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FOREWORD 

The Advisory Board on Simulation has concluded a three-year research 

program in air weapon system dynamics sponsored by Wright Air Development 

Center, with P. W. Nosker/WCRR as project engineer. This volume is one of 

the following 16 comprising the final report, WADC TR 54-2 50, entitled 

Dynamic System Studies : 

Part No. Subtitle Editing Agency 

1 Conclusions and Recommendations University of Chicago 

2 The Design of a Facility n n 11 

3 The Mission of a Facility (Confidential) 11 M " 

4 Technical Staff Requirements 

5 Analog Computation 

6 Operation & Maintenance Procedures 
for Analog Computers 

7 Digital Computers 

8 Recorders 

9 Flight Tables (Confidential) 

10 Performance Requirements for 
Flight Tables 

11 Load Simulators (Confidential) 

12 Guidance Simulation (Secret) 

13 Error Studies 

14 Error Analysis for Differential Analy¬ 
zers (written by F. J. Murray, 
Columbia U., and K. S. Miller, N.Y.U.) 

15 Air Vehicle Characteristics (Secret) 

16 Aerodynamic Studies 
(written by M. Z. Krzywoblocki, 
U. of Ill.) 

The history of the project and a complete bibliography may be found in Part 1. 

All reports may be obtained through the project engineer. 

This report represents the culmination of the assignment to determine 

the proper mission, equipmentation, operating procedures, and personnel 

for an engineering facility in the field of air weapon systems dynamics. The 

subdivisions of the report correspond to these four basic objectives and the 

(i il h 

Naval Ord. Lab., Corona 

University of Chicago 

il h h 

h it ti 

h h h 

Mass. Inst, of Tech. 

Cook Research Lab. 

Naval Ord. Lab., Corona 

University of Chicago 
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subsidiary work in their support, and reflect the role of simulation as a 

dominant technique. The functions of each part and the relations among them 

are indicated in the technical summary, Part 2. 

The following organizations have participated directly in the program: 

Time of Performance Organization 

University of Chicago 

J. B. Rea Company 

Cook Research Laboratories 

RCA Laboratories 

Armour Res. Foundation 
of Ill, Inst, of Technology 

Northwestern University, 
Aerial Meas. Lab. 

Mass. Inst, of Technology, 
Flight Control Lab. 

Mass. Inst, of Technology, 
Dynamic Analysis & 
Control Laboratory 

Mass, Inst, of Tech., 
D.A.C ,L. 

Nat. Bur. of Standards 
Corona, which became 

Naval Ordnance Lab., 
Corona 

Contract No. 

AF33(038)-15068 
Supplements 2 and 11 

AF33(038)-15068 
Subcontract 2 

AF33 (038)-15068 
Subcontract 4 

AF 33 (03 8)-1506 8 
Subcontract 5 

AF33 (038 )-1506 8 
Subcontract 8 

AF33(038)-15068 
Purchase Order A2086 

AF33(038)-15068 
Purchase Order A23883 

AF33(6l6)-2263 
Task Statement 2 

AF33 (038)-51-434 5-E 

MIPR(33-616) 54-154 

1 Feb. '51-31 Aug, '54 

1 Feb. '51-31 Oct. '52 

1 Feb. '51-31 May '54 

1 Feb. '51-1 Mar. '53 

1 Feb. '52-30 Nov. '52 

17 July '52-22 Aug. '52 

20 Apr. '54-31 Aug. '54 

22 July '53—30 Nov. '53 

1 Dec. '53-30 Sept. '54 

25 Feb. '51-Sept. '53 

20 Nov. '53-31 Dec. *55 

AF33(038)-15068 
Subcontracts 3 and 9 

This is a record of formal participation only; the program was aided im¬ 

measurably by the splendid cooperation of all governmental, industrial and 

educational organizations (particularly the simulation laboratories) contacted. 

Although it is impractical to mention them all here, the extent of their assis¬ 

tance is evident throughout the reports and is hereby gratefully acknowledged. 

Details of these affiliations, including statements of work, may be found 

throughout the 21 Bimonthly Progress Reports issued by the University of 

Chicago during the course of the work. (All formal participation in the 

program is recorded above; missing supplement and subcontract numbers 
do not pertain to this project.) 
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Th« University of Chicago was assigned prime responsibility for inte¬ 

gration of the program. This has been effected by a full time staff at the 

University, and by aperiodic meetings of the following advisory committee, 
selected by the Air Force! 

Dean Walter Bartky, Chairman University of Chicago 

Prof. C. S. Draper Mass. Inst, of Tech. 

Cook Research Lab. Mr. Donald McDonald 

Prof. F. J. Murray 

Dr. J. B. Rea 

Prof. R. C, Seamans, Jr. 

Mr. R, J. Shank 

Dr. H. K. Skramstad 

Mr. A. W. Vance 

ex officio: 

Columbia University 

J. B. Rea Company 

Mass. Inst, of Tech. 

Hughes Aircraft Co. 

NBS-NOLC 

RCA Laboratories 

1 Feb. '51-31 Aug. '54 

1 Feb. '51-28 Feb. '53 

1 Feb. '51-31 Aug. '54 

1 Apr. '52-31 Aug. '54 

1 Feb. '51-28 Feb. '53 

1 Sept. '53-31 Aug. '54 

1 July '51-31 Aug. '54 

1 Feb. '51-31 Aug. '54 

1 Feb. '51-31 Aug. '54 

1 Feb. '51-31 Aug. '54 

1 Feb.'51-31 Aug. '54 

Mr. P. W. Nosker, Project Eng. WADC 

Dr. B. E. Howard, Secretary University of Chicago 

The meetings have been recorded in the Bimonthly Progress Reports 

prevronsly mentioned. Except for Dr. Skramstad, who has participated through 

direct arrangement between NBS-NOLC and WADC, members of the advisory 

committee who are not connected directly with the University have participated 

in the program through consulting agreements with the University of Chicago. 

In addition, similar consulting agreements with the University have provided 
for the participation of: 

Dr. R. R. Bennett 

Mr. J. P. Corbett 

Mr. G. L, Landsman 

Dr. Thornton Page 

Prof, M.Z. Krzywoblocki 

Prof. K. S. Miller 

Dr. J. Winson 
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Hughes Aircraft Co. 

Liberty ville, Ill. 
(formerly with the 
University) 

Motorola, Inc. 

Johns Hopkins Univ. 
(formerly with the 
University, and Sec¬ 
retary to the Board 
until 1 Aug. '51) 

Univ. of Illinois 

New York Univ. 

Riverside, N.Y. 
(formerly consultant 
to Project Cyclone) 

iii 

I Jan. '52-31 Jan. '54 

II May '54-31 Aug. '54 

1 May '54-31 Aug. '54 

7 Aug. '51-1 Mar. '53 

15 Jan. '52-31 Aug. '54 

2 Nov. '53-31 Aug. '54 

1 Mar. '53-30 June '54 



Many others have contributed significantly to the progress of the work. Among 

those from other organizations in regular attendance at most of the meetings 

of the committee have been Mr. Charles F. West, Air Force Missile Test 

Center; Prof. L. L. Rauch, University of Michigan, representing Arnold Engin¬ 

eering Development Center; Col. A. I. Lingard, WADC; and Dr. F. W. Bubb, 

WADC. 

Coordination of the program and administration of the prime contract 

at the University of Chicago has been under the charge of Dr. Walter Bartky, 

Dean of the Division of Physical Sciences and Director of the Institute for 

Air Weapons Research; Dr. B. E. Howard, Assistant to the Director; and 

Messrs. William R. Allen and William J. Riordan, Group Leaders. The work 

at the cooperating institutions has been directed by the appropriate member 

of the advisory committee and his assistants: Dr. H. K.-Skramstad and 

Mr. Gerald L. Landsman at the National Bureau of Standards-Naval Ordnance 

Laboratory, Corona; Messrs. Donald McDonald and Jay Warshawsky at 

Cook Research Laboratories; Messrs. A. W. Vance, J. Lehman and 

Dr. E. C. Hutter at RCA Laboratories; Dr. J. B. Rea at J. B. Rea Company; 

Prof. R. C. Seamans at the Flight Control Laboratory and Dr. W. W. Seifert 

and Mr. H. E. Blanton at the Dynamic Analysis and Control Laboratory, 

Mass. Inst, of Technology. V. H. Disney, S, Hori, and G. F. Warnke at 

Armour Research Foundation and J. C. MacAnulty and George Goelz at 

Northwestern University, Aerial Measurements Lab.,have directed the 

contributory studies at their respective organizations. More explicit credit 

is found in appropriate places throughout the reports; biographical sketches 

are in Part 1. Space does not allow full credit that is due to all the workers 

on the combined project, but cpecial mention is certainly due the project 

engineer for his conception of the project and for his cooperation during its 

execution. 
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This document was edited by William R. Allen and Mary C. Weiss, and 

was prepared for publication by E. R. Spangler at the University of Chicago. 

