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Preface 

Tin purpose of this work is to provide an introduction to the mathc- 
matical theory of multistage decision processes. Since these constitute 
a somewhat formidable set of terms we have coined the term "dynamic 
programming" to describe the subject matter. Actually, as we shall see, 
the distinction involves more than nomenclature. Rather, it involves a 
certain conceptual framework which furnishes vis a new and versatile 
mathematical tool for the treatment of many novel and interesting 
problems both in this new discipline and in various parts of classical 
analysis. Before expanding upon this theme, let us present a brief 
discussion of what is meant by a multi-sla^e decision process. 

Let us suppose that we have a physical system .b' whose state at any 
tune / is specified by a vector />. If we are in an optimistic frame of mind 
we can visualize the components of p to be quite definite quantities such 
as ( artesian coordinates, or position and momentum coordinates, or 
perhaps volume and temperature, or if we are considering an economic 
system, supply and demand, or stockpiles and production capacities. If 
our mood is pessimistic, the components of p may be supposed to be 
probability distributions for such quantities as position and momentum, 
or perhaps moments of a distribution. 

In the course of time, this system is subject to changes of either 
deterministic or stochastic origin which, mathematically speaking, means 
that the variables describing the system undergo transformations. 
Assume now that in distinction to the above we have a process in which, 
we have a choice of the transformations which may be applied to the 
system at any time. A process of this type we call a decision process, 
with a decision equivalent to a transformation. If we have to make a 
single decision, we call the process a single-stage process; if a sequence 
of decisions, than we use the term multi-stage decision process. 

The distinction, of course, is not hard and fast. The choice of a point 
in three-dimensional space may be considered to be a single-stage process 
wherein we choose (v, y, z), or a multi-stage process where we choose 
first .r, then y, and then r. 

There are a number of multi-stage processes which are quite familiar 
to us. Perhaps the most common are those occurring in card games, such 
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as the bidding system in contract bridge, or the raise-counter-raise 
system of poker with its delicate overtones of blufhng. On a larger scale, 
we continually in our economic life engage in multi-stage decision 
processes in connection with investment programs and insurance policies. 
In the scientific world, control processes and the design of experiments 
furnish other examples. 

The point we wish to make is that in modern life, in economic, in- 
dustrial, scientific and even political spheres, we are continually sur- 
rounded by multi-stage decision processes. Some of these we treat on 
the basis of experience, some we resolve by rule-of-thumb, and some are 
too complex for anything but an educated guess and a prayer. 

Unfortunately for the peace of mind of the economist, industrialist, 
and engineer, the problems that have arisen in recent years in the eco- 
nomic, industrial, and engineering fields are too vast in portent and 
extent to be treated in the haphazard fashion that was permissible in a 
more leisurely bygone era. The price of tremendous expansion has become 
extreme precision. 

These problems, although arising in a multitude of diverse fields, share 
a common property—they are exceedingly difficult. Whether thev arise 
in the study of optimal inventory or stock control, or in an input-output 
analysis of a complex of interdependent industries, in the scheduling of 
patients through a medical clinic or the servicing of aircraft at an 
airfield, the study of logistics or investment policies, in the control of 
servo-mechanisms, or in sequential testing, they possess certain common 
thorny features which stretch the confines of conventional mathematical 
theory. 

It follows that new methods must be devised to meet the challenge of 
these new problems, and to a mathematician nothing could be more 
pleasant. It is a characteristic of this species that its members are 
never so happy as when confronted by problems which cannot be 
solved—immediately. Although the day is long past when anyone 
seriously worried about the well of mathematical invention running dry, 
it is still nonetheless a source of great delight to see a vast untamed 
jungle of difficult and significant problems, such as those furnished by 
the theory of multi-stage decision ■ '•ocesses, suddenly appear before us. 

Having conjured up this pres( rve of problems, let us see what compass 
wc shall use to chart our path in"' '.his new domain. The conventional 
approach wc may label " enumerative." Each decision may be thought 
of as a choice of a certain nutnl r of variables which determine the 
transformation to be employed; eur;« .-"quence of choices, or policy as we 
shall say, is a choice of a larger set of variables. By lumping all these 
choices together, we "reduce"  the problem to a classical problem of 
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determining; the maximum of a given fun« tion. This function, which 
arises in the course of measuring some i|u.intitative property of the 
system, serves the purpose of evaluating policies. 

At this point it is very easy for the mathematician to lose interest 
and let the computing machine take over. To maximize a reasonably 
wdl-behaved function seems a simple enough task; we take partial 
derivatives and solve the resulting system of equations for the maxi- 
mizing point. 

There are, however, some details to consider. In the first place, the 
effective analytic solution of a large number of even simple equations 
as, for example, linear equations, is a difficult affair. Lowering our sights, 
even a computational solution usually has a number ' difficulties of 
both gross and subtle nature. Consequently, the determination of this 
maximum is quite definitely not routine when the number of variables 
is large. 

All this may be subsumed under the heading "the curse of dimensional- 
ity." Since this is a curse which has hung over the head of the physicist 
and astronomer for many a year, there is no need to feel discouraged 
about the possibility of obtaining significant results despite it. 

However, this is not the sole difficulty. A further characteristic of 
these problems, as we shall see in the ensuing pages, is that calculus is 
not always sufficient for our purposes, as a consequence of the perverse 
fact that quite frequently the solution is a boundary point of the region 
of variation. This is a manifestation of the fact that many decision 
processes embody certain all-or-nothing characteristics. Very often then, 
we are reduced to determining the maximum of a function bv a combi- 
nation of analytic and "hunt and search" techniques. 

Whatever the difficulties arising in the deterministic case which we 
have tacitly been assuming above, these difficulties .ire compounded in 
the stochastic case, where the outcome of a decision, or tranformation, 
is a random variable. Here any crude lumping or enumerative technique 
is surely doomed by the extraordinary manner in which the number of 
combinations of cases increases with the number of cases. 

Assume, however, that we have circumvented all these difficulties and 
have attained a certain computational nirvana. Withal, the mathe- 
matician has not discharged his responsibilities. The problem is not to 
be considered solved in the mathematnal sense until the structure of the 
optimal policy is understood. 

Interestingly enough, this concept of the mathematical solution is 
identical with the proper concept of a solution in the physical, economic, 
or engineering sense. ' ■ order to make this point clear and it is a most 
important point sine«   .1 many ways it is the raison d'etre for mathe- 
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matu:.'il physics, mathematical cconomirs, and many similar hybrid 
ftt'lds—let us make a brief excursion into the philosophy of mathematical 
models. 

Tlie fgOti of the scientist is to comprehend the phenomena of the 
universe lie observes around him. To prove that lie understands, he must 
be able to predict, and to predict, one mpiires quantitative measure- 
ments. A qualitative prediction such as the occurrence of an eclipse 
or an earthqeake or a depression sometime in the near future does not 
have the same satisfying features as a similar prediction associated with 
a date and time, and perhaps backed up by the offer of a side wager. 

To predict quantitatively one must have a mechanism for producing 
numbers, and this necessarilv entails a mathematical model. It seems 
reasonable to suppose that the more realistic this mathematical model, 
the more accurate the prediction. 

There is, however, a point of diminishing returns. The actual world is 
extremely complicated, and as a matter of fact the more that one studies 
it the more one is filled with wonder that we hav( even "order of magni- 
tude" explanations of the complicated phenomena that occur, much 
less fairly consistent "laws of nature." If we attempt to include too many 
features of reality in our mathematical model, we lind ourselves engulfed 
by complicated equations containing unknown parameters and unknown 
functions. The determination of these functions leads to even more 
complicated equations with even more unknown parameters and functions, 
and so on. Truly a talc that knows no end. 

If. on the other hand, made timid by these prospects, we construct 
our model in too simple a fashion, we soon find that it does not predict 
to >uit our tastes. 

It follows thai the Scientist, like the I'ilgrim, must wend a straight 
and narrow path between the Pitfalls of Oversimplification and the 
Morass of Overcomplication. 

Knowing that no mathematical model can yield a complete description 
of reality, we must resign ourselves to the task of using a succession of 
models of greater and greater complexity in our efforts to understand. 
If we observe similar structural features possessed by the solutions of a 
sequence of models, then we may feel thai we have an approximation 
to what is called a "law of nature." 

It follows that from a teleological point of view the particular numerical 
solution of any particular set of equations is of far less importance than 
the understanding of the natun of the solution, which is to say the 
influence of the physical properties of the system upon the form of the 
solution. 

Now let us see how this idea guides us to a new formulation of these 
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decision proresst-s, and indeed of some other processes of analysis vvliich 
an1 not nsnall\' conceived of as decision processes, fn the conventional 
formulation, we consider the entire multi-stage decision process as 
essentially one stage, at the expense of vastly increasing the dimension 
of the problem. Thus, if we have an A'-stage process where Mi decisions 
arc to he made at each stage, the classical approach envisages an ^fA'- 
dimensional sii „de-stage process. The fundamental problem that con- 
fronts us is: How can WC avoid this multiplication of dimension which 
stifles analysis and greatly impedes computation ? 

In order to answer this, let us turn to the previously enunciated 
principle that it is the structure of the policy which is essential. What 
does this mean precisely? It means that we wish to know the charac- 
teristics of the system which determine the decision to be made at any 
particular stage of the process. I'ut another way, in (dace of determining 
the optimal sequence of decisions from some fixed state of the system, 
we wish to determine the optimal decision to be made at any state of 
the system. Only if we know the latter, do we understand the intrinsic 
structure of the solution. 

The mathematical advantage d this formulation lies first of all in 
the fact that it reduces the dimension of the process to its proper level, 
namely the dimension of the decision which, confronts one at any particular 
stage. This makes the problem analytically more tractable and compu- 
tationally v.stly simpler. Secondly, as we shall see, it furnishes us with 
a type of approximation which has a unique mathematical property, 
that of monotonicitv of convergence, and is well suited to applications, 
namely, "approximation in policy space". 

The conceptual advantage of thinking in terms of policies is very 
great. It affords us a means of thinking about and treating problems 
which cannot be profitably discussed in any other terms. If we were to 
hazard a guess as to which direction of research would achieve the greatest 
success in the future of multi-dimensional processes, we would un- 
hesitatingly choose this one. 

The theme of this volume will be the application of this concept of 
a solution to a number of processes of varied type which we shall 
discuss below. 

The title is also derived in this way. The problems we treat are pro- 
gramming problems, to use a terminology now popular. The adjective 
"dynamic," however, indicates that we are interested in processes in 
which time plays a significant role, and in which the order of operations 
may be crucial. However, an essential feature of our approach will be 
the reintcrpretation of many static processes as dynamic processes in 
which time can be artificially introduced. 

XI 
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Let us now turn tu a discussion of the contents. 
In the first chapter we consider a multi-stage allocation process of 

deterministic type which is a prototype of a general class of problems 
encountered in various phases of logistics, m multi-stage investment 
processes, in the study of optimal purchasing policies, and in the treat- 
ment of many other economic processes. From the mathematical point 
of view, the problem is related to multi-dimensional maximization 
problems, and ultimately, as will be indicated below, to the calculus 
of variations. 

We shall first discuss the process in the conventional manner and 
cbserve the dimensional difficulties which arise from the discussion of 
even very simple processes. Then we shall introduce the fundamental 
technique of the theory, the conversion of the original maximization 
problem -nto the problem of determining the solution of a functional 
equation. 

The functional equations which arise in this way are of a novel type, 
completely different from a'iy of the functional equations ennnntered 
in classical analysis. The particular one we shall employ for purposes 
of discussion in tins chapter is 

(11 /(*) Max 
0        I/  ■     , 

[g (y) + * (« — y) +/(«y + * (* — y))] ■ 

where g and h are known functions and a and b are known constants, 
satisfying the condition 0 <; a, fc < 1. 

After establishing an existence and uniqueness theorem, we shall 
derive some simple properties of the optimal policy which can be deduced 
from simple functional properties of g and h. In particular, we shall 
present the explicit solution of some equations where g and h have 
various special forms. 

The advantage of obtaining these solutions lies in the fact that they 
can be utilized to obtain approximations to the solutions of more compli- 
cated equations, and, what is more important, approximations to the 
associated optimal policies. The subject of approximation leads us to 
the concept of approximation in policy space, of importance and utility 
in both theoretical and practical discussion, and to the discussion of 
the question of the stability of/ under changes in g and h. 

In the second chapter we consider a multi-stage decision process of 
stochastic type in the guise of a gold-mining venture with a delicate 
gold-mining machine.  Here we encounter the equation 

^ f{x,y) -   Max 
| A:  P.r.x +f((l-~rl)x.y)] 

LB: p,[r,y+f(x.(l—r^y)] 
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In addition to pursuing an investigation similar to that given in 
Chapter I, we actually obtain a solution to this equation, and some of 
its generalizations. The solution has a particularly simple and intuitive 
form, and introduces the useful idea of "decision regions." 

We shr>w, however, that some other generalizations do not have as 
simple a structure, and indeed, pose as yet unresolved problems. An 
attempt to obtain approximate solutions to these problems for a parti- 
cular region of parameter space will lead us to the continuous versions 
treated in Chapter VIII. 

Chapter III is devoted to a synthesis of these processes which seem so 
different at first glance. In tliis chapter we analyze the common features 
of the two processes treated in the preceding chapteii, and then proceed 
to formulate general versions of these processes. In this way we obtain 
the functional equation 

(3) /(/>) - Max [g {/-. ?) 4 k (P, q)/{T (p. q))] 

which includes both of the preceding, and a number of equations of 
still more general type. 

Also in this chapter wi explicitly state the "principle of optimality" 
whose mathematical transliteration in the case of any specific process 
yields the functional equation governing the process. The concept of 
"approximation in policy space"  is also discussed in more detail. 

In the following chapter, Chapter IV, a number of existence and 
uniqueness theorems are established for several frequently occurring 
classes of ecjuations having the above form. Our proofs hinge upon a 
simple lemma which enables us to compare two solutions of the equation 
in (8). although these equations are highly non-linear, in many ways 
they constitute a natural generalization of linear equations. For this 
reason alone, aside from their applications, they merit study. 

In Chapter V, we discuss a functional equation derived from a problem 
of much economic interest at the current time, the "optimal inventory" 
problem. Here we show that the various techniques we have discussed 
in the preceding chapters yield the solutions of some interesting particular 
cases. In particular, we show that the method of successive approxima- 
tions is an efficient analytic tool for the discovery of properties of the 
solution and the policy, rather than merely a humdrum means ol obtaining 
existence and uniqueness theorems. There are many different versions 
of the optimal inventory problem and we restrict ourselves to a discussion 
of the mathematical model lirst proposed by Arrow, Harris,.and Marschak, 
and treated also by Dvoretzky, Kiefer, and Wolfowitz. 

xni 
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A particular equation of the type we shall consider is 

(4) /(*) - Mm[g{y~x) + p [s — y) dG (s) + 

+ 

/io,r dG(s) 

We then turn to a study of what we call "bottleneck processes." These 
we define as processes where a number of interdependent activities are 
to be combined for one common purpose, with the level of this principal 
activity dependent upon the minimum level of activity of the components. 

Two chapters are devoted to these problems, the first, Chapter VI, 
of theoretical nature, and the second. Chapter VII, {jiven over to the 
actual details of the complete solution of one particular process. 

The problems that we encounter are particular cases of the general 
problem, apparently not treated before in any mathematical detail, of 
determining the maximum over z of the inner product (x (T), a), where 
A and z are connected by means of the vector-matrix equation 

(•r.) ixJtU — Ax + Bz, x (0) = c, 

and where there is a constraint of the form Cz + Dx </. Here x, z, c 
and/ are vectors and A. B, C and D are matrices. The linearity of the 
operators and fnnctionals constitutes the principal difficulty. 

We might observe parenthetically that it is often thought that line- 
arizing a problem facilitates its solution. On occasion, however, partic- 
ularly in variational problems, it frequently complicates affairs to an 
enormous degree, since this linearization renders classical variational 
techniques largely inapplicable. In return, however, the computational 
solution of particular cases may often be obtained by routine procedures. 

In Chapter VIII, we return to the gold-mining process, and consider 
a continuous version. There are many problems, some of a quite recondite 
nature, associated with the formulation of continuous stochastic decision 
processes. In the processes at hand, we are fortunate in being able to 
sidestep these difficulties. In the continuous version, combining the 
classical variational approach with the techniques employed in previous 
chapters, we are able to solve completely the continuous versions of a 
number of problems that were resolutely intractable in the discrete case. 

We now turn to the calculus of variations in Chapter IX, and show 
that various characteristic problems may be viewed as dynamic 
programming processes of continuous and deterministic  type. 

In geometric terms, the classical formulation is equivalent to con- 
sidering  an  extremal  curve  as a locus of points,   while  the  dynamic 
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programminx  formulation conceives of the extremal  as  the  envelope 
of tangents. 

Taking this latter point of view, we are able to obtain a new formu- 
lation of some parts of the classical theory. In particular, we show how 
to obtain partial differentia] equations, in terms of suitably introduced 
state variables, for the principal eigen-value of the differential equation 

(6) u" + ?*if'(t) u -   0, M(0) = M(1) 

Furthermore, we provide a new computational approach to variational 
problems with constraints. 

In Chapter X, we consider dynamic programming processes involving 
two decision -makers, essentially opposed to each other in their interests. 
This leads to the discussion of multi-stage games, and, in particular, to 
the very interesting class of games called "games of survival." With the 
aid of some heuristic reasoning, we are able to obtain a new rationale 
for non-zero sum games, as a by-product. 

The functional equations encountered in this domain have the general 
form 

(7) / (/.. /.')   -   Max Mm ^J J:,; (/., />', q. </' 

* {p. p'. q. q')S'Jx (/>. />'. </. ?'). Tt ip. P'. 9.9'] 1 dG (</) dG' W)] 

They may be treated by means of the same general methods used in 
Chapter IV to discuss the equation in (3) above. 

In the final chapter, we consider a class of continuous decision processes 
which lead to non-linear differentia' equations of the form 

(8)   - f' = Max    £  tu, (t; q) x,   h b, (</)j, Xi (0) =- Ci, 1 = 1,2 N, 
dl q     ,     r 

together with the corresponding equations derived from the discrete 
process. 

These equations possess amusing connections with some classical 
non-linear equations, as we  indicate. 

In addition to a number of exercises inserted fur pedagogical purj^ses, 
we have included a cross-section of problems designed to indicate the 
scope of the application of the methods of dynamic programming. 

There may be some who will frown upon some of the less than profound 
subjects which are occasionally discussed in the exorcises, and used to 
illustrate \ arious types of processes. We are prepared to defend ourselves 
against the charges of lese majeste in a number of ways, but we prefer 
the two following.  In the first place, interesting mathematics is where 
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you find it. sonu-tirnes in a puzzle concerning the bridges of Koenigsberg, 
sometimes in a prcSlem concerning the coloring of maps, or jjerhaps the 
seating of schoolgirls, perhaps in the determining of winning play in 
games of chance, perhaps in an unexjx-cted regularity in the distribution 
of primes. In the second place, all thought is abstract, and mathematical 
thought especially so. Consequently, whether we introduce our mathe- 
matical entities under the respectable sobriquets of A and B, or by the 
more charming Alice and Hetty, or whether we speak of stochastic 
processes, or the art of gaming, it is the mathematical analysis that 
counts. Any mathematical study, such as this, must be judged, ultimately 
upon its intrinsic content, and not by the density of high-sounding 
pseudo-abstractions with which a text may so easily be salted. 

This completes our synopsis of the volume. Since the processes we 
consider, the functional equations which arise, and the techniques we 
employ are in the main novel and therefore unfamiliar, we have restricted 
ourselves to a moderate mathematical level in order to emphasize the 
principles involved, untrammeled by purely analytic details. Consistent 
with this purpose we have not penetrated too deeply into any one domain 
of application of the theory from either the mathematical, economic, or 
physical side. 

In every chapter we have attempted to avoid any discussion of deeper 
results requiring either more advanced training on the part of the reader 
or more high-powered analytic argumentation. Occasionally, as in 
Chapter VI and Chapter IX, we have not hesitated to waive rigorous 
discussion and proceed in a frankly heuristic manner. 

In a contemplated second volume on a higher mathematical level, we 
propose to rectify some of these omissions, and present a number of 
topics of a more advanced character which we have either not mentioned 
at all here, mentioned in passing, or sketched in bold outline. It will 
be apparent from the text how much remains to be done. 

In this connection it is worth indicating a huge, important, and 
relatively undeveloped area into which this entire volume represents 
merely a small excursion. This is the general study of the computational 
solution of multidimensional variation..! problems. Specifically we may 
pose the general problem as follows: (men a process with an associated 
variational problem, how do we utilize the special features of the process 
to construct a computational algorithm for solving the variational 
problem ? 

Dynamic programming is designed to treat multi-stage processes 
possessing certain invariant aspects. The theory of linear programming 
is designed to treat processes possessint; certain features of linearity, and 
the elegant "simplex method" of C  Dantzig   to  a large extent solves 
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the problem for these processes. For certain classes of scheduling oro- 
cesses, there ar? a variety of iterative and relaxation methods. In particu- 
lar, let us note the methods of Hitchcock, Koopmans, and Flood for 
the Hitchcock-Koopmans transportation problem, and the "flooding 
technique" of A. Boldyreff for railway nets. Furthermore, there is the 
recent theory of non-linear programming of H. Kuhn and A. W. Tucker 
and E. Beale. The study of computational techniques is, however, in 
its infancy. 

We have taken as our audience al' those interested in variational prob- 
lems, including mathematicians, statisticians, economists, engineers, 
operations analysts, systems engineers, and so forth. Since the interests 
of various members of this audience overlap to only a slight degree, some 
parts of the book will be of greater interest to one group than another. 

For first readings we suggest the following programs: 

Mathematician: Chapters I, II  III, IV, IX, X 
Economist: Chapters I, II, III, V, IX 
Statistician: Chapters I, II, III, IX. X, XI 
Engineer: Chapters I, II, III, IX 
Operations Analyst: Chapters I, II, III, V, IX, X 

Finally, before ending this prologue, it is a pleasure to acknowledge 
my indebtedness to a number of sources: First, to the von Neumann 
theoi, of games as developed by J. von Neumann, O. Morgenstern, and 
others, a theory which shows how to treat by mathematical analysis 
vast classes of problems formerly far out of the reach of the mathe- 
matician—and relegated, therefore, to the limbo of imponderables—and, 
simultaneously, to the Wald theory of sequential analysis, as developed 
by A. Wald, D. Blackwell, A. drshick, J. Wolfowitz, and others, a 
theory which shows the vast economy of effort that may be effected by 
the proper consideration of multi-stage testing processes; second, to a 
number of colleagues and friends who have discussed various aspects of 
the theory with mc and contributed to its clarification and growth. 

Many of the results in this volume were obtained in collaboration 
with fellow mathematicians. The formulation of games of survival was 
obtained in conjunction with J. P. LaSalle; the results on the optimal 
inventory equation were obtained together with I. Glicksberg and O. 
Gross; the results on the continuous gold-mining process in Chapter VIII 
and the results in Chapter VI1 con« ruing specific bottleneck processes 
were obtained together with S. Lehman; a number of results obtained 
with H. Osborn on the connection between characteristics and Euler 
equations, ai.J on the convergence of discrete gold-mining processes to 
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the continuous versions will not appear in this volume. Nor shall we 
include a study of the actual computational solution of many of the 
processes discussed below, in which we have been engaging in conjunction 
with S. Dreyfus. 

I should particularly like to thank I. r.licksberg. O. Gross and A. 
Boldyieff who read the final manuscript through with great care and 
made a number of useful suggestions and corrections, and S. Karlin 
and H. N. Shapiro who have done much valuable work in this field and 
from whose many stimulating conversations I have greatly benefited. 

Finally, I should like to record a special debt of gratitude to O. Helmer 
and E. W. Paxson who early appreciated the importance of multi-stage 
processes and who, in addition to furnishing a number of fascinating 
problems arising naturally in various important applications, constantly- 
encouraged me in my researches. 

Santa Monica, California RICHARD BELLMAN 

xvm 



Contents 

TKEI-ACE  VÜ 

CHAPTER I 

A MULTI-STAGE ALLOCATION PROCESS 

SECTION 

1.1 Introf'iction  3 
1.2 A multi-stage allocation process  4 
1 ..'i    Discussion  .r> 
1.4 Functional equation approach  7 
1.5 Discussion  9 
1.6 A mnlti-dimensional maximization problem  10 
1.7 A "smoothing" problem  10 
1.^    Infinite stage approximation  11 
1.9 Existence and uniqueness theorems  12 
1.10 Sucoewive approximations  l<> 
1.11 Approximation in policy space  16 
1.12 Properties of the solution—I: Convexity  li» 
1.13 Properties of the solution     II: Concavity  20 
1.14 Properties of the solution- III: Concavity  22 
1.15 An "omery" example  25 
1.16 A particular example     I  26 
1.17 A particular example     11  88 
1.18 Approximation and stability  29 
1.19 Time-dependent processes  30 
1.20 Multi-activity processes  31 
1.21 Multi-dimensional structure theorems  33 
1.22 Locating the uni(pie maximum of a concave function   ... 34 
1 .23 Continuity and memory   .              37 
1.24 Stochastic allocation {vocosses  38 
1.25 Functional equations  39 
1 . 26 Stieltjes integrals  40 

Exercises and research problems  40 
Bibliography and comments  59 

xix 



CONTENTS 

CHAPTER II 

A STOCHASTIC MULTI-STAGE DECISION PROCESS 

SECTION 

2.1 Introduction  61 
2.2 Stochastic gold-mining  61 
2.3 Enumerative treatment  62 
2.4 Functional equation approach  63 
2.5 Infinite stage approximation  63 
2.6 Existence and uniqueness  64 
2.7 Approximation in policy space and monotone convergence . 65 
2.8 The solution  66 
2.9 Discussion  69 
2.10 So- ic generalizations  69 
2.11 The form of/(x.y)  71 
2.12 The problem for a finite number of stages  72 
2.13 A three-choice problem  74 
2.14 A stability theorem  76 

Exercises and research problems  77 
Bibliography and comments  79 

CHAPTER III 

THE STRUCTURE OF DYNAMIC 

PROGRAMMING PROCESSES 

3.1 Introduction  81 
3.2 Discussion of the two preceding processes  81 
3.3 The principle of optimality  83 
3.4 Mathematical formulation—I. A discrete deterministic process 83 
3.5 Mathematical formulation     II. A diccrete stochastic process 85 
3.6 Mathematical formulation—III. A continuous deterministic 

process  86 
3.7 Continuous stochastic processes  87 
3.8 Generalizations  87 
3.9 Causality and optimality  87 
3.10 Approximation in policy space  88 

Exercises and research problems  90 
Bibliography and comments  115 

\.\ 



CONTENTS 

CHAPTER IV 

EXISTENCE AND UNIQUENESS THEOREMS 

SECTION 

4.1 itroduction  116 
4.2 A fundamental inequality  117 
4.3 Equations of type one  119 
4.4 Equations of type two  121 
4.5 Monotone convergence  122 
4.6 Stability theorems  123 
4.7 Some directions of generalization  124 
4.8 An equation of the third type  125 
4.9 An "optimal inventory" equation  129 

Exercises and research problems  132 
Bibliography and comments  151 

CHAPTER V 

THE OPTIMAL INVENTORY EQUATION 

5 1    Introduction  152 
5.2 Formulation of tli-c general problem  153 

A. Finite total time period  154 
B. Unbounded time period—discounted cost  156 
C. Unbounded time period—partially expendable items .   . 156 
D. Unbounded time period—one period lag in supply  .   .   . 156 
E. Unbounded time period—two period lag  157 

5.3 A simple observation  157 
5.4 Constant stock kvel—preliminary discussion  158 
5.5 Proportional cost—one-dimensional case  159 
5.6 Proportional cost—muki-dimensional case  164 
5.7 Finite time period  166 
5.8 Finite time—multi-dimensional case  169 
5.9 Non-proportional penalty cost—red tape  169 
5.10 Particular cases.   .  171 
5.11 The form of the general solution  171 
5.12 Fixed costs  172 
5.13 Preliminaries to a discussion of more complicated policies . 173 
5.14 Unbounded process—one period time lag  173 
5.15 Convex cost function—unbounded process  1 n> 

Exercises   .id research problems         ... 178 
Bibliography and comments  182 

xxi 



CONTENTS 

CHAPTER VI 

BOTTLENECK PROBLEMS IN MULTI-STAGE 

PRODUCTION PROCESSES 
SECTION 

6.1 Introduction  183 
6.2 A general class of multi-stage production prohlems    .... 184 
6.3 Discussion of the preceding model  187 
6.4 Functional equations  188 
6.5 A continuous version  189 
6.6 Notation  191 
6.7 Dynamic programming formulation  192 
6.8 The basic functional equation.   .   .  192 
6.9 The resultant nonlinear partial differential equation .   .   .   .193 
6.10 Application of the partial differential etjuation  193 
6.11 A particular example  194 
6.12 A dual problem  197 
6.13 Verification of the solution given in § 10  200 
6.14 ('omputational solution  202 
6.15 Nonlinear problems  203 

Exercises and research problems  204 
Bibliography and comments  205 

CHAPTER VII 

BOTTLENECK PROBLEMS: EXAMPLES 

7.1 Introduction  207 
7.2 Preliminairies  209 
7.3 Delta-functions  211 
7.4 The solution  211 
7.5 The modified w solution .   .   -.  214 
7.6 The equilibrium solution  215 
7.7 A short-time ^'solution  217 
7.8 Description of solution and proof  218 

Bibliography and comments  221 

CHAPTER VIII 

A CONTINUOUS STOCHASTIC DECISION PROCESS 

8.1     Introduction  222 
8.9 Continuous versions—1:  A differential approach "  223 
8.3    Continuous versions—II:  An mtegml approach  224 

xxii 



CONTENTS 

SECTION 

H.4    Preliminary discussion 224 
8..r)    Mixing at a point 226 
8.6 Reformulation of the gold-mining process 227 
8.7 Derivation of the differential equations 227 
8.8 The variational procedure 228 
8.9 The behavior of AT« 229 
8.10 The solution for T = oo 230 
8.11 Solution for finite total time 231 
8.12 The three-choice problem    . 233 
8.13 Some lemmas and preliminary results 234 
8.14 Mixed policies 235 
8.15 The solution for infinite time,/;> 0 23fi 
8.16 /J < 0 240 
8.17 The case rs = r4 241 
8.18 Nonlinear utility—two-choice problem 242 

Bibliography and comments 244 

CHAPTER IX 

A NEW FORMALISM IN THE CALCULUS OF VARIATIONS 

9.1 Introduction 245 
9.2 A new approach 246 

9.3 Max F{x.v)dt 248 
v   Jo 

9.4 Discussion 251 
9.5 The two-dimensional case 251 

9.6 Max {7 F{x,v)dt 252 
v    1° 

rr 
9.7 Max        F {x, y) dt nndcT the constrviint 0 <. y <, x    ....  253 

v   Jo 
9.8 Computational solution 254 

'9.9    Discussion 2f5 
9.10 An example 256 
9.11 A discrete version 258 
9.12 A convergence proof 260 

9.13 Max C F[x,v.t)dt      263 
v    JO 

9.14 Generalization and discussion  264 
9.15 Integral constraints  265 
9.18 Further remarks concerning numerical solution  266 
9.17  Eigenvalue problems  267 

xxiii 



CONTENTS 

SF.CTION 

9.18 The first formulation  268 
9.19 An approximate solution  269 
9.20 Second formulation  27' 
9.21 Discrete approximations  270 
9.22 Successive approximation  271 
9.23 Monotone approximation  272 
9.24 Uniqueness of solution  273 
9.25 Minimum maximum deviation  273 

Exercises and research problems  274 
Hibliography and comments  282 

CHAPTER X 

MULTI-STAGE GAMES 

10.1 Introduction  283 
10.2 A single-stage discrete game  284 
10.3 The min-mav theorem ■  285 
10.4 Continuous games  286 
10.5 Finite resources  287 
10.6 Games of survival  287 
10.7 Pursuit games  28« 
10.8 General formulation  289 
10.9 The principle of optimality rmd functional equations.   .   .   . 291 
10.10 More general process  292 
10.11 A basic lemma  294 
10.12 Existence and uniqueness  295 
10.13 Proof of results  297 
10.14 Alternate proof of existence  299 
10.15 Successive approximations in general    .  300 
10.16 Effectiveness of solution  3(K) 
10.17 Further results  302 
10.18 One-sided min-max  302 
10.19 Existence and uniqueness for games of survival  308 
10.20 An approximation  306 
10.21 Non-zero-sum games — games of survival  307 
10.22 An approximate solution  .$08 
10.23 Proof of the extended min max theorem  308 
10.'z4   A rationale for non-zero sum games  309 

Exercises and research problems  310 
Bibliography and comments  315 

xxiv 



roNTF.NTS 

CHAPTER XI 

lAKKOVIAN DFXISION PROCESSES 

SECTION 

11.1 Introduction  317 
11.2 Markovian decision processes  317 
11.3 Notation  319 
11.4 A lemma  320 
11.5 Existence and uni()ueiiess-I  321 
11.6 Existence and uniqueness—II  324 
11.7 Existence and uniqueness    III  325 
11.8 The Riccati equation  325 
11.9 Approximation in policy space  326 
11.10 Discrete \eisions  328 
11.11 The recurrence relation  330 
11.12 Min-max  332 
11.13 (icneralization of a Von Neumann result  332 

Exercises and research problems  334 
Bibliography and comments  336 

Index of applications  339 
Name and subject index  341 

XAV 



DYNAMIC PROGRAMMl G 



CHAPTER I 

A Multi-Stage Allocation Process 

§ 1. Introduction 

In this chapter we wish to introduce the reader to a representative 
class of problems lying within the domain of dynamic programming and 
to the basic approach we shall employ throughout the subsequent pages. 

To begin the discussion we shall consider a multi-stage allocation 
process of rather simple structure which possesses many of the elements 
common to a variety of processes that occur in mathematical analysis, 
in such fields as ordinary calculus and the calculus of variations, and 
in such applied fields as mathematical economics, and in the study of 
the control of engineering systems. 

We shall first formulate the problem in classical terms in order to 
illustrate some of the difficulties of this straightforward approach. To 
circumvent these difficulties, we shall then introduce the fundamental 
approach used throughout the remainder of the book, an approach based 
upon the idea of imbedding any particular problem within a family of 
similar problems. This will permit us to replace the origiml multi- 
dimensional maximization problem by the problem of solving a system 
of recurrence relations involving functions of much smaller dimension. 

As an approximation to the solution of this system of functional 
equations we are lead to a single functional equation, the equation 

(1) /{*) Max    [g (y) + A (x - y) + f (ay + b(x — y))]. 

This equation will be discussed in some detail as far as existence and 
uniqueness of the solution, properties of the solution, and particular 
solutions are concerned. 

Turning to processes of more complicated type, encompassing a greater 
range of applications, we shall first discuss time-dependent processes 
and then derive some multi-dimensional analogues of (1), arising from 
multi-stage processes requiring a number of decisions at each stage. 
These multi-dimensional equations give rise to some difficult, and as 
yet unresolved, questions in computational analysis. 

In the concluding portion of the chapter we consider some stochastic 
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versions of these allocation processes. As wc shall see, the same analytic 
methods suffice ^or the treatment of both stochastic and deterministic 
processes. 

§ 2. A multi-stage allocation process 

Let us now proceed to describe a multi-stage allocation process of 
simple but important type. 

Assume that we have a quantity x which wc divide into two non- 
negative parts, y and x — y, obtaining from the first quantity y a 
return of g (y) and from the second a return of A (x —y).1 If we wish 
to perform this division in such a way as to maximize the total return 
we are led to the analytic problem of determining the maximum of 
the function 

(1) R> {x. y)=g(y) + h{x~y) 

for all y in the interval [0, *]. Let us assume that g and h are continuous 
functions of x for all finite ;t > 0 so that this maximum will always exist. 

Consider now a two-stage process. Suppose that as a price for obtaining 
the return g (y), the original quantity y is reduced to ay, where a is a 
constant between 0 and 1, 0<; a < 1, and similarly x — y is reduced 
to b {x — y), 0<. b ■< 1. as the cost of obtaining h (x — y). With the 
remaining total, ay -f- h (x — y),  the process is now repeated.  We set 

(2) ay + b(x — y) =. x, = y, -f (x, — y,) 

for Ü5C y, <; AT,, and obtain as a result of this new allocaMon the return 
g (y,) + A(x1--y,) at the second stage. The total return for the two- 
stage  process is then 

(3) Kt (x. y, y.) = g (y) +h(x — y)+g (y.) + A (^ — y.) 

and the maximum return is obtained by maximizing this function of 
y and y, over the two-dimensional region determined by the inequalities 

(4) a.  0<y<,x 

b. 0 < y, < AT, 

Let us turn our attention now to the A'-stage process where we repeat 

1 The units of the return are, in this case, different from the units of x. Thus, 
for example, x may be in dollars, and g (v) may be man-hours of service from machines 
purchased with the y dollars. In other cases, occurring in multi-stage investment 
problems, or multi-stage production problems, this will not be so, in that the units 
of the return will be the same as that of the resources, or a mixture of both situations 
will occur.  Wc arc considering the simplest case here. 
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the afxjve operation of allocation Ar times in succession. The total return 
from the A'-stage process will then he 

(5) RN (x, y,yx yx - i) = g (y) + h(x —y) + p (y,) 

+ A (*, — y,) + ... -f £ (yx - i) -f /» (^JV - i — ym _ i), 

where the quantities availahle for suhsecjuent allocation at the end of 
the first, second {N — l)st stage are given hy 

(6) xl       =ay + b{x — y).0<y<x, 

*»       = ay, -f 6 (^r, — y,), 0<.y1<,xl, 

x\ _ i = ay.v _ 2 -f- /> (xN -2 — y* _ 2), 

0 ■<:yN-2<. xN -2,      0 <C y.v _ 1 <: ATAT - 1 

The maximum return will he obtained by maxinizing the function R.\ 
over th*1 A'-dimensional region in the space of the variables y, y,,..., 
y,v - 1,  described by the relations in (6). 

§ 3.  Discussion 

In setting out to solve this problem, the temptation is, quite naturally, 
to use calculus. If the absolute maximum occurs inside the region, which 
is to say if all the yj satisfy the strict inequalities 0 < y, < Xi, and if 
the functions g {x) and h (x) possess derivatives, we obtain for the 
determination of the maximizing yi the system of '-quations, 

(1)   g' (y.v -1) — A' {XN -1 — y* -1) = <» 

H' (y.v - 2) — h' (A,V - 2 — y.v - 2) + (« — 6) h' {xs _ 1 — y.v _ 1) = 0 

g' {y, + h'(x — y) + (a — h) h' («, — y,) -f ... =0, 

upon taking partial derivatives. However, in the absence of this know- 
ledge, since we are interested not in local maxima, but in the absolute 
maximum, we must also test the bcundarv values y, 0 and .v,, and 
all combinations of boundary values and internal maxima. Furthermore, 
if the solution of the equations in (1) is not unique, we must run through 
a set of conditions sufficient to ensurr our having a maximum and not 
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a minimum or a mere local maximum. It is evident that for problems 
of large dimension, which is to say for processes involving a large number 
of stages, a systematic procedure for carrying out this program is urgently 
required to keep the problem from getting out of hand. 

Suppose that we abdicate as an analyst in the face of this apparently 
formidable task and adopt a defeatist attitude. Turning to the succor 
of modern computing machines, let us renounce all analytic tools. 
Consider, as a specific example, the problem posed by a 10-stage process. 
Then, if we wish to go about the determination of the maximum 
in a rudimentary fashion by computing the value of the function 
/?io = Rio {y, Vi, ..., y9) at suitably chosen lattice points, we may pro- 
ceed to divide all the intervals of interest, 0 2S y <; *, 0 <; Vi <; *,, . .., 
0 5^ y, < xt, into, say, ten parts, and compute the value of Rl0 at each 
of the I010 points obtained in this manner. 1010 is, however, a number 
that commands respect. Even the fastest machine available today or in 
the near future, will still require an appreciable time to determine the 
solution in this manner. 

To give some idea of the magnitude of 1010, note that if the machine 
took one second for the calculation of ^U1 at a lattice i>oint, storage and 
comparison with other values, the computation of 1010 values would require 
2.77 million hours; if one millisecond, then 2.77 thousand hours; if one 
micro second, then 2.77 hours. This last seems fairly reasonable. Observe, 
however, that if we consider a 20-stage process, we must multiply any 
such  value by  1()10. i.e., 10"       K)10 • 1010. 

Needless to say, there are various ingenious techniques that can be 
employed to cut this time down. Nonetheless, the method sketched 
above is still an unwieldy and inelegant method of attack. 

Furthermore, it should be realized that if we are sufficiently interested 
in the solution of the above decision process to engage in computations, 
we will, in general, wish to compute the answer not only for one particular 
value of x, but for a range of values, not only for one set of values of 
a and h but for a set of values, and not only for one set of functions 
g and h, but for a class of functions. In other words, we will perform a 
sensitivity analysis or stability analysis of the solution. Any such sensi- 
tivity analysis attempted by the above methods will run into fairly 
large computing times. 

One of the aspects of the situation viewed in these terms which is 
really disheartening is that this problem is, after all, only the conse- 
quence of a very, almost absurdly, simple version of an applied problem. 
It is clear that any modification of the problem in the direction of 
realism, say subdivision of x into more than two parts, which is to say 
an increase in the number of activities we can engage in, or an increase 

6 
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in the types of resources, will increase the computing time at an expo- 
nential rate. 

Furthermore, as we have pointed out in the Preface, we must realize 
that the essential purpose in formulating many of these mathematical 
models of the universe, economic, physical, biologic, or otherwise, is not 
so much to calculate numbers, which are in many cases of dubious value 
because of the lack of knowledge of some of the basic constants and 
functions involved, but rather to determine the structure of the solution. 
Concepts are, in many processes, more important than constants. 

The two, however, in general go hand-in-hand. If we have a thorough 
understanding of the process, we have means, through approximation 
techniques of various sorts, of determining the constants we require. 
Furthermore, in the processes occurring in applications, of such enormous 
complexity that trial and error computation is fruitless, it is only by 
having an initial toe-hold on the solution that we can hope to use com- 
puting machines effectively. 

(ioing back to the idea of the intrinsic structure of a solution, we may 
ask what it is that we really wish to know if we are studying a process 
of this type. Naturally, we would like to obtain the point (y, y,, .. ., yA) 
at which the maximum occurs, and any solution must furnish this. But 
from the point of view of a person carrying out the process, all that is 
really required ai any particular stage of the process is the value of y 
in terms of x, the resources available, and N, the number of stages 
ahead; that is to say, the allocation to be made when the quantity 
available is ,v and-the number of stages of the process remaining is N. 
Viewed as a multi-stage process, at each stage a one-dimensional choice 
is made, a choice of y in the interval [0, «], It follows 2 that there should 
be a formulation of the problem which preserves this dimensionality 
and saves us from becoming bogged down in the complexities of multi- 
dimensional analysis. 

ij 4. Functional equation approach 

Taking this as our goal, namely the preservation of one-dimensionality, 
let us proceed as follows. We first observe that the maximum total return 
over an A'-stage process depends only upon Ar and the initial quantity x. 
Let us then define the function, 

(1) />■ {x) = the maximum return obtained from an A'-stage process 
starting with an initial quantity x, for A'= 1,2, ..., 
and ^ r> 0. 

As an application of the useful principle of wishful thinking. 
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We have 

(2) fs (-v) = Max RN {x.y y N- I), N ^ 2, 3, . 

with 

(3) /, (*)   -     Max   [f (y) + * (S —y)]. 
0 < » < x 

Our first objective is to obtain an equation for/, (A) in terms of/, (*). 
Considering the two-stage process, we see that the total return will be 
the return fro n the first stage plus the return from the second stage, 
at which stage we have an amount ay + h {x —y) left to allocate. It is 
clear that whatever the value of y chosen initially, this remaining amount, 
ay + b{x — y), must be used in the best possible manner for the re- 
maining stage, if we wish to obtain a two-stage allocation which 
maximizes. 

This observation, simple as it is, is the key to all of our subsequent 
mathematical analysis. It is worthwhile for the reader to pause here a 
moment and make sure that he really agrees with this observation, 
which has the deceptive simplicity of a half-truth. 

It follows that as a result of an initial allocation of y we will obtain 
a total return of /, (ay + h (x — y)) from the second stage of our two 
stage process, if y, is chosen optimally. Consequently, for the total 
return from the two stage process resulting from the initial allocation 
of y, we have the expression 

(4) ^2 (*, y, yi) = g (y) + * (* — y) + U («y + MA- — y)) • 

Since y is to be chosen to yield the maximum of this expression, we 
derive  the  recurrence  relation 

(5) /, (.v) =    Max   \g (y) + A (^ — y) + /. (ay + 6 (* y))] 

connecting the functions /i (A) and /, (.v). Using precisely the same 
argumentation for the iV-stage process, we obtain the basic functional 
equation 

(6) fs [x] =   Max   \g (y) + * (* — y) + /N _ x (ay + b (x — y))] 

for N > 2, with /, (*) defined as in (3) above. 
Starting with/! (x), as determined by (3), we use (6) to compute/2 (x), 

which, in turn, repeating the process, yields/, (.v), and so on. At each 
step of the computation, we obtain, not only/v- (x), but also y* (x), the 
optimal allocation to be made at the beginning of a A;-stage process, 
starting with an amount x. 

8 
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The solution, then, consists of a tabulation of the jccjuence of functions 
iyt (*)} and {/* (*)} for ^ ^ 0. A- - 1, 2  

Given the sequence of functions {y* (v)}, the solution of a   specific 
problem, involving a given A' and a given x has the form 

(7) y = y.v W. 

yx = y.v - i (ay + b(x — y)), 

y, = y^ - 2 (ay, -f * (AT, — y,)). 

y^r - i =- y, (ay.v - 2  I  bKxN-i —y s -2)), 

where (y, y,, .. ., y.v - 1) is a set of allocations which maximizes the total 
.V-stage return. 

A digital computer may be programmed to print out the sequence of 
values r, Vi yjv - 1, in addition to tabulating the sequences {/* (x)} 
and {yt (x)}. 

§ 5. Discussion 

The important fact to observe is that we have attempted to solve a 
maximization problem involving a particular value of x and a particular 
value of N by first solving the general problem involving an arbitrary 
value of x and an arbitrary value of AT. In other words, as we promised 
in the first section, we have imbedded the original problem within a 
family of similar problems. We sha'l exploit this basic method of mathe- 
matical analysis throughout the book. 

What are the advantages of this approach? In the first place, we have 
reduced a single A'-dimensional problem to a sequence of Ar one- 
dimensional problems. The computational advantages of this formulation 
are obvious, and we shall proceed in the next sections to show that there 
are analytic advantages as well, as might be suspected. As we shall see, 
we will be able to obtain explicit solutions for large classes of functions 
g and h, which can be used for approximation purposes. This point will 
be discussed again below. Furthermore, we will be able to determine 
many important structural features of the solution even in those cases 
where we cannot solve completely. The utilization if structural properties 
of the solution and the reduction in dimension combine to furnish 
computing techniques which greatly reduce the time required to solve 
the original problem. We shall return to this point in connection with 
some multi-dimensional  versions. 
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§ 6. A multi-dimensional maximization problem 

liefore proceeding to a more detailed theory of the processes described 
above, let us digress for a moment and briefly present two further 
applications of the general method. 

For the first application, consider the problem of determining the 
maximum of the function 

(1) F(Xi.X ,*JV) m,   E gi{Xi) 
i - I 

over the region detined by 

(2) {a.) xl -{- xt + ... -\- xN =-- c . 

(b) xt > 0. 

Each function gi {x) is assumed to be continuous for all ;t > 0. 
Since the maximum of F depends only upon c and Ar, let us define 

the sequence of functions 

(3) /.v (c) — Max F [x^, xt. **] 

for c >0 and Ar = 1,3  
Then, arguing as above, we have the recurrence relation 

(4) 

for N 

(5) 

fN (c) ==   Max  [gN (.v) + /v - i (c — x)], 
0 < x <e 

2, 3, with 

A [c) = tx (e) ■ 

§ 7. A "smoothing" problem 

As the second application, let us consider the problem of determining 
the sequence (A;*} which minimizes the function 

.V A 

(1) F (*„ x%, . .., XN) =  2"" gk (xk — fk) +  i' hk (Xk — Xk - i). 

Here {r*} is a given sequence, Xo = c a given constant, and we assume 
that the functions gk (x) and hk (*) are continuous for all finite x. and 
that gk (x), A* (*) -> oo as | * | ->- oo. 

The genesis of this problem, explaining its name, will be discussed 
in the exorcises. 

10 
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Let us define the sequence {/« (c)}, R = I, 2, ..., N, by the property 
that/Ä (C) is the minimum over all *«, XR + I tjv of the function 

.v M 
FR =   £  gk (xk — r*) -f-   £  hk (xk — AT* _ i). 

k - R k - R 
(2) 

where XR-\ = C. 

We have 

(3) fN (c) =- Min [gN {x — rjr) + hN (x — c)]. 

and 

(4) /« («) - Min [f« (« — r«) + A« (x — c) + /« +1 («)] , 
JT 

for Ä = 1, 2 TV— 1. 

§ 8. Infinite stage approximation 

Let us now return to the allocation process. The treatment we present 
here serves as a prototype for the discussion of a number of multi-stage 
processes, of diverse origin, but s.milar analytic structure. 

If iV is large, it is reasonable to consider as an approximation to the 
A'-stage process, the infinite stage process defined by the requirement 
that the process continue indefinitely. Although an unbounded process 
is always a physical fiction,' as a mathematical process it has many 
attractive features. One immediate advantage of this approximation 
lies in the fact that in place of tlie sequence of equations given by (4.6), 
wc now have the single eq  .ition 

(1) /(x)=   Max   [g(y) +/,(* —y) +/{ay+ M*-y))] 

satisfied by/(AT), the total return of the process, with a single allocation 
function y = y{x), determined by the equation. 

To balance this, we encounter many of the usual difficulties associated 
with infinite processes. It is, first of all, no longer clear that a maximum 
exists rather than a supremum. This is to say, there may be no allocation 
policy which actually yields the total return /(A). Furthermore, if we 
wish to employ (1) in an unrestricted fashion to determine properties 
of the infinite process, we must show that it possesses no extraneous 
solutions. In other words, we must establish existence and uniqueness 
theorems if this equation is to serve a useful purpose. 

3 We shall occasionally use the word "physical" to describe the "real" world. 
It should be interpreted to mean economic, biological, engineering, etc., depending 
upon the background and ii.terests of the reader. 
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§ 9. Existence and uniqueness theorems 

The result we obtain in this section is actually a special case of a 
more general result we shall derive in a later chapter. Repetition, however, 
no matter how dismaying as a social or literary attribute, is no great 
mathematical sin, and it is important to present the simpler case first, 
enabling the basic ideas to appear unimpeded by technicalities of lesser 
import. 

Let us now demonstrate 

THEOREM 1. Let us assume that 

(1)        a. g (x) and h (x) are continuous functions of x for 

x^O,g(0) -A(0) =0. 

b. // m [x] =   Max   Max {\ g (y) \. \ h{y) \), and 
0 < y < x 

c = Max (u, h), then L M (cn x) < oo for all x ^> 0. 
» - o 

c.   0 < a < 1, 0 <: 6 1 . 

Under these assumptions, there is a unique solution to (8.1) which is con- 
tinuous at x — 0, and has the value 0 at this point; moreover, this function 
is continuous. 

Before proceeding to the proof, let us digress for a moment and 
consider the important special case where g and h are both non-negative. 
The sequence {fs {x)} as given by (4.6) is a monotone increasing sequence, 
with boundedness a consequence of condition (lb), as we shall show 
below in a moment. Consequently, for all x > 0, fx (x) converges to a 
function f(x) as iV—> oo. 

Let us show that this function satisfies the equation 

(2) / (*) =    Sup    [g (y) +h(x~y) +f(ay + b(x- y))]. 

To simplify our notation, let us set 

(3) T (f y) = g(y) + h (x - y) + /(ay + b(x-y)). 

The basic recurrence relation is then 

(4) fy + i(x) =   Max   T(fx.y) 
0 < y < x 

12 
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From (4) we obtain as a consequence of the monotonicity in iV, 

(5) /(*) ^   Max   T{fN,y). 
o < p < * 

For any y in the interval [0, AT], this means that the inequality 

(6) /W^r(A,y) 
holds. Letting N -> oo, this yields 

(7) f{x)>T(/,y) 

for all y in |0, x], which, in turn, leads to the result 

(8) /(x)>   Sup   Ti/.y). 
0 < y < x 

We cannot write   Max   since we have no guarantee that the 
o < y < z 

limit function/(x) is actually continuous as a function of x. 
On the other hand, from (4) we also obtain 

(9) /* ♦ x («) 

for all N, and thus 

(10) 

;   Sup   T(f.y) 

/W<:   Sup   T{f.y). 
o <v <* 

Comparing (8) and (10), we obtain (2). 
One of the defects of this proof based solely upon monotonicity is 

that it does not yield the continuity of the limit function, a result which 
implies the existence of an optimal policy. This optimal policy is a 
function y (x) which yields the maximum in 

(H) f(x) =   Max   T{f.y). 
U < y < x 

when the maximum exists. 
The existence of an optimal policy for the infinite process is directly 

of no particular importance computationally, or as far as applications 
are concerned. It is, however, of great importance in connection with 
the determination of the structure of optimal policies for the infinite 
process. Thus, indirectly, the question of the existence of continuous 
solutions is significant as far as numerical results are concerned, since 
the solution of the infinite process can be used as an approximation to 
the solution of the finite. 

In order to establish the existence and  uniqueness of a continuous 

IS 
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solution of (11), we shall employ a technique that is applicable to a large 
class of equations of this type, the method of successive approximations. 
We shall, however, encounter monotonicity arguments again in later 
chapters. 

Turning to the recurrence relations in (4), let us begin with the obser- 
vation that/, (*) is continuous for all ^ > 0 by virtue of the assumptions 
made concerning g (x) and h {x). It follows, inductively, that each 
element of the sequence {/*{*)} is continuous. It is worth pointing 
outi however, that he location of the maximizing y need not depend 
continuously upon x. In other words, the policy is not necessarily a 
continuous function of x. An example of this is given in § 15. 

Let ys (x) be a value of y which yields the maximum in (4). It is a 
matter of indifference as to which value of y we choose, if there is more 
than one value producing the maximum. Then we have 

(12) fs + i (*) = T {fN,yN), 

/v + 2 (AT) = T [Jm + i, ys + i) 

and, as a consequence of the maximum property of the y^v, the further 
inequalities 

(13) /* +1 («) — T (/JV. ys) > T [fs, ys ♦ i) 
/* + i («) -« T [fs -t i, y.v + i) ^ T (Js + i, ys) 

These, in turn, yield 

(14)        fs -r i (AT) —fs + 2 («) > T (fs, ys + i) — T (fs + i, ys + i) 

<, T {fs, ys) — T [fs + \, y.v) 

The two inequalities combined yield the important estimate 

(16)    l/.v f i (*) —fs + 2 W |^ Max [ | T [fs. y.v + i) — T (fs + i, y.v + i) | 

|r(/.v,y^)-r(/v + i,y.v) IJ- 

Turning to the definition of T{f,y) given in (3), we see that 

(16) \T(fs,ys) — T{fs + -i,ys)\ 

= \fs [ays +h(x — ys)) —fs f i (ayAT -[- b [X — y.v)) | 

Let us now define 

(17) M.V [x) =    Max   \fs (*) —fs ~i[z) \ , N = 1,2, . . . 
0 < i < z 

14 
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Since ay -f 6 (x —y) <Z ex for all y in [0, x\, the relation in (16) yields 

(18) UN*\{X)<.HM'.X). 

It remains to estimate M, (*). Wt- have, referring to the equations 
for/, (*) and/,(;<;), the relation 

(19) I/. W -h M I ^ Max | I/, (ay. + *(»— y.) |, 

l/.(ay. + *(^ —y.) |]^«(M). 

using the definition of w (*) given in (lb). 
Hence we see that M, (AC) <, m(cx), and thus, using (17), that MAT (A;) 

■<, m {cs + l x). By virtue of our assumption concerning m (x) it follows 
oo 

that E M.V (x) converges for all x, and what is important, uniformly in 
N - i 

any finite interval. The limit function/(x) =   lim fs (AT), inconsequence, 
JV —* oo 

exists and is continuous for all x. Furthermore, the uniformity of con- 
vergence ensures that /(*) is a solution of (6.1). 

It remains to establish the uniqueness of the solution. Let F {x) be 
any other solution which exists for all x and is continuous at A; = 0, 
with F (0) = 0. 

In the equation 

(20) /(*)-   Max    7(/.y), 
o < * < * 

let y = y (x) be a value of y which yields the maximum, and \ciw = w (x) 
play the similar role in 

(21) F (*) =    Max   T [F. y). 
0 < y < i 

Then, as above, we obtain the two inequalities, 

(22) f(x)=.T{f,y)>T{f.w) 

F(x) =,T(F.») >T(F.y). 

and, as before, this leads to 

(23) !/(,) —F(*) | < Max [ ( T (/, y) -T(F. y) \. \ T (/, w) -T{F,w)\]. 

<Z Max [ \/{ay + b(x — y))—F{ay + b(x—y)) |, 

\f(aw + b{x — w)) —F{aw + b{x — w)) |]. 

Let us now define 

(24) '.i(x)=   Sup   |/(,)—F(*) |. 
0 < / < r 

15 
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Since /{x) is continuous for all x 2^ 0 and F (*) is, by assumption, con- 
tinuous at x = 0, we see that w (x) is continuous at AT — 0 and has the 
value 0 there. 

Fron» (23) we obtain 

(25) 

whence, by iteration, 

(26) 

u{x)<.u (ex), 

u(x)<.u (c* x), 

for all JV ;> 1. Since u {x) is continuous at x = 0 and u (0) = 0, upon 
letting N -*■ oo we obtain u (x) <; 0, and thus that /(x) — F (x). This 
completes the proof of the existence and uniqueness of a solution of the 
functional equation associated with the infinite process. 

§ 10. Successive approximations 

In considering the equation 

(1) /(*)•=   Max   T(/.y). 
o < * < * 

we have shown that a particular sequence of successive approximations 
converged to the unique solution which is continuous a.t x = 0 and 
zero there. It is important for both analytic and computational purposes 
to  know  that  actually any sequence whose  initial function satisfies 
certain simple requirements converges. 

The methods we have used above may also be employed to prove the 
following 

THEOREM 2. Let /„ (x) satisfy the following conditions: 

(1) a. /„ (x) is continuous for x l>0. 

b./0(0) = 0. 

Then, if the conditions of Theorem 1 are fulfilled, the sequence defined by 

w 
converges to the solution f (x) obtained above, uniformly in any finite interval. 

ft, + i(x) =   Max   T (fw, y),N = 0.1, . 
0 < y < x 

§ 11. Approximation in policy space 

We have employed above the classical technique of successive ap- 
proximations in order to obtain a solmion to the nonlinear functional 
equation 

(1) /(*)-   Max   T{f,y). 

16 
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We now wish to exploit a certain duality which is present in these 
decision processes to show that we can choose the initial approximation 
in such a way that we can always ensure this approximation being 
monotone. This means that we have uniformly better convergence with 
each iteration. 

Let us begin by introducing some terminology. We shall call a sequence 
of allocations; i.e., a sequence of admissible choices of y, a policy, and 
a policy which yields / (*) an optimal policy. 

The duality that exists in the theory of dynamic programming arises 
from the interconnection between the functions/(*) which measure the 
maximum return and the policies which yield these maximum returns. 
Actually a policy is a function, since a policy is a determination of y as 
a function of x. It is worthwhile nonetheless to preserve this terminology 
since it possesses certain advantages derived from intuition. If the policy 
is not unique, y will not be a single-valued function of x. 

It follows from the functional equation that a knowledge of /(*) 
yields y{x), and conversely any y [x) determines/(x), iteratively by 
means of the functional equation 

(2) /W = r(/,yW). 

Thus, for example, if the optimal policy consisted of the choice y = 0 
continually,/(A;) would satisfy the functional equation 

(3) /(*)-*(«) +/(Ä») 
which would yield the result 

(4) /(*) --= E h(b»x) 

As we have mentioned above, the purpose of our investigation is not 
so much to determine /(*), which is really a by-product, but more 
importantly, to determine the structure of the optimal policy, which 
is to say to determine y (x). 

This leads to an important and useful idea. Just as we can approximate 
in the space of the functions/(x), so we can approximate in the space 
of policies, y (x). Furthermore, in many ways, this is a more natural and 
simpler iorm of approximation. The advantage of this type of approxi- 
mation analytically is that it always leads to monotone approximations. 
From the standpoint of applications, it is by far the more natural 
approximation since it is usually the one part of the problem about 
which a certain amount is known as a result of experience. 

Let y0 (x) be an initial guess for an optimal policy and let /„ {x) be 

17 
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the return function derived from this policy function, which is to say 
that /„ (x) satisfies the functional equation 

(ö) /„(*) = T(fo,yo{x)). 

an equation which we solve iteratively. To improve yo (*), we determine 
yi{x) as a function of x which maximizes T (/„, y) for 0<^y <^ x. 
Assume for the moment that Vi (x) is itself continuous in x, (which need 
not necessarily be the case), and that the return function/j (x) computed 
using this policy is also continuous. This will always be the case, as we 
point out again below, under the assumptions we have made. We now 
continue in this way, generating a sequence of policies, {yjv (*)}, and 
a sequence of return function, {/N (X)}. 

It is easy to show, utilizing the methods described in the foregoing 
sections, that under the assumptions we have made the sequence {/y (x)} 
is monotone increasing. A rigorous proof of the existence and con- 
vergence of the sequences {y.y (*)} and {f\ (*)} described above seems 
difficult to obtain. Consequently, we compromise for the following. 

THEOKKM 3. Let f0{x) be the result of an initial approximation in policy 
space, that is, 

(6) /oW = r(/0,y0w), 

where y0 (x) is any continuous function of x satisfying the co7tditions 

(7) 0^y0(x):<x. 

Under the assumptions of Theorem 1, the sequence defined by 

(8) fN * l («) =    Max   T {fN, y),N = 0.1,2  
0 < y < x 

converges uniformly to the solution f {x) obtained, and this convergence is 
monotone. 

PROOF. Let us demonstrate the monotonicity, which is the essential 
feature, first. We have 

(9) fAx)    =   Max T(fn,y) 
o < v 

Comparing the definition of/„ given in (6) with the definition of/, above, 
we see that/, >/o for all values of x. From this it follows inductively 
that /v + i ;>/.v for all values of ^ ;>0. 

It remains to prov» the continuity of the function /„ (x) for ;»; ;> 0. 

18 
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The conditions upon g and A which we have imposed above show that 
the formal series for /0 (*) 

(10) /. W - f (y.) +h(x — y0) + 

obtained iteratively, converges uniformly in any finite interval and 
represents a continuous function of x for x > 0, if >'„ {x) is a continuous 
function of x. 

§ 12. Properties of the solution—I: Convexity 

Let us now show that we can derive certain structural properties of 
the optimal policy from various simple structural properties of the 
functioi.s g and A. The structure of the optimal policy y (x) and that of 
the return function/(A:) turn out to be intimately entwined. 

Our first result in this direction is 

THEOREM 4. //, in addition to the assumptions in Theorem 1, we impose 
the conditions that g and h be convex functions of x, then f{x) will be a 
convex function, and for each value of x, y will equal 0 or x. 

PROOF. The proof will be inductive. Since 

(1) /, {x} -   Max   (g (y) + h (x 
0 < y < i 

y)) 

and g (y) + A (x—y)  is convex as a function of y for 0<;y 
follows that 

it 

(«) A (*)-Max (f («).*(*) 

since the maximum of a convex function must occur at one of the 
end-points. As the maximum of two convex functions, fi (x) is convex. 

Since g (y) + A (x — y) 4- /, (ay -\- b (x — y)) is a convex function of 
y for y in [0, x] it follows by repetition of the above argument that 

(3) /, (*) = Max (g {x) +f1 (ax), h [x) +/, (hx)) 

is a convex function of x. We sec then, inductively that fn [x) is convex, 
and thus that the limit function/(AT) is convex. 

Turning  to  the equation /(*) =    Max   T(f,y), the convexity of / 
0 <y <x 

reduces this to the simpler equation 

(4) /(*) = Max [g (*) +f(ax), h (*) +/(**)), 

showing that y = 0 or ^ for each value of x. This equations is, sur- 
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prisingly, still a difficult equation to solve in general. We shall consider 
a particular case of it below. 

§ 18. Properties of the solution—II: Concavity 

Let us now demonstrate that an analogous result holds for the case 
where g and h are both strictly concave functions of x for x ^> 0. 

THEOREM 5. //, in addition, to the assumptions in Theorem 1, we impose 
the conditions that g and h be strictly concave functions of x, then f(x) 
will be a strictly concave function of x. 

In this case, the optimal policy will be unique. 

PROOF. Let  us consider the one-stage case first,  and perform some 
simple calculations which will show us why the result should be true, 
before proceeding to a rigorous proof using a different and more general 
technique. 

We have 

(1) AW-    Max   [g{y)+h{x-y)]. 
o < » < * 

Since g and A are strictly concave functions, the function g{y) -{- h{x —y) 
is a strictly concave function of y. There is, in consequence, a single 
maximum, which may, nonetheless, occur at an end point y = 0 or 
y = .*. Let us suppose for the moment that it occurs at an interior point, 
and that g and h possess second derivatives. Then, 

(2) fx{x) = g{y) + h{x-y) 

where y is determined as a f mction of x by means of tho relation 

(3) g'{y) = h,{x-y). 

Differentiation of (2) yields 

(4) /.' («) =-■ [g' (y) -h'{x- y)) dyldx + h'(x - y) = h' (* - y). 

and thus 

(5) //(*)-»'(* —y)(l—*yAfc). 

Differentiating the relation in (3), we obtain 

(6) g' (y) dyjdx = A' (x ~ y) (1 — dyjdx), 

which yields 

(7) dyldx = h'(x      v)l(g' (v) 4- h' (x — y)). 
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This shows that 1 > dyjdx > 0. and thus, returning to (5), that/,' («) < 0. 

If the maximum is not actually inside, we can force it to be by various 
modifications of the functions g and h which prevent the maximum from 
ever being at y = 0 or y = .*; e.g., by addition of a term e log y [x — y), 
where c is a small positive quantity. We can then proceed induc- 
tively and establish the same result for all the members of the 
sequence/v {x). This is, however, a rather clumsy method which does 
not extend without pain to multi-dimensional problems. We shall 
therefore use a more elegant and simple method. 

LEMMA 1. IfG {x, y) is a concave function * of x and y for x, y ^> 0, then 
f{x) as defined by 

(8) /(*) =   Max   G (x,y) 
0 < y < * 

is a concave function of x for x Z> 0. 

PROOF. We have, for 0 <^ A < 1, 

(9)      /(a« + (i—i)«)- Max G (A % -f (1 
0<V<ix + (l —A)« 

X)M,y). 

We may replace y by the quantity y = A y, + (1 — A) y, where y1 and 
y, range independently over the intervals 0 <, yi<. x,0-<,yt<, z. Then 

(10) /(A^ + (1 — A)r) =    Max    G (A % 4-(1 — A) z. A y, + (1—Ajy.). 
o < », < * 
o < », < « 

Since G (x, y) is concave in x and y, we have 

(11) G(Ax + (l—A)z,Ay1 + (l-A)y1)>AG(x,y1)-f (1-A) G (z, y.) 

Hence 

(12) /(AA- + (1—A)z)>    Max    [AG (*, y,) + (1 — A)G (z.y,)] 
0 < », <x 
0 < V, < » 

>A   Max   G{x.yJ + {l—X)   Max  G(2,y,) 

>A/W + (l-A)/(z). 

Let us now apply this lemma to prove Theorem 5. It is easily verified 
that g (y) + h(x — y) is a concave function of x and y if g and h are 
concave functions. This shows immediately that /, (x) is concave. Simi- 
larly,  since /j (ay -± b [x ~ y)) is a concave function of x and y, /, (x) 

* Concavity in both x and y means the G (A AT, -)- (1 
G (*,. yl) + (1 — A) G (*,, >-„). for 0 ^ A < 1. 

A)^,, A>1+(1 —A)y,)>A 

21 



A MULTI-STAGE ALLOCATION PROCESS 

as defined by the basic recurrence relation is a concave function. We 
thus proceed inductively and show that each function in the sequence, 
{/v (*)}, is a strictly concave function, and hence tha." the limit function 
is concave. That it is strictly concave follows from tho strict concavity 
of g and A. using Lemma 1 upon the functional equation for/(^). 

Once we have established the strict concavity of/(*), the uniqueness 
of the maximizing y and thus of the optimal policy follows immediately. 
This completes the proof of Theorem 5. 

§ 14. Properties of the solution—III: Concavity 

Let us now show that the assumption of concavity enables us to tell 
quite a bit more about the nature of the solution. 

THEOREM 6. Let us assume that 

(1) a. K (x) and h (x) are both strictly concave for * > 0, monotone in- 
creasing uith continuous derivatives and that g (0) = h (0) = 0. 

b. g' {0)1(1 — a) > h' (0)1(1 - b). h' (0) > g' (oo), 6 > a. 

Then the optimal policy has the following form: 

(2) a., y = x for 0 <; * <^ *, where x is the root of h' (0) = g' (x) 
+ (6 — a) g' (ax) + (b — a) ag' (a* x) + . . . 

b. y — y (x) for A > A; where y (x) is a function satisfying the in- 
equalities 0 <.y (x) < x, and y (x) is the solution of 

3) g' (y) —h'(x — y) + (a — b) f (ay + b (x — y)) 0. 

Remark. We have given the solution for only one of the possible 
combinations of inequalities connecting g' (0), h' (0), b and a. It will be 
easily seen from the procedure below, that corresponding results hold 
for the other cases. Furthermore, the number of cases can be halved 
by the observation that the interchange of y and x —-y results in an 
interchange of a a;id h. 

PROOF. Let us employ the method of successive approximations. Set 

(4) /, (*) =   Max   [g (y) + h(x — y)]. 

Since, by assumption, g' (0) > h' (0), for small x, we have g' (y) — 
h' (x — y) > 0, for y in the interval [0, x]. Hence g (y) -\- h(x - - y) is 
monotone increasing in 0 ■<, y <> x and the maximum occurs at y -- x. 
As  x  increases,   the  equation   g'(y)—/«'(v — y) =0  will  ultimately 
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have a root at y = *, and then as x increases further a root inside the 
interval [0, x]. The critical value of x is given as the solution of g' {x) — 
h' (0) — 0. This equation has precisely one solution, which we call AT,. 

For AT > AT, let y, = y, (AT) be the unique solution of g' {y\ — h' (x — y). 
The uniqueness of solution is a consequence of the concavity assumptions 
concerning g and h, and the existence of a solution is a consequence of 
the continuity of g' and h'. 

Thus we have 

(5) /, (*) =£(*). O^x^Xi. 

= g (.Vi) + h(x — y,), x > *,. 
and 

(6) /»'(«) =-g'(x). 0<x<^ 

- [g' (v.) —h'(x~ y.)] rfy,/^ + A' (« - y.) = h' (x - yx). 

for x > Ac,. 

Since y, (AT,) = AT,, we see that/,' (.v) is continuous at A; = *,, and hence, 
for all values of % > 0. Furthermore /, (AT) is a concave function of x; 
cf. the analysis of § 11. 

Now let us turn to the second approximation 

(7) /,(«)-   Max   {g(y)+h{x — y)+fx{ay + b{x — y))-\. 
v < v < * 

The critical function is novv D (y) = g' (y) — A' (x — v) + /,' {ay + 
6 (« - y)) (a — i). Since g' (0) — A' (0) + /,' (0) (a — 6) = g' (0) — A' (0) 
-)-g'(0) (a~b) >A'(0) [{(1—a) (1 +a —6)/(l—6)}—1J > 0, we 
sec that D (y) is again positive for all y in [0, x] for small x. Hence the 
maximum occurs in (7) at y = A: for small x. As x increases, there will 
be a first value of x where D (AT) = 0. This value, xt, is determined by 
the equation g' (x) = A' (0) -f {b — a)/,' (ax). Comparing the two 
equations 

(8) g' (AT)   = h' (0) 

fix) =A'(0) +{b — m)/l'(*x). 

we see that 0 < A;, < A;,. 

Hence the equation for A, has the simple form 

(9) g' (x) = A' (0) + (* — a) g' (ax). 

Thus y = A; for 0 ^ AT <; A;, in (7) and y == y, (A;) for x > xt, where 
y, (*) is the unique solution of 

i 

(10) g' (y) =h'(x — y) + (b — a) A' (ay + b{x — y)). 
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Furthermore 

(11) A'{x)=g'{x).        0<Zx<Zxt 

= *'(* — y.) + 6/,' (ay, + b(x — yt)). x > xt, 

and /,' (x) is continuous at x = xt. 
Comparing (10) with the equation g' (y) = A' (x — y) dehning yu we 

see that y, (x) < y, (x). In order to carry out the induction and obtain 
the corresponding results for all members of the sequence {/■}, defined 
recurrently !~y the relation 

/,+ I=   Max   [g(y) + h(x — y)+/n(ay + b{x — y})]. 
0 < W < * 

we require the essential inequality ft'(x) ^>/i'(x). There arc three 
intervals [0, *,], [xt, x^, [AT,, co], to examine, each one requiring a 
separate argument. Using (10) and (11) we have 

n« f,lr._bg'(yt)—ah'{x — yt) (12) AW- b__a 

for x > xt. Combining (6) and the equation for y, we have 

k' (y.) — •*' (* - y.) (13) A' (*) - 
b — a 

The function [bg' (y) — ah' (x — y) ]/(6 — a) is monotone decreasing 
in y for 0 <; y ^ x. Since y, < y1 we see that /,' (x) >// (x). This com- 
pletes the proof for the interval [x,, oo]. The interval [0, *,] yields 
equality. The remaining interval is [xt, x^. Jn this interval, we have 

(14) /.' W = g' (x) 

r.lr.bg'{yt)-ah'(x-yt) 
AW--     -b=ri       "* 

Hence in this interval, since 0 <.yt<, x. 
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bg' («) — ah' (0) 
(is) A W > -^-'-i-zrr     > g (;,:)' 
since g' («) > A' (0) is a consequence of g' (y) > h' (x — y) ior 0 <, y ■<, x 
and 0<; x <, x,. This completes the proof that /,' (x) >/i' {x). 

We now have all the ingredients of an inductive proof which shows 
that 

(16) a.. Xt > xi> ... Xn > . .. > 0 

b./.'(*)</.'(*)< .../«'(*)<•.. 
c yi W > y. (AT) > ... 
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Since/« (x) converges to/(AT)./,' (X) iof'(x). y« {x) to y (x) and *. to i. 
we see that the solution has the indicated form. 

§ 15. An "ornery" example 

Having imposed successively the conditions that g and A be both 
convex or both concave, let us now show by means of an example 
that the solution can be exceedingly complicated if we allow more 
general functions possessing points of inflection. 

Let us consider the equation 

(!)      /(*) =   Max   [f-io/v+ <;-»•/(*-*) +/(. 8 y + . 9 (* — y))], 
o < * < » 

The function e-*!* is used since it is one of the simplest possessing a 
point of inflection. Determining/^) by means of the method of suc- 
cessive approximations, we obtain a well-behaved curve 

f (K) 

30 40 

Figure   1 

Note, however, the strange behavior of y [x)! 

Figure 2 
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As soon as we allow changes of sign on the part of g" (x) and h' (*), 
we seem to encounter functional equations which defy precise analysis. 

§ 16. A particular example—I 

Figures 1 and 2 show the difficulties that can be encountered in the 
pursuit of general solutions. Let us then consider some simpler equations 
which can be used for approximation purposes. 

THEOREM 7.  The continuous solution of 

(1) f{X) = Max [c**+/(«*), ex» +f(bx)],f(0) = 0. 

subject to 

(2) 

is given by 

(3) 

where 

(4) 

a. 0 <a.b <l; c.d,e,g >0, 

h. 0<J  ^, 

cxa 

fix) = «;*»+/ [bx), x>x. 

rc/(l —a")] >/(»-<«) 
[el{\ — b*)\ 

Since 0 < 6 < !,/(*) may be found explicitly in the intervals 

[x, xjb ]. ... [xjh», i/ft" +1] .... for n = 0,\,2. ... 

