of times which magnetic energy must be supplied to 

coils to overcome ohmic dissipation in the plasma 

parameter defined in Eq. (155) 

Plasma pressure -- Section III 

parameter defined in Eq. (204) 

mirror ratio — Eq. (154) 

radius of plasma -- Section III, same as a of Section II 

total fast neutron source strength 

temperature 

volume 

relative velocity of unlike particles -- Eq. (26) 

total particle kinetic energy 

thickness of propellant layer surrounding plasma and 

flowing axially 

atomic number 
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SCRIPT 

i 

£ 

*1 

transport mean free path for thermal neutrons in the 

moderator 

degree of ionization 

total number of "throughputs" of critical mass during one 

mission 

LOWER CASE GREEK 

a 

ß 
y 

d 

d 

X 

n 

p 

p 

8 

T 

T 

t 

0 

0 

<P 

Ù) 

(O 

parameter defined in Eq. (203) 

parameter defined in Eq. (47) 

dimensionless constant defined on p. 7 

number of neutrons born per thermal neutron captured in 

the core -- Section II 

scattering angle in center of mass system 

angle between the directional neutron flux and the radial 

vector from the center of the system -- Section II 

ion-electron collision mean free path 

magnetic moment 

ion - electron collision frequency 

radial coordinate of a unit shell source of thermal neutrons -- 

Section II 

plasma density -- Section III 

cross section 

Fermi age of thermal neutrons in the moderator -- Section II 

time constant (e-folding time) -- Eq. (113) 

mean time between ion - electron collisions -- Section III, 

Subsection C 

time for 1/2 the plasma to leak through a magnetic mirror -- 

Eq. (163) 

thermal diffusion kernel -- Section II 

external potential (such as gravitational potential) Section III 

electrostatic potential across plasma annulus in homopolar 

core 

electron cyclotron (Larmor) frequency 

angular velocity 
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UPPER CASE GREEK . 

A absorption mean free pàth of thermal neutrons in the core 

Section II 

A parameter defined in Eqs. (29) - (31) 

$ thermal neutron flux -- Section II 

$ magnetic flux -- Eqs. (109) - (112) 

ß solid angle 

SUBSCRIPTS 

a 

b 

c 

c 

d 

e 

E 

H 

H 

i 

L 

L 

M 

max 

min 

r 

r 

R 

s 

tot 

V 

z 

Q 
o 

o 

1,2 

absorption (fission + capture) 

rocket burnout 

criticality -- Section II _ 

cone of escape in velocity space -- Eq. (153) 

diffusion 

electron 

T? X H plasma drift -- Eq. (178) 

hydrogen -- Eq. (22) 

hydrostatic -- Eq. (90) 

ion 

Lorentz gas — Eq. (114) 

Larmor gyration -- Eq. (177) 

magnetic -- Eq. (89) 

maximum 

minimum 

reflector (moderator-reflector cladding) 

radial direction 

Plasma boundary 

scattering 

total -- Eq. (120) 

ionization -- Eq. (19) 

axial direction 

azimuthal direction 

thermal temperature (0. 0253 ev or 293 deg K) 

axis 

different species of particles 

-108- 



SUPERSCRIPTS 

(o) initial conditions 

(th) thermal 

MISCELLANEOUS SYMBOLS 

X vector of magnitude x 

<x> mean value of x (generally averaged over a Maxwell- 

Boltzmann distribution) 

x time rate of change of x s §x/ 5t 

5 x increment of x 

Xjl component of x in the plane perpendicular to magnetic lines 

of force 

X|| component of x parallel to magnetic lines of force 

x* peak value -- p. 33 
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