The editors assume responsibility for the selection of the material; where 

not otherwise indicated Mr. Allen is the author of all sections in the text. The 

editors are indebted to many people and organizations for advice and information 

helpful in the preparation of this report. In particular, acknowledgement is due 

the following organizations for their assistance in the survey of procedures 

and personnel at simulation laboratories: 

Aerial Measurements Laboratory, Northwestern University 
Applied Physics Laboratory, Johns Hopkins University 
Askania Regulator Corporation 
Bell Telephone Laboratories 
Boeing Airplane Company 
Consolidated Vultee Aircraft Corporation, Pomona and San Diego divisions 
Douglas Aircraft Company 
Dynamic Analysis and Control Laboratory, Mass. Inst, of Tech. 
Flight Control Laboratory, Mass. Inst, of Tech. 
Glenn L, Martin Company 
Goodyear Aircraft Company 
Hughes Aircraft Company 
Naval Air Development Center 
Naval Ordnance Laboratory, Corona, Calif. 
Project Cyclone, Reeves Instrument Company 
Radio Corporation of America, Laboratories Division 
Rand Corporation 

The quotation from Cybernetics, by Norbert Weiner, in Chapter 3 is reprinted 

with the permission of its publisher, John Wiley and Sons, Inc. 
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ABSTRACT 

A system dynamics laboratory requires a diversity of specialized per¬ 

sonnel to accomplish its tasks. This technical staff can be organized 

conveniently into three branches: 

(1) System Analysis Branch 

(2) Simulation Equipment Branch 

(3) Technical Services Branch 

The System Analysis Branch has responsibility for formulating and performing 

studies connected with aerial weapons systems. The Simulation Equipment 

Branch is responsible for the operation, maintenance, and design of the simu¬ 

lation equipment used in the studies. The Technical Services Branch furnishes 

information and advice to the system engineering team on such things as com¬ 

ponent response aerodynamics, thermodynamics, structures, military require¬ 

ments, statistical evaluation of data, programming of digital check problems, 
and the like. 

PUBLICATION REVIEW 

The publication of this report does not constitute approval by the Air Force 
of the findings or the conclusions contained "-herein. It is published only for the 
exchange and stimulation of ideas. 

FOR THE COMMANDER: 

ALDRO LINGARD 
Colonel, USAF 
Chief, Aeronautical Research Laboratory 
Directorate of Research 
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INTRODUCTION 

In the operation of a system dynamic s laboratory devoted to the study of 

unitary aerial weapon systems, the complexity of the problems virtually forces 

the adoption of the practice of using an integrated team composed of specialists 

at whose disposal is a considerable array of simulation equipment. This part 

of the final report concerns itself with setting requirements for the technical 

personnel and laboratory organization which will tend to make a laboratory 

both efficient and effective. 

In order to set these requirements we have studied: 

(1) the purpose and field of operation of a laboratory 

(2) the equipment that a laboratory needs 

(3) the operation of similar laboratories throughout the country 

(4) mathematical models of various mechanisms requiring service. 

Information concerning the first and second studies is contained in other 

parts of this report. Information concerning the third was obtained from two 

surveys of dynamic analysis and simulation laboratories, a special report to 

the Advisory Board on Simulation by the Dynamic Analysis and Control Labora¬ 

tory, M.I.T., the pertinent part of which is included as Appendix 1, and a litera¬ 

ture search of the reports dealing with similar facilities. Information concerning 

the fourth study is contained in appendices to this volume. 

The size of the staff given in this volume is adequate for a four-team 

one —shift operation of a facility that does not perform its own digital check 

problems. The organizational structure considered here takes into account 

only the technical portion of the laboratory; this report makes no recommenda¬ 

tions concerning such necessary adjuncts as administrative staff, clerical 

staff, draftsmen, fabrication shop, or library. Neither does it concern itself 

with how the technical groups are to be administered, although it is appropriate 

to quote here the following unanimous recommendation of the Advisory Board 

on Simulation: "The staff of a system dynamics laboratory should be admin¬ 

istered in accordance with accepted procedures at a scientific project, of the 

kind now operated by the federal government, e.g., the laboratories of the 

National Bureau of Standards.11 
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The problem of determining the number of people required to maintain 

a piece of equipment has given rise to a study of "waiting lines." Since most 

of the cases ordinarily encountered consider either a single type of customer 

or a single server, the theoretical study described in Appendix 2 was necessary 

in order to provide a sound basis for making estimates of the number of 

maintenance personnel needed. Appendix 3 is an application of a well-known 

"waiting line" technique for estimating the number of maintenance men needed 

if the only failures are in amplifiers and power supplies. The failure rates 

are based on two studies of machine failures, at the Aerial Measurements 

Laboratory, Northwestern, and at Convair, Pomona. In addition, this study 

has given us useful information for planning computer maintenance. 
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1. ORGANIZATION OF A SYSTEM DYNAMICS LABORATORY 

In discussing the organization of a system dynamics laboratory and its 

technical staffing, it is helpful to examine the main functions of the laboratory 

and to see what tools and methods are used to perform these functions. As 

indicated in Part 3, the chief work of this laboratory is to 

(1) study the feasibility of proposed unitary aerial weapons systems, 

(2) aid in the design of unitary aerial weapons systems, 

(3) aid in the evaluation of current aerial weapons systems and aerial 
weapons systems projects. 

(4) study modifications for the improvement of current aerial weapons 
systems. 

A staff capable of carrying out such a program must include people with a 

knowledge of 

(1) system design, particularly as it applies to flight control, guidance, 
and fire control systems, 

(2) system environment, with particular reference to aircraft structure, 
aerodynamics, thermodynamics, military targets, countermeasures, 
and meteorological and topographical effects on guidance and con¬ 
trol systems, 

(3) methods of representing the system with mathematical and physical 
models usable for scientific study. 

One of the main techniques of the laboratory is flight simulation. The 

equipment proposed for this includes electronic computers, hydraulic and 

electromechanically driven flight tables, hydraulic and mechanical force 

generators (load simulators), optical guidance simulators, radar simulators, 

and infrared simulators. The laboratory needs engineers and technicians 

capable of operating and maintaining such equipment. 

To perform reasonable systems studies and flight simulation it is neces¬ 

sary that dynamic data be obtained on subsystems and components; as a result 

there must be staff members able to obtain such data by literature search, 

survey of manufacturers, or by having tests of their own devising executed. In 

addition, the experience of other organizations indicates that the laboratory 

can continue as an effective engineering and scientific group only if its staff 

continually trie» to improve old and to develop new techniques and equipment 

Manuscript released by the author in July 1954 i*or publication as a WADC 
Technical Report, 
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for studying systems. 

Analysis of the work of the laboratory indicates that it breaks down into 

three main categories: system analysis,simulation equipment, and technical 

services. With these categories in mind, the laboratory can be organized as 
follows: 

I. System Analysis Branch 

S' System engineering section 
B, System research section 

II. Simulation Equipment Branch 

A. Electronic equipment section 

1. Operation 
2. Maintenance 
3. Design 

B. Mechanical Equipment Section 

1. Operation 
2. Maintenance 
3. Design 

C. Hydraulic Equipment Section 

1. Operation 
2. Maintenance 
3. Design 

III. Technical Services Branch 

A. Component Dynamic Response Section 

L Electrical components 
2. Mechanical components 
3. Hydraulic components 

B. Technical Consulting Section 

A diagram of this organizational setup is given in Figure 1. 

The team working on a given problem requires engineers, physicists, 

and mathematicians from the system engineering section and simulator operat¬ 

ing personnel from the various sections of the simulation equipment branch. 

The team would receive help as required on problems in aerodynamics, sec¬ 

ures, components, military requirements, statistics, numerical analysis, etc. 

from personnel in the technical services branch. Maintenance of simulation 

equipment used in the problem and fabrication of special equipment needed for 

the problem are responsibilities of the appropriate sections of the simulation 

equipment branch. 

WADC TR 54-250, Part 4 2 
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2. STAFF REQUIREMENTS 

2.1 The System Analysis Branch 

System Engineering Section. The system engineering section of the 

system analysis branch has primary responsibility for formulating and per¬ 

forming studies connected with the dynamics of aerial weapons systems. 

Most of the expected problems involve the unified operation of flight control, 

guidance, and fire control systems. Most of the mathematical models in 

current use have their representation formulated as algebraic, differential, 

integral, or mixed systems of equations and/or inequalities; many current 

models also involve stochastic processes, e;g., noise problems, random 

walk problems. The system engineering staff should consist of engineers, 

physicists, and mathematicians capable of handling both engineering problems 

connected with be systems and mathematical problems connected with their 

repre sentations. 

On the basis of the D.A.C.L. report* and our own studies of organizations 

performing system dynamics problems, we have drawn up the following staff 

requirements for the system engineering section. At the risk of being black¬ 

listed forever by the physical society and the engineering societies, we shall 

lump engineers and physicists together, describing the job by the type of 

material to be studied with the title of engineer attached. It is felt that the 

number of personnel indicated is adequate for three or four teams working 

on system problems and allows three to five people freedom to pursue some 

basic problems in the system research section. The personnel types and num¬ 

bers are as follows: 

control system engineers: 4 

radar engineers: 3 

optics and/or infrared engineers : 3 

electronic engineers: 3 

mathematicians: 4 

scientific aids and/or computers: 4 

The control system engineers should be either electrical or aeronautical 

engineers with experience and/or training in servomechanism work. All of 

the engineers should have formal training at least equivalent to the bachelor's 

See Appendix 1. 
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degree in engineering, and at least one of these should have approximated five 

years of responsible professional experience in design and evaluation of con¬ 

trol systems or in a closely related field. The other three should have a mini¬ 

mum of two years' professional experience in control systems or related 

fields. 

The radar specialists should be either electrical engineers or physicists 

with a knowledge of the physics of electromagnetic waves and with training and/ 

or experience in the design of radar. At least one of the specialists should 

have five years of responsible experience in the design of radar or in research 

on radar wave patterns. The other two should have a minimum of two years' 

professional design or research experience. At least one of the men should be 

familiar with available laboratory testing and simulation techniques for radar 

seekers. 