PROOF. Let us represent by A by operation of choosing cxd -rf{ax), 
and by B the operation of choosing ex' + f(bx). A solution corresponding 
to an optimal sequence of choices, S may then be represented sym- 
bolically by 

(•r') A*t Bbi A"2 B"! . 

where at and bi are positive integers or zero, and Aa> means the choice 
A repeated at times, with Bb' having a similar meaning. 

Let us assume for the moment that the solution does have the indicated 
form and show how to calculate x. At the point x either an /I  or B 

l2fi 
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decision is optimal, while below x only an A decision is optimal. Conse- 
quently, symbolically, x is the point where 

(9) BA°° = A°°. 

To compute ^4°° we write 

(7) /(*) = ex" +/(ax) = ex* + c {ax)* + c {a*x)* + ... 

= cx*l{l — a"). 

Similarly BA°° yields 

(8) /(*) = ex» + cfxtKl — a*). 

Equating the two expressions, we find that x has the stated value. 
It remains to prove that the solution has the desired form. Let us 

begin by showing that A is always used when x is small. To do this it 
is sufficient to show that /{x) = cxdl(l — ad) is a solution for small x, 
and then to invoke the uniqueness theorem. * We must assure ourselves 
that 00» 

.„v cxd M      i    ex* cb* xd 1 
(9) i _^ - M- [r_-^ ■ ^ + i ZTO-J 

for small x. This, however, is clear ii g > d > 0 and 0 < 6 < 1. 
We now proced inductively. Let z be the smallest value of x for which 

a ß-choiee is optimal. At this point BA°° = A°°. This means that z = *. 
Let us now consider the interval x > x, and begin by asking for the 
point p where AB and BA are equally effective as a set of first two 
choices. 

We have, using an obvious notation, 

(10) /„B («) - cx* + •** +f{abx) 

JBA (*) = ex* + ch^x* + f(abx). 

Hence the required point p is given by 

(11) p — ie{l — i*)lt{l—tß)]l,y-*' 

Since g > d, v/e see that p <x. 
It follows then from the fact that /AB(X) «C/BX {x) for x > p that 

for x > x, AB plus an optimal continuation is inferior to BA plus an 
optimal continuation. From this we s»e that A cannot be used for x > x 

* Strictly spcakinR, we haven't established this uniqueness theorem yet. However, 
it is easy to see that the method used to establish Theorem 1 works equally well 
in this case. 
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unless followed by A oa, which we know is also impossible. This completes 
the proof. 

§ 17. A particular example—II 

Another interesting case is that where g and A are quadratic in x. 
We leave as an exercise the following result: 

THEOREM 8. Let c, d > 0 and 0 <b<ka <l. Let 

(I)   f(x)=    Max [cy —?« + <*(* —y) — (*—y)« +/(ay+ 6 (*—y))]. 
0 < t <x 

f(0) = 0. 

Then, in the interval * 0 <, x <. Min (c/2, i/2)./(%) has the following form, 
which depends on the sign of cj{\ — a) — i/(l — b): 

Case I: c/(l —a) = dl(l — b). 

{2) / W = _Jc-d)a + d *J-{l-a)*   _ 
W 'W      i — b + (b — a)a l—[{a — b)a+b]*' 
where 

Case II: c/(l—a) <i/(l—6). 

for 0<.x<, Min (A, c/2, dj2), where 

(l+b)[d{l-a)-c(l-b)-] 
^ * - ■ «"(1^5) • 
WAen A < Min (c/2, rf/2) «sc of (1) as a recursion formula enables one to 
obtain f (*) over the entire interval of interest. 

Case ill: c/(l — a) > <*/(! — b). 

W '('Ml-a) Hi-*')*' 
for 0 ^ * ^ Min (/i, c/2, d/2) WäCT« 

(7) /* = (!+ «) [c (a — 6) — i (1 — a) / 2 (1 — ab). 

* This is  the maximum interval over which  the g and  h (unctions are both 
increasing. 
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{, 18. Approximation and stability 

It is, of course, interesting to have the explicit solutions of as many 
equations as possible available. However, the true importance of the 
explicit solutions of simple equations lies in the use of these solutions 
as approximate solutions to more obdurate equations, and in furnishing 
clues to the nature of optimal policies for more complicated processes. 

In the above sections we have derived explicit solutions for the case 
where g and h have monomial forms ex4, and for the case where they 
are quadratic. Note that approximation to g (x) by means of ex* is 
equivalent to an approximation to log g{ex) by means of log c + dx, 
a straight line, which is readily accomplished. 

Observe that as x changes, we may change our approximating curves 
so as to obtain better fits if we wish closer approximations. Furthermore, 
let us point out that in general the approximation is most useful as an 
approximation in policy space rather than in function space. 

In order to use approximation techniques, we require an estimate 
for the difference between the solutions' of the two equations 

(1)        /(*)=   Max   l„(Xiy)+ /{ay + bix — y))].     /(0) = 0, 
0 < y < x 

F(*)=    Max   [v(x,y) +F{ay + b{x — y))],      F(0)=0, 
o < » < * 

in terms of the difference between u {x, y) and v (x, y). This is a stability 
theorem in the classical sense. 

Let us prove 

THEOREM 9. Let f(x) and F (x) be the continuous solutions of the above 
equations under the assumptions that u {x, y) and v {x, y) are continuous 

oo 

in x and y for all ^, y > 0, with 0 < a, 6 < 1, and that E m {cnz) < oo 
n -= o 

where m (2) =   Max      [Max   Max {\u(x,y) \,\ v {x, y) | }]. 
0 < x < t    0 < y < x 

If 

(2) Max       {Max    | u {x, y) — v (*, y) | ) = D (2), 
0<z<*     0<v<* 

and Z D (cnz) < 00, c — Max (a, b), then 
n = 0 

(S) \f{x)-F{x) \<. Z Dicx). 
n = 0 

7 The existence and uniqueness of these solutions is assured by the natural 
modification of the proof of Theorem 1. When we speak of the solution, we shall 
mean the continuous solution, or, generally, the solution furnished by the existence 
theorem. 

29 



.\ MULTI-STAGE ALLOCATION PROCESS 

PROOF. Define 

(4) /. (*) .   Max   u {x. y) 
0 < y < s 

/N + i (*) =   Max   [u (x, y) + fa (ay + h[x — y))] 
0 < » < x 

Fl [x) =   Max   v {x, y) 
o < w < * 

FN + i {x) =   Max   [v {x. y) + F* (ay + b {x — y))]. 
0 < y < x 

We know, using the methods given previously that fi§ (x) converges to 
/(*), and Fx (x) converges to F (x) as N-*■ oo. 

Let us estimate the difference between /, and Pt. Clearly, 

(5) I/. W — F. W I ^   Max   | « (x. y) - v {x, y)\^D{x). 
0 < y < z 

Proceeding, as in § 7, we have 

(G) \/N+I{X)~FN+1(X)\<^   Max   \fN (ay + b{x— y)) 
0 < g < z 

— FN(ay + b(x — y)) | +   Max   ! M (A;, y)—v{xly)\ 
0 < y < z 

It now follows inductively that 

(7) \f* + i{x)-FN + l(x)\<^   Z Dicx). 
n - 0 

Looting TV-> oo, we obtain (3). 

§ 19. Time-dependent processes 

We have tacitly assumed in the foregoing pages that the processes 
under consideration were time-independent in that the total return 
depended only upon the initial quantity x and the duration of the 
process A7, and not upon the time at which the process were initiated. 
Let us now see how we can handle situations in which this is not the case. 

Let us assume that as a result of the division of x into y and (x — y) 
at the k,h stage, we receive a ••eturn *,'* (*,y) and are left with a quantity 
aic {x, y). It is required to determine the allocation ] olicy which maximizes 
the total A'-stage return. 

We shall assume that gic(x,y) is continuous in x and y for ^ >0 
and 0 <; y < * and that «*(*, y) is likewise continuous in this region 
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and satisfies the inequality 0 <; a* (*, y) <; a*, a < 1, for * = 1,2, ... 
Define 

(1)   fk, N (*) = total iV-stage return obtained starting with a quantity x 
at stage k and employing an optimal policy. 

We have 

(2) /*, , (*) =   Max   gk (*, y), 
o < » < x 

and for .W ;> 2, arguing as in the preceding pages, 

(3) /*, s (*L=   Max   [gk (*, y) + /* +1. * _ i (a* (*, y))). 
0 < if < X 

Since the double subscript is distressing both analytically, esthetically, 
and above all, computationally, let us see whether or not we can restore 
the single subscript relation. Having made up our mind that we are 
interested in an A^-stage process starting at stage 1, let us define 

(4) /t (*) = total return obtained starting with a quantity x at stage k 
and  ending   at   stage  iV,   employing  an  optimal  policy, 
* = 1,2 A 

Then 

(6)   /v (*) =   Max gN [x, y) 
0 <y < x 

ft {x) ~-=   Max [gk (*, y) +/» + ! (a, {x, y))]. * - 1, 8. .... JV 
O < V < x 

1. 

This simplification is essential if we are interested in computational 
solutions, since the difference between the effort involved in the tabulation 
of functions of one variable and functions of two variables is enormous, 
while that between the tabulation of functions of two variables and 
fnnctions of three variables may be the difference between a feasible 
and unfeasible approach. 

The case of unbounded processes, i.e., N = oo, yields the set of 
functional equations 

(6) /* (x) =   Max   [gt (x. y) + /» +1 (a* («, y))] 
I) < y < x 

It is not difficult to obtain the analogues of Theorem 1 for these systems. 

§ 20. Multi-activity processes 

The process we have been using for expository purposes is the simplest 
of its category since we allow only one type of resource, and require only 

31 



A MULTI-STAGE ALLOCATION PROCESS 

one allocation at each stage. Let us now discuss the formulation of more 
general and more realistic processes. 

Let there be M different kinds of resources, in quantities x,, xt, .... 
XM respectively. At each stage, a quantity xu of the ilh resource is 
utilized to produce an additional quantity of the ;',h resource. Hence 
we have the equations, relating the resources at the (k -\- 1)" stage to 
the resources at the A"' stage, 

M 

(1) xi(k + V) = xt (Ä) — 2' xt, (A) 4- gi [xu (A), *« [k] **, < (*)) , 
i - i 

for » = 1,2,..., M, where 

(2) (a)  ^(Ä)>0, 

(b) Z xt, (k) ^ x( (k). 
j = i 

and   the production functions, gi, are assumed known, together with 
the initial quantities, Xi (0) = cj. 

The xtj {k) are to be chosen so as to maximize some pre-assigned 
function 

(3) RN = F (*, (.V), xt (N) xM {N)), 

of the final resources. 
In many cases, as we shall see in Chapter 6, there are other constraints 

in addition to those of (2). 
If we set 

(4) /N (C,, C , CA/) = Max RN, 

we obtain, as before, the recurrence relations 

M 

(5) fs{ci,ct cM) = Max/jv-ilc,— 2" yo+ gi(yii,yii. •• -.ym,)... •) 
{•to) > -» 

for N ^ 2, where the yu are restricted by the relations 

(6) (a) yls > 0 

(b) i: yu^cu i- 1,2 M. 
i = i 

and 

(7) 
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Existence and uniqueness theorems covering the unbounded versions 
of these general processes will be given in Chapter IV, in conjunction 
with a better notation. We shall encounter a particular example of this 
equation further along in connection with the bottleneck processes of 
Chapter VI. In the present chapter we shall discuss briefly some of the 
difficult computational problems raised in maximizing over a multi- 
dimensional domain. 

§ 21. Multi-dimensional structure theorems 

It is not difficult to extend the results wt obtained in the one- 
dimensional case concerning convexity and concavity of the solutions 
of the functional equation of (8.1) to the multi-dimensional equations 
of § 20. 

Let G (x) be a scalar function of a vector variable x. It is said to 
be convex if 

(1) G{Xx-i-{l~X)y)<XG(x) +(l-X)G(y) 

for all A in the range 0 <; A <; 1. The function is concave if the inequality 
goes the other way. 

The multi-dimensional analogue of Lemma 1, proved in § 13, is valid 
and the proof is precisely the same. Using the lemma, we can establish 
the result below. 

Before stating the result, let us introduce a more convenient notation. 
Let x denote the vector whose components are xt, and yW denote the 
vector whose components are ytj, for 1 <; i, j <, M. Then, in terms of 
the process described above, we have 

Ci) (a) * = £><'), 

(b) yO ^0. 

where the notation y > 0 signifies that all components of y are non- 
negative. Let D {x, y) denote the domain defined by (2). 
THEOREM  10. // r (x, y) and a (x, y) are continuous concave functions of 
x and y for all x, y ^ 0, and r (x, y), a (x, y) are monotone increasing in 
the components of x, then the functions {/.v (x)} defined by the equations 

(2) /, (x) - Max r (*, y), 
VMJ-, v) 

/* +1 W = Max [r (x, y)   \ fs {a {x. y))] 
I) (-r, ») 

are all concave functions of x for x >: 0. 
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This implies a unique optimal policy for each N, if r (x, y) is strictly 
concave. 

The importance of this result resides in the following. If we have 
an iV-stage process where k decisions must be made at each stage, the 
functional equation approach reduces the ATÄ-dimensional maximization 
problem to a set of ./V A-dimensional problems. Although this is an 
essential reduction, the ^-dimensional r.aximization problems them- 
selves possess thorny features. 

If, however, the function of k variables we are maximizing is strictly 
concave, we know that it possesses a unique relative maximum which 
is the absolute maximum. Given this additional information that the 
function under investigation has a unique relative maximum, we should 
be able to determine a search procedure for the location of this maximum 
which is far more efficient than the search procedure we would employ 
for a general function. 

§ 22. Locating the unique maximum of a concave function 

The determination of optimal search procedures 8 for the location of 
the maximum of a concave function or, conversely, for the minimum of 
a convex function, is an extremely important and difficult problem which 
has not bten solved to date. The solution has, however, been obtained 
in the one-dimensional case for the more general situation where the 
function is unimodal, which is to say possesses a single relative maximum. 

Let us pose the problem in the following terms. The function y = / (x) 
is a strictly unimodal function defined on the interval [0, L„]. We wish 
to determine the maximum Ln with the property that we can always 
locate the maximum of y =/(*) on a sub-interval of unit length by 
calculating at most n values of the function /(*). Since the maximum 
may not exist, it is safer to begin by setting 

(1) F„ = Sup Z.„ 

We then have the following result 
THEOREM 11. Fn is the nth Fibonacci number; i.e., Fo Fl = I and 

(2) Fn   =Fn-l+Fn-2 

for n > 2. 
PROOF. The definition of Fn is a matter of convention, on the other 
hand the value of F, is dctermincl 1 v the process. 

• It is actually not easy to specify precisely what we mean by an optimal search 
procedure. It clearly depends upon the type of equipment we have, the type of 
operations we permit, the "cost" of these operations, and so on. Consequentlv, 
there are a variety of problems of the above type which mav be posed. The subject 
has not been explored to any extent. 
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Let us now proceed inductively. Fix n and calculate the values 
yi =/(*i). yi = /(*.) where 0 < AT, < x, < Z.«. If y, > yt, the maxi- 
mum occurs on (0, *,) since f(x) is strictly unimodal. If y, > y,, the 
maximum is on (JK,, Z,,). If y, = y,, choose either of the above intervals, 
even though we know the maximum occurs on (x,, xt). Thus, at each 
stage after the first computation we are left with a subinterval and the 
value of/(*) at some interior point x. Since values at the ends of an 
interval furnish no information per se, we restrict our attention to the 
interior points. 

For n = 2, Z,n = 2 — e, xl = \ — e, xt = I, for arbitrarily small e > 0. 
From the preceding argument it follows that Ft =^ 2 = Fl -\- F0. 

Consider the case where n > 2 and assume that F* = Ft - i + Ft _ t 
for k = 2 n — 1. Let us begin by showing that 

(3) F» <; Fn _ i -f F„ 

For if we calculate /(x) at xl and xt on (0, £,„) we have 

y. 

0 X, x2 

Figure 3 

If yi > y», we obtain the new picture 

y. 

Figure  4 
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In this case *, < F» _ , since we have only (n — 2) additional choices 
with *, a first choice, for the case k = n — 1. Moreover, x, <.Fn- i, 
since the maximum could occur on [0, *,], with two choices of x already 
used. 

Similarly if y, > y,, we have L» — xl < F» _ , 
Thus in all cases L« < F« - i -f F« _ t, which yields (3). Now chose 

Ln.Xi, xt arbitrarily close to their respective upper bounds F„ _ , + F« _ », 
F« _ , and F» _ , respectively. Then F« = F« _ , -f F» _ ,. This yields 
the proof of Theorem 11. Furthermore, it yields the optimal policy, 
since each *< is either discarded or is the optimal first choice for the 
remaining subinterval. 

The sequence {Fn} has as its first few terms 

(4) 1, 1, 2, 3, 5, 8, 13, 21. 34, 55, 

with F10 > 10,000. Hence the maximum of a strictly unimodal function 
can always be located within lO-4 of the original interval length with 
at most 20 calculations of the value of the function. 

It is easy to obtain an explicit representation for Fn, namely 

(5) 

where 

(6) 

(r.— l)    ,  ,   (1 - r.) 
F» = r rf +  rf , 

('t — rj (r, — rj 

1 +V5 
r^-y-r,   1.61 

1 — Vl 
r, = .61 

From this we see that FB + ,/Fn ->- fi ~ 1.61 as n ->- CXD. Thus, for 
large n, a uniform approximate procedure is to choose the two first 
values at distances L/fi from either end, where L is the length of the 
interval. This is a useful technique for machine computation. 

Consider now the related problem where the unimodal function is 
defined only for discrete values of x. Let Kn be the maximum number 
of points such that the maximum .of the function can always be iden- 
tified in n computations. The same type of proof as above establishes. 

THEOREM 12. Ar, 

(7) 

1, Kl = l,Kt= 2, A', = 4, and 

Kn = 1 + F„, n -. 3. 
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§ 28. Continuity and memory 

Let us suppose that we have a function of two variables, f(x, y), 
depending continuously on x and y for ;t ;> 0 and 0 <; y <; *. Define 
the function 

<1) g{x) =    Max  Jix.y). 
0 < y < x 

It is clear that g (x) will be continuous, but the function y = y (.*) 
yielding the maximum need not be continuous. We have already seen 
an example of this in connection with the functional equation of § 15. 

Suppose, however, that we restrict / (x, y) to be a strictly concave 
function of y for all y in [0, *], for x ^> 0. 

f (x.y) 

Figure S 

It is clear that as x varies, the maximizing y will now be a continuous 
function of x. 

Let us see how we can utilize this information to simplify the memory 
problem for computing machines. Consider the equations 

(2) AtlW- Ma;.   [g{y)+h(x 
o <w <x 

N = 1,2,. 

y) +/* («y + b(x — y))], 

If we have no information concerning the location of a maximizing y, 
we must have available all values of /v {z} for 0 <i z <, ax in order to 
determine/JV + I (-*). Suppose, however, we take g (x) and h (x) to be 
strictly concave as well as continuous. In this case, /v {x) is strictly 
concave for each N and the function g (y) -{- h {x — y) + f» («y + 
b (x — y)) is strictly concave for 0 <! y <I *, and what is most important 
the function yAr (x) which yields the maximum in (2) is unique and 
continuous as a function of x. 

It follows than that if we are using an x-grid of values 0,/i,2A, .. ., 
to compute /(x), the complete set of values of fa (2) for 0 <, z <, ax is 
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not required to compute/v+1 (•*), but only the values of/,-(2) in a 
relatively small neighborhood of z = ys (x — A). 

The same idea extended to multi-dimensional equaiions can result in 
a considerable saving of memory space in computing machines. Recipro- 
cally, we will be able to solve problems using existing machines which 
might otherwise escape them. In any case, a great saving in running 
time will result, once again increasing the feasibility of a solution by 
these means. 

§ 24. Stochastic allocation processes 

In the preceding pages of the chapter, we have considered, in greater 
and lesser detail, various multi-stage allocation processes characterized 
by the property that the outcome of any decision was uniquely determined 
by the choice of this decision. Processes of this type we call deterministic. 

Not all multi-stage processes, however, possess this property, and, as 
a matter of fact, many of the most interesting are quite definitely not 
of this type. Let us consider here one important class of non-deterministic 
processes in which the effect of a decision is to determine a distribution 
of outcomes in the sense of probability theory. Processes of this type 
we shall call stochastic. 

We shall limit ourselves in this book to processes of these two types. 
The discussion of the origin of processes of more complicated nature, 
and their treatment, we shall defer to another place. 

From the mathematical point of view, stochastic processes furnish 
varied classes of fascinating analytic problems, and throw unexpected 
light upon many processes of supposedly deterministic nature. Appli- 
cations of the theory are furnished by scores of processes drawn from 
biologic, economic, engineering, and physical fields. 

Returning to our domain of decision processes, a fundamental problem 
confronting us is that of defining what we mean by an optimal policy 
in the face of uncertain outcomes. What is crystal clear, but so often 
overlooked in a posteriori comment, is the fact that a lack of complete 
control over a process effectively prevents a guarantee of a maximum 
return. 

On the other hand, despite this Damoclean sword of uncertainty, 
there must exist some means of comparing policies, taking into account 
the possible fluctuation of outcomes. 

What causes a major difficulty in applications is not that it is hard 
to lind such a measure, but rather that is is hard to find a unique measure. 
In short, it must be emphasized that there is no one method which can 
have any pretensions to the title of "best." Whatever method is used 
depends to a large extent upon various analytic and arithmetic aspects 
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of the process, and, it must be confesfed, upon the philosophical and 
psychological attitudes of the decision-makers. 

Having thus dwelt upon the dismal side of the matter, to assuage 
our consciences, let us now proceed more constructively. 

The general idea, and this is fairly unanimously accepted, is to use 
some average of the possible outcomes as a measure of the value of a 
policy. It is in the choice of this average that the difficulties arise. 

Let us point out in passing that there is a definite lack of uninimity 
concerning the use of averages in determining policies for stochastic 
processes which may be carried through once, or at best, only a few 
times. In some cases, "distribution-free" policies can be obtained. In 
general, however, there seems to be no other approach to these questions 
than the usual one we present here. 

The first average, or criterion, we shall employ is the common arithme- 
tic weighted average, or expected value. Due to the linearity of this 
averv e, it possesses a most important invariant property which greatly 
simplifies the functional equations which describe the process. This 
property enables the future decisions to be based solely upon the present 
state of the system, independently of the past history of the process. 

The second criterion, which is far Jess frequently used, is the probability 
of achieving at least a certain level of return. This also possesses the 
proper invariant structure as far as multi-stage processes are concerned. 
We will discuss this criterion in greater detail in a subsequent chapter. 

§ 25. Functional equations 

Let us now consider a simple stochastic version of the deterministic 
process considered in § 2, and show that the same functional equation 
technique is applicable. 

In place of assuming that the outcome of a division of x into y and 
x —y is a return of g (y) + h{x — y), leaving a new quantity *! = ay 
-f b{x — y), let us assume that with probability p^ there is a return 
of £1 (y) ■+" *i (* —■ y) and a remaining quantity a, y + 6, (x — y), and 
with probability />, = 1 — i>x <x return of g, (y) -f A, [x — v) and a new 
quantity aty -\- bt {x — y) 

Let us define 

(1)   /*(*)= the expected total return of an Ar-stage process, obtained 
using an optimal policy, starting with an initial quantity x. 

Then, as before, we obtain the equations 

(2)      /»(*)=   Max [MMy)+ M* —y»+ /M£t(y) 
« £ » t -r 

*.(«—y))]. 
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fs . i W -   Max  [p, [g, (y) +hl{X-y)+ fN (a. y + 6, (* — y))] + 

Pt ETi M + AI (* — y) -f /v («. .V + bt (x — y))]] . 

for JV > 1. 
The ecjuations have the same analytic structure as those obtained 

from the deterministic process. Hy agreeing to use the "expected value" 
as the measure of the value of a policy, we have eliminated the stochastic 
aspects of the process, at least as far as the analysis is concerned. 

§ 26. Stieltjes integrals 

For those who are familiar with the Kiemann-Stieltjes integral, there 
is a much more compact way of writing the above equations. Let 

(1) dG {u,v; x,y) = distribution function of a return of u and a re- 
maining  quantity of v,  starting with   an  initial 
quantity x and making an allocation of y. 

Taking fa {x) to be defined as above, we obtain the equations 

(2) /, (.r) —   Max     \ udG («, v; x, y) , 

fs +\ (x) ~   Max    I [M + /v (»)] dG (u, v; x, y) 

It is much simpler to describe the processes, to establish existence 
and uniqueness theorems for the resultant functional equations, and to 
derive analytic properties of the solution, using this short-hand notation. 
The basic mathematical ideas are, however, the same. 

Equations of this type will be discussed again in Chapter III within 
a more general framework. 

Exercises and Research Problems for Chapter I 

1. Let us define the function 

fii (a) = Max [A-, .V2 . . . Xti] 
n 

where R is the region determined by the conditions 

a. A, -f A, + . . . -f- A^AT = a, a > 0. 

b. A( > 0. 
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Prove that /.v (a) satisfies the recurrence relation 

/AT (a) =   Max   xfN - i (a — x). N ^2, 
0 < x < • 

with /, (a) B a.   

2. Show   inductively   that /v (a) — aNjNN,   and   hence   establish   the 
arithmetic-geometric mean inequality, 

/*, + ;«:,+ ...+ x„Y 
\ jv /   ^ *•*•••• *»■ 

for xt ^ 0, with equality only il Xi = xt — ... = XN. 

3. Let us define the function 

/A, (a) tm Min 2' ^r^, p >0. 
ä   • = i 

where /? is the region defined by 

a. £ Xi > a, a > 0. 
« ^ i 

b. xt 2l 0. 

Show that /v (a) satisfies the recurrence relation 

/A- (a) =   Min   [*" + fM -1 (« — *)]. A' ^ 2, 
0 < * £ a 

with /, (a) = a». 

4. Show that /„v (a) — UP CN, where cjv depends only upon .V and p, 
and thus that 

CAT =    Min    [*P + (1 — x) PC.\ _ I] . - 
o < » < i 

Determine CN for the ranges 0 <,p < I, I < p, respectively. 

5. Consider the problem of minimizing the function 

A' 

F {xi, x-2, .. ., x.\) =   2'  ^( S(/(A( + xt), 

where the pi and S( are parameters subject to the conditions pi > 0, 
^pi = I, Si > 0, and the Xi range over the region defined by xi ;> 0, 

K 
£ Xi = a. 
i~ i 
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Obtain  the  corresponding  recurrence relations  and  show  that  the 
solution is of the form 

X) = 0,    O^i^l. 

x)>0,    /  f !<;; ^ A' 

under a suitable reordering of the Xi's. 

6. Consider the problem of maximizing the function 
A' 

Ffa, x, XN) =  Z (f (*(). 
« - 1 

.V 

subject to the constraints x* > 0, Z" JCJ = c. Show that the maximum 

is 95(c), under the assumption that 99 {*) is convex. 

7. Consider the case where (p {x) is a monotonically increasing function 
which is strictly concave. Show that the solution of the corresponding 
functional equation, 

JN (C) =   Max   [f (y) +fN_1{c-- y)]. N >2, 
0 < y < c 

A W -1» (e). 
has the form 

yjv -= 0, 0 ^ c < cv, 

"■ ZN, C  > Cf/, 

where z.\ is the unique solution of 

r* (y) — yw -1 («— >•). 
for N > 2, and show how to determine the sequence {c.y}. 

8. Obtain explicit recurrence relations, and the analytic form of the 
sequence for the case where 

(p (y) ma y — by1, b > 0, 

and c is restricted to the range 0 <; c <; 1/2 b. 

9. What are the analogues of these result for the case where the function 
.v 

F has the form 27 <pi (xt), where each function (ft (x) satisfies the same 
t = 1 

conditions as above ? 

10. Carry through the corresponding analysis for the problem of mini- 
.v N 

mizing F (AT,, xt, . .., xs) = ~ <p (*(). subject to A;« > 0, E xi = a in the 
« = i 1=1 
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case where ip (*)  is a non-negative monotonically increasing function 
which is strictly convex. Consider, in particular, the case where 

^(x) = x + bx», b >0. 

11. Consider the problem of maximizing 

subject to 

F (*i. x, XK: fy yt yx) = Z <p (xi, yj), 
i = 1 

.V .V 

Xi, yi > 0, 27 xi = c,, Z yi = ct, 

where <p {x, y) is a strictly concave function, monotone increasing in x and 

Show that the corresponding functional equation 

/* («!• ct) —   Max   [9? {x,y) + fs -\ (c,—x, c,—y)], 
<• < » < e. 

possesses for each iV > 2 a solution of the form 

0<X<C| 

0<y<c2 

Figure  6 

and show how to determine the boundary curves. 
Consider, in particular, the case where 

<p [x,y) = M, .* -f r, v + «2 xl + 2u3 xy + ut y', 

12.  Under the assumjition that cp (x) is a monotonically increasing strictly 
concave   function,   determine   the   maximum   of   F (v,, A, Xv) = 

.v 
J7 (p (xt) over the region determined by 
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Xi <: Cl, Xt^>0 

N 

b.   Z xi" <; c,. 

for /> > 1 and P < 1 respectively. 

13. Obtain the recurrence relations arising from the problem of mini- 
N 

mizing £ <pi (*() subject to the restrictions 
i - i 

a. 0<, Xi-^ri, 
y 

b. 2' tpt (xi) > a, 
i =- 1 

under the assumptions that each tpt [x) is a non-negative monotone in- 
.v 

creasing function of x, with  S tpi (>"() ^ a. 
i - i 

14. Consider  the  corresponding   multi-dimensional  problem  of  mini- 
.v 

mizing  £ qn {xt, y<) subject to the constraints 
i     i 

a. O^xt^n.O^yi^Si, 
x 

b. 2 y>i {xi, y«) > a, 
i - I 

under appropriate assumptions concerning the sequence {y>i]. 

15. Determine the maximum of the function A:, xt . . . ,r.v over the region 
defined by 

a. £ xt = 1. ^ >0, 
t - i 

b. bxic si xt ii, b > I, k = 1, 2, .V—1. 

Consider the same problem for the function Z" *(", for different ranges 
i = i 

oip. 

16. Consider the recurrence relations 

/, («) --=   Max   [g (y) +h{x~y)\, 
0 <y <x 

fs < i [x) =  Max  \s (y) + * (« — y) + /« («y + 6 (« — y))]. 
0 £ v < x 
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where g (v) = cIy'', A (y) — c^y4, with c,, c,, d > 0.   Show   that /AT (X) — 
usx", where 

»i =  Max {ctv
d -r c, (1 — v)4], 

O < r < I 

UN + i =  Max rcir" + c, (1 
0 < !• <  l 

r)" -I- uN(av + 1(1—•))<). 

Show that 

f    Clr-+c1(l-t;)'«    ] 
um «^ =   Max     I ; — -— I. 

17. Consider the process described in § 2 under the assumption that it is 
not required to use all the resources available at each stage. Show that the 
functional equation obtained in this way has the form 

/(*) -    Max    [g (y,) + A (y.) + /(ay, + byt + x— yl ~yt)]. 

Does this equation have a solution if g (x) and A (x) are both concave 
functions of v? Does it have a solution if they are both convex? Under 
what conditions upon g (x) and A (x) does it have a solution with a corre- 
sponding optimal policy? 

18. Show that if there is a solution with y, + y» < x, y,, y, > 0, then 
S' (yi)/(l — a) = h' (yi)/(l — b) under suitable assumptions concerning 
f and h. What is the interpretation of this solution ? 

19. Consider the process described in § 2 under the assumption that addi- 
tional resources are added at each stage, either externally or from the 
conversion of all or part of the return g {y) -j- h{x — y) into resources, 
and obtain the corresponding recurrence relations. 

20. Consider the process described in § 2. Define ^.v (z) as the minimum 
cost required to obtain a total return of z at the end of N stages. Show that 

/?. W Mm 
g (y.) + * (v.) 

»i. ft \: *> 

[(l_a)y14-(l_i)y1], 

gtf + i{z)=    Min    [(l—a)yl + (l—b)yt + gN(z — giyi)—h{y1))] 

21. There are A' different types of items, with the tth item having weight 
Wt and a value vi. It is desired to load a ship having a total capacity of w 
pounds with a cargo of greatest possible value. Show that this problem 
leads to the problem of determining the maximum over the tn of the 

linear  form   I. 2J «(i'f, subject to the constraints, «, = 0, 1,2, ...,N, 
i 
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w, and thus that this problem leads to the recurrence relations 

/, {w) =•- r, [w/w,], ([a] denotes the greatest integer contained in a) 

fs +1 (if) =        Max        {xvs + i +/\{u' — xux «i)], 
o < » < 

y + 

where x can assume only zero or integral values. 

22. Suppose that we have a herd of cattle and the prerogative, at the 
end of the year, of sending one part of the herd to market, and retaining 
the other part for breeding purposes. Assume that the dollar value of y 
cattle sent to market is <p(y), and that z retained for biteding purposes 
yield az, a ^ 1, at the beginning of the next year. 

Show that the problem of determining a breeding policy which maxi- 
mizes the total return over an A'-year period leads to the recurrence 
relation 

/, (x)  =    Max    (p (y) 

ft, {%) -    Max    [q) (y) -f fs- \{a[x — y))J. 
o < » < « 

23. Determine the structure of the optimal policies in the following cases: 

a-   ^ (>) = *yi A- > o 
b. (f (y) is quadratic in y 

c. f (y) is strictly convex 

d. tp (y) is strictly concave 

24. Formulate the equations under the additional restriction that cattle 
must be 2 years old before they can be sold. Take into account feeding 
cost and mortality rates. 

25. Consider the case in which there are probability distributions for the 
price and demand. 

26. In problem 22, let qp {x) = ex11, c, d > 0. Show that fs (~) = csx*, 
where c,  - r and c.v +1 =    Max    [rd + cs ad (\ — r)*], Ar = 1,2, .... 

o < r < i 
Determine the asymptotic behavior of f.v • i/Cjw and r.v f i/r.v. 

27. Suppose that we have a quantity x of money, and that portions of 
this money can be used for common goods, invested in bonds, or invested 
in stocks. The return from y dollars invested in bonds is av dollars, a > 1, 
over a period of one year; the return from t dollars invested in stocks is 
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hz dollars, 6 > 1. over a period of one year. The utility of ID dollars spent 
is (f (u). How should the capital he utilized so as to derive a maximum 
utility over an .V year period ? 

28. Consider the same prohlem under the assumption that the return 
from stocks is a stochastic quantity. 

29. A sophomore has tnree girl friends, a hlonde, a brunette, and a red- 
head. If he takes one of the three to the Saturday night dance, the other 
two take umbrage, with the result that the probability that they will 
refuse an invitation to next week's dance increases. Furthermore, as a 
result of his invitation, there is a certain probability that the young lady 
of his choice will be more willing to accept another invitation ind a 
certain probability that the young lady will be less willing. 

Assuming that feminine memories do not extend back beyond one 
week, what dating policy maximizes the expected number of dances the 
sophomore attends—with a date ? 

30. Obtain a sequence of recurrence relations equivalent to determining 
.v 

the minimum of the linear form L =  2,' xt, subject to the constraints 
i       1 

*« i> 0, jci + .V( +1 > a(, t = 1, 2 N — 1. Thus, or otherwise, show 
that Min L      Max at, granted that one u, is positive. 

i 

31. Solve the corresponding prohlem for the case where the constraints 
are *j +. *< +i + *j + « > a«, t = 1, 2 .V — 2. 

32. Determine the recurrence relations for the problem of minimizing L 

A"   f( Xi, Ct > 0, subject to the constraints 
i     i 

Xt ^> 0, hi xt + dt xt +i > at, t = 1, 2, 1 

33. Solve the problem fonnulated above in (32) for the case where the 
constraints are 

a. 

1).       A, 

C       Xi 

Xt -h xt+i >ai, i =   1,2 N y.\ a.v, or 

*< +1 > a*, t = 1,2, ..., A' — 1, AT, > a, x\ > a\, or 

ATi i 1 -f Xi . 2 > «(, J = 1, 2,   . . . , A' 2, A'.v - i -t- A.v > as - 1, 

plus the usual constraint xt > 0. 

34. Show how to approximate to/(A) in the interval  n, h] by means of a 
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linear function ux + v according to the following measures of deviation 

a.    f {/W — ux — v^dx 

l/W Max 
• < ' ^ * 

ux 

35. Suppose that it is necessary to traverse a distance x. If we travel at a 
speed v there is a probability p (v) ds of being stopped in the interval 
(s, s 4- ds) and incurring a delay of d time units. At what fixed speed 
should we travel in order to minimize the expected time required to cover 
a distance x ? (Greenspan) 

36. Under the same conditions as those of Problem 35, at what speed 
should we travel in order to minimize the probability of requiring more 
than a time T to cover the distance x ? 

37. Assume that there is a penalty of p dollars when stopped and that 
actual travelling time costs c dollars per unit time. How do we proceed to 
minimize expected cost f 

38. Obtain a recurrence relation equivalent to the problem of minimizing 
.v 

the quadratic form Q.\ =   i7 (** — **- ,)' over all sets of values for the 
.v i-     i 

Xt for which -l" x*2 ~ 1, AT« = c. 
it     i 

39. We are informed that a particle is in either of two states, which we 
shall call S and T, and are given the initial probability .r that it is in state 
T. If we use an operation A we reduce this probability to ax, where a is a 
positive constant less than 1, whereas operation L, which consists of 
observing the particle, will tell us definitely which state it is in. It is 
desired to transform the particle into state S in a minimum time, with 
cert änty. 

lif{x) is defined to be the expected number of operations required to 
achieve this goal, show that/(x) satisfies the equation 

/(*) --= Min < X 1. 1 +/(««)] 
/(0) = o. 

40. Show that there is a number x0 in the interval (0,1) with the property 
that 

fix) = 1 +.y/(l),0<.*<.r„ 

= 1 +f(ax), \>x>x0. 
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/(l) = Min(*-tJL)^=lf2  

1 
Ao (l-a)f(l)      (l-ajik+l)1 

for the minimizing value of k. 

41. At each stage of a sequence of actions, we are allowed our choice of 
one of two actions. The first has associated a probability /^ of gaining one 
unit, a probability />, of gaining two units, and a probability p3 of gaining 
nothing and terminating the process. The second has a similar set of 
probabilities pi, pt', p3'. We wish to determine a sequence of choices 
which maximizes the probability of attaining at least n units before the 
process is terminated. 

Let p (n) denote the this probability for « = 1, 2,3, . ... Show that ^(w) 
satisfies the equation 

L/>1'M«-l) + />I'/'(«-2)J' 

for n = 2, 3, 4 with p (0) - 1, and 

p(l) » Max (^ ;!./). 

42. With reference to § 7, show that if g (x) and h {x) are quadratic in x, 
then/iv (c) = a.v + ßsc -f y.vc* where a.v, ^.v, y.v are independent of c. 

43. Show that there exist recurrence relations of the form 

«.v , i = #1 (a.v, /J.v, y.v), 

ß.x 4 i = Ri (a.v, ßt</, ^A-). 

y.v +i = ^3 (a.v, ß.w, yiv), 

where the Ki are rational functions. 

44. Treat in a similar way the problem of minimizing the function 
.v 

/(*i. *2 v.v) = 1' [g («» —A) + h(xk — Xt- ,) 
;     i 

+ m (xt — 2xk - j + *» - J]. 

where g (x), h (x) and m (v) are quadratic. 
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45. Suppose that we have a machine whose out put per unit time is r (t) as 
a function of /, its age measured in the same units. Its upkeep cost per 
unit time is n (/) and its trade-in value at any time / is s(t). The purchase 
price of a new machine is p > s(0). At each of the times / = 0,1, 2  
we have the option of keeping the machine, or purchasing a new one. 
Consider an unbounded process where the return one stage away is dis- 
counted by a factor a, 0 < a < 1. Let/(/) represent the total overall 
return obtained using an optimal policy. 

Show that/(/) satisfies the equation 

/(/) - Max [: 
r(t) — u(t) + af(t+ 1), 

(/)-/> + r (0) - « (0) «/(I) J 
46. Using the fact that an optimal policy, starting with a new machine, 
is to retain the machine for a certain number of time periods, and then 
purchase another one, determine the solution of the above equation. 

47. Is it uniformly true that, if given an over-age machine, the optimal 
policy is to turn it in immediately for a new one ? 

48. How does one formulate the problem to take into account technolo- 
gical improvement in machines and operating procedures ? 

49. A secretary is looking for a single piece of correspondence, ordinarily 
a carbon on thin paper. She usually has fi places she can look 

Three folders of about 30 sheets each 
One folder of about 50 sheets 
One folder of about HX) sheets 
Elsewhere 

Folder N'umlKT k 

1,2,3 
4 
r. 
6 

1%e initial probabilities of the letter being in the various places are usually 

1 
2 
3 
■« 

B 
8 

p* 1   2» /ft 
I'robabi! ity of I'robabilitv of Time for one 
etter in folder beintf found on examinati. n 

one examination 
if in folde r 

.11 .95 1 

.11 .95 I 

.11 .95 1 

.20 .85 •J 

.37 .70 3 

.10 .10 KM. 
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How shall the secretaiy l(M)k through the folders so as to 
a. Minimize the expected time required to find a particular letter? 
b. Maximize the probability of finding it in a given time? (F. Mos- 

teller) 

50. Let the function a (x) satisfy the constraint a (x) < d < I for all x. 
Show that the solution of the equation 

M = Max h (x) -f « (*) «] . 

if it exists, is unique, and is given by the expression 

M = Max 6 (*)/(! —a{x)) . 

Under what conditions does the solution exist ? 
If a (v) does not satisfy the above condition, show that the number 

of solutions is either 0, 1, 2 or a continuum, and give examples of each 
occurrence. 

51. We are given a quantity A > 0 that is to be utilized to perform a 
certain task. If an amount y, 0 < y < ^r, is used on any single attempt, 
the probability of success is a (y). If the task is not accomplished on the 
first try, wc continue with the remaining quantity x — y. Show that if 
/(*) represents the over-all probability of success using an optimal policy, 
then/(.v) satisfies the functional equation 

/ (A) Sup   ; a (y) -^ (1 — a (y) ) / (A — y) 1. 
(• • >i ■ * 

53. Derive the corresponding equation for 1 - ■/(*), the probability of 
failure. 

53. Consider the two cases where a (y) is convex or concave, and obtain 
the explicit solutions for these cases. Observe that in one case there is no 
optimal policy, 

51. Consider the process discussed in § "2 under the assumption that the 
total return from an N-stage process is 

R's      £ (y) 4- h (A - y) + g (y.) + h (AT. -   y,) -f ... 

+ g (v.v - i) + Ä (A.V - i — y.v - l) +  it (**). 

where k (A) is a given function. 

55. Consider the functional equation 

y))], J{x) =    Max [g (y) + h (A — y) -f/(ay + b (A 
0 < y < JT 
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under the assumption that 
a-    S (y) ~ ci yd. h (v) ~ ct y*. c,, c,, rf > O, as y -»- c» 

or 

hi    S (y) ~ c,)/1*., h (y) ~ cty
d>, c,, ct, </,, rft > 0 as y -* oo. 

In both cases, determine the asymptotic behavior of/(*) as x -> oo. 

56. Determine a recurrence relation for 

Min «■   -——- + —2—+ -.. -I——LH-—^    , > 0   Ui  + Xx X,  +  Xt Xn  -h Xl Xl   + Xt I 

with the introduction of suitable additional parameters. 

57. Consider the problem of determining the minimum of the function 

.v ,v 
1'   gkir*. rk + i) +   £  hk{rt), 

k - i k = i 

where rjv + i = ri, and the r* are subject to the constraint 

a. O^r*^**, 

A' 

b. £   <pt (r*) ^ c, 
*     i 

with each 99* (A;) a known monotone increasing function of x, 9?* (0) = 0. 
Introduce the auxiliary problem; 
Minimize 

g (". '■) + g ('». ^3) H- • • ■ + g (^JV - !, r.v) + g (rir. ») 

+   Z"  **(r»). 

with fg, »"a, .. ., r.v subject to the constraints 

a. 0 < rt <, bk 

K 

b, U  (pk {rk) > c. 
t = 2 

Show that if we designate the above minimum by F {«, v, c), then the 
minimum in the original problem is given by 

Min    FCr,, >-,, c —^»(r,)). 
0 < r, < ft, 
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58. Introduce the sequence of functions, R — 2, 3, .... N — 1, 

FR (U. V. C) = Min [g (u, rF) + g (rÄ, rR + i) + ... -\- g {TM - i, r*) 

+ Z fft* f) +    £    hk (r*)] , 

with 

FAT (U, v, c) = Min [g («. r^) + g {rN, v) + hs (rN)]. 

For each R, admit only c-values satisfying the restriction 
.v 
£  <Pk (bk) > c, where the 6» are fixed positive constants. 

*    it 

Show that we have the recurrence relation 

FR (U, V. C) mm Min [f (M, TR) ■+ AÄ (r«) + FA + i (r«, v, c—<pR (rÄ))], 

where r« varies over the interval defined by 

a. 0< r«^ bn, 
.v 

b. Z"     9?* (6*) > c — 9?« (r«). 
*    rt + i 

59. Consider in a similar fashion the problem of minimizing a function 
such as 

RN = g (''.. 'J. 
r*) + C ('t. rfc r«) + •••+! K - ., 'N, rj 

60. Suppose that we have a (juantity of capital x, and a choice of the 
production in varying quantities of N different products. Assume initi- 
ally that there is an unlimited supply of labor and machines for the pro- 
duction of any items we choose, in any quantities we wish. 

If we decide to produce a quantity .v. of the ith item, we incur the follow- 
ing costs: 

a. «/ " unit cost of raw materials required for the t'* item 
b. hi  = unit cost of machine production of t"1 item 
c. d  = unit cost of labor required for t"1 item. 
d. Ct — a fixed cost, independent of the amount produced 

of the i"1 item, if Xt > 0. 

The cost of producing a quantity xt of the t"1 item is then 

gt (*() = (at + bt + a) xt + Ci,       ATi > 0 

= 0, *< = 0. 
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Let pi be the selling price per unit of the j'A item. The problem is to 
ohoose the .V( so as to maximize the total profit 

PAT —    2'    Pi Xi, 

subject to the constraints 
.v 

(a) Z g, (r()^*. 
i - i 

(b) xt>0. 

Let 
fN {%) — Max /'.v. 

Show that 

and 

ft («) = Px (x—Cl)l{al + bl + c1). x>Cx. 

= 0, O^X-^CL 

fs {x) -=     Max    [ps xs -\- (N -\{x — gs (**))] • 
V ' 0 

•ir(V: ' 

Show that AT.V > 0 can be replaced by 

/A- - i (*) —/v - i (* — C*) 
XN >' 

Ph 

61. Assume that the demand for each item is stochastic. Let C* [z] repre- 
sent the cumulant function for the demand z for the k'h item. Show that 
the expected return fmm the manufacture of x* of the k,h item is 

pt   \'
k zdC,k{z) -\  pu r xkdG{z\ 

PK  I '* I d(.k [z) + pk xk (1 — (h (*»)), 
J n 

and ohtain the recurrence relation corresponding to the problem of 
maximizing the total expected return. 

62. Consider the problem of maximizing the probability that the return 
exceed r. 

63. Consider the above problem in the deterministic and stochastic 
versions when there are restrictions upon the quantity of machines 
available and the labor supply. 
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64, Obtain (lit- recurrence relations corresponding to the case where we 
have "complemc ntarity" constraints such as 

0, a.    x, xt — 0,   x7 *, = 0,   xt xl0 xl 

ätid so on, or 

I),    x, xt ti   : 0.   j — 1,1    ^ — 1. 

65. Suppose that we have a complicated mechanism consisting of ^V 
interacting parts. Let the »'* jiart have weight Wt, size Si, and let us 
assume that wc know the probability distribution for the length of time 
that any particular part will go without a bieakdown, necessitating a new 
part. Assume also that we know the time and cost required for replace- 
ment, and the cost of a breakdown. Assuming that there are weight and 
size limitations on the total quantity of spare parts we are allowed to 
stock, how do we stock so as to minimize 

a. the expected time lost due to breakdowns, 
b. the expected cost of breakdowns. 
c. a given function of the two, time and cost, 
d. the probability that the time lost due to breakdowns will exceed T, 
e. the probability that the cost due to breakdowns will exceed C? 

66. Determine the possible modes of asymptotic behavior of the sequence 
{u„} determined by the recurrence relation 

Mn ( 1 Max [au„ -f b, CUn + d], 

and generally by the recurrence relation 

«n +1 = Max [Ui u„ + bi], i = \, 2 k. 
t 

(of. Problem 80). 

()7.  Determine the miniinum of 

F (*i, xt x.\) = 1' gi {x() + Max (*„ .v2 xN), 
i     i 

subject to the constraints ^r. > 0. 

68. Suppose that we have .V different activities in which to invest capital. 
Let gi (Xi) be the return from the iih activity due to an investment of Xi. 
(iiven an initial quantity of capital x, we are required to in%'est in at 
most k activities so as to maximize the total return. 

Denote  the maximum return  by /*, .v (v).  Show  that  we have the 
recurrence relation 
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/*. N W - Max 

for l<.k<N ~l. 

Max     ^.v M -f /* _i, M -1, (« — y)]. 
0 < » ■    -r 

69. Two corporations, with interlocking directorate, arc forbidden by 
anti-monopoly statutes from investing in tbe same enterprise. The first 
corporation has capital x to invest, the second capital y. with known 
returns gi (z) from an investment of a (piantity of capital z in the »,h of 
.V different enterprises. 

Show that if the directors wish to maximize the total return from the 
two corporations, they must  maximize 

.v ,v 
i\v (*(. y«) -= £ gt (xi) + £ gt (>•(). 

t - 1 i - 1 

subject to the constraints 

.v 
a.   2,' Xi = x, xt > 0, 

i - 1 

b. j; y, = y, y* > 0. 
i- 1 

c. xt Vi = 0. 

Let 

fs {x, y) = Max Fy (x{, yO 

Show that 

/v (*, y) = Max 

Max    [gr, (y,v) -f /\ _ i (.r, y — yti) ] 
'  ii -   v .v ■   u 

Max     gs- (-v.v) + /.v -1 (.v — .v.v, y) ) 
o < .r « < * 

Consider  the case where the different  corporations derive different 
returns from the same enterprise. 

To. It is decided to employ a policy of replacing all lii^bt bulbs in an 
office building at one time. Assume that the cost of replacing the bulbs 
is a, and that g (x) represents the cost due to lack of lighting if a time 
interval x elapses between replacements. Over a time interval T, it is 
decided to make replacements at times.Vi,.vi 4- Xt *i   f ^2 + • • • + 
+ Xu = T, where n is to be determined. 
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Tlie efficiency of the program is to he measured by the average loss 
sustained 

1" (i 4 f W ) 
F«»!.* *m]   ^--^—Y- 

What is the optimal policy? 
(I. R. Savage) 

71. Let the functions /,'((x) he such that the maximum of 

jr 
Fj» (Xu X2 Xy)  —   £ gi (X() 

i - 1 
A- 

over the region xt > 0, 2," xt = c may be obtained by use of a Lagrange 
i - i 

multiplier A, considering the expression 

.v .v 
G.v = £ gt (xi) — A i" Xi. 

i ■* 1 ... « - 1 

On  the other hand, let fs (c) = Max l-'s. Show that 
w 

A=A'(c) 
Obtain   the  corresponding  result   for  the   maximum   of £ gi (*,-, y<) 

i - i 
subject  to 

■V .v 

2" A;« =^ ci,    2" y* = C2, xi, yi > 0. 
< - I i - 1 

72. Let 

.\/r ^Vi, X2, .. ., x.\)  = the r"' largest oi the quantities «i, Xt, . .., ^AT, 

.Ur (AI, A2 .VA) = the rM smallest of the quantities AI, *t, • • •, ^AS 

for r = 1,2, . . ., A'. Obtain recurrence relations connecting the members 
of the sequences 

{Mr (A,, A2 A.V)}, {Mr (A,, xt AA)}, r = 1, 2  

.V 

73. Consider the problem of maximizing 27 2_x< 
t - i 

subject to the constraints xt > 0, 27 1/(1 + *() < *• 
i = i 

(J. V. Whittaker) 
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74. A gambler lias a capital of v dollars and wishes to bet on the outcomes 
of .V different events. There is a probability p* that he can predict the 
k"* outcome correctly. The only constraint on the total amount that he 
Ix'ts is the condition that he be able to pay off his losses. 

Show that  the problem of maximizing his expected return may be 
converted into the problem of maximizing 

.v 
Ls (x)  m  2.' Pk Xt subject  to the constraints 

< - i 

(a) «i > 0, 
.v 

(b) r *, < x + Xj.j ^ \.2 A'. 
i - i 

75. Consider the problem of maximizing 

.v 
L.S (A) X  pk Xk 

k      1 

subject  to the constraints 

(a) v, > 0 
.v 

(b) E Xi <  M   +  A'; 
I     I 

.\ 
(C)    1" Xt < V. 

i       I 

Define/v (M, r)       Max/,v(v).  Show that 

fs{u,v)       Max  p\ xs -\ fs -\(u       v.v.   Min (J
1
 -   .v.v, M) ) ] 

76. The problem of designing an efficient water distillation plant for 
heavy water production involves the minimization of 

<l\ a%  ...   <<m  - 1 

where the «,  arc subject   to  the constraints 

(a) at :> 1 

(b) tl\ (I,   ...   Um      :  X. 

Sliow that this may be reduced to the functional equation 

VN = £(ax)   \ + 
«i "I«J 

/, (,(A-)       Min   L'(«,) -i       fk(X 

and find  the solution  in  the case  where g (y)       yh, b > 0. 

58 



A Ml'LTI-STACiE  ALLOCATION PROCESS 

77. Consider tlic cist' where 

VM i^'i («0 H 1- ... +  
ai ((i '<_>...(',„    i 

(E. Cerri, M. Silvestri and S. Villan, "The Ca-scading Problem in a Water 
Distillation plant and Heavy Water Production," /f. Saturforschg., 11a, 
694 (1956).) 

78. Consider the problem of allocating resources to N different activities, 
leading to the problem of maximizing a function 

-T gt (*() subject to the constraints E xt = c, xi^> 0. 
Show that the function/.v (c) obtained via the usual recurrence relations 
does not depend upon the way in which the activities are numbered. 

Bibliography and Comments for Chapter I 

(j 1. A fairly complete bibliography of papers up to 1954 plus some remarks 
which complement the text may be found in R, Bellman, "The Theory of 
Dynamic Programming," Hull. Amer. Math. Soc, vol. 60 {1954), pp. 503-516. 

{ 2. This process was first discussed in liconometnra, vol. 22 (1954), pp. 
37-4H 

ij 7. Further discussion of this problem may IK- found in K. liellman, 
"A Class of Vanational Problems," Quart, of Appl. Math , 1956. An inter- 
esting discussion of general "smoothing" problems may be found in I. J. 
Schoenberg, "On Smoothing Functions and their Cienerating Functions," 
Hull. Amer. Math. Soc. vol. 59 (1953), pp. 199 230, where a number of 
further references may be found. 

{11. The importance of the concept of approximation in policy space 
was stressed in R, Mellman, "On Computational Problems in the Theory 
of Dynamic Programming." Symposium on Numerical Methods, Amer. Math. 
Soc. Santa Monica,   1953. 

Jj 12. The elegant proof of 1-emma 1 was found independently by I. ("dicks- 
Iwrg and \V. Fleming to whom the author posed the problem of finding a 
In-tter proof than that given in the opening lines of the section. 

S 17.  The results in this section were derived by  D.  Anderson. 

sj 1H. A more complete discussion of the concept of the stability of solutions 
of fur tional equations may be found in R. Mellman, Stability Theory of 
Differential Equations, McGraw-Hill,  1954. 

si 19. The reduction of the sequence {/»-. .%■ (*)} to a sequence {/*■ (x)} is an 
important piece of mathematical legerdemain as far as computational 
solutions are concerned; cf also § 6 and !} 7. The limited storage capacity 
of computing machines makes one quite stingy with subscripts and para- 
meters. 
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§ 22. The proof in the text follows a paper of S. Johnson, "Optimal 
Search is Fibonaccian." 1955 (to appear). 

An equivalent result was found earlier by J. Kiefer, unbeknownst to 
Johnson, using a much more difficult argument: J. Kiefer, "Sequential 
Minimax Search for a Maximum," Proc. Amer. Math. Soc , vol. 4 (1953), 
pp. 502-6. 

The problem of determining a corresponding result for higher dimensions 
seems extraordinarily difficult, and nothing is known in this direction at 
the present time. 

§ 24. An excellent introduction to the study of stochastic processes is 
given in the book by W. Feller, Probability Theory, John Wiley and Sons, 
1948. A number of important physical processes are discussed in the book 
by M. S. Hartlett, An introduction to stochastic processes with special reference 
to methods and applications, Cambridge,   1955. 

Exercise 7fi. See K. Hcllman, Nuclear Engineering, 1957 

GO 



CHAPTER II 

A Stochastic Multi-Stage Decision Process 

§ 1, Introduction 

In the preceding chapter we considered in some detail a multi-stage 
decision process in both deterministic and stochastic guises. In this 
chapter we shall discuss a stochastic multistage decision process of an 
entirely different type which possesses a number of interesting features. In 
particular, in obtaining the solution of some simple versions of processes 
of this type, we shall encounter the important concept of "decision 
regions". 

We shall follow essentially the same lines pursued in the previous 
chapter, first a statement of the problem, then a brief discussion in clas- 
sical terms. Following this, the problem will be formulated in terms of a 
functional equation, the required existence and uniqueness theorems will 
be proved, and then the remainder of the chapter devoted to a discussion 
of various properties of the solution, such as stability and analytic 
structure. 

For the simple process used as our model, we are fortunate enough to 
obtain a solution which has a very interesting interpretation. Equally 
fortunately as far as the mathematical interest of the problem is concern- 
ed, this solution does not extend to more general processes of the same 
type. This forces us to employ techniques of an entirely different type 
which we shall discuss in a later chapter. Chapter 8. 

The failure of the elementary solution is not due solely to the inadc- 
quacy <;f the analysis. A counter-example has been constructed showing 
that the solution of a multi-stage decision process of this class cannot 
always have the simple form of the solution given in § 8 below. Another 
proof »f this fact is furnished by Lemma 8 of Chapter 8. 

A number of interesting results which we do not wish to discuss in 
detail are given as exercises at the end of the chapter. 

§ 'Z.  Stochastic gold-mining 

We shall cast the problem in the mold of a gold-mining process. 
Suppose that we are fortunate enough to own two gold mines, Ana- 

conda and  Bonanza, the first of which pos;  sses within itß depths an 
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amount of gold x, and the st-cond an amount of gold y. In addition, we 
have a single, rather delicate, gold-mining machine with the projx-rty 
that if used to mine gold in Anaconda, there is a probability />, that it 
will mine a fraction r, of the gold there and remain in working order, and 
a probability (I — />,) that it will mine no gold and be damaged beyond 
repair. Similarly, Bonanza has associated the corresponding probabilities 
pt and 1 — pt, and fraction rt. 

We begin the process by using the machine in either the Anaconda or 
Bonanza mine. If the machine is undamaged after its initial operation, 
we again make a choice of iisinf; the machine in either of the two mines, 
and continue in this way making a choice before each operation, until the 
machine is damaged. Once the machine is damaged, the operation ter- 
minates, which means that no further gold is obtained from either mine. 

What sequence of choices maximizes the amount of gold mined before 
the machine is damaged ? 

§ 8. Enumerative treatment 

Since we are dealing with a stochastic process, it is not possible to talk 
about the return from a policy, a point we have already discussed in § 24 
of the previous chapter, nor can we choose a policy which guarantees a 
maximum return. We must console ourselves with measuring the value 
of a policy by means of some average of the possible returns, and choosing 
an optimal policy on this basis. As before, the simplest such average is 
the expected value. 

Let us then agree that we are interested in the policies (since there may 
be many) which maximize the expected amount of gold mined before the 
machine is damaged. A policv here will consist of a choice of A's and ti's, 
A for Anaconda and H for Bonanza. However, any such sequence such as 

(1) S = AAIWBABB ... 

must be read: A first, then A again if the machine is undamaged, then B 
if the machine is still undamaged, and so on. 

Let us initially, to avoid the conceptual difficulties inherent in un- 
bounded processes, consider only mining operations which terminate 
automatically after A' steps regardless of whether the machine is unda- 
maged or not. In this case it is quite easy, in theory, to list all feasible 
policies, and to compute all possible returns.1 It is possible to use this 
idea to some extent in certain problems. However, in general, this proce- 
dure is rather limited in application, unrevealing as to the structure of an 
optimal policy, and, as a brute force method, a betrayal of one's mathe- 
matical birthright. 

1 Tc quote numlK-rs again, a 10-ttage policy would require the listing of 210 = 
1024 possible policies; if three choice* at each staue, then  39,048  ihlterent  policies. 
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§ 4. Functional equation approach 

In place of the above enumerative approach, we shall once again em- 
ploy the functional equation approach. Let us define 

(1) JN (*, y) -= expected amount of gold mined before the machine 
is damaged when A has x, B has y and an optimal 
policy which can last at most -V stages is employed. 

Considering the one-stage process, we see that an A-choice yields an 
expected amount /), r, x, while a Ä-choice yields px rt y. Hence 

(2) fi (*. V) = Max [pi r, x. pt r, y]. 

Let us now consider the general (N + l)-stage process. Whatever 
choice is made first, the continuation over the remaining N stages must 
be optimal if we wish to obtain an optimal (N -j- IVstage policy. Hence 
the total expected return form an /I-choice is 

(3) /A (X, y) = Pt (r, *+;*((! — rj x, y)), 

and the total expected return from a ß-choice is 

(4) /« («. y) - p, (f, y + />■ («. (1 — rj y)). 

Since we wish to maximize our total (Ar + l)-stage return, we obtain 
the basic recurrence relation 

(ä)        /„ , i (*. y) - Max [/A («. y)./j (*. y) ], 

,   = Max f/), (r, x+/N{{l — r.) x, y), p, (r, y + 

fs(x,(l~rt)y))]. 

§ .3. Infinite stage approximation 

The same argumentation shows that the return from the unbounded 
process, which we call/(.v, y), assuming that it exists, satisfies the func- 
tional equation 

(1) /{«, y) = Max pl (r, x +/((! —r,) *, y)), p, {r, y + f(x. (1 —rt)y))]. 

Once again, the infinite process is to be considered as an approximation 
to a finite process with large A'. In return for the advantage of having 
only a single function to consider, we face the necessity of establishing 
the existence and uniqueness of a solution of the equation in (1). This we 
proceed to do in the next section. 
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§ 6. Existence and uniqueness 

Let us now prove the following result: 

THEOREM 1. Assume thai 

(1) a.     I/., |,  |M <!,• 
l>.    0 < r,, r, < 1. 

7'hen (here is a unique solution to (5.1) which is bounded in any rectangle 

This solution f {x, y) is continuous in any finite part of the region x,y ^>0. 

PROOK: Let us, to simplify the notation, set 

(2) rI(/) =Mr,«-j-/((i—fi)«.y)]. 

TtU) -^•[»'«y+/(«,(l—rjy)]. 

Then the functional eejuation in (3.1) has the form 

(3) f(x.y) =Max[7\(/),7\(/)]. 

Define the sequence of functions 

(4) /, (-v. y) = Max [/>, r, x. P, r, y], 

/.v ♦ i (x. y) --= Max [Tt {/*). Tt {/*)]. 

= Max [T, (/*)] 
i     i. i 

precisely as in the recurrence relation of (4.3). 
Let t = i [N] = i (AT, x, y) be an index which yields the maximum in 

the expression    Max    [V"((/.v)], for V = 1, 2, ... 

Then we have, 

(5) fs + \{x, y).s= Tt (.v) (/.v) 2i Tt (.v + i)(/jv) 

/v + 2 (x, y) = Tt ^N + U{/N +i) >: Tt (.v) (/v +1), 

using the same device we employed in the course of the existence and 
uniqueness proof for the solution of the functional equation in (6.1) of 
Chapter 1. 

''  In  the equation uiaing  from  the process described above,  the />,  are non- 
negative.   1 lie proof we give covers the more general equation as well. 
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Hcr.ce 

(6) |/* + i (*, y) —/s+,(x. y) \ <. Max [ | Tt ,*>(/*) — Tt mt(fir*4 |. 

\THN +1) (fs) — TUN + \) {fs +1) I ] 

^ Max [ i /.. I \fs ((1 — rj x. y) -fs . i ((1 — rj ^ y) |. 

I A> 11/« (*■ (1 - rj y) —/»♦! (A:, (l - r.) y) |]. 

Let us now define 

(7) MN (x. y) -    Max   | /^ («, t)—fN+i (s, /) | 
o < » < X 
o < r < » 

From (6) we obtain 

(8) MA- + I (*. y) <; ? M.V (x, y), 

where q =   Max ( | /»i |, | />! | ). Since 0<; y < 1, we see that the series 
oo 

2.' M.V (x, y) converges uniformly in any bounded rectangle 0<;#<;A', 
s - i 
0<;y<; V. Hence/>■(.*, y) converges uniformly to a function/(AT, y) 
which satisfies the relation (ö.l), and which is continuous in any bounded 
rectangle in the (x, y)-plane. 

The uniqueness proof follows the same lines as the proof of Theorem 1 
of Chapter 1 and is left as an exercise for the reader. 

As we see from the above proof, the choice of/! [x, y) is arbitrary pro- 
vided only that it be bounded in any finite rectangle. It is interesting to 
note that the limit function will be continuous even if the initial function 
is not, as a consequence of the uniqueness of the solution. 

§ 7.  Approximation in policy space and monotone con- 
vergence 

As before, it is easily seen that we can ensure monotone convergence 
by approximation in policy space, in the case where />,, pt > 0. The two 
simplest approximations are those corresponding to .4°° and ß00.3 From 
the first policy we obtain the expected return 

(1) /A [x. y) = pi r, «/(I — Ml — ''.)) - 

and from the second, the return 

(2) fa {x. y) = p, rt y/(l — Ml — ''.)) • 
• It is Interesting to observe tin' (bUowing difference between the process and 

the functional equation obtained from it. The sequence A00 is conditiotuU as far 
as the process is concerned, but ililirmmistic as tar as the equation is concerned. 
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As we shall see IKJIOW in § 8 and § 9, we actually possess a far more so- 
phisticated technique for obtaining a first approximation in the discussion 
of more complicated processes, at the expense, of course, of the above 
simplicity of expresrion. The guiding principle is, however, quite simple. 

§ 8. The solution 

Let us now turn to the solution of the equation in (ft.1) for the case 
where/>, and ^), are real numbers satisfying the inequality 0 </>,,/>, < 1. 
It is intuitively clear that an A-choicc is made when xjy ^> 1 and a 
B-choicc is made when yjx ^> 1 4. 

It is also easily seen that the choice at each stage depends only on the 
ratio xjy, since f(kx, ky) — kf{x,y) for A > 0. Perhaps the quickest 
way to prove this is to invoke the uniqueness theorem, although it is 
intuitively clear from the description of the process. 

It follows then that if we examine the positive (x, y)-quadrant, and 
divide it into an /I-set and a ß-set, which u to say those values of x and y 
at which an ,4-decision is the optimal first choice and those at which the 
#-decision is optimal, then (*, y) in the .4-set implies that {kx, ky) is in 
the .4-set for all k ,> 0, and similarly for the ß-set. 

If these sets are well-behaved, it follows that their boundaries must be 
straight lines, 

Figure   I 

as conceivably in the figure above. The regions where A and B are used 
are called decision regions. 

Let us now boldly conjecture that there are only two regions, as in 
Figure 2, 
and sec if we can determine the boundary lino, L, if this is the case. 

*  The notation a ^ I signifies that a is very large compared to 1. 
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L 

Figure 2 

What is the essential feature of the boundary line which will enable us 
to determine its equation ? It is this: it is the line on which A or B choices 
are equally optimal. 

If we use A at a point (*, y), with an optimal continuation from the 
first stage on, we have 

(1) /A (X. y) = />, r, AT -f pjtil — rj x, y), 

while similarly B at {x, y), and an optimal continuation, yield 

(2) /*(«.?) =Pnr*y + P*/(x.(l—rt)y). 

Equating these two expressions we obtain the equation for L. Unfortu- 
nately, this equation as it stands is of little use since it involves the un- 
known function/. 

In order to complete the analysis successfully we must make a further 
observation. When at a point on L we employ A, we decrease x while 
keeping y constant and hence enter the B region; similarly, if we use B 
at a point on L we enter the A region (see Figure 2 above). It follows that 
for a point on L an initial first choice of A is equivalent to an initial first 
and second choice of A and then B, while, conversely, an initial first 
choice of B is equivalent to an initial first and-second choice of B and 
then A. 

If we use A and then B and continue optimally, we have 

(3) /AM («. y) = pi r, * + ft pt r, y - pl p1f{(\ — r.) x. (1 — rt) y), 

and similarly 

(4) fmA (x, y)='p,r,y + p1 ptrlx + pl />./((! — rj x, (1 — r.) y). 

Equating/^B and/«,», the unknown function / disappears5 and we 
obtain the equation 

s The meaning of this is that having survived both an A choice and a B choice, 
it is no longer of any importance in the coutinumtion of the process as to the original 
order of these choices. 
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Pi r, xl(l - pt) =ptrty/(l—pt). 

for L. 
It remains to establish this equation rigorously. Let us begin by proving 

that there is a region near the x-axis where A is always the optimal first 
choice. 

If y = 0, we have 

(«) /(Ar'0) = MaxU/(*.o) J 
^PiriX + pJKl—rJx.O). 

Since /{x, y) is continuous in y, it follows that 

(7) / (*, y) >P,irtv+/ (x, (1 - r.) y)), 

for 0 <; y <; kx, where k is some small positive constant, since the strict 
inequality holds for y — 0. 

Thus we have a region in which A is used first, shown below in Figure 3. 

kx 

Figure 3 

Let us now take a point P =-- P {x,y), in the region between L and y 
y = kx, with the property that (A:, (1 — r,) y) is in the shaded region. In 
other words, use of ß at P must result in a4 /I-choice next, provided that 
machine is undamaged. (This proviso is necessary when discussing the 
process, but not when discussing the equation, as we have noted above.) 

\i P is optimal at P, we obtain 

(8] 

OK 

/(*. y) =/»i»(«.y). 
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as given by (4). However, we know that below L./BA (*, v) < /AB (X, y). 
Hence B cannot be optimal at /'. Proceeding inductively in this fashion 
we extend the shaded region up to L. Since precisely the same argument 
shows that the region between L and the y-axis is a Z?-rcgion, we have 
completed the proof of 

THEOREM 2. Consider the equation 

/(*, y) = Max (9) y+/(* 
l - rj x, y)],l 

AT. y >o. 

where 0 </>„/),< 1, 0 ^ r,, rt <, 1. 
The solution is given by 

(10) /(*, y) - /., [r. x +/((! —fj «. y)]./or 

p.r.xKl—p,) >plr1yl(l—pl) 

=--pt\rty+/{x,{l—rt)y)l/or 

ptftXHl—pj <prr1yl(\—pt). 

For p1 Ti x/(l — />,) = pt r, y/(l — /)2) either choice is optimal. 

§ 9. Discussion 

The solution has a very interesting interpretation. We may consider 
px rl x to be the immediate expected gain and (1 — />,) to be the imme- 
diate expected loss. The theorem then asserts that the solution consists 
of making the decision which at each instant maximizes the ratio of 
immediate expected gain to immediate expected loss. As we shall see, 
this intriguing criterion occurs from time to time throughout the theory 
of dynamic programming. 

§ 10.  Some generalizations 
The same methods suffice to prove the two results below. 

THEOREM 3. Considei the equation 

(1) f{x, y) = Max 
H 

.v 
i" pk\CkX +f(c'tx, y)] , 

* - i 
.v 
Z q*[dky +/(*, rf'*y)] 

k - 1 

where ^, y > 0 and 

(2) (a) pk > 0. qk 

(b) i > ck. dk; 

IV AT r 0, L pk, 
* - i       i 

qt < I, 

0, c'k -j- ct - d'k + dk= 1. 
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The optimal choice of operations is the follouing: If 

X A 

2' pt ct 2' qndt 
x> M     y x 

I — Z Pt 
k - 1 

1 - E qk 
t = i 

choose A ; if the reverse inequality holds, choose B. In case of equality, either 
choice is optimal. 

THEOREM 4. Consider the functional equation 

(4) f{xl, *, xN) = Max[ 2' Pik[cn.xi-\-f{xl,xt, 
i        k      1 

C IkXi, ..^)]] 

where Xi > 0 and 

(5) (a)    /><* >0, £ /><* < l,t = 1,2, 
*■    i 

n. 

(b)     1 >ca >0, cjt -f- C(*' == 1. 

The decision functions are 

D, [x) 

1    pikCik 
k       I 

 ic *• 
l — £pik 

k   i 

in the sense that the index n'hich yields the maximum oj Dt (x)for t = 1, 2, .. ., 
n is the index to he chosen in (4). In case of equality, it is a matter of indiffer- 
ence as to which is used. 

It is clear that we can combine Theorems 3 and 4 into one more com- 
prehensive result, which in turn can be generalized by the use of the 
Stieltjes integral. Thus a version of (1) arising from a continuous dis- 
tribution of outcomes is 

/(*. y) = ^ax 

J('   \zx+f{{\-z)x.y)]dG[z), 

\l   [uy+f{x,{\-w)y)]dH{w). 

We leave-tfic derivation of the extensions of Theorems 3 and 4, and the 
statements and proof of the corresponding existence and uniqueness 
theorem, as exercises for the reader. 
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||l. The form off(x,y) 

Having obtained a very simple characterization of the optimal i*)licv, 
let us now turn our attention to the function/(r, y). In general, no simple 
analytic representation will exist. If, however, we consider thee«piation 

(li /(■v.y) 
pi, v 1  at y + />,/(£-, x. y)j 

'   "I*! v   •   b, v + <7./(v, dty)\ 

we can show that if c, and Uj are connected by a relation of the type ct"' 
dt", with m and n positive integers, a piece-wise linear representation 

for/(.v. y) may be obtained. 
It is sufficient, in order to illustrate the technique, to consider the sim- 

plest case where the relation is ct      rf2. 
Let (*, y) be a point in the .!-region. If A is applied, (v, y), this point is 

transformed into (c, .v, y), which may be in either an A- or I /^-region. 
Let /,, be the line that is transformed into /,' when (x, y) goes into (Cj x, v), 
let Lt be the line transformed into A,, and so on. Similarly, let M, be the 
line transformed into L when (v, y] goes into (v, (it y), and so on. In the 
sector /.()/-,, A is used first, followed by B, as shown below. 

l-inure 4 

Hence, for (v, >') in this sector we obtain 

(2) /(.v,y)      «.v + aty   !  ptf(ctx.y) 

a, v   |  «2 v -f- />, (A, r, x + ht y) + ql /),/(c,.v, c, y) 

(«, -|   p.. VJ) x + («, + pt ht) y + pi<iiCtf{x,y) 

*   The liouiulary lire, whose fi|iiati<>ii ulitiiiurd as above, is 

",(l '/:,)      :     '',1/':, ':i •)> 6,(1 />.,)    -f «t (f*'l     •) ]  >' 
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This yields 

(3) /(*.y) = - 
(a, -f pt 6, cj x 4- (a, + />, 6,) y 

I —Piqi f i 

for (A;, y) in LOZ,,. Similarly, we obtain a linear expression for/in Z.OA/,. 
Having obtained the representations in these sectors, it is clear that we 
obtain linear expressions in L, 0Z,2, and so on. 

§ 1'2. The problem for a finite number of stages 

Let us first establish 

THEOREM 5. Consider the recurrence relations 

(1)       /i Or, y) = Max {/>, r, AT,/)j r, y} 

/.v+1(.r.y) = Max    [^     ^ jri y +/jv (,. (1 _ ^ y)] J ■ 

A^ == 1, 2  

For each N, there are tifo decision regions. 