The optics specialists should be physicists or engineers with training 

and/or experience in the design of infrared or other optical seekers and with 

a knowledge of the physics of light waves. At least one should have about five 

years of responsible professional experience in the design of such seeker sys¬ 

tems and in the propagation patterns of light waves. The other two should have 

a minimum of two years1 professional design or research experience in this 

field. 

The electronics specialists should be electrical engineers or physicists. 

At least one should have about five years of responsible experience in the design 

of such things as airborne computers for field use, communications systems, 

etc. The other two electrical engineers should have at least two years of ex¬ 

perience in the design and/or operation of electronic gear. 

Two of the mathematicians should have Ph.D.'s in mathematics or the 

equivalent, and in addition one of these should have about five years1 experience 

in applied mathematics, should have extensive knowledge of ordinary and 

partial differential equations, particularly as they apply to mechanics, elec¬ 

tronics, and aerodynamics, and should have a good general background in 

analysis. The second should have at least two years' experience in applying 

mathematics to physical problems and a good general background in analysis. 

In addition, each of the following fields should be of more than passing familiar¬ 

ity to at least one of these two mathematicians: integral equations, stochastic 

processes, and approximating polynomials. The other two mathematicians 
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should have the master's degree or the equivalent in mathematics, with com¬ 

petence in analysis, particularly differential equations; and at least one should 

have sufficient knowledge of numerical methods to act as an advisor to the 

computers. All four mathematicians should have some knowledge of the opera¬ 

tion and capabilities of electronic differential analyzers. 

The four computers should have at least a bachelor’s degree in one of 

the following: engineering, physics, mathematics, or statistics. Training in 

mathematics must include trigonometry, analytic geometry, differential calculus, 

integral calculus, differential equations, and in addition any three of the follow¬ 

ing: advanced calculus, theory of equations, determinants and matrices, 

introduction to modern algebra, statistics, mechanics, vector analysis, probabil- 
ity theory, numerical methods, 

2'1,2 Research Section. It is contemplated that the scientists in the 

system engineering section, technical services branch, ànd simulation equip¬ 

ment branch during the course of problems will find basic situations in system 

design, simulation techniques, physics, engineering, or mathematics that bear 

further investigation. If a staff member demonstrates that he has a reasonable 

line of investigation for one of these basic situations, he may be assigned to the 

research section for a period adequate to perform his studies. Further, if the 

administrator feels some basic situation is sufficiently important to warrant 

investigation he may assign one or more scientists to the basic research section 
to do this work. 

No permanent technical staff is assigned to this section; staff scientists 

are assigned on a temporary basis as their interests and the technical needs 

of the facility warrant. Probably no more than 15% of the total scientific 

staff are assigned to this group at any one time. This group should also 

establish some arrangements for bringing in outside specialists to spend a 

summer, a school term, or a year to work on various basic problems, in much 

the same manner as the Institute for Numerical Analysis of the Bureau of 

Standards has done. This procedure tends to introduce the resident group to 

new ideas and aids in establishing effective lines of communication with other 

groups in the same or related fields. It has the added advantage of being a 

potential source of permanent employees. 

2.2 Simulation Equipment Branch 

The simulation equipment branch is responsible for the operation and 

maintenance of all laboratory equipment as well as for the design and fabrica- 
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tion of special equipment needed for specific problems. When a problem is 

being prepared for simulation, either mathematical or physical, an engineer 

from the appropriate simulation equipment section works with the team to 

help insure that the proposed simulation setup is suitable for the equipment 

to be used. It is felt that this procedure is of material assistance in cutting 

down the initial trouble shooting time, tends to reduce the amount of equip¬ 

ment used for a problem, and gives additional assurance of obtaining mean¬ 

ingful results from the simulation. 

2.2.1 Electronic Equipment Section. The electronic section is responsible 

for the operation and maintenance of the analog computing equipment available 

to the facility. In a complete facility this equipment should consist of (l) a 

dynamic systems synthesizer with a size equivalent to approximately 900 

operational amplifiers and (2) about 15 racks of standard commercial analog 

equipment. In addition, the equipment may include fast time computers, pas¬ 

sive network analyzers, and other specialized apparatus as required. This 

section has the responsibility for maintaining the electrical components of the 

physical simulation equipment as well as the maintenance and operation of any 

electrical components of actual weapons hardware under test. Design and 

fabrication of special analog apparatus needed for problems and necessary or 

desirable modifications of the existing simulation equipment are also part of this 

section’s task. 

Our survey and studies* indicate that this section should have six elec¬ 

trical engineers (or physicists with electronics training) and six electronic 

technicians. Two of the electrical engineers should have professional training 

at least equivalent to the master's degree and a minimum of four years of 

experience, at least two of which should have been coiuiected with design, 

operation^ and/or maintenance of analog computing equipment. The other four 

should have professional training at least equivalent to the bachelor's degree 

and a minimum of two years1 experience. All of these engineers should have 

sufficient mathematical training to preclude extreme fright at the mention of 

systems of algebraic, differential, and integral equations or inequalities. 

The electronic technicians should be familiar with the maintenance, repair, 

and fabrication of relatively complex electrical apparatus, and at least one of 

the technicians should be familiar with the maintenance and repair of radar 

and infrared equipmeTxt. 

*See Appendix 3, 
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2*2.2 Mechanical Equipment Section. The mechanical equipment section is 

responsible for the maintenance and operation of mechanical equipment 

such as electromechanically driven flight tables or mechanical load simulators 

and the mechanical components of such items as hydraulically driven flight 

tables. In addition, the section is responsible for operating and maintaining 

any mechanical components of weapon systems included in the simulation loop. 

A staff adequate to handle the mechanical equipment should consist of 

two mechanical engineers and three mechanics. Both of the engineers should 

have professional training equivalent to the master's degree in mechanical 

engineering and a minimum of two years' professional experience. One of the 

engineers should have had at least one year's experience working with or 

designing electromechanical systems incorporating such items as electro¬ 

magnetic or induction clutches. The other engineer should have at least one 

year's experience working with or designing gear drive systems. 

At least one of the mechanics should have had some experience in the 

maintenance and repair of electromechardcal systems such as magnetic or 

induction clutches. The others should be familiar with the maintenance and 

repair of such things as gear drive systems. 

2*2,3 Hydraulic Equipment Section. The hydraulic equipment section is re¬ 

sponsible for the operation and maintenance of the hydraulically driven equipment 

such as load simulators and flight tables. In addition, it is responsible for 

operating and maintaining any hydraulic components of weapon systems included 

in the simulation loop. 

A staff of two engineers and three technicians or mechanics should be 

adequate. Both engineers should have professional training equivalent to the 

master's degree in engineering and a minimum of two years' professional 

experience. Both the engineers should have at least one year's experience 

working with hydraulic valves or hydraulic motors. At least one should have 

some experience in instrumentation for measuring temperature, pressure 

flow, fluid cleanliness, etc. in valves and motors. 

The technicians should have some experience in operation and main¬ 

tenance of hydraulic valves and motors. One of the technicians should also 

meet the requirements of a journeyman plumber. 
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2,3 Technical Services Branch 

During various stages in a system study the system engineers need 

data on component response, aerodynamics, thermodynamics, structures, 

and military requirements. In addition, they may need aid in programming 

a digital check problem or in planning a simulation program to obtain data 

useful for a statistical evaluation of the weapon's performance. To furnish 

this information and advice, the technical services branch has two sections! 

the component dynamic response section and the technical consulting section. 

2.3.1 Component Dynamic Response Section . This section is responsible for 

furnishing component data, primarily on dynamic response, to the system en¬ 

gineering teams. This group obtains this data in whatever manner is most 

efficient in the individual instance: contacting the manufacturers, making 

a library search, or devising tests to obtain the information. For convenience 

the section subdivides Lito three subsections: electrical, mechanical, and 

hydraulic., corresponding to the type of components considered. 

The electrical group should consist of three electrical engineers. At 

least one of these should have professional training equivalent to a master's 

degree in electrical engineering and a minimum of three years1 professional 

experience, one year of which should have been spent testing equipment. The 

other two engineers should have professional training equivalent to the 

bachelor's degree in electrical engineering and a minimum of two years' pro¬ 

fessional experience, six months of which should have been spent on testing 

equipment. 

The mechanical components subsection requires two mechanical or 

aeronautical engineers. One of these should have professional training 

equivalent to the master's degree in machanical or aeronautical engineering 

and a minimum of three years' professional experience, at least one year of 

which should have been in the field of testing components for aerial weapon 

systems. The other should have professional training equivalent to the 

bachelor's degree in mechanical or aeronautical engineering and a minimum 

of two years' professional experience. At least one of these engineers should 

have had some experience with designing and/or testing gyroscopic devices. 

The hydraulic components subsection needs two hydraulic or mechanical 

engineers. One of these should have professional training equivalent to the 

master's degree in hydraulic or mechanical engineering and a minimum of 

three years' professional experience, one year of which should have been 
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spent on designing or testing hydraulic valves and rams of the types used 

in aerial weapons systems. The other should have professional training 

equivalent to the bachelor's degree in hydraulic or mechanical engineering 

and a minimum of two years' professional experience, at least six months of 

which should have been connected with designing or testing hydraulic systems 

of a type similar to those used in aerial weapons. 

2.3.2 Technical Consulting Section . The technical section has the responsibility 

of furnishing ()) information on systems environment such as aerodynamics, 

thermodynamics, and air vehicle structure, (2) information on military require¬ 

ments and tactics, (3) technical aid on statistical problems and coding problems 

for digital checks. Our studies indicate that this-group should have at least the 

following personnel: 

I. One aerodynamicist with professional training equivalent to a 
Ph.D. in aerodynamics and a minimum of five years' experi¬ 
ence and research in both the practical and theoretical aspects 
of the effects of aerodynamic flow on air vehicle control. 

II. One aircraft structures engineer with professional training 
equivalent to a Ph.D0 in aeronautical engineering and a mini¬ 
mum of three years' experience and research in both practical 
and theoretical aspects of air vehicle structure requirements 
and structural effects on air vehicle control. 

III. Two specialists in military requirements and tactics. It is 
difficult to give specifications on such men other than to say 
that they should have a sound scientific background and three 
to five years' experience in military phases of operations 
research. 

IV. One thermodynamicist with professional training equivalent to 
a Ph.D. in physics with a minimum of four years' experience 
and research in theoretical and practical aspects of the thermo¬ 
dynamics of high speed flight. 

V. One statistician with professional training equivalent to the 
Ph.D. in statistics and a minimum of four years' experience 
and research. His experience should include some practical 
experience in the design and analysis of experiments, esti¬ 
mation, and quality control. 

VI. Two mathematicians with training equivalent to the Ph.D. in 
mathematics and three to five years' experience in formulating 
and coding problems for digital computation. 

VII. Two computers or scientific aids. Their training should be 
equal and similar to that required for the computers in the 
system engineering section. 
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3. ORGANIZATION OF THE SYSTEM ENGINEERING TEAM 
»• 

Examination of weapon system problems shows that techniques and knowl¬ 

edge from many scientific disciplines are required for adequate treatment of 

these problems. Since it is an exceedingly rare person who combines sufficient 

competence in all the required disciplines, a team of specialists appears neces¬ 

sary. This need is not unique to weapon system studies; it occurs today in 

many fields. In the "Introduction" to Cybernetics , Norbert Weiner writes, 

"There are fields of scientific work... which have been explored from the dif¬ 

ferent sides of pure mathematics, statistics, electrical engineering, and 

neurophysiology; in which every single notion receives a separate name from 

each group; and in which important work has been triplicated or quadruplicated; 

while still other important work is delayed by the unavailability in one field of 

results that may have already become classical in the next field. 

"It is these boundary regions of science which offer the richest opportun¬ 

ities to the qualified investigator. They are at the same time the most refrac¬ 

tory to the accepted techniques of mass attack and the division of labor. If 

the difficulty of a physiological problem is mathematical in essence, ten 

physiologists ignorant of mathematics will get precisely as far as one physi¬ 

ologist ignorant of mathematics, and no further. If a physiologist, who knows 

no mathematics, works together with a mathematician who knows no physiology, 

the one will be unable to state his problem in terms that the other can manipulate, 

and the second will be unable to put the answers in any form that the first can 

understand. . . . a proper exploration of these blank spaces on the map of science 

could only be made by a team of scientists, each a specialist in his own field, 

but each possessing a thoroughly sound and trained acquaintance with the fields 

of his neighbors; all in the habit of working together, of knowing one another’s 

intellectual customs, and of recognizing the significance of a colleague’s new 

suggestion before it has taken on a full formal expression." * 

This ability to work cooperatively in a scientific or engineering research 

team must be considered an additional qualification for most of the technical 

personnel in the laboratory. In order to understand how the team procedure 

^Norbert Weiner, Cybernetics (N.Y., 1948), pp, 8-9. 
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might work, we will describe how the various people in a laboratory could be 

called upon to participate in various phases of a problem* For the sake of 

concreteness we will suppose that the problem is to design and evaluate at least 

through the breadboard stage the guidance and control system of an air-to-air 

guided missile with, say, active radar guidance. 

To start such a job a nuclear team of one radar specialist, one control 

system engineer, and one mathematician appears reasonable. They consult 

with the military applications specialists to discover under what tactical 

conditions and against what types of targets this weapon will operate. Knowl¬ 

edge of these military conditions helps to establish the requirements the gui¬ 

dance and control system must meet. Next, the team attempts a representation 

of the system, consulting aerodynamicists, structural engineers, and perhaps 

a thermodynamicist to see what environmental effects can safely be neglected 

in a preliminary study to determine the form of, say, the guidance equation. 

When the form of representation is settled and the aims of this phase of the 

study are established, an analog computer engineer joins the team to help plan 

the instrumentation of the representation for simulation. The computer en¬ 

gineer remains with the team until the problem is off the computer. This 

planning for simulation on a computer is fairly critical, since it must be de¬ 

termined that the analog representation is in fact a representation of the 

physical system. In this phase it is also advisable to consult the statistician 

on a plan for the analog runs in order to minimize the number of runs and, if 

desired, to get data suitable for statistical analysis. 

With all of this settled, the problem is set up and run on this computer. 

It is probably wise to have one or more scientific aids to help with the evalua¬ 

tion of the data as it comes from the computer. When the computer phase is 

over, the results are analyzed and engineering judgments made concerning the 

meaning of the guidance equations. When this last is determined, a less sim¬ 

plified version of the problem is prepared with the aid of an aerodynamicist 

and a structural engineer to see if the effects neglected in the first computation 

will change things significantly. At the same time the instrumentation for the 

type of guidance obtained and its connection with the control loop are studied; 

since a considerable amount of the instrumentation is electronic, an elec¬ 

tronic engineer may join the team. 
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With the aid of a computer engineer an analog of the more complicated 

problem is prepared. The statistician is consulted about plans for the runs, 

the problem is coded for digital check, and it is run and analyzed as before. 

Those studying the instrumentation of the combined guidance and control 

loop need some hardware dynamics, and these they obtain from the component 

dynamic response section. They also want to make analog tests, perhaps with 

actual components in the loop. If there is a large amount of special electronics, 

an electronic engineer again joins the team. For analog simulation the pro¬ 

cedure is the same as before. If actual hardware is incorporated in the loop, 

some one from the proper simulation equipment section assists in preparing 

the simulation. When a subsystem has been synthesized in this manner, more 

elaborate studies will be made of the total system in essentially the same way 

the subsystem was studied. 

Note that all of the branches are involved in this work at various times 

during the study. A flow chart of the problem and the staff involved in its 

stages is given in Figure 2. 

The procedure given here is of course simplified and because of the nature 

of our example somewhat specialized, but it illustrates in a concrete manner 

how this concept of the system engineering team applies. The team's composi- • 

tion is flexible; the number of people connected with the problem at any time 

depends only upon what needs to be done at that time. 
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Appendix 1* 

THE STAFF AND ORGANIZATION 
OF A LARGE ANALOG-COMPUTING CENTER 

by 

H. Mori and C. W. Steeg, Jr, 

1. Introduction 

The primary goal of this appendix is to report the way the Dynamic 

Analysis and Control Laboratory (D.A.C.L,,) has organized and staffed the 

M.I.T, Flight Simulator facility and to discuss the procedure which the 

D*A-C.L. recommends for planning an organization capable of handling a large 

varièty of problems on an analog computer. Examination of these topics 

emphasizes the particular difficulties that are^likely to be encountered in 

the operation of a large computing center. A method for handling problems 

on a computer is outlined in sufficient detail to furnish the background necessary 

for the consideration of the organization required. A survey is made of the 

activities essential for efficient operation of a facility. The advantages of 

supplying adequate maintenance and development of equipment, consulting 

advice and assistance, and basic research facilities also are examined. 

The organization of a computing center varies with the kind of services 

performed. The basic objective of a large analog-computing facility should 

be to provide the services and equipment adequate to solve a variety of exten¬ 

sive, complicated problems. The facility should also be capable of handling 

smaller problems as time and equipment are available. 

Because of the unique position that a large computing center occupies, 

it can provide additional services beyond those of a small facility, possibly 

including the following: 

(1) The computing center should maintain .a constant effort 
to further the science of machine computation through 
the development of new methods for performing compu- 

_tations, improvement of analog-computing equipment, 

F rom Dynamic Analysis and Control Laboratory, M.I.T., Research 
Memorandum 6463-3, 30 Nov. 1953. 
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(2) 

(3) 

(4) 

and application of analog computers to new fields of 

tation of the analog data. 

similar or allied problems. 

The cotnPu^n^gg^^Qp q£ results'^6sufficient°daito^°e 

^velTt^eahhle to p'r^iic^proh^^®5?®^01^111- 
lÍeThdeÃent conditiohS, and by using eapeuience 

gained from previous programs. 

The two general types oí problems customarily undertaken in an analog- 

computing facility are mathematical studies and eguipmen, analyses, some tme 

referred to as mathematical and physical simulations, respec .v y. 

equipment analysis is characterise^ the use of physical apparatu 

pltLn of the computation and becomes °'“tion. 