PROOF. For each xV >• 2, the points determined by the condition that AB 
plus an optimal continuation for the remaining (.V-2) moves is equivalent 
to PA plus an optimal continuation for the remaining (AT-2) moves lie on 
the same line L we have determined above, namely 

Pi > i * Pt ri y 
(•2) 

1-/». 1 

Figon 4a 

For the AT-stage process, any policy, and consequently, any optimal 
policy has the form 

(3) SN: A-UB", ... A'M B<>s, 

where the «, and bi are positive integers or zero, restricted by the condi- 
tion, 2' {«( + bt) == iV. 
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Let us now consider a j)oint P « P (x, y) lying afx)ve L. If A is used at 
P, there are two jKissibilitics: eitlier A is used k times in succession, and 
then followed by B, 

(4) Ss - A*li 1 TV I 

or SN = As. Let us consider the first case. If /I is used (k — 1) times in 
succession, we reach a point P' further above L. At P', AB cannot be the 
first two moves in an optimal (TV — k -\- l)-stage policy, since BA plus 
an optimal continuation is superior. 

Consequently above L, either B is used first, or the optimal policy is 
A*. Let us now show that if A* is optimal at P, then it is optimal in the 
region between OP and the .«-axis. 

To demonstrate this we begin with the observation that it is permis- 
sible to assume that x + y = I, 0 <: x, y ■< I, because of the homoge- 
neity of/v (x, y) as a function of x and y. Considering the iV-stage process, 
we see that there are 2V possible policies, say P,, P PtN. Each of 
these policies used at a point (x, y) yields a A'-stage return which is a 
linear function of x and y, say Z-t (*, y). For A; + y = 1, we may plot 
these functions obtaining a set of 2'v straight lines. 

^ 

x 

Fignrc ."> 

If N were 2, so that the four im\\ciesAA,AB,BA,BB yielded four lines 
as above, the maximum return as a function of x would have the form 

Mx,y) 

0 x 

Figure  9 
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It is clear that A* is an optimal policy for y == 0, * — 1. It follows that if 
A* is optimal at (x. y), 0 < y < 1, the line corresponding to /I v will do- 
minate all other lines for x <^ x <^ I. 

Combining the above results we see that for any AT, the boundary be- 
tween the /1-region and the /i-region will either be AB m BA or As = A/,, 
where A/, is a policy of complicated form, or Bs A/, is also a complic- 
ated policy. 

We can now establish a sharper result: 

THEOREM 6. The decision regions for Js converge towards those oj f as 
.V —> oo in a monotone fashion. There is always an integer .V0 iuith the 
property that for N > AT

0 the regions for f,\ are identical with those off. 

PROOF: Consider the situation for A' = 3. Let L, be the boundary line 
for the two-stage process, and assume that the relative positions of Lt 

and L are as shown below. 

u AB - BA 

l-igurc  7 

Let Lt (A ') denote the line transformed into L, when/I is used at a point 
on A, {A-1), which is to say when (.v, y) is transformed into (ex, y). Let Q 
be a point in the sector between Lt and Lt (A~l). If .4 is used at Q as the 
first move in a three-stage policy, B is used next, since the transformed 
point is in the W-region for a two stage process. However, if Q is above /,. 
we know that AB cannot be the first two moves of an optimal policy. 
Hence B is used at Q. This shows that the ß-region for the three-stage 
process is at least that containing the region above Lj {.4-1). This process 
may be continued for larger and larger N until L»- (A-1), for some finite k. 
lies below L. At this point, the boundary line becomes AB = BA, and 
remains so for all larger A'. 

§ 18, A three-choice problem 

Let us now assume that in addition to the two A and B choices already 
discussed, we have a third choice which is a compromise between the A 
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and B choices. The equation we obtain in this case takes the form 

(1)   /(*,y) = Max 

Mr.«4 r4y+/((l—rj4r,(l—rJ*)] ] 
where 0 <; r„ r4 < 1 and 0 < />, < 1, and the quantities px, />,, r„ rt 

satisfy the previous inequalities. 
On the basis of what we know concerning the solution of the equation 

where the C-term is missing, it might be suspected that the solution of 
this equation would be determined in the following way: There are three 
decision regions, as in the figure below, with A, B and C each optimal 
first choices in these regions 

l-'igure 8 

Unfortunately, a counter-example has been constructed showing that 
this is not true generally. It shows, by means of a fairly complicated but 
straightforward calculation, that the solution can, for suitable values of 
the parameter, take the form shown in Figure 9 below. 

The solution of (1) above seems to be quite a difficult problem, and very 
little is known concerning the character of the solution. 

Figur« 9 
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It is not even known whether or not the number of decision regions is 
always finite and whether the number is uniformly bounded if finite. To 
obtain some information about this problem in a part of the parameter 
space, we shall consider a continuous version in Chapter 8, where with the 
aid of v;)national techniques the decision regions may be determined. 

For the continuous version they do assume the simple form shown in 
the first figure above, Figure 8. 

§ 14. A stability theorem 

Let us now derive a stability theorem for the solution 7 of the equation 

0) /(*, y) = Max 
TA:   M''.*+/((l-''i)*.y)]] 

THEOREM 7. Let g (x, y) be the solution of 

(2)   ei*-y) = ^[B:Pt[rty + ,(Xi{l_rt)y)]\+ *(*•*■ 

Then, in any rectangle R: 0^ x<.X,0< y-^, Y 

I») I / (*. y) - g (*. y) | < Max I A (x, y) |/f. 
it 

uhere q =■- Min ((1 — £,), (1 — />,)). 

PROOF. The proof proceeds by successive approximations, as in the 
corresponding section in Chapter 1. Consequently, we shall merely sketch 
the details. Set 

(4) /, (*, y) rm Max \px r1 x, />, r, y] 

f, [x, y) = Max [pl r1 x. pt r, yj    + h («, y). 

and, generally, 

,       .      s      v      [A: /'.['-.* ̂4-/n((l—^-v.y)] 

fn{x.[\—rt)y)] 

(6) 
[A: />, >, x 

B: pn\rty 

It is clear that 

+ M(1 -O-v.y)] 

7 + g»{*.{\ —*tl y)] 
+ h [x, y). 

(6) l/i(«.y)—*i(«.y) Max | h {x, y) 
it 

7  Hy the term "solution", liere and in  the following pages,  we shall mean the 
uniipie solution in the appropriate  (unction class. 
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Applying the techniques used repeatedly above, we see that 

(7) Max I/» *i(x.y)—gm + 1 (x. y) | ^ Max /., |/, (x. y) — gn {x. y) \ 
R K 

+ Max | h | 
n 

where pj = Max (/>,, pt). Iteration of this inequality yields 

(8) Max |/, (AT, y) — g„ {x, y) | ^ Max | A ; (1 + />, + ■ • • PS'1). 
H H 

for n = 2, Letting n -*• oo we obtain the stated result. 

Exercises and Research Problems for Chapter II 

1. With reference to the process described in § 2, consider the case 
where the purpose of the process is to maximize the expected value of 
<p (R), where K is the total return, and tp (z) is a given function of z. 
Define the function 

f{x,y,a) = expected value of <f{R) obtained employing an optimal 
policy with initial quantities x and y in the respective mines 
and a quantity a already mined. 

Show that/(r, y, a) satisfies the following functional equation 

/ [x, y, a) = Max , ,   .   . ,    , ,    . ^ y ^ 0 
LB:    ptf{x.riy,a + r2y)-irp.1'9{a)] 

/(O.O.a)----<p{a). 

Here />/ = 1 — /.„ /,,' = !_ /,., r/ = 1 — ru r,' - 1 — r, 

2. Establish an existence and unicjucncss theorem for this equation. 

3. Consider the case where <f (z) is defined as follows: qp (z) = 0, 

0 <. z < u, <p (z) = I, z > u, where u < x + y. 

i. Let g {x, y) = Max Exp (e*"), 6 > 0, where Exp stands   for   expected 
/• 

x-alue and we maximize over all policies P. Show that g (x, y) satisfies the 
equation 

A:   />, «^,« g (r,' x. y) + pt 

M:   PtC".» g{x.rt' y) + pi 
g {x, y; = Max M 
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5. Show that the solution of the above equation is determined by the 
relation between the functions />, (^"■|T — l)/^>i' and pt (<?*'•» — l)IPt' 

6. Show that Theorem I is the limiting case of this result as 6 —>■ 0. 

7. The function g (x, 0) satisfies the equation 

g{x.Q)      px^'Sg^'x.O) +pt*. 

Obtain its asymptotic behavior as AT -* oo. 

8. Referring to Problem I obtain some sufficient conditions upon <p (x) 
which will ensure precisely two decision regions. 

9. Solve the equation 

/(*. y) = Max 

Ptfo*+/{'*'*.y)] 
Pil'iy +/{*.*•'y)] 
h[r,* + rty+/{tM,iy)] 

10. Solve the ecjuation 

/(.v.y) - Max 
A: « + / (ax, by) 

.B: y+/{ey,ix) 

assuming that 0 <, a, b, c, d < 1. (Gross-Shapiro) 

11. ("onsider the process described in § 2 under the assumption that there 
is a probability ^, of obtaining r, x and continuing, a probability pt of 
obtaining nothing and continuing, and a probability p3 of obtaining 
nothing and terminating, if A is chosen, with /), + pi h pz = I, with 
similar probabilities </,, ^j, q3 i( H is chosen". Show that tht corresponding 
functional equation is 

/(x, y) = Max 
9tf{» -B: <7i [»iy+/(«.(l—«i) y)] 

and that this may be written in the simpler form 

x, y)] 
x. y) J 

/(x.y) Max 

p. 
A:   .       .   >,.v -'-/{(I —rt) x.y)] 

1 — p2 

\i: <h 
1 

[s.y +/(«.(1 — ajy)] 

12. Consider the process described in § 2 in which it is not possible to 
observe the effect of any of the decisions once the process has started. 
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Discuss tUv problem of determining the policies maximizing the expected 
return in the following situations; 

a. when the machine is undamaged, it mines a fixed fraction of the 
gold in any particular mine. 

b. when the machine is undamaged, there is a distribution of returns. 

Suppose that we wish to maximize the probability that the return ex- 
ceeds a fixed (juantity #„. 

13. Consider the process described in § I under the assumption that the 
machine mines a fixed (juantity in each mine, dependent upon the mine, in 
place of a fixed fraction, as long as the amount remaining in the mine 
exceeds the fixed amount. 

14. Show that tin' eijuation in (5.1) is equivalent to 

(A:    /., /. -|   (I—r,)/^! —rj)]) 
/(«) -   Max 

for 0 < 2 < oo. 

15.  Consider the equation 

/(.v, y) - Max 

for AT, y ;> 0, 0 <r r, s, y < 1. 

Show that a solution is 

/(v. v) 

B:   /..>.*+/((!-'.)-')] 

A:   rx - /((I —r)x.y)      l 
H:  iisy+/{x,{l—$)y)]\ 

I 

x + 
sqy 

'/(I ») 

16. Show that the gold-mining process generating this equation possesses 
no optimal policy', i.e. no policy- yielding this return, but that there are 
arbitrarilv many policies yielding a return of more than 

x + 
sqy 

I '/(' 
i) for any 4 > 0. 

17. Prove that the solution above is not unique in the class of bounded 
functions over any bounded rectangle, but that it is unique over the class 
of functions /(.v, v) for which /(0,0) = 0, /(v, y) is continuous at 
x =*y =* 0. 

Bibliography and Comments for Chapter II 

^  I.    The concept  of  "decision  regions"  is  a very important   one  in  the 
study of decision processes. We shall meet it again in Chapter VIII, where it 
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guides us to the solution of the variational problems treated there, and again 
in Chapter IX, in connection with variational problems with constraints. An 
interesting paper in this connection is K. I>. Arrow, IX Blackwell, M. Girshick, 
"Bayes and Minimax Solutions of Sequential Decision Problems," Econo- 
metrica. vol.   17 (1949), pp.  213-214. 

§ 8. The result of § 8 was obtained in conjunction with M. Shiflfman in 
the summer of 1950. 

§ 12. The type of geometric argument used here was extensively developed 
by S. Karlin and H. N. Shapiro to give an alternative proof of Theorem 2 
and other results. 

§ 13. The first counter-example was obtained by S. Karlin and H. N. 
Shapiro after a great deal of fruitless effort had been expended attempting 
to establish a result based upon Figure 8. See S. Karlin and H. N. Shapiro, 
"Decision Processes and Functional Equations," RM-933, Sept. 1952, The 
RAND Corporation. 
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CHAPTER III 

The Structure of Dynamic Programming Processes 

§ 1. Introduction 

In this chapter we wish to examine and compare the essential features 
of the two processes we have considered in some detail in the first and 
second chapters. Disparate as these processes may seem at first glance, 
one being of deterministic type with a stochastic version and the other 
of a stochastic type with no deterministic version, we shall see that from 
an abstract point of view they are examples of the same general type of 
process. It is therefore no accident that they are governed by functional 
equations of a similar form. 

After a discussion and analysis'of these similarities, we shall consider 
the formulation of the more general decision processes and from these 
derive a number of functional equations possessing a common structure. 
We could, if we so desired, condense these into one all-embracing func- 
tional equation. However, since extreme generality is only gained at the 
expense of fine detail, it seems decidedly better, from both a conceptual 
and analytic point of view, to consider separately a number of important 
sub-categories of processes, each of which possesses certain distinctive 
mathematical and physical features. 

We shall close the chapter with a further discussion of the concept of 
approximation in function space, which we have already encountered in 
the previous chapters, and a demonstration of its most important pro- 
perty, that of monotone convergence. 

§ 2. Discussion of the two preceding processes 
Let us begin by observing that the processes discussed in Chapters I 

and II have the following features in common: 

a.  In each case we have a physical system characterized at any stage 
by a small set of parameters, the state variables, 

h. At each stage of either process we have a choice of a number of 
decisions. 

c. The effect of a decision is a transformation of the state variables. 
d. The past history of the system is of no importance in determining 

future actions. 
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c. The purpose of the process is to maximize some function of the state 
variables. 

We have purposely left the description a little vague, since it is the 
spirit of the approach to these processes that is significant rather than the 
letter of some rigid formulation. It is extremely important to realize that 
one can neither axiomatize mathematical formulation nor legislate away 
ingenuity. In some problems, the state variables and the transformations 
are forced upon us; in others there is a choice in these matters and the 
analytic, solution stands or falls upon this choice; in still others, the state 
variables and sometimes the transformations must be artificially con- 
structed. Experience alone, combined with often laborious trial and error, 
will yield suitable formulations of involved processes. 

Let us now identify the two processes discussed in the foregoing 
chapters with the description given above. 

In the unbounded multi-stage allocation process, the state variables 
are x. the quantity of resources, and z the return obtained up to the cur- 
rent stage. The decision at any stage consists of an allocation of a quan- 
tity y to the first activity where 0 < y <; x. This decision has the effect of 
transforming x into ay -Y- b (x — y) and z into z + g (y) -{- h (x — y). The 
purpose of the process is to maximize the final value of z. 

In the stochastic gold-mining p-ocess, the state variables are x and y, 
the present levels of the two mines, and z the amount of gold mined to 
date. The decision at any stage consists of a choice of Anaconda or Bo- 
nanza. If Anaconda is chosen, (.v, y) goes into ((1 — r,) x, y) and a into 
2 -f- r, x, and if Bonanza, {x, y) goes into (.v, (1 — rt) y) and z into z + rty. 
The purpose of the process is to maximize the expected value of z obtained 
before tiie machine is defunct. 

In the finite versions of both processes, we have the additional para- 
meter of time, manifesting itself in the form of the number of stages re- 
maining in the process. It is, however, very useful to keep this state 
variable distinct from the others, since, as usual, time plays a unique role. 

Let us now agree to the following terminology: A policy is any rule for 
making decisions which yields an allowable sequence of decisions; and an 
optimal policy is a policy which maximizes a preassigned function of the 
final state variables. A more precise definition of a policy is not as readily 
obtained as miglit be thought. Although not too difficult for deterministic 
processes, stochastic processes require more care. For any particular 
process, it is not difficult to render the concept exact. The key word is, 
of course, "allowable". 

A convenient term for this preassigned function of the final state vari- 
ables is criterion function. In many applications, the determination of a 
proper criterion function is a matter of some difficulty. From the analytic 
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[Mjint of view, a solution may bt- (|iiitt' easy to obtain for one criterion 
function, and quite difficult for a closely related one. It is well, conse- 
<|uently, to retain a certain degree of flexibility in the choice of such 
functions. 

§ 'A. The principle of optimality 

In each process, the functional equation governing the process was 
obtained by an application of the following intuitive: 

PHINCIPLE OK OPTIMALITY. An optimal policy has the property that what- 
ever the initial state and initial decision are, the remaining decisions must 
constitute an optimal policy with regard to the state resulting from the first 
decision. 

The mathematical transliteration of this simple principle will yield all 
the functional equations we shall encounter throughout the remainder 
of the book. A proof by contradiction is immediate. 

§ 4. Mathematical formulation—I. A discrete deterministic 
process 

Let us now consider a deterministic process, by which we mean that the 
outcomeof a derision is uniquely determined by the decision, and assume 
that the slate of the system, apart from the time dependence, is ^"scribed 
at any stage by an .U-dimensional vector p = (pi.pt PM), con- 
strained to lie within some region /'. Let T = {/"«} where q runs over a 
set S which may be finite, enumerable, composed of continua, or a com- 
bination of sets of this type, be a set of transformations with the property 
that p t I) implies that 7",, (/>) t I) for all q e S, which is to say that any 
transformation 7", carries /) into itself. 

The term "discrete" signifies here that we have a process consisting of 
a finite or denumerably infinite number of stages. 

A policy, for the finite process which we shall consider first, consists of 
a selection of N transformations in order, P = (/',, Tt T.s),1 yielding 
.successively the sequence of states 

') Pi      Tl{p). 

/>.v        7-.v(/).V-l). 

These transformations are to be chosen to maximize a given function, 
R, of the final state pK. 

1   where we  write  T. fi>r T. ,  /., for /'   , and so on. 
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There are a number of cases in which it is easy to see that a maximum 
will exist, in which case an optimal policy exists. The simplest is that 
where there are only a finite number of allowable choices for q at each 
stage. Perhaps next in order of simplicity is where we assume that Z) is a 
finite closed region, with R (p) continuous in p for p e D, Tg (p) jointly 
continuous in p and q for all p e D and all q belonging to a finite closed 
region S. 

These two cases cover the most important of the finite processes, while 
their limiting forms account for the unbounded processes. 

Observe that the maximum value of R (ps), as determined by an 
optimal policy, will be a function only of the initial vector p and the 
number of stages N. Let us then define our basic auxiliary functions 

(2) f* {p) = Max R {Ps) 
p 

= the iV-stage return obtained starting from an ini- 
tial state p and using an optimal policy. 

This sequence is defined for N = 1,2, ..., and for p e D. 
Simple as this step is, it represents a fundamental principle in analysis, 

the principle of continuity. In order to solve our original problem involv- 
ing one initial vector, p, and a multi-stage process of a definite number of 
stages, N, we consider the entire set of maximization problems arising 
irom arbitrary values of p and from an arbitrary nur iber of stages. 

The original process has thus been imbedded within a family of similar 
processes. In place of attempting to determine the characteristics of an 
optimal policy for an isolated process, we shall attempt to deduce the 
common propevties of the set of optimal policies possessed by the mem- 
bers of the family. 

This procedure will enable us to resolve the original problem in a num- 
ber of cases where direct methods fail. 

To derive a recurrence relation connecting the members of the sequence 
{/v (/>)}, let us employ the principle of optimality stated above in 3. 
Assume that we choose some transformation Tq as a result of our first 
decision, obtaining in this way a new state vector, Tg (p). The maximum 
"return"2 from the following [N — 1) stages is, by definition,/N-I (TQ (/>)). 
It follows that if we wish to maximize the total A'-stage return q must 
now be chosen so as to maximize this N — 1 stage return. The result 
is the basic recurrence relation 

(3) /„(/.) = Max/.v- ^r, {/,)), 
f€S 

for N > 2, with 
• i.e. the value oi the criterion  function. 
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/,(*) =Max/?(ra(#) 
f ..s 

Observe that /AT (p) is unique, but that the q which maximizes is not 
necessarily so. Thus the maximum return is uniquely determined, but 
there may be many optimal policies which yield this return. 

For the case of an unbounded process, the sequence {/nip)} is replaced 
by an single function/(/>), the total return obtained using an optimal 
policy starting from state p, and the recurrence relation is replaced by the 
functional equation 

(5) /{/>) = Max/(7, (/.)). 

§ 5. Mathematical formulation—II. A discrete stochastic 
process 

Let us once again consider a discrete process, but one in which the 
transformations which occur are stochastic rather than deterministic. 

A decision now results in a distribution of transformations, rather than 
a single transformation. The initial vector p is transformed into a stochas- 
tic vector z with an associated distribution function dGQ(p, z), depend- 
• nt upon p and the choice q. 

Two distinct types of processes arise, depending upon whether we 
assume that z is known after the decision has been made and before the 
next decision has to be made, or whether we assume that only the dis- 
tribution function is known. We shall only consider processes of the first 
type in this volume, since processes of the second type require in general 
the concept of functions of functions, which is to say functionals. 

It is clear, as we have stated several times before, that it is ncvv on the 
whole meaningless to speak of maximizing the return. Rather we must 
agree to measure the value of a policy in terms of some average value of 
the function of the final state. Let us call this expected value the return. 

Beginning with the case of a finite process, we define//v (/>) as in (4.2). 
If z is a state resulting from any initial transformation Tq, the return 
from the last N — 1 stages will hefs i (z), upon the employment of an 
optimal policy. The expected return as a result of the initial choice of Tq 

is therefore 

(U f      fn-t («) dGq (p. z) 

Consequently, the recurrence relation for the sequence {/v (/>)} is 

(2) /* ip) = Max f     /jr - , (r) dGg {p. z).N^2, 

with 
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(3) /. (/>) - Max f      R (z) dGq (p. z) 
qtS    JfD 

Considering the unbounded process, we obtain the functional relation 

(4) /(^) = Maxf     f{z)dGq(p.z) 
q t S    .'-■ i  I' 

§ (>. Mathematical formulation—III. A continuous determin- 
istic process 

There are a number of interesting processes that require that decisions 
be made at each jKunt of a continuum, such as a time interval. The 
simplest examples of processes of this character are furnished by the 
calculus of variations. As we shall see in Chapter IX below, this conception 
of the calculus of variations leads to a new view of various parts of this 
classical theory. 

Let us define 

(1) / (/>; 7") = the return obtained over a time interval [0, 7"] starting 
from the initial state 6 and employing an optimal policy. 

Although we consider the process as one consisting of ch ices made at 
each point t on 0, 7"J, it is better to begin with the concept of choosing 
policies, which is to say functions, over intervals, and then pass to the 
limit as these intervals shrink to points. The analogue of (4.3) is 

(2) /(/>;*+ T) -   Max   [(Po-.T) 

where the maximum is taken over all allowable decisions made over the 
interval [0, S]. 

As soon as we consider infinite processes, occurring as the result of 
either unbounded sequences of operations, or because of choices made 
over continua, we are confronted with the difficulty of establishing the 
existence of an actual maximum rather than a supremum. In general, 
therefore, in the discussion of processes of continuous type, it is better to 
use initially the equation 

(••') f{p:S + T) =Sup/(/,„;7) 

which is usually easy to establish, and then show, under suitable assump- 
tions that the maximum is actually attained. 

As we shall see in Chapter IX, the liniitmg form of (2) as 5-^-0 is a non- 
linear partial differential equation. This is the important form for actual 
analytic utilization. For numerical purjK)ses, S is kept non-zero but small.3 

' We shall show, in Chapter IX. that it is possible to avoid many of the <iuite 
difficult rtgoront details involved in this limitiup procedure if we are interested 
only  the  eomputational  solution  of  vanational  processes. 
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$ 7.  Continuous stochastic processes 

An inttTcstiiif,' and rlrilU'ii^m^ (|iicstii)ii which awai's further explora- 
tion is tin- formulation ami solution of general classes of continuous sto- 
chastic decision processes of both one-person and two-person varieU . 
Although we »hall discuss a particular process in Chapter VI11, we shall m it 
discuss the general formulation of continuous stochastic decision proces- 
ses here, since a rigorous treatment mpures delicate and involved argu- 
mentation based u|M)ii sophisticated concepts. 

$ H. Generalizations 

It will be apparent to the reader that the functional equations we have 
derived above for the case where the state variables and the decision 
variables were constrained to finite dimensional liudidean spaces can be 
extended to cover the case where the state variables and decision variables 
are dements ol more general mathematical spaces, such as Han.ich 
spaces. 

Rather than present this extension abstractly we prefer to wait until a 
second volume where we will discuss examples Ol these more general pro- 
cesses. The theory of integral equations and variational problems involv- 
ing functions of several variables, as well as more general stochastic 
processes, all afford examples of processes which escape the finite dimen- 
sional formulation to which we have restricted ourselves in this volume, 
and require for their formulation in the foregoing terms the theory of 
finittionals and operations. 

i; !>.  Causality and optimality 

Consider i multi-stage process involving no decisions, say one generated 
1)\  the system of differential equations, 

(1) dxildt      gi (.v,, X, .v.s), .v, ((>)       ci. i       \.2 .V 

which may, more compactly, be written in vector form 

(2) (ixjdt      f.' ix), x (<))      c. 

The state of the system at time /, taking for granted existence and uni- 
queness of the solution, is a function only of c and /, thus we may write 

(3) x{t)     /(c,/). 

The uniqueness of the solution leads to the functional equation 

(4) /{c.s -i   t)      /{/(c,,s),/), 

for s, t " ■ 0, an analytical transliteration of the law of causality. Thisequa- 
tion expresses the fundamental semi-group property of processes of this 
type. 
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Comparing (4) above with (6.2), we see that we may regard multi-stage 
decision processes as furnishing a natural extension of the theory of 
semi-groups. Any further discussion here along these lines would carry 
us beyond our self-imposed limits, and we shall consequently content 
ourselves with the above observation. 

§10. Approximation in policy space 

In solving a functional equation such as (4.4) or (5.3), we shall in Chapter 
IV make use of that general factotum of analysis, the method of successive 
approximations. The method very briefly, consists of choosing an initial 
function/o (/>), and then determining a sequence of functions, {/v (/>)}, by 
means of the algorithm 

(1) /.v IP) - Max/* - , (T, (/>)), iV = 1, 2. 

as, for instance, in (4.4) We have already employed this method in dea- 
ling with the equations of Chapters I and II. 

In many important cases, this method after a suitable preliminary 
preparation of the equation actually leads to a convergent sequence 
whoso limit yields the solution of the functional equation.4 We shall make 
extensive use of it in the following chapter. 

In the theory of dynamic programming, however, we have an alternate 
method of approximation which is equally important in its own right, a 
method which ve call "approximation in policy space". 

Hefore discussing this method of approximation, . I us observe that 
there is a natural duality existing in dynamic programming processes be- 
tween the function/(/>) measuring the overall return, and the optimal 
policy (or po icies) which yields this return. Each can be used to determine 
the othv r, with the additional feature that a knowledge oif{p) yields all 
optimal policies, since it determines all maximizing indices q in an equa- 
tion such as (4.4), while a knowledge of any particular optimal policy 
yields/(/>). 

The maximizing index q can be considered to be a function of p. If the 
index is not unique, we have a multi-valued function. Whereas we call 
/(/>) an element in function space, let us call q = q (p) an element of 
policy space. Both spaces are, of course, function spaces, but it is worth 
distinguishing between them, since their elements are quite different in 
meaning. 

It follows now that we have two ways of making an initial approxima- 

♦ It is interesting to observe that in many theories, as, for example, partial 
ilifterential equations, the preliminary transformation of the equation is of such 
a nature that the principal difficulty of the existence proof resides in the demon- 
stration that  the limit  function actually satisfies »he ortgtnal equation. 
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tion. We may approximate to/(/>), as we do ordinarily in the method of 
successive approximation, or we may, and this is a feature of the func- 
tional equations belonging to dynamic programming processes, approxi- 
mate initially in policy space.* 

Choosing an initial approximation y0 m q0 (p), we compute the return 
from this policy by means of the functional equation 

(2) fo{p)=/o{T9o(p)). 

We have already given an example of this in § 11 of Chapter I. 
There are now two ways we can proceed. Taking the function of q, 

fo (TQ (/>)), we can determine a function q (p) which maximizes. Call this 
function y, (/>). Using this new policy, we determine/, (/>), the new return, 
by means of the functional equation 

3) /.(/>) =/.(r9l (/.)). 
This equation is solved iteratively, as in (1.3) and (1.4) of Chapter I. 

Continuing in this way, we obtain two sequences {/.v {p)} and {q\ (/>)}. 
In place of this procedure, we can define 

(4) /.(/>) = Max/0(r, (/>)). 

and then continue inductively, employing the usual method of successive 
approximations, 

(5) /^+i(/.) = Max/.v(r, (/.)). 

It is immediate that/, >/<, and thus that the secjuence {/*} is mono- 
tone increasing. We shall discuss the convergence of this process in the 
next chapter. 

The first procedure, although a more natural one, seems more difficult 
to treat rigorously and we shall not consider it here. In dealing with 
various types of continuous processes, such as those furnished by the 
calculus of variations, it would seem, however, that this technique is 
required for successive approximations. We shall discuss this topic again 
in Chapter iX. 

5 Actually this type of approximation is tacitly encountered in other branches 
of analysis as, for instance, in the theory of differential equations, where a differ- 
ential equation is frequently replaced by a difference equation for approximation 
purposes. This replaces the space of general functions by the subspace of step- 
functions. 
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Exercises and Research Problems for Chapter III 

1. Suppose that we are ghm tin' information that a hall is in one of N 
hoxcs, and tlu- a priori prohahility, pi, that it is in tht- k'" hox. Show that 
the procedure which minimizes the expected time required to find tke 
hall consists of looking in the most likely hox first. 

2. Consider the more general process where the time consumed in exam- 
ining the ^lh box is /*, and where there is a probability y* that any 
particular examination of the A>lh box will yield no information concerning 
its contents. When this happens, we continue the search operation with 
the information already available. 

Let /(/>!, />, p\) be the expected time required to obtain the ball 
using an optimal policy. Show that this function satisfies the equation 

r  ** i 
/(Pup P*) -  Mm U——- + -    T-r/{pim.pMm, 

where pi*       /'i*/(l 

I    HI —qitt      (J —Pi 

Pic) and the 0 occurs in the A'"' place. 

.0 />.v*)J 

3. Prove that if we wish to obtain the ball, the optimal policy consists of 
examining the box for which />*■(! — ?*)/fft is a maximum first. On the 
other hand, if we merely wish to locate the box containing the ball in the 
minimum expected time, the box for which this quantity is a maximum 
is examined first, or no' at all. 

4. Consider the situation in which we can simultaneously perform oper- 
ations which locate the ball within given sets of boxes. 

5. We have a number of coins, all of the same weight except for one 
which is of different weight, and a balance. Determine the weighing pro- 
cedures which minimize the maximum time required to locate the dis- 
tinctive coin in the following cases 

a.  The com is known to be heavier 

li.   It is not known whether the coin is heavier or lighter. 

fl. Determine the weighing procedures which minimize the expected 
time required to locate the coin. 

7. Consider the more genera! problem where there are two or more dis- 
tinctive coins, under various assumptions concerning the properties of the 
distinctive coins. (Cairns) 

H. We are given n items, not all identical, which must be processed 
through a number of machines, w. of different type. The order in which the 
machines are to be used is not immaterial, since some processes must be 
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carried out before others. Given the times required by the i'" item on the 
I"1 machine, a*/, t =   1,2 «,; = 1, 2, .. ., w, we wish to determine 
the order in which the items should be fed into the machines so as to 
minimize the total time required to complete the lot. 

Consider the case where there are only two stages with a«, = at and 
<*«i = bi, and where the machines must be used in this order. Let 

/(«i.*i.«t. *«. .. .,aN,bN\t) time consumed processing the ,V items 
with required times at, bt on the first and 
second machines when the second ma- 
chine is committed for / hours ahead, and 
an optimal scheduling procedure is em- 
ployed. 

Prove that / satisfies the functional equation 

/(a,, 6,, a,, bt a.v, hN; t) tm Min [ai + /(a,, bl, at, bt, . . ., 0, 0  
t 

a.\, b\; 6( 4- max {/ — ai, 0)], 

where the (0, 0) combination is in place of (a*, bi). 

9. Show that an optimal ordering is determined by the following rule: 
Item i precedes item / if min (at, bj) < min (a;, b{). If there is equality, 
either ordering is optimal, provided that it is consistent with all the defi- 
nite preferences. (Johnson) 

What is the solution if either machine can be used first ? 

10. Let Xt be the inactive time in the second machine immediately before 
the ("> item is processed on the second machine. Let at, bt be the times 
required to process the t,h item on tlu" first and second machines respec- 
tively and assume that the items are arranged in numerical order. Then 

» H ii — 1 

1' Xi Max       1' at — JL" bi] (Johnson) 
I 1    ■     H   •      M       1 I i   -   1 

11. For the three-stage process the corresponding expression for the total 
idle time on the third machine is 

Max 1" tu 1- bt +  Z 
,     i i 

I C,] (Johnson) 
i 

12. Consider the following problem arising in the production of many- 
part items, or alternately in the maintenance of a complex system. There 
are A' different stages of production involved in turning out the final item. 
The probability that the item is,processed correctly at the i1" stage is pi. 
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Assume that k machines are available which can be used to increase the 
accuracy of any particular stage of the process in the following way. If 
one machine is added to the »,h stage, pt becomes ^i,, if two machines, 
then pit, and so on. 

How should we distribute the machines to maximize the overall accu- 
racy of the process ? Consider the same problem under the following alter- 
native assumptions. 
(a) At most tm machines are allowed at the t,h stage 
(b) A machine at the »,h stage costs dt dollars and we have at most d 
dollars to spend. 
(c) A machine at the »lh stage requires ht operators at the t,h point, and 

at most h men are available. 

13. A mistake found at the tth point requires a time ti and a cost d to 
rectify. Taking into account laboring costs, machine costs, and the cost of 
turning out a defective item, say z. how much money should be spent on 
checking equipment and how should it be used ? 

14. Consider the problem of maximizing the function 
n 

.1' y'i (xt) under the cünstra:uts 
i     i 

a. xt > 0 

b. f xt - r 
« - i 

c. xtk Xik + l =0 for a set of integers t, < *, < i, < . .. < tm, 

w <; n — 1. 

Consider, in particular the cases 

a. *i *( +1 = 0, t = 1, 2, . . ., « — 1 

b. xt xt , i xt +2 = 0,        »'=1,2 n — 2 

Consider the reverse situation, where we have constraints of the form 
a-     ««» *'n, > dk. 

Discuss the special cases 

a. xi Xi+i > 1, 

b. X(X(+i x<+t ^> !• 

15. A manager of a restaurant has two types of laundry service available 
for napkins, a quick service which requires q days, and costs c cents per 
napkin, and a slow service which requires P > q days and costs d cents, 
d < c, per napkin. Assuming that he knows in advance the number of 
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customers he will have on any given day of an ^V-day period and that 
he prides himself on providing every customer with a napkin, how many 
napkins should he purchase and how should he launder them so as to 
minimize the total cost over the iV-day period ? Consider first the cases 
where p — q -\- 1, and /> = ^ -|- 2. 

16. Consider the analogous problem under the assumption that k laun- 
derings wear out a napkin. 

17. Consider the above problem under the assumption that number of 
customers on each day is a stochastic quantity. 

18. We have a resource x which may be utilized in a number of ways. If 
y is a parameter specifying a particular use, let R {x, y) be the immediate 
return, and D [x, y) the cost in resources. If/(*) is the total return from 
repeated use of an initial resource x, obtained using an optimal allocation 
policy, we derive the functional equation 

/(*) = Max [i? (x, y)   \ f{x-D{x.y))]. 
v 

Assuming that D (x, y) is small compared to x, for all y, show thai we 
obtain the formal approximate equation 

* (*. y) 
/ {x) * Mr TV (xTy) ' 

and give the interpretation of this result. 

19. Consider the stochastic case. Show that the corresponding functional 
equation has the form 

/(«) ■« Max |       zdR (y, z, *)+/(«—       udD (y, w, «))], 
!l        J o J « 

and the approximate equation lias the form 

zdR (y, 2, x) 

/' (*) = Max     ,"- , 
" wdl) (y, w, x) 

and give the interpretation of the result. 
20. Consic'er the application of approximation in policy space to the 
functional equation 

/(x) =   Max   \g (y) + A (* — y) + /(«y + b {x — y))]. 
0 < » < x 

We choose an initial y0 {x) and compute/„ (A). Then determine yl (x) by 

93 



DYNAMIC   I>K<><;K\MMIN(.  PROCESSES 

the condition that Vi maximize the function £ (y) ^ h (x — y) 4- 
/.. (ay -f h {x — y)), compute/, (x) using y, (x). and so on. When are the 
elements of the sequences {y« (x)} and {/» (*)} continuous in x. Bad when 
do they converge? Consider, in particular, the cases where ^ and h are 
both convex, ^n^ both concave. 

21. Assume that we have two machines, unimaginatively called I and II, 
with the following projH-rties. If machine I is used there is a probability r 
of receiving a gain of one unit; if machine II is used, there is a probability 
I of receiving a gain of one unit. We shall assume that .s is known, but that 
r is determined only by an a priori prub.ibility distribution. The problem 
is to determine'• selection policy which maximizes the expected return 
obtained over N trials, or alternatively the discounted return from an 
unbounded process, discounting the return one stage hence by a factor 
tf < 1. 

Assume that the distribution function for r after m successes and n 
failures on the first machine is given by 

dl',,,.» (r) = 
r"' (1 -   r)" dF (r) 

r r* (1       r)n dl- (r) 

Let/„,. n equal the expected return obtained using an optimal policy 
for an unbounded process after the first machine has had m successes 
and n failures. Show that /„,  „ satisfies the recurrence relation 

fm. >. -    Max 

1: dF (r)   1 •/■ 1.   r.l 

I     (1 — r) dh',,,. „ [r] [a/„, » +i], 

11:   s/ll—a) 

'I'l.   Prove that there is a unique bounded solution to this equation, which 
may be obtained by successive approximations. 

'23.  Prove that for each m, n    ; 0 then' is a unique quantity s [m, n) with 
the property that the sequence {/,„») is determined by the equations 

(a)     fmn   -     S (I <0,   I       • S N (III. II) , 

fm» j     I'd I'm,, (»•)     1   -;    llfm  ■ 1. n] 

+ rt (1 — |   rat m. n (r)) /.„, « ^r, 0 < s < s {m, tt). 
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The Mt|auiCje s (m, »/) lia> the following projK-rties 

(b)  s (w -h 1, M) > s (w, «) > s (m, n -*   1), 
and 

(C)   / m * l, n   l> / m, n   ^> / m, m t 1 • 

How can UM Sfqucncf s (m, n) be calculated ? 

24. Prove the corresponding results for the process allowing only a finite 
number of trials. 

25. Consider the following situation. We have"a warehouse with fixed 
capacity and an initial stock of a certain product which is subject to 
known seasonal price and cost variations. The problem is to determine 
the optimal pattern of purchasing (or production), storage and sales. 

Let B denote the fixed warehouse capacity, and A the initial stock in 
the warehouse. Consider a seasonal product bought (or produced) and 
sold for each of t — 1,2 n periods. For the j"! period, let 

(1) Ci   =1   cost per unit 

pt  —-  selling price per unit 

M   =   amount bought (or produced) 

Vi   "  amount sold 

The constraints are as follows: 

(2) (a)  Buying Cotistraiuts: The stock on hand at the end of the 
*,h period cannot exceed the warehouse capacity. 

(b) Selling Constraints: The amount sold in the »th period 
cannot exceed the amount available at the end of the 
(» — l)8t period. 

(c) Non-negativitv: Amounts purchased or sold in any 
period are non-negative. 

The problem is to determine the policy which maximizes the over-all 
profit. 

Show that it may be converted into the problem of determining the Xi 
and v, which maximize 

(3) P 

subject to the constraints 

(4) (a) A + E (.v, - y.) < B, 

Cj Xj) . 

i = 1,2. . ... n. 

(b) yt<A + 2' (*, — y,), i = 1, 2, .. ., ;;. 

(c) xi, yu > 0. 
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26. For fixed B, define 

/n(A) = Max P. n = 1,2  

Show that/, (A) = />, /I. and that 

(1) /n(A) = Max    [plyl—et*t+/m.l{A+*i--flH 

for M > 2, where the maximum is over the region 

(I) (a)    0 ^ y, il ,4 

(b)    Xl—yl<iB — A, xl>0. 

27. Prove that the function /%■ (?') is linear in v, namely 

/v (v) = A'A- (/>!, pz Ptr, ci. c-i, .... c.v) + 

LN (PI, p2 p.\, Ci, Co,   . . . , CAT) V, 

and thus that the optimal policy is independent of v. 
(Dreyfus) 

28.  Consider the following idealized transportation system 

Ä = 2 A = 3 

0 

0 

k = N 

0 

y 
At each stage we have two terminals Tu and S», From either T'fc or 5^ 

we can ship materials to Tt +i or S* +i. 
The maximum amounts we can ship along those routes are the following 

TN~>F = R„ a. Tk^* Tic + i = Rt  t + i, 

b. T^-^St+i = Rk.k + i 

c. Sfc -> St +i — S*, A- +1 

d. S* ->- 7"»: +1 =  St. * +1 

Starting with initial quantitites x at rfr and y at .S*-, denote by F* (^, y) 
the quantity arriving at F using an optimal shipping policy. Show that 

FN (x, y) = Min (.v, RN) + Min (y, 5.v), 

Ft (x, y) = Max F* +1(2,4- w,, z, + a',), 
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where the maximum is taken over the region 

x, -f z, ^ x. if, + w, ^ y, 

0^ Xt^Rt.t + t. 0<.zt^Rt. k + l. 

0^ Wt^St. k+ L 0 ^ a;, ^ S». t + , 

29. Formulate the corresponding problem for the case where the ter- 
minals have maximum capacities. 

30. Consider the stochastic case where the capacities are random vari- 
ables with known distribution functions. Obtain a recurrence relation for 
the maximum expected quantity arriving at F, under various assump- 
tions concerning the information pattern. 

31. Consider the following transportation problem. We are given a number 
of "sources", Sj, S SM, and a number of "sinks" or "terminals", 
7',, Tt, .... TN. Each source St has a quantity xt of resources which must 
be transported to various terminals in such a way that the total quantity 
arriving at T) fulfills an a priori demand y>. It is assumed that £ xt = 

Z y). (iivon the distances, du, between the sources and the terminals, and 

assuming that the cost of shipping a unit quantity of resources between 
Si and Tj is equal to dij, we wish to determine the routing which mini- 
mizes the total cost of supplying the demands. 

Show i.hat the problem above is equivalent to minimizing the sum 

C = Z dtj xtj 

subject to the constraints 

H xt) = Xi, £ xtj = yi, Xu > 0.    (Hitchcock-Koopmans) 
i i 

32. Write, for fixed y,, y,, .... y.v. 

Min C = /v (*!, .Vj, . .., XM). 

'u 
Show that 

/i («i. *. XM) = diK Xi + diN xt + d<ff/ XM, 
M 

f\ (*i, xt XM) = Min [ £ d^ x^ + /v _ i (x, — x^, xt — xtl, 

. . ., XM — XMI)] 

where the minimum is over the region 
M 
V 

Kl 0-<, Xix^ xi. 
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.1/ X 
33. Show that as a consotjutnce of the relation 2,' X( = £ y/, we may 

i     i i-i 

always reduce the dimension (jf the problem by one, by writing 

fm (Xi, Xt, .... X.M) = fN (*,, xt, . . .,XM -\). 

34. Consider the stochastic case where the da represent random variables 
with given distributions. 

35. Assuming chat the cost of transportation from an i-port to a /-port is 
quadratically nonlinear, da xij + en xu*. en > 0, show that there is now 
a unique minimizing schedule. (Prager) 

36. Consider a similar multi-stage process where resources at (At, Bt, Ct) 
must be transported to (yl( + ,, ß* + ,, C( + ,) and so on, until reaching 
assigned destinations, T,, T%, T3, as indicated below 

Al A, A*       T, 

By Tt 

C.\        T3 

37. Consider the problem of determining the minimum of 

L [x] =   E a xt 
i    i 

subject to the constraints 

—    ^(/ xj < bi, i == 1,2 M, 
i - i 

xt >0, 

where we assume that atj > 0. 

Denote Min L (x) by/v [bi, hi, . . ., ft.»/). Show that 
.r 

f.\ {bt, h2 by) = Min [en -v.v + /v - i (ft, — ai.v x.\, ft2 — rtz.v x*, 
— 'a 

b.M — a.\tN xy)], 

where A.V is constrained by the relations 

XN > 0, xN < Min (&i/a<jv). 
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38. Supj>ose that we have an empty five gallon jug, /,. an empty two- 
gallon jug, /,, and unlimited supplies of usquebaugh and water. The 
allowable operations are 

At Fill/. 
At Empty /, of any contents 
A, Fill/. 
Ai Empty Jt of any contents 
/15 Pour contents of /, into /,, as much as allowable 
At Pour contents of /, into Jl, as much as allowable. 

After any finite number of operations, the state of the system may be 
described as follows: 

1. There are t = 0, 1,2 gallons of liquid in /„ with a 
ratio r: (1 — r) of usquebaugh to water. 

2. There  are  / = 0, 1, 2, 3, 4, 5 gallons  in /, with  a 
ratio s; (1 — s) of usquebaugh to water. 

Starting in some initial state (»*, /; r, s), let/(i, ;'; r, s) denote the mi- 
nimum number of operations required to attain a given state, say a fifty- 
fifty mixture of water and usquebaugh in /,. 

Show that 
/{i.j.r.s) = I +   Min   A,/. 

1  < * < 6 

Is/(t, ;'; r, s) finite for all rational r, with / ■= 0, and all rational s, 
with i=0? If not, what final combinations of water and usquebaugh 
can be attained in Jt in a finite number of operations ? 

39. Consider the following problem: At each stage of sequence of actions 
we are allowed our choice of one of two actions. The first has associated a 
probability />, of gaining one unit, a probability />, of gaining two units, 
and a probability p* of terminating the process. The second has a similar 
set of probabilities />,', p^, p3'. What sequence of choices maximizes the 
probability of attaining at least tt units before the process is terminated ? 

Let M («) be the maximum probability. Then 

/>, M(N — 1) 4 Pt*{n — 2)  1 
/>,'«(;/ — 1) + p,'u{H~2)\ 

n<0. 

Max u(n) 

u («) = 1. 

40   Prove that if 

u(n) = 

w > 1, 

Max 1' Hi) u (n 
i    i 

;) R, 

u{l) > 0,1      0, 1, 2. R 
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and if 

(a) at, ^ 0 
H 

(b) there is one equation, rR =  £ at, rR -) whose largest 
i - i 

positive root is greater than the corresponding roots of 
the other equations ot this type; 

(c) for this index k, a*, ^ 0, 

under these circumstances, the solution of (1) is given by 

u (n) =   I  at, u(n — /) 
i = i 

for n sufficiently large. 
What happens if at least two characteristic equations have the same 

maximum root ? 

41. Consider the equation 

r   K I 
M («) —    Max 1 a(j u {n — ]) + gi\ 

where ai, > 0, 2" a^ = 1, g( > 0, M (/) > 0, / = 0, 1, 2, 

Let c = Max gt/ £ j*t$ be attained for the single value 
< ; ■   1 

» = s. If a,i > 0, the solution is given by 

R—1 

M (M) = Z a„ u (n — j) + gt 
i     i 

for « ;> Ho where n„ dejiends upon the initial conditions and coefficients. 

42. Is the result true if a,, = 0? Construct a counter-example. 

43. Given a finite set {Ai} of non-negative square matrices, let C.v be the 
matrix B1Bi ... Bs. where each Bi is an A,, which possesses the charac- 
teristic root of largest absolute value. Let r,v be this root. Prove that /x 
= lim    /■A'

I/
-
V
 exist. Let Ms denote the smallest majorant of the products 

PK = BlB2 ... BN', i.e., the i;lh element in M\ is greater than or equal 
the ijlh element in any P*. Let m\ be the characteristic root of My of 
largest absolute value. Prove that A = lim Mti

l,y exists as N -*- oo. 

44.  Prove or disprove that fj. 
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45. Consider the following problem: We are given initially x dollars and 
a quantity y of a serum, together with the prerogative of purchasing 
additional amounts of the serum at specified times tl < tt ■<.... At the 
A"1 purchasing opportunity, tt, a quantity ctz of serum may be purchased 
for z dollars, where c* is a monotone-increasing function of k. Given the 
probability that an epidemic occurs between tt and tt +i, and the condi- 
tion that if an epidemic occurs we may only use the amount of serum on 
hand, the problem is to determine the purchasing policy that maximizes 
the over-all probability of successfully combating an epidemic, given the 
probability of success with a quantity w of serum available. 

The condition ct > cjt - i is imposed to indicate the cheaper cost of 
serum at a later date because of technological improvement. Let 

pt = probability that the epidemic occurs between tt and 
fo + i, assuming that it has not occurred previously, 

(p (w) = probability of combating the epidemic successfully with 
a quantity m of serum, 

ft (x, y) = over-all probability of success using an optimal pur- 
chasing policy from /*■ on, given x dollars and a quantity 
y of serum on hand. 

Show that /*■ (x, y) satisfies the functional equation 

/»(«. >)=   Max   [pk(p{y + ctz) + (I—Pt)ft + i(x~-z,y + ctz)] 

46. Show that if 99 (w) is convex for all values of w which occur, the opti- 
mal policy consists of purchasing no serum at /,, t U- - 1 and then 
using all available money at tt where k is chosen so as to maximize 

[i — (i — p)" -'] <p (y) + (i — p)k -l<p(y + ckx), 

if pt     p. Find the corresponding expression for general pt. 

47. Let 

FN{f) = Min f |/— £ at (ft \ *dx. 
K}  Jo t = 1 

Show that 

F» (/) = Min Fjv - 1 (/— aN<p N) 
".v 

48.  Show that if we let 

m (Xi, .r2, ..., xs) — the minimum of N quantities, 
,, XN, we have the functional equation 
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m (m (r,, *„ Xy _ i), XM) — m (^r,, *, xs), 

and similarly for M (.r,, x, x\), thv maxinium of TV quantities. 

49. Show that 

Max [(1 — *,)<"• -f (1 — *,) ^'+ '• + • • • + (1 — **) e1^*'* ■■■ >*ti\ = eN. 
i'i) 

where «i = e, e.w = e'v - '. 

50. Set 

/JV {b, k)       Min f I e * <'    ">' — £ iß- -0' \dV (x). 

Show that 

/>• (/>, A-)       Min 
(vft" • o v') /kb -f a.v 

/, {/>, k) = Min   f [>-*<'    *>' - «' - ")'] dV (x). 
a       Jl 

51. Obtain recurrence relations for the prohk'm of determining the mini- 
mum and maximum of 

(a) QH - (axj* + (xl + ax,)* + ... (.v, -f «, + ... + «üf-i+ «^v)2, 

subject to Xi2   f- -V2
2 -f-  ...  + .v.v1       1, 

(b) QN .V.
2
 + (AT, + axt)* + ... (^ + a*. + a» *, + ... + a-v - • .r.v)2, 

subject to Xi*    - A2
2
 H   ...-+- Xs1 = 1, 

(c) QM = A-,
2
 + (A,  ;  a*,)« 4- (A. + a.v, + (a + b) *,)« + . . . 

(A, + «A, + {a± b) x3 + ... (a + (N - 2) 6) **)«. 

subject to A:,
2
 + A-2

2
 -f  . .. -f AT.V* = 1. 

52. Suppose that a piece of candy is to be shared by two children. Show 
that an optimal procedure is to let one child divide the candy, and the 
other choose the piece he wants. Show that this leads to the equation 

r =   Max   Min (y, x — y) = */2, 
•' < » - •r 

for the share of the first child. 
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- 

5S, What is the OOROponding procedure for .V children ? (Steinhaus) 

M. Sup|x)se that we have a vehicle which can carry enough gasoline to 
go a distance of d miles. In order to traverse a distance of 'Id miles over 
barren territory, it is necessary to establish intermediate caches of gaso- 
line. How should these be located so as to minimize the total expenditure 
of gasoline required to traverse this distance, and what is the total dis- 
tance travelled by the vehicle before it reaches its destination ? 

(N   J.  Fine, "The  b-cp ProbleiP.*' Amir. Math.  Monthlv,  Vol.   I,IV,  Jan. 
1M7) 

ö"). Consider the following more realistic versions: 

a. Use of more than one vehicle 
b. Transportation of an additional cargo 
c. Use of some tixed caches, established in advance 
d. Deliverv to more than one destination 
e. Establishment of a rate of delivery 
f. Minimization of total cost,  including cost of gasoline, 

cost of purchasing vehicles, cost of establishing caches. 
g. Arbitrary distanc .v   • 'Id. 

öti.  Prove that, in general, the problem of determining 

iH.lmer) 

Max   Mm S   F »■ (A» , VA-) 
I     1 

where  .1" A» 
J.      I 

ciDtnot be reduced to a recurrence relation of the form 

/.v (.v, v)        Max   Mm   /-".v (.v.v. y.v) +/* -i (x — .v.v, y — y.v)] • 
'.v-      «.v 

"■)7.  Suppose that the requirements of a system at time n are rn. Let x„ be 
the actual level, and let it be required to have v«    - rn for all K. 

Furthermore, the restriction on the level at any time is 

A (.v„ — .v„  . ,),    n > 1 , v„ , Xn 

an "expansion-limitation   . 
We wish to chose the v, so as to minimize 

-     (X, 
1 

-rn] 

Show that the A, are given by 

^i =  7 i 
xt — xl -   Mm  /. 9 

- x,      M in ?.- 7 ,, /.</ ■ 
Min A Xt, 9?,] 

<p3] = Min \k (A-J TaJ 

Xn — X, Mm  ?."     ' 9 „ /"     - 72   . . . 
Min  A (v„ _ , — .vn _ ,), fpn] 

q>n] = 
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where 

(pt = Max (Shepherd). 

58. Determine   the   maximum   of 27 ai xt   suhject   to   the  constraints 
.v i      1 

£ Xt* = 1, 0 < ^r, ^ ^r, < ... < XN, where the a« are non-negative. 
< — t 

.v 
59. Consider the problem of determining the maximum of 77 (xt — a) 

i *= I 
.V 

subject   to   the   restrictions  0 < xt <, b,   where   b > a, and £ xt = c. 
i     i 

Show that to obtain a functional equation we must consider also the 
.v 

noblem of determining the minimum of 77 {xi — a), and obtain the 
i m  1 

functional equations governing the problem. 
Show that this problem does not arise if we consider 

n   | *i — «|. 
i -1 

60. Assume that we are a contestant on a quiz program where we have 
an opportunity to win a substantial amount of money provided that we 
answer a series of questions correctly. 

Let ft be the amount of money obtained if the Ä,h question is answered 
correctly, and let pk be the a priori probability that we can answer the 
klh question where k = 1, 2, . . ., N. Let (p{x) be the utility function 
measuring the value to us of winning an amount x. 

Assume that we have a choice at the end of each question of attempting 
to answer the next question, or of stopping with the amount already won. 
Determine the optimal policies to pursue under the following conditions: 

a.  Any wrong answer terminates the process with a total return of 
zero. 

b. A total of two wrong answers is allowed. 

c. Having answered ko questions correctly, we must win at least E r*. 
no mattci what happens subsequently. * = 1 

d. We are competing with other contestants. The contestant obtaining 
the large-.'., tital has an opportunity to answer a "jackpot question" 

.v 
worth much more than 27 r*. 

x     i 
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e. At each stage of the process, we have a choice of a hard question or 
an easy question with the proviso that a miss on an easy question 
terminates the process with a return of zero, and a miss on a hard 
question terminates the process with a total return of one-half the 
amount won to date. 

61. Let the quantities In, «u be stochastic variables, subject to known 
distributions. Obtain a recurrence relation for the sequence 

{/v (t, C,, C, Cm)} 

defined by the equation 

fm {/, c,, c,( .... Cm) = Min Exp   c« 27 6< ^J , 
.r, L     i   _  1 J 

where the r< satisfy constraints of the form 

a. xt ^ 0, 
.v 

b. 2" an Xij^ct.i — 1,2 tn, 
i    i 

and lor the sequence 

gs (t, c,, c„ .... cm) = Mm Exp    2," At *<   . 
ii L, " i       J 

In both cases, Exp represents the expected value with respect to the 
random elements. 

62. Consider the Selberg form   

Qs (x) =   £   (    T   *»)«. 
n < y    k  \   n 

where ^r, = 1 and the other x* are as yet undetermined. The notation 
27 Xk means that the sum is to be taken over all integers k which divide 

ft | n 
«, e.g. 27 Xic = *, -f A:, + ^3 -f- xt.  With  the  introduction  of suitable 

i'{6 
state variables, determine recurrence relations for Min Q.\ (x). 

63. The problem of determining the minimum and maximum charac- 
teristic roots of the Jacobi matrix 
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a,    6,    ... 

6,    u,    bt 

/- A,    a,    6, 

by - t    a.v - i    b\ - i 

... 6JV - i    «AT 

where the dots signify that all the other elements are zero, is equivalent 
to determining the minimum and maximum values of the quadratic form, 

jr .v — i 
Q.s (*) =   £ tuxi* + 2  £  biXiXi + x, 

1 = 1 i    i 

.v 
on the sphere    Z    Xi* = 1. 

■    i 

Consider the two sequences 

/v (r) = Max [Qs (*) + 2CA:.V] , 

gs (c) = Min [^A/ (A:) + ICXN] . 

where S represents the iV-dimensional sphere. Show that recurrence 
relations may be obtained, connecting /.%■ (c) with fs - x {c), and g.v (c) 
with gs - i (c). 

64. Obtain analogous results for the quadratic form 

.v .v     i .v 
QM {X) = E ai xi* + %  £ bt Xf X( +1 + 2   2'   d xi xi+i. 

65. Let A = (an) be a positive definite symmetric matrix. Show that the 
problem of solving the system of linear equations 

2,' aij xj  - ct.i = 1,2 N, 

is equivalent to determining the absolute minimum of the form 

.V .V 

Qs (x) -      1'    au Xi Xj      2 2' d Xi 
i.i     i i     i 
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66. Define this minimum to be fs (c,, c,, .... cv), and obtain a recur- 
rence relation connecting/^ and/v - i. 

Show that/jv is a quadratic form in the variables Cr, 
.v 

fs (c,, ct, .... cN) =   2"   6<v>j; a C), 
i. / - i 

and show how the recurrence relation connecting JN and JN -\ may  be 
i (N^\ utilized to obtain recurrence relations for the sequences    fe 

67. A television broadcasting company wishes to lease video links so that 
certain of its stations may be formed into a connected network. Video 
links exist between all pairs of stations, and the costs, in general different, 
of links between the various pairs of stations are known. Show that to 
construct a network at minimal cost, we choose among the links not yet 
included in the network the lowest price link which does not form any 
loop with the links already chosen.    (Kalaba) 

68. Consider the problem of minimizing E <p) (*/) over all n—tuples of 
i     i « 

non-negative    integers   x = (x,, A;,, ...,*„)    which   satisfy £ x/ = m, 
; = i 

where qp,, (pt ^n are convex functions for Xi > 0. Let / — {1, '2  
n] and for any admissible set, {*,, AT,, . . ., An}, let S + (AT) denote the set of 
indices j e I for which Xj > 0. Show that a necessary and sufficient con- 
dition that an admissible set of xt provide the minimum is 

■ <Pl {xi - i)], min  [9:; (A-; 
/•I 

(fj (*;)]   >  max  [qp, (*j) 

and obtain the corresponding condition when the xt are restricted merely 

to be non-negative and satisfy    H   xj = m.    (Gross) 
i     1 

69. Consider a rectangular matrix A = (aij). It is desired to start at the 
(1, 1) position and proceed to the (w, n) position moving one step to the 
1 ight or one step down each move, in such a way as to minimize the sum 
«f the atj encountered. Show how to determine optimal paths. (Dreyfus) 

70. Suppose that we have a toaster capable of toasting two slices of bread 
simultaneously, each on one side. What toasting procedure minimizes the 
time required to toast three slices of bread, each on two sides ? 

(J. E. Littlcwood) 

Solve the generalized problem requiring the processing of A' Ä-sided items 
by means of M machines which can each process R items on s sides 
simultaneously. 
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71. Consider a 3-tcrniinal communication system. 

with message loads at each of the terminals for the other terminals. 
Let rti denote the maximum number of messages that can be sent 
from Ti to Tj in unit time, and consider the two cases, first, where there 
is no interference between signals going from Tt to 7"; and those going 
in the reverse direction from Tj to 7"(, and, second, where the total 
number messages in both directions cannot exceed ru. 

Let Xi,, i, 7 = 1, 2, 3, i ± j, denote the quantity of messages at Ti 
with ultimate destination T], and assume that a unit time is consumed 
transmitting a message from any Tt to any Tj. Denoting by/n (*(/) the 
maximum quantity of messages that can be delivered in n time units, 
derive a recurrence relation for the sequence (/„ (xtf) }. 

(Juncosa-Kalaba) 

72. A newspaper delivers papers to a number of newsstands. Assuming 
that the distribution of sales at each of these stands is known, and 
assuming that a certain quantity of unsold papers may be returned, 
suitably discounted, how many papers should be published, and how 
should they be distributed? 

73. Consider the problem of minimizing a sum 

Ff* (*I, Xt *.v)   = gl (Xi)  + £2 (*l)  +   • + f*(«*r), 

where each/, is a convex function, and the variables are subject to the 
constraints a < *i < *2 <^ ... < ATA- < 6.  Define 

/.v («, 6) = Min F.v (xi, X2 v.v), for N 

and — oo < « < 6 < oo. Show that 

fi . i (a, x) =    Min    j, , , (v) 4- /; (a, «) ]. 
o < y < x 

= 1. 2, 
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74. Let (? (x) he continuous and convex for *;></. Define 

g{r. s)=    Min    g {x), ä <. r-^ s. 
r < * < » 

Show that for d < a <^ b <, c, we may write 

t («- c) = f («. b) + g (b, c)—g (b, b). 

In addition, show that g (a, x), as a function of x, is continuous and 
convex for * > a. (Karush) 

75. Prove that under the above hypotheses that 

fs [a, c) — fm (a, b) -f /v (b, c) — fN (b, b), —oo < a <, b ■< c <oo. 
(Karush) 

76. Let the gt (y)  be convex functions for — oo < y < oo which are 
bounded from below. Then fa {a, b) may be written in the form 

/v (a, b) == UN (a) -h Vy (b), a <, b, 

where  «jv (*)  and  vy (x)   are,  respectively,  increasing  and decreasing 
convex functions for — oo < ^r < oo. (Karush) 

77. Let 
w 

/v (ao, «i, «2 Cjr) «> Min    Max     | at—   JT  AT* ft _ *| . 
r(     0 < L < Jf k ~ 0 

Show that 

/.v (ao, ai, a2, . . ., aA-) = Min Max [| ao — xo co|,/.v _ i (ai — Xi Co, 

a« — ^2 Co. ...)]. 

78. Derive a similar expression for 

u 
JN («o, ai, aa, .. ., a.v) = Min    Z    (at —   Z   XkCL _ »)•, 

<■,■    L = o k = o 

and obtain thereby recurrence relations for the coefficients in 

ir (.v) 
/>■ (ao, «i, ■ .., «.%■) == iT qr, at a,. 

«- o 

79. A sleuth investigating a murder has N witnesses, one of whom is 
the murderer, of different degrees of reliability. Let /)< be the probability 
that the ith witness tells the truth at any particular time to any particular 
question. The detective interviews the witnesses in some order, asks 
the first witness a question, and then each succeeding witness a question, 
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which may he a direct question or a questioa concerning the truth of the 
testiinoii\ of preceding witnesses. Supposing that he is allowed one 
question at a time, and that the time required for the »'* witness to 
answer a question is /(, in what order should the witnesses he interrogated, 
and what questions should he asked to maximize the prohahility of 
determining the murderer in a fixed time 7"? 

80. Consider  the prohlem of minimizing the function 

FN («I, X2,   . . . , Xf,-)   -=  (fi (.V|)   -(-  9P2 (X2)   +   ■ • •   + <PN (XN) 

over all values of the Xt suhject to 

(a) *< > 0 

(b) AI > ri, 

«1 + xt > ft, 

*i + *2 + ... + x.\ > rjv . 

Define the scejuence 
.v 

/*■ (z)        Min 2' (ft (xt) , 
1   i — k 

over the region determined  hy 

(a) x, > 0 

(b) xk > rk — z. 

**■ + v* _ 1 > r* ♦ 1 — 2, 

xt + xt + 1 + ... -f x\ > r.v — z, 

for 2 ;> 0, A-       1,2 V.  Show  that 

fk(x)        Min   yv(.vv)   •  /*  . , (z ^ rk)] , 
r/i   • (i 

'k -- rk - ' 

for k        1,2 -V        1, and hence that Mm /•> (vi, Xt XN) = /, (0). 

81. Show thai the above problem' with the additional restriction that 
A;( 4 1 — Xi<ldi .1 may he reduced to the problem of determining the 
sequence {/*■ (2, c)} as defined by 

/A. (2, f) Mill     7 *■ (A*)     I- /A    .   , (C     '    A A-, A" A) ]  . 

(Management Science, Vol. 3 (1956), p. Ill   113). 
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82. Consider similarly the restriction   v,     i       /.v,. 

H3. Determine the structure of the optimal policy in the case where 
the y» (v) are linear functions of v, y * (»)       /■« x, and we assume 

a. /-A   . ,     ■ r» 

h. ft     \ < r* 
c. tlw- /-,  Steadily  increase, tlien decrease. 
d. the r, steadily decrease, then increase. 

(An tosiewicz-Hoffman) 

84, (liven a continuous convex function, /(.vi, and two values, one 
positive, /(vt) • i>, and one negative, /(Xt) < 0i *i ■ •»->. we wish to 
determine the position of the zero of the function in Xi, .vL' . The problem 
is to minimize the maximum length of interval in which we can guarantee 
that the zero lies after ;/ evaluations of/(A), where the evaluations are 
performed sequentially. 

Define Kn (s, y) to be the minimum length of interval on which we 
can guarantee locating the zero in (I, I of any convex function/, given 
that/(0)       I./(I) v, that  we know that  the root  is between S 
and 1, and that we have // evaluations to perform. Show that 

Ro (v, y) 
I 

s. 

Hn (S. V) 

Max         r 

Mm Max 
u - *•   • 

1       > 

J:   i V Max       (1 
u - •   ■    l       id       VI 

^ y 

r R»    i 

I 1 Rn 

n » 
X 

\       I V     !■/_ 

(< iross- |ohiison 

85. A man is standing on a (jueue waiting for si-rvice, with A people 
ahead of him. lie knows the utilitv of waiting out the ipieue, r, and the 
probability /> that a person will be served in unit time. On the other 
hard, he incurs a cost of c for every unit ol time spent waiting. The 
problem is to determine his waiting |K>licy if he wishes to maximize 
his expected return. 

Let /.v denote the expected return  obtained employing an optimal 
waiting policy when  there are .V people ahead. Show that 

,/N       Max />/v     i       (I       />)/.v. 0 
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N = 1,2, . . ., with /o — r. Hence show tliat 

1(1-Pt)       (l—p)        J 

.ind thus determine the optimal policy. (Haight) 

8fi. Consider the same prohlem under the assumption that he can wait 
at most a time 7". (Haight) 

87. What policy does he pursue if he knows that a probability p exists, 
hut does not know its precise value? (Haight) 

88. Consider a forestry firm in which we start with a fixed capital and 
a certain presence of timber. We assume that 

1. There is a fixed initial amount of cash available, and no revenue 
other than proceeds from selling timber, and from interest on cash 
on hand. No borrowing is allowed, and all current expenses must 
be covered by cush and sales. 

2. Trees can be grown only from seed; it is impossible to buy young 
trees from outside the "economy." 

3. The annual increment of "timber" depends on the age of the tree 
(growth  rates need not   be monotonic). 

1.   The cost of "carrying" a growing tree for one year depends on the 
age of the tree. 

").  The selling value of a  tree depends only  on  its timber content, 
i.e. its age. 

6, The aim of the process is to maximize the money available after 
a  fixed number of years. 

Four activities may be engaged in, lending, planting, carrying, and 
felling. 

1. Money can be lent for a year at interest rate r. 
2. Money can be used to plant trees. 
.'$.  Money and trees can be used to provide older trees. 
I.   Trees of a given age can be cut down to provide money. 

Over a given time period how does one proceed so as to maximize 
the total assets, capital plus timber? 

(Morton, Dynamh Programming, Proceeding of an International Conference 
on  Input-Output  Analysis, J   Wiley and Sons, 195»)). 

89. Consider a multi-component electronic system whose reliability may 
be taken to be the product of the reliabilities of the individual components. 
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N-l N 

To improve the reliability of a particular stage, we can put a number 
of units in parallel. Let pk (**) be the reliability of the k'" stage when 
Xk units are put in parallel at the kth stage, and let gk (**) be the cost 
of inserting Xk units in parallel. 

The problem  is to maximize the total reliability 

/J.V(X)   =    7t     pk{Xk). 
k = 1 

subject  to  the restrictions 

a. x* = 1, 2, 3, . 

.v 
b. Z gk (xk) <, c. 

If fs (c) = Max pN (x), show that 

ft, (c) - Max [pM (x)/s -i (c — £.v (*) ) 

where the maximum is over 

a. * = 1, 2  

b. gM (x) < c. (Nadel) 

90. Assume that there are two "costs," one in terms of actual money, 
and the other in  terms of weight. 

91. Discuss the connections between  the following problems: 

S x 
a. Maximize 77 pk (Xk), subject to £ gk (-v>) < Ci, 

<     i t - i 

s 
Z ht (Xk) <; Ci, and Xk = 1,2  

* = i 

.V .V .V 

b. Maximize // pk (*») — h £ A'* (**) — M £ hk (Xk), 
k = i ft -1       • i- - i 

subject to Xk --- 1,2, . . ., . 
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.V .V 

c.   Maximize ///>»(.*>)   - ?., .T #»(*»), subject  to 
i-i <      i 

.v 
~ hi (Xt) < c-., and   u        1,2  

i     i 

V A' 

(1.  Minimize 2' gk{*»] 4- A3 2" A* (AT*), subject to 
» - l ii 

.V 

// />*■ (*») r. *» =   1,1  
i -.1 

92. Obtain the 'corresponding functional ec|uations, and discuss the 
question of most convenient  computation. 

it.'l. The requirement for a machine of a certain type as a function of 
time is known. It is desired to institute a procurement policy to meet 
this demand at minimum cost, given the following information. 

1.  Procurement of new machines cost p dollars per machine. 
'2. Maintenance of a machine costs m dollars per time period. 
3. Cost of upkeep and repair per period is a known function of the 

number of machines on  hand and the number required. 

Show  that  the corresponding functional equation   is 

/.v (v) Min     /'z, + M («1 - x) + Li {xt + x) +/.v - 1 (* + »1) ]. 

where Zi  can  assume only  the  \ dues 0, 1, 2  
Obtain the solution under the assumption that each function /.*•(.*) 

has the  form 

U) 

and, as a special case, is parabolic, i.e. a quadratic  in .v. 

HI. ConsidtT the problem for the case where two distinct types of 
machines are being procured, with joint maintenance facilities, but 
independent demand, 
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Bibliofiraphy and Comments for Chapter III 

S 1. The basic ideas of this chapter, together with the "principle of 
optimality". were first stated in the monograph "An Introduction to the 
Theory of Dynamic ftafnUBming." RANI) Corporation, l!>.r>3. an out- 
Krowth of a shorter pajn-r written in IMS, but not published then. This 
paper, in turn, was the result of research done in IH4!», 19.r>() and 1951, and 
contained in a number of unpublished paper». 

§ 3. As we have recently shown in connection with some joint work 
(U. Bellman and I< Kalaba, "On the Principle of Invariant Imbedding and 
Propagation Through Inhomogeneous Media." /Vor. Xat. Acad. Sei,. (1956). 
the "principle of optimality" is actually a particular application of what we 
have called the "principle of invariant imbedding." A special form of the 
mvariance principle was used bv Ambarzuiniaii "On the Scattering of 
Light by a Diffuse Medium." C. R. Doklady, Sei. U.R.S.S. :<S (I94:<). p. 257 
anil extensively developed bv S Chandrasekhar RmdimtiPt 'Irunsfer. Ox- 
ford, 195(1. An early use of the method is due to C Stokes (Mathematical 
and Physical I'dfers. Vol. IV, "On the intensity oi the light reflected from 
or transmitted through a pile of plates," pp.   145-156). 

The functional equation technique used throughout is intimately related 
to the "Point of Regeneration" method used in the study of branching 
processes, cf. R. Mellman and 1. E. Harris, "On Age-Dependent Binary 
Branching  Processes," Amt. Math., Vol. M (195S), pp. 2H() 295. 

Actually, we have made no systematic effort to trace the origin and use 
of invariance principles, and the above references represent only a few of 
the manv that could be cited. One. however, which cannot be ignored is 
J. lladamard, "l.e principe de Huygens," Bull. Soc. Math. France, 52 (1924), 
pp. 610-640, where there is an interesting discussion of causality, functional 
equations and   Huygens'  principle. 

The classic reference to semigroup theorv is K. Hille. "Functional Ana- 
Ivsis and Semigroups." Amer. Math. Soc.   I94.S 

i) ti. A detailed discussion of the formulation of variational problems as 
continuous decison processes will be  found  in Chapter 9. 

| 9. A discussion of causality and optimalitv. together with the interrelation 
with semi-groups may be found in R. Bellman, "Dynamic Programming and A 
New Formalism in the Theorv of Integral Kcpiations." I'roc. \at. Aiad. Sei., 
Vol. 41 (1955). pp, 31   34 

Problem 92. See R, Bellman, ■Dynamic Programming and Lagrange Mul- 
tipliers", PrOC. Sal. Acad. Sei., Vol. 42 (195»i), pp. 7t»7-7()9. 
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CHAPTER  IV 

Existence and Uniqueness Theorems 

§ 1. Introduction 

In the previous chapter we outlined the skeletal structure of dynamic 
programming processes and derived various general classes of functional 
equations. In this chapter, we shall abstract the particular methods 
utilized in Chapter I and II to treat the equations occurring therein and 
derive some existence and uniqueness theorems for the more general 
equations of Chapter III. Our principal tool will be the method of successive 
approximations due to Picard. 

Although all the proofs follow essentiallvacommon track, each requires 
its own detour at an appropriate point. Consequently, in place of at- 
tempting to frame the hypotheses in such general terms that we can state 
all our results in a single theorem, at the possible expense of clarity and 
loss of understanding of the simple mechanism involved, we have divided 
our results into a number of theorems referring to particular classes of 
equations. The basic method of proof is, however, the same throughout. 

Our first step consists of formalizing the device we have used before to 
compare the solutions of two equations, cf. § 7 of Chapter I and § 6 of 
Chapter II. The resulting inequality is essential to our proofsin thischap- 
ter, and will be utilized again H oi r treatment of multi-stage games in a 
later chapter, and in comparison theorems in the calculus of variations in 
Chapter IX. 

The first class of equations we treat are those where ea"h operation 
results in a shrinking of resources, which is to say, the point transforma- 
tions involved are shrinking transformations in the sense of Cacciopoli. 
Equations of this type we rather unimaginatively call equation of type one. 

The next class of equations which we discuss are those where the prob- 
ability of survival decreases uniformly with each operation. This is 
equivalent to the functional transformation being a shrinking transfor- 
mation. These equations we name equations of type two. 

Both types have, in particular cases, the form 

(I) /(/)) - Sup [£ (P. q) + h {p, q)f(T [p. q))] 

where the quantities occurring are as delined in the previous chapter. 
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As we shall see these equations are rather readily treated by standard 
iterative techniques, with the aid of our basic inequality. Equations which 
do not belong to either of these classes usually require some fancier 
techniques, as we shall see in our treatment of a particular equatir m 
§ 8. All equations not of types one or two, we blithely lump togeth r ,\s 
those of type three. 

Following these results on existence and uniqueness, we shall discu ? 
monotone convergence in a general setting, and state some general st; - 
bility theorems established in the same fashion as before. 