:r::=r;=r^=—i simula. 

tÍOn' . • + f nroblems could be handled at an installation such as 
A wme vane y laboratory. Possible fields of study might include 

the proposed dynamic systems laboratory. 

the automatic control of dynamic systems such as aircra or engm ^ 
of missile and aircraft control systems, and the so. 

r:;::::tlematical problems — either .rdluary or partial 

"persons ueeded for a program in any of ihese fields 

, ,, „q.ohlpm Some problems that require short pre 
depends on the the liable equipme„t may he handled 

paration " „b.ain maxim urn usefulness from the computer mr:» b. simultaneously.. a prob^ is » — r 
that a large portiou of the computer is occupied, not only is a ong per 

preparation before the actual machine operation required but aiso the mos 

advantageous use of the computer is ensured by multiple-shift operation. 
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2. The D.A.C.L. Organization 

The research program of the D.A.C.L. is shared between the Simulator 

Group and the Research and Development Group. The chart of Figure 3 

shows the organization of the Simulator Group, which is divided into three 

divisions: Simulator Operation, Analysis and Evaluation, and Simulator 

Development. The present organization represents the evolution of the activi¬ 

ties and interests of the staff members and is a result of the laboratory 

history more than of any preconceived master plan. At the inception of the 

laboratory, activities were largely confined to the development of computing 

equipment and particularly a three-axis flight table. During this period, the 

effort in analysis was directed principally to maintaining an awareness of 

progress in the fields where computing equipment would be most useful, but 

actually resulted not only in the pioneering of these areas but also in the 

decision to expand development to include the generalized computer. As equip¬ 

ment became available for thé solution of specific problems, the technique of 

team research, which had proved so effective for the development of the 

computer, was adopted for the operation of the equipment and for the evalua¬ 

tion of the data. 

WADC TR 54-2 50, Part 4 19 



Figui-e 3: D.A.C.L. ORGANIZATION FOR THE SIMULATOR GROUP 
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A team of engineers and operating technicians has charge of each 

problem. Such a procedure allows scientists with various specialties, 

such as electrical engineering, mechanical engineering, mathematics, and 

physics, to work together on the same project. The individual having a 

particular interest closest to the major problem is named as team director, 

or problem engineer, acting more as a coordinator than as a supervisor. 

The approximate equality of team members assures each an equal opportunity 

for expression on all phases of the problem. The mathematician obtains a 

clearer concept of the electrical engineer's problem, for example, and has 

an opportunity to offer suggestions as well as to contribute theoretical con¬ 

cepts. Thus, research scientists can be specialists without being isolated 

from other branches of science. The success or failure of a computing 

program depends largely upon the initiative of the'team. The operating 

teams are members of the Simulator Operation Division, 

The contribution made by the other divisions can be explained best 

by reviewing the steps involved in the solution of a typical complex problem. 

Usually the initial contact with a problem is made by another team comprised 

of members from the supervisory level and including the Assistant Director 

for the Simulator. This team determines not only the capability and availa¬ 

bility of the equipment and the staff to handle the problem but also the 

suitability of the problem to add to the background of basic research. 

Furthermore, at M.I.T. the Division of Industrial Cooperation imposes certain 

specifications that must be met before acceptance of a research project. Once 

a problem is selected, the nucleus of the operating team is presented all 

information for formulation and preliminary analysis of the equations. 

in the operation of any automatic device, the errors caused by human 

intervention must be reduced. Elaborate methods for checking the equipment 

have been devised in order to minimize human errors. In addition to various 

static and dynamic checks of computer setup, a numerical solution using 

typical parameter values is prepared. The lattet work represents part of 

the activities of the Analysis and Evaluation Division. Specifications for any 

special computing devices are prepared by the operating team and submitted 

to the Simulator Development Division for design a..d construction. During the 

period of machine operation, a member of the Analysis and Evaluation Division, 

which is continually apprised of simulator results, attempts to correlate 
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computer data with analytical studies in order that some extrapolation can be 

made concerning the way a system may perform under conditions other than 

those studied. 

After the machine period is finished, the simulator data are reduced 

to appropriate curves, graphs, charts, and tables. The final phase in the 

program is the preparation of a comprehensive report by the problem 

engineer with the cooperation of all personnel associated with the problem. 

Because this report represents a permanent record of the program, all 

information necessary for a detailed understanding of the program and its 

results is presented. Editing and publication of the report is the responsibility 

of the Analysis and Evaluation Division. 

The Simulator Development Division, in addition to its previously 

mentioned duties, performs research on components for possible application 

in the computer and supervises maintenance of the Simulator. 

A Division of Laboratory Services under the jurisdiction of the labora¬ 

tory Executive Officer maintains a drafting room, a machine shop, and an 

electronics shop and performs the personnel, security, pirocurement, and 

business-office functions for both the Simulator Group and the Research and 

Development Group. 

The Simulator Group has a staff of approximately 70 with almost half 

this number of professional grade. Because the D.A,C.L. is a part of 

M.I.T., many of the laboratory personnel are graduate students who spend a 

portion of their time attending classes while working for advanced degrees 

under the M.I.T. Research Assistantship Program. The remainder of the 

professional staff members have advanced degrees, or extensive post-graduate 

training, and at least three years of training in electronics, systems analysis, 

mathematics, or related scientific fields. 

3. Suggested Personnel and Organization 

A possible organization for a dynamic systems facility has been derived 

on the basis of the experience gained at the D.A.C.L. in the operation of a 

computing installation. The suggestions for the organization of personnel are 

given in this section and summarized in Figure 4. Although the organization of 

D.A.C.L. is an outgrowth of the type of problem and equipment, as well as of 

the interests of the staff, many features of the Simulator Group appear to be 
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necessary and valuable for the full utilization of a large-scale analog computer. 

If the facility is partially separate from any other installation, then essentially 

the same organization as used at the D.A.C.L. may be applicable. If other units 

at Wright Air Development Center share the same administration, a significant 

reduction in such services as security, library, and shop facilities may be 

possible, 

3.1. Personnel. The minimum requirement for the professional staff members 

of a computing facility is a bachelor's degree in engineering or in an allied 

science. The specific academic background of the personnel frequently is less 

significant than their training in the scientific discipline and method. The 

variety of problems to be undertaken dictates a further requirement for breadth 

of experience, obtained either in industry or in work for an advanced degree. 

Because a computer usually is an electronic contrivance, electrical 

engineering education and experience are necessary in most instances for 

staff members working directly with the computer. A large majority of the 

problems solved on present-day analog computers utilizes the principles of 

servomechanisms and the general theory of feedback control; consequently, 

a knowledge of these fields greatly facilitates the understanding and analysis 

of problems. Traditionally these subjects have been regarded as belonging 

to the province of the electrical engineer; however, the same techniques have 

been adopted and used successfully in other fields of engineering. Because an 

analog computer usually is involved with the simulation of actual mechanical 

equipment, a background of mechanical engineering is helpful in order to 

explain and interpret the analogy. Furthermore, because the common bases 

for all computing problems are mathematical equations, workers with extensive 

experience in physics and mathematics are necessary. For the study of specific 

problems, such other specialists as aerodynamicists, radar engineers, or 

thermodynamic ist s may be required. 

Inasmuch as some of the staff will not be familiar with analog computation 

or computers, a nucleus of experienced members must be obtained to initiate 

a program for the training of subsequent additions to the staff. If a training 

program is not feasible, careful consideration should be given to such incentives 

for attracting high-caliber engineers as providing adequate opportunity for the 

pursuit of advanced degrees or otherwise encouraging professional recognition. 
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3.2. Operations . The size of the operations team and the qualifications of 

its members are dependent on the problems being solved at the computing 

center. The number of teams required is determined by such factors as the 

complexity of the problem and the capacity of the equipment for multiple- 

problem operation. The complexity of a problem dictates the amount of pre¬ 

liminary analysis, the duration of machine operation, and the effort devoted to 

data reduction and preparation of the report. The maximum benefits from 

team organization are derived when all of the above-mentioned phases are 

handled by the same group. Consequently, the composition of a team should 

include, in addition to the problem engineer, the following types of personnel: 

an analyst to complement computer results with theoretical analyses, two 

or more operations engineers to prescribe computer setup and operating pro¬ 

cedures, and two operations technicians to inspect and check the computing 

equipment. For multiple-shift operation of the computer, the team may require 

an additional engineer and technician for each extra shift. 

3*3, ilgvelopment and Maintenance. A computer-development program should 

be sustained to prevent obsolescence of the equipment. New components for 

computer application and new operational equipment must be developed, continu¬ 

ally to preserve the effective and efficient operation of the computer. Further¬ 

more, the development group must attend to equipment problems brought to its 

attention by the maintenance and operations groups and requests for special 

equipment for particular programs. 

To insure the continuous and efficient operation of the computer, a 

practical maintenance program should be initiated. The determination of a 

suitable program, whether preventive, breakdown, or a combination of these, 

should be a matter of fundamental policy at the computer center. Even such 

an apparently extraneous decision as the selection of a maintenance program 

can determine the entire form of the organization. The DA.C.L. has devoted 

extensive study* to the determination of the length of the maintenance cycle for 
a preventive-type program. 

Personnel of the development group will be engaged in development of 

equipment, and the maintenance personnel will be concerned primarily with 

setting up maintenance procedures and improving existing equipment for 

increased reliability and efficiency. Although the background requirements for 

both groups depend upon the type of computer at the facility, an understanding 
% ~ 

Bibliography, item 5. 
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of electrical and mechanical engineering would be a definite asset. 

3.4. Basic Research and Technical Services . The tasks of preparing numerical 

solutions, performing mathematical computations, and carrying on theoretical 

investigations of problems being studied on the computer should be conducted by 

a group for basic research and technical services. As the interests, initiative, 

and ingenuity of the staff may dictate, basic research in machine computation 

and in problems arising out of the work at the center also can be performed. 

In addition to several people to operate hand calculators, this group 

should supply mathematicians with backgrounds in numerical analysis. Because 

many calculations demand the use of a digital computer, at least one person 

with a background in digital computation would be helpful. In fact, if very 

many numerical computations are needed, the group should operate a small 

digital computer, 

3.5. Publications . The publications staff should include such personnel as an 

editor, technical writers, and technical artists, as well as several typists. 

The members of the operations team assigned to the program should be able 

to write comprehensive reports on the program. The use of technical writers 

depends upon the qualifications of the team members. The time required to 

prepare and edit a report might be used more advantageously by the operations 

team in analyzing and studying additional problems. However, maximum bene¬ 

fit from a computer study can be gained only by requiring those team members 

most directly associated with the problem to prepare the report. Reports are 

edited, illustrated, typed, and published by the publications group. 

3.6. Consultants . Because in a large computing facility many highly technical 

problems arise that are beyond the knowledge of the staff, a group of special» 

ists should be available for oral consultation without interrupting the progress 

of the problem. 

3.7. Laboratory Services . The nontechnical functions necessary for the 

autonomous operation of the proposed center are the responsibility of the 

laboratory services group. Such services should include supply shop, library, 

stock-room, and drafting facilities, as well as supervision of the nonprofessional 

staff of technicians, typists, and secretaries. 
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Appendix 2 

ON A PROBLEM OF QUEUES WITH MANY SERVERS AND 
DIFFERENT TYPES OF CUSTOMERS* 

by 

Mary C. Weiss 

The problem we wish to solve is the following: Hypothesis: There exist 

k types of customers who have distinct exponential arrival distributions with 

parameters and distinct exponential service time distributions with para¬ 

meters cu. There are s servers and the queue-discipline is first come, first 

served. We wish the following information: at time t what is the probability 

that there are n people in the queue ? What is the expected waiting time of an 

arbitrary customer? What is the limiting distribution for the queue size? 

1. Formal Solution 

First we consider an approach which will yield us a formal solution. 

Let U be the probability that n+o> (co> l) people arrive in time t, the ith 

person to arrive being of type z.. This probability is found by letting m. denote 
J 

the number of j's among and considering 

_k_ t 
exp (- 2 ß.t) 

n+tò „ 1 m. 

"mTTTTmiTT 1 k 
, the probability that n+a> people, m. of type j, 

J 

1 1 k 
arrive. If this probability is multiplied by jt— , the probability that 

their types are in the order ^ , then the result 

is the probability U in question. 
k ,n+co 

exp (-Zlß^ Ti+FTi ß ...ß z. rz , v 
1 n+oi 

If 0 < x1 < < xn+cù < t, the probability V that the ith person arrives during 

the interval (x^, x^ + dx^) is 

^rom Advisory Board on Simulation Technical Note 42, 9 April 1954 

l i 
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V = u . (n+ (¿>)[ , j 
-—5—¿— dx1...dx , 

n+a> 1 n+ai 
- exp(- ^ ß.t) p ...ß dx, ...dx , , since 

TIT 1 zi z 1 n+o) 1=1 1 n+eo 

. t n+co 
the measure of the set 0 ^ x^ < ... < xn^co ^ ^ 1S ^ ^7 and since all orderings 

of the x's are equally likely. 

Of n+co people arriving during the time interval (0,t) such that the ith 

person is of type and arrives between x^ and x^ + dx^, the probability that 

exactly co are waiting at time t is 

m, m. 

ai1 ■ ” ak ^ 

n+co 

[ 5- J ’xi.xn+o3'yi’”-’yn+u ] dyi-dyn+co 

where f(t,s, co ,x^M..,xn+ ^ ^ = ^ ^ n+ú) people arriving at times 

Xj,...,xn+w and taking times y^,.,.,yn+w respectively to be served, co are 

waiting at time t. Now the probability that exactly n+u> people arrive before 

time t, the ith person to arrive being of type z^, and that there are exactly 

co people waiting at time t is 

exp (- ¿ ß.t) ßz ...ß. cl ... a 
• 1 * -, Z i Z, T , 1=1 1 n+ co 1 n+co 

dx. dx0...dx , 1 Z n+co 

x1<x_<...<x , <t 
1= 2- = n+co = 

00 ao oo n+ CO 

^ ^ f(t,s,w ,x1.xn+tó >y1»"'yn+w ) exp (-Z az.yi) dyi-dyn+ 
00 

000 

Summing over all ^ ) and all n we obtain the desired probability, 

k 

exp (-X , Zl v . j J ••’j dxr-odxn+co 
i=l n=s (z.,...,z , ) 1 n+co 1 '1 n+co 7 

n+ co 

xt<x0<...<x , , <t 1= 2= = n+co = 

CD CD 

if f n+.co J j ... j f(t,s, « xn+w YŸ->Yn+m) exp (- Z \ 

OO o 
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Now it remains to determine the function f(t,s, co .x, .....x , ,v.. ) 
1 n+£o 7r 7n+û> ' 

Let t. be the waiting time of the ith person to arrive. Then x +t.+y. is the 
i 11 

time at which the service of the ith person is completed. 

t. = 0 for i < s 

*3+1 'mln ^xl+yl’x2~>r2.Ks+yrJ " xs+i' s(minl K+yi’x2+y2'--->xs+yË) - xs+1) 

ts+t= (mi„k(Xl+ylJt2+y2.xs+y^stl+ts+1+ys+1. 

.s(mi„k(Xl+yi^+y2, 

where min (a^,..,,an) is the k element when the a.'s are ordered so that 

5 anc^ ^(a) :r 1 if a ^ Oj S(a) = 0 otherwise 

. k-Z 
min min (ajL.-.a^ = min j a. + a +... a. j - (mink ,...a ) + 

il+i2+...ikt 1 :2 ^ In 

(a.,...,a ) +,..+ min(a. + a ) ) 
i n In 

min (a^,a2,,..,an)~ min (a^, min (a^a^,.,.,an_^) ); min (a^,a^) =-i—LJ—l— 

k h-1 
Smin (al.an)=L ;T s(-, )...S(a )S (a )...5(31 

1=0 l'..,l' Ll n 

k k-l 

S min (al.an> = g ^ j, 5(^,)...5(3^)5(^,)...5^,) 

Let \l = S minn"S(xl+yl,.„>xs+yg,xc4.1+y_i 

■j. ~ c? ; 1“ S / . X2-Smm (x1+y1.xs+y 

s+I ys+l s+L’-^n+w ^n+M +yn+ ©) 

,Xn+ w +*n+ co +yn+ co ^ 

Then f(t>S, “ M ..yn+w ) - x2 - 2 X } X2 

2. Limit of the Probability 

2.1 k Types of Customers . Instead of considering the probability that at time t 

there are n people in line, we consider the limit of this probability. When these 

probabilities have limits that will form a distribution is a question chat will be 
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considered in part 2.2. For the present we assume that lim F(t; n,r) exists and 
t-* « 

^ F(t; n,r) = 1. Here we initially consider the single server case and 
r "1 n=o 

let F(t; n,r) denote the probability that at time t there are n people in line and 

a person of type r is being served. Then the following differential equations 

apply. 

I = - (p+Q )F(t;n,r) + ßF(t;n-l,r)+ y XQ F(t;n+l,s) for n > 1 
ut r r s “ 

s 

II jf'fo 0^- =- (ß+ar)F(t;0,r)+ PrF(t;0,0)+ ^rXasFft;1’s) 
s 

III M) =- pF(t;0,0) +XasF(t,0,s) 

S ) 

Now as t->oo, —* 0. Denoting lim F(t;n,r) by F(n,r) we have 
t—► « 

the following limiting equations from I, II, III 

T -(ß+a )F(n,r)+ ßF(n-l,r)+ y V a F(n+l,s) = 0 
r r ‘ —s 

s 

II' -(ß+a)F(0,r)+ ß Ff0,0)+ v F(l,s) = 0 
r r r ¿— s 

s 

III' -ßF(0,0) +^a F(0,s) = 0 S 
s 

Summing 1' and II1 over r and using the notation F(n,r) = F(n) 
r 

= H , F(0,0) = F(-l) we obtain 
r 

I" ß(F(n) - F(n-l) ) = H(n+l) - H(n) 

11" ß(F(0) - F{-1) ) = H(l) - H(0) 

III" ßF(-l) = H(0) 

Thus we have for all n 

IV ßF(n) = H(n+1). 
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Substituting this equation in equations 1' II' III1 we obtain 

I"1 -(ß+ar)F(n,r) + ßF(n-l,r) + Yr P Y.FM = 0 
s 

II"’ -(ß+ar)F(0,r) + ßrF(0,0) + Yr ß ^/(0,s) = 0 
S 

Equation III’ to ßF(0,0) = ßF(0,0) 

Thus we have a set of equations for F(n,r) which involves only 

F(k,s) for k ^ n. These equations can be solved recursively as follows 

Let A = 

"(ß+a1)+ß1 ß, ßr..ß1 

-(p+a2)+ß2 ß2.:.ß2 

ß, ...-(ß+aj+ß 
k' 

d) = 4- n 
F(n,l) 

F(n,2) 

F(n,k) 

Then equation IP can be expressed: 

F(o,D" 

F(0,2) 

F(0,k) 

Equation P: 

A = - ß 4^ 
n-1 

^FfO.O) 
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Case I: A is nonsingular 

+0=A_1 (J>F(0,0) 

-1 n 1 n+1 
^n = "ßA (A ) F(°’0)4) 

■Ü k 
Then using F(0,0) + ¿I H F(n,r) = 1 we can evaluate F(n,r) 

n=o r=l 

Case II: A is singular 

Let A = 

-(ß+x^+p ß1 ßr.,ßi 

ß2 -(ß+x2)+ß2 ß2..»ß2 

ßk’**“fß'*:!Ck^+^k 

Then d(A') is a polynomial p in Ek for which is a root. Any 

neighborhood of contains a point for which p / 0 and hence for 

which the determinant of our matrix is nonzero. Therefore we can replace 

our matrix A by a nonsingular matrix B. 