After indicating some directions of generalization, which can be carried 
quite far, we shall consider a particular equation of type three, as men- 
tioned above. Here we have a combination of two types of shrinking 
transformations, and the treatment is a bit more involved. 

We shall close the chapter with a discussion of an interesting integral 
equation arising in the theory of "optimal inventory" or "stock control," 
a subject which we shall treat in greater detail in the following chapter, 
where particular solutions are obtained. 

Apart from their interest in connection with multi-stage decision pro- 
cesses, the equations we consider possess the analytic merit of constitu- 
ting in many ways a natural extension of linear equations. As such, their 
study is valuable since they serve as a bridge between the well-regulated 
preserve of linear equations .md the as yet untamed jungle of nonlinear 
equations. 

§ S. A Fundamental inequality 

Let us consider the two functional transformations 

(!) SAf.p.q) =g{p.q) -l    |"      /(r)d(,(p.q.r) 

•S (/. P. <1) = * (^ ?) + I      / W dG (p, q. r) 
Jrel) 

where dG (p, q, r) > 0,  and define  two additional  transformations as 
follows: 

C.!! a.   JAP) - Sup .s\ (/../>,?) 

b.   h\ (P) = Sup S, (Ft. p. q\ 

There is no need to go into a discussion of what we mean by the Stieltjes 
integral here since we are using it in a purely formal manner. All our 

results will actually be utilized for the case where J[r)dG (/>, q, r) = 
Jr f O 
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A (/>. q) f{l' (/>. q)), and the reader unfimiliar with the Stieltjes integral 
need merely make this transformation to reduce all the equations to 
familiar terms, or he may consider d(, (p, q, r) to have the form 
// {/>, q. r) dr, with //  > 0. 

The inequality we wish to prove is 

LEMMA 1. 

(3) fz (P)       F, (P) 1 ^ Sup [ 1 g (/>, q) - h [p. q) 

■ 

J rrl» 
r) — I'\ (r) | d(, (P, q. r)]. 

PROOF. Let us simplify the notation initially by assuming that both 
transformations in (8) have the property that the suprcmum is actually a 
maximum. Let then q      q (p) be a value of q for which the maximum is 
assumed in (2a), and q      q (p) be a value of q for which the maximum is 
assumed in (Sb). Then we have the following set of equalities and ine- 
qualities: 

(4) a. /.(/))      S. (/>,/>,</) r^.S, (/,,/>, </) 

h.  /•■,(/>)       >■,.(/•',,/),(/)    ■ S-^Fi,/>,</) , 

as in § 7 of Chapter I and § ti of Chapter II. 
From these follow immediately 

(">)/,(/>)" ^(Z-)   -kip.'/)    h(p,q)}-\   I     (AW—FiW)*^.*.'). 

and 

f%{p)      Ft(P):    {g(p.q)—h{j>.q))-\    f      (/A') -~I-\(r))dG(p.q,r). 

These, in turn, yield the single inequality 

(6)   \ft{p)~-l:Ap) 

■     Max 

| g (p. ■/) — H (p. q) fi(r)—h\(r) \dG{p.q,r), 

g{p.q)- - h (p. ?) H    f       /, (r) - F, (r) | dG (p. q. r), 
I r ,  I) 

from which the result in (3) is immediate.1 

To obtain the result as stated in terms of the suprcmum it is only 
necessary to note that the supremum may be obtained arbitrarily closely 
by the value of the function for some q -~ q (/>). The argument then pro- 
ceeds vi;i a limiting procedure. 

1   W« are using the simple result that a < x < b implies \ x \ < Max ( ] o |, ] 6 | ). 
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Ji M.  Equations of Type One 

Lrt us now ini|M)sc the followiiif,' conditions upon the functions entering 
into the (-(illation of (1.1): 

(1) a.   | (p, q) is uniformly houiulfd far all ft S and all pel) 
satis/viiii;   llic   restriction    i!^||<C|,    a here    || ^ || a 

[   1.  p,1)    . I) is the domain off, it contains the nullvector 

p       0. and I (p. (/) e I) for all p r P. 

1>.  x (0. q)       U for all q f S. 

c.   | // (/>, q) | ■      I for all p t I) and q f S . 

(1.      T {p, q) ,   -^ u    p    , for some a < 1, for all q e S and 
all p i I). 

e,   l/v (c) Sup    Sup   fi (p, q)   , then ~ v (a"c) < oo. 
1 1 /' I I  ■    '       V » - « 

Kquations wliich satisf\' these assumptions arc called equations of Tvpe 
One. In mam' cases, it may In- more convenient, and natural, to use the 

.\ 
norm     p 1'    p,  . It will be clear from the argumentation below 

>     i 

that the precise form of the norm is of little importance. 
Our principal result concerning these equations is the followiiif,': 

THEOREM  1. Consider the equation 

W /(/>)      $vp{g(p.<l) + h{p.q)/{T{p,q))].    p^O 

f(0)      o. 

assumed to bt of I'xpe One. 
There is exactly one solution of (2) which is continuous at p 0 and equal 

to    'ro there, and defined over all of />. 
This solution may he oliluined as the limit of the sequenci {/„ ip)} defined 

as follous: 

(3)    a. /„(/>)       Sup-IA, y) 

''./«• i (/>)       Sup   - (/>, </)   ■   h(p.q)f„[T[p,q)y,n    =0.1.2.... 
f 

Alternatively, any initial functioi. f„ {p} which is continuous at p (land 
equal to zero there, and hounded for p ' Cifor any cx > 0, p e I), may he 
used in (3b) /« yield a convergent sequence, 

U R ip- ?)• ^ (P> '/'• '""'  ^ (/*• V  '"'' continuous in  p in any hounded 
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portion of D, uniformly for all qe S, thenf{p) is continuous in any bounded 
portion of I). 

PROOF. Let us consider the sequence defined by (3). Using Lemma 1, 
proved in § 2, we have for n ;> 1, 

(4)    \fn*x{p)-fn(P) | ^ Sup | A (/.. 9) \\fn(T{p,q))~fn-i{T(p,g))\ 

^ Sup \fn (T (p. q)) -/„ _ , (F {p. q))\. 

and 

(5) I/. (/>) —/• (P) I < Sup |/0 (7 (/>, q))\ = Sup | g [p, q) \. 
i i 

Let us now define the new sequence 

(6) MO = Sup |/n+!(/>)-/„ (/.)|,    \\p\\<c.peD. 
v 

Using the function defined in (1 e), we see that Vo (c) = v (c). Turning 
to (4) we have, for p E I).\\p \\<. c. 

(7) Sup |/„;i (/>) —/■ (P) 1 < Sup Sup \fn (T (p. q)) -/„ . , (7 (p, q))\ 
q n        <l 

<      Sup      \fn{p)-fn-l{P)\. 
| | p | | •   „r 

by virtue of our assumption concerning 7 (/>, q). Hence z'„ +i (c) < Vn (ac), 
M 

n B 0.1,9 or rn(c) < Vo{an c). It follows that the series 2" [/» +i(/>) 
n ■ ■ 

— /" (P)] converges uniformly for ||/)||^c, and hence that {fn(p)} 
converges uniformly to a function/(/>) for || /> || < c. 

This completes the proof of existence and the proof of the statements 
concerning convergence and continuity. 

To establish uniqueness, let f(p) and F (p) be two solutions of (1) 
continuous at /> = 0, and hence defined for all p e D. Let 

(8) v (c) = Sup \f(p) -I'{p)\ , :\p\\<,c , peD. 

Applying Lemma 1, we have 

(9) \f(P)—F{p)\< Sup !/(7 {p. q)) - F (7 {p. q))\. 

whence 

(10) v{c) < v {ac) < ... < r (a" c). 

Since f(p) and F (p) are continuous for p = 0, v (a" c) ->■ 0 as n -*■ oo. 
Hence r (c) = 0, and/(^) = F (/>). 
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The utility of Lemma 1 lies in the fact that it enables us to bypass any 
discussionof the behaviorof the maximizing y as a function of p, a subject 
of great difficulty about which little is known, in general. 

§ I. Equations of Type Two 

Let us now consider the equation of (1.1) where we impose the condi- 
, tions 

(1) a.   | f [p, q) | t's uni/ormlv hounded for all q e S, and 
WPW^CLPED. 

b. \ h (p, q) \<^ a < I for all q e S and uniformly in any 
region \\ p \\ < Ct. p e D. 

C. || 7" (*, y) || <^ || /) || for all p or altcrnalively D is a 
bounded region, and no condition is imposed upon T apart 
from the condition that T (p, q) E D for all p F D. 

Equations satisfying these conditions we shall call equations of Type Two. 
We shall demonstrate. 

THEOREM 2. If 

(2) / (/>) - Sup If (p. q)+h [p. q) f{T [p. q))] 
v 

is an equation of Tvpc Two, there is a unique solution uhich is bounded in 
any finite part of I). 

The solution may he found by means of successive approximations as 
before, and the previous statements concerning continuity of the solution 
remain valid. 

PROOF. Let 

(3) .M/-)-   Suptf (/,, ?) 
9 

fn • i (/>) = Sup ^ (p, q) + h (p. q) /„ (T (p, q))], n = 0, I, 2, ... 
'i 

Using Lemma 1, we have 

(4) |/,+, (P) —f. (/>) | < Sup j A (P, q) [fn (T (p, q)) —/.-l {T{p. q))] \ 

<*^\->\fnCT {p.q)) -fn - i{T {p,q))\. 

where a < 1. From this point on the proof clearly parallels the proof of 
Theorem 1. The vanishing at /> = 0 is now a consequence of fhe equation 
itself. 
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j| ;>. Monotone convergence 

U'f have in the preceding sections demonstrated convergence of the 
successive approximation under assumptions which yielded essentially 
geometric convergence. Let us now show that, under the assumption 
that h (p, q) > 0, which is true in all the applications to date, we have at 
our disposal a method of choosing an initial approximation which will 
yield monotone convergence in addition. 

In some equations of Type Three, where convergence of geometric type 
is either difficult to establish, or else non-existent, this is a valuable 
technique. 

Let us consider our equation in the form 

(1) /(/.)  - Uax\t{P.l)   f   h{p.q)f{T{p.q))]. 

Let q0 ~ qo(p) be an initial approximation to q (p) and let f„{p) be 
determined by use of this policy, i.e., 

(•2) /„ (/>) .    g (p. q,,) + h (/>, ?„)/„ [T (p. qn)). 

and the sequence {fn (/>)}, n = 1,2, . . ., then be determined recursively, 

(S)   /„ . , (/))       Sup \g {p. q) -r  h (p. q)fn (T (/>, y))].    ;/      (), [. 2. ... 

[Having introduced the concept of approximation in policy space, it is 
now convenient to use the supremum again to bypass questions of no 
little difficulty, concerning continuity over q.] Let us assume, as in the 
case of equations of Types One and  Two, that sufficient conditions have 
been imposed to have the sequence {/«(/>)} uniformly bounded In any 
finite portion of I). 

It is immediately seen that/, (/>) "■/„(/>), and therefore, by virtue of 
the non-negativity of h (p, q), thai /„ i (/>) :/« (/>) for all '/. It follows 
that/a (p) converges to a function/^) as ;/   > oo, in any finite part of 1 >. 

If q is a member of a finite set S, there is no question of the conver- 
gence of {/n (/>)} to an actual solution of (3), where the supremum is now 
a maximum. If S contains a continuum, it is perhaps not immediate that 
/(/>) is the bounded solution of 

(I fm h[p.q)f(r[p.q))]. Mip \g (p. q) 
'i 

To establish this, we observe that by virtue of the monotone convergence, 
we have 

(5) 

whence 

fn    i[p)-     Sup gip.q)   ■   h(p.q)f(T(p.q))]. 
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/(/>) < Sup \g (p. q) + h (p. 9)/(7- Kp, q))]. 

On the other hand, we have 

(7) /(/>) : ' Sup g {p. q) + h (p. q)fn (y (p. q))] 
v 

>*(/>.?) H   h(p.q)fn{T(p.q)) 

for all ^ c S and all H. Letting n —> oo, we obtain the reverse inequality to 
(6), and hence equality. 

This property of monotone convergence or. at worst, monotone approx- 
imation, is particularly useful in other parts of the theory of dynamic 
programming, and in particular, in applications to the calculus of varia- 
tions, as we shall sec in a later chapter. 

§ (>. Stability theorems 

In the theory of functional equations a problem of great theoretical 
interest, with important physical ramifications, is that of the dependence 
of the solution upon the form of the equation. In particular, a great deal 
of effort has been devoted to the determination of those equations which 
have the property that small changes in the form of the equation effect 
correspondingly small changes in the form of the solution. Equations 
which do not have this property are in the main of little physical interest. 

Let us now consider the two equations, 

d) a. / (/>) = Sup [g [p. q) -f h (p, q)/(r (p. q))]. 

h. F (P) = Sup [G (P, q) + h [p. q) F (T (/), ?))]. 

and assume, to begin with, that they are both of Type One. We wish to 
obtain an inequality for Sup   \f{p) — F (/>) |. ^ e /J, |j /> || < c, where / 

v 
and F are the unique solutions vanishing at /> = 0, and continuous there, 
of their respective equations. 

To obtain this inequality, we employ the method of successive approx- 
imations in both equations, setting 

(2) /l (/>)    = Sup { (/,. q) 

fn , i (/>)  - Sup [g (/>, q) -V h {p  q)Jn (T (p. q))] 
1 

F, (/>)  = Sup G (/), q) 

F,, +l(P)= Sup [G (P, q) + h [p, q) Fn (T (P. q))] 
i 
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Wc have 

(3) \FAP) -^(P) \<.$vp \G (p. q) - gip.q) \. 
f 

and 

(4) | F, , i (p) -fn .x(p)\< Sup [\G{p.q)-g {p. q) 

+ h(p.q)\\Fn(T(p.q))-fn{T{p.q))\]. 

Let us define 

(5) «(c)=     Sup     ?>uv\G(p,q)~-g{p,q)\. 
IIPII r: r      , 

Then we have 

THEOREM 3. With the above notation, for equations of Type One, 

(•) 

PROOF. Set 

(7) 

Sup   \F(p) -f(p) |<  r   u(a*c). 
\lp\\<r «  = (I 

v. (c) -   Sup   Sup | FB (p) —f„ (p) 
I I P I i  •   '■    9 

It can be shown inductively that wc have Wn (c) < £   M (a* c), « > 1, 
* = o 

using (4), and the hypotheses governing an equation of Type One. Letting 
n -> oo, we obtain (6), since Fn \p) -> F {p). and/« (/>) ->•/(/'). 

Similarly, 

THEOREM 4. With the above notation, for equations of Type Two, 

(8) Sup   \F(p)-(p) \<.u(c)l(l--a). 
IIHI <<• 

The j)roof follows the same lines ar above, and is therefore omitted. 
Similar estimates can  be obtain.. J  in  the cases where h (p, q) and 

T [p, q) are perturbed. 

§ 7. Some directions of generalization 

A first generalization of (1.1) is the equation 

(1) / (p) = Sup [g {p, q)+ Zhi [p. q) f [Ti {p. q))], 

which, in turn, is a particular case of 

(2) / [p) = Sup [g {p, q)+ \     f (r) dG (p, q, r)]. 
q Jr r 1) 
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The methods utilized above yield analogues of the preceding theorems 
concerning existence, uniqueness and stability for the above equations, 
and systems of the form 

(3) fi {p) = Sup [gi {p. ffi+S   f     A (r) dG,, (p, q, r)], ,= 1,2 N. 

which is equivalent in form to (2) if we employ vector-matrix notation. 
An example of (2) is the equation of "optimal inventory," 

(4)   /(x) = Inf[V(^,y) +«[(1-G (>'))/(0) +   [" f {y - s) dG {s)]]. 
y > i Jo 

which we shall treat in detail in the next chapter. 

§ 8. An equation of the third type 

The technique of approximation in policy space which yields monotone 
convergence, discussed above in § 5, is very useful in establishing the exist- 
ence of solutions of equations of Type Three, a class, let us recall, defined 
quite simply as the complementary class of equations of Type One or 
Type Two. 

Establishing the uniqueness of the solution of equations of Type Three 
is, in general, a problem of a greater level of difficulty, as we shall see 
below, and in a later chapter on multi-stage games where we discuss 
"games of survival." 

Let us illustrate these remarks by considering the functional equation, 

(1)       /(/>) » Min[l +  I" pkf(xk),Mm[l +/(**!*)]].** «.. 

/(*•) = 0, 

where / runs over the set of integers 1,2, ..., M. Here we set 

(■2) P  =  iPo. Pt. pn),pi >o, 2   pi=i: 

Tip  =   [pol, pit,   . . . , pnl), pit  > 0, pol #1,     £    pil —   I , 
i       (l 

where pu = pu (p); I = I, 2, .. ., M; 

x* = (0, . .., 1, . .., 0), the 1 occurring in the kth place, 

A .= 0, 1 ;■. 

The function/(/>) is a scalar function of p. 
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1 his cquution is a f,'ri'atly extended version of the equation appearing 
i- Exercise 39 of Chapter I. 

This equation can be considered to arise in the following way. A system 
is known to be in one of (.V 4- 1) different states, which we denote by 
0, 1,2 .V. with an initial probability {pk) that it is in the klh state. 
By means of a combination of the following o|K'rations, each of which 
consumes a unit time, we wish to transform the system into the 0-state, 
with certainty that it is in that state, in a minimum expected time: 

L: We observe the actual state of the system and proceed with that 
knowledge; 

A: We perform an operation Ai that conveits the original prob- 
ability distribution {/>*} into a new distribution {/>*/}. 

Let p =   {p„, pi p\), and/{p] denote the expected time required 
using an Optimal policy, when the system is initially in state p. Then/(/>) 
satisfies (1) above. 

We shall prove 

TUOKBM ">.  ///'"' fach transformation TV and for all p, it is true that 

(3) - />*( < c,,    0 < c, < 1 , 

then there exists a unique hounded solution to (1) above. This function is 
positive for p jt xu. 

PSOOF. We shall employ the method of successive approximations, using 
as our first approximation an approximation in policy space. Let us re- 

present by L the choice of 1 +   1'   pi f(xk), and by 7 , the choice of /   - 

1 in (1). We consider the function /•", (/>) determined by the policy symbol- 
ized by LTi L'l\ . . ., and the function F2 (/>) determined by the policy 
/ , ///", L. . . It is clear that 

(4) 

Hence, for / 

(5) 

F^P) ■= 1 +Ft{Ttp},    p -+ x0, 

1-\{P) == 1 4   2- pnFt(xk).    p^x0, 

^. (vu) =Fi(*.) =0. 

= 1, 2 n, 

FAx,)       2+ i PHFA**},    1=   1.2... n. 

Since, by assumptions 1' pki-<cl<l, the determinant of the system 
k     i 
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dot-s not vanish and the systrin has a uni<|ui: solution, necessarily positive, 
as we see by solving iteratively. Having determined /•", (r/), the deter- 
mination of /•', (/>) and, lience, /•", {p) for general p. is immediate. 

To begin our successive approximations, define 

(f.)   /„(/.)   -■ Min [F, (/.),/•. (/.)!, 
H 

/■ 11 (/>) - Min [[I + A' pi/n (xk)]. Min 11 + /, (T, />)]], p ^ Xo 
t    i / 

/„   .l(Ao)   -  0. 

It is readily seen that/,, (/)) >/, {p) >.../„ (p) > 1. p ^ x0. 

Hence/„ (/>) comcrges monotonicallx- to a function/(/>) which clearly 
satisfu-s the functional ei;uation. This establishes the existence of a bound- 
ed solution. 

The uniqueness proof is considerably more complicated and proceeds 
in a series of steps. Let/(/)) and ^ (/>) be two bounded solutions of (1). The 
first step is 

I.K.MMA 2. Sup !/(/))-    A' (p) !       Max :/(.v,) — K (x,) | . 

PKOOI-. The inecpiality 

(7) Max : (x,) - g (*,) [ -- Sup  /{p) — A' (P) | 
* /- 

is clear. To demonstrate the reverse inequality, we consider four cases: 

:s, a.  fy>) = i + £ pi/fa) 
k   i 

^(Z») == 1 + S p*g(**) 
t     I 

i.. /(/.) == i + i pt/{xt) 

g{j>) -- 1 +x(T,p) 

c    /{p) = 1 +f{Ttp) 

g{p) =1 + 1 ptgixt) 

i.   /(/>) = 1 +f(Tip) 

i [p] =--1 + g (W p) 

Consider first the case corresponding to (a). We have 
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fip)-g iP) =  £ P* [/{X,) - g (*,)] . 
* - o 

\/iP)-g(P)\^ Max \/(xk) - g (*») | . 

Therefore for all p for which (8a) holds, the lemma is correct. Equation 
■ 

(8a) will hold whenever p is close to *„, since 1 + i7 £*/(**) is less than 2 
* - i 

in this case, and 1 +/(T,p) > 2. Thus 1 +/(Tip) and I + g{Tip) 
will exceed the result of the L-move* for p close to *„, for / = 1,2, ..., M. 

This is an important point since the crux of our proof is the fact that 
(8a) will always occur after a hnite number of moves, by virtue of the 
condition in (3). 

Now consider case (8b). We have 

(H) 

Hence 

(12)   \/(P) 

/(p) = 1+2- pk/{xk) ^ 1 +f{Tlp) 

g{p) = \+g{T,p)<^\+ Z pkg{xk) 

g{p)\< Max {Max \f(xk)-g[xk) \ , Sup \/(Ti p) — 
• p 

-zVip) I). 
and similarly for (8c). 

From (8d) we derive 

(13) |/(£). — g{p)\< Max (1/(7, p)-g(Tlp) |. |/(r,. p) -giT,. p) |) . 

We now iterate these inequalities. For any fixed p, Tti Tit . .. Tm p 
will be in the region governed by (8a) for n large enough. Consequently, 
we obtain 

(14) Sup]/ ^—g(P) |<Max|/(*0-g(**) |. 
p » 

This completes the proof of the lemma. 
It remains to show that Max \/{xk) — g {xk) | = 0. Let k be an index 

at which the maximum is assumed. It follows from the functional equation 
for/and g that 

(15) /(*») = 1 +f(T,x*).l-l(k) 

gixt) = i +g(Tt'x*),r = i'(k). 
• i.e., /.-choice. 
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As above we have 

(16) /(xk) =-- 1 +/{TI xt) <. 1 +/(7-(' x*) 

g (xk) = \ + g (T,' xk)^l +g (T, xk). 

If both inequalities are proper, we have 

(17) \/(xt)-g(xk) | <Max| l/iT.x^-gCr.xt) |. l/TSx*) — 

-g(T,.xk)\ 

a contradiction. 
Thus, for either / or /', we have 

(18) /(xk)=.l +/{T,xk).ot 

f (xk) - 1 + f (Fi xk). 

This means that the first choices from the position xk can be the same. 
Consider now the situation for second moves. Using the same argument, 

we see that the second moves, i.e., the equations tor/{Tixk)2indg (Tt xk) 
can also be the same, and so on, inductively. 

Let p„ -- pn (xk) be the distribution achieved after n moves, where the 
(n + l)st move puts xk into the region governed by (8a), The argument 
above shows that/and g land in this region on the same move. Thus, 

(19) /(«») - (»+ 1) + X  ptn/(xk) 

g(xk)   -(«+!)+-    P*ng{xk), 
X        I) 

and consequently 

(20) | / (*») - g {xk) | <£  £  pkn\f {xk) - g {xk) 

< I 1 

i    i 

pon   | Sup |/(**■) —g(xk) 

0. Henr- Sup Since 1  > Pon > 0, this implies that [/(**■) —g{xk) 

|/(/>) —g {p) | = 0, which completes our uniqueness proof. 

ij 9. An "optimal inventory" equation 

In this section wc shall discuss the equation 
/•oo /• oo 

(1)       /(.v) == Inf[Ä(y —*) + *[       M» —y) 9 (»)*»+/(0)       »»(»)* 
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for x > <), which wt- have already mcntioiu-d alKive in its more general 
form involving a Stielt jes integral. As we shall see in the following chapter 
this is an equation which occurs in the study of "optimal inventory" or 
"stock level" control. The proof of existence and unifpiencss of solution 
logically appears here since we shall employ the same techniques as in 
the previous sections. 

Consistent with the policy we have followed throughout, we shall not 
consider the general equation, involving Stieltjes integrals. 

To simplify the subsequent notation, set 

ib (2) I (y, x. /) - A- (y _,)+«[        p (j _ y) f (<) ds + / (0)        <p (s) 
J u Ju 

+ jy{y~-s)cf (s)ds]. 

The equation in (I) then has the form 

(3) /{x)       Inf 7(v, v,/). 

Let us impose the following conditions: 

(4) a.  ^(s) ■::(),     ('" 9 (,s) .Yv       I 

/• oo 

1). /> (s) is monotone increasing, continuous, and        /> (s) 9?(s) rfs <oo 

c. k (y)   is continuous for y > 0, A' (oo) = oo. 

d. o < « < 1. 

I'ndcr these conditions, we have the result 

THBOKEM ti.   There is a unique solution to (\) which is bounded for x in any 
finite interval. This solution / (x) is continuous. 

Let fo (x) be any non-negative continuous function defined over Q <i x. 
Define the sequence {/„ (.v)} as folhnvs, 

(5) /„ • i (A) = Min /• (y, «,/,),    « = 0, 1, 2  
.</  ■ * 

'Then f [x]       lim fn (v) exist for .* ;> 0 and it the solution of 
H --*■   OO 

(6) /(A) = Min 7" (v, A/). 

PROOF.  The  proof follows  very  familiar lines.  For each  n 
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y» = y» (x) be a value of y for which 7'(y, x./m) attains its minimum. 
Since /, (x) is continuous by assumption, we see inductively that each 
element   of  the  sequence   is continuous.   Since   T (oo, x,/n)   - oo,   the 
minimum is attained. 

We have then, 

(7) /„ . i = 7" ()'„, x,/„) ■__: T (y„ . i, x,fn) 

Jn ■■ 7" (yn _ i, x,f„ - i) <T (y„, x.fn - i) 

Combining these ine(iualities in the usual way, we obtain 

(8) I/,  , 1 -/„!<: Max {   \ T (Vn. X.fn) — TiVn, «,/■   -  l)   | , 

I T (yn - i, x,f„) — T (>'«    \, x,f„ ^ \) \} 

or 

(•)    | /n +1 —/n | :< Max {a      '' | /„ {yn — s) —/„ _ i (y« — •) | (p (fl) rfs 

+ « /« («) —/■ - i \p)\ — (p (s) ds, 

(t\    "    *   \fn{yn-l — s)—f„-i(y„ — s)\(p{s)ds + 

a  l/n(0)-/n-l(0)   | f(«)4t) 

Hence 

(10)    Max   |/n , x (v) -/.(x) | < a   Max    ;/„ (v)   -fm-\ (*) | f^f (») A 

< a   Max    |/„ (x) —/„ - i{x) |. 
(t  < X < oo 

oo 

Thus  the series 2/ (/« < i (.v) —/„ {x))   converges  uniformlv   in  a   hnite 
n       II 

interval for all x > 0, and/n (*) converges to/(.v) for all x > 0. Since 
each/n {x) is continuous,/(x) is also continuous. 

To prove uniqueness, let F (x) be another solution which is uniformly 
bounded for * > 0. Using the same technique as above for the two equa- 
tions 

(»1) F (x) - Min T (y, A, /•") 
v   ■ * 

f(x) = Min T{y.x./). 

we readily show that F (x) —f{x) is identically zero. The case where Min 
is replaced by Inf in (1) is again handled by an approximation process. 

131 



EXISTENCE AND UNIQUENESS THEOREMS 

Finally, let us note that if we take 

(12) /. (*) = Min [k(y~x)+a rp{s-y)v (s) ds] 
g  ■ x Jy 

/.(*) = Min [riy.x,/,)], 
|r 2 ■ 

and so on, we obtain monotone increasing convergence, since/t(a;) ;> 
/, (x), and hence  inductively,/» *i (x) >/„ (x) for all n. 

On the other hand, we may also obtain monotone convergence by ap- 
proximating in policy space. We may set y = A; for all AT ;> 0 and obtain 
as our first approximation 

(13) /, (x) =a   r p{s~x)<p (s) ds + a £/, {x — s) <p ds 

/• oo 

+ afl{0) jz  <p(s)ds 

for x>iO. 
This equation is a "renewal equation" whose solution we shall discuss 

in an appendix to the following chapter. 
Determining /, (x) by means of the equation 

{U)ft(x) = mn[k(y — x)+a r p{s-y)q>(s)ds + af1(0) r(p(s)ds + 

■ j  /i(y — ^rp(s) ds], 

it follows that/I(.v) </, (A). We thus obtain monotoiu' decreasing conver- 
gence if we set 

(15) /«+i(*) = Min 7 (v, .v,'„) • 
.'/    ' x 

Exercises and Research Problems for Chapter IV 

1. Determine the structure of the optimal policies associated with the 
functional equation 

/(/.) = Max[R(p.q) +f(T{p.q))] 

under the assumption that R (p, q) and 7" {p, q) arc convex functions of 
p and q, and that R (p, q) and T (p, q) are monotone increasing functions 
of p for each q. 

132 



EXISTENCE AND UNIQUENESS THEOREMS 

2. Carry through the details of an existence and uniqueness theorem for 
the system of equations 

/, (p) = Max [ft (p. </) +   I'    ("     /, (r) dG» {p. q. r)], ,= 1.2 N. 

3. Show that we obtain an equation belonging to this class if we add to 
Problem 45 of chapter I the further condition that at any stage there is a 
probability />, that the tradein value will be ruled by the function /, (AT) and a 
probability ^, = 1 — p1 that it will be ruled by the function t, (*). 

4. Consider the multi-dimensional process where the resources at any 
stage are measured by the non-negative vector p. At each stage p is 

r 

divided into r non-negative vectors qj, p — 2.' qj. As a result of this allo- 
>    i /( 

cation, we obtain a return R (q) =- R (qi) and assume a cost of i" (cj, qj). 
; = i 

Here (c, q) denotes the inner product of the two vectors. 
Let FA- (Z) denote the cost incurred obtaining a total return of z in N 

stages, employing an optimal  )olicy. Show that 

F.W 
jr 

Min       £ (CJ, qi), 
«<«)    :  i - i 

i   « 
.v 

r v F„ +1 (*) = Min [ r (cj. q,) + FN {z — R (f))], 

5. Under what conditions does the limiting equation 

F {z) =  Min [ 2" (ch q,) + F (z - R (/>))], F (0) - 0, 
» > o   ; = 1 

have a solution ? 

6. How can the following problem be formulated mathematically? We 
are lost in a forest whose shape and dimensions are precisely known to us. 
How do we get out in the shortest time ? 

7. Consider the case where the "forest" is the region between two parallel 
lines. (Gross). 

8. Generalize the result of Theorem 5 by considering processes in which 
we have either a denumerable number of different transformations at 
each stage, or a continuum of transformations. 

9. Consider the still more general process where there are a denumerable 
number, or continuum, of states. 
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10. Derive the functional equations corresyKmdin^ to non-linear criteria 
and estahlisli the corresponding existence and uni<]ueriess theorems. 

11. ( onsider,  in  particular,  the criterion, for stochastic processes, of 
luaxiiui/.iiif; the probability of obtaining at least a return Ku. 

12. (onsider t* ■? equation 

Since for *: > o, 
AT' + ax '- h,     a,b > 0»- 

x* ~ Max \2XH — M'] , 
w > u 

the eqaation may be written 

Max  2XM +■ ax — M
1
] = 6, 

ii    ii 

yielding, for the positive root 

x =   Mm 
•i    o V 2M + a 

On the other hand, setting x-      y, we may writf 

y + av' = b. 

obtaining 

Thus 

2v!       Min   fV   !   M 1 , 
i-     i   I« J 

y = Max 
II    n   Ll   f 0/21*1 

lib — attß 
I   1 4- al%u 

6 + u» 

a -f 2M' 

for all o< M <: 2 hi». 

13. Generalize   these   results,   considering   the   equation   xn + ax = b. 
Show that 

.v"       Max-(xM — g (M)),   n > 1, 
II    II 

Min [xu + h («)),   0 < n < 1, 
H 0 

for suitahlr g in) and h {H), obtaining, ;/    - 1, 

b ■ 
Min 

a H   u 
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and, for ()<«<! 

-Max rft-(l-«)(W")"/<"-,)l 
•    o L l + au J 

14. Show that if tp (x) is strictly convex and diffcrcntiahic, we have 

g (x) = Max [tp (H) — (M — x) tp' (u)]. 

and if concave, 

(p (AT) = Min \(p (u) — (M — x) tp' (u) ]. 

(iivc both analytic and geometric proofs. 

]">. Consider the multi-dimensional analogue, 

/ d<p exp\ 
<p («t, A.,)       Max U («,. ui) — («i — AT,) v («» — A;,) ,   -1, 

for convex functions, and the corresponding result for concave functions. 

1(1. Discuss the possibility of using thest results to obtain explicit solu- 
tions for non-linear systems of the form 

where (/-, and 9 j are both concave or both convex. 

17. Newton's method furnishes a sequence of successive approximations 

An . 1    = Xn —/(Xn)l/' (xn) 

to the solution of/ (v) = 0. Show that if/' (x) > 0m[a, b] and also/' \x) 
> 0 in this interval, we have 

A:=   Min   [y-/(y)lf'(y)]. 
11 ■   y ■    h 

for a root in this interval. 
Obtain corresponding expressions for the multi-dimensional case. 

18. Consider the two equations 

(a) v{p) = L(v.p.q) + a(p.q). 

(b) «(/>) = Max  /.(»,/>, <?) H   a(p,q)]. 
1 

where 11 (/>) is a scalar function of a vector />, belonging to a region R, 
and q a vector variable, belonging to a set >' which may or may not depend 
upon /> 
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Assume that 

(1) There is a unique solution of (a) for any fixed q = q (p), denoted by 
v (p, q), for p in R. 

(2) There is a unique solution of (b) for p in R. 

(3) If w(p) ^>L (w, p.q) +a (p. q) for a fixed q = q (/>). 
then w (p) ^ v (p, q). 

Prove that'under these assumptions we have 

«(/>) = Max v (p, q) 
9 

19, Under what assumptions concerning the matrix A (p,q) = (ay (p, q)), 
can we determine the solutions of the systems 

.v 
Ui {p) = Max [a, [p, ?) + ^ at} (p, q) u, (p)].   i = 1, 2 N. 

Max [« (p. q) Ui {p) + Z •« (/>. q) ») (P)] = c,,   » = 1, 2 . N, 
, j - i 

in the above fashion ? 

20. Let Fi (*) = Gi (*) = x, and 

Fn (Xu Xi, .... XH) = Max [Xi., G« - l (*2 ^n) ). 

Gn {xi, Xi, . .., xn) = Min (xi, Fn _ i {x2, ...,*„)). 

Prove that 

lim   j     ...   i   Fu (xi. Xi, . .., Xn) dxi dxi . . . dxn = n Vs/q, 

lim . . . G„ (Xi, Xi,  .... Xn) dxi dX2 . . . dxn =  1  71 VS/j. 
n -* oo Jo Jo 

(Gross-Wang, Amer. Math. Monthly, Vol 63 (1956), p.  589). 

21. Let the yi be independent random variables assuming the values 
1 with probability p and the value 0 with probability 1 — p. Let the xt 
be a set of positive quantities. Set 

gs (x; xt) = Prob I Z Xi yt j Z xt > x \ , 

and /N (X) ts Inf gs {x; Xi) 
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Show that 

and thus obtain a non-trivial uniform lower bound for g.v (x; xt). (Harris) 

22. Under what conditions does there exist a unique solution of the 
equation 

x 
u {x) = Min Z Pi (*) u(x + at,), 0 <x <C, '" ' 

i  i-i 

u(x) ^O.x^ 0, 

u(x) = 1, x>C. 

where, for 0 < x <C, 

(a) p, (x) > 0 

(b) r^(s)- 1. 
/- i 

Consider the case where x assumes only a discrete set of values, {kA}, 
and ai} = mtjA, where w«; is a positive or negative integer. 

23. Consider problem 15 in the exercises at the end of Chapter 3. Show 
that the problem of determining minimum cost is equivalent to the problem 

.v 
of determining the minimum of Ly (x) = £ *< subject to the constraints 

»— i 

a. xt ^ 0, 

b. ** + AT* + i -f  ... -f AT* + K > a*, * = 1, 2, .. ., iV, 

where xN + * = xk. 
{Management Science, 1957). 

24. Consider the more general problem of determining the minimum 
of Ls (y) = yi + ^2 + ■ • • + y/v subject to the constraints 

(a) y, > 0 

(b) yi > r, yjv > s, 

(c) yi -f y2 > bi, 

ya + ya > b-i. 

VN -i + VN ^bs _i. 
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Write, for fixed r, fN (s) = Min L{y), N > 2. Show that 

/, (s) = Max(.s -f-r.l|), 

fs (s) = Min \z +fs _i (bN -x— z) ], 

where s* = Max (s, 0). 

Show that 

/* (s) = Max (s + uk, vk), A = 1, 2  

where M* and r* are functions of r. 

25. Show that 

ut = Max (r + a», /?*), 

vk = Max (r + y*. d*-), 

for k > 3, where 

«*■ + i = y*. 

p» ♦ i ■■ 0/ki 

y*- > i -= Max (a* + **. y*). 

«it + i = Max (^*. + bt, dk). 

y 
26. Consider, in like fashion, the problem of minimizing L,v (x) — £ Xi 

i— l 
subject  to the constraints 

a. xt > 0, 

b. Xi > x, 

c. «i + X2>y. 

d. Xt + Xi + X3 > bi, 

x-i + X3 + Xij > bi, 

AT.V _2 + ^N -i 4- ATA- > bs _2, 

• XN -i + «* > s. 

^.v > r. 

x 
27. Consider the problem of minimizing LN {x) — E a Xi subject to the 

» - i 

constraints 
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a. Xi > 0, 

b. bn xi + btt xt > bi, 

b22 Xi 4- 623 xa > 63, 

^A'   - 1, ^  - I ^^  - 1   +  ^A'  - 1, SXs  > bs - I, 

c.   *i > JT, XN > r. 

Obtain the corresponding functional equation and the analogues of the 
above results under suitable assumptions concerning the coefficients bij. 

28. Let us suppose that we are given a map containing TV distinct 
locations  numbered  in   some  fashion  i— 1,2 N,  and  a  matrix 
T — (tu) telling us the time required to travel from t to 7, with tu = 0. 
Starting at the first location, we wish to pursue a route which minimizes 
the total time required to travel to the A'"1 point, using any of the other 
locations, and only these, as intermediary stops. 

Let/< denote the time required to go from i to N, i — 1,2, ..-., N — 1, 
fs = 0, using an optimal policy. Show that 

ft = Min [tu -}-/,], i = 1, 2 iV — 1. 
i 

29. Show this equation has a solution {/(} unique up to an additive 
constant. 

30. Show that any one of these solutions suffices to determine the 
optimal policy. 

31. Consider the following approximation in policy space, 

y^D == /(, ( +1 + /< +1, < + 2 + • • • + <>• -1, .v, 

for V =- 1, 2 AT— 1, and let the sequence {//W} be defined by 

/,(* * 1) = Min \tu 4- /i(»n. ,• =   1.2 N -- 1. 

k = 1,2  

Min[/(, +/<<*>], i = 1,9 N 
i 

Show that the  vectors  {/«.<**)  converge to a solution  of the above 
functional equation, and thus may be used to determine optimal policies.* 

2.V 2.V 

32. Consider the problem of maximizing H gt {xt) subject to Z Xi ■< c, 
1=1 1=1 

xi > 0. Show that  this  is equivalent to maximizing /j» (vi) + *J» iVz) 
subject to yi, y2 > 0, y! -f y2 = c, where 

♦ R. Bellman, A. Routing Problem, Quarterly of Applied Mathematics, 1957. 
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„V 
fm (yi) = Max r gi (*,), 

A,    < - 1 

hN (y*) = Max     2"    g, (xi), 
Ä,    i - AT + 1 

and R\, Rt are defined by 
A- 

Rt: xt^O. I Xi^. yi. 
»- i 

#2: *j ;> 0,     2"     ^ ^ y2. 
< - jr + i 

What computational advantages are there in employing this technique 
and its natural extension ? Discuss the multi-dimensional case. 

33. A gambler receives advance information concerning the outcomes 
of a sequence of independent sporting events over a noisy communi- 
cation channel. We assume that the outcome of each event is the result 
of play between two evenly matched teams, and that p is the probability 
of a correct transmission, and q = 1 — p, the probability of incorrect 
transmission. 

Assuming that the gambler starts with an initial amount x, and bets 
on the outcome of each event so as to maximize his expected capital at 
the end of N stages of play, show that he wagers his entire capital at 
each stage, provided that p > 1/2, and nothing it p < 1/2. 

34. Let us assume that the gambler plays so as to maximize the expected 
value of the logarithm of his capital after iV stages. Assuming that 
he uses the same betting policy at each stage, determine this ratio of the 
amount bet to the total capital. 

(J. Kelly, "A New Interpretation of Information Rate," 1956, Symposium 
on Information Theory,  Transactions I. R. E.  1956, pp.  185-189). 

35. Let us assume that the gambler plays so as to maximize the expected 
value of the logarithm of his capital after A^ stages. Let fm {x) denote 
the expected value obtained using an optimal policy. Show that 

/w + i W =    Max    [p/N (* + y) + qf* {» — y)]. » - 1.1  
0 < y < I 

assuming that there are equal odds, with 

/i(s)—     Max    [/>log(Ac + y) -f ^log(x —y) ]. 
o < » < « 

(For this and the following results, see R. Bellman and R. Kalaba, "On 
the Role of Dynamic Programming in Statistical Communication Theory", 
Transactions I. R. E.,  1957. 
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36. Show inductively that 

AW 
where 

k = 

log x + N *, 

Max    |^log(l +r) -|-?log(l —r)], 
0 < r < 1 

and hence that there is a number r0 such that the optimal policy at each 
stage is determined by the relation y ~ r,, x.   - 

37. Consider the time-dependent case where the probability of correct 
transmission depends on the stage. Establish the corresponding functional 
equation and deduce the structure of the optimal policy. 

38. For the case where the purpose of the process is to maximize the 
expected value of the return, or the logarithm of the return after N 
stages, the above analysis shows that the optimal policy is independent 
of the quantity of resources available at each stage. 

Consider the problem of determining the class of criterion functions 
possessing this property. Let (p (.r) be a monotone increasing concave 
function defined over 0 < x < oo, normalized by the condition y' (1) = 1 
and consider the one-stage process where we wish to maximize 

E (y) = /> y (A- + y) + (1 — />) qp (x — y) 

for 0 <; y < ;t, where 1> ^ > 1/2. Show that if for all x > 0, there is 
a maximum of the form y = r (p) x, then we must have 

<p(y) ■■ r—r + cuk > —1, * + l 
or, as an extreme case. 

(p(y) = logy -f c,. 

39. Consider the case where successive signals arc not independent. Let 
the probability «f a correct transmission at the kth stage depend upon 
the transmission of the signal at the [k — 1)*' stage. Define, for * > 0, 
* = 1,2 .V, 

fie (AT) « expected value of the logarithm of the final capital obtau ed 
from the remaining k stages of the original A'-stage process, 
starting with an initial capital x, the information that the 
{k — 1)" signal was transmitted correctly, and using an optimal 
policy. 

£/k(x] = the  corresponding  function  in  the  case  where  the  (A-—1)" 
signal was transmitted incorrectly. 

Then 

/, (,v) =    Max \pM - »■ , i A -1 (.v + y) +- (1 — ps - » +l) «» -l (* — y) ]. 
0 < r < J , 
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«»■ (.v) Max     r.v _ » • i /A- -1 (* + V)   !   (1        r.v     t i i) A'*.- -i(x — y)]. 
» ■ » <* 

wIllTO 

pi.       j)r()l)al)ility  of  correct   transmission  of  the  Ar'*   signal   if  the 
{k— 1)" signal was transmitted correctly. 

ijk       probability   of  correct   transmission   of   the  k"1   signal   if   the 
(k — 1)" signal was transmitted incorrectly. 

Show that fk{x) log ,v + a*, gk(x) mt log AT + h*- Determine a* and 
I« and the structure of the optimal policy. 

40. Consider the situation in which the channel transmits any of M 
different symbols. Upon receiving a symbol the gambler must make 
bets on what he believes the transmitted signal actually was. Assume 
that  the gambler possesses the following information: 

pn " the conditional  probability   that  the  /-signal  was  sent  if  the 
i-signal is received. 

</<   = the probability of receiving the i'-signal. 

rf = the return from a unit winning bet on signal /. 

Assume that the gambler is free to bet an amount Zi on the l'* signal, 
subject to the restriction that Ezi<_x.  Defining the sequence {/v (.v)} 

t 

as above, show that 

u r   M .u        "] 
fs (v) E ft   Max        1' Puf.s   _  , (r; 2; + A" -    1 ZK)      , N >2. 

i        1      X'!j ■    r   L/       I « = I J 

.1/ r .w i/ "1 
/,   (.V) £ q,   Max        I pit lOg (/-;«,  "-  A" -     E «.)       . 

i -  1     £t( < < Li - 1 « = 1        J 

Prove, as before, that /.v (A) = log A + -Va*-, determine «i and the 
structure of the optimal policy. Show that the optimal policy is in- 
dependent of the </,. 

41. Consider the case in which there are a continuum of different signals. 
Let dG (w, v) conditional probability that a signal with label between 
D and ?■ 4- dv is sent if the (/-signal is received. 

dll (M) = probability that a signal with label between H and u -   du 
is received at  any  stage. 

Show that the corresponding functional equations are 

fs (.v)        j"        j   Max    |' "   fs -i (2= (v) ) dC. (», v) 1 dlt (it), 

H2 
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log (2z (v) ) dG (u, v) j dH (M). f" r Max r 
J-oo    \_     i(r)      J- 

assuming for the sake of simplicity that  the odds are even, and that 
all money must be bet. The maximization is over all functions satisfying 

a. z{v) > 0, 1) 
/: 

z (r) dv — x. 

Obtain the form of/.v(v) and the structure of the optimal })olicy. 

42. Consider the case where /> itself is a random variable, subject to a 
known probability distribution. 

43. Consider the case in which the probability distrinution is unknown. 
We do, however, have an a priori estimate d(j (/>), and agree, after k 
successful transmissions and / unsuccessful transmissions, that the new 
u priori estimate is to be 

/>*{!   ~p)dG(P) dGk, (P) 
j*pt(\-~p)dG(p) 

44.  Several industrial plants are located along a river, numbered from 
north to south,   1,2 N.  A certain quantity of water flows down 
this river, to be allocated along the way to these plants. Assume to 
begin with that water allocated to a plant cannot be used by anv ether 
plants, and determine the allocation policy which maximizes the return 
to the community. (W. Hall) 

15. Consider the same problem under the assumption that a certain 
quantity of the water allocated to each industry returns to the river, 
sometimes immediatelv, and sonu-Cmes several stages further down. 

(W. Hall) 

4f). Suppose that the waste products of each industry pollute the water, 
MtcUthe cost of using this wafer depends on the pollution level. Determine 
the optimal allocation policy in this case. (W. Hall) 

47. Suppose that the (piantity of water available is seasonal, and that 
the demand is seasonal. Dams exist at various places along the river 
where water can be stored. Determine the optimal allocation policy. 

(\V. Hall) 

IH. There are ;; different industrial plants whose construction along a 
river is being considered. The i'" plant has production value ;,, discharges 
waste products in quantity «t'l into the river, and has a tolerance level  /,, 
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whrhiftl  /     ,", ls ,0'w' utilised, must «-xceed the sum of the wastes 
/    _ *i       I    'team plants. We wish to choose a subset of the n plants from the u| ' ,        ,   . 
.    11,    i\   ' •li«' liver so as to maximize the economic value of the to  hull I au% 
plants. \ . (L. M. K. Boelter) 

Show tlr f t^^ ,s a 'nax,nuza<,OM problem over 2Bn!. choices, which 
can be reduced 8    l",vl       '  r,,oicos- (Gross-Johnson) 

11   cu        »u  * Xotimal  solution  r; 9. Show that  any    ^^ 
, g *   i tu    T^ loss of opfim alues of tt + wt witho- ? • 

can  be  reordered by increasing 
imality, and thus that there are 

(0. Gross-S. Johnson) 

4 
values _.  .. 
fewer than 2n cases to co •   v 

r>0   If   ;  — 1  for i —  1   2 ^'^how that an optimal solution may 

be found using the following proce^ 

a.  Order and renumber  the  items a.^Ni^  '"   '       m.^utud.-  ■ : 
ti + Wi. 

b. Compute s< = Z" wt, and di = ti — S( 
7-1 

c. If dt < 0 is the first violation, delete an item in the set t 
whose Wt is largest. 

d. Recompute as in step (b) for the new set, and repeat steps (b) 
and (c) until all violations are removed.     (O. Gross-S. Johnson) 

5i. st,viw that in the general case an optimal solution has no greater 
number of items than there are in the optimal solution of the same 
problem wu..   ill the vt equal. (O. Gross-S. Johnson) 

52. Consider the prob' ni of finding an approximate solution of the 
equations /(*, y) = a, g(x, ■> = h. Let {**, y»}, k = 0,1,2, . .., be a 
sequence of guesses, and 

dN = (A (XN. y*) — «)• + tu 'r-v. yv) — b)*. 

Assuming that xo = ci, yo = cz, and that [xt -■"()* + (yi + i —y«)1 

^ r1, for i = 0. 1, 2, .. ., let for N = 0, 1, 2, . .. 

Show that 

/* (ci, cz) =  Min ds. 

/N + i (ci. d) = Min [fs (xi, yi) ], 

where R is the region determined by (*i — ci)1 + (yi — cz)* <, r*. 
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53. Set xi = ci + r cos 0, yi = c» -f r sin 0 and assume that r is a small 
quantity. Then 

/v + i {ci, cz) • ■ Min [fi§ (ci + r cos 0, C2 + r sin 0) j 
0 

= Min [/N (ci. cs) + r [cos 0 d/slda + sin 0 Mr/lU ]. 
«> 

Mrom this determine approximate values for cos 0 and sin 0. What is 
the connection with the classical gradient method? 

54. Consider Ihe problem of determining the Cebycev norm 

dN  m:  |fhl     Max   \/(x) —  Z Ct Xk\ . 
<V   »I .' » <■ 1 X -   0 

Discuss the convergence of the following scheme. Let {c0!-} be an initial 
approximation, and Co' determined as tu.   minimum of 

Max  I/(AT) — to 
0 < 1 < 1 

.v 

k - 1 

The let Ci' be determined as the minimum of 

Max \f{x) — Co' — cix — 2" Ct xk\ , 
o<x<i t-a 

and so on. 

55. Suppose that we wish to send a rocket to the moon. Since there are 
questions of cost and engineering involved in carrying large quantities 
of fuel, and the containers for large quantities of fuel, we attempt to 
cut down on the quantity of fuel required and the size of the rocket by 
building a multi-stage rocket of the following type: 

Nose Cone- 
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Aftc-r thf fiu'l carriid in th«- last stage, the /t'* stage is consumed, this 
stage drops off, leaving a (^       I) staj^e sub-rocket, and so on. 

The problem is to build a ^-stage rocket of minimum weight which 
will attain a final velocity of r. Let 

\V*      initial gross weight of sub-rocket  k. 
wt = initial gross weight of stage k. 
pt      initial  proj)ellant weight of stage k. 
vt = change in rocket  velocity during burning of stage k. 

Assume that the change in velocity J'j- is a known function of Wt and 
pt,  so  that  r*:    '(H^./u)   and   thus  pt   - p (Wt, v*).   Since   HV = 
Wt _i + V*i and the weight of the A"1 stage is a known function, | (pt), 
of the propellant carried in the stage, we have 

wt = g(p (Wt -i + wt, vt) ), 

whence, solving for u », we have 

wt = • {Wt - i. »t). 

Let ft ('') denote the minimum weight of sub-rocket k achieving a 
terminal velocity of v. Then 

/t{v)=    Min     if (/» - i (« — v»), v*) +/» _ i (« — »ft)], 
0<rk< t 

for k > 2, with 
/o (r)       H'o      weight of nose cone 

/,(?•) Min    (ic(Wo.v0) + Wo). 

(K. P. Ten Dyke) 

56.  Consider the problem of maximizing the linear form 
.i.v 

^-.v (x) = £ xt over all non-negative Xt satisfying the constraints 
i = i 

»11 Vl + «12 *2 + «13 A3 < Cl, 

Clil Xl + «22 X-i + «23 -V3 <, C2, 

«31  Xl   +   <l32 Xi   +   USS A3   ~|-   1)1  X, •_i]  C3, 

«44 A4 

«54^4 

4- «44 As -f a, 

+   «M ^S   +  «• 

fC c. 

«M Xt -f «,s A5 + a„ A, -f ft-. .v7 <; c„ 

«8.V  - 2, 3N r"?>'  - 2  +  «3.V 

rt3.V  - 1, 3.V  - 2 A3A L  «3.V 

«3.V, 3.V  - 2 A3.V  - 2   "f    «3    , :i.. 

and ATi > 0, where iiij > 0, 6 
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I, 3.V - 1 A'3.v _ 1 -j- aa.v - 2. 3.V A'3.V < f3.V - li 

1, 3.V - 1 V3.V _ 1 + «3.V -1, 3.V A3.V <1 C3.\ - 1, 

•  A3JV   - 1   +  «3.V, 3.V A3.V <  f3.V, 

i 
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I^t'ftnc the st'ciiii'iicr   >( fimrhons 

/v (z)      Max L» (.v). 

where the xi are subject to the constraints fjiven alnive with the exception 
that the last constraint is now 

«3.V. 3,V  - 2 *3.V  -2  "h  dZN. 3.V  - I A'3.V  - I   +  «3.V, 3.V ^3.V <, Z. 

Show that 

fs {z)  mt    Max    [«M - 2 + *3.V - 1   4- X*S  + /.V - 1 (f3.V - 3 — Ift - 1 ^JV - 2)]. 
''•>•-•. •r«.v..'..vl 

Ar > I. 

where -t'3.v - 2> Ar3,v -\,x^s are Mibject  to 

^SA' - 2, 3A' - 2 ^3.V - 2   +   «3A  -a, 3.V   - I ^.V   - 1     l-  «S.V _ 2. 3.V X^S ^ Cj.V - 2, 

«3^  - 1, 3.V   - 2 Xzs  - • +  «S.V   - 1 , 3.V  _ 1 X3.V  - i   +  «3,%       1 . 3.V .V3.V   <,    C3S _ 1, 

rt3.V, 3.V   . 2 X3.\ -2   -\-  <l3S, 3.V   - 1 *'3.V - 1   +  Ö3.V, 3.V *3.V ^ *, 

^.v - i ra.v _ 2 <  ö.v - 3, ti > 0. 

The function y^ (t)  is taken  to be identically zero. 

T)?. Obtain OORCSpondittg results for the case where the matrices are of 
different order. 

58. Consider the case where the   3ä'
A
 equation, A'   - 1, 2 has  the 

form 

rt.l* - 2. 3* - 2 X3k  - 2 + "3*- - 2, 3*- - 1 X3k - 1 + a3* - 2, 3k -».'3* + ^2 X3k + 1 

4 C2 A'3* .2 + ^2 X3k  + 3 < C3k • 

09. Show that the above functional equation can be reduced to the form 

TV (Z)   =  MaX \gll {X3N - 2, 2)   + /.V - 1 (^S.V - 3 — hu - 1 .V3.V _ 2) ]  . 
■"Vv - • 

where »sw-i satisfies an inequality 

0 < X3N -2<. Min [as, t/atw, s.v _■] . 

60, Consider the problem of resolving a set of linear equations of the 

form 

«11 Vl f- «12 *2 + «13 X3 = Ci, 

«21 Xl -\- «22 ^2 f «23 X3 = Ci, 

«31 *1 + «32 ^2 + «33 X3  +   hi XA   —  C3, 

bi X3 + a,, Xt + «4s ^s + «« xt = cA. 
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a« xt + a„ Ar, -|- aM AT, -f- 6, xT = c, 

6^_i XaN _ 3 + ai + as, i ■* aN Xi + as -\- a*. + as, 2 - as X2 + anr 

-\- 01 + 3jv, 3 + 3.v X3 + as = Ci + as 

"g + 3.V, l + 3JV -^l  + S.V  +  «2 + 3,V, 2 + 3,V Xi + as 

+ 12 ■» 3^, 3 + 3Ar ATs + SAT  = Cj + 3jv 

^8 + as, 1 + as Xi + as -\- tta + as, 2 + SAT X2 + as 

-\- 03 + as, a + as X3 + as ~ Ca * as, 

where (an) is a symmetric matrix, and, in addition, positive definite. 
Linear systems of this type arise in the study of multicomponent 

systems where there is weak coupling between stages. 
The problem of solving this system is equivalent to that of determining 

the minimum of the inhomogeneous quadratic form 

(*», Aix1) + (x\ /f2 *') + ... + (**. AM **) 

— 2 (cl, *') — I («•, *•) + ...— 2 (c-v, xA) 

+ 2 bi xa x* + 2 b? x* XT -\- ...  4- 2 ft.v _ 1 xas _ 1 A^ - 1 

where the vectors xk and c* are defined by 

xk = (*3* -2, xat -1, xaic), ck = [cak -2, cak -1, C3*), 

and Ak =-- (ai +ak, t +3*), »'. 7=1, 2, 3. 

Show that the problem can be reduced to that of determining the 
sequence {/,v (z)} defined by the recurrence relation 

/W(«)» Min [(»*iljr«*) 

+ /* 

2 zxas — 2 (c'v, xN) + 

1 (6.v _ 1 xas -2) ]• 

{Illinois Journal of Mathematirc, 1957). 

61. Show that this may be reduced to the form 

fs (*) - Min \gs [z. y) +/* -1 (6* -1 y) ], 

where 

gs (t, y) = Min I (.r-v  /.v .vv',  - 2 7v.,v _ 2 (c*. «*) ]. 

62. Show that fs (z) = us + vs ■ -\- ws z1. where MJV, VM, «A are inde- 
pendent of z, determine the recurrence relation > connecting (us, vs, ws) 
and (MAT ^ 1, vN _ 1, ws -1), and thus determine the solution of the linear 
system. 
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63. Consider the problem of determining the maximum of 
•V .V — I 

■ £ (x'.Atx') + 2   2"   b,x3,xl+„ 
<- i «- i 

.v 
over the sphere Sjv, 27 {x', «') = !. 

i - i 
Consider the associated functions of z defined by 

/AT (?) = Max [q* {x} + 2 ZATJAT] , 
•j» 

and obtain the recurrence relation connecting/iv (z) and/Ar-i(«). 

64. Generalize the foregoing results to the case where the matrices At 
are not necessarily of the same dimension. 

65. Obtain existence and uniqueness theorems under appropriate 
assumptions for the following functional equations 

a. /(/.) =   Min  Max [g (p. q).f(T {p. q) ) ] 

b./(/>)=   Min  U*x[g(P.q),h{p.q)J(T{p.q))] 
v 

c. f(p) m  Min  Max [ | (p, q). r (p, q) +  ( f (z) dG (z. p, q) ]. 

66. Consider the problem of assigning m different types of machines to 
n different tasks. Let /!</ > 0 be the amount of task ; performed by a 
unit input of machine i, and assume that 

a.  If An > 0, and %' < i, then Aij > 0. 

1).  U An > 0, and /' > /, then An- > 0. 

c.   If i < »', / < ;', Atj > 0, then 

{AirlA») <{A,.j.lAt.j). 

Let Xij be the quantity of machines of type i to be used for task /. 
The  matrix  x = {Xij),  i = I, 2, . . ., w, ; —  1,2, ...,», is said to be 

feasible   if   Xi) 2 

» = 1,2, . . ., m. 

0. C A u Xij 
- i 

r,./- 1,2,. n.    and 2' Xtj <l Mt, 

Consider the following policy. Assign xu up to the minimum of Ti 
and A/j. If AH - 7"i, then assign x\z = min {T2, Mi —^11), and so on. 
When .l/i is used up in this way, on the /'* task for some /, assign x^ in 
such a way that either task / is finished or all machines of type 2 are 
assigned. Complete the assignment of machines in this way. 

Show that if this policy does not lead to a feasible allocation, then 
there exists no feasible policy. (Arrow-Markowitz-Johnson) 
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07. Show that  the ahovo fx)licv yiflds tht- solution of the proMt-m of 
■ 

■MUcinii/in^ '/"■ =   A' Atn XIH subjacl to 
i - 1 

a.  « XIJ 
J     i 

Mt, i      1,2 m, xtj > 0, 

1,2 »—1. b. r Aux,j m T$,j 
i     i 

provided  that  the Atj satisfy the above conditions. (Johnson) 

HH.  Show that the problem of maximizing the sum 2,' ^i (**, yd subject 
i - i 

to the constraints 

a.  xi > 0, 1' x, v, 

b.  y,- M' (', 2' yj = y, 
i     i 

can,  under appropriate assum[)tions concerning the functions gt (x, yj, 
be reduced to  the problem of maximizing 

.v .v 
SM = 2' gt (A,, y,) — A 2" Vi, 

i i — i 

subject   to  the constraints 
.v 

a. v,    ■ <», 2' Xi       x, 
i     i 

b. yt > 0. 

This last problem  leads to the recurrence relations 

/,, (.v) Max       Max   gn (xn, y) — A y] + /,. _i (« — Xn) ] , 
o ;  s„ ■  i   n    o 

involving a one-dimensional sequence, for each fixed X. 
How does one use the solution of this second problem to solve the 

original? (I'roc. Nat. Aemd. Set., 1956). 

(lit.  Mach year the walnut crop consists of walnuts of different grades, 
say ('i, ('2, . . ., Ok, in quantities ft, q* q*. Using various quantities 
of each grade, assortments of walnuts are put together for commercial 
sale at different prices. Assume that there are fixed demands dj for the 
»'* assortment, and that each assortment mixes walnuts of different 
grades in its own fixed ratios. How many packets of each assortment 
should be made in order to maximize total profit ? 

70. Consider the case where the demand is stochastic with known 
distributions for each  type of packet. 
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Bibliui^raphy and (comments for Chapter  IV 

$ 1. This chapU-r follows K. Mcllmaii, "I'unctional <'(iuations in HM Ihcory 
of Dynamic Programming — I, l-'unctions of Points and Point Transforma- 
tions." Irans .Inier. Math. Soc, vol.. Vol. 80 (l!>.r>.r)). pp. 51-71. An entirely 
different treatment of a more abstract tv|>e, making use of Tychonoff's 
Theorem, is contained in an unpublished paper by S. Karlm and H. N. 
Shapiro, "Decision Processes and Functional Kquations." The HAND 
Corporation,   KM   U.i.i,  Sept    litr»2 

See also. S. Karlin, "The Structure of Dynamic Programming Models," 
Naval Research Logistics Quarterly, Vol 2 (l».r>5), pp.  2H5-294. 

§ 6. A discussion of the inii>ortance of stability theory in the domain of 
differential equations may IK- found in \i. Bellman, Stability Theory of 
Differential liquations, McCiraw-Hill.   19.r)2. 

§ 8.  The choice of f0 (p) in (8.6) is due to a suggestion of H.  N. Shapiro. 

§ 9.  This equation will be discussed in extenso in the following chapter. 
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CHAPTER V 

The Optimal Inventory Equation 

§ 1. Introduction 

In this chapter we wish to study a class of analytic problems arising 
from an interesting stochastic allocation process occurring in the study of 
inventory and stock control. 

Although the general equation seems to be quite difficult to treat, we 
can obtain an explicit solution of a particular case where certain simple, 
but hot too far from realistic, assumptions are made, and we can deter- 
mine the structure of the optimal policy in some other cases. 

These explicit solutions are useful since they lay bare certain meaning- 
ful combinations of essential parameters. Since the inverse problem of the 
estimation of parameters from observed data plays a critical role in this 
theory, this is a feature which can be of importance. 

Furthermore, and this is a remark pertinent to all decision processes, 
the analytic form of the solution will occasionally possess a simple eco- 
nomic interpretation, which when verbalized, opens the way to the ap- 
proximation of optimal policies for more complicated processes.1 

Apart from the results we obtain, the method« we employ to investigate 
the structure of optimal policies possess an independent interest. The 
reader has already encountered them, in part, in § 12 of Chapter I, and 
will encounter them again in a later chapter devoted to the calculus of 
variations. What stands out quite vividly is the fact that the method of 
successive approximations is not only useful in the production of exist- 
ence and uniqueness theorems, to which relatively dull ♦ask it is usually 
relegated, but is, in addition, a powerful analytic tool for the discovery 
and proof of properties of the solution of a functional equation, and in 
our case, for the determination of the behavior of optimal policies. 

We shall begin with the formulation of a class of related problems oc- 
curring in the study of "optimal inventory." Following this, we devote a 
section to the simple formal observation upon which all the analysis in 
this chapter hinges. 

We then consider a number of cases in which the optimal policy is 
1 This idea has, of course, been u -'d extensively in the physical and engineering 

world. 
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characterized in an especially simple and intuitive way, namely, by the 
maintenance of a constant "stock level". In particular, this is the case, in 
both the multi-dimensional as well as the one-dimensional case, if all the 
ordering costs are directly proportional to the amounts ordered. 

If the initial ordering cost includes a fixed cost which is independent of 
the amount ordered, the problem seems to become very much more 
difficult. This fixed cost may represent a "red tape" cost, or a "set-up" 
cost, in the case of manufacturing prooisses. We shall not treat any prob- 
lems of this type here, since at the present time practically no solutions 
of the corresponding functional equations exist, and very little seems to 
be known concerning the character of the optimal policies arising from 
processes of this more realistic type. 

To illustrate further the method of successive approximations, we shall 
consider two processes, each variants of the relatively simple process 
discussed above. In the first, linearity is discarded, in that the cost is 
taken to be a convex function of the amount ordered; in the second, si- 
multaneity is voided, in that there is assumed to be a time-lag in satis- 
fying an order. Although the optimal policies cannot be described in 
simple terms, we can determine their general structure. 

From the mathematical point of view, we have to deal with a very in- 
teresting class of quasi-linear integral equations, nonlinear versions of the 
renewal equation which we shall discuss in an appendix. As usual, these 
nonlinear equations possess certain quasi-linear properties which we can 
occasionally use as handholds and footholds in making our way through 
this tortuous terrain. 

§ 2. Formulation of the general problem 

The problem we shall discuss here, in various masquerades, is one very 
particular case of the general problem of decision-making in the face of 
an uncertain future. The version we shall consider is concerned with the 
problem of stocking a supply of items to meet an uncertain demand, 
under the assumptions that there are various costs associated with over- 
supply and undersupply. 

The situation may be described as follows: At various specified times, 
determined in advance or dependent upon the process itself, we have an 
opportunity to order supplies of a certain set of items, where the cost of 
ordering depends naturally upon the number ordered of each item, and 
where there may or may not be, in addition, some fixed costs, adminis- 
trative or otherwise, which arc independent of the number ordered. At 
various other times, demands are made upon the stocks of these items. 
The interesting case is that where these demands are not known in ad- 
vance, but where we do know the joint distribution of the demands which 
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can be made at any particular time. The incentive for ordering lies in a 
jx'nalty which is assessed whenever the demand for an item exceeds the 
supply. Different penaitirs may he levied in different fields of activity. 
A case which we shall treat in great detail is that where the penalty is 
directly proportional to the excess of demand over supply. Its importance 
lies in the fact that we can solve the functional equations arising from 
the process explicitly under the crucial assumption that the cost of initial 
ordering depends only upon the amount ordered, and is either a linear 
function, or, more generally, convex. 

Speaking loosely, we wish to determine the ordering policy at each 
stage which will minimize some average function of the overall cost of the 
piocess. In practical applications, an important aspect of the problem, 
which we shall not discuss here, is that of determining suitable criteria for 
the various costs, which are both realistic and analytically malleable. 

In tiir following subsections we shall consider %'arious sets of assump- 
tions which yield various functional equations, all of which belong to a 
common family. Additional processes will be discussed in the exercises. 

A.  Finite total time period 

The first process we shall consider involves the stocking of only one 
item. We shall assume that orders arc made at each of a finite number of 
equallv-spaced times, and immcdiatelv fulfilled. After the order has been 
made and filled, a demand is made. Thi^ demand is satisfied as far as 
possible, with excess demand leading to a penalty cost. 

Let us assume that we know completely the following functions: 

(I)    a. (f{s)ds       probability   that   the demand  will  lie between  -s   and 
,s       </,s.- 

b. k («)       the cost of ordering z items initially to increase the stock 
level. 

c. /> (; I       t he cost of ordering x items to meet an excess, c, of demand 
over supply, the penalty cost. 

Observe that we assume that these functions are independent of time. 
Furthermore, we suppose that these orders can be filled immediately. 

Let x denote the stock level at the initiation of the process. Assuming 
that there are it stages, we will order a quantity y1 at the first stage, y2 at 
the second stage, and so on. 

2 We shall avoid Stieltjcs integrals throughout to simplify the discussion. It 
wil' readily be seen that most of om nsults carry over to the more general siiuation 
when suitable attention is paid to possible noinmiqneness of roots of equations, 
'llns is left as a set of exercises, of nontnvial nature,  for the reader. 
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A set of functions (vi, Vi, • • •, y«), >* = y* (*). siH-cifying for each k 
tlu- (|iiantity y*- to hv ordtTt-d at tin- A-"h llafi ulicn the stock level is % will 
be called a policy. Corresponding to each policy, there will IK- a certain 
ex|)ected total cost for this M-stage process, composed of initial ordering 
and penalty costs. 

The problem we set ourselves is that of determining the jiolicy, or 
policies, which minimize the exjiected total cost. A policy which yields 
this minimum expected cost is called optimal. All this is in accordance 
with our previous notation. 

We obtain an equally interesting but more difficult class of problems if 
we attempt to minimize the probability that the cost exceeds a fixed 
level. 

At any stage, the problem is characterized completely by two state 
variables, X, the supply of stock, and n, the number of remaining stages. 
Let us then dehne 

(2) /„ (A) =- expected total cost for an «stage process starting with an 
initial supply x, and using an optimal ordering policy. 

Let us now proceed to obtain a functional equation for/n {x). We have 

(3) /, (v)       A- (y - x) + j" p (s - y) f («) is . 

if a quantity y — x ^ 0 is orderet!. 
Altliough it may seem odd to order a quantity y — x, inste.id of say y, 

it turns out that it is simpler to think of ordering up to a certain level, y. 
The optimal stock level turns out to be a more basic quantity than the 
amount ordered. 

Since y is to be chosen to minimize the expected cost, we see that/, (x) 
is given by 

(4) /Ax) --=  Min[*(y —* 

In general, for n     ■ '1 we have 

(ö) /„(v)       Min  k{y — x 

/• oo 

p (j —y)9 (s) ds] 
Jw 

/• oo 

x) +  i     P [s — y) <F (s) ds + 

fn - i (0)   f 0 v (s) ds -    ( V« - i (> — ») 9 («) ds] • 

upon enumerating the various cases corresponding to the possibility of 
an excess of demand over supply, and corresponding to the possibility of 
being able to fultill the demand. 
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B. Unbounded time period—discounted cost 

If we wish to consider an unbounded period of time over which this 
process operates, we must introduce some device to prevent infinite costs 
from entering. 

The most natural such device is that of discounting the future costs, 
using a fixed discount ratio, a, 0 < a < 1, for each period. This possesses 
a certain amount of economic justification and a great deal of mathema- 
tical virtue, particularly in its invariant aspect. 

If we set 

(6) /(*) = expected total discounted cost starting with an initial supply 
x and using an optimal policy, 

we obtain, by the same enumeration of possibilities, in place of (5) the 
functional equation 

/• OÖ /" Of» 

(7) /(*) = Min i* (y — *) + «        P ^ ~ >) f (s) ds + a/(0)        V (s) ds 

n  ■ x Ju Jy 

+ • C/Cy—») *(»)*] ■ 

The advantage of (7) over (5} is the usual one that it contains/(x), one 
function of one variable, in place of a sequence of functions, {/„ (x)). 

C. Unbounded time period—partially expendable items 

If wc assume that some of the items supplied upon demand may be 
partially recovered, so that a demand of s items results in a return of 6s 
items, 0 < 6 < 1, which may be used again, the analogue of (7) is 

(8) /(x) = MiniMv —x) + a        f (s — y) ?(s) * + •       f{bs)<p(s)ds 
y ^ x Jy Jy 

+ a i"f(y — s + bs)(p(s)ds]. 

D. Unbounded time period—one period lag in supply 

Let us now assume that when we order a quantity z it does not become 
available until one period later. If the current supply is x and y was on 
order from the period before, x + y will be available to meet the next 
demand. The functional equation corresponding to (7) is now of more 
complicated form 

/• oo /• oo 

(9) / (*) = Min [kz + a \     p{s — x)y (s) ds + af («)        <p (s) ds 
2   > 0 J« J* 

+ a {ZJ{x — s + z)(p{s)ds]. 
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The quantity x now represents the total quantity available at any stage 
to meet the demand. 

K. Unbounded time period—two period lag 

If we have a two period lag, we recjuire two state variables to describe 
the state of the process, namely, 

(10) x mm quantity of stock available to meet next demand, 
y = quantity to be delivered one period hence. 

Hence we define 

(11) /(v, y) = expected total cost with x and y as above, using an 
optimal policy. 

Then/(.v, y) satisfies the equation 

(12) /(.v, y) = Min [fa -fa i" p (s — x) q, [a] ds + af{y, z)  T <p (s) ds 
*       II J-r Jx 

+ a j  /(« — s + y, 2) 99 (s) ds]. 

We shall not consider the equations in (8), (9), or (12) here, although 
they are amenable to the same techniques of successive approximation 
we shall apply to the others. There does not seem to exist any explicit 
solution comparable in simplicity to that obtainable for (7). 

§ ;}. A simple observation 

In this section, we wish to present, in as simple a form as possible, the 
fundamental analytic property of functional equations of the form 

(1) M (x) = Min v (x,y),y E K (v) 

upon which all the subsequent work in this chapter depends.3 

In general, the variation will be over some region, R {x), in this case, a 
set of intervals, dependent upon x. Let us assume that ovt-r some interval 
of ^-values, a < * < ft, the minimum is attained inside the region R (.r), 
and that v is differentiable. Then at the minimizing value of y we have 

(3) 0 = 

This determines a function y (A), which need not be single-valued but 
which we do assume differentiable. 

J This  property  has already  been  used,   without  explicit  remark   in  § 11   of 
Chapter  I. 
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On any IMM |>articiilar hranch of this function y (x), we have 

(3) u(x)      v(x,y). 

Hie crucial ohscrvation is now that for a <, x < b, we have 

(4) u' (x) =- Vz -f Vy dy/dx      »'x, 

since vu — 0, by (2). 
Similarly, if 

(6) u (A,, A-,) =-  Min it- (.v,, xt, y,, y,)]r (y„ y,) c K {x,, xt), 

and we assume that the minimum is always attained inside the region, 
we have 

(€ 

at the minimizing points. 
l.et us now .i|>|il\- these remarks to the functional equation ol (2.7), 

muler the assumption that k (*) kx, k ■ <• and p {z) ■ pz, linear func- 
tions of z. We have 

(7)   /(v)        Min   Äv      kx   ■   n j     /) (v      y) 7 (.s) rfs + «/(0)  I    (f (s) ds 

" I'' /(.v-    ^7 ls)ds]. 

If the minimum is attain» H at   i point \■      x, we have at this point 

(H) A-      «/) 1     y (s) ds      n  j "/' tV       s) 7 (s) * = 0. 

.in e<|ua1 ion independent of \'. 
l-intliirriore, for tin-- value of V. ^'   have 

"■ /'(A) /, 

I he» two results, correctly combined and interpreted, furnish the clues 
tn the solutions of the problems IllvolvlIlf,, proportional costs. We shall 
discuss t hem in more detail in later sections, and we shall also utilize their 
multi-dimensional analogues. 

S t.  Constant stock level—preliminary discussion 

In this and the next few sections we shall consider several processes 
characterized by t he pi inciple of "constant stock level." The common fea- 
ture i)f these models i-ih« assninplioii that the cost of initial ordering is 
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din-ctly pnportiona] to the amount ordered, and that the distribution 
«)f demand remains the same from stage to stage. The addition of an 
administrative rtxed cost, "red-tajH;" cost, changes the nature of the 
optimal policy in an essential manner.4 This cost may also represent "set- 
up" cost in manufacturing processes. 

In § 5, we shall obtain the complete solution, for an arbitrary distribu- 
tion function y (s), for the case where the penalty cost is also directly 
proportional to the number ordered. In § (i we extend this result to the 
multi-dimensional case, and show that the solution for the case where 
there are many items subject to a joint distribution of demand possesses 
the very important property of sub-optimality. 

Turning from the consideration of these processes involving unbounded 
time intervals, we consider the finite process described in § 2 and show 
that again the assumption of direct proportionality entails a principle of 
constant stock level at each stage. This level, of course, changes with the 
stage. 

This section serves as an excellent introduction to the use of successive 
approximations as an analytic tool in the study of these functional equa- 
tions. 

We enter territory where the going is much rougher when we con- 
sider the case where the penalty cost includes a "red-tape" term which is 
independent of the amount ordered. The form of the solution now seems 
in the general case to depend upon the form of the demand function. 
Nevertheless, several important classes of distribution functions fall 
within catagories which we can handle precisely. 

Finally, we indicate briefly the form of the general solution without, 
however, being able to make any constructive use of it. 

| ,">.  Proportional cost—one-dimensional case 

In this section we present the solution of the case where both cost 
functions, direct ordering and penalty ordering, are directly proportional 
to the amounts ordered. 

THEOREM I.  Consider the equation 

(1)   f{x)       Mm   k{y-~x)   !   a        p (s ~ y) qr (s) ds + af (0) <p [s) ds 

■ " \"/(y     •ov (*)ds]. 

(l.■/te^", TII' impose the conditions 

*   In   the sense that   it   changes    the policy  from one of known   form  to one of 
unknown   form. 
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(2) a.    k and p are positive constants, 

b. q> (s) > 0,  f" 9 (s) «fs = 1. f" s 9? (s) ds 

c. 0 < a < 1. 

< oo. 

d.    ap > k. 

Let x be the unique root of 

(3) k = ap P 9 (s) is + a* {" <p (s) rfs ». 

Then the optimal policy has the form 

(4) a.   for 0<Lx-<Ax,y = x, 

b.   for x ^> x, y = x. 

In other words, the optimal stock level is x. 
If ap <, k, the solution is given by y = x for x > 0, i.e. never order. 

PROOF. In order to understand the genesis of this solution, let us proceed 
heuristically. If we can obtain a plausible solution by some formal means 
and then verify directly that it satisfies the equation in (1) above, the 
uniqueness theorem established in § 9 of Chapter IV tells us that it is the 
solution, '.et us point out, however, that the method of successive approx- 
imations would have led us to this solution in a systematic fashion. 

As pointed out in § 3, if the minimum occurs at y > x, the minimizing 
values of y must be roots of the equation 

{■r» k + a[—p r qp (s) ds + j'f (y — s) (f (s) ds] = 0, 

and at this value of y we have 

(6) /■(*)■=_*. 

Now let us pull ourselves up by our bootstraps. If the solution has the 

/' (y — s) <p (s) ds may be 

tp (s) ds, so that equation (5) may- 

be replaced by 

' The interpretation of this eouation is that the run-out probability must be 
set at the level where the marginal cost for holding inventory is just balanced 
by the marginal penalty for run-out. 
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(7) k — ap(OOqp(s)ds—akf''<p{s)Js = 0, 

precisely the equation of (3). 

Since I     tp (s) ds = I, this equation reduces to 

m j\(s)ds = (ap-k)la{p-k). 

which possesses exactly one root under the assumption that <p (s) > 0. 
Observe that the limiting cases behave properly. If ap — k = 0, y — 0, 
it a — 1, y — oo; if p = oo, y = oo. 

Having determined x, we proceed to determine / (AT) as follows. For 
0 <. x <, x we have 

(9) f(x) = k(x — x)+a[j°°p{s—i)ip (s) ds +/{()) f™ <p {s) ds 

Jo 

and/' (x) = — k, or, 

(10) /(«)-/W-.A». 

Substituting (10) in (9), and setting JC = 0, we obtain the following result 
for/(0)*, 

kx + pa i     (s — ~x) <p (s) ds — ak I   (x — s) y (s) ds 

a.) m- ^ „-.,  
To determine / (A;) for x > .*' we have the equation 

(12) /(*)-«[ J" P{s-x)<p (s) ds +/(0) j~ v (s) ds + 

j'/{x — *)f ($)£$] 

which we write in the form 

(13) /(«)-!»{«) + « f'/(« — ')f»{*)*. 
Jo 

• Note that the x we obtain from (7) is the value of x which minimizes this 
expression  for f (0). 

' Observe that as far as applications are coiicerned, this part of the solution 
is of very little interest, since for only one initial interval, if at all, will x ever 
exceed x. 
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where u (x) is a known function of .v. This, in turn, we write 

(14)/(*)=«(*)+«  I"'    J /{x--s)v{s)ds-i-a   C     f(x-S)ip{s)ds. 
J II J I - X 

In the interval [x — x. x],f(x — s) is known, hence we may write, com- 
bining the u (x) term and the second integral 

(15) x > x. 

If we now set x 
the equation 

/ (A) = v (S) -f a  r   ' J (-v - -v) 7- («J rf.v, 

A; = r and/(.r + z) ™ g (2), we see that /,' (2) satisfies 

(Hi) fW j' (^ + 2) + a f  % (2 — •) 99 (*) is,    2 > 0, 

a simple renewal equation whose properties are discussed in the appendix. 
Actually, it is much simpler to differentiate (12) first and then proceed 

as above. Let us observe, parenthetically, that it seems to be a general 
characteristic of functional equations in the theory of dynamic program- 
ming that the derivatives satisfy simpler equation«, and arc the more 
basic quantities. This is due to the fact that they represent "marginal 
returns", or "prices", which in purely mathematical language means 
that they represent Lagrange multipliers. This, in turn, is connected with 
the general problem of constructing dual processes, a subject we shall not 
pursue here. 

Let us now turn to a proof that the conjectured solution is actually 
a solution, (all the function obtained above F (*) and denote the constant 
/(0) determined in (11) by C. Then F {*) is completely determined by 
the following equations. 

(17)       a.    F (A) = C — kx, 0 < A: < ^ 

b.    /•■ (.v) = « [ I     p(s — x)<F (s) is + F (0) |^   (p (s) ds 

+   \' F{x — s)(p{s)ds].x>x, 

An essential point in our verification of the solution is the fact that 
F (x) + kx is strictly increasing for v > 0. This we establish as follows. 
From (171)),  we see that 

(18) 
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for x > x. In  x    - x. x], we havo to <, x — s <, x and honce P (x — s) = 
—k, as we see from (17a).  I tins for x > x. 

(19) F'ix) -   ~ap \    ip(s)ds     ku \ '   ip(s)ds + a ('* F'(x~s)(p{s)ds. 
Jj JX    A J.I 

or 

(20) /•■' (x) + A- = (* — ap p tp (s) äs — a/t f* ^ (s) ds] 

+ a ("    F' {x — t) + *] V (s) ds. 

The expression 

(21) M (x) — k — ap \     tp (s) ds — ak I    <p (s) ds 

is zero at x — x and positive thereafter. Setting x — x ^- z and F' (x + r) 
+ Ä = ^ (z), we see that g (z) satisfies the equation 

('22) g (z)   . u (x + z) + j' g {z — s) y (s) ds, z > 0. 

It follows, cj. § 18,   that g{z) > 0 for t > 0. 
Hence, F' {x) -\- k > 0 for .v > A;, and F (v) -*- kx is strictly increasing 

for x > ,r. 
Let us now return to the problem of demonstrating that F (v) satisfies 

the equation in (1). Consider first the case where x > x. Then 

(23) F(.v)    =   Min ... ] 
;/ a " 

=   .Mm   A- (y — *) + F (y) ] , 
v > * 

using the representation in (171)). Since Äy + F (y) > Äx-f-^ (A) for 
y ■ x, we see that the minimum occurs at y — x, yielding F {x), as 
desired. 

Now consider the interval 0 -C x < x. Write 

(24) Mm       Min 

Min ] 

j Min 
_i   ■ y > x 

As above, the minimum over y > v reduces to the value at y = x. 
Hence 

(25) Min    [ •■] Min [  . 
y   ■ * 

Since F (*) = C — kx for 0 ^ * <; x, it  follows that the minimum is 
assumed at y = x, as in the original derivation of the value of v. 
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In the case ap <, k, taking x = 0 in (17) yields an F which is easily 
seen to satisfy (23). since, as above, F {y) 4- ky is non-decreasing. 

This completes the proof. It is interesting to note that the solution for 
0<, x <^ x, the most important part of the solution, can be found without 
reference to the form of the solution lor x >x. 

This completes the verification of the fact that F (x) is a solution, and 
consequently the solution, within the class of uniformly bounded func- 
tions over * > 0. 

§ 6. Proportional cost—multi-dimensional case 

Let us now consider the multi-dimensional version of the problem. 
Here we have N items whose stock levels will be denoted by x,, *„ ..., 
Xn, and whose demand (s, st, ..., s») at any time is subject to a joint 
distribution function whose density is <p (s,, s,, .. ., s,,). 

In formulating the functional equation for the function / (x,, xt, .... **), 
the minimum expected over-all discounted cost, let us, for the sake of 
simplicity, consider only the two-dimensional case. 

The remarkable fact that emerges is that the form of the solution is 
precisely the same as if yt (s,, st, .. ., s„) had the form qp, (s,) <pt (s,) ... 
(fn (s»), i.e. uncorrelated demands. It is this which yields the important 
sub-optimalization property at the solution which we discuss below. An 
enumeration of cases yields the following functional equation for/(x1, x,) : 

(i) /(*..*.)= Min [^(K—xtH-iMya—*•) + «[ T fcM't—*) 
vt > ti Jv* Jy* 

+ Pt (5, — y,)] <p (s,, s.) dsl dsx 

^/(o,o) r r v(sl.s1)dsldst 

+ [Pi (»i —yd   + / (0. y, — «t)] <p (Si. s.) dsl dst 
Jv,   Jo 

+   f"'  r [ffyt — «i. 0) + pt (s, — y,)] f (s., s.) dsl dst 
Jo      Jv, 

+   |      ("'f(yi — si>yt — St)<p(sl,st)dsldst]] 

Let us simplify our notation a bit by setting tp (s,, s,) dst dst — 
<iG(s,, s,) and call the quantity within the brackets ^(y^y,). We then have 
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fy, fy. d/ 
+ Jo   Jo   ^(vi-W.-*.)<*£ (*..*.)]. 

8Vt = k* + a[-ptJy.(i:~odG(St'S*) 

r»'. cy. df 
+ ]•   Jo   jy" frl-»**-••)«(••.-•)]. 

Furthermore, as above, if y, > ^r,, y, > .*,, we have 

(3) ^--'*«^—*« 

Consecjuently, if we assume that the solution here has the same form 
as in the one-dimensional case, the critical levels xl and xt are given as 
roots of the equations 

(4) a. k. + ai-p.T (T     dG (.,. st)) - *, f' ( T    «(*„«,))]-0 

b. *,+«[—>, ri r «(»».f,))—*, rj,( f" «(«„»JW-O 
Jx,     J it    o J ii       J >,     o 

These roots exist and are unique provided we make the same assump- 
tions as above, namely, apl > £,, apt > kt, and dG > 0. 

We see that xl depends for its determination only upon the condi- 
/•uo 

tional distribution I        dG (s,, .st),andsimilarly to determine .r, we require 
J«,     u 

/•CO 

only |~ •   dG (s,, s,). 

This is the important property of suboptimalization mentioned above. 
The verification of the solution follows precisely the same lines as that 

for the one-dimensional case, and hence will be omitted, since the details 
are, of course, much more tedious. 

Let us state our conclusion as 

THEOREM 2. Let us impose the following conditions upon the equation in (1) : 

(5) a.     A'( and pi are positive constants. 
roo     /•oo /•oc     /•oo 

b. y > 0,  j      I _ f ^i ^s2 "" ^»  j St(p dsj dsi < oo 
J o      J o J o      J n 

c. 0 < a < 1 , 

d. api > ki, 
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Let .\i he the loiique root nf 

(«)    /w       (*/>.   j      (   I        ff^t.sjdsjdst—ak,  \     (   I        <p {s^ st) dst) ds 
Jy        J «i     11 J"       J',     ii 

I'hen the optimal policv has the form 

(7) a.    for 0 < AT* < .v,, y, » xt 

I),   /or x, ^ .v,, y,       v, 

/>/ other uords, the optimal stoek level for the i"' item is A,. 

If apt ■    kt for any i, ue set Xi =   0 (( == 1, "2). 
It is clear that this form of the solution extends immediately to the 

A'-dimensional case. 

$ 7.  Finite time period 

Let us now consider the corresponding problem for a finite process 
where we do not discount future costs. We now wish to minimize the 
lotal expected cost. 

We define 

(1) f.\ (A)       expected  cost  over  an   .V-stage   period  starting  with  an 
initial quantity A and using an optimal .V-stage policy. 

Then 

(2) /, (v)       Mm  A (v — A) +p   I " (s      v) v (s) ds] 
II   i J it 

/„ . , (A)       Mm   k(\  - A-) 4- /> I " (s — V) v (.s) ds  - fn ((t)  |     9 [s)ds 
■I J .' V .' IJ 

■    |"7/"(.v-   --s)9 {s)ds],n = 1.2, ... 

We wish to [)rove, under the natur.d assumption p > k, 

THEOREM .'J. For each n, the optimal policy has the form 

(3) a.    for A       A„, y       A« , 

1).   for x       v„, y = x 

-ahcre the sequence x,, is monotone increasing in n. 

PROOF. The proof will l>e inductive. We have, with/[(A) defined as in 
(2), as our critical stock level the solution of 

t 

(») 

1 «id 

k      p (i   s  as 
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which, if it exists, is unique, and which docs exist if p > *, as is reason- 
able. Call this value A,. It is clear then that for » = 1, the optimal policy 
is y = i, for .r <; x,; y = .v for x > *,. When y -= x, we have /', (*) = 
- - k, and Tor x > AT,, we have 

(5) /.(*) ^P j~ (s-x)f{s)ds. 

f\(x)  .   _/, J%(S)rfS>-*, 

Hence/', (x) -f yfe > 0 for all x > 0. 
Consider the case « = 2. We have 

(6)   /, (x) = Min 1* (y —») + ^ (""(s - 

+ i> 
y)fr(s)A+/t(0) JJJ f(t)A 

-1) 9? («) tf>] . 

The critical value of y is attained by setting the partial derivative with 
respect to y equal to zero, or 

(7) k = p r v (■•>■) * - f' ft (y - ») fi («) ^ - F, (y). 

The function /•", (y) has the derivative 

(8) F\ (y) - —^^ (y) --/.' (0) f (y) - f" // (y - s) 9p (t) is. 

Since // > 0, /> 4 /,' (0) >* + /,' (0) = 0, we see that F, (y) is mono- 
tone decreasing, and there can be at most one root of (7). However, 
F, (0) = p > k, I'\ (oo) = 0. Hence there is precisely one root. Call this 
root A,. 

The policy is then 

(9) 0 ^ X < AT, , 

X, X. 

The geometric picture is illuminating. Write (6) in the form 

(10) /, (x) + *« = Min w (y). 
v    * 

where r (y) is a known function. From what we have demonstrated above, 
1; (y) has the following graph 
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The function /, (x) -f kx is obtained by drawing the tangent to v (v) 
at y = *, and continuing it to the left until it hits the r-axis. The func- 
tion ft (x) + kx is now constant for 0 < ^ < it and equal to v (x) for 
x >xt. 

fz{x)+ kx 

It remains to show that xt > Xi. The quantity xl is determined by 
equation (4), while x2 is determined by (7). Since —/»' ^ 0, it follows 
that the curve 

(i i)     w = g, (y) = p r v (s) ds — f"/.' (y—*)f w * 
.' V Jo 

always lies above the curve 

(12) »-fi(y) =^1% («)*». 

w = g,(y) 

w = k 
w = g2(y) 

Figure 3 
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From this it is clear the xt > AT,. 

In order to continue this proof inductively, we must show that 

(is) —/.' (*) :> -/.' M • 
We have 

(14) —/,' (x)=k.0^x^~xl 

■A' w "tC* ^ds- x^'x* 
and 

(15) —/•' (*) = A, 0 ^ * <S *t 

=p j 9 wrfs — r /»* (-Y—s) ^ (*)rfs. * ^ ^1- 

In the intervals [0, i,] and [^ oo], the inequality is clear. In [*!, x3], 

the inequality follows from the monotonicity oi k — p \     tp (s) ds, which 

is zero at « = «,. 
Finally, we wish to demonstrate the convexity of/, (x). This is clearly 

true in [0, AT,]. In [xt, oo], we have, using (15) 

(16) /." i«) - #f W + /.' (o) r («) + Jo
x // («—») f (s) is. 

Since/,' (0) + /> > 0,/,' > 0. we have/,' (*) > 0. 
We now have all the ingredients of an inductive proof. 

§ K. Finite time—multi-dimensional case 

The hardy reader may verify that the solution in the multidimensional 
case has precisely the same general character. 

§ !>. Non proportional penalty cost—red tape 

As soon as we consider the case where the penalty is not directly 
proportional to the excess of demand over supply, we encounter difficul- 
ties, and it appears that the simple and elegant solution obtained for the 
case of proportional cost is no longer valid generally. 

There are, however, a number of interesting cases in which we still 
obtain a solution involving constant stock level. The most interesting of 
these occur when we take the cost of ordering (s — y) to hep {s — y) + q, 
where ^ is a fixed administrative cost which appears whenever an excess 
demand occurs, regardless of the amount of the demand. The initial 
ordering cost is still assumed to be proportional. 
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Let us then consider the equation 

(1)   /(x)=Mmlk(y-x)+a[ P [/,(s_y) + ^(5) rf*+/(<>) fVM* 
» > r JV J» 

distinguished from the equation we have considered above only by the 
/"so 

additional term a?        qp(s)ds. It is surprising how much complication this 

innocuous-appearing expression would seem to introduce. 
WJ shall, to begin with, proceed formally on the assumption that there 

is a constant stock level solution. The critical level is then determined by 
the solution of 

(2)  o = k + a[—pj   rW*—fi»(y)+I /'(y—»)i»W*). 

and we have /' (x) — — k when y > x. 
It follows then that x will be a root of 

(3) 0=../, + a[~p  r <p[s)ds — q<p{y) — k  f%{») ds] 
JV Jo 

Unfortunately, it is not true that this equation has a unique root for all 
density functions <p («), This equation may be written in the form 

(4) 
/"oo 

{\ —a) k = a[p — k) \     <jp (1) ds + aq<p (y). 

A simple condition underwhich this equation has a unique root is 9?'(y) <0. 
If we do assume that this equation has a unique root, the proof is almost 

exactly as before. There is, however, a more general result where the 
optimal policy is that of constant stock level, which we shall now discuss. 

If we equation above, (3) or (4), does not possess a unique root, it may 
still happen that the largest root of (4) corresponds to an absolute mini- 
mum of the function in the brackets in (1), over the interval [0, x]. 

Thus the picture may be 

[••■] 

Figure  4 
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Let us prove 

THEOREM 4.  Under the assumptions upon a, k, p, q and <p (s), staled in 
Theorem 1, and the additional assumption that the last minimum of 

(6) xp{y) = ky + a[ J" [p (s — y) + q]<p (*) ds — k j* (y — s) <p (s) ds 

is the absolute minimum in 0 <, y <, oo, tfie optimal policy in (I) is given 
by the / ule 

(7) (a)    y = x,/or0^x^x. 

y — x, for x ^x, 

where x is the value of y where the absolute minimum is attained. 

PROOF. Let x be the value of y which yields the last minimum, and the 
absolute minimum in the interval [0, oo], of the function y» (y) above. 
Then, precisely, as in the case where q = 0, we have/(A:) =/(0) —kx 
in 0 <, x <, x, and/(0) is determined by substituting this result in (1), in 
the range 0 <, x <, x. In the interval [x, o6],f(x) is determined by setting 
y = .* in (1). 

The proof that /(xj actually satisfies the equation now continues in 
exactly the same way as in the case where q --— 0. 

§ K). Particular cases 

Some particular cases where the above conditions are satisfied are 

(1) (a)    9? [x) — #-<■ - du 

(L)    <p (x) = be-bx 

We leave the verification as exercises for the reader. 

§11. The form of the general solution 

Let/(A;) be the solution of (9.1), which is to say 

(1) 

where 

/(«) +^ = MinF(y), 

(2)    F (y) = ky + a[p j" [t —x)V (s) ds + (/(0) + q) j" <p (s) ds 

i: f{y — s)9(s)ds] 
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Let F (y) have the graph 

(3) 

F(>) 

Figure I 

Then, the optimal policy has the following form 

(4) (a)    y =; xl.O<.x<:xl 

(b) y = x.x^ x ^ xt 

(c) y = *„*,<* < xt, 

(d) y = x, x > Xt, 

and 

15) /(*) +kx = F{xi),0^x<,xl 

= F [x), x^-^x-^Xi 

= F {xt), xt<^ x ■< x3 

= F (x), x3<: x < oo 

However, the problem of determining how many different regions exist, 
given the cost functions and the demand functions, and how to fit this 
information together, seems quite difficult, and is unsolved at the present 
time. 

§ 12. Fixed costs 

Let us now consider the case where there is a constant red-tape cost in 
initial ordering. This problem is also unsolved to date. 

The equation now has the form 

(1)      /(«)-Mm[*(y —*)4-f(y —*) + 
< Pi* -y)f («) "*« 

+ /{0)  I      tp^ds +   jof(y-s)if(s)ds]], 
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where 

(2) g{x) =g,x>0 

= 0. * = 0. 

Here g represents the fixed cost. 
It is tempting to envisage a solution of the following fonn 

(3) y = S for 0 ^ ^ ^ s 

= x ior s < x 

where 0 < s < 5 < oo. A policy of this type is called an "sS-policy." 
Policies of this type are used in various establishments, and have a fine 

intuitive flavor. Unfortunately, it is easy to construct relatively simple 
examples which show that this policy cannot be optimal in all cases, and 
there the matter rests. 

§ 13. Preliminaries to a discussion of more complicated 
policies 

In the previous sections we have considered some processes having 
solutions of quite simple and intuitive form. We now wish to consider two 
cases in which the solutions are of a more complicated nature. The first of 
these will be one involving a time-lag in the fulfilling of orders, the second 
will treat the case where the initial ordering function is a non-linear 
convex function of the amount ordered, with no red-tape cost in either 
case. 

In both cases we shall employ the method of successive approximations 
to determine the properties of the solution. 

§ 14. Unbounded process—one period time lag 

The functional equation we shall consider is that derived in § 2, namely 

pen /»oo 
(1) /<*) — Min [ib + « [      p(s — x)(p(s)ds+/(z)       <p{s)ds 

t > 0 Ji J x 

We shall prove 

THEOREM 5.  The optimal policy is given by the rule 

(2) z =r z («) for Q < x -^x 

z — 0, for x <, x, 

where z(x) > 0 and z {x) = 0. 
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This /unction z (x) is monotone decreasing in x. 

PROOF. The proof will proceed by induction, based upon the following 
sequence of successive approximations 

(3) /.(*) = «[ rp(s~x)<p(s)ds+fa{0) rv(s)ds+ r/0{x—s)(p(s)ds], 
J* Jx Jo 

(a function we have repeatedly encountered before), and for n = 0, 1, 
I  
(4) /„+i(Ar) = Min 7(2, *,/,). 

» > o 

where T [z, x,fn) is the expression contained within the brackets in (1). 
Let us now consider T (z, x,f0) as a function of z, say M, (z). 

We have 

(5) If,' {z) = k + a/.' (z)   r <p (s) ds + a  f'/o' (x — s + z) <p (s) ds, 
Jx Jo 

and the second derivative is 

(6) Mt
m (a) - a/.' (*) r 9> (s) ds + a j'// (x — s + z) <p (s) ds. 

Since/0' > 0, we see that A/,' (z) > 0 for all ^ > 0. Hence the equa- 
tion Mi (z) = 0 has at most one root in z for any x. For large x, it is clear 
that there will be no root, and for small x, say x = 0, there will be a root 
provided that a, p and k are properly related, a point we will check sub- 
sequently. Meanwhile, let us show that this root, which we call Zi (x) is 
monotone decreasing in .*. .m 

To show this consider the expression G0 (x, z) = —- af0' {z)  1    9p (s) ds — 
a \   fo' {x — 5 -f 2) 99 (s) ds, as a function of x for fixed z. Its derivative 

with respect to x is 

(7) -gj-—«J,/.'(« — *-Mi»(«)*. 

which is negative. Hence, the family of curves w = G0 {x, z) looks as 
follows 

a Jo // (x 

w-GoU.z) 

Figure  ü 

174 



THK OPTIMAL INVENTOKY tQUATION 

This graph very clearly shows that z, (x) is monotone decreasing in x, and 
equal to zero for x JJ» i,. 

In order to obtain similar results for the second approximation, we 
must show that/,' (x) > 0. We have 

(8) /. (*) = T (2. (x), x,f0), 0<,x< Uu 

= T(0,x,/o). xl<x. 

In [0, x,], we have 

(9) /,* (x) =—ap r <p (s) ds + a  f*/,' {x - s + z) <p (s) ds. 

and 

(10) /.(*) = «/> «P W -!-*/.'(-^W 

+ (a JV." {x — s + z)(p (s) ds) (1 4- dzjdx). 

From (9), we see that/0' (0) = — ap. Since/u' (*) is monotone increasing 
in x it follows that ap + «/o' (2) > 0 for 2 > 0. Hence we will have 
/,' (x) > 0 if we show that 1 + dzjdx > 0. 

To do this we return to the equation defining 2,, namely M/ (2) = 0. 
Using the expression in (5), wc see that 

(11) [a/.' (2). f" fp (s) ds + a f' // {x — * + M)f (s) i$] dzjdx 

+ a  f J/o' (*■—* + «) 1» (s) * = 0. 

which shows anew that dzjdx < 0 and that 1 + dz^dx > 0. 
We recjuirc finally a relation connecting/0' (v) and^' {x). 

We have 

(12) 
■'00 j-x 

/,' («)   = — «^   (        90 (S) rfS   + «    I      /o' (AT — S) <p («) rfs . 

Hence in [0, *] we see that /0' (x) </i' {x), since /0' (AT) is monotone in- 
creasing in x. Since/, (;r) = /0 (x) for x > i, we have 

(13) /o'(*)</,'(*) 

for all x > 0. 
Continuing as in the preceding pages, we see that we obtain a function 

Zn (x) for each n having the property that 

(14) (a)     u (x) > 0 for 0 < jt <x„ 

(b)    Zn {x) — 0 for xH ^ x, 
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and Zn (x) monotone decreasing in x. Furthermore the sequence x» will 
be monotone decreasing and possess a limit x. 

It remains to show that x = 0 if a, p and k are suitably related. This 
is equivalent to checking as to whether or not /„ (x) is the solution. 
Returning to (5), we set a: = 0 and examine the equation 

(15) k + */.' (*) = 0 

If * -|- a/0' (0) < 0, there will be a solution of this equation. Turning to 
(12), we see that/0' (0) = — ap. Hence we require 

(16) k <a1p 

the intuitive and expected condition for a process involving a one-stage 
delay. 

§ 15. Convex cost function—unbounded process 

As another illustration of the power of the method of successive approx- 
imations, let us consider the case where the cost of ordering, g (y — x). 
is a strictly convex function of the amount, y — x, ordered. The equation 
is now 

(1) /{x) = Mm[g(y-x)+a[ f" p (s ~ y) qp (s) ds + / {0)  f%(»)A 
y  > JT JV JV 

+ ^f(y — s)<p{s)ds]\. 

As usual, we set 

(2) /„(*) = « [ T/» (s - *) ?> (S) ds +/, (0) f%(») ds 4 fV, (* -1) <p{s) ds]. 
Jx Jz Jo 

and, /orn = 1, 2, . . ., 

(3) /n+i(*) = Mm r(y, *,/„). 
v   ■ I 

Let us begin with the consideration of/, {x), assuming that g (x) possesses 
a continuous derivative for A; > 0. 

If y > AC, y is determined by the equation 

(■1) f (y — x)=a[p j*" <p[s)ds — P/„' (y - 5) <p (») ds]. 

Since we have assumed that g (x) is convex, i.e. g" (x) > 0, it follows that 
this equation can have at most one root, since the left side is monotone 
increasing and the right-side monotone decreasing. 
For x = 0, there is a root provided that 

(•r-) 
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For x large, there is no root if g' (6) > 0. 
If >• > x, we have 

(6) fi(x) = -g'{y-x). 
and 
(7) // (*) = _ g« (y _ ^) (dyjdx - 1). 

To determine the magnitude of dyjdx — 1, we turn to (4). This yields 

(8) f (y _ *) {dyjdx _ 1) = [ _ «£ p (y) _ «/,' (0) ^(y) — 

{a ^U(y-s)q>{s) ds)]dyldx. 

From  this we readily conclude  that dyjdx > 0 and dyjdx — 1 < 0. 
Hence/,'(A:) > 0. 

Furthermore, we see that —/,' > —/„'. We now have all the details 
of an inductive proof of 

THEOREM 6. There is a function y [x) and a number x with the properties 

(9) (a)    y {x) > x, y (x) is monotone increasing 

(b) y (x) > x,for x ^x,y (x) = x. x ^x 

(c) x>0i/ap>g'(0) 

This function y (x) is the optimal policy in (1). 

Appendix Chapter V—The Renewal Equation 

The equation 

(1) •»(«)-/ («) + f' u (x - t) f (s) ds, 

which occurs in a great many different areas of analysis, is commonly 
called the renewal equation. 

There are two important methods available for establishing properties 
of the solutions, the method of the Laplace transform, and the I.iouville- 
Neumann method of solution — which is successive approximations. 

The Laplace transform technique owes its success to the fact that 

u {x — s) 9? (s) ds is a convolution having the formal property that 

/ 

(2) f" •-« [ f M («—J) <p (s) ds] dx ■={  \     e-t* u {x) dx) 
Jo Jo Jo 

0 
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Hence (1) yields, proceeding completely formally. 

(3) 
/: 

«-«' M (x) dx -r e-"/(x)dx I 
<-/: 

e-'x<p(x\dx), 

from which a great deal can be deduced concerning the asymptotic be- 
havior of u (x) as x —>■ oo, using either Tauberian theorems or complex 
variable theory, under appropriate assumptions concerning/and 97. 

However, the properties of most interest to us here, positivity. con- 
vexity, et al, can most readily be deduced by considering the sequence of 
approximants 

(4) «o=/W 

M» -t-1 = f(x) +1     Un(x — S)(p (s) ds . 

and showing that each function un {x) has the required property. 
This approach is justified by the following result. 

THEOREM 9. Let us assume that 

(5) a.    /(*) is bounded in every finite interval [0, x0] 

b.     f" I f (s) I * < 1. 

Then there is a unique solution to (\) which is bounded in any interval 
[0, *„]. 

This solution may be obtained as the limit 0/ the sequence given by (4). 
Iff (x) is differentiable and qp (x) is continuous, we have 

(6) M' («) - /' (*) + M (0) qp (*) +   f' «' (« — s) <p (s) ds. 

Uf W > Ö, 9? {x) ^ 0, then u {«) > 0. 
There are a number of other combinations of conditions corresponding 

to those given in (5a) and (5b) which also yield existence and uniqueness. 
The proof of Theorem 9 is readily obtained following the techniques 

we have by now applied many times over. 

Exercises and research problems 

1. Obtain the analogue of Theorem 3 for the ca&e where the distribution 
function of demand varies from stage to stage. 
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2. Consider the case where there are fixed costs in both initial purchasing 
and the penalty cost and the distribution of demand has the form tp (x) 
= 1/A, 0<;X<.k.T(x)^Q.x>k. 

3. Consider the process with a fixed cost in the case where there are only 
two levels of demand, high and low. Can one generalize the result ob- 
tained here to the case of an arbitrary finite number of different demands ? 

4. Obtain the analogues of Theorems 1, 2, and 3 in the case where there 
is a storage cost at each stage proportional to the quantity of items stored 
over the previous stage. 

5. Obtain the functional equations corresponding to the process in which 
both the demands and times of demand are random. Consider the cases 
where the times of demand have a continuous distribution and a discrete 
distribution. 

6. Obtain the analogue of Theorem 5 for processes with arbitrary time 
lags. 

7. Consider the case where there is fixed cost and determine 
a. The "constant stock level" policy which minimizes expected cost 
b. The "s5"-policy which minimizes expected cost. 

8. We are interested in producing a single item over a given number of 
time periods in order to satisfy known future demands. NVe wish to do 
this in such a way as to minimize costs, knowing the costs for production, 
storage, and change in production rate as functions of time. 

Let us consider the discrete version first. Let 

T =-- the number of periods, 
rt = demand at time t, 
Xt — amount produced in time interval [I —■ 1, t], 
x, — given initial production, 
yt = xt + i — Xt ^ 0, the increase in production rate 

at time /, 
ut —■ excess of supply over demand at time t. 

The costs are 

Ci    =    cost of producing an item in the period [» — 1, i], 
di   =    cost of storing an item in excess of demand for 

one period, 
et   =    cost of increasing production rate by one   unit 

per unit of time. 

Assume that we wish to minimize the total cost of the '-period process 
under the condition that the supply must always exceed the demand. 
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9. Consider the above problem under the condition that production 
cannot be expanded in an arbitrary fashion. In particular, discuss the 
two cases 

a. Xt <. xt+i<, axt, 1 < a < oo 

b. xt<xxt+i<.xi + b.b> 0. 

10. Consider the case where the demand is stochastic, under the following 
two alternative assumptions 

a. Demand must always be satisfied 

b. Demand can be postponed one stage 

11. Obtain the functional equations corresponding to the process de- 
scribed in § 2 under the assumption that we desire to minimize the prob- 
ability that the cost exceeds a given quantity c. 

12. Consider the functional equations discussed in the chapter under the 
assumption that the distribution function tp (s) ds is replaced by the more 
general Stieltjes distribution dG (s). Obtain the requisite existence and 
uniqueness theorems and determine in which ways the theorems esta- 
blished above must be modified in order to remain valid. 

13. In what ways is the problem of ordering for a military supply depot 
different from the problem of ordering items for a department store ? 

14. Assume that there is no penalty for not being able to meet the de- 
mand, but that there is a return of b dollars for each item demanded and 
supplied. Suppose that this return can be used to increase the quantity 
available at the next stage. Given an initial stock of x, and a supply of 
money equal to y, how should one order so as to maximize the total ex- 
pected return ? Consider both finite and infinite processes under the 
assumption of proportional costs. 

15. Consider the equation 

/(*) =--  Max   [g{y) +»(* 
0 <y < x 

y) + /„"/(y t) k (s) ds\ 

where 

(a) g (0) = A (0) = 0 

(b) g'(y) >0,A'{y) >0,g'(0) <A'(0). 

(c) A; (s) > 0 

(d) f (y) > 0, A" (y) > 0 

(e) A (y) — g (y) is monotone increasing in y. 
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Show that the solution is given by 

= g W + (*/(« ~s)k (s) ds, x^i 

where x is determined as the non-zero root of 

* W = g (*) +  r h(x — s)k (s) ds. 

16. Consider a situation where one must order items to be sold in antici- 
pation of an uncertain demand which can be taken as a known stochastic 
variable. Let equal ordering periods be indexed 0,1,2, ..., and the demand 
be described by a distribution 

Ft (x) = probability that the demand is less than or equal, 
to x in period »'. 

Let p he the unit selling price and C (y), assumed differentiable, be the 
total ordering cost for y units in any period; / be the inventory at the 
beginning of the present period (period 0); and suppose that all units 
ordered at the beginning of the period are immediately available—units 
may be ordered only once during a period and cannot be disposed of 
except through sales at price p on demand. 

Given any ordering policy, «<, at each stage there will be a cash return 
of 

Pt {xi, yt. It) =■ p min (/< + y(, Xi) — C (y(), 

Let the purpose of the procss be to maximize the expected value of 
oo 

[ L a* Piln.y,. /,)], 0 <a < 1. 
i      o 

Show that the resultant system of recurrence relations is 

/•oo 

/*: (/) = max [        [p min (/ + y, *) — C (y) 
V > o       Jo 

-t- aft +1 (max (0, I + y — »)] dFk {x)], 

and solve in the case where C (y) — cy. (Harlan D. Mills) 

17. Consider the equation 
/»oo r oo 

f (x) =  Min [kz + a \     p {* — x) <p (s) ds + af (z)        <p (s) ds 

+ a {*f{x — s + z)<p[s)ds] , 
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corresponding to a one period lap in supply. 
Assuming that the optimal policy is to choose z so that *-)-* = L, 

for 0<, x <> L, and z = 0 for x > L, determine L. 

18. Prove or disprove that this is the optimal policy. 

19. Examine the conjecture that in the general k period lag case, the 
optimal policy is to order nothing if the sum of the quantities on order 
and on hand exceed a certain quantity L, and to order a quantity equal 
to the difference if L exceeds this sum. 

-Bibliography and Comments for Chapter V 

§ 1. The mathematical model of the inventory problem we consider here 
originated in the pioneer paper of K.I). Arrow, T. E. Harris and J. Marschak, 
"Optimal Inventory Policy." Econometrica. July, 1951. Stimulated by their 
investigations, two further papers appeared A. Dvoretsky, J. Kiefer and 
J. Wolfowitz, "The Inventory Problem I, II," liconometrica, vol. 20 (1952), 
pp.  187-222. 

The first of these papgfg is devoted to existence and uniqueness of the 
solution of the basic functional equation, and to a discussion of some parti- 
cular processes. The second paper is more statistical in nature and devoted 
to the question of determining the distribution of functions of demand as 
the  process  continues. 

The results of this chapter were obtained in conjunction with I. (dicks- 
berg anil (). (Iross, \i Bellman, I. (Hicksberg and (). Gross, "On the Optimal 
Inventory  Kquation," Mana^ment Science, vol.  ;> (1955), pp.  83-104. 

Since the appearance of these papers, a large number of papers, both 
published and privately circulated, have appeared on the topic of inventory 
control. We suggest that the interested reader thumb through the pages of 
Econometrica, Jour. Soc. Ind. Appl. Math , Jour. Operations liesearch Society, 
Management Science, and \aial Quarterly Jour, of Logistics, where he will 
find further results and references. 

§ ;{. The results discussed here are in accordance with the remark of an 
earlier chapter that the derivatives of the reLurn functions, or "marginal 
returns" possess a simpler structure that the return functions in many cases. 

Appendix. Further results concerning renewal equations and functions of 
similar type may be found in W. Feller, "On the Integral liquation of 
Renewal Theory," Ann. Math. Stat., vol. 12 (1941), K. Bellman, (with the 
collaboration of J. M. Danskin), "A Survey of the Theory of Time-Lag, 
Retarded Control and Hereditary Processes," RAND Corporation, 1954, 
R-271. 
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CHAPTER VI 

Bottleneck Problems in Multi-Stage 
Production Processes 

§ 1. Introduction 

In this chapter we shall discuss a particular class of significant and 
difficult variational problems arising from the study of multi-sta^e pro- 
duction processes. 

We shall first formulate a discrete version of the process, which under 
certain assumptions of proportionality of output to input leads us to the 
problem of determining the maximum of a linear form subject to linear 
constraints, a basic problem to which the theory of linear programming 
has made notable contributions in recent years. Although the state of 
analytic research on this fundamental problem is still in its early stages, a 
large class of problems arising in applications can be successfully resolved 
numerically, with the aid of modem computing machines and various 
iterative techniques such as the "simplex" technique. 

The study of bottleneck processes, however, which combine a moderate 
number of activities at each stage with a large number of stages, encoun- 
ters the usual difficulty of dimensionality if conventional computational 
methods are used. As in the treatment of the processes of the previous 
chapters, we can circumvent this obstacle to some degree by using a for- 
mulation in terms of functional equations. Since, however, we are interest- 
ed in explicit analytic solutions, in order to study the character of optimal 
policies, we shall formulate continuous versions of processes. It is worth 
emphasizing that the continuous process may actually be closer to re- 
ality than the discrete version in many cases. An essential weapon in our 
mathematical armory is the use of the dual continuous process, thus ex- 
ploiting the linearity of the process. 

To illustrate the method, we shall treat a simple process in detail, in 
this chapter, while a more complicated process will be discussed in the 
subsequent chapter. In many cases, these analytic methods, applied with 
faith and resolution, permit us to obtain explicit analytic solutions of the 
maximization problem, together with an explicit description of the opti- 
mal policies. Many difficulties, however, remain as far as the construction 
of a general theory is concerned. Examining the following pages, the 
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reader will quickly see that the mathematical theory of these problems is 
in its rudimentary stages. 

The variational problem is that of determining the maximum over the 
vector function z (t) of the inner product (x (T), a), where x and z are 
connected by the vector-matrix differential equation 

(1) dx/dt = Ax + Bz, x (0) = c. 

and z satisfies the constraint 

(2) C2<Dx. 

ior 0<.t<.T. 
The techniques we employ to discuss this problem will be further de- 

veloped and applied to classical problems in the calculus of variations 
in Chapter 9. 

§ 2. A General class of multi-stage production problems 

A central problem in the theory and application of mathematical eco- 
nomics is that of integrating a complex of industries, of similar or varie- 
gated type, so as to produce a given product in a most efficient manner. 
Here the criterion of efficiency may be minimum time, or maximum 
profit, or some combination of both. 

As an example, which is quite elementary from the economic point of 
view, but sufficiently advanced from the mathematical viewpoint to 
generate problems which we cannot resolve as readily as we would desire, 
let us consider a simple model of a three-industry production pr )cei.s 
where the individual industries are the "auto" industry, the "steel" in- 
dustry, and the "tool" industry.1 

In this highly condensed or "lumped" model of economic interplay * 
we shall assume that the state of each industry is completely specified at 
any time by its stockpile of raw material and by its capacity to produce 
new quantities using these raw materials. Furthermore, we shall begin by 
assuming that it is sufficient to consider that changes in these basic 
quantities, stockpile and capacity, occur only at discrete times t = 0, 
1.2, ....r. 

1 Needless to say, these names arc used merely to guide our intuition. It is 
not suggested that any deep significance be attached U) them. 

s This type of lumping is precisely analogous to what is done in the study of 
electric circuits in the low frequency case, where we introduce the concepts of 
""resistance",  "inductance" and "capacitance". 
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Let us then define the following state variables: 

(1) xl (/) = number of autos produced up to time /, 
xt (/) = capacity of auto factories at time I, 
xt (t) — stockpile of steel at time /, 
Xi (/) = capacity of stfeel mills at time /, 
Xi {t) = stockpile of tools at time /, 
x% (/) = capacity of tool factories at time t. 

We make the following assumptions concerning the interdependence of 
these three industries: 

(2) a. An increase in auto, steel or tool capacity requires only steel and 
tools; 

b. Production of autos requires only auto capacity and steel; 
c. Production of steel requires only steel capacity; 
d. Production of tools requires only tool capacity and steel. 

The dynamics of the production process may be described as follows: 
At the beginning of each unit time period, say < to / + 1, we allocate 
various quantities of steel and tools, taken from their respective stock- 
piles, for the purposes of producing autos, steel, and tools — which is to 
say increasing the stockpiles of these quantities--and for the purposes of 
increasing the auto, steel, and tool capacities. 

Let, for» = 1, 2, .... 

(3) a. *( (/)   = amount of steel allocated at time t for the purpose of 
increasing ^( (f), 

b. UH (/) = amount of tools allocaied at time / for the purpose of 
increasing *< (<). 

Upon referring to the assumptions in (2) we see that 

(4) a.    zz {t) - 0 

b.    wl (/) = ^3 (/) = u's (t) = 0 

In order to obtain relations connecting Xi(t -\- 1) with xt (<), 2( (t) and 
wt (t), we must make some further assumptions concerning the relations 
between output and input. The simplest assumption to make is that we 
have a linear production process with output of an item always directly 
proportional to the minimum input of required resources.3 Thus, produc- 

» As we hav< observed in the preface, this may not actually be the simplest 
for mathematical purposes. A more realistic assumption predicated upon a law 
of diminishing returns, involving nonlinear functions, may actually lead to a 
simpler mathematical problem. The reason for this is that nonlinear functions 
take more kindly to a variational approach. On the other hand, linear problems 
may be more readily treated numerically, in some cases. 
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tion is directly proportional to capacity whenever there is an abundance 
of raw materials, i.e., stockpile, and directly proportional to the minimum 
quantity of raw materials whenever there is an abundance of capacity. 

It is because of this dependence upon the minimum resource that we 
use the name "bottleneck problems." 

As an illustration, the increase in the number of autos from / to / + 1 
will depend upon the capacity of auto factories at t, *i (/), and the quan- 
tity Zt (<) of steel, as defined above in (3a). Since production depends upon 
the minimum of capacity and supply of raw material, we obtain the 
equation 

(5) xl (/+!)= xl (0 + Min (y1 xt (<), a. z, (t)). 

where y, and cti are taken to be known positive constants. 
In a similar fashion, combining the assumptions in with those of the 

previous paragraph, we obtain the following equations which relate 
Xi {t + 1) to x( (<), Zi {t), and un [t) :* 

(6) x,, (t+l) = xl W + Min {yx xt (t). a, z, (t)) 

xt (<+!) = xt (t) + Min (a, z, (*), ßt 9, (t)) 

xt (/ + !) = *, (0 — zl (t) — zt (t) — zt {t) — rs (/) — zt (t) + y, xt (/) 

xt (/ + 1) = xt (t) + Min (a4 zt (t). ßA wA (t)) 

xi{t+ I) = xi (t) — wt (t) — wt (t) — w, (t) + Min [y4 xt (t), a5 z, (*)] 

«, (< + 1) = x, (i) + Min (a, zt {t). ßt wt (t)), 

where ai, ßt, and y< are constants. 
The constraints upon Zt and wi are obviously 

(7) (a)    *, w, > 0 

(b) 2, -f Z> + -2« + Zj -h 2. ^ X3 

(c) Wt + U't + wt ^ xs 

aiz1<.ylxt 

al zi ~ ß% K'2 

ßtU>t aiZi 

together with the "common-sense" constraints 

(8) (a) 

(c) 

lb) 

(d) a» 2S < Yi x, 

(e) a, z, mm ßt u; 

4 All these equations are conservation equations which state that the quantity 
of an iter. at time / -f 1 is the quantity at time /. minus the quantity used over 
[/, / + 1], plus the quantity produced over [I, / + !]• 
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The meaning of these equations is that there is no advantage to any 
allocation beyond the capacity of production, and again that the mini- 
mum resource determines the production level. 

By means of these additional constraints we may eliminate the va- 
riables wt completely, obtaining in place of (4.6) the system of equations: 

x, {t+l) = xl (t) + a, zl (t). x, (0) = c,, 

M, (<+!)= xt (t) -\- a, zt (0. xt (0) = ct. 

x, (/+!) = xt (t) — *. (0 — z, (t) — zt (t) — z, (t) — z. n 
(9) +y,xt{t).xt(0) = ct. 

xA {t+\) = xA (t) + a4 zt (0. xt (0) = c4, 

Af, (t + 1) - x, (t) — et zl (t) — e« z4 (0 — £, z, (0 + a. z4 (*). 

Et = aujßi, xl (0) = ci, 

x, (<+!) = xt (t) + a. z. (t). x, (0) = c.. 

The constraints, in turn, have the form, for each /: 

(10) 

(a) z« ^ 0 

(b) z, + z, -|- z4 + z, + z4 ^ xt 

(c) yt Zt + y« ^4 + Y* z* ^ *• 
(d) zx<^ftxt 

(e) z, ^/.JC,. 

., T — 1, subject to We must now choose the z< (<) for / = 0, 1, 2 
the above constraints, so as to maximize x^ (T). 

§ 3. Discussion of the preceding model 

It is easy to see that xx (T), the total number of autos produced over 
the time period [0, 7"], may be written as a linear expression in the quan- 
tities   Z( (<), / = 0, 1, 2 T — 1, t = 1,2 6.    The   problem    of 
maximizing xx (7") subject to the linear constraints of (2.10) is conse- 
quently within the domain of lineal programming. It may be solved 
computationally for explicit values of the coefficients and the time T, by 
iterative processes of various types, provided that 7" is not too large. In 
particular, for dynamic processes of the kind considered here, a number 
of important simplifications are possible. 

However, in general, in analyses of the type presented here, we are not 
so much interested in the numerical solution corresponding to any par- 
ticular set of constants as we are in the comp'ete set of numerical values 
obtained from a range of parameter values. In other words, in most cases 
the whole interest of the investigation lies in a "sensitivity analysis," or 
equivalently a "stability analysis," of the solution. 
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This sensitivity analysis is required because of the many assumptions 
we have made euch as linearity of output, the crude description of indus- 
tries in terms of lumped capacities and stockpiles we have employed, the 
absence of time lug or "lead time" in production, and so on. Any conclu- 
sions concerning the structure of optimal policies that may be drawn 
from the simplified mathematical model can have validity only if these 
conclusions are relatively insensitive to the precise values of various para- 
meters which occur. 

It is clear from what we have said above that the numerical work 
involved in performing any reliable sensitivity analysis using purely 
computational techniques, involving as it does a probing of many-dimen- 
sional space, will be tedious, time consuming, and inevitably incomplete. 

The question arises then as to whether or not it is possible to determine 
the intrinsic structure of an optimal policy, regardless of any numerical 
values we may subsequently assign to the parameters. This knowledge is 
not only of importance in itself, in allowing us to make a complete sensi- 
tivity analysis of the solution, but is also extremely helpful in determining 
approximate solutions in cases where explicit analysis seems hopeless, 
and in furnishing analytic clues to the solurton of more complicated pro- 
cesses. 

As a first step towards obtaining the solution, both analytically and 
computationally, we shall reformulate the problem in terms of functional 
equations. 

§ 4. Functional equations 

It is clear that the total output of cars obtained using an optimal allo- 
cation policy is a function only of the initial resources, Ct, . .., c„ and 
the duration of the process, T. Furthermore, cl need not be explicitly 
mentioned. 

Let us then define for T ^ 1,2, ... 

(1)    /{c,, c., cl] T) ~ The total output obtained over a time interval 
T   starting   with   initial   resources   et, i = 
2,3, . .., 6, and employing an optimal policy 

Employing the principle of optimality, we obtain the following functional 
equation for/(ct, Cj, .. ., ct,T): 

(2)    /(^.c,. c,; 7 -f 1) = Max [a, z, +/(<;,;, C3' c,': I*)]. 

where 
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(3) 

c* = c. -f a, zt 

C,' -   C, — Z, - - Z,   — Z4 — 2, — Z, + yt C4 

c* = c« + a« zt 

H* = c, — c, z, — c4 z, _ g, z, + a, z, 

c,' = c, + a, z,( 

and Z denotes the region in the (z,, z,, z4, zB. zf)-space defined by the 
following inequalities 

(4) 

(a) z, > 0 

(b) z, + z, + z« + z, -f- z, ^ c, 

(c) yt z, + ^4 2« + y. *. ^ c» 
(d) z.^/.c, 

(e) *5<;/6C. 

The analytic problem of determining /, and, more importantly, the 
nature of the optimal policy is still one of great difficulty. The computa- 
tional problem is also formidable involving as it does the tabulation of a 
function of five variables for each value of T. The homogeneity of the 
process enables us to reduce this to a problem involving four variables. 
We shall refer to this fact again in following sections. 

The computational problem involved in determining the maximum 
over the region Z, a polyhedral region bounded by planes, may be greatly 
simplified by observing that the maximum occurs at vertices. 

§ 5. A Continuous version ' 

To simplify the analytic problem, we shall transform the discrete 
process into a continuous process. In so doing, our purpose is to avail 
ourselves of the combination of the powerfu' methods of calculus, to- 
gether with the resources of linear algebra. It is very often true, in dealing 
with the physical world, that continuous models are far simpler to discuss 
than discrete models. 

To obtain a continuous version, we assume that decisions are made at 
times 0, At, 2 At, and so on, and that the allocations Z( (/), w< (t) previously 
made over the time interval [/, t -\~ 1] are replaced by allocations Z( {/) At, 
wt (t) At over the interval [t, t + At]. The quantities zt (t) and wt (t) 
are now rates of allocation of resources. 

Turning to the equations in (2.9) describing the discrete process and 
allowing At to approach zero, the new equations take the form 

• Chapter VI11 is devoted to a similar continuous version of the discrete process 
of Chapter  II, 
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x, it) - a, z, (t). xt (0) = c,, 

Xtit)   =   0,2,(0.^,(0)  =C,, 

i,W = —zl{t)—zt(t) — zAl) 
(1) ^.(0) =c,. 

*«(<) =a4z4(0,x-4(0) -c4. 
i. (0 = — £, z, (/) — c4 z4 (/) — c, z, (/) -|- a, z, (/). x, (0) =-- 

i, (/) = a,2, (O.AT, (0) = c,. 

(■ signifies differentiation with respect to t). 

The constraints upon the z« are now 

(2) 

(a) Zi ^ 0 

(b) z, + z, + *« + *, + 2, ^ oo 
(C) ft 2, + y, Z4 -•- y« 2. ^ OO 

(d) 2,^/,*, 

(e) 2» <; /, *, 

This means that the constraints of (2b) and (2c) disappear. Two con- 
ditions which were automatically satisfied before must now be added. 
These are the conditions that the stockpiles be non-negative at all times. 

(3) (b') *, :> 0 

(C)    A^O. 

From these constraints we see that whenever AT, = 0 we must have 

(4) Zi + 2» + «4 + 2& + 2, ^ yt xt 

and similarly when x, — 0 we must have 

(5) f 1 *t + e*zt + e, 2, < 05 2S 

It follows that 2,, 2,, 24> and ze are unbounded whenever x3 and x^ are 
positive. This means that delta-function type solutions may occur. This 
point will be discussed in more detail in the subsequent chapter where an 
example involving this type of solution is discussed. However, a rigorous 
discussion of this feature of a solution will be postponed until the second 
volume. We shall proceed essentially in a formal manner in this and the 
following chapter at various points where a rigorous discussion would take 
us too far afield.* 

• It is important to point out that the continuous process is described by the 
above equations. A detailed discussion of this point is given in Chapter VIII, 
where we also discuss the connection between the discrete and continuous processes. 
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The problem is now to maximize x, (T) subject to the above constraints. 
After some discussion of notation, we shall approach this problem 

using the functional equation approach of dynamic programming. 

§ 6. Notation 

Let us introduce vector-matrix notation which will greatly simplify 
the notation and thus be of considerable help in presenting the general 
theoretical approach, unclouded by a superabundance of superscripts. 
Following the discussion of the basic concepts, we shall consider a par- 
ticular example, to illustrate the analytic minutiae, which are not trivial. 

Let x(t),z{t), and c denote respectively the «-dimensional column 
vectors 

x(t) 

*t(t) 

*n W 

W\ 

.2(0 

«•w 

Zn{t) 

. C = 

and Ai, B), for such values of » and / as occur, denote n x m matrices. 
We shall be dealing only with vectors x and z whose components are 

non-negative. To indicate this fact we use the notation A; > 0 to denote 
the relations Xi >0,i — \,2, .. ., n. The inequality ^ > y is equivalent 
to x — y r^O. 

Turning to the equation in (f).!), we see that it may be written 

(1) dx/dt = A^ + Aiz,x(0) = c 

where Al and At are matrices determined by the coefficients in (5.1). 
Similarly, the constraints in (5.2)—(5.5) take the foim 

(2) 2 > 0 

B1z<:B1x 

The problem of maximizing xl (T) is a particular case of the problem of 

maximizing a linear combination, £ a xt (T). To express this in simple 
i     i 

form, we introduce the inner product of two vectors x and y, namely 

(3) (x, y) = 27 *< y« 

The general prov n is then that of choosing z (t) so as to maximize 
{x (T), a) where a is a given vector, subject to the relations given above in 
(1) and {%). 
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One of the difficulties that arises in the continuous case, and not in the 
discrete process, is that this maximum may not exist if we restrict z (t) to 
be a function in the usual sense. We shall proceed on the assumption that 
the constraints in (4.18) are sufficient to ensure the existence of a maxi- 
mizing function. This will be the case if (4.18) has the form z <. Btx, 
where Bt is a positive matrix. A complete treatment will require the use 
of Stieltjes integrals. 

§ 7. Dynamic programming formulation 

Since the forms of the equations in (4.17) and (4.18) are time-indepen- 
dent, it follows that Max (* (7"), a) (where we shall assume throughout 

■ 
the remainder of this expository chapter that the maximum actually 
exists) is a function only of T and the components of c, which is to say, of 
the initial stockpiles and capacities, the state variables and the duration 
of the process. 

Let us then write 

(1) Max(*(7),a) = /(«. T) 3/fo,«, r.T). 

§ 8. The basic functional equation 

We shall now derive a functional equation for/using the Principle of 
Optimality ', which in this case states that the nature of any optimal 
allocation policy over the interval [0, T], which is to say, one which yields 
the maximum of (x (T), a), is such that its continuation over any final 
sub-interval [S, JT] must be an optimal policy for a process of duration 
T —- S starting from the initial state c (S). 

Here c (S) is the vector x (S) obtained from (6.1) using an allocation 
policy over [0, S], 

The mathematical transliteration of the verbal principle yields the 
functional equation 

(1) f{c,S + T)=/(c{S).T) 

for an optimal policy over [0, S + 7"]. 
It follows that the policy over [0, S] is determined by the equation 

(8) /(c.S + T) = Max/(c (5). T), 

where we maximize over all feasible policies over [0, 5], that is to say, 
OVP'- all z (t) satisfying the constraints. 

Equation (2), together with the initial condition/(c, 0) = (c, a), is the 
basic functional equation governing the process. 

'  Chapter  HI, § 3. 
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§ 9. The resultant nonlinear partial differential equation 

Let us now use the basic equation in (8.2) to derive a partial differential 
equation for/, on the assumption that/and x possess the requisite differ- 
entiability properties. As we shall see below, it is quite permissible to 
proceed formally at this point since we shall derive a technique for veri- 
fying the validity of any proposed solution. 

Let us take S to be an infinitesimal. Then we have 

{!)    (a)    /{C.S + T)=/(C.T)+S/T + O(S). 

(b) c (5) = c -f S [,4, c + /i, z (0)] + o (S), 

(c) /(c(5), T) = /{c + S [A.c + Atz (0)]. T) + o (S) 

= /(c.T) + S{iAlc + A1z(0). -/) + •($). 
o c 

where d/jd c denotes the vector 

(2) 

/  y 

dc 

it, 

u 
As S shrinks to 0, the maximum over the interval [0, S] shrinks to a 

maximum at S = 0, or a maximum over z (0), under our assumptions of 
continuity. With reference to the expansions in (1) above, we see that the 
infinitesimal analogue of (1) is the nonlinear partial differential equation 

dc, 
(3) dfjdT = Max  \\AiC + Atz (0), 

z (o)   L\ 

where z (0) is constrained by the equations in (6.2). 

■)] 

§ 10. Application of the partial differential equation 

The importance of the equation in (9.3) resides in the fact that it per- 
mits us to determine the solution over [0,T -\- A T\ if the solution has 
already been determined over [0, T] for all initial states. 

It turns out to be ti ue that in many of these problems the difficulties 
are readily resolved for small T, since for processes of short duration, the 

193 



BOTTLENECK PROBLEMS 

obvious, crude, policies are optimal. It follows then that we have, in 
theory, a systematic means of continuing the solution up to any desired 
value of T. Although systematic, the details are by no means trivial, as 
we shall see in the next chapter. 

In the next section, we shall go through the analysis involved in re- 
solving a relatively simple problem. Much of the analysis can be discarded, 
once we have ascertained the structure of the solution, which in many 
cases is plausible on economic grounds. 

§ 11. A Particular example 

As an application of the general approach presented above, let us now 
consider the problem of maximizing xt{T), where 

(1) dxjdt = a1 zl, xl (0) = c,, 

dxt/dt = atzt~ z,, xt (0) = c,, 

and Zi, zt, the rates of allocation, as functions of / are subject to the 
following constraints: 

(2) (a) «b *» > 

(b) Zl -'   «i 

(c) 2, < Xl 

(d) *, > 0 

o. 

ioT0<,t<.T. 
In this case, the rates zl and 2, are uniformly bounded, and it is easy to 

see, using either a direct weak convergence argument, or relying upon 
classical theorems in the calculus of variations, that the maximum is 
assumed. Hence we may set in rigorous fashion, 

(3) fici.Ct.T) =  Max *,(?") • 

As in the general case,/satisfies the functional equation 

(4) /(Cl, c 5 + T) =  Max /(*, (S). xt (S), T). 
Id,«] 

which, in the limit as S 

(Ö) 

0, yields the partial differential equation 

df \      df en --Max [«.^+ (..,.-*)-]. 

which, at the moment, we recall, is purely formal, since we do not know 
whether or not / has the requisite continuity properties. 
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The maximum is taken over the region defined by 

(6) (a)    O^^.z,. 

(b) zl+Zt<.ct, 

(c) zt ^ c,. 

with the additional constraint 

(7) atzt — zl>0, 

if xt = 0. The variables are now zl = z, (0), z, = z, (0). 
Let us now sketch the analytic procedure that will yield a solution. We 

begin with the most complicated case, that where ct < c,. For a process 
of short duration, the solution is trivial. We have 

(«) z, — 0, z, = 

/= cte
a>T. 

This policy is pursued until a "bottleneck" develops, which is to say, 
ct exceeds c,. Using the optimal policy described in (8) we see that this 
situation will occur as soon as T exceeds 7", = log (c^c,)/«,. 

To obtain the solution for T > 7",, we rewrite (5) in the form 

(») df 
r  /   df    df\        df  1 

The location of the maximizing point (z, (0), z, (0)) will depend upon the 
sign and magnitude of the coefficients of z, and z,. For T < 7", we have 

(10) 
dc,      dcl 

=    ea,T a, ea'T. 

Using our assumption concerning the continuity of df/8cl, dfjdct, we 
suspect that the solution for 7 slightly greater than Ty will have the 
form 

(11) (a)    z. = 0, z, = *:, for 0 < S ^ Ti 

(b)    Zi = 0. z, = Xy for r, < S < 7". 

Applying this policy, / takes the form 

(12) f=bxc1 + {T~Ti)atbtcl. 

where Ty is as above. In order to determine how long this policy endures 
when T > T^, we consider the process as starting from S = 7V In terms 
of c,' = c, (T,), c,' = c, (Ji), / has the form 

(13) / = c,' + a. cx' {t - TJ 
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The equation which replaces (9) has precisely the same form with c,, c, 
replaced by Ci', ct', namely 

8T 
(14) 

We have, usinj; (13), 

(15) 

sK^^-Ä^0^^]- 

m>*?-Kt~mi09(r~T*~1' 
1 ic,' 

= «t 

The coefficient of z, is negative for T < T* = T, -f l/a, a,, 0 at T*, and 
positive thcreafler. 

It follows that the new policy given by (11) remains optimal for Tj <, 
T ^ T*. 

Furthermore, since T* — 7", is independent of c, and c,, we see that 
we know the form of the optimal policy over a tail interval. 

It remains to determine what the policy is in the middle of the interval 
[0, T] in the general case when i" exceeds T*. We suspect from an exami- 
nation of the vertices in the figure below that it has the form 

(16) z, = *, —*„ z, = *!. 

It is instructive to consider the region determined by the constraints 
in (fi) when c, > cl 

Z 

When maximizing ovei z, the three crucial points are the vertices P, 
Q and R, where P -= P (0, c»), Q = (c, — c,. c,), R = {ct, 0). It is the 
principle of continuity which leads us to choose^ as the maximizing vertex 
as svon as c, surpasses r,. 
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Instead of verifying this directly, which may be done, we shall describe 
in the next section a more elegant technique which exploits the linearity 
of the process. This technique serves not only as a means of verifying 
proposed solutions, but also as a theoretical tool for the determination of 
the nature of optimal jwlicies. 

§ 12. A Dual problem 

Let us, to illustrate the principles we shall employ, take our basic 
equation to have the form 

(1) dxjdt mm  AZ,Z(0)  wm C, 

with constraints of the form 

(2) (a) 2 > 0 

^h) Bz<,x 

(c) A:>0. 

Note that the equation in (6.1) may always be written in the form of 
(1), if yl! > 0, by first writing it in the form 

(S) dxjdt = ^, w + .4, 2, .r (0) = c, 

with the constraints 

(4) (a) z>0 

(b) Hz < x 

(c) IC < X . 

and then combining the vectors u' and z into one. However, an equation 
of the type appearing in (6.1) may also be treated directly by these 
methods. 

Azdt, th? constraint of (2b) may be written 

(5) J: Bz +      Czdt <: c,   (C A) 

The problem of maximizing (* (7"), a) is equivalent to that of maximizing 

j     (Az,a)dt-    I    (;,a')^, where«'—/l'a. Here.4'denotesthetranspose 
Jo Jo 

of A. 
Beginning all over again, we start with the problem of maximizing 

/ =        (z, a) dt over all z satisfying the constraints 
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(a) z^O 

(b) Bx +  y Czdtl £ c 

Let w (/) be a non-negative vector of the same dimension as c. Then by 
virtue of (6b) we have 

(7) f    (w, Bz +   P Czdti) dt <. |    (w, c) 
Jo Jo Jo 

dt 

Let, as above, B' denote the transpose of B. Then, as is easily seen, 
(02, w) — (z, B' M). Integration by parts yields, for any constant matrix 
C, 

(8) r (v, r czdtj dt = rr (rcwdt,.«) ^ 
Jo Jo J o J t 

Combining these two results, we have 

(9)   rr {w, Bz + r cjAt) rf/ - rr («*• + \T &*&*«) 
Jo Jo Jo J( 

A 

Let us now assume that it is possible to find a vector w = if (/) which 
is non-negative and satisfies the inequality 

(10) B'w +   jT C'udll >a' 

We then have the chain of equalities and inequalities: 

(11) | 7 (w, c) dt ^  {T (w, «z +  ("' CaftO dt 
Jo Jo Jo 

I T (B'w +  rT C'wdt, z) dt >  r (a, z) dt 
J n Ji Ja 

From this it is clear that 

•i 
(12) Inf  j ' (?f, c) dt > Sup  I T [z, a) dt 

m   J *' z     J f- 

where the infimum and supremum are taken over all w and z satisfying 
the ine(]ualities of (10) and (6b). If the minimum and maximum are as- 
sumed, the details are as above. If, however, the minimum and maximum 
are not assumed, then delta-functions will occur, which is to say, we must 
reformulate the problems in terms of Stieltjes integrals. A number of 
•interesting and difficult problems arise in this way, which we shall not 
discuss here." 
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If the two extremes in (12) are equal, we see that the following rela- 
tions must hold • 

(13) wt = 0 if c« > (Bz +  r Czdt)i 

zi = Oii a,' < iß' m +   {T C'wdt), 

The important fact which we now wish to establish is that, conversely, 
any pair of non-negative z and w satisfying (13) and the original con- 
straints will furnish solutions to the maximum and minimum problems. 

To demonstrate this, let us note that if (13) holds, all the relations in 
(12) are equalities. Assume now that z is another vector satisfying all the 
constraints and for which 

(14) r {z, a) dt <  r {z, a') dt 

Then with the w associated with z we have 

(15) r (z, «') dt <  f' (z, B'w +  r A'udtt) dt 

=   (^(ßz-f   \' Azdty.u^dt-^  {T [c,u\ 
Jo Jo Jo 

= rr (z,«) dt. 

it 

a contradiction 
It follows then that we have a procedure for verifying a conjectured 

solution, (iiven z, we seek to determine w by means of (13). Having ob- 
tained », we test to see whether or not iv satisfies the given constraints. In 
the next section we shall carry through the details for the problem of § 10. 
This procedure will encounter difficulties if w is not uniquely determined 
by (13). In this case, various alternative solutions must be considered. 

' ITI particular, we shall not discuss the connection with a min-max result in 
the theory of ganiM, a result corresponding to known results for the discrete 
problem. 

•   Apart   from sets of  measure  zero. 
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§ 13. Verification of the solution given in § 11 

Applying the techniques described above, we find that the dual of the 

problem posed in § 10 is the problem of minimizing J (c, w, -f c» wt) dt 

over w, (t) and wt (/), where y and ■ are connected by the equations, 

(1) dyjdt = —axwl + Wt.yt^T) = \, 

dyjdt =  — a, wt, y, {T) = at 
,0, 

and the constraints have the form 

('2) (a)    Wt, Wt>0 

(h)   it\ + ^i > y» 

(c)     U't > >■, 

The equations of (12.13) are now: ■ 

If 

(3)                               (a) Zt < *I. then a, = 0 

(b) Zl-j- z2 < x2, then zf, = 0 

(c) »i > yi. then z,  = 0 

(d) "'i + »t > y» then zt  = 0 

We have omitted the conditions corresponding to x, > 0 since we 
suspect that the proposed optimal allocation policy automatically keeps 
xt ^ 0. This is actually the case. 

We wish to verify that the policy which maximizes x (T) is the follow- 
ing: 

(4)    (a)  For T—1/a,«, </< 7",    ^ (/) = 0, 22 = Min (*„ .v2) 

(1) if xt < *i, *! = 0, z, = xt (b) For0< /< T— 1/at«, 
(2) if xt > x1, z1 = xt —■ *!, 2, = xl 

x^ is It is easily seen that this is a permissible policy in that Zx = xt 

actually non-negative when i, and zt have the above values. 
Having prescribed z, we can determine w using (3) and then test for 

consistency. There are two cases to consider, depending upon whether ,r, 
ever exceeds A:, or not. 

Let us assume then that T > 7',, in which case Vj can exceed Xi if 
appropriate policies are used. 

10 Observe that the dual process proctvds backwards in time. 
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Case I:  T— 1/a, a, < Tl < T. The solution is given by 

(5) for < < 7",: *, = 0, zt = xt 

for / ^: 7",: z1 = 0, z, = x, 

For / < 7", these results yield, in conjunction with (3) 

(6) for r, < T: Wt (t) ~ 0, «•, (/) = y, {t) 

for T, > 7: w, (/) = 0, w, (/) = y, (/) 

For / > 7, we obtain, using (1) 

(7) y. (/) = 7„ y, (/)=._ 1 + a, at(T — t)<0 

while for t < T^ we have 

(8) y,(/) =«,<*•.«r.-O >0 

y, (/) ^ _ l 4- ai aj (T _ FJ — e". V, -') < 0 

Hence, the inequalities w,, w, > 0, z», > y„ u1! > y, are satisfied in their 
respective intervals. 
Case II: Tj < 7" — 1/a, at. This is the most interesting case. The vectors 
z and w are now determined as follows: 

for 7— l/a.a,^/^ 7: 

(9) for 7,^ <<; T—1/a, a,: 

for 0 ^ / <^ 7,: 

For T — 1/a, a^ <; < < 7 we have 

(10) y. (t) = a., y, (t) = - 

z, = 0, ze1, = 0 

2, = *„ w, = y, 

z, = *, ^i. "'i — yi 

2i — «I« ft — yt—yi 
2, = 0, w, = 0 

2X = AT,, »! = y, 

-1 + a,ai(7 —<) 

Hence, in this interval y, (<) < 0 = «■,. Note that y, (7" — l/a, a,) = 0. 
In the range 7, < t <^ T — l/a, a,, we have the equations 

(11) dy1ldt = —atyt + (al + l)y1 

dyjdt = — a, y. 

Let us show that y, > 0 and y, > y, in this range. Starting from 
t=T— l/a, a, where the inequalities are satisfied, let us reverse the 
time. The backward equations are 

(12) dyjdt - a, y, — (1 + a,) y, 

dytldt = at y, 
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From this we obtain 

(13) äldl(yt-yl) = (l+al)y1 

Hence, if y, remains non-negative, we will have y, — yi > 0- It is clear 
that dyjdt starts out positive and stays positive as long as (y,, y,) remains 
above«, y, — (1 -f fli) yi = 0. If it hits the line- ehavedyjal = 0, which 
means that y, has a maximum or a point of inflection. Both are excluded, 
since 

(14) 
dl* 

= a. 
dyt 

dt 
(l + mi 

dyy 

dt 
at* y, > 0 

This shows that mt and mt remain non-negative in this interval. 
Finally, for / < 7', we have 

(15) dyjdt = y», dyjdt = — a, y. 

As / decreases, y, increases and y, decreases. Hence, y, > y, remains 
valid. 

This completes the verification. 

§ 1-1. Computational solution 

The problem of maximizing xs, where 

(1) AT* +1 = a,, xk + a,, yk -f bxx zk -f bl% wk, x0 = Cj, 

_           ...     yt + x = a« xk 4 a^yic + brx zk + btt wk, yo = ct, 

over sequences {z*} and {wk} subject to constraints of the form 

(2) diX zk + dit u«: <, di3 xk + duyk.i = 1,2 M, 

may be reduced, as we know, to the computation of the sequence 
{/* («i. c,)}, /fe = 1, 2 N. where 

(3) /, («,. c,) = e,. 

/AT + i (c,, c,) = Max [fti {axx cx + au ct + bxx z + bx% w, 
n 

an C| + ««i ca + ^ji z + *J» »)], 

where R is the region defined by 

(4) dii z + (/,, w ^ rfijC, + i(4Ca, i = 1, 2, ..., M. 

Although it is not difficult to show that the maximum value is attained 
at a vertex of the region defined by (4), an exercise we recommend to the 
reader, which means that the maximization at each stage is trivial com- 
putationally, we are still faced with the problem of the tabulation of a 
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sequence of functions of two variables. What seems to make the problem 
particularly onerous in this case is the fact that we have a possibly increa- 
sing grid in the (c,, c,) plane. In other words, if we wish to compute 
fs (c,, ct) in the region 0 <; c, <; c,, 0 <; c, <; ct( we may have to calculate 
/N- i in a larger region,//v - t in a still larger region and so on. 

It is clear that whenever a situation of this type arises, we have a very 
costly and time-consuming computation. 

Let us now show that we can simultaneously reduce the computation 
of the sequence {fs (c,, c,)} to the computation of two sequences of func- 
tions of one variable, and to the case where we have a fixed grid. 

Our basic tool is the following homogeneity property of/> (Cj, c,), 

(5) /a» (c,, c.) = c./v (1, c./c,), 

= C./AT (c./c,, 1), 
for cv, ct > 0. 

We may thus write (3) in the form 

(6) fs +1 (c,, c,) ^ Max 
n 

Max 
it 

(an ^i + an c, + buz + blt w) 

(     a» Ct + axt c, + btl z + hnw\\ 

\ ' an Ci + ait cx -f bxx z + bxx w}\ 

/fluCi + «11 C! 
\a.iC, + attct 

a« c, + 6„ z + btt w) 

+ b^z + blt w 

+ btlz + btt w )] 
We see then that the calculation oi fs +i {ci, ct) can be effected if we 

know the two functions 

(7) gN{x) -=/s(x,l).0<x^l. 

hN{x) =fN(l,x).0<x^l. 

Hence the computation of the sequence {fN (c^ c,)} may be reduced to the 
computation of the two sequences {gs (x)}, {fix (x)}. 

§ 15. Nonlinear problems 

A variety of problems in analysis, and in applications to control prob- 
lems arising in engineering and mathematical economics, reduce to the 
maximization or minimization of an integral of the form 

(1) / (2) = J' F 1*1. *.. 

over all functions zt (t) 

Zm) dt, 
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subject to a number of constraints of the form 

(2) (a)    dxildt = Ci (x, z), » = 1 k 

(b)    Ri{x,z)<.0,1^\.2....l. 

In some cases, the nonlinearity leads to a more complete analysis, since 
it permits us to determine the extremal by classical variational techniques, 
rather than test vertices as we must do in linear problems. In cases where 
constraints of the type above enter, we must combine the two approaches. 
In either situation, the functional equation technique may be utilized for 
both analytic and numerical purposes. 

Problems of this type will be discussed in Chapter 9. 

Exercises and Research Problems for Chapter VI 

1. Consider the problem of maximizing the linear form 
n 

L (AT)  — i" bi Xi, subject to the constraint Xi > 0 and 
i = i 

n 

~ at/ X) <^ Ct, t = 1,2, . . ., M, where we assume that the coefficients 
; - i   ' 

aa and 6« are positive. Let 

/„ (c,, c, .... CM) = Max L (x). 
w 

Show that 

/i (cu ct, ..., CM) = 6, Min Cf/a^, 

fn t-i (c,, Ct, . .., CM)   = Max [bn +1 x 
T 

+ fn (C,  flm + 1 * CM  UMn + 1 ^)] , 

where 0 < x ■<, Min [ctjattn + {]. 
i 

2. Show that fn [ci, C2, ... ,Cn) is a concare function of the ci for c< = 0. 

3. What conclusion can be drawn from this result concerning the number 
of the maximizing *< which are non-zero ? 

4. Consider the above problem for the case where M = 1, 2, or 3, and 
determine ':he dependence of the maximizing xt upon the parameters Cj, 
and the analytic form oi f„. 

5. Show that the tabulation of the function/,, (c,, c,, . .., CM) can alwa 
be reduced to the tabulation of the function /„ (c,, c,, . . ., 1). Establish 
the corresponding result for the bottleneck process discussed above. 
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6. Consider the problem of maximizing u (T) where 

dujdt =- a« -f r, M (0) — c, 

over all function v (t) satisfying the constraint 0<^ v <^ u for 0 <; / <^ 7\ 
Here all the quantities involved are scalars. 
7. Solve the general problem of maximizing {x (T), a) where 

dxjdt =- Ax + By, x{0) = c, 

over all vectors y (t) satisfying the constraint 0 <; y ^ % for 0 <; ^ <; T. 
Here x, y, c and a are vectors, while A and B are matrices. 

8. Show that the problem of maximizing xt (T) under the conditions 

(a) dxjdt = a, z, — Zj, xt (0) = ct, 

dxjdt = bt y, z, — yt zt. x3 (0) — Cj, 

where z, and z3 are functions of / subject to the restraints 

(b) 1. zt + z3<, xt, 

2. yi Zt + y3Zt<. *3. 

3. It, 2, > 0, 

is equivalent to solving the partial differential equation 

(c) -£ - Max 
« lid)     L 

(  v      v\    \    v   v ] 

where D (r) is the region determined by (b), under appropriate assump- 
tions of continuity. 

All parameters appearing are assumed to be non-negative and / = 
/(Ct.C3.t). 

9. Show that optimal policies depend only upon the ratio r = c,/Cj, or 
x2/x2, and T the 'ime remaining. 

10. Determine the form of the solution for small 7. 

11. Solve the problem in the special case where b3 = (). 

Bibliography and Comments for Chapter VI 

{ 1. A discussion of the theory of linear programming may be found in 
Activity Analysis ot Production and Allocation, Edited by T. C. Koopmans, 
Cowles Commission, II. of Chicago, 1951, where there is an account of the 
"simplex"   technique of  Ci.   l>antzig.   and  a  number  of  applications.   An 
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account of an iterative technique of a different type, the "flooding" technique 
of A. Boldyreff may be found in A. Boldyreff, Determination of the Maximal 
Steady Flow of Traffic Through a Railroad Network, RANI) Corporation, 
F-687, 1955. Both of these are "relaxation techniques" of the kind brought 
into prominence by R. V. Southwell. 

§ 5. The methods and results of this ..nd the following section were 
announced in R. Bellman, "Bottleneck Problems and Dynamic Programming," 
Proc. Nat. Acad. Sei., vol. 39 (1953), and presented in detail by R, Bellman, 
"Bottleneck Problems, Functional Kquations and Dynamic Programming," 
Econometrica, vol. 23 (1955), pp. 73-87. 

§ 9. A rigorous theory of these variational problems will involve at least 
Lebesgue-Stieltjes integrals and, most likely, the theory of distributions of 
L. Schwarz. It may well be that this will serve as a motivation for the study 
of variational problems involving distributions. 

§ 12. As in the discrete case, the dual problem is most logically discussed by 
treating the min-max problem containing both the original and the dual 
process. A number of results can be established concerning the existence 
of a value of the corresponding game and the equivalence, min-max = 
max-min, using existing results in the theory of continuous games, in the 
case where the policy functions are uniformly bounded as a consequence of 
the constraints. The general case however, awaits a theory of games over the 
space of the distribution functions of L. Schwarz. 

It is remarkable that so much can be obtained using only the easily derived 
result of (12.12). 

§ 13.  R.  S.  Lehman has found a continuous version of the  "simplex" 
method of Dantzig which can be used to obtain the solutions of variational 
problems of this type in a systematic fashion. A preliminary account of his 
results mav be found in R. S. Lehman, "On the Continuous Simplex Method" 
RM-1386,  RAND Corporation,   1954. 
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CHAPTER VII 

Bottleneck Problems: Examples 

§ 1. Introduction 

In the previous chapter, we discussed a multi-stage production process 
involving three industries, which we called the auto, steel, and tool indus- 
tries. Taking this problem as our motivation, we were led to a general 
theoretical formulation of a class of continuous multi-stage production 
processes in terms of the concepts and techniques of the theory of dy- 
namic programming. 

The purpose of the present chapter is to show by grinding through the 
details of a particular example that this new approach may be utilized 
to provide explicit analytic solutions of problems of this general type. 
The analysis is decidedly difficult and it cannot be said that these prob- 
lems have in any sense been tamed. 

We shall consider a lumped two-industry process, involving what we 
call the auto and steel industries. The high degree of lumping (or more 
pedantically "conglomeration") is indicated by the fact that at any time 
/ we assume that the state of the industrial system is completely specified 
by the following quantities: 

(1) xl {t) = auto stockpile at time t 

xt (t) = auto capacity at time t 

x3 (/) = steel stockpile at tirr.j t 
xt (0 — steel capacity at time / 

Taking Mo be a continuous variable, at each instant we must deter- 
mine rates of allocation of the steel stockpile towards three distinct 
objectives: 

(3) a.     Production of autos 

1).    Building of auto factories, 
i.e., increase of auto capacity 

c.     Building of steel mills, 
i.e., increase of steel capacity 
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The last two of these three objectives are to be sublimated to the pri- 
mary objective of maximizing the total number of autos produced over a 
time-period T, which is to say, the quantity x, {T). 

The basic assumptions of our model are the following: The measures 
of stockpile and capacity are chosen so that one unit of capacity, either 
auto or steel, is required for the production of one unit of stockpile in 
unit time. We assume that 6, units of steel are required to make one unit 
of autos, b% units of steel are required to increase auto capacity by one 
unit, and 64 units of steel are required to increase steel capacity by one 
unit. However, we shall assume that no steel is required to produce addi- 
tional steel. 

A very important assumption is that there is no time-lag between allo- 
cation and increase in capacity of production. The problems which arise 
when time-lag is considered are an order of magnitude more difficult and 
will not be discussed here. 

Let 

(3) (a)    z, (<) = rate of production of autos 

(b) z, [t) = rate of increase of auto capacity 

(c) z, (<) = rate of production of steel 

(d) z4 {t) = rate of increase of steel capacity 

We derive, following the lines of the argumentation of the previous 
chapter, the following system of equations 

(4) <**,/<& = Zi(<), 

dXijdt ™ z, {t), 

dxjdt = z, (t) - 

dx^jdt = z4 {<), 

ft, z, [t) — bt z, (t) 

x1 (0) = e, 

xt (0) = c, 

btzt{t).    x3(0)=ct 

x* (0) = ct 

where the Z( and xt are subject to the following constraints 

(5) (a)    z. (I) < xt (t) 

(b) z3(0<x4(<) 

(c) z, (0 >0,    » = 1,2,3,4. 

(d) x, («) > 0 

The first two constraints are capacity constraints, i.e., limitations of 
bottleneck type; the third is a statement that rates of production must be 
non-negative, i.e., no scrapping or "cannibalization," and the fourth 
asserts that the steel stockpile must be non-negative, i.e., no borrowing. 

The problem is now to determine the Zi (t), satisfying the restrictions of 
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(5), which maximize x1lT). Because of the lack of any explicit upper 
bound on zt and zt, various difficulties arise which must be surmounted 
by the use of delta functions. 

§ 2. Preliminaries 

In § 1, we formulated in mathematical terms the problem of utilizing 
the steel and auto industries so as to maximize auto production. Let us 
continue from equations (1.4) and (1.5). 

The equations can be combined to provide.an equivalent system of 
integral inequalities: 

(1) x.:    z (t)—^zt(s)ds^ctl 

V (— z, (s) + 6l K, (s) + 6, z, (s) + bA z4 (s)) ds 

*aW — f   2«{s) ds<,ct 

c*. 

Our problem is a special case of the following more general problem. 
Let Z be the set of all vector functions z (/) which satisfy the conditions 

(2) (a) z(t)^0 

(b) Bz (t) +  f Cz (s) ds<.c 

where B and C are matrices and c is a constant vector. We now wish to 
find a vector function z [t) in Z which maximizes 

(3) f    (*(/), a) <# 

This is the problem we discussed in the previous chapter. It was shown 
there that there is a dual problem which furnishes il sufficient condition 
that a z (t) belonging to Z be a maximizing vector, or in other words, that 
a feasible solution be optimal. 

Let W be the set of vector functions w (I) for which 

(4) 0 w(t) 

B' w (t) + C"   f    v (») ds>a 

where B' and C are the transposes of B and C. The dual problem is that 

of finding the minimum of        (w {t), c) dt, for w eW. 
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.As we showed in § 11 of Chapter 4, we have for all z and w in the respec- 
tive classes Z and W, the inequality 

(5) [T {z{t).a)dt<>  (r (w{t).c)dt 
Jo Jo 

If we can find two vector functions z and w for which (2.5) holds with 
equality, they must yield the maximum and minimum, respectively, for 
the two problems. Two such vector functions for which equality holds 
will be said to be paired with each other. Thus, a sufficient condition that 
a z belonging to Z be optimal is that it can be paired with some w in W. 

For the auto-steel problem formulated above we have 

10    0    0 

(6)   i? = I 0    (i    »t    (i 

,0    0    1    n 

0 —i 0 0 

ft. bt —1 ft« 

0 0 0 —1 

1 

0 
0 

0 

The dual system of inequalities is therefore 

(7) /, = v, (/) -f 6, r w, (t) ds — 1 

/, = — f    V, (s) ds + bt (   wa (s) ds^O 

l3 = », (0 — fT », (s) ds>0 

/« = 6«  f    wa(s) ds —  f    w, (f) ds >0. 

We have chosen to call the components of w, Vt, w» and wt in order to 
keep the connection with the inequalities zl < *,, 0 < xs, zl <. xt clear. 

The optimality conditions, i.e., the conditions that (2.5) hold with 
equality, are: — 

(8) If zt (t) > 0, then /, {t) = 0,   (t = 1, 2, 3, 4) 

If z, {t) < xt (/), then w, (<) = 0 

If 0 < .T3(/), then «,(/) = 0 

If z, (<) < ^4 (<), then w« (0 =. 0 

The following are equivalent to the optimality conditions: 

(9) \ili{t)    > 0  then *, (/) = 0,   (• s 1,2, 3, 4) 

If »i (0 > 0, then z, (/) = ^r, (<) 

If Wt [t] > 0, then 0 = ^ [t) 

If il4(0 > 0, then 2,(0 = xt{t) 
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§ ti. Delta-functions 

Before we proceed to determine the solution, let us discuss the use that 
we will make of delta functions. It can easily happen that the general 
problems discussed above have no solutions if the sets Z and W are com- 
posed only of vectors having components which are integrable func- 
tions. In fact, as we shall later see, this is the usual case in the auto-steel 
problem. This difficulty can be evaded by enlarging the sets Z and W so 
that they contain vector "functions" whose components are sums of 
integrable functions and "delta functions." In these enlarged classes 
the problems have solutions. By a delta function concentrated at to with 
weight to, which we denote by (od (t — to), we mean an improper function 
such that 

0 if / < /„ 

i: cod (s — to) qp (■">') ds 
oxp (to) H t > to 

for every function <p continuous at to- (For t ~ to the integral in undefined 
except when qp (to) = 0, in which case it is defined to be 0.) 

The use of delta functions can be justified rigorously either by the 
alternative use of Stieltjes integrals, or by regarding the delta functions 
as obtained by completing the space of integrable functions by a process 
similar to that used in obtaining the real numbers from the rationals. 

The optimality conditions remain the same even when Z and W are 
enlarged in the above way. We observe that there is no harm in the viola- 
tion of the optimality conditions at isolated points or even in sets of 
measure zero when only measurable functions are allowed as components 
of z and zr. But, when one of the vectors, w, for example, has a component 
w, which is a delta function at the point /<,, then for a z to be paired with u1, 
the corresponding optimality conditions must be satisfied at the point /„. 

We shall find that we never have to use delta functions concentrated 
at any point other than 0 to obtain an optimal z. Intuitively, this means 
that discontinuous changes are not necessary except at the beginning. 

§ 4. The solution 

The procedure that we use will be to construct a number of ^'-solutions 
which we can pair with z's belonging to Z and hence obtain solutions of 
our problem. The chief difficulty occurs in constructing u'-solutions with 
suitable properties. In this we are guided by a combination of guesswork 
and observation of properties that an optimal z should have. Guesswork 
could be cbminated at the expense of considering a very much larger 
number of cases. 

First of all, it is clear that we should always have z3 = r«. To produce 
too much steel is not harmful. This tells us that wc should have l3 {t) 
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= 0 for all t; i.e., M'4 (t) =   I    w, (A) ds. The remaining inequalities of 
(2.7) then become J, 

(1) /, ■ w, {I) + bx u», (0 — 1 > 0 

it m b, m, (t) — r wt (s) ds-^o 

/« = ht wA (t) — f    wt (s) ds ^0 

Shortly before T it is clear that we should be producing autos since A^ 

is the quantity we wish to maximize at time T. Hence, we will have z, 
> 0, which implies that /, = 0. This alone will not give us sufficient 
information to determine wt and wt. 

We first construct a w solution, which we shall call the basic ^-solution, 
with the property that /, = 0 near the end. This means that we must have 
wt (T) — 0. Then by (4.1) we have 

(«) 
1 

Wt(t) = - (1 _ c-Mr-0/6,) 

We see that wt, ws, and wt all remain positive as t decreases. We must 
check to see whether the inequality /4 > 0 is satisfied. With the above 
choice of w we have 

13) 
l' - i * g-Ö^T-O/b.) 

[T 
f>, 

t)       bt 

»I1 

The quantity on the right side of this equation is positive for 7 — t small 
but is negative when T — t is large. Let to be the value of t for which the 
right side becomes zero. Then T — t0 is the solution of the equation 

(4) T — to=\bt+ -'j (1 — «-». »•-«,)/*.) 

Thus we see that at t0 we must abandon one of the equations ^ = 0 
and /JJ = 0. Let us try to choose w so that /, = 0 and /, = 0 before <„. We 
have 

(5) wA (t) = wt (to) ebo-O/bt 

wt [t) = 1 — fcl M;4 [to) #».-*)/»* 

To verify that /, > 0 we compute its derivative. We find 

(6) 
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A condition sufficient to insure that /, ^ 0 is that dltldt <, 0 for all t<Lt». 
This will hold if 

(7) W, (t0) 
bt + ft, bt 

which by (4.2) and (4.4) is equivalent to T — /„ ^ bt. This last inequality 
can be checked by putting bt in place of T — / in (4.3) and verifying that 
the quantity thus obtained is positive. We have 

(8) I [r4+ ^j (l —e-o.».'».} —btj 

.V. Lb, V.   —- M -I- - —I = r^ « >0. 

Hence lt > 0 for all t < to with the above choice of w. 
We also see from (4.")) that mt and w3 remain positive. Thus (4.5) will 

give a satisfactory choice of w until wt becomes zero. Let /, be the value 
of / when this happens. Then, by (4.2) and (4.4) we have 

bt + btlb1 

{) (T — to) 

Before /!, let us see whether we can choose wl = 0 and have lA = 0. We 
see that tf'4 > 0 and wt > 0. We have dljdt ■■ bt dwjdt < 0 so that 
/, > 0, and dlijdt = 6i dwjdt < 0 so that /, > 0. Hence this choice of w 
will be valid for all t < t* 

Our basic solution is summarized in the following table. This table also 
lists the properties that a z paired with this u> solution must have. Any z 
with these properties gives a policy which, if feasible (i.e., satisfies the z 
constraints), is optimal. 

(10) 

/ < 

/,     - 0 *x  = 0 

/, < t   <  t0 to   < t  < T 

= 0 = 0 
/,     ■ 0 Z1   m, 0 > 0 t, - 0 » 0 
«, - 0 '» - 0 - 0 
/4  = 0 --  0 • o ,4 - 0 

u/, = 0 wt > 0 ^1 = »I wt > 0 ^1 = *t 
ir,  > 0 *> 0 V| • o ^, = 0 wt > 0 ^r, = 0 
wt  >0 zt - »4 If, > 0 It = x* w* > 0 zt - xl 

Figure   1. 

Let us see how this table car. be used to obtain a partial solution of the 
auto-steel problem. For the moment let us assume Cj = Ü. For < < /, we 
must have 
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(11) 2,   =  0,*, = O.Zt = Xt. 

For ti < I < to wc must choose 

(12) z, -  A:,, zt = 0, z, = Ar4, z. 
*4 — bi x, 

~ bt 

This can bo done if and only if xt (/,) — Ä, xt (/|) > 0. Let us assume that 
this inequality is satisfied. Then for to < t < T we must have 

x4 — bl xt 
(13) z, = *„ zt 

bt 
• Z3       *«• Z* 0 

which is possible provided xt (/,) — 6, A;, (/,) > 0. Thus we see that for 
certain initial conditions we can obtain the optimal solution. 

§ 5. The modified w solution 

As already has been noted, we run into trouble if xl (/,) — 6, xt (/,) 
< 0. To handle this case we consider a modification of the basic w solu- 
tion of Fig. 1 above. Let «<, be in the interval [/,, T]. For each such u0 

we define a solution as follows; 
For u0 < / < T we let w (t) be the same as in the basic solution. For 

t < Uo we choose wt (t) -- 0. Por / < «„ but near «„ we choose u-t (t) 
= l/6i zo that /, = 0. This choice will keep ^ > 0 for a while before M0. 

We define M, to be the point where lt becomes 0 with this choice of w. 
For t < M, we choose w so that I, — 0. It is easily seen that this choice 
makes /, > 0, /, > 0, w, > 0 and wt > 0 for all t < M,. Hence, in this 
way we obtain a w solution for each Uo in the interval |7,, T]. We observe 
that for u„ = tx, »<i « /, and this solution is identical with our basic 
solution of Fig. 1. Note that M, depends continuously on «,. Since for M0 

= T, H| = 7' — 64, there is a w solution for each w, in the interval 
[<i.r—6«]. 

These w solutions together with the properties of the corresponding t 
solutions, are summarized in the following table 

liKiirt1  2 

■>\ i 
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Note that if u„ > to, then there is no / satisfying the conditions of the 
third column; and if M« = T then there is no t satisfying the conditions of 
the last column cither. 

§ 6. The equilibrium solution 

A policy which seems plausible in some instances is the fol'owing: 
Make an initial adjustment to bring *, down to zero in such a way that 
after the adjustment xt = 6, *,. If this is done, after the initial adjust- 
ment no increase in capacities is necessary and al! available steel can be 
used for auto production. Such a policy would require for the w paired 
with it that /, (0) = 0 and /4 (0) = 0, because in general both zt and zl 

will have to be delta functions. We shall construct a ■ solution with this 
property. 

First, we note that our basic w solution has this property when T is 
such that to = 0. This suggests that we try to choose 

(1) W4(<) = ac-M7"-'>/''. + ß 

where a and ß are constants. If v, is chosen so that ^ = 0, the inequalities 
(4.1) become 

(2) /, = h% wt (t) — {T — t) + b, r m, (s) ds>0 

lA = b4w, (t) — I    wt (s) ds >0. 

If ., (0)   - lt (0) - 0, then 

(3) ^^^V+M:- 
We set E = e~biTlb> and from (6.1) — (6.3) derive the following two 

equations for n and ß: 

(4) 61a + (6, + 61r)/J«T 

A solution of these equations will give a iv for which /2 (0) = /4 (0) = 0. 
We have 

(;» 

where 

0=711 

J | 1 

ß--T\ b% 

bt + KT \ = T [b, (*, - D] 
bt + bx bt I 

1 

.1 {(bt + bibJEl 
T[b,{l 
A 

E) - ft, bA E] 
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bt + ^T 

(bt + 6, ft«) £ 6, + 6, bt 
= (bt + 6, 64) (6. — 6, £ — ft, £r) 

J = (6, -f- ft, b4) E (bt e"* ri», _bt_bt T) 
> (6, + 6, 6.) £ (6, + 6, T — fet — 6, 7) = 0 

Now let us assume that T — to 1> T ^> bt. Then from (6.5) we see that 
a <; 0. Let us check to be sure that for the if we have defined wt {t), 
wt (<), and wA (t) are non-negative for 0 <^ < <; T. This is equivalent to 
verifying that 0 <^ w^ (<) ■<, 1/6, and dwjdt <, 0. We have dwjdt = 
abxjbt e1»!^-')«», <; o. Hence it will be sufficient to check that wt{T) 
;> 0 and wi (0) <; 1/6,. Since T — <o ]> T, we conclude from (4.4) and 
(6.3) that 

(8) 

and 

(9) 

T T — t0 6, + 6,/6, 
6, + 6, 64 _    bx -\- 6, 64        6, -f- 6, 64 

w, (T)=a+ß= A 6, [(64 + 6^6,) (I 

We also must check that for 0 ; 
Since 

E) — T]^0 

t<.T,lt>0 and U > 0. 

(10) dltldt mm 6, dwjdt + l—btWtit) = I — b^ 

and /, (T) = 6, v« (T) > 0, we have /, > 0 for all t in [0, T]. Similarly, 
we know that ^ (T) = 64 wt [T) ^ 0. Hence, if we show that d'ljdt* ^ 0, 
we will have proved that ^ > 0 for all t in [0, T]. We have 

(11) ».+ ^a'-. 
This completes the proof that the m which we have defined is a solution. 
Its properties, together with those a z paired with it must have, are sum- 
marized in the following table: 
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(12) 

1     / = 0 0 < t <T 

/. - 0 
j    /, = 0            /, > 0 *, = 0     |! 
j                     '. = o 
i    /   = 0            /4 > 0 z4 = 0      i 

wl > 0 H = •• 
», > 0 *, = 0 
II;4 > 0 *, - xt    \ 

Note: This solution is valid only 
for T > bA. 

Figure 3 

§ 7. A short-time w solution 

The w solution which we construct next will be useful in finding the 
solution of our maximum problem when the total time is short, T < bt. 
This solution differs from those already constructed in that it allows *, 
to be positive and 2, to be a delta function concentrated at 0. 

For 0 ^ < ^ T let w« (<) — y, wt (<) = 1 — 6, y where 0 < y < 1/1* 
Then /, (t) = 0, lt {t) >0ioT0<,t < T. Also 

(1)    lt(i) = ktY-(T 

Now, if we choose y = 

0(1 —*.y) 
T 

[bt+bl(T~t)]y-(T-t) 

then /, (0) = 0 and /, (t) > 0 for <> 0. 

Thus we obtain a solution of the system of inequalities (4.1). It is sum- 
marized below together with the properties a z paired with it must have 

(2) 

Figure 4 
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§ K. Description of solution and proof 

We now can give the complete solution to the original problem. There 
are quite a few cases that we must consider separately. The critical values 
to and /,, which are defined by (4.4) and (4.9), depend on T, but in such a 
way that for fixed 6,, bt and bt, T — /„ and T — /, are constants. 
Case I: T is large enough so that tl ;> 0. In this case we choose 24 to be a 
delta function concentrated at 0 to bring ^j down to zero immediately. 
This means that if the total time is long enough we should not keep any 
steel in storage but should be using it to build more steel plants. The use 
of the delta function is permissible because /, = 0 for / near 0. For 
0 < / < <, we let 

(1) 2i == 0, Zt = 0, Zs = Xt, 2« = x4lb4 

thus keeping x3 at zero level. At <, we must distinguish different subcases: 

(2) IA:    x4 U,) — fc. AT. (<.) > 0 

IB:    *. (<.) — fci *, Ci) < 0 

In case IA we can produce autos at capacity without running out of 
steel. Hence we let 

xt — tl r, 
(3) 2l ■■ Xt, Z, = 0, 2, = *«, 2« = 

for ti <i t <, to', and for to < t <, T we let 

b. 

(4) 2i — Xt, Zt /;2 
.2, = *«, 24  = 0. 

This solution for Case IA is optimal because it can be paired with our 
basic w solution of Fig. 1. 

In Case IB we do not have enough steel to produce autos at capacity. 
Hence we continue to produce no autos for t > <,, i.e., 

16) 2,  = 0, 2. 0,23 
*4 

bi 
We do this until *4 — bljc, becomes zero or t= T — bt, whichever 
happens first. If xl — bl Xt becomes zero at t' then we choose 2! -= xt, zt 

= 0, 23 = xt, 24 = 0 thereafter. This solution is seen to be optimal by 
pairing it with the w solution of Fig. 2 for which Mj = t'. As we have al 
ready remarked there is such a solution no matter what t' is, so long as 
<!<<'< r — bt. If, on the other hand, xl (T — 64) — bi x, (T — 64) < 0, 
then for T — bt < t ■<> T v/e choose 

I«) fc, 
2,  = 0, 2j  =  ^4> 24 = 0. 
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This sulution can be seen to be optimal by pairing it with the w solution 
of Fig. 2, for which u0 = T, ul — T — bt. 

Case 11: T is such that ti <, 0 <, to. As before we choose 24 to be a delta 
function concentrated at 0 to bring *j down to zero immediately. There- 
after the solution is as before. There are two subcases: 

(7) IIA:    *4(0) — ft.xr, (0) >0 

IIB:    *4{0) - 6,^,(0) <0 

In Case IIA we let 2i = *,, i.e., produce autos at capacity. We use the 
remaining steel to increase steel capacity before to and to increase auto 
capacity after /„. That is, for 0 < < < /„ we let 

*4 — 6, xt 
(8) 2, M xt. zt = 0, z, = xt, zt =  

and for t > towe let 

x* — bi xt 
(9) 2, = Xt. 2, = , 2, = AT«, 24 = 0. 

This solution is optimal because it can be paired with our basic solution 
of Fig. 1. 

Case IIB is similar to IB. The same prescription holds, and the solution 
is paired with one from Fig. 2. 

Case III:  T is such that to-sC 0 <, T — bt. There are three subcases: 

IIIA:   c. bi ct > 6, ^ 

(10) IIIB:   ct — biC1< — 

2 

bt 

  Ca b, Ca 
IIIC:    --- < c4 — ft, c, <   '- . 

64 bt 

In Case IIIA we use our initial stockpile of steel to increase auto capa- 
city, i.e., we let 2, be a delta function concentrated at 0 bringing x3 down 
to zero. Thereafter, we let 2! = xt and use any remaining steel to increase 
auto capacity, i.e., 

(H) 
*4 — 6,«, 

««. ^1 =   "      —T . «S =  *4, 24  =  0. 
bt 

This solution is optimal because it can be paired with the basic w solution 
of Fig. 1. 
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In Case IIIB we find ourselves short on steel capacity. The policy and 
proof are the same as in Case IB. 

In Case IIIC we can make an initial adjustment so that xt becomes zero 
and xt = 6, xt. We do this by choosing zt and z4 to be delta functions 
concentrated at 0. After that we let z, = xt, zt = 0, z, = *«, z« = 0. This 
solution is optimal because it can be paired with the equilibrium w solu- 
tion of Fig. 3. 

Case IV.: T <; 64. There are three subcases which depend on the initial 
values: 

IVA:   c« — 6, c, S> —— 
bt 

(12) IVB:   c4 —6lc1> 

— c, fc, 
IVC:    —jr-r^ct~b1ct<1-ct o* ft» 

In Case IVA the solution and proof are the same as in Case IIIA. 
In Case IVB we choose z, = 0 and z4 = 0 for all t. As always we let 

z, — xt. We choose z, in any way such that Z! (/) <, xt (t) and xt (T) = 0. 
Thus, in this case the solution is not unique. Any solution of this form 
can be seen to be optimal by pairing it with the w solution of Fig. 2 for 
which Ug = T. 

In case IVC we find ourselves in an intermediate case, unable to follow 
the policies suggested by IVA and B. In this case we make an initial ad- 
justment of the steel stockpile down to the value c,', using this steel to 
increase auto capacity. Thereafter we choose Zi = xt, z, = 0, z, = xt, 
and z4 = 0. The value c,' is determined so that x3 {T) = 0. It is found that 

''»c, — 61(c4 — hlct) 
(13) c> = fc. + i.r  
has this property. This solution is optimal because it can be paired with 
the short-time w solution of Fig. 4. 
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Summary Initial Adjustments 

Cases I. /,>(). II:^<t<^ III: /„^(X 7" —64 IV:   T <bA 

A Adjust xt to 0 by 
increasing xt. 

"Build steel capacity". 

Bring xl to 0 by 
increasing xt 

"Build auto capacity". 

B No initial 
adjustments. 

C No Case         No Case Adjust so that *, = 0, 
xt = fc,*,, by 
increasing xt and 

Adjust xt 

downward, 
but not to 0, 
so that 
*, (T) - 0. 
Increase xt. 

After the initial adjustments the optimal policy can be determined by 
a priority system. Before t%, building steel capacity, i.e., z4, has first 
priority. This continues after <, until either ^« > 6, x, or < = 64, whichever 
comes first. When this happens, which may be at /,, of course, first priority 
is given to auto production, 2,. This will use up all available steel unless. 
•*4 W > *i xt (*i)- In that case second priority is given to building steel 
capacity until the time t0. After to second priority is given to building 
auto capacity. 

Bibliography and Comments for Chapter VII 
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CHAPTER VIII 

A Continuous Stochastic Decision Process 

§ 1. Introduction 

As we have seen in Chapter II, the formulation of the goldmining prob- 
lem in its discrete form leads to a number of unsolved problems in con- 
nection with the three-choice problem, the non-linear utility problem, 
and many others we could formulate. We turn, therefore, to a continuous 
version of the problem in the hopes of overcoming these difficulties by use 
of the more powerful tools of continuity. As we shall see, we can now 
resolve the corresponding questions in complete detail and thereby obtain 
a clear insight into the structure of optimal policies. The information we 
obtain concerning the structure of policies can now be used to furnish 
useful approximations to the original discrete process. 

One very interesting and significant fact emerges. Whereas the original 
discrete problem had certain linear aspects which made vaiiational ana- 
lysis difficult, at least in the case where we considered expected return, 
the continuous version is sufficiently non-linear to permit us to employ a 
variational approach in the classical manner, with certain modifications 
recjuired by the presence of constraints. However, in carrying through 
this approach, our knowledge of the form of the solution for the discrete 
case is of great service in telling us in advance what to expect to find. It 
is a combination of the two techniques, old and new, which permit a 
successful attack upon the problem. 

Before luriiing to the method we shall actually employ, we shall discuss 
two alternative approaches, each possessing certain features of difficulty 
which render them inappropriate. 

It is perhaps equally as important to know which methods fail, and 
why, as it is to know methods which work. In more gencial decision pro- 
cesses of this type, a correct formulation of a continuous version is not 
trivial. Particularly is tliis true in the case of multi-stage games of con- 
tinuous type. 

There are many different possible formulations, and the correctness of 
an approach must be judged not only on the grounds of its mathematical 
rigor, but also on the grounds of analytic difficulty. If we do not have a 
systematic means of resolving specific problems, we do not have a satis- 
factory theory. 
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After this preliminary discussion, we shall turn to the approach we 
shall actually employ, which is a compromise between the two prelimi- 
nary methods. 

A justification of our approach lies in the fact that we can demonstrate 
that the limit of the discrete process, in a suitable sense, is the continuous 
process we discuss. We shall, however, not discuss in this volume these 
important and interesting questions. 

§ 2. Continuous versions—I: A differential approach 

Let us now proceed to discuss some possible continuous analogues of 
the functional equation of (5.1) of Chapter II. 

Our basic assumption in this and the following sections will be that 
each operation is to have a high probability of obtaining a small amount 
of gold and leaving the machine undamaged. In other words, we re- 
nounce any hope of solving our problem for all values of the parameters, 
and consider, instead, a small region of the parameter space, (rl( rt, q^ qt). 

We introduce the quantities 

1 — qld — the probability of obtaining r, x d and leaving the machine 
undamaged if Anaconda is mined, 

1 — qtd = the probability of obtaining rty d and leaving the machine 
undamaged if Honanza is mined. 

where ^l and y, are positive and Ö is a small enough positive quantity so 
that 1 — qtd and 1 — qtd are probabilities, and r, d and r, d are less 
than one. 

With/(AT, y) as before, we have the functional equation 

(1! /(*■ y) — Max 
A:    {l—qid)irix6+/(x — rlxd,y))l 
B:    (1 - q, 6) (f, y d+/{x. y — rt y d))\ 

This equation is precisely (■").!) of Chapter 2 for these now parameters. 
Proceeding formally, on the assumption that / has continuous partial 
derivatives, we have, for small d, the approximate equation 

f{x. y) + dfriX— qj{x, y)—rlx df/dx) + 0 (d*)l 

f{x. v)+ö (r2 y — qj{x, y) — rt y ffjcy) + 0 (<5*)J 

The limiting form as (5 ->- 0 is the equation 

\.   rlx — ql/—rlx rf/dxl 
r2 v dfldyl 

(2)/(.r,y) = Max 
[H: 

(3) 0 = Max 
B: ^2  V ?•/- 

This approach docs not seem to be a fruitful one because of the diffi- 
culty of establishing existence and uniqueness theorems for functional 
equations of this typo. 
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§ 3. Continuous versions—II: An integral approach 

Let us now consider a diametrically opposed approach. Let SN denote 
some sequence of A (or Anaconda)-choices and B (or Bonanza)-choices 
totalling AT in number. Set 

PNIC {x, y) = the probability of surviving N stages and ending in the 
state represented by (***, yst), using SAT, upon starting 
in state (x, y). 

Ä» (*. y)   = expected return from N stages using S^, starting in state 
(*. y). 

If SN actually consists of the first iV choices of an optimal policy, we 
obtain for / (x, y) the functional equation 

(1) /(*, y) m, RN {x, y) + r pNt {x, y)f{xsk, v.v*) 
k 

If 2V 6, where d is as above, is chosen to remain finite as <J ->• 0 and 
N —>■ oo, and set equal to /, the analogue of (2.1v is a functional equation 
of the type 

(2)   /(*, y) = Max [Rs [x. y. t) +  (*'      V    f{xr, ys) dGs (r, s, x. y, /)] 

where S denotes a continuous policy over the interval [0, (] and dGs is a 
transition probability determined by this policy. 

Functional equations of this type occur in the general theory of sto- 
chastic processes. We shall not nursue this approach in this volume be- 
cause of the many difficulties involved in justifying this equation and in 
defining general continuous policies. Instead, we shall employ an approach 
intermediate between the differential and the integral approach 
which yields a functional equation bearing the same relation to (2) as the 
diffusion or heat equation bears to the Chapman-Kolmogoroff equation 
in the theory of diffusion processes. 

A justification of this approach is the fact that it can be demonstrated 
that the solution of the discrete process approaches the solution given by 
the continuous process as 6 —> 0. However, as stated above, we shall not 
discuss this question here. 

§ \.  Preliminary discussion 

Lei us continue to use the simple equation of (2.1) as our model for the 
following discussion. According to the solution discussed earlier in Chapter 
II, the A- and ß-regions are separated by the boundary curve 

— » (l—^.d) — 
<?■ It 
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which, as <J   > 0, approaches the line 

(2) 
r, x 

9t 

For each d > 0, the optimal policy has the following form: 
"If below Lt   ontinue using the /4-policy until in the ß-region, above 

Z.j. Then use the ß-policy until in the ^4-region, below L^, and so on; 
similarly if above Li to start." 

Geometrically; 

<-. (x.y) 

Figure   1 

The limiting form of this policy as d -> 0 is the following: 
"If (*, y) is below L, use A until the line L is reached, then continue 

along L thereafter; if (AT, y) is above L, use B until the line L is reached, 
then continue along L thereafter." 

(x.y) 

Figure 2 

Let us observe that a policy of this type, which requires motion along 
L, is not included in the set of policies associated with any nonzero <5. 
These policies, allowing only the use of A or B, yield broken-line paths 
consisting of horizontal and vertical pieces, as in Fig. 1. 

It is clear, however, that a path such as that given in Fig. 2 may be 
arbitrarily closely approximated by an optimal policy as (5 —>■ 0. 

This suggest the important point that a continuous version of the ori- 
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ginal discrete problem may not possess an optimal policy yielding a 
maximum return. Instead there may only exist a sequence of policies 
yielding a supremum-unless we suitably broader the concept of a policy. 
The natural way to accomplish this extension is to allow for the mixing of 
decisions, in some suitable sense, at each time. 

§ 5. Mixing at a point 

The introduction of mixing at a point is, however, with no intention to 
pun, a mixed blessing, since it carries along with it a number of difficulties 
of both physical and mathematical nature. Mathematically, we find 
ourselves confronted by the same difficulties that made us wish to bypass 
the integral formulation of § 3; physically, we are reluctant to accept a 
policy which involves mixing decisions as one applicable to a problem 
where a choice of one or the other decision is required. 

To avoid simultaneously the conceptual difficulties of both mathema- 
tical and physical origin, let us employ an interpretive device which has 
been used before in a very similar situation. The essence of this device is 
the observation that, under certain natural continuity assumptions, 
mixing decisions at a point is equivalent to mixing decisions over small 
intervals about the point. 

We shall assume then, to construct our mathematical model, that we 
are considering a process which requires at the times t = 0, A, 2A, etc., 
that we determine the proportion of the following time interval of length 
,1 which will be devoted to A and B respectively. Thus, over a typical 
interval [kA, kA -t- A], we devote the first part, [kA, kA + <piA] to the 
use of A ; and over the second part [kA ■+■ (f^A, kA + A], B is used: 

A B 

kA kA + <plA 
Figure 3 

(k+l)A 

The choice of (pi will depend upon k, or more specifically upon x (kA), 
and y [kA), and k itself, if the process is finite. 

Assuming that A is small, so that the process is sufficiently well de- 
scribed by first-order effects, we shall in the limit as .d —>■ 0 obtain a set of 
differential equations which we will use to define our continuous process.1 

A continuous policy will now be equivalent to a function ipt (t). 
In the next chapter, we shall derive the differential equations. To 

illustrate the power of the method we shall, in turn, solve probkms cor- 
responding to the two-choice problem, to the two-choice problem for a 

1   Kecall  the corresponding comment   in  Chapter  VII. 
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finite number of stages, to the two-choice problem with a nonlinear 
utility function, corresponding to the problem discussed in Exercise 1 
of Chapter II, and to the three-choice problem of § 13 of that chapter. 
Although the analysis is quite detailed, the guiding ideas are simple. 

To justify the use of this formalism, it should be shown that the con- 
tinuous process obtained in this way is actually the limit of the original 
discrete process in a natural sense. This will be discussed in the second 
volume. 

§ 6. Reformulation of the gold-mining process 

Let us now proceed to carry through the program outlined in the pre- 
ceding sections. An interesting feature of the mathematics will be the 
continued interplay between the techniques of the classical calculus of 
variations and those of dynamic programming. 

Let us, to clarify the issue, rephrase the problem we are considering: 
"At each of the time instants t = kA v/e shall have to make a decision 

concerning the proportion of the following interval of length A which will 
devoted to the use of the machine in mine A and to the use of the machine 
in mine B, This involves the choice of a fraction 99,, which depends upon 
the amounts of gold in the two mines at time t, and upon t itself, if the 
process is finite. 

We arbitrarily assume that once this proportion 9?, has been chosen, the 
first part of the interval \kA, (k + 9?,) A], is devoted to use of the machine 
in A, and the second part, [(k + 9^) A, {k + 1) A], to use of the machine 
in B. If x is the amount of gold in mine A at time kA, there is a probability 
I — ql<p tA that an amount r, x 9?, A is mined, and that the machine is 
undamaged; ind a probability gl (pl A that no gold is mined and that the 
machine is irretrievably damaged. If mine B contains y at time kA there 
is a probability 1 — qtcpt A that the amount rty (ptA is obtained, and 
that the machine is undamaged; and a probability qt 9?, A that the opera- 
tion ceases, where 95, = 1 — 9^. 

The problem is to determine the sequence of operations which maxi- 
mizes the expected amount of gold mined before the machine is damaged."' 

§ 7. Derivation of the differential equations 

It is easily seen that if A is small, permuting the order of operations 
in [kA, {k + 1) A] is a second-order effect. It is this feature which allows 
mixing over intervals to perform the function of mixing at a point. 

A policy now consists of a sequence ^l {kA)}, A = 0, 1, 2, ... . For 
any given policy, let 
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x (t) — amount of gold remaining in A  provided the operation has 
continued to /. 

y (t) = amount of gold remaining in B provided the operation has 
continued to t, 

P (/)   = probability that the machine survives until t, i.e., that the 
operation continues until /, 

/(/)   = expected amount of gold mined up to time /, 

where t = nA, n ~ 0,\,2, .. . . 
Ignoring the second-order terms in ^1, we have 

(1) x(t + A) = x{t) — rl(pl{t)x{t)A 

y 0 + J) . y 0) — r. <pt {t) y (t) A 

P(t + A) = pifiii—itfiiftA—fitotod) 

f(t + A)=/(t) + p (t) [Tl {t) r, x (t) + f, (t) rx y {/)] A 

Letting J ->■ 0, we obtain the system of differential equations 

(2) dxjdt = — 9. (t) r, x {(). x (0) - Xo. 

dyldt = ~(pt{t)rty{t). y (0) = y», 

dpjdt = ~p(t} [ft {t) qx + 9^. W fal. /> (0) = 1 

dfjdt = p {t) [ft (t) r, x (t) + <pt (/) rt y (/)],     / (0) = 0 

We now take these equations as the defining equations of our process, and 
ignore their formal origin. The problem % e set ourselves is that of deter- 
mining (pi = ffi (t), where 

(3) o<<pl{t)<i.<pAt)--i — <Px{i). 

so as to maximize/(T). A case of particular importance is T = oo. 
We shall derive similar equations for the three-choice problem in § 12 

below. 

§ K. The variational procedure 

Let 9?! and qp, be functions furnishing the maximum,1 and let 

(1) Vi = <pi + Eßi{t), 

where c is a small positive quantity, and ß^, ßt are two functions of t 
satisfying for all < > 0 the conditions 

(2) O^ft + ißt^hßi + fit-O 

(which implies | /?« | < 1/e), so that the q>i are also admissible <p' s. 
s  It is easy to show, as a consequence of the uniform boundedness of the function 

■l (<),  that  the maximum is attained. 
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It follows that ßi (t) ^ 0 if 9?i (/) = 1. /?, {t) ^ 0 if ^i (*) ■• 0, and ßi can 
be of either sign if 0 < <pi (/)<!, the region where free variation is per- 
mitted. Performing the variation, we find readily that 

(3) if) - « W (1 - * '. B, (t)) + o (£)» 

y(t) = y(t)(l—ertBt{t)) + o (e) 

P(t)=p (t) (l—eql Bl (t) -eq1Bt {()) -f o (e) 

f(T) -f(T) = ■ C {-/' (/) {q, B, (t) + qtBt{t)) + r.B^p^x'{t) 

+ r. Bt (t) p (t) y' (t) + r, ß, (I) p (t) x W + r,ßt {t) p (t) y (/))} dt 

+ o(e) 
where we have set 

(4) Bi (t) - JJ ßi (s) ds 

and the bars refer to the perturbed variables. 
Integrating by parts to eliminate the Bi (t), we find 

W       J(T) —f{T) - E JJ [K, (/) A. M + ^, W ft W] * + o (£) 

where 

(6)      A'. W - — fl f'/' (s) * + ''I /> CO « d — ^i J^ P' W « (s) * 

A'2 (0 - - j, C f («) A + r. /> (7") y (7) — r2 J' /.' (s) y (s) ds 

Since/(T) —/(T) < 0, we see that whenever A'( (/) > A; {/) we must 
have q^i (t) — \,q)j (t) = 0. These relations yield implicit equations for 
(ft and qn/. In the next section we shall discuss the behavior of the A- 
functions in more detail, in order to determine 93, (t) explicitly. 

§ 9. The behavior of Ki. 

The fundamental relation is 

(1) d/dt (A, — A.) = (f, - qt) /' {t) — p' (i) (r, y - r, x) 

= /> L?i '•J y — ?i ri «]• 

• The term o (f) denotes a function of / whicJi approaches 0 as f ->• 0 for all t 
in [0, rj. 
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Thus a "mixed policy" (one for which more than one of the (pt is positive 
for a given /, which implies A', (/) = Kt (t)) can be optimal only on the 
line qi rty = qt r, x. This line is precisely the boundary line that one 
obtains by passage to the limit from the solution in the discrete case as 
<d -► 0, as in § 4.« 

If a mixed policy is pursued along the line, 95, and ^p, must be chosen to 
stay on this line, whic'i means that the slope, s = yjx, must be kept 
constant. Since 

(2) djdt {ylx) = y'jx 

we see that we must have 

[x'lx) s (0 = [r, 99! — r, <?,] s 

(3) ^i  r—" . 9t '—  ;  r» + r, T       r» + r, 

§ 10. The solution for T = oo 

With these preliminaries out of the way, let us determine the optimal 
policy for the infinite process, T = 00. The infinite problem is, as usual, 
simpler than the finite case because of the homogeneity introduced by 
infinite time; after any initial actions, we are confronted by a problem of 
the same type, with different initial values. Let us note that a conse- 
quence of this, and the homogeneity of the equations with respect to x 
and y, is that the decision at any point is a function only of the slope 
I = yjx. 

Let us begin by observing that if policy A is ever used above the line 
y, r, y = q% r, x in the (AT, y)-plane, it is used thereafter. This follows im- 
mediately from (!>.!) which shows that A', — A, is increasing when q^ rt y 
■— qtft x > 0. Since use of A decreases v and leaves y unchanged, once 
A, > A', the use of A maintains the inequality. 

Near the y-axis, however, the use of A continually is not as rewarding 
as continual use of B. For with (fi = 1, 9?j = 0, for / > 0, we have 

(1) x(t) = x0e-r'' 

y W = yo 

p{t) = e-t,i 

and thus 

/ (t) =  j   ri Xoe~r''e-0''ds 

JA (00) = r! x0\{qx + rj 

4   Ma/ing boon  led to expect  the appearance of this line as a consequence of 
the analysis of the discrete case,  it is relatively easy to spot it. 
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HHWCVIT, <px m 0,q>t — 1 for all / yields similarly/fl (oo) = rt yo/(q, + rt). 
For ya/xo »ufficienüy lar^i-/« (oo) > /A (OO). Thus, there is a region near 
the y-axis where B is used. 

This region where B is used extends down to the line ql r, y -= qt r, x. 
To prove this we observe that a mixed policy cannot be pursued above 
the line, and that if A is ever used above the line it is always used there- 
after. Using A indefinitely, however, would eventually take (x, y) into 
the region near the y-axis where B is known to be optimal, a contradic- 
tion. Hence B is always used above the line. Similarly, below the line A 
is always used. 

When the line Sj »"g y = ^1 r, x is reached, the point (#, y) must remain 
on the line thereafter. For if not, then an A policy must be used in a fl 
region or vice versa, which is impossible. Hence, on the line itself the 
mixed policy of (9.3) must be employed. 

We have thus demonstrated 

THEOREM 1. With reference to the equations (7.2) and the constraints (7,3), 
the maximum value off (oo) is attained by use of the policy 

(2) gp, = 1 for ?, r, y < qt r\ x, 

Vt = 1 for<lirty >qlrlx, 

U rx 

ri + r. 9» 'i + r, •for ?, r, y = ?, fi *. 

Note that 95, and <pt are determined almost everywhere by the above 
arguments, and hence are essentially unique. The above constructive 
derivation of the solution furnishes an alternative existence proof. 

§ 11. Solutloa for finite total time 

In finding the solution for finite T. we shall begin by determining what 
policy is mad last. Since an optimal policy has the property that its 
continuation after any initial part is also optimal, wc shall consider first 
the case where '!' is small. We have 

(i) /CO     rVwCfhWri*« 1 9'. (*)'. y (*)] rfs 

r, .v„       9', (.v) da -f rt y, 
rr 
I    y, (S) ds + o{T, 

for '/'close to 0. 
It follows then that for small '/' the maximum is obtained by taking 

9»i (•"'')       '. V t (•s')      () for 'i *"    • ''• >'"Iintl 9'i (■s')      ()' ft (•'0  ^ ! fl)r rt >'« 
> /■, ,v„. As is to be expected, for processes of small duration expected 
gain, without worry about termination, is the determining factor. 

131 



CONTINUOUS STOCHASTIC DECISION PROCESS 

If q, qt tlu- linos rt y m r, x and y, rt y ~ qtrx x coincide, and the 
optimal jx)licy is easily found to be the same as that for T -- oo. 

Let us consider the general case where y, -£ qt. Assume, without loss 
of generality, that the line »"i v = r, AT lies above the line qirty mm qt r, x. 
The positive quadrant is the divided into three regions, which we label 
I, II, III. (Fig. 4). 

r2y = r, x 

r, x 

h'igure 4 

As before, it follows that in region I a Ö-policy once used must be con- 
tinued thereafter, while in regions II and III the same holds for an 
.4-policy. Also, in regions I and II an ^4-policy is used if the time remaining 
is sufficiently small, ami in III a ü-policy under the same conditions. 
From this we conclude that an /I-policy is always used in I, and a ß-policy 
always while in III. 

Let us now establish that an optimal policy never switches from A to 
B. Let us suppose otherwise and let to be the time at which the change 
occurs. Since at to, A is terminated, the point (.* {to), y (to)) must be in 
region I, or on the boundary between I and II. Using B will keep the 
point (,v (<), y (/)) in I for all t > /,, since we know that B once used in I 
must be continued. However, this contradicts the fact that A is used in I 
whenever the time remaining is sufficiently small. Simila ly, the combina- 
tion of using the mixed policy and then B cannot occar, sh.re the change- 
over must occur on the boundary between I and II, and then B is used 
thereafter in region I, a contradiction. 

This reduces the number of types of solutions to six: ,4 always; B 
always; the mixed policy followed by A ; A then the mixed policy and 
finally B; B then the mixed policy and then A ; B followed by A. 

Let t,, be the value of.' at which the last change of policy is made in an 
optimal strategy, if such a change occurs. For to <t<, T, we must have 
(pl (/) = 1, qpt [t) = 0. We now compute the value of A', (/0) — /Cj [to). 
We have for <„ < / < T, 
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(2) * (0 = * C)'" '•('- '•). y (') = y (Q 

f'(t) = p(t„)g-^ + '.)<'-Or1x(t0) 

and, after some simplificatioh, 

(3) K, (to) - AT, (to) - p (to) r, ^ M f (1 1—]*-('' 

+ - 
qi + r, 

• '.Mr-«,) 

yt        »"i y (to) 

rl x (t„) . 

For any fixed point (x (t0),y (to)) in II, the right side is positive for 
T — to small, and negative for T — to large. It is equal to zero for pre- 
cisely one value of JT — to- This zero determines when the changeover 
occurs. When it occurs, A is usod for the remaining time, with any of the 
six beginnings above, depending upon the location of the initial point. 

§ 12. The three-choice problem 

The continuous version of the three-choice problem mentioned above 
in § 13 of Chapter II leads via the same formal process as given in § 7 to the 
following. (liven 

(1)    dxjdt == — [f, (t) rl + (p3 (t) rj x{t), x (0) = Xo 

dyfdt = — [<pt (t) rx + ^3 (0 rj y(t), y (0) = y0 

dpidt = —/>(/) [f», (t) qx + fh (t) f, + V* (t) ftj,     P(0) = 1, 

dfjdt = p it) [fa (0 r, + <p3 (t) U )x (t) + (f1 (t) r2 + T. W rj y (t)] 

/(0) =0, 

where, for all t, 

(8) •Pi ■+■ «Pi + 9?3 = 1.    9" ^ 0- 

It is required to determine the yt (t) so as to maximize/(T). 
We shall consider only the case where T = oo. 

As before, let us set «^ = ^ -f eßt, and ß( (<) =  I    ßi (s) ds 

We obtain 

(3) x(t) =x (t) (1 — « r, ß, (<) - £ r, /?3 W) + 0 (e) 

y (t) _ y (0 (1 —« r2 /?. (<) - f r, ß3 (/)) + 0 (e) 

p (t)  = />(/) (1 --« 1* qtBiW) -f o(e) 

"W* = P idp* fi + ^ir») * + (^ r» + 9»r«) y] 
233 



CONTINUOUS STOCHASTIC DECISION  PROCESS 

Consequently, following the same technique as before, we obtain 

(4) / m - / (7") - e Jo
T [A', /*, + K,ßt+ K, ßt] dt + o {e) 

where 

(5) Kl (<) = - y. jT/ M ds + ^p {T) x (T)- r. f* f (s) x (s) * 

«• W - - 9. J V (s) * + rt# (7) y (T) - r. jT P' (s) y (s) ds 

K* it) - - ft J V W * -l- /> (T-) [r, x (D + r. y (7-)] 

— J(
r A' W [r,«(«) + ^4 >' («)] ^ 

j § 13. Some lemmas and preliminary results 

The statements in the lemmas below concerning the dependence of the (ft 
upon the Ki are, of course, taken to hold almost everywhere. 

LEMMA 1. If Ki (/) > Kj {t), then (pi (t) = lory, [t) = 0. 

PROOF: Let E be the set of t for which the assertion does not hold. Let 
ßi = 1, ßj = — 1 for / in E, and let the ß'a be zero otherwise. The varia- 
tion is admissible for e sufficiently small and makes/(r) —f(T) positive 
if m (E) > 0. 

LEMMA 2. If Ki (t) > Kj [t] for j ^ i, then ^ = 1. 
The proof follows immediately from the above. 

LEMMA 3. If there is a j such that Ki (t) < Kj (t), then yt = 0. 

Again a simple consecjuence of Lemma 1. 
Let us now compute the derivatives of the A',. A straight-forward cal- 

culation yields the symmetric results 

(1) 

where we have set 

(2) 
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AV (/) -■ p [C, (pt + C, (fj] 
AVW =p[~C1(pl~C3<p3] 

K» W = P I— ci ^i + C3 fJ 

Ci = y, r, y — qt r, x 

C, = y, r4 y — (^3 r, — y, r3) x 

C, = (y, »". — qt rt) y —q2r3 x 
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The relative positions of the three lines C, = 0 are determined by the 
quantity 

(3) -D = yi '» »-J + qt 'x rA — qt r, r. 

If we assume that all three lines lie in the positive quadrant, a straight- 
forward calculation shows that if D > 0 the lines have the position shown 
in Fig. 5, while if £) < 0 they Ue as shown in Fig. 6. 

i... 

Figure 5 Figure 6 

It is possible for both cases Z) > 0, i) < 0 to occur. The case where one 
of the lines C, = 0, C3 = 0 lies outside the positive quadrant yields an 
immediate simplification of the following arguments without changing 
the over-all structure. Consequently, we shall discuss in detail only the 
above cases. 

§ 14. Mixed policies 

As above, we denote by the term "mixed policy" a situation in which 
some of the 9?, have values different from 0 and 1. By an ^4-policy we 
shall mean 93, — 1, a ß-policy 9^ -   1, and a C-policy (p3 = \. Let us prove 

LEMMA 4. ./Vu optimal policy contains a mixture of A, B, and C policies. 

PROOF: Let us assume that in some interval we have simultaneously 
^i. y». fa > 0- In this interval we must have AT, = X2 = K3. 

This yields 

(1) 7'i +9t + 9» = l 

AV — AV = P [C, Vi + C, f», 4 (C, + C,) 9P3] = 0 

K,' - AV = p [C, 9», + (C, — O ft + C2 ^3] = 0 

The solution for 9^, 9^, 973 is, if C, — C2 — C3 ^- 0, 

— Cj — C% C l 
(2)    9..= 

c-i      ^-1       ^-s 
ft r  r  r  ' 1^1       Oj       l^J 

7:1 Cj      Cj      Cs 
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Since the tpt must l)e positive in this interval, we must have C,, — C,, 
and — C, all of the same sign. It is easily verified upon referring to Figs. 
2 and 3 that in both cases D > 0, D < 0, this can never occur. 

Furthermore, C, —C, --C, = 0 only if the lines Cl — 0, C, = 0, C, 
= 0 coincide. When this occurs the problem^ equivalent to the two- 
choice problem. 

Let us now investigate the possibility of using mixed policies involving 
only two of the three policies. A, B, or C. 

LEMMA 5. Concerning the mixing of two and only two policies, we have the 
following results: 

(3)    (a) A mixture of A and B is permissible only along 

d = U, where <pl = r,/^, + r,), (pt = ^(r, + ft)- 

(b) A mixture of A and C is permissible only along C, = 0, where 

<Pi = <P3 = 
rt + rt—-rt r, + rt — r3 

(c)  A mixture of B and C is permissible only along C3 0, where 

<Pt ri + r, — r4 
73 

rt-\- r. 

PROOF: If y^yt > 0, ^ = 0,  wc  must  have  A', = K1> Kt.  In an 
interval where this occurs, 

(4) 0 = AV — A,'=/> [Ci (?i + 9?.)] 

Hence C^ = 0. The values of (pl and (f>t which keep (x, y) on this line are 
determined as in the two-choice case. The other assertions in Lemma 5 
are obtained similarly. 

§ 15. The solution for infinite time, D > 0 

Having obtained these auxiliary results, we now proceed to find the 
solution to the problem of maximizing/(oo). We shall assume that r3 > 
r4, since the case r4 > r3 can be handled by interchanging the roles of x 
and y and A and B. The degenerate case, r3 — r4, will be discussed 
separately. 

Let us make an initial observation that when r3 > r4 the mixed 
AC policy is never used, for by (14.3) 9^ and 9^ cannot both be positive. 
The solution takes two distinct forms depending upon whether D > 0 or 
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/) < 0. Let us l)cgin by considering D > 0. We shall establish the prin- 
cipal results in a series of lemmas. 

LEMMA 6. In an optimal policy, B is used near the y'-axis. 

PKOOK; There is a region near the y-axis where A is not used. For if 
C, > 0, C, > 0 and A is used, i.e., 93, (/) = 1, we have ÄV = 0, K%' 
< 0, AT,' < 0. This means that A', remains the largest for /, > t. Hence, 
if A is used in this region, it must be pursued thereafter. Let us now 
compute the results of a continued /I-policy, a continued ß-policy, and a 
continued C-policy. We have 

(1) /j (eo) — r, *„/(?, + rj 

fu (00) = rt yol{qt + rj 

f(.  (OO)    =    ; i ■  
qt + r,      q3 + r4 

A comparison of /A (00) and /B (00) shows that fu (00) > /A (00) for 
yolxu sufficiently large. 

Let us now show that in the region above the line Cj = 0, if C is used 
it is used continually thereafter. Using C increases the slope 1 (t) = 
y {l)/x (t), for with (p3 == 1 we have 

(«) s' (t) --~- 1 (t) [f, — r4) > 0 

On tlie other hand, using B decreases the slope. Hence, we cannot use B 
after C, for to do so would return us to a region where C was to be used. 
We have already shown that A cannot be used after C when close to the 
y-axis. A comparison of fu (00) and/c (00) shows that it is better to use 
B rather than C near the y-axis if riyj(ql -f- r,) > rtyj{qa -f- rt), or 
^a rt — qtrt > 0. This, however, is precisely equivalent to the condition 
that C3 = 0 lie within the positive quadrant, which we have assumed. 

It follows that there is ;>. region near the y-axis where neither A nor C 
is used. Since by Lemma 5 no mixed policy is used above the line C3 = 0, 
we conclude that there is a region adjoining the y-axis where B must be 
used. 

LEMMA 7. The loiver boundary of the B-region adjoining the y-axis is the 
line C3 =0. On that line a mixed BC-policy is employed. Below C3 = 0, 
B is never used. 

PROOF: Let us begin with initial values (*„, y0) near the y-axis in the 
region where B is used and consider what form an optimal strategy can 
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have. B cannot be used indefinitely since this would eventually take 
(x, y) near the x-axis where comparison of/^ (oo) and/fl (oo) shows that 
A is superior. However, since both A and C increase the slope yjx, B 
cannot be followed by ^4 or C since both of these would immediately put 
the point (x, y) back into a region where B is to be used. Consequently, B 
must be followed by one of the mixed policies. 

As we have already seen, for r, > r4 the mixed policy AC is never used 
in an optimal strategy. We assert that if a mixed policy is used in an opti- 
mal strategy, then continuing the mixed policy forever is optimal. For 
let (to, ti) be an interval on which the mixed policy is pursued. Since the 
point [x (/,), y (/,)) lies on the same ray as {x {to), y (to)), because of the 
homogeneity the same policy, continued for an equal length of time, 
is optimal. Hence the mixed policy may be continued forever. Taking 
this remark into account, we can show that for D > 0 the mixture AB 
never occurs in an optimal strategy. By Lemma 5a, AB could only be 
used on the line Ci — 0. If AB were used there, we would have 

-KV = p [Cs <ft — Ct 9>,] < 0 

since Cj > 0 and C, < 0 there (cf. Fig. 2). Since A', (oo) = Kt (oo) = 
K3 (oo) = 0 and A, = A'2 = 0 while AB is being used, it follows that 
A'3 > A, = Aj while the AB-m\\i\iTC is being used. This, however, 
implies that (p3 -- 1, 95, = ^j = 0, which is a contradiction. 

The remaining possibility then is that BC is used after B on the line 
C3 = 0. ß cannot be used below this line as a consequence of the above 
arguments. 
LEMMA H. There is a line L = 0 between C2 = 0 and the x-axis such that 
C is used in the region between C3 = 0 and L = 0, and the policy A is used 
in the region below L = 0. 
PROOF: By the results already established we know that the only policies 
which can be used in the region below the line C5 = 0 are A and C. Since 
both of these policies increase the slope exponentially, eventually the 
point (x, y) will reach the line C3 = 0 where the mixed policy BC is em- 
ployed. 

Let us investigate the possibilities of changes from A to C and from 
(" to A. By (13.1) we have 

A,' (/) - AV (0 = p [C, (ft -\- C2 <f3 + C, 99, — C3 fpj 

and hence when only C or A is used, 

(3) AVC) — AVW =pCi[(pl -L-<ps] 

which is positive above C\ = 0 and negative below. Now in a changeover 
fiom C to A we must have A/ — A'3' ^ 0. Consequently, a change from 
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C to i4 cannot occur below Ct = 0. Similarly, we observe that a change 
from ^4 to C cannot occur above C, = 0. Also there cannot be a change 
from A to BC because when A is used above C, — 0. Kx — /C, is positive 
and increases; hence BC, which requires K3 > A'j, cannot be used. Thus 
the assumption that A can be used above C, = 0 leads to a contradiction, 
since, as we know, BC must be used eventually. 

We also can prove that a change from ^4 to C cannot occur on the line 
C, = 0. For suppose that such a change occurred. At this time of change 
we would have /C, =^ A',. The C-policy will then take the point (*, y) 
above the line C, ^ 0 where /C, — Kt' > 0, hence Ki > Kt, which 
means that A must be used, a contradiction. 

There are now twp possible cases: 
(1) C is used in the entire region below C, = 0. 
(2) There is a line L = 0 lying between the x-axis and C, = 0 such that 

A is used below L = 0 and C is used above. 
The following proof by contradiction shows that the first case does not 

occur. Let (*,,, y,,) be a point below C, m 0. By assumption C and BC 
are the only policies used so that we must have K,' {t) — 0 for all t ^ 0. 
Since /C, (oo) = 0, we have Kt (0) = 0. Because C is preferable at (*o. 
yo), we must have 0 = Kt (0) ^ Ai (0). Hence, since A'i (oo) m 0, we 
have by (13.1) 

(4)     0 <: A, (oo) - A. (0) = f* p {t) C. dt + f" p {t) [Cl <pt + C, yj dt 

where t' is the time of changeover from C to BC. Keeping Xo fixed, let 
yo -> 0. This entails t' -*■ oo. Since C^ <pt + C, (pt is uniformly bounded, 
the second integral tends to zero. We have then, using the expressions for 
x, y, p, obtained from a C'-policy 

(•r.) 

or 

(6) 

lim    I    c <i'i [qlrAyl>e-,><— (qarl — qlrl) Xut-'-^dt^O 
Ho    ■ ■ J" 

r(9s 
9i ri) Vo e (i> ■   '> * dt  = — .*o ;> 0, 

9s + »"i 

which comradicts the assumption tluit the line Ct = 0 passes through 
the positive quadrant. 

This completes the consideration of the case /) > 0 when both Ct — 
0 and C, = 0 in contami'd in UM positive quadrant. The complete result 
is 

THEOKKM '2. // /) - qi rt rt -f- qt rl r« — (/, r, rt > 0, thf solution to the 
problem of maximizing f (oo) subject <<) (12.1) is given schematically by Fig. 7. 
It does not seem possible to specify L in any simple way. 
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C   =0 

y 

c =o 

L-0 

Figure 7 

Finally, let us discuss the degenerate cases in which C, = 0 or C, = 0 
do not lie in the positive quadrant. If Cj = 0 lies outside, the C-region 
extends all the way to the y-axis. 

§ 16. D < 0 

Let us now consider the case in which D < 0. In this case it turns out 
that C is never used, which means that the solution is as given in the 
two-choice problem 

LEMMA 11. B M used near the y-axis. 

PKOOF :  Precisely as before. 

LEMMA 12. The lower boundary of the B-region adjoining the y-axis is 
Cl = 0. ON that line AB is used. Below the line B is not used. 

PKOOF : As in the case D > 0 we conclude that a ß-policy must be follow- 
ed by one of the mixed policies AB or BC. However, in the present case 
where J) < 0, the mixed policy BC cannot be used in an optimal strategy. 
For when BC is used, we have 

(11 Kt' {t) - p [C. y, + C2 <?,] < 0 

because C3 = 0 is below C2 = 0 and Cl = 0. Also A^ (oo) = Kt (oo) 
■■ A'j (oo) = 0, and A'/ {t) ™ K3' (t) — 0 when the mixed policy BC is 
used. Hence A', (t) > A', {/) = I<3 {t) when the ÖC-mix is used. This, 
however, is a contradiction since it implies that 951 = 1, 9?» = 9?s = 0. 
Hence, a B-pohcy must be followed by use of AB on C, — 0. 

Again the same argument as above shows that B is not used below C1 

— 0. 
LEMMA 12. A is used in the entire region between (^ = 0 and the x-axis. 

PKOOF: First, C is not used just before the AB-mi\turc. While AB is em- 
ployed, A,' (t) = A',' (0 = 0, and A',' (/)=/>[ —C,^ + ^,9?,] > 0, as 
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can be seen from Fig. 7. It follows that Kt < Kt and Ä, < AT, immedia- 
tely before the changeover to AB occurs. Hence C is not used immediately 
before AB. 

It follows then that there is a region below C, = 0 and adjoining this 
line, where A is used. However, it is impossible to use another choice 
before A is an optimal policy. When A is used below C,, we have 

(2) AV (/) = 0, AT.' (t)=—pC1> 0, K,' (t) =—pCt>0 

Hence, Kl is the largest for all smaller /, and the /I-region extends to the 
x-axis. 

Collecting the above results, we have 

THEOREM 8. 1/ D — qt rt r, -f- qt rx rt — qt r, r, < 0, the solution to the 
problem of maximizing f (oo) never uses a C-policy and has the two-choice 
form: 

Ci =0 

/ 

Kigure 8 

§ 17. The case r:, = r4 

Some of the preceding arguments fail in this case because the C-policy 
keeps the slope yJM constant. It follows from (14.3b) and (14.3c) that 
neither of the mixed policies ^4C or BC is ever used. 

Let us first of all show that if D < 0, C is never used. To do this we 
compare the result of using AB repeatedly with that obtained from using 
C. 

When AB is used continually, an easy calculation yields 

(1) 

where 

(2) 

/A B (OO) = r+ S 
[xo + yo) 

'i '. _ ?i r, + qt rl 
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Similarly the result of using C continually is 

(3) h M - q% + r, 
(Xo + Vo) 

The inequality/^a {oo) >/r (oo) is equivalent to D < 0. 
If D > 0, the above argument proves that no mixed pohcies are pur- 

sued. Different cases arise depending upon which of the lines C, = 0, C, 
= 0 pass through the positive quadrant. As before, it can be established 
that if C, -- 0 is the positive quadrant, it is better to use B rather than C 
near the y-axis. Let us now determine where the changeover from ß to C 
can be made. Let to be the time of changeover. For t0 < t < oo, we 
have 

(4) A',' (/) Ct,AV(0 PC. A,' (/) - 0 

Also, we must have Kx {t0) < Kt {t0) = A, (/o). Using again the remark 
that A, (oo) = A, (oo) = A, (oo). we see that for t > t0, we must have 
Cj = 0. Thus, B is followed until the line C, = 0 is encountered and then 
C is followed. In this degenerate case C plays the role of BC. Similarly, 
changeover from .4 to C occurs when C, wt 0 is reached. If C, does not lie 
within the positive quadrant, C is used up to the y-axis. If C, = 0 does 
not lie within, C is used up to the ^-axis. 

§ 18. Nonlinear utility—two-choice problem 

Let us now consider briefly the two-choice problem discussed in § 6—10 
under the condition that we wish to maximize the expected value of some 
function M of the total return R. 

In view of the results obtained for the discrete problem, or rather of 
the lack of results, it is somewhat surprising to find that for every utility 
function M, which is strictly increasing and has a continuous derivative, 
the optimal policy is precisely the same as that for the linear utility 
problem soh'ed above. This alone should be sufficient to warn the un- 
wary that continuous versions should not be used without close atten- 
tion to the kind of approximation they afford. 

Since any monotone-increasing utility function can be approximated 
arbitrarily closely by a function of the above type, it follows that this 
policy is optimal for any monotone-increasing utility function, although 
not necessarily unique. A function of this class of great theoretical and 
practical importance is 

(ll 
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The expected value of u (/?) is the probability that R is greater than or 
equal to R0. 

Let  the variables have their previous connotations; we obtain   as 
before 

(2) dxldt mm — ipt (I) r, * (/) , X (0) m x0 

dyjdt = —<pt (t) rt y (/) , y (0) . y0 

dpidt =--—/> (<) [cp. (/) ql + <pt {t) ?,] , /> (0) = 1 

Let z(t) = Xo + y« — x (t) — y{t), the quantity which represents the total 
amount of gold mined up to t if the machine has survived up to this time. 
The expected value of u (R) is given by the integral 

(3) G = — ^ u (z (t)) dp (t) 

This is easiest seen by considering that we arc paid for the total amount 
of gold that the machine has mined up to the time that the machine is 
damaged. 

Our aim is to find the functions (pl (t), (p1 (t) subject to the constraints 

(4) 0<*(pi-^l,<pi + <ft= I 

which maximize G. 
Pursuing the same perturbation techniques as above, we obtain aftei 

some straightforward calculation 

(6) 

where 

(•) 

G-G = £J; [Ki(')/M0 + K1(t)ßt{t)]dt + o{e) 

*i = ?. £ W M U W) -   f" IP' l«) •»' (2 (»)) "t x (s) 

-qlp'{s)u{z(s,)]ds 

Kt = qtp (t) u [z (t)) —I     [p' (s) u' (2 [$)) r2 y (s) 

— qtp' (s) u (x(s))]4l 

Furthermore, 

(7) A'/ (/) — K2' {t) == p (t) ti (< (/)) fo r, y [t) — qt rt x (t)] 

It follows that if we assume i.iat u' (z) > 0 when 2 > 0, the arguments 
and results of the linear case carry over with very slight modifications. 
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244 



CHAPTER IX 

A New Formalism in the Calculus of Variations 

§ 1.  Introduction 

In two previous chapters, in our treatment of multi-stage production 
processes, we encountered the problem of maximizing the functional 
(x(T), a) over all functions t (/) subject to the relations 

(I) a. (ix/dl ---- Az ,    x (0) — c , 

b. Hz <r Cx . 

C       2 > 0 . 

Utilizing the fact that the maximum, which we assume is attained, is a 
function only of the initial vector c and the duration of the process T, we 
obtained a functional equation for/(c, 7") -= Max (.v (7"), a), which we 

z 

converted into a partial differential equation. As we mentioned at the 
end of Chapter 7, this same approach is equally available for the study of 
other classes of problems in the calculus of variations. 

We shall pursue the investigation in this chapter, devoting our atten- 
tion to two particular classes of problems. The hrst is that of determining 
the inaxiinum or minimum of functionals of the form 

Ci, /(») ==  j rF{xl.xt Xrit ^l» ^2»   • • • » Zm) «' 

II , 

subject to relations and constraints of the form 

(3) a.    dxi/di = Gi [x, z) , x, (0)       c«, » = 1, 2, 

b.    A'A (v, z) ^0, A = 1,2 /. 

The second is the eigenvalue problem associated with the equation 

(4) u' + Xtip(t)u = 0,        /<(())= «(1) = 0. 

Since  this problem is,  under reasonable assumptions concerning qp (t), 
equivalent to the problem of determining the relative minima of 

(•>) y («)    J'o' u'* dt. 
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subject to the constraints 

(6) a.      f CM t*1 dt " 1 ' 

b.    «(0) = M(1) = 0, 

we have a problem closely related to that described in equations (2) and 
(3). The two-point boundary condition, however, introduces features of 
novelty and difficulty. 

Following our usual approach, we shall introduce suitable state vari- 
ables and derive a functional equation for the minimum of / (M) as a 
function of these variables. The limiting form of this functional equation 
will be a partial differential equation. 

We shall then turn to a discussion of the numerical solution of these 
equations. After indicating the conventional solution by means of partial 
difference equations, we shall show how difference equations can enter 
along another route. The importance of this alternate approach lies in the 
fact that it enables us to bypass a number of thorny, analytic difficulties 
native to the domain of the calculus of variations. It also enables us to 
avoid a number of difficulties associated with th«' stability of computa- 
tional techniques. 

Using this approach, we shall consider also some problems involving a 
Cebycev functional 

J (z) B   Max F (A,, .v,, . ...«JUiAi 2
J. • • •- -'«) 

II •   / ■    T 

In any case, we shall throughout the chapter consistently adopt a 
purely formal viewpoint. In this introductory, expository account we 
are primarily interested in presenting the basic principles of the func- 
tional equation method. \ rigorous account, necessarilv of a higher level 
of difficulty, will he reserved for the second volume. 

§ 2. A new approach 

Before embarking upon the high seas of analysis, let us discuss the 
basic idea of this new approach to continuous variational problems. 

The classic technique in the calculus of variations, patterned directly 
upon the finite dimensional technique! of calculus, depends upon the 
concept of a function yielding an extremum as a point in function space, 

iand the characterization of this point by means of variational properties. 
We shall instead consider the calculus of variations as consisting of a 

particular class of multi-stage decision processes of continuous type. A 
function yielding an extremum may then be considered to be a contin- 
uous policy. 
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Let us give some simple examples which may serve to illustrate this 
idea more clearly than any abstract discussion. 
EXAMPLE 1. Determine the curve connecting two points, P and Q, having 
the property that a particle travelling along the curve under the influence of 
gravity will go from P to 0 in minimum time. 

I'iRure   1 

{the classical brachistochrone problem) 
It is clear that along an extremal, whatever the path between P and 

some intermediate point R, the path between R and Q must be such as to 
minimize the time required to traverse RQ, given the left-hand velocity 
at R. 

At each point on the curve, we determine a direction of motion, which 
is to say a tangent to the curve. The optimal policy or extremal may be 
expressed not only by means of an equation for y in terms of x, the 
usual approach, but also by means of an equation for dyjdx in terms of y 
and the given left-hand velocity at (.r, y). 

EXAMPLE S. Suppose that we are presented it.'i the problem of drawing a 
curve passing through I' and (>, as in the figure below, of fixed length L, 
'which will include a maximum urea in the curvilinear quadrilateral bounded 
by the curve, the perpendiculars /'/'', <)()', and the segment P'Q' of the 
x-axis. 

It is clear that along an extremal, whatever the path between P and R, 
and whatever the shaded «area obtained in this way, the continuation 
from R to Q must maximize the area RR' Q'Q subject to the restriction 
that the curve RQ have length /, — L'. 

The optimal policy may be expressed by means of an equation for dyjdx 
in terms of y and L — L', rather than by an equation for y in terms of x. 

Both of the conclusions in these two examples are applications of the 
"principle of optimality" discussed in Chapter 3, and applied in all of the 
preceding chapters. The mathematical expression of this principle will 
yield our new approach to the calculus of variations. 
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L'       ' 

< 
?                   

3 

p ■ 
0 P' R' Q' 

Figure  2    (the classical isoperimetric problem) 

An advantage of this new approach lies in the fact that very often in 
the determination of optimal policies for multistage processes, the deter- 
mination of the next move in terms of the current state of the process is 
in many ways a simpler, more natural and even more important piece 
of information than the determination of the entire sequence of moves in 
an optimal policy to be followed from some fixed initial position. 

Speaking in geometrical terms, we seek to determine the intrinsic 
equations of extremal curves. In place of considering the curve as the 
locus of points, we regard it as the envelope of tangents, a dual approach 
to the classical treatment.1 

In general, as is always to be expected, the combination of the two 
approaches, local and global, will be most powerful, since some aspects of 
an extremal are most simply described in point coordinates, and others in 
tangential coordinates. 

We shall in the following sections apply these ideas to a number of 
representative problems, and discuss the application of this approach to 
the computation of solutions. 

§3.    Max j" F(x,y)dt 

In Chapter 1 we considered the discrete process which gave rise to the 
functional equation 

(1)    /I«) =  .Max   [g \y) + h [x —y)+f [ay + ft (.v — y))].f (0) = 0 . 
o ^ » < ' 

1 In the terminology of game theory, there may be a considerable advantage 
to viewing a process in its extensive rather than normal foim. Essentially, only then 
do wc take full advantage of the intrinsic structure of a process and thus differentiate 
it from other multi-stage processes and other multi-dimensional maximization 
problems. 
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A continuous version of this process gives rise to the problem of maxim- 
izing the functional 

(2) J{y) -  f"(fW +h(x-y)]dt. 

with respect to y (/), where 

(3) a.    dxldt =—ay— b{x — y),a,b >0,x{0) = c . 

Lut us then, to introduce our method, consider as our first example, the 
problem of maximizing an integral of the form 

14) / (y) - f" P i*. y) dt. 

subject to the relation between x and y , 

(5) dxjdt = G(x,y).x{0) = c. 

To begin with, let us omit any consliaint such as (3b). 
Let us once again repeat that we shall proceed formally since we are 

interested here only in presenting the mechanics of our approach. This is 
to say, we shall consistently assume that maxima and minima exist, and 
that the extremals possess the requisite differentiability properties we 
shall need. The problem of establishing these properties rigorously is 
quite distinct from that of deriving the formalism and will rot be con- 
sidered here. Furthermore, as we shall indicate below, in a number of 
cases, we can pursue a path which eliminates any necessity for obtaining 
a priori results concerning the nature of the maximizing y. 

Returning to the maximization problem posed above, we observe that 
the maximum value of / (y) will be a function only of the initial value of 
x, namely c. Let us therefore write 

(6) Max / (y) 
.V 

/{e) 

and proceed to derive a functional equation for/(c). 
Let y = y (/) be a function yielding the maximum of / (y). We have 

then 

(7) / (c) -    f F (x. y) dt +    r F {x, y) dt. 
Jo J S 

for any S > 0. 
Consider the second integral. The effect of any initial choice of y{t), 

for / in the interval [0, S], will be, by way of the differential equation of 
(5), to convert c into the value of x at S, which we call c (S). It follows 
then, that whatever the initial choice of y over [0, S], we will have over 
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the remaining interval, [S, ooj, a problem of precisely the same form as 
the original, with the difference that c is now c (Sj = x (S). Since the 
integrand is independent of/, and also the differential equation, the new 
interval may he considered to be fO, oo], with x (0) = c (S). 

It follows then, invoking the principle of optimality, that equation (7) 
may be rewritten 

(8) /(c) .  £F{x.y)dt+f{c(S)). 

Since the choice of the function y must be made so as to yield the maxi- 
mum value/(c), we obtain the basic functional equation 

(9) /(«) Max [   r 
1/(0, .S |       J ii 

F[x,y)dt-\-f{c{S))]. 

for any S > 0. 
From this equation we shall derive a differential equation for/(c) by 

letting S approach 0. For small .S" we have, under appropriate assump- 
tions of continuity, 

(10)       f{c) =  Max [F (c, y (0)) S + f{c +■ SC (c, y (0)) -f o (S)]. 
y\».s\ 

As the interval [0, S] shrinks to zero, a choice of y over [0, S] becomes 
ultimately a choice of y (0). Let us, for notational simplicity, set v =-' y (0). 
Then (10) leads to 

(11) /(c) - Max LF (c, v) S + /(c) + 5G (c, v)J' (c)] + o (S) 

which in the limit as S ^ 0 yields 

(12) 0 =  Max [F {c, v) + G [c, v) f (c)]. 
p 

Applying calculus to determine this maximum, we obtain the two 
equations 

(13) 0 = F(c, r) +G(e. »)/'{<:). 

0 = F,(e, ») 4-C,{cl v)f'{e) 

Elimination of /' (c) between these two equations yields the determi- 
nantal equation 

(14) 
F (c, v)  G (c, v) 

Fv (c, v) Gv (c, v) 
= 0, 

which determines t; as a function of c. 
Having determined v as a function of c, which is to say, y as a function 
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of x, we return to the differential equation of (8) and find x, and subse- 
quently y, as functions of / by solving the differential equation 

(15) dxldt = G [AT, y (;*)], x (0) = c . 

From this we see that relatively simple policy, y = q> (x), may yield a 
relatively complicated extremal function, x = x (t). 

§ 4. Discussion 

Let us take G {x, y) to be uniformly negative and equal to — A (x, y) so 
that we may consider the above to represent a continuous allocation 
process where the rate of return is F (x, y) and the rate of expenditure of 
resources is A {x, y). Starting from the basic equation 

(1) 

we have, for all v, 

(2) 

and thus 

(3) 

0 = Max [F (c. 9) —A (c, p)f (c)] , 

0>F(c,r)—,4 (c,i;)/'(c). 

(4) 

f'(c)>F{c.v)IA{c,v). 

Since there is equality for at least one value of v, we obtain the equation 

F (e. v) 
/' (c) - Max 

A (c, v) " 

This equation tells us that the policy which maximizes the overall 
return proceeds locally to maximize the ratio of the rate of return to the 
rate of expenditure of resources, a policy we have encountered before, 
cf. Exer. 18 of Chapter 1, § 8 of Chapter 2. 

This is a very interesting interpretation of the Euler equation for varia- 
tional problems of the above simple form. We leave it to the reader to 
verify that (14) of § 3 is a first integral of the Euler equation obtained in 
the classical manner. 

§ 5. The two dimensional case 

We leave as an exercise the proof of the result that the same technique 
applied to the problem of determining the maximum of 

(1) rF{xt.xt.yuyJit, 

over all functions y, (/) and y, (<) subject to 

(2) dxjdt = G (x,, A,, y,, y,) , *, (0) = r,, 

dxjdt = H (A,, A-JJ. y,, y,) , *, (0) = c,, 
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yields the dcterminintal equation 

F (c,. ct, u, v)    G (c,, c,, u, v)    H (cx, cx, u, v) 

(3) Fu G, Hu =0, 

I   rv Gp Hv 

connecting the values y, (0) ~ M (c,t c,), yt (0) = ■ (c,, c,) . 
It is an open problem as to whether or not a solution to the above 

variational problem can be obtained in the same form as in the one- 
dimensional case, i.e., in the form y^ = <pl (.r,, x,), y% — (pt (AT,, xt). 

§6. Max f   F(x,y)dt. 
y       Jo 

Let us now consider the more general problem of determining the 
maximum of 

(1) J(y)=-. j'' F{x.y)dt 

subject to the relation connecting x and y , 

(2) dxldt = G{x.y) . x(0) = c. 

As we shall point out again below, there arc certain advantages to 
considering the finite problem, despite the complication caused by an 
additional parameter. 

The two state variables are now c and 7". In many applications, c 
represents the initial quantity of resources und 7" the duration of the 
process. We now write 

(3) Max/(y) =f[c.T) 

Employing precisely the same reasoning as in the previous section, we 
obtain the functional equation 

0) /{c.T) Max  [  T F( *,y)*+/(c(S). T —S)]. 

which leads, in the limit as S -»■ 0, to the nonlinear partial differential 
equation 

(5) 0 = Max [F (c. v) +G (c, v) /« —/r]. 
r 

This, in turn, leads to the simultaneous ecpiations 

(6) fT=F{e.v)+G(c.v)fc 

0   = Ft, (c, v) + Gv (c, v) ft. 
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Solving for /, and /T we have 

(7) /r - — F„ (c, v)IGt. (C.l) = P (c. V) 

fr = F-~ GFVIGV = Q {c, v) 

To obtain an equation for r, the fundamental variable, we equate frc 
with/<-r and obtain the equation 

(H) Pv VT - Qv iv + Qc. 

This is a first order linear partial differential equation for t; = r (c, T), 
which may be solved by means of the method of characteristics, a point 
we shall mention again below in § 14, or by numerical means, given v 
(0, T) or v (c, 0). 

It is here the advantage of a 7-dependent formulation becomes clear. 
We can determine r as a function of c for T = 0 quite readily, since for 
small T, we have 

(») /(c, T) = Max [F (c, v) T + o (T)] 

Consequently,  for T = 0,v = v (c, 0)  is determined by the condition 
that it maximizes F (c, r). 

§ 7. Max        F{x,y)dt under the Constraint 0 < y < * 
y       Jo 

Let us now consider the problem of determining the maximum of 
i-T 

J (v) =   I     F (x, y) dt subject to the relations 

(1) (a)    dxjdt = G («, y), A: (0) = c , 

(b)    0 < y < A; . 

As far as the classical approach is concerned, the difficulty of the 
problem resides in the fact that y cannot be determined, in general, by 
means of an unrestricted variation. When 0 < y < ;c, we may vary 
freely, and in intervals where this inequality holds, y must satisfy the 
Eulcr equation. However, when y = 0 or .v, we merely have an Euler 
inequality. The heart of the problem lies in determining how to fit 
together the three types of solution, y = 0, y = x, and y a solution of the 
Euler equation. This is equivalent to deteimining the transition points 
where two types of solution join. 

At the present time, there exists no uniform technique for solving 
these problems in explicit analytic form. Certain classcsof problems of this 
type do have a simple structure to their solution, as we shall briefly 
discuss below. 

253 



A NEW KOKMALISM 

Let us now sec how the functional equ.'ition technique applies to this 
prohlem. Define 

(2) /(C D - Max / (y) 
I 

As above, we derive the partial differential equation 

(3) /r =  Max [F(c.v) +C(c,v)/r]. 
0 < p < r 

The original constraint 0 ^ y <; * has been translated into the con- 
straint 0 <; v ^. c. The initial condition is 

(4) /(C(0) = 0. 

for all c. 
We see that the constraint 0 <; v ^ c prevents us from differentiating 

freely with respect to v. In § 10, we shall show how (3) can be used to 
derive the structure of the solution, under certain assumptions concerning 
F and G. 

§ 8. Computational solution 

Let us examine the nonlinear partial differential equation 

(l) /r - Max [F(«,»)+C(e,»)/.], 
e 

with/(c, 0) = 0 and sketch a procedure that may be used to compute the 
solution. 

In place of allowing the variables 7" and c continuous variation, we 
restrict their range to the set of values 

(8) r = 0.^.2/1 HA, ... 
C = 0,    •   d,    ■   'id     ■   /<<),... 

where .1 and ft arc both positive quantities« 
The partial derivatives /V and /,. are now approximated to by the 

difference quotients 

(3) JT 

/ 

/(c, Vi.-I)    /(<-,V) 
.1 

„/(c + d.T)     /{c-d,T) 
26 

w.th the result that the nonlinear di^-'        il equation in (1) assumes the 
approximate form 
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(4)   /(c.r + zJ) =f(c,T) 

+A Max [ F (c, i;) -f G (c. r) 
/(C + d.T)-/{c-d 

'2d 
.jm 

/(c.0)=0 

Starting with the known values for/(c, 0) we can compute successively 
the values of/(c. A),/(c, 2A),..., and so on. 

Although this method is conceptually very simple, there are great 
difficulties encountered in actual computing practice. Essentially the 
main question is how to choose the quantities A and 6. The convergence 
oi the process and the stability of the numerical solution depend upon 
the proper choice ofthese parameters. For the linear equations that appear 
when the maximum is removed, there is a fairly complete and satis- 
fying theory of these matters. For nonlinear equations, however, prac- 
tically no theory exists and the matter rests in the realm of art and 
experience.2 

It is interesting to observe that the numerical solution of (7.3), an 
equation with a constraint, is easier to obtain than the numerical solution 
of (1) above, due to the fact that the existence of the constraint narrows 
the range that must be examined to determine the maximum. Conse- 
quently, in many cases, the more realistic process will possess a simpler 
computational solution. 

In § 11 we shall discuss an alternate computational scheme, also based 
upon difference equations, which in practice seems to be more efficient 
and which enables us to proceed in a rigorous fashion, without having to 
enter difficult domains of the calculus of variations. 

§ !>. Discussion 

We have mentioned above the difficulties that may arise in solving a 
variational problem subject to restraints, and also the fact that certain 
cases may be completely i -solved. 

Let us show how the funcii^nal equation in (8.1) may be used to yield 
information concerning the structure of the solution. We shall consider 
only the case where F (c, v) is strictly concave in v for all c, and G (c, v) 
is linear in v. The nonlinear partial differential equation then has the 
form 
(1) fr    -   Max [F(c, v) -f {g (0 + h (c) v)/e] 

2 There is also the problem of choosing a suitable ciifference-quotient approxim- 
ation. In (3), we choose a symmetric approximation for fe and an asymmetric, 
one for JT- For the case of linear equations, stability consulerations may often 
be helpful.  For nonlinear equations, practically nothing is known. 
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The function F (c, v) + (g (c) + * (c) i')/r is strictly concave in v for all 
values of c and T, and the maximum over r is uniquely assumed. It may, 
however, occur at v = 0, r = c or at an interior point. 

Assuming that all the functions involved vary continuously with c and 
7", we can make the following important observation. Since the function 
F (c, v) + (S (c) + A (c) •) /<■ varies continuously and is strictly concave, 
the maximum cannot shift from »= Otov — c without passing through 
interior points of the interval [0, e] first. 

This is a particular case of the fact that the maximum value for v 
depends continuously upon c and 7". This remark can be used to shorten 
greatly the time involved in the computational solution of these proces- 
ses, and furthermore, it makes feasible the numerical solution of multi- 
dimensional processes.' 

It tollows that any extremal must have the following structure. An 
interval where y = 0 must be followed and preceded by an interval in 
which 0 < v < *, and similarly for an interval where y = x. 

The question arises as to how often the solution can switch from one 
type to another. In order to answer this, we must make further as- 
sumptions concerning the functions which appear. It is not difficult to 
construct examples showing that there may be an arbitrarily large num- 
ber of such transitions if F is chosen suitably. In the example considered 
in the next section we will carry through the discussion in greater devail. 

ij 10. An example 

Let us consider the problem of determining the maximum of 

(1) /(y)=  \T (x-y)dt 
Jo 

under the conditions 

(2) a.     Jxjdt = b (y), x (0) = c 

b.    0 < y <; ^ 

The basic equation is 

(3) • fr =  Max [c —v + b (v) /,]. 
0 < r S f 

Let us now assume that b (y) satisfies the conditions 

(4) a.    6 (0) = 0 , 6' (0) = oo 

b. b' (y) > 0 , b' (y) -> Ü as y -> oo 

c. b' (v) < 0 , 

3  ( (. the rcmaiks in § 22 and § 23 of Chapter I. 
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A simple function satisfying these conditions is y'/'. 
Let us assume, as is quite plausible, that/c > 0:. Then, turning tr the 

determination of the maximum of K (v) — c — v -\- b (v) fr, we see thai 
the derivative with respect to v, K' (r) = —- 1 -{- b' (v) fe, is positive for 
small v, negative for large v and zero for just one value of v. Let us further- 
more assume, as is also plausible in this case, that /c = 0 at 7" = 0 and 
monotone increasing thereafter as a function of T. 

If we allow v to traverse the interval 0 <; r < oo, we see that there 
will always be a solution of K' (v) = 0. However, if v is constrained by the 
condition that 0 <^ r < c, then if/- is large, which is to say, if T is large, 
A" {v) will remain positive throughout the interval 0 <^ v <; c. This 
means that the maximum will be at r = c, or y = x, for T large compared 
to c. 

It remains to determine the transition curve T = 7" (c) at which this 
cross-over in policy occurs. We know that the solution will have the form 

(5) a.    y = At, O^t^t, 

b.    0<y<*, tl<t <T, 

The first part of the curve, where y = x, will appear only if T is suffi- 
ciently large. If T is small, the solution willcmnsist only if the second part, 
where 0 < y < *. 

Consider then the case where T is small. There are two courses we may 
pursue. We may first use the fact that the maximum in (3) occurs inside 
the interval, which means that (3) is equivalent to the two equations 

(6) fT = c — v + b(v)fc 

0   = — 1 + b'(v)fe 

These equations, combined with the boundary values 

(7) f{c, 0) = 0, v (c, 0) = «•• « •*■• "«,«>■■ ■ i» ■»■ 

suffice to determine/(c, T), for T small. 
Alternatively, we may use the classical variational technique, armed 

with the knowledge that we can ignore the constraint 0 < y < r. Setting 

(8) / (y) - J7 LC + Jo' b (y) ds - y] it 

we readily obtain as the variational equation, the Euler equation 

(9) (T —1)6'(y) —1 = 0. 

With y determined uniquely by this equation, we can compute / (y) for 
the extremal and ihus/(r, T). 

4 In the following section, we shall show how these results may be derived by 
a consideration of the discrete process. 
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As 7" increases, the critical value of 7", as a function of c, is furnished 
by the value for which the equation 

(io) —i 4- r«/* = 0 

has the solution * ■■ c, which is to say the value of T furnished by the 
equation 

(ii) M-V-Vü 

If fc (c, T) is monotone increasing as a function of T, as surmised, this 
equation has one root T (c). Once we have determined this critical value 
the solution is completely determined. 

111, A discrete version 

One of the methods we can employ to make the above arguments 
rigorous is based upon the discrete approximation to the continuous 
problem.5 Considering the problem above in § 10, a discrete version is the 
problem of determining the maximum of 

(1) / (y) = / (y'o. y„ y, y*) 
k-   (i 

(A* — y»-) 

over all yt subject to the relations 

(2) a.    xt + i =.-- xic + b (y*) , 

b.    0<yk<,xk.    * = 0,1,2, 

If we set 

N 

(8) UN (c) = Max / (y) , 
v 

we obtain the recurrence relations 

(4)    a.    Mo (c) = c , 

b.    MJV +1 (c) = Max   [c — v + u» {c + b (v))] ,    .V = 0, 1, ... . 
0 < r < c 

Using the same methods we have employed in § 12 of Chapter 1, and in 
our discussion of the optimal inventory equation, it is easy to establish 
the following result: 

THEOREM 1. For each Ar > 1, there exists a function VN (C) with the follow- 
ing properties: 

5 They may also be rigorously established using classical techniijues. A reference 
will be found in the bibliography at the end of the chapter. 
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(5)    a.  T'.V (c) is monotone decrmsing as c increases, 

b. 9m i i (c) > VN [c) ,    A' = 1, 2, . .. 

c. There is a unique solution to v\ (c) ■■ c which we call 

CM, CN +i > CM . 

d. For 0 <: c <; cjv, M* (c) -^ M^ _ i (c + 6 (c)), i.e. v = c. 

e. For CN <. c, UN (C) = c — VN (c) -{- UK - I [c + b (vs (c))] , 

f. M.V' (c) > uy' - i (c). Ar -- 1, 2 for c> 0. 

The proof, which is inductive along the usual lines, we leave to the 
reader. 

A similar result can be obtained for the more general case, correspon- 
ding to the problem in § 7, if we impose suitable conditions on F [x, y) 
and G (x, y). The proof is much more detailed. 

As we saw in § 7—8, the problem of determining the maximum of / (v) 

=   1    F (x, y) dt subject to the relations 

(6) (a)    dxjdt = G(x,y).x(0)=c 

(b)    0 < y < ^ 

can be reduced to the problem of solving the nonlinear partial differen 
tial equation 

(7) fT ^    Max   \F (c, v) + C (c, v)Jc],f{c, 0) == 0 

This equation may be approached numerically by converting it into a 
partial difference equation. 

In order to use this method with confidence, we must first establish the 
fact that the variational problem is equivalent to solving this nonlinear 
equation, a matter of some difficulty when constraints are imposed, and 
then that the finite difference method yields an approximate solution to the 
nonlinear equation, again a complicated question. Both of these problems 
may be avoided in the following way. We replace the original problem by 
the problem of determining the maximum over y* of the function 

(8) F ({>'*}) A X F {xk, yk) 
k 0 

subject to the relations 

(9)                          (a)    **■ + ! = **■ + AG (**, yk), xu = c 

(b)    0^yfc<x*, * = 0, 1, 2 N 

where xk = *(£/!),     yk = y [k A) ,    N A = T . 
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fs (c) - Max J ({yk}) 

we replace the above maximization problem by the recurrence relations 

(ii) „       /.W-o. 
/« +1 (c) =    Max   [A F (c,. v) + /v (c -f J G (c, »))] . 

U <: r < f 

In cases treated to date this has turned out to be a more reliable 
computational procedure, and it possesses a number of other attractive 
features from the numerical point of view as well. 

It turns out to be not too difficult to show that 

(12) lim /.v(c) —/(C. T). 

under conditions upon /•" and G that arc normally assumed in the calculus 
of variations. Actually, these conditions can be greatly lightened. How- 
ever, any discussion of this would take us too far afield. 

§ 12. A convergence proof 

Since a discussion of the convergence question, even under strong 
assumptions, becomes quite long-winded in its full generality, without 
adding much in principle, we shall content ourselves with the proof of a 
typical result. 

Let us set 

(I) f(c.T) = Max [T F {x.y)dt. 
u        Jo 

subject to the constraints 

(2) a.    ix/dt = G (*, y) 

b.     0 < y < ^ . 

*(0) 

It is convenient to set y — y x,* so that we have, introducing a new F 
and G, 

(S) f{c.T) = Max {T F(x,(p)dt. 
u       J o 

* This is particularly so in the numerical calculation since this change of inde- 
pendent variable permits the maximization to be over a fixed region, 0 < 7?» < 1. 
rather than over a variable region. On the other hand, there are cases where the 
variable region i^ desirable, particularly in connection   with  shrinking  processes. 
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a. dx/di      G (x, q) , * (0) = c , 

b. 0 < ^ ^ 1 for all < ^ 0. 

Let us now define,  for « =   1, 2 a sequence of approximating 
problems: Maximize 

(•» /.v ({?*}, H)- £F {X,. qp^/n.     N = [77«] 

where A*- and y* are related by the equations 

(<>) At- + i ~ xic H G (AA-, <fk)in ,        A'      0, 1, . 

Xo = C , 

and the variables y*- are constrained by the relations 

(7) 0 < 9?* < 1 ,     * = 0, 1 N. 

Here, as above, A *■ =- x (k .-1), y *       q (k .1) . 
For each c and 7 , let 

(8) /{c.T.n) =  Max y.v ({yi,},;/) . 

We wish to show that 

(9) lim/(<-,/■, «)     f(e.T). 

I. 

We first require the following 

"I-HMMA:  Lct(i(x.q)    satisfy   a    Lipschitz   condition   for    m<^x<iM, 
V<<f< ! • Lei 

(10)    a. y {/) be a step-function with constant value q>k, 0 < 9?i-< 1, in 
the interval k/n<t< (k + 1)/«, * = 0, 1, . . ., AT; 

b. {xic} be defined recursively by (6), and let the uniform bounds on 
the sequence be m and M; m < Xk < M. 

c. x (t) bestepfunctionuithconstantvalueX/tfork/n < t < (k -j- 1)1 n, 

d. A (/) be defined as the solution of the differential equation in (4). 

Then there exists a constant k depending only upon G and T such that 
X (t) — x (t) | ■< kin, for 0 < ^ < A'. 

This may be proved by the Cauchy-Lipschitz method, applied in the 
same way as in the proof of the existence; theorem for systems of ordinary 
differential equations. 
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Let us now stati- tlio limit relation of (») as 

THKOKKM 2.  I'ttder the assumptions 

(11)    a.  F and G have contitnum* second partial derivatives. 

b. There exist constants p, q, r such that px <, G {x, y) <^ qx + r, 
for AT > 0 and 0 <; y ^ * 

c. Gy is of one sinn: either Gy > 0 or Gy < Ofor all x > 0, and 
0 s * y ^ * 

we have 

(ID lim/(c, y.») =/(c, 7). 

for alle 2iO,T > 0. 

PROOF: Given c > 0 and 7' > 0, let N = [Tin], as above. Tbe condition 
of (lib) enables us to assert the uniform boundedntss of x {t) tor 
0 <; / <; r. Let m <2 x (t) <. M, and thus m <Z, xt < M. Since, by as- 
sumption, F (x, y), and G [x, <p) satisfy Lipschitz conditions in the region 
tn<^x<^M,Q-<.<f<, 1, by virtue of the Lemma above, there exists a 
constant ß, dependent only on c, T, F and G, such that 

(13) l/(f)—/„({f »).*») 1^*7». 

whenever y (t) and (fk are as in Lemma 1 above. It follows that 

(14) f{c.T.n)<:f{c.T)+B'ln. 

for all n = 1, 2  
Let («<} be a subsequence of {«} for which lim f[c, T, ni) — lim in 

/(c, 7", n). (iiven e > 0, let <p [t] be chosen so that 

Nt)W 7 (<) is the limit almost everywhere of a sequence {y,» (<)} (,f step- 
functions for which 0 - : y», (<)-^ 1. ant! we have  lim J {</m)      / (7). 

Heine we may take the y appearing in (l.r)) to be a step-function, and 
actually a step-function constant in each interval of the form A'/« <^ / < 
(A-   l   1)/«, for some arbitrarily large it       tu. From (l.'l) we have 

(I*'-)    /(<•.■/■)• .y.v(W * I.") f«7" i f  /(<•./'.") 1 «7" ■ '• 

Hence 

(17) /(c, T) ■     lim /(c, T, Hi)   \  t      lim inf/(c, 7", «)   )• *•. 

2(i2 
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On the other hand, usinf; (14; wc see that 

(18) lim sup/(r. r, n) ^/(c, T). 
«     »   oo 

fa 
Since < is arbitrary, we see that (IS) holds. 

If {«pjn} maximizes /.v ({y*},  «), then {95*»} determines for each n 
= 1, 2, .... a step function <f>n (I) with the property that 

(19) lim ./(9p,.) ~f{ctT) 

If there is a convergent subsequence which converges almost everywhere 
to a limit 9? (/), then lim / (9?») = / (9), and 9? (/) is a maximizing func- 

tion. 
If this function possesses suitable monotonicity properties we can 

employ Helly's theorem to obtain a convergent sub-sequence. Otherwise, 
we must use weak convergence arguments or analogous techniques. 

§ 18. Max I    F(x,y,l)dt 

So far we have considered time independent processes—those where 
F and G are independent of t. Let us now treat the more general case, 
that of maximizing 

(1) J(v)   -. rF(x.y.f)dt. 

■ubjrcl to the relation 

(2) dx/dl      (, (x, v, t) .        x (0) = c. 

In order to apply the functional equation technique, we imbed this 
problem within the wider problem of determining the maximum of 

(3) y(v)        I"''/•■ (,v, y,/) ^ , 
Ja 

subject to the constraint 

(1: dx/dt =- G (.v, v, t) ,        x (a) -- c. 

Here a ranges over the interval [0, T]. 
Keeping 7" fixed, the two state variables are now a and c, and wc may 
write 

(5) Max/(y) -/(«, c) 
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The functional equation for/is 

(6) f[.c)=    Max    \  {"** F{x,yJ)dt+f{a + S,c(S))]. 
y (<i. «   t  .S'l    Jo 

for 0 < 5 < r — a. 
Letting S -> 0, we obtain the equation 

(7) 0 = Max [F [c, v, a) + /a ^- G (c, v, a) f<], 
r 

where v == v (a, c) is the value of y (a). 
From (7) we obtain the two equations 

(8) 0 = F (c, v. a) +/, + C (c, v. a) f, 

0 = Fv (c, v, a)        ■+■ Gv (c, v, a) fc 

Solving for/a and/r, we obtain 

(9) fc^—FvIGv = P'r v.a) 

fa ■« (FGV — F^G), -.i, ^ ^ (c, v, a) . 

As above, equating the values of/c,,  'nd/oc, we obtain the first order 
partial differential equation for v. 

(10) Pv "a + Pa = Qv Vt + ^c 

Those who are familiar with quasi-linear ])artial differential equations 
of this type will readily verify that the characteristics of this equation 
are equivalent to the Euler equations obtained by classical variational 
techniques. 

§ 14. Generalization and discussion 

If we now consider the problem of determining the maximum of the 
functional 

(i) /(y) = J'F (*(«). y (/))*. 
subject to relations 

(2) dxldt = g{x,y),    x{0)=c. 

where x, y, c and g are «-dimensional column vectors, and F is a scalar 
function of x and y,7 we can proceed in a similar fashion. Setting 

(••5) f(c.T) = Max/(v). 

7  Any explicit clcpondcncc upon / can always be removed by consideration of / 
as a dependent  variable xn , ,, detined by dxn ». , i& =  i, xn+ 1 (0) = 0. 
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the principle of üptimality yields the functional equation 

(4) /(c.S + T) = Max 
v I». s\ 

j*F(x.y)dt+/(c(S).T)] 

The classical transversality conditions fall out as a special case in this 
equation, as might be expected on the basis of the duality between point 
and tangential coordinates which we have indicated above. 

Carrying through the calculations similar tc those in (8) and (9) in § 11 
above, we obtain a system of quasi-linear partial differential equations 
for the vector v = v {c,T) — y (0). 

This equation has a characteristic theory, and, as is to be expected, 
the characteristics are equivalent to the Euler equations of the varia- 
tional problem. The rigorous proof is quite complicated and will not be 
presented here. 

§ 15. Integral constraints 

We considered above in § 7 a variational problem where y was con- 
strained by the condition 0 < y <; AT. Let us now discuss the problem for 
the case where we impose the additional constraint 

(1) {T ydt<,m. 

rr 
The minimum of       F {*, y) dt will now be a function of the three state 

variables c, T and m. Denote it by/(c, T, m). Using the above methods, 
we see that/satisfies the equation 

(2) ft =  Max [F (c, v) + G {c, v) /<• — vfm] 
0 < v < e 

Problems involving constraints of the type encountered in the pre- 
ceding sections arise in the consideration of many physical problems if 
we impose realistic bounds on such quantities as velocity, acceleration, 
radius of curvature, rate of allocation of resources, and so forth. Integral 
constraints, such as that appearing above, or a constraint of the form 

y's dt <; m, appear if we assume fiat resources are bounded, that the 
/: 
kinetic energy is bounded, and so on. 

Generally speaking, integral constraints are more readily handled than 
point constraints. Although, theoretically, the Lagrange multiplier 
method is capable of treating both types of constraints, as well as more 
general classes, in practice we encounter the difficulty discussed above of 
determining when the variable is within the domain of variability, and 
when it is on the boundary. 
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§ 16. Further remarks concernin~ 'numerical solution 

Let us consider th probl m of d t rmining t he maximum of ' I. 111 

t gral 

(l ) J ( ) -= !or F (x, x' , t ) dt , 

wh re x ( ) = c, l1ut x is oth rwi e unrestra in d . As uming tha t F "~ t t i. 

fie a ppropriat c ndit ions, the solution i. dct rmin b · t h J!u 
equation 

(2) 

T hi 

(3) 

FJ - djdt FJ x' = 0. 

a econd ord r equation , of the fonrr 

x~ = G (x, x', t) , 

wh ich m a n t ha t tw b undary c nd it ion a r necessary to d t rm inC' 
t h olut ion. On" cond ition i furni hed b t h original cqnstra int x ( 
= c, whil th oth r, ari ing from the varia tional procedure is 

{4) - - 0 Fl -~ · t - r - · 

As we s , on condition i at t = 0, and th oth r t t = T. Oa th 
oth r hand, in ord r to integrat (3) in a c nv ni nt fashion , ei th r wit h 
a di it 1 mput r or an analog comput r , we r C] Uir the alues of x and 
x' t t = or at t = T. nfortunat l , w do not o tain ither of thes 

t nf condition fr m th abov anal i . 
W ar thus c nfronted l> th cla i a l diffi ulty of a tu•o-point boun a

r condition. If G is lin ar in x and x', w face no parfcula r d iffi culty; If, 
how er, i g n rally tru e, G i nonlin ar, w mu t f:\ce the fact t hat 
th r is no temati t chniqu for d t rmining th soiution of (3), 
satisf ing (4) and th initial ondition . 

Th u ual pro dur is to tar t th in t gration at t = 0, b ginning with 
a range of va lues of x' (0). and narrowing th range until (4) is sufficiently 
w ll approxirnat d. This i a tim -consuming procedure, sometimes com
plicated b stabilit probl m , which b com s rapidly more inefficient as 
t h dimension of th variati n 1 problem inctea es. 

W hav a sum d that F i a function poss ing a suffici n tly smooth 
b havior to justif th u e of (2). If w allow F to po sess t rms such as 
I · - a I or Max (x - a, x'- b, g (t1), fun ti ns which arise v ry na
turall in conomic and ngineering pro · s s, th application of th 
usual variational approach b com incr asingly difficult. 

mbine th above omplication with thos furnish d by the xist 
ence of constraints, and w se that conv ntional methods m st be sup-
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nl 
. "\ . 

lv a vari ty of problem nsmg m a very 
ica l world . 

Lt'! \1 ' II •". 

fot .t -.c'll Itt\ tl \ 

ell . t 1 •It dt •t t-.ton ,." .... <'""'':", ar , of c 
COli t lll\1011 ... It• ' 1. I 

: l i . bi ·n •u , probl m 

I d " " tH w dc· o t 1 ;• · tt ntion to th probl ms f d termining the 
\ \ thH". of ). wl11rh 1 •fllll i n n-tri I uti n of th quati n 

( I ).• (t) tt = 

II (I I I It ( I ) 

lt ( , ... t. 
ll11· t n nnc•t' IH·:I h · wt c•nnut ,,, Vi• ·· · ···,rk and thi probl m, which at 

111 t · ~ Itt •,,•t•n t · .u I I' ll mt·d. ·'' t ,.., ! t oll, tr , , t that und r light condi-
' "' '" nrt '/ (I•. lw • w' ll\ .tlt~t I'' 1hl• 111 , ..., , c 1 •• .I nt to the probl m of 

dr ·rrn tt l ttl~ •• • · · · • t: ., 1' nf ( 
1 

,. , subj ct to th con traints 

(2) L' 91 {I) u ' dl I , It ( ) = tt (1) -: ' .. ... 

r, con__y r I . to that f d t rminin th r lat iv m xima of L' q>(t)-;t2 dt 

ubj ct to th c n train t 

(3) tt ( ) = u (1) = 0. 

Wh t mak thi pr bl m iff rent in qualit fr m ho w hav 
n ;d red abo i th fact that a w trav r an xtr mal th condition 

u ( ) = is violated. .ons u ntl , w mu t imb d his problem in a 
mor n ral cia f pr bl m po ing th r qui it in ariance pro-

rti s if w wi h to mpl th functional equation approach . H appil , 
th r ar 'I r I wa of d ing thi . 

In the fir t approach, w con id r th minimization of 

(4) 1 (tt) ::-o J: tt' 2 dt , 

o r a lltt satisfying the condi IOns 

(5} (a) u (a) = k, u (1) -= 0 

(b) J: q> (t) u 2 dt = 1 
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Here  the new state variable a satisfies the condition 0<^a < 1. We 
assume that the function y (t) satisfies the constraint 0 < 6, <; 90 (<) <^ 6, 
for 0 <; / <; 1, and is continuous over [0, Ij. 

An equivalent problem is that of maximizing 

(6) K («) = r fi w M« dt, 

subject to the constraints 

(7) (a)    M [a) --= k, M (1) = 0 

(b)     j"1 «'»it=\. 

A second less obvious formulation that serves the purpose is the follow- 
ing: Minimize 

(8) dt 

subject to the constraints 

(9) (a)     u{a) - 0, «(1) =- 0, 

(b)     j    [f \i) M» + Ä (1 — <) «P W M] ^ = 1 • 

§ 18. The first formulation 

Let us set 

(1) /(«,*) " Min f1 u'*dt, 

subject to the constraints 

(2) (a)    u(a) = *, «(1) = 0, 

(b)     f1 <p (t) u*dt = 1 

We write, along an extremal, 

(3) (a)      f       <p{t)u*dt = I ~s(p(a) k*. 
Ja ¥ l 

(b) u {a + s) = k + sv , 

(c) /{a. k) =tVaS+   f        !»'•*, 
Ja + » 

to terms in o (s).1* 

• In order to simplify the analysis, we shall proced directly to the derivation 
of the limiting partial differential equation. 
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Now make the change of variable 

(4) M (/) = [1 - I tp {a) k*ß] w{t).a + s<, i <. 1. 

in order to maintain the condition {lb). We then have 

(5) (a)    w (a -I- s) = * + w + «f (a) *»/2 , 

(b)    /(a, *) = vH -f (1 — s 9) (a) k*)  f       w'* dt 
Ja + t 

to terms in o (s). 
Combining the above results, we obtain the approximate functional 

equation 

(6) /(a, k) = Min fr« s + (I —sy (a) A»)/(a + s, k + sv 

+ I (p (a) *•/«)] + c (s) . 

Letting s —> 0, the result is the equation 

(7) 0 = Min [»■ + p/ft] + /„ + ^^     /> — 7 (a) *•/. 

or 

(8) /. - /»•/< — V («) *•/»/> + f I«) *•/ 

The initial condition is at a = l^and not trivial, since/(a, Ar) —> 00 as 
a -^- 1. There are two ways to determine this initial condition, as we shall 
discuss in the next section. 

§ 19. An approximate solution 

If a is close to I, and 99 (t) continuous, as assumed, we may replace the 
variational problem in (17.1) and (17.2) by the approximate problem: 

Minimize I    u'2 dt, subject to the constraints 

(1) (a)     « («) = *, « (1) = 0 

(b)     f1»»<tt = 1 

upon absorbing the factor qr (1) into the function u (t). 
This problem may be approached in two ways. Using the classical ap- 

proach, we obtain the Eulcr equation 

(2) u   -\- ä u 0, 

which may be resolved explicitly. The unknown parameter is determined 
by the constraints in (la) and (lb). 
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The second method uses (17.H) with (p (a) = 1. Since the solution of the 
problem in (1) alwve is known for k = 0. namely 

(3) /(".O) 
.T 

(a-I)*' 

we can obtain a solution to (17.8) as a power series in k, for k > 0. Since 
we are primarily interested in the solution for small k, this is a useful 
form of the solution for numerical purposes. 

§ 20. Second formulation 

We leave the derivation of the corresponding partial differential equa- 
tion for ^he variational problem defined by (16.8) and (16.9) as an exercise 
for the reader, with the hint that the essential point is to renormalize 
« (t) constantly so as to maintain the initial condition u (a) = 0. 

§ 21. Discrete approximations 

Since the partial differential equation for the minimum/(a, k) posses- 
ses certain unpleasant features as far as initial values are concerned, the 
following discrete formulation may be of value. 

Let us consider the problem of minimizing the function 

(i) F («„ m. . 

subject to the constraints 

(2) ( 

• , UN - l) =   ~  (M* 
t     I 

#— 1 
a)     i"  yic ui? 

Ut-l)*, 

(b)    Mo = a, M.V = 0 . 

Corresponding to the use of the state variable R, we consider the se- 
quence {//({a)} defined as follows 

s 
(3) flt{a)  -Mm   1'   («* — «»-i)«, 

{•») *     « 
where the «*■ are subjected to 

.v 
(4) (a)       £ <pt /u-2 = 1 , 

t     H 
(b)     i//(-i = a, Us = 0 , 

for A- - 1,2 2V —1. 
Since this involves a variable range for each quantity M», let us make a 

change of variable 

(5) (fie Uk = Vk , 
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under the assumption that O < 6,<:y*<; A, < oo for k = 0, I, 2, ..., N. 
Then 

(6) 

where 

(7) 

•v      /Vie Vt - l\t 

{rt}  1 /(   \<Pk <pk  -  \) 

(a) 
k ~ R 

(b)    r« _ i = 9?« _ i a, VN -- 0. 

We leave as an exercise the task of determining the recurrence relation 
for the sequence {/« {a)}. 

§ 22. Successive approximation 

Returning to the equation 

(1) /(c) -  Max  [ f F (*. y) * +/(« (S))] , 
«10, .v |       Ju 

obtained in § 3, it is tempting to envisage the use of successive approxi- 
mations for the solution of the equation. If, however, we choose an 
initial function/„ (f), and define a second approximation by means of the 
equation 

(8) ftic] •■=  Max  [   [ F(«,y)*-f/.(e{S))] 

we see that in the limit, as S —»■ 0, we must have /", (c) =/o (c), provided 
that/o (c) is continuous. 

At first sight, this would seem to render the use of successive approxi- 
mations impossible. Actually this is not so. What is true is that we must 
approximate in policy space rather than in function space. We must con- 
centrate our attention primarily upon v = J' (c, T) rather than upon 
/(c, 7"). Nonetheless,/(c, T) still plays an important auxiliary role. 

To illustrate this point, let us discuss the problem of maximizing 

(3) / (v) = r F (.v, v) dt, 

subject to the relations 

(1) dxjdt - G (.v, y] ,    * (0) = C . 

Then, as in § fi, we obtain the equation 

(5) fr = Max [F {c. v) + G (c, v) fc] . 
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Let us now choose an initial approximation Vo = v0 {c, T), which is 
equivalent to y0 — y«, {x, T — /), keeping in mind the connection between 
physical time t, and T, the remaining time for the process. Using this 
value of y0, we compute x0 by means of the differential equation, 

(6) dx0\dt = G (*„, y0 (x0, T — t)),      x0{Q)=c. 

and then f0 (c, T) by means of 

(7) /„ (c, I) -  [T F {xo, Vo) dt. 

This function,/„, satisfies tV" linear partial differential equation 

(8) foT = F (C, Vo)   + G (C, Vo) foe . 

To obtain the next approximation to an extremal y, or an optimal v, 
we determine v^ (c, T) as a function which maximizes the function 

(9) F(c.v) +G(c.v)fo. 

Using V! (c, T), we obtain yi(x, T — /) and then  *,  and /, as above. 
Having obtained /, we compute t\ as a function which maximizes 

(10) F{c.v) +G(c,v)/lc, 

and  continue in this way, deriving a sequence of approximations to 
/. {/"}. an(i a sequence of approximations to v, {v,,}. 

§ 28.  Monotone approximation 

Let us now show that this sequence of approximations to/is monotone 
increasing, a fact which is important theoretically and computationally. 
We have 

(1) AT^   Fic.vJ +G{c.vl)fir. 

foT = F (C. V0)   + G (C, V0) foe <[ F (c, vj  + G {c. Vj) foe . 

Hence 

(2) (/i—/.)r^G {«,»,)(/»—/.),. 

Since /, (c, 0) = /„ (c, 0) = 0, we see that /, —/n > 0 for all 7" > 0. 
Continuing in this way, we readily establish the monotone property 

of the sequence {/n}- li the sequence is uniformly bounded, we have 
convergence. However, it is essential to know when the sequence of 
partial derivatives, {/«<•}, {/nr}, and the sequence of policies {rn} also, 
converge. The general question is a difficult one and we shall not enter 
into it here. 

It is interesting to note, however, that we do possess a systematic 
technique for improving any particular policy. 
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§ 24. Uniqueness of solution 

As we have noted above, we are bypassing any of the rigorous aspects 
of the derivation of the partial differential equations we have encoun- 
tered and any study of the existence of the solution of these equations. 
It is, however, worth noting that the uniqueness of solution may be es- 
tablished quite readily by means of the same device we have formalized 
as Lemma 1 in Chapter 3. 

Consider, for example, the equation 

(1) fT = M*x[Flc.v) +G(c.v)fe]. 
i 

and assume that there exists another solution of this equation, g = g [c.T), 
which possesses the same initial value, namely 

(2) /(C)0) =g(c,0) = 0, 

for ull c. Then, we have also 

(3) gr = Max [F (c, w) + G [e. w) §,] . 

Let v — v (c, T) be a function which furnishes the maximum in (1) and 
w = w (c, T) a function which furnishes the maximum in (3). Then we 
have the inequalities 

(4) fr — F [c, v) + G (c. v) /, > F (c, w) + G (c, v) /<• 

gT = F (c, w) + G (c, ») gc >F (c, v) + G (c, v) ge . 

These inequalities yield 

(5) /T-gT> G {c. W) (/. - gc) 

< G (C, V) [ft — gc) . 

Thus, if we set u = /— g, we see that u satisfies the inequalities 

(6) G (c, w) Uc <, UT <G (c, v) Uc. 

Since the solutions of 

(7) XT — G [e. w) xc = 0,      ^r (c, 0) = 0 , 

yT — G(c.v)yc=0,      y (c, 0) = 0 , 

are identically zero, it follows from a comparison theorem that » is 
identically zero. 

§ 25.  Minimum maximum deviation 

Let us now discuss the numerical solution of a variational problem 
of the following type: 
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Max   |M — a 
o < « i r 

over all functions a (/) satisfying the constraint — 1 <r v <; 1, where 

(2) rf«/^ = g(«, r).M(O) =<:,. 

Consider the corresponding discrete process where 

(3) Mt + 1  "= M* + «,' K^k, Vk) A. Mo = c„ 

and M* = M (kA), A = TIN, vk = v {kA). 
Define 

(4) 

Then 

(5) 
and 

{N (CI) =  Min    Max     | M* — a 
M • s * s -v 

/„ (c.) = I c, — a I , 

(6) fs + i (c.) - Max [ | c, — a |, Mm />• (c. + g (c,, v) A)] , 
l»| < i 

for iV = 0, 1, 2,  

We have thus reduced the solution of the original variational problem 
to a computation of a sequence of functions of one variable determined 
by the foregoing recurrence relation. 

Exercises and Research Problems for Chapter IX 

1. Obtain functional equations for the following quantities 

a. Max  ['pdl,f(0) = c,        i* f* dt = I 
f      Jo Jo 

b. Max rT/Im dt.f{0) = c.     C [f')tn dt = 1 
f      J o Jo 

c. Max  f  /*,/(0)=c< (   pdt^Za,       f   t*/*dt<h 
f      J o Jo Jo 

2. Obtain functional equations for the following quantities 

a. Max I    fgdt.fOd) — c,/monotone increasing,       f1dt<^\ 
f      Jo Jo 

rr 
b. Max       /^/./(O) = c,/monotone increasing and convex (concave), 

/        Jo 

</.' 
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3. Carry through the analysis suggested in § 18 and obtain the first few 
terms of the expansion of/(a, k) as a iwwer series in k, for a close to I, 

4. Follow the same procedure for the second formulation of the eigenvalue 
problem. 

5. Obtain a functional equation for the following quantity 

Min C \(x — c)* + kf*]dt. 

dxjdt = — ax + /, A: (0) = c . 

6. Obtain a corresponding result for the general case 

Min       [ I {x«) — ck}* + f*] dt. 
f J" l (I 

A;<
V

) =-   a, x<v-»> + ... + as x + /, 

xW (0) = c*-, A- = 0, 1 A' — 1 . 

7. Use the functional equation approach to determine the minimum of 

1    (I — x)* dt over/where 0 < /< M, M >1, dxjdt = —*+/, 

x (0) -= 1. and  I r /dt < a < 7", 

8. Under the same conditions determine the minimum of " 

{T {dx/dt^dt. 

9. Determine the minimum of       /2 rf/over all/satisfying 

dxjdt = — x + f.xiO) ^ \,l —a< x< I + a{orO<t<,T. 

10. Determine the minimum of        {x — y) dt over y, given that 

a. dxjdt = 6 (y), * (0)    = c, 0 < y < x , 

b. b" (y) is continuous and b" (y) < 0, b' (y) > 0 

c. b' (0 +) = -f oo 

11. Consider the same problem under the assumption th-t b'{0+)  is 
finite. 
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■T 
[K (y) + L(x — y)] dt over all y where 

a. K (0) -= L (0) m 0 

b. K'(x),L'(x) ^0 for all A:, 

c. dx/dt = — ay — b (x — y), x (0) = e, b > a > 0. 

13. Consider the problem of minimizing the functional 

/ (x) = r 1«, (t) (x - », W + a. {t) (x' - bt (/))>] dt. 

0 <^ s < 7", over all functions x such that x (s) ~ c, and  I     x'2 dt < oo. 

Assume that ail functions appearing are continuous and that ai (t) > 0 
in the interval [0, T]. 

Define 

Show that 

f(c.s) - llm/(«.f). 

/. = - a, (s) (e - ft, (.v))1 + btfc -/c
2/4"2 (») . 

/(c, 7") = 0 for alle. 

14. Show that/(c, s) = u (s) + cv {$) + c2 m («), where », p and w depend 
only upon t. 

15. Show that u, v and w satisfy the cjuations 

(a)  »' (a) = — «, (,s) h,2 {s) + 6, (s) v (s) — r1 {t)IUt («) , 

(h) p' (s) = 8«, (i) 6, (s) + 2b2 (s) w (s) - r ($) w («)/«, (s) , 

(c)  »' (s) = - al (s) — w2 (s}la2 (.vfr-"" 

with M (7) = v (7) = w (T) = 0. 

16. Obtain the corresponding results for the functional 

/ (A) = fT [a, (/) (x- - 6. («))• + «, (/) (*" - 6, W)« + 

rt3 (0 («' — b3 [t))2] dt 

17. Consider the following discrete analogue of the problem in 13. 
We wish to minimize the function 

/ (*) = i" [(pK {XK) + V'K («« — A;" - i)]. 
A'        1 
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over all jxissible values of the XK, K — 1,2 N, with x9 = x.  As 
usual, assume that 95« (x) and v'' ) are continuous functions, with 
appropriate properties at .* = 00. 

Show that this problem leaHr to the sequence {/K (x)} defined as fulicvs 

fm [x) ■ Min [fM (xs) + fW (*.v — AT)] , 
's 

fn (.v) = Min \(pn (XH) + y« (^R — A:) + /R+I (AT«)] . 

18. Consider, in particular, the case where tpx and y>K are quadratic in A;, 

with (pa m IK (X — du)*, y>K = CK X*. Show that, in this case, /N (X) 

= UN -\- VN x + ■'111» x*. where us-, r.v and - v are independent of x. 

1». Show that 

UM_I = |6.v- 1 </2.v    i + »J» — (rf.v   1 ^.v~ 1 — »*/!)■]/[** -1 + *Jf- 1 + "'A'] 

'id^- - 1 (</,v - 1 fc.v     1 — VJV/2) 

6.v -1 + «w -1 + Viw 

«'JV - 1 (bs + t'.v) 
a> - 1 =  - 

«.v -1 + «jr -1 + «w 

20.  Let [xk} denote the secjuence of minimizing YA'S. Show that 

xci   1   rf, hi — ?'j/2 , 

bt -I- e, + K', 

VK    1   f- du - 1 bK-i — t'A- +1/2 

b* + en + WK 

r.v - 1  = 

VA 

21. Treat in a corresponding manner the problem of  minimizing the 
expression 
... .v 

7 (x) = 1' [a* [XK — ft«)1 + em («* - v« -1)1 + g* (s« — rfjt)«]. 
A'        1 

where sK = x^ -f «, + ... + .VA- . 

22. Consider the stochastic case where the parameters appearing are 
stochastic variables, and it is desired to minimize the expected value of 

23. Consider the scalar equation 

duldt = g (M, v), u (0) = c , 

where v is to be chosen so as to minimize the functional / (v) = 
T 

.1: h (n — c) dt. 
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Let/(c, 7") ■   Min / (i), and di'rive a functional e(|iiatiun for/. 

24. ("onsidor tlie process where we wish to minimise 

/; 
h (« - 74'(/)) dt. 

25. Consider the problem where we wish to minimize 

Max    l M 
o - ( •  r 

where a (t) is a known function of /. 

;16. Consider   a   corresponding   two-dimensional   problem,   using   the 
equation —— 

U'   -(    />(/<«   — 1) M'   +  M   —/(<) . 

with— !</(/) < 1. 

27. Treat in the same fashion the problem of maximizing 

/ (/. f) - JJ Min («. y, A , 
where 

rf-v/rf/ = ax + f, x(())    - Ct, 

dyjdl -- by + f. v (0) -= c,. 

and the functions/(/) and ^(/) satisfied the constraints. 

f+g       hf.H>0. 

28. Consider the equation 

dhi/dt2 -f a2 «      /(0. " (0) = c,, M' (0) -   Cj, u2 < 1. 

We wish to choose/(<) subject to — 1 <i/('):< 1 so as to reduce u to 
zero in minimum time. What is the corresponding functional equation ? 

29. Obtain the solutions of the brachistochrone and isoperimetric prob- 
lems using the functional equation approach. 

30. Determine the path of a ray of light through an inhomogeneous 
medium, assuming that the path minimizes time. 

31. Consider the problem of determining the minimum of 

JN{w)=    Max    Max || M*-!,  |1 — rt-l ], 
n •    <■ •    .V 

over all sequences {ir*} satisfying ..he conditions \wt\ < 1, where 

"A     I  : = ;,' («*■, ''A-, U'A), WO = ci, 

!'A- ♦ i        h (»<»■, Vt, wt), Vo = Ca . 
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fm {ci, Ct) = Min />• (u') 

Max [ Icil, |1 —C2I, Min/v (g (ci, Co. u), h (ci, ct, w) ) ] 

32. Obtain the corresponding recurrence relations for the case when; 

y.v (u) =     Max    Dk («*•, vk). 
(• -- 1- < .v 

33. Consider a rocket-powered aircraft moving in level flight with a 
mass equal to the fixed mass of the aircraft, w, plus the mass of the 
fuel, m. The force of propulsion is taken to he a known function of the 
rate of burning of the fuel, the velocity of the aircraft and the mass of 
the fuel. Equivalently the force of propulsion is a known function of 
the thrust and drag, which are, in turn, known functions of the burning 
rate, the velocity, and the mass. 
Let 

(1)    -v [t] = the distance along the .v-axis from the origin at time t. 

v (t) — velocity of the aircraft, 

m (<) =■ mass of fuel, 

w = fixed mass of aircraft. 

y (<) = burning rate 01 fuel. 

F (y, r, m) = force of propulsion. 

"hen 

(w ■+■ m) dp 
F (y, v, m) 

or 

and 

(?«• + m) 
dv 

dt 
F (y, ?', m), v (o) = i'o, 

dm 

dt 
= —y, m (0) = wo. 

34. Consider a discrete  version  of  the  process described  above,   and 
impose a restriction on the burning rate, 0 < y [t] < R. 
Let 

/(», m) = the range covered starting with initial velocity v and a 
quantity of fuel m,  ending with  terminal  velocity VT, 

using an  optimal burning policy. 
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Show that 
F (v, v, m) A 

/(,.. m) - id -I- Max [/fa + --^- .m — vA)] 
ix„ ^ it w + m 

and show liow the quantity VT enters. 
(K. Bellman — S. Dreyfus, H. C'artaino — S. Dreyfus)* 

35. Similarly, let us define 

/(v, m,d) = the time required to traverse a distance d, starting from 
initial velocity vo and a given quantity m of fuel, with a 
required terminal velocity J'r, using an optimal burning 
policy. 

Show that 4 

F (v, v, m) A 
f(v, m. d) =~.A + Min \/(v + , m — vA, d — vA) ] . 

o<ii < it w -\- m 

36. Consider the equation 

^2 v dx d v 
j- + («• — 1; -+"=- r (0 + ^ (AT, ---, 0. * (0) - ci, A;' (0) = c2, 
a /2 a < dt 

dx 
where the function v = t1 (A;, - -, <) is to be determined, subject to the 

dt 
constraint |o| < 1, so as to minimize the expected value of 

/(«) ~ j'*it+ \x{T)\. 

over a suitable class of random functions r (/). 
(ioing over to the discrete version, show that we obtain the recurrence 

relation 

/• {ci, ca) = Ad* +■ |ci + ctd\ , 

J* CO 

fs -i (ci + c-.A, c-, + 
-oo 

[— (Ci1 — 1) Co — c, + ro + vo] /I) ^G (ro) ] , 

where dG {ro) is the distribution function for the independent random 
variables {ri}. 

37. Consider the linear equation 

d2 x dx 
+ * = r (/) + »(*. -,<).* (0) = c, AC' (0) = c,. 

a r « < 

• H. Cartaino - S. Dreyfus,   Application of  Dynamic  Programming  to the 
Minimum Time-to-Cliinb Problem, Aeronautical Engineering Review, 1957. 
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where r is to be determined so as to minimize the expected value of 

J (*) =   [T [x* + {dxldt)*] dl. 

Find the corresponding recurrence relations, determine the structure of 
the sequence {fs (ci, to) }, and the optimal policy.* 
38.  Returning to the problem discussed in 7, consider the problem of 
determining v so as to minimize 

/ = Prob {    Max    \x\>a). 
0 < t < T 

Show that the discrete version leads to recurrence relation 
Joo 

/n {Ct   + C2A. C2 + 
1 • , -•• -   - 

[ — (ci» — 1) r2 — ci + ro + v0]A) dG (ro) 

39. Consider the case where the f/ are not independent. Assume, to begin 
with, that the distribution of /"« 1 1 depends on the value of r„. Define 

/.v (ci, Co, r) -^ minimum expected value of Jtt, given the initial state 
(o,co), and the information that the value of the random 
variable at  the preceding stage was r. 

Show that the recurrence relation for the sequence {/%•} is 

/.v (ci, c-i, r) =  Min [Acf ■+■   j     /%- _ 1 (ci +- Co A, ct -j- 

[— (ci* — 1) 02 — c, + »-o + t'o] A)dG (ro. r)] 

40. Consider the problem of determining a monotone decreasing sequence 
of approximations to the first characteristic value of //" + ty (') * = 0, 
u (0) = «< (1) =0.  Let <f (/)  be a continuous positive function of / in 
0, 1], so that the first characteristic value is defined by 

Min 

r 9 w "2 * 
Let us approximate in policy space by considering functions u' {t) 

which are constant on  the  intervals   kA,{k~- \)A], 
* = 0, 1, '2 N — \. NA = \, i.e. 

»'(/)      nk,kA<t <(*+ 1)1. 

Let ?.\ (A) denote the minimum diver this space. Show that 

A, (A)      A. ('2 A), 

* R.  Bellman,  I'vnamic E>rogramming and Stochastic Control   Procc—w, 
Trans. IRE., M>57. 
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and derive a recurrence method for computing yli (AT). 

41. Consider the corresponding problem for the equation 

«(*)  + yl<JP (/) M = 0.   M (0)  = M' (0)  = M (1)  ^ M' (1)  = 0. 

corresponding to the variational problem defined by 

Ai = Min 
/>'■"' 

f <p (t) u* dt 
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CHAPTER X 

Multi-Stage Games 

§ 1. Introduction 

In the previous chapters we have discussed a numher of decision pro- 
cesses which, although of different origins and varying analytic structure, 
possess an important feature in common—all decisions are directed 
towards the single goal of maximizing the value of the criterion function. 
In this chapter we shall consider a class of multi-stage decision processes 
where this unanimity of purpose no longer holds true. Some decisions 
will be made to maximize and some to minimize. 

Perhaps the most interesting fashion in which we encounter those cross- 
purpose processes is in the study of activities in which two animate adver- 
saries counter optimal moves at each stage of the process. 

A number of situations in the economic world may be profitably con- 
sidered in these terms, and the theory of games of chance and skill 
affords a number of fascinating applications of the general techniques. 

Furthermore, in the physical world, in connection with testing and 
experimentation, it is often useful to conceive of nature, in some vague 
anthropomorphic fashion, as an opponent attempting to conceal the 
truth from us. The design of experiments may be conceived of as a game 
in which we attempt to extract information from a stubborn, but fair, 
opponent. 

The mathematical theory developed in recent years to treat problems 
characterized by this interplay between divergent aims is the theory of 
games. Although a good deal of effort had been directed in this direction 
by E. Horel, the theory rests upon a fundamental result of von Neumann, 
the celebrated min-max theorem. We shall very briefly discuss the foun- 
dations of the theory prior to a discussion of multi-stage games. 

These multi-stage games may be considered not only to constitute an 
extension of the single-stage theory, but in many ways they may be con- 
sidered to be more fundamental. The single-stage game may be conceived 
of as a steady-state version of an original dynamic process, namely the 
multi-stage process. 

After these preliminaries, we shall discuss some particular multi-stage 
games arising from multi-stage allocation processes, and then consider 
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"games of survival" and pursuit games. Following these examples, we 
shall present a general formulation, along the lines of Chapter 3, and then, 
as in Chapter 4, prove a number of existence and uniqueness theorems for 
certain important special classes of equations. 

In the main, the techniques used correspond to those employed in the 
treatment of the one-person processes. Games of survival, however, pre- 
sent special difficulties, requiring more advanced tools for a general 
treatment. The method we employ is applicable only to a restricted class 
of equations. 

One of the interesting aspects of games of survival is the application 
of this concept to the study of non-zero-sum games, where the players are 
no longer in direct opposition. A formulation of these games in terms of 
survival enables us to remetrize these games so as to make them zero- 
sum. Furthermore, as wc shall show below, a quite reasonable approxima- 
tion enables us to derive a new metric for non-zero-sum games, one with 
an associated min-max theorem. 

§ 2. A jingle-stage discrete game 

We shall now consider a class of decision processes involving two 
persons which we shall call gamtl. The two protagonists, whom we shall 
call players, will be named rather prosaically A and B.1 Let us consider a 
particular game. 

The rules of the game are as follows. The first player, A, has a choice of 
M different plays, which wc shall designate by the numbers 1, 2, . .., 
M, and the second player, H has a choice of N different plays, denoted by 
1,2, . . ., A'. If ^4 chooses the »'—,h of his alternatives and B the ;'—th of 
his alternatives, A receives a quantity an and B a quantity btj. If these 
(juantities are positive, we may think of them as gains, and if negative as 
losses. 

A convenient way to indicate these returns or payoffs, is by means of 
the two payoff or game matrices 

(11 M (atj). MB = [bt,), \ <.i < M ,\ <. j ^N. 

Let us now consider the single-stage process where each player makes 
precisely one play. The determination of optimal play, defined as that 
which maximizes return, is straightforward if ,4 is required to move 
before B and if B can use this information. If A takes the I—,h alternative, 
B chooses / — /(») so as to maximize bij. Consequently .4 chooees* so as to 
maximize at, KQ. A similar rule determines the choice of / if B is required 
to move first. 

1  The successors of the algebraic A, H, and C discussed  by' S.  I.eacock. 
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The only interesting case is that where both players are required to 
move simultaneously, without knowing of the other's choice. 

In these circumstances, they can protect themselves by mixing their 
choices, which is to say they will randomize their choices in a certain 
fashion. Let us assume then that A makes the i—th choice with prob- 
ability Pt and B the 7—"> choice with probability q/. The vector p = 
(Pi- Pt- • • • > PM) specifies A's probability distribution and the vector q 
= (?i. 9i. • • • - ?^) specifies B's probability distribution. 

As in our discussion of the stochastic processes of the previous chapters, 
we can no longer speak of the return, but must agree to consider some 
average return. The simplest such, as usual, is the expected return. The 
expected return to A will be 

(2) EA (P. q) - 
i i 

A- 

- •« pi qt, 

while that for B is 

(3) 
st      s 

Eßip.q) = S     ^  btjpiqj. 
i - l   j = l 

The frst player would like to choose p so as to maximize EA, while the 
second player would like to choose q so as to maximize EB- 

§ 3. The min-max theorem 

In order to obtain definitive results, we must assume that the players 
are in direct opposition, expressed by the relation 

(1) bi,r=~au. 

In this case, the game is called zero-sum, and only in this case does a 
satisfactory general theory exist. We then have 

m EBip.q) =—EA{p,q). 

from which it is clear that any choice of p and q which increases EA (p, q) 
decreases EB (p, q), and vice versa. 

It is sufficient then to consider EA (p. q) in our further discussion. We 
can, using this expression, define two values of the game, 

(3) VA = Min Max EA (p, q) 

FB = Max Min EA {p, q) . 
p       « 

The first is the expected return to A if B is required to choose q before A 
chooses p, while the second is the value fb AH the situation is reversed. 
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It is a remarkable fact (the min-mawrtieorcm of von Neumann), the 
basic result in the theory of games, that 

(4) VA = V, 

This common value is called the value of the game. We shall assume this 
result without proof here. 

The interpretation of this result is that A can announce his probability 
distribution p in advance, and likewise B can announce q, without either 
gaining from this advance knowledge. This is neither an intuitive, nor a 
trivial, result, but it is true. 

§ 4. Continuous games 

Let us now suppose that in place of choosing one of a discrete set of 
moves, A must choose from a continuum and similarly B. As a simple 
example, suppose that A must choose a real number x in the interval 
[0, 1], and B similarly a real number y in [0, 1]. Considering the zero-sum 
case only, there is now a payoff function K {x, y) which measures the 
value of this set of moves to A, with — K (x, y) the value to B. 

If A chooses a distribution F (x) to govern the frequency with which 
he chooses x, and B the distribution function G (y), the expected gain to 
A will be 

(1) JoT7^ y) dF {x) dG iy) 

The continuous analogue of the min-max theorem is the result: 

(2) Max Min VA =-- Min Max VA , 

where the variation is over the space of functions defined by 

(3) (a) dF > 0, j* dF (x) = 1 , 

(b) dG > 0. f1 ^G (y) = 1 , . 
J* u 

provided that A' (x, y) is jointly continuous in x, y over the unit square.* 
If K (x, y) is not continuous, (8) need not hold, and VA [F, G) need not 
even exist for all F and G. 

' This tiu'orem is a very line illustration of the utility of the Stieltjes integral, 
since the result is not valid if we consider only functions F {x) and (/ (v) which arc 
integrals, i.e., <//•' [x) = <f {x) dx, dG (y) = \p (y) dy. 
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§ 5. Finite resources 

In many situations involving multi-stage play, the above model is not 
satisfactory. This is particularly so in multi-stage processes where each 
player possesses finite resources. Here the choice of plays depends upon 
the quantity of resources available, and the game terminates when either 
player has no resources. Consequently we cannot consider the set of N 
games as consisting of N disjoint plays. 

Let us consider a simple example. Suppose that A has a quantity x and 
B a quantity y. At each stage each player may allocate 1 or 2 units of his 
resources with the return atj to A if A mal-.cs an allocation of j and B an 
allocation of /, and a return of — an to B, where i, j = 1,2. 

Here, loe the sake of initial simplicity, the return an is in units different 
from those of x and y, and so cannot be reconverted into resources. 

Let us take the process to terminate as soon as either side has no re- 
sources and suppose that each plays to maximize his total return. As- 
sume that we may define the function 

(1)   f(x, y) = expected return from the process to A when A has x and 
B has y initially, and each employs an optimal policy. 

On the first move, A mixes his choices according to the probability 
distribution p = (/>,, />,) and B according to the distribution q = (^i, 9,), 
where p and q will, in general, be functions of x and y. 

An enumeration of possibilities yields the relation 

(2) /(*. y) = 2"     Z  pi q, \a„ +f(x — i. y — j)] , 
1 = 1 / = i 

for an optimal policy, assuming for the moment that the principle of 
optimality is equally valid for multi-stage games. A proof of this will be 
given in § 9. Thus the functional equation for/(^, y) is 

(3) / (*, y) - Max Min j L     i' />, q} [ais +/(« — ». V — /)] j 

= Min M 
4 

ax     £     E ptqi [atj +f{x — i.y— j)] 
1,    \i    \ i - 1 1 

for x, y > 0, with the boundary conditions 

(4) /(A-, y) = Oif .r < üor y <0. 

§ 6. Games of survival 

Returning to the game described in § 2, let us take A to have x, B to 
have y and assume that the returns aij and bij are in the same units as x 
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and y. say dollars, and that btf = — <m, the zero-sum case. Let us now 
suppose that the game is continued until one player is ruined, and that 
each player attempts to ruin the other. A game of this type we call a game 
of survival. It is a generalized "gambler's ruin" problem. 

Assuming the existence of the function 

(1)   f{x, y) = probability that A ruins B when A has x, B has y, and 
each player employs an optimal policy, 

and proceeding as before, we obtain the functional equation 

(2) 

= Min Max Z" /(AT -(- at), y 

atj) Pi q) 

ait) pi qs, 

x, y > 0, with the boundary conditions 

(3) /(*,y) = l,.r > 0,y^0, 
= 0, ^ ^ 0, y > 0 . 

Since the game is zero-sum, the quantity of resources in the game re- 
mains constant. Thus the state of the process is specified by x, the quan- 
tity possessed by A. Setting x -\- y = c, and /(*, y) =/(%), we obtain 
the simpler equation " 

(4)    f{x) = Max Min Z f (x + an) pi qj mm Min Max £ /{x + atj) pi q], 
p       </    '■> ip      «.;' 

for 0 < A; < <:, with/(^) = 0 for ^ < 0,/(.*) = \. x >c. 

§ 7. Pursuit games 

Another interesting class of games are those involving the pursuit of 
one player by another. In some cases there is a question as to whether 
one player can catch the other, in other cases where capture is certain, 
the problem is to determine the choice of paths for one player which 
minimizes the time of capture and for the other player a path which 
maximizes the time of capture. 

The continuous versions of these problems are quite difficult to for- 
mulate rigorously, and as a consequence most of the results obtained in 
this connection pertain to the discrete version. 

Consider the following simple problem. The two players, A and B are 
situated at the points kA, IA respectively on the line, where Zl > 0 and 
k and / are integers or zero. At each move of the game, each player has 
the choice of moving one unit to the right or to the left. Moves are made 
simultaneous!}' with full information as to the positions of each player. 
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* 
After each move there is pay-off from B to A of an amount g (d) where d 
= | * — l \Ä. the distance between the players. Furthermore, there is a 
probability 1 — a (d) that the process terminates on that move. 

The total pay-off of the multi-stage game is taken to be the expected 
value of the quantity that B pays".4 before the process terminates. Once 
again assume that the function 

(1) /{d) = expected pay-off if A and B are initially d units apart and 
both employ optimal strategies, 

exists. Then proceeding as before, we obtain the functional equation 

(2) / (rf) = c (d) Max Min [/>» qj{d) + pt qtf{d) + px q%f{d — 2) 
p      i 

+ PtqJ{d + 2)] + g(d). 

= a (d) Min Max [■■.]+ g (d) , 
q p 

where p^, pt are the probabilities of A going to the left or the right re- 
spectively on any move, and ^.^are the corresponding probabilities for 
B. In general, optimal />,, />,, qx and ql will depend upon d. 

§ 8. General formulation 

Let us now describe, in some generality, a class of multi-stage games we 
wish to analyze. At any stage of the game, the states of the two players, 
A and B, are represented by m-dimensional vectors, x and y, which we can 
think of as "resources." 

In order to avoid for the moment the conceptual difficulties of infinite 
processes, we shall first consider a finite process. At the beginning of each 
stage of an AT-stage process, A allocates a certain quantity of his resour- 
ces, a vector u, and B a certain quantity of his resources, a vector v\ this 
will be represented symbolically by the notation 0 <^ M < 3f. 0 < f ■< y. 
where the inequalities hold component-wise. 

As a result of this allocation, there are two consequences. A receives a 
payoff of R(u,v\x,y),a. scalar function, andß a payoff of — R{u,v; x, y) 
— a zero-sum process. In addition to these payoffs, there is an alteration 
in their resources; x is transformed into T {x, y; u, v), and y becomes 
T' {x, y; u, v). The process now continues in the same fashion for [N — 1) 
additional stages. 

The total return to A of the A'-stage process is 

(1) R\ = R\ (M, UI, M2, . . ., UN - i: v, vu . . .,VN -i, x, y) 

= R (M, v) + R («a, r,) + .. . + K («« _ i, vN - i) . 

There are several ways we can treat this Ar-stage process. One extreme 
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regards the N-stage game as a single-stage game of complicated type, re- 
quiring a choice of a set of vectors {«, «,, ..., UM- i) by A and a set 
(r, r,, ..., vs -i) by B, where the choice of UK and v* is dependent upon 
the choice of u, Ui, ..., UK - i. 9,9* .. .,VK - i- Alternatively, we can 
employ the functional equation approach. For the case of unbounded 
processes, or processes involving stochastic interaction, the recurrence 
technique is, in general, the only feasible one. For the case of finite deter- 
ministic processes, this technique is usually simpler analytically and 
computationally. 

We shall assume that R (u, v; x, y) is a continuous function of u and v 
for all finite values of u and v, x and y, and that similarly T (x, y, u, v), 
T' (*, y, u, v) are continuous functions of x, y, u, and v for all finite values 
of the vector variables. 

The general case where only boundedness and measurability of the 
functions are assumed may be handled using the same principles, at the 
expense of introducing Sup-Inf operators in place of Max-Min. The par- 
ticular case where x, y, u, v, T, T' assume only finite sets of values is also 
interesting to consider, and has the advantage of avoiding continuity 
considerations.     

One advantage to considering the A'-stage process as a single-stage 
process, as described above, is that it permits us to define the multi-stage 
game precisely on the basis of known results for the single-stage game and 
thus the value of the multi-stage game. Once having defined the game, 
we can prove that recurrence techniques are applicable. 

The value of the A7-stage game described above is given by the expres- 
sion 

(2) VN = Max Min [JJ RN dG (M, M,, M M.V _ i) dG' («, Vx, Vi, • • •> Vjr-l)] 

= Min Max [ . .. ] , 

where G and G' are distribution functions over regions of quite complicat- 
ed form defined by the inequalities 

(3) 0 < M ^ ^, 
o < M, ^ r. 

0< ^< y 
0 < t'! < T 

0 < M ,v - i < 7'JV - i, 0 < rjv - i < T'N - i. 

The quantities T and T' depend upon x, y, u, and v; T,, TV depend upon 
x, y, u, v, Mj, t',, and so on. 
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§ 9. The principle of optimality and functional equations 

Let us now change our notation, replacing xhy P and y by P', in order 
to consider more general situations where x and y arc not necessarily 
vectors whose elements are quantities of resources. 

Since VN depends only upon the initial states, we may define the se- 
quence of functions 

(1) /v (P. P') =vN,N = I. 2, 

Assuming for the moment that the principle of optimality is valid for 
multi-stage games, we obtain the following recurrence relations.* 

(2) /, (P, P') = Max Min     [ JJ      R («, v) dG (M) dG' (v)] 
0 < u < P 
0 < v < P" 

Min Max [ 
0'        « 

1. 

/N +1 (P. P') = Max Min     [ JJ     [R {u.'v) + /* (T. T')] dG (u) dG' (v)] 
<)■ o < 

u < 

Min Max [ 

< r 
< i" 

That this principle is valid for one-person processes where we are at- 
tempting to maximize a return, or minimize a "cost" is clear by contra- 
diction. Since its validity may not be as obvious for game processes, let 
us present a brief proof for the sake of completeness. 

The recurrence relation in (2) provides a sequence, not necessarily 
unique, of pairs of distribution functions, {GJV (M, P, P'), G'.V [V, P, P')} 
which furnish the sequence {fs (P, P')}- In order to show that the func- 
tion/v (P. P') is actually the value of the /^-stage game, it is sufficient to 
show that A can guarantee an expected return of/v (P, P') if he chooses 
M at the first stage of an .V-stage process in accordance with the distribu- 
tion function GN (M, P, P'), when the states of A and B are described by 
P and P', respectively, and similarly that B can guarantee an expected 
loss of not more than —fs {P, P')- 

To demonstrate this, consider the one-person Ar-stage process in which 
A employs the fixed strategy represented by the sequence of distribution 
functions, {Gk(u, P, P')}, £ = 1.2, ..., N, and ß attempts to minimize 
A's expected Ar-stage return. It is sufficient to consider this process, 
since any other policy employed by B yields a larger expected return 
for A. Let 

• To simplify  the  notation,  we shall  write A (K, p]  for  R («, !■; P, P'). 
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(2) ws (P, P') — iV-stage expected return to A when A employs the 
fixed strategy {G* («, P, P')}, B employs a minimizing 
strategy, and A and B are in the states P and P' 
initially. 

Then we have the recurrence relations 

(3) w, (P. P') = Inf      / [ J     R («. v) dG («, P. P') | dG' (v), 
W 0 < r < P"   0 < u < P 

wN «i (P. P') = Inf      J [ i     [R («. V) + wN {T. T')] 
O' 0 <t < P"   0 < u < P 

dGN + iiu.P.P'fldG'iv). 

upon employing the principle of optimality for the one-person process. 
Considering the origin of the function G,, we see that the minimum in 

the relation for w1 (P, P') in (3) is attained by the function G' = G,', not 
uniquely in general. Hence, 

(4) », (-P, P') - 9t (P. P') 

Since w% = t'i, the relation for jf, yields in the same way the fact that 
wt = vt, and thus, inductively, we see that 

(6) wN (P, P') = vN (P. P') 

In precisely the same way we show that if B employs the strategy 
Giv' (v, P, P'), A cannot obtain more than VN (P, P'). Hence VN (P, P') is 
the value of the AT-stage game. 

§ 10. More general process 

Before presenting some precise statements concerning the processes we 
have discussed above, let us consider a sequence of more general processes 
which may be treated by means of the same techniques we shall employ 
below. 

Consider, to begin with, an infinite process of the type described in § 8 
in which we allow the transformations T and T', as well as the return R, 
to depend upon the stage. 

We then consider the functions 

(1) /(P, P', k) = the value to A of the infinite process beginning at the 
k—th stage when A and B possess P and P' at this 
stage, and both employ optimal strategies. 

This sequence, with the usual proviso relating to existence, satisfies the 
recurrence relation 
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(2)     /{P.P'lk) 

Max Min      [//    |7? (u. v. k) +/{Tt, Tt'. k + 1)] dG {u) dG' (v)] 
a   ir   o < u < p 

0 < v < 1* 

= Min Max [ ] 

Let us now complicate the process to a further degree. We have assum- 
ed, in the above formulation, that the interaction between the players 
was perfectly determined once u and • were chosen. In a variety of pro- 
cesses, a choice of u and t; determines a distribution of outcomes, which 
is to say the interaction is stochastic rather than deterministic. Let 
Kt {z, t, t' \ u, v) denote the distribution function, where z is the value of 
Rk (M. V), i the value of 7\ and /' the value of TV- 

The functional equation of (2) is replaced by 

(3)    /(P.P'.k) 

= Max Min     [/J    [f [z + /(t. t'; k + \)] dKk] dG (u) dG'{v)] 
0 £ « < /' 

0 <r < I* 

— Min Max [ ]■ 

Finally, let us consider the case where we are concerned with a non- 
linear function of the total return, R, rather than the total return itself. 
A particularly important situation is that where A wishes to maximize 
the probability of achieving a return of at least /?„, a specified constant. 
Another interesting utility function is eaR. 

Let us assume that A wishes to maximize the expected value of 95 {R), 
where 9? is a given function of R. To describe this nonlinear situation, we 
must introduce an additional state variable, a, the total return obtained 
by A from the previous stages of the process. Defining the function 
f(P,P',a;k) essentially as in (1), we obtain the associated functional 
equation 

(4)   f(P.P',a:k) 

= Max Min     [JJ    [/(*, f, • + *;* +1) «Mt*]*?(«) 4G'(*)1 
p 

= Min Max [ ] 

None of these functional equations will be discussed here in connection 
with the existence and uniqueness of solutions since the basic approach 
is the same for all cases. 
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$ 11. A basic lemma 

Let us present a simple but extremely useful inequality which exhibits 
the quasi-linearit}' of the transformation 

(1) L (/) = Max Min T {P. P';f; G, G') = Min Max T. 
u        a- O (J 

It will play the same role in the existence and uniqueness proofs of this 
chapter that Lemma 1 of Chapter 4 played in that chapter. 
LEMMA I.4 Let 

(2) L{f) = Max Min [//[/?(«. r) + h(P. P'■.u.v)f{T,T')]dG (u) dG'[v)] 
() W        U € S 

r i S" 

== Min Max | ]■ 

Lt {F) - Max Min [Sil^i (*». ») + * {P. P': ", f) F (T. T'}] dG (u) dG'(v)] 
a       <:■    a F a 

r t .S" 

•m Min Max [ ]• 

Then 

(3) \HJ) — Li {F) | < Max Max [ ! R [u, v] — /e, («, v) \ 
M 9M   re .S" 

-f \h(P.P':H.v) \\f{T,T')~F{T,T)\]. 

PROOF: Let us write 

(2) /.(/) = Max Min T {P. P'J. G, G') - Min Max T {P. P':f, G, G') 
a       <;■ <;'       a 

Li(F) = Max IIinT1(P.P';F;C,C') = Min Max T, (P, P'iFiCG') • 

Let (G,, G"/) be a pair of functions yielding the. value L{f), and let 
(6"2, Gi) be a pair of functions yielding the value L, (/•"). Then, by virtue 
of the saddle-point property, we have the following chain of equalities 
and inequalities: 

(6)    L (f) - T [P. P'; /; G,, G.') > T (P.. P'; /; G„ G,') 

^.TiP.r.f.GuGJ). 

L, [F) =. r, (P, P'; P; C G,') > P, (P. P'; P; G,, G2') 

<: /".{P, P'.F-.G^Gi) . 

* It is assumed that max-min = min-max for carh transformation. A similar 
result holds for tlu- one-sided max-min operator; see § 18. 
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Combining these inequalities we have 

(6) L (/) - L, (f) i T (P. />';/; C., C.') - f, (P, -P'; F; G.. Gx') 

SS r (P, P';/; 6fc G.') — r. (P, P'.F. C1( G,'). 

The inequalities in (6) yield 

(7) L{f)-Lx (F) ^ //\R (u, v) — Rx («, v) + h (P. P'; u. v) [f(T. T) 
a im 
r t S' 

-F(T.T')]]dGt(u)dG1'(v) 

^ //[/? («, r) - R, (u, v) +h (P. P'; u, v) [f{T, T') 
ue.S 
r < .S" 

-F(T.T')]]dG1(u)dGt'{v). 

Using as in Chapter 4 the fact that a <^ c <^ b implies | c | <; Max 
(| a |, ( 6 |), we obtain from (7) the further inequality 

(8)  | L (/) - L, (F) | < Max { [//[ | /? (». v) ~ R, (u. v) | 
II r S 

r « .s" 

+ | Ä(P, P'; u. v) \\/(T, T') - F (T. T') | ] dGt (u) dG,' (»)]. 

[//[ | Ä («, r) - Ä, (». v) i + i A (P, P'; M. r) ( 1/(7. H 

r i .V 

F(r,n I ]«»<•)*?/(»)]. 
from which (3) follows immediately. 

It is easy to make the modifications required to obtain the analogous 
result for the case where Max Min is replaced by Sup Inf. 

§ 1*2. Existence and uniqueness 

Before stating our results, let us introduce some notation. Let P and P' 
represent «- and «'-dimensional vectors defined over regions D and D', 
respectively, each containing the origin in its respective space. For all 
values of u, v, P and P', the transformed vectors T (P, P'; u, v), 
T' (P, P'; u, v), are required to lie within these same domains, where u 
and v are k- and ^'-dimensional choice vectors, respectively, constrained 
to domains S and S', which may or may not depend upon P and P'. 
Since we shall be dealing with shrinking transformations in the theorem 
below, there is no loss of generality in taking D and D' to be finite. 

In each space, let us introduce the norm, | i P | |, equal to the sum of 
the absolute values of the components of P, 
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\\P 
> - 1 

P'\\= £ [Pi' 

Actually, these norms need not be identical, and, in some situations, it 
might be useful to consider norms molded to the structure of the func- 
tional equation, rather than standard norms of the above type. 

The functional equation we shall consider in some detail is 

(2) /(P, P') = MaxMin    [J       /     [R{u.v) 
a      a'      ue s    ttS' 

+ h (P. P', u. v)f(t. T)] dG («) dG' (r)] 

= Min Max [ ], 
o'      a 

i, 

where T = T{P,P'; u, v), T = T [P, P';u. v) . 
To- simplify our notation, let us represent the operator appearing 

within the outer brackets in equation (2) by T (P, P'; f; G, G'). The 
equation in (2) then assumes the form 

(3) /(P, p') = Max Min T (P. P'J; G, G') 
a      o' 

= Min Max T (P. P'J; G, G'). 
a-      u 

There is a question as to whether this should be referred to as one equa- 
tion or as a pair of equations. We shall refer to (3) as "an equation." 

The result we shall demonstrate is 

THEOREM 1. Consider the equation in (2) under the following assumptions: 

(4) (a) The functions R («, v). h (P, P';u,v).T (P. P'; u, v) and T (P, 
P'; A, v) are continuous functions of P and P', u and v, in any 
bowtded domain of the variables. 

(b) The choice domains, S (P, P'), S' (P, P'), vary continuously with 
P and P'. 

(c) T and T' ore shrinking transformations, i.e., 

P I i + 11 r 11) < * (11 P ' i + 11P' 11). Max (11 r | j + 11 r 11) < * (11 -P 11 
V « A" 

where k is a fixed constant less than 1. 
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(d) Let E w {kn c) < oofor alle > 0, where 
n - 1 

w(c) Max 
It'll-fllKHS«     «•■« 

r « A" 

(Max    \R(u,v)\) 

(e)       Max    \\h{u.v.P,P')\\<.\. 
u, v.P.P- 

If the above conditions are satisfied, we can assert that there is a unique 
solution of the equation in (2) within the class of functions f (P, P') which 
are continuous for all finite P and P' and vanish when P and P' are both 
null vectors. 

This solution may be found by the method of successive approximations. 

(5) f0 (P, P') = Max Min [ f / R (u. v) dG (u) dG' (r)] 
o      a-    ut t 

v e S' 

mm Min Max[ ], 

fn ♦ i (P, P') = Max Min T (P, /";/„; G, G'), 
■* a      a1 .       '• 

= MinMaxr(P(P';/B;G.G').n ^0. 
a-     a 

The solution is obtained as the limit f{P, P') = lim fm (P, P'), in any 

bounded region of {P, P') space. 

We shall further demonstrate 

THEOREM 2. Under the hypothesis of Theorem 1, a set of functions (G (M), 

G' (»)) furnished by the functional equation constitute a set of optimal 
strategies for A and B, respectively, in the multi-stage game described above. 

§ 18. Proof of results 

Let us now proceed to the proofs of these results. Let 

(1) /, (P, P') = Max Mm [// R {u, v) dG (u) dG' (»)] . 
<;      a'   u t s 

v e A1' 

= Min Max [ 1. 
and 

(2)   /„ +1 (P, P') =-- Max Min T [P. P'; /«; G, G') = Min Max T , 
B      a- o-      a 

where T is defined as in (4.2) and (4.4). 
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By virtue of our assumptions concerning the coefficient functions and 
the domains i" and S', we can assert the existence of the saddlepoint in 
(1), and the continuity of/„ (P. P'). Inductively, then, all the/» {P. P') 
exist and are continuous for all finite P and P'. 

Let us now show that the sequence {/«} converges uniformly in any 
finite portion of the (P, P')-regions. Using Lemma 1 we obtain the in- 
equality 

(3)    |/„ + i(P,P')-/„{P,P^|- 

^ Max Max [J/ \fn (T, T) -/„ -X{T,T')\ dG («) dG' (*)] , 

2, 3, 

Define the new sequence 

(4) un +1 (c) = Max |/, + j (P, P') —/„ (P, P') |, 

Then (3) yields, using the assumption of (4a) of § 3, 

(5) Un +1 (c) <; Un {kc), M  =  2, 3,   . . ., 

Also, we have 

(6) I/, (P, P') —/, (P, P') |, ^ Max Max JJ | R («,*) | dG («) dG' (v) , 

whence 

(7) M, (c) < » (c) . 

Using our assumption that ~ w [kn c) < oo, we see that the series 
E\fn*\ (P, P') —fn (P, P')]   converges uniformly in any finite region. 
n 
Hence/n (P, P') converges unnormly to a function/(P, P') which satis- 
fies the original functional conation. 

This completes the proof of existence. Let us now turn to a proof of 
uniqueness. Let F (P, P') be another solution which is continuous at 
P = 0, P' = 0, and bounded in any finite region. We see that F (P, P') 
is then actually continuous for all finite P and P', although this fact is 
not necessary for our proof. It does simplify it a bit since we can replace 
Sup-Inf by Max-Min. 

We then have the two equations 

(8) F (P, P') = Max Min T (P, P'.F.G. G') = Min Max T 

f{P, P') - Max Mm P (P, P'J.G.G') =Min Max T 
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Applying Lemma 1, we see that 

(9)     | F (P. P') —/(P. P') | ^ Max Max [// (F {T, T') —f(T, T) \ dGdG' 
a     a-   ue.s 

v « 6" 
Let 

/ 

A (c) = Max | F {P. P') —/{P. P') 
11 /" 11 + 11 /" 11 < « 

(10) 

The (9) yields the relation 

A{c)<^A (kc), 

which, upon iteration, yields A [c) <, A {kn c),n = 1,1 Since F and 
/ are both continuous at P = 0, P' = 0, and have the common value 0 
there, we see that A (kn c) —> 0 as « -► oo. Hence A (c) = 0 and F —/. 

This completes the proof of Theorem 1. 

§ 14. Alternate proof of existence 

In the study of functional equations of this class, the proof of the 
existence is "cheap," while the proof of the uniqueness requires varying 
degrees of effort. As far as the functional equations arising from the «. 1- 
culus of variations are concerned, the opposite is true; there, existence is 
difficult and uniqueness is simple. 

Let us indicate how we may establish the existence of a solution of the 
Sup-Inf equation in the case where we assume that R (M, V) > 0 and 
h{P, P'; M, v) > 0. It follows inductively that the sequence {/„ (P, P')} 
is monotone increasing and bounded. Hence the sequence converges to a 
function/(P, P'). 

To show that this function satisfies the functional equation 

(1) f(P, P') = Sup Inf T (P, P';/; G, G') 
u        «' 

— Inf Sup T, 
o-    a 

we proceed as follows. We have 

(2) /(P,P')>/n+,(/>,?') Suplnf r(P, P';/n;G,G'). 

and thus 

(3) / {P. P') > Sup Inf T (P. P'; /; G. G'). 

Conversely, utilizing the pdsitivity of the operator, we have 

(4) fn ♦ i (P. P') -S Sup Inf T (P. P'; /; G. G') , 
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for all n, and, in consequence, 

(5) / (P. P') <, Sup Inf T (P. P'; /; G. G'). 

Comparing (3) and (5) we see that we have equality. 

§ 15. Successive approximations in general 

The sequence of approximations, {/» (P, P')}, used to construct the 
function / (P, P') was precisely that obtained from the finite n-stage pro- 
cesses. This is actually not the best sequence to use if we are interested 
only in the infinite stage process. As we have pointed out in previous 
pages, approximation in "policy space", here "strategy space", is in 
many ways a more natural and more important type of approximation. 

To justify this and other types of approximations we require 

THEOREM 3.  Under the assumptions of Theorem 1, the sequence defined by 

(1)       /„.i(P, P') = MaxMinr(P, P';/B;G,G'). n = 0,1  
a      M 

= Min Max T (P, P'; /„; G, G') 

converges to the solution of (5.3) for any initial function fo (P, P') which is 
continuous in any finite part of the (P, P')-domain, and equal to zero at 
P = 0, P' = 0. 

The proof is precisely the same as that given above. 

§ 16. Effectiveness of solution 

We have established existence and uniqueness of the functional equa- 
tion derived above under the assumption that the infinite process posses- 
sed a value for each player. The question now arises as to whether the 
functional equation actually yields sufficient information to allow each 
player to obtain this value. If so, we say that the solution is effective, and 
theoretically, the functional equation is equivalent to the game.4 

The solution will be effective under the hypotheses of Theorem 1, 
which is to say, continuity. 

To show effectiveness, under the hypotheses of Theorem 2, we must 
show that if A uses a distribution function G (M) = G (M; P, P') obtained 
from a pair (G, G') which yield the min-max, then, regardless of what B 
may do, A can guarantee himself a return of at least/(P, P'). 

1 In many ways, however, this is not true. Once the functional equation has 
been formulated, and the process discarded, we have restricted ourselves to a 
certain direction of approach which may not be optimal for the derivation of all 
properties of the process. It is well then to k?ep in mind that the above functional 
equation is only one of many possible mathematical descriptions of the process. 
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Employing this fixed strategy, A 's return will be, at worst, determined 
by the solution of the functional equation 

(1) F(P,P') = mn[Sf[R(u,v) 

r « .S" 

+ h (P. P'; T, D F (T, T')] dG (M) dG' (v)]. 

It is easy to show, using the techniques of the preceding chapters, 
together with the assumptions we have made, that this equation has a 
unique continuous solution which is zero at P = 0, J0' = 0. Furthermore, 
the solution of this equation may be obtained as the limit of the sequence 
defined by 

(2) F0 (P, P') = Min [JJ R {«, v) dG («) dG' (v)] , 

■ < s' 

FB +1 (P, P') = Min JJ [«(•,») 
O'    u t S 

r < .S" 

+ A (P, P'; u, v) Fn (T, T')] dG (u) dG' (v). 

It is clear, from the derivation of G (M), that F ss/f Hence, inductively, 
Fn + I =/n +I, as defined by (14.1). Thus 

(3) F(P. P') = -imF» = lim/„ = /(P, P') . 

This demonstrates the effectiveness of the solutions. 
With reference to the remarks made in § 6 of Chapter 4, let us now 

establish 

THEOREM 4. Let 

(1) A (c) = Max 
11 /' 11 + 11'" 11 < <■    • • * 

» € S' 

Max    | R («. v) — R' (u. v) 

Then, under the hypotheses of Theorem 1, the solutions of 

(2)   f(P,P') = Max Min//[P (M, f) + h{P, P'■,u,v)f{T.T')]dGdG' 

V t S- 

— Min Max [...], 

F (P, P') = Max Min JJ {R! (u, v) + h[P. P'',u.v)F(T, T) ] dGdG' 
(I        (f   ii «s 

r ' .S" 

= Min Max [...] 
«■      G 
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satisfy the inequality 

(3) \f{P,P,)-F{,P,l>')\<>ZA{k*c). 

PROOF. Applying the Lemma of § 3, we see that 

(4) \/{P. P') — F {P. P') | < Max Max //[ | /?_/?' ( 
<l W     u e I 

r c .S" 

+ \/{T. T') — F (T. T') | ] dGdG'. 

Iteration of this inequality yields the desired result. 
t 

§ 17. Further results 

The. results obtained in the previous sections depended upon the fact 
that the total resources of the system were diminished as a consequence 
of the play at any particular stage of the game. Analytically, we may 
express this by the statement that the transformation (P, P') -> {T, T') 
is a shrinking transformation. 

Let us now introduce a shrinking transformation in another way by 
assuming that 

(1) \h{P,P',u,v)\<.k <\. 

for all admissible f, P', u, and v. Provided that we assume that P and 
P' now be within bounded domains, with T and T' transformations of 
these domains into themselves for all u and v, we obtain ready analogues 
of the preceding theorems under the assumption of (1). We shall leave 
the formulation and proofs of the results as exercises for the reader. 

§ 18. One-sided min-max 

Let us now considej the equation 

(1) f{P, P') = Min Max [R («, ») + A (P, P', u, v)/{T. 7")] , 

which arises from the allocation process described above if the second 
player is required to announce his choice of v to the first player before 
each play. 

We can obtain an analogue of the basic lemma of § 10 in the following 
way. For any function R (u,;v) permitting the operations we have 

(2) Min Max R (u. v) = Min   Max   R (u, v) , 
r f .s"    »/ ■ 8 ■ « S*    u (r) c 8 

where u (r) is now a function which maximizes R (u, v) for fixed v. Let 
U (v) be this function. 
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Let F be a value of v which minimizes R [U {v), v). Then we have the 
inequalities 

(3) RWiV). V)<R(V{v).v). 

R(U(V). V) >/?(«(F), V), 

for any other admissible values of u and v. This saddlepoint property 
yields the analogue of Lemma 1. Having obtained this lemma, the 
proofs of existence and uniqueness proceed in a straightforward fashion. 

§ 19. Existence and uniqueness for games of survival 

We shall prove the following result: 

THEOREM 5. Consider the equation ' 

(1) /(*) - Min Max [p, qJ{X — 1) + /), qtf{x + a) + 
Q      p 

*•*»/(« + *) + />*?»/(* —*)]■ 

- Max Min [/>, ?./(* — i) + /., f,/(« + «) + 
p        t 

Pt1if(* + *) + P* 9*/i*-')], 

. d — 1, associated with the game matrix for x = 1. 2, 3, 

(2) 
(~' -:)■ 

where a, b, and c are positive integers, a > \, andf{x) satisfies the boundary 
conditions: 

(3) /{*) = 0.x<Q.f{x) = l,x>d. 

There is a unique function f {x) satisfying the inequalities 0 <;/(*) <; 1, 
which satisfies (1) and (3). 

PROOF. TO simplify the notation, let us set V {f{x)) as the value of the 
game whose matrix is 

(4) 
//(*—1)   f(x + a)\ 
\f(x + c)    /(x — b)) 

The functional equation in (1) has the. form 

(6) /(*)   - K(/(«)).        ^= 1,2, ... rf—1 

/(.r) = l, x>d. 
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Let us define the sequence (/„ (*)} as follows. 

(«) /o{x) = l.x^>d. 

= 0, * fSrf — 1 . 

/n + iW - V{fn(x)).n = 0,1,2 x 

/n+l{x)  =  l.X^d, 

= 0,x^0. 

= 1,2, ...d—1. 

It is clear that /, (x) > /o {x) for all x, and hence inductively that 
/n+i (*) ^fn-ix). It follows from the fact that 0<1fn(x)<,l for all ^ 
and n, that/n (x) converges as n ^ oo for all ;t to a function/(A;). That 
/(*) satisfies (5) is easily seen. This completes the proof of existence. 

Since /„ (x) is a monotone increasing function of x, each function /n (*) 
is monotone increasing, and hence/(A:) is monotone increasing. Let us 
now demonstrate the important result that it is actually strictly monotone. 
Upon this fact our proof of uniqueness depends. 

We have 

(7) m = V{fl) 
f 

If/(a) and/(c) are positive, we have/(l) > 0 . 
To establish the fact that/(a) and/(c) are positive, let us assume, on 

the contrary, that /(*) = 0, for ^ = 0, 1, 2, .... k <d. but f (k + I) 
= 0. Then 

(8) ,/«_ v(f(k-~l)/(k + a)\_ 
,W \/{k + c)/(k-b))- 

f       0       f{k + 
i/{k + e)      o 1 

Since /(k + a) >f(k + 1) > 0,f{k -f f) > /(* +1)  > 0,   it   follows 
that/(A) > 0, which is a contradiction unless k = 0. Thus/(I) > 0. 

We have i 

(9) /(2) <   /(I) 
\f{c + 2) /(2-6)> 

Since/(1) >0,/(a + 2) > / (a + l),/(c + 2) >/(C),/(2 — b) > 0, 
we must have /{2) >/(!),  unless / (2 — b) =0 and the solution is 
pt = qt — 1. This is clearly impossible since it yields/(2) = 0 </(!) 
and we know that/(2) ^/(l) . 

We thus prove, inductively, that 

(10) 0=-/(0)</{l) </(2)< ...  </(./) 

with strict inequality at every step. 
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The uniqueness now follows readily. Let us set 

(11) T(p. q.f) = p, ?,/(* — D+Pt qtf(x + a) 
+ Ptqif(x + c) +ptqt/{x~b). 

Let / and g be solutions of 

(12) /(*) = Min Max T {p. q.f) - Max Min T {p. q.f) 
ip p      v 

g (x) = Min Max T (p. q, g) 
q p 

for 0 < At < rf and 

Max Min T [p. q. g), 
P 9 

(13) /.(*) 0 g{x) = 0.x 
-= I. x>d ^ 

with the further assumption that g (x) is bounded for 0 < x < d. 
Under the assumption that/(;t) ^ fi [x), set 

(U) J = Max |/(*)—g(«) f. 
z 

and let •' be the largest integer in [0, d] for which the maximum, assumed 
non-zero, is attained. 

If we let/>( = pt (y), qt = qt (y), pt = pt (y), qt = qt (y) be sets of values 
for which the Mir. Max — Max Min is assumed, we have 

(18) f(y) = T(p.q,f) 
g (y) = T {p, q, g) , 

and, as in Lemma 1, 
(16) zl = |/(y)-g(y)|<M.ax[|r(/),^,/-g)|]. 

P. 9 

Since, for all p and q, 

(17) \T(p,q.f-g)\^A. 

we see that (16) is an equality, which means that 

(18) T(p,q.f) = T(p.q.f).     ■ 
T{p.q.f)= Tip.q.f). 

Consider the relation 

(19  f(y)'—g{y) =^i?.[/(y —i)—f{y —l)] 
+ ptqt[/{y + c)—g(y + e)] 

+ p1q*[f{y + <*)—giy + <*)] 
+ P,qtlf{y — b)—g{y — b)]. 

Since 1' pi qj = 1, if any of the brackets in (19) have absolute value less 
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than d, the corresponding coefficient fit qt must be zero. By assumption, 
y was the largest value for which \f(y) —g(y) \ = A. Hence ^t j, = 
0,plqt==0. 

Since i>i -\- Pt = 1, both ^1 and pt cannot be zero, which means y, = 
0 or y, = 0. Turning to the game matrix 

(20) 7(y —«)  f{y + 
J(y + c)   f(y- 

a)\ 

we see that the strict monotonicity of/(*) as a function of x makes it 
impossible for 9, = 0 or y, = 0 to be optimal play at ar = y. This yields 
a contradiction to /d > 0 and completes the proof of uniqueness. 

We see then that the proof of uniqueness of a strictly increasing solu- 
tion is relatively easy, with the whole difficulty of the complete unique- 
ness proof centering about the proof of strict monotonicity. 

The method we have employed is quite general and applies to large 
classes of functional equations. It fails, however, to treat the general case 
where we assume only that the elements an of the game matrix A are real 
quantities. 

§ 20. An approximation 

Let us now return to the general equation 

(1) /(«) = Max Min Z p, q,f[x + at,) , 

— Min-Max -1' piqtf(x -f a,/) , 
9       p    >. i 

and assume that x is large compared to an. 
The reasoning we shall employ below, while quite formal, possesses 

many foatures of interest. Assume that we can write 

(2) /(« + ««) iß/(«) + •uf'Kx). 

Then (1) takes the form 

(3) /(*)  tS Max Min £ p, q, [/(*) + ««/' (*)] 

^ Max Min {f (x) + f (x) I pi q, a,;] . 

which leads to 

(4) 0 S£l Max Min [/' («) E pi q, ««] 
P 1 i. ) 

m Min Max [/' (x) S pi qi an]. 
q p I, / 

Assume now that /' [x) > 0. Then we obtain the approximate equa- 
tions for the unknown distributions p and q, 
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(5) 0 = Max Min £ a«/ pi qi 
v      i    •'.; 

= Min Max 27 a,j pt q/, 
«        p      i.i 

an equation which is independent of/(*)! 
The meaning of this equation is that for large x, with a large number of 

plays remaining before the end of the game, the play is approximately 
the same as that employed in the single-stage game where both players 
wish merely to maximize the expected return from one play. 

In taking a« small compared to x we are essentially passing over to a 
continuous version of the process. As we noted in § 18 of Chapter 8 in the 
discussion of the nonlinear utility function, the optimal policy was inde- 
pendent of the form of the criterion function. Here is another manifesta- 
tion of this general principle, and we shall encounter a further example in 
§ 22 devoted to a similar approximation for non-zero-sum games. 

§ 21. Non-zero-sum games—games of survival 

Let us now turn to a discussion of the more general situation where 
6(j ^ — at). Here there is no generally acceptable theory for the deter- 
mination of optimal play in a single-stage process. Consequently, we shall 
turn immediately to the discussion of a multi-stage process. Let us assume 
once more that the players are both striving to ruin the other, and that 
the game continues until this occurs. They are now in direct opposition 
and we can use a Min-Max formulation. 

Since the game is non-zcro-sum, the state of the process depends upon - ■ 
the fortunes of both A and B, x and y, respectively. Let us define 

(1) f(x, y) = probability that A ruins ß when A has^.ß has y.and both 
employ optimal policies. 

Then/(AT, y), provided that it exists, satisfies the functional equation 

(2) /(*, y) = Max Min £ fr qi/{x+ ««, y + btt) 
l> 1      i. i 

= Min Max li plqjf{x + an, y + bij) , 
'i      v     '■ i 

with the boundary conditions 

(3) /(«.y) = l.*2>0.y<0 

= 0, ^ < 0, y > 0 

= 1/2, x = y = 0 (by convention) . 

It is easy to establish the following result, using the methods we have 
employed above. 
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THEOREM 6. If aij + 6^ < Ofor all i, j, there is a unique bounded solution 
to (2). (3). 

§ 22. An approximate solution 

Let us assume that we are dealing with a process where a«/ and 6</ are 
always negative. Then assuming that x and y are large compared to a«> 
and ba, and that we may write 

(1) /(* + <*u. V + bi,) ifi/t* y) + a()fx + bi,fy, 

we obtain the approximate equation 

(2) /(*. y) U Max Min I />, q, [f(x, y) + a,,/, + 6,,/v] 
p      »    >'.) 

IQ Min Max Z" ^« fj [/(«, y) + a(,/x + 6«/y]. 

From this we obtain the approximate equations 

(3) 0 = Max Min.[/» Z an />« q) + fy £ bn pi qj] 
p       v ». > i.; 

■■ Min Max [/* £ an pt qj + fy E bt] pt qi] . 
q       p i.i i,i 

Using the same reasoning employed in § 4 of Chapter 9, we see that these 
yield 

(1) — /*lfy ~ Max Min [ & bn pi qjj Z an pt ?/] 
p      <i      ', j >. i I 

—- Min Max [ 27 btj pt qij E an pi qj] . 
9     p      '. ? ••;' 

This is a very reasonable criterion. Observe that it makes no difference 
whether we solve for fx—fy or/>.//*, since maximizing/,//y is equivalent 
to minimizing/y//». 

In the next section we shall demonstrate that Max Min in (4) actually 
equals Min Max. 

§ 23.  Proof of the extended min-max theorem 

In this section we wish to prove 

THEOREM 7. // £ bij pt qi >: d > Ofor all distribution vectors p and q, 

then 
£*if pt qi E atj pi qi 

(1) Max Min ^ = Min Max tL_ 
p      q    1 bn pi qj „        p    2. bij Pi qt 

i. i i. i 
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PRCXJK. There is no loss of generality in further assuming that h(j ^ m < 
1 for all i, j so that £ 6<> pi <fj r^ *n for all relevant p and q. Consider the 

system of recurrence relations 

(2) Mo = Max Min Z" a</ pt qi — Min Max £ a^ pt qi. 
p       t   <•) IP      >.;' 

«fi * i = Max Min [ £ atj pt qj + [I — 2" 6« p( qi] «,] 
p       I   . i t «. > 

= Min Max [ £ an p( qf 4- [1 — £ b(f pi qj] «»]. 
9        p       '. I >. ; 

It is easy to show, using the methods discussed above, that the se- 
quence {u„} converges to a value «, satisfying the equation 

(3) u = Max Min [ £ at) pi qi + [I — £ bn pt q,] u] 
p       q       ', I •'. > 

= Min Mux [ 2" a^ pt q] + [I — 2" bn pi q}] u] . 

The condition 0 < 1 — Z bn pi qj < I — d yields geometric convergence 
oo t, j 

of the series 2 (un +1 — un). 
n - () 

Since u satisfies (3), it is easy to see that it is given by the expression 

(4) M == Max Min 27 an pt qrf £ bif pt f$ 
p       v   l. t '• > 

M Min Max £ a{} pi q$l E bn pi qi, 
»      p    •. i «.;' 

which establishes the theorem. 

§ 24. A rationale for non-zero sum games 

The importance of the above result, combined with the approximation 
procedure discussed in § 14, is that we now have a possible rationale for 
the play of non-zero sum games, namely one based upon the criterion 
function 

£ anpiqi 
(1) Ä {p. q) 

Z bn pi qi 

Whether or not to accept this is a matter of individual taste. It must be 
realized that this question must always arise in two-person processes, 
where it is not a priori evident that both individuals are employing the 
same criterion function, or, what is worse, they may not have commen- 
surable utility scales. 
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Exercises and research problems for Chapter X 

1. Consider the following game. Two players, I and II, match coins ac- 
cording to the following rules: 

a. I and II both lose one, if a head-head combination occurs, 
b. I gains one, II loses one if a tail-tail combination occurs, 
c. I loses one, II gains one if head-tail, tail-head occur. 

The first player starts with a quantity m and the second player with a 
quantity n. Each plays so as to ruin the other. Let p {tn, n; x,y) be the 
probability that I will be ruined before or together with II if I shows 
heads with probability x and II shows heads with probability y. 
Define 

^1 = ^ry = Probability that I and II both display heads 
qt — x {\ — y) -f y (1 — *) =- Probability that a head-tail combination 

appears 
qa = (1 — x) (1 — y) = Probability that both I and II display tails. 

Obtain the recurrence relation 

p [m, n) — qxp {m — 1, n — \) + q^ p {m — 1, M + 1) 

+ ^j/» (m + 1, n -f 1) , 

for m, n > 1, with the boundary conditions 

p(nt,0) = 0,m > l.p (0, «) = 1, > 0 

(K. Bellman and D. Blackwell) 

2. Show that for n > 2 we obtain the finite set of equations 

Pil.n) - (f, +q1) + qap{2.n -1) 

PC2,n — l) = ^(l.n —2) + qtp(l,n) +q3p{3,n—2) 

p (n— 1,2) =qlp(n — 2, 1) '+ qt (n — 2, 3) + q3 p (n, 1) 

P(n.l) =qtp{n—1.2) 

3. Show that 

p (2, I) =  {qi + ?l) ?2 
1

     ?» ?3 

and hence that Min Max p (m, n, x, y) ^ Max Min p (m, n, x, y) in gene- 

ral. (It is interesting to note that Min Max  Sfi .4397, x' ~ .43, y' = .5, 

Max Min  £ .4304, x' = .43, y' = 1, where x' = 1 —x,y' = I —y. 
v        ' 
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4. It follows from the fundamental min-max theorem for continuous 
games   that   Min Max K(m. n; A.B) — Max Min K(m, n; A, B),   where 

A /I HA 

K{m.n;A, B) **   C  C p (m. n; x, y) dA {x) dB (y), 

and A, B range over the space of monotone functions of uniformly 
bounded variation equal to 1. Show that the solution for m = 2, n = 1 
is given by 

a. II chooses the value of y'.y», for which/) (2, 1, 0, y') = p {2, 1, 1, y')( 

a pure strategy. 

b. I chooses a mixed strategy, using either all heads or all tails in the 
combination (a, 1 — a), where a is chosen so that ap (2, 1, 0, y') -\- 
(1 — a) p (2, 1, 1, y') has a maximum at y' = y0. 

5. Show that the expected probability of ruin for I is y0 ^2 .4302, the 
unique real root of y' = (1 — y'}2l(l —■ y' + y'2)- 

6. Prove that as w, « —>■ oo along any fixed direction, m/n = r, player II 
can choose y so that uniformly in x we have 

lim    p {m, w) = 1 . 
m. n     •   ■•■. 

7. Show that the above considerations lead to the following principle: In 
playing a game of this type, I should try to make the stakes as high ai 
possible, whereas II should try to make them as low as possible. 

8. Let 

/AT (M,, M ,UN; »I, P| 
.v, .v 

., VN) = Min Max [ Z" an xt y> 
y       *   >.; = i 

.V N 

+ Z u1Xi+ Z V) y,] = Max Min [ . . . ] , iV = 1, 2~. . 
i = I j — 1 x 

Derive a recurrence relation for {/v}. 

9. Consider the game of survival described by the matrix 

(-5-1) 
where the total fortune of both players is 4 and k describes the fortune of 
the first player. Show that/(^), the probability of survival of the first 
player, satisfies the equations 

/(I) =/(3) +/(2)/(/(2) +/(3)) 
/(2)=/(3)/(l+/(3)-/r)) 
/(3) = (1 -/(2)/(l)/(2 -/(2) -/(I)) (Hausner) 
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10. Hence show that 

/(I) = 1 - V2/2,/(2) - l/2./(3) - V2/2, 

and that the corresponding optimal strategies are given by 

/>! = ^2 — 1, pt = 1/2, />, = 2 — ^2 

qi=y/2—\.qt=\ — V2/2, qa = ^2 — 1 

11. Consider the game of survival described by 

-(-ri). 
where a and b are positive integers. Let Vn {k) be the probability that A 
survives when the fortunes of both players total n and A possesses k of 
this. Show that 

t.+l(* + 1) - »•(*) + (1 —>«(*))»»♦ i(l) 

12. Show that 
Vn+i(l + a) v» + i(l + b) 

».♦l(I) = 
Vn + i(l + a) -f r„+i(l -f *) 

and hence that 

Vn+l(l)   - 

13. Show that 

Mi)- 

VVn (a) vn (b) 

1 + Vv„ (a) vn (b) 

Vn (1  + b) Vn (1) 
Vn{l  + a)  + Vn(l  +b) Vn(l +«) 

pn + l{k +  1)  =p*{k)  =pn- *+l(l) 

14. Prove Theorem 5 by showing that val (A —B X) is a continuous 
function of A which is monotone decreasing as a function of X. Hence 
show that there is exactly one solution of the equation val (A — BX) == 0 
which may be represented in the form given in (23.1). (Karlin). 

15. Consider the equation 

u{p)=L{u (p. q, q')) + a {p. q, q') , 

and the related equation 

v (p) -_ Max Min [L [v (p. q, q')) + a {p. q. q')] 

= Min Max [ 
«'       « 

1. 
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Under what conditions may we write 

v {p) -= Max Min u (p) = Min Max u (p) ? 
f      «' »'       » 

16. Consider, in particular, the system of equations 

xt = Max Min [a (q, q') + Z at) {q, q') Xf], 
q        q' ;' - 1 

n 

= Min Max [ct (q, q') + 2" at] (q, q') Xf],« = 1, 2, ..., n. 
q-      q > -1 

under appropriate conditions concerning the matrix A (q, q') = 
(ao (?.?'))• (L.Shapley) 

17. Suppose that we are given the information that a coin has a fixed but 
unknown probability p of landing heads and a probability 9=1 — p oi 
landing tails, and that p has a known a priori distribution function dF [p). 
The coin is to be tossed N times and we are to call heads or tails before 
each toss with the full knowledge of the results of the previous tosses. 
What policy maximizes the expected number of correct calls ? 

18. Suppose that we can toss the coin as many times as we please, at a 
cost of c per toss, and then are required to furnish a value for p, the pro- 
bability of heads. If p' is the value decided upon, the cost of deviation 
from the true value is g{p—p'), where g is a known function. What 
policy minimizes the total expected cost ? 

19. Returning to problem 17, suppose that an opponent has the choice 
of choosing F {p) so as to minimize the expected number of correct calls 
obtained using an optimal policy. Can one characterize the optimal 
selection of F (/>) by the statement that the opponent chooses F [p) in 
such a way as to minimize thc'information available after any finite set of 
tosses ? On this hypothesis, determine Min-Max. 

20. Generalize these results to cases where there are many different 
possible outcomes at each stage, e.g. a six-sided die. 

21. Player A has resources in quantity x, and Player B resources in 
quantity y. A divides x up into n parts, x = £ Xt.xt > 0, and B likewise, 

t 

y = .Z" yi, y( > 0. The payoff to .4 is 
i 

n 

P [x, y) = S et Max (*< — y(, 0) , 
1 = 1 

and the negative of this to B. 
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Write 

/„ (x, y) = Max Min [/ P (*, y) dG {x,, xt Xn) dG' (y,, y y«)] 

= Min Max [    ... ]. 
«•     a 

Obtain the recurrence relations connecting/» and/a - i.    (Colonel Blotto) 

22. Let ^4 be a positive matrix, i.e. a«/ > 0 for all »', ;'. Show that A has a 
unique characteristic root of largest absolute value, which is positive, 
and that the associated characteristic vector may be taken to be positive. 
Denote this root by p {A), the Perron root of A. 

23. Show that 
n 

P {A) "- Max Min Z an *>/*<, 
x       i     ; = I 

n 
■a Min Max Z at) xj/xt, 

i i     j " 1 

where the variation is over the region xt >_ 0, £ xt = 1. 

24. Show that 

p {A) = Max Min £ an Xj/xt, 
K     «   ; = i 

= Min Max E an Xj/xt, 
K      i    j = i 

where R' is defined by ^ > d, E Xi = 1, and d may be taken to be 

d — Min aj>/Max (£ atj). 
i. i « 7 

25.  Prove that p {A) is the unique solution of 

or of 

X = Max Min [ E an X] -\- k{\ — *<)], 
K %      7 = 1 

A = Min Max [ E an Xj + k{l —• *<)], 
r     i     > = i 

where R' is as above. 

26. Consider the nonlinear recurrence relation 
n 

«n +1 = Min Max [ E an Xf + M„ (1 — Xi)] . 
K i      7 = 1 

with Mo arbitrary. Prove that p {A) =  lim un. 
n —* oo 

(Proc. Amer. Math. Soc, 1956). 
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Bibliography and Comments for Chapter X 
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"Kquilibrium Points in iV-person Games," Proc. Sat. Acad, Sei., vol. 36 
(1950), pp. 48-9. 
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results see M. Dreshcr and S. Karlin. "Solutions of Convex Games as Fixed 
Points," Contributions to the Theory of Games II, Annals of Mathematics 
Study So.  28, Princeton University Press,  1951. 

§ 5. As far as we know, the first treatment of games where both players 
have finite resources, and, in particular, "games of survival," is contained in 
K. Bellman and J. P. LaSalle, "On Non-Zero Sum Games and Stochastic 
Processes," KM-212, The RANI) Corporation. 1949, R. Hellman and 
D. Blackwell, "On a Particular Non-Zero Sum Game," RM-250, The RAND 
Corporation, 1949. 

The name "games of survival" was given in the course of some seminar 
lectures at RANI). 

§ 7. The subject of "pursuit games" has been intensively investigated by 
R. Isaacs, who resolved a number of special frames, and developed a general 
theory of this class of problems. See R. Isaacs, "Games of Pursuit," P-257, 
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195«. R. Isaacs, "Differential 
I486, The RAND Corporation, 

The   Rand Corporation,   1955,   R.   Isaacs, 
Evasion,"  P-642, The  RAND Corporation, 
Games—I, II, III, IV," RM-139I, 1399, 1411 
1965. 

§ 8. The results of this and the following sections, 9-17, follow the paper 
of R. Bellman, "Kunctional Equations in the Theory of Dynamic Pro- 
gramming—III,   Multi-Stage  Games,"   Rendiconti  di   Palermo,   1957. 

§ 18. The technique utilized here was suggested by VV. Eleming. Further 
results on existence and uniqueness were announced by L. Shapley, "Sto- 
chastic Games," Proc. Nat. Acad. Set., vol. 39 (1953), pp. 1095-1100. 

§ 19. The proof presented here is contained in R. Bellman, "Introduction 
to the Theory of Dynamic Programming," RAND, R-245, 1953, Chapter VI. 
Since the original papers cited above, a good deal of work has been done on 

• the subject. The deepest results so far obtained are contained in M. Peisa- 
koff, "More on Games of Survival," RM-884, The RAND Corporation, 1952, 
and J. Milnor and L. Shapley, "On Games of Survival," P-622, The RAND 
Corporation, 1965. 

§ 20. The contents of this section and those of 21, 22, and 24 were pre- 
sented in R. Bellman, "Decision Making in the Face of Uncertainty-II, 
"Naval Research Logistics Quarterly, vol.  I (1954), pp.  323-332. 

§ 21. This proof of the extended min-max theorem is due to L. Shapley 
in the references cited in the comment on § 18. The formulation of the 
theorem and the original proof are due to Von Neumann. 
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CHAPTER XI 

Markovian Decision Processes 

§ l. Introduction 

In this chapter we shall study some decision processes of a different 
form than those previously encountered, giving rise to a new class of 
functional equations. 

We shall consider discrete processes, which lead us to the study of the 
difference equation 

.v 
(1) Xi (n + 1) = Max 2- an (q) x, (n), *, (0) = c,,» = 1, 2 N, 

g    j = l 

and some continuous processes which generate the equation 

,v 
(2) dxtldt - Max T an (?) x, {t). xi (0) = c*, i = 1, 2 N , 

(i   i - i 

in the one-person case, and the equation 

JV 

(3) dxtjdt = Max Min [ Z" «<; (p, q) x} (/))], Xi (0) = C(. t = 1, 2, . . ., iV, 
q p       j ^  \ 

— Min Max [ . .. ] 

in the two-person case. 
As we shall see, equations of this type have connections with the clas- 

sical theory of differential and difference equations. We shall, however, 
reserve any detailed exploration of this liaison until the second volume. 

§ '2. Markovian decision processes 

Let us describe, in this section, a decision process which motivates the 
study of a class of nonlinear difference equations, of which (1.1) is a re- 
presentative. We shall then consider the limiting form, namely (1.2). 

Consider a physical system S which at any of the times t = 0, A, 
2/\, ... must be in one of a set of states which we denote by S^ S,, . . ., 
5iv. Assume that at any time / there is a probability Xi (t) that the system 
is in the t,h state, and that transition probabilities exist governing the 
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changeover from one state to another. It is important to realize that 
these are very strong assumptions concerning the nature of the system. 

Let 

(1)    an --- the probability that the system will be in state t at < -f- A if it 
is in state ;' at time /. 

The relation between the set of probabilities (*< (/ 
{xt (<)} is then given by the relations 

A)) and the set 

(2) *< [t + A) .. £ an x, (t). i = 1.2 N . 

ji («), we may write these for f «t 0. J. U,   Setting *« (w A) 
equations in the simpler form 

(3) y« (« + i) 
i - 

«« yt («).» = i, 2, ..., iv. 

The asymptotic behavior of the state vector (y,, y2, . . ., yN) as < -> co 
is determined by the algebraic character of the characterisilic roots of 
the matrix A = {an). A process of this type is called a Markoff process. 
There exists an extensive mathematical theory of these processes. 

Let us now consider Markovian decision processes. Assume that the 
transition probabilities, an, depend upon a parameter q, which may be a 
vector, and that at each stage of the process a is to be chosen so as to 
maximize the probability that the system is in the state S,. In place of 
the equations in (.3) we obtain the nonlinear system 

(4) y. [n + 1) Max I an \q) y, (n) 

y<(«+ 1) = r «« (?♦) * (n). » = 2. 3. .V 

where q* = q* (n) in the remaining N — 1 equations is one of the values 
of q which maximizes yi{n + 1). 

Since the an are transition probabilities, they are restricted by the 
conditions 

(■1) an ^ 0, 27 an = L / = L 2, . .., .V, 

for all q. 
To obtain more general equations, consider the situation in which we 

have A^ different types of items and let xt {t) represent the quantity of 
the J,h item at time t. These items have the property that a unit quan- 
tity of the »th item generates an amount an of the /th item over the time 
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interval {t, t + A), llerewf > 0 represents production, and the reverse 
inequality represents consumption. Once again let an depend upon a 
parameter q and let the purpose of the process be to maximize the 
quantity of the first item available at any time. In this case we obtain 
the equation in (4) with no restriction on the magnitude or sign of the a«/. 

In the limit as J —>■ 0, we obtain in place of (4) the nonlinear 
differential system 

(5) ^l = Max £ btj(q)xi(t).xl{0) -«„ 

d.x 
dt 

- = E bi, {q*) x, It), Xi (0) = c,, I- = 2, 3 N. 

To obtain this system, we set, in the usual fashion 

(6) att = on A, i ^ j 
an ^ 1 — bu A , 

and then let Zl —>- 0. Having obtained the equations by means of this for- 
malism, we now define the continuous process by means of the equation 
in (5). In return for this, we must establish existence and uniqueness of 
solutions, which is to say we must show that this method of defining a 
process is actually valid. 

§ 8. Notation 

Taking account of the foregoing remarks, we shall begin by considering 
the continuous version first. Introducing vector-matrix notation to sim- 
plify our notation. 

(1) A [q) =* {atjiq)), c = 

the system 

dxi * 
(2) = Max 2" a„ (q) x,. *, (0) = c,, i = 1. 2, . .., TV . 

dt g   i = l 

takes the form 

(3) dxidt == Max A (q) x, x {0) = c . 
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where it is understood that the maximum is taken element by element. 
By this we mean that the set of ^ s for each row is distinct from the cor- 
responding set for any other row. Thus, 

(4) <*u (?) = «i/ fgw ft» • • •. <?i*), 
atj (q) = an (fo qtt, .... qtk) , 

aNi (?) = aNj [qsi. qxt. • • ■. iNk) , 

so that there is no interaction between the various maximizations. After 
discussing this casi;, we shall return to the equations obtained in the 
preceding sections, where interaction occurs. 

It is convenient to employ the notation 

(5) 
i = 1 

I - if I «* i 
•,; - 1 

These fulfill the usual requirements for norms, and in addition we have 

(10) | | ,4* M < M .4 I | I I * I i • 

§ 4. A lemma 

As is usual in the theory of differential equations, the first step in esta- 
blishing existence and uniqueness of a solution consists of converting the 
differential equation into a suitable integral equation. This enables us to 
take advantage of the smoothing properties of integration. 

Considering the more general equation 

(1) dxjdt = Max [A {q, t) x + b {q, <)], x (0) = c, 

we obtain the integral equation 

(2) x = c + i   Max [A (q, s) x + b (q, »)] ds 
Jo        q 

which may be written 

(3) x = Max [c + |   * {q, s) ds -\-   [ A {q, s) xds]. 
q Jo Jo 

Since q is a function of i, pointwise maximization yields global maximi- 
zation. 

It is easy to demonstrate the following result in much the same way as 
Lemma 1 of Chapter 2 was established. 
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LEMMA. Let 

(4) r. (x) = Max [bx (q, t) +  (' A (q, s) xds]. 
q Jo 

Tt (v) = Max lb, (q, t) +  f A (f. s) yds]. 
t Jo 

Am 

(5) | | r, (x) - r. (y) I | < Max [ |   | b, {q. t)—bt (q. t) \ j 

+ j][lM(f.«)llll*—yll* 
This lemma will be the fulcrum of our existence and uniqueness proof. 

§ 3. Existence and uniqueness—I 

Let us now consider the question of the existence and uniqueness of 
solutions of the equation 

(1) dxjdt = Max [A [q, t) x + b [q, /)], * (0) = c. 
* 

There are a number of cases of particular interest, corresponding to 
different assumptions that can be made concerning the function A (q, t), 
b (q, t), and the set of admissible functions q (t). We shall discuss one class 
of equations and leave the matter there, since the method used will illus- 
trate the procedures that may be employed in other cases. 

Our first result is 

THEOREM 1. Assume that q is an element of a set of Junctions S with the 
property that 

V) A {q, t) \\b{q,t)\\^f{l), 

where f {t) is integrahle over any finite interval 0 <C / < T. Assume further 
that the maximum of A {q, t) x + b (q, t) is attained for q E S for any fixed 
t and x values.1 

Then there is a unique solution to (1) satisfying the equation almost every- 
where. This solution may be found as the limit of the successive approxima- 
tions, 

(3) Xo = c , 

AT,, 11 = r + Max [A  [A {q. s) x„ + b {q, s)] is, n = 0. 1, ... 
q JO 

1 The purpose of this assumption is to handle simultaneously the case where q 
assumes onlv a discrete set of values, in which case the maximum is always attained, 
md the case where q varies continuously. 
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' 

PROOF. Let us first show that the .r» are uniformly bounded in the inter- 
val [0, 7"]. Specifically, we shall show that 

(3) 

where 

(4) 

*„ | [ < a exp (I  / (s) <is) 

a = + £/(•)*' 
The inequality certainly holds for n = 0. Assume that it is valid tor 
k = 0, 1, ..., n. Then we have, from (3), 

(5) ^n + 1       < | | c | l-f  f Max \\b{q.s)\\ds 
JO q 

+  f (Max \\A{q,s)\\)\\xn\\ds 
Jo q 

<a + f'/W I I«« I I* 

Replacing | | «« | | by its bound, we have 

(6) 1 1 ^„ + i i | < a +  f'/W [ a exp ( ("'/(»i) dsj] ds 
Jo JO 

and thus obtain the same bound for | | «n +i | |. 
Let us now establish the convergence of the sequence {^n}. Applying 

the Lemma of § 4 to the iwo relations 

(7) *.+! = c + Max [ f [A (q, s) xn + b {q. s)] ds\ , 
q Jo 

*„ •■= c -f Max [      [A (q, s) x» - i + b {q, s)] ds] 
q Jo 

we obtain the inequality 

(8) | | A;„ +1 — A:« | | < Max j   | | ^4 (j, s) | | | ] «• — *«_ 11 \ds 
q        Jo 

<.      /(s) I 1 A.n — xn -i\\ds, n = 1,2, ... 

Iterating this relation, starting with the inequality for | | x, — Xo\ |, 
we obtain the inequality 

(9) 
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• 

which establislies the uniform convergence of the sequence {*,,} in the 
interval [0, JT] to a function x {(). This function is continuous for 0 <; / 
<^ T, satisfies the integral equation 

(10) x (/) = c -f  f Max [A (q. s) x + b {q, s)] ds. 
Jo        a 

and hence the differential equation almost everywhere. 
Finally, let us demonstrate uniqueness. Let y (t) be another solution 

of the equation, existing in some interval [0, 5]. Then in this interval y {t) 
satisfies the equation in (10). Applying the lemma of § 4, we derive the 
inequality 

x — y | \ds 

N 

(11) | | * W - y (/) M <: Max f | M (f. ») I I I 
q       Jo 

<^f(s)\\x-y\\ds 

This inequality has the form 

(12) u{t)<^J{s)u[S)ds, 

where /(s), u (s) 2 0. 
Hence, for an arbitrarily small positive constant a, we have 

(13) «(') <a -f- I /(«) u{s) ds. 

Dividing through, this yields 

(14) :/W 
a+  T/is) u{s)ds 

Integrating between 0 and s, we have 

(15) a + ('f{s) u(s) ds-^ae*0'^'" 
Jo 

Combining this with (13), we obtain the inequality 

(16) M(/)<aeJo 

Since a is an arbitrary positive constant, we see that u {t) = 0. 
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An alternative proof proceeds as follows. It is clear that a constant b 
exists such that \\x — y ) | ^ 6 in [0, s]. Hence 

(17) u(t)<bjj(s)ds. 

Use this inequality on the right side of (12), obtaining 

(18) u (/) <: 6 £ (/(.v) Jyfs.) ds,) ds = bß I IVfIA * ) ' 

Continuing in this way, we have for each n = 1, 2, .. ., the inequality 

ft- 
(19) 

An / r« \ n +1 

"»sirrijr{/./w*) (»+i)i 
Letting w ->■ oo, we see again that M (/) = 0 . 

§ 6. Existence and uniqueness—II 

Let us now consider the equation of (2.5). In general, equations of this 
general type need not have unique solutions, due to multiplicity of 
maximizing y-values. Consider, for example, the equation 

(1) dxjdt = Max [1 — q* {\ — q)*] + *„ xl (0) = 0 
i 

dxt/dl = q* Xt , *j (0) = 1 

Since q* = 0 or 1, we obtain infinitely many sets of solutions, of which the 
following are representative 

(8) x1 = 2t,xl = t + {e' — 1) 
xt = I,    rj = c'. 

We can, however, obtain uniqueness theorems if we restrict ourselves 
to solutions obtained in the following way. First solve the equations 

.v 
(3) dxtldt = ftj {q. t) +  Z a^ (q) xj. A;, (0) = c,, 

dxyjdt = bN (q, t) + £ UNJ [q) xj, XN (0) = c.v , 
i- i 

for the quantities x^ x3, . . ., xN in terms of function «„ regarding q for 
the moment as some unknown function. 
Each xt, k = 2, 3, . . ., N, will have the form 

(4) 
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Substituting these expressions into the equation 

.v 
y (5) dxjdt -. Max [6, (</. 0+2- «,; (q) x,].  x, (0) - c,, 

we obtain an equation of the form 

(6) dxjdt m Max [b (q, t) + a,, (q) xt +  (' v (q, I. s) xt (i) ds] . 
q Jo 

This equation we write in the form 

(7) ATJ = tt + Max [I   b{q, s) ds -f-   fa,, {q) Afj rfs + 

f f {'' v (q, t, s) x, (s) rfs] dt,] 
Jo       Jo 

Using the methods employed in § 5, it is easy to establish the existence of 
a unique solution of this equation under the hypotheses of Theorem 1. 

§ 7. Existence and uniqueness—III 

It is possible, using the same technique of successive approximation 
and inequalities, to establish existence and uniqueness theorems for 
more general systems of differential equations of the form 

(1) dx/dt = Max/{x, q, l), x (0) = c. 

Since these results are more within the province of differential equations 
than pertinent to the theory of decision processes, we shall leave it for 
the ambitious reader to frame his own analogues of the classical existence 
and uniqueness theorems. 

§ H. The Riccati equation 

Although we do not wish to penetrate too deeply here into the study of 
this class-of nonlinear differential equations, the following result seems 
particularly worthy of notice. 

The change of variable 

(1) v -=-- u'ju 

converts the general second order linear differential equation 

(2) u'+ p(t)u'+ q(t)u>=0. 

into the first order non-linear equation 

(3) v'„+v* + p[()v + q{() = 0. 
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This equation is called a Kiccati equation. It is clear from the foregoing 
thft the general solution of (3) is equivalent to the general solution of (2), 
and hence, in general, cannot be obtained explicitly in terms of quadra- 
tures. 

Let us now show that (3) can be interpreted to be an equation of the 
general class exhibited above. We begin with the observation that 

(4) v* = Min {w1 — 2 wv) 

Hence (3) may be written 

(5) v' = Min [i*1 -~2wv — p{t)v — q {t)] , 

where w now varies over all functions of t. 
For fixed w, let V {w, t) represent the solution of 

(61 V = w* ~ 2 wV — p (t) V ~q(t) , 

v (0) = c. This solution has the explicit fixed by the condition V (0) 
representation 

(7) V = celu +1   {w» — q [$))*• ds. 

obtained in the usual way by means of an integrating factors. 
Let us now show that 

(8) v = Min V {w, t) 

For an arbitrary function w =- w {t), we have 

(9) v' ^ufi — lwv — p^v — q (<) , 

which shows that v <, V {w, t).  Hence i> <, Min V {w, (). On the other 
rr 

hand v = V (w*, t) for the minimizing value w*, which is actually v {I). 
Hence the equality in (8) holds. 

We thus have an explicit representation for the solution of the Riccati 
equation in terms of quadratures and a minimization. 

§ 0. Approximation ?n policy space 

As we have discussed in the preceding chapters, there are two types of 

successive approximations in the theory of dynamic programming, one 
based upon approximation to the functions which satisfy the functional 
equation, and the other based upon approximation to the policies which 
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yield these solutior.s. We have applied the traditional method above in 
§ 3. Let us now discuss the strand method. 

Consider the scalar equation 

(>) duidt mm Max [b (o t) + a (q, t) u].u{0) =-- c 

<. oo. where we impose the restrictions \a(q,t) \, \b{q,t) | </(/). I  */W dt 
Jo 

We begin b}' guessing an initial policy function f« = q,, (t), and determi- 
ning Uo by means of the equation 

m duojdt = b (q0l t) + a (y0, t) M0, M0 (0) = c. 

Next determine ^i by the condition that it maximize the function 
b (q, t) -\- a (q, t) M0, and compute M, as the solution of 

M duijdt ™ b {q1, t) + a (q1, t) «,, M, (0) = c. 

Continuing is this way we determine a sequence of functions («n) and a 
sequence of policies {^n}. It remains to show that this sequence {«*„} ac- 
tually converges. 

Wc have 

(4) duojdt ~  h (fj, t) -\- a (^,, /) M,, M, (0) =- c, 

duo/di = b [qo, t) + a {qo, t) u„ 

< b (q^ t) + a (9,, /) u0, Uo (0) =^ c , 

referring to the definition of q^ 
The solution of 

(6) 

has the form 

tfp/A  = g (0 v + ä (<), r (0) = c, 

f'fW ./» 
(6) r=-c«;Jo" -  {' h{s)e]' ds. 

which we may write as /- [h], an operator on the function h. 

rt 

Since eJ' > 0, it follows that 

(7) L (hj 2i L (A,) 

if *! (/) > Ä, (/) for t > 0. Hence 

(8) M0< «,, for 0<: << T 

Proceeding in the same fashion, we see inductively that un <,un+\ for 
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w = 0, 1,2, ...  Since each member of the sequence (««} is uniformly 
rr tTfit)dt 

bounded   by   (c +  I    /(s)ds)e •> ,   it   follows   that   the   sequence 
Jo 

{un (t)} converges to a function M (/). This limit function satisfies the inte- 
gral equation 

(9) u (/) = c -(-  (   Max [b (q. s) + a (q. s) u] ds , 

and hence the differential equation almost everywhere. We see then that 
approximation in policy space leads to convergent sequences in the one- 
dimensional case. 

Let us turn now to the corresponding question for systems of the form 

(10) dxjdt m Max \b (q, t) + A {q. t) x], x (0) = e 

Using the same procedure as above, it is easy to see that the problem 
reduces to determining conditions upon the matrix A (q, t) which will 
ensure that f(t) > 0 for / > 0 ensures that y > 0 for t ;> 0, where y is 
the solution of 

(11) dyldt = A{q,t)y+/{t).y{0)=0 

Since the solution of (11) is given by 

(12) w= [' Y (t) Y -*{s)/(s)i*. 

where Y (t) is the matrix solution of 

(13) dY/dt - A (q. t) Y, Y (0) = / , 

we see that a necessary and sufficient condition is 

(14) Y (0 Y - ' (s) > 0 for < > s > 0, 

and uniformly for q e S. 
Since this is a difficult condition to verify, we shall content ourselves 

with the remark that an {q, t) > 0, i ■/- j, is a sufficient condition. 
If then the condition an (q, i) >0,i^ j, is satisfied for < > 0 and all 

q e S, we have the desired convergence in policy space. 

§ 10. Discrete versions 

In this section we wish to ascertain the asymptotic behavior of the 
sequence {xt (n)}, i = 1,2, . . ., N, determined by the recurrence rela- 
tions 

„v 

(1) xi (n+1) = Max Z a(; (q) X) (n). i = 1, 2, iV, » >0 
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under certain assumptions concerning the initial values ct = xt (0) and the 
coefficient matrix A (q). 

We shall begin by considering the homogeneous equation 

(2) Xyi mt Max 2' at) (q) Vy,« = 1,2, . .., N, 
v   ) 

where we impose the following conditions 

(3)    (a) q = (y,, qt, . .., qs) runs over a set S with the property that the 
maximum is attained  in (1)   for any set of parameters 

(b) 0 < at) {q) ■<: m < oo for q e S "and I, / = 1,2, .. ., Ar. 

(':) for any q, let y (q) denote the characteristic root of A (q) = 
{atj {q)) of largest absolute value, the Perron root. It is assumed 
that <f'(q) assumes its maximum for q e S. 

Let us now prove 
THEOREM 2.  Under these assumptions, there exists a unique positive con- 
stint A with the property that the homogeneous system in (3) has a positive 
solution y( > 0, t = 1, 2, . . ., A'. This solution is unique up to a multi- 
plicative constant, and 

(4) X = Max if (q) 

PROOF. We shall begin by establishing the existence of a positive A and a 
positive solution {yi}. The simplest, though least elementary, method 
employs the Bromvcr tixedpoint theorem. Consider the region defined by 

(6) yt ^ 0, 27 y, = 1 
i - 1 

The normalized transformation 

(«) 
-V .V A 

yt' = [Max 2' ai, (q) y,] / 2' Max [ 2' «<j (q) y^], 
q   j      l ( _ i     (       ; -  1 

is a continuous mapping of this region into itself. It follows that there 
exists a fixed point {y*}, constituting the required positive solution since 
atj [q) > 0. The parameter X is the denominator in (6). 

To show that this solution is unique up to multiplicative constant, let 
[u, z\ be another solution of (2) with /^ > 0 and z a positive vector. Let 
{q) be a set of values for which the maximum is attained in (2) and {q} a 
similar set associated with z. We have 
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iyt = 2'««y (y) yj ^ i'ar/ (y) y;, » = 1,2. ...,N. 
i 

ftxt ~ Sit, ft * 
j 

Assume, without loss of generality that A < /*, and thus that y and z 
are non-proportional vectors. If y and s are proportional, then y = z. 
Let e be a positive constant chosen so that one, at least, of the compo- 
nents y« — e zt is zero, one at least is positiv ^, and the others are non-nega- 
tive. If i is an index for which y* — e Zt is zero, we have 

(8) 0 = ^ (y* — ezi) > Ay< — efizt > £ a<y (q) (yj — e Zf) > 0, 
7 - i 

since a<; (^) > 0, a contradiction. Hence y and z are proportional, which 
means that A = ft. 

To show that A = Max (p {q), we proceed as follpws. Let // = Max <p (q). 
9                                                                         q 

It is clear that X, as the characteristic root of some A (q), satisfies the in- 
equality k<fi. Assume for the moment that X <ju. Let z = («,, z ,ZN) 

be a positive characteristic vector associated with /j, and q a set of ^-values 
which yield /u ~ y {q). Th^n we have 

(») ft Zt £ an (q) z, 
i - i 

Max 2' an (q) Zj 
f   / -1 

Since each y* is positive, we can find a positive constant m such that 

(10) ' z,<. myt. i = 1, 2 N. 

Then (9) yields 

(H) 
.V 

fi. Zt < Max ( 2 #(/ {q) yj) m -~ m Xyt 

Thus, instead of (10) we obtain the result zi <, myt Xfft, Iterating this, we 
obtain Zt ■< myi (Xlju)k for arbitrary k. Since Xj/u < 1, by assumption, 
this yields Zi — 0, a. contradiction. Hence X = ju. 

§ 11. The recurrence relation 

Returning to the recurrence relation of (10.1), let us prove 
THEORKM 3. //, in addition to the conditions 1/(10.3), we assume that there 
is a unique qfor which the maximum value of q is assumed, and that a > 0, 
then 

(1) xi (n) ~ ayi Xn , 

as n —> oo, where a ■■= a (c^ c2, . . ., CN) . 
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PROOF. Let us take .-< > 0, without loss of generality. There are then two 
positive constants k and K such that kyt <; c, <; Kyt for i = 1,2 N. 
Let us show inductively that 

(2) fry« A » < Xi (n) ^ KytX" 

Assume that we havi.* the result for n, then 
• * ■ 

N 

(3) xt («4 1) ^ A' A" Max £ an {q) yj = K Xn * x ji 

>kXn Max £* ai^ [q) yj ■= k X" + l yt 

To establish the asymptotic behavior we show that for sufficiently 
large n, ehe set of ^'s which furnish the maximum in (10.1) is precisely 
the set which yields Max (p (q). 

• 
Assume the contrary. This means that infinitely often in the recurrence 

relation of (10.1) we will employ a set {q} which is not identical with the 
set, {q], which furnishes the maximum of (p (q). 

We then have 

(4) Xi (n -f 1) = £ an (q) «j (n), t = 1,2, .. .,N , 

( i: a(l (q) yj) K A" 
j = i 

For some index i we must have 

(*) £ an (q) Ji < Ay*, 

.vith strict inequality. For if £ aij (q) yj > Ayi for all i, the characteristic 
i " l 

root of A (q) = (aij {q)) of largest absolute value would at least equal A 
= Max 9? (q), contradicting the assumption concerning the uniqueness of 

i 
the maximum of q) (q). 

Hence for some component, say the first, we have 

(6) Xt [n + \) < 0 K I" +i yu 0 < 0 < I 

Since an (q*) > 0 for all i, j, where q* is the value of q for which A = 
(p {q*), we see that, for i      1, 2, . . ., N, 
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xi(n + 2)<MK^^[Z atj (q*) y, + 6 atl (q*) yj , 

< 0, AT A» + a y«, 

where 0, < 1. 
Consequently, if a set of q's distinct from q* are used R times, we obtain 

(«) Xi (n) < 0.« KXnyi, 

for n large. Since 0 < 0, < 1, we eventually contradict the lower bound 
for xt (n) if R is large. Hence a set of ^'s distinct from q* can only be used 
a bounded number of times, with the bound determined by k and K. 

g IS. Min-max 

The same method wc employed to demonstrate Theorem 1 establishes 
the following result 

THEOREM 4. Consider the equation 

(I) dxjdt =- Max Min {A (p, q, t) x + b (p, q, I)] 
v        1 

Min Maxf .. . ], ^ (0) == c , 
i       p 

where we assume that 

(2)    (a)  For fixed values of x and t, the max-tnin in (1) ii equal to the min- 
max, where p and q range over some set of admissible vectors S. 

(b)  Max \\A{p. q, t) \ |, Max \] b[p,q,t)\\ </(<) for t > 0, where 

J: / \t) dl <^ oo. 

Then there is a unique solution to{l)in0-<,t <^T which satisfies the equation 
almost everyivhere, and may he found us the limit of the following sequence 

(3)       (a)     Xn  =   C . 

(b) .T„ n = c +  j   Max Mm [A [p, q, s) x„ -{- b(p, q, s)] ds 
Jo P 1 

= c -f-  I   Mm Max [A (p, q, s) xn + b {p, q, s)] ds 
J"        q p 

§ 1.*}. Generalization of a von Neumann result 

In the chapter devoted to riruUi-stage games, we established the result 
that 
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(I) Max Mm 
P    <,   [Rp. 9) 

(Ap.q) 
Min Max 

where A and ß are matrices, and p and y are probability vectors, provided 
that (Bp. q) > rf > 0 for all p and q. 

Let us now obtain the following generalization 

THEOREM 5. Consider the scalar equation 

(2) dujdt = Max Min [(/!/>, q) — (5/), 7) M], M (0) 
p       f 

- Min Max \{Ap, q) — (ß/), 9) M] . 

If[Bp, q) > d > dfor all probability vectors p and q, we have 

{Ap. q) 
(3) lim u(t) Max Mm 

P    i    [Bp, q) 

(Ap.q) 
= Min Max 

1      P     W. 9) 

PROOF. The classical min i..AX theorem ol vnr Neumann guarantees the 
equality of max-min and min-max 01 [Ap, q) — (Bp, q) u for each u. The 
other conditions of Theorem 4 are satisfied and ensure the existence and 
uniqueness of u (t). 

To obtain the asymptotic behavior, consider first the scalar equation 

(4) du/dt = a — bu, H (0) = c, 

where a and b are constants and where 6 > 0. It is easy to see that the 
solution is bounded as t ~> 00, and we can show that  lim u [t) = a/6 by 

t— 00 

means of the following simple argument. Whenever dujdt = 0, we must 
have  M = ajb.   Hence   M {()   can  have  at   most  one turning point for 
/ ;> 0, and thus is ultimately rnonotone. Since u {t) is bounded, it ap- 
proaches a finite limit which must be ajb. 

Consider the nonlinear equation 

(r.) duldt - Max !« (p)    - b (P) u], u (0) = c , 

where b [p) > 6 > 0 for all p. \u [p) {<, M for all />, and a (p) and b (p) 
are such that the maximum is assumed. At any turning point of u, we 
must have 

(6) Max a{p) I b (p) 
p 
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(onsequentlv, u(t) must be ultimately monotonf and approach the finite 
limit given in (6). 

We see that precisely the same argument works for the equation of (2). 
At a turning point we must have 

(7) 
{AP. q) 

u = Max Min  ... 
V 9       W. <i) 

IAP. q) 
Mm Max 

t      P    (UP. t) 

Exercises and Research Problems for Chapter XI 

1. A merchant has n identical items and a length of time t to dispose of 
these. Cioods may he sold at times 0, 1, 2, ..., t, and the probability of 
selling an item depends upon its price. Let 9? (z) be the probability that an 
item of price z is sold when displayed at a particular time. 

Define/H (t) to be the maximum expected return from n items over d 
maximum sale period of t. Assuming independence of sales, obtain the 
recurrence relation 

fn(t) = Max [T 6)9» («)*(! 
z -» 0 * =■ 0 

9>(«))"-*[/»- *(' —1) +*»]] 

with /„ (0) =-- 0. (Darling) 

2. Assume that the items are on sale continuously, and that qp (2) dt re- 
presents the probability that an item of price z will be sold in a time-inter- 
val {t, t -f- dt). Show that the limiting form of the above recurrence rela- 
tion is 

/N' (t) = Max [ — N<p (z)/y {t) + N<p (*)/« - , [t) + N<p (r)] 
z ± 0 

fN(0)   =0. 

N^. \,f„{t) - 0. 

3. Consider the case Ar = I in Problem 4. Show that if wo solve the 
equation 

/•'(/) =    -cp[z)F{t) -} ^(z),F(0) =0, 
obtaining 

F (/) = F {t, z 

then/! (t) =  Max F (t, z) . 

4. Show that the equation 

//(0 =Max[—yWAW 
«> 0 
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is equivalent to the two equations 

/.' W - — i» W/i W + »rW./i (0) - o 
o = — 95' (2)/, (<) + r(i) + «f^ M • 

5. Consider in detail the particular cases where 

a. 9? (2) =-- 6 e-617 

b. 93 (z) = (/t — z)lk, 0 < r <: * 

= 0, 2 > Ä 

6. Obtain the solution of the equations in Exercise 2 for general AT. 

7. Consider the similar situation in which we have the same item in two 
price ranges. How do we set the prices ? 

8. Consider the process in Problem 1 in which we reduce the price per 
item for multiple orders. How should this be done to maximize expected 
profit ? 

9. Establish existence and uniqueness theorems for integral equations of 
the form 

u {t) —- Max [a {q, t) -\-  \    K {q, t, t) u (s) ds] , 
q JO 

under appropriate assumptions. 
10. Obtain results corresponding to those in § 8 for the equations 

u' =. u* + p{t)u + q{t), 

for k > 1 and 0 < * < 1. 

11. Consider the general case where 

u' = g K t),    ■ 

and g is either strictly convex in u for all t, or strictly concave. 

12. Consider the Kirrali equation 

du 

dt 
= M2 + a{t),u (0) = c. 

and the sequence of successive approximations defined by 

dun 
~— = 2MOVO — fo2 -f a (/),  «o (0) = c, 
dt 

dUn  + 
dt 

=  2u„ + 1 U„   Mn
2 + a ((!), Mn + 1 (0)   = C, 

where vo {t) is an arbitrary continuous function. 
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Show  that   tin    n     hod  i    i .|iin ii. iii   (..   i  .,■< 

jjoliry space, aiK   '.ha    W«       in 

of deftnition. 

13.  Similatlv,  coi sidi 

itiii ,- " 

'i   u. nil 

I 
' 

in connection with ih    equatN tl 

14. What   is  the  com  ■ lion   '   lwp»fi Ins   mrlhod   »(   ■liccrwi'l  ' 
proximations and Newtons im   hod  '■      lolvln| iH)U«tiiin 

15. What is the connection l>els\ m i|. k|>{>niximttion HchrnM 
above and the concept of appiivi' i >i  in   policy  sp..i ■   ' 

Bibliography and Gem I«  lot   ClhaptVI    vl 

1 i 
§ I.   A discussion of these ptOCMU 

functional equations is coi.tallied n    I 
the   Theory of  Dynamic  Programih n 
of Continuous Type," Kaiu! i'aper ];    71   i 

§ 2.  For a treatment of Markott p   K 

Probability  Theory.  John  Wiley  an I 

ij 5.   Existence and uniqueness the ii. i 
tial equation were given in R. Bellini 
of Dynamic Programming— 11, Nonlttti i 
Acad. Sei., vol. 41 (1955), pp, 411   I 

The consequence of the inequaln\ 
tal inequality in the study of bounil 
linear and nonlinear ditferenlial M|U 
R.  Bellman, "The Stability of Soltltl 
Duke Math. Jour., vol    10 (1S4I), M>   ' ' 
found  in   R.   Bellman,  Stability   I n 
Hill, 19ö2. 

§8. For an  application  of   thla  d 
equations see R. Bellman, "l-'mu Ilona        | tin    Mi'■ 
Programming—V, I'ositivity and I. nis       / '.•■     \it' 

33f. 