B = 

The case s > 1. 

+ er) + ßi Pv-Pl 

ß2 -(ß+a2a + e2).,,. ß7 

ßk ßk. “(ß+Qk +6k)+ßk 

where | 6 J can 

be chosen arbi^ 

trarily small. 

In order to simplify notation we will consider s = 2. The problems for 

larger s are the same. Let Ffn^r') = lim Ffon^.r') where F(t; n,r,r’) is the 

probability that at time t there are n people in the waiting line, that the first 

server (we have ordered the servers) is serving a person of type r and the 

second server is serving a person of type r'. We make the assumption that if 

a person enters and finds no line and niether of the servers busy the probability 

that he goes to the ith server is (i = 1, 2), 
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We obtain, as in the single server case, the following equations, 

I F(nir,r,)(-ai<-Qrl-ß)+F(n“l,r,r,)ß+7r^F(n+l,s,r,)as+7r^F(n+l,r,s)as = 0 
s s 

fl F(0,r)r')(-ar-ar-p)+F(01r,0)ßr,+F(0>0,rl)Pr+vr^F(l)S,r')+Yr,^F(1':r>s)as=0 
s 

s 

HI F(0,0,r)(-a -ß)+i F(0,0,0)ßr+^F(0,s,r)Q -0 
s 

F(0,r,0)(-ar-ß)-+ ÍF(0,0,0)Pr +^F(0,r,s)as=0 
' s 

IV F(0)0,0)(-p)+^F(0,0,s)as+^F(Oís,0)áa=0 
s 

If we observe equations If, II1 and III1 we see that II' and III1 form a 

system of k+1 nonhomogeneous equations in the k+1 unknowns F(0,r) and 

^asF(l,s). Therefore equations IV and IIP can be solved uniquely for F(0,r) and 
s 

^asF(l,s) avs functions of F(0,0) and the ß. and cl.. Using this solution for 
s 11 

y“agF(l,s) = g(F(0,0),a^,ß^) together with equations 1' for n=l we again have k+1 
s 

equations in k+1 unknowns. Thus our system of equations has a unique solution. 

Now if we consider equations IV and III as nonhomogeneous equations in the 

unknown F(0,0,s) and ^F(0,s,r)as (we do not consider F(0,r,0) or ÇF(0,r,s)as 

since F(n,r,r‘) = F(n,r\r)) we have k+1 equations and 2k unknowns0 Hence if 

k>l equations IV and III have many solutions for F(0,0,r) and^F(0,s,r)afiO 
s 

Once one set of solutions has been determined upon, however, the solutions 

from then on are uniquely determined for the k equations g (F(0,0) ,a.ß.) ; and 

the 
k2-k k2-k 

r ' ir 

2— + k equations from II in the —^— + k unknowns F(0,r,r') (r < r') 

k2-k k2-k 
from a system of —— + 2k equations in the 2 + k unknowns F(0,r,r') fr < r1) 

and F(lis,r) a , Thus the equations Î íl ill IV are insufficient to dete rmme 

a unique solution for the Ffn.r.r'J's. 
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In many applications of this problem the information we want is the 

value of F(0; 0,0). A very good approximation to it can be obtained in the 

following way. We can solve for F(n; r,r') in terms of the F(0; 0,s)'s and 

F(0; 0,0) for all (r,r’) as indicated above. Then using the k+1 equations 

k » 
2F(0; 0,r) + 2 F(n; r,r') = ß /a 

r1 =1 n=o r 

00 

r i F(n; r,r') + F(0; 0,r) + F(0; 0,0) = 1 
(r,r') n=o r 

which follow from the ergodic properties of the system, we can solve for the 

F(0; 0,s)'s and F{0; 0,0) in terms of the parameters and In practice 

we cannot easily find a formal expression for F(n; r,r') as a function of the 

F(0; 0,s)'s and F(0; 0,0). However, we can find F(n; r,r') through F(N; r,r') 

in terms of the F(0; 0,s)'s and F(0; 0,0) for small N without too much difficulty. 

We can then approximate the true solution by using the k+1 almost correct 

equations. 

k N 
2F(0; 0,r) + 2 ^ F(n; r,r') = ß /a 

r'-l n-o r 

r,r') + 2 V^F(0; 0,r) + F(0; 0,0) = 1 
r 

Values of N which I estimate give an error of less than .1' % , .5 % , and 
k 

1 % in F(0; 0,0) for values of ^ ß^a. = .3, .4, .5, .75, 1.0, 1.25, and 1.5 are 

given in the table. 
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These estimates are based on the two1 

customer. 

Table of 

Values 

server case for one type of 

of N 

k °/o Error 

Z h/ai 
1=1 

.i% .5% 1% 

.3 .3 2 2 . 

.4 4 3 3 

.5 4 3 3 

.75 8 3 3 

1.0 12 7 6 

1,25 18 12 10 

1.50 28 20 16 

Another method, very similar to the above, is obtained by Markov chain 

considerations. We look at the system when someone leaves. Let P.(n,r) be 

the probability that the ith man to leave was of type r and was one ofn+l people 

in line or being served, qjr) = probability that m people arrive in the time 

lt takes to serve a man of type r. Using the theorem on a periodic irreducible 

Markov chains,* we assume P.fn.r) -> P(n,r) and also that J_P(n,r) = 1. 

k n+1 ^ ^°° n,r 
pi(n,r) = Yr g J2 PiVi.s) qn.j+1(r) 

k n+1 

P<n,r) --Vr P(j'S) qn-j+l(r) 
s=lj=o 

Let Q(n) = ¿ P(n,s) 
s=l 

n+1 
then P(n,r) = Q(j) qn_ (r) 

j-o J 

Summing the above equation over all r we obtain 

See chapter xv in Feller (Bibliography, item 4). 

ï f 
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, ¡¡a p Q(J) »hereP =T 
Pn=j+1 r=1 

j=0 

This equation can be solved for Q(n+l) in terms of Q's of lower n and 

hence in terms of Q(0). Using ]T Q(n) = 1 we can obtain Q(0) and hence Q(n). 

Generalizing this method to the^ase S > 1 we can obtain equations similar 

to those above, but as with our other method there are too few of them to 

yield a unique solution. 

2.2 Single Type of Customer . Instead of considering k different types of 

customers each with Poissonian arrival distribution and exponential service 

time distributions, we consider rather a single type of customer with 

Poissonian arrival distribution (since the sum of Poissonianly distributed^ 

random variables has a Poissonian distribution) and a service time distribu¬ 

tion given by F(v) = i (l - exp (- a.v))= 1 - Ç exp (- a.v) . Thus we have 

a special case of M/C/S. This system was discussed by Pollaczek in 1934,* 

and appears to involve simply a formal solution. The M/g/1 system was 

elegantly and thoroughly covered by D.G. Kendall in 1951. 

Letting ¡3. ,a., and y. have the same meaning as earlier in the discussion 

then "y- ß. is the expected number of arrivals in unit time and 

i=I 1 

¿ y,a. { V exp(- mv) dv is the expected service time of an arbitrary 

i=l 1 1 ) 1 ai o 

customer. 

Following Kendall we find 

E [T] = E [r] + Where q ÍS the Umit aS ^ 00’ "i beÍng 'h" 

random variable which assigns to each point the size of the queue the ith 

person leaves behind him as his service is completed, and r. is the random 

variable which is the number of people to arrive while the ith person is being 

served. (Since the r. have the same distribution we user.) In our case: 

^Bibliography, item 9. 

**Item 7. 
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E [rj =Z » 5 i-ai Vi - “P I’ V> (P^)"»* 
n=l o 

k y. k 

'Zri-Zh\ 1=1 1 1=1 

oo oo 

H = n2 J Zai yi exp (-a x). .exp(-ßx) dx = + Zß^[L(y /( 
n=l Jo 1 1 ni ai 1 

Therefore E |" qj = (ß./a^) 
i=l 

ß ¿ (ß./a.2) 
i =1 

i-ZißiAi) 
i=i 1 1 

If ^^ is the waiting time of the ith customer co = lim. 00 { 

[»] =4e lq 
k Y; ^(PjA1,2) i i 

-eH-z-^p kf 

1-1 1 i-y-i 
a. i=l i 

r-Zz 
Yi S (^»iZ> 

> - Z (Pi/“!) 

The generating function of the queue distribution is 

i -IjßiA^Ü-z) 
1 - z/k (z) 

Where 

h(z; 

k 
K(z) = ^ exp - |(l-z)ß) V j fE~ V. a. exp (- q.v) dv 

=í^ai S exp 
1=1 0 

k a. y. 
- [(l-z)ß + a.} vj dv = J_ Tr¿í~ . 

Actually lim q^(x) and lim ^(x) do not necessarily exist even a.e. 

j_—> oo 1—^ 00 

However, lim pr(q.=n) does exist and^lim p^fq. =n) = 1. Hence q. and 

i—► « 

ay have limiting distributions. 

n i— 
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In all the discussions of the single server case we have assumed that 

the queue distribution approaches a limiting distribution. Kendall demonstrates 

that the condition for this to be true is that p < 1 where p is the expected number 

of arrivals in unit time multiplied by the expected service tiijne of an arbitrary 

customer. The expected number of arrivals in unit time is ^ ß. = ß and the 
i=i 1 

k k 
expected service time is ^ (y./a,) and hence p is¿__(p./a.) • Hence if 

i=l 11 i=l 1 1 
k 

> (ß./Q-) < 1 the above formulas apply. 
i=î 1 1 
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Appendix 3 

ON PROBLEMS OF OPTIMUM SERVERS 

by 

Mary G. Weiss 

Problem: The machine has two types of failures, amplifier failures and power 

supply failures. We would like to know the number of men needed to repair these 

failures in order to keep the machine in working order a maximum amount of 

time. On the other hand, we want to maintain a minimum number of repairmen 

idle. In order to decide what this best number is we have to consider the 

expected fraction of unit time that the machine is in working order, and the 

expected fraction of unit time that a server (repairman) is idle. Since we can 

repair the machine in two ways, we have two different problems to consider. 

The first way, problem I, is to repair the broken amplifier when it is discovered. 

In this case the machine cannot operate until the amplifier is repaired. In the 

second case, problem II, the broken amplifier is removed from the machine, 

replaced with a good one, and repaired in the server's spare time. In this 

case the machine will be working as soon as the broken amplifier is replaced 

with a good onec. We must, in this case, be sure that the servers have enough 

time left over from search for and replacement of the amplifiers and repair 

of the power failures to repair the broken amplifiers away from the machine. 

In the solutions to problems I and II, ß^, ß^, a^a^d, and E are quantities 

which we have determined by using records kept of breakdown and repair times, 

p, is the expected number of amplifier breakdowns in one week, ß-, is the 
1 i ^ 

expected number of pov/er supply failures in one week, — is the expected 

fraction of a work week's time that it takes to repair an amplifier (thus if 

1.5 hours is average repair time for an amplifier, = = is the 

1 . expected fraction of time that it takes to repair a power supply failure, -r is 
1 ^ 

the expected fraction of time required to find a broken amplifier, and = is 
E 

the expected fraction of time required to remove and replace a broken ampli- 
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fier. Our calculations consider 100, 150, and 900 amplifiers, and expected 

search times of 30 and 40 minutes, p^ is the probability that the machine is 

working and is equal to the expected amount of unit time that the machine is 

working. 

The assumptions we have made about the failure distributions and service 

time distributions are: (l) the interfailure times of an amplifier are exponen¬ 

tially distributed and all the amplifiers have identical distributions; (2) the 

interfailure times of the power supply failures are exponentially distributed; 

(3) the amplifier repair times, power supply failure repair times, search times 

for broken amplifiers, and amplifier removal and replacement times are all 

exponentially distributed. In problem I, given these assumptions, we can see 

that the combined time for search and service has a non-exponential distribu¬ 

tion which we are unable to handle except in the single server case. We 

therefore obtain an approximate solution by replacing this combined distribution 

with an exponential one having the same mean. We then make another approxi¬ 

mation by considering only one kind instead of two kinds of failure, with an 

exponential service time distribution having the same mean as the true distri¬ 

bution, and with the combined Poisson arrival distribution. In problem II we 

combine search and removal and replacement time distribution just as in 

problem I we combine the search and repair time distributions. .We then 

combine the two types of failures as in problem I. This approximation is 

very good; it becomes better as the discrepancy between the expected amount 

of unit time to be spent servicing one type of failure and the expected amount 

of unit time to be spent servicing the other grows larger. 

I : One Server 
Yi y? da 

p0 =1 - (ßi + p2) (— + )where = zTd 
£ 1 

The expected free time of the server is p 

Two Servers 

o 

i - t< 
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Fl 
The expected free time of a server is pQ + — 

whenp1 = (ß1 + P2)(-^+-i)po 

Three Servers 

y 1 , 1 2/Vl , Y2\2 3> Y1 , Y2\3 1 
ï: T) a2' ¿ 1 ¿ Y] a2' I .£ T) *¿2 3 • ! . V- 

The amount of free time a server has is . 

Po +1?! +3P2'Where p2 = i (ß1 + ß2)2(Zl + Zi 

II: Let = Ed 
E+d 

One Server 

Vi V7 p = i - (ß. + ß, (~ +—), 
ro 'rL rZM o 1 

In order that one server be sufficient to handle the amplifier repair, we 

must, in addition, have 

ßi 
p > — 
ro a 

Two Servers 

p0 = 

1 (Pt+PJC—+ZÍ.) 
2 u 1 r2/v w (xj 

1 + i<W(t + ^ 

In order that two servers be sufficient to handle traffic and repairs we 

must have 

+1 >1 Pl 
p0 + 2 P1 > 2 
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The expected free time of a server is 

p0 + Í pi ' Í iq where Pi = (ßi+ßzK-J + ^ p0 

Three Servers 

p0= 

1+(¥P2)^+è+I^z)2^+ÿ)2+^z)3^+^33l “T-1 

"Yi Y Yj Y 

¢0 

2 " H{W<v+?' 

In order that three servers be sufficient to handle traffic and repairs 

we must have 

2 1 1 
Po + 3- + 31 > 3”a” w^ere Pj_ ancl P2 ^ave the same respective values 

given above. 

The expected free time of a server is 

ißi 
Po+|Pl+ÍP2‘3 a 

Some Special Cases: 900 amplifiers 

When Px = 21.8 

1/^ = .028 

ß?=.275 

l/a2=.048 

l/d = .012 5 

1/E =.004 

results for problem I are 

One Server 

Po = .101 = expected free time of server 

Two Servers 
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379 

expected free time of a server = .549 

Three Servers 

Po = .401 

expected free time of a server = ,698 

and results for problem II are 

One Server 

p = .622 ro 

Since .622 > .610 one server can handle traffic and repair, 

expected free time of a server = .012 

Two Servers 

p = .682 ro 

expected free icime of a server = .505 

Three Servers 

P^ = .686 o 

expected free time of a server = .672 

When = 21.8 

l/a1 = .028 

ß2 = 2.75 

l/az = .048 

l/d = .0166 

l/E = .0042 

results of problem I are 

One Server 

Po = .0022 = expected free time of *rver 

Two Servers 

Po = .3343, Pl = .3336 

WADC TR 54-250, Part 4 43 



expected free time of a server = .5011 

Three Servers 

=.3645, pj = .3637, p^ = .1815 

expected free time of a server = .6675 

and results of problem II are 

One Server 

p = .5342 

Since p = .5342 < .610 = —- , one server is not sufficient to 
ai 

handle traffic repairs. 

Two Servers 

p 
£ o 

.6222, Pl = .2898 

Since P0 + ^ Pi = *7671 > .305 

to handle traffic repairs. 

iA 
2 a. two servers are sufficient 

expected free time of a server = .462 

Three Servexs 

Po = .6279» p^ = .2925, p^ = .0681 

expected free time of a server = .643 

Some Special Cases; 100 amplifiers 

When ßx = 2.43 

l/a1 = .028 

(32 = .275 

l/a2= .048 

l/d = .012 5 

l/E = .0042 

results for problem I are 
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One Server 

Po = .8883 - expected free time of server 

Two Servers 

p0 = .8941, Pl = .0999 

expected free time of server = .9441 

Three Servers 

Po - .8944, Pl - .0999, p? = .0056 

expected free time of a server = .9629 

and results for problem II are 

One Server 

P0 = -9462 

P, 
Since .9462 > .0678 = —, one server is sufficient fo 

traffic and repairs, 

expected free time of the server = .8784 

Two Servers 

P0= -9476, Pl = .0510 

expected free time of a server = .9392 

Some Special Cases: 150 amplifiers 

When = 3.645 

l/a-l = .028 

P2 - .275 

l/a2= .048 

l/d = .0125 

l/E = .0042 

results of problem I are 

WADC TR 54-2 50, Part 4 45 



One Server 

W ADC 

= .8389 " expected free time of server 

Two Servers 

Po = o8510, Pl =.1371 

expected free time of a server = .9195 

Three Servers 

p0 = .8512, Pl =.1371, p2 = .011 

expected free time of a server = .9462 

and results of problem II are 

One Server 

1 
p = .9259 > — = .1021 ‘ o 

expected free time of a server = .8238 

Two Servers 

0688 P0 = 9286, Pl 

expected free time of a server = .9110 

Some Special Cases: 100 amplifiers 

When = 2.43 

l/a, = 0.028 

ß2 = .275 

l/a. 048 

l/d = .0166 

1/fc - .0042 

results for problem I are 

One Server 

P0 = »878 = expected free time of a server, 

Two Servers 

p = .885, Pl = .108 o 

TR 54-250, Part 4 46 



expected free time of a. server = .939 

Three Servers 

P0 = -886, Pl = .108, p2 = .008 

expected free time of a server = .960 

and results for problem II are 

One Server 

P0 = -936 

Since .936 > .0678 - ~ , one server is sufficient for traffic 

and repairs. 

expected free time of a server = .868 

Two Servers 

P0 = -938, Pl = o060 

expected free time of a server = .934 

Some Special Cases: 150 amplifiers 

When Px = 3.645 

lAj = .028 

ß2 = .275 

l/o-2 = .048 

l/d = .0166 

1/E = .0042 

results for problem I are 

One Server 

Pq .824 - expected free time of a server 

Two Servers 

P0 = .838, pL = .147 

expected free time of a server = .912 

Three S ervers 

P0 = -839, Pl = .147, p2 = .013 
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expected free time of a server = .941 

and results for problem II are 

One Server 

Po = .911 

Since .911 > .102 = ~ , one server is sufficient for traffic 

repairs, 

expected free time of a server = .809 

Two Servers 

Po = .915, Pl = .081 

expected free time of a server - .843 

and 
